ISSN 0065-9266 (print)

Of the ISSN 1947-6221 (online)
American Mathematical Society

V[EMOIRS

Number 1433

Euclidean Structures and Operator
Theory in Banach Spaces

Nigel J. Kalton
Emiel Lorist
Lutz Weis

August 2023 e Volume 288 e Number 1433 (fifth of 6 numbers)

AMERICAN

AM S MATHEMATICAL

SOCIETY




ISSN 0065-9266 (print)

Of the ISSN 1947-6221 (online)
American Mathematical Society

V[EMOIRS

Number 1433

Euclidean Structures and Operator
Theory in Banach Spaces
Nigel J. Kalton

Emiel Lorist
Lutz Weis

August 2023 e Volume 288 e Number 1433 (fifth of 6 numbers)

° ..'.. AMERICAN
2:?AM MATHEMATICAL
Licensed to Central South University. Prepareg;iﬂ...ue Aug 29 11:22:43'EDT ﬁ@@«lvﬁf{é%rom IP 122.207.86.31.



Library of Congress Cataloging-in-Publication Data

Cataloging-in-Publication Data has been applied for by the AMS.
See http://www.loc.gov/publish/cip/.

DOI: https://doi.org/10.1090/memo/1433

Memoirs of the American Mathematical Society
This journal is devoted entirely to research in pure and applied mathematics.

Subscription information. Beginning in 2023, Memoirs will be published monthly through
2026. Memoirs is also accessible from www.ams.org/journals. The 2023 subscription begins with
volume 281 and consists of twelve mailings, each containing one or more numbers. Individual
subscription prices for 2023 are as follows. For electronic only: US$984. For paper delivery:
US$1,129. Add US$22 for delivery within the United States; US$85 for surface delivery outside
the United States. Upon request, subscribers to paper delivery of this journal are also entitled
to receive electronic delivery. For information on institutional pricing, please visit https://www.
ams.org/publications/journals/subscriberinfo. Subscription renewals are subject to late fees.
See www.ams.org/journal-faq for more journal subscription information. Each number may be
ordered separately; please specify number when ordering an individual number.

Back number information. For back issues see www.ams.org/backvols.

Subscriptions and orders should be addressed to the American Mathematical Society, P.O.
Box 845904, Boston, MA 02284-5904 USA. All orders must be accompanied by payment. Other
correspondence should be addressed to 201 Charles Street, Providence, RI 02904-2213 USA.

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy select pages for
use in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to [reprint-permission@ams.org.

Excluded from these provisions is material for which the author holds copyright. In such cases,
requests for permission to reuse or reprint material should be addressed directly to the author(s).
Copyright ownership is indicated on the copyright page, or on the lower right-hand corner of the
first page of each article within proceedings volumes.

Memoirs of the American Mathematical Society (ISSN 0065-9266 (print); 1947-6221 (online))
is published bimonthly (each volume consisting usually of more than one number) by the American
Mathematical Society at 201 Charles Street, Providence, RI 02904-2213 USA. Periodicals postage
paid at Providence, RI. Postmaster: Send address changes to Memoirs, American Mathematical
Society, 201 Charles Street, Providence, RI 02904-2213 USA.

(© 2023 by the American Mathematical Society. All rights reserved.

This publication is indexed in Mathematical Reviews®, Zentralblatt MATH, Science Citation
Index®, Science Citation Index™-Ezxpanded, ISI Alerting Services®™, SciSearch®, Research
Alert®, CompuMath Citation Index®, Current Contents®/Physical, Chemical & Earth Sciences.
This publication is archived in Portico and CLOCKSS.

Printed in the United States of America.

The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
Visit the AMS home page at https://www.ams.org/

10987654321 28 27 26 25 24 23 23

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.


http://www.loc.gov/publish/cip/
https://doi.org/10.1090/memo/1433
https://www.ams.org/publications/journals/subscriberinfo
https://www.ams.org/publications/journals/subscriberinfo
www.ams.org/journal-faq
www.ams.org/backvols
www.ams.org/publications/pubpermissions
mailto:reprint-permission@ams.org
https://www.ams.org/

Contents

Introduction

Chapter 1. FEuclidean structures and a-bounded operator families
1.1. FEuclidean structures
1.2. a-bounded operator families
1.3. The representation of a-bounded operator families on a Hilbert space
1.4. The equivalence of a-boundedness and C*-boundedness

Chapter 2. Factorization of a-bounded operator families
2.1.  Factorization of 7- and me-bounded operator families
2.2.  a-bounded operator families on Banach function spaces
2.3. Factorization of /2-bounded operator families through L?(S,w)
2.4. Banach function space-valued extensions of operators

Chapter 3. Vector-valued function spaces and interpolation
3.1. The spaces a(H, X) and «(S; X)
3.2.  Function space properties of a(S; X)
3.3. The a-interpolation method
3.4. A comparison with real and complex interpolation

Chapter 4. Sectorial operators and H°°-calculus
4.1. The Dunford calculus
4.2. (Almost) a-sectorial operators
4.3. a-bounded H°-calculus
4.4. Operator-valued and joint H°-calculus
4.5. a-bounded imaginary powers

Chapter 5. Sectorial operators and generalized square functions
5.1.  Generalized square function estimates
5.2. Dilations of sectorial operators
5.3. A scale of generalized square function spaces
5.4. Generalized square function spaces without almost a-sectoriality

Chapter 6. Some counterexamples
6.1. Schauder multiplier operators
6.2. Sectorial operators which are not almost a-sectorial
6.3. Almost a-sectorial operators which are not a-sectorial
6.4. Sectorial operators with wgee(A) > w(A)

Bibliography

iii

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.

El ERERE|l EEEEE szxrzgm spems EEEEE EEEEm =



Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



Abstract

We present a general method to extend results on Hilbert space operators to
the Banach space setting by representing certain sets of Banach space operators I'
on a Hilbert space. Our assumption on I' is expressed in terms of a-boundedness
for a Euclidean structure « on the underlying Banach space X. This notion is
originally motivated by R- or «-boundedness of sets of operators, but for example
any operator ideal from the Euclidean space £2 to X defines such a structure.
Therefore, our method is quite flexible. Conversely we show that I" has to be
a-bounded for some Euclidean structure « to be representable on a Hilbert space.

By choosing the Euclidean structure a accordingly, we get a unified and more
general approach to the Kwapiei-Maurey factorization theorem and the factoriza-
tion theory of Maurey, Nikisin and Rubio de Francia. This leads to an improved
version of the Banach function space-valued extension theorem of Rubio de Fran-
cia and a quantitative proof of the boundedness of the lattice Hardy-Littlewood
maximal operator. Furthermore, we use these Euclidean structures to build vector-
valued function spaces. These enjoy the nice property that any bounded operator
on L? extends to a bounded operator on these vector-valued function spaces, which
is in stark contrast to the extension problem for Bochner spaces. With these spaces
we define an interpolation method, which has formulations modelled after both the
real and the complex interpolation method.

Using our representation theorem, we prove a transference principle for sectorial
operators on a Banach space, enabling us to extend Hilbert space results for sectorial
operators to the Banach space setting. We for example extend and refine the known
theory based on R-boundedness for the joint and operator-valued H °°-calculus.
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vi ABSTRACT

Moreover, we extend the classical characterization of the boundedness of the H°-
calculus on Hilbert spaces in terms of BIP, square functions and dilations to the
Banach space setting. Furthermore we establish, via the H°-calculus, a version
of Littlewood—Paley theory and associated spaces of fractional smoothness for a
rather large class of sectorial operators. Our abstract setup allows us to reduce
assumptions on the geometry of X, such as (co)type and UMD. We conclude with
some sophisticated counterexamples for sectorial operators, with as a highlight
the construction of a sectorial operator of angle 0 on a closed subspace of L? for
1 < p < oo with a bounded H*°-calculus with optimal angle wge (A) > 0.
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Introduction

Hilbert spaces, with their inner product and orthogonal decompositions, are the
natural framework for operator and spectral theory and many Hilbert space results
fail in more general Banach spaces, even LP-spaces for p # 2. However, one may
be able to recover versions of Hilbert space results for Banach space operators that
are in some sense “close” to Hilbert space operators. For example, for operators on
an LP-scale the Calderon-Zygmund theory, the A,-extrapolation method of Rubio
de Francia and Gaussian kernel estimates are well-known and successful techniques
to extrapolate L2-results to the LP-scale.

A further approach to extend Hilbert space results to the Banach space setting
is to replace uniform boundedness assumptions on certain families of operators
by stronger boundedness assumptions such as y-boundedness or R-boundedness.
Recall that a set I' of bounded operators on a Banach space X is y-bounded if

there is a constant such that for all (1, ,z,) € X", T1,---, T, €T and n € N
we have
(1) H(Tl'rla e 71_‘TL1;”VL)||,y S C H(Ila o axn)H,ya

where || (zx)i_q |, == (ENXr; ’kakﬂ?x)% with (yx)5_; a sequence of independent
standard Gaussian random variables. If X has finite cotype, then y-boundedness is
equivalent to the better known R-boundedness and in an LP-space with 1 < p < oo
~v-boundedness is equivalent to the discrete square function estimate

2) [(Ts, -, Towa) e < C (21, s )| o

where [[(zk)F_1]l,2 = H(ZZ:1|957€|2)1/2”LP- Examples of the extension of Hilbert
space results to the Banach space setting under y-boundedness assumptions include:

(i) On a Hilbert space the generator of a bounded analytic semigroup (T%) ez,
has LP-maximal regularity, whereas on a UMD Banach space this holds if
and only if (T%).ex, is y-bounded (see [WeiO1b]).

(ii) If A and B are commuting sectorial operators on a Hilbert space H with
w(A) + w(B) < 7, then A+ B is closed on D(A) N D(B) and

[Az| g + Bzl g S Az + Bzlly, 2 € D(A)ND(B).

On a UMD Banach space this is still true if A is y-sectorial and B has a
bounded H-calculus (see [KWO01]).

(iii) A sectorial operator A on a Hilbert space H has a bounded H*°-calculus
if and only if it has bounded imaginary powers (A%);cg. On a Ba-
nach space X with Pisier’s contraction property, one can characterize the
boundedness of the H*-calculus of a sectorial operator A on X by the
y-boundedness of the set {A% : ¢ € [—1,1]} (see [KW16al).

1
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2 INTRODUCTION

These results follow an active line of research, which lift Hilbert space results to
the Banach space setting. Typically one has to find the “right” proof in the Hilbert
space setting and combine it with y-boundedness and Banach space geometry as-
sumptions in a nontrivial way.

In this memoir we will vastly extend these approaches by introducing Euclidean
structures as a more flexible way to check the enhanced boundedness assumptions
such as (l) and (@) and as a tool to transfer Hilbert space results to the Banach space
setting without reworking the proof in the Hilbert space case. Our methods reduce
the need for assumptions on the geometry of the underlying Banach space X such
as (co)type and the UMD property and we also reach out to further applications
of the method such as factorization and extension theorems.

We start from the observation that the family of norms |||, (and [|-||,2) on X™
for n € N has the following basic properties:

(3) @)l = Nzl reX
(4) [Ax]l., < [[Allllx]l,, x e X",
where the matrix A: C" — C™ acts on the vector x = (z1,--- ,2,) € X™ in the

canonical way and ||A]| is the operator norm of A with respect to the Euclidean
norm. A FEuclidean structure o on X is now any family of norms ||-||, on X™ for
n € N, satisfying ([B) and @) for ||-||,. A family of bounded operators I' on X is
called a-bounded if an estimate similar to (1)) and () holds for ||-||,. This notion of
a-boundedness captures the essence of what is needed to represent I' on a Hilbert
space. Indeed, denote by I'g the absolute convex hull of the closure of I' in the
strong operator topology and let £r(X) be the linear span of I'g normed by the
Minkowski functional

[T =inf{A>0:X"'T € Ty}.

Then I' is a-bounded for some Euclidean structure « if and only if we have the
following “representation” of I': there is a Hilbert space H, a closed subalgebra B
of L(H), bounded algebra homomorphisms 7: Lr(X) — B and p : B — £(X) such
that pr(T) =T for all T € Lp(X), i.e.

I € Lr(X) —— L(X)
TP

B C L(H)

This theorem (see Theorems and [CZ0) is one of our main results. It reveals
the deeper reason why results for bounded sets of operators on a Hilbert space
extend to results for a-bounded sets of operators on a Banach space.

On the one hand a-boundedness is a strong notion, since it allows one to
represent a-bounded sets of Banach space operators as Hilbert space operators,
but on the other hand it is a minor miracle that large classes of operators, which
are of interest in applications, are a-bounded. Partially this is explained by the
flexibility we have to create a Euclidean structure:

(i) The choices |||, and [|||,» that appeared in (1) and (2) are the “classical”
choices.
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INTRODUCTION 3

(ii) Every operator ideal A C L(¢2, X)) defines a Euclidean structure |-|| 4
n
H(.’El,yxn)HA ::Hzek®mkHA’ xlv"'amneXa
k=1

where (e;)?2, is an orthonormal basis for ¢2.

(iii) Let B be a closed unital subalgebra of a C*-algebra. If p: B — L(X) is
a bounded algebra homomorphism, then one can construct a Euclidean
structure « so that for every bounded subset I' C B the set p(I') C L(X)
is a-bounded.

The choice a@ = v and the connection to R-boundedness leads to the theory pre-
sented e.g. in [DHP03,[KWO04] and [HNVW17, Chapter 8]. The choice a = ¢>
connects us with square function estimates, essential in the theory of singular in-
tegral operators in harmonic analysis. With a little bit of additional work, bound-
edness theorems for such operators, e.g. Calderén—Zygmund operators or Fourier
multiplier operators, show the £2-boundedness of large classes of such operators.
Moreover ¢2-boundedness of a family of operators can be deduced from uniform
weighted LP-estimates using Rubio de Francia’s A,-extrapolation theory. See e.g.
[CMP11[GR85|] and [HNVW17, Section 8.2].

After proving these abstract theorems in Chapter [I, we make them more con-
crete by recasting them as factorization theorems for specific choices of the Eu-
clidean structure a in Chapter In particular choosing « = v we can show a
~v-bounded generalization of the classical Kwapiei-Maurey factorization theorem
(Theorem 2T.2) and taking « the Euclidean structure induced by the 2-summing
operator ideal we can characterize a-boundedness in terms of factorization through,
rather than representability on, a Hilbert space (Theorem [2Z1.3]). Zooming in on
the case that X is a Banach function space on some measure space (.9, i), we show
that the £?-structure is the canonical structure to consider and that we can ac-
tually factor an ¢2-bounded family I' C £(X) through the Hilbert space L?(S,w)
for some weight w (Theorem 2:3.1)). Important to observe is that this is our first
result where we actually have control over the Hilbert space H. Moreover it resem-
bles the work of Maurey, Nikisin and Rubio de Francia [Mau73|Nik70, Rub82]
on weighted versus vector-valued inequalities, but has the key advantage that no
geometric properties of the Banach function space are used. Capitalizing on these
observations we deduce a Banach function space-valued extension theorem (Theo-
rem 247T)) with milder assumptions than the one in the work of Rubio de Francia
[Rub86]. This extension theorem implies the following new results related to the
so-called UMD property for a Banach function space X:

e A quantitative proof of the boundedness of the lattice Hardy-Littlewood
maximal function if X has the UMD property.

e The equivalence of the dyadic UMD™ property and the UMD property.

o The necessity of the UMD property for the #?-sectoriality of certain dif-
ferentiation operators on LP(R%; X).

Besides the discrete a-boundedness estimates as in ([Il) and () for a sequence of
operators (T)7_, we also introduce continuous estimates for functions of operators
T: R — L(X) with a-bounded range, generalizing the well-known square function

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



4 INTRODUCTION

estimates for a = ¢2 on X = L? given by

|([rosera)™],, <e|(firor«)™],,

To this end we introduce “function spaces” «(R; X) and study their properties in
Chapter Bl The space a(R; X) can be thought of as the completion of the step
functions

= Z Tk l(akfl,ak) (t)a
k=1

for z1, -+ ,z, € X and ag < - -+ < ay,, with respect to the norm

1fllo =l ((ax = ax—) ™2 )iy |l

The most striking property of these spaces is that any bounded operator T': L(R) —
L2(R) can be extended to a bounded operator T: a(R; X) — a(R; X)) with the same
norm as T. As the Fourier transform is bounded on L?(R) one can therefore quite
easily develop Fourier analysis for X-valued functions without assumptions on X.
For example boundedness of Fourier multiplier operators simplifies to the study of
pointwise multipliers, for which we establish boundedness in Theorem under
an a-boundedness assumption. This is in stark contrast to the Bochner space case,
as the extension problem for bounded operators T: L?(R) — L%(R) to the Bochner
spaces LP(R; X) is precisely the reason for limiting assumptions such as (co)type,
Fourier type and UMD. We bypass these assumptions by working in «(R; X).

With these vector-valued function spaces we define an interpolation method
based on a Euclidean structure, the so-called a-interpolation method. A charming
feature of this a-interpolation method is that its formulations modelled after the
real and the complex interpolation method turn out to be equivalent. For the ~-
and £2-structures this new interpolation method can be related to the real and
complex interpolation methods under geometric assumptions on the interpolation
couple of Banach spaces, see Theorem [3.4.4]

In Chapter Ml and [ we apply Euclidean structures to the H>-calculus of a
sectorial operator A. This is feasible since a bounded H ®°-calculus for A defines a
bounded algebra homomorphism

p: H®(X,) = L(X)
given by f +— f(A). Therefore our theory yields the a-boundedness of
{FCA) Moo,y <13

for some Euclidean structure «, which provides a wealth of a-bounded sets. Con-
versely, a-bounded variants of notions like sectoriality and BIP allow us to transfer
Hilbert space results to the Banach space setting, at the heart of which lies a trans-
ference result (Theorem FAT]) based on our representation theorems. With our
techniques we generalize and refine the known results on the operator-valued and
joint H°°-calculus and the “sum of operators” theorem for commuting sectorial
operators on a Banach space. We also extend the classical characterization of the
boundedness of the H-calculus in Hilbert spaces to the Banach space setting. Re-
call that for a sectorial operator A on a Hilbert space H the following are equivalent
(see [McI86,|[AMNI7,LMIS|)

(i) A has a bounded H*°-calculus.
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INTRODUCTION 5

(ii) A has bounded imaginary powers (A%);cg.
(iii) For one (all) 0 # ¢ € H'(X,) with w(A4) < o < 7 we have

lella = [ (el §) ",

(iv) [X,D(A)],/2 = D(AY?) with equivalence of norms, where [+, ]s denotes
the complex interpolation method. B
(v) A has a dilation to a normal operator on a larger Hilbert space H.

z € D(A) N R(A).

Now let A be a sectorial operator on a general Banach space X. If « is a Euclidean
structure on X satisfying some mild assumptions and A is almost a-sectorial, i.e.

