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Note to Readers

his book is a history of mathematical thought rather than of math-

ematics per se. The distinction is an important one, not only because
my aim is to trace the history of axiomatic thinking outside of the sole
confines of mathematics, but also because I have tried to limit to a mini-
mum the mathematical content in the book. The reader does not need to
have any prior knowledge of, or even affinity for, mathematics in order to
follow the arguments and analysis I make in these pages. The only chap-
ter that asks you to follow a mathematical procedure is chapter 1. Here
I felt that outlining some of the basic ideas behind the development of
algebraic topology was necessary to appreciate the sea change that oc-
curred when mathematical texts reversed the relation between structure
and content in the 1950s and 1960s. The reader who is strongly averse to
mathematics can skip the chapter.






Introduction

To see things not abstract as if they were. And vice versa.

There is no abstraction like the present, and the present is entirely concrete. (False.)
Abstraction makes nothing happen.

That’s no abstraction, that’s my husband.

That’s no abstraction, that’s the symbolic order writ large.

— Charles Bernstein, “Disfiguring Abstraction”

O n the evening of Thursday, December 19, 1946, the great German math-
ematician Hermann Weyl, an émigré to the United States, pleaded
with eighty of the leading lights of modern mathematics while they were
trying to eat their dinner. The room before him was packed with math-
ematicians who had descended upon Princeton University three days ear-
lier for the first international mathematical gathering since the Second
World War’s end. The tone was meant to be triumphant, a return to intel-
lectual comity after the ravages of war. Now that the fighting was finally
over, mathematicians were eager to celebrate their past achievements
and announce the start of a new age of research. Those in attendance fell
roughly into three groups. The first included old guard American math-
ematicians like Oswald Veblen and Marston Morse, who had worked tire-
lessly in the decades before the war to promote research mathematics
in the United States and place it on the international stage. The second
consisted of European émigrés who poured into the US throughout the
1930s seeking shelter from persecution and the devastation of war (Weyl,
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John von Neumann, and Richard Brauer were just a few). The last group
was composed of the youngest members of the mathematical community.
These young Americans had trained in Princeton, Chicago, and Harvard
in the decade before the war, and spent the war itself working for the
military and the government on defense-related research. Representing
more than a dozen institutions and every subdiscipline, together these
eighty men (and they were indeed all men) set the intellectual, social, and
pedagogical agendas of American mathematics for the next two decades.
Their celebrations, however, came to a halt when the sixty-one-year-old
Weyl moved from recording recent mathematical accomplishments to, in
his words, “criticizing.” Chastising those in the room for their “present
indulgence in boundless abstraction,” Weyl warned, “I wonder if we have
not overplayed the game and in the perpetual tension between the con-
crete and the abstract have not leaned too heavily on the latter side. The
mathematician is in greater danger than the physicist of following the line
of least resistance, for he is less controlled by reality.”!

Twelve years later, the Atlantic Monthly published “The Tyranny of
Abstract Art,” by art historian Ernst Gombrich.? A year earlier, Gombrich
had published his magisterial The Story of Art, which offered an accessible
introduction to art history starting in prehistoric times and moving all the
way to the “experimental art” of the twentieth century. In the concluding
paragraphs of the book, Gombrich claimed the current artistic moment
was one of “crisis” in painting and sculpture, whose resolution was yet to
be determined.® Writing from England, which had become his adoptive
home after he fled Austria in 1936, Gombrich now turned his attention to
the American audience to criticize what he believed was an overly exag-
gerated infatuation with abstract art. “The vogue and lure of abstraction
is a burning issue in modern art,” the article announced. While abstract
art had many followers, according to Gombrich, it threatened “to degrade
contemporary art to a mere badge of alliances.” The critic was wary of the
way in which abstraction came to be wed to progress: “Put an abstract into
your room and you have proclaimed your allegiance to the right kind of
thing, to the future, whatever that may mean.”

It was not just in mathematics and art that abstraction was becoming a
dominant feature of intellectual and creative work. Ten years after math-
ematicians gathered at Princeton, it was time for American social scientists
to take stock of their own field. A symposium at the University of Chicago
on the “State of the Social Sciences” similarly brought together leading fig-
ures from political science, economics, sociology, history, and psychology.’ In
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THE

TYRANNY

OF

ABSTRACT
ART

4
“McGraw Gallery? Dolan here. T think I've entered a new period.”

sy ERNST GOMBRICH

The vogue and lure of abstraclion is a burning issue in modern arl. For many painlers and erilics, faith in
abstract art is faith in the fulure of mankind. Bul, having become a faith for a few, il has also become a
fushion for many, and a fashion which threalens lo degrade conlemporary arl lo a mere badge of allegiance.
Boen in Viennu, Enxst Govisnicit has been a member of the Warburg Institule in London since 1936.

FIGURE I.I. Ernst Gombrich’s article in the Atlantic titled “The Tyranny of Abstract Art.”

Source: Atlantic Monthly 201, 1958

one of the last talks of the event, Friedrich A. Hayek delivered a speech
on the “dilemma of specialization,” insisting that social scientists should
not follow natural scientists in their quest for general laws, but keep their
interests “in the particular, individual, and unique event.”® An Austrian
émigré like Gombrich, Hayek had joined the University of Chicago five
years earlier, becoming a professor in the Committee on Social Thought.
Hayek did not object to theoretical studies out of hand, but he rejected
scientism as the model for social sciences:” “Not only is the individual con-
crete instance much more important to us than it is in the natural sciences,
but the way from the theoretical construction to the explanation of the
particular is also much longer.”® Yet abstraction was on the rise in the
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social sciences as well. As Joel Isaac writes, in the postwar period “the
possession of systematic conceptual schemes became the sine qua non of
cutting-edge social science.”

What explains the enthusiasm for abstraction at midcentury? Why,
despite obvious opposition, did abstraction and theoretical knowledge
flourish across such a divergent set of intellectual pursuits? Here, I be-
lieve, it is necessary to turn to mathematics. Despite Weyl’s heartfelt warn-
ings, those in attendance did not heed his cry. Their faith in abstraction did
not diminish in the following decades. On the contrary, abstraction be-
came the defining feature of mathematical thought at midcentury. In 1965,
Salomon Bochner, who, like Weyl, had emigrated to the United States
in the 1930s, described mathematics as a “repository for abstraction.”®
More than those working in any other field of knowledge, mathemati-
cians pushed abstraction to its most extreme, treating it as both a subject
and method. In mathematics, the modernist commitment to abstraction
reached its logical conclusion.

There are other reasons to center mathematics in explaining the rise
of abstraction. First, for mathematicians, the humanities and the sciences
did not compete with one another, but rather were two complementary
sides of the same underlying epistemological commitment. Mathemati-
cal theories, practitioners argued, were propelled by the internal logic of
the field, with no necessary appeal to external reality. They were free cre-
ations of the human mind. This abstractionist conception of the field was
not limited to pure mathematics. The postwar decades witnessed an un-
precedented expansion not only in this arena but also in the mathematiza-
tion of other academic fields. Mathematicians credited the growth of these
new mathematical pursuits—information theory, operations research, nu-
merical analysis, and others—to the abstract nature of their work. For ex-
ample, Bochner explained, “There is a growing demand for abstraction
from possibility in ever wider areas of organized knowledge, especially in
the natural sciences and social sciences. It is this which makes many sci-
ences seek affiliation with mathematics; they want abstraction of this kind,
much more than the mathematical techniques themselves.”!! The abstract
nature of mathematics undergirded both its purity and its utility.

This duality partially explains why abstraction thrived within the pe-
riod’s volatile politics of knowledge. It was the ideal remedy for Cold War
anxieties, functioning as a uniquely useful and generative logical contra-
diction; something that is abstract divorces itself from the lived world, yet
abstract knowledge is also primed to be generalizable and therefore ap-
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plicable in myriad domains. Practitioners of abstraction, from mathemat-
ics to the social sciences, could turn away from the vagaries of social and
political disaster and declare themselves divorced from the “real.” Yet
they could also claim that their work furthered the cause of human de-
velopment by being germane to, and even necessary for, the technologies
and theories that came to define American life. This contradiction proved
capacious, allowing thinkers and actors epistemic room to maneuver cre-
atively while denying any ideological stance.

Finally, attention to the world of midcentury mathematicians is nec-
essary to appreciate an often-neglected feature of postwar intellectual
thought: the axiomatic method. If abstraction was the theory, then axi-
omatics was the method. Modern axiomatics emerged out of a turn-of-
the-century foundational debate in mathematics (which will be discussed
in greater detail later), but by the 1950s mathematicians had taken it on as
their dominant research tool. In his 1946 speech, Weyl warned those in at-
tendance not to pursue axiomatics at the expense of other methods; it was
associated with the most abstruse tendencies of pure mathematicians in
the mid-twentieth century. However, as they emerged from the war, those
in the field also looked to axiomatics to underline some of the most prag-
matic mathematical research of the time. Axiomatic thinking extended
first to physical theories such as quantum mechanics.!” But in the postwar
period, the greatest influence of axiomatics outside of mathematics was
not in physics but in the social sciences and a host of new disciplines that
emerged from the war.

The axiomatic method fundamentally reconfigured the meaning of math-
ematization at a time when more and more disciplines were turning to
mathematics. Following Theodore Porter, historians understand the mid-
century mathematization of the social sciences almost exclusively in terms
of quantification, whereby “trust in numbers” was commensurate with ob-
jectivity.’* However, when postwar social scientists annexed mathematics
for use in their theories of social behavior, they did so not by quantifying
the phenomena they sought to explicate but by axiomatizing them.' In
other words, it was not quantification per se that rendered the social sci-
ences amenable to mathematization, nor a belief in the objective nature
of numbers, but, more fundamentally, a faith in abstraction as a central
methodology. The application of mathematics entailed adopting a govern-
ing philosophy that conceived of knowledge as universalized and general-
ized theories. It also privileged the formal consistency of a theory above
its phenomenological correspondence, and held that decontextualized
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analysis was necessary for revealing the structural essence hidden in the
accumulation of details.

Axiomatics focuses on the worlds of midcentury American mathemati-
cians during this time of great transformation. It follows a series of con-
troversies that erupted among mathematicians about the nature of math-
ematics as a field of study and as a body of knowledge. As the field was
expanding in both scale and scope, no clear agreement existed among
mathematicians on the seemingly simple question of what mathematics
was. The ensuing debates offer a window not only into the postwar devel-
opment of mathematics but also into Cold War epistemology writ large.
Far from being divorced from the rest of the world, mathematicians had
to actively and transparently demonstrate the ways in which knowledge
was produced, argued about, and adjudicated. As such, mathematics al-
lows us to make better sense of modes of logic, proclamations of truth,
and notions of objectivity that would otherwise go uncontested in other
locales. It is the social activity par excellence in which styles of truth—
here, abstraction—become synonymous with ways of knowing.

Abstraction and Modernism

But what is abstraction? And how does the mid-twentieth-century fascina-
tion with it fit into its longer history? Here I outline two answers, one fol-
lowing abstraction’s history as a mode of thought and the other as a marker
of modernism.” Taken as a mode of thought, abstraction harkens back to
the Greek aphaeresis, meaning “to take away.” Aristotle confined his use of
aphaeresis to describing the formation of mathematical objects or concepts,
but it later expanded to denote the formation of universal concepts more
generally.' The medieval philosopher Boethius introduced the word abstrac-
tion into Latin in the sixth century. In his commentary on Porphyry’s Isagoge,
Boethius appeals to abstraction to support a theory of “moderate realism.”
Refusing to acknowledge the separate reality of universals, Boethius none-
theless holds that, through the act of abstraction in thought, concepts possess
a strong basis in reality: “But the understanding that does this by division
and abstraction and taking things away from the things they exist in, not only
is not false, but is almost able to find out what is properly true.”"” That is, for
Boethius, abstraction functioned as an intellectual operation, gathering the
likenesses of qualities existing across objects into universals. It is with this
passage that the word “abstraction” enters the pit of philosophical debate.
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The problem of universals was a hallmark of medieval philosophy, at-
tracting the attention of Thomas Aquinas and William of Ockham, among
many others. Do universals, such as the color red, the idea of beauty, and
the geometrical line, exist in reality, or are they merely figures of speech
contained by thoughts? The debate revolved around the ontological sta-
tus of universals, not the intellectual operation involved in the practices
of abstraction that created them.!® That frame shifted in the eighteenth
century, when George Berkeley mounted a strong critique of abstraction
as a mode of thought, and of general abstract ideas.!” A staunch idealist,
Berkeley published on metaphysics, theology, optics, and the philosophy
of mathematics. One of his earliest works, written when he was in his mid-
twenties, was A Treatise Concerning the Principles of Human Knowledge
(1710), which strongly rebukes abstraction.”® Berkeley takes aim at the
belief that the mind can consider qualities such as color, shape, or motion
in the abstract. We are told, Berkeley writes, that the mind, “by leaving out
of the particular colors perceived by sense, that which distinguishes them
one from another, and retaining that only which is common to all, makes
an idea of color in abstract which is neither red, nor blue, nor white, nor
any other determinate color.”” But is that even possible? Can one really
think about the idea of color without immediately thinking of a particular
color? For Berkeley, the answer to these questions was a resounding no.
We do not possess some general abstract idea of color as such.

Berkeley did not, however, dismiss the mind’s ability to abstract in toto.
As he explained, one can abstract in one’s mind the idea of an eye, a head,
or a leg, because one can imagine these ideas separately. However, the
same is not true of general abstract ideas, such as color or motion, since
no matter how hard you try, you cannot picture these ideas in the abstract.
Berkeley’s criticism was directed, at least in part, toward John Locke, who
in his Essay Concerning Human Understanding (1689) claimed that we
are able to equally apply the word “triangle” to isosceles, right, obtuse,
and equilateral triangles because we possess an abstract idea of a triangle
to which all these examples refer. The general idea of a triangle, Locke
writes, is “neither oblique, nor rectangle, neither equilateral, equicrural,
nor scalenon; but all and none of these at once.”” Berkeley would have
none of that, and argued instead that “there is no such thing as one pre-
cise and definite signification annexed to a general name, they all signify-
ing indifferently a great number of particular ideas.”? The word triangle
signifies a multitude of particular triangles, not some abstract idea of one.
Berkeley held that the problem was, at least in part, linguistic. Words, he
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wrote, produced the “doctrine of abstract ideas.” Scholars have since ar-
gued that Berkeley mischaracterized Locke’s position, but his influence is
unmistakable.?* In his Treatise of Human Nature (1739—40), David Hume
describes Berkeley’s conclusion as “one of the greatest and most valuable
discoveries that has been made of late years in the republic of letters.””
He then offers his own analysis of how abstract ideas form.

Hume argues that, having recognized a certain resemblance among vari-
ous objects, we attach a word to it despite differences among the particulari-
ties; when we use that word, we do not bring to mind all the possible particu-
larities to which the word might refer. The use of the word tree, for example,
does not require that we simultaneously hold in our minds all kinds of trees—
chestnuts, oaks, evergreens, firs, etc. —because the possibilities are practically
infinite. Nor, as Berkeley made clear, does “tree” denote some abstract idea
of a tree, shorn of all identifying features. Hume writes, “The word not being
able to revive the idea of all these individuals, but only touches the soul, if I
may be allowed so to speak, and revives the custom, which we have acquired
by surveying them.”” The word, according to Hume, raises an individual,
not a general, idea, but it also brings to mind the custom —the process—by
which we acquire it. Thus we are able to access any other individual idea the
word applies to. What Locke, Berkeley, and Hume made clear is that the
problem of abstraction as an operative mode of thought touches directly on
the foundations of geometry, the signification function of language, and the
relation between perception and reason. All three aspects would continue to
trouble midcentury scholars, who were similarly concerned about the role of
abstraction in a theory of knowledge. But apprehension about abstraction
reached beyond philosophy strictu sensu.

Here the work of Edmund Burke is exemplary. Known for both his
philosophical and political writing, Burke studied Locke and (probably)
Berkeley, and early in his career showed similar interests in the constitu-
tion of ideas. Burke dedicated the final chapter of A Philosophical Enquiry
into the Origin of Our Ideas of the Sublime and the Beautiful (1757) to the
subject of words and their ability to excite passions and emotions. Follow-
ing Berkeley, Burke argues that the ability of language to arouse passion
is not an outcome of an abstract idea but, rather, is rooted in the associa-
tive power of speech. Richard Bourke explains, “According to Burke, a
word like ‘honour’ receives its meaning by repeated use on appropriate
occasions.”” However, Burke’s mistrust of abstract ideas is most apparent
not in his philosophical work but in his political writings. In Reflections on
the Revolution in France (1790), Burke assails those who approach politics
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in terms of abstract principles.”® “But I cannot stand forward, and give
praise or blame to anything which relates to human actions and human
concerns on a simple view of the object, as it stands stripped of every rela-
tion, in all the nakedness and solitude of metaphysical abstraction.” Burke
insists that when it comes to political affairs, experience rather than philo-
sophy should guide one’s actions.

Most famously, Burke applies this criticism to assail the idea of ab-
stract rights as articulated in the French Declaration of the Rights of Man
in 1789. Philosophers, according to Burke, could spend their days debat-
ing the ideal rights of man, but when it came to deciding practical affairs,
their musings were worse than useless.”? Instead of discussing a “man’s
abstract right to food or medicine,” Burke writes, it would be better to
come up with a plan to procure and administer the two: “In that delibera-
tion I shall always advise to call in the aid of the farmer and the physician,
rather than the professor of metaphysics.”® A government, he insists, is
not based on such perfectly abstract ideas of natural rights. Indeed, “their
abstract perfection is their practical defect.”® Burke reasons that in a civil
society, it is necessary to have some restrictions on individual freedom,
and since the real rights of man are not permanent but historically and
contextually contingent, “they cannot be settled upon any abstract rule;
and nothing is so foolish as to discuss them upon that principle.”*> The
problem with abstract ideas such as “universal rights,” he says, is not philo-
sophical but political. It causes real damage. As Burke saw it, the French
people, in the name of some abstract naive idea, had destroyed their coun-
try: “They have found their punishment in their success. Laws overturned;
tribunals subverted; industry without vigour; commerce expiring; the
revenue unpaid, yet the people improvised.”** Burke here is less inter-
ested in the formation of abstract ideas and more in their influence on prac-
tical affairs.

Burke, of course, was not alone. Many thinkers have considered the
harm done by abstraction in social and political life, perhaps most notable
among them Karl Marx. A vast literature exists on both the importance
of abstraction to Marx’s dialectics and on Marx’s critique of abstraction
as sustaining the capitalist mode of production (as, for example, when he
writes that “individuals are now ruled by abstractions”).* One such ab-
straction, for Marx, was general labor, which he attributes to Adam Smith:

This abstraction of labour as such is not merely the mental product of a con-
crete totality of labours. Indifference towards specific labours corresponds to a
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form of society in which individuals can with ease transfer from one labour to
another, and where the specific kind is a matter of chance for them, hence of in-
difference. Not only the category, labour, but labour in reality has here become
the means of creating wealth in general, and has ceased to be organically linked

with particular individuals in any specific form.*

According to Marx, in the most developed and “most modern form of ex-
istence of bourgeois society” —namely the United States —the abstraction
of the category of labor (“labour as such”)* becomes embedded in material
practices. Only in a bourgeois society does the category of labor—not ag-
ricultural or manufacturing labor but labor in general, as a wealth-creating
activity—emerge. I point to Burke and Marx because, beyond the philo-
sophical problem of abstraction, what they drew attention to were ques-
tions that occupied many mid-twentieth century thinkers: namely, what
is the “proper” level of abstraction in social or political theory? And what
happens when abstract ideas become concrete reality?

To this long history of abstraction as a mode of thought one can add
a much shorter one, which weds abstraction to modernism. In A Singular
Modernity, Fredric Jameson remarks on the frustration that accompanies
any analysis of modernism: “Like the pane of glass at which you try to
gaze even as you are looking through it, you must simultaneously affirm
the existence of the object while denying the relevance of the term that
designates that existence.”” Despite modernism’s problematic definition,
its porous boundaries and leaky chronology, abstraction remains a rela-
tively stable feature of the philosophical and cultural movement that
transformed Western thought during the first few decades of the twentieth
century. Yve-Alain Bois goes so far as to suggest that “one could say that it
is abstraction that, both retrospectively and programmatically, established
modernism as a whole as an enterprise of motivation.”

I identify this as another origin story of abstraction because the as-
sociation of abstraction and modernism is not a continuation of the long
philosophical and political tradition I just outlined, but instead represents a
clean break from it. In announcing a break with the past, in turning against
the long history of thinking about abstraction as an operational mode of
thought (“to draw away”), abstractions came to be identified with modern-
ism. In philosophy, mathematics, physics, and the arts, abstraction became
by midcentury emblematic of a new paradigm of intellectual and artistic
creativity, announcing a rupture (whether real or imagined) with the work
of the past. In particular, abstraction became modern when it was defined
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in opposition to its etymological root, meaning to draw away. Turn-of-the-
century abstraction in mathematics, philosophy, and the arts did not ema-
nate from the world; it was meant to operate independently of it.

This severing of abstraction from the phenomenological world is evi-
dent in the arts. In 1915, Kazimir Malevich exhibited his first Black Square
painting and published his manifesto, From Cubism and Futurism to Su-
prematism. As he later explained, “In the year 1913 in my desperate at-
tempt to free art from the ballast of objectivity, I took refuge in the square
form.”® The freedom Malevich describes was achieved not by looking to
the world but away from it. That this new meaning of abstraction was
novel was indicated by a 2012 MoMA retrospective entitled Inventing
Abstraction 1910-1925. The idea that abstraction was “invented” in the
first decades of the twentieth century only makes sense if we understand
modernist abstraction not as an operative mode of thought but as a rejec-
tion of that tradition. Leah Dickerman, the exhibit’s curator, writes that
“before 1911 .. .1t seems to have been impossible for artists to step away
from a long-held tenet of artistic practice: that paintings describe things in
a real or imaginary world.”* What, then, made modern abstraction pos-
sible? Dickerman points to new physiological theories on the nature of
perception, changes in modern scientific thought, Ferdinand de Saussure’s
semiotic theory of language, the rise of new media culture (the telegraph,
the gramophone, photography, the cinema), and Cubism as some of the
historical conditions that enabled modernist abstraction to emerge.*!

Paintings, of course, have always been abstracted, at least in the etymo-
logical sense: a Paul Cézanne painting might be representational, but its
object was abstracted from the world. Historian of art Hubert Damisch
sought to emphasize this point in relation to another (planned yet failed)
centenary exhibition on abstract art, this time at the Centre Pompidou in
Paris. Seeking to narrate a long history of abstraction, Damisch turned to
ancient Greece and the Middle Ages to emphasize a longue durée conti-
nuity of artistic abstracting. In an interview in 2005, Damisch explained:

We would have developed the idea that, in a way, abstraction always formed
part of the general process of Western art, and that some sort of a crisis devel-
oped at the beginning of the twentieth century, to be paralleled with the crisis
in mathematics that was looking for its own fundamentals. In the same way that
painting was looking for its own specificity, its own fundamentals. Due to such a
crisis—the crisis of abstraction, abstraction as a crisis—abstraction was turned
into the central issue of art.*
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Damisch is correct in pointing to the parallel between mathematics and
art at the beginning of the twentieth century. As in art, modernist math-
ematics has been identified with abstraction.* And as in art, mathemat-
ics became abstract when mathematicians no longer believed that their
mathematical concepts were drawn or abstracted from the world.

Art and mathematics might be the clearest examples of abstraction’s
reversal of meaning at the turn of the twentieth century, but the phenome-
non was much broader, impacting a wide spectrum of turn-of-the-century
intellectual activity. Above all, modernist abstraction points to a crisis of
referentiality, one similarly felt in linguistic and scientific philosophy. In
linguistics, the work of Ferdinand de Saussure is the clearest example.
Saussure’s structural linguistics transformed reference from a problem of
mimesis to one of signification. He famously distinguished between two
aspects of a sign, the “signifier” and the “signified,” the former correspond-
ing to a string of sounds or written marks and the latter being the concept
or psychological impression. As we have seen with Locke and Hume, the
problem of abstraction was entangled with that of the signification func-
tion of language. But whereas they turned to abstraction to explain how
a word and a concept relate to one another, Saussure asserted that the
relation between the signified and signifier was random: “The bond be-
tween the signifier and the signified is arbitrary. Since I mean by sign the
whole that results from the associating of the signifier with the signified, I
can simply say: the linguistic sign is arbitrary.”* In the following decades,
Saussure’s ideas were developed by the Prague linguists and popularized
in the United States by Roman Jakobson. Their influence would reach far
beyond linguistic theory.

To a certain degree, Einstein’s theories of relativity similarly spoke to
a crisis of referentiality. One of the features that distinguishes Einstein’s
work from that of his predecessors is the assertion that the basic concepts
of a physical theory are arbitrary,“a free creation of the human mind,” and
do not necessarily need to be abstracted from reality.* As he explains in
his autobiography, “A theory can be tested by experience, but there is no
way from experience to the setting up of a theory.”* That physicists and
philosophers alike conceived of the new theory of relativity in terms of
abstraction is clearly evident in the writings of Alfred North Whitehead.
In Science and the Modern World, Whitehead proclaimed that science had
reached a turning point: “The old foundations of scientific thought are be-
coming unintelligible. Time, space, matter, material, ether, electricity, mech-
anism, organism, configuration, structure, pattern, function, all require
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reinterpretation.” In conclusion he noted, “Thought is abstract; and the in-
tolerant use of abstraction is the major vice of the intellect.”* It was the
job of the philosopher to clear up the uses and abuses of abstraction.

By the middle of the twentieth century, the implications of this crisis of
reference were felt across intellectual and artistic activity, and a few domi-
nant theories emerged in reaction. Across various fields, the old theory of
abstraction gave way to analytic realism and formal systems. Structural-
ism moved from linguistics into the human sciences, the biological sci-
ences, and philosophy. In the arts, formalism emerged in both literary and
art criticism, and in scientific philosophy the semantic tradition became
dominant. In this book I follow another response to this crisis: axiomatics,
which has so far received much less attention than the others. Axiomatics
emerged in mathematics but, as I make clear, its influence ranged much
more widely, to the social sciences, architecture, and philosophy.

Axiomatics

Like abstraction, modern axiomatics underwent an etymological reversal at
the turn of the century, when mathematicians shifted from conceiving of ax-
ioms as self-evident truths to taking them to be completely arbitrary propo-
sitions. Indeed, in mathematics, the two reversals depended on one another.
Responsible for the change was German mathematician David Hilbert. In
1899, Hilbert published The Foundations of Geometry, a book based on a
series of lectures he had given the previous year. The work emerged from
mathematicians’ and philosophers’ general concern for the foundation of
mathematics at the end of the nineteenth century. Despite centuries of
mathematical research, mathematicians did not turn their attention to the
logical foundations of the real number system until this period.* A century-
old campaign to rigorize analysis boiled down to a seemingly simple ques-
tion: What are numbers? Within the new regime of objectivity, neither the
empiricist nor the idealist answer was acceptable. Numbers were not ar-
rived at by counting, nor were they synthetic a priori.*® Moreover, the dis-
covery of space-filling curves and other counterintuitive mathematical curi-
osities made mathematicians suspicious of intuition, even (or especially)
when it came to the most elementary mathematical concepts. They associ-
ated intuition not only with subjectivity but also with lack of rigor.>

An astonishing number of authors felt compelled to write about the
question of numbers. Philosophers such as Hermann von Helmholtz and
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Edmund Husserl, mathematicians such as Richard Dedekind and Giu-
seppe Peano, and logicians Gottlob Frege and Bertrand Russell were
just a few of the many thinkers who tackled the issue at the turn of the
century.” Their investigations were not limited to the foundation of math-
ematics, nor to the desire to rigorize analysis. Rather, numbers repre-
sented a special case—a limit case—for the elementary constitution of
knowledge. It was the ultimate epistemological query. And the multitude
of possible responses to the question reflected changing ideas about ob-
jectivity, truth, and certainty.

From the perspective of midcentury American mathematicians, Hil-
bert’s work had the greatest influence.” Hilbert began his 1899 book by
posing a set of elements (points, lines, and planes) and axioms describ-
ing the relations between them (e.g., between any two points there ex-
ists one line). Yet here is where terminology can get confusing. Unlike
his predecessors, Hilbert did not seek to establish the soundness of his
theory from the bottom up. Truth was a property of the system, not of its
individual constituents. While he used the words “points” and “lines” to
name the elements of his system, they served as empty signifiers that had
no direct relation to their intuitive meaning (they were not arrived at by
abstraction). Instead, for Hilbert the elements of the system were defined
implicitly as those things that satisfied the given set of axioms. This is why
Hilbert reportedly remarked that, instead of points, lines, and planes, one
should be able to speak freely of tables, chairs, and mugs.

In Hilbert’s hands, the word “axiom” no longer denoted a self-evident
truth. Rather, the choice of axioms was arbitrary. Their soundness, their
accuracy, was not a discrete property but dependent on the system as a
whole. Hilbert argued that a mathematical theory was valid as long as
its axioms were independent (i.e., neither axiom could be derived from
the others) and the system as a whole was consistent (i.e., you could not
deduce a statement and its contradiction from the set of axioms). As long
as his system was able to reproduce all the known theorems of Euclidean
geometry, then it was, by Hilbert’s standards, a success.

To appreciate the radical nature of Hilbert’s idea, it is useful to exam-
ine Gottlob Frege’s contemporaneous reaction to the publication.’* Hav-
ing read the book, Frege initiated a correspondence with Hilbert. “I think
it is about time,” he wrote in his first letter on December 27, 1899, “that we
came to an understanding about what a definition is supposed to be and
do.” He then added, “It seems to me that complete anarchy and subjective
caprice now prevail.”¥ Frege first took issue with Hilbert’s insistence that
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elements of a theory are to be defined implicitly. The “axioms and theo-
rems can never try to lay down the meaning of a sign or word that occurs
in them, but it must already be laid down,” he wrote.® Unless the basic
constituents of a theory were clearly defined, Frege objected, how could
its statements make any sense? Hilbert thought otherwise. “I do not want
to presuppose everything as known,” he wrote to Frege. “If one is looking
for other definitions of point, perhaps by means of paraphrase in terms of
extensions, etc., then, of course, I would most decidedly have to oppose
such an enterprise. One is then looking for something that can never be
found, for there is nothing there, and everything gets lost, becomes con-
fused and vague, and degenerates into a game of hide-and-seek.”” For
Hilbert, the failure to come up with a satisfying definition of a point was
not a testimony to the fact that all past attempts were insufficient, but
rather that the project itself was fruitless. If mathematicians were seek-
ing to secure sound foundations for their theories, they had to shift their
emphasis away from concepts.

Yet Frege’s criticism did not end there. He protested Hilbert’s conten-
tion that the axioms were arbitrary. For him the axioms of geometry were
consistent simply because they accorded with physical reality. Their con-
sistency was guaranteed by their veracity. Hilbert could not disagree more.
“For as long as I have been thinking, writing, lecturing about these things,
I have been saying the exact reverse: If the arbitrary given axioms do not
contradict one another, then they are true, and the things defined by the
axiom exist. This is for me the criterion for truth and existence.” In his last
letter to Frege, Hilbert repeated his conviction that the only way to define
a concept was through its relations to other concepts. “I did not think up
this view because I had nothing better to do,” he concluded, “but I found
myself forced into it by the requirements of strictness in logical inference
and in the logical construction of a theory.” The two agreed to disagree.

Frege’s criticism aside, Hilbert’s book was an immediate success and
garnered the attention of the entire mathematical community.®’ Reflecting
upon the influence of the book almost a hundred years after its publica-
tion, Garrett Birkhoff exclaimed that the publication was “without ques-
tion . . . the most influential book on geometry written in the past cen-
tury.”®! Yet, even this statement insufficiently describes the book’s impact,
which extended far beyond geometry. For it was not strictly within the
philosophy of mathematics that Hilbert’s formal analysis had its great-
est impact on the history of abstraction. Throughout the first few decades
of the twentieth century, mathematicians adopted Hilbert’s methodology
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and extended it beyond the foundations of mathematics. Especially in
the United States, axiomatic analysis came to dominate mathematical re-
search, and in the process further divided abstraction from the concrete
and the physical.®?

In December 1902, Eliakim Hastings Moore gave a presidential ad-
dress before the American Mathematical Society (AMS). ® He began
by defining abstract mathematics: “The notion within a given domain of
defining the objects of consideration rather by a body of properties than
by particular expressions or intuitions is as old as mathematics itself. And
yet the central importance of the notion appeared only during the last
century—in a host of researches on special theories and on the founda-
tions of geometry and analysis. Thus has arisen the general point of view
of what may be called abstract mathematics.”® The identification of ab-
stract mathematics with the study of axiomatic systems became promi-
nent in the United States. For many young mathematicians who joined
the field during the first few decades of the twentieth century, Moore’s
definition was not a philosophical rumination but a research agenda, one
to which they referred as “the abstract point of view.”

To a certain degree, this book could be read as a story of how Hil-
bert’s modern axiomatics colonized twentieth-century American thought.
In the 1940s and 1950s, pure mathematicians adopted the approach and
extended it far beyond Hilbert’s original intent. Axiomatics became the
de facto mathematical method, giving rise to the abstractionist theory of
knowledge that dominated midcentury mathematical thought (chapter 1).
Modern axiomatics also had a lasting influence on the growth of applied
mathematics in the United States by redefining the relation between the-
ory and phenomenon and mathematicians’ understanding of what math-
ematization entails (chapter 2). Hilbert had advocated the use of modern
axiomatics in elucidating social scientific theories as early as 1917. In a
lecture entitled “Axiomatic Thought,” Hilbert argued that theoretical ac-
curacy in every discipline depended on axiomatics: “I believe anything at
all that can be the object of scientific thought becomes dependent on the
axiomatic method, and thereby on mathematics, as soon as it is ripe for
the formation of a theory.”® As if fulfilling Hilbert’s prognosis, in the post-
war period American social scientists began adopting axiomatic thinking
in their theories of social behavior (chapter 3). Further, mathematicians’
insistence that the axioms of a system were by definition arbitrary, by mid-
century, testified to the creative power of their research and its subse-
quent claim to the humanities (chapter 4).
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High Modernism

The transformation and adaptation of the axiomatic method in the fol-
lowing decades defined high modernist mathematics as distinct from the
period that historians of mathematics have termed the modernist trans-
formation in mathematics (roughly 1890-1930).% Starting in the 1930s
and expanding in the postwar period, axiomatics came to be associated
with universalizing theories and an emphasis on structure. Integral to
this move was the work of Nicolas Bourbaki, a pseudonym for a group
of French mathematicians who took it upon themselves to rewrite French
mathematical textbooks in a modern style. As Bourbaki explained in its
most programmatic English-language article, which was published in 1950
in the American Mathematical Monthly, “In a single view, it [mathemat-
ics] sweeps over immense domains, now unified by the axiomatic method,
but which were formerly in a complete chaotic state.”” Bourbaki held that
mathematics consists of a hierarchy of structures, and that these abstract
objects were the proper subject of mathematical research.®®

However, high modernism was not restricted to Bourbaki and should
not be equated with it. The influence of the group in the United States
was unmistakable, and many of its members spent parts of their careers in
American universities.® While the group is the most extreme example of
mathematical high modernism, many midcentury American mathemati-
cians also adhered to universal theories, axiomatics, and formal presen-
tation, and enforced these principles through the postwar educational
system. Even those mathematicians who did not accord with Bourbaki’s
grand theory of mathematical structures would often share at least some
of its methodological interests, especially axiomatics. Moreover, what dis-
tinguished postwar high modernism was that mathematicians pointed to
the axiomatic method as responsible for both the most esoteric theories
of pure mathematics and its growing applicability.

Thus, in attaching “high modernism” to midcentury American math-
ematics, I explicitly call upon two existing scholarly traditions I wish to
hold in tandem throughout the book. The first hearkens back to the work
of James Scott, who identified high modernism as a belief in the potential
of science and technology to order and regulate the social world. “High
modernism,” he wrote, “is thus a particularly sweeping vision of how
the benefits of technical and scientific progress might be applied—usually
through the state —in every field of human activity.”” More recently, Hunter
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Heyck, following Scott, has proposed the notion of “high modernist social
science” to describe the research approach that dominated the American
social sciences in the 1950s and 1960s. According to Heyck, midcentury
practitioners such as Herbert Simon, Talcott Parsons, David Easton, and
Paul Samuelson subscribed to a “bureaucratic worldview” that envisaged
the “world as a set of complex, hierarchic systems (a treelike structure).””!
Every social phenomenon, in this view, could schematically be reduced to
a set of relations, mechanisms, and processes. Working in new institutional
settings and answering to new funding agencies, social scientists strove to
distinguish themselves from the humanities and align their work with the
sciences.

A separate tradition exists in the arts, where high or late modernism
describes a different group of elite intellectuals.”” According to Robert
Genter, critics such as Theodor Adorno, Clement Greenberg, John Ran-
som, and Lionel Trilling, despite their many differences, were united in
arguing for the place of art in modern American society: “As federal funds
flowed into universities from military research and scientists became na-
tional celebrities, high modernists waged a campaign within universities,
publishing houses, and art galleries to defend the humanities as antidote
to modern science.”” These ideologists of modernism, to borrow Fredric
Jameson’s language, were united above all in their adherence to the au-
tonomy of the aesthetic. “By purging it [art] of its extrinsic elements, such
as the sociological or the political; by reclaiming aesthetic purity from
the morass of real life, of business and money, and bourgeois daily life
all around it,” late modernists sought to reclaim artistic production as a
sacred domain.” Art offered a corrective to the dominant bureaucratic
worldview and the encroachment of scientific thinking into every domain
of social life. As such, the goal of cultural and literary criticism was to
define and defend the intellectual sphere of educated Americans.”

These seemingly contradictory accounts of high modernism, denoting
the rationalization of social life on the one hand and the promotion of an
autonomous aesthetic sphere on the other, are especially relevant to any
discussion of the postwar reconstruction of mathematics. This was, to say
the least, a curious time for mathematicians. The war had ignited interest
in applied mathematics in the United States. The field, which had been in
an almost complete state of stagnation in the prewar decades, suddenly
received the attention and lavish endorsement of funding agencies. Game
theory, communication theory, operations research, and computing all be-
gan as mathematical theories. At the same time, pure mathematics grew
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exponentially as it became ever more rarefied, a highly theoretical pur-
suit accessible to a select few. Abelian varieties, homological groups, lin-
ear operators, and functors were just a few of the abstruse mathematical
concepts that held mathematicians’ fascination during these years. High
modernist mathematics, in both its pragmatic and aesthetic incarnations,
split the difference by offering a common rationale to both the pragma-
tists and the airy theorists: the axiomatic method.

Mathematics thus exemplifies a common feature of American mid-
century thought. In the world of Abstract Expressionist artists and their
formalist critics, as well as in midcentury social scientists’ emphasis on
general theories, abstraction helped support the Cold War’s “ideology of
no ideology” while also maintaining a positivist stance.” Throughout this
book, I appeal to the Cold War as a way of identifying the specific condi-
tions of knowledge that characterized intellectual life in postwar America.
Scholars have debated the degree to which the geopolitical rivalry be-
tween the United States and Communism truly defined intellectual activ-
ity in the postwar period. Modernization theory might be explained as a
tool in the global struggle between the two, but can the same be said about
the rise of cognitive psychology? Such questions are important and have
rightly received much scholarly attention among both historians of sci-
ence and historians of the social sciences.” My emphasis when it comes to
mathematics, however, is on the new funding opportunities created in the
academy and beyond by the Cold War (for both research and education)
and the social and political repression that accompanied them.” McCar-
thyism, along with the need to provide a justification or rationale for the
disbursal of federal funding, accounts for why abstraction became endemic
to the Cold War.”

Focusing on abstraction and axiomatics, this book seeks to bridge the
oppositional growth of postwar mathematics toward the utilitarian and
the idealistic. However, my aim in doing so is broader, for the converse is
also true: mathematics offers a unique perspective on the midcentury in-
tellectual landscape. From this vantage point, high modernist humanities
and sciences appear less as competing worldviews and more as two facets
of the same governing epistemological commitment.

Over the course of the twentieth and twenty-first centuries, mathemat-
ical and computational rationales have become increasingly embedded
in theories of knowledge, modes of governance, and new technologies.
Historians have documented how statistical knowledge became integral
to the functioning of the modern American state, from social security to
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managing the economy, measuring unemployment, counting the popula-
tion, and managing risk. Others have noted the growing influence in the
postwar period of mathematical techniques in economics, the biological
sciences, and the social sciences. Finally, more recently, scholars have be-
gun to scrutinize the overwhelming influence of algorithmic thinking on
every aspect of our daily lives, occasioning a growing demand to reopen
the “black box.” In focusing on the history of axiomatics, my argument is
that explaining these broad transformations requires a better account of
these technical fields themselves. Too often, statistics, mathematics, and
even computer science are treated as a collection of theories that are sim-
ply applied to a given context. However, each one of these technical fields
has its own disciplinary matrix, philosophical premises, and active contro-
versies. If we are to come to terms with their growing influence, then it
behooves us to better understand their histories.

Chapter Outline

Chapter 1, “Pure Abstraction,” centers on the world of pure mathematics.
Pure mathematicians sought to build upon the theoretical inroads made in
algebra in the 1920s and extend them to other areas of study, from topology
and geometry to number theory. In the process, high modernist mathemat-
ics served as a force of unification and generalization. For the numerous
mathematicians who joined the fold in the postwar decades, mathematics
was no longer divided into logic versus intuition, as it had been in the nine-
teenth and early twentieth centuries. Instead, this new generation was in-
doctrinated into a world in which the most salient distinction among math-
ematicians was the one separating those who sought to construct unifying
theories from those who were busy solving concrete problems.

For pure mathematicians, however, both abstraction and universality
were moving goalposts. A topological theory that mathematicians cele-
brated as the pinnacle of the abstract approach at one moment could be
replaced by yet another, more abstract and universal theory in a matter of
years. Thus, following Fredric Jameson, I take high modernist mathemat-
ics to be an ongoing project of rewriting. With high modernist mathemat-
ics, such rewriting became a mathematical discipline par excellence. The
chapter begins by looking at the life of an individual mathematician, Nor-
man Steenrod. As I show, his professional development captures the re-
orientation of the field toward generalized and axiomatic theories. Zoom-
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ing out, the chapter turns to the growth of topology, in which Steenrod
played an important role, to demonstrate how mathematicians, in their
enthusiasm for rewriting, repeatedly inverted the relation between struc-
ture and content. Finally, expanding further, I turn to category theory to
illustrate how the same abstractionist logic functioned on a field-wide
level. The impetus and pace for rewriting was so strong that by the 1960s
many in the older generation of pure mathematicians turned against their
younger colleagues, accusing them of no longer being able to recognize
their own contributions to the field because of how radically they had
been reworked.

Chapter 2, “Applied Abstraction,” turns from the realm of pure mathe-
matics to the world of applied mathematics. The chapter tracks the chang-
ing meaning of mathematization before and after World War II by closely
examining the writing of Oswald Veblen and George Birkhoff. As I dem-
onstrate, the proliferation of axiomatics together with Einstein’s theory of
relativity convinced Veblen and Birkhoff that the role of mathematics in
explicating natural phenomena was based in theoretical construction. Ve-
blen and Birkhoff had a profound influence on the generation of Ameri-
can mathematicians who found themselves involved in defense research
during World War II. The proliferation of new fields during the war, from
operations research to communication theory and computing, further ce-
mented the idea that the utility of mathematics was in no way limited to
measurement and calculation.

After World War II, the relation between mathematics and theory con-
struction was best illustrated in John von Neumann and Oskar Morgen-
stern’s Theory of Games and Economic Behavior. Besides introducing its
readers to game theory, the book also offered a careful guide to axiomatic
reasoning. In examining national reports produced by the mathematical
community and the writings of several influential mathematicians, the chap-
ter demonstrates how this new conception of mathematization became
the dominant one in the postwar moment.

Chapter 3, “Human Abstraction,” follows the axiomatic conception of
theory asitwas adoptedin the postwar period by ahost of social scientists.In
the aftermath of World War I1, the Social Science Research Council (SSRC)
sponsored several initiatives to promote the use of mathematics in the so-
cial sciences. Such initiatives were not new, but the inclusion of axiomatics
as a mathematical topic necessary for budding social scientists marked
a shift. Axiomatics was promoted by mathematically trained individuals
such as Robert M. Thrall and Howard Raiffa, who turned to operations
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research and game theory in the aftermath of the war. However, as I show,
the assertion that mathematics did not equal quantification was shared
by many social scientists during the period, even those with no formal
mathematical training.

A diverse set of scholars including Claude Lévi-Strauss, Herbert Si-
mon, Paul Lazarsfeld, Kenneth Arrow, and George A. Miller argued that
the utility of mathematics in explicating social phenomena was not lim-
ited to measurement and calculation. It was mathematical thinking, they
claimed, that was necessary, and that offered conceptual clarity.

In examining the writings of these social scientists, I illustrate one of
the more lasting influences of axiomatic thinking in the postwar social
sciences: the separation between the analytic or formal conception of
a theory and the social phenomenon it described. Theories might have
emerged from the world, but their formal descriptions existed indepen-
dently. For social scientists, this break called into question the meaning of
“theory” in their field. Neither predictive nor inductive, theory for them
was positive and explanatory.

Chapter 4, “Creative Abstraction,” returns to the world of pure math-
ematics to ask how mathematicians were able to maintain such a high
degree of autonomy during the postwar period. Mathematicians insisted
that their work belonged among both the sciences and the humanities.
Mathematical activity, according to mathematicians like Marston Morse,
was akin to art. This chapter offers a three-part analysis of the mathemati-
cal discourse of the time, following national reports, articles, and speeches
by pure mathematicians in the postwar moment. First, I suggest that, in
their writings and public outreach, mathematicians called upon art to po-
sition pure mathematics outside of the demands of the day. For them, art
offered the only real corrective to the postwar utilitarian spirit. Second,
mathematicians like Paul Halmos appealed to modernist art as an epis-
temological double. In no other field of study was the break between the
world and the work so complete. I thus follow the similar strategies that
artists and pure mathematicians developed for justifying their work to
themselves and others. Several mathematicians insisted that the aesthetic
dimension of mathematics was proportional to its separation from the
world. The more abstract and free a given theory was, the greater role
aesthetic considerations played in its development. These mathematicians
thus adhered to a similar conception of aesthetic autonomy as espoused
by Clement Greenberg, one of the postwar era’s more celebrated mod-
ernist critics.
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Finally, such discursive analysis of mathematicians’ commitment to an
artistic image of their field helps account for the ubiquity and appeal of
abstraction at midcentury. As I show, mathematicians often credited axi-
omatics for rendering mathematics a creative and artistic pursuit. In other
words, they pointed to axiomatics to account for both the utilitarian and
the nonutilitarian aspects of modern mathematics. While this might sound
like a contradiction, it was not the case for mathematicians, who believed
the two were simply two sides of the same coin. Mathematics thus lays
bare the contradictory (and hence productive) nature of abstractionist
thought.

Chapter 5, “Unreasonable Abstraction,” turns to the relation between
pure and applied mathematics. The chapter follows the disputes among
mathematicians that enlivened the community in the postwar period. I
survey how leaders of the American Mathematical Society appealed to
abstraction to counter the changing funding regime and institutional for-
mation brought on by the Cold War. Mathematicians like Marshall Stone,
Marston Morse, and Adrian Albert questioned the postwar regime of ba-
sic and applied research by demonstrating the incompatibility of these
categories with mathematical research. By stretching the concept of util-
ity, mathematicians were able to maintain remarkable autonomy over the
field in the postwar period.

The chapter asks how postwar mathematics might challenge some his-
torians’ deeply held ideas about the sciences during the Cold War. As |
demonstrate, the postwar abstractionist theory of knowledge had its
most direct impact on graduate training in applied mathematics, which
remained a source of frustration to applied mathematicians throughout
the period. Despite the fact that the increase in funding for both research
and education in mathematics was motivated by the application of math-
ematics, it was pure mathematics that dominated academic institutions at
the time.

Finally, in Chapter 6, “Historical Abstraction,” I examine how math-
ematicians turned from philosophy to history in the postwar period to
answer the question What is mathematics? 1 trace a series of disputes that
emerged between historians of mathematics and historically minded math-
ematicians in the 1970s, most notorious among them a controversy be-
tween historian Sabetai Unguru and leading mathematicians such as An-
dré Weil that resulted from the publication of Unguru’s “On the Need to
Rewrite the History of Greek Mathematics.” As I show, these disputes can
be best understood in relation to two major historiographic reorientations
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at the time: Thomas Kuhn’s publication of The Structure of Scientific Rev-
olutions in 1962 and Quentin Skinner’s publication of “Meaning and Un-
derstanding in the History of Ideas” in 1969. The problems facing histori-
ans of mathematics, I argue, point to an inherent tension in any conceptual
history or history of ideas between the permanent and the transitional. I
ask how the history of mathematics speaks to a history of ideas that ac-
knowledges continuity while rejecting Platonism.

Axiomatics centers on the world of midcentury mathematicians, but its
scope extends beyond it. By focusing on abstraction in its many valences,
the book queries the relation of modernism to mathematics, in particular
the impact of mathematics on American modernism. While modernism
is notoriously difficult to define, its entanglement with abstraction is un-
deniable. In art, as in science, abstraction captured an uneasiness with,
and a questioning of, the relation of representation to reality, a problem
that was endemic to the modernist project. The centrality of abstraction
in mathematics, as both an object and a method, makes mathematics the
crucial place from which to probe abstraction’s rich history and its claims
to modernism. During the Cold War, abstraction was symptomatic of a
high modernist inclination: Philosophically, it underwrote the semantic or
analytic traditions. Politically, it guaranteed intellectual and artistic auto-
nomy. Culturally, it designated a dawning age of American ascendency.
Scientifically, it questioned the essence of theoretical knowledge. No-
where are these connections more readily apparent than in the world of
midcentury American mathematicians.
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Pure Abstraction

Mathematics as Modernism

In every branch of mathematics there is one plane of generality on which the theorems are
easiest to prove, and needless complication arises as quickly by falling short of this as by
exceeding it. It is a mark of the great mathematician to have taken a number of separate theo-
ries, fragmentary, intricate and tortuous, and by a profound perception of the true bearing and
weight of their methods to have welded them into a single whole, clear, luminous, and simple.
—Norbert Wiener

In 1950, the Department of Mathematics at Harvard University sought
to hire a new senior mathematician into its ranks. In the final analysis,
two mathematicians rose to the top, French mathematician Claude Che-
valley and Swedish mathematician Arne Beurling. Both Chevalley and
Beurling had earned their PhDs in 1933, and by 1950 both were well-
respected among the mathematical community. Chevalley, who had ar-
rived in the United States in 1939 as a visiting scholar at the Institute for
Advanced Study (IAS), was a professor at Columbia University. Beurling,
who had just completed a year as a visiting professor at Harvard, was a
professor at Uppsala University. Initially, the department’s vote was not
unanimous. Only after additional deliberation did the faculty decide to
unite their support behind Chevalley.!

A founding member of Bourbaki, Chevalley was a celebrated alge-
braist whose work represented the cutting-edge approach to mathemati-
cal research at the time—the abstract approach.? Writing in support of
Chevalley, Oscar Zariski emphasized: “Chevalley’s mathematical work is
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characterized by many-sidedness of content, originality of abstract con-
ception and a formalism of superb craftsmanship. A clear and precise
thinker, he has, to the highest degree, the gift of discovering the abstract
scheme of things that lies behind concrete and difficult mathematical
problems.”® His penchant for abstraction and his ability to see beyond
accumulated detail elevated Chevalley among his peers. His numerous
publications in algebra and algebraic geometry had earned him the deep
respect of the wider mathematical community.

An expert in analysis, Beurling’s stature among the international com-
munity did not shrink beside Chevalley. He was invited in 1950 to give one
of the plenary talks at the International Congress of Mathematics, which
alternately took place at MIT and Harvard. However, unlike Chevalley,
Beurling represented a different approach to mathematical research, one
which mathematicians referred to as “classical” in order to distinguish it
from the modern emphasis on abstraction. Neither a pioneer nor an early
adopter of modern algebraic techniques, Beurling’s research focused not
on theoretical constructions but rather on solving problems whose ori-
gins were first posed in the mathematical work of nineteenth-century
mathematicians.

Harvard mathematician Lars Ahlfors was one of the three faculty
members who originally voted for Beurling. In a letter to the faculty, he
explained his reasoning:

To make a comparison between Beurling and Chevalley is impossible already
for the reason that they represent opposite types of mathematicians and op-
posite fields in mathematics. Chevalley is very abstract with broad knowledge
and a taste for sweeping generalizations . . . Beurling is pure analyst, he takes
no interest in the abstract approach and his techniques do not allow broad gen-
eralizations. His force is a penetrating analysis aimed at the unearthing of hid-
den connections which could not be discovered by the most powerful use of

formalistic arguments.*

It was not just that Beurling and Chevalley published in different math-
ematical fields. More fundamentally, according to Ahlfors, they represented
two different kinds of mathematicians and two different mathematical
aesthetics.