(MR, A)?: A eC\T,)

is a-bounded for some w(A) < o < , then the following are equivalent (see Theo-
rems 5.6, B.T.6] 5. T.8 52T and Corollary 5.3.9])
(i) A has a bounded H*°-calculus.
(ii) A has a-BIP, i.e. {4 :t € [~1,1]} is a-bounded.
(iii) For one (all) 0 # ¢ € H(X,) with ¢ < v < m we have the generalized
square function estimates

(5) [ellx = [t = (A2l g, a.x) 2 € D(A)NRA).

(iv) (X,D(A))f), = D(A'/?) with equivalence of norms, where we use the
a-interpolation method from Chapter Bl

(v) A has a dilation to the “multiplication operator” M, with ¢ < s < 7 on
a(R; X)) given by

My(t) == (it)=* - g(t), teR.

For these results we could also use the stronger notion of a-sectoriality, i.e. the
a-boundedness of
{AR(N\,A): A€ C\X,}

for some w(A) < o < 7, which is thoroughly studied for the y- and ¢?-structure
through the equivalence with R-sectoriality. However, we opt for the weaker notion
of almost a-sectoriality to avoid additional assumptions on both o and X.

We note that the generalized square function estimates as in (B)) and their
discrete counterparts
|lz|| y ~ sup H(z/;(Z"tA)x)neZHa(Z;X), z € X,

te(1,2]

provide a version of Littlewood—Paley theory, which allows us to carry ideas from
harmonic analysis to quite general situations. This idea is developed in Section
B3l where we introduce a scale of intermediate spaces, which are close to the
homogeneous fractional domain spaces D(A?) for # € R and are defined in terms
of the generalized square functions

lellg , = It = 9(tEA) A%l i

If A is almost a-sectorial, we show that A always has a bounded H°°-calculus
on the spaces Hg' 4 and that A has a bounded H*-calculus on X if and only if

D(A%) = Hg , with equivalence of norms (Theorem [(.3.6]). If A is not almost a-
bounded, then our results on the generalized square function spaces break down.
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6 INTRODUCTION

We analyse this situation carefully in Section [5.4] as a preparation for the final
chapter.

The final chapter, Chapter [f is devoted to some counterexamples related to
the notions studied in Chapter @l and Bl In particular we use Schauder multiplier
operators to show that almost a-sectoriality does not come for free for a sectorial
operator A, i.e. that almost a-sectoriality is not a consequence of the sectorial-
ity of A for any reasonable Euclidean structure . This result is modelled after a
similar statement for R-sectoriality by Lancien and the first author [KLO0O|]. Fur-
thermore, in Section we show that almost a-sectoriality is strictly weaker than
a-sectoriality, i.e. that there exists an almost a-sectorial operator A which is not
a-sectorial.

Throughout Chapter M and Bl we prove that the angles related to the var-
ious properties of a sectorial operator, like the angle of (almost) a-sectoriality,
(a-)bounded H*>-calculus and (a-)BIP, are equal. Strikingly absent in that list
is the angle of sectoriality of A. By an example of Haase it is known that it is
possible to have wprp(A) > 7 and thus wpip(A) > w(A), see [Haa03, Corollary
5.3]. Moreover in [Kal03] it was shown by the first author that it is also possible
to have wpye(A) > w(A). Using the generalized square function spaces and their
unruly behaviour if A is not almost a-sectorial, we provide a more natural example
of this situation, i.e. we construct a sectorial operator on a closed subspace of LP
such that wpye(A) > w(A) in Section [64

The history of Euclidean structures

The ~-structure was first introduced by Linde and Pietsch [LP74] and dis-
covered for the theory of Banach spaces by Figiel and Tomczak—Jaegermann in
[FT79], where it was used in the context of estimates for the projection constants
of finite dimensional Euclidean subspaces of a Banach space. In [F'T79)] the norms
[[[|, were called ¢-norms.

Our definition of a Euclidean structure is partially inspired by the similar idea
of a lattice structure on a Banach space studied by Marcolino Nhani [Mar01],
following ideas of Pisier. In his work cg plays the role of 2. Other, related research
building upon the work of Marcolino Nhani includes:

e Lambert, Neufang and Runde introduced operator sequence spaces in
[ILNRO4], which use norms satisfying the basic properties of a Euclidean
structure and an additional 2-convexity assumption. They use these op-
erator sequence spaces to study Figd—Talamanca—Herz algebras from an
operator-theoretic viewpoint.

e Dales, Laustsen, Oikhberg and Troitsky [DLOT17] introduced p-multi-
norms, building upon the work by Dales and Polyakov [DP12] on 1- and
oo-multinorms. They show that a strongly p-multinormed Banach space
which is p-convex can be represented as a closed subspace of a Banach
lattice. This representation was subsequently generalized by Oikhberg
[Oik18]. The definition of a 2-multinorm is exactly the same as our
definition of a Euclidean structure.

Further inspiration for the constructions in Section [[L4] comes from the theory of
operator spaces and completely bounded maps, see e.g. [BLO04,[ER00, Pau02,
Pis03].
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NOTATION AND CONVENTIONS 7

In the article by Giannopoulos and Milman [GMOI] the term “Euclidean
structure” is used to indicate the appearance of the Euclidean space R"™ in the
Grassmannian manifold of finite dimensional subspaces of a Banach space, as
e.g. spelled out in Dvoretzky’s theorem. This article strongly emphasizes the con-
nection with convex geometry and the so-called “local theory” of Banach spaces
and does not treat operator theoretic questions. For further results in this direction
see [MS86lPis89,Tom89].

Our project started as early as 2003 as a joint effort of N.J. Kalton and L.
Weis and since then a partial draft-manuscript called “Euclidean structures” was
circulated privately. The project suffered many delays, one of them caused by the
untimely death of N.J. Kalton. Only when E. Lorist injected new results and energy
the project was revived and finally completed. E. Lorist and L. Weis would like to
dedicate this expanded version to N.J. Kalton, in thankful memory. Some results
concerning generalized square function estimates with respect to the v-structure
have in the mean time been published in [KW16a].

Structure of the memoir

This memoir is structured as follows: In Chapter 1 we give the definitions, a
few examples and prove the basic properties of a Euclidean structure . Moreover
we prove our main representation results for a-bounded families of operators, which
will play an important role in the rest of the memoir. Afterwards, Chapters
can be read (mostly) independent of each other:

e In Chapter [2 we highlight some special cases in which the representation
results of Chapter [[]can be made more explicit in the form of factorization
theorems.

e In ChapterBlwe introduce vector-valued function spaces and interpolation
with respect to a Euclidean structure.

e In Chapter @ we study the relation between Euclidean structures and the
H*°-calculus for a sectorial operator.

Chapter [ treats generalized square function estimates and spaces and relies heav-
ily on the theory developed in Chapter Bl and @l Finally in Chapter [ we treat
counterexamples related to sectorial operators, which use the theory from Chapter

E and Bl

Notation and conventions

Throughout this memoir X will be a complex Banach space. For n € N we let
X" be the space of n-column vectors with entries in X. For m,n € N we denote
the space m x n matrices with complex entries by M, ,(C) and endow it with the
operator norm. We will often denote elements of X™ by x and use zy for 1 <k <n
to refer to the kth-coordinate of x. We use the same convention for a matrix in
M, (C) and its entries.

The space of bounded linear operators on X will be denoted by £(X) and we
will write ||-[| for the operator norm ||-[|(x,. For a Hilbert space H we will always
let its dual H* be its Banach space dual, i.e. using a bilinear pairing instead of the
usual sesquilinear pairing.

By < we mean that there is a constant C' > 0 such that inequality holds and
by ~ we mean that both < and > hold.
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CHAPTER 1

Euclidean structures and a-bounded operator
families

In this first chapter we will start with the definition, a few examples and some
basic properties of a Euclidean structure . Afterwards will study the boundedness
of families of bounded operators on a Banach space with respect to a Euclidean
structure in Section The second halve of this chapter is devoted to one of
our main theorems, which characterizes which families of bounded operators on
a Banach space can be represented on a Hilbert space. In particular, in Section
[[.3] we prove a representation theorem for a-bounded families of operators. Then,
given a family of operators I' that is representable on a Hilbert space, we construct
a Euclidean structure a such that I" is a-bounded in Section [[L4l

1.0.1. Random sums in Banach spaces. Before we start, let us introduce
random sums in Banach spaces. A random variable € on a probability space (€2, P)
is called a Rademacher if it is uniformly distributed in {z € C : |z| = 1}. A random
variable v on (€2, P) is called a Gaussian if its distribution has density

fle)y==eF" zec,

with respect to the Lebesgue measure on C. A Rademacher sequence (respectively
Gaussian sequence) is a sequence of independent Rademachers (respectively Gaus-
sians). For all our purposes we could equivalently use real-valued Rademacher and
Gaussians, see e.g. [HNVW17, Section 6.1.c].

Two important notions in Banach space geometry are type and cotype. Let
p € [1,2] and ¢ € [2,00] and let (¢4)52, be a Rademacher sequence. The space X
has type p if there exists a constant C' > 0 such that

n n 1
<C ( ? )p € X"
H;Enxn Lr(X) — ;kaﬂx ’ X

The space X has cotype q if there exists a constant C' > 0 such that
n 1 n
(Yllealy)* < ¢||>cnan
k=1 k=1

with the obvious modification for ¢ = co. We say X has nontrivial type if it has
type p > 1 and we say X has finite cotype if it has cotype ¢ < co. Any Banach
space has type 1 and cotype oco. Moreover nontrivial type implies finite cotype (see
[HNVW17, Theorem 7.1.14]).

We can compare Rademachers sums with Gaussians sums and if X is a Banach
lattice with £2-sums.

, x e X",
La(9;X)

9

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



10 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

PROPOSITION 1.0.1. Let 1 < p,q < oo, let (e;)72, be a Rademacher sequence
and let (v)72, be a Gaussian sequence. Then for all x € X™ we have

H(Zm' ) Hx S HZ‘%“‘ Io@ix) HZch‘

where the first expression is only valid if X is a Banach lattice. If X has finite
cotype, then for all x € X™ we have

1/2
HZWJC ‘LP(Q X) S HZ@ Tk ‘ Lr(Q;X) s H(Z\l‘ﬂ ) H

where the last expression is only valid if X is a Banach lattice.

For the proof we refer to [HNVW17, Theorem 6.2.4, Corollary 7.2.10 and
Theorem 7.2.13].

La(:X)

1.1. Euclidean structures

A Euclidean structure on X is a family of norms |[-|| , on X™ for all n € N such

that

(1.1) @)l = Nl x zeX

(1.2) |Ax], < A%, xeX", AeM,,(C), meN

It will be notationally convenient to define ||x||,, := ||x”||,, for a row vector x with

entries in X. Alternatively a Euclidean structure can be defined as a norm on the
space of finite rank operators from ¢? to X, which we denote by F(¢2,X). For
e € 1?2 and x € X we write e ® x for the rank-one operator f + (f,e)x. Clearly we
have |le ® z|| = ||e||,z||x||x and any element T' € F(¢?, X) can be represented as

n
T:Z(ik & Tp
k=1

with (ex)?_, an orthonormal sequence in ¢ and x € X". If « is a Euclidean
structure on X and T' € F(¢%, X) we define

1Tl = 1%l

where x is such that T is representable in this form. This definition is independent
of the chosen orthonormal sequence by (L2]) and this norm satisfies

(1.1) If @ llg = [1F1 2l fer?, zeX,
(1.2') ITAll, < 1Tl [IAl TeF(X), AeL?)

Conversely a norm a on F(£?, X) satisfying (LT]) and (L2]) induces a unique
Euclidean structure by

n
Il == | £ gL

where (eg)?_, is a orthonormal system in ¢2.
Conditions (L2) and (L2/) express the right-ideal property of a Euclidean struc-
ture. We will call a Euclidean structure « ideal if it also has the left-ideal condition

(1.3) |(Sz1,...,Szn)|, < CISIx],, xe X", Sel(X),

J xe X",
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1.1. EUCLIDEAN STRUCTURES 11

which in terms of the induced norm on F(¢?, X) is given by
(1.3) 15Tl < CISIIT I, T e F(?X), SecL(X)

If we can take C' = 1 we will call a0 isometrically ideal.

A global Fuclidean structure o is an assignment of a Euclidean structure ax
to any Banach space X. If it can cause no confusion we will denote the induced
structure ax by a. A global Euclidean structure is called ideal if we have

(1.4)  ||(Sz1s..., Szl < IS xe X", SeL(X,Y)

ay ax’?

for any Banach spaces X and Y. In terms of the induced norm on F(¢2, X) this
assumption is given by

(1.4') 18T, <ISIIT],, TeF(X), SeLXY)

Note that if « is an ideal global Euclidean structure then ax is isometrically ideal,
which can be seen by taking Y = X in the definition. Many natural examples of
Euclidean structures are in fact isometrically ideal and are inspired by the theory
of operator ideals, see [Pie80].

For two Euclidean structures o and 8 we write a < B if there is a constant
C > 0 such that |x|[, < C|[x[|z for all x € X". If C' can be taken equal to 1 we
write a < .

PROPOSITION 1.1.1. Let 8 be an ideal Euclidean structure on a Banach space
X. Then there exists an ideal global Euclidean structure o such that ax ~ (.
Moreover, if B is isometrically ideal, then ax = (3.

PROOF. Define ay on a Banach space Y as
1¥lay =sup{I(Ty1, . Tya)lls: T € LV, X) T <1}, yev™

Then (1)) and ([L2) for ay follow directly from the same properties of 8 and (L4)
is trivial, so « is an ideal global Euclidean structure. Furthermore, by the ideal
property of 3, we have

[Xlloy < Clixllg < il x e X"

ax — ax’

so ax and [ are equivalent. Moreover, they are equal if 3 is isometrically ideal. [

Although our definition of a Euclidean structure is isometric in nature, we will
mostly be interested in results stable under isomorphisms. If « is a Euclidean
structure on a Banach space X and we equip X with an equivalent norm ||-[|;, then

« is not necessarily a Euclidean structure on (X, ||-||,). However, this is easily fixed.
Indeed, if C~1 ||| x < |-l, < C-]| x, we define

Ixll,, = max{lxl,, . C Ixl.} xe X7,
where op; denotes the Euclidean structure on (X, ||-||;) induced by the operator

norm on F(¢2, X). Then oy is a Euclidean structure on (X, ||-||,) such that o ~ a.
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12 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

Examples of Euclidean structures. As already noted in the previous sec-
tion, the operator norm induces an ideal global Euclidean structure, as it trivially
satisfies (L1), (L2]) and (L4]). For x € X™ the induced Euclidean structure is
given by

~ n 1/2
l1%[lop = SUP{||Zak$k||X : Z|ak|2 < 1} sup (Z|x ) )
k=1 k=1 LA PR

Another example is induced by the nuclear norm on F(X,Y), which for T €
F(X,Y) is defined by

171, = it llexlllall - T =Y en @2}
k=1 k=1

in which the infimum is taken over all finite representations of T, see e.g. [Jam87,
Chapter 1]. Again this norm satisfies (L17), (L2]) and (L4)) and for x € X™ the
induced Euclidean structure is given by

m
I, = it {3yl : % = Ay, A € My (C), max Z|Akj <1.f.
j=1

The operator and nuclear Euclidean structures are actually the maximal and min-
imal Euclidean structures.

PrOPOSITION 1.1.2. For any Fuclidean structure o on X we have
op<a<lvr.

PrOOF. Fix x € X". For the operator norm structure we have

xllop = sup  [[Ax[x = sup [JAx], <],
A 1,n EMl,n
llAll<1 A<t

For the nuclear structure take y € X™ such that x = Ay with A € M, ,,(C) and
ZZ=1|AI€J‘|2 <1 for 1< j <m. Then we have

m m m
Il = 1410 < [l (A5, Answi) o < 2wl = 2 Mol
Jj=1 j=1 j=1
so taking the infimum over all such y gives ||x||, < [|x]],- O

The most important Euclidean structure for our purposes is the Gaussian struc-
ture, induced by a norm on F(¢2, X) first introduced by Linde and Pietsch [LP74]
and discovered for the theory of Banach spaces by Figiel and Tomczak—-Jaegermann
[FT79]. It is defined by

n 1/2
ITI, = sup (B Y wTenll) . TeF(x),

where the supremum is taken over all finite orthonormal sequences (ex)7_; in 2,
For x € X™ the induced Euclidean structure is given by

n 1
Ixl, = (B[ wanll) s xe X,
k=1
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1.1. EUCLIDEAN STRUCTURES 13

where (yz)j_, is Gaussian sequence (see e.g. [HNVWI17, Proposition 9.1.3]).
Properties (L1) and (L4) are trivial, and (L2]) is proven in [HNVW17, Theorem
9.1.10]. Therefore the Gaussian structure is an ideal global Euclidean structure.

Another structure of importance is the mo-structure induced by the 2-summing
operator ideal, which will be studied more thoroughly in Section Il The m3-norm
is defined for T' € F(£%, X) as

. - 2\1/2,
171, = sup{ (O ITAerl%) " : A € £(62), 141 <1},
k=1
where (e;)?2, is an orthonormal basis for £2. The induced Euclidean structure for
xeX"is

m
24\1/2
I/, == sup{ (Mllys %) sy = Ax, A € My a(©), Al < 1.
j=1
Properties (1)), (I2) and (4] are easily checked, so the ma-structure is an ideal
global Euclidean structure as well. If X is a Hilbert space, the me-summing norm
coincides with the Hilbert-Schmidt norm, which is given by

i 2\ 1/2 )
1Tl = (3oITexl?) " T e F(2x)
k=1

for any orthonormal basis (ex)$e, of £2. For an introduction to the theory of
p-summing operators we refer to [DJT95].

If X is a Banach lattice, there is an additional important Euclidean structure,
the £2-structure. It is given by

n
1%]l,> = H(Z|xk|2>1/2HX7 o
k=1

Again ([LJ) is trivial and (L2) follows directly from

(1.5) (Z|xk|2)1/2 = sup{|z akzk| : Z|ak|2 < 1},
k=1 k=1 k=1

where the supremum is taken in the lattice sense, see [LT79] Section 1.d].
By the Krivine-Grothendieck theorem [LT79, Theorem 1.f.14] we get for S €
L(X) and x € X™ that

[(Sz1, . Szn)lle < Ka ISz,

where K is the complex Grothendieck constant. Therefore the £2-structure is ideal.
The Krivine-Grothendieck theorem also implies that if X is a Banach space that
can be represented as a Banach lattice in different ways, then the corresponding
£2-structures are equivalent. This follows directly by taking T the identity operator
on X. An example of such a situation is L?(R) for p € (1, 00), for which the Haar
basis is unconditional and induces a lattice structure different from the canonical
one.

The ¢2-structure is not a global Euclidean structure, as it is only defined for
Banach lattices. However, starting from the ¢?-structure on some Banach lattice
X, Proposition [LT] says that there is an ideal global Euclidean structure, which
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14 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

is equivalent to the ¢2-structure on X. We define the £8-structure as the structure
obtained in this way starting from the lattice L'. So for x € X" we define

Pelles := sup [[(Ts, ., Ton)ll 2,

where the supremum is taken over all T': X — L'(S) with ||T|| < 1 for any measure
space (S, 1). By definition this is a global, ideal Euclidean structure.
Let us compare the Euclidean structures we have introduced.
ProrosiTiON 1.1.3. We have on X
(i) v < ma. Moreover mo < v if and only if X has cotype 2.
Suppose that X is a Banach lattice, then we have on X
(i) €2 <. Moreover v < €2 if and only if X has finite cotype.
(iii) 2 <8 <02,

Proor. For let (yx)p_, be a Gaussian sequence on a probability space
(Q,.Z,P). Let f1,..., fn € L*(Q2) be simple functions of the form f;, = Z;n:1 tir 1a,
with t;, € Cand 4; € F for 1 < j <m and 1 <k < n. Define

A= (P(A) P ) 130

Then we have for x € X™ and y := Ax

o m 1/2
_ 112
HkZ_l I (j}ﬂjnyn ) < Il Al

and

L2(Q)

|A] = sup (ii 1/2tkbk‘2)1 = sup HZ fk‘
=1 k=1

Ibll,z <1 b2 <1

Thus approximating (vyx)?_, by such simple functions in L?(2), we deduce

@ el

n
Il < lxll,, sup |37 b
”b”zgngl k=1

Suppose that X has cotype 2. By [HNVW17| Corollary 7.2.11] and the right ideal
property of the «-structure, we have for all x € X", A € M,, ,(C) with [|A]| <1
and y = Ax that

n 1/2 n 1/2
(lel%) ™ s (RIS manly) ™ = Iaxl, < Il
k=1 k=1

which implies that [|x|,, < |x|[,. Conversely, suppose that the ~y-structure is
equivalent to me-structure, then we have for all x € X"

n 1/2 n 1/2
(XlanlZ) ™ < Il S Il = (BRI )
k=1 k=1

So by [HNVW17| Corollary 7.2.11] we know that X has cotype 2.
For assume that X is a Banach lattice. By Proposition [0 we have
[x[le= < [1x]l,- If X has finite cotype we also have ||x||, < [[x[|z.. Conversely, if the
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1.1. EUCLIDEAN STRUCTURES 15

{?-structure is equivalent to -structure, then we have again by Proposition [LO.]

that
(BIY S enaell)™ 2 ||l (Enzmnx),
k=1 k=1

where (e)7_; is a Rademacher sequence. This implies that X has finite cotype by
[HNVW17| Corollary 7.3.10].

For [(iii)| note that by the Krivine-Grothendieck theorem [LT79, Theorem 1.f.14]
we have ||x[|,s < K¢ [|x||,2. Conversely take a positive 2* € X* of norm one such

that
- 2 1/2 *
(Dlal) ") = Il
k=1

Let L be the completion of X under the seminorm ||z|/, := z*(|z|). Then L is an
abstract L'-space and is therefore order isometric to L' (S) for some measure space
(S, 1), see [LTT9, Theorem 1.b.2]. Let T : X — L be the natural norm one lattice
homomorphism. Then we have

" 2\1/2
Il = ([ (S0, < il u
k=1

Duality of Euclidean structures. We will now consider duality for Eu-
clidean structures. If a is a Euclidean structure on a Banach space X, then there
is a natural dual Euclidean structure o on X* defined by

ar =Y lai@) i x e X Il 1), e (X"

k=1

This is indeed a Euclidean structure, as (L)) and (2] for a* follow readily from
their respective counterparts for a. We can then also induce a structure o** on X**,
and the restriction of a™* to X coincides with a. If « is ideal, then the analogue of
([T3) holds for weak*-continuous operators, i.e. we have

(5% 21, S ) lo- < CUSHIX e, X" € (X)), 5 € L(X).

In particular, o* is ideal if « is ideal and X is reflexive.

If we prefer to express the dual Euclidean structure in terms of a norm on
F(£?,X), we can employ trace duality. If T € F(X) and we have two representa-
tions of T, i.e.

n m

* _x _

ng $k®$k=E z; @ Zj,
k=1 j=1

where z4,7; € X and z},%; € X*, then >0 (zy,xf) = Y70, (%5,
[Jam8T7, Proposition 1.3]). Therefore we can define the trace of T as

n
E l‘k,l‘k
k=1

for any finite representation of 7. We define the norm o* on F(¢2, X*) as

Tl == sup{|tr(S*T)| : S € F(£?,X),(S) < 1}, T € F(?,X*)

z7) (see
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16 1. EUCLIDEAN STRUCTURES AND o-BOUNDED OPERATOR FAMILIES
This definition coincides with the definition in terms of vectors in X™. Indeed, for

x* € (X*)" and T € F(¢?,X*) defined as T =Y _,_, e, @ z} for some orthonormal
sequence (ex)?_, in £%, we have that

n
I e = sup{ >l ()] : x € X", Ix],, <1}
k=1

sup{[Y_(Sex, Ter)| : S € F(£2,X), 18], <1}

k=1
= sup{[tx(S*T)| : S € F(¢2, X), ISl } = | T],--
Note that if for two Euclidean structures « and 8 on X we have a < 3, then
B* < a* on X*. Part of the reason why the 7- and the /2-structure work well in
practice, is the fact that they are self-dual under certain assumptions on X. This

is contained in the following proposition, along with a few other relations between
dual Euclidean structures.

PropoOsSITION 1.1.4. On X* we have

(i) op* =v and v* = op.

(ii) v* <~. Moreover v < v* if and only if X has nontrivial type.
(iii) If X is a Banach lattice, (£2)* = (2

PROOF. Fix x* € (X*)". For[(i)]let y* € (X*)™ be such that x* = Ay* with
A € M, ,(C) and 37, |Agj|* <1 for 1 < j <m. Then we have

<1y <1}
k=1

<Lyl <1}
k=1

n
%" ope = sup{2|x2(xk)| x e X",
k=1

< sup{z Z|y;‘(Akj:vk)| xe X,

j=1k=1
m
<> lIyillx
j=1
so taking the infimum over all such y shows [[x*[|, . = [[x*[|,. This also implies
that [[x*|| . =[x, for all x** € (X**)". Dualizing and restricting to X* we

obtain that »* = op on X*.
For we have for a Gaussian sequence (yx)7_, by Hoélder’s inequality that

n
S+ =sup{[EY (i, mai)| s x € X7 xll, < 1} < )
k=1
The converse estimate defines the notion of Gaussian K-convexity of X, which is
equivalent to K-convexity of X by [HNVW17| Corollary 7.4.20]. It is a deep result
of Pisier [Pis82] that K-convexity is equivalent to nontrivial type, see [HNVW17,
Theorem 7.4.15].

For we note that since X (¢2)* = X*(¢2) by [LTT9, Section 1.d], we have
n
x12\1/2 _ * n 1/2
S, (S S, 1)

so indeed £ = (£2)*. O

n
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1.1. EUCLIDEAN STRUCTURES 17

Using a duality argument we can compare the £2 (X )-norm and the a-norm of
a vector in a finite dimensional subspace of X™.

PrOPOSITION 1.1.5. Let E be a finite dimensional subspace of X. Then for
x € E™ we have

i /
(dim(E (Dw@ <l < dim(2) (3 el %)
k=1

ProOF. For x € E™ we have by Proposition that
. n 5\ 1/2
Il < [l < dim(E) e, < dim(E) (>l
k=1

Conversely take x* € (E*)™ with ||x*|| . <1 and [|x||, = > p_; }(zx). Then

* . - * 12 1/2
I - < dim(E) (Dl 1)
k=1
and therefore

" /
(anui)l * < dim(B)|x]l,. 0
k=1

Unconditionally stable Euclidean structures. We end this section with
an additional property of a Euclidean structure that will play an important role
in Chapter @6l We will say that a Euclidean structure o on X is unconditionally
stable if there is a C' > 0 such that

(1.6) Ixlly =€ sup HZ%@";@HX, x€X"
k=1 =1
(1.7) Ix*||,,« <C sup HZG’kaHX* x* e (X")"

ler|=1
The next proposition gives some examples of unconditionally stable structures.

ProrosiTION 1.1.6.

(i) The £8-structure on X is unconditionally stable.
(ii) If X has finite cotype, the y-structure on X is unconditionally stable.
(iii) If X is a Banach lattice, the ¢*-structure on X is unconditionally stable.

PROOF. Fixx € X" and x* € (X*)". For[[)]let V: X — L'(S) be a norm-one
operator. Then by Proposition [[L0.I] we have

n n
|(Vai,...,Va,)l,e §E||ZEkV:EkHL1(S) < Sl‘lleZEk.’[}kHX,
k=1 =1 k=

where (1)r>1 is a Rademacher sequence. So taking the supremum over all such V
yields (L6]). Now suppose that

sup ||Zewk!|X* =

lex|=1
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18 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

Define V @ X — £} by Vo = (zi(z),...,2}(z)), for which we have ||V] < 1.
Suppose that ||x||,, < 1. Then [[(Vz1,...,Vz,)|,. <1, ie.

- n n ) 1/2
> (Yls@or) T <1
j=1 k=1
and hence .
> ()] < 1.
j=1

This means that ||x|| (. <1, so (LT) follows.
For we have by Proposition [LOJ] that

n 9\ 1/2 n
Il < (BN ekanlle) < sup 1D eca|
k=1 lexl=1 3=

where (ex)k>1 is a Rademacher sequence. For (L) assume that [|x|, < 1. Then
again by Proposition [[LO.] we have

}Z(xk,x,‘;)’ = ‘IE<Z 5k$k725kxz>‘
k=1 k=1 k=1
i 9\ 1/2 n L2 \1/2
< (Bl anl%) " (B erail.)
k=1 k=1

n
S sup (1> enai .
k=1

lex|=1
Finally follows from and the equivalence of the ¢2-structure and the
¢8-structure, see Proposition [[.1.3] O

1.2. a-bounded operator families

Having introduced Euclidean structures in the preceding section, we will now
connect Euclidean structures to operator theory.

DEFINITION 1.2.1. Let a be a Euclidean structure on X. A family of operators
I' C L(X) is called a-bounded if

T, = sup{H(Tlxl, o Tha)|l, Tr e Tyx e X |Ix]|, < 1}

is finite. If « is a global Euclidean structure, this definition can analogously be
given for I' C £(X,Y), where Y is another Banach space.

lla

We allow repetitions of the operators in the definition of a-boundedness. In
the case that o = £2 it is known that it is equivalent to test the definition only for
distinct operators, see [KVW16l, Lemma 4.3]. For a = ~ this is an open problem.

Closely related to v and £2-boundedness is the notion of R-boundedness. We
say that I' C £(X) is R-bounded if there is a C' > 0 such that for all x € X™

n 1/2 n 1/2
(E||Z€kal‘k||2) <C (EHZ&SkkaQ) , Ty €T,
k=1 k=1

where ()72, is a Rademacher sequence. Note that the involved R-norms do not
form a Euclidean structure, as they do not satisfy ([L2). However, we have the
following connections (see [KVW16]):

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



1.2. a-BOUNDED OPERATOR FAMILIES 19

e R-boundedness implies y-boundedness. Moreover y-boundedness and R-
boundedness are equivalent on X if and only if X has finite cotype.
e (2-boundedness, y-boundedness and R-boundedness are equivalent on a
Banach lattice X if and only if X has finite cotype.
Following the breakthrough papers [CPSW00,[Wei01b], - and #?- and R-bound-
edness have played a major role in the development of vector-valued analysis over
the past decades (see e.g. [HNV W17, Chapter 8]).

We call an operator T € L£(X) a-bounded if {T'} is a-bounded. It is not
always the case that any 7' € £(X) is a-bounded. In fact we have the following
characterization:

PROPOSITION 1.2.2. Let a be a Euclidean structure on X. Then every T €
L(X) is a-bounded with |[{T}||,, < C||T|| if and only if o is ideal with constant C.

PrRoOOF. First assume that « is ideal with constant C. Then we have for all
T e L(X)

I{THlo = sup{l|(Tz1, ... T2n)|, : x € X7 |Ix[|, <1} < C[T],

where C' is the ideal constant of a. Now suppose that for all T € £L(X) we have
I{T}||, < C||T||. Then for x € X™ and T € L(X) we have

[(Tz1, . Tan) o < {THo Xl < CITII]

so « is ideal with constant C. O

Next we establish some basic properties of a-bounded families of operators.

PROPOSITION 1.2.3. Let a be a Euclidean structure on X and let T, TV C L(X)

be a-bounded.
(i) ForT” ={TT':T €', 7" € I} we have I, < [T, IIT']l,-

(i) For I ={T*:T €T} we have ||I'|| . = |IT|,-
(iii) For a-bounded Ty C L(X) for k € N we have ||Ure; Tkll, < D> peqlITkll,-
(iv) For the absolutely convex hull T of ' we have Hf‘||a =T,
(v) For the closure of T' in the strong operator topology T we have |T||, =

Tl

Proor. is immediate from the definition, is a consequence of our defi-
nition of duality, follows from the triangle inequality and is clear from the
definition of an a-bounded family of operators.

For we first note that |[Up<g<2-€”T||, = ||T||,- It remains to check that
lconv(T)||, = |IT|l,,- Suppose that for 1 < j < m we have S; = > 7'_, a;x Ty where
Ti,...,Tn €T, a5, > 0and Y7 aj, = 1for 1 < j <m. Let (§)72, be a sequence
of independent random variables with P(§; = k) = a;) for 1 < k <n. Then

|(S121, ... Snxn)|l, = E(Te, 21, ..., Te, xn) ||,
< ]EH(Tflxlv cee 7T§nxn)|‘a

<,

lla

for all x € X™ with ||x||, <1, so [[conv(D)|, = T, O

o
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20 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

As a corollary of Proposition and we also have the a-boundedness
of L'-integral means of a-bounded sets. Moreover from the triangle inequality for
||-|, we obtain boundedness of L*>-integral means. If o = =, there is a scale of
results under type and cotype assumptions (see [HHV09]).

COROLLARY 1.2.4. Let o be a Fuclidean structure on a Banach space X, let
(S, 1) be a measure space and let f : S — ' be strongly measurable.

(i) If T :={f(s) : s € S} is o bounded, then the set

= { [ e(6)(s)ds Il < 1)

is a-bounded with ||T% |, < ||IT.
(ii) If [4llf|l dp < oo and « is ideal, then the set

Iy = {/SSO(S)J‘(S) ds : [[@ll e (s) < 1}
is a-bounded with HF?OHQ N fS”fH d.

A technical lemma. We end this section with a technical lemma that will
be crucial in the representation theorems in this chapter, as well as in the more
concrete factorization theorems in Chapter 21 The proof of this lemma (in the case
I' = @) is a variation of the proof of [AK16, Theorem 7.3.4], which is the key
ingredient to prove the Maurey-Kwapien theorem on factorization of an operator
T : X — Y through a Hilbert space (see [Kwa72|[Mau74]). We will make the
connection to the Maurey-Kwapien factorization theorem clear in Section 2], where
we will prove a generalization of that theorem.

LEMMA 1.2.5. Let a be a Fuclidean structure on X andletY C X be a subspace.
Suppose that F' : X — [0,00) and G :' Y — [0,00) are two positive homogeneous
functions such that

1

(L8) (i Fle)?)” < [, x € X",
k=1

(1.9) Iyl < (X cm)?)” yevn
k=1

Let T C L(X) an be a-bounded family of operators. Then there exists a T'-invariant
subspace Y C Xo C X and a Hilbertian seminorm ||-||, on Xo such that

(1.10) 1Tl < 21171, 1z, v € Xy, TeT,
(1.11) [z]lg = F(x) z € Xo,
(1.12) |z[l, < 4G(x) zEY.

PRrROOF. Let X be the smallest I'-invariant subspace of X containing Y, i.e.
set Yy := Y, define for N > 1

Yy = {Tx Tel,ze YN,l}.
and take Xo :=Jyso Yn. We will prove the lemma in three steps.

Step 1: We will first show that G can be extended to a function Gy on X,
such that 2G| satisfies (IL9)) for all y € X{. For this pick a sequence of real numbers
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1.2. a-BOUNDED OPERATOR FAMILIES 21

(an)%_; such that ay > 1 and [[N_, an = 2 and define by = HANdzl ay. For
y €Y we set Go(y) = G(y) and proceed by induction. Suppose that Gq is defined
on U%:o Yy for some M € N with

n 1/2
(1.13) ¥l < bar (D Go(w)?)
k=1
for any y € (U%I:O YN)".
M
Fory € Yayy41\ U Yy pick aT € T and an = € Yy, such that Tz = y and

N=0
define

Goly) i= ————|IT|, - Golx).

ap4+1 — 1

Fory € (Uy M YN) welet Z={k:y € U%I:OYN}. For k ¢ T we let T, € T and
Ty € U%:O YN be such that Tyxy = yi. Then by our definition of Gy we have

HYHQ < H(lkelyk);clﬂua + ||(1k¢1 yk)Z:1H(y

< b (D Golw)?) Y b, (> Go(:vkz)2)1/2

keT keI
<bm (Zn: GO(yk:)2>1/2 +bar(an+1 — 1 (Zn: )1/2
k=1 et
= byt (z": Go(yk)Q) v
k=1

So Gy satisfies (ILI3]) for M + 1. Therefore, by induction we can define Go on Xy,
such that 2G satisfies (L9) for all y € X{.

Step 2: For z € X define the function ¢, : X* — Ry by ¢a(a*) = |z*(2)|*.
We will construct a sublinear functional on the space

V :=span{¢, : x € Xo}.

For this note that every ¢ € V has a representation of the form

(1.14) P = ZU ¢uk - Zv¢vk + Zw((kaﬂCk - ¢2||F|\al’k)
k=1 k=1 k=1

with uy € Xo, vk, € X and Ty, € T. Define p: V — [—00,00) by

p(y) = inf{lGi Go(ug)? — Zv: F(Uk)Q},
k=1

k=1
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22 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

where the infimum is taken over all representations of ¢ in the form of (LI4]). This
functional clearly has the following properties

(1.15) play) = ap(¥), Y€ V,a>0,
(1.16) (Y1 +P2) < p(h1) + p(Y2), 1,92 €V,
(1.17) p(¢1e — P2 ) <0, z€ Xy, TeT,
(1.18) p(—¢z) < —F(z)?, z € X,

(1.19) p(¢a) < 16Go(x)?, z € Xo.