Whereas intuition and logic had served as the decisive markers of math-
ematics at the turn of the century, by the 1940s, generality and concreteness
had replaced them. Starting in the 1940s, what distinguished two kinds of
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mathematicians was not the relative role intuition or logic played in their
investigations, but their respective dispositions toward abstraction.’ For high
modernist mathematicians, abstraction became synonymous with universal
theories, not, as it was at the turn of the century, with the supposed break
between mathematical research and physical reality. Generality, rather than
logic, defined the abstract conception of pure mathematics in the postwar
period. The generation of pure mathematicians who had joined the field
in the 1930s were unconcerned with the foundations of mathematics. They
cared less about ontology and epistemology and more about the dangers
of increased specialization, which they believed could only be combated
through generalized theories. Abstraction became a guiding principle, and a
rallying cry for an entire generation of mathematicians.

Despite their emphasis on, and commitment to, universal and abstract
theories, mathematicians understood neither abstraction nor unification
as stable terms or as binary markers, but rather as processes. Rather than
denoting a series of oppositions between form and content, the general
and particular, the theoretical and the concrete, the abstract and the rep-
resentational, mathematicians approached abstraction as an ongoing
project. As will become clear in this chapter, a monograph that mathema-
ticians celebrated as the pinnacle of the abstract approach in 1942 could
and often would be supplanted in a matter of five years by another text
claiming to offer yet another, more abstract and more unified presenta-
tion. It was the tireless search for a unified theory, celebrated by some
and held in suspicion by others, that defined high modernist mathematics.
More than an adjective, abstract was a verb.

This unwavering striving for abstraction and universality implied that
for mathematicians, modernity itself was continuously in the making. This
was nowhere better exemplified than in the publication of Bartel L. van
der Waerden’s Modern Algebra. When the textbook was published in 1930
it was celebrated as the culmination of the abstract and generalized ap-
proach to algebra, and it served as an inspiration to young mathematicians
new to the field. Yet twenty-nine years later, when a new edition of the
book was released, the word “modern” had been dropped from the title.
Despite including revisions and additional material, the new edition was
simply titled Algebra. This was not a unique phenomenon. Saunders Mac
Lane and Garrett Birkhoff’s A Survey of Modern Algebra, which came out
in 1941,similarly elided the word “modern” from its title when it was repub-
lished in 1960. Like abstraction, mathematical modernity was an ongoing
project.
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As such, I see high modernist mathematics as the modernist inclina-
tion pushed to its logical conclusion. The crisis of referentiality which had
troubled turn-of-the-century mathematicians, artists, and scholars had, by
midcentury, transformed into a mathematical infatuation with abstrac-
tion as both object and method. In no other field was the commitment to
abstraction and universalism so totalizing as it was in pure mathematics,
where it restructured the field on every level. One of the four maxims
of modernity, writes critical theorist Fredric Jameson, is narrative rewrit-
ing, which seeks to replace previous narrative paradigms. “Modernity is
not a concept, philosophical or otherwise, but a narrative category,” he
writes. Jameson explains that the “trope of ‘modernity’ is always in one
way or another a rewriting, a powerful displacement of previous narrative
paradigms.”” For Jameson, any attempt to define modernity as such entails
rewriting an older narrative. Moreover, according to Jameson, all the fea-
tures typically invoked as markers of modernity (e.g., self-consciousness
or attention to language) are merely pretexts for the actual dynamic driv-
ing modernity, which is the “registering of a paradigm shift” and its at-
tendant moods.®

Jameson has in mind theorizers of modernism, but his analysis is also
remarkably applicable to high modernist pure mathematics. Mathemati-
cians might have pointed to formalism and the axiomatic approach as the
defining features of modern mathematics, but their high modernist sen-
sibility is epitomized by their perpetual drive to reconstruct old theories
anew. Thus, following Jameson’s observations, I take high modernist pure
mathematics to be an ongoing project of rewriting. With high modern-
ist mathematics, rewriting became a mathematical discipline par excel-
lence. Fundamentally, this act of rewriting was not as a post hoc account of
mathematicians’ research, a reinterpretation of past work. Rather, it con-
stituted mathematical research as such. It is this processual quality that
makes mathematics a crucial element of the history of modernism. Not
only were changes in mathematical thought indispensable to the wedding
of modernism and abstraction at the turn of the century, but by the mid-
1950s the modernist project was pursued most forcefully in mathematics.
With each act of rewriting, the relation between figure and ground, the
abstract and the concrete, the signifier and the signified came undone. As
mathematician Richard Courant explained:

” s

One must bear in mind that the terms “concrete,” “abstract,” “individual” and

“general” have no stable or absolute meaning in mathematics. They refer primarily
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to a frame of mind, to a state of knowledge and to the character of mathematical
substance. What is already absorbed as familiar, for example, is readily taken to be
concrete. The words “abstraction” and “generalization” describe not static situa-
tions or end results but dynamic processes from some concrete stratum to some

“higher” one.’

The binaries that characterize mathematical research were always in the
making.

In what follows, I enumerate three conceptions of mathematicians’ mod-
ernist rewriting: rewriting as revising,rewriting as restructuring,and rewriting
as recasting. 1 begin by following the early career of one mathema-
tician, showing how he learned to revise —to “see anew” —what mathema-
tical research was all about. As abstractions became the dominant ap-
proach, mathematicians had to reorient their gaze by focusing not on
particular examples but on what united them. Zooming out from the life of
an individual to a mathematical field, I examine the development of topo-
logical theory in the postwar period. Here, rewriting functioned as restruc-
turing. In their efforts to create universal theories that would unify the
widest possible mathematical phenomena, mathematicians repeatedly in-
verted the relation between structure and content. A theory, once estab-
lished, could always be subsumed by the construction of a new, more ab-
stract structure. Finally, by looking at category theory, I examine how
mathematicians sought a new mathematical language with which to recast
the disparate subfields of mathematics into one coherent whole.

By the mid-1960s, all these various abstractionist efforts had given rise
to a generational break, with some of the older mathematicians believing
that abstraction had become an end in itself rather than a means to a goal.
Mathematical meaning, they argued, had been evacuated.

The Education of Norman Steenrod

Norman Steenrod graduated from high school in Dayton, Ohio, in 1925,
when he was just fifteen years old. Instead of pursuing college immedi-
ately, he followed in his brother’s path to become an industrial tool de-
signer. Two years later, he enrolled at the University of Miami, and in
1929 he transferred to the University of Michigan, where he completed his
undergraduate studies. It was at Michigan that Steenrod first discovered
his mathematical talent and came under the wing of Raymond Wilder.
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During his senior year, Steenrod started attending graduate courses and
was even assigned his own research problem in topology by Wilder. In
June, after he graduated, Steenrod went back to Ohio in search of a job.
The year was 1932, and with the unemployment rate rising to more than
20 percent, there was not much demand for tool designers. With free time
on his hands, Steenrod continued to work on his research problem. He
took preprints of mathematical papers with him while job hunting, work-
ing through them while waiting to meet potential employers. Throughout
the summer and the winter, he reported back to Wilder on his progress,
sending him detailed letters on his successes and failures.

Wilder had received his PhD under the supervision of R. L. Moore at
the University of Texas at Austin in 1923. Moore is famous for developing
a unique pedagogical program in mathematics at Texas. He would begin
his courses by providing the students in his class with a set of axioms and
then he would let students explore and prove theorems on their own.!” He
would even remove mathematical textbooks from the campus library to
ensure students were not consulting other sources. His work and that of
his students focused on the area of point set (or set-theoretic) topology.!"
Unlike geometry and algebra, topology in the 1920s was a fairly young
field of research dating back to the work of Henri Poincaré at the end of
the nineteenth century, and originally known as analysis situs.'

During the 1930s there were two competing approaches to the study
of topology in the United States. The first, represented by Moore’s school,
focused its research on concepts such as connectedness, continuity, and
compactness. The second, centered at Princeton, was known as combina-
torial topology (and later as algebraic topology), which used combinator-
ics to study invariants between topological spaces.” The former was based
on direct geometric concepts, such as continuity, connectedness, and close-
ness, which were defined rigorously but were rooted in immediate geo-
metrical intuition. For example, following an intuitive understanding of
topology, to say that a curve is continuous is to say that one can draw the
curve without lifting one’s pen off the page. In his own work, Wilder was
trying to strike a balance between the two approaches, but in his teaching
he focused on the set-theoretic aspect of topology. It was the geometric
approach to topology that first attracted Steenrod to mathematics and
which compelled him to continue his mathematical studies.

Wilder must have been truly impressed by Steenrod. Over the following
decade he maintained a close correspondence with Steenrod, supporting
and advising him on matters large and small.'* When Steenrod, with Wild-
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er’s encouragement, decided to apply to schools for graduate education,
Wilder sent letters on his behalf, extolling his “creative ability,” “capacity
for research,” “delightful personality,” and “cheerful disposition.””> And it
worked. By April 1933, Steenrod had received fellowship offers from both
Harvard and Princeton. Uncertain at first, he eventually decided to attend
Harvard. In June 1933, just before he moved to Cambridge, Massachusetts,
Steenrod wrote Wilder from Ohio informing him that he was currently
considering the problem “When is a continuous curve the sum of a finite
number of acyclical curves?”'® He sent Wilder some of his early findings
on the topic, as well as a list of questions that were “bothering” him and to
which he hoped Wilder might have an answer. Considering his later work,
for which he became well-known in mathematical circles, what is surprising

EENT3

is the amount of careful illustration that accompanied the text (see Fig. 1.1).

In August 1933, Steenrod finally managed to secure a job as a die de-
signer at the Chevrolet plant in Flint, Michigan. Frustratingly, he managed
to work for only three weeks before having to move, and managed to
save only $60 for the coming year at Harvard. Once he arrived at Har-
vard, Steenrod’s interests began to change. In his first semester, Steenrod
attended a seminar on analysis situs taught by mathematician Marston
Morse, who at the time was still teaching at Harvard but would soon take
up a new position at the IAS. Topology was one of the mathematical fields
Steenrod was most familiar with, and yet he quickly learned that he had a
lot to learn. “[Morse] has no strong interest in curve theory,” he wrote to
Wilder, “his interest is mainly in combinatorial theory.”'” Combinatorial
topology was more complex and less intuitive than set-theoretic topology,
and as Steenrod quickly found out, the learning curve was steep.

During his first year at Harvard, Steenrod continued pursuing his in-
terest in set-theoretic topology. Instead of sharing his work with his pro-
fessors, he sent it to Wilder back in Michigan. “I feel somewhat peculiar
about sending you this stuff,” he wrote. “But, you see, it is this way: I feel
that I have proved something, and have a hankering to tell someone about
it; no one here at Harvard seems the least bit interested, so what can I do
but send it to you?”'® When he did try to present his work to Morse, his
efforts were rebuffed. “Morse (becoming annoyed with my slithy-shady
methods) has set me the task of crawling through Veblen inch by inch.”*
Published in 1921, Oswald Veblen’s Analysis Situs was the standard intro-
ductory text in English to the basic concepts in combinatorial topology.
For young mathematicians at the time, the book was a necessary entry
point one had to pass through in order to contribute to the field.”
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It is evident that the im-klein I ts are everywhere dense
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a0 cl‘r curves is M _itself, and ¥ is equal to all its derived agzre-
gates, And, since C. is not zero for any ordinal 8 of the first or
second class, ¥ is not the sum of any countable number of acyclic
CUrveR,
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curves might be an already clas ed type of curve, At first I
thought it must always hé& a perfect continuous curve; but the follow-
ing is an example of a continuous ocurve not perfectly continuous
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The acyclic curve A, consists of all the horizontal lines plus the
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i

FIGURE I.I. Two pages form Steenrod’s letters to Wilder, which include his handmade draw-
ings. Such drawings are completely absent from Steenrod’s later work.

Source: Raymond Wilder Papers, 1914-1982, Dolph Briscoe Center for American History, University of Texas
at Austin
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It is evident that the second derived aggregate of Ex, 2
is zero, 5o far all t curves we nave considered have turned out to
he the sum of two acycllc curves, or they haven't been the sum of
any countable number of acyclic curves. So, I feel called upon to
provide examples of o ea which, although the sum of & finite number
of acyeclic curves, Ta to be the sum of n ascyclic curves, for every
integer n, For & straight line (Ex. 3) to be the first derived
aggregite of some continuous curve hen the simple closed curves
of ¥ must be dense on the straight line (i. e. every reglon about a
point nof the 1 must contuin & simple closed curve of ). bo, we
sonatruct example 4, which is the sum of two acyclic curves.
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Exd 4, )

In order that Ex. 4 should be the first derived asgsregate of some

curve it is sufficient that the simple closed curves of il be dense
on it. So we treat every line segment of Ex. 4 as we treated the line
segment E 3, This gives us Ex. 5, which is the sum of four acyclic
curves; but it is not the sum of two acyclic curves aince it fails te
to satiefy the necessary condition that its second derived aggregate
({equal to Ex. 3) should be zero,

/

Ex 3

')// /7/ /// ///

It is evident that this proocedure may be extended to the construction
of an example which is the sum of 2" acyclic curves but is not the

sum of n acyclic curves since Cf (equal to Ex. 3) is not zero. aAnd,
with due care, I believe,thls procedure can be carried out to infinity
in constructing an example which is the sum of a countable number of
acyclic curves, but not the sum of any finite number of acyclic curves.

In Whyburn's paper "The Decomposabllity of sed Sets”, after
proving that c,t must he zero if the continuum M is to the sum of n
K-sets, he suggests that the condition C:-U muy also be sufficient
for ¥ to be the sum of n K-sets when K is the class of acyclic curves,
That this is not true, in general, ies easily seen, Let X be a simple
closed curve. Now c,“ﬂo , but ¥ is not the sum of one acyclic curve.
Yor is it true, in general, for values of n greater than one, Witness
the following example,.

FIGURE I.1. (Continued)

The pressure to learn and adopt the combinatorial method was strong.
Not only Morse, but topologist Hassler Whitney, who had obtained his
PhD from Harvard only a year earlier, also impressed on the young Steen-
rod the importance of the algebraic method and encouraged him to sup-
plement his study of topology with group theory. After he finished reading
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Veblen’s book on his own, Steenrod still felt lost in the material. “Relative
to the combinatorial analysis situs,” he wrote in February, “something of a
fog enshrouds me whenever I think about it. I neither know what I know,
nor what I don’t know.”?! Thus, together with four other students, he set
about to read the book once again.

Steenrod was none too happy at Harvard. He found it difficult to get
the professors’ attention and made few friends. “Social life, here, is nil,”
he wrote. “I could do better work with little more of it. And the town of
Cambridge is very much an eye-sore.”” In the spring, when offers came
pouring in from other schools, Steenrod decided to leave Harvard to con-
tinue his studies at Princeton, which at the time was the mathematical
capital of the United States. Yet his year at Harvard had certainly been
enlightening. With little else to do, Steenrod had fully devoted himself to
mathematics. In June, just before he traveled back to Ohio to find a job for
the summer, he reflected upon his accomplishments: “This year has been
plenty successful for me. I've had my brain turned upside down, shaken,
and put in order again. Something of a mental renovation. I believe I now
know a bit more about mathematics.”*

The “mental renovation” involved, as Steenrod acknowledged toward
the end of his letter, a complete reorientation of his research approach:
“I guess I've been temporarily weaned away from my beloved curve
theory.”?* Steenrod added that he planned to return to his prior research
during the summer. A year later, by the time he had finished his first two
semesters at Princeton, his interest in curve theory had completely fallen
by the wayside. The transformation that he had begun at Harvard only
accelerated at Princeton, which was the center of algebraic topology at
the time.

Princeton in the 1930s stood in stark contrast to Harvard. Unlike Har-
vard, socializing was part of the course of study. The common room had
been outfitted as a game room where students and faculty alike spent
much of their time playing games (the most popular ones were Kriegspiel
and Go). Students were able to interact not only with Princeton faculty
but also with those scholars affiliated with the newly established IAS,
and the list of renowned mathematicians in the greater Princeton area
was unmatched. As he was preparing to relocate, Wilder sent Steenrod
a letter warning him not to get too tempted by the mathematical bounty
with which he would soon be confronted: “Let me advise you do not
try to attend too many lectures. You will find it very difficult to resist the
temptation—there will be loads of seminars starting up, and you’ll want
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to attend them all. But it’s no use, it can’t be done. Possible you may
shop around a little at first, but try to settle down to a normal load after
a while.”” Steenrod not only had the chance to study under some of the
leading mathematicians of the time and keep track of the most up-to-
date developments in the field, but he also came to know many of the
mathematicians who in the 1940s and 1950s would become the elite of the
American mathematical community.?

At Princeton, Steenrod quickly fell under the influence of Solomon
Lefschetz. He was among the most prestigious American mathematicians
working on algebraic topology and was, in fact, the first to introduce the
word “topology” into English, in his 1930 book of the same name. Lef-
schetz had an outsized personality. In mathematicians’ recollections of
the time, stories about Lefschetz abound. When he attended a seminar,
no mathematician young or old was immune to his criticism. He would
routinely interrupt a speaker to ask questions or argue about a given point
in a proof, a fact that Princeton’s students memorialized in a little rhyme:
“Here’s to Lefschetz, Solomon L./Irrepressible as hell/When he’s at last
beneath the sod/He’ll then begin to heckle God.””

A few months into his first semester at Princeton, Steenrod began work-
ing on a new topological problem. The idea came to him after he stum-
bled upon a counterexample to an open problem in topology. The case
intrigued him, and he began to wonder if he could find a similar counter-
example in higher dimensions. Seeking advice, he approached Lefschetz
with this problem. “Well, Lefschetz launched into a lecture,” he reported
to Wilder. “He discussed the matter of young mathematicians acquiring
the habit of publishing numerous papers on trivial problems. It appears
that the true Princetonian method is to work only on general problems
and to publish only when some step in theory has been accomplished.”?
Lefschetz went on to ridicule other mathematical schools such as the Pol-
ish topological school and Moore’s school at the University of Texas.” For
all their work, he told Steenrod, they had nothing to show. The message
was clear: “I couldn’t possibly hope to become a great mathematician by
publishing a lot of papers on trivial problems.”** Namely, it was not solv-
ing concrete cases but, instead, making inroads in the direction of the-
ory construction that differentiated the great mathematician from lesser
ones.

Steenrod was nonplussed by Lefschetz. “It was a good lecture,” he re-
ported, “and I agreed that his main thesis was true.” Indeed, considering
Steenrod’s subsequent work in topology, he clearly took Lefschetz’s advice
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to heart. And Steenrod was not the only one: years later, Edward McShane,
who was a postdoctoral fellow at Princeton in the 1930s, recalled that Lef-
schetz used to refer to Moore’s topological school as the “Concerning
School.” The reason was that many of the papers published by Moore and
his students bore the title “Concerning X,” where X was a particular case
the author examined. For example, from 1919 until 1945, fourteen out of
the fifteen papers Moore published were of this type (e.g., “Concerning
Simple Continuous Curves”). According to McShane, Lefschetz used to
say that “to write a book about topology and confine oneself to this sub-
ject matter, is like writing a book about zoology and confining oneself to
rhinoceros.”* What Lefschetz questioned was the proper level of math-
ematical analysis and what counted as progress. Neither topology nor
zoology, he maintained, could be reduced to the sum of its component
parts. Zoology was not the study of rhinoceroses, elephants, giraffes, and
lions, and topology was not just a collection of individual results regarding
curves and surfaces. To count as true theoretical knowledge, a result had
to speak to several individual cases. What Lefschetz sought to define was
the meaning of theory in mathematics.

Other scientists and social scientists similarly questioned the meaning
and limits of theoretical knowledge, but what distinguished pure math-
ematics was that it did not have an experimental component. The distinc-
tion thus was not between theory on the one hand and experimentation
on the other, but between problem solving and theoretical construction.®
With Lefschetz, theory was wed to generality, a process which only in-
creased in the following decades. Lefschetz supervised sixteen students
during the 1930s and 1940s, many of whom played fundamental roles in
the development of mathematics in the following decades by setting up
new research fields and supporting the institutional development of post-
war mathematics.** Beyond his students, his influence on the mathematical
community at Princeton cannot be overemphasized. Outside of Princeton,
Lefschetz served as an editor of the Annals of Mathematics for twenty-
five years, where he continued to impress his standards and transform the
journal into a top-tier mathematical publication.

Mathematicians relied on the remarkable transformation in algebra to
achieve their generalization.* Upon arriving at Princeton, Steenrod wrote
to Wilder with fresh bewilderment, “This place is ‘group’ crazy. One comes
here fresh and innocent. But it is not long before you go around bab-
bling about groups.”® Steenrod was surprised by the ubiquity of group
theory in almost every class and seminar he attended. Hermann Weyl was
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giving a course on continuous groups, as was Luther Eisenhart, albeit
from a different perspective. James Alexander was lecturing on abelian
groups, and Leo Zippin provided an analysis of torsion groups. If that was
not enough, Steenrod teamed up with two other students for a personal
seminar on group theory. He wanted to ensure he did not “grow weak
on group theory.”¥ The popularity of group theory in the 1930s marks
the beginning of high modernist mathematics. Mathematicians first used
the term “group” within very specific contexts either in geometry or al-
gebra.® For example, when examining the symmetry of a given geomet-
ric object, they asked, What are all possible transformations of a square
(e.g., flipping over the diagonal, rotating by ninety degrees) such that the
square remains the same? Over time, however, they recognized that a cer-
tain degree of regularity exists across the various cases and that they could
define a group abstractly independent of any specific instantiation. For a
while, they continued to use the concept of a group only when discussing
particular problems, but by 1930, groups themselves, absent any specific
context, became an object of interest for mathematicians.

The change was partially enabled by the adaptation of the axiomatic
methods to the study of algebra. Crucial to this transformation was the
work of German-born mathematician Emmy Noether. The daughter of a
mathematician, Noether distinguished herself early on by her mathemati-
cal abilities. In 1915, she was personally invited by David Hilbert and Felix
Klein to the University of Gottingen. Despite her impressive credentials,
the university did not approve her appointment. As a woman, her courses
were listed under Hilbert’s name, and she was not officially appointed as a
Privatdozent until 1919. As Leo Corry explains, Noether’s work was distin-
guished from that of her predecessors by a conceptual change in emphasis:
“Noether’s abstractly conceived concepts provided a natural framework in
which conceptual priority may be given to the axiomatic definitions over
the numerical systems considered as concrete mathematical entities.”* No-
ether considered algebraic concepts from the most general point of view. If
an algebraic theory had once maintained its meaning through its referen-
tial connection to arithmetic, Noether’s work dispensed with this require-
ment. Instead, she gave greater importance to the axiomatic definitions of
these concepts. In the process, she transformed algebraic concepts into full-
fledged objects and the chief subjects of algebraic theory.

A year before Steenrod arrived at Princeton, Noether, who was Jewish,
immigrated to the United States. With help from the Rockefeller Institute,
Bryn Mawr College gathered sufficient funds to appoint Noether as a
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research professor. In August 1933, Anna Pell Wheeler, a mathematician
at the college, urged Veblen to contact Noether and give “Bryn Mawr as
good a recommendation as possible.”® After Noether settled in Pennsyl-
vania, she was invited to lecture at the IAS. She arrived at Princeton for
each lecture wearing the same shiny blue outfit and was notorious among
the young mathematicians there for using a wet sponge to erase her black-
boards.*! In the male-dominated culture of Princeton at the time, she was
referred to as “Herr Noether,” not as a sign of disrespect, but of admira-
tion. Noether’s ideas were popularized in 1930 with the publication of Van
der Waerden’s Modern Algebra.

A student of Noether, Van der Waerden presented algebraic theory
from a unified perspective. Reflecting on the impact of the book years
later, Garrett Birkhoff explained, “It is not too much to say that the
freshness and enthusiasm of his exposition electrified the mathematical
world—especially mathematicians under thirty like myself.”* Steenrod
was one of those young mathematicians. In the 1930s, he and his colleagues
realized that regardless of their own area of research, a deep knowledge
of algebraic theory was required, as algebraic notions quickly infiltrated
other fields such as topology and geometry. By the 1940s, the dominant
approach to topology was thoroughly algebraic. Indeed, Steenrod’s own
research would be influential in promoting this transformation and trans-
ferring it to the next generation.

It took Steenrod only three years to complete his PhD, and by the time
he graduated his conversion was complete. He had learned to see anew.
Gone was his “beloved” curve theory.* His approach was now completely
algebraic. Steenrod remained at Princeton for three more years as Lef-
schetz’s assistant. In 1939, he took a position at the University of Chicago.
Three years later, with Wilder’s encouragement and support, he moved
back to the University of Michigan, where his interest in mathematics had
first been ignited. Other mathematicians of Steenrod’s generation experi-
enced a similar transformation. “Analysis in the traditional sense was no
longer the central concern of the most active younger American mathe-
maticians of the 1930’s,” recalled Garrett Birkhoff, who entered the field at
the time.* Mathematicians of this generation were interested in logic, ab-
stract algebra, topology, and functional analysis and were excited to extend
these new theories further. “Above all,” the young Birkhoff remembered,
“we hoped to be free to pursue our research into fundamental questions
of pure mathematics suggested by these new ideas and techniques, and to
become famous by discovering still other basic new ideas and techniques,
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undisturbed by the political storms which had already driven so many Eu-
ropean colleagues to our shores in search of asylum.”* Birkhoff makes
clear that this optimism came to a quick end with the start of World War II,
when many of these young mathematicians found themselves working di-
rectly on defense-related research.

For some mathematicians, the war was a turning point. They left behind
their pure dreams and turned their energies to applied research. However,
those who returned to pure mathematical research in the aftermath of the
war continued to strive for generality and abstraction. They were ready to
write a new chapter in mathematical modernity.

Restructuring Algebraic Topology

In 1942, Lefschetz published Algebraic Topology. At first he had intended
for the book to serve as a second edition of his 1930 book, Topology, but the
subject had changed so tremendously over the previous decade that Lef-
schetz inadvertently wrote an entirely new book. Upon its publication, A/-
gebraic Topology was the most comprehensive account of the field to date.*
When George Birkhoff (Garrett’s father) reviewed the book in Science, he
announced that the book represented “a culmination of the abstract phase”
in the development of algebraic topology.*’ Birkhoff was so confident in
his analysis that he took the opportunity of the review to comment more
broadly on the “abstract character of much of contemporary mathemat-
ics.”® The book was published in the midst of World War II, when members
of the scientific community often criticized pure mathematicians for being
too detached and abstruse to be of any help to the war effort.* This explains
why Birkhoff spent part of his review defending the abstract nature of
contemporary mathematics. He acknowledged that some members of the
scientific public found the current tendency in mathematics toward exceed-
ing generality suspect, but, he maintained, abstractions were a fundamental
part of any scientific work. Any concept, even one that felt quite simple and
concrete, such as an integer, was arrived at first through abstraction. The real
test of topologists’ work, as such, would be the usefulness of their theories.
The significant question was not whether the theory Lefschetz presented was
abstract, but “whether topological concepts [were] going to prove widely
useful.”> During the postwar period, many more mathematicians would re-
peat Birkhoff’s insistence that abstraction was a means to a goal, but they
would no longer dare to suggest that any theory represented a “culmination
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of the abstract phase.” For high modernist mathematicians, there was al-
ways another abstraction waiting to be pursued.

Topologists, then and now, are interested in the characteristic features of a
space that are invariant under continuous deformation. One way they are able
to study these features is by attaching an algebraic object to a given space. As
long as two spaces can be continuously deformed into one another they will
have the same algebraic object attached to them (up to isomorphism). Con-
versely, if two spaces (e.g., a sphere and a doughnut) have different algebraic
objects attached to them, they necessarily are not equivalent.’! An analogy
with Cartesian analytic geometry is useful yet misleading. Since Descartes,
mathematicians have learned that they can describe a given geometrical
curve or surface algebraically. Moreover, they soon realized that certain prob-
lems that seem intractable from a geometrical point of view are nonetheless
easily solved algebraically. The analogy breaks down, however, since analytic
geometry, unlike algebraic topology, is a two-way relation. Given an algebraic
equation, I can draw the curve it describes, and given a curve, I can deduce
its algebraic equation. The same is not true in the case of algebraic topology.
Given an algebraic characterization of a topological space, it is impossible
to deduce which space it describes. Stated somewhat differently, while the
algebraic characterization of a space arises out of a space’s underlying geo-
metrical structure, once it is described in algebraic language, some geometri-
cal information is lost and cannot be recovered. Moreover, whereas in Car-
tesian geometry the algebra involved is mostly that of polynomial equations,
in algebraic topology the algebra is the abstract algebra of groups and fields.

The lion’s share of topological research in the 1920s and 1930s revolved
around homological algebra, the procedure by which mathematicians trans-
lated geometrical information into algebra. To do so, mathematicians ap-
pealed to the notion of complexes. In a very intuitive way, one can think of
these complexes as dividing a space into smaller triangles. For example,
think of taking an orange and drawing triangles on the peel until it is
completely covered by such triangulation (see Fig. 1.2). By describing to-
pological spaces in this way, topologists were able to apply algebraic rea-
soning to the “shape” of the surface. There was no central methodology at
the time. A given procedure would be applicable to a given class of spaces,
but not another. Part of mathematicians’ efforts during these decades was
the expansion of the number of topological spaces to which homological
algebra could be applied. The development of homological algebra and
algebraic topology in the postwar period offers one of the clearest dem-
onstrations of high modernist mathematicians’ commitment to rewriting.
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In his book, Lefschetz strove to present homology theory from a uni-
fied perspective. He did not go into great detail about the motivation be-
hind each theory, but rather aimed to describe each holistically.” Review-
ing the book, mathematician Hassler Whitney noted that while the work
was “written with full accuracy and with clarity ... it [had] also largely lost
touch with geometry.”> Moreover, he added, the “elementary student”
might find the book easy to read, but he or she would “get less feeling
of what the subject was all about. Most striking of all, there [was] not a
single figure.”* In an effort to present a unified theory of algebraic topol-
ogy that brought into accord the numerous developments of the previous
years, Lefschetz focused on the abstract conception of the field, neglecting
its geometric roots. This amounted to, following Lefschetz’s own analogy,
writing a book about zoology that only discussed biological theory in gen-
eral without ever mentioning rhinoceroses, zebras, or any other animal.

This is why George Birkhoff believed that “most mathematicians who
know something of the recent work” would agree that “topology [had]
attained its approximately definitive abstract form.”> Birkhoff explained,
“The pure abstractionists have performed beautifully the essential task
of giving topological ideas their appropriate abstract setting, and this has
been work of the first order of importance.”*® Birkhoff, who was fifty-eight
at the time, was one of the most celebrated American mathematicians of
his generation. He was well versed in modern abstract mathematics, but his
interests (as will be described in chapter 2) moved freely between math-
ematics and physics. He thus believed that now that the abstract phase
of topology had reached its apotheosis, “a less abstract” phase emphasiz-
ing dynamical ideas would begin. Whereas until this point, “little [had]
been accomplished by the topologists that [was] directly serviceable for
application in the dynamical field,” the future, he held, would prove other-
wise.” Birkhoff passed away two years later and did not get to witness the
future development of algebraic topology. If he had, he would have soon
learned that, far from being over, the abstract phase of algebraic topology
had only just begun, with Steenrod leading the charge.

In writing his book, Lefschetz received much help from his younger col-
leagues, Steenrod among them. Yet only three years after it was published,
Steenrod coauthored a paper that—once again—restructured algebraic to-
pology. When he arrived at Michigan, one of Steenrod’s new colleagues was
Samuel Eilenberg, another young topologist whose professional develop-
ment had been cultivated by Wilder. Born and educated in Poland, Eilen-
berg received his PhD the same year as Steenrod, and soon after moved to
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FIGURE 1.2. Triangulation of two topological surfaces. On the left is a genus 3 surface and on
the right a genus 1 surface. The two surfaces are not topologically equivalent as they cannot
be continuously deformed into one another.

Source: Agz2gach on Wikimedia Commons
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Lwoéw, Poland, which fostered a lively center for mathematical research at
the time. In 1938, with his father’s encouragement, Eilenberg, who was Jew-
ish, began searching for a way to emigrate to the United States.

It was Wilder, at Lefschetz’s urging, who arranged for Eilenberg to
emigrate to the United States. Although he already had three dozen pa-
pers to his name before he left Poland, the only position Wilder was able
to arrange for Eilenberg was a postdoctoral fellowship.® A year later he
was hired as an instructor in the Department of Mathematics, from which
he was promoted to the rank of assistant professor in 1941. Eilenberg ad-
justed quickly to life in the Midwest. He played golf for the first time in his
life and began attending the university’s football games. “I just returned
from the football game. I am frozen stifft. WE WON. This is getting mo-
notonous,” he reported to Wilder in October 1941.” In the apartment he
shared with a fellow mathematician, he kept the icebox stocked with beer
and would offer gin and whiskey to friends and visitors.

As war mobilization advanced, both Steenrod and Eilenberg enrolled
in defense projects for the navy and the air force. However, their military
research did not prevent them from continuing to pursue their own in-
dependent research in algebraic topology. In 1945, the two published a
joint paper titled “Axiomatic Approach to Homology Theory.”® In effect,
it announced a new stage in the development of algebraic topology and
practically redefined the way teachers introduced their students to the
subject in the following decades. In a highly unorthodox move for a paper
announcing new research, Eilenberg and Steenrod began their 1945 paper
by directly appealing to pedagogical concerns. They invoked the “student
of the subject,” who, they explained, had to absorb a lot of preliminary
details in order to begin working in the area. “The usual approach to ho-
mology theory is by way of the somewhat complicated idea of a complex,”
Eilenberg and Steenrod began. “Many of the ideas used in the construc-
tions, such as orientation chain and algebraic boundary, seem artificial.
The motivation for their use appears only in retrospect.”® To avoid this
“unwieldy” construction, Eilenberg and Steenrod suggested that it might
be better to approach homology theory axiomatically from the top down.
“It is expected,” they wrote, “that an axiomatic approach or definition by
properties should result in greater logical simplicity and in a broadened
point of view.”®* Instead of introducing students to homology theory by ef-
fectively explaining to them how topologists developed the theory’s main
ideas over the years, starting with geometrical concepts before moving on
to algebraic ones, Eilenberg and Steenrod suggested instead that students
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should first study the algebraic theory, and only then learn how it emerged
out of specific topological concerns.

In 1952, Eilenberg and Steenrod put their pedagogical theory into prac-
tice in their book Foundations of Algebraic Topology. Here again, they ac-
counted for their endeavor in pedagogical terms. In the preface, they of-
fered a useful schema outlining the main steps in the historical development
of algebraic topology:

1. Space — complex
2. Complex — oriented complex
3. Oriented complex — groups of chains

4. Groups of chains — homology groups®

The schema demonstrates how topologists who began with geometrical
questions about the properties of topological spaces ended up with what
was in practice an algebraic theory. In other words, they broke down both
the historical and the methodological procedures by which mathemati-
cians arrived at the current configuration of homology theory. Yet their
goal in outlining these various steps was not to rehearse the structure of
the book —on the contrary, it outlines the path not taken. Repeating the
claims made in their earlier paper, Eilenberg and Steenrod explained that
since students found the development of the first two steps confusing, pre-
senting homology theory from an axiomatic perspective would sidestep
these hurdles. The book, in other words, began at the end.

Since Thomas Kuhn drew attention to the role of textbooks in the for-
mation of scientific knowledge, historians of science have turned to such
books to better understand training practices, the formation of scientific
disciplines, and the social and institutional formation of knowledge.* More
broadly, pedagogy is a rich arena from which to limn how institutional, ma-
terial, social, and epistemological changes intercalate cross-generationally.
Steenrod and Eilenberg’s appeal to pedagogy is indicative of the way in
which abstraction and theory construction operated on multiple levels at
midcentury. The authors appropriated a research incentive—namely, a
search for unified presentation—and turned it into a pedagogical impera-
tive. Lefschetz removed the geometrical basis from his description, but
Eilenberg and Steenrod did more than this.® By presenting the axioms of
homology first, they practically flipped the development of the theory on
its head, first presenting its formal properties, and only afterward account-
ing for how and why the theory was developed in the first place. This point
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is crucial, as their approach would become a defining marker of many of
the mathematical books written in the three decades following World War I1.
It had profound implications for the incoming generation of mathemati-
cians who would study from those textbooks during those years.

The title of Eilenberg and Steenrod’s book is clearly indebted to the
title of Hilbert’s 1899 landmark, Foundations of Geometry. Hilbert argued
that the strength of the axiomatic method was its ability to clarify and
make precise the assumptions and propositions that grounded a given
theory. Eilenberg and Steenrod explained their motivations similarly,
noting “axiomatic treatment appeared and cleared the air.”®® However,
the fact that Eilenberg and Steenrod advocated their approach as a peda-
gogical tool demonstrates the fundamental difference between modernist
and high modernist mathematics. Hilbert’s Foundations of Geometry was
never intended to be an introductory textbook to geometry. It was Hil-
bert’s intervention into the ongoing debate surrounding the foundations
of mathematics, not a programmatic statement on mathematical train-
ing. Eilenberg and Steenrod, on the other hand, had the student in mind.
As such, Steenrod and Eilenberg’s appeal to axiomatics represented a
broader transformation among mathematicians from understanding axi-
omatics as a philosophical tool to promoting axiomatics as a research tool.

In presenting the axioms of algebraic topology first, Steenrod and Ei-
lenberg were in a sense arguing that formal logical presentation provided
greater clarity for students. The axioms of algebraic topology secured the
foundations of the field, but they also offered students a better path into
the material. At stake was not simply a question of representation but also
of conceptual emphasis. Eilenberg and Steenrod did not simply offer a logi-
cal formalist reading of algebraic topology, they restructured what algebraic
topology fundamentally was. Instead of introducing readers to concepts
such as complexes, oriented complexes, and chains, which were rooted in
geometrical ideas, the authors presented the axioms first and then derived
these concepts from them. In doing so, they reversed conceptual priori-
ties. Moreover, since they did not build the theory from the ground up by
using examples, concrete cases merely served as illustrations of the over-
arching theory, which effectively made the abstract theory the core. As such,
they changed what counted as the fundamental subject matter under study.
They subsumed the original content and motivations under a general frame-
work, which consequently became the subject matter of algebraic topology.
This act of conceptual reversal drove mathematical research in the postwar
period, and it would soon give rise to a crisis in meaning.
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In 1956, four years after his book with Steenrod was published, Ei-
lenberg coauthored another book. This time, his coauthor was French
mathematician and Bourbaki founding member Henri Cartan. Homo-
logical Algebra covered the algebraic theory of homology independent
of its original formulation in topology.®” Over time, mathematicians came
to approach homology theory as a purely algebraic theory, and the book
was the first to present it as such. In the preface, the authors explained,
“During the last decade the methods of algebraic topology have invaded
extensively the domain of pure algebra, and initiated a number of internal
revolutions. The purpose of this book is to present a unified account of
these developments and to lay the foundations of a full-fledged theory.”®
By abstracting away from the original context of homology theory, the
authors presented yet another self-contained theory whose applicability
extended into new domains. “The unification possesses all the usual ad-
vantages,” the authors remarked. “One proof replaces three,” they wrote,
and the theory “enjoys a broader sweep. It applies to situations not cov-
ered by the specializations.”®

When the book came out, mathematician Saunders Mac Lane wrote a
long review praising the authors for their accomplishments and summarizing
some of the main results and techniques presented in the book. By way of
conclusion, he made some general observations on the book’s methodology:
“The authors’ approach in this book can best be described in philosophical
terms and as monistic: everything is unified.”” Mac Lane added that “histori-
cally, each monistic doctrine is resolved by a subsequent pluralism,” and that
the case at hand was no different.” By the time the authors finished writing
their book, new research had already been published providing new cases that
did not fall under their general framework. “Perhaps,” Mac Lane concluded,
“Mathematics now moves so fast—and in part because of vigorous unifying
contributions such as that of this book —that no unification of Mathematics
can be up to date.””* This last claim defines most perfectly the high modernist
project—the feeling that as soon as a theory was written down, it was primed
to be rewritten by yet another more abstract and unified approach.

Recasting Universality
Lefschetz had first equated unity with theory construction as opposed to

problem solving. The ability to provide an overall framework that united
all the different individual studies marked the true value of mathematical
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research, and as Steenrod’s professional training shows, beginning in the
1930s this change in emphasis oriented the career choices and research
agendas of mathematicians. On an even broader level, by the end of World
War II, unity applied to mathematics as a whole. It was no longer enough
to construct a topological theory that unified what before had been a di-
verse set of studies and specialties. What was required was a governing
approach that would unite all the fields of mathematics. Some mathemati-
cians turned to rewriting the language of mathematics.

Mathematicians promoted unification to remedy what they conceived
of as the increased specialization that had begun to take place at the end
of the nineteenth century. They worried that as mathematics grew in size
and scope, it would begin to disintegrate into an unwieldy collection of
research problems and techniques, with no single mathematician able
to survey the entire mathematical landscape. Mathematicians, of course,
were not alone in promoting the unification of knowledge as a response to
increasing specialization. Perhaps the most famous example is the Unity
of Science movement in both its interwar Viennese and postwar Ameri-
can incarnations.” As Peter Galison has demonstrated, the emphasis on
semantic and logical unity that characterized the early development of the
movement was replaced in the postwar period with yet another concep-
tion of unity that reflected more closely the concerns of postwar scientists.
The sciences of World War II, as Galison has shown, brought to the fore
a unified image of science understood in terms of interdisciplinary col-
laborations: “The unification these [postwar] scientists had in mind was
a unification through localized sets of common concepts, not through a
global metaphysical reductionism.”™ The postwar unification, in other
words, was fought on the ground by scientists from different disciplines
collaborating with one another on specific projects.

Mathematicians understood unity not in terms of cross-disciplinary
collaboration, but as an overarching theory of knowledge.” It served as
a decisive impetus behind their development of new theories and a stan-
dard with which they measured new work. The clearest example of math-
ematicians’ universalizing tendencies was the development of category
theory, which in its early days was colloquially referred to as “general ab-
stract nonsense.””®

The theory was developed during the war by Eilenberg in collabora-
tion with mathematician Saunders Mac Lane. The two first met at Michi-
gan when Mac Lane delivered a series of lectures to the Department of
Mathematics. Having missed the last talk, Eilenberg met personally with
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Mac Lane, and the two soon realized they shared a set of interests.”” They
published their first joint paper in 1941 and followed up with eleven more
by the end of the decade. When Mac Lane took over the chairmanship
of the applied mathematics group at Columbia University during World
War II, he recruited Eilenberg to join him. Mac Lane recalled that after
they finished their war-related research for the day, the two would con-
tinue their investigations into category theory: “At Columbia, Sammy and
I frequently spent the day working on Airborne Fire Control and then,
in the evening, moved to his apartment to consider ordinary mathemati-
cal problems.””® Eilenberg’s confidence in axiomatization was overarch-
ing. Besides being a well-respected mathematician, he was also a well-
known art dealer specializing in Indian art. After acquiring a reputation
for detecting fakes, he decided to axiomatize the process. According to a
colleague, “He even had a provisional list of axioms, and it was truly an
elegant list.”” Eilenberg abandoned his quest, however, after he learned
that he, too, had purchased a fake. It was this sense of rigor and order that
he brought to his work with Mac Lane.

Category theory has often been described as “metamathematics” be-
cause it provides a language with which to investigate various mathemati-
cal situations and recast them from one unified perspective. Thinking back
to group theory is helpful here. The field grew robust when mathema-
ticians realized they could consider certain questions regarding groups
in the abstract without taking into account the particular situations from
which they emerged. Besides groups, other abstract mathematical objects
such as rings, ideals, and fields similarly became the general concepts of
algebra mathematicians studied. With category theory, this order was re-
versed. Now, groups, fields, and rings became the concrete objects to which
category theory was applied. The basic concepts of category theory were
those of “categories” and “functors,” the former denoting abstract classes
of objects (e.g., normal groups) and the latter mappings between these
classes.

When Mac Lane and Eilenberg sent one of their early papers to the
Transactions of the American Mathematical Society, they worried that it
would be rejected by the editor for being “too ‘far out,” not really mathe-
matics.”® Eilenberg made sure to contact one of the editors with whom he
was personally familiar and convince him to appoint as a referee a young
mathematician working at the applied mathematics group at Columbia.
With a little friendly influence, the paper was published. Eilenberg and
Steenrod were the first to apply the notions of “categories” and “func-
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tors” to algebraic topology. They also adopted one of the primary tools of
category theory, known as “diagram chasing,” in their book, making it a
mainstay of algebraic topology.

Over the next two decades, category theory developed into its own
area of research, but its greatest influence on the growth of mathematics
in the postwar period was in how it impacted already existing subjects.®!
Category theory recast mathematical theories under a unified set of con-
cepts (categories, functors) and approaches (diagram chasing). As Leo
Corry explains, “The subject-matter of category theory is the various math-
ematical disciplines, abstractly considered.”® Beyond algebraic topology,
category theory applied to geometry, logic, and algebra. According to Mac
Lane, Steenrod stated that the initial category paper “had more impact
on him than any other research paper; other papers contributed results,
while this paper changed his way of thinking.”®® As such, category theory
is the Ur-example of the abstractionist epistemology that prevailed in
mathematics during the postwar decades. When postwar mathematicians
wrote that mathematics consisted of “abstraction upon abstraction,” it is
certain that they had category theory in mind, which took the concepts of
abstract algebra and transformed them into the concrete subject matter
of a new abstract theory.

In their 1945 article, Eilenberg and Mac Lane explained, “In a meta-
mathematical sense our theory provides general concepts applicable to all
branches of abstract mathematics, and so contributes to the current trend
toward uniform treatment of different mathematical disciplines.”® Even
though the original impetus for the development of the category theory was
a particular topological problem, Eilenberg and Mac Lane soon realized
its potential and framed their work within a prevalent attitude of math-
ematical research at the time. Mathematicians adopted category theory
as a conceptual language that brought together topology, algebra, logic,
and geometry. It did function to some extent as a metamathematical the-
ory, but it was not philosophical. The language of categories and functors,
and the method of diagram chasing, pervaded much of postwar mathe-
matics. In mathematics, at least, unification reoriented the discipline from
the inside out.

The merits of unification through abstraction were not limited to the dan-
ger of increased specialization. Mathematicians praised the abstract theo-
ries they constructed for providing an economy of thought and a simplified
view of past results. Perhaps more than anything else, over time abstrac-
tion came to denote a theory of knowledge, a belief that new mathematical
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knowledge was attained only via an ongoing and processual abstraction. As
will become clear in later chapters, while most mathematicians did not con-
test the basic premise that abstraction is a route for mathematical creation,
some did question how far the process should go and whether it should be
countered by other modes of research.

There is nothing that makes an abstract unified theory inevitably “bet-
ter” than a theory that is limited in scope. As some midcentury mathe-
maticians noted, what is gained in breadth is lost in depth. By substitut-
ing three theorems with one, the intricate details unique to each of the
original three are lost as the focus broadens to encompass only those
characteristics which are common to all three situations. Yet the adher-
ence to unification was so strong that all associated concomitants were
taken as unquestionably good. For mathematicians, unification equaled
progress. Unification was the aspiration, but its horizon was perpetually
receding.

Rip Van Winkle

By the 1960s, the effort at unification caused a generational break in math-
ematics. At its core, the split was about the relative goals and merits of
mathematicians’ unification project. As Birkhoff noted in his 1942 review
of Lefschetz’s book, mathematicians understood unification and abstrac-
tion as a means to an end. Propelled by the example of modern algebra,
mathematicians held that generalized theories offered an economy of
thought and insights into problems that were otherwise too complex to
solve. When Zariski praised Chevalley’s abstractionist tendencies, he was
quick to add, “In algebra, he is not a generalizer for generalization’s sake,
but rather he has a taste and preference for the difficult and deep prob-
lems of his fields.”® Chevalley’s generalist attitude served a purpose.

But by the 1960s, some members of the mathematical community began
to feel that unification had become an end in itself. This was especially
true of older mathematicians who, like Birkhoff, could in the 1940s still
praise (albeit with reservations) mathematical abstraction. By the 1960s,
these same mathematicians turned to criticizing. As mathematical theo-
ries grew increasingly abstract, determining the relative utility and inutility
of a given mathematical theory became a personal value judgment. There
was no agreed-upon metric by which to determine whether a new theory
was “useful.” The generation of mathematicians who had received their
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training during the interwar period adhered to the abstractionist spirit
that dominated mathematics, but their own training was still rooted in a
classical approach. This was not the case for many of the mathematicians
who joined the field in the 1940s. This younger generation did not spend
its days studying curve theory, working through one example after another
as Steenrod had done. Rather, they were introduced to topology through
Steenrod’s and Eilenberg’s work. Their path was thoroughly axiomatic.®

In 1974, seventy-eight-year-old Wilder commented on this transforma-
tion. The increasing power of modern mathematics, “as evidenced in its
ability to solve problems hitherto inaccessible,” was due in part to the
forces of abstraction and generality. It was also due to the power of the
younger mathematicians, “who enter a field at the high level of abstrac-
tion already attained when its capacity is nearing a maximum; to them,
the high level of abstraction seems natural—it is where they begin their
research (and, incidentally, where many of the oldest generation of math-
ematicians leave off, or turn to problems on levels at which they have
been formerly successful).”®” Wilder’s last comment gestures toward the
generational fissure that began to widen in the 1960s.%

The spirit of rewriting did not cease in the 1960s. Perhaps the most cel-
ebrated mathematician of the period, Alexander Grothendieck, was famous
for creating abstract theories that led to the solutions of existing problems
(often using category theory).? Grothendieck’s metaphor of the “rising
sea” symbolized this idea. Gothendieck held that there are two ways to
crack a nut. The first is to hit it repeatedly from different angles until it
opens. The second is to immerse it in water for an extended period of time
until it opens to the touch. The same holds true for mathematical theorems,
Grothendieck contended, and the latter method is the superior one. His
aim was to construct an abstract theory (“the rising sea”) so that the origi-
nal problem would practically dissolve.”” Grothendieck’s theoretical work
gained a large following, but some of the older generation were not so keen.

Take Marston Morse. In an article published in 1940, Morse celebrated
the abstractionist tendencies of modern mathematics: “Popular opinion
to the contrary, abstract studies are often simplest. The process of abstrac-
tion rules out the irrelevant and permits greater generality. Mathemati-
cians abstract in order to unify, simplify,comprehend and extend.”' Yet by
1970, he too had grown wary. In a letter to French mathematician Arnaud
Denjoy, Morse conceded, “I agree with you that many of the young math-
ematicians are devising algebraic abstractions which are obvious when
they are relevant, and in general take more space to explain abstractly
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than it takes to establish the desired theorems without their use.”” The
three decades that had passed had seen an unprecedented growth in the
number of mathematics PhDs. The younger generation entered a field in
which axiomatic theories and an emphasis on generalization were already
taken as de facto mathematical values.”

When in 1933 Steenrod took Morse’s class at Harvard, he complained
that Morse was only interested in the combinatorial approach and had
“no patience” for his geometric questions. A decade and a half later, it
was Morse that felt out of touch with contemporary developments. When
Morse first met mathematician Raoul Bott, who came to the IAS upon
receiving his PhD in 1949, Morse was “in a sense a solitary figure, bat-
tling the algebraic topology, into which his beloved Analysis Situs had
grown.””* Bott remarked that “the development of the algebraic tools of
topology, or the project of bringing order into the vast number of homol-
ogy theories which had sprung up in the thirties—and which was even-
tually accomplished by the Eilenberg-Steenrod axioms—these had little
interest for him.”” The mathematicians who started their careers after
World War II did not have such latitude. Studying topology meant master-
ing the homology theory constructed by Eilenberg and Steenrod. It was
the language in which the conceptualization of the field was written.

The feeling that abstraction had gone too far was especially prevalent
among older mathematicians who believed that the spirit of unification
obscured any connection between the contemporary frame of a given the-
ory and its particular origin. Older mathematicians held that the perpet-
ual quest for increasing abstraction went so far as to completely obscure
if not erase the meaning of the original theory. In 1964, Louis J. Mordell,
a seventy-six-year-old British mathematician, published a scathing book
review in the Bulletin of the American Mathematical Society. Serge Lang
had authored Diophantine Geometry two years earlier. Mordell criticized
Lang for a cumbersome presentation style, lack of clarity, flagrant disre-
gard for detail, and confusing definitions. An interested reader, Mordell
complained, would “require the patience of Job, the courage of Achilles,
and the strength of Hercules to understand the proofs of some of the es-
sential theorems.””® Toward the end of his seven-page review, Mordell
finally divulged why Diophantine Geometry had made him break out in
critical hives. Mordell, who had founded the field decades earlier, was be-
wildered by what the field had become: “The reviewer is reminded,” he
exclaimed, “of Rip Van Winkle, who went to sleep for a hundred years
and woke up to a state of affairs and a civilization (and perhaps language)
completely different from that to which he had been accustomed. There
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were, however, some things still familiar to him —which is more than can
be said by the reviewer about the presentation of the present treatment.””’
In Mordell’s view it was not so much that the modernist approach erased
the past, but that it had made it unrecognizable.