We will check that p(0) = 0. It is clear that p(0) < 0. Let

0= Z Puy, — Z buy, + Z(¢Tkxk - ¢2||F\|Qa;k)
k=1 k=1 k=1
be a representation of the form of (ILI4). So for any z* € X* we have
w . ) Ny . ) Ty . ) Ny . )
(1.20) Y Ja" ()P + Y _Ja (Than) P = Dl (o) + )l U7 a0
k=1 k=1 k=1 k=1

Let
wi= ()i, € X3, vis ()fz, € X7,

X = (l‘k)Z;l S an’ y = (Tkxk)zil e X"

i= (3 = (o)

Note that ([20) implies, by the Hahn-Banach theorem, that

and define the vectors

Vi, 3 Unyy L1y 3 Tny, S Span{ula"' 7unu;T1x17"' 7Tn,3xn,3}

Therefore there exists a matrix A with ||[A|| = 1 such that v = A@. Thus by
property (L2) of a Euclidean structure we get that [|¥||, < ||t|,. Now we have,
using the triangle inequality, that

- _ 1 1,
19l <l < [l + SlI20Tx], < lully + 5191,

which means that
Vil < [19llq < 2[lull,
By assumption (L&) on F' and (L9) on 2Gy we have

> F(on)* < VI < 4lull;, <16 Golur)?,
k=1 k=1
which means that p(0) > 0 and thus p(0) = 0. Now with property (LI6) of p we

have

p(¥) +p(=9) = p(0) =0,
so p(yp) > —oo for all ¢ € V. Combined with properties (II5) and (I6]) this
means that p is a sublinear functional.

Step 3. To complete the prove of the lemma, we construct a semi-inner product
from our sublinear functional p using Hahn—Banach. Indeed, by applying the Hahn-
Banach theorem [Rud91l Theorem 3.2], we obtain a linear function f on V such
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1.3. THE REPRESENTATION OF o-BOUNDED OPERATOR FAMILIES 23

that f(v) < p(¥) for all ¢ € V. By property (LI8) we know that p(—¢,) < 0 and
thus f(¢,) > 0 for all z € Xy. We take the complexification of V

VC = {’Ul + ivg vy, Vo EV}

with addition and scalar multiplication defined as usual. We extend f to a complex
linear functional on this space by f(v1 +ive) = f(v1) +if(v2) and define a pseudo-
inner product on Xy by (z,y) = f(pz,y) with pg, 1 X* — C defined as pg ,(z*) =

x*(x)x*(y) for all z* € X*. This is well-defined since
1 . .
Pz,y = Z(¢z+y - ¢zfy + Z¢z+iy - wﬁzfiy) € V.

On X, we define |||/, as the seminorm induced by this semi-inner product, i.e.
lzllo == \/{(z,2) = \/f(¢z). Then for z € Xy and T € T we have by property
(LI of p

I Tzl < p(dre — boyry2) + [(P2ry =) < 4|02 (|13
By property (LI8) of p we have
l2ll5 = f(d2) 2 —p(~02) 2 F(2)?,  z€Xo,
and by property (IL.I9) of p we have
Iyl = f(¢y) < p(dy) < 16Go(y)* = 16G(y)*,  y€eY.
So |||, satisfies (LI0)-(TI2). O

1.3. The representation of a-bounded operator families on a Hilbert
space

We will now represent an a-bounded family of operators I' as a corresponding
family of operators I' C L(H) for some Hilbert space H. As a preparation we
record an important special case of Lemma, [[.2.5]

LEMMA 1.3.1. Let a be a Euclidean structure on X and let T' C L(X) be a-
bounded. Then for any n = (yo,y1) € X x X there exists a I'-invariant subspace
X, C X with yo € X;) and a Hilbertian seminorm |||, on X, such that

2y T, < 20T, reX, Tel,.
(1:22) lsoll, < 4lollx
(1.23) ol > Nl i€ X,

PROOF. Define F, : X — [0,00) as

£

(z) = {||:c|X if z € span {y1 },

0 otherwise,

let Y = span{yo} and define G, : ¥ — [0,00) as G,(z) = ||z| y. Then F, and
G, satisfy ([L8) and (L3) by Proposition [LTH so by Lemma we can find a
I-invariant subspace X, of X containing yo and a seminorm ||-||, on X, induced by

a semi-inner product for which (LI0)-(TI2) hold, from which (L2I)-(L23]) directly
follow. O
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24 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

With Lemma [[3.0] we can now represent a a-bounded family of Banach space
operators on a Hilbert space. Note that by Proposition [[.2.3] we know that without
loss of generality we can restrict to families of operators that are absolutely convex
and closed in the strong operator topology.

THEOREM 1.3.2. Let o be a Fuclidean structure on X and let T' C L(X) be
absolutely convex, closed in the strong operator topology and a-bounded. Define
|T|lp = inf{\ > 0:A"'T € '} on the linear span of I' denoted by Lr(X). Then
there is a Hilbert space H, a closed subalgebra B of L(H), a bounded algebra ho-
momorphism p: B — L(X) and a bounded linear operator 7: Lr(X) — B such
that

pr(T) =T, T € Lr(X),
ol <4,
Il < 2[Tll,-

Furthermore, if A is the algebra generated by I', T extends to an algebra homomor-

phism of A into B such that pr(S) =S for all S € A.

PrOOF. Let A be the algebra generated by I'. For any n € X x X we let
(Xn, [I-ll,,) be as in Lemma [31] and take N, = {z € X, : ||z|, = 0}. Let H,
be the completion of the quotient space X, /N,, which is a Hilbert space. Let
m, + A — L(H,) be the algebra homomorphism mapping elements of A to their
representation on H,, which is well-defined since X, is A invariant.

Define E = {(z,5z) :z € X,S € A} C X x X. We define the Hilbert space H
by the direct sum H = &, cgH, with norm ||-|| given by

Il = (Sl2)’

nek

for h € H with h = (hy)neg. Furthermore we define the algebra homomorphism
T:A— L(H) by 7= Bpecpm,.
For all T € Lr(X) we then have

(1)l = ||T|psup{(ZEHm(ﬁ)<xn>Hj)% NCemenll <1}

< 2T Tl

Therefore the restriction 7|r : Lr(X) — L(H) is a bounded linear operator with
II7Ir| < 2||Tf,. Now for S € A and x € X with ||z| y <1 define ( = (x, Sx). We
have

Im(S)I = zggllﬂn(s)l\ > |[me(S)(@)lllells " = 1Szl - (4llz]lx) ™

using (L22) and (L23). So ||7(S)|| > 1||S||, which means that 7 is injective. If
we now define B as the closure of 7(A) in L(H), we can extend p = 71 to an
algebra homomorphism p : B — £(X) with ||p|| < 4 since ||7|| > 1. This proves the
theorem. O
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1.4. THE EQUIVALENCE OF o-BOUNDEDNESS AND C*-BOUNDEDNESS 25

1.4. The equivalence of a-boundedness and C*-boundedness

There is also a converse to Theorem [[.3.2] for which we will have to make a
detour into operator theory. We will introduce matricial algebra norms in order
to connect a-boundedness of a family of operators to the theory of completely
bounded maps. For background on the theory developed in this section we refer to
[BLO4,[ER00,[Pau02/Pis03].

Matricial algebra norms. Denote the space of m x n-matrices with entries
in a complex algebra A by M,, ,(A). A matricial algebra norm on A is a norm
|-l 4 defined on each My, ,(A) such that

IST( 4 < ISl Tl 4 S € M,k (A), T € My, (A)

[ATB| 4 < [[A[lIT] 4lBll, A € My ;(C), T € M;i(A), B € Mn(C).
The algebra A with an associated matricial algebra norm will be called a matricial
normed algebra. In the case that A C L£(X), we call a matricial algebra norm
coherent if the norm of a 1 x l-matrix is the operator norm of its entry, i.e. if
(D) 4 = [|T|| for all T € A.

The following example shows that any Euclidean structure induces a matricial
algebra norm on £(X).

EXAMPLE 1.4.1. Let a be a Euclidean structure on X. For T' € M,, ,,(L(X))
we define
1Tl = sup{[ITx][, : x € X, [Ix[|,, < 1}.
Then ||-||; is a coherent matricial algebra norm on £(X).

PrOOF. Take S € My, ,(L(X)) and T € My, »,(L(X)). We have

S
157, = sup{ 1821 1YL
FMEIR

Moreover for any A € M,, ;(C), T € M;,(L(X)) and B € M}, ,,(C) we have by
property ([2) of the Euclidean structure that

|ATB|; < sup{[|A[[|[TBx|, : x € X", [|Bx]|, <[[B[} <[|A[[T[BI

&

x € X",y =Tx} < |S],|T|

so ||-||5 is a matricial algebra norm. Its coherence follows from
(D) lla = sup{[|Tz[| : x € X, [lf| <1} = [|T|
for T € L£(X), where we used property (II)) of the Euclidean structure. O

Using this induced matricial algebra norm we can reformulate a-boundedness.
Indeed, for a family of operators I' C £(X) we have

(1.24) T, = sup{||T|l, : T =diag(Th,...,T,), Ti,...,T, €T}
This reformulation allows us to characterize those Banach spaces on which a-

boundedness is equivalent to uniform boundedness, using a result of Blecher, Ruan
and Sinclair [BRS90].

PROPOSITION 1.4.2. Let a be a Fuclidean structure on X such that for any
family of operators T C L(X) we have

[Tl = sup 7.
Ter

Then X s isomorphic to a Hilbert space.
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26 1. EUCLIDEAN STRUCTURES AND a-BOUNDED OPERATOR FAMILIES

Proor. Take Ti,...,T, € L(X) and let I' = {T}, : 1 <k <n}. We have
sup [Tyl < ||diag(Ty, ..., To)llq < Il = sup [Tk,
1<k<n 1<k<n

which implies by [BRS90] that £(X) is isomorphic to an operator algebra and that
therefore X is isomorphic to a Hilbert space by [Eid40]. O

C*-boundedness. Now let us turn to the converse of Theorem [[.3.2] for which
we need to reformulate its conclusion. By an operator algebra A we shall mean a
closed unital subalgebra of a C*-algebra. By the Gelfand-Naimark theorem we may
assume without loss of generality that A consists of bounded linear operators on
a Hilbert space H. We say that I' C L(X) is C*-bounded if there exists a C' > 0,
an operator algebra A and a bounded algebra homomorphism p : A — £(X) such
that c

rc {p(T) T e A |T| < W}'
The least admissible C' is denoted by ||I'|| 5.

From Theorem we can directly deduce that any a-bounded family of
operators is C*-bounded. We will show that any C*-bounded family of operators is
a-bounded for some Euclidean structure a.. As a first step we will prove a converse
to Example [[41] i.e. we will show that a matricial algebra norm on a subalgebra
of L(X) gives rise to a Euclidean structure.

PROPOSITION 1.4.3. Let A be a subalgebra of L(X) and let ||-|| 4 be a matricial
algebra norm on A such that ||(T)|| 4 > [|T| for all T € A. Then there is a
Euclidean structure o on X such that | T, < ||T 4 for all T € M, ,(A).

PROOF. Define the a-norm of a column vector x € X™ by
||X||a = max{||x||ﬁ, HxHop}
with
x5 = sup{[ISx|| : 8 € M1,n(A), [IS]| 4 < 1}.

Then |[|-||,, is a Euclidean structure, since we already know op is a Euclidean struc-
ture and for 8 we have

[@)lp < sup{[|Szl[x : 5 € A IS <1} = [l«] x
for any « € X, so (LI} holds. Moreover, if A € M,, ,,(C) and x € X", we have
[Ax[|5 = sup{[[SAx[| : S € My, (A), [IS[| 4 <1} < [[AlIx]]s,

so [ satisfies (L2).
Now suppose that T € M,, »(A), x € X™ with |x||, <1 and y = Tx, then

[¥lls = sup{l|STx|| : S € My1m(A),[IS[| 4, <1}
< sup{||Sx|[| : S € Myn(A), ISl 4 < [IT]4} = [Tl 4lIxllg
and
[1¥llop = sup{[[ATx] : A € Mym(C),[|A[l <1}
< sup{[|Sx|| : S € My n(A), Sl 4 < 1T 4} = [Tl 4lIxll 5-
From this we immediately get
1Tl = sup{llyll, : ¥y = Tx,x € X", [[x[|,, < 1} < [T 4,

which proves the proposition. ([l
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If A and B are two matricial normed algebras, then an algebra homomorphism
p : A — B naturally induces a map p : M, ,(A) = M, ,(B) by setting p(T) =
(p(Tjx)); 42, for T € My, ,(A). The algebra homomorphism p is called completely
bounded if these maps are uniformly bounded for m,n € N.

We will use Proposition[[.4.3]to prove that the bounded algebra homomorphism
p in the definition of C*-boundedness can be used to construct a Euclidean structure
on X such that p is completely bounded if we equip the operator algebra A with
its natural matricial algebra norm given by

1T = 1Tl 2 m) 02, 1)), T € Mimn(A)
and we equip £(X) with the matricial algebra norm & induced by «.

PROPOSITION 1.4.4. Let H be a Hilbert space and suppose that A C L(H) is
an operator algebra. Let p: A — L(X) be a bounded algebra homomorphism. Then
there exists a Fuclidean structure o on X such that

Io(D)lla < WeIITl 2oz (1),e2, (1)
for all T € M, n(A), i.e. pis completely bounded.

ProOOF. We induce a matricial algebra norm 3 on p(A) by setting for S €
Minn(p(A))

18115 = oI EUT 2oz 11y g3, 11y T € Mo (A), p(T) = S}

This is indeed a matricial algebra norm since for S € M, x(p(A)) and T €
My, (p(A)) we have that

IST|l5 = ol nf{[|U] : U € My, n(A), p(U) = ST}
< [l it {ITNIV] = p(U) = S, p(V) = T}
< [ISllg[I T
as ||p|| = 1. Moreover for any S € p(A) we have
1(S)ll5 = llpll inf{||T|| : T € A, p(T) = S} > ||S].

Hence, by Proposition [L43] there exists a Euclidean structure a such that [|S||, <
S|4 for all S € M, 5 (p(A)). This means

lo(T)lla < ()l 5 < llplHIT|

for all T € M,, ,,(A), proving the proposition. O

REMARK 1.4.5. If A = C(K) for K compact and X has Pisier’s contraction
property, then one can take o = « in Proposition [[44] (cf. [PRO7,KL10]). For
further results on y-bounded representations of groups, see [LM10].

We now have all the necessary preparations to turn Theorem [[.3.2] into an ‘if
and only if’ statement.

THEOREM 1.4.6. Let ' C L(X). Then T' is C*-bounded if and only if there
exists a Fuclidean structure o on X such that I' is a-bounded. Moreover ||I‘H(y ~
(N

Cc*:
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Proor. First suppose that « is a Euclidean structure on X such that I is
a-bounded. Let T be the closure in the strong operator topology of the absolutely
convex hull of I'U (||T'||,, - Ix ), where Ix is the identity operator on X. By Propo-
sition [LZ3 we know that T is a-bounded with |||, < 2|[T'||,. Then, by Theorem
[[32] we can find a closed subalgebra A of a C*-algebra and a bounded algebra
homomorphism p : A — L£(X) such that

P CTC{pr(T): T € La(X), Tz < 1}

16 ||T
c {p(1): T e AT < “'pn”a L

So I' is C*-bounded with constant ||I'[|,. < 16|T[|,.
Now assume that I" is C*-bounded. Let A be an operator algebra over a Hilbert
space H and let p : A — L(X) a bounded algebra homomorphism such that

Y[

rc {p(S) 1S e A S < |”|ﬁ }

)

By Proposition [[LZ4] there is a Euclidean structure « such that

(T s < 1Tl 22 (1)
for all T € M,, ,(A). Take T3,...,T;,, € " and let Sq,...,S, € A be such that

p(Sk) = Ty and ||Sk|| < Hlﬁ'))ﬁ* for 1 < k < n. Then we have, using the Hilbert

space structure of H, that
[diag(Ty, ..., Ta)lls = ||p(diag(S1, . .., Sn)) ||a
< llplllldiag(Sy, - - -, Sn)ll £ ez (7ry)
< ITfl -
So by ([L24) we obtain that I' is a-bounded with ||I'[|, < [|T'[| 5w O
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CHAPTER 2

Factorization of a-bounded operator families

In Chapter [Il we have seen that the a-boundedness of a family of operators is
inherently tied up with a Hilbert space hiding in the background. However, we did
not obtain information on the structure of this Hilbert space, nor on the form of
the algebra homomorphism connecting the Hilbert and Banach space settings. In
this chapter we will highlight some special cases in which the representation can be
made more explicit.

The first special case that we will treat is the case where « is either the v- or the
mo-structure. In this case Lemmal[l.2.5limplies a v-bounded version of the Kwapieri—
Maurey factorization theorem. Moreover we will show that mo-boundedness can be
characterized in terms of factorization through a Hilbert space, i.e. yielding control
over the algebra homomorphism.

Afterwards we turn our attention to the case in which X is a Banach function
space. In Section we will show that, under a mild additional assumption on
the Euclidean structure «, an a-bounded family of operators on a Banach function
space is actually ¢#2-bounded. This implies that the ¢2-structure is the canonical
structure to consider on Banach function spaces.

In Section we prove a version of Lemma [[L3.1] for Banach function spaces,
in which the abstract Hilbert space is replaced by a weighted L?-space. This is re-
markable, since this is gives us crucial information on the Hilbert space H. This for-
mulation resembles the work of Maurey, Nikisin and Rubio de Francia on weighted
versus vector-valued inequalities, but has the key advantage that no geometric prop-
erties of the Banach function space are used. In Section [2.4] we use this version of
Lemma [[.31] to prove a vector-valued extension theorem with weaker assumptions
than the one in the work of Rubio de Francia. This has applications in vector-valued
harmonic analysis, of which we will give a few examples.

2.1. Factorization of - and me-bounded operator families

In this section we will consider the special case where « is either the - or the
mo-structure. For these Euclidean structures we will show that a-bounded families
of operators can be factorized through a Hilbert space under certain geometric
conditions on the underlying Banach spaces. All results in this section will be
based on the following lemma, which is a special case of Lemma

LEMMA 2.1.1. Let X andY be Banach spaces. Let I'y C L(X,Y) and suppose
that there is a C' > 0 such that for all x € X™ and S1,...,S, € I'1 we have

1/2

I(S121,- s Sua)ll, < € (3l
k=1

29
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30 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

Let Ty C L(Y) be a me-bounded family of operators. Then there is a Hilbert space
H, a contractive embedding U: H — Y, a S € L(X,H) for every S € I'1 and a
T € L(H) for every T € T's such that

15| < 4c, SerTy,
1T < 2T, T € Ts.

and the following diagram commutes:

X 2. Y’Aggga‘Y

Nl

H L I{

PROOF. Define F' : ¥ — [0,00) as F(y) = |lylly- Then we have, by the
definition of the me-structure, for any y € Y

(S Fw?)” = (D) <l
k=1 k=1

Let
Y={Sz:5eTl,ze X}CY

and define G: Y — [0, 00) by
Gly) :=C-inf{|jz|y v € X, Sz =y, Sel}.