Upon reading the review, German mathematician Carl Ludwig Siegel,
another early founder of the field who was then in his late sixties, imme-
diately dispatched a letter to Mordell to sympathize. He wrote, “When 1
first saw the book, about a year ago, I was disgusted with the way in which
my own contributions to the subject had been disfigured and made unin-
telligible. My feeling is very well expressed when you mention Rip van
Winkle!”*® Four years earlier, Siegel had been invited to spend the com-
ing academic year as a visiting scholar at the IAS. Robert Oppenheimer,
who at the time was the director of the IAS, sent Siegel an official invita-
tion. Siegel immediately rejected it.* While in his letter to Oppenheimer
he cited health concerns, he felt the need to write an additional, more
personal, letter to his colleagues in the School of Mathematics (including
Marston Morse, Oswald Veblen, Albert Einstein, and Kurt Godel). “I was
frightened,” he wrote, “by the idea that my stay at the Institute for a lon-
ger period of time would not be welcomed by the younger generation of
mathematicians whose scientific taste and interest seems to be very differ-
ent from my own.”'® He then added, “It is quite possible that the abstract
dreams of these people ultimately may lead again to fertile ground and to
real progress. However, I feel unable to adapt myself to this modern spirit,
and I prefer to continue my own work in the style of the 1gth century.”!*!
Many of the mathematicians of the older generation, such as Siegel, idly
observed the sort of abstract fashion that dominated the mathematical
landscape around them, but they had no desire to participate.

To appreciate the remarkable transformation that mathematics under-
went in the decade following World 11, it is worth noting that in 1945, as
the war was drawing to an end, the faculty of the School of Mathematics
at the IAS had formally recommended an additional member to join their
midst. Having considered several candidates, the faculty unanimously sup-
ported the very same Carl L. Siegel, who, they noted, “eclipsed” all other
candidates. Siegel had earned his PhD in 1920 from Goéttingen. A pacifist,
he moved to the US and settled at the IAS in 1940. Now his colleagues
wished he would stay. “There is no one in Siegel’s generation and among
the younger mathematicians,” the faculty noted in their recommendation,
“who is of comparable strength, and he is now at the height of his pro-
ductivity.”? Siegel was forty-eight years old at the time. Such a glowing
assessment was confirmed by leading mathematicians from around the
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world. Godfrey H. Hardy of Cambridge University wrote, “I don’t remem-
ber any time when anybody questioned that he was the equal of any math-
ematician of his generation,” while Chevalley announced that Siegel’s
work thus far placed “him on the level with a Hilbert or a Poincaré.”!®
Lefschetz wrote in that Siegel was “beyond any doubt the most gifted and
original mathematician of his or lesser age anywhere,” and Richard Cou-
rant, who knew Siegel from their days in Gottingen, similarly noted that
Siegel was the strongest mathematician he had ever met.!*

In describing his various contributions to mathematics, the official rec-
ommendation letter went into detail accounting for what made Siegel stand
out among his contemporaries, and what characterized his unique research
approach: “Siegel prefers to carve the stone of hard concrete problems
rather than to knead the soft clay of general abstractions.” It was not that
he was unable to handle the “modern machinery of abstract concepts and
methods,” but when he did, he “use[d] them to solve some pre-existing
concrete problem which had before been unapproachable.”' By 1945, the
mathematicians at the IAS recognized that Siegel was more “classically
minded” than most of the mathematicians around him, but that did not stop
them from recommending him to full professorship in the institute or from
celebrating his work. It is not that the distinction between the concrete and
the abstract did not already exist, but in 1945 Siegel could still find a home
at the IAS. Fourteen years later, after he had returned to Gottingen to re-
build the mathematical community there, he no longer felt he could fit into
the mathematical community around the institute.

To appreciate the feeling of estrangement felt by mathematicians of
the prewar generation, it is worth returning to Rip Van Winkle, who upon
meeting his own son, exclaimed: “I'm not myself —I’'m somebody else —
that’s me yonder —no—that’s somebody else, got into my shoes—1I was
myself last night, but I fell asleep on the mountain, and they’ve changed
my gun, and everything’s changed, and I’'m changed, and I can’t tell what’s
my name, or who I am!”® Rip van Winkle fell asleep for twenty years,
which is approximately the time it took the mathematical landscape in the
United States to transform.

Neither mathematical modernism nor unification nor abstraction had
a clear end. The three were ongoing adjunct projects that entailed the
writing and rewriting of mathematics as a body of knowledge. The ripple
effects of this project were far-reaching. As will become clear in the fol-
lowing chapters, it redefined the relation of mathematics to the world, re-
constructed mathematics as art, and even suggested a new historiography.
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Applied Abstraction

Axiomatics and the Meaning of Mathematization

They [axioms] are no longer assertions about contents that have absolute certainty, whether
it be conceived as purely intuitive or rational. They are devices which must be so broadly and
inclusively conceived as to be open to every concrete application that one wishes to make of
them in knowledge.

—Ernst Cassirer

n a 1946 memorandum, mathematician John L. Synge warned his col-

leagues, “There is a danger of misunderstanding as to the meaning of
‘applied mathematics.””! Synge had immigrated to the United States from
Ireland just before the war. Now, at its end, he was charged by the math-
ematical community with chairing a committee to study the future of the
field. The task of the committee was relatively simple: it had to determine
whether a separate organization dedicated to applied mathematics should
be founded within the already established American Mathematical Soci-
ety (AMS). Yet before the committee’s work could begin, Synge insisted
that a better understanding of what applied mathematics is was in order.
“I would value a statement as to what you understand by the term,” he
wrote to committee members.? Synge encouraged his fellow committee
members, among whom were German émigré Richard Courant, polymath
John von Neumann, and topologist turned statistician John Tukey, to for-
ward his query to their colleagues at other institutions as well.

By November, Synge had received more than twenty-five letters from math-
ematicians working around the country. However, no consensus emerged.
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In perhaps the most revealing response, John H. Curtiss, who had recently
been appointed to head the newly established Division of Applied Math-
ematics at the National Bureau of Standards, wrote to Synge, “I have tried
to do a little thinking lately on what applied mathematics really is. So far
I have failed quite miserably to arrive at any conclusions.”® Recognizing
the ironic position he was in, Curtiss wryly commented, “It seems too bad
to be founding an institution with such a name and not to be able to define
what the name means.” Those who answered Synge’s request could nei-
ther agree on what applied mathematics was nor on what its institutional
relation to pure mathematics should be.> Why did mathematicians find it
so hard to define what applied mathematics was?

Mathematicians’ inability to define what applied mathematics was
stemmed from a broad transformation in the meaning of mathematization.
In the 1930s, mathematics began transforming from a tool associated most
closely with measurement and calculation into an instrument for theory
construction. Two developments precipitated this view: Hilbert’s axiomat-
ics and Einstein’s theories of relativity. Coming close on one another’s
heels, together they persuaded mathematicians that a fundamental divi-
sion existed between the analytic and phenomenological aspects of a the-
ory. The difference between mathematical and physical concepts, mathe-
maticians argued, was one of degree rather than kind. A point, a line, mass,
energy, and time were all examples of abstract concepts defined logically,
not inductively. In other words, mathematicians argued that while physi-
cal theories were rooted in observation and experimentation, their math-
ematical formulation must necessarily be independent of the lived world.
Consequently, the way to ensure the veracity of a given theory was not to
build it from the ground up by experimentally defining its basic concepts
and relations and deriving and testing its consequences. Rather, since the
analytic construction of a theory begins from above, only its theoretical
deductions (and not its basic assumptions) could be subjected to exter-
nal verification. During the war and the decades immediately following it,
mathematicians insisted that the crucial role of the mathematician inter-
ested in worldly problems was, first and foremost, formulation. Defining
the basic concepts of a theory and the relations between them was a math-
ematical act. Once this initial step was accomplished, the problem could
be solved by any mathematically inclined individual, but it was not and
should not be confused as the true task of the mathematician.

While this view of mathematization preceded World War II, the pro-
liferation of new mathematical fields, from operations research to com-
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munication theory, computing, and, most crucially, game theory cemented
this view of theoretical construction. From a historical vantage point all of
these fields are distinct from one another and separate from mathemat-
ics, but in the aftermath of the war such distinctions could not be easily
marked. They were mathematical theories, and as such they represented
the unbounded potential of mathematical analysis, especially of the axi-
omatic method. More fundamentally, these sciences of war also extended
the reach of mathematization as theory construction from its original ba-
sis in physics. As I show in chapter 3, nowhere was this transformation
more evident than in the postwar social sciences. Just a couple of years
before Synge’s committee convened, von Neumann (himself a member
of the committee) published the now famous Theory of Games and Eco-
nomic Behavior in collaboration with Oskar Morgenstern. The book, which
quickly gained the attention of mathematicians and economists, not only
ushered game theory into the field of economics and the rest of the so-
cial sciences, but also (as will be made clear soon) redefined the nature
of mathematical theory in explicating social phenomena. It was not mea-
surement and quantification that characterized the mathematization after
the war, but axiomatization.

Mathematization, thus,is a historical concept. As mathematics changed,
so did what was entailed in applying it. The twentieth-century image of
mathematics as both a body of knowledge and a discipline is so remark-
ably alien to the vision mathematicians held in the nineteenth century
that it would be unrealistic to expect that what it meant to apply math-
ematics to a given phenomenon would remain the same.

Paul Erickson, Judy L. Klein, Lorraine Daston, Rebecca Lemov, Thomas
Strum, and Michael Gordin have argued that game theory, operations
research, and rational choice theory are indicative of what they term Cold
War rationality. Cold War rationality, they write, was formal and algorith-
mic. It sought to break “complex tasks and episodes . . . into simple, se-
quential steps; the peculiarities of context, whether historical or cultural,
gave way to across the board generalization; analysis took precedence over
synthesis.”® Erickson et al. argue that this form of rationality arose in reac-
tion to the fear of atomic destruction, which compelled postwar intellectu-
als to separate rationality from reason and to formalize decision-making.
Cold War rationality shares much with axiomatic reasoning. However, the
two do not overlap. As the authors write, most of the components they at-
tribute to Cold War rationality predate the Cold War, but “it was the Cold
War that consolidated and glamorized them.”” It seems unquestionable
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that the Cold War provided not only the institutional framework (the
centers and the funding) but also the impetus for the development and
adoption of game theory, operations theory, and allied fields. However, the
history of axiomatic thought and the changing meaning of mathematiza-
tion are necessary for understanding how this wholesale transformation
in the meaning of rationality was even possible. The separation of formal
analysis from observed phenomena, and the move from an inductive to a
deductive conception of theory, was premised on the existing axiomatic
conception of mathematics.

Erickson et al. write that, depending on the variant of Cold War rational-
ity one seeks to understand, different “genealogies” are available: research
into the logical foundation of mathematics, von Neumann and Morgen-
stern’s Theory of Games and Economic Behavior, and the growth of ap-
plied mathematical fields in response to World War II and the Cold War.®
What I wish to emphasize here is that all three “genealogies” they identify
are axiomatic through and through. Research into the logical foundations
gave rise to modern axiomatics 4 la Hilbert, and to the autonomous con-
ception of analytic formalization. Game theory extended axiomatics be-
yond the confines of mathematics and physics and into the social sciences,
demonstrating the benefits of analytic formalization. Finally, the growth
of mathematical applications during the war and its aftermath was ad-
vanced by the work of many trained mathematicians who were steeped
in axiomatic thinking. These mathematicians (Albert Tucker, Merrill Flood,
Henry Wallman, Richard Bellman, John Curtiss, George Dantzig, and John
Tukey, among others) did not shy away from the utility of mathematics, but
they were trained to think about mathematics as a formal system and they
brought this understanding with them to their work. In drawing attention
to axiomatic thinking, my aim is twofold. First, it demonstrates that defense
intellectuals had a reason to believe formal analysis was not only the ap-
propriate response to the political moment but that it was justified on epis-
temological grounds. The intellectual justifications for abstract formalism
were laid before World War II. Second, as I show in the following chapters,
at least some postwar researchers held onto axiomatics because they be-
lieved it offered a powerful tool with which to uncover otherwise obscured
truths. Some postwar researchers believed (together with mathematicians)
that decontextual analysis was necessary not (only) because of the threat
of nuclear war and the fallibility of human rationality, but because they
held that certain truths can only be accessed by abstraction away from his-
torical and social contexts.
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Mathematics at War

In March 1942, the president of the American Mathematical Society, Mar-
ston Morse, and Marshall Stone, who the following year succeeded him as
president, met in Washington, DC, with the chair of the National Defense
Research Committee (NDRC), James Bryant Conant, the director of the
Office of Scientific Research and Development (OSRD), Vannevar Bush,
and the president of the National Academy of Sciences (NAS), Frank
Jewett. Stone and Morse, representing the American mathematical com-
munity, had attempted for the previous two years to integrate mathemati-
cians more fully into the country’s scientific defense efforts, but felt that
to date their endeavors had failed miserably. They requested the meeting
with the three men in hopes that they could convince them to fully mo-
bilize the mathematical talent of the United States in coordination with
the Office of Scientific Research and Development. Stone and Morse con-
sidered the meeting to be a last-ditch effort. In a letter to Morse written
seven months earlier, Stone fumed, “It is time for us to stop sitting quietly
by while the physicists, chemists, and engineers monopolize the contri-
butions to be made by the exact sciences under the OSRD. I am afraid
that it may be necessary for us to exert real pressure to accomplish any
change in the existing situation and to injure our modesty in the process.
Nevertheless, it is my conviction that we should go ahead and do so with-
out delay.” The meeting gave Stone and Morse an opportunity to present
their case in person. In preparation, they drafted a memorandum entitled
“Mathematics in War” to present to Bush, Conant, and Jewett, in which
they explained their position in greater detail.!

Stone was not one to shy away from an argument. In December 1939,
Stone had published an article in the Nation protesting the implemen-
tation of new tenure and employment guidelines instituted at Harvard,
which placed a term limit of nine years for junior faculty. Announcing a
“crisis at Harvard,” Stone called out James Conant, the president of the
university at the time, for not consulting the faculty when deciding on the
new policy. He wrote, “The existence of such a crisis has therefore posed
a fundamental constitutional question, one which may well prove, now or
later, to be the most important point at issue: Can the complex modern
university be governed both wisely and satisfactorily without effective,
constitutional participation of its faculties in the decision of questions of
general policy bearing directly on their several educational functions?”!!
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Stone’s legalese originated in the nation’s highest court. A year before the
five men met in Washington, President Franklin D. Roosevelt had appointed
Stone’s father, Harlan F. Stone, as chief justice of the Supreme Court.
While the younger Stone chose to pursue mathematics instead of follow-
ing in his father’s footsteps to become a lawyer, his father continued to
send him his court opinions.

“With concern and regret,” Stone and Morse’s memorandum begins,
“we express our opinion that the existing provisions for the employment
of mathematicians in the professional service of their country are both
inadequate and short-sighted as viewed against the realities of total war
and its aftermath. We strongly urge the immediate alteration of prevailing
arrangements so that the mathematical intelligence of the country can
be brought fully to bear upon problems of war now confronting us.”'? In
order to amend this state of affairs, the authors suggested that the OSRD
should hire a designated mathematician who would serve as a liaison be-
tween the army and the mathematical community. This mathematician
would be charged with analyzing defense research programs, determining
the mathematical content and difficulty involved in any given problem,
and assigning mathematicians to work on various projects accordingly. To
fulfill this highly valuable job, the authors suggested that the desired in-
dividual must be well versed in modern pure mathematics and have high
standing in the mathematical community and wide acquaintance with its
members. To make sure their point came across clearly, the authors added,
“It would be a serious mistake to demand the further and otherwise natu-
ral qualification of extensive experience in some fields of applied math-
ematics.”"® The authors insisted that only a pure mathematician could get
the job done, both because there was no strong research tradition in ap-
plied mathematics from which to draw and because a broad view of the
entire mathematical landscape was a necessary qualification.

The meeting lasted an hour. Morse and Stone did not achieve exactly
what they wished, but their plea was acknowledged. Instead of a one-man
liaison, it was agreed by all parties that an advisory committee of math-
ematicians would be appointed to mediate between mathematicians and
the NDRC. The night after their meeting, Jewett penned a letter to Morse
asking him to compile a list of possible nominees for the committee. Three
days later, he followed his first letter with additional thoughts: “The more
I think of it,” Jewett wrote, “the more I feel that if the Mathematical Com-
mittee is to render a full measure of assistance, it should be not only emi-
nent but should be composed of both fundamental and applied mathema-
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ticians.”'* In the three days that had passed, Jewett had carefully reviewed
the memorandum Stone and Morse presented to him in the meeting. He
later explained, “I had the impression that the authors were proposing a
committee wholly of fundamental or ‘pure’ mathematicians. While I can
hardly qualify as a mathematician in either category, I have seen enough
of the problems both in the last and this war to feel that a committee
which did not include some applied mathematicians would be less effec-
tive than one which did. As a matter of fact, I think it might lead rather di-
rectly to the organization of a group of applied mathematicians.”" It took
an additional month to form the committee, which, following Jewett’s in-
sistence, consisted of both pure and applied mathematicians.

Despite the best of intentions, the NAS-NRC (National Academy of
Sciences and the National Research Council) committee, as it was known,
had no significant impact on the war mobilization of American mathema-
ticians. Nine months after the initial meeting, as part of the reorganization
of the OSRD, Bush established the Applied Mathematics Panel as the cen-
tral body in charge of directing mathematical work. The work of the NAS-
NRC committee, in effect, became futile. As the panel’s chair, Bush ap-
pointed Warren Weaver. An engineer by training, Weaver was well-known
among professional mathematicians, but he represented exactly the type
of mathematician Stone and Morse had advised against. Having insisted
that it would be a grave mistake to let an applied mathematician run the
mathematical community’s war effort, Stone and Morse considered the
decision to be nothing less than a slap in the face.!

In retrospect, it is not surprising that Stone and Morse’s proposal
failed. Their plan was antithetical to the collaborative ethos that charac-
terized war-related research. Their scheme was based on the strength of
the individual pure mathematician, not on the OSRD’s ideal of interdis-
ciplinary teams of scientists and engineers. It emphasized the theoretical
aspect of the work, not the experimental and pragmatic parts.'” Moreover,
it insisted that the historical record made clear that a separation existed
between the two. “A brief consideration of the relation of mathematics
to the sciences,” the memorandum began, was necessary in order to bet-
ter understand the current situation.!® The history of science, the authors
explained, had proven time and again that mathematics had played a
fundamental role in the discovery of natural laws. At times mathemat-
ics had proceeded in conjunction with physical investigation, but just as
often—and this was key—mathematics developed without any direct re-
lation to the physical reality proven most useful in physical theories. “It
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cannot be too strongly emphasized,” they wrote, “that in this sense the
scientific function of mathematics is a much broader one than that most
often put to use by the physicist or the engineer —namely, the ancillary
function of providing convenient solutions and means of computation
for particular problems already formulated and delimited by him in terms
of those branches of mathematics with which he happened to be more or
less familiar.”" Contrary to this popular (albeit mistaken) view, the role
of mathematics, Stone and Morse insisted, was not limited to calculation.
Much more fundamental was the role mathematics played in formulating
problems in the first place, and it was in this task that mathematicians
excelled.

A year earlier, in a long letter to mathematician Dunham Jackson, who
had served with Stone on an AMS committee, Stone outlined his ideas in
greater detail. His remarks highlight how irreconcilable his views were
with those of the scientists in the OSRD. Stone conceived of the work of
mathematicians as wholly and completely an individual affair: “A math-
ematician will undoubtedly work most efficiently under the conditions
to which he has already adapted himself.”?° Thus, he explained, research
mathematicians should remain in their academic position and simply swap
their own research work for their assigned problems. For Stone, the math-
ematical content of the problem existed (or at least potentially could ex-
ist) completely separate from its physical origin. Considering that some
of the problems that might arise during the war would be theoretically
advanced, Stone suggested that the best way to ensure a quick solution
would be to place the problem before mathematicians as a challenge. He
wrote, “It should be possible to divest such problems, once recognized,
of their military character and to set them as public ‘prize’ problems.”*!
Stone firmly believed that familiarity with the context from which a theo-
retical problem emerged was not necessary for solving it.

Stone’s views may have sounded outlandish to the physicists in the
OSRD, but they reflected mathematicians’ ideas about mathematics’ role
in physical theories. Stone partially acknowledged that fact when he noted
in his letter to Jackson that if they were to succeed, mathematicians would
have to engage in a bit of propaganda. The greatest limitation facing math-
ematicians, according to Stone, was “the general American attitude of
antagonism to theory in general and to mathematical refinements in par-
ticular and the abysmal ignorance of the majority of intelligent Ameri-
cans concerning the uses of mathematics.”? To understand how Stone and
Morse arrived at this view of the relation of mathematics to physics, it is
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necessary to go back in time to the generation of American mathemati-
cians that had come before them. This conception of mathematics and
physics seemed like common sense to American mathematicians in the
two decades before the war. The catalyst was, as with many other things,
the discovery of Einstein’s general relativity.

Veblen and Birkhoff

Both Stone and Morse earned their PhDs under the supervision of George
Birkhoff at Harvard University. Birkhoff was one of the first American-
trained mathematicians to receive international recognition during the
first decades of the twentieth century. Morse later recalled that, unlike
some of his American counterparts, Birkhoff “thought of his contempo-
raries in Europe, especially in Germany, as colleagues rather than teach-
ers.”? Birkhoff settled at Harvard early in his career and remained loyal
to the university until his death in 1946. He helped transform the De-
partment of Mathematics from a service department to a well-recognized
research center, and many of his students had successful careers in math-
ematical research. According to Morse, Birkhoff adhered to a New En-
gland ideal of self-sufficiency, and carried an air of detachment that was
often mistaken for disinterestedness.

A student of E. H. Moore in Chicago, Birkhoff was a contemporary
of Oswald Veblen, who for his dissertation constructed a new axiomatic
system for Euclidean geometry, which required only two rather than three
undefined elements.* His work was part of American mathematicians’
general interest in studying how different axiomatic systems could be ap-
plied to the same underlying phenomena, which turned axiomatic analy-
sis into a subject in its own right.” For them, abstract mathematics was
axiomatic analysis. In 19035, at the invitation of Woodrow Wilson, Veblen
took a position at Princeton University, where he influenced a generation
of young mathematicians.” Princeton’s centrality to both the national and
international mathematical community in the 1930s was due in no small
part to his work.

Veblen was especially influential in popularizing Hilbert’s axiomatic
approach among young mathematicians. In 1910, together with his stu-
dent John Wesley Young, Veblen published the first of a two-volume trea-
tise entitled Projective Geometry. The book, which was intended to be a
textbook for graduate students, was written explicitly in Hilbert’s style,
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and as such served as a clear and definitive introduction not only to pro-
jective geometry but also to the modern axiomatic method. Unlike Hil-
bert, Veblen and Young begin their book with a step-by-step introduction
to axiomatic thinking. The choice of postulates, they explain, is “in no way
prescribed a priori, but, on the contrary, is very arbitrary.””” They add that
“the words point and line are to be regarded as mere symbols devoid of
all content except as implied in the assumption concerning them.”? Once
they introduce the reader to the modern axiomatic method, the authors
construct an axiomatic system for projective geometry.

Birkhoff and Veblen kept in touch throughout their careers. They were
united in their deep devotion to the advancement of mathematics in the
United States.?? Each published textbooks, trained students, edited pres-
tigious mathematical journals, and advocated for mathematics on the na-
tional stage. They did not always agree on how best to accomplish their
goal, as, for example, in the 1930s, when Birkhoff believed that finding
jobs for American-trained mathematicians was their first priority and did
not support Veblen’s admirable efforts on behalf of European mathema-
ticians. However, their dedication to the advancement of mathematical
research cannot be overemphasized. Abraham Taub later remarked that,
together with Gilbert Bliss in Chicago, Veblen and Birkhoff “determined
everything about American mathematics” by deciding who got the best
jobs and who received fellowships from the National Research Council.*

In 1925, when Stone was twenty-three years old and completing his dis-
sertation, Birkhoff advised Veblen as to how to recruit Stone to Princeton.
Praising Stone for his ability and determination, Birkhoff reported that on
a recent visit to Washington he had met with Stone’s father, who a week
earlier had been nominated by President Calvin Coolidge to the Supreme
Court. The elder Stone confirmed his son’s desire to come to Princeton.
However, Columbia had already offered Stone a position with twelve
hours of teaching. Birkhoff added, “His father and I were agreed that it
would be undesirable for Stone to teach more than g hours.”*! Therefore,
if Veblen wished to make an attractive offer to Stone, Birkhoff advised, he
should reduce his teaching load: “You ask about his scientific standing in
comparison with other men of his generation. It is a little too early to be
sure, for Stone is so exceedingly young. I should expect him to go a long
way.”*? Seven years later, Stone returned to Harvard to become Birkhoff’s
colleague. By 1937, he had advanced to a full professorship. His relation-
ship with Birkhoff remained close throughout.

Both Birkhoff and Veblen began their careers as pure mathematicians,
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Birkhoff specializing in analysis and Veblen in geometry. However, dur-
ing the 1920s they both found themselves increasingly interested in phys-
ics. Einstein’s discovery of general relativity made a strong impression
on each of them, and both began publishing on the topic. In addition to
igniting their interest in contemporary physics and altering their respec-
tive research agendas, relativity also made each man reexamine and re-
evaluate the relation of mathematics to reality. Was mathematics a tool
for discovery? Was it a heuristic? Was it simply a descriptive language? Or
was it a deductive tool that enabled scientists to more efficiently predict
experimental results?*

Veblen’s and Birkhoff’s training in the abstract point of view that char-
acterized American mathematics at the beginning of the century deeply
informed their study of relativity and convinced them that a clear separa-
tion existed between the analytic and the phenomenological parts of a
theory. Veblen neatly captured this view when he noted that “the abstract
mathematical theory has an independent, if lonely, existence of its own.”**
It is a belief in this fundamental partition that helps explain Stone and
Morse’s memorandum.

Birkhoff first published on general relativity in 1922, when he reviewed
several recently published books and articles written on the theory of rel-
ativity. He followed this a year later with his own book, titled Relativity
and Modern Physics, which served as an introduction to relativity geared
toward undergraduate students.® That same year he also devoted his six
public Lowell lectures to the theory of relativity. The lectures, which were
later published in a book, The Origin, Nature, and Influence of Relativity,
most clearly outline Birkhoff’s ideas about the relation between math-
ematics and reality. He explained, “There is . . . a sense in which relativity
can be made to throw further light upon the mathematical-logical fac-
tor in mind and nature, namely, as a typical instance of the abstraction.”*
For Birkhoff, the greatest lesson furnished by relativity was the increased
scrutiny it demanded of the fundamental terms physicists (and, more gen-
erally, scientists) employed in their theories.

Einstein’s theory of general relativity challenged the idea that time and
space can be analyzed separately, arguing instead for a single space-time
continuum. Following relativity theory, gravitational force, which deter-
mines the attraction between bodies, was nothing more than a curvature in
space-time (represented as a four-dimensional manifold). Thus, the theory
unseated the centuries-old conception of absolute time and absolute space
and called into question any attempt to construct a physical theory based
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on naive correspondence between observation and reality. Birkhoff be-
lieved that now more than ever scientists must become more vigilant and
explicit about the basic theoretical concepts they employed in their work.
“Because the familiar classical abstraction of space and time [had] been
held sacrosanct and qualitatively different from all other abstractions,”
Birkhoff explained, their redefinition could shed light on the nature of
scientific abstraction more broadly.”” The crisis of referentiality brought
on by Einstein’s relativity inspired Birkhoff and other mathematicians to
reexamine the way in which mathematics applies to the world.

As Jimena Canales demonstrates, not everyone in the philosophical
and scientific community was as quick to accept the implication of Ein-
stein’s theory. For Henri Bergson in particular, Einstein’s claim that “the
time of the philosophers does not exist” supplied inexhaustible fuel for
his critique of relativity theory.*® However, if philosophers were least ame-
nable to the radical reconception of time implied by Einsteinian relativ-
ity, then Birkhoff and Veblen were the perfect audience. The impulse to
question and overhaul science’s most basic assumptions must have felt
completely natural to these two mathematicians who were well versed in
the foundational concerns that had lately captured the attention of the
mathematical community. It is no great surprise, then, that both Birkhoff
and Veblen were open to accepting Einstein’s abstract conception of time,
for only a few years earlier they had concluded, following Hilbert, that
even a point and a line, concepts much simpler than time, could not be
adequately defined by induction.

As far as both Birkhoff and Veblen were concerned, the theory of
relativity did not imply that a more thorough investigation of either the
psychological or philosophical aspects of time was in order. Rather, it per-
suaded them that the axiomatic understanding of time should be extended
to all physical concepts. In a 1922 address entitled “Geometry and Physics,”
Veblen made the case: “The old way of accounting for this difference was
to say that the electron is a substantial object whereas the point is only an
abstraction. This way of dismissing the question will not satisfy us to-day,
for we believe that the electron and the point are both abstractions. More-
over, the difference which we are seeking to explain is one of degree rather
than of kind.”* Veblen brought with him to his study of relativity the same
rationale that had dominated his thinking since his student days. In the
same way that concepts such as points and lines make sense only within
a formal axiomatic system, so, too, did physical concepts such as time,
energy, and mass.
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While both Veblen and Birkhoff believed that all abstract concepts
originate in experience, they insisted that their definition ultimately de-
pended only on logic and that their mathematical formulation was essen-
tially independent. Birkhoff, who favored a more philosophical approach
and was influenced by Alfred North Whitehead, formulated his own theory
of abstraction.*’ In his Lowell lectures, Birkhoff outlined his abstractionist
theory using time as an example. In order to arrive at the abstract concept
of an “instant of time,” Birkhoff explained, one begins by observing that
events occur in chronological order. Noting that event A happens before
B, and similarly that B happens before C, the researcher may begin, Birk-
hoff continued, by postulating that this implies that A happens before C
(i.e., they obey a given order). In the next stage of systematic elabora-
tion, the events are numbered, and arithmetic is used to analyze them.
It is only in the third and last symbolic stage that the idea of an “instant
of time” is achieved through the abstraction of the time continuum. This
symbolic stage can then be rigorously established by approaching “in-
stant” as an undefined term, and “before” as an undefined relation.*' “The
final abstraction seems to stand out and exist at the mathematical level,
apart from any concrete embodiment of it, in a very remarkable way.”*
Such claims about the independent nature of mathematics were different
from the ones made regarding the autonomy of pure mathematics. It was
one thing to claim that pure mathematical theories were independent of
physical theories; what both Veblen and Birkhoff claimed was that even
the mathematical theories of physical phenomena had a separate and au-
tonomous existence.

In separating mathematical theory from phenomena, its actualization
became subject to interpretation. In its austere mathematical formula-
tion, the terms of the theory held no meaning. Regardless of the intuitive
meaning inherent in their names, they were nothing but empty signifiers.
Only once scientists attached a direct physical interpretation to the fun-
damental terms did the mathematical theory become a physical theory.
Following Birkhoff’s example of time, the concept of an “instant of time”
had a physical meaning not because Birkhoff began his analysis by ob-
serving events in the world, but because after it was defined analytically
it was reinterpreted as describing a physical phenomenon. As Veblen ex-
plained, “The places at which this life-blood of human meaning flows
into the mathematical theory should, it seems to me, be the undefined
terms.”* However, once the relation between phenomena and mathemat-
ics was inverted—once it was no longer assumed that a physical theory
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arose directly out of reality—the door opened up to multiple interpreta-
tions. The same mathematical theory, if general enough, could account for
more than one phenomenological context. All that was necessary was to
provide a different interpretation to the undefined terms such that their
new realization would still accord with a given natural phenomenon. For
Veblen, this ontological multiplicity effectively distinguished the abstrac-
tions of geometry from those of physics (as he said, the difference was
one of degree, not kind). Analytically the terms were defined implicitly
by the relations set in the axioms. Since the axioms of geometry were less
restrictive than those of a given physical theory, the undefined term (e.g.,
“point”) could be given numerous interpretations, while a formalization
of a physical theory with an undefined term being the “electron” was open
for a more limited number of interpretations.

Moreover, declaring a clear separation between analytic formulation
and physical reality implied that the verification was a post-theoretical
endeavor. The way to judge whether a theory was true or not was not to
test its axioms, which by definition were arbitrary and did not claim to cap-
ture unquestionable truths, but to check whether its deductions could be
experimentally verified. The axioms, regardless of a theory’s success, were
provisional. In several lectures given during the 1920s and 1930s, Veblen
returned to this point again and again. In 1923, Veblen railed against the
teaching of geometry as a system of a priori truth: “A science resting on
such supernatural basis was fittingly taught by the method of dogmatic
indoctrination.”* He did not object to the teaching of Euclidean geom-
etry as a whole but wanted to ensure that its validity and significance were
not taken as unquestioned truths. Veblen’s ideas were not limited to Eu-
clidean geometry or mathematics but extended directly into physics. “We
have seen that an examination of the physical basis for our assumptions
induces anything but a dogmatic frame of mind,” Veblen insisted.* Thus,
axiomatics expanded the role of mathematics. Besides providing scientists
with a convenient language with which to numerically analyze phenom-
ena, mathematics played an even more important role in safeguarding sci-
entists against unconscious indoctrination.

Birkhoff expressed similar ideas when he appealed to abstraction as a
way of striking a middle ground between radical empiricism and fully com-
mitted idealism. On the one hand, he disagreed with the operational view
of his Harvard colleague Percy Bridgman, who insisted that only those
concepts that could be described through physical actions had a place in
theory. For mathematicians trained in the “abstract point of view,” Birkhoff



APPLIED ABSTRACTION 69

explained, attributing a reality to abstract concepts was absolutely natural.
On the other hand, he did not believe, as some idealists might have, that
there existed one abstraction that would eventually prove to be final and
absolute. “Any abstraction serves only limited specific ends,” he wrote.*
We must understand, Birkhoff proclaimed, “that our only approach to a
better understanding of the world is by means of a widening succession of
abstract ideas, each explaining imperfectly some aspect of the stupendous
whole.”” Abstractions were real, but in a limited pragmatic sense.

By the late 1930s, developments in physics had convinced Birkhoff
that the role mathematicians played in the advancement of science was
even more crucial than they had realized. The dominance of theoretical
physics made it apparent that mathematicians trained and well versed in
abstractions had much to contribute. The situation in physics in the past
few decades, Birkhoff explained in 1938, had “led naturally enough to the
feeling that pure mathematics almost suffices without much recourse to
the results obtained in the physical laboratory.”* The separation between
theory —understood as mathematics—and experimentation had become
a truism for American mathematicians.

Developments in physics served as the impetus for this reexamination
of the role of mathematics. However, mathematicians’ conclusions were
in no way limited to physics. Axiomatics and relativity together redefined
mathematization. They provided a framework with which to understand
the role of mathematicians in formulating theoretical knowledge broadly;
not limited to measurement and calculation, mathematicians were also
necessary for formulation. This was especially clear in Birkhoff’s writings,
as he extended his analysis to other sciences from psychology and biology
to the social sciences. His belief in the potential of systematic mathemati-
zation cannot be overstated. In 1933, Birkhoff turned his critical attention
to aesthetics. In a book-length monograph, Birkhoff constructed a math-
ematical theory of aesthetics that, he contended, could be applied to any-
thing from the shape of the most basic polygons to intricate geometrical
patterns, music, and poetry.* A few years later, satisfied with the success
of this endeavor, he resolved to devise a mathematical theory of ethics.”
“The world is of such highly technical, lawful structure,” Birkhoff con-
cluded in a public talk in 1937, “that we cannot understand it otherwise
save by means of profound abstract thought, failing which the individual
and even society itself can scarcely survive.”*!

Birkhoff, Veblen, and other mathematicians were, of course, not alone
in reassessing the relation between mathematics and physical theories in
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the aftermath of Einstein’s general relativity. According to Leo Corry,
over the course of his career Einstein changed his opinion regarding the
role of mathematics in physics. While in his early years Einstein consid-
ered mathematics to be merely a tool for physical intuition, later in his
career he entrusted to it a more pivotal role as a source of scientific cre-
ativity.? In a 1933 lecture entitled “The Methods of Theoretical Physics,”
Einstein remarked, “I am convinced that we can discover by means of
pure mathematical constructions the concepts and the laws connecting
them with each other, which furnish the key to understanding natural phe-
nomena.” Furthermore, as Gerald Holton has shown, Einstein believed
that neither the fundamental concepts of physics (e.g., time and space)
nor the axioms connecting them could be determined purely through
induction. “Failure to understand this fact,” Einstein wrote, “constituted
the basic philosophical error of so many investigators of the nineteenth
century.”* As such, Einstein distanced himself from Machian philosophy
and afforded a much more expansive role for mathematical investigation
in the discovery of physical laws. In his autobiographical essay, Einstein,
like many of the mathematicians of his generation and his colleagues at
Princeton, pointed to non-Euclidean geometry as an important precedent
for his thinking.

While Einstein and several other physicists began to question the con-
ventional model of theory construction, it was the logical empiricists that
turned their full attention to the “philosophical error” Einstein identified.
As Alan Richardson notes, relativity “was a watershed for the new logi-
cal empiricist philosophy of science.” Whereas their goal was to assert
the primacy of observation in physical theories, they now had to account
for the noninductive nature of physical concepts and the increased role
of mathematics in theory construction. A clear example is Rudolf Car-
nap’s “Foundations of Logic and Mathematics,” which appeared in 1939
as part of the International Encyclopedia of Unified Science. While the
title might suggest that Carnap’s topic was an investigation of the various
philosophical schools that emerged in response to the foundational crisis
in mathematics, this was not the case.’ “It is one of the chief tasks of this
essay,” Carnap explained, “to make clear the role of logic and mathemat-
ics as applied in empirical science.”’ It was an analysis of the relation
between theory construction and experimentation that Carnap was af-
ter, not the philosophy of mathematics. Carnap went to great lengths to
explain the distinctions between pragmatic, semantic, and syntactic func-
tions of language. However, the thrust of his essay was directed toward
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explaining the way in which a purely mathematical theory could be rein-
terpreted as physical.

Here, Carnap offered a solution to the new model of theory construc-
tion suggested by relativity. A mathematical theory is turned into physi-
cal calculi, Carnap explained, by providing semantical interpretations to
its sign. Whereas the positivistic ideal required that the most elementary
terms of the calculi would be interpreted first and that the more abstract
terms would follow from the simpler ones, Carnap acknowledged that
such a procedure did not accurately describe the work of theoretical phys-
icists. The “direction in which physicists have been striving with remark-
able success, especially in the past few decades,” he wrote, has been the
opposite (see Fig. 2.1).% Interpretation was provided first not to the least
abstract but to the most abstract terms: “This method begins at the top of
the system, so to speak, and then goes down to lower and lower levels. It
consists in taking a few abstract terms as primitive signs and a few fun-
damental laws of great generality as axioms. Then further terms, less ab-
stract, and finally elementary ones, are to be introduced by definitions.”*
Carnap went into great detail explaining how meaning was invested in the
system from the top down, but the key was that his procedure offered a
solution that maintained the primacy of observation while simultaneously
accounting for the noninductive nature of physics’ primitive concepts.

first second
method method
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abstract terms: ‘electric field’,..... | 8 terms
‘temperature’, . ... . o E &ls
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interpretation of
elementary terms:
observable properties
of things

FIGURE 2.1 A diagram from Carnap’s book illustrating the change from first defining elemen-
tary terms to first defining the abstract terms of a theory.

Source: Rudolf Carnap, Foundations of Logic and Mathematics
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Instead of arising out of observations, mathematics now entered phys-
ics from the top.®” Meaning was no longer predicated solely on the as-
sociation of basic terms, such as points and lines, with sense experience.
Instead, abstract mathematical concepts which were developed autono-
mously could be accorded with physical interpretations as long as the
overall theory could be subject to experimental verification. Carnap’s
views were similar to those of Birkhoff and Veblen and arose from the
same concerns, but logical positivists approached the problem from a dif-
ferent perspective than mathematicians. For Veblen, at stake was not phi-
losophy, but practice. Claiming that an electron is an abstraction in the same
way that a point is was something that mathematicians had emphasized in
their training. Veblen popularized axiomatics in several of his publications
and textbooks and insisted that this was how students should approach
mathematics. Moreover, like Hilbert, he called upon his fellow mathema-
ticians to turn their attention to physics and try to axiomatize mechanics
and kinematics.*!

Thus, while the writings of philosophers like Carnap have received
much more scholarly attention than those of mathematicians like Veblen
and Birkhoff, the latter were responsible for training the generation of
mathematicians who found themselves involved in war-related research
during World War II. These young mathematicians transformed a philo-
sophical idea about the relation between theory and observation into new
research projects.

Axiomatic Thinking

Despite their genuine efforts, Stone and Morse failed to convince the
scientists at the helm of the OSRD of the crucial role pure mathemati-
cians could play in the war. After Bush appointed Weaver to the head
of the Applied Mathematics Panel during the war, the tension between
the mathematicians and the OSRD only heightened.®” Stone in particular
took it upon himself to continue to fight on behalf of pure mathematicians.
In a long correspondence that was eventually circulated among several
scientists and mathematicians, Stone and Weaver argued back and forth
about the “proper” utilization of mathematical talent in the United States.
Much was at stake in their disagreement: who could speak for and repre-
sent the mathematical community and who was most qualified to develop
mathematical applications for the war. With his engineering background,



APPLIED ABSTRACTION 73

Weaver did not adhere to the same theoretical conception of mathematics
that Stone and Morse did.® Applied mathematicians, he insisted, were dis-
tinct from pure mathematicians in their training and scientific approach.
What the war required, Weaver insisted in his letters to Stone, was down-
to-earth practical mathematicians who were unselfish and capable of col-
laborating with others. These conditions, he explained, “exclude[d] a good
many mathematicians,—the dreamy moon-children, the prima donnas, the
a-social genius.”*

Needless to say, Stone disagreed. Mathematicians were not techni-
cians, he retorted. “When you know exactly what your problems are and
have the appropriately trained technicians, the obvious move is to put
technicians on the problem,” he wrote.®> However, Stone insisted, most
defense-related problems were not clearly formulated. “It is in this situa-
tion,” he said, “that quality of mind rather than specific training is the key
to progress.”% Stone, like his adviser, conceived of mathematics as a mode
of thinking, a cognitive activity whose strength arose not from its par-
ticularity but its generality. He also held that a mathematical perspective
could safeguard against dogmatism. “There is a good reason to believe,”
he wrote, “that reliance primarily on purely technical background may
be dangerous even in problems which appear to be perfectly definite and
straightforward. There is always advantage in getting a fresh point of view
at least.”?”

Stone’s and Weaver’s positions represented two competing views of the
proper development of applied mathematics after the war: one stressed
the theoretical aspects of applied mathematics and the other focused on
its pragmatic engineering utility. Considering the many mathematical sub-
disciplines that proliferated after the war, Weaver’s view seems to have
triumphed. However, the theoretical conception of the field did not di-
minish. Once the war was over, applied mathematics was no longer in the
hands of scientists at the OSRD, but of mathematicians themselves, many
of whom were first trained in pure mathematics. These mathematicians
were able to find a compromise between Stone’s and Weaver’s positions.
They adhered to the interdisciplinary and collaborative ethos of the post-
war sciences, while advancing the idea that it was mathematical thinking
rather than any particular mathematical theory that accounted for the
utility of mathematics. For these mathematicians, axiomatic thinking and
the autonomy of analytical formalization above all accounted for the
promise of mathematics. A decisive influence in this regard was von Neu-
mann’s axiomatic development of game theory.
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Much has been written about the development of game theory and its
incredible effect on the social sciences in the postwar decades.®® First pub-
lished in 1946, Theory of Games and Economic Behavior was the work
of polymath John von Neumann and economist Oskar Morgenstern. The
book suggests that a multitude of economic scenarios could be described
formally as games in which individuals seek to maximize their respec-
tive utility. While it began as an economic theory, by the 1950s and 1960s,
game theorists sought to influence nuclear strategy, arms control, social
psychology, political science, and evolutionary biology.®” RAND scientists,
who adopted and developed game theory early on, played a crucial role
in disseminating it beyond mathematics and economics. In the process,
they redefined nothing less than Cold War rationality.”

Whereas histories of game theory have primarily focused on the the-
ory’s impact on economic and national policy, less attention has been
paid to the model of mathematization that game theory popularized. In
her comprehensive study of rational choice theory, S. M. Amadae notes
that game theory was the “catalyst for the novel axiomatic approach to
human rationality” that prevailed at midcentury.”” However, what were
the underlying assumptions entailed in adopting an axiomatic approach?
And what image of mathematical theory did the book advance? The axi-
omatic vision von Neumann and Morgenstern articulated in their book
was demonstrably not Euclidean. Rather, the book tested Hilbert’s vision,
whereby mathematics was used not as a descriptive tool but an analytic
one. Moreover, like Veblen and Birkhoff, von Neumann and Morgenstern
insisted that mathematical theory existed in complete separation from
physical phenomena. Game theory’s immense success helped propagate
this vision of mathematization among a broader audience that did not nec-
essarily come from mathematics. Thus, beyond impacting military plan-
ning, political theory, and numerous disciplines, axiomatic game theory
also helped redefine the role mathematics could play in explicating real-
world phenomena.

Von Neumann and Morgenstern recognized that their conception of
mathematization was novel and thus began the book with an extended
meditation on “the role which mathematics may take” in the development
of economic theory. They explained that, more than simply appropriating
a new mathematical tool, such as functional analysis (although this too
was the case), what they advocated was a radical reorientation of how
mathematics impacts economic theory. The role of mathematics, they ex-
plained, was not to measure and compute, but to help formulate theories
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from the ground up by clearly defining the basic concepts of those theo-
ries and determining the underlying relations that obtain between them.
In what would become a rallying cry for applied mathematicians in the
postwar decades, the authors insisted that “there [was] no point in using
exact methods where there [was] no clarity in the concepts and issues to
which they [were] applied.””? The authors explained that the first step in
the successful use of mathematics was the formulation of the underlying
problem in a way that would permit mathematical analysis.

In 1933, Von Neumann immigrated to the United States and joined
the recently established IAS, where two of his colleagues were Veblen
and Morse. At the time he was already celebrated by both mathemati-
cians and physicists for his numerous contributions to both fields. During
World War II, von Neumann was enlisted in the war effort, and it was
while working on the Manhattan Project that he began collaborating with
Morgenstern, a fellow émigré to Princeton. Von Neumann, who had spent
time with Hilbert in Gottingen, turned his attention to axiomatics early
on in his career. He first axiomatized set theory, and later did the same for
quantum mechanics.” It is unsurprising that he brought the same arsenal
to bear on economic theory.

Importantly, von Neumann broke with Hilbert. For Hilbert, axiomat-
ization was done once a given science achieved a certain level of matu-
rity. The goal of axiomatics was to clarify the fundamental assumptions
and logical structure of an already existing theory. With game theory, von
Neumann inverted the order: he used axiomatics to build a new theory
from the ground up. In this regard, his approach hewed more closely to
that of high modernist pure mathematicians who adopted axiomatics as a
research tool rather than a philosophical one.

The authors’ attention to the process of mathematization was not lim-
ited to the first chapter of the book. Besides as an introduction to game
theory, the book can also be read as a careful guide to axiomatic reason-
ing. The book offered concrete step-by-step demonstrations of how this
process proceeded in practice. The authors explained that the “mathemat-
ically rigorous and conceptually general” theory proceeded from a first
heuristic step that included the “transition from unmathematical plau-
sibility considerations to the formal procedure of mathematics.””* They
then, like Birkhoff did with an “instant of time,” modeled that process in
their presentation. They first outlined the overall basic economic situa-
tions motivating their theory, then showed how it could be translated into
mathematical notions, and, finally, constructed a formal axiomatic system.
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While the authors went to great lengths to explain how intuitive ideas
were transformed into formal mathematics, they insisted that any for-
mal mathematical presentation exists independently of intuition. As they
phrased it immediately following an outline of the axiomatic presentation
of a game, “This definition should be viewed primarily in the spirit of mod-
ern axiomatic method. We have avoided giving names to the mathemati-
cal concepts introduced in (10:A:a)—(10:A:h) above, in order to establish
no correlation with any meaning which the verbal association of names
may suggest.” They added, “In this absolute ‘purity’ these concepts can
then be the objects of an exact mathematical investigation.”” This proce-
dure, they explained, was the only way to ensure that basic concepts were
clearly defined. Only once this fundamental break was acknowledged and
understood could readers remind themselves of the “detailed empirical
discussion” in the preceding sections and replace some of the mathemati-
cal symbolism with descriptive language.

This might sound at first like nothing more than language games, a sim-
ple act of translation whereby words are first replaced by mathematical
symbols only to be reinterpreted later as the exact same words. Such an
interpretation would miss the point. The exact mathematical formulation
is essentially independent. Once constructed with the utmost rigor, the
formal system sheds any bond to the empirical phenomena from which it
arises. It is not, and should not be, thought of as a translation. Rather, it
is an ad hoc construction. This is why game theory was not a theory that
arose from specific contexts, but instead was later applied to such con-
texts. This notion of mathematization provided scientists with new ana-
Iytic freedom that was especially potent in the social sciences.

To define the concept of utility, von Neumann and Morgenstern did
not need to point to a particular behavior in the world, but merely show
that the abstractly constructed concept was useful in analyzing specific
situations. In the same way that a “point” had many interpretations, so
did “utility.” Indeed, in the same way that mathematicians defined a point
implicitly as that concept that obeyed a certain set of relations, so did von
Neumann and Morgenstern define utility. They wrote, “We have practi-
cally defined numerical utility as being that thing for which the calculus of
mathematical expectation is legitimate.”’ In its original formulation, game
theory (like geometry) existed simultaneously as both a self-contained
mathematical system and a theory of economics.

Game theory was not the only new research area that challenged the
classical conception of applied mathematics. Operations research, infor-
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mation theory, and computing similarly extended the bounds of mathe-
matical theory beyond the classical areas of mechanics and mathematical
physics. These new fields were not joined by a subject matter or by a com-
mon set of tools, but by a vague sense of shared approach. Together they
redefined what mathematization meant. When in 1948 Claude Shannon
published “A Mathematical Theory of Communication,” he explained that
he did not aim to present the mathematical formulation of the problem in
its most general form or according to the highest “rigor of pure mathemat-
ics.” However, he added that “a preliminary study .. .indicated that the the-
ory can be formulated in a completely axiomatic and rigorous manner.””’
Shannon’s remarks made clear that even mathematical theories that were
not given axiomatic treatment were nonetheless influenced by it.”

The widespread confusion regarding applied mathematics in the after-
math of the war can mostly be blamed on the murkiness of the term itself,
as mathematicians were not clear at first what distinguished mathematiza-
tion from applied mathematics. By the late 1960s, it would be common to
distinguish between applied mathematics and mathematical applications.
However, throughout the 1950s such distinctions grew hazier as game the-
ory, operations research, computing, and information theory began to be
recognized as independent fields of research. For a while, axiomatization
was the glue that cemented it all together.

Formulation

In 1956, ten years after Synge’s committee struggled to define applied
mathematics, the mathematical community again bent its efforts to this
problem, this time on a national level. A report presented to the Divi-
sion of Mathematics at the National Research Council began by posing
the question, “What is applied mathematics?” It then asserts that no an-
swer exists: “The Survey is emphatically not concerned” with a segment
of mathematics or any grouping of subfields that could be singled out as
the subject matter of applied mathematics. It aims instead at an activity
that “consist[s] in the creation, the adaptation and the communication of
mathematics inspired by and knowingly related to the efforts of advancing
our rational understanding of some aspect of the world around us.”” This
broad-brush definition of applied mathematics as a sort of mathematics
with an (albeit vague) purpose was common at the time. It enabled math-
ematicians to unify a collection of fields that were otherwise haphazard.
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As elaborated upon in chapter 5, the purpose of the survey was to study
what could be done to improve the state of applied mathematical research
in the United States, and it gave rise to a temporary schism between pure
and applied mathematicians. Given this political context, it is remarkable
that in accounting for the current state of applied mathematics, the report
nonetheless emphasized modern axiomatics: “Instead of external a priori
truths,” the report asserted, “the best that can be expected of them [axi-
omatic systems] is consistence —and the a posteriori satisfaction if they
turn out to do their job well.”® The implications of this transformation,
the report announced, had been far-reaching. No field of pure mathemat-
ics was left unchanged, and applied mathematics would follow suit. “The
release of mathematical creativity, made possible by the axiomatic ap-
proach, has given to applied mathematics a comparable opportunity of
playing a more creative role.”® Modern mathematics provided the ap-
plied mathematician with new theories and tools at his disposal, but more
importantly, it “broadened his proper area of activity.”$

When Veblen and Birkhoff celebrated the rise of modern axiomatics as
a tool for the elucidation of physical theories, all the sciences of war were
yet to be invented. Three decades later, after a host of new fields had prolif-
erated, applied mathematicians still adhered to the same rationale. If any-
thing, these new fields would ultimately vindicate the axiomatic method.
The entire report, which covered every possible field of applied mathemat-
ics from the theory of automata to control theory and hydrodynamics, was
permeated by the language of axiomatics. The axiomatic description is not
limited to the natural sciences; it extended to engineering and the social
sciences as well. By the mid-1950s, modeling had become the dominant
feature of mathematical analysis across a variety of fields, and the report
presented modeling as merely a natural extension of the axiomatic concep-
tion of physical theories. The mode of reasoning and the role played by
mathematics, for these authors, remained remarkably similar.