Fixy e }7, then for any Si,...,95, € I'y and x € X™ such that y, = Sz we have

o /
I¥lle, < 0 (X leel3)
k=1

Thus, taking the infimum over all such Sy and x, we obtain

12
Iyll,,, < ZGyk /

Hence by Lemma [[L2.5] there is a Hilbertian seminorm |-||, on a I's-invariant sub-

space Yy of Y which contains Y and satisfies (LI0)-(L12). In particular, for y € Y,
we have [[ylly = F(y) < [yllp> 50 ||| is & norm.
Let H be the completion of (Yp, |-llp) and let U: H — Y be the inclusion

mapping. For every S € I'y let S : X — H be the mapping z — Sz € Y C Yj.
Then we have for any = € X that

[Szlly <4G(Sz) <4C ||z,

so ||S|| < 4C. Moreover we have S = US. Finally let T be the canonical extension

of T € I'y to H. Then we have ||T]| < 2|2, and TU = UT, which proves the
lemma. O
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2.1. FACTORIZATION OF 5- AND m;-BOUNDED OPERATOR FAMILIES 31

A ~y-bounded Kwapien—Maurey factorization theorem. As a first ap-
plication of Lemma [2.T.1] we prove a y-bounded version of the Kwapieni-Maurey
factorization theorem (see [Kwa72l[Mau74] and [AK16, Theorem 7.4.2]).

THEOREM 2.1.2. Let X be a Banach space with type 2 and Y a Banach space
with cotype 2. LetTh C L(X,Y) and Ty C L(Y) be y-bounded families of operators.
Then there is a Hilbert space H, a contractive embedding U : H — Y, a S €
L(X,H) for every S €Ty and a T € L(H) for every T € Ty such that

151 < Tl ser,
I7) < T2l Ter,
and the following diagram commutes:
X % y L Y
H-L H

Note that the Kwapien-Maurey factorization theorem follows from Theorem
by taking I'y = {S} for some S € £(X,Y) and taking I's = @. In particular
the fact that any Banach space with type 2 and cotype 2 is isomorphic to a Hilbert
space follows by taking X =Y, I'; = {Ix} and 'y =

PROOF OF THEOREM Note that y-boundedness and ma-boundedness are
equivalent on a space with cotype 2 by Proposition[[.T.3] Thus I'; is m2-bounded on
Y. Furthermore, using Proposition [[L1.3] the y-boundedness of I'; and Proposition
[0 we have for x € X™ and T3,...,T, €T

||(T1I1, cee aTnxn)”m ~ H(Tlxlv cee 7Tnxn)ny
<P (s -z
n 1/2
2
ST (X lll?)
k=1
Therefore the theorem follows from Lemma 2111 O

Factorization of m;-bounded operator families through a Hilbert space.
If we let X be a Hilbert space in Lemma 211l we can actually characterize the
mo-boundedness of a family of operators on Y by a factorization property. In order
to prove this will need the my-summing norm for operators T' € L(Y, Z), where YV
and Z are Banach spaces. It is defined as

171, = sup{ (17w ) sy e Y™, sup (Yl ) < 1)
k=1

ly*lly=<1 3=

Clearly || T[] < ||T|,, and T is called 2-summing if || 7|, < oo. For a connection
between p-summing operators and factorization through LP we refer to [Tom8&89)
DJT95] and the references therein. If Y = ¢? this definition coincides with the
definition given in Section [Tl which follows from the fact that £(¢2) is isometrically
isomorphic to 2, (¢?), the space of all sequences (yy)n>1 in £2 for which

1/2
l@n)ns1llie_ () = sup S ™),
e ly*lle2<1 ;=4

is finite, see e.g. [DJT95] Proposition 2.2].
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32 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

THEOREM 2.1.3. Let Y be a Banach space and let ' C L(Y). Then T' is ma-
bounded if and only if there is a C > 0 such that for any Hilbert space X and
S € L(X,Y), there is a Hilbert space H, a contractive embedding U : H =Y, a
SeL(X,H) and a T € L(H) for every T € T such that

S| < 4/|8]]
17| < c, Ter

and the following diagram commutes

xS,y T,y

N

H——H

Moreover C' > 0 can be chosen such that [T, ~ C.

PROOF. For the ‘only if’ statement let X be a Hilbert space and S € L(X,Y).
Note that by the ideal property of the ma-structure and the coincidence of the
mo-norm and the Hilbert-Schmidt norm on Hilbert spaces we have for all x € X"

n 1/2
IS, Szl < IS -2l = (D lal?)
k=1

Therefore the ‘only if’ statement follows directly from Lemma[ZT Tusing T’y = {S}.
For the ‘if” statement let T1,...,7, € I'. Let y € Y™ with [ly[|,, <1 and let
V' be the finite rank operator associated to y, i.e.

n

V= (fex)yr, feL

k=1

for some orthonormal sequence (ex)?_; in £2. We will combine the given Hilbert
space factorization with Pietsch factorization theorem to factorize V and T, ..., T,.
In particular we will construct operators such that the following diagram commutes:

02 \% Yy T

ls ST

LoQ) —s 2()=Xx 2> 7 - g

—

As ||V, < 1, by the Pietsch factorization theorem [DJT95| p.48] there is a

probability space (€, P) and operators V: £2 — L°(Q) and S: L%(Q) — Y, such
that |[V| <1, ||S|| < 1 and V = SJV, where J: L>®(2) — L%() is the canonical
inclusion.

We now use the assumption with X = L2(Q) and S to construct H, U, S
and T, for 1 < k < n with the prescribed properties. Define R € F({?, X) by
Rey, = Ti,Ver, and R € F(02,L3(2)) by Rey = TpSJVey for 1 < k < n. Then
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2.1. FACTORIZATION OF 5- AND m;-BOUNDED OPERATOR FAMILIES 33

R = UR (see the diagram above) and therefore we have

- ~ LR 1/2
1Rly, < IOIE],, = | Rlus = (31T587Ver]?)
k=1

o o\ 1/2
<ac(Y|avel®) .
k=1
Since |||, = 1 by [DJT95, Example 2.9(d)], we have ||JV|, < 1 by the ideal
property of the ma-summing norm. Moreover |[(T1y1,. .., Tuyn)ll,, = IRl ,,, so we
can conclude
I(Tayrs - Tyl < 4C,

i.e. I is mo-bounded with [T, < 4C. O

In Theorem 213 it suffices to consider the case where S and S are injective,
which allows us to restate the theorem in terms of Hilbert spaces embedded in Y.

COROLLARY 2.1.4. Let Y be a Banach space and let T' C L(Y). Then T is
mo-bounded if and only if there is a C > 0 such that:
For any Hilbert space X contractively embedded in Y there is a Hilbert
(x) space H with X C H CY such that H is contractively embedded in'Y , the
embedding X — H has norm at most 4, and such that T is an operator on
H with [T gy < C for all T €T
Moreover C'> 0 can be chosen such that [T, ~ C.

PRrROOF. For the ‘if’ statement note that in the proof of Theorem [2Z1.3] the
orthonormal sequence can be chosen such that V is injective, and thus S can be
made injective by restricting to JV (¢2) C L%(€). For the converse note that if S is
injective in the proof of Lemma 2.1l then the constructed S is as well. (]

Since the mo-structure is equivalent to the ~-structure if Y has cotype 2 by
Proposition [[LT.3, we also have:

COROLLARY 2.1.5. Let Y be a Banach space with cotype 2 and let T C L(Y').
Then T is y-bounded if and only if there is a C > 0 such that (x) of Corollary 214
holds. Moreover C'> 0 can be chosen such that ||T']|, ~ C.

Finally we note that we can dualize Theorem 2.1.3] Corollary 2.T.4] and 2.1.7]
For example we have:

COROLLARY 2.1.6. Let Y be a Banach space with cotype 2 and let I' C L(Y').
Then T is y-bounded if and only if there is a C' > 0 such that:
For any Hilbert space X in which Y is contractively embedded there is a
Hilbert space H with Y C H C X such that 'Y is contractively embedded in
(x H, the embedding H — X has norm at most 4, and such that T extends
boundedly to H with |T|| ;) < C for all T €T
Moreover C > 0 can be chosen such that |||, ~ C.

Proor. Note that since Y has type 2, Y* has non-trivial type and cotype 2.
Therefore by Proposition [[LT.4] the ~*-structure is equivalent to the y-structure on
X*. Moreover by Proposition we know that I'* is v*-bounded on Y* with
[T*][,~ < C. So the corollary follows by dualizing Corollary O
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34 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

2.2. a-bounded operator families on Banach function spaces

For the remainder of this chapter, we will study Euclidean structures and fac-
torization in the case that X is a Banach function space.

DEFINITION 2.2.1. Let (S, 1) be a o-finite measure space. A subspace X of the
space of measurable functions on S, denoted by L°(S5), equipped with a norm |||
is called a Banach function space if it satisfies the following properties:

(i) If z € L9(S) and y € X with |z| < |y|, then z € X and ||z||yx < ||yl x-
(ii) There is an x € X with > 0 a.e.
(iii) If 0 <z, 1 @ for (z,)52; in X, x € LY(S) and sup,,cy|zn | x < 0o, then
z € X and ||z| x = supenllnllx-

A Banach function space X is called order-continuous if additionally

(iv) f 0 < x, T 2 € X with (2,)22; a sequence in X and z € X, then
lzn — x| x — 0.

Order-continuity of a Banach function space X ensures that the dual X™ is
a Banach function space (see [LT79, Section 1.b]) and that the Bochner space
L?P(S’; X) is a Banach function space on (S x S’,u x p’) for any o-finite measure
space (S’,1'). As an example we note that any Banach function space which is
reflexive or has finite cotype is order-continuous.

Since a Banach function space X is in particular a Banach lattice, it admits the
£2-structure. The main result of this section will be that the £2-structure is actually
the canonical structure to study on Banach function spaces. Indeed, we will show
that, under mild assumptions on the Euclidean structure o, a-boundedness implies
£2-boundedness. We start by noting the following property of a Hilbertian seminorm
on a space of functions.

LEMMA 2.2.2. Let (S,p) be a measure space and let X C L°(S) be a vector
space with a Hilbertian seminorm ||-||,. Suppose that there is a C' > 0 such that for
z € L%S) andy e X

2] <yl = = € X and ||z[ly < Clyllo-
Then there exists a seminorm ||-||, on X such that
%Hxlloé zll, < C izl z € X,
2 2 2
[z +ylly = (1} + [yl z,yeX:xhy=0.

PROOF. Let II be the collection of all finite measurable partitions of S, partially
ordered by refinement. We define

1/2

. 2

loll, = inf sup (Y- lle1plly) . we X,
melln>n Een’

which is clearly a seminorm. For a m € I, write 7 = {E,--- , E, } and let (ex)}_,
be a Rademacher sequence. Then we have for all z € X that

n n n n
ZHxlEng Z]EZZ€jEk<.’I,‘1Ej,.T1Ek> Z]EHZEk 'l‘lEk
k=1

2 9 9
< C?al}
k=1 j=1k=1
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2.2. -BOUNDED OPERATOR FAMILIES ON BANACH FUNCTION SPACES 35

and, since | J;_, B = S, we deduce in the same fashion

n 2 n n
2 2 2
lally < C2E||Y er-w1m,| =€ Y le1mlf = € Y llo s}
k=1 k=1 k=1

Therefore we have &|z||, < [|z]|; < C|lz|, for all z € X and 7 € II. Furthermore
if z,y € X with x Ay =0, then for 7 > {suppx, S \ supp 2} we have

2 2 2
Dol +y)sll=> llz1elo+ D lly 1zl

Eem Eerm Eem

So we also get ||z +y||> = ||z]|> + ||y||?, which proves the lemma. O

Let X be a Banach function space. For m € L*°(S) we define the pointwise
multiplication operator T),: X — X by T,,z = m - x and denote the collection of
pointwise multiplication operators on X by

(2.1) M= (T :m € L2(S), ] s < 1} € LX)

It turns out that if a is a Euclidean structure on X such that M is a-bounded,
then a-boundedness implies #2-boundedness. This will follow from the fact that an
M-invariant subspace of X satisfies the assumptions of Lemma 2.2.7]

THEOREM 2.2.3. Let X be a Banach function space on (S,p), let a be a Eu-
clidean structure on X and assume that M is a-bounded. IfT' C L(X) is a-bounded,
then T is £2-bounded with ||T||,. < ||T||,,, where the implicit constant only depends
on |M|,-

ProoF. Let x € X™ and Ty,...,T, € I'. We will first reduce the desired

1
estimate to an estimate for simple functions. Define zj := (22:1|mk|2)5. Then we
have w12, ' € L>(S), which means that we can find simple functions u € X" such

o’

that |lup — xkzo_lHLoo(S) < L for 1 <k < n. Defining yo := (ZZ:1|“’€ZO|2)1/2’ we

have
n n

o = yollx < D _llzw = unzolly <D lleollxllur = 2125 Nl sy < ll20llx-
k=1 k=1

Define z; := (ZZ:1|Tk(ukzo)|2)1/2. Then similarly, using ||T%|| < ||T'|[,,, we have

H (Z\Tk$k|2)1/2 o
k=1

For 1 < k < n we have T'(ugz20)2z; * € L>(S), which means that we can find simple
functions v € X™ such that |vy| < |T(upz0)z; '] and

< lollxIll,

Izollx *
“llarlix

llok = T(urz0)21 | oo sy < [Tl

It follows that
(2.2) lvkz1] < [T'(urzo)]
and, defining y; = (Zzzl|vkz1|2), that

n
lz1 = wlly <D I Tk(urzo) — vz llx < llzollx IVl
k=1
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36 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

Thus, combining the various estimates, we have

N|=

| m@or)? [, <l + 2000 (Sl

k=1 k=1

" 3
Ioll < 2| (X lal®) 7| -

k=1

so it suffices to prove [[y1]|y < ||, [|¥oll ¢, which is the announced reduction to
simple functions.
Define Cr := 4[|T'||,,, Crm = 4[| M||,, and set

Lo = (g - 1) Y (g - M)-

Then I'y is a-bounded with ||Tg[|, < 1 by Proposition[[.2.3l Thus, applying Lemma
[3Tto I'y and 7 = (yo,y1), we can find a I'- and M-invariant subspace X, C X
with yo € X, and a Hilbertian seminorm ||-||, on X, such that (L.22) and (L.23)

hold and
(2.3) [Tz, < Crllzll,, re X, Tel.
(2.4) [Tzl < Camllzll,,, reX,, TeM.

In particular, (2Z4) implies if x € L°(9), Z € X,,, and |z| < |Z|, then z € X,, and

(2.5) [z]l,, < CadiZll,,-

Therefore we deduce that uryo, Tr(uryo), viz1 € Xy, for 1 <k <n and y,21 € X,,.
Moreover, by Lemma 222 there is a seminorm |||, on X, such that

(2.6) o llzll, < llzll, < Callzll, relX,

(2.7) lz1 + ;v2||12, = ||:1c1||,2j + ||:132||12,7 21,22 € Xty Axo = 0.

Let X' be a coarsest o-algebra such that u and v are measurable and let
Ei,...,E, € ¥’ be the atoms of this finite o-algebra. By applying 22)-(21),
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we get
5 ) m n o\ 1/2 2
lally < CR X[ (k) a1, by @) + @)
j=1 k=1 v
n m
= Cy Z ZHUkZl 1g, 2 since vy, is constant on E;
k=1j=1
2
< Ch Y llvezlly by @2.6) + 1)
k=1
n
2
< C Y T (uro) |7 by 2.2) + 2.3)
k=1
n
2
< CUCED lluwzoll? by (Z3)
k=1
n m
2
<CUCED D lurzo gl by 2.6) + 1)
k=1j=1
m n N\ 1/2 9
= st\/l C? ZH(ZWH ) 20 1g, since wuy, is constant on E;
j=1 k=1 v
2
< Ca Crllwoll, by ([26) + (1)

Hence, by combining this estimate with (L22) and ([L23), we get
lyillx < llyill, < CRa Crlivoll, < 4CR Crlivollx,

which concludes the proof.

37

]

In view of Theorem [2.2.3]it would be interesting to investigate sufficient condi-
tions on a general Banach space X such that a-boundedness of a family of operators

on X implies e.g. y-boundedness.
REMARK 2.2.4.

(i) By Theorem [[Z.6] one could replace the assumption on I and M in The-

orem [2.2.3] by the assumption that I' U M is C*-bounded.

(ii) M is y-bounded if and only if X has finite cotype. Indeed, the ‘if’ state-
ment follows from Proposition [LT3] and the fact that ||M]||,. = 1. The
‘only if’ part follows from a variant of [HNVW17], Example 8.1.9] and
the fact that if X does not have finite cotype, then £5° is (1 + ¢)-lattice

finitely representable in X for any n € N (see [LT79, Theorem 1.£.12]).

(iii) The assumption that M is a-bounded is not only sufficient, but also
necessary in Theorem 2.2.3]if o = «. Indeed, for the ~y-structure we know
that y-boundedness implies £2-boundedness if and only if X has finite
cotype, see [KVW16l Theorem 4.7]. Therefore if y-boundedness implies
/?-boundedness on X, then X has finite cotype. This implies that M is

~v-bounded.

REMARK 2.2.5. On a Banach function space X one can also define for ¢ € [1, c0)

n
Il = | kel )| x e ™
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38 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

and study the ¢9-boundedness of operators, which was initiated in [WeiOla] and
done systematically in [KU14]. Our representation results of Chapter[dlrely heavily
on the Hilbert structure of 2 and therefore a generalization of our representation
results to an “¢?-Fuclidean structure” setting seems out of reach.

2.3. Factorization of />-bounded operator families through L?(S, w)

As we have seen in the previous section, the ¢?-structure is the canonical struc-
ture to consider on a Banach function space X. In this section we prove a version of
Lemma [[3.1] for the ¢£2-boundedness of a family of operators on a Banach function
space, in which we have control over the the space X, and the Hilbertian seminorm
[[[l,,- Indeed, we will see that an ¢>-bounded family of operators on a Banach func-
tion space X can be factorized through a weighted L2-space. In fact, this actually
characterizes £2-boundedness on X.

By a weight on a measure space (.9, ;1) we mean a measurable function w : S —
[0,00). For p € [1,00) we let LP(S,w) be the space of all f € L°(S) such that

1/p
s = ([ 1510 am) ™ < o

Our main result is as follows. For the special case X = LP(S) this result can be
found in the work of Le Merdy and Simard [LS02, Theorem 2.1]. See also Johnson
and Jones [JJ78] and Simard [Sim99].

THEOREM 2.3.1. Let X be an order-continuous Banach function space on
(8,2, 1) and let T C L(X). T is £2-bounded if and only if there exists a constant
C > 0 such that for all yo,y1 € X there exists a weight w such that v,y € L*(S,w)

and

(2.8) 1720l 25,y < C ol ogs.ys @ € X NLA(S,w), T T
(2.9) lyoll L2 (s.w) < € llwollx,

(2.10) ly1ll 2 sy = ¢ llyallxs

where ¢ is a numerical constant. Moreover C' can be chosen such that ||T'||,. ~ C.

Proor. We will first prove the ‘if’ part. Let x € X™ and T1,...,T, € T.
Define 5y = (Z:Z:l|90k|2)§ and y; = (Ezzl\TkxkF)f. Then we have by applying

n n
nl <Y [ mafudn <2y [fofudn < ik,
k=179 k=175
so |0l < 2C.

Now for the converse take yg,y; € X arbitrary and let @ € X with @ > 0 a.e.
Assume without loss of generality that |lyo|l x = ||y1]lx = ||@]|x = 1 and define

1 -
u= §(|y0| Vlyil v a).
Then [Jully <1, u >0 a.e. and

(2.11) lyyu s < lysllxllygu e sy < 3lwillx,  7=01.
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2.3. FACTORIZATION OF ¢2-BOUNDED OPERATOR FAMILIES THROUGH L?(S,w) 39

Let Y = {z € X : 2?u™! € X} with norm |z|y = chzu_l”;ﬂ. Then Y is an
order-continuous Banach function space and for v € Y we have

" 1/2 n 1/2
(), =[]
k=1 k=1
" 1/2 n 1/2
< (Xl ) = ()
k=1 k=1

i.e. Y is 2-convex. Moreover by Holders inequality for Banach function spaces

(ILT79l Proposition 1.d.2(i)]), we have

1/2
[ull¥? =y

so Y is contractively embedded in X. By 2II)) we have u,yo,y1 €Y.
We will now apply Lemma [[L2Z5 Define F': X — [0,00) by

_ 1/2
Izl < llz%u ¥

Fla) = llz||y ifze span{yl}
0 otherwise

and G : Y — [0,00) by G(z) = ||z|y. Then (L8] holds by Proposition and
(T3O) follows from the 2-convexity of Y. Let M be the pointwise multiplication
operators as in (Z1)) and define

Lo := (3 1”22 T)U(3-M).

Then I'y is a-bounded with ||Tg||,2 < 1 by Proposition .23l Applying Lemma 2.7
to I'g, we can find a I'- and M-invariant subspace Y C Xy C X and a Hilbertian
seminorm ||-||, such that

1 Tzllo < 4Tz llllo, x€Xo, TeT,
1Tz]ly < 4lzflo, v € Xo, T €M,
zllo < 4]y z€Y,

ly1llo = llyrllx-

The second property implies that if z € L°(S) and & € Xy with |z| < |Z|, then
x € Xo and ||z[|, < 4|Z||,- Thus we may, at the the loss of a numerical constant,
furthermore assume

(2.12) |21 + @2||7 = |21 ll7 + ||22]I2, T1,22 € X a1 Axa =0

by Lemma
Define a measure \(E) = |lu 1EH(2J for all F € ¥. Using (ZI2)), the o-additivity
of this measure follows from

A(HE,C) - n1gr;oH’;u1Ek (2): ;A(Ek)

for Fq, FEs,... € ¥ pairwise disjoint, since ulgy € Y for any £ € ¥ and Y is
order-continuous. Moreover we have for any E € ¥ with u(E) = 0 that

2 2 2
AME) = [lulply S llulelly = [1slly =0
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40 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

so A is absolutely continuous with respect to p. Thus, by the Radon-Nikodym
theorem, we can find an f € L'(S) such that

lu g% = A(E) = /E £ dp

for all E € ¥. Define the weight w := u=2f.
Take x € Y and let (v,)52,; be a sequence functions of the form

Mn
vn:ug ai 1gn, a? € C, E €%,
J J J
j=1

such that |v,| 1 |z|. Then lim,_,||v, — x|/, = 0 by the order-continuity of Y. So
by (2I2) and the monotone convergence theorem

Mn
(2): lim E / |a?|2u2wdu:/|x|2wd,u.
n—o00 4 En s
Jj=1 J

In particular, yo, 71 € L?(S,w) and, using ([2.I1]), we have

My

2 . 2
ety = Tm > Jar fu ey
j=1

1
2 2
(o) = loll, < 16 ol <45 ol

3 1
2 2
(f1lwau)” = ol = § ol
S

so we can take ¢ = 48. Take T € I and z € Y and define m,, = min(1, nu - [Tz ")
forn € N. Then m,,-Tz € Y and |m,,-Tz| 1 |Tz|. So by the monotone convergence

theorem we have
1 1
(/\Tx|2w d,u) * = lim (/|mn - Ta*w dp) ’
S n—oo S

= lim ||m, - Tz||,
n—oo

1
<0 ([ Jol*wan)”
S

To conclude, note that Y is dense in X N L?(S,w) by order-continuity. Therefore,
since T is bounded on X as well, this estimate extends to all x € X N L?(S,w).
This means that (2.8)-@I0) hold with C' < 45 ||T|| .. O

REMARK 2.3.2. In the view of Theorem [[.4.6]land Theorem 2.2.3we may replace
the assumption that I" is £2-bounded by the assumption that I' U M is C*-bounded
in Theorem 2.3.11

The role of 2-convexity. If the Banach function space X is 2-convex, i.e. if

n 1/2 n 1/2
() < (i) ", xex
k=1

we do not have to construct a 2-convex Banach function space Y as we did in the
proof of Theorem 2.3l Instead, we can just use X in place of Y, which yields
more stringent conditions on the weight in Theorem 2.3.11
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THEOREM 2.3.3. Let X be an order-continuous, 2-convex Banach function
space on (S,%, ) and let T C L(X). Then T is £*>-bounded if and only if there
exists a constant C > 0 such that for any weight w with

1#ll 25,0y < ll2llx X,
there exists a weight v > w such that

||T‘IHL2(S,’U) S C H‘T”L?(Sﬂ;) T € )(7 T S I

12l 25,0y < cllellx zeX,

where ¢ is a numerical constant. Moreover C' > 0 can be chosen such that ||T'||,» ~

C.

PRrROOF. The proof is similar to, but simpler than, the proof of Theorem 2.3.71
The a priori given weight w allows us to define F' : X — [0, 00) as

Fla)= /S efwdn)

and the 2-convexity allows us to use Y = X and define G : X — [0,00) as G(z) =
||| x. For more details, see [Lor16) Theorem 4.6.3] O

REMARK 2.3.4. Theorem [2.3.3]is closely related to the work of Rubio de Fran-
cia, which was preceded by the factorization theory of Nikisin [Nik70] and Maurey
[MauT73]. In his work Rubio de Francia proved Theorem [Z3.3] with all 2’s replaced
by any ¢ € [1,00) for the following special cases:

e For X = L?(S) in [Rub8&2],
e For ' = {T} with T € £(X) in [Rub86, IIT Lemma 1],

see also [GR85]. These results have been combined in [ALV19l Lemma 3.4],
yielding Theorem 233 with all 2’s replaced by any g € [1,00). These results are
proven using different techniques and for ¢ # 2, as discussed in Remark 2.2.5] seem
out of reach using our approach.

2.4. Banach function space-valued extensions of operators

In this final section on the £2-structure on Banach function spaces we will apply
Theorem 2:3T] to obtain an extension theorem in the spirit of Rubio de Francia’s
extension theorem for Banach function space-valued functions (see [Rub86, Theo-
rem 5]). We will apply this theorem to deduce the following results related to the
UMD property for Banach function spaces:

e We will provide a quantitative proof of the boundedness of the lattice
Hardy-Littlewood maximal function on UMD Banach function spaces.

e We will show that the so-called dyadic UMD™ property is equivalent to
the UMD property for Banach function spaces.

e We will show that the UMD property is necessary for the £2-sectoriality
of certain differentiation operators on LP(R%; X), where X is a Banach
function space.
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42 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

Tensor extensions and Muckenhoupt weights. Let us first introduce the
notions we need to state the main theorem of this section. Let p € [1,00), w a
weight on R? and suppose that 7' is a bounded linear operator on LP(R%, w). We
may define a linear operator T on the tensor product LP(R% w) ® X by setting

T(foz)=Tfoz, fel’R,w), zeX,

and extending by linearity. For p € [1,00) the space LP(R? w) ® X is dense in the

Bochner space LP(R?, w; X) and it thus makes sense to ask whether T extends to a

bounded operator on L”(Rd, w; X). If this is the case, we will denote this operator

again by T. For a family of operators I' C L(L?(R%, w)) we write
[:={T:TeT}.

We denote the Lebesgue measure A on R? of a measurable set £ C R? by |E|. For

p € (1,00) we will say that a weight w on R? is in the Muckenhoupt class A, and
write w € A, if the weight characteristic

[w]a, = SZPI%JI/deA' (I%I/prll cu)ZH

is finite, where the supremum is taken over all cubes Q C R? with sides parallel to
the axes.

An abstract extension theorem. We can now state the main theorem of
this section.

THEOREM 2.4.1. Let X be an order-continuous Banach function space on
(S,2,p), let p e (1,00) and w € A,. Assume that there is a family of operators
[ C L(LP(R?, w)) and an increasing function ¢: R, — Ry such that

o For all weights v: RY — (0,00) we have
[0]az < (50D T g0y )-
Ter

o T is (2-bounded on LP(R%,w; X).
Let f,g € LP(R%, w; X) and suppose that there is an increasing function ¢: Ry —
Ry such that for all v € Ay we have

1FCo8) ooy < (0lan)lgC 9l ey €.
Then there is a numerical constant ¢ > 0 such that
”fHLp(RdM;X) <c-¢po ¢(C HFHP) ||g||Lp(Rd7w;X)-

One needs to take care when considering f(-, s) for f € LP(R? w; X) and s € S
in Theorem [ZZ1] as this is not necessarily a function in L2(R%, v). This technicality
can in applications be circumvented by only using e.g. simple functions or smooth
functions with compact support and a density argument.

PrOOF OF THEOREM 24Tl Let u € LP(R%, w) be such that there is a cx > 0
with u > cx 1x for every compact K C R, Let z € X be such that z > 0 a.e. and

0@ oty < Nl sy

Since X is order-continuous, LP(R¢ w; X) is an order-continuous Banach function
space over the measure space (R? x S,wdAdu), so by Theorem E3.1] we can find
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a weight v on R? x S and a numerical constant ¢ > 0 such that for all T € T and
h e LP(R% w; X) N L%(R? x S, v - w)

(213) ||ThHL2(]Rd><S,'U~w) < CHFHZ2 ||hHL2(Rd><S,v-w)

(214) H‘g| tu ®x||L2(RdXS7U»w) <c |||g‘ tu® xHLP(Rd’,w;X)’
1

(215) ||fHL2(]Rd><S7U»w) 2 E ||fHLP(Rd,w;X)'

Note that ([2I4) and the definition of x imply
(2.16) ||9||L2(Rdxs,v-w) <2 HQHLP(Rd,w;X)

and u € L?(R% v(-,s) - w) for p-a.e. s € S. Therefore, by the definition of u, we
know that v(-,s) - w is locally integrable on R? for u-a.e. s € S. Let A be the
Q-linear span of indicator functions of rectangles with rational corners, which is a
countable, dense subset of both LP(R%, w) and L?(R%, v(-,s) - w) for p-a.e. s € S.
Define

B={y®(z1lg): ¢ €A EeX}.

Then B C LP(R% w; X) N L2(R? x S,v-w) since u® x € L?>(R? x S,v - w). Testing
@I3) on all h € B we find that for all T € T" and ¢ € A

1TV L2 e ,o(,5)w) < N ez P12 R )0 ses.

Since A is countable and dense in L?(R%,v(-, s) - w), we have by assumption that
v(,8) -w € Ay with [v(-,s) - w]a, < @(c|T'[|,2) for p-a.e. s € S. Therefore, using
Fubini’s theorem, our assumption, (2I5) and (2I6]), we obtain

1/2
||f||Lp(Rd7w;X)§C<// |f|2v-wd)\d,u)
S JRd
~ 5 1/2
gc-wm(curup)(// jof*v - waxap)
S JR4

< 202 . qp o (b(C ||FHg2) HgHLP(Rd,UHX)’

proving the statement. O

We say that a Banach space X has the UMD property if the martingale dif-
ference sequence of any finite martingale in LP(S; X) on a o-finite measure space
(S, p) is unconditional for some (equivalently all) p € (1,00). That is, if for all
finite martingales (fx)}7_, in LP(S;X) and scalars |ex| = 1 we have

2.17 H exd H gCH d ’
(2.17) 192:31 kdfx (5 kz::l If .

The least admissible constant C' > 0 in (2.17) will be denoted by /3, x. For a detailed
account of the theory UMD Banach spaces we refer the reader to [HNVW16,
Chapter 4] and [Pis16].

Let us point out some choices of I' C £(LP(R?, w)) that satisfy the assumptions
Theorem 241 when X has UMD property:

e I' = {H}, where H is the Hilbert transform.
e I'={Ry:k=1,...,d} where Ry is the k-th Riesz projection.

LP(S;X)
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44 2. FACTORIZATION OF «a-BOUNDED OPERATOR FAMILIES

e I':={Ty : Q a cube in R?}, where Tp: LP(R?) — LP(R?) is the averag-
ing operator

Tof(t) = (%'/Qfdx) 19(t), teRe

We will encounter these choices of I in the upcoming applications of Theorem [Z.4.1]
For these choices of I' one obtains an extension theorem for UMD Banach function
spaces in the spirit of [Rub86l Theorem 5.

COROLLARY 2.4.2. Let X be a UMD Banach function space and let T be a
bounded linear operator on LP° (R, v) for some py € (1,00) and all v € Ap,. Sup-
pose that there is an increasing function ¢: Ry — Ry such that

||THLpo(Rd,U)_>Lpo(Rd,v) < ¢([”]Ap0)v v E Ap,-

Then T extends uniquely to a bounded linear operator on LP(R? w; X) for all p €
(1,00) and w € A,.

PROOF. For k =1,--- ,d let R}, denote the k-th Riesz projection on LP(R?, w)
and set ' = {Ry, : k=1,...,d}. Then we have for any weight v on R that

4
(olas Sa (S99 1T g y-sc2qety) -
Tel

by [Gral4, Theorem 7.4.7]. Moreover by the triangle inequality, the ideal property
of the £2-structure, [HANVW16, Theorem 5.5.1] and [HH14l Corollary 2.11] we

have
d

~ max{p%,l}
1Tl < ZHRk||Lp(Rd,w;X)HLp(Rd,w;x) SXpid [w]Ap '

k=1
Thus I satisfies the assumptions of Theorem B4l Let f € LP(RY w) ® X. By
Rubio de Francia extrapolation (see [CMP12| Theorem 3.9]) there is an increasing
function ¥: Ry — R, depending on ¢, p, po, d, such that for all v € Ay we have

ITfC )2 ay S P0La)FC ) 2any,  s€S
Therefore by Theorem [2Z4.1] we obtain

4-max{p%,1}
||TfHLP(]Rd,w;X) <c- w(CX,p,d : [w]AP ' )”fHLP(]Rd,w;X)

which yields the desired result by density. ]

The advantages of Theorem 2.4.] and Corollary over [Rub86l Theorem
5] are as follows

e Theorem 241] yields a quantitative estimate of the involved constants,
whereas this dependence is hard to track in [Rub86l, Theorem 5].

e Theorem[2Z4.Tland Corollary 2.4 2 allow weights in the conclusion, whereas
[Rub86l Theorem 5] only yields an unweighted extension.

e [Rub86, Theorem 5] relies upon the boundedness of the lattice Hardy-
Littlewood maximal operator on LP(R%; X), whereas this is not used in
the proof of Theorem [Z4.1]l Therefore, we can use Theorem 2.4.1] to give
a quantitative proof of the boundedness of the lattice Hardy-Littlewood
maximal operator on UMD Banach function spaces, see Theorem 2441
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e Instead of assuming the UMD property of X, the assumptions of Theorem
24T] are flexible enough to allow one to deduce the UMD property of X
from ¢?-boundedness of other operators, see Theorem 4.9

REMARK 2.4.3. Rubio de Francia’s extension theorem for UMD Banach func-
tion spaces has also been generalized in [ALV19.[LN19/[LN22]:

e In [ALV19, Corollary 3.6] a rescaled version of Corollary has been
obtained by adapting the original proof of Rubio de Francia.

e In [LN19| the proof of [Rub86l Theorem 5] has been generalized to allow
for a multilinear limited range variant. The proof of Theorem ZZ4.1] does
not lend itself for such a generalization.

e Using the stronger assumption of sparse domination, the result in [LIN19]
has been made quantitative and has been extended to multilinear weight
and UMD classes in [LIN22].

The lattice Hardy—Littlewood maximal operator. As a first application
of Theorem 2.4.7] we will show the boundedness of the lattice Hardy-Littlewood
maximal operator on UMD Banach function spaces. Let X be an order-continuous
Banach function space and p € (1,00). For f € LP(R% X) the lattice Hardy—
Littlewood maximal operator is defined as

Mf(t) = sup (%'/Qﬂd/\), t e R,

where the supremum is taken in the lattice sense over cubes Q C R? containing
t (see [GMTI3| or [HL19, Section 5] for the details). The boundedness of the
lattice Hardy-Littlewood maximal operator for UMD Banach function spaces X is
a deep result shown by Bourgain [Bou84] and Rubio de Francia [Rub86]. Using
this result, the following generalizations were subsequently shown on UMD Banach
function spaces:

e Garcia-Cuerva, Macias and Torrea showed in [GMT93] that M is
bounded on LP(R?, w; X) for all Muckenhoupt weights w € A,. Sharp de-
pendence on the weight characteristic was obtained in [HL19] by
Hénninen and the second author. .

e Deleaval, Kemppainen and Kriegler showed in [DKK18| that M is
bounded on LP(S; X) for any space of homogeneous type S.

e Deleaval and Kriegler obtained dimension free estimates for a centered
version of M on LP(R%; X) in [DK19].

With Theorem 2Z4.1] we can reprove the result of Bourgain and Rubio de Francia
and obtain an explicit estimate of the operator norm of M in terms of the UMD
constant of X. Tracking this dependence in the proof of Bourgain and Rubio de
Francia would be hard, as it involves the weight characteristic dependence of the
inequality [Rub86l (a.5)].

THEOREM 2.4.4. Let X be a UMD Banach function space with cotype g € (1,00)

with constant cq x. The lattice Hardy-Littlewood mazimal operator M is bounded
on LP(R% X) for all p € (1, 00) with

T 2
||M||£(Lp(Rd;X)) S Q(Cq,Xﬁp,X) )

where the implicit constant only depends on p and d.
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PROOF. Let p € (1,00) and f € LP(RY). Define for any cube @ C RY the
averaging operator

Tof(t) |Q‘/fd>\ 10(t), teR?

and set I' := {Ty : @ a cube in RY}. Then we know that [ is 2-bounded on
LP(R?; X) with
ITlle2 S Vacq,x Bp,x
by [HNVW17, Theorem 7.2.13 and Proposition 8.1.13], where the implicit con-
stant depends on p and d.
Let w: R? — (0,00) and set O := supper || 7| £(z2(ra 0~ Fix a cube Q@ C RY.
Applying Tg to the function (w + €)~! 1¢ for some € > 0 we obtain

/ IQI/ ) “dsgo%%dt

which implies
dt / tdt) < c?
IQI / IQI )

So by letting ¢ — 0 with the monotone convergence theorem, we obtain w € Ag
with [w]a, < C?. So T satisfies the assumptions of Theorem 2.Z1] with ¢(¢) = 2.