Describing the use of mathematics in engineering systems such as com-
munications engineering, the report offered the following florid exulta-
tion: “The applied mathematician is expected to return from his sally into
what, to the engineer, will always be the jungle of mathematics with a solid
mathematical model in the bag. A sense of engineering utility and feasibil-
ity provides the aim, and the practically infinite foresight of mathematical
argument projects the bullet; the animal itself is a creature of the imagi-
nation with which the axiomatic approach has so plentifully stocked the
woods of mathematics.”® It is fair to assume that in its extended analogy,
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the report’s meaning here was lost. Most simply, the passage asserts that
the axioms constituting the foundation of mathematical models used in
engineering systems, as in physical theories, laid no claim to capturing un-
questioned truths. They were “creatures of the imagination,” even though
they were motivated simply by pragmatic utility.

Communication engineering, the mathematical theory of automata,
game theory, operations research, and numerical analysis were presented
as fulfilling the same ideal of axiomatic analysis. The report acknowledged,
for example, that providing a precise definition of operations research
might be impossible, but concluded that there, “as in all the previous con-
texts, the role of mathematics [was] primarily that of establishing a pos-
tulational model for the quantitative evolution of a particular operation,
suitably isolated from temporally and geographically distant or intuitively
unrelated events.”® Pure mathematicians hailed axiomatics for its univer-
salizing possibilities. Axiomatic definition abstracted away from particular
contexts and thus offered a more generalized theory that could be applied
in a myriad of cases. This same impetus now drove applied mathematics.
A model was deemed successful exactly because it was able to isolate the
essential features of a phenomenon without being hampered by “intui-
tively unrelated events.”® The structure of the model, not the context of
its emergence, was what drove the analysis.

The use of mathematics for measurement, quantification, and calcula-
tion did not diminish after the war, but the report’s commitment to the
axiomatic conception of mathematics entailed that all these uses of math-
ematics were presented as secondary to its “true” use in theoretical con-
struction. The report did not discuss how the calculus, partial differential
equations, or functional analysis could be applied to physical, biological,
and social phenomena, but rather sought to identify the “mathematical
modes of thought” that defined contemporary application of mathemat-
ics. In case after case, the report considered the nature of mathematical
formalism. The author of the report was Joachim Weyl, who immigrated
with his father, Hermann Weyl, to the United States in 1933. Following in
his father’s footsteps, the young Weyl received a doctorate in mathemat-
ics from Princeton University in 1939. His research was originally in pure
mathematics, but during the war his interests shifted as he began work-
ing for the Office of Naval Research (ONR). By 1949, he was appointed
chair of the Mathematics Branch at the ONR. He had close and intimate
knowledge of all the emerging sciences of war and he conceptualized all
of them in terms of axiomatic analysis.
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The same was the case with mathematician Richard Burington, who
served as the head mathematician in the Bureau of Ordnance in the Navy.
In 1949, he published “On the Nature of Applied Mathematics,” in which
he exhaustively analyzed mathematization as axiomatization. Regardless
of the underlying situation, the job of the mathematician, in Burington’s ac-
count, was model construction, which was necessary in order to strip away
“the lesser distracting elements, leaving only the essential and fundamen-
tal features, skeleton and flesh.”% This act of model construction was re-
markably similar to the process Veblen and Birkhoff had described a de-
cade earlier. In particular, Burington explained that when well-established
concepts and intuitive notions do not work, it might be “necessary to use
a high type of free mathematical construction, using premises which may
appear to have little connection with previous experience as a guide.”®” As
long as the theory’s deduction could be subjugated to experience, it was
irrelevant how abstract the premises might be. Burington acknowledged
that his view of model construction built directly on the “postulational
and deductive character of pure mathematics.” Indeed, he even offered
his reader a crash course in axiomatics.®

However, there is a difference between his analysis and that of his pre-
decessors. When Birkhoff and Veblen were writing, they had theoretical
physics in mind. Axiomatization was a means of uncovering the laws of
nature. Burington had something else in mind. Model construction was
motivated by practical concerns. The models were idealizations whose
goal was finding solutions to problems. Burington wrote, “No matter how
logical and beautiful an analysis is made in connection with an industrial
project of consideration, if it fails to meet the realist tests of relevance,
adequacy, and applicability, sooner or later the work will be recognized . ..
as being inadequate.”® This was the greatest difference between inter-
war and postwar mathematization. The meaning of mathematization re-
mained remarkably similar, but the purpose had changed. After the war,
applied mathematicians found themselves in new institutional settings an-
swering to new lords, but the intellectual justification for their approach
was rooted in the interwar period.

By the 1950s, there was almost a complete consensus among mathe-
maticians that the job of the applied mathematician was formulation. Grif-
fith E. Evans, who chaired the Department of Mathematics at the Univer-
sity of California, Berkeley, is credited with transforming the department
into a top-tier research center. During remarks on the nature of applied
mathematics in 1953, he explained, “With reference to the objective uni-
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verse as it is portrayed in the physical sciences, the life sciences and the
social sciences, the mathematical task is that of employing the method of
abstraction to the point of maximum concrete return . . . It is the method
of generalization of a particular problem into a systematic theory.” Par-
ticular problems were important, Evans wrote, but “what the mathemati-
cian [could] offer beyond special techniques [was] a general approach,
a comprehensive grasp of symbolic structure, a systematic survey.”’! Ev-
ans’s remark perfectly captured mathematicians’ conception of mathe-
matical analysis at midcentury. Adopting the lessons they learned in pure
mathematics, mathematicians brought to the study of the world (physical,
biological, and social) their emphasis on abstraction, generalization, and
structure —all markers of high modernist mathematics.

Other mathematicians similarly insisted that the mathematician’s role
was to provide theoretical understanding. In reaction to Evans, Abraham
Taub, a mathematician and physicist, noted, “Few mathematicians realize
as yet that half of the applied mathematician’s task is that of finding and
formulating mathematical problems—once this is done any mathemati-
cians can work on them.”*? Indeed, while applied mathematicians were
unable to settle on a definition of applied mathematics, they all seemed to
agree that it was formulation that was the fundamental role of the applied
mathematician, not calculation.”® Defining the basic concepts of a theory
and the relations between them was a fundamentally mathematical act.
Once this initial step was accomplished, the problem could be solved by
any mathematically inclined individual, but it was not and should not be
confused with the true task of the mathematician.

John Tukey fought most forcefully to establish this new vision of math-
ematization. He is emblematic of the generation of mathematicians who
turned toward applications following their experience during World War I1.
Tukey arrived at Princeton in 1937. He was originally planning to pursue
a PhD in chemistry, but was ensorcelled by the siren song of mathemat-
ics. He earned his degree in topology just two years later (in the same
class as Norman Steenrod). Lined up on the graduation stage beside him
was none other than Joachim Weyl. During the war, however, Tukey’s re-
search interests began to shift. In 1941 he joined the Fire Control Re-
search Office at Princeton, which was headed by mathematician Merrill M.
Flood. While he had no interest in statistics before the war, by 1945 he
had begun to self-identify as a statistician, and he soon took a joint ap-
pointment, splitting his time between the Department of Mathematics at
Princeton and Bell Laboratories. His experience made him sensitive to
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the plight of applied mathematicians. It had been at Tukey’s urging that
Synge’s committee gathered in 1946 to study the place of applied math-
ematics in the AMS. Earlier that year, Tukey had sent a letter to mathema-
ticians around the country announcing a “crisis in applied mathematics.”
The society began to study what it could do to promote applied math-
ematical research in the United States in response to Tukey’s agitation.

Tukey’s interest in applied mathematics did not falter in the follow-
ing decade, and he continued to campaign on its behalf. During his ca-
reer, Tukey had carved out for himself a unique advisory position across
multiple subfields: he worked on antiaircraft missile systems and nuclear
weapons, served as a member of the National Security Agency Scientific
Advisory Board, consulted for the government on the census, and was
entrusted by the American Statistical Association to review Alfred Kin-
sey’s report Sexual Behavior in the Human Male. His own experience con-
vinced him that the true role of the mathematician was as a type of consul-
tant. More than knowledge of a specific theory or technique, mathematics
was a way of thinking.

In 1958, Tukey presented some of his ideas in “The Teaching of Con-
crete Mathematics,” in which he elucidated his vision for the field. One
of the most promising areas for applied mathematics, he insisted, was the
development of a theory of formulation. “It is agreed that formulation of
the problem is usually the most important stage in ‘applied mathematics,””
he began.” Formulating new concepts and refining old ones was essential
to this endeavor. Echoing the words of Birkhoff before him, Tukey mused,
“Insofar as a concept-former is a philosopher, all mathematicians need to
be philosophers (of a very special sort).”” Yet even though formulation of
a problem was the essential task of the mathematician, no one had ever
explicitly studied this problem of formulation. “Who has tried to explain it
to the student? Polya wrote ‘How to Solve It’; who will now write ‘How to
Formulate It’?” This, Tukey insisted, was the most important task facing
applied mathematicians, for until they knew how to teach students the art
of formulation, they would be unable to produce applied mathematicians.
Tukey held that the new vision of mathematization required a new kind
of mathematician.

The impact of this new conception of mathematization as axiomatiza-
tion and formulation was far-reaching. On the one hand, as I show in chap-
ter 3, not only mathematicians but social scientists as well began advocat-
ing for this new and expanded image of mathematization. Researchers in
the human sciences debated and struggled most forcefully with questions
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about the meaning of theoretical knowledge and the role of mathematics
in explicating social phenomena. However, as will become clear in chap-
ter 5, this broad vision of mathematization also held back the mathemati-
cal community. Despite the hard work of researchers like Tukey, a new
type of applied mathematician did not emerge in the following decades.



CHAPTER THREE

Human Abstraction

“The Mathematics of Man” and Midcentury
Social Sciences

It has always been the curse of philosophy (until this curse was lifted by the logical positiv-
ists) to assume that entities called politics, society, power, welfare, tyranny, democracy, milieu,
progress, etc., actually exist just as cats, icebergs, coffee pots, and grains of wheat exist, and that
each had an essence discoverable by proper application of reason and observation.

— Anatol Rapoport

In 1954, Claude Lévi-Strauss announced a “revolution” in the mathema-
tization of the social sciences. For Lévi-Strauss, the work of the pre-
ceding decade had demonstrated that a new “mathematics of man” was
emerging, one that broke firmly with past attempts to utilize mathematics
in social scientific research. “Social scientists were certainly aware, well
before the last ten years,” Lévi-Strauss explained, “that a science is not
really a science until it can formulate a precise chain of propositions,
and that mathematics is the best means of expression for achieving this
result.”! In psychology, economics, and demography, Lévi-Strauss said,
researchers had appealed to mathematical techniques to advance their
studies, but their efforts to date had been limited. This was not because,
as some held, social phenomena were less amenable to mathematics than
natural phenomena, but because those researchers misunderstood the
nature of mathematics. Lévi-Strauss wrote, “[They restrict themselves to]
quantitative methods which, even in mathematics itself, are regarded as
traditional and largely outmoded, and have not realized that a new school
of mathematics is coming into being and is indeed expanding enormously
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at the present time—a school of what might almost be called qualitative
mathematics, paradoxical as the term may seem, because a rigorous treat-
ment no longer necessarily means recourse to measurement.”> Mathemat-
ics, Lévi-Strauss insisted, did not equal quantification.

As Lévi-Strauss explained, he himself came to this realization after
collaborating with Bourbaki member André Weil on a “rigorous treat-
ment” of the rules of marriage and descent.’ “The mathematician has
absolutely no need to reduce marriage to quantitative terms; in fact, he
did not even need to know what marriage was,” he explained to his read-
ers.* Lévi-Strauss is most associated with the school of French structural-
ism, but he understood the mathematization of the social sciences to be
a broader phenomenon. As examples of the new “mathematics of man,”
Lévi-Strauss pointed both to game theory and a recent book by sociolo-
gist Paul Lazarsfeld (more on that soon). Lévi-Strauss emphasized that
the fruitful collaboration between mathematicians and social scientists
would undoubtedly take advantage of new schools of thought, such as
set theory, group theory, and topology, all of which emphasized relations
between classes. Hence, in adopting mathematics, social scientists needed
to move beyond quantification. This new “mathematics of man,” he ex-
plained, “is resolutely determined to break away from the hopelessness of
the ‘great numbers’— the raft to which the social sciences, lost in an ocean
of figures, have been helplessly clinging.”

Lévi-Strauss’s prognosis that what would define the mathematization
of the social sciences in the post—-World War II era was the deidentification
of mathematics with quantification was shared by many social scientists
during the period. Computer scientist and mathematician John G. Kemeny
perfectly captured this sentiment in an article he wrote on the social sci-
ences titled “Mathematics without Numbers.”¢ As will become clear in this
chapter, while the psychologists, sociologists, and economists who used
mathematics in their work differed in their research agendas, they shared
the belief that mathematization did not equal quantification. Rather, like
the mathematicians described in chapter 2, they believed that mathemat-
ics’ greatest promise was as a tool for theory construction. Mathematics,
they held, offered conceptual clarity. They called for the adoption not of
a particular mathematical technique—although several methodologies
were increasing in popularity —but for mathematical thinking.

Historians of science have so far followed the work of Ted Porter in try-
ing to explain the mathematization of the human sciences in the postwar
period. In this view, mathematics is equated with trust in numbers and
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objectivity.” However, when postwar social scientists appealed to math-
ematics, it was not quantification they sought, as Lévi-Strauss insisted.
What they were after, as I will show, was axiomatization. Other scholar-
ship on the postwar social sciences amply describes Norbert Wiener’s
cybernetic theory and elucidates its influence on social scientific theory.®
While Wiener’s cybernetic theory is not an example of axiomatic thinking
per se, Wiener’s earliest publications belonged to the uniquely American
school of postulational analysis, which emerged as a response to Hilbert’s
axiomatics. At Harvard, Wiener was influenced by E. V. Huntington, who
was one of the group’s most prolific authors. That he was steeped in mod-
ern axiomatics is obvious. In emphasizing the influence of axiomatics, my
goal is different from histories of cybernetics. Rather than showing how
certain concepts, analogies, or ideas about human nature trafficked freely
among a diverse set of postwar scholars, I show how axiomatics altered
what counted as theory in the postwar social sciences tout court. Namely,
while historians have correlated mathematics with positivism and objec-
tivity in the postwar decades, its most sweeping effect was rather in rede-
fining the meaning of theory on axiomatic grounds. Indeed, the “math-
ematization” of the social sciences was felt even in studies that used little
in the way of mathematics. Axiomatics reshaped what theorizing entailed.

Historians of the social sciences have also noted that the postwar
period marked a shift in social scientific research in the United States.’
During the interwar period, as Joel Isaac notes, social scientists “placed
their faith in measurement and instrumentation, treating the accumula-
tion of statistics and observational data as the cardinal scientific virtues.”*
Only in the aftermath of World War II did theory construction become a
dominant feature of social scientific work. Isaac traces this transformation
to the 1930s: the impact of relativity theory and quantum mechanics, the
growing popularity of conceptual frameworks such as “system” and “or-
ganism,” the influx of European émigrés, and the mathematical formaliza-
tion of economics all contributed to the belief “that theoretical abstrac-
tion had a role to play in the discovery of social laws.”'" What form did
these theoretical abstractions take? To what degree were they modeled
on axiomatics? And what was the relation between mathematization and
the meaning of theory in the social sciences?

I follow the writings of a host of American social scientists in the post-
war period, including Howard Raiffa, Anthony Downs, and Anatol Rapo-
port, in order to unpack how they understood the appeal of mathematics
during the period. Why was mathematics useful, or even necessary? From
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economics to psychology, sociology, and political science, axiomatic rea-
soning offered a shared approach and a shared set of commitments. In the
hands of mathematicians, axiomatics designated a well-defined procedure,
with an emphasis on the consistency and independence of axioms; but
its appropriation into the social sciences did not follow such strict logi-
cal constraints. What, then, defined axiomatization in the human sciences?
First and foremost, as in mathematics, modern axiomatics designated a
break between analytic formulation and post hoc empirical verification.
This, perhaps, was its strongest legacy.

The earliest example of this change can be traced to 1940, when psychol-
ogist Clark L. Hull from Yale’s Institute of Human Relations published
Mathematico-Deductive Theory of Rote Learning.'> The book, written in
collaboration with three mathematicians, offered a complete postulational
theory of how people acquire knowledge through repetition.”* Hull set up
a system with sixteen undefined terms, eighty-six definitions, and eighteen
postulates, which he then used to deduce theorems that could be verified
via observation. Hull and his collaborators believed the book, more than
just a contribution to learning theory, offered an example of a scientific
study of human behavior. In the introductory essay, Hull explains that
while it might be necessary at the start of a study to take an informal ap-
proach, a formal treatment can help “facilitate the removal of presumptive
fallacies.”'*

Reviewing the work for American Anthropologist, Gregory Bateson
wrote that the book’s main contribution to anthropology was that “it pro-
vides us with a lesson in how to think, and even those who do not propose
to work through the massive apparatus of definitions, postulates and theo-
reums [sic] will do well to read the thirteen pages of introduction, Con-
cerning Scientific Methodology.” Bateson added, “The naive will discover
that when knowledge is formally exposed, the order of procedure is the
reverse of that adopted in reporting upon research. The ordinary scien-
tist thinks inductively, deriving his general conclusion from his particular
observations, but in this book the most abstract conclusions become ‘Pos-
tulates’ from which the author deduces the phenomena which can be ob-
served or ought to be observable in the laboratory.”> More than a decade
before Lévi-Strauss announced the mathematics of man, his American
colleague equated mathematics with a new way of thinking.

While historians have noted that the postwar transformation of the so-
cial sciences was characterized by an increased adoption of mathematics,
mathematics tout court is an insufficient explanation.' Further, the degree



88 CHAPTER THREE

to which high modernist social sciences embraced axiomatic reasoning
remains unacknowledged.” Hunter Heyck argues that, beginning in the
1950s, “the subjects of social science were systems structured by relations,
the method employed was behavioral-functional analysis and the goal was
a theoretical model, one that potentially could be made an operational
guide to practical action—in some other, future publication.”'® Heyck em-
phasizes that this new approach to the social sciences relied heavily on the
adoption of mathematics, but for him it was social scientists’ propensity
to “see the world as a system” that “encouraged mathematical formal-
ization.”"” Considering the number of mathematically trained individuals
whose work was fundamental to the transformation Heyck describes, the
arrow of causality might be reversed, or at least point in both directions.
The adoption of axiomatic thinking did not in itself usher in the belief
that social science theories were “systems structured by relations,” but it
certainly played an important role.”

Moreover, an attention to axiomatics illuminates what distinguished
the positivistic nature of postwar social sciences. In The Politics of Method
in the Human Sciences, George Steinmetz emphasizes the influence of
logical empiricists and logical positivists on the conception of scientific
knowledge in human sciences during the postwar period. Positivism, which
as Steinmetz acknowledges in the introduction, dates all the way to Hume,
is defined as the idea that theories must take the form of “if ... then.”*" An
understanding of theoretical knowledge as a collection of postulates from
which theorems can be derived was prevalent among human scientists.
However, what distinguished the postwar human sciences was an uneasi-
ness with the way this analytic construct was connected to the “real” world,
in particular a willingness to except axioms as unverifiable premises.”> When
applied to the social sciences, the main influence of axiomatics was in creat-
ing a break between analytic formalism and empirical content. Axioms no
longer needed to be derived inductively or taken to be self-evident truths.
As with mathematics, theory in postwar human science became abstract
when it was no longer believed to be abstracted.

I start by looking at social scientists’ direct efforts to bring mathematics
into their field. As I show, social scientists across several research fronts
appealed to axiomatics as among the most promising tool for mathema-
tization. They elevated abstract or mathematical thinking above any par-
ticular mathematical technique. I then interrogate what social scientists
considered to be the utility of axiomatics. As I demonstrate, they followed
pure mathematicians’ emphasis on (1) economy of thought, (2) structural
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relations, and (3) the belief that any true essence is hidden beneath the
surface. Finally, I examine rational choice theory, the most well-known
example of axiomatic thinking in the social sciences. Its use here illumi-
nates the defining feature of postwar axiomatics, namely the separation of
analytic formalism from empirical phenomena. However, as I show, this
bifurcated view of theory forced social scientists to reevaluate the very
meaning of theory in the social sciences more broadly.

Bringing Mathematics In

Lévi-Strauss’s “The Mathematics of Man” served as the introduction to a
special issue of the International Social Science Bulletin, which grew out of
a“Seminar on the Use of Mathematics in the Human and Social Sciences.”
The seminar had taken place at UNESCO House in 1954, under the aus-
pices of the International Social Science Council. The issue includes articles
on the use of mathematics in sociology, economics, and public opinion, as
well as reports on research centers where such work was being conducted.
The goal was to encourage the use of mathematics in the social sciences
by providing numerous illustrations of its application. Such efforts were
common on the other side of the Atlantic. Between 1953 and 1957, the So-
cial Science Research Council (SSRC) sponsored five summer institutes in
mathematics for PhD students, postdoctoral fellows, and professors seeking
to improve their mathematical literacy. They were organized by an SSRC
Committee on Mathematical Training of Social Scientists, whose job was
to promote such endeavors. Chaired by mathematical statistician William
Madow, membership of the committee over five years included psycholo-
gist Robert R. Bush, psychologist W. K. Estes, sociologist E. P. Hutchinson,
computer scientist John G. Kemeny, economist Jacob Marschak, cognitive
psychologist George A. Miller, system analyst Howard Raiffa, economist
Robert Solow, and operational researcher Robert M. Thrall.

What is telling is not that the SSRC decided to support mathematical
methods in the social sciences, but rather the type of mathematics that
was deemed appropriate for budding researchers. In 1953, when the first
summer institute took place at Dartmouth College, the instructors for the
course, including Bush, Thrall, Raiffa, and Madow, identified four areas of
research: probability, calculus, algebra, and axiomatics.”® The inclusion of
axiomatics, in particular, points to the mathematization of theoretical knowl-
edge in the postwar period.” Thrall, who was trained in pure mathematics,
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was among many young mathematicians who redirected their research
from pure mathematics to operations research and allied fields during
World War II. He was a member of the mathematics department at the
University of Michigan. Reflecting on his experience at the 1953 summer
institute, Thrall explained that, especially when it came to model build-
ing, “a considerably greater emphasis on axiomatics and foundations” was
necessary.” Raiffa similarly believed that axiomatics had an important
role to play in social scientific investigation. However, he emphasized that
it was not a complete axiomatic treatment, such as that given by von Neu-
mann and Morgenstern, that would be useful. It was, rather, “axiomatic-
type thinking” that was necessary to bring clarity to otherwise “nebulous
material (e.g., cohesiveness of a group, so-called ‘rational’ behavior, ‘so-
cially desirable’ welfare functions, etc.), definition after definition is dis-
carded or discredited because it does not fit the bill in certain situations.”*
To avoid such situations, Raiffa recommended, researchers should state
clearly in terms of axioms those conditions they wished their definitions to
satisfy, and “then determine whether they [were] consistent, independent,
and categorical.”” The axiomatic definition of concepts was, after all, a
hallmark of the modern axiomatic approach.

Raiffa emphasized that the reason to include axiomatics was not be-
cause it offered a more sophisticated approach to the social sciences, but
rather because it directed the researcher’s “attention to the structure and
to some of the basic notions of the area.” He added, “Axiomatic type
thinking has played and will play in the future an increasingly important
role in mathematical work in the social sciences.”” What Raiffa wanted
to highlight was the “importance of abstract thought (in contradiction to
mathematical technique) to the social scientist.”” Axiomatic-type think-
ing had the potential to accomplish just that. It was not so much about
developing strict axiomatic systems as it was about forcing researchers to
clarify their assumptions and their potential ramifications. Even Madow,
who noted that a controversy existed between those who believed axiom-
atic treatments were to be promoted and those who opposed them, con-
cluded by noting that “considerable gains” would come to social scientists
“from the consciousness that [came] from the axiomatic approach, of the
way in which mathematics and the world of experience interact.”*

In addition to the summer institutes, the SSRC also supported the pub-
lication of textbooks that would help social scientists obtain the neces-
sary mathematical skills. In 1956, Bush, who was an instructor at the first
summer institute, published Mathematics for Psychologists: Examples and
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Problems, together with Robert Abelson and Ray Hyman.*! Bush was
one of many physicists who turned away from physics in the aftermath
of World War II. While still at Princeton, where he earned his PhD, Bush
organized a monthly seminar with fellow students, asking: “Are the meth-
ods of physical sciences applicable to social sciences?” In 1949, he took a
postdoctoral position at Harvard’s Department and Laboratory of Social
Relations, where he turned his attention to psychological research. After
his postdoctoral appointment finished, he remained in the department,
where he taught, among other courses, a seminar in mathematical models
in the social sciences. In this seminar, he drew upon examples across mul-
tiple fields (including game theory, models of learning, kinship structures,
and growth models).

In Mathematics for Psychologists, Bush once again identifies four ar-
eas of mathematics he deemed relevant for psychologists: calculus, prob-
ability, matrix algebra, and mathematical foundations. There is no obvi-
ous reason psychologists should study the foundations of mathematics or
learn the language of set theory unless it is recognized that such training
serves as an introduction to axiomatic reasoning. In the introduction to
the book, the authors single out four mathematical textbooks that paral-
lel the book’s organization and can serve as guides for the mathematical
material. They recommend The Anatomy of Mathematics, published in
1950, to readers who want to learn more about mathematical foundations.
Written by mathematician turned engineer R. B. Kershner and mathema-
tician L. R. Wilcox, Anatomy was an ode to axiomatics. In the preface, the
two authors explain that they conceived of the book as a “treatise on the
axiomatic method.” Their goal was to offer an introduction to modern
mathematics that did not assume any prerequisite knowledge on the part
of the reader. Emphasizing the point, the authors write that not only does
the reader not “need to know the sum of 7 and 5,” but “he will not learn it
from this book.”* This, in part, was the appeal of axiomatics.

Kershner and Wilcox’s commitment to presenting mathematics through
axiomatics is illustrated in the first substantive chapter, which is not about
numbers or even set theory but instead comprises an analysis of “lan-
guage.” The authors begin by discussing the difference between spoken
and symbolic language and the potential for confusion that might arise
by the use of either. Using the statement “She was fair” as an example,
the authors explain that if you are unclear about the meaning of the word
“fair,” turning to the Oxford English Dictionary won’t solve your prob-
lem. Does the statement imply that the “she” in question was “beautiful,
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clean, impartial, or just otherwise admirable”?* Such multiplicity of mean-
ings might be palatable in ordinary language, but in a situation in which a
statement should have meaning outside of context, terms “must be unam-
biguous.” But the confusions of language are even greater: Many definitions
are cyclical, and while the meaning of a word like “horse” can be learned
relatively easily in childhood, more abstract terms like “beauty” are harder
to define. An elaborate discussion of the ambiguities of language at the
opening of what is essentially a mathematical textbook is a way of acclimat-
ing the reader to axiomatic reasoning. As the authors explain, some words
must remain undefined (“There should then be a basic list of words that
we forgo defining.”). The Anatomy of Mathematics appeared repeatedly on
social scientists’ reading lists in the following decade.

The efforts of SSRC were replicated on a smaller scale in other institu-
tions. Starting in 1950, a seminar on the application of mathematics to the
social sciences took place at the University of Michigan. The seminar was
sponsored by the departments of economics, mathematics, philosophy,
psychology, and sociology.* The success of the seminar’s first two years
encouraged the organizers to apply for a grant from the Ford Founda-
tion for an eight-week summer seminar, “The Design of Experiments in
Decision Processes,” to be held in Santa Monica, California. The venue
for the event was chosen, not surprisingly, for its proximity to RAND, and
the participants included mathematicians, philosophers, psychologists, and
economists. In the proceedings of the conference, Decision Processes, the
editors (including Thrall) explained that the goal of the gathering was to
coordinate and find common ground among the “rapid development in
the mathematical formulation and testing of behavioral science theory.”*
The editors then located the “modern” conception of decision problems
in two relatively recent mathematical developments: von Neumann’s for-
mulation of utility in game theory and Abraham Wald’s statistical decision
theory. As they explained, decision problems—namely, deciding whether
a given action would be apt for achieving a desired effect—had occupied
philosophers for more than two thousand years. What was new was the
mathematical “framework,” or “abstract system,” that researchers applied
to the problem.

In The World the Game Theorists Made,Paul Erickson follows the work
of these mathematicians, demonstrating how important their research
was in the early development of game theory in the human sciences.’ As
Erickson explains, knowledge of game theory, especially in the early days,
passed between individual mathematicians via direct interactions. Erick-
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son also makes clear that the diffusion of mathematics at the time was
enabled by a set of institutions and financial networks, such as the Ford
Foundation and Stanford’s Center for Advanced Study in the Behavioral
Sciences. For Erickson, the proliferation of game theory, or what he terms
the “game theory phenomenon,” can best be explained by approaching
game theory not as a coherent entity but as a collection of what historians
of science term “theoretical tools.” Beyond these theoretical tools, which
they dispersed across research centers, mathematicians’ greatest impact,
I would argue, was in insisting on the separation between analytic formal-
ism and empirical phenomena. This bifurcated view of theory was funda-
mental to axiomatics and became, in the postwar period, the main charac-
teristic of mathematization.

In the opening paper, “Mathematical Models and Measurement The-
ory,” Raiffa, Thrall, and psychologist Clyde H. Coombs defined in detail
mathematical models and their use in measurement theory. Not surpris-
ingly, the authors began by offering a quick explanation of axiomatic rea-
soning. They also directed the interested reader, who might wish to learn
more about the nature of mathematical systems, to three prior works: The
Anatomy of Mathematics, Weyl’s Philosophy of Mathematics and Natural
Science, and Wilder’s Introduction to the Foundations of Mathematics.”
All works emphasized modern axiomatics, and all were written by math-
ematicians, not logical positivists. The translation between “real world”
and model, the authors explained, was one of abstraction and interpreta-
tion, or abstraction and realization (see Fig. 3.1). Expanding on this dia-
gram further, the authors explained that, in this view, the task of science is
to arrive at the same conclusion by two paths: experimentation and logi-
cal deduction. Throughout the paper, the authors sought to account for a
movement between mathematical formulation and the experimental situ-
ation, the a priori and its realization. “The model becomes a theory about
the real world” only after a “segment of the real world has been mapped
into it.”*® A model can only be evaluated on logical grounds; a theory must
satisfy “external criteria.” Thus, while according to the diagram the model
is arrived at by abstraction from the world, this by itself does not make
it a model of the world. At this stage it can still be judged only on “logical
grounds.” The model becomes a theory of the world only after the elements
of the model are given real world interpretation. This bifurcation was char-
acteristic of axiomatics. Further, the axiomatization of measurement theory,
which the three editors developed in their paper, makes clear that, by mid-
century, measurement and quantification were subordinate to axiomatics.



94 CHAPTER THREE

real mathematical
world abstraction (A) — system

|
experiment mathematical
(T) argument (M)

{
physical mathematical
conclusions interpretation (I) conclusions

Fig. 1. The Symmetrical Roles of Experiment and Mathematics

FIGURE 3.1 A diagram from “Mathematical Models and Measurement Theory,” illustrating
the relations between a mathematical model and the real world in terms of abstraction and
interpretation.

Source: Decision Processes, ed. R. M. Thrall, C. H. Coombs, and R. L. Davis

Raiffa’s path to mathematics and statistics was meandering. At the
age of 22, after completing his military service, he went to the Univer-
sity of Michigan to study actuarial mathematics. During his time there he
took a course in the foundation of mathematics taught in the R. L. Moore
tradition.” Like Steenrod more than a decade earlier (see chapter 1),
the experience transformed Raiffa, and he decided to pursue a PhD in
mathematics. His interest in operations research and game theory grew
while serving as a research assistant on an Office of Naval Research
(ONR) project sponsored by the Department of Mathematics and the
School of Engineering. A research report he wrote turned into his disser-
tation, and after a year as a postdoc at Michigan, during which he helped
edit Decision Processes, he found himself teaching statistics at Columbia
University.

At Columbia, Raiffa started working with R. Duncan Luce, who had been
hired to supervise an interdisciplinary project on behavioral modeling. Luce
received his PhD in mathematics from MIT, working on abstract algebra,
but he soon applied his mathematical knowledge to psychological ques-
tions. Raiffa and Luce’s collaboration resulted in the publication of Games
and Decisions,a work that has been described as “the most influential event
in the literature of the period for the spread of game-theoretic thinking by
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the early 1960s.”* More than von Neumann and Morgenstern’s original,
Luce and Raiffa’s book, Games and Decisions, helped propel game theory
into the social sciences. This was at least in part due to the authors’ decision
to reduce the mathematical content to a bare minimum. In the introduc-
tion, Raiffa and Luce explain that while knowledge of calculus and matrix
algebra would be useful, it is not necessary. What is necessary is “mathe-
matical sophistication,” which, the authors explain, amounts to the reader’s
willingness to “accept conditional statements, even though he feels the sup-
positions to be false.”* The reader must be willing “to make concessions
to mathematical simplicity” and, above all, “must have sympathy with the
method.”” Such a definition of mathematical sophistication presupposes
that, by this point, mathematics was equated with a particular way of rea-
soning, or an approach, rather than a calculative technique.

Columbia University, where Raiffa and Luce’s collaboration took place,
was also teeming with mathematical activity. Paul Lazarsfeld organized a
seminar on mathematical sociology together with Ernest Nagel, and a
seminar on mathematics in the social sciences convened in the evenings.
Lazarsfeld, whose work had been foundational to the growth of Ameri-
can sociology during the period, invited researchers whose work he found
interesting. James Coleman, who was a student at Columbia at the time,
remarked that, to a certain degree, one could characterize mathemati-
cal sociology at Columbia during the 1950s as a “collection of people he
[Lazarsfeld] had gathered around himself for the purpose of teaching
him[self].”* In 1954, Lazarsfeld collected several of the lectures presented
at Columbia and published them in a new edited volume titled Mathe-
matical Thinking in the Social Sciences. The title is revealing: It was math-
ematical thinking, rather than any particular mathematical technique, that
Lazarsfeld believed had the most to contribute to the social sciences.*
Lazarsfeld acknowledged that the use of mathematics in the social sci-
ences had been controversial; he suggested, however, “Even those who do
not believe in any early use of mathematics try to utilize some rudiments
of formalization in order to clarify their underlying assumptions, and to
derive specific findings from more general models.”* Mathematics, in his
account, provided a way to organize knowledge.

Angela M. O’Rand identifies three strands in the mathematization of
the social sciences in the 1950s. In addition to game theory, she writes, the
two other main research fronts were the work of Kurt Lewin at MIT and
that done under the direction of Paul Lazarsfeld at Columbia University’s
Bureau of Applied Social Research. O’Rand writes that “the technical
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core of each of these programs was not the mathematical proofs as in
the case of game theory, but the social experiment and the social survey,
respectively.”* Despite these differences, social scientists from different
fields agreed for the most part on the nature of mathematization. Namely,
they might appeal to different mathematical methods or put emphasis on
different aspects of a research program, but in a general sense they agreed
on why mathematics was necessary in theoretical work. They all held that
mathematics offered clarity of thinking, not computational capacity. Con-
ceptual clarity and an emphasis on a relational approach were at the core
of mathematization, and hence of theorizing.

In his introductory essay to the edited volume, Lazarsfeld praised
SSRC’s effort to promote instruction in mathematics to social scientists.
He did not necessarily think mathematization was the only path forward,
but he identified it as one with great potential benefits. With the edited
volume, his goal was to “take specific problems and look at them with
the end in mind of understanding better how the structure of behavioral
science thinking and the structure of various mathematical methods fit
each other.” An emphasis on structure, of course, was a central feature of
axiomatic thinking, and Lazarsfeld addressed the “flowering of axiomat-
ics,” suggesting that it could offer clarity in the social sciences as well:
“Is it not possible that a similar type of analysis would help to explicate
concepts of the social scientist and throw some light on what alternatives
he might have overlooked?”*” Lazarsfeld’s work at the Bureau of Applied
Social Research was known for its empiricist tendencies. The bureau was
recognized for the development of survey analysis and the technique of
latent structure, not for grand theorizing. But even Lazarsfeld acknowl-
edged that mathematics’ potential in the social sciences was not restricted
to quantification.

Lewin’s work stood out because he appealed to topology rather than
calculus, statistics, or differential equations in his theories. Lewin was
drawn to topology after reading Veblen’s Analysis Situs. He sought to in-
tegrate the structural conception of modern mathematics in his theories
and, like Lévi-Strauss, he believed that modern mathematics was neces-
sary because past efforts to collect and measure had been limited. In For-
malization and Progress in Psychology, published in 1940, Lewin reflected
on the limited impact of psychological research that focused on strict
observation and measurement. “After all,” he wrote, “what psychologists
observed were human beings. Children needed help and education; delin-
quent people needed guidance; people in distress wanted cure. Counting,
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measuring, and classifying their sorrow did not help matters much.” He
then added, “Obviously one had to go to the facts ‘behind,” ‘below the
surface.’ ”* The distinction Lewin draws—between understanding a given
social phenomenon by counting and measuring what is on the surface,
and discovering its hidden structure —captures the shifting conception of
mathematization between the interwar and postwar period.

Needless to say, many social scientists continued to appeal to math-
ematics for its computational capacity. Far from diminishing in popular-
ity, the use of statistics in psychology and sociology only increased during
the postwar period. The collection and analysis of experimental results
became mired in numbers as researchers learned how to conceptualize
uncertainty and confidence intervals.* Still, to the midcentury scholars
described in this chapter, this prevalent use of computational mathemat-
ics was secondary to the role of mathematics in theoretical formalization.
For them, mathematics offered conceptual clarity and drew researchers’
attention to structural relations. Moreover, by midcentury social scientists
were praising axiomatics for its economy of thought and, as was already
evident in Lewin’s writing, its ability to peer beneath the visible surface.

Why Axiomatics?

Three years before Lazarsfeld’s edited volume appeared, Hermann Weyl
surveyed the previous half-century of mathematics in the American Math-
ematical Monthly.The article focused on axiomatics, which Weyl identified
as “one very conspicuous aspect of twentieth century mathematics.”>
Weyl, who was suspicious of the increased emphasis on axiomatization
and abstraction in pure mathematics, nonetheless identified some of the
strengths of the method. First, axiomatics offered clarity and simplification.
“The real aim is simplicity,” he explained. When faced with a complex
mathematical situation, he wrote, the real art was to be able to separate
various sides of a subject and generalize from them. Such generalizations
would simplify as they reduced the number of assumptions taken into ac-
count. Thus, Weyl wrote, “The basic notions and facts of which we spoke
are changed into undefined terms and into axioms involving them.”™!
But beyond simplifying things, axiomatics promised a certain economy
of thought: when an axiomatic system had been established and a body
of statements had been deduced from it, they were then available in-
definitely, “not only for the instance from which the notions and axioms
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were abstracted, but wherever . . . an interpretation of the basic terms
which turns the axioms into true statements” was encountered.? This
ability to reinterpret the same axiomatic system over and over again was
taken as a general benefit of axiomatics.™

Weyl had pure mathematical research in mind, but the belief that axi-
omatics offered economy of thought migrated into the social sciences as
well. One of the contributors to Lazarsfeld’s edited volume was Nicolas
Rashevsky, an expert in mathematical biology and biophysics who had
an interest in social behavior. Rashevsky’s contribution to the volume
offered a model for the behavior of individuals under the influence of
environmental conditions. The paper, however, was quite technical, and
Lazarsfeld was not pleased with the written result. He asked one of Co-
lumbia’s doctoral students in sociology, James Coleman, to write an ad-
dendum chapter offering an expository analysis of Rashevsky’s work that
would be more accessible to the reader. Working through Rashevsky’s
theories, Coleman offers a lesson in model building, emphasizing the abil-
ity to reinterpret a model in numerous situations. “The premise which is
implicit in our whole approach,” writes Coleman, is the independence of
“the two parts of any mathematical model: the structure, which is com-
pletely mathematical, devoid of any social or physical meaning, and the
content, which consists of the meaning given to the various parts of the
structure.”* Coleman goes on to show how the same structure can apply
to different contents. For example, one could take a model that examined
the distribution of attitude in individuals and change it to a model studying
the distribution of status, or one analyzing the conformity of individuals
to one describing their satisfaction. All that a researcher would need to do
in order to reinterpret the model would be to assign a different meaning
for the variables in the system. In the words of Raiffa, Thrall,and Coombs,
one would only have to “map” a different “segment of the world” onto
the model.

A still more radical transformation was possible. All of Rashevsky’s
models, Coleman explains, discuss social behavior, but they can also be
used to study economic activity. He writes, “If we wanted to use one of
them, say the model of ‘altruistic and egotistic societies,” for represent-
ing the behavior of competing firms in economic systems, we would let
the elements be firms rather than individuals.”* In other words, the clear
separation between the analytic model and observation—the “lonely ex-
istence,” to borrow Veblen’s words, of the model—implied that it could
be given different interpretations and hence apply to different social cir-
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cumstances. In his introductory essay, Lazarsfeld notes that this aspect
of Coleman’s exposition “might in the long run prove most helpful,” as
it stresses the relation between the mathematical elements of the model
and concrete social situations.’® Regretting that not enough comparative
literature from the social sciences exists, Lazarsfeld directs the reader to
The Anatomy of Mathematics.

Lazarsfeld was not the only researcher who believed this capacity of
formal analysis was worthy of high praise. In the 1950s, Lewin’s emphasis
on topology was taken up by other mathematicians and psychologists. In
1953, mathematicians Frank Harary and Robert Z. Norman, working at
the Research Center for Group Dynamics at the University of Michigan,
an offshoot of Lewin’s MIT center, published “Graph Theory as a Math-
ematical Model in Social Science,” urging others to adopt this method in
psychological and sociological research. “Why should a social scientist be
interested in separating the formal aspects of the subject from its con-
crete sociological or psychological setting?” the two ask at the opening of
their paper. The answer, at least in part, was that the same mathematical
model (“a set of unproved statements called postulates or axioms, a set
of undefined terms called primitives, and the collection of all theorems
deducible from these postulates and the laws of logic”) could be used
in multiple situations. “The power of this abstract approach,” they write,
“is that the theorems of a mathematical model give information about
each and every interpretation, i.e., concrete systems or realization, satisfy-
ing the postulates.””” The results, they explain, are obtained by “a simple
translation” of the theorems.*®

Economy of thought, however, was only one of the strengths of axi-
omatic reasoning that Weyl identified in his 1951 essay. Another impe-
tus behind axiomatic analysis was that it often helped reveal “inner re-
lations between . . . domains that apparently lie far apart.” Leaving the
realm of pure mathematics to make his point, Weyl writes that “it is as
if you took a man out of a milieu in which he had lived not because it
fitted him but from ingrained habits and prejudices, and them allowed
him, after thus setting him free, to form associations in better accordance
with his true inner nature.”® The true nature of this hypothetical man,
Weyl explains, can be revealed only once the man is “free” from his en-
vironment. In other words, axiomatics was powerful because it offered a
tool with which to identify the essence of a problem unencumbered by
superfluous details. This message, too, was adopted by social scientists. La-
zarsfeld explained, for example, that formalization in social science, even
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if simplistic, was useful when it could “highlight the essential features of
a substantive problem.”® Historians have often remarked on the promi-
nence of decontextualized analysis among social scientists in the postwar
period. What is clear is that, in following axiomatics, this was not an unfor-
tunate outcome of increased mathematization but rather a fundamental
aspect of it.

The final essay in Mathematical Thinking in the Social Sciences was
written by Herbert Simon. Another towering Cold War scholar, Simon
contributed to numerous areas of research ranging from organization the-
ory to decision-making, artificial intelligence, and information systems.®!
He coined the term “bounded rationality” and won the Nobel Prize in
economics in 1978. In 1945, when Theory of Games and Economic Beha-
vior was published, Simon printed a glowing review of the book in the
American Journal of Sociology. “The most important contribution of the
entire theory to the social sciences,” he noted, was the authors’ choice to
“construct a formal, mathematical description of a game.”® For Simon,
who believed that the mathematization of sociology was not only desir-
able but also inevitable, the book exemplified what successful mathema-
tization could be, and he pleaded with his readers to read it and expand
upon it.

In 1957, Simon published Models of Man: Social and Rational, a collec-
tion of sixteen essays he had previously published in journals. The book
advanced the case for the use of mathematics in the social sciences on
axiomatic grounds. In order to demonstrate the method’s utility, in the
second section of the book, Simon mathematizes previous theoretical
works on social processes in small groups. In the introductory essay to
this section, Simon insists that it would be wrong to see these papers as
“merely translation,” because the mathematical translation itself com-
prises a contribution to the theory. He then adds, “Mathematics has be-
come the dominant language of the natural sciences not because it is
quantitative —a common delusion —but primarily because it permits clear
and rigorous reasoning about phenomena too complex to be handled in
words.”® The use of mathematics is especially needed in the social sci-
ences, Simon explains, because social phenomena are highly complex. Ex-
pounding further on this point, Simon explains that the mathematization
of a body of theory clarifies its concepts by examining “the independence
or non-independence of postulates, and in the derivation of new proposi-
tions that suggest additional ways of subjecting the theory to empirical
testing.”%
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Having constructed a formal model, Simon (like Coleman and Weyl)
stresses that the separation between structure and content enables a re-
searcher to reinterpret the model anew. Whereas the model’s original
construction is inspired by George Homans’s The Human Group, which
considers the relation between “friendliness” and the level of “activity”
in groups, Simon explains that the model is also applicable in situations
outside of Homans’s analysis. For example, it can be used to study the for-
mation of cliques within groups, or perhaps competition between groups.
Finally, by renaming the variables, the model can describe the activities of
an individual instead of a group, or even government regulation. Simon
explains, “Here A would be interpreted as the actual degree of confor-
mity to the regulation, F as the social pressure to conform, E as the effect
of formal enforcement activity.”® Once concepts are no longer defined
inductively but only within a given system, multiplicity of interpretation
follows.

The ability to interpret the model differently, Simon remarks, does
not imply that “the psychological mechanism involved in all these situa-
tions is identical.”® Rather, “the underlying similarity appears to be of a
rather different character.”® Simon explains that all of the situations he
describes contain a combination of two motivational forces, one exter-
nal and the other internal. “It is the combined effect,” he writes, “of two
such motivational forces that produces in each case phenomena of the
sort we have observed.”® Namely, as mathematicians held, axiomatic rea-
soning helped uncover the “real” underlying mechanisms that governed
phenomena. Ignoring the particularities of each example was necessary
in order for the researcher to uncover the “true” structural mechanism
underlying these diverse phenomena. Contextualized and detail-oriented
analysis, so the argument went, could never have accomplished that.

Not everyone was as optimistic about the mathematization of the so-
cial sciences. The same year that Simon’s Models of Man was published,
George A. Miller, pioneer in cognitive psychology and original member
of the SSRC committee, was ready to offer a more somber analysis of the
use of mathematics in his field. In a presentation before the annual meet-
ing of the board of directors of the council in September, Miller noted
that too often mathematical models constructed by researchers did not
teach them anything new about the underlying phenomenon: “It seems to
me that some of the models that have been proposed for the general prob-
lem of psychological measurement are more useful in teaching the student
how to axiomatize his ideas than they are for any practical problems of
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measurement in research.”® Miller was not opposed to the use of math-
ematics, which, he noted, was continuously increasing. Rather, he wished
to emphasize that, in order to be useful, mathematical modeling must of-
fer some insight. Moreover, he worried that in their infatuation with math-
ematics, researchers would limit themselves only to those areas that could
be approached mathematically.”

However, even in his more cautious celebration, Miller sought to em-
phasize that the true power of mathematics was in keeping one’s thinking
“clear and relevant.” In conclusion, he wrote, “I got the impression that
many of our colleagues . . . fail completely to see mathematics as a way
of thinking.”" For a host of social scientists, mathematics transformed in
the years following World War II from an auxiliary tool for research to an
indispensable one. This transformation was predicated on foundational
changes in the epistemology of mathematics itself, as well as a reevalua-
tion of its explication of physical theories. It also depended on the move-
ment of mathematicians who chose, after the war, to travel in more ex-
panded circles.

Social Axiomatics in Action

Axiomatic thinking, however, was not propagated by mathematicians alone.
Probably one of the greatest impetuses for its proliferation in the social
sciences came from the publication in 1951 of Kenneth Arrow’s Social
Choice and Individual Values. Indeed, rational choice theory offers one of
the clearest examples of axiomatic theorizing in the social sciences. Fol-
lowing the publication of Arrow’s book, it became common for certain
social scientists to open their books by clearly stating a set of postulates
and then proceeding to deduce their theory from them. Arrow developed
his axiomatic approach to rational choice theory while working as a re-
searcher at the Cowles Commission for Research in Economics and at
RAND, and in the introduction he thanks mathematician J. W. T. Youngs
and philosopher Abraham Kaplan for helping him formulate the problem.
According to S. M. Amadae, the greatest achievement of Arrow’s work
was not its formal derivation but how it served to anchor American eco-
nomic and democratic liberalism against Marxist attacks.” It also offered
a model for axiomatics.

Arrow’s book famously begins by defining rationality as a set of axioms
based in set theory. The basis for the work is an assumption that an indi-
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vidual given two choices can always decide between the two (or remain
indifferent), and that these choices are transitive (i.e., if you like apples
more than bananas and bananas more than oranges, you definitionally
like apples more than oranges). The key to Arrow’s approach was that by
requiring an individual’s preference be arranged according to a sequential
order, he had no need to introduce any quantitative measurement. Thus,
while the book is mathematical in nature, it is not quantitative. There are
definitions, proofs, and theorems, but it is symbolic logic and set theory
that define the derivations. From this relatively simple set of axioms, Ar-
row is able to deduce his “impossibility theorem,” which asserts that there
is no way to aggregate individual preferences into a collective social deci-
sion that adheres to every individual’s choice. Arrow presents his theory as
applicable equally to an analysis of democratic voting, economic decision,
or social welfare. This was a direct outcome of his axiomatic approach, as
Arrow notes: “One of the greatest advantages of abstract postulational
method is the fact that the same system may be given several different
interpretations permitting a considerable saving of time.””® Once again,
analytic separation facilitated economy of thought.

Commenting in 1956 on the use of mathematical models in the social
sciences, Arrow explained, “It is simply not true that mathematics is use-
ful only in quantitative analysis.” Arrow insisted that when his colleagues
argued that mathematics was not useful in the social sciences, regardless
of its utility in the physical sciences, they were demonstrating their igno-
rance of modern mathematics: “To the mathematicians or the individuals
trained in the spirit of modern mathematics, the views just presented [the
incompatibility of mathematics in the social sciences] seem to be based
on nothing more profound than a misunderstanding.””* Arrow was one of
many social scientists in the postwar period who argued that mathemati-
cal symbolism excelled exactly where the messiness of ordinary language
failed.”

In 1957, this lesson was adopted wholeheartedly by Arrow’s student
Anthony Downs when he published An Economic Theory of Democracy.
Downs received his PhD in economics from Stanford University in 1956,
and his work is considered one of the pillars of early rational choice the-
ory. In a somewhat revealing statement at the opening of his book, Downs
acknowledges that almost everything he formally proves in the work can
already be found in Walter Lippmann’s book Public Opinion, published
in 1922. What Downs’s work accomplished, as such, was the formalization
of these ideas in the language of axiomatics. Downs sets up two axioms
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for his study: (1) that all citizens are rational in the sense that they seek
to maximize utility from governmental action, and (2) that parties are ra-
tional in the sense that they seek to maximize votes. From these, he estab-
lishes a set of “testable propositions” corresponding to each hypothesis.
For example, two derived propositions that he suggests can be tested are
“democratic governments tend to redistribute income from the rich to the
poor” and “democratic governments tend to favor producers more than
consumers in their actions.”’® The derivation itself, however, uses little
to no mathematics. Statements are put into symbolic form and proposi-
tions are proved, but for the most part this entails logical inferences in
natural language and some basic graphical representations. Mathematical
thinking, or axiomatic thinking, characterizes the work, not mathematical
technique.

What marks Downs’s work as truly axiomatic is his insistence on a sep-
aration between analytic formalism and empirical reality. Downs takes
care to account for this feature of his approach. His analysis is built on the
assumption of rationality. To be a rational agent, according to Downs, is to
be able, in every situation, to clearly order one’s preferences and ensure
that they are transitive and consistent. However, as Downs is quick to ex-
plain, the “rational citizen” is an “abstraction” —in most situations humans
are guided by more than one set of considerations. You might prefer the
Green Party candidate to a Democratic one, but your friends might pres-
sure you to vote differently. The “model world,” Downs acknowledges, “is
inhabited by such artificial men,” and is hence limited; but it is fair to as-
sume that, on the whole, citizens strive for political welfare.”” Downs thus
instructs the reader to keep in mind the separation between the world his
model describes and the world as it is: “The statements in our analysis are
true of the model world, not the real word, unless they obviously refer to
the latter. Thus, when we make unqualified remarks about how men think,
or what the government does, or what strategies are open to opposition
parties, we are not referring to real men, governments, or parties, but to
their model counterparts in the rational world of our study.””® To verify
the model, Downs explains, one must test its conclusions, not its assump-
tions. Only once the formal analysis is complete can judgment begin.