By Theorem 2.4.7] using the weighted boundedness of the scalar-valued Hardy-
Littlewood maximal operator from [Gral4l Theorem 7.1.9], we know that for any
simple function f: RY — X

HMfHLP(]Rd;X) S Q(Cq,Xﬁp,X)Q”fHLP(]Rd;X)'

where the implicit constant depends on p and d. So, by the density of the simple
functions in LP(R%; X), we obtain the desired result. O

REMARK 2.4.5.

e One could also use ' = {H} or ' = {Ry : k = 1,--- ,d} in the proof of
Theorem 2.4.4] where H is the Hilbert transform and Ry, is the k-th Riesz
projection. Then the first assumption on I' in Theorem 2.4.7] follows from
[Graldl Theorem 7.4.7] and the second from [HNV W16l Theorem 5.1.1
and 5.5.1] and the ideal property of the ¢2-structure.

e In Theorem 2.4.4] the assumption that X has finite cotype may be omit-
ted, since the UMD property implies that there exists a constant C}, > 0
such that X has cotype Cp8p, x with constant less than C), (see [HLN16,

Lemma 32]). This yields the bound HMHL(LP RLX)) S < B3 x in the conclu-
sion of Theorem 2.4.4

e One would be able to avoid the cotype constant in the conclusion of Theo-
rem [2.4.41if one can find a single operator T that both characterizes v € A,
with ¢(¢) = t? and is bounded on LP(R%; X) with 17N 2 prrasx) S Bp.x

Randomized UMD properties. As a second application of Theorem 2.4.T] we
will prove the equivalence of the UMD property and the dyadic UMD™ property.
Let us start by introducing the randomized UMD properties for a Banach space X.

We say that X has the UMD™ (respectively UMD ™) property if for some (equiv-
alently all) p € (1,00) there exists a constant ST > 0 (respectively 5~ > 0) such

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



2.4. BANACH FUNCTION SPACE-VALUED EXTENSIONS OF OPERATORS 47

that for all finite martingales (fx)7_, in LP(S; X)) on a o-finite measure space (.5, i)
we have

1 n n n
218 e[, g < [ <83
(2.18) 5= ; Ife Lo(5ix) kzsz Ife (S B ; lfie

where (e;)7_, is a Rademacher sequence on (£2,P). The least admissible constants
in (2I8) will be denoted by 6; x and $, . If (ZI8) holds for all Paley-Walsh
martingales on a probability space (S, ;1) we say that X has the dyadic UMD™ or
UMD™ property respectively and denote the least admissible constants by Bﬁ‘;
and Bﬁ Y -

As for the UMD property, the UMD™ and UMD properties are independent
of p € (1,00) (see [Gar90]). We trivially have Bﬁ}; < B, x and ﬁPA"; < B;X.
Furthermore we know that X has the UMD property if and only if it has the
UMD™ and UMD~ properties with

max{ﬁ;X, ;r,x} <Ppx < B, x ;,X7

see e.g. [HNVW16, Proposition 4.1.16]. The relation between the norm of the
Hilbert transform on LP(T; X) and ﬁﬁ ; and ﬁpA’ '« has recently been investigated
in [OY21] and the UMD™ property was recently shown to be equivalent to a
recoupling property for tangent martingales in [Yar20]. We refer to [HNVW16|
Ver07] for further information on these randomized UMD properties.

Two natural questions regarding these randomized UMD properties are the
following:

e Does either the UMD~ property or the UMD™ property imply the UMD
property? For the UMD™ property it turns out that this is not the case, as
any L!'-space has it, see [Gar90]. For the UMD™ property this is an open
problem. For general Banach spaces it is known that one cannot expect a
better than quadratic bound relating 5, x and ﬂ; « (see [Gei99, Corollary
5]).

) 'F}Tt)le dyadic UMD property implies its non-dyadic counterpart. Does the
same hold for the dyadic UMD™ and UMD~ properties? For the UMD~
property it is known that the constants Bz; y and Bﬁ ¢ are not the same
in general, as explained in [CV11].

Lr(5;X)’

Using Theorem 24T we will show that on Banach function spaces the dyadic
UMD™ property implies the UMD property (and thus also the UMD™ property),
with a quadratic estimate of the respective constants.

The equivalence of the UMD™ property and the UMD property on Banach
function spaces has previously been shown in unpublished work of T.P. Hytonen,
using Stein’s inequality to deduce the ¢?-boundedness of the Poisson semigroup on
LP(R%; X), from which the boundedness of the Hilbert transform on LP(R%; X) was
concluded using Theorem 2371

THEOREM 2.4.6. Let X be a Banach function space on (S,%, ). Assume that
X has the dyadic UMD™ property and cotype q € (1,00) with constant cq,x- Then
X has the UMD property with

Bpx S (Cq,X ﬁ;\,‘?)z’

where the implicit constant only depends on p € (1,00).
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PROOF. Denote the standard dyadic system on [0,1) by 2, i.e.
2= %%  Z=0"01)+j):j=0,..2" -1}
keN

Then (Z%)7_, is a Paley-Walsh filtration on [0,1) for all n € N. Let p € (1, 00) and
define

I:={E(|%):k €N}
on LP(0,1). By a dyadic version of Stein’s inequality, which can be proven analo-
gously to [HNVW16| Theorem 4.2.23], we have

B ) o [ e
sz_l&c (x| D LP([OI)XQX) Z Ekfk

where (ej)7_; is a Rademacher sequence. So by [HNV W17, Theorem 7.2.13] and
the ideal property of the £2-structure, we know that I' is #2-bounded with

(2.19) 1Tl < C Vacax B

where C' > 0 only depends on p.
Define the dyadic weight class A7 as all weights w on [0, 1) such that

1 1
W| p2 = sup — wd)\-—/wfld)\<oo.
oz = sp gy [ 1/,

Let w:[0,1) — (0,00) be a weight. Arguing as in Theorem 2.4.4] we know that

LP([0,1)x X))

2
wlag < (S0IT cqeau)

Furthermore note that, with a completely analogous proof, Theorem [2.4.1] is also
valid for the interval [0,1) instead of R? and using weights v € A instead of
weights v € Ay. Therefore we know that if f,g € LP([0,1); X) are such that for all
v € A we have

(2.20) ||f('>3)||L2([o,1),v) <C- [’U]A?||g('>s)||L2([0,1),v)7 5 €5,
then it follows that

=2
(2.21) Hf”Lp([o,l);X) <c - C- T ||9||LP([0,1);X)7

for some numerical constant c.
Define for every interval I € & the Haar function h; by

- ‘I‘E (11— - 11+)7
where I, and I_ are the left and right halve of I. For f € LP([0,1); X) define the
Haar projection Dy by
Dy f(t) / f(s)hi(s

Let A be the set of all simple functions f € LP([0,1); X) such that D;f # 0 for
only finitely many I € 2. Then for all f € A, w € A and ¢; € {—1,1} we have

IS amisn

I1€2

S wlag 1FColzqopywy,  5€5

L2([0,1), )
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2.4. BANACH FUNCTION SPACE-VALUED EXTENSIONS OF OPERATORS 49

by [Wit00], so (Z20) is satisfied. Therefore, using ([2.19) and ([221)), we obtain
that

(2.22) HZ eID,f}
I1€2

A+ 2
q (Cq,X Bpx ) ”fHLp([O,l);X)

<C
Lr([0,1);X)

forall f € Aand ¢; € {—1,1}. Note that A is dense in LP(]0,1); X) by [HNVW16|
Lemma 4.2.12] and we may take e; € C with |e;| = 1 by the triangle inequality. So

Bpx < Cqcqx ﬁ}?)Q

as (222)) characterizes the UMD property of X by [HNVW16| Theorem 4.2.13].
([l
REMARK 2.4.7.

e As in Remark 245 the assumption that X has finite cotype may be
omitted in Theorem [ZZ4.61 This would yield the bound 5, x < C, (ﬂﬁ‘ X+)3
for all p € (1,00) in the conclusion of Theorem

e A similar argument as in the proof of Theorem can be used to show
Theorem 2.4.4] with the sharper estimate

~ +.4)2
HM”L(LP(Rd;X)) < q(cqq)fﬂp,x) '

(?-sectoriality and the UMD property. For the ¢?-structure on a Banach
function space X we say that a sectorial operator A on X is ¢2-sectorial if the
resolvent set

{AR(\, A) : X #£0,|arg M| > o}
is 2-bounded for some o € (0, 7). We will introduce a-sectorial operators properly
in Chapter @l

It is well-known that both the differentiation operator Df := f’ with domain
WLP(R; X) and the Laplacian —A with domain W?2P(R%; X) are R-sectorial, and
thus ¢2-sectorial, if X has the UMD property (see [KWO04, Example 10.2] and
[HNVW17| Theorem 10.3.4]). Using Theorem [Z41] we can turn this into an ‘if
and only if’ statement for order-continuous Banach function spaces.

LEMMA 2.4.8. Let 0 # ¢ € LY(RY)NL2(RY) be real-valued and let w be a weight
on R%. Suppose that there is a C' > 0 such that for all f € L*>(R% w) and A € R we
have

[l * f||L2(Rd7w) <C Hf”[ﬁ(Rd,w)

where px(t) = |\%o(At) for t € R Then w € Ay and [w]a, < C4, where the
implicit constant depends on @ and d

PROOF. Let ¢ = ¢_1 * ¢. Then ¢(—t) = (¢) for all t € R? and ¥(0) =
||g0||2Lz(Rd) > 0. Moreover
191l oo ey < ||<P||2L2(Rd g

)
so v is continuous by the density of C.(RY) in L?(R%). Therefore we can find a
§ > 0 such that ¥(t) > ¢ for all [t| < §. Define 1, (¢) := A ¢(\t) for A > 0. Then
we have for all f € LY(R?) N L?(R?, w) that

[[4x * f”L?(]Rd,w) = [lo—x * px * f||L2(1Rd,w) < 02||f||L2(Rd,w)
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Now let @ be a cube in R? and let f € L'(R%) N L%(R¢, w) be nonnegative and
supported on ). Take A\ = m, then for t € Q

§d+1
o ) = [ w9 (s ds = S [ ) ds.
Q |Q\ Q
So by the same reasoning as in the proof of Theorem 2.4.4] we have w € Ay with
[w] 4, < C* with an implicit constant depending on ¢, d. O

Using Lemma [Z4.8] to check the weight condition of Theorem ZZT] the an-
nounced theorem follows readily.

THEOREM 2.4.9. Let X be an order-continuous Banach function space and let
p € (1,00). The following are equivalent:
(i) X has the UMD property.
(ii) The differentiation operator D on LP(R; X) is £*-sectorial.
(iii) The Laplacian —A on LP(R?; X) is ¢2-sectorial.

PROOF. We have already discussed the implications |(i)| = |(ii)| and |(i)| =

We will prove = the proof of |(ii)| = [(i)| being similar. Take A € R and
define the operators

1 1 1
2 2A)-2 _
Ty = —A2A(1 = A2A) 2 = —AR(—F —A) : pR(—ﬁ, —A).

Since —A is ¢2-sectorial on LP(R?; X), we know that the family of operators I =
{T : X € R} is £*-bounded on LP(R% X). Furthermore we have for f € L?(R?)
that 71 f = o * f with ¢ € L'(R?) N L2(R%) such that

. 2rl¢])®

(p 5 = %’

(1+ (27l€))?)

Moreover T\ f = @z * f for px(z) = Ap(A\x) and A € R. Using Lemma 248 this
implies that the assumptions of Theorem 2.4.1] are satisfied.

Now by Theorem2.-ZT]and the boundedness of the Riesz projections on L2(R%, w)
for all w € Ay (see [Pet08]), we find that for all f € C®(RY) @ X

4
||ka||Lp(Rd;X) S ||F||£2Hf||LP(Rd;X)7 k=1,....d

So, by the density of C2°(R?) ® X in LP(R?; X), the Riesz projections are bounded
on LP(R%; X), which means that X has the UMD property by [HANVW16| Theo-
rem 5.5.1]. O

£ € R

The proof scheme of Theorem [2.4.9] can be adapted to various other operators.
We mention two examples:

e In [Lor19] it was shown that the UMD property is sufficient for the ¢2-
boundedness of a quite broad class of convolution operators on LP(R%; X).
Using a similar proof as the one presented in Theorem 2.4.9] one can show
that the UMD property of the Banach function space X is necessary for
the £2-boundedness of these operators.

e On general Banach spaces X we know by a result of Coulhon and Lam-
berton [CL86] (quantified by Hyténen [Hyt15]), that the maximal LP-
regularity of (—A)'/? implies that X has the UMD property. Maximal LP-
regularity implies the R-sectoriality of (—A)Y/2 on LP(R?; X) by a result
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of Clément and Priiss [CP01] and the converse holds if X has the UMD
property by [WeiO1b]. It is therefore a natural question to ask whether
the R-sectoriality of (—A)'/2? on LP(R? X) also implies that X has the
UMD property. By the equivalence of R-sectoriality and ¢2-sectoriality
on Banach lattices with finite cotype, we can show that this is indeed
the case for Banach function spaces with finite cotype, using a similar
proof as in the proof of Theorem The question for general Banach
spaces remains open. This is also the case for the question whether the
R-sectoriality of —A on LP(R%; X) implies that X has the UMD property,
see [HNVW17, Problem 7].
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CHAPTER 3

Vector-valued function spaces and interpolation

In Chapter [Tl we treated Euclidean structures as a norm on the space of func-
tions from {1,...,n} to X or as a norm on the space of operators from 2 to X
for each n € N. In this chapter we will extend this norm to include functions from
an arbitrary measure space (S, u) to X and to operators from an arbitrary Hilbert
space H to X. After introducing the relevant concepts, we will study the proper-
ties of the so-defined function spaces «(S; X) and operator spaces «(H, X). Their
most important property is that every bounded operator on L?(S), e.g. the Fourier
transform or a singular integral operator on L?(R?), extends automatically to a
bounded operator on the X-valued function space «(S; X) for any Banach space
X. This is in stark contrast to the situation for the Bochner spaces L?(S; X) and
greatly simplifies analysis for vector-valued functions in these spaces.

In the second halve of this chapter we will develop an interpolation method
based on these vector-valued function spaces. A charming feature of this a-inter-
polation method is that its formulations modelled after the real and the complex
interpolation methods are equivalent. The a-interpolation method can therefore be
seen as a way to keep strong interpolation properties of Hilbert spaces in a Banach
space context.

As a standing assumption throughout this chapter and the subsequent chapters
we suppose that « is a Euclidean structure on X.

3.1. The spaces a(H,X) and «(S; X)

Our first step is to extend the definition of the a-norm to infinite vectors. For
an infinite vector x with entries in X we define

[xllq = sup [[(z1, ..., 2n)ll4-
neN

We then define a4 (N; X) as the space of all infinite column vectors x such that
Ix][, < oo and let a(N;X) be the subspace of a4 (N;X) consisting of all x €
a4 (N; X) such that

nlggo”(07 e O7xn+15 Ln+2, - ')Ha =0.

Proposition shows that if x € a4 (N;X) has finite dimensional range, then
x € «(N; X). This leads to following characterization of a(N; X).

PROPOSITION 3.1.1. Let x € a4 (N; X). Then x € a(N; X) if and only if there
exists an sequence (x*)$°, with finite dimensional range such that limy_,eo|/x —

kaa:O.

From Proposition BT and Property (I2) of a Euclidean structure we obtain
directly the important fact that every bounded operator on 2 extends to a bounded
operator on a(N; X) and a4 (N; X).

53
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54 3. VECTOR-VALUED FUNCTION SPACES AND INTERPOLATION

PrROPOSITION 3.1.2. Ifx € a;(N; X) and A is an infinite matriz representing
a bounded operator on (%, then Ax € a4 (N; X) with

[Ax], < [[Alllxl,
If either x € a(N; X) or A represents a compact operator on (%, then Ax € a(N; X).

The space a(H,X). As announced we wish to extend the definition of the
a-norms to functions on a measure space different from N and to operators from a
Hilbert space H to X for H different from ¢2.

DEFINITION 3.1.3. Let H be a Hilbert space. We let a(H, X) (resp. a4 (H, X))
be the space of all T € L(H, X) such that (Te;)7?; € a(N;X) (resp. (Tex)7>, €
a4 (N; X)) for all orthonormal systems (e;)?2, in H. We then set

M aer, ey = 1T My (o) 2= sup [(Ten)ieZalas
where the supremum is taken over all orthonormal systems (ex)32, in H.

If H is separable, then it suffices to compute ||(Te;)?2 ||, for a fixed orthonor-
mal basis (ex);2, of H by Proposition

For a = ~ the spaces v (H,X) and v(H, X) are already well-studied in lit-
erature (see for example [KW16a], [HNVW17, Chapter 9] and the references
therein). Since many of the basic properties of a(H, X) have proofs similar to the
ones for v(H,X), we can be brief here and refer to [HNVW17, Chapter 9] for
inspiration. In particular:

e Both ay(H, X) and a(H, X) are Banach spaces.

e a(H,X)* can be canonically identified with o (H*, X™*) through trace
duality. Note that in this duality one should not identify H with its
Hilbert space dual, see [HNVW17] Section 9.1.b] for a discussion.

e In many cases a(H, X) and a4 (H, X) coincide. For the Gaussian struc-
ture this is the case if and only if X does not contain a closed subspace
isomorphic to ¢g.

It follows readily from Proposition BTl that «(H, X) is the closure of the finite
rank operators in oy (H, X). This can be used to show that every T € o(H, X) is
supported on a separable closed subspace of H:

PROPOSITION 3.1.4. Let H be a Hilbert space and T € o(H, X). Then there is
a separable closed subspace Hy of H such that T =0 for all ¢ € Hy .

PROOF. Let T = limy_, o T} in a(H, X) where each Ty, is of the form
my
Tre = Z(% Vjk)Tjk
j=1

with 9, € H*, 25, € X for 1 < j <my and k € N. Let Hy be the closure of the
linear span of {t;; : 1 < j < my,k € N} in H. Then Hj is separable and T = 0
for all ¢ € Hy . O

As we already noted, «(H,X)* can be identified with o (H*, X*) through
trace duality. In the converse direction we have the following proposition.
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3.1. THE SPACES «(H,X) AND «(S; X) 55

PrOPOSITION 3.1.5. Let H be a Hilbert space, let Y C X* be norming for X
and let T € L(H,X). If there is a C > 0 such that for all finite rank operators
S:H* =Y we have

|tr(S*T)| < C'[|S]

Then T € oy (H, X) with [T, (g x) < C.

o (H* X*)

PROOF. Let (ex)}_; be an orthonormal sequence in H and ¢ > 0. Define
xp = Tey, and let (xf)7_; be a sequence in Y with ||(z})}_, ]|~ <1 and

Ha*
[(zr) k=14 Z|$k (z)| + e
Then, for the finite rank operator S = Zk:l er ® xy, we have

n
I(Then)ioslla < S Jai (@] + & = [6x(S*T)| +£ < C + e.

k=1

Taking the supremum over all orthonormal sequences in H finishes the proof. [
The space a(S; X). We will mostly be using H = L?(S) for a measure space

(S, ). We abbreviate

o(S: X) = a(LX(S), X)

ay(8; X) = ay (L*(5), X)

For an operator T € L(L?(S), X) we say that T is representable if there exists a
strongly measurable f: S — X with 2* o f € L?(S) for all 2* € X such that

(3.1) Ty = /Swf du, ¢ e L*(9).