Another foundational book in rational choice, James M. Buchanan and
Gordon Tullock’s The Calculus of Consent: Logical Foundations of Consti-
tutional Democracy, offers another example of how axiomatics spoke more
to the separation of formal analysis than to any mathematical content per se.
Published in 1962, The Calculus of Consent sought to extend economic
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reasoning into political theory. Buchanan and Tullock postulate “meth-
odological individualism,” according to which there is no collective entity
one can discuss outside the sum total of the views, needs, and desires of
individuals, and in which it’s assumed that the average individual “will
choose ‘more’ rather than ‘less.””” The writers’ interest is in two types of
collective decisions: “constitutional,” which are determined when a state
is first organized, and “operational,” detailing the allocation of resources.®
The analysis includes graphical and symbolic presentations, but despite
the “calculus” in its title, the derivations do not follow a formal math-
ematical proof. Rather, they are presented in plain language. Buchanan
and Tullock do utilize ideas from game theory and provide a cost-benefit
analysis, but the work does not require high mathematical sophistication
from its reader.8! When, five years later, Tullock published Toward a Math-
ematics of Politics, he was taken to task by none other than Arrow. In a
review of the book, Arrow exclaimed, “The title is misleading; there are
no developments of any mathematical complexity. The mode of analysis is
that of literary economic theory, the logical development being conveyed
in words rather than symbols.”®> By 1969, “mathematics” meant a style of
reasoning.

Here, again, it is analytic independence that makes the work axiom-
atic. In the concluding chapter of the book, the two authors explain that
“relevant theory is made up of two parts.”® The first part is the logical
model, which, on the basis of postulates and assumptions, derives new
consequences. “This sort of theorizing is purely logical in nature and has
no empirical relevance in the direct sense.”® Here, one should recall Veb-
len’s insistence that geometry is similarly divided into two parts: an em-
pirical side, studied by the physicist, and a formal mathematical side. By
midcentury, this dual nature of theory had become one of the markers of
axiomatic thinking beyond mathematics. Like Downs, Buchanan and Tull-
ock explain that to test the model one must test its predictions. This latter
part they call the “operational model.”

Many reviewers remarked upon such a bifurcated view of theory. Com-
menting on Downs’s book in the Journal of Political Economy,political sci-
entist Martin Diamond explained, “The model touches the real world at two
times, just before it is set to working and just after.” The model maker started,
he continued, “by making certain assumptions about his subject matter
(arbitrarily, common-sensibly, in mimicry of other disciplines? —by what-
ever criterion, apparently the process [was] prescientific).”® For Diamond,
theorists’ ability to isolate their analysis once their initial assumptions
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were stated was the strength of the approach. Not everyone agreed. In the
American Political Science Review, Hayward Rogers took Downs to task
for his use of axiomatics. Even if we assume that the theorems can be logi-
cally derived from the axioms, and that they can be empirically verified,
Rogers questioned, “can one then claim, as Downs does,” that the axioms
can be confirmed? If “neither the axioms nor the theorems are ‘inter-
preted,”” Rogers continued, how can they then be empirically tested?% Rog-
ers’s uneasiness derived directly from the separation of analytic coherence
and empirical verification that axiomatic theory entailed. What explanatory
power, he asked, did the model world hold for the “real” word of politics?

Rogers adhered to the older view of theoretical construction, stat-
ing that an empirical study of the “rational man” could start with some
“guesses at what generalities hold,” but that only after those guesses had
“been empirically tested and confirmed” could one “deduce further gen-
eralizations and test them in term.”¥” Induction, not deduction. In a short
note, Downs replied to Rogers’s critique, defending his approach. He
again explained that, while the axioms were unverifiable, the derivation
in the model strove to mimic the real world. The goal, he explained, was
to deduce conclusions that were testable in reality. He wrote, “These be-
havioral deductions ... if empirically verified, tend to confirm the truth of
the basic hypothesis.”® Downs and Rogers fundamentally disagreed on
how the idealized model world and the real world related to one another.
More broadly, their dispute points to the way in which the adoption of
axiomatics forced researchers to interrogate the meaning of theory in the
social sciences.

On Theory

One of the questions that plagued axiomatic theorists from the start in-
volved the nature of the theories they were producing: Were they norma-
tive or descriptive (and, as such, predictive)? Or were they heuristic? This
is where the difference between modern axiomatics as applied in math-
ematics, physics, and even engineering, on the one hand, and in theories
of human sciences on the other, became hardest to square. The separation
of analytic formulation from observation had far more significant impli-
cations to social scientists than to those in other fields. The key feature of
modern axiomatics was that axioms did not need to be inductive. They
could be based on observations and experiments, but that was not neces-
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sary. For mathematicians, axioms held no truth value outside of the sys-
tem. Following Hilbert, truth was an attribute of the system as a whole,
based on the test of consistency and independence. For many midcentury
mathematicians, axioms were not only arbitrary but interchangeable. Sev-
eral axioms could account for the same theory. The key was that, once an
axiomatic system was derived, new theorems could be proved and new
connections between separate areas of study could be achieved. When it
came to physical theories, the claim that axioms did not need to be verified
by experiments was countered by demands that the theory, once con-
structed, should not only be able to describe physical phenomena but also
have predictive value. (A similar emphasis on immediate utility was pres-
ent in engineering.) Neither of these options were open to social scientists.

Unlike pure mathematicians, social scientists were interested in saying
something about the world itself. They were not satisfied by the construc-
tion of systems upon systems that, while remaining consistent, could not
be verified. Yet most social scientists acknowledged that their theories
couldn’t be predictive, as theories were in physics. Buchanan and Tull-
ock explained, for example, that physicists also made simplifying assump-
tions, but were then able to make predictions that could be verified by real
world events. “The physical scientist is not, however, dealing with man,”
they wrote, “and the study of human beings in association with each other
introduces a whole set of complexities that remain outside his realm. So-
cial science can never be ‘scientific’ in the same sense as the physical sci-
ences.”® Human behavior was simply too messy to be able to perfectly
predict the outcome of a group’s interaction or an individual behavior in
a particular circumstance.

As axiomatic thinking began finding its way into the human sciences,
researchers had to account for this difference. Were their theories descrip-
tive? Were they prescriptive, heuristic, explanatory? Isaac has described
this reflexive instinct in postwar social scientists as “tool shock.” Accord-
ing to Isaac, epistemological concerns “emerged as practitioners of those
disciplines struggled to make sense of the dizzying expansion of their tool
kit.”® Here I want to focus on how the adoption of axiomatic thinking
(rather than any particular mathematical technique) forced researchers
to grapple with the changing meaning of theory in the social sciences, and
the relation between observations and analytic formalism. This was true
of the most, as well as the least, mathematical theories.

In the introductory essay to Decision Processes, Robert L. Davis de-
tails one of the issues that triggered disagreement and confusion among
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researchers during a symposium in Santa Monica: the distinction be-
tween a theory that is descriptive or predictive and one that is normative.
Specifically, the convened psychologists and sociologists found fault in the
assumption of “rational man,” since the theory “had no apparent relation
to observed behavior.”! This view, however, did not do justice to the work,
according to Davis, since “modern formulators” were modest. They did not
try to tell people how they should act if they were “rational,” but rather
claimed that if they acted in accordance with the abstract system, they could
be considered rational by the theory’s definition of the term. Further confu-
sion arose, Davis writes, from the fact that a theory could be both normative
and have empirical applications (the original formulation of game theory is
given as an example). Hence, in criticizing a theory, one must be clear about
which aspect of it one found faulty (the empirical or the normative), “and,
of course, both types of argument should be distinguished from any attack
on the abstract theory.”*? It was the formulation of their theories on axiom-
atic grounds that forced researchers such as Davis to create sharp distinc-
tions between the normative, empirical, and formal aspects of their theories.
And despite Davis’s assertion that “these distinctions are so obvious,” it was
not always easy to discern where the lines should be drawn.

In Games and Decisions, the question comes to the fore when Raiffa
and Luce discuss utility theory. As soon as they complete a formal pre-
sentation of their axiomatic theory, they are quick to point out that the
assumptions in their theory do not necessarily accord with observations.
First, the theory is built on the assumption that an individual is faced with
an infinite number of pairwise choices, but in any experimental situation
only a finite number will be given. Second, the reported preferences of an
individual often do not satisfy the axioms’ assertion that they are transi-
tive. Third, the theory assumes that an individual can compute the ob-
jective probabilities of each action in a given situation. In a normative
theory, the authors explain, this last assumption is not questionable, but,
they write, “if we are trying to describe behavior, it may be unreasonable
to suppose that people deal with objective probabilities as if they satisfy
the axioms of the calculus of probabilities or that they only cope with situ-
ations in which objective probabilities are defined.”®® What, then, can be
said about the nature of their theory? Following the physical sciences, the
authors explain, it is possible to base a theory on unmeasurable quantities
and still be able to derive meaningful conclusions from it.

Raiffa and Luce, however, seem uncomfortable with such a state of
affairs, and assert that it would be much better if the “postulates of the
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model [could] be confirmed.” Perhaps, they wonder, there might be some
limited situations in which the postulates, or at least a modified version
of them, could be experimentally shown to hold. “It may still be an act
of faith to postulate the general existence of these new constructs,” they
write, “but somehow one feels less cavalier if he knows that there are two
or three cases where the postulates have actually been verified.”** This
last sentiment makes clear the authors’ unease with applying axiomatic
thinking in the human sciences. Raiffa and Luce try to find a compromise.
Sure, they reason, the postulates are not inductive, but once the model is
completed and the analytic framework is established, researchers should
strive experimentally to corroborate the underlying assumptions, even if
only in a limited number of situations. Such attempts to square the theory
with phenomena can be viewed as efforts to find a middle ground between
pure axiomatics and inductive social theory. In these efforts, Raiffa and
Luce were not alone.

Downs, for example, insists in An Economic Theory of Democracy that
he is not interested in producing a normative theory. His theory, he ex-
plains, is deductive, in that it is built from a set of stated assumptions.
However, he explains, “it is also positive, because we try to describe what
will happen under certain conditions, not what should happen.”> Downs
does not claim that his theory is descriptive. His focus is on the notion that
it is positive, as it yields propositions that can be tested.”® It is not predic-
tive per se, but it is verifiable.

Downs makes a further claim. According to him, axioms can be verified
if certain of the propositions deduced can be shown to be true. Downs
concludes his work by providing two sets of such propositions, and indi-
cates which axioms he has used to derive each. For example, one propo-
sition is “both parties in a two-party system agree on any issues that a
majority of citizens strongly favor.”” Thus, if the proposition can be shown
to be true, he explains, the axiom can be said to be verified. Indeed, in the
last chapter, this hypothesis is stated to be the “main thesis” of the entire
work. Axiomatic reasoning had been stretched thin in its application to
political science. For mathematicians, the axioms were completely arbi-
trary; the test of an axiomatic system was its ability to prove or predict
new knowledge. For Downs, the order was reversed.

Buchanan and Tullock, interestingly, often use the word “theory”in quo-
tation marks to note the difference between scientific theory and the sort
of theory they have in mind. They also emphasize the explanatory value
of such formal constructs. Even if assumptions of economic rationality
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“are not predominant enough in human behavior to allow predictions to
be made, the formal theory remains of some value in explaining one as-
pect of that behavior and in allowing the theorist to develop hypotheses
that may be subjected to conceptual, if not actual, testing.”® This positivist
conception of theory was promoted most strongly by William H. Riker.
In 1962, Riker published The Theory of Political Coalitions. He believed
that the greatest failure of “traditional political science” was its overem-
phasis on gathering information without an adequate attempt to construct
a theory of politics. Riker followed a decade later with An Introduction
to Positive Political Theory, in which he explained the move from induc-
tive to deductive theories as a historical process.” Only after empirical
details were sufficiently gathered was it necessary to turn to deduction
to generate new theories. Riker’s historical understanding of the process
is most akin to Hilbert, for whom axiomatics became necessary once a
theory was already well established. The role of axiomatics was to place
existing knowledge on sound foundations. Riker believed that political
science had finally entered this mature state. He explained that the adjec-
tive “positive” indicated an emphasis on “theory of axiomatics, deductive
type.”1 For him, axiomatics and positivist theory were synonymous.
Other researchers, noting that axiomatic theory in the social sciences
could not be held to the same standards as in the physical sciences, in-
sisted that it could nonetheless have explanatory power. Anatol Rapoport
was another mathematically trained individual whose interests shifted to
the social sciences in the postwar period. While Rapoport was interested
in game theory, unlike Raiffa and Luce he is mostly known for his work in
general systems theory. Rapoport was a student of Rashevsky and earned
his PhD in mathematics from the University of Chicago in 1941. His exper-
tise was in mathematical biology, but like his adviser he became interested
in applying mathematical models to the human sciences more broadly. In
1958, he published “Various Meanings of “Theory’”
litical Science Review,in which he reflected upon the changing meaning of
theory in the social sciences in light of increased mathematization. In the
article, Rapoport locates much of the difficulty in constructing sociologi-
cal theory in the act of concept formation. Definitions, he insists, are arbi-
trary. They are nothing more than conventions on the path toward theory.
For too long, Rapoport explains, researchers have assumed that “entities
called politics, society, power, welfare, tyranny, democracy, milieu, progress,
etc., actually exist, just as cats, icebergs, coffee pots, and grains of wheat
exist.”!! The distinction between power and coffee pots, Rapoport con-

in the American Po-
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tinues, is not one of existence (“A ‘cat’ is no less an abstraction than
‘progress,” when you think of it”).!% Rather, it is a question of consensus —
what we all agree on when we call something a “cat” or “welfare.” It is
much harder to come to an agreement on what terms like “democracy” or
“power” mean, and it would be futile to try to study these terms if there
were no agreement about them.

Like the authors of The Anatomy of Mathematics, Rapoport believed
mathematics was the way in which such difficulties could be handled. A
year later, during a symposium on “sociological theory,” Rapoport ex-
plained, “Mathematics is the only language we have which is uncontami-
nated by bias derived from content. Being contentless and independent of
specific experience, mathematics is the only ‘cosmopolitan’ language pos-
sessed by man.”'® According to him, this was what made mathematics so
useful in the social sciences, but he, too, acknowledged that the meaning
of theory as such needed to be reevaluated. Having distinguished between
predictive theory in the physical sciences, normative theory in politics, and
intuitive or linguistic theory (continental theory), Rapoport offered game
theory as an example of a theory that was not predictive and was idealized
in its assumption and description of the world (“preferences are never so
clear as to be measured in utilities; men are seldom rational”), but was
nonetheless valuable.!™ First, according to Rapoport, game theory repre-
sented a step forward because it “burst through the framework of thought
imposed by physical science.”'® Second, game theory gave rise to new
social scientific concepts: “The floodgates have been opened and a torrent
of entirely new concepts has rushed by.”'% Third, “game theory . .. [was]
of relevance to political science because its fundamental concepts [were]
idealizations of what political science [were] about.” And fourth, perhaps
most importantly, it “distill[ed] the logical essence” of political acts.!”” The
mathematization of the social sciences simply required a new conceptu-
alization of theory. Strict empiricists might object to such pure theory, he
noted, but that was because they did not understand its strength. A physi-
cist, Rapoport concluded, could spend years observing ocean waves, but
he would not truly understand the “essential” nature of a wave in motion.
This essence could only be reached through logical analysis.

One of the clearest attempts to clarify the various meanings of theory
in the social sciences, and one that illustrates how malleable the axiomatic
method became as it traveled, came from James Coleman. After he gradu-
ated from Columbia University with a PhD in sociology, Coleman spent a
short stint at the University of Chicago and then began teaching at Johns
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Hopkins University. He became an expert on education, and in 1961 he
published The Adolescent Society: The Social Life of the Teenager and Its
Impact on Education, followed in 1965 by Adolescents and the Schools.
The first was a study of ten Chicago high schools, with an emphasis on
the lives of teenagers and their social circles. Upon publishing this work,
he was asked by the National Center for Education Statistics to conduct
a study of educational equality in the United States. Published in 1966,
Equality of Educational Opportunity,or the “Coleman Report,” identified
the socioeconomic status of a child’s parents as the most determinant
variable in the success of a child. Throughout the period, Coleman main-
tained his interest in methodology, and in 1965 he published Introduction
to Mathematical Sociology, which he dedicated to Lazarsfeld.

In this book, Coleman identifies several uses of mathematics in social
scientific theory, from the relatively simple quantification that allows one,
for example, to distinguish between individuals belonging to the middle
class and the lower class for the purpose of analysis, to the use of latent
structure analysis in the measurement of hypothetical constructs such
as “attitude” or “norm.” Coleman insists, however, that the ultimate aim
of mathematics is in theory construction. Quantification by itself, he ex-
plains, has no theoretical relevance. “The power of mathematics in em-
pirical science,” he writes, “rests in its power as a language for expressing
the relations between abstract concepts in a theory.”!® Coleman distin-
guishes between a “synthetic” theory and an “explanatory” theory. What
differentiates the two, he says, is the status of the postulates. Explanatory
theories would begin with some known empirical generalization, and then
seek to find a set of postulates that would account for such an observed
phenomenon. Synthetic theories, on the other hand, would begin by tak-
ing a set of empirical generalizations and setting them as postulates, and
then deduce further elaborations from them. Testing explanatory theories,
Coleman explains, involves checking the derived statements against the
initial ones for consistency, and making new predictions (this would be
Downs’s model). With synthetic theories, confirmation comes from test-
ing the postulates themselves. The two types of theories, Coleman em-
phasizes, have the same “logical character” and differ only in the informa-
tion open to observation. A researcher might only be able to observe an
individual behavior, and hence can only surmise a subject’s internal state.
On the other hand, synthetic theories “organize out immediately observ-
able experience into larger systems of action which are beyond immediate
observation.”!” Coleman’s analysis is an attempt to come to terms with
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the changing meaning of theory in the increasingly mathematized social
sciences in the postwar period.

Among those who sought to move beyond strictly verbal theories and
offer more than a collection of observations, a certain consensus emerged
that a “theory” took the form of postulates and theorems. However, it was
not clear how to relate these theoretical constructions to the real world.
Coleman wished to clarify just that. He acknowledged, however, that the
distinction between synthetic and explanatory theories was not always
clear and could change over time. Moreover, some theories did not follow
either archetype: “There are other theories or models which have a very
elusive relation to the real world . . . this is not to say, however, that such
models are of no use.”!'” These latter ones could be simply suggestive,
or used as training tools for mathematically inclined researchers. Modern
mathematics was predicated on a separation between analytic coherence
and observation, which gave rise to new mathematical theories and areas
of research. As numbers gave way to relations and structures, it was not
only mathematics that transformed, but also mathematization.

It would be foolish to deny the influence of logical positivism on the
human sciences in the postwar period. The works of Carl Hempel and
Ernest Nagel were influential and used by those seeking to produce for-
mal theories in the social sciences. However, it would also be a mistake to
disregard the role of mathematics in determining the scope of theoretical
knowledge in the field. For many researchers, mathematics played an inte-
gral part in theory construction. Philosophical considerations were impor-
tant, but when it came to developing a new theory it was mathematics, not
philosophy, that played a crucial role. This is clear as long as mathematics
is not equated with quantification.

From the Sciences to Art

Eleven years after Lévi-Strauss pleaded with his colleagues to recognize
that mathematics did not equal numbers, the claim was brought up again,
this time not by an anthropologist or a social scientist but by designer
and architect Buckminster Fuller. In his contribution to Gyorgy Kepes’s
Structure in Art and Science, Fuller quoted directly from MIT’s Depart-
ment of Mathematics’ annual statement of self-definition: “Mathematics,
which most people think of as a science of number is, in fact, the science of
structure and pattern in general.” Fuller explained, “[this definition] agrees
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comfortably with my definition of the word ‘structure’—structure is not
a ‘thing’—it is not ‘solid’”!! Fuller was not the only one who turned to
modern mathematics for a theory of design and arhitecture in the postwar
period. As Theodora Vardouli has demonstrated, during the 1950s and
1960s a diverse group of practitioners, including Christopher Alexander
in the United States, Sir Leslie Martin in England, and Yona Friedman
in France, adopted the structuralist conception of mathematics in order to
transform architectural theory. In particular, they appealed to mathematics
not only in reduced form as geometry or measurement (although this too
was the case), but also as a mode of thinking. As Vardouli argues, architects
turned to modern mathematics as a tool with which to “produce rigorous
theories of architectural design—ones that would be built on rationally
verified principles instead of empirical traditions, would be applied across
multiple design situations, and would help architects relate the physical
form of building with its social or environmental performance.”''> Math-
ematics was a tool with which to probe the underlying theory of design.!'
The modern conception of mathematization was not limited to the human
sciences.!!*

Friedman’s work is the clearest example of axiomatics’ infinite flexibil-
ity. In Toward a Scientific Architecture, Friedman dedicates an entire sec-
tion of a chapter on method to a theoretical discussion entitled “Choos-
ing an Appropriate Axiomatics.”!"® The method Friedman describes is not
identical to that of mathematicians, but the similarities are nevertheless
remarkable. The axioms, Friedman insists, must meet three conditions,
which Hilbert had enumerated seventy years earlier: they must not contra-
dict one another, they must not be redundant, and they must be complete.
Friedman then translates this axiomatic approach into a graphical repre-
sentation before concluding that, for all intents and purposes, axiomatic
systems in architecture should consist of —at most—three axioms. Having
described the “abstract reasoning” behind the methodology of axiomatics,
Friedman applies it to the work of the architect. The first axiom states that
“the work of architects and planners produces enclosures—separations
in space”; the second asserts that “a separation of space (an enclosure)
cannot be the work of architects and planners if it does not have at least
one access”; and the last declares that “in a system of spatial separations
there must be at least one enclosure that differs from the others in some
respect, whether as a result of physical qualities or of others.”!'¢ Friedman
acknowledges that these axioms may appear “trite,” but the point, he in-
sists, is that “they allow for any solution imaginable.”!!’



HUMAN ABSTRACTION 115

That the modern conception of mathematics was adopted by architects
and designers on the one hand and postwar human scientists on the other
would not have been of great surprise to mathematicians themselves. As I
discuss in chapter 4, throughout the postwar period pure mathematicians
turned to axiomatics to claim that their field belonged equally among the
arts and the sciences.



CHAPTER FOUR

Creative Abstraction

Abstract Art, Pure Mathematics, and
Cold War Ideology

Abstraction is an old story with the philosophers, but it has been like a new toy in the hands
of the artists of our day.
—Robert Frost, “The Figure a Poem Makes,” 1939

In 1963, an applied mathematician named Bernard Friedman found him-
self in a room full of science writers, trying to explain the difference
between pure and applied mathematics. He noted that most mathemati-
cians employed by large corporations did not consider their work to be
mathematics. John Osmundsen of the New York Times asked Friedman to
explain what he meant. “Most Madison Avenue artists do work they don’t
consider art,” Friedman responded by way of analogy. He continued, “It’s
the difference between Jackson Pollock and Norman Rockwell . . . The
students today find the same excitement in pure mathematics that artists
do in Abstract Expressionism, because, you see, neither study has any nec-
essary connection with the real world.”! Surmising that the journalists in
attendance were more likely to be familiar with the work of Pollock than
with the output of modern mathematicians, Friedman used abstract art to
illustrate that the latter also sought inspiration for their work outside the
physical world.? Only four years earlier, Life magazine had published an
essay, rich with photographs, declaring that Abstract Expressionist artists
were “the most influential painters in the world today.”* Art offered Fried-
man a convenient analogy with which to explain the peculiarities of high
modernist pure mathematics to a group of outsiders.
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Many postwar mathematicians drew a similar connection between art
and mathematics. Four years after Friedman, in another attempt to de-
scribe the nature of his field to lay people, mathematician Paul Halmos
also reached for an analogy. Halmos, who had immigrated to the United
States from Hungary at thirteen, was well-known for his illustrative articles
and monographs.* An accomplished mathematician and a lucid writer, he
would later win several prizes for his expository work and serve as chair of
an American Mathematical Society (AMS) committee dedicated to setting
style guidelines for mathematical writing. In 1967, in front of a crowd at the
University of Illinois, Halmos struggled, like Friedman before him, to ex-
plain what modern mathematics was all about. Halmos noted that giving a
broad audience a feeling for what mathematics is and what mathematicians
do without in the process teaching them some mathematics was practically
impossible, but he took on the challenge. Instead of providing examples of
mathematical theories, he discussed the origin of mathematics, the nature
of the mathematical community, the idea that mathematics is a language,
and the distinction between pure and applied mathematics. The thrust of his
speech, however, was dedicated to the assertion that, more than simply being
analogous, mathematics was an art. His goal was to convince the audience
that pure mathematical research should be thought of as a creative pursuit.

To do so, Halmos settled on a familiar set of comparisons. Music, he
explained, offered one point of connection: neither musicians nor (pure)
mathematicians feel any need to justify their work on pragmatic grounds.’
Literature offered a second analogy; like math, it was irreducible to its el-
ementary parts: “Literature is more than reading and writing, and mathe-
matics is more than figuring.”® Moreover, Halmos added, while the source
of literature was human life, literature was “not the life it comes from.”
The best analog, he concluded, was painting: “The origin of painting is
physical reality, and so is the origin of mathematics—but the painter is
not a camera and the mathematician is not an engineer.”” He continued,
“Asking a painter to ‘tell a concrete story’ is like asking a mathematician
to ‘solve a real problem.””® Halmos expanded on Friedman. Not only were
modern artists and modern mathematicians connected in their opposition
to physical reality, but neither community could justify or account for its
work via a clear utilitarian metric. Mathematicians were not driven by
a desire to solve real-world problems, just as artists were not driven by
pragmatism. Halmos, who a few years later would publish an article titled
“Applied Mathematics Is Bad Mathematics,” believed pure mathematics
to be superior to applied mathematics for this reason. The power of math-
ematics, in his view, was its separation from reality.
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Halmos did not turn to art (and, more specifically, to painting) as an
analogy. His claim was stronger than that: he believed that mathematics
was itself an art form. He concluded, “[Mathematics] is a creative art be-
cause mathematicians create beautiful new concepts; it is a creative art
because mathematicians live, act, and think like artists; and it is a cre-
ative art because mathematicians regard it so.”” Friedman and Halmos
were not outliers. In speeches, articles, letters, and even national reports,
mathematicians time and again drew comparisons between their pursuits
and those of artists. Some mathematicians argued that their work and art
were analogous activities. Others, like Halmos, insisted that mathematics
was an art. Indeed, in the postwar period, art, not science, became the
most common comparison for pure mathematics. What, then, might one
make of such claims? What sort of rhetorical, political, or symbolic work
did mathematicians achieve —or hope to—by aligning their research with
art? What do such homologies reveal about the nature of mathematical
research at the time? And do they point to a substantive connection be-
tween mathematics and the arts at midcentury?

I argue that such proclamations can be understood on three levels,
which this chapter will address in turn. First, and most simply, mathemati-
cians’ self-conscious association with art during this period was undoubt-
edly an attempt to reposition the field in the wake of great political and
social transformations. Almost as soon as World War II ended, mathemati-
cians began to worry that utilitarian demands would dominate the devel-
opment of the field, and warned that political considerations might curtail
research. These two concerns drew mathematicians to art. To them, art,
and modernist art in particular, symbolized everything that science had
lost in recent decades, namely pure and disinterested research. Art offered
the only real corrective to the postwar utilitarian spirit. Claiming pure
mathematics as art was thus an attempt to similarly position their work
outside of the demands of the day.

That mathematicians believed abstract art to be isolated from the po-
litical realities of the time does not mean, of course, that this was neces-
sarily the case. Historians of art have long debated the degree to which
midcentury artistic abstractions were (or were not) a reaction to the Cold
War.!? Serge Guilbaut has famously argued that, in insisting its art was
apolitical, both the US government as well as the art world —artists, crit-
ics, and collectors—used the work of Abstract Expressionists to advance
Cold War agendas.!! The US government presented the individualist and
nonideological bent of Abstract Expressionism as a testimony to the su-
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periority of American freedom over the Soviet totalitarian regime.'> The
success of this rhetoric explains why midcentury mathematicians saw in
the period’s art a symbol of free and nonideological inquiry, regardless of
the claim’s ultimate veracity.

Second, mathematicians appealed to art as an epistemological double,
as is evident in their uniquely modernist conception of art. When they
claimed mathematics as a creative pursuit, it was not, as Friedman noted,
the paintings of Norman Rockwell that mathematicians had in mind, but
rather the work of contemporary abstract artists. Mathematicians turned
to abstract art because they felt that nowhere else was the turn to abstrac-
tion so transformational as it was in these two disparate fields. As Rob-
ert Motherwell exclaimed about abstract art during a 1951 Museum of
Modern Art symposium, “How many rejections on the part of her artists!
Whole worlds—the world of objects, the world of power and propaganda,
the world of anecdote, the world of fetishes and ancestor worship.”"3 In
no other field of study was the break between the world and the work
so complete. To be sure, modern physical theories such as relativity and
quantum mechanics were more abstract than classical physics, and the
modern social sciences were more theoretical than they had been in the
past, but these fields still fundamentally revolved around the lived, mate-
rial world. Human behavior as a generalized concept might be a fiction
authored by social scientists, but motivating that fiction was a better un-
derstanding of flesh-and-blood people. Similarly, physicists, even if they
believed energy to be nothing but an abstract concept, sought to discover
natural laws about the behavior of space and matter. Only artists, math-
ematicians believed, had abdicated the material world as completely and
as forcefully as they had. As Friedman put it, “Neither study has any nec-
essary connection with the real world.” This is what lies beneath postwar
mathematicians’ compulsive promotion of themselves as akin to artists.

I thus read mathematicians’ proclamations alongside those of the artists
and critics of the time who, like the mathematicians, strove to make sense
of their abstractions." Not only were the two groups similarly concerned
with the relation between their work and the world, they also developed
similar strategies for justifying their output to themselves and others.”
By midcentury, both artists and mathematicians were committed to aes-
thetic autonomy, and they realigned abstraction as both a methodological
imperative describing the work itself and with withdrawal (i.e., abstrac-
tion) as a political stance characterizing the context of its production. This
set the postwar bond between art and mathematics apart from a longer
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history of cross-pollinations between art and mathematics.!® Numerous
scholars have noted how modern mathematical ideas influenced—and
in turn were impacted by —developments in the visual arts, architecture,
and literature.!” In this chapter, however, I am less interested in tracing
any direct influence. Postwar mathematicians did not emphasize the way
mathematical ideas and concepts impacted the arts. For them, what was
important was that mathematics was akin to art as a creative practice, and
that this artistic conception was rooted in the break between mathematics
and reality.’® Mathematics’ likeness to art was not based in some long-held
aesthetic concept such as symmetry, pattern, or ratio, but existed because
both were imbued with an unparalleled freedom of creation.

Finally, such discursive analysis of mathematicians’ commitment to an
artistic image of their field helps account for the ubiquity and appeal of
abstraction at midcentury, across a wide variety of intellectual activity.
Mathematics lays bare the contradictory, and hence productive, nature
of abstractionist thought. Midcentury mathematicians situated their aes-
thetic vision of mathematics in axiomatics. That is, mathematicians argued
that the same methodology that accounted for the growing applicability of
mathematics was also responsible for its artistic side. The utilitarian and
the idealistic were not contradictory, but rather two sides of the same coin.
In this way, abstractionist thought, understood as relational and semiotic,
proliferated during the Cold War. It enabled a diverse set of actors, from
artists and sociologists to literary critics, to claim their work as nonideo-
logical by elevating method above substance. Whether it was a theory of
art or a new theory of human behavior, abstractionist thought putatively
isolated intellectual activity from politics.

Abstractionist thought had its roots in the broader transformations
underway at the turn of the century. Postwar, however, abstraction’s inher-
ently contradictory nature fueled its persistence and proliferation through-
out the Cold War —and nowhere is this dynamic more visible than in mathe-
maticians and their talk.

A Humanistic Pursuit

As early as 1943, Marston Morse began worrying about World War II's
potentially disastrous effects on mathematics. “When the war is over and
guns and bomb sights can be forgotten, what will happen to mathemat-
ics?” Morse opined in the pages of the Scientific Monthly. “Unless math-
ematics is somehow associated with the humane studies and with phi-
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losophy,” he insisted, “its greatest values will be obscured and forgotten.””
The only way to protect the field, Morse believed, was to instill in students
a recognition that mathematics was “an art as well as a science.”” Morse
did not object to the pursuit of mathematical research for military pur-
poses. On the contrary, he both participated in defense research and, as
one of the most distinguished American mathematicians of the time, ad-
vocated for the integration of mathematicians in war-related scientific
work (chapter 2). Indeed, Morse’s words above appeared in the conclu-
sion of an article titled “Mathematics and the Maximum Scientific Effort
in Total War,” in which he called upon the scientific elite to take full ad-
vantage of the nation’s mathematical talent. Still, he wanted to ensure
that as far as pure mathematics was concerned, wartime applications were
an aberration and not the new norm. Mathematicians should turn their
attentions to new fields, he suggested, such as operations research, com-
puting, and information theory, as well as old fields such as ballistics and
aerodynamics. But they should be careful not to abandon research in pure
mathematics.?!

Griffith Evans was similarly concerned. In a letter to Marshall Stone in
1942, Evans wrote, “As far as the future position of mathematics is con-
cerned, I hope that the war will not make any great difference. Although
the practical value of mathematics is of great importance, its value as one
of the humanities is equally so. I hope that both aspects will be kept be-
fore the public.”? Pure mathematicians were eager to participate in war
research and were enraged when they believed their efforts had been re-
buked by the nation’s scientific elite. But they simultaneously feared the
pragmatic implications of these new alliances. Even Richard Courant, who
advocated forcefully on behalf of applied mathematics, worried during
the war that the attention paid to mathematics by military agencies might
skew the development of the field. In a 1944 letter to Ronald Kline, he
noted, “There seems to exist a danger now that an artificial distinction be-
tween applied and pure mathematics will be forced upon us from outside
and this distinction might manifest itself in the form of one-sided material
and moral support.”? The only way to make sure this did not happen,
Courant added, was to stress the “position of mathematics in between the
natural sciences and the humanities.”?* A belief that the “proper” growth
of the field required mathematics to remain at least in part a humanistic
endeavor was almost universal among mathematicians.

Morse was concerned with the future not only of mathematics but also
of liberal education. Mathematicians, he argued in 1943, “must not leave it
exclusively to the humanists and philosophers to integrate the knowledge
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of the day and give it spiritual unity.”* Too often, he added, mathematics
was valued for its power of precision, but such a view was limited: “To
give play to the imagination, to create and form ideas, to have a mastery
of language and logic, to have that freedom that comes from recognition
of dogma, and the open acceptance or rejection of an axiom at will, to
recognize how much one does not know, or cannot know; these things are
all in mathematics.” In claiming the place of mathematics in the humani-
ties, Morse was tapping into a long and robust tradition. Medieval scholars
situated the quadrivium of arithmetic, geometry, music, and astronomy as
one of the liberal arts, cementing the place of mathematics in humanistic
learning. In the early modern period, as Matthew Jones has demonstrated,
René Descartes, Blaise Pascal, and Gottfried Leibniz all argued that the
proper domain of mathematics was not in its various applications and
uses but in cultivating intellect and virtue.?” In Victorian Britain, as Joan
Richards has shown, mathematicians like Augustus De Morgan held that
mathematics was the “most quintessentially humanistic subject.”? Finally,
in nineteenth-century Germany, as Lewis Pyenson has argued, pure math-
ematicians avowing neohumanist values sought to fend off school reforms
that sought to emphasize the applicability of mathematical knowledge.”
It is this history that Morse worried could come to an end.

Morse’s plea was made at a time when the militarization of the sciences
and mathematics were taken to be at their height. American mathemati-
cians were involved in research during World War I, but the scientific mo-
bilization prompted by the Second World War was unmatched. Mathema-
ticians truly believed that the “purity” of mathematics was endangered,
and that their discipline’s membership among the humanities was coming
to an end. This is what motivated postwar mathematicians to swing so
forcefully in the other direction, claiming math as art. The assertion that
mathematics cultivated the intellect was prominent in school reform, as
Christopher Phillips has shown, but this was not the case that pure math-
ematicians were making.*® For them, mathematics was associated with
freedom. Morse’s image of mathematics was undoubtedly a modernist
one. Like his IAS colleague Oswald Veblen, Morse held that axiomatics
was a powerful tool against dogmatic beliefs. Axiomatics, and the freedom
afforded by it, was what made mathematics an invaluable part of liberal
education, not its common association with precision and logic.

During the war, Morse’s case for humanistic mathematics was driven
by a (mistaken) belief that once the war was over, the “social and hu-
man studies” as well as “the arts and philosophy” would reign supreme



CREATIVE ABSTRACTION 123

in academic circles. Ensuring that mathematics remained prominent in
the future, Morse believed, depended on the cultivation of its humanistic
side.’’ Morse recognized his error in the late 1940s, but he did not stop
advocating for his vision of a humanistic mathematics. Rather, he began
insisting that it was a crucial antidote to the utilitarian conception of sci-
ence brought on by scientists’ enduring alliance with the federal govern-
ment and the military. In 1948, Morse was invited to deliver a speech at
Kenyon College on “Science and the Library.” He took the opportunity
to rail against what he took to be the dominant spirit of scientific mate-
rialism: “Activity for activity’s sake, computation without understanding,
statistics as an end, gadgetry instead of science —these things are marks
of today.”*> Morse did not condemn science as a whole —only its current
incarnation. He wanted to reclaim a purer vision of science encompass-
ing the pursuit of wisdom and understanding rather than the control and
manipulation of things.**

Other American scientists were similarly concerned that the US scien-
tific community’s postwar entanglement with the military threatened a
“purer” image of their field. As Jessica Wang has shown, geophysicist
Merle Tuve lambasted a perceived postwar conflation of technology and
science and sought to reaffirm a vision of pure scientific research.** How-
ever, as Wang writes, Tuve found it increasingly difficult to square his ideal
of science with the realities of postwar funding structures and the de-
mands of Cold War politics: “Tuve’s assertions about the virtuous quali-
ties of science and scientists identified technology, military instrumental-
ity, and large organizations as not representing the true nature of science,
while simultaneously conceding that they were what science might be
turning into, and perhaps even had already become.” Morse similarly
hailed pure science, but his emphasis was, for the most part, on pure math-
ematics. The difference is meaningful. Pure mathematicians were happy
to retreat to the ivory tower in the aftermath of World War I1. While they
began to rely more heavily on federal funding for their travel, summer
institutions, and publications, they did not, for example, require expensive
machinery.*® For Morse, pure mathematics represented everything that
science had lost. It was the last gasp of a vanishing scholarly world.*’

Throughout the postwar period, many mathematicians offered pure
mathematics as the ultimate retort to scientific militarism. The develop-
ment of the atomic bomb loomed large in their minds, and many worried
that military needs were colonizing scientific and mathematical research.
They maintained that mathematics had always held (and should always
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hold) equal footing with the humanities and sciences, and that pure math-
ematical research represented pure inquiry in its most celebrated form.
When Marshall Stone delivered the annual American Mathematical Soci-
ety Gibbs Lecture on Mathematics and the Future of Science in 1956, he
began by noting that, unlike some of his colleagues, he did not object to
or even look down upon the application of mathematics. (Undoubtedly,
he and his audience both had Bourbaki in mind.) Referencing a recent
article by Yale University president Alfred Whitney Griswold, Stone sug-
gested that it was important to distinguish between a liberal education and
a utilitarian one: “I hold . . . that utility alone is not a proper measure of
value, and would even go so far as to say that it is, when strictly and short-
sightedly applied, a dangerously false measure of value.”*® In mathematics
especially, he added, “the adoption of a strictly utilitarian standard could
lead only to disaster.”* To further support his position, Stone quoted from
an article published two years earlier by Alan T. Waterman, the direc-
tor of the National Science Foundation at the time, in which Waterman
claimed that mathematics “bridges the gap, real or imaginary, which ex-
ists between the sciences and the humanities.”* In the article, Waterman
argued that despite its numerous applications, mathematics had never lost
its “scholarly aura.” Now Stone was calling upon his colleagues to ensure
this would remain the case in the future.

Three years later, historian of mathematics Carl Boyer made a similar
argument in the pages of Science. Mathematicians, he wrote, support new
academic demands for mathematical training, but “they look askance at
the motives.” Echoing Morse, Boyer insisted that mathematical education
was as beneficial for the engineer and the scientist as for the philosopher.
“Especially, surrounded as we are by pressures of immediacy and expedi-
ency, it is necessary to look beyond the caricature of the mathematician
as a glorified calculator and to appreciate the part of pure mathematics.”*
Pure mathematics, in this view, offered a corrective to the overwhelming
push toward applied research.

In 1949, Stone resigned from the Atomic Energy Commission (AEC)
Fellowship Board in response to the AEC’s request that all fellowship
holders take a loyalty oath and sign a noncommunist affidavit. As Jes-
sica Wang explains, Detlev Bronk, chair of the National Research Coun-
cil, and Alfred Newton Richards, the president of the National Academy
of Sciences, accepted the new fellowship qualifications as a compromise,
fearing that Congress would otherwise demand each fellow undergo a
full-fledged FBI investigation. Most members of the NAS were troubled
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by the new policy, but, as Wang writes, they yielded without much pro-
test.> Not Stone.* The only member to officially resign rather than take
the oath, he took to the pages of Science to explain his reasoning. “Basi-
cally, the issue here is one of political freedom,” he wrote. “The denial
of educational rights or privileges to a citizen who would be eligible for
them were it not for his failure to measure up to some arbitrary politi-
cal test is a clear violation of the principles upon which our republic was
founded.”™ A strong believer in civil liberties, Stone compared the new
policy to a case that his father, Supreme Court justice Harlan F. Stone,
had heard nine years earlier. In Minersville School District v. Gobitis, two
Jehovah’s Witness children refused to salute the US flag during a daily
school exercise and consequently were expelled. When the case was ar-
gued before the Supreme Court, Justice Stone wrote the sole dissenting
opinion, in which he claimed that forcing a child to salute the flag would
violate his liberty and freedom as guaranteed by the Constitution.” Three
years later, in a similar case, the court reversed its original position and
adopted Justice Stone’s earlier position. Marshall Stone now averred that
his father’s opinion “should be read by anyone interested in the present
situation.”*

Stone was not the only mathematician to sound an alarm in 1949. Math-
ematician Irving Segal, for example, wrote a letter to the secretary of the
AMS urging him to bring the issue before membership consideration.
Warning that the recent loyalty oaths attached to government fellowships
would lead professional science in the US the way of Russia, Siegel noted,
“I believe that the society should also insist that government fellowships
in pure science should be granted on the basis of professional competence
and promise alone, and that political belief or affiliation should be con-
sidered immaterial.”¥” When the Board of Regents of the University of
California instituted a mandatory loyalty oath for all university employ-
ees the following year, the Council of the American Mathematical Society,
like other professional organizations, passed a resolution condemning the
university for “imposing arbitrary and humiliating conditions of employ-
ment on the faculty.”*® Loyalty oaths had existed in state legislation since
the 1930s, but in the postwar period they increasingly began to include
specific language confirming that employees did not subscribe to specific
beliefs or organizations.* Three months after the council approved its first
resolution, it voted to follow up with an even stronger condemnation halt-
ing any mathematical meeting on a University of California campus un-
til conditions changed. Before the resolution was passed, some members
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of the society voiced their disapproval, and a committee was formed to
study the case and establish general procedures to follow in the future.
Stone was appointed to chair the committee.

Stone, who used to read and comment on his father’s court opinions,
wrote the committee’s final report, which included both a legal analysis of
the society’s mandate as specified in its bylaws and a legislative history of
the impasse in California. Stone concluded that the society not only had a
legal right to act but that, in the current climate, it must. “One must recog-
nize,” he wrote, “that the social transformations taking place in our times
tend to integrate the professional activities of mathematicians ever more
closely into a scheme of organization in which decisions affecting the pro-
fessions are progressively centralized and increasingly entrusted to poli-
ticians and administrators.” A strong professional organization, Stone
insisted, was never so needed. The California loyalty oath was not the first
controversy the AMS found itself having to weigh in on. That same year,
the council instructed its policy committee to join the American Asso-
ciation of University Professors in investigating the case of mathemati-
cian Lee Lorch, who had been denied reappointment by the Pennsylvania
State College on account of his political activism.> Lorch was a principled
opponent of racial discrimination and had previously been dismissed by
the City College of New York for trying to desegregate Stuyvesant Town.
In consultation with Morse, who chaired the policy committee, Stone for-
warded the names of three men “of well-known liberal tendencies” to join
the investigation. These cases convinced Stone that mathematicians could
and should act to ensure academic freedom.

In his final report, Stone argued that recent history illustrated the in-
creased threat to civil liberties that occurred in times of national stress or
emergency: “We believe it would be unrealistic to expect the current wave
of loyalty oaths and political tests to subside so long as the tension between
the United States and Russia, with its far-reaching political implications,
continues.”? All the experts agreed, Stone added, that tension between
the two countries could last for decades to come, and in the meantime,
the political tests that policymakers were devising seemed poised to be-
come increasingly legally sophisticated. In the coming years, those holding
“unorthodox opinions” would therefore find themselves under increased
scrutiny and pressure. Stone wrote, “An important factor, which learned
professions will ignore at their peril, is the growing dependence of our
educational and research institutions upon public, particularly federal,
funds.”® What Stone and many of his mathematical colleagues feared
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was a future in which federal and military interest in mathematics came
not only with utilitarian expectations but also with conditions as to who
could conduct research. Academic freedom, they believed, was in great
jeopardy.

Mathematicians were not alone among professional organizations re-
sisting perceived and actual external incursions upon academic freedom.**
However, in turning to modern art to make a case for mathematical au-
tonomy, their response was distinguished from that of other scientists.

A Creative Pursuit

“Creative work in this field,” explained mathematician Adrian Albert in
1960, “has the same kind of a reward for the creator as does the com-
position of a symphony, the writing of a fine novel, or the making of a
great work of art.”> Such claims were made by numerous mathematicians
in the 1950s and 1960s, but no one made the case more forcefully than
Morse. Throughout the postwar period, Morse produced several lectures
and articles advancing a humanistic ideal of mathematics as art while con-
demning the utilitarian view of science. He did so not only in front of
mathematicians and scientists, but to audiences of artists and their critics
as well.

In 1950, Morse was again invited to Kenyon College, this time to par-
ticipate in a conference in honor of Robert Frost. At the time, Kenyon
was a hotbed of New Criticism, which dominated American literary criti-
cism during the midcentury. Critics such as John Crowe Ransom, Cleanth
Brooks, and Allen Tate advanced a formalist approach to reading literary
work, especially poetry. They believed that consideration of such elements
as historical and cultural context, an author’s intentions, and readers’ re-
sponses should be eliminated from literary analysis, which instead should
focus solely on the structural elements of a work (e.g., rhyme, meter, and
plot). Despite receiving heavy criticism in later years for imitating the
sciences (more on this soon), advocates of New Criticism promoted lit-
erature as the only response to what they considered an increasing bu-
reaucratic rationalization of American life. This attitude might explain
why Morse was invited to Kenyon multiple times. His denunciation of
contemporary scientific thought aligned neatly with the advocates of New
Criticism, despite their disparate training. Morse himself was notably no
stranger to poetry and an avid reader of the Kenyon Review. At Princeton,
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Morse played Mozart violin sonatas with Allen Tate, and his wife attended
classes by Tate’s student Richard P. Blackmur.*

Befitting his audience, Morse titled his paper “Mathematics and the
Arts.” Unlike his IAS colleague Herman Weyl or his teacher George Birk-
hoff, Morse did not focus on the nature of symmetry or an analysis of
geometric patterns in his discussion of the bond between mathematics
and the arts. He did not claim that mathematical formalism could offer a
theory of aesthetics, as Birkhoff had, or repeat Weyl’s assertion that math-
ematical analysis could explain the power of symmetry in art, organic na-
ture, and inorganic matter.”” Rather, his claim was that mathematicians
gain the same feeling and satisfaction from their work as artists do from
theirs, and that both pursuits were driven by freedom of thought. The New
York Times reviewer Donald Adams was so impressed by Morse’s com-
ments that he reported, “The most interesting contribution to the confer-
ence was a paper by the eminent mathematician Marston Morse.”*® Morse
must have known his talk was well received: upon his return to the IAS,
he declared to fellow mathematician Raoul Bott that he had “brought the
house down.”

Morse suggested that the basic affinity between mathematics and the
arts was spiritual and psychological. Arguing from history as well as per-
sonal experience, Morse maintained that discovery, in mathematics as in
art, was a matter of intuition. He wanted to convince his audience that
while in popular accounts mathematics was often equated with deductive
and logical reasoning, this was a very limited view of the discipline. The
essence of mathematical practice was not writing down a complete proof,
but rather all the work that preceded it (a large part of which, he main-
tained, was done unconsciously).® To drive his point home, he quoted
Frost’s “The Figure a Poem Makes”: “I tell how there may be a better
wildness of logic than of inconsequence. But the logic is backward, in ret-
rospect, after the act. It must be more felt than seen ahead like proph-
ecy.”®! Morse insisted that the same process could describe mathematical
discovery. Writing down a logical proof was done only in retrospect, sec-
ond to the creative act. Like the artist, the mathematician was guided first
and foremost by beauty. The mathematician “wishes to understand, sim-
ply, if possible—but in any case to understand; and to create, beautifully,
if possible —but in any case to create.”® Morse’s emphasis on creation is
telling. Crucial to mathematicians’ claim to art was the idea that axiomat-
ics refashioned them as creators.®

Morse was not alone in his thinking. Mathematicians adhered to the
idea that, rather than describing the world around them, they brought to
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life the mathematical realms they studied.* In a letter to his philosopher
sister Simone Weil, André praised the importance of axiomatics: “When
I invented (I say invented, and not discovered) uniform spaces, I did not
have the impression of working with resistant material, but rather the im-
pression that a professional sculptor must have when he plays by mak-
ing a snowman.”® When they became the building blocks of mathematics,
axioms refashioned mathematical research as a dialectical play between
freedom and constraint.

In his 1953 autobiography, Norbert Wiener similarly focused on the
artistic qualities of mathematical research. Noting, as was common at the
time, that the rewards mathematicians gained from their work were simi-
lar to the rewards of artists, he added, “To see a difficult uncompromising
material take living shape and meaning is to be a Pygmalion, whether the
material is stone or hard, stonelike logic. To see meaning and understand-
ing come where there has been no meaning and no understanding is to
share the work of a demiurge.”® Likening the work of mathematicians
to a godlike pursuit was an analogy that axiomatics made possible. The
arbitrariness of the axioms necessitated that mathematical creations be
brought to life by mathematicians. Again, the analogy to art was a modern
one—what the abstract artist creates can never be reduced simply to what
he observes in the world. Hans Hofmann, who was both a respected art-
ist and a teacher among Abstract Expressionists, defined the artist as “an
agent in whose mind nature is transformed into a new creation.”® In his
teaching, he explained that creation “is not a reproduction of observed
fact.”®® Like mathematicians who were content proclaiming that nature
was itself the source of all mathematics at the same time that they insisted
that pure mathematics was completely separate from the world, Hofman
nonetheless held that nature was the source of all artistic inspiration.

As Linda Dalrymple Henderson has shown, in the 1950s both artists
and scientists began pointing to creativity and freedom in discussions of
their work.® Especially in the aftermath of C. P. Snow’s popularization of
the Two Cultures, scientific humanists used freedom and creativity to ar-
gue that, from an experiential perspective, the sciences and the arts were
not all that different.”” Morse was among the first scholars to insist on the
place of creativity and freedom in scientific practice.” However, more than
demonstrating that art and science were motivated by freedom and imagi-
nation, Morse turned to art in his attempts to protect science from its post-
war utilitarian incarnation. Toward the end of his Kenyon address, he ex-
claimed that he was often shocked when he listened to students talk about
science: “The science that they speak of is the science of cold newsprint,
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the crater-marked logical core, the page that dares not be wrong, the mon-
strosity of machines, grotesque deification of men who have dropped God,
the small pieces of temples whose plans have been lost and are not de-
sired, bids for power by the bribe of power secretly held and not under-
stood.””? This view of science, he insisted, was not one he held: “I shun all
monuments that are coldly legible. I prefer the world where the images
turn their faces in every direction, like the masque of Picasso. It is the hour
before the break of the day when science turns in the womb, and, waiting,
I am sorry that there is between us no sign and no language except by
mirrors of necessity. I am grateful for the poets who suspect the twilight
zone.”” That Morse refers to the work of Picasso is telling. The art Morse
had in mind was not one of mimetic accuracy; rather, what made art pow-
erful was its ability to bring to life, and grapple with, those elements of the
world that could not be reduced to simple representations.

When The Bulletin of the Atomic Scientists contacted Morse eight years
later with a request to republish his talk, he agreed, but insisted on add-
ing a short note. In it, he explained that one of the invited speakers was
the poet and novelist Leonard Strong. According to Morse, after Strong
finished reading one of his poems, he placed his hand on his head and
said, “Science is here,” then placed his hand on his heart and said, “and
poetry is here.”’ Feeling that Strong’s characterization of science was mis-
guided, he immediately set to rewriting the concluding paragraphs of his
speech. Poetry and mathematics were not at odds with one another, he
argued; reason played an important role in mathematical research, but
it was second to intuition and understanding. Of Strong, Morse added, “I
have no doubt he had in mind the opening of the atomic era,” and this was
exactly the image of science against which Morse protested.” Throughout
the 1950s, Morse delivered several more speeches arguing for the bond
between mathematics and art.

By the 1960s, the assertion that mathematical research was a creative
art had made its way into an official national report on the state of math-
ematics. Whereas the report focused on the utilitarian view of mathemat-
ics, the final section was devoted to the “nonutilitarian view” of the field.
It would be a mistake, the section asserted, to suggest that all “society’s
demands on mathematical science [were] utilitarian—a vivid untruth.””
Even if mathematics had no utility, society would continue to value the
field for its “intellectual strength and beauty.” The report also asserted,
“The appeal that mathematics has for its practitioners, in particular re-
search mathematicians, is largely aesthetic. The joy experienced in learn-
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ing and in creating mathematics is akin to that associated with art and po-
etry.””” It might seem baffling that, having spent more than two hundred
pages extolling the countless uses of mathematics, the authors of the report
chose to conclude by affirming the discipline’s aesthetic quality. However,
this was fundamental to mathematicians’ claim to the humanities.

If this were the extent of such proclamations, then the analogies math-
ematicians drew between art and mathematics could most likely be dis-
missed as nothing more than rhetorical. As Jamie Cohen-Cole notes, in
Cold War America social critics promoted freedom, autonomy, and cre-
ativity as necessary traits in the fight against authoritarianism.” Math-
ematicians, conceivably, might have simply adopted the language of the
time to try to protect the field. While it is certainly true that comparisons
between mathematics and art were frequently drawn in service of sup-
porting pure research, the arguments extended beyond talk. Mathemati-
cians believed free inquiry was conditioned not only by the elimination
of political influence and pragmatic demands but also by the subject mat-
ter itself. In other words, true freedom could only be achieved by turning
one’s eyes away from the world. This is what midcentury mathematicians
emphasized in their turn to modernist art. In doing so they adopted a
particularly modern definition of abstract art as nonrepresentational: The
artistic quality of a mathematical theory was proportional to its abstract-
ness. The midcentury adherence to creativity became inherently bound to
axiomatics.

Aesthetic Autonomy

In 1984, mathematician Peter Lax conducted a survey on the develop-
ment of mathematics in the preceding decades. It was only in the past
century, Lax remarked, that “the bold proposal to cut the lifeline be-
tween mathematics and the physical world was put forth.”” Lax decried
the move, holding that for mathematics to continue to flourish it must
maintain some footing in physical reality. His objection did not end there.
Breaking the bond between mathematics and reality, he explained, was
not only “wrong-headed,” but it also “raise[d] profound philosophical
problems about value judgment in mathematics. The question ‘What is
good mathematics?’ [became] a matter of a priori aesthetic judgment and
mathematics [became] an art form.”® Since pure mathematical research
at midcentury was not motivated by a desire to discover natural laws, the
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only way to distinguish between two theories, according to Lax, boiled
down to “aesthetic judgement.” Lax thought that aesthetic considerations
did have a role to play in mathematical research, but not a dominant one.
For him, mathematics could be like art, but it should not be art, or at least
not abstract art.’!

As should already be clear, for many pure mathematicians, claiming
that mathematics was an art was not a critique but a point of pride. It was
a way to access, or give voice to, an element of mathematical practice that
was often left unacknowledged. Pure and applied mathematicians might
have disagreed about how far the artistic quality of mathematics should
be pursued, but they agreed that it was inversely correlated to empirical
reality. Stated somewhat differently, mathematicians had differing opin-
ions about the desirability of the putative separation between mathemat-
ics and the physical world, but they all subscribed to the idea that aes-
thetic considerations came to the fore when empirical content receded.
Von Neumann, for example, explained, “As a mathematical discipline
travels far from its empirical source, or still more, if it is a second and third
generation only indirectly inspired by ideas coming from ‘reality,” . .. It
becomes more and more purely aestheticizing, more and more purely art
pour Part.”® Von Neumann, like Lax, believed that such a situation should
be avoided, and argued that mathematics should never lose its attachment
to objective reality. However, he also believed that the aesthetic quality of
mathematics was inversely correlated with its bond to reality.

It is worth pausing to note that this opinion was far from obvious. The
relation between mathematics and art had historically centered on geom-
etry. Even David Hilbert, who developed axiomatics, held, according to Leo
Corry, that it was the intuitive rather than the axiomatic or analytic approach
to geometry that had “aesthetic and pedagogical” value.® It was the aesthetic
dimension that Hilbert sought to disseminate in Geometry and the Imagina-
tion. As Hilbert writes in the preface, “It is our purpose to give a presentation
of geometry, as it stands today, in its visual, intuitive aspects.” Approaching
geometry “through figures that may be looked at” instead of formulas, Hil-
bert explains, will contribute “to a more just appreciation of mathematics.”
Aesthetics in mathematics had long been linked to visible form.®

This is not to say that midcentury mathematicians were the first to
link mathematical aesthetics with nonvisual concepts. Hilbert’s contem-
porary Henri Poincaré explained in Science and Method that scientists
study nature not because it is useful but because it is “beautiful” and they
take pleasure in it. He wrote, “I am not speaking, of course, of that beauty
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which strikes the senses, of the beauty of qualities and appearances. I am
far from despising this, but it has nothing to do with science. What I mean
is that more intimate beauty which comes from the harmonious order of
its parts, and which a pure intelligence can grasp.”® For Poincaré, simplic-
ity and unity were constitutive of the aesthetic in science. Both Morse and
von Neumann built on Poincaré’s ideal of beauty when they discussed
the aesthetic dimension of mathematics. Moreover, these ideas were in
no way limited to mathematicians. Many other scientists believed that at-
tributes such as simplicity, elegance, and uniformity constituted an aes-
thetic dimension of their fields more broadly. But this is key: the fact that
aesthetic considerations could be and were attributed to physical theo-
ries only serves to underline midcentury mathematicians’ assertion that a
mathematical aesthetic was inversely correlated to reality.

Von Neumann, for example, settled on aesthetics as the element that,
by definition, separated the work of mathematicians from that of other
scientists. Comparing mathematicians to theoretical physicists, von Neu-
mann explained that while the latter were also concerned with aesthetics,
their work was guided from “outside.” Not so for mathematicians, whose
criteria for both selecting a problem and judging its success were “mainly
aesthetical.”® Von Neumann collected his ideas in a talk he delivered in
1046 as part of a series of lectures at the University of Chicago dedicated
to the creative process in the arts and scholarship. The lectures, which
were later published as The Works of the Mind, also included talks by
Marc Chagall on “The Artist,” Arnold Schoenberg on “The Musician,”
and Robert M. Hutchins (then president of the University of Chicago) on
“The Administrator.” In his talk on “The Mathematician,” von Neumann
explained that mathematicians sought simplified theories that could join
and explain previously special cases, but in such a theory they also ex-
pected “¢
he continued, should not be lengthy and complicated for no apparent rea-

elegance’ in its ‘architectural,’ structural makeup.” A theorem,

son, and there should always be a clear general principle. “These criteria,”
he said, “are clearly those of any creative art, and the existence of some
underlying empirical, worldly motif in the background—often in a very
remote background—overgrown by aestheticizing developments and fol-
lowed into a multitude of labyrinthine variants—all this is much more
akin to the atmosphere of art pure and simple than to that of the empirical
sciences.”®® Purity was a correlate of beauty.

By the 1960s, the inverse relation between mathematical aesthetics and
empirical reality came to define mathematics tout court. In 1966, statistician
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John Tukey, trying to account for mathematical unity, asked whether it still
made sense to consider mathematics as a singular entity. Following the
work of his colleagues, Tukey said of symbolic reasoning, “In the inner cit-
adel both chains of symbolic reasoning and the results reached by these
chains are mainly judged by aesthetic and intellectual standards of beauty,
universality, economy. At the outer fringes, although beauty, universality,
and economy are still valued, progress toward the empirically verifiable,
especially toward the prediction or control of events in the real world
of objects and men, becomes the prime criterion.”® To a certain degree,
mathematicians formulated a negative definition of aesthetics as the elim-
ination of any empirical content. In this sense, their emphasis on aesthetic
autonomy resonated with a broader midcentury ideal most closely associ-
ated with art critic Clement Greenberg.

Greenberg had a profound influence on postwar American art criti-
cism. He was an early supporter of Abstract Expressionism, championing
the works of Jackson Pollock, and he later defended post-painterly ab-
straction. In 1939, Greenberg began formulating his theory of formalism
by arguing that artists inaugurated modernism in art when they rejected
external influences on their work, turning instead toward self-reflexivity.
In his 1940 essay “Towards a Newer Laocoon” Greenberg wrote, “As the
first most important item upon its agenda, the avant-garde saw the ne-
cessity of an escape from ideas, which were infecting the arts with the
ideological struggles of society. Ideas came to mean subject matter in gen-
eral.”® The rise of artistic abstraction, the turn away from representation,
and the rejection of direct “subject matter” were all, in Greenberg’s view,
a withdrawal from the “ideological struggles of society.” In the process, he
argued, artists began emphasizing form over subject, and the arts emerged
as “absolutely autonomous, and entitled to respect for their own sakes,
and not merely as vessels of communication.”' For Greenberg, abstrac-
tion effectively separated aesthetics from social and political concerns.

Greenberg theorized not only modernism but also art criticism itself.
As he explained, the autonomy of art was not achieved simply by evacuat-
ing it of subject matter, but also by turning toward form. This shift is per-
haps most evident in his promotion of medium specificity. As Greenberg
explained, “A modernist work of art must try, in principle, to avoid depen-
dence upon any order of experience not given in the most essentially con-
strued nature of its medium. This means, among other things, renouncing
illusion and explicitness. The arts are to achieve concreteness, “purity,” by
acting solely in terms of their separate and irreducible selves.”* Paint-
ings, Greenberg wrote, were defined by the two-dimensional flat canvas.
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Representational art should be avoided not because it was inherently
problematic but because it entailed the illusion of three-dimensionality.
Such self-reflexivity was a bedrock of Greenberg’s overarching theory of
aesthetic autonomy.

It might seem odd to place axiomatics, a mathematical technique, along-
side Greenbergian formalism. There is nothing in axiomatic thinking that
turns an art critic’s attention to the compositional elements of a painting,
the lines, edges, or flatness of the canvas. And yet, axiomatics and formal-
ism do share a similar genealogy and certain characteristics. Greenberg’s
formalism was influenced by early-twentieth-century Russian Formalism,
which brought together linguistic and literary theory and placed an em-
phasis on syntax over semantics. Lynn Gamwell has drawn an even closer
connection between Hilbert’s axiomatics and Russian Formalism, ex-
plaining that “sensing a common purpose with formalist mathematicians
(as well as linguists), Russian Constructivist artists and poets in Moscow,
Saint Petersburg, and Kazan reduced their visual and verbal vocabularies
to meaning-free signs and composed them as autonomous structures.”
Both formalism and axiomatics emerged as a response to a crisis of refer-
entiality, and while distinct, axiomatics and formalism responded to the
problems of signification and referentiality by emphasizing structure over
content.”

Another genealogy of midcentury formalism can be traced to the work
of the British art critics Roger Fry and Clive Bell on the one hand and New
Criticism on the other. Fry and Bell were members of the Bloomsbury
Group, and were well acquainted with Russell and Whitehead’s work.” As
Gamwell points out, it is appropriate that Fry’s art criticism came to be
known as formalism:

Just like Hilbert, Frege, and Russell all arrived (by different routes) at the same
basic idea of an axiomatic structure, similarly Bely, Shklovskii, and Fry all (for
different reasons) ended up emphasizing form over content. In resonance with
Hilbert’s focus on mathematics as a formal axiomatic structure, the Russian/
German formalist artists and poets composed with shapes and sounds that do
not represent the natural world-out-there. Inspired by Frege/Russell’s focus on
logic and spoken language, British formalist artists used forms to depict (“pic-
ture”) the natural world, as seen in the figures and landscapes of the Blooms-

bury Group.”

What perhaps distinguished Greenberg’s formalism and aligned him per-
fectly with postwar pure mathematicians was that he pushed the practice
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to its extreme. Fredric Jameson points to Greenberg as the theoretician
who, more than any other, helped to propagate the “ideology of mod-
ernism,” which he defined by its nearly exclusive commitment to the
autonomy of the aesthetic. Jameson argues that this ideology was an
“American invention” and “a product of the Cold War.””” It was not con-
stitutive of modernism itself. In the aftermath of World War 11, Jameson
explains, the West (and the Stalinist East) desired a “stabilization of the
existing systems” and an end to the upheavals that had been enacted in
the name of modernism before the war. In this new environment, “social
impulses” were to be “repressed or disciplined.”® Even if they appeared
on the surface to operate under the shared banner of modernism, the so-
cial vision of interwar artists, Jameson argues, was different from that of
postwar abstract artists. In calling the ideology of modernism a Cold War
invention, Jameson sought not to dismiss the works of Abstract Expres-
sionism but rather to draw attention to the theory of art that developed
alongside it.

“Greenberg’s greatness as an ideologist,” writes Jameson, was not only
in having offered aesthetic autonomy as the culmination of the modernist
movement. He also “grasped the onset of the Cold War not as the end of
hope and the paralysis of the productive energies of the preceding period,
but rather as the signal opportunity to forge a brand-new ideology that
co-opts and re-awakens those energies and offers a whole new (aesthetic)
blueprint for the future.”” Once steeped in Marxist ideology, Greenberg
had, by the end of World War 11, posited both an abstract art and a formal-
ist criticism that was by definition apolitical. As he wrote in “The Case
for Abstract Art,” abstract art was significant because it was the neces-
sary precondition for disinterested contemplation: “Abstract art comes,
on this level, as a relief, an arch-example of something that does not have
to mean, or be useful for, anything other than itself.”'® Like New Crit-
ics, Greenberg positioned abstract art in opposition to the ascendency of
technoscientific knowledge. Sounding remarkably similar to Morse and
his colleagues, Greenberg wrote, “If American society is indeed given
over as no other society has been to purposeful activity and material pro-
duction, then it is right that it should be reminded, in extreme terms, of the
essential nature of disinterested activity.”!”! The dual nature of abstraction
is thus also evident in Greenberg’s thinking: Abstraction, he suggested,
was both an inherent characteristic of the work itself and, as a verb—to
abstract, to withdraw —a condition of its production. Aesthetic autonomy,
for mathematicians and artists, was a concomitant of this dualism.
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With the hindsight afforded by the 1980s, Peter Lax similarly identified
politics as the suture between midcentury mathematics and midcentury
art: “Next to Bourbaki, the greatest champions of abstraction in math-
ematics came from the American community. This predilection for the ab-
stract might very well have been a rebellion against the great tradition in
the United States for the practical and pragmatic, the postwar vogue for
Abstract Expressionism was another such rebellion.”!®> Mathematicians
and artists were coming to terms with the legacy of abstraction in an ideo-
logical and political reality shaped by the Cold War. Remarkably, despite
the obvious and profound differences between the two communities, their
struggles with abstraction—its meaning, its justification, and its place in
postwar America— paralleled one another.

L’art pour I'art did not emerge with Greenberg, nor did the idea of
pure mathematics as an autonomous intellectual pursuit first appear with
midcentury mathematicians. The Romantic ideal of art could just as easily
be applied to representational art, and the idea of mathematics as the in-
tellectual ideal par excellence emerged before the twentieth century. But
it was only at midcentury that abstraction came to hold this double mean-
ing. In mathematics, this duality depended on the proliferation of modern
axiomatics; in the arts, it relied on formalism. The two—axiomatics and
formalism —helped create the fertile ground in which abstraction prolifer-
ated in Cold War America.

A Useful Contradiction

Mathematicians based their claims to artistic conception in modern axi-
omatics. In turning away from the world and, more importantly, elevating
axiomatics to a full-fledged research methodology, mathematicians re-
fashioned themselves as artists. They argued that modern axiomatics had
bestowed upon them the freedom necessary to express their creativity
and pursue their work as an artistic activity. In his 1943 Science article,
Morse pointed to this notion when he explained that the imagination af-
forded to mathematicians was achieved partially by the ability to “have
that freedom that comes from recognition of dogma, and the open ac-
ceptance or rejection of an axiom at will.”!® Since the axioms of a theory
were not determined by empirical reality and were highly arbitrary, set-
tling on an axiomatic system was in itself a creative act. Modern axiomat-
ics gave credence to mathematicians’ claim that mathematical theory was
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unbound from the world. It offered a direct methodology by which an
otherwise philosophical claim turned into a clear research program.

The analogy between axiomatic research and artistry is best illustrated
in a national report presented to the National Academy of Sciences in

1954:

The axiomatic approach has emancipated mathematics from its bound state in
science . .. At the same time, it develops a deeply artistic aspect in its own na-
ture. The structures which the mathematician axiomatizes are, in final analysis,
his to choose and to change, modifying, dropping, or adding an axiom here and
there—much as a score evolves under the composer’s hand. There is no longer
a need to scan the shifting reflections in the pool of his mind for the features of
an alien reality forever looking over his shoulder. Instead, there unfolds a new

and richly fascinating world.!™

Axiomatics transformed mathematics into modern art. The freedom af-
forded by the axiomatic method guided mathematicians in this new terrain.
Ina 1961 lecture on “Characteristic Features of Mathematical Thought,”
German mathematician Johannes Weissinger similarly identified axiom-
atics as the defining feature of modern mathematics. By eliminating in-
tuitive evidence from mathematical research, he argued, mathematicians
achieved a higher degree of certainty and a new level of freedom: “In
free artistic play, guided only by a sense for mathematical values, one can
modify, omit, and add individual axioms—or for that matter, create and
examine entirely new systems of axioms.”! Axiomatics defined modern
mathematics and became the building blocks of mathematical creativity.
Here is a good place to pause. Given the previous two chapters, it
should come as a surprise that mathematicians now credited axiomat-
ics for rendering their work a creative and artistic pursuit. After all, as
I have shown, mathematicians also pointed to modern axiomatics to ac-
count for the growing applicability and utility of mathematics across all
fields of knowledge. Indeed, the above quotation from the national re-
port appeared in a survey of applied, not pure, mathematics; in the fol-
lowing pages, axiomatics is closely linked to mathematical applications.
Mathematicians, however, saw no apparent contradiction in claiming that
axiomatics was responsible for both the utilitarian and nonutilitarian as-
pects of the discipline. Axiomatics stood for a break between theories and
physical reality. Pure mathematicians understood this severing in terms
of the freedom it provided them to pursue knowledge for its own sake,
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not motivated by external concerns. Applied mathematicians, on the other
hand, conceived of the separation as denoting a form of analytic realism.
Mathematics was a useful tool precisely because it provided a method
with which to gain deep knowledge of what lay beneath the visible sur-
face. This contradictory nature of abstractionist theory helped it to be-
come so pervasive in Cold War America. Mathematics thus offers a clue
to Cold War thought more broadly.

By centering on abstraction, postwar social sciences and formalist art
come into relief not as two diametrically opposed tendencies, but rather
as two sides of the same coin. Social scientists turned to mathematics dur-
ing the postwar period as a tool of objectivity and a way to align their
work with the hard sciences. As Theodore Porter writes, “For the Cold
War generation, disciplinary autonomy and the assertion of neutral ob-
jectivity were not merely desiderata of social science but defining char-
acteristics.”! Porter sees the social sciences’ turn toward scientism and
neutral objectivity as partially a reaction to anti-Communist sympathies
and McCarthyism. It was a way of depoliticizing knowledge production
while emphasizing “independence and detachment.”'”” However, as Por-
ter writes, social scientists “depoliticized” knowledge not to separate their
work from the social world but, paradoxically, in hopes of making their
work more relevant, to position it as the basis for solving social problems.

It was not mathematics per se that enabled social scientists to achieve
this position; rather, it was axiomatic thinking. Social scientists could have
continued to rely on mathematics for measurement and calculation, as
they had in the prewar period. Instead, abstract axiomatic theories offered
them a means of producing presumptively depoliticized knowledge that
was nonetheless socially useful (or at least claimed to be). Abstraction
enabled social scientists to claim utility and neutrality at the same time.
Greenberg and other formalist critics positioned themselves in direct op-
position to the bureaucratic objectivity promoted by postwar social scien-
tists, but they, too, claimed their work as depoliticized.

In advancing a formalist reading of literature, New Critics called upon
an ideal of objectivity. Allen Tate explained, for example, “The formal
qualities of the poem are the focus of the specifically critical judgement
because they partake of an objectivity that the subject matter, abstracted
from the form, wholly lacks.”'® Stripping away external considerations al-
lowed New Ceritics to elevate formal criticism to the status of disinterested
inquiry. New Critics’ appeal to objectivity garnered derision as nothing
more than a bad case of science envy. As Gerald Graff shows, “The New
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Critics’ attempt to emulate the empirical scientists by applying an objec-
tive, analytic method to literature was judged as one more symptom of the
university’s capitulation to the capitalist-military-industrial-technological
complex.”'” However, as Graff convincingly demonstrates, this view mis-
takes the technique of close reading with a theory of literature. Far from
capitulating to the empirical sciences, New Critics envisaged literary criti-
cism as an antidote to positivistic science.

The same holds true for Greenberg. As Caroline Jones argues, Green-
berg’s formalism “became an analytic, subtly reconfigured . . . to justify a
particularly positivist view of abstract art.”''® Formalism, like New Criti-
cism, “refused to ‘interpret,’ rejecting biography, intention, and symbolism
in favor of concrete material ‘facts.”’”''! Moving away from content, art
criticism was charged with paying attention to things like the surface of
pigments, the dimension of the canvas, the relations between edges, colors,
and lines. Humanists did not find the ideal of objectivity suspect in itself,
but rather took issue with its being co-opted in service of the bureaucra-
tization of daily life. Humanist critics nevertheless called upon objectiv-
ity to frame their work as nonideological. As Yve-Alain Bois explained,
“Greenberg pretended to a kind of ideological neutrality; this allowed
him to make his positivist turn of seeming simply to describe the art . ..
Everything was discarded: an ex-Marxist, Greenberg could present him-
self as objective—as objective as an engineer or a scientist. So he became
the pure empiricist who only describes.”!'?

Formalist critics’ positivism was, of course, not built on mathematical
axiomatics, but it shared the abstractionist tenets that emphasized struc-
ture over content and analytic attention to relations.!* However, their
goal was not to make art more useful or applicable. Like pure mathema-
ticians, they embraced abstraction as a technique that allowed them to
elevate their work above the political and social morasses of the day.

Abstraction was so forceful in Cold War America because it symbol-
ized the ideology of no ideology. Both Porter and Jones acknowledge that
the claim to ideological neutrality was itself a postwar American ideology.
Porter writes that social scientists’ “preoccupation with neutral objectiv-
ity can itself be seen as a form of politicization by virtue of its very claim
to stand outside the value-laden character of the processes and interests
that shaped the production and uses of social knowledge.”'"* Jones, for
her part, notes that “Greenberg was willing to use formalism to inculcate
art against ideology (an American postwar ideology unto itself).”'> And
mathematicians paved the way.
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Pure mathematicians’ claim to the arts was more than just rhetoric. As
I demonstrate in chapter 5, it had real implications for the institutional de-
velopment of the field in the postwar period. It enabled pure mathemat-
ics to grow and expand while the development of applied mathematics
remained stalled.



CHAPTER FIVE

Unreasonable Abstraction

The Meaning of Applicability, or the
Miseducation of the Applied Mathematician

The paradox is now fully established that the utmost abstractions are the true weapons with
which to control our thought of concrete fact.
— Alfred North Whitehead

In 1971, University of Wisconsin mathematician Richard C. Buck sent a
circular discussion paper to several of his mathematical colleagues urg-
ing them to consider the “argument for federal support for mathematics.”
Two years earlier, Buck, who was then in his fifties, had helped mobilize
the mathematical community in support for mathematical students whose
studies had been abruptly stopped either because they were serving time
in prison for refusing the draft or were involuntarily serving in the military.
Together with Chandler Davis and John L. Kelley, both of whom were
dismissed from the University of California, Berkley, in the 1950s for re-
fusing to sign the loyalty oath (Kelley) and cooperate with the House Un-
American Activities Committee (Davis), Buck collected a list of leading
mathematicians who offered to volunteer their time and help the impacted
mathematicians continue their studies remotely. In 1971, the Vietnam War
was still raging, and Buck was once again concerned about the welfare
of young mathematicians, but much had changed in the intervening two
years. Buck was now concerned not with a fraction of mathematical stu-
dents, but with a full cohort of PhDs who were facing unemployment.
Buck’s memorandum came at a time of great upheaval for the math-
ematical (as well as scientific) community. The post—World War II era was
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coming to an end, and almost overnight, scientists began experiencing
what Daniel Kevles describes as “an employment squeeze reminiscent of
the 1930s depression.”! Historians have noted that several factors con-
tributed to this transformation. A rise in expenditures forced universities
around the nation to tighten their budgets, while these universities con-
comitantly lost the endorsement of the general public. Research for its
own sake was no longer deemed a defensible cause. Instead, an emphasis
on applicability and public service was placed front and center.? As far as
scientific research was concerned, however, it was the overall decrease in
federal support for research and development and the changing emphasis
on applied as opposed to basic research that had the greatest effect.

When universities began cutting down their faculties and the National
Science Foundation (NSF) decreased its funds earmarked for mathemati-
calresearch and education, the mathematical community, together with the
rest of the sciences, absorbed much of the shock. Unemployment began to
rise, and anxiety regarding the future of the field became an unavoidable
reality. It was with these concerns in mind that Buck urged his colleagues
to reconsider what might be the argument for federal support for math-
ematics: “We can resort to polemic, point with pride, and raise the spectre
of competition with the USSR and Europe ... This has some psychological
strength, but it is certainly weak in logic.”® Unlike other scientific fields,
mathematics, Buck explained, was not externally generated. Thus, the only
argument for federal support for mathematics was based on the notion of
applicability. However, he added, “It seems hypocritical ... to sell it [math-
ematics] by a claim of applicability, unless we are willing to give the latter
full justice in training programs for mathematicians.”

As the unemployment crisis continued throughout the early 1970s, many
other mathematicians pointed to the insular nature of graduate educa-
tion in the field as a cause for concern. This was a moment of reckoning
for the mathematical community as a whole.> Much ink has been spilled
assessing the influence of the growing national security state on intellec-
tual activities in the United States during the postwar period. Looking
to physics, oceanography, and area studies, scholars have asked to what
degree military demands and military funding directed intellectual pro-
duction in and outside the academy.® It seems that no academic field was
left untouched by the growth of what Stuart Leslie has called the military-
industrial-academic complex.” As Naomi Oreskes has pointedly put it,
“What difference does it make who pays for science? The short answer
is:a lot.”®

Itis enough to look at the growth of computing, game theory, mathematical
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statistics, and fluid dynamics in this period to demonstrate how implicated
postwar mathematical theory was in specific military and industrial con-
cerns.’ The growth of these fields was dependent on federal funding and
military interests. However, it is harder to account for the fact that during
the same period, pure mathematics became more abstract and divorced
from the lived world.!"” And when it came to graduate education in math-
ematics, it was pure, not applied, mathematics that represented the lion’s
share of graduating PhDs in the field. Moreover, those students who took
their degree in pure mathematics were more isolated in their studies than
any generation before. Many doctoral programs in mathematics did not
require any advanced training in adjunct scientific fields, making graduate
students even less suitable for nonacademic employment.!!

Within traditional academic departments, the postwar growth of the
field was defined by pure mathematics with its high modernist emphasis
on abstraction and the autonomous conception of the field. This is why
mathematicians like Buck immediately turned to graduate training when
the funding began to disappear. If mathematicians were going to argue
that their research and educational activities should be supported by the
federal government because of the applicability of mathematics, then the
least they could do, he argued, was to emphasize this point in their gradu-
ate programs.

The growth of academic applied mathematics in the postwar period
challenges some of the basic scholarly assumptions about the growth of
science during the Cold War, most specifically the idea that researchers
oriented their scholarship to fit the requirements of funding agencies. De-
spite the obvious interests of the defense industry in applied mathematics
(fields such as aerodynamics, mechanics, cryptography, etc.), within tra-
ditional academic departments, the field remained stalled. In the 1950s,
most applied mathematical research was conducted in newly established
semiautonomous research institutions that were almost fully dependent
on governmental contracts for their existence. The Applied Mathemat-
ics and Statistics Laboratory at Stanford, the Institute of Fluid Dynamics
and Applied Mathematics at the University of Maryland, the Institute of
Mathematical Sciences at New York University, the Graduate Institute
for Mathematics and Mechanics at Indiana University, and the Institute
for Numerical Analysis at the University of California, Los Angeles, were
all postwar products. “Research and advanced training in applied math-
ematics,” explained a 1954 report, “is at present a ward of the Federal
Government.”"? Military funding helped spur research in the field, but it
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also hindered its development by closely aligning its growth with utilitar-
ian demands and setting it apart from academic pure mathematics."

Oddly enough, when, in the aftermath of Sputnik and the passage of
the National Defense Education Act in 1958, support for mathematics
research and education mushroomed, research and education in applied
mathematics remained marginalized in universities. During the 1960s, the
number of annual mathematics PhDs per year quadrupled from 303 in
1960 to 1,204 in 1970. Throughout the decade only 15 percent of these new
PhDs were in applied mathematics with an average of 65 percent in pure
mathematics (the rest were in statistics). Moreover, computing, statistics,
and operations research, which at first were taken to be part of applied
mathematics, grew into distinct disciplines independent of mathematics,
and applied mathematics continued to falter.” When it came to applied
mathematics, funding was not enough. Mathematics, at least in its aca-
demic guise, seems to defy historical wisdom.

Mathematicians were able to maintain a high degree of autonomy by
homing in on abstraction. First, they pointed to the processual nature of
mathematical abstraction to argue that pure mathematics was closely re-
lated to applied mathematics while being simultaneously independent of
it. Second, they maintained that it was exactly the abstract nature of pure
mathematics that gave rise to its increasing applicability, or what they
called the “mathematization of culture.””® As demonstrated in the previ-
ous chapters, both applied and pure mathematicians believed that mod-
ern axiomatics was responsible for the increasing applicability of math-
ematics. However, this argument on its own could not ensure that pure
mathematical research would be eligible for federal support. To argue that
research in category theory had potential future utility, mathematicians
had to reclaim abstraction as utility. Their success guaranteed that math-
ematicians enjoyed the fiscal benefits of the Cold War like the rest of the
sciences while maintaining incredible autonomy over the development of
their field. Thus, while scientists and some social scientists were leaving
the ivory tower, mathematicians continued to center their activities in and
around the university, resembling most closely other humanistic fields.!

As a consequence, the growth of applied mathematics as an indepen-
dent academic field was stymied during the postwar period. As Buck noted
in his 1971 letter, the case of the applicability of mathematics was “hypo-
critical” not because mathematics was not applicable, but because math-
ematicians did not try to train their students with this belief in mind. His-
torians of science have long challenged the idea that a clear demarcation



146 CHAPTER FIVE

exists between basic and applied research, as well as the notion that innova-
tion only flows in one direction from the basic to the applied."” As Oreskes
has shown, at times it has been the most applied problems that have led
to new theoretical understanding. However, the growth of pure and ap-
plied mathematics after the war challenged the very nature of scientific
utility and how it was constructed and maintained.

On the Nature of Ultility

Mina Rees developed a love of abstract algebra as an undergraduate stu-
dent at Hunter College. Upon graduating, she enrolled at Columbia Uni-
versity, but after two years of study it was clear to her that “the Columbia
mathematics department was really not interested in having women can-
didates for Ph.D.s.”'® This, she recalled later, was the first time it occurred
to her that some members of the mathematical community did not believe
it was an appropriate study for women. She transferred to Columbia Uni-
versity’s Teachers College and earned a master’s degree in education. She
was not, however, one to give up easily. In 1929 she arrived at the Uni-
versity of Chicago to pursue a PhD, and a year later during the summer
meeting of the American Mathematical Society, she had breakfast with
both Marston Morse and George Birkhoff. “I was enchanted with math-
ematicians and, at least partially because of that, with mathematics,” she
said.” PhD in hand, she returned to New York City and began teaching at
Hunter College, which was the only possible career path at the time for a
woman with a mathematics PhD.

Her mathematical career took a sharp turn during World War II, when
Warren Weaver appointed her first as his technical aid and later as ex-
ecutive assistant at the Applied Mathematics Panel. During the war she
met many members of the mathematical community and gained firsthand
knowledge of the extent of applied mathematics research in the US. In the
war’s aftermath, she was chosen to be the first head of the Mathematical
Section of the Office of Naval Research (ONR). Before the establishment
of the National Science Foundation in 1950, the ONR was the first funded
organization dedicated to supporting basic scientific research and Rees
was charged with directing its expenditures to mathematics. First, though,
she had to find a place to live, which was no easy task in 1946 when she
moved to Washington. There were no available apartments when she got
there, and most hotels had a five-night maximum stay. When she found a
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hotel that allowed guests to stay for two weeks, she hit upon a solution.
Every two weeks, she would vacate her room and travel to a different
mathematics department around the country. When she returned, she reg-
istered again for two weeks.?! During her time at the ONR, Rees helped
sketch out and implement postwar support for mathematics.??

In January 1948, Rees published an article in the Bulletin of the Ameri-
can Mathematical Society in which she sought to explain to members of
the society “the philosophy which ha[d] determined the mathematical re-
search project which ONR [was] sponsoring.” Rees explained that as a
matter of policy it was recognized early on that in order to best support
mathematical research in the United States, research in pure mathematics
must also be included among the branch’s contracts. Yet, noting the dearth
of research in applied mathematics at the start of World War II, Rees es-
tablished that the lion’s share of navy support went to applied research:
“It is a fact that over 4/5 of the annual mathematical expenditure is in
support of research in ‘applied mathematics,” mathematical statistics, nu-
merical analysis and computing devices.”* The ONR deemed these fields,
Rees explained, to have the highest priority given their potential future
applicability to the navy’s affairs.

Six years later, she announced that the ONR had decided to cut back
its program in pure mathematics. Underlying this change in policy, Rees
explained, was the establishment of the NSF, whose sole purpose was to
support basic research in the sciences. Writing in Science, she explained,
“It is natural that, in mathematics, it [the NSF] should support an out-
standing program in some of the more abstract fields, where much of the
most significant research is going on.”” Rees was trying to assuage the
fear of many in the mathematical community, reassuring them that de-
spite the change in overall support to mathematics, research would not
decrease, but her efforts at first were unsuccessful.

What mathematicians realized was that, at least initially, the establish-
ment of the NSF did not solve the problem of support when it came to
pure and applied mathematics. In January 1953, William Duren, who had
just completed a short term as acting program director for Mathematics at
the NSF, published an article in the Bulletin of the American Mathemati-
cal Society regarding support for mathematical research. His experience,
Duren maintained, had made one thing clear: the NSF Act of 1950 did
not “in itself create a new era in which a non-military arm of the Govern-
ment [would] support basic research in theoretical mathematics without
the demand for direct military or even physical science relatedness.”?
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Mathematicians, Duren noted, did not seem to realize that research in
mathematics still needed to be justified if it was to receive any support.

Like the social sciences, support for pure mathematicians was not guar-
anteed at first when the NSF was established. As Mark Solovey has shown,
some natural scientists and administrators argued that the social sciences
should be left out of the NSF for not being scientific enough and for their
association with left-wing ideology. To gain access to the funding oppor-
tunities presented by the NSF, several social scientists began insisting that
their work was scientific and had a social utility, by advancing American
progress at home and abroad. Pure mathematicians did not have to argue
for the objective nature of their work. Perhaps more than any other sci-
ence, mathematical theory was seen as value-neutral. However, they did
have to account for its utility. And, while the social scientists did so by
directly considering “national needs and the type of knowledge that could
best advance the healthy development of the United States as a dynamic
modern society and leader of the free world,” mathematicians did so by
appealing to abstraction.”

Chicago mathematician Adrian Albert was one of several pure math-
ematicians who in the 1950s forcefully advocated for support for pure
mathematics. During the war, Albert worked for the Applied Mathe-
matics Panel and also became interested in cryptography, but his main
area of research was abstract algebra. In 1952, as chair of the Division of
Mathematics at the National Research Council, Albert wrote a memo-
randum on the support of mathematics to the members of the Division
of Mathematical, Physical, and Engineering Sciences of the NSF. Albert
explained that the reason for the memorandum was the mathematical
community’s strong dissatisfaction with support for mathematical re-
search. “The fundamental role of mathematics in modern science,” Albert
began, “becomes increasingly evident daily as mathematical concepts,
techniques, and modes of thought are adopted in sciences from phys-
ics to the study of social behavior.”?® However, this importance was not
reflected in the support the field had received so far. It was the goal of his
memorandum, he emphasized, to increase the NSF’s overall support of
the field.

To make his case, Albert listed the subfields of mathematics, which ac-
cording to him were algebra, analysis, geometry, and topology. “The field
called applied mathematics,” he wrote, “has not earned the right to be
called a major field since the great advances in mathematics have taken
place in the pure fields listed above, and it is the ideas, techniques, and
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modes of thought of these fields which are finding the broad applications
to other sciences today.”” According to Albert, applied mathematics, at
least as developed in the United States, was just not sufficiently advanced
to warrant equal representation among the rest of the mathematical fields.®

Albert reported that despite these facts, recent support patterns of the
NSF revealed that 77 percent of the budget afforded to mathematics went
to fields of applied mathematics, 17 percent to analysis, and only 6 percent
to other fields of pure mathematics. Given the significance of research in
pure mathematics, Albert suggested, there was a clear imbalance in the
foundation’s allocation of funds to the field. This meager share for sup-
port in pure mathematics was even more worrisome, Albert argued, given
that research in applied mathematics, unlike studies in pure mathematics,
was already receiving support from military bodies. There was no reason,
according to Albert, that four out of the eight mathematics consultants
for the National Science Foundation were applied mathematicians. Al-
bert elaborated on that point in an earlier draft of the report. The field
of applied mathematics, he wrote, could “be readily justified as a ‘related’
topic by a military agency,” and so its support [would] undoubtedly con-
tinue. Moreover, since analysis served as the bedrock of most work in the
field, “the concept of relatedness [could] be stretched to include that field
also.”*! Despite the fact that “the really fundamental advances in math-
ematics” had been in “the more abstract parts” of the field, they had for
the most part been neglected by the various military agencies. According
to Albert, mathematicians did not object to this policy by the military, but
they nonetheless expected the NSF to balance this tendency by emphasiz-
ing its support for pure mathematics.

What Albert, Duren, and many others recognized was that mathemati-
cians needed to reconfigure the relation between pure and applied mathe-
matics according to the prevailing discourse of the time. Published in 1945,
Vannevar Bush’s Science: The Endless Frontier functioned as a blueprint
for postwar federal funding for the sciences. Bush’s great accomplishment
after the war was to convince the federal government to support basic
scientific research and as a result, the language of basic and applied re-
search dominated discussions of scientific research. As Bush wrote in his
report, “New products and processes [were] not born full-grown,” but re-
sulted from “basic scientific research. Basic scientific research is scientific
capital.”® Government support was always understood in terms of fu-
ture utility. But how to distinguish “basic” from “applied” mathematics?
What would such a distinction even mean? The problem was that pure and
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applied mathematics did not fit neatly within the basic and applied dichot-
omy that dominated scientific discourse of the period. Applied mathemat-
ics did not necessarily equal “applied research.” This could be the case,
but it was in no way necessarily so. Indeed, until World War II, applied
mathematics was almost by definition basic research. Research in fluid dy-
namics or elasticity theory, which belonged squarely within applied math-
ematics, could be directed toward practical ends, but it could just as easily
be labeled “basic” research.

This issue had already created tension during the war. In a November
1943 diary notice following a trip to Washington, Richard Courant re-
ported that recent memoranda issued by the Applied Mathematics Panel
(AMP) had been criticized by officers in the Naval Ordnance for being
“too academic.”® Two months later, following a discussion with math-
ematician Hermann Weyl, Courant wrote to Weaver, “Weyl’s papers on
shock waves were discussed. They seem to be of such purely mathematical
almost axiomatic character that publishing them as N.D.R.C. reports or
memoranda might seem objectionable.”** Even though shock wave theory
was of direct interest to the military, and despite the work taking place
under the auspices of the AMP, it was nevertheless considered too theo-
retical to be deemed practical. Weyl’s papers could be classified as applied
mathematics, but they were basic, not applied research.

When attached to mathematics, that is, the adjective “applied” had be-
come misleading. Unlike mathematization, which denoted the appropria-
tion of mathematics by other disciplines, “applied mathematics” was con-
cerned with the construction of mathematical theories.*® In that regard,
the field was more akin to mathematical physics. However, if research in
applied mathematics occupied the position of basic research, what po-
sition in the new funding landscape would be left for research in pure
mathematics? Which subfields of pure mathematics should the NSF sup-
port? Did research in algebraic topology deserve to be labeled “basic”
research? It was clear that aerodynamic theory had military applications,
but what about homological algebra? Who should decide? And how
could one assess the utility of those “modes of thought” attributed to pure
mathematics?

In the first decade after World War II, the mathematical community
could not settle on clear answers to these questions. Rather, grappling
with them within the new institutional framework of the postwar period
gave rise to increasing tensions between pure and applied mathemati-
cians. In December 1954, Albert reported in an internal university memo
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that he had just returned from the International Congress of Mathemati-
cians in Amsterdam, where he served as chair of the United States delega-
tion. “During the meetings,” he added, “I took the vital steps necessary to
settle a very nasty dispute between M. H. Stone, representing the interests
of pure mathematicians, and F. J. Weyl, J. Tukey, and S. S. Wilks, represent-
ing the interests of applied mathematics.”* The “nasty dispute” Albert re-
ferred to had begun a few months earlier, when a draft of a new national
report on the state of applied mathematics in the United States was cir-
culated among leaders in the community. The controversy illustrates the
mathematical community’s first attempts to come to terms with the new,
postwar national funding structure.

Secular vs. Monastic

“If the National Research Council is to support an attack on pure math-
ematics,” Saunders Mac Lane wrote to Leon Cohen in July 1954, “this at-
tack should be specifically labeled as such and not mixed in with a careful
analysis of the nature of the applications of mathematics.”?” Mac Lane had
just completed reading an early draft of the final report of the Commit-
tee on Research and Training in Applied Mathematics and he was angry.
A few weeks before he received Mac Lane’s letter, Cohen, who only a
year earlier had become the program director for mathematical sciences
at the NSF, had expressed his own dissatisfaction with an early draft of the
report. In a letter to Joachim Weyl, the author of the report, he wrote, “I
hope that it will undergo a fundamental revision before publication.”* In
May, a copy of the report was presented at the annual meeting of the Di-
vision of Mathematics at the National Research Council, leaving several
attendees incensed. Most of the outrage was triggered by a specific section
of the report titled “Applied Mathematics in the Scientific Community.”
Noting that the section had “been interpreted as a violent attack on the
American Mathematical Society,” Albert, the current chair of the divi-
sion, circulated a copy of it among members of the division and leaders
in the society.

In response, Marston Morse announced that he would vote for the report
only if the “paragraphs with the political implications [were] eliminated.”*
Stone, who was an official member of the committee, was even more out-
raged. In June, he wrote to Detlev Bronk, president of the National Acad-
emy of Sciences, and William Rubey, chair of the NRC, in protest. Weyl and
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other members of the committee, Stone proclaimed, desired to publish as
part of the final report “statements about the mathematicians and math-
ematical organizations of the country, which seem[ed] to be misleading,
offensive, and destructive.”*! He also announced that because attempts to
convince the committee to change its report had proven futile, he would file
a minority report.

The Committee on Research and Training in Applied Mathematics had
been established two years earlier. In April 1952, as chair of the Division
of Mathematics, Morse sent a letter to Alan Waterman at the NSF, Mina
Rees at the Office of Naval Research (ONR), and representatives of the
Office of Ordnance Research and Air Research and Development Com-
mand announcing the appointment of the new committee. Its goal, Morse
explained, was to study what universities, the government, and industry
could do to support research and training in the field. Asking for financial
support for the committee’s work, Morse noted that the above organiza-
tions had a “natural interest” in the results of such a study.” Despite the
obvious growth of applied mathematics in the aftermath of the war, by the
early 1950s the field was not prospering as some had hoped. The confu-
sion that had surrounded the constitution of the field in the immediate
aftermath of the war persisted. Moreover, the field failed to take hold in
traditional academic departments, both in terms of faculty appointments
and graduate training. The committee was in charge of surveying current
trends and making future recommendations.

“Applied Mathematics in the Scientific Community” began by declar-
ing that there existed “a deep-running undercurrent of feeling to the ef-
fect that the applied aspects of mathematics and those who ha[d] a con-
cern therewith fail[ed] to receive their due respect and recognition in the
representative organizations of American mathematics.”* It suggested
that since the philosophy and interests of these organizations affected the
development of the field writ large by influencing students, publications,
and the allocation of funds, it was of paramount importance that these
organizations had an accurate understanding of the constitution and im-
portance of the field.* As noted in chapter 2, in its overall conception of
mathematics, the report adopted a similar view to that of pure mathemati-
cians by emphasizing modern axiomatics. The grounds for the dispute, as
such, were not intellectual but social.

The report identified three factors that impeded one’s true appreciation
of applied mathematics. The first misconception the report singled out had
to do with the supposed “creative freedom” the applied mathematician, “es-
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pecially when in non-academic employment, enjoy[ed],—or, rather fail[ed]s
to enjoy.” Since the applied mathematician was “supposedly bound to pro-
duce specific results,” he tended to be seen as “a professional craftsman,
plying a trade he learned,” as opposed to doing original and creative work.
The second misimpression the report identified was the belief that applied
mathematicians only solved “dull problems by repulsive means.” Finally,
there was an “impalpable ever-present haze of suspicion” that abstractly
minded mathematicians could, if so inclined, do a better job than “their ap-
plied cousins by the bothersome problems of the world around us.” All
three misconceptions, the controversial section suggested, prevented ap-
plied mathematicians from fully taking part in American universities. The
report emphasized that what hampered the growth of applied mathematics
was not a lack of funding or institutional support, but deeply rooted ideas
about the supposed hierarchy between pure and applied mathematics.

A main agitator behind the report was Richard Courant. In January
1954, he pleaded with Weyl to emphasize in his writing the sociological
aspects impeding the growth of applied mathematics. “The rulers of math-
ematics as an activity in the academic world,” Courant explained, tended
to exclude applied aspects of mathematics from influence.* He added,
“Vital interests, not only of the insignificant mathematical fraternity, but
of the country, and I dare say of the free civilization” were at stake. Cou-
rant was one of the many German Jewish émigrés who had arrived in the
United States during the 1930s. A well-respected mathematician and an
expert in mathematical physics, Courant had received his PhD in 1910
under the supervision of Hilbert. Upon his arrival in 1934, Courant ac-
cepted an appointment at New York University, where he set out to es-
tablish a mathematical school dedicated to the close interaction between
pure and applied mathematics. He was joined three years later by two
young mathematicians, Kurt O. Friedrichs and James Stoker. Friedrichs
had been forced out of Germany after marrying a Jewish woman. Stoker,
who was born in Pittsburgh, was recommended to Courant by George
Polya, with whom he had spent time in Zurich. Over the next two decades,
the three men served as the core of the mathematical group at NYU. They
collaborated on numerous projects, wrote papers and books together,
and trained an entire generation of American applied mathematicians.
Courant supervised twenty-two students after his arrival at NYU, Fried-
richs surpassed him by training thirty-six, and Stoker managed to exceed
Friedrichs by one. Yet their road was rocky and often felt as though it ran
uphill.¥
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Not long after his arrival in the United States, Courant began warning
against what he perceived as the unbalanced emphasis on pure mathemat-
ical research in the country. In 1941, Courant published a book entitled
What is Mathematics? in which he asserted his vision for the future devel-
opment of mathematics. The most important task facing mathematics in
future years, he announced, was “to establish once again an organic union
between pure and applied science and a sound balance between abstract
generality and colorful individuality.”* War mobilization was the perfect
condition under which Courant could advance his cause. The group Cou-
rant gathered around him began consulting on a range of military prob-
lems as soon as mobilization kicked into high gear, and once the Applied
Mathematics Panel was established, the relationship was formalized. Cou-
rant worked closely with Weaver during the war, and the two men shared
similar aspirations for applied mathematics. However, this initial reliance
on the defense establishment would become a double-edged sword for
Courant’s group. After the war ended, the group remained completely de-
pendent on military projects to support its operations.

The first contract grant Courant’s group signed after the war was with
the Office of Naval Research for a study on “fluid dynamics and math-
ematical physics.” This initial contract extended more than a decade and
was supplemented over the next couple of years by additional contracts.
For example, in 1951 the ONR signed another contract with the group for
a study of the “formation of jets and their stability.” The ONR was not,
however, the only military agency that began supporting the group’s re-
search. The Army Department signed a contract in 1952 for a study of the
“theory of subsonic and transonic fluid dynamics.” This reliance on out-
side contracts steadily increased in the decade following the war. By 1958
Courant’s group was conducting research for twelve separate agencies,
from the Air Force and the National Security Agency to the National Sci-
ence Foundation.® Its annual budget rose from approximately $125,000 in
1946 to about $2.5 million in 1958.%

Courant’s group at NYU was completely dependent on these outside
contracts. It was not only used to support the research staff and gradu-
ate students, but even some of the salaries of the senior mathematicians
in the institute were paid through contract money. This dependency on
contract money set applied mathematicians apart from their peers in
pure mathematics, who were supported more directly by their universities
and were therefore free to pursue research of their own accord. In 1953,
commenting on the support structure for the institute, Courant noted,
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“We feel that this support can be accepted with good conscience. We are
trying to help our sponsors in a number of partly classified specific and im-
portant subjects. Before all, we are convinced that our existence and our
work contribute to creating a reserve of competent people which would
be prepared to help if and when an emergency should occur.” Yet he im-
mediately added, “Such one-sided support obviously is not a healthy basis
for our far-reaching objectives.””! In enumerating the future objectives of
the institute, Courant explained that despite the fact that “in the present
emergency” a fair amount of classified work was justified, the emphasis in
the future should be on “basic research.”*

Other applied mathematics institutes that were set up after the war
fared similarly. For example, Albert Bowker, who served as the first di-
rector of the Applied Mathematics and Statistics Laboratory at Stanford,
described the group as “a kind of a holding company for government proj-
ects.” In addition to the source of funding, the organizational structure
of these groups also set them apart from pure mathematics. The Stan-
ford Laboratory established in 1950 was modeled directly on the Applied
Mathematics Panel’s Statistical Research Group at Columbia University,
and some of the early statistical work it produced, on sampling inspection,
for example, originated in war research. During the 1950s, the scope of
projects expanded to include research in mathematical economics, math-
ematical techniques in the social sciences, and classical applied mathemat-
ics, but the organizational pattern remained the same. Bowker explained,
“The idea from the beginning was to construct a research laboratory with
students and faculty working on problems, many of which would come
from applied fields; to treat students as colleagues.”* Such emphasis on
collaborative research was alien to most pure mathematicians of the time.

Thus, while military and federal funding had been crucial to the growth
of applied mathematics, in the war’s aftermath it also set applied math-
ematics apart institutionally, organizationally, and financially. The empha-
sis on teamwork, organized projects, and outside support created a clear
structural distinction between research in applied and pure mathematics.
This explains why Courant pushed the young Weyl to emphasize “socio-
logical” factors. Indeed, when Stone announced that he would write a mi-
nority report, Courant acknowledged that having the committee unani-
mously accept the report would be preferable, but added, “It would not do
any good to soft pedal what seems to many of us very important aspects of
the situation.”” When it came to applied mathematics, paying the bill was
not sufficient for the success of the field. It might have even hurt it, as it
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set it apart from pure mathematics and only entrenched the views of some
that applied mathematics was less prestigious than pure mathematics.

To be fair, the applied mathematicians on the committee did more than
just argue for the importance of applied research. They also—and here
again Courant’s influence was noticeable —criticized pure mathematicians
for being too abstract. While the report celebrated modern axiomatics,
it also warned that being pushed to an extreme by pure mathematicians
could render mathematics futile. The growing tendency toward specializa-
tion and axiomatization, the final report proclaimed, had the “danger of
a deterioration of mathematics to the level of manipulating esoterically
arbitrary symbols.” It added, “This is pure mathematics in its most barren
form.” As if this were not enough, the report distinguished not between
pure and applied mathematics, but instead between what it parsed as “mo-
nastic” and “secular” mathematics: “Monastic mathematics. . . , in turn-
ing down the road of completely detached, self-motivated abstraction,
renounces any commitment to the particular world in which we live.”*
The report challenged the idea that research in abstract algebra or topol-
ogy would have any future applicability. Pure mathematicians, in this view,
were pursuing knowledge for its own sake with no consideration as to how
or whether it might have any future use.