Here the integral is well defined by Pettis’ theorem [HNV W16l Theorem 1.2.37].
Equivalently T is representable if there exists a strongly measurable f: S — X
such that for all z* € X™* we have
(3.2) ¥ o f=T"(z").

Conversely, if we start from a strongly measurable function f: S — X with
z* o f € L*(9) for all z* € X, we can define the operator Ty : L*(S) — X as
in (BI)), which is again well deﬁned by Pettis’ theorem. If Ty € «a(S;X) (resp.
a4 (S; X)) we can identify f and T, since f is the unique representation of Ts. In
this case we write f € a(S; X) (resp. f € ay(S; X)) and assign to f the a-norm

[fllacs.x) = 1Trllacsx)
Hf||a+(s;x) = ||Tf||a+(s;x)~
In Proposition B.1.9] we will see that
e (S; X) := {T € a(S; X) : T is representable by a function f: § — X}
is usually not all of «(S,X). However it is often useful to think of the space
(e (S;X), [/l as;x)) as @ normed function space and of a(S; X) as its completion,
where the elements of a(S; X) \ ae(S; X) are interpreted as operators T : L%(S) —

X. If $ = R? we have C°(R?) C L2(RY) Ly X and we may also think of
a(S; X) as a space of X-valued distributions. Then (3] conforms with the usual
interpretation of a locally integrable function f as a distribution 7.
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The following proposition tells us that «(S;X) is indeed the completion of
e (95 X).

PROPOSITION 3.1.6. Let (S, 1) be a measure space and let A be a dense subset
of L*(S). Then
span{f @z : fe A ze X}
is dense in a(S; X).

PROOF. Since the finite rank operators are dense in «(S;X), it suffices to
show that every rank one operator T' = g ® x with ¢ € L?(S) and z € X can
be approximated by operators Ty, with f, € span{h ®  : h € A}. For this let
(hn)S2; be such that h, — g in L?(S) and define f,, = h,, ® . Then we have,

using Proposition [3.1.2]
1T = T4, lagsxy = 19 = bn) @ 2llos:x) = 19 = hnll L2 (g) 1zl x U

Proposition B.I.6lallows us to work with work with functions rather than opera-
tors in «(S; X). The following lemma sometimes allows us to reduce considerations
even further to bounded functions on sets of finite measure.

LEMMA 3.1.7. Let (S,u) be a measure space and let f: S — X be strongly
measurable. Then there exists a partition 11 = {E,}.> | of S such that E, has
positive finite measure and f is bounded on E, for all n € N. Furthermore, there
exists a sequence of such partitions 11, = {Emn}io:1 such that for the associated
averaging projections

P, f(s) :_ZIE"M(S)M(E;)/E fdu, seS, meN,
n—1 nm

nm

we have Py, f(s) — f(s) for p-a.e. s € S.

Proor. By [HNVW16!| Proposition 1.1.15] we know that f vanishes off a o-
finite subset of S, so without loss of generality we may assume that (S, ) is o-finite.
Let (S,)22; be a sequence of disjoint measurable sets of finite measure such that
S=U;2, Sy Forn,k €N set

Angi={s €S k=1<|f(s)lx <k}

The sets (An,k)ﬁ“fkﬂ are pairwise disjoint, have finite measure and f is bounded on
A, i, for all n, k € N. Relabelling and leaving out all sets with measure zero proves
the first part of the lemma.

For the second part note that by the first part we may assume that S has finite
measure and f is bounded. By [HNVW16| Lemma 1.2.19] there exists a sequence
of simple functions (f,,)5°_; and a sequence of measurable sets (B;;,)55_; such that

Sup fn(s) = Flx < o and S\ B) <2

SEBm

;>m Bj the sequence (By,)p—; can be taken to be in-
M,

creasing with (S \ By,) — 0 for m — oco. For each m € N let I,,, = {Ep,}, 7
be the partition of S consisting of the atoms of the finite o-algebra generated by
Bi,..., B, and the simple functions fi,..., fm.

Take s € S, fix € > 0 and let N € N such that N > ¢/2 and s € By, which
is possible for a.e. s € S since p(UUps_; Bm) = p(S). Then we have for all m > N

Upon replacing B,, by )
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that || f, — fllx < 1/m on B,,, and thus in particular on E,,, for j € N such that
5 € Ejmy. Therefore

[P f(8) = P fm(s)| x < #

and since Py, f;n = fm we conclude

1P f(s) = F(8)llx < 1P f(5) = Prnfn(8)llx + 1 fin(s) = f(s)x < & <€
Therefore P, f(s) — f(s) for p-a.e. s € S, which concludes the proof. 0

Representability of operators in «(S; X). We will now study the repre-
sentability of elements of a(S; X) with the aim of characterizing when all elements
of «(S; X) are representable by a function f : S — X. If (S, u) is atomic, then it
is clear that every element of «(S; X) is representable by a function. All elements
of a(S; X) are also representable by a function if o = w5 and X is a Hilbert space,

since the Hilbert-Schmidt norm coincides with the mp-norm in this case and we have
the following, well-known lemma.

LEMMA 3.1.8. Let H be a Hilbert space, (S, 1) a measure space and suppose that
T : L?(S) — H is a Hilbert-Schmidt operator. Then there is a strongly measurable
[+ S — H such that To = [¢of du for all p € L*(S).

PrOOF. We can represent 7' in the form
T@:Zak<‘paek>hkv SDEL2(S)7
k=1

where (ag)32, € €2, (e)$2, is an orthonormal sequence in L?(S) and (hy)52, is
an orthonormal sequence in H. Let

f(s) = Zakek(s)hk, p-a.e. s € S.
k=1

This defines a strongly measurable map f :.S — H since

oo
/ Z|ak\2|€k|2 dp < oo.
S k=1

Moreover Tp = [¢of du for all ¢ € L*(S5). O

It turns out that the two discussed cases, i.e. (S,u) atomic or X a Hilbert
space and a = 7o, are in a certain sense the only occasions in which all elements of
«(S; X) are representable by a function. This will be a consequence of the following
proposition.

PROPOSITION 3.1.9. Let (S, X, 1) be a non-atomic measure space. Every oper-
ator in «(S, X) is representable if and only if 7o < «.

PRrROOF. Let us first show that if T € a(S;X) C m2(S; X), then T is rep-
resentable. Note that T is 2-summing, so by the Pietsch factorization theorem
[DJT95] p.48], we know that T has a factorization T = UJV:

L2(S) — X — X

b

L=(8") —L= L*(S")
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58 3. VECTOR-VALUED FUNCTION SPACES AND INTERPOLATION

where (S’, /) is a finite measure space and J is the inclusion map. Since J is
2-summing by Grothendiek’s theorem (see e.g. [DJT95] Theorem 3.7]), V'J is also
2-summing and thus a Hilbert-Schmidt operator. Therefore T' is representable by

Lemma [3.1.8
Conversely suppose that every T' € «(S; X) is representable. By restricting to
a subset of S we may assume p(S) < oo and then by rescaling we may assume
w(S) = 1. We define a map
J:a(S; X) — LY(S; X)

such that JT is a representing function for T' € «(S; X). This map is well-defined
since the representing function is unique up to p-a.e. equality. Let us consider
the topology of convergence in measure on L°(S; X). If T,, — T in «(S; X) and
fn = JT, — fin L°(S; X), then it is clear by the dominated convergence theorem
that

Ts@z/s@fdu, p e A,
where
A= {pe L3(S) / ol supl fullxc diz < 00}.
S neN

Since A is dense in L?(S) by Lemma [B.I.7] this shows that f = JT. Hence J has
a closed graph and is therefore continuous. In particular it follows that there is a
constant C' > 0 so that if |JT(s)||x > 1 for p-a.e. s € S, then [T, s, x) = c—L
Now take x € X" such that 2221”5’%”2 = 1 and partition S into sets Ei,..., E,
with measure ||z1]|%, ..., ||z,||?, which is possible since (S, x) is non-atomic. Define

er = 1p, [l
f(s) = kaek(s), ses
k=1

for 1 <k < n. Then (e;)}_, is an orthonormal sequence in L*(S) and || f(s)|x =1
for s € 5, so

n
Il = 13 ek © a5,y 2 O
k=1

This implies that (37_, ||ax]*)"/”

M, »(C) with ||A|| <1 we have

< C|x]|, for all x € X™. Thus for any A €

m 1/2
(Dlax)®) " < claxll, < C x,.
j=1

which shows that 7o < a. O

COROLLARY 3.1.10. Let (S, i) be a non-atomic measure space. All S € a(S; X)
and T € o*(S; X*) are representable if and only if a and o* are equivalent to the
wo-structure and X is isomorphic to a Hilbert space.

PROOF. The ‘if’ part follows directly from Lemma B.I.8 For the ‘only if” part
note that, by Proposition B.I.9] Proposition [[T.3] and Proposition [[LT.4] we have
on X*

(3.3) m Saf Sy <A <y <M.
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This implies that a* is equivalent to the mo-structure on X*. A similar argument
on X** implies that a** is equivalent to the ma-structure on X**, so « is equivalent
to the me-structure on X. By ([B3) and Propositions [LT3] and [LT4] we also have
that X* has nontrivial type and cotype 2. Therefore by [HNVW17, Proposition
7.4.10] we know that X**, and thus X, has type 2. A similar chain of inequalities
on X** shows that X**, and thus X, has cotype 2. So by Theorem we know
that X is isomorphic to a Hilbert space. O

We end this section with a representation result for the £2-structure on a Banach
function space X or a Cy(K) space. Note that by ¢2(S; X) we mean the space
a(S; X) where a is the £2-structure, not the sequence space 2 indexed by S with
values in X.

PROPOSITION 3.1.11. Let (S, 1) be a measure space and suppose that X is either
an order-continuous Banach function space or Co(K) for some locally compact K.
Then for any strongly measurable f: S — X we have f € ¢%(S; X) if and only if

(folF12du)'* € X with

1/2
sy = (117 am)

PrOOF. We will prove the ‘only if’ statement, the ‘if” statement being similar,
but simpler. Let f: S — X be strongly measurable. By [HNVW16| Proposition
1.1.15] we may assume that S is o-finite and by Proposition B4 we may assume
that L?(S) is separable. Suppose that (e;)?2; is an orthonormal basis of L?(S) such
that [glex|l|lf]ly < oo for all & € N. Such a basis can for example be constructed
by partitioning S into sets of finite measure where f is bounded as in Lemma B.1.7
Let zy := [gerfdp and fn == > 7 e ® 2. Then f € (*(S;X) if and only if
(zx)52, € £3(N; X). This occurs if and only if

tim [ (3 \xk|2)1/2HX = 0.
k

n— 00
=n—+1

By order-continuity or Dini’s theorem respectively, this occurs if and only if we
have (Zzozl\xk|2)l/2 € X. Since

o 1/2 1/2
()™ = ([t an)

the result follows. O

If for example X = LP(R), then a measurable f : R — LP(R) belongs to
¢%(R; X) if and only if

p/2 1/p
f vy = //ft,s Zat ds < 00.
Il = ([ (170 ) ds)
For a Banach function space with finite cotype we also have that
) 1/2
Hf||y(s;X) = ||f\|e2(s;x) = H (/S|f| dM) Hx

which follows from Proposition [[LT3] (see also [HNVW17| Theorem 9.3.8]). This
equation suggests to think of the norms [|-[|.¢.x) and |[-[|,(s,x) as generalizations
of the classical square functions in LP-spaces to the Banach space setting. We will
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60 3. VECTOR-VALUED FUNCTION SPACES AND INTERPOLATION

support this heuristic in the next section by showing that a-norms have properties
quite similar to the usual function space properties of L?(S’; L?(S)). In Chapter
we will use this heuristic to generalize the classical LP-square functions for sectorial
operators to arbitrary Banach spaces.

3.2. Function space properties of a(S; X)

We will now take a closer look at the space a(S;X) as the completion of
a function space over the measure space (S, u). We start with some embedding
between these spaces and the more classical Bochner spaces L*(S; X). If F is
a finite-dimensional subspace of X and f: S — E is strongly measurable, then
f € a(S, X) if and only if f € L?(S; X). In fact, by Proposition [LT.5] we have

(3-4) (dim(E)) M|l 2 (six) < I llasix) < dmE)Fll2(s,x)-
Moreover if dim(L?(S)) = oo, it is known that for the y-structure we have

(3.5) 11 s S 1 zagsics: f e L2(8; X),

if and only if X has type 2 and
(3.6) 12 (s,x) S I llessx)0 fen(s:X)

if and only if X has cotype 2, see [ HNVW17| Section 9.2.b]. Further embeddings
under smoothness conditions can be found in [HNVW17, Section 9.7]. We leave
the generalization of these embeddings to a general Euclidean structure « to the
interested reader.

Extension of bounded operators on L?(S). One of the main advantages
the spaces a(.S; X) have over the Bochner spaces L?(.S; X) is the fact that any oper-
ator T € L(L*(S1), L(S,)) can be extended to a bounded operator T a/(Sy; X) —
a(S2; X). Indeed, putting TU == UoT* for U € a(S1; X), we have that T is
bounded by Proposition For functions this read as follows:

PROPOSITION 3.2.1. Let (S1, 11) and (Sa, pi2) be measure spaces and let f: S; —
X be a strongly measurable function in a(Sy; X). Take T € L(L?*(S1), L*(S2)) and
suppose that there exists a strongly measurable g : So — X such that for every
x* € X* we have

#*0g=T(" o f)
or equivalently x* o g € L?(S3) and

/5 g dpis = [3 (T*Q)fdu, € L2(SH).

Then g € a(S2; X) and

HgHa(S'Z;X) < HTHHfHa(Sl;X)'

In the setting of Proposition B.2Z.1] we write T'f = g. As typical examples, we
note that multiplication by an L>°-function is a bounded operation on «(R; X) and
we show that the Fourier transform can be extended from an isometry on L?(R)
to an isometry on «(R; X). Combining these examples we would obtain a Fourier
multiplier theorem, which we will treat more generally in Corollary [3.2.91
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EXAMPLE 3.2.2. Let (S, u) be a measure space and suppose that f € a(S; X).
For any m € L*°(S) we have mf € a(S; X) with

||mf||a(S;X) < ”mHLOO(S)”fHa(S;X)'

EXAMPLE 3.2.3. Suppose that f € L}(R; X) with f € a(R; X). Define
Fr() /f Je 2T dt, £ER,

1 (e) / F(t)e2mits dt ek

Then f, f € a(R; X) with Hf”a(R;X) = ”f”a(R;X) = [[fllar:x)

The a-Holder inequality. Next we will prove Holder’s inequality for a-
spaces, which is a realisation of the duality pairing between a4 (S; X') and o (S; X™)
for representable elements. Conversely, we will show that the representable elements
of a subspace of o (S; X*) are norming for oy (S; X') using Proposition

il
&’ﬂ

PROPOSITION 3.2.4. Let (S, ) be a measure space.
(i) Suppose that f: S — X and g: S — X* are in ay(S;X) and o (S; X*)
respectively. Then (f,g) € L'(S) and

/\<f,g>\du <151
S

(ii) Let Y C X* be norming for X and let f : S — X be strongly measurable.
If there is a C > 0 such that for all g € L?>(S) ® Y we have

Jiralan<cl
then f € ay(S;X) with || f[|,, s.x) < C-

af (8;X*)

a*(S;X*)

PRrROOF. Let Il = {F,,,}5°_, be a partition of S with associated averaging pro-
jection P for f as in Lemma BI.7 and let II' = {E],}2°; be a partition of S with
associated averaging projection P’ for TPf as in Lemma B.I.71 Assume without
loss of generality that I’ is a finer partition than II, i.e. for any n € N there is an
my, € N such that E/, C E,,, . Then

P'TPf=> Spam, 1g,

n=1
where
/ £ du, men,
Snx_M(E/)/,Txdlu, neN zeX.
So we obtain
(o]
_ 1/2
”Pf”a(S;X) = an_:l%m 1, o(S:X) ZUPH Ty (B )k 1||a’

IPTPfll, sy = | D2 Snm, 1,
n=1

ap(S:X) iuP||(Sk$vnkﬂ(Ek)l/2)k il
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Since S, belongs to the strong operator topology closure of the convex hull of " for
all n € N, it follows from Proposition [[L2.3] and Proposition B2.1] that

IP'TPfllo, (six) < TN IPFllagsix) < M0l f lacsx)-

Now let P, be a sequence of such averaging projections for f as in Lemma B.1.7]
and, for every m € N, let P/, be a sequence of such averaging projections for T'P,, f
as in Lemma [B.1.71 Then we have

lim lim P, TP,f(s)=Tf(s), s€ S,

m—00 m’— o0
so the conclusion follows by applying Proposition BZH ()| twice. O
Convergence properties. In the function spaces LP(S; X) we have conver-
gence theorems like Fatou’s lemma and the dominated convergence theorem. In the
next proposition we summarize some convergence properties of the a-norms. For
example can be seen as an a-version of Fatou’s lemma. It is important to note

that even if all f,,’s are in a(S; X), we can only deduce that f is in a4 (S;X).
PROPOSITION 3.2.5. Let f: S — X be a strongly measurable function.

(i) Suppose that fr: S — X are functions in o (S; X) such that
sup || fall o (s.x) < 00
neg”f | +(S:X)
If fn.(s) converges weakly to f(s) p-a.e, then f € ay(S;X) with

Hf||a+(s;x) < hnnii;lf ||ana+(s;X)-

Now suppose that f € a(S; X).
(i1) Let (gn)22 1 be a sequence in L®(S) with |g,| < 1 and gn(s) = 0 p-a.e.
Then limy—o0l|gn * fllo(s,x) = 0-
(i) If o is ideal and T,,,T € L(X) with lim,_yoo Tnx = Tz for x € X, then
lim, yoo Tpof = To fina(S;X).

Proor. For note that for all z* € X™* we have

* *
Rl e Fullinis) < sl sl < 00

Let (e,,)°_; be an orthonormal sequence in L?(S), set @, = fs emfndp and
Ty = |, g €mfdu. Then by the dominated convergence theorem we have for all

z* e X*
lm (Tpm, ™) = lm [ epn(fn,2")du = / em(fyx™) dp = (zm, z*).

Thus by a-duality we have for each m € N
[ )y < Wit (@, ) o < i ol s

so [(i)] follows by taking the supremum over all orthonormal sequences in L2(S).
For let € > 0. By Proposition we can find a finite dimensional subspace
E C X and an h € L?(S; E) such that || f — 9llags;x) < & Then by @B.4) and the

dominated convergence theorem we have

The proof of is similar. O
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The a-multiplier theorem