In defending pure mathematical research, mathematicians turned again
to abstraction. The portrayal of pure mathematics in the report, Mac Lane
added, was misguided and “ignore[d] the sense in which all mathemati-
cians [were] concerned with basic classical problems.”’ These problems,
he added, “deal[t] with basic mathematical substance which [was] based
on fact and on physics in exactly the same way as [were] the applications
listed in the report.”® Mac Lane maintained that even though it might
not be immediately apparent how category theory related to mechanics,
the connection could be established.* Long and detailed, Stone’s minority
report put forward his own vision of mathematical knowledge. “Though
concentration of one’s attention on the details might at first seem to indi-
cate the contrary,” he wrote, “pure mathematics does in fact continue to
revolve about the great central problems of number theory, of geometry,
and of analysis, which deal with matters fully as concrete as the abstrac-
tions of the atomic or nuclear physicist.”® Stone’s argument was twofold.
Like Mac Lane, Stone held that classical and modern mathematics were
not separate. As long as classical mathematics deserved to be supported,
Stone argued, pure mathematics did as well. Moreover, Stone insisted that
the abstractions of mathematicians were not unique, but instead were “as
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concrete as the abstractions of the atomic or nuclear physicists.”® His rea-
soning relied upon the new understanding of mathematization, according
to which the concepts of physics were defined analytically rather than phe-
nomenologically, and hence were as abstract as those of mathematicians.

Albert eventually managed to broker a truce among the group by con-
vincing the applied mathematicians to remove some of the more “con-
troversial” paragraphs, which discussed the social factors impeding the
growth of applied mathematics, from the final report. In the following
decade, as funding for mathematics increased, the initial tension between
pure and applied mathematicians subsided. Nonetheless, as the number
of graduate students in mathematics concomitantly increased exponen-
tially, pure mathematicians continued to dominate academic mathematics.
They did so, at least partially, by doubling down on the utility of abstrac-
tion. Modern abstraction, they argued, was the source of the field’s grow-
ing applicability. The abstract nature of high modernist mathematics did
not prevent it from being useful, but rather was wholly responsible for its
utility.?

On the Unreasonable Effectiveness of Mathematics

In 1959, physicist Eugene Wigner delivered a lecture at New York Univer-
sity titled “The Unreasonable Effectiveness of Mathematics in the Natural
Sciences.” In his speech, which was published and publicized a year later,
Wigner asked what might explain mathematics’ incredible ability to de-
scribe natural laws. “The enormous usefulness of mathematics in the natu-
ral sciences,” he said, “is something bordering on the mysterious and . . .
there is no rational explanation for it.”® No rational explanation, Wigner
insisted, could account for the utility of abstract mathematical concepts in
physics. This fact, according to Wigner, was not merely a curiosity. Rather,
it was nothing less than “the empirical law of epistemology.”* To truly
appreciate the novelty of Wigner’s claim it is enough to circle back to the
work of the logical positivists, for whom Wigner’s “empirical law of epis-
temology” would have been heresy.

In 1933, more than a quarter century before Wigner would address his
audience at NYU, Hans Hahn, mathematician and early member of the
Vienna Circle, approached the same problem from a different perspective.
In “Logic, Mathematics, and Knowledge of Nature,” Hahn similarly asked
what the relationship was between mathematics and natural laws. Like
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Wigner, Hahn found the idea that preconceived mathematical concepts
could account for natural laws to border on the numinous: “The idea that
thinking is an instrument for learning more about the world than has been
observed, for acquiring knowledge of something that has absolute validity
always and everywhere in the world, an instrument for grasping general
laws of all being, seems to us wholly mystical.”® Yet rather than elevating
this proposition into an epistemological rule, as Wigner would, Hahn’s
goal was to discredit it: “Why should what is compelling to our thought
also be compelling to the course of the world? Our only recourse would
be to believe in a miraculous pre-established harmony between the course
of our thought and the course of the world, an idea which is deeply mysti-
cal and ultimately theological.”® Like his fellow logical positivists, Hahn
held that there was no place for metaphysics in a theory of knowledge
and, hence, nothing could have been more fundamentally incorrect than
to place mystery at the heart of epistemology.

A theoretical physicist, Wigner did not approach the question with
the same philosophical rigor as Hahn had. However, the discrepancy in
their views was not simply due to their respective idiosyncrasies. Rather, it
reflected broader intellectual transformations that had taken place in the
ensuing decades. Both Wigner and Hahn were interested in the relation
between mathematical ideas and theories of the natural world, yet the core
question that occupied each one was inherently different. Whereas Hahn
queried the relation between theory and observation, Wigner wanted to
know how “pure” mathematics could find application in physical laws.
Both men were concerned with the applicability of mathematics, but their
interests reflected different social and intellectual concerns.

Philosophers and various scientists have commented and extended
upon Wigner’s thesis since its publication in 1960, but what has been less
remarked upon is the way in which Wigner’s ideas were quickly adopted
by mathematicians in the 1960s to defend the growth of pure mathematics.
“The miracle of the appropriateness of the language of mathematics for
the formulation of the laws of physics,” Wigner concluded his essay, “is a
wonderful gift which we neither understand nor deserve.”®” Mathemati-
cians could not ask for a better champion than Wigner. In the following
years, they began pointing directly to his “miracle” to justify the continued
support of the federal government for their studies, regardless of how ab-
stract they were.

The notion that mathematical ideas that were developed independent
of nature would nonetheless be useful to the theories of physics predates
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Wigner. They had most recently been reinvigorated by both Einstein’s
general relativity theory and quantum theory. This was, after all, the im-
petus for Hahn and the logical empiricists’ philosophy of science.®® What
Wigner did was update the underlying quandary for the postwar years, of-
fering mathematicians a rationale with which to argue for abstract math-
ematical research. If the applicability of mathematics was a mystery, then
not only were mathematicians justified in pursuing mathematical abstrac-
tion, but there was also no real pressure to emphasize applied mathemat-
ics. This is not to say that this was Wigner’s intention. But at least in some
mathematical circles, this was how his thesis was interpreted.

Wigner did not directly comment on the abstract nature of contempo-
rary mathematics, but in 1966, Albert, Mac Lane, and three of their col-
leagues at the University of Chicago made the connection. The occasion
was the publication in Science of a speech by Richard Hamming, a math-
ematician working for Bell Laboratories and a well-respected pioneer in
the then-burgeoning field of computing. Entitled “Numerical Analysis vs.
Mathematics,” the article suggested that practitioners of numerical analy-
sis should align their work with scientists rather than mathematicians.” In
its objectives and methods, Hamming argued, numerical analysis differed
from modern mathematical taste. While the emphasis in numerical analy-
sis was on the methods used and their clear articulation, in mathematics it
was on the precise and rigorous demonstrations of results.

Hamming clearly indicated that his goal was not to criticize mathema-
ticians, but rather to draw attention to the differences between the two
activities. Yet this was no comfort. Not long after the article was published,
Albert, Mac Lane, and their colleagues shot off a letter to Science protest-
ing Hamming’s “attack” on mathematics.”” One paragraph in particular
had angered these five Chicago mathematicians. Describing contempo-
rary mathematical research, Hamming noted that, unlike in classical times,
the postulates of contemporary mathematical theories no longer bore any
clear relation to observational data: “It is difficult to imagine how by ap-
peal to observations many of the postulates of current mathematics could
either be verified or shown to be unsuitable, and one can only conclude
that much of modern mathematics is not related to science.””* The Chi-
cago mathematicians were exasperated. Such a claim, they believed, was a
grievous and damning misrepresentation of contemporary mathematical
research.

To correct this false depiction, the five authors began by outlining the
basic idea of modern axiomatics. The measure of an axiomatic system,
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they explained, was the new information it provided about the context
from which it arose, but this context did not need to be, they insisted, a
system of “material objects.” On a higher level, acts and processes such
as counting or measuring could also serve as the underlying context for
a mathematical theory. In fact, this process could keep going indefinitely:
“Once crystallized in a definite form and proved fruitful, the acts and pro-
cesses and objective difficulties may provide the context for the creation
of a new mathematical theory on a higher level by a new act of mathemat-
ical abstraction.””? In their view, it was these successive acts of abstraction
that fueled mathematical research.

By describing mathematics as an ongoing process, the Chicago math-
ematicians seem to have corroborated rather than disproved Hamming’s
claim: in its most abstract reaches, the postulates of mathematics were in-
deed not privy to observational verification. However, they had intended
the opposite claim. The nonobservational nature of some mathematical
theories did not mean that mathematics was not “related” to science. Far
from it, they claimed; it was exactly this process of “abstraction piled upon
abstraction” that “ha[d] made mathematics a significant tool and a dy-
namic force in the development of the physical sciences.””® The divorce
of mathematics from its close bond to reality, in their view, only increased
its potential utility in science. They invoked Wigner to support their claim:
“It is a paradox which lies at the heart of what Wigner has called ‘the un-
reasonable effectiveness of mathematics in the natural sciences.””’* High
modernist mathematical rewriting was not an impediment to mathemati-
cal utility, but its cause.

Five years earlier, in January 1961, Stone was invited to give a talk at
the Annual Meeting of the Association of American Colleges in Denver,
Colorado. The association invited two representatives of the social sci-
ences (Ben W. Lewis and David B. Truman), two of the humanities (Brand
Blanshard and J. N. Douglas), and two of the natural sciences (Stone and
John A. Wheeler) to provide an overview of their respective fields, ori-
ented toward teaching undergraduates. Stone offered a broad overview of
modern mathematics and called for an overhaul of the education system
in light of the growing influence of science on any aspect of human life.
Stone’s vision of mathematics was all-encompassing. “Mathematics,” he
explained, “has to be regarded as the corner-stone of all scientific thinking
and hence the intricately articulated technological society we are busily
engaged in building.”” Stone emphasized that contemporary mathemat-
ics had been characterized by an emphasis on abstraction defining mathe-
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matics as the “study of general abstract systems.” While he did not refer to
Wigner directly, he, too, remarked that the fact that these abstract systems
often served as “models for portions of reality” was “kind of accidental
and to a certain extent arbitrary.”’

The most exciting development in the twentieth century, Stone contin-
ued, had been the increasing penetration of mathematics into not just the
natural sciences, but the human sciences as well. As new “situations” came
under the purview of mathematical analysis, the true power of mathemat-
ics, he claimed, became clear: “It may seem to be a stark paradox that, just
when mathematics has been brought close to the ultimate in abstractness
its applications have begun to multiply and proliferate in an extraordi-
nary fashion.””” However, Stone assured his listeners that, “far from being
paradoxical,” the two opposing trends in the development of mathematics
had the same source: “For it is only to the extent that mathematics is freed
from the bounds which have attached it in the past to particular aspects of
reality that it can become the extremely flexible and powerful instrument
we need to break paths into areas now beyond our ken.”’® Here, Stone
expressed in the most direct way the theory of knowledge that came to
dominate some mathematical circles after the war. Mathematical theory
was independent of the physical world, but this did not entail that it was
not applicable to theories of the world. The opposite was true —it was the
abstract nature of contemporary mathematics that made it so useful.

It would be easy to dismiss Stone, Albert, Mac Lane, and other pure
mathematicians as cynically attempting to ensure funding for mathemat-
ics, but this would miss how widely the belief in the utility of abstraction
had become accepted among mathematicians. The problem mathemati-
cians faced was profound: What accounted for the unprecedented appli-
cability of mathematics? And how could it be squared with the continual
turn toward high abstraction by pure mathematicians? In the mid-1960s,
the mathematical community resolved to answer these questions. The oc-
casion was once again a national report, this time one which aimed to
forward a holistic vision of all of mathematics, not just applied mathemat-
ics. The Committee on Support of Research in the Mathematical Sciences
was, by all accounts, a massive undertaking. The committee commissioned
surveys on a range of topics from undergraduate to graduate education
and employment opportunities. In addition to the committee’s official
members, which included Joachim Weyl and John Tukey, approximately
forty-five additional highly respected mathematicians took part in the
work.” When all was said and done, they produced a long report, two
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additional surveys on education, and an edited volume of essays on mod-
ern mathematics.

In many ways, the final report and the work of the committee testify to
the great changes the American mathematical community had undergone
since the early 1950s. The report can be read as a conscious attempt to
avoid the battles of the 1950s, as is evident in its choice of terminology.
The report dismisses altogether the division between pure and applied
mathematics or, more accurately, the notion of pure mathematics. Instead,
the authors suggest the term “core mathematics” to refer to traditional
disciplines such as logic, number theory, algebra, geometry, and analysis:
“The name ‘pure mathematics’ is unfortunate since it implies a monastic
aloofness from the world at large and an isolation from its scientific, tech-
nological, and social concerns. Such an aloofness may be characteristic of
some mathematicians. It is certainly not characteristic of mathematics as
a collective intellectual endeavor.”® “Core” located pure mathematics at
the very heart of the scientific project.

Announcing that mathematics now played a part in every domain of
modern life, the report asserted that the postwar period had witnessed noth-
ing less than the “mathematization of culture.” Faster airplanes, longer-
ranging rockets, better-designed gas turbines and radio antennae, and more
accurate prediction of satellite orbits were all celebrated as examples of
mathematics-based technologies. Examples abounded, and the message
the report conveyed was clear: mathematics was foundational to the life
of the nation. Despite this utilitarian view of mathematics, when it came to
defining what mathematics was, abstraction was the answer: “In a simplified
way mathematics consists of abstractions of real situations, abstractions of
abstractions of real situations, and so on.”® It then added, “It is surprising
but frue that these abstractions of abstractions often turn out to further our
knowledge and control of the world in which we live.”® I point to this report
because it demonstrates that these ideas were not limited to the musings of
one or two mathematicians, but also appeared in the culmination of an at-
tempt by a wide cross- section of the mathematical community to arrive at
some consensus as to what mathematical knowledge was.

Applied mathematicians similarly adhered to Wigner’s mystery. Rees,
who advocated on behalf of applied mathematics throughout the post-
war period, concluded in an essay on the nature of mathematics that the
“realms conquered by mathematics solely because of their intrinsic inter-
est to mathematicians ha[d] provided in the part, and continue[d] to pro-
vide, parts of the conceptual framework in which other scientists view[ed]
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their world.”® In an essay on “the applicability of mathematics,” Stanis-
law Ulam, who is most famous for his work on the design of the thermo-
nuclear bomb, also advanced an abstractionist theory of knowledge. He
wrote, “Current research in mathematics tends toward ever-more-varied
abstraction. Yet the most far-reaching excursions into mathematical the-
ory may lead to applications not only within mathematics itself but also in
physics and the natural sciences in general.”® True, Ulam conceded, much
of published mathematics was esoteric and specialized, but one should
think of those papers as “ ‘patrols’ sent into the unknown in all directions.”
He then added, “Philosophically it is curious that mathematical idealiza-
tions which at first sight seemed ‘irrational’ have led to the most useful
and practical consequences.”® That both pure and applied mathemati-
cians gestured toward Wigner’s unreasonableness argument in order to
explain the applicability of mathematics indicates how pervasive his idea
had become by the late 1960s.

However, in appropriating Wigner’s ideas, mathematicians also amended
his argument and expanded it beyond its original context. The so-called
mystery of mathematics was no longer confined to its function as a de-
scriptive language, but now extended to both prescriptive theories and
technological innovations. This revision of Wigner’s ideas was apparent in
the 1968 report which, among the “surprising” applications of pure mathe-
matics, included not only the customary examples of the use of differential
geometry in relativity theory and matrix algebra in quantum mechanics,
but also the use of Boolean algebra in computer architecture. Moreover,
it seems that, to the authors of the report, what was surprising was not
that independent mathematical concepts found expression in objective
natural laws, but the ubiquity of the phenomena, which they now read
into every application from engineering to communication technologies
and aeronautics.

In 1969, Joachim Weyl coedited The Spirit and the Uses of the Math-
ematical Sciences with operations researcher Thomas L. Saaty. Opening
their introduction, they wrote, “Everyone, layman and professional alike,
who has been in touch with mathematics in recent years had been deeply
impressed by the extent to which its forms of reasoning have spread into
practically all aspects of modern life.”® This growth, they added, was the
outcome of two forces—on the one hand, development internal to the
mathematical sciences, and on the other, its “inevitable application (its
‘unreasonable effectiveness, as Eugene Wigner’s article says) in science
and technology to produce dams, power grids, innovations in medicine,
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new crop varieties, and a multiplicity of other items required by the world
today.”® Indeed, the two editors chose to reprint Wigner’s article in their
book alongside articles on the uses of mathematics in risk assessment,
computers, operations research, and economics.

The difference might not seem to have amounted to much at first, but it
was significant. Claiming that it was puzzling that autonomous mathemat-
ical ideas manifested in laws of nature that presumably existed indepen-
dent of human thought was one thing; arguing that it was remarkable that
independent mathematical ideas appeared in contemporary technologies
was another matter. After all, computers, communication technologies,
and ballistic rockets do not exist independent of human thought. They are
by definition the creations of human minds. A deterministic perspective —
that is, the belief that all of the contemporary developments described in
the report were inevitably as they are—is the unstated assumption un-
derlying the mystery thesis. As if it were absolutely necessary that mod-
ern computer architecture would depend on Boolean algebra! Wigner
knew this. Having stated his epistemological law, Wigner was quick to ask
whether the surprising appearance of independent mathematical con-
cepts in natural laws meant that they could be stated otherwise: “It is just
this uncanny usefulness of mathematical concepts that raises the question
of the uniqueness of our physical theories.”® If our natural laws could be
expressed mathematically in more than one way, the “mystery” would not
be so enchanting. It is only if you believe the laws of nature exist indepen-
dent of human thought that their mathematical expression demands awe,
but can the same be said of a power grid?

Historians of science have long agreed that the division between basic
and applied research is constructed and that any attempt to draw clear
distinctions between the two is bound to fail. What postwar mathemati-
cians did was practically dismantle the notion of utility in mathematical
research. The case for pure mathematics had to be made. During World
War II the scientific elite of the country were not enamored with the lead-
ers of the mathematical community. To ensure pure mathematics would
be included among the new fields vying for military and federal support,
these leaders had to stretch and question the notion of utility itself, and
they succeeded. At a time when scientific mobilization in the country
pointed in one direction, pure mathematicians stubbornly refused to fall
in line with the majority. Not only were they able to remain in the ivory
tower, but their success also impeded the growth of applied mathematics.
This was the true paradox.
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The Education of the Applied Mathematician

The irony is that Wigner delivered his famous lecture as the inaugural
Richard Courant Lecture at NYU. The lecture series had been founded
a year earlier by some of Courant’s friends and colleagues in celebration
of his seventieth birthday. The ideas expressed in Wigner’s lecture would
not only help pure mathematicians maintain autonomy over their field,
but also stifle the growth of applied mathematics. The belief that the real
strength of mathematics was its power of abstraction remained a hurdle
applied mathematicians had yet to surmount. No one was more cognizant
of this fact than Courant. After he read a published version of Stone’s lec-
ture to the Association of American Colleges, he took Stone to task during
a meeting of applied mathematicians. Stone’s article, Courant explained,
attributed the success of modern mathematics to its detachment from real-
ity and its abstract nature. Lightly caricaturing Stone’s argument, Courant
announced, “Thus, the mathematical mind, freed from ballast, may soar to
heights from which reality on the ground can be perfectly observed and
mastered.”” Courant did not disagree with Stone on that point. Rather, he
believed that, especially as they applied to education, Stone’s ideas were
simply one-sided. “The danger of enthusiastic abstractionism,” he wrote,
“is compounded by the fact that this fashion does not at all advocate non-
sense, but merely promotes a half-truth. One-sided half-truths must not
be allowed to sweep aside the vital aspects of the balanced whole truth.”*!
The abstractionist theory presented by Stone was not incorrect, but neither
was it the whole story. What was necessary, on Courant’s account, was to
counter this abstractionism with a mathematics rooted squarely in real-
ity: “Abstraction and generalization [are] not more vital for mathematics
than individuality of phenomena and, above all, not more than intuition.”*?
Courant wished to focus on the interplay between the two.”

The problem was that besides the NYU group, there were not many
institutions in the US where the abstract approach was balanced by an
emphasis on mathematical theory rooted in physical reality. Even dur-
ing the 1960s, when the overall growth of mathematics accelerated, ap-
plied mathematics remained marginal. For example, a 1961 survey found
that out of ninety-five American institutions offering graduate training
in mathematics, only forty-nine offered specialization in applied math-
ematics.” In comparison, eighty-six institutions offered specialization in
analysis, seventy-seven in algebra, and sixty-seven in topology. Four years
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later, there were only four departments across the country dedicated
specifically to training applied mathematicians. At the same time, com-
puter science, statistics, and operations research matured into autonomous
disciplines, with their own set of standards and professional associations.
The first computer science department was founded in 1962 at Purdue
University, and by 1967 there were twenty-four such departments across
the country.” Applied mathematics, as a coherent research field, failed to
take hold within academic departments. Pure mathematicians were happy
to point to the numerous applications of mathematics, but they were not
eager to develop them themselves.

The problem with Wigner’s thesis was not just that it provided jus-
tification for pure mathematicians’ research, but that it also called into
question what training in applied mathematics should look like. This issue
came to the fore during a conference dedicated to education in applied
mathematics in 1966. The conference included many leaders in the field,
among whom were C. C. Lin (MIT), Tukey (Princeton), William Prager
(Brown), Courant (NYU), and George Dantzig (Stanford). As in the pre-
vious decade, it was difficult to arrive at a clear consensus as to what ap-
plied mathematics entailed. Over the course of the conference, attendees
debated whether the applied mathematician represented a distinct pro-
fessional identity and if so, how it differed from the pure mathematician,
the theoretical physicist, and the engineer.

During the second day of the conference, Wigner’s predicament sparked
discussion. Werner Rheinboldt, an applied mathematician from the Univer-
sity of Maryland, gave a commentary on the topic of the mathematical cur-
riculum. Rheinboldt focused his discussion on three areas of research that
in recent years had become increasingly pertinent in computing: automata
theory, theory of formal languages, and graph theory and combinatorics.
Having briefly described each of these fields, Rheinboldt concluded by not-
ing that “not one of the three fields discussed here was originally thought of
as having a direct connection with applied mathematics, and their develop-
ment before the advent of computers took scarcely any notice of applica-
tion.” Moreover, he added, “Recent ‘applied” developments in these fields
still are often regarded as being outside their mainstream activity.”*® When
general discussion began soon thereafter, the first to speak was Peter Lax.
A Hungarian émigré, Lax had earned his PhD from NYU and remained
teaching at the institution throughout his career.

Lax took issue with Rheinboldt’s characterization of the relation be-
tween pure and applied mathematics: “I disagree with you in this business
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of how applications interact with mathematics. Maybe I am misinterpreting
your remarks; they seemed to say this is best left to randomness. But as C. C.
Lin remarked, there is a certain filter which influences the probabilities. I
emphatically do not think it should be left to the random subconscious of
the mathematical mind, but it is something that has to be fostered most de-
liberately.””” Lax had perfectly encapsulated what was at stake. If the rela-
tion between mathematical theories and the natural world were, as Rhein-
boldt suggested, unpredictable, then nothing could be done to train applied
mathematicians. After all, it was the job of the applied mathematician to
draw connections between abstract mathematics and the physical world.
And the goal of training was to teach students how to do exactly that.

This was a real point of contention. Lipman Bers, who had been Lax’s
colleague at NYU but had recently decamped uptown to Columbia Uni-
versity, replied to Lax, “I would like to first emphasize a point [on] which
we seem to disagree. This is this matter of surprises, the cases of unexpected
influence of mathematical discoveries in other fields.” He then added, “I
do not believe that we should try to program education for surprises. A
surprise is, by definition, something which cannot be programmed for.”*
Bers did not believe that there should not be a training program in ap-
plied mathematics, but since it was impossible to predict which mathemat-
ics would be useful in the future, the goal of training in the field would be
to provide students with necessary flexibility.”

For Bers, the mystery of mathematics was not a matter of belief, but
rather a matter of historical fact. “It is trite,” he added, “to talk again about
what happened to Einstein when he needed tensor calculus, but it is a fact,
it did happen.” Bers noted that recognizing that this was what happened
in the past does not tell us why it happened, but this was beside the point.
He further suggested that the same “spirit of unity of mathematics should
permeate ... the education of applied mathematicians. This means that the
future applied mathematicians . .. should be trained in the kind of abstract
thinking which helps unify mathematics.”'® The strength of mathematics,
pure or applied, was, according to Bers, abstraction.

Even when they considered the most mundane aspect of education—
which courses to teach and how to integrate research and education—
mathematicians found it impossible to avoid a more philosophical discus-
sion of the theory of knowledge production in mathematics. This fact was
not lost on the participants of the conference. When George Pdlya took
to the stage the next day, he confessed that when the presenters on his
panel had met the night before, their discussion had turned to philosophy.
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“Please, I am not against philosophy, I believe in philosophy,” Polya added.
However, at some point it was crucial to “get down to brass tacks. We
decided yesterday that we shall try to get down to brass tacks, to talk
about concrete things. We shall try. Whether we shall succeed is another
question.”!” The conversation that followed focused for the most part on
concrete programs, but it was impossible not to slip every so often into a
consideration of what applied mathematics was.

Lax was not the only one who implored his colleagues to take an active
approach to application. Barkley Rosser, who directed the Army Mathe-
matics Research Center at the University of Wisconsin—-Madison, returned
to the subject a day later in his address on research programs in applied
mathematics. Although he was trained as a logician, Rosser had spent the
war years conducting research on ballistics. Now, Rosser gave an impas-
sioned speech on the active pursuit of applied mathematics. “You do not sit
in your office with a sign on your door saying ‘Problems solved here’ and
sit back and wait for people to come in with problems,” he told members
of the audience. “We have somehow got to get out in the trenches and run
into some good problems.”'” To bolster his argument, Rosser gave as an ex-
ample mathematician Mark Kac, who, he said, used to walk from one Cor-
nell department to the next asking researchers what they were doing. “He
would interest himself in their problems . . . they would tell him, he would
get all excited about this; pretty soon he was solving problems, too.”' Even
if there was room for mystery in applied mathematics, mathematicians had
to at least know what other scientists were researching.

Rosser touched on one of the main issues that distinguished discussion
about mathematical applicability in the 1930s from similar conversations
being held in the 1960s. When mathematicians in the 1930s noted that pure
mathematical investigation could lead to physical discoveries, they did not
have in mind the postwar mathematicians’ autonomous conception of the
field. In the 1930s, the bond between pure mathematicians and theoreti-
cal physicists was much closer than it would be in the three decades that
followed. Even though Veblen’s and Birkhoff’s main contributions were
in pure mathematics, they were well familiar with contemporary theories
in physics and dedicated much of their energies to the study of general
relativity. By the 1960s, the gap between pure mathematics and physics
felt unbridgeable. Ulam, who attended the conference, commented on the
matter: “I have a feeling if you ask a random mathematician to describe in
two sentences, in his own words, the difference between the neutron and
electron, in the vast majority of cases you would get a complete blank,
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hardly any answer, or any interest, as a matter of fact, at all.”! That Ulam
recognized problems of education begins to show how difficult mathema-
ticians found it to simultaneously hold on to their theory of knowledge
and its practical implications.

Increased specialization on both sides undoubtedly calcified the split
between pure mathematicians and physicists, but mathematicians’ abstrac-
tionism dominated this bifurcation. Classical mathematics’ origin in the
lived world was more obvious. Especially for the younger generation of
mathematicians trained in the postwar period and steeped from the get-
go in abstractionist mathematics, the attachment to classical theory had
been completely severed. Their approach to mathematics was abstraction-
ist through and through.

Kac, whom Rosser praised in his speech, was one of the few math-
ematicians who recognized this predicament and tried to amend it in his
own teaching. He did not dispute the fact that abstract mathematical ideas
could often prove to be useful in unexpected domains, but he insisted that
too often the abstract presentation of a given theory obscured its poten-
tial applicability. In 1959, Kac published a book on statistics and prob-
ability that reads as both an introduction to the subject and a case against
abstractionist mathematics. “In the pages that follow,” Kac writes in the
preface, “I have tried to rescue statistical independence from the fate of
abstract oblivion by showing how in its simplest form it arises in various
contexts cutting across different mathematical disciplines.”'% The modern
trend toward generality and abstraction, Kac argues, had the effect of ob-
scuring not only the underlying ideas and motivation for the development
of a theory but also any clue as to how it might be used.

In one example after another, Kac emphasizes what he terms the “price
of abstraction.” “Unrestricted abstraction,” he writes, “tends also to divert
attention from whole areas of application whose very discovery depends
on features that the abstract point of view rules out as being accidental.”%
In other words, the promise of the abstract point of view—its ability to
home in on the “essential” while ignoring particularities —was also its fail-
ing. Having worked in great detail on a problem about the probability
that a given mathematical series with random plus and minus signs con-
verges, Kac notes that a certain analogy between two different parts of
mathematics emerges. “What is the moral of all of this?” he then asks the
reader. “Could this be achieved if we had insisted on treating ‘heads or
tails’ abstractly?” The choice of words here is not accidental. For Kac and
other applied mathematicians, the abstractionist theory that dominated
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pure mathematics endangered the future of the field. It threatened to
sever mathematics from the lived world, not only in principle but also in
practice. How good could a mathematics theory be if there was no one
around to put it to use?

During the conference on the training of applied mathematicians dur-
ing the postwar period, Bers offered those in attendance another path.
Instead of arguing whether or not it was possible to train for “surprises,”
he suggested mathematicians should look to history: “Let us stimulate re-
search in the history of modern mathematics .. .let us try to find ‘what did
really happen.’ I think if we do we will find that the traditional picture of
problems coming from the outside into mathematics, being solved there
and then going back, is exceedingly oversimplified . .. The true history of
the interplay between applications and pure mathematics is highly inter-
esting and should be studied and taught.”'”” Bers believed that the history
of mathematics would offer an answer to the current predicament math-
ematicians were facing. Another former colleague of Bers at NYU, Morris
Kline, did exactly that. Kline turned to history in order to repudiate what
he conceived as the misguided direction of pure mathematics.

Kline, who published numerous books on the history of mathematics,
held that pure mathematicians’ elevation of mathematics for its own sake
was a misreading of the historical record.'® According to Kline, once turn-
of-the-century mathematicians acknowledged that mathematics was not
bound by reality, they were surprised to find that these seemingly arbi-
trary theories were nonetheless useful in the study of nature (in other
words, Kline did not so much answer Wigner’s question as invalidate it).
While the reason for the utility of these mathematical theories was that
they were historically rooted in the study of nature, mathematicians took
their successful applicability as a sign that they were “free to create arbi-
trary structures.” Once they recognized that their new theories were “so
far removed from even potential application,” they began defending them
as having inherent value for their own sake.'” The debate between pure
and applied mathematics in the present day, Kline concluded, was rooted
in the misunderstanding that arose at the turn of the century.

Kline was not the only mathematician who turned to the history of
mathematics to find answers. However, as I show in chapter 6, by the 1970s
these mathematicians were not the only ones interested in the history of
mathematics. Young professional historians of mathematics were also
coming into the field, and the two groups had differing ideas about the
nature of mathematics and its history.



CHAPTER SIX
Historical Abstraction

Kuhn, Skinner, and the Problem of the Weekday
Platonist

However, you should not expect me to describe the mathematical way of thinking much more
clearly than one can describe, say, the democratic way of life.
—Hermann Weyl

he turn of the century transformation in mathematics and the phil-

osophical debates it inspired were as much about the meaning and
definitions of concepts as they were about the foundations of mathemat-
ics. Turn-of-the-century thinkers across a number of disciplines called into
question the abstractionist understanding of concept formation, namely
the idea that concepts are formed by a process of identifying common
traits across objects and extracting them away while ignoring any particu-
larities. Philosophers and logicians might have first focused on mathemati-
cal concepts such as points and lines, but their accounts of how conceptual
innovation occurred had implications outside of mathematics. This is most
obvious in the work of Gottlob Frege. Frege’s first book, Begriffsschrift
(Concept Notation), published in 1879, represents his attempts to con-
struct a new two-dimensional notional system for predicate logic, which
he believed represented “pure thought.” Already in his Habilitations-
schrift, Frege considered the problem of concept extension. He asked how
to extend the concept of “quantity,” such as length, in light of imaginary
numbers. “According to the old conception,” Frege wrote, “length appears
as something material which fills the straight line between its end points.”
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Over time and with new developments, however, “the concept ha[d] . . .
gradually freed itself from intuition and made itself independent.”! In The
Foundations of Arithmetic, Frege then turned his interest to the concept
of number.?

Frege’s investigations into the logical foundation of mathematics also
engendered the philosophy of language. As Michael Dummett explains,
in his effort to produce a framework within which mathematical proofs
could be rigorously established, Frege also analyzed the structure of the
statements which made up a given proof. As a consequence, Frege’s atten-
tion turned not only to the syntactic but also to the semantic analysis of
language. As Dummett writes, “Frege has, in other words, to provide the
foundation of a theory of meaning.”® In the following decades, Frege’s
analysis would be extended and expanded upon by Bertrand Russell
and, later, Ludwig Wittgenstein, thereby founding analytic philosophy.
Mathematicians, as this book has described, mostly followed a different
path—axiomatics.

While mathematicians’ embrace of modern axiomatics promised to
solve the crisis of referentiality, which had dominated artistic and intel-
lectual activity at the turn of the century, it triggered a different crisis in
meaning. “Modernist purism,” writes Herbert Mehrtens, “restricted math-
ematics to the construction of strictly regulated worlds of meaning made
from typographical sign systems.”* Up until the 1930s, mathematicians,
philosophers, and logicians had continued to debate the source of mean-
ing in mathematics, but by the postwar period most research mathemati-
cians were happy to leave philosophical quandaries behind. Nonetheless,
mathematics for them was more than just “typographical sign systems.””
To search for meaning, and an answer to the question “What is mathemat-
ics?” they now turned to history. It was history that could reveal, so they
held, the true meaning of abstract mathematical ideas.

Mathematicians’ turn to history was not antithetical to high modernist
mathematics, but rather a response to it. It was precisely the force of con-
temporary rewriting that made history so potent. It was mathematicians’
research commitment to synchronic analysis, which “erased” history in fa-
vor of formal axiomatics, that accounted for the fervor with which math-
ematicians pursued a diachronic approach to their history, emphasizing
the evolution rather than the novelty of a given mathematical idea.® A
mathematical concept might be defined axiomatically, but its meaning and
the idea it represented could only be recovered from the historical record.
How else might one explain that even Bourbaki, arch-modernist of math-
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ematics, included in its books chapters of historical surveys ranging from
Babylonian mathematics to the present?

By the 1960s, however, mathematicians’ approach began to be chal-
lenged, first by the publication in 1962 of Thomas Kuhn’s The Structure of
Scientific Revolutions and seven years later by Quentin Skinner’s publica-
tion of his now famous essay “Meaning and Understanding in the History
of Ideas.”” Together, both works challenged mathematicians’ project of
probing the history of the field in order to answer the question “What is
mathematics?” And, notably, both works were influenced by the philoso-
phy of language as developed by analytic philosophers. Joel Isaac points
out that Kuhn read widely in linguistics before writing Structure. One of
the main themes that came from his reading, according to Isaac, was “his
criticism of the idea that the relationship between theory and experiment,
or between a concept and its application, could be accounted for in the
terms of logical positivism or operationalism.”® What Kuhn would critique
was the idea that a pure language of science, one which remained the same
across different theories, existed. Logical positivists, who believed that all
knowledge must be rooted in experience, held that such pure language,
or “protocol statements,” would describe immediate experience or sense
perception. These protocol statements could then be combined using logic
into more complex statements. On the other hand, Kuhn and other anti-
positivists argued that such protocol language could not exist in principle.
There simply were no linguistic terms that retained their meaning outside
of a linguistic (or theoretical) paradigm. As Peter Galison puts it, “This
was the enemy: a neutral, unproblematic Archimedean point outside of a
theoretical structure.”” Kuhn’s philosophical position emerged from and
was translated into a study of history. The two were deeply connected.

For Kuhn, each paradigm was characterized by coherent theoretical
language, but any attempt to try and translate across paradigms was futile.
In 1970, Kuhn explained that, while philosophers since the seventeenth
century had assumed that a neutral language recording pure sensations
existed, they had “now abandoned hope of achieving any such ideal, but
many of them continue[d] to assume that theories [could] be compared by
recourse to a basic vocabulary consisting entirely of words which [were]
attached to nature in ways that [were] unproblematic and, to the extent
necessary, independent of theory.”"® For Kuhn, words were attached to
nature only within a given paradigm. For the historian, this meant that
scientific concepts could not be assumed to remain the same across
paradigms.
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Skinner, like Kuhn, was well read in the philosophy of language. In par-
ticular, Skinner was influenced by the later Wittgenstein. In Philosophical
Investigations, Wittgenstein challenged Frege’s theory of concepts, argu-
ing that a concept’s meaning could not be isolated outside of its use in
language. As he famously put it, “The meaning of a word is its use in the
language.”!" The lesson Skinner took from Wittgenstein was that there
was no point in the historian asking what the “true” meaning of a word
was. Instead, all the historian could and should do was focus on the way
words were put into use in specific texts.!? Historical contextualism, as
practiced by Skinner (and his Cambridge colleagues), can thus be said to
be an application of Wittgensteinian philosophy to the practice of history.
Skinner, however, did more than just forward a new historical methodol-
ogy. He also forcefully attacked contemporary historical practice for be-
ing rooted in a philosophical fallacy. According to Skinner, historians of
ideas (consciously or not) held onto the belief that concepts had an essen-
tial meaning and could be unambiguously defined. This in turn led them
to subscribe to a host of what Skinner termed historical mythologies and
develop a tendency to project the present onto the past. Like Kuhn, Skin-
ner’s philosophical position and his theory of history were inextricably
bound together.

In other words, the two major historiographic reorientations of the
1960s and the 1970s, which, taken in sum, practically put an end to the his-
tory of ideas as it had been practiced in the 1940s and 1950s, were rooted
in a critique of the semantic tradition that started with an inquiry into the
foundation of mathematics, beginning with Gottlob Frege and proceed-
ing with Bertrand Russell’s efforts to secure the logical ground of mean-
ing. If Kuhn convinced historians of science that it was impractical to try
to evaluate a scientific concept before and after a scientific revolution,
Skinner extended this critique to include ideas tout court. Neither energy
nor liberty had any essential meaning that the historian could attempt to
excavate by following the historical record. Yet the search for the “true”
meaning of an idea was exactly what mathematicians were after in their
historical studies.

In what follows, I trace mathematicians’ turn to history and the en-
suing debate between historically minded mathematicians and historians
of mathematics in the 1960s and 1970s. It would be easy to dismiss the
mathematical community as either insular or simply ahistorical (although
surely they were guilty at times of both). In this chapter, however, I want
to resist such temptations and ask instead what can be gained by follow-
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ing the 1970s debates while taking seriously mathematicians’ historical
studies. Mathematics here is key. While starting in the 1970s, one of the
greatest sins an intellectual historian could commit was holding on to a
Platonist understanding of ideas; among mathematicians (and some phi-
losophers) Platonism was in fact the norm."* Of course, this is not to say
that mathematical ideas are timeless. There is abundant literature to the
contrary. Rather, the 1970s historiographic debates among historians of
mathematics and mathematicians reflect a deeper historiographic concern
common to all intellectual historians about the complicated relationship
between ideas, concepts, and temporality.

Mathematicians’ histories might be anachronistic, but they exemplify a
tension common in any history of ideas—that between the permanent and
the transitional. The problem is one that intellectual historians have been
grappling with since the 1970s, and it is especially evident in more recent
calls for a return to a history of ideas. This is why conceptual historians
and historians of ideas find themselves debating what are fundamentally
ontological questions, and why a history of concepts necessitates a history
of temporality. I point to the history of mathematics to ask whether a his-
tory of ideas that recognizes continuity over time is possible even without
any conscious or unconscious belief in an abstract realm of timeless ideas.

I begin by outlining how mathematicians’ growing interest in the his-
tory of mathematics in the postwar moment collided with that of histori-
ans of mathematics starting in the 1970s. While the criticisms historians
of mathematics have directed toward mathematicians were in line with
those voiced by historians of ideas at the time, the dispute, I argue, had
less to do with the nature of history than with the nature of mathematical
practice. Taking mathematicians and historians as interested in two re-
lated yet distinct projects, I suggest that mathematical history understood
as a mathematical activity offers one way to hold on to historical continu-
ity without essentialism, for it was continuity in practice rather than onto-
logical continuity that characterized mathematicians’ work.

Between the History of Science and Mathematics

In 1974, mathematicians and historians of mathematics convened at a
two-day workshop on the history of modern mathematics hosted under
the auspices of the American Academy of Arts and Sciences. The work-
shop was organized by a committee that included mathematicians Garrett
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Birkhoff (chair), Felix E. Browder, Kenneth May, and historians 1. B. Co-
hen and Thomas Hawkins. The stated goal of the conference was to draw
the attention of both mathematicians and historians to the development
of mathematics after 1800, a period which the organizers believed was
underresearched. Recognizing the task before them, the organizers made
a point to include both established mathematicians and historians and
younger colleagues who were just entering the field. One of the only two
women speakers in the conference, Elaine Koppelman, had received her
PhD in the history of science from Johns Hopkins University in 1969. She
had first pursued a doctoral degree in mathematics at Yale University,
but decided to change her studies and as such represented the growing
professionalization of the history of mathematics as an independent field.
At the conference, Koppelman presented a potential scheme for progress
in mathematics (see Fig. 6.1). She suggested, for example, that some new
mathematical results were arrived at by transferring a technique from one
context to a new one, or by combining two existing fields into a new one.
This classification, Koppelman suggested, could help shed light on particu-
lar historical events. It offered a framework from which to evaluate the
development of mathematical ideas.

After she concluded her talk, philosopher Hilary Putnam interjected.
What Koppelman was offering was taxonomy without theory, he objected.
Putnam noted that while he had many disagreements with Kuhn’s work,
at least Kuhn used his categorization of periods of paradigm shift versus
normal science to offer a theory of the development of science. Was Kop-
pelman’s goal simply to offer a taxonomy, or to propose a more general
law of the growth of mathematics? Koppelman defended her paper, ex-
plaining that the goal was to offer a framework with which specific cases
could be analyzed. However, Putnam remained skeptical and took the
opportunity to voice his general dissatisfaction with the historians in the
group: “The historians of mathematics here today have talked entirely in
generalities, and the mathematicians here are doing the history of math-
ematics. I see two possible explanations: (1) defensiveness, a mistake
which spoils the possibility of interchange here, and (2) that the example
of Kuhn has spread so, that now every historian has to produce generali-
ties.”!* Putnam’s interjections begin to point to the problem that histori-
ans of mathematics were facing in the 1970s. On the one hand, they had
to contend with mathematicians, who in the postwar moment increasingly
turned to history to make sense of their field. On the other hand, they
had to reassess the relation between the history of mathematics and the
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history of science in light of the publication of Kuhn’s The Structure of
Scientific Revolutions.

Some of those in attendance tried to engage with Koppelman’s clas-
sification, asking to what degree it applied to various mathematical de-
velopments, but the conversation kept returning to Putnam’s critique.
Mathematician-turned-historian Kenneth May noted, “This emphasis on
generalization is quite a new thing in history,” and mathematician Felix
Browder added that one “could transform Koppelman’s classification into
a Kuhnian system” if one wished to do so. Finally, one of the historians
of mathematics in the audience, Michael J. Crowe, remarked that it was
ironic that the philosopher in the room was the one counseling historians
against theoretical considerations. “There is a need among historians to
have some theory in terms of which to order their historical material,”
he added.” He too returned to Kuhn. Crowe explained that for him to
designate some event or period as revolutionary entailed “not only that
something new came in, but also that some entity was deposed or dis-
carded.”'® With this meaning of “revolutionary” in mind, would you say,
he asked Koppelman, that there have been revolutions in mathematics?
Koppelman replied that she disagreed with Crowe’s definition of revo-
lution. While it was true, she noted, that once a mathematical theorem
was proven, it could not be discarded, a mathematical revolution occurred
when the “scope” and “meaning” of old ideas changed. “The world ‘line’
does not mean the same thing to a twentieth-century mathematician as it
meant to Euclid,” she argued, “and the acceptance of a wider meaning of
the term constituted a revolution.”’

It is difficult to overstate the influence of Kuhn’s Structure on the his-
tory of science. Alexander Koyré, who Kuhn acknowledged had an impor-
tant influence on his thinking, had already demonstrated how scientific
ideas were wedded to religious and philosophical ones, but it was Kuhn’s
description of normal science, the role of pedagogy, and the scientific com-
munity that drew attention to the sociological aspects of scientific knowl-
edge. In the aftermath of Kuhn’s publication, social and political studies of
science grew in prominence, and Whiggish accounts of science fell out of
fashion. The transition was not necessarily smooth. In the history of med-
icine, for example, tension arose between the younger generation, who
wished to integrate lessons from social history, and the older generation,
who felt that they were writing “medical history without medicine.”*® The
history of mathematics was similarly embroiled in debates between inter-
nalists and externalists.!” While the 1974 conference attempted (unsuc-
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cessfully) to bridge the chasm between historically minded mathemati-
cians and historians of mathematics, the period was one of heated debates
between the two groups. During the conference, for example, Bourbaki
founder Jean Dieudonné questioned the relationship between mathemat-
ics and factors external to its development, stating, “The general history of
the seventeenth century has no connection with Fermat’s theory of num-
bers.”?’ His assertion was quickly challenged by some of the more histori-
cally oriented participants.

The problem that historians of mathematics were facing, however, was
much greater than that. What Kuhn’s theory drew attention to was the
incompatibility between the historicity of science and that of mathemat-
ics. Kuhn explained the implications of his theory for scientific historic-
ity when he tried to account for the difference between science and art.
Scientists and artists, Kuhn claimed, had “sharply divergent responses to
their discipline’s past.” Contemporary artists might have different “sen-
sibilities” than their predecessors, but “the past products of artistic ac-
tivity [were] still vital parts of the artistic scene.” As he explained, the
works of Picasso did not in themselves relegate Rembrandt’s paintings to
dusty storage closets. Not so in science: “In science new breakthroughs do
initiate the removal of suddenly outdated books and journals from their
active position in a science library to the desuetude of a general deposi-
tory.”? Or as he forcefully put it, “Unlike art, science destroys its past.”*
Here again, mathematicians aligned themselves more closely with artists
than with scientists.

Not only were mathematical truths, once established, neither refutable
nor discardable, but more fundamentally many mathematicians under-
stood their work to be a continuous dialogue with past mathematicians.
Throughout the postwar period, mathematicians compared the math-
ematical library to the scientific laboratory, arguing that a well-stocked
library was instrumental to mathematical research. Dieudonné captured
this sentiment perfectly in the discussion proceeding Koppelman’s pre-
sentation, when he explained, “A mathematical theorem can never be
thrown out if it has been proved true. But it may become insignificant. On
the other hand, it may look insignificant and in later years become a most
fundamental thing.”> At least in principle, the mathematical past could
always speak to the present.

When it was Crowe’s turn to present, he returned to the applicability of
Kuhn’s theory to mathematics. Crowe offered ten “laws” that accounted
for conceptual change in mathematics. The tenth law simply stated:
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“Revolutions never occur in mathematics.”** Crowe, who had received his
doctorate in the history of science in 1965 from the University of Wiscon-
sin, acknowledged that Koppelman’s paper and his shared similar goals,
“attempting to discern patterns of change in the history of mathematics.”
However, he amended that they differed when it came to the question of
revolution: “My denial of their existence is based on a somewhat restricted
definition of ‘revolution,” which in my view entails the specification that
a previously accepted entity within mathematics proper be rejected.””
The discovery of non-Euclidean geometry was not, according to Crowe,
a revolution, because its acceptance did not entail a rejection of Euclid-
ean geometry. To be sure, non-Euclidean geometry led to “a revolutionary
change in views as to the nature of mathematics . . . but not within math-
ematics itself.”?® Crowe and Koppelman’s disagreement could be glossed
as two historians with differing opinions on the nature of revolutions,
divided as to whether mathematics had to destroy its past in order to
have a revolution, but such a reading would miss the point. The source of
their disagreement came from the distinction Crowe drew between ideas
within mathematics and those outside of it. Although where and how the
line between the two was drawn remained unclear.

After the proceedings of the conference were published in Historia
Mathematica, German historian of mathematics Herbert Mehrtens took
Crowe to task in the journal’s pages. Mehrtens reflected on the applica-
bility of Kuhn’s analysis to mathematics, asking, Does normal mathemat-
ics exist? Are there exemplars and anomalies in mathematics? And what
about mathematical paradigms? However, one of the most pertinent as-
pects of his analysis was a critique of Crowe’s use of the preposition “in.”
To illustrate his point, Mehrtens described how nineteenth-century British
mathematicians switched from a Newtonian to a Leibnizian notation of the
calculus. As he noted, Cambridge and Oxford scholars strongly resisted the
adoption of Leibniz’s differential notation, and when it finally happened,
the change reoriented British mathematical research. By all accounts, Mehr-
tens argued, this constituted a revolution for the British mathematical
community. Crowe might argue otherwise, he added, only by insisting on
the preposition “in.” “Unfortunately,” he wrote, “he does not explain what
in mathematics means, except that nomenclature, symbolism, metamath-
ematics, methodology, and historiography are not in mathematics. Probably
Crowe had the ‘contents’ or the ‘substance’ of mathematics in mind (what
is this?)”?” What Mehrtens pointed out was that the answer to the ques-
tion of whether there were revolutions in mathematics depended on one’s
philosophical position. While Mehrtens did not say so explicitly, what he
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made clear was that distinguishing between the “content” of mathematics
and the symbolism, methodology, and metamathematics was only possible
if the historian subscribed to some Platonist notion about the existence of
mathematical objects or at least believed that a mathematical idea existed
independently of how it was presented —and independently of the commu-
nity of mathematicians who studied it.?

Not only did Kuhn’s theory of temporal change in science not accord
with that of mathematicians (and some historians of mathematics), but,
moreover, many mathematicians outright objected to such generalizations.
After another historian of mathematics, Thomas Hawkins, discussed the na-
ture of progress in mathematics during the 1974 conference, mathematician
Morris Kline felt the need to defend the historians in the audience: “They
came today, not to tell us the history of mathematics, but to discuss the prob-
lems of history.”” Commenting that the mathematicians’ talks were very
detailed, he added, “The purpose of this meeting was not so much to get
the history down from the mathematicians, who would be the best source,
but rather to discuss more the problems of how we can all co-operate.”*
Similarly remarking on the difference between the mathematicians’ and
historians’ presentations, Garrett Birkhoff suggested that mathematicians
were so attentive to details and close studies because “historical abstrac-
tions tend[ed] to go over their heads.”*! He added that discussions between
mathematicians and historians of mathematics should be limited to specific
examples, with a minimum of philosophical superstructure.”* In the decade
that followed, the history of mathematics continued to be squeezed between
mathematics and the history of science, never fully integrating into either.

That Kuhn’s book contributed to this disciplinary split is ironic. Kuhn
shared logical positivists’ desire to explain how science worked and what
made it the activity it was. Defending his historical approach in 1970,
Kuhn wrote, “I am no less concerned with rational reconstruction, with
the discovery of essentials than are philosophers of science.”* Kuhn be-
lieved that there was an underlying structure to scientific activity, namely
the cycles between normal science and revolutions. There was an “essen-
tial” truth about scientific activity that was hidden beneath the surface.
The difference was that while logical positivists turned to philosophy to
uncover this truth, Kuhn sought it in the historical record. Indeed, in this
respect, his theory bears the mark of its time.** Peter Gordon suggests
that this might explain why Kuhn’s work “captured the imagination” in
ways other theories did not. “Part of the explanation,” Gordon writes,
“may be that it is understanding of the underlying ‘structure’ of historical
change—as sudden rather than gradual—-confirmed the basic lessons of
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the other intellectual revolution that was sweeping across the social sci-
ences in Europe: structuralism.”*

Eight years after Lévi-Strauss declared a new “mathematics of man”
based on a structuralist conception of mathematics, a mathematics, Lévi-
Strauss argued, which would make mathematics ever more relevant to
the study of society, Kuhn’s structuralist approach to history effectively
scissored off the history of mathematics from the history of science (and
society).* Despite Birkhoff’s assertion, mathematicians had no problem
understanding historians’ abstractions; they had other reasons for their
antagonism to Kuhnian ideas. As Peter Gordon remarks, Kuhn’s Structure
and structuralism shared a “common basic model of historical change as
effecting sudden ruptures or breaks in the rules of intelligibility.”¥ In the
following years, historians’ belief in the clean breaks between historical
periods only increased: “Ironically, a discipline that devoted itself to the
explanation of change over time incorporated the idea of radical discon-
tinuity into the arsenal of its own ‘normal science.””*® The structuralist
conception of mathematics similarly called for radical discontinuities in
mathematical theories. However, it was precisely this tendency to con-
struct sharp breaks in mathematical theory that turned mathematicians
toward the history of mathematics in search of mathematical meaning.
Mathematicians probed the historical record in search of continuity in
mathematical ideas, not radical breaks. The whole point of studying his-
tory, according to them, was to highlight its continuities.

Historians of mathematics, finding historians of science less receptive
to their work, could have turned back to the history of ideas. In the 1940s
and 1950s, the history of science was an integral part of the history of
ideas. It was only with the professionalization of the field, and in part as a
response to Kuhn’s work, that the two went separate ways.* The history of
ideas was an adequate home for the history of mathematics, as mathemat-
ics for the most part is a textual activity, and the history of mathematics
requires the sort of close textual analysis historians of ideas specialize in.
However, like the history of science, the history of ideas was in the midst
of its own revolution.

From History of Science to History of Ideas
While Kuhn criticized the logical positivists’ belief in the existence of a

pure sense-data language, as Galison points out, he shared their core as-
sumption “that the activity of science is principally to be understood as
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an unraveling of the difficulties of language and reference.”* Kuhn might
have turned philosophers’ attention to scientific activity as pursued, as
opposed to idealized, but he continued to focus on the linguistic aspects
of science as the locus of philosophical investigation. In the fifth chapter
of Structure,“The Priority of Paradigms,” Kuhn appeals to Wittgenstein’s
Philosophical Investigations in order to explain how, despite the lack of
explicit rules, paradigms can be recognized.* Kuhn explains that Witt-
genstein asked “what we need to know . .. in order that we apply terms
like ‘chair,” or ‘leaf,” or ‘game’ unequivocally and without provoking argu-
ment.”* Kuhn then goes on to explain how Wittgenstein rejected the idea
that we can use a certain word, such as “game,” because there is a set of
characteristics or attributes that are common across all games. Instead,
Wittgenstein forwarded the notion of “family resemblance,” explaining
that we can apply the word “game” to a new activity we have not encoun-
tered before because we recognize that it bears some resemblance to other
activities that we have previously called games. “Something of the same
sort may very well hold for various research problems and techniques that
arise within a single normal-scientific tradition,” Kuhn explains.* Kuhn’s
point was that during a period of normal science there was no clear set of
rules that defined it; rather, the research problem and techniques shared
some resemblance that scientists learned to recognize through their train-
ing and education. Wittgenstein’s insight about the function of language
provided Kuhn with a theoretical justification for his concept of paradigm
and hence his overall theory of historical change in the sciences.

Seven years later, another historian turned to Wittgenstein for inspira-
tion. Skinner similarly homed in on Wittgenstein’s analysis of language
and the idea that words did not have a coherent and stable meaning, but
the lesson he took was different. Rather than a theory of historical change,
for Skinner, Wittgenstein offered a guide for historical methodology. Since
words did not have meaning outside of their use, the only thing a historian
could do was examine how words were put into use. Skinner’s interest in
semantics was shared by other social scientists. Attention to the meaning
of concepts defined much social scientific research in the postwar period.
Moreover, the idea that political or ethical concepts did not have inherent
meaning was not novel. As I noted in chapter 3, in considering the mean-
ing of theory in the social sciences, Anatol Rapoport, for example, located
the mistake of past researchers in their assumption that “entities called
politics, society, power, welfare, tyranny, democracy, milieu, progress, etc.,
actually exist, just as cats, icebergs, coffee pots, and grains of wheat exist.”*
However, sociologists and psychologists hoped to stabilize the meaning of
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such concepts within a given social scientific theory. The concept of utility
might not have any essential meaning, but within the theory of games it
was formally established and hence could be unambiguously applied (so
they argued) to the study of society. Skinner, following Wittgenstein, took
a more radical approach. Since no such inherent meaning existed, all that
could be done was to try and understand how concepts were put to use for
particular ends at particular times by particular authors.

Skinner opened “Meaning and Understanding in the History of Ideas”
by dismissing what he claimed were the two dominant methodologies in
the history of ideas. The first held that the context determined the meaning
of a given text; the second, to the contrary, insisted on the autonomy of
the text (here he had formalists such as the New Critics in mind). Skinner
was more sympathetic to the claims of the contextualizers, agreeing that
some context was necessary to understand a text, but he vehemently op-
posed the idea that external factors fully determined a text’s meaning. It
was, however, his critique of those promoting decontextualized analysis
that showed the force of his analysis. In their works, he identified a com-
mitment, at times explicit but often implicit, to essentialized and univer-
salized ideas. Skinner singled out the work of Arthur Lovejoy as typifying
the problem: “The great mistake lies not merely in looking for the ‘essen-
tial meaning’ of the ‘idea’ as something that must necessarily ‘remain the
same,” but even in supposing that there need be any such ‘essential’ mean-
ing (to which individual writers ‘contribute’) at all.”* Skinner explained
that such essentializing assumptions led historians to produce ahistorical
analysis or, as he put it, subscribe to a series of mythologies.

Among the myths Skinner identified were: (1) a tendency for “credit-
ing a writer with a meaning he could not have intended to convey, since
that meaning was not available to him,” (2) assuming that an idea existed
in some ahistorical realm just waiting to be discovered, (3) searching for
anticipators of an idea, and (4) endlessly debating “whether a given idea
[might] be said to have ‘really emerged’ at a given time, and whether it
[was] ‘really there’ in the work of some writer.”*® Skinner reasoned that,
consciously or not, historians of ideas felt justified in applying their con-
temporary understanding of an idea to a reading of historical texts be-
cause they fundamentally held that the idea itself was timeless. Historians’
“philosophical mistakes” engendered their ahistorical practices.

By the early 1970s, historians of mathematics and some historically
minded mathematicians began to sound an almost identical critique of the
history of mathematics. Kenneth May came to the history of mathematics
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late in his career. He earned his BA in mathematics in the 1930s from the
University of California, Berkeley, where his father taught political science,
and he was active in communist circles. Having traveled to the Soviet Union
in 1937, May returned to Berkeley to work on his PhD in mathematics, but
his work soon came to a halt when his father publicly disowned him for
his Communist sympathies. As a result, the university’s Board of Regents
revoked his teaching assistantship. When World War II broke out, May en-
listed in the army, only returning to Berkeley at the war’s end to complete his
PhD thesis, “On the Mathematical Theory of Employment.”* He was one
of the mathematicians who helped usher axiomatic thinking into the post-
war social sciences. During the 1950s, May began publishing articles about
mathematical teaching and book reviews of histories of mathematics.*

In 1966, May moved to the University of Toronto, where he began
working on a long-term project to produce comprehensive general ref-
erence tools for the history of mathematics. In 1973, he published Bib-
liography and Research Manual of the History of Mathematics, a com-
prehensive account of the literature in the field classified across period,
topic, and country.*’ A year later, May became the first editor of Historia
Mathematica, which was founded in response to growing interest in the
field. The journal emerged from an international effort. It was first con-
ceived during the 1968 Twelfth International Congress on the History of
Science in Paris and in 1971, as part of the founding of the International
Commission on the History of Mathematics.*® While much thought and
work was devoted to establishing Historia Mathematica, questions as to
what the history of mathematics was and for whom it was written were
not foreclosed by the journal’s publication, but rather thrown into sharp
relief. In the second issue of the journal, May published “Should We Be
Mathematicians, Historians of Science, Historians, or Generalists?”' The
answer, according to May, was all of the above.

May was uniquely positioned to recognize the difficulty in situating
the history of mathematics simultaneously in history and mathematics.
In 1975, May published a two-part commentary in the journal under the
headline “Historical Vices.” The first historical vice historians of mathe-
matics were guilty of revolved around “logical attribution”:

X knew A
B is a logical consequence of A

Therefore, X knew B.”
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It was surprising, May noted, how often a writer would use their math-
ematical skills to derive one result from another and then attribute this
later result to the work of a past mathematician. Such logical schemas
took different forms, according to May.>® In all instances, he explained,
the writer was making assumptions about mathematical knowledge in the
past based on mathematical knowledge in the present. The second vice
May identified was the constant pursuit of priority, or rather, who proved
it first. Mathematicians might be guided by the desire to find new results,
but they should not project their concerns onto past mathematicians.™*
May’s logical derivation almost perfectly encapsulated Skinner’s criticism.
The search for the true “birth” of an idea, or the attribution of contempo-
rary standards to the historical past, were exactly the sort of vices Skinner
identified.

Moreover, they both recognized the same culprit. “These vices arise,”
May concluded, “from looking at mathematics as a timeless, static, logical
structure gradually revealed to man, instead of as a historically evolving
human phenomenon.”* May articulated exactly why developing the his-
tory of mathematics as part of both mathematics and history was prob-
lematic. The difficulty arose not out of misunderstanding what history was,
as the conference participants hinted; it was due to two conflicting tempo-
ral understandings of what mathematics was as a body of knowledge. This
point bears repeating—the disagreement was not about what history was,
but what mathematics was.

That same year, the tension between the historians and the mathema-
ticians came to a breaking point with the publication of Sabetai Unguru’s
“On the Need to Rewrite the History of Greek Mathematics.”* It is not
clear whether Unguru read Skinner’s 1969 “Meaning and Understand-
ing in the History of Ideas,” but the two polemics bear strong similarities,
both in their criticisms of contemporary historical practice and its cause.
Unguru contended that historians of mathematics, often being mathema-
ticians themselves, had adopted the view that in order to write the his-
tory of mathematics, one must first be familiar with modern mathematics.
This was taken as a truism whether one was writing about the history
of ancient mathematics or the history of eighteenth-century mathemat-
ics: “Whig history is history in the domain of the history of mathematics;
indeed, it is still, largely speaking, the standard, acceptable, respectable,
‘normal’ kind of history, continuing to appear in professional journals
and scholarly monographs.” The problem was the same one Skinner had
identified —in bringing their own contemporaneous understanding of the
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field to bear on the historical past, mathematicians were quick to attribute
to historical mathematicians ideas they simply could not have had.

When it came to Greek mathematics, this ahistorical approach, Un-
guru explained, gave rise to the concept of “geometric algebra” —the idea
that even though the Greeks presented their ideas geometrically, through
figures, their thinking was fully algebraic. Geometric algebra denoted the
presentation of algebraic ideas through geometric figures. A simple ex-
ample of this is the presentation of the concept of x> as a square with
sides of length x. Explaining the gist of that approach, Unguru wrote, “We
are, then, not only authorized to look for the algebraic ‘subtext’ (so to
speak) of any geometrical proof, but it is indeed wise (historically!) always
to transcribe the geometrical content of any proposition in the symbolic
language of modern algebra, especially when the former is particularly
cumbersome and awkward, while the recourse to the latter always makes
the logical structure of the proof clear and convincing, without thereby
losing anything not only in generality but also in any possible sui generis
features of ancient ways of doing things.”*® What historians of mathemat-
ics were doing, Unguru explained, was assuming that the content did not
in any way depend on the form in which ideas were expressed.” To read
Greek mathematics with a modern eye that was already trained to move
freely between algebra and geometry was the “safest method for misun-
derstanding the character of ancient mathematics.”® Why, Unguru asked,
would the Greeks choose to present their work in such a “cumbersome”
geometric way if they were truly algebraic?

Skinner asked a similar question. He noted that, besides crediting a
writer with a meaning they could not have intended, historians of ideas
also tended to “read in” a doctrine where it was not. “In all such cases,”
he wrote, “where a given writer may appear to intimate some ‘doctrine’;
in something that he says, we are left confronting the same essential and
essentially begged question: if all the writers are claimed to have meant to
articulate the doctrine with which they are being credited, why is it that
they so signally failed to do so, so that the historian is left reconstructing
their implied intention from guesses and vague hints?”% The dangers of
essentializing and dogmatic reading were so great, according to Skinner,
that the only way to guard oneself against holding such a position was to
practice contextual reading: “It may well seem, however, that even if such
mythologies proliferate at this level of abstraction, they will scarcely arise,
or will at least be never much easier to recognize and to discount, when the
historian comes to operate on the level simply of describing the internal
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economy and argument of some individual work.”® This is the lesson in-
tellectual historians took from Skinner: trying to work across texts and
periods would inevitably commit the historian to an essentializing con-
ception of ideas, and, hence, to taking part in mythology. But what if con-
tinuity were possible without all the pitfalls Skinner so rightly identified?

Mathematical History

Considering the vehemence of his writing, it is no surprise that after Un-
guru’s paper appeared in the Archive for History of Exact Sciences, math-
ematicians hit back. Whereas May was first and foremost a member of
the mathematical community, Unguru was a historian. Van der Waerden,
Hans Freudenthal, and André Weil responded to Unguru in print, de-
fending the concept of geometric algebra. Unguru’s paper, they argued,
was simply polemical and itself missed some necessary contextualization.
Their response revolved around the meaning of algebra, what counted as
symbolic thinking, and what did and did not count as historical evidence.
Beyond these technicalities, however, lurked a deeper disagreement. Un-
guru’s criticism, as noted earlier, was not limited to the history of ancient
mathematics. It questioned in principle the use of modern mathematical
knowledge in the analysis of historical work. Mathematicians, however,
did not acknowledge this charge. For example, in his reply, Freudenthal
explained that words such as “line,” “square,” and “product” had both
geometric and algebraic connotations for the Greeks. “When applying the
theorem one is allowed to disregard their geometrical connotation, which
in fact can only hamper the progress of thought,” Freudenthal explained.
“This is quite a normal feature of mathematics.”®® But this was exactly
what Unguru was writing against. Unguru protested the very notion that
one could speak of a “normal feature of mathematics” that transcended
historical period.

Faced with a strong backlash by the mathematicians, Unguru wished to
publish a response in the Archive, but he was refused, so he turned instead
to Isis. His response reiterated many of his earlier points: “If scholars con-
tinue to neglect the peculiar specificities of a given mathematical culture,
whether as a result of explicitly stated or implicitly taken-for-granted as-
sumptions, then by definition their work is ahistorical and should be rec-
ognized as such by the community of historians.”® It also highlighted that
the disagreement was less about history and more about the nature of
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mathematics. “History,” Unguru insisted, “is the attempt at understanding
each past event in its own right.”® History was the study of events of the
past that paid particular attention to change and the particular or idiosyn-
cratic. Echoing Skinner, Unguru concluded that the historian should not
focus on what ideas in the past and the present had in common but, to the
contrary, what set them apart. “I shall not presume to define here what
mathematics is,” Unguru wrote. “But,” he added, “I can say with safety
what mathematics is not. It is certainly not history.”® But what if it was?
Or, at least, what if practicing mathematicians themselves approached
mathematics as historical?%’

Clifford Truesdell was another mathematician who in the postwar mo-
ment turned to history, but unlike some of his colleagues, he posed his his-
torical studies in opposition to those of the historians. Truesdell’s research
was wide-ranging, encompassing everything from continuum mechanics
and thermodynamics to historical research on the work of Leonhard Euler
and Leonardo da Vinci. Truesdell, who was a founding member of the
journal Archive for History of Exact Sciences, published in 1968 Essays
on the History of Mechanics, which collected several lectures Truesdell
had given in previous decades. “If these lectures find any favor with pro-
fessional historians of science,” Truesdell wrote in the introduction, “I
shall be humbly thankful for their toleration of a book not intended for
them.”® Truesdell posed his historical studies as defiantly distinct from
those of historians of science.

His stance was surely motivated by professional antagonism, and he
was quick to blame historians for lacking the necessary technical knowl-
edge to understand the work of the past. However, more fundamentally,
his objectives differed from those of historians. The problem with histori-
ans of science, he explained, was that they approached their subject mat-
ter as dead. “Such historians,” he wrote, “remind me of those taxonomers,
perhaps of only fabulous existence, who cannot recognize a particular
plant unless they see a sprig of it dead, dried, and pasted to a sheet of
paper.”® For him, science (in the past or present) was alive, and served as
a source of inspiration for the present. The history of mathematics was a
subject pursued by mathematicians because it was a lively history that said
as much about how things were as how things are and how they someday
could be. 1 take this claim seriously. For mathematicians, sixteenth-century
mathematics could speak to the present. This is not to say that mathemati-
cians do not uphold some idea of progress, but progress, for these mathe-
maticians, does not jettison the past. Instead, it continuously enfolds it into
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the present. This lively history does not just impact the way they approach
the history of mathematics, but how they look at mathematics itself as a
research enterprise and how they conceive of their own work.™

The physicist John Wheeler recalled that Hermann Weyl once arranged
to give a course on the history of mathematics at Princeton University.“He
explained to me one day,” Wheeler wrote, “that it was for him an absolute
necessity to review, by lecturing his subject of concern in all its length and
breadth. Only so, he remarked, could he see the great lacunae, the places
where deeper understanding is needed, where work should focus.””" Not
every working mathematician or fresh PhD held such a rich and totalizing
view of mathematics, but for many working mathematicians, especially
those concerned with mathematics as a whole, history said as much about
the present as it did about the past. In the 1974 conference proceedings,
Morris Kline referred to Weyl’s “statement that perhaps mathematics
[was] no more than the history of mathematics.”’”> Whether Kline was
paraphrasing or directly quoting is immaterial. If mathematics is the sum
total of its history, then it is no surprise that mathematicians felt protec-
tive of it.

In 1979, Weil returned to the subject during an address to the Interna-
tional Congress of Mathematicians in Helsinki. In “History of Mathemat-
ics: Why and How,” Weil explained that the history of mathematics was
important because it served as a rich source of inspiration. “Eisenstein,”
Weil noted, “fell in love with mathematics at an early age by reading Euler
and Lagrange.”” If future physicists showed their inclinations by tinker-
ing with technologies, taking apart radios and putting them back together,
then future mathematicians disclosed their interests by reading mathe-
maticians of the past. History was not just a gateway to a mathematical
career, but an integral feature of mathematical activity. “No doubt,” Weil
said, “a young man can now seek models and inspiration in the work of
his contemporaries; but this will soon prove to be a severe limitation. On
the other hand, if he wishes to go much further back, he may find himself
in need of some guidance; it is the function of the historian, or at any rate
of the mathematicians with a sense for history, to provide it.”’* It is reveal-
ing that Weil, one of the founding members of Bourbaki, who promoted
the high modernist structuralist approach to pure mathematics, held that
a young mathematician coming into the field could not be satisfied by
simply studying the work of his contemporaries. Bourbaki was originally
motivated by a desire to rewrite classical mathematical textbooks in a
modern spirit. In their formal presentation, Bourbaki’s texts announced
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a rupture, but as Weil’s remarks make clear, the goal was never to com-
pletely sever mathematics from its past. Throughout his talk, Weil referred
not to the history of mathematics, but to mathematical history. The dis-
tinction was meaningful, as it pointed to two separate activities.

Analyzing Weil’s speech, David E. Rowe has argued that Weil’s ap-
proach to history is rooted in Platonism: “One can present the develop-
ment of mathematical ideas as a steadily unfolding search for Platonic
truths that transcend the particular cultural context in which these ideas
arose, but only by discounting the rich variety of meanings that accompa-
nied this work.”” This is undoubtedly true. The belief that mathematical
ideas are context-independent necessitates Platonist leanings. However,
debates about the history of mathematics were not, at their core, about
whether a Platonist position was sustainable. Rather, they were about the
source of mathematical meaning. The work of mathematics was on the
table, not mathematical philosophy. The debates were about what it meant
to be a mathematician and to pursue mathematical research. This is the
only way to explain the fervor with which mathematicians approached the
history of the field.

This becomes evident in Weil’s explication of what counts as a math-
ematical idea and a “mathematical strategy.” For Weil, to be a mathemati-
cian required the ability to recognize mathematical ideas in the course
of their historical evolution and conceive of mathematics as an ongoing
project. To be a mathematician was to be engaged in continuous conversa-
tion with the work of the past: “Mathematical strategy is concerned with
long-range objectives; it requires a deep understanding of broad trends
and of the evolution of ideas over long periods.”’® History was how math-
ematicians learned to distinguish between trivial and fundamental prob-
lems, and detect potential paths for solving them. Historical sensitivity, in
other words, was indispensable to mathematical know-how. A mathemati-
cal idea, Weil conceded, could not be easily defined. A mathematician,
however, could easily recognize one. While Weil did not say so explicitly,
he suggested that history offered mathematicians a way of homing in on
such distinctions. History was just one more tool in the hands of working
mathematicians.

Throughout his talk, Weil distinguished between what he considered to
be cultural and mathematical questions. He did not dismiss out of hand
the work of the historian; rather, he emphasized that the historian’s inter-
ests were not those of the mathematician. “The historian,” he said, “tends
to direct his attention to a more distant past and to a greater variety of
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cultures; in such studies, the mathematician may find little profit other
than the aesthetic satisfaction to be derived from them and the pleasures
of vicarious discovery.””” On the other hand, he said, “The mathematician
tends to do his reading with a purpose, or at least with the hope that some
fruitful suggestion will emerge from it.””® Taking Weil at his word, the his-
tory of mathematics and mathematical history are two distinct disciplines,
a point which Unguru himself endorsed.”

In the concluding section of his paper, Skinner reflected on the implica-
tions of his criticism for the study of the history of ideas. He emphatically
denied that the history of ideas could be justified by claiming that the
classic text spoke to “perennial problems” and “universal truths.”® Not
only were the classic texts not dealing with the same problems historians
in the present were facing, but there was also nothing we can learn from
their answers. The historical and cultural difference was so vast, Skinner
held, that it could “hardly be useful even to go on thinking of the relevant
question as being ‘the same’ in the required sense after all. More crudely:
we must learn to do our own thinking ourselves.”®! Here, then, was one im-
portant difference. For practicing mathematicians, it was not so much that
there were perennial questions in mathematics, but that the historicity of
mathematics itself was perennial, including a past which never stopped
speaking to the present. This historicity can indicate, but does not neces-
sitate, a Platonic position. Understood as part of mathematical activity, of
what constitutes mathematical research, the continuity of mathematical
ideas is not an ontological claim, but a practice-based accomplishment. It
is a continuity that mathematicians enact, as opposed to claim, by looking
to past work for a better understanding of their field.

When Kuhn'’s collection of essays The Essential Tension appeared in
1977, historian Christopher Berry took the opportunity to reflect on the
impact of Kuhn’s work on the history of ideas, suggesting that it was ex-
actly the issue of historicity that limited the applicability of Kuhn’s work
outside of science. “Hannah Arendt in The Human Condition,” Berry
wrote, “can premise an acute critique of contemporary society on a read-
ing of Aristotle, but nothing similar can be done with Aristotelean vis-a-
vis Einsteinian physics. It is not just that the past is always there, but that
no currently dominant ‘reading’ of it can preclude its future utilization.”*?
Berry was thinking about the history of political and philosophical ideas,
but his analysis held just as true for mathematics. “It is not just that the
past is always there” but, as Dieudonné noted, once neglected a math-
ematical idea can always find new life. All that is necessary is a mathemati-
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cian who will adopt it as such. What the historical work of mathematicians
points to is less Platonism than continuous engagement.

A Weekday Platonist

Since Skinner has so thoroughly critiqued the possibility of a history of an
idea as such, intellectual historians have, for the most part, shied away from
temporally vast studies. The philosophical mistakes Skinner identified have
haunted intellectual history ever since, as is evident in more recent claims
to expand beyond close contextual studies. More than four decades after
the publication of Skinner’s paper, David Armitage has called for a longue
durée intellectual history that will not shy away from examining the “deep
pasts” of “central concepts in our political, ethical and scientific vocabular-
ies.”83 However, Armitage is quick to explain that “no intellectual historian
would now use Lovejoy’s creaking metaphors of ‘unit-ideas’ as chemical
elements, nor would they assume that the biography of an idea could be
written as if it had a quasi-biological continuity and identity through time,
along with a life cycle longer than that of any mortal human subject.”* Ar-
mitage asserts that, once reinvigorated, the history of ideas, or, as he insists,
a history in ideas, would fundamentally already incorporate into itself the
forceful critique of Lovejoy’s approach, and any resemblance between the
old and new method would be “artificial.”

Taking the opportunity to consider the history of ideas in light of Ar-
mitage’s call for a return, Martin Jay begins by asking what is “the na-
ture of the beast whose longterm history is being tracked, understood
variously as ideas, concepts, and metaphors.” Jay notes that the idea of an
“idea” is already unstable, and emphasizes that the old history of ideas
had an expansive understanding of what constituted an idea, recognizing
both its connotative and denotative aspects. However, he too, denounces
Lovejoy’s essentialist ontology: “The main impulse behind the Lovejoyian
approach was to isolate manifest ideas or latent unit-ideas from their so-
cial, psychological, and material contexts of origin and reception, and seek
to capture their core meaning, a meaning that endured over time despite
the vicissitudes of the ideas’ development.”® The question is the same one
Mehrtens raised: What is the “content” of an idea outside its diverse set
of manifestations?

Even more sympathetic to Lovejoy, Darrin McMahon has called for a re-
turn to history of ideas. As he notes, Skinner’s and J. G. A. Pocock’s criticism
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of Lovejoy was exaggerated. McMahon notes that Lovejoy himself re-
jected the idea that a text could be understood on its own terms, and was
critical of New Criticism’s strict formalist approach. On the contrary, as
McMahon explains, Lovejoy insisted on a capacious reading of a text that
transcended disciplinary boundaries moving between philosophy, theol-
ogy, art, and science. The Cambridge School and Lovejoy’s project, Mc-
Mahon writes, “are more similar than they have acknowledged.”® How-
ever, he, too, emphasizes that Skinner’s critique of Lovejoy’s “unit-ideas”
was both justified and important: “Skinner and Pocock’s pointed reminder
that ideas do not somehow magically exist outside of the languages in
which they are embedded and the uses to which they are put is an insight
that few practicing intellectual historians would choose now to discount.”®’
In other words, one must guard above all against Platonism.

To protect against such philosophical fallacies and nonetheless offer a
long durée intellectual history, historians have forwarded several method-
ologies. Armitage terms his solution “serial contextualization.” By adopt-
ing both a diachronic and a synchronic approach, historians, according to
Armitage, can offer a transtemporal history in ideas. Calling for a return
to the history of ideas within the history of science, John Tresch instead
emphasizes the materialization of ideas. Far from existing in some ambi-
ent ether, Tresch argues for the study of ideas that are “enacted, embod-
ied, elaborated, and contested in concrete settings, institutions, represen-
tations, instruments, and practices.”®® Jay, for his part, points to conceptual
history in the fashion of Reinhart Koselleck, insisting on the “desubstan-
tialization” of concepts as a more “promising approach.”® Conceptual his-
tory, as Jay writes, similarly posits no stable meaning for a concept. Indeed,
as Koselleck puts it, “A concept can possess clarity, but must be ambigu-
ous.” Such conceptual history is inherently big, as it by necessity includes
a diverse set of meanings often quite different from contemporary ones.

All these suggestions, however, do not solve the philosophical quan-
dary that Skinner so clearly posed. There is no escaping it: What unites
such broad-ranging accounts? If it is an inherent instability of meaning
that makes a concept a concept, is it even an identifiable referent? Ex-
panding on the approach of conceptual history, Jay writes, “Although not
based on the policing of lexical boundaries via normative definitions, con-
cepts appear to operate through the logic of subsumption or at least the
seeking of common denominators underlying different usages.”*! Another
way to say it is that in order to be a meaningful unit of historical analysis, a
concept or an idea, despite its inherently changing nature, must have some
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“common denominator” that can be recognized as such. But what is this
core? How do we recognize it?

Skinner had already acknowledged the problem in his 1969 essay, but
in 2002 he returned to it in Visions of Politics, and did so, not surprisingly,
via a comparison with Koselleck.” Skinner writes that, contrary to what
others have claimed, he does not see his approach in any way conflicting
with that of Koselleck. “Koselleck and I both,” Skinner writes, “assume
that we need to treat our normative concepts less as statements about
the world than as tools and weapons of ideological debate.”® Skinner
explains that he does not object to writing conceptual histories, at least
not ones that seek to uncover how concepts have been mobilized over
time. For Skinner, much is at stake in studying conceptual histories. As he
explains, determining how to use normative terms is one of the ways we
make sense of the world around us, and thus changing how we apply our
evaluative concepts is “one of the engines of social change.”*

Having established that the “phenomenon of conceptual change” is
important in historical studies, Skinner surprisingly adds, “My almost par-
adoxical contention is that the various transformations we can hope to
chart will not strictly speaking be changes in concepts at all. They will be
transformations in the applications of the terms by which our concepts are
expressed.”” How can Skinner argue that there is nothing beneath and
behind the uses of an idea and simultaneously claim that the concept itself
does not really change? It seems obvious that he means more than just
linguistic stability (after all, concepts and words are not equivalent). Skin-
ner offers as an example his notion of rhetorical redescription, whereby
the same term can take on a completely different and even oppositional
meaning. In The Prince, for example, Machiavelli turns on its head the
virtue of liberality by insisting that the behavior that is often described as
liberality should in fact be understood as ostentatiousness. Rather than a
virtue to be upheld and celebrated, in Machiavelli’s hands, liberality be-
comes a vice. The question to be answered, then, is whether such a process
indicates a conceptual change or not. Does the concept of liberality truly
change? Or is it just that the possible situations in which the concept can
be appropriately applied are restricted?

This seems to be the crux of the issue. On the one hand, there are those
who will argue that what is involved is precisely not conceptual change.
What liberality means remains the same. The only thing that changes is
that in the aftermath of Machiavelli’s writing, certain actions of the prince,
which in the past could have been described as exemplifying said virtue,
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can no longer be described as such. Since for Skinner, the meaning of
concepts is made through their use, this is not where he ends. For him,
rhetorical redescriptions do account for conceptual change.

This caution strikes me as correct and important, but the fact remains that the
outcome of such debates will nevertheless be a form of conceptual change. The
more we succeed in persuading people that a given evaluative term applies in
circumstances in which they may never have thought of applying it, the more
broadly and inclusively we shall persuade them to employ the given term in the
appraisal of social and political life. The change that will eventually result is that
the underlying concept will acquire a new prominence and a new salience in the

moral arguments of the society concerned.”

Mathematicians and historians of mathematics struggle with a similar co-
nundrum. Did the concept of a number change with the acceptance of
imaginary numbers or did mathematicians simply have different concepts
of what constituted a number? For them, the stakes are not moral but
epistemological. This, after all, was the problem that Frege posed in his
Habilitation: what happened to the concept of “quantity” in light of the
discovery of imaginary numbers?

I point to the history of mathematics because it is in mathematics alone
that Platonism is an acceptable position. Reuben Hersch claimed, “The
typical working mathematician is a Platonist on weekdays and a formal-
ist on Sundays.””” The Platonist position is not justified on philosophical
grounds; rather, it is a characteristic of mathematical research. And while
in the hands of historically minded mathematicians (and some historians)
Platonism often leads to anachronism and a repetition of many of the so-
called myths Skinner identified, I think that the fervor with which math-
ematicians turn to history can also point elsewhere. After all, if all they
were after was an abstract definition of a given concept or idea, they could
have found that in their textbooks. There was no need to look to the past.
With the danger of reading too much into their work, what mathemati-
cians seem to suggest is that a given concept is the sum of its history. The
concept of a line is simultaneously a Euclidean line, a geodesic in a Rie-
mannian manifold, the implicitly defined concepts that satisfy Hilbert’s
axioms of geometry, and the sum total of the interactions between them.
In Skinner’s critique several historical offenses are grouped together: the
danger of presentism, an unfounded belief in timeless ideas, and a com-
mitment to progress. Their combined dangers scared intellectual histori-
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ans away from broad historical analysis that transcended historical time
and place. However, this grouping is not inevitable. Even in mathematics
one can have continuity without either Platonism or progressivism.

Daniel Wickberg has argued that the critiques of Lovejoy, both in his
time and following Skinner, have simply mischaracterized (or misunder-
stood) his project. Lovejoy, Wickberg writes, “was neither a radical nom-
inalist nor a Platonic universalist; for him, the question [of] how much
remained consistent in an idea was a historical question.””® Instead Wick-
berg locates the difference between Lovejoy and later historians of ideas
in the former’s belief that ideas might have a force of their own that acts
upon the writer of a text. Whereas Skinner and his colleagues were con-
cerned only with how ideas were used by writers, Lovejoy held that “Ideas
ha[d] a logic of their own, that their users [were] in some sense coerced
into positions and conclusions that they [were] themselves not aware of.”
Such a position might be the closest description of what mathematicians
had in mind. The key here was not Platonism, but contingency and conti-
nuity. I would venture further that mathematicians did not turn to history
to offer a narrative of progress, which they had already established in their
strictly technical work, but rather to understand their work as existing in
conversation with the past.

Koselleck’s Begriffsgeschichte is the anthesis of Frege’s Begriffsschrift.
Through his concept notation, Frege tried to find a symbolic language with
which to fix the meaning of concepts. His goal was to define concepts to
make them stable. On the other hand, conceptual histories do exactly the
opposite. The goal is not to stabilize the meaning of concepts but to mine
the historical record for the ways in which meaning changes over time and
to further argue that any attempts at definition are futile. Furthermore,
one can argue that conceptual history arose out of the failure of logistics
and philosophical attempts to identify a universal language. Mathemati-
cians, I suggest, sought to find a middle ground between the two positions.
In their research, they sought to fix concepts; mathematical objects had
to be clearly defined. To do so, they did not appeal to some universal lan-
guage of logic, but to a given axiomatic system, whose assumptions and
rules of inference were clearly stated. On the other hand, the meaning of
the concepts and ideas they considered were not confined within a given
axiomatic system. This is why mathematicians appealed to history.

Nietzsche famously claimed that “all concepts in which an entire process
is semiotically concentrated elude definition; only that which has no his-
tory is definable.”'® Mathematicians, for whom definitions are bread and
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butter, still recognize that mathematical concepts have a history. In the
postwar period, this was part and parcel with their modernist rewriting.
The force of their project demonstrates that an object is never stable. A
new theoretical framework can always arise that will make concrete that
which has formerly been abstract. And this force applies as much to the
past as it does to the future.



Epilogue

he first thing mathematician George Francis did after he received
tenure at the University of Illinois at Urbana-Champaign was spend
his days in the university’s library reading late nineteenth-century geom-
etry books. He left behind the research problems he had been working on
until that point and instead turned his attention to the illustrations that
filled these almost century-old books. It was during this time that he began
to be “serious” about drawing. Francis had loved to draw pictures since he
was a kid, and with a “famous painter” on his father’s side and a “compe-
tent illustrator” on his mother’s side, artistic talent had been running in
his family for decades.! Still, in 1977 Francis decided to merge his passion
for drawing with his love for mathematics and make it the focus of his
academic career. Ten years later, he published A Topological Picturebook,
half a drawing manual and half an illustrated guide to the field of low-
dimensional topology. In the introduction, Francis reflects on the semester
he spent studying the work of nineteenth-century geometers. Theirs, he
writes, “was a wonderfully straightforward way of looking at rather com-
plicated things ... They drew pictures, built models, and wrote manuals on
how to do this. And so they captured a vivid record of the mathematics
of their day. I resolved to try to do the same for the mathematics of my
contemporaries.”? For Francis, the mathematical past had much to say to
its present.
Francis began his doctoral studies at Harvard University. After a visit
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to the University of Michigan, during which he recalled having had more
engaging conversations about mathematics in one weekend than he had
had during three years at Harvard, he transferred. He eventually earned
his PhD in 1967. He spent an additional year in Michigan, and in 1968 he
and his wife moved to the University of Illinois at Urbana-Champaign.
At first, because Francis was not interested in becoming an overly special-
ized researcher, he began publishing papers in a variety of fields, including
statistics and control theory. After a senior colleague in the department
informed him that a lack of clear specialization might cost him his pro-
motion, Francis turned his full attention to a specific class of problems in
low-dimensional topology that arose out of his dissertation. In 1977, he
received tenure. It was at this point that he returned to drawing.

When Francis began working on his dissertation on low-dimensional
topology, which studies topological space in four and three dimensions,
was not a fashionable field. To be sure, there were a number of math-
ematicians in the US and abroad working in the field, but it was high-
dimensional topology and algebraic topology that represented the lion’s
share of work in the field. Francis was well aware of that fact, but the
decision to specialize in low-dimensional topology was a conscious one.
“I was done with abstractions. I just became very concrete,” he explained.
Francis did not wish to start a mathematical inquiry by stating, “Let there
be a space with such and such properties.”® He was not interested in gen-
eralization. His entry point had to be a particular example out of which he
could expand outward. It was this disposition that would later push him
into mathematical illustration. He wished to balance algebraic logic with
geometric visualization, and low-dimensional topology more easily lends
itself (at least in principle) to geometric imagination and intuition than
topological spaces in higher dimensions. His academic path moved in the
opposite direction from that of Steenrod, who three decades earlier had
made the turn away from visualizable and concrete mathematics toward
the realm of abstractions.

Besides mathematical textbooks from the previous century, during his
sabbatical Francis studied drawing manuals, medical atlases, and the work
of famous artists such as M. C. Escher and Albrecht Diirer. In personal
notebooks he maintained during the period, a shift is noticeable from his
early simple line drawings, which often looked flat and suggestive, to more
systematic and complex illustrations, which took advantage of perspec-
tive and shadowing (see Fig. E.1). As his drawing skills improved, Fran-
cis began illustrating his colleagues’ work. When mathematician William
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FIGURE E.I. Two illustrations from George Francis’s notebooks

Source: George Francis



FIGURE E.I. (Continued)

Abikoff joined the Department of Mathematics at his university, Francis
illustrated the material Abikoff presented during a seminar. Eventually,
these illustrations appeared in a monograph as well as a separate article
that Abikoff published, respectively, in 1980 and 1981. Francis’s drawings
gained further traction when he began collaborating with mathematician
William Thurston.
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Thurston was a pioneer in the field of low-dimensional topology, and
his ideas profoundly influenced the growth of the field over the following
decades.’ From the start, Thurston’s approach to mathematics was unique.
“Thurston’s style of exposition is special,” wrote one mathematician, “in
that it asks the reader to participate actively in what’s going on by provid-
ing room for mental images.”® One of Thurston’s later papers instructed
the reader:

Imagine walking in a barren desert when you see the space in front of you begin
to shift. You are startled, and stop. You see a vertical, straight fracture where the
left side does not quite match the right: the images overlap ever so slightly. At
first you think your vision has gone bad, maybe you have become cross-eyed.
However, when you turn your head and move from side to side, the fracture
does not turn or move with your head and eyes. When you circle around at a
wide distance, you see that the fracture is not fixed on the ground or on the
distant scenery, but is localized on a line going straight up into the sky.’

The paper, Thurston explained, was not about the theory, but the “phe-
nomenology” of 3-manifolds. What he wished was for his colleagues to see
what he saw and how he saw. It is not surprising, therefore, that in the early
1980s Francis illustrated some of his mathematical work.?

In 1982, Thurston won the prestigious Fields Medal. The enthusiasm
his work generated points to a much broader change in American math-
ematics. By the mid-1970s the emphasis on axiomatics and structure was
on the decline. During the 1974 workshop on the history of mathemat-
ics described in the previous chapter, Felix Browder already remarked
that the Bourbaki style that had dominated mathematical activity during
the previous decades was decreasing in importance. “There has been a
gradual but decisive change of position on the part of the core group of
the most influential mathematicians towards the rejection of any sort of
utopian concept that mathematics consists exclusively or even primarily
of structures in the abstract sense. The programmatic proclamations of the
1950s toward such an identification, put forward, for example, in articles
by Bourbaki and by Marshall Stone, would be very inappropriate today
in terms of the thrust and emphasis of the major areas of mathematical
”? The absolute reign of high modernist emphasis on abstrac-
tion and generalization was coming to an end, as new fields and new ap-
proaches were taking center stage.'” What explains this transformation?

The answer, in part, is reducible to numbers. During the 1950s, the
American mathematical community was still relatively small. In the 1970s,

research.
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older mathematicians talked with nostalgia of the old days, when mathe-
matical meetings were intimate and most of those in attendance knew one
another. Young mathematicians coming into the field in the 1950s could—
through their studies, attending conferences, and reading publications in
top mathematical journals—be well aware of the dominant mathematical
approach and know what did and did not count as fundamental contri-
butions to the field. By 1970, the number of mathematicians across the
United States had been increasing steadily for a decade. There were more
departments, more conferences, and more journals. This expansion meant
that there was more space for variations from the norm. Many mathemati-
cians took advantage of this and began challenging the idea that axiomat-
ics was the only legitimate approach to mathematical research. The rise
of more intuitive and visualizable approaches to geometry and topology
exemplified this change.

There were plenty of mathematicians throughout the 1950s and 1960s
whose natural inclination was toward the more intuitive and concrete as-
pects of geometry. The work of mathematician Donald Coxeter, whose
geometry was at once tactile and visualizable, is just one example.!! How-
ever, on the whole, such work was not placed at the center of mathemati-
cal activity. By the late 1970s, the visual aspect of geometry still had not
moved to the center of mathematical activity, but more and more math-
ematicians argued that it should be recognized as integral to mathemati-
cal research and education. In August 1980, Jean Dieudonné, Branko
Griinbaum, and Robert Osserman convened in a panel to discuss the
question “Is geometry dead?” The provocative title for the panel was a
response to a proclamation Dieudonné had made twenty-one years ear-
lier during a conference on elementary education in France. There, he
rose to the podium to declare “Euclid must go!” As the abstractionist
approach that Bourbaki exemplified was waning, it was time to reevalu-
ate the place of geometry in mathematics and the panel represented the
changing mathematical landscape. Dieudonné stood for the abstract and
algebraic study of geometry that had dominated the past three decades,
while Osserman, a Stanford geometer, and Griinbaum, who helped rein-
vigorate mathematical interests in tiling and patterns, advocated a more
capacious approach that did not seek to discredit the use of abstraction,
but to balance it with more intuitive and concrete studies.

True to form, Dieudonné chose to answer the question posed by the
panel by turning to history. Dieudonné argued that geometrical ideas
were as fundamental then as they had been in the past. However, what



360 W. P. THURSTON

FIGURE 1. A torus knot of type (3, 8). It can be placed on a torus so that it winds 3 times around
the short way while going 8 times around the long way.

With any nontrivial knot X there is associated a whole collection of other
knots, known as satellites of K; these are knots which are obtained by a
nontrivial embedding of a circle in a small solid torus neighborhood of K.
Here, “nontrivial” means that the embedding is not isotopic to K itself and is
not contained within a ball inside the solid torus. A knot is a satellite knot if it
is a satellite of a nontrivial knot.

FIGURE 2. A knot and a satellite of it.

2.5. COROLLARY. If K C S% is a knot, S* — K has a geometric structure iff K
is not a satellite knot. It has a hyperbolic structure iff, in addition, K is not a torus
knot.

Indeed, the complement of a knot is always prime, and the torus decomposi-
tion is nontrivial exactly when K is a satellite.

Corollary 2.5 was first conjectured by R. Riley [Ri 1] based on his construc-
tion of a number of beautiful examples, with the aid of the computer. His work
gave a big impetus to me to prove Theorem 2.3.

In order to give the statement for closed manifolds, we need some more
terminology.

FIGURE E.2. Two pages from William Thurston’s “Three Dimensional Manifolds, Kleinian
Groups and Hyperbolic Geometry,” which included hand drawings by Francis.

Source: William Thurston, “Three Dimensional Manifolds, Kleinian Groups and Hyperbolic Geometry,” Bulletin
(new series) of The American Mathematics Society 6, no. 3, 1982.
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A 3-manifold M? is called a Haken manifold if it is prime and it contains a
2-sided incompressible surface (whose boundary, if any, is on 9M) which is not
a 2-sphere. A prime 3-manifold whose boundary is not empty is always Haken
(with the trivial exception of the 3-ball, which is often considered to be Haken
anyway). Any prime 3-manifold whose first homology has positive rank is
Haken.

2.5. THEOREM [Th 2]. Conjecture 1.1 is true for Haken manifolds. A closed
Haken manifold has a hyperbolic structure iff it is homotopically atoroidal.

It is hard to say how general the class of Haken manifolds is. There are
many closed manifolds which are Haken and many which are not. Haken
manifolds can be analyzed by inductive processes, because as Haken proved
[Hak), a Haken manifold can be cut successively along incompressible surfaces
until one is left with a collection of 3-balls. The condition that a 3-manifold
has an incompressible surface is useful in proving that it has a hyperbolic
structure (when it does), but intuitively it really seems to have little to do with
the question of existence of a hyperbolic structure.

A link L in a 3-manifold M> is a l-dimensional compact submanifold. A
3-manifold N is said to be obtained from M?> by Dehn surgery along L if N>
is obtained by removing a regular neighborhood of L, and gluing it back in by
some new identification. The new identification is determined by choosing a
diffeomorphism of the torus for each component of L. Two choices of
diffeomorphisms ¢ and ¥ give rise to diffeomorphic manifolds if ¢ ~'¢ extends
to a diffeomorphism of a solid torus (the regular neighborhood of the compo-
nent of L).

Plugging by ¢
<= ==
Plugging by ¥

{ Y1 o ¢ extends to}

the solid torus

e %
SOLID TORUS Yoo SOLID TORUS

FIGURE 3. Modifying a 3-manifold by Dehn surgery. Plugging in a solid torus by @ gives a result
diffeomorphic to plugging by ¢ iff the diffeomorphism of the torus ¥~ ' o ¢ extends to a
diffeomorphism of the solid torus.

FIGURE E.2. (Continued)
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Dieudonné meant by geometry was not what his fellow panelists had in
mind. When Dieudonné referred to geometry, what he was thinking of
was algebraic geometry. In his view, algebra had always played an im-
portant role in geometric studies. Geometry, he concluded, had not “lost
its identity”; rather, it had burst “its traditional narrow confines.”!? This
was not what Osserman and Griinbaum meant by geometry. “Geometry,”
Griinbaum explained, “is a special way of replacing objects of the real
world by ‘simpler,” ‘idealized’ ‘figures and shapes,” and then investigating
the mutual relations of these. This I believe is what geometry — ‘intuitive
geometry’—is, and should be.”!* Osserman jokingly captured the differ-
ence in their perspectives. “The answer of Dieudonné” to the question, “is
geometry dead?” Osserman sarcastically declared, “would appear to be:
geometry is alive and well and living in Paris under an assumed name.”*
Osserman and Griinbaum were concerned with the intuitive and concrete
aspects of geometry, not its algebraic side.

Osserman, who earned his PhD from Harvard University in 1955,
spent 1960-1961 as the head of the mathematical section at the Office
of Naval Research. Later in his career, he became involved in efforts to
make mathematics more accessible to the public. Over the years, he held
public conversations on mathematics, arts, and culture with playwright
Tom Stoppard, Steve Martin (Robin Williams also joined that conversa-
tion), Merce Cunningham, and Alan Alda. In his talk during the panel,
Osserman conceded that the mathematical community had neglected the
study of geometry in the past few decades, but he was confident that that
period was coming to a close. “The primacy of the abstract, the general,
and the theoretical, over the concrete, the particular, and the applied”
was responsible, according to Osserman, for the decline in geometry.”
Osserman did not object in principle to the Bourbaki approach, but he
found fault with the way it had dominated mathematical activity in previ-
ous decades: “My main quarrel is with the unfortunate tendency in many
circles to accept it as all of mathematics—to de-emphasize if not deny the
other face of mathematics: the special, the concrete, the unstructured. And
my concern is specifically that much of what I value in geometry falls in
that category.”'® Osserman’s critique was similar to the one expressed by
Richard Courant in the 1950s. The difference was that Osserman was not
calling for more applied mathematical research; rather, what he and like-
minded mathematicians wanted was to make room in pure mathematics
for more concrete and geometric investigations.

During his talk, Osserman offered Thurston’s work as “a sign that the
low ebb in the fortunes of geometry ha[d] passed.”’” When Thurston was
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honored with a Fields Medal two years later, Osserman was not alone
in believing that geometry was experiencing something of a revival. The
mathematical community’s recognition of Thurston’s work with the most
prestigious mathematical prize also signaled to other geometrically minded
mathematicians that they could fruitfully pursue their interests. The rise in
visualizable mathematics was aided in no small part by the parallel growth
of computer graphics. Not every mathematician had Francis’s drawing
skills, but many now had access to computers and recognized that they
offered a new and powerful tool with which to approach topological and
geometric problems. Thurston was an important figure driving research
in this area as well. In the 1980s he teamed up with mathematicians and
computer scientists to advocate for the creation of a computer center
dedicated to the study of geometric problems."® The “Geometry Super-
computer Project” opened at the University of Minnesota in 1989. In an
article in Science News announcing the project, mathematician Benoit
Mandelbrot said, “This project establishes for good among mathemati-
cians the realization that the computer is an extraordinarily useful tool for
exploring geometrical problems and making conjectures, and for commu-
nicating intuitions to other people.”’” The center was later renamed The
Geometry Center and remained in operation until 1998.

The growth of visualizable mathematics offered an alternative to the
abstractionist and universalist tendencies of postwar mathematics by em-
phasizing concrete geometric investigations. It also challenged the postwar
mathematical order and the division between pure and applied mathe-
matics. One of the earliest mathematicians to turn to computer graph-
ics was Thomas Banchoff. Like Francis, Banchoff was interested in the
geometric aspects of mathematics. He built models and drew images
throughout his studies, but it was his introduction to computer graphics
that cemented his visualizable approach to mathematics. When he arrived
at Brown University in the late 1960s, Banchoff began collaborating with
computer scientist Charles Strauss to create computer graphics animation
of higher-dimensional geometric surfaces.” Throughout the 1970s, the two
produced and distributed several films that used elementary vector graph-
ics to display projections of dimensional spaces.

In 1985, during a symposium entitled “The Merging of Disciplines:
New Directions in Pure, Applied, and Computational Mathematics,” Ban-
choff explained that he had begun forming an opinion on the nature of ap-
plied mathematics as an undergraduate. His roommate at the time spent
his time in “physics and chemistry labs,” while Banchoff took courses in
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philosophy and literature. When both men ended up pursuing PhDs at
Berkeley in 1960, the differences only increased:

Whereas I took the geometry and topology option, he chose to study differen-
tial equations. He began to spend more and more time with numerical computa-
tions using computers, and he would rail against the evils of bugs and batch pro-
cessing. Ultimately he moved over the line into theoretical physics, where he
worked in a laboratory on other people’s problems. He wrote joint papers with
federal funding. While 1 went back to Notre Dame to teach in Arnold Ross’s
summer program, he worked as a consultant and he began to make money. All
these italicized characteristics I decided were the marks of an applied math-
ematician. Little did I suspect that virtually all of them would gradually begin to
describe the work of pure mathematicians as well, precisely under the influence

of several of the new directions in applied and computational mathematics.?!

With the introduction of computers into mathematical research, some of
the boundaries between pure and applied mathematics were no longer easy
to maintain. The distinction between the two was not erased —after all, it is
alive and well to this day, but there was now more room in the middle.
Finally, the rebirth of mathematical visualization also reclaimed the
much longer connection between mathematics and art that was focused
on patterns, form, perspective, and symmetry. Banchoff, for example, was
summoned on numerous occasions to Salvador Dali’s New York City ho-
tel room to show him his newest films. Francis, who also turned to comput-
ers in the late 1980s, collaborated with several artists over the following
years on exhibitions. And in the early 2000s, Thurston collaborated with
Japanese fashion designer Dai Fujiwara of Issey Miyake on their 2010
collection. These collaborations reclaimed the aesthetic qualities of math-
ematics in the visible form rather than in axiomatic abstractions.
Osserman began his 1980 speech in response to the question “Is geom-
etry dead?” with a discussion not of mathematics but of structuralism. What
is the relation, Osserman asked, between the structuralist approach and the
Bourbaki one? Osserman noted that structuralism was hard to define, but
suggested that there were some typical features that united most structur-
alist studies: “a tendency toward the abstract, the general, and the theo-
retical” as well as a search for “structures” from which the subject could be
approached. “A structuralist approach to a given subject,” he said, “gener-
ally involved an attempt to organize the subject on a large scale, to provide
a broad theoretical framework, a scientific foundation, and if possible to
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mathematize it.”? Osserman called upon structuralism not to show that it
shared some of the characteristics of the Bourbaki approach to mathemat-
ics, which, he wrote, “seem[ed] clear enough superficially.” Rather, he asked
after structuralism’s collapse. Quoting Roland Barthes on literature, Lévi-
Strauss on anthropology, and Julia Kristeva on the theater, Osserman wrote
that what structuralists “found when they reached the end of the road was
that, just as with Gertrude Stein’s Oakland, there was no ‘there’ there: the
original object of study seemed to fade away in the process of analyzing
it.”? The crisis of referentiality that emerged at the turn of the twentieth
century led scholars away from considering anything that might be con-
strued as a “naive approach to the subject.” However, in the process, the
subject matter itself had been erased.

Could the same be said about mathematics? Did mathematics ex-
perience a collapse of subject matter as well? The answer, Osserman sug-
gested, was partially yes: “If what we mean by ‘mathematizing’ is abstract-
ing the purely axiomatic and deductive aspects, and avoiding the more
human activities of creating, learning, and teaching mathematics.”** Os-
serman’s analysis made it clear that the question that animated both the
rise of high modernism and its eventual decline was “What is the source
of meaning in mathematics?” This was the question mathematicians were
struggling with throughout the postwar period, and as Osserman made
clear, they were not alone. In the humanities and the social sciences, schol-
ars were thinking through similar concerns.

In recovering the centrality of abstraction to the modernist project, I
bring mathematics back into the conversation about midcentury Ameri-
can intellectual thought. One cannot understand the intellectual history of
modernism without attending to mathematics. However, this fact cannot be
appreciated as long as historians approach mathematics as a static and un-
changing body of knowledge, or if we simply equate it with quantification.
To understand the role of mathematics, it is necessary to first understand
mathematics and its history; abstraction and axiomatics offer one entry.
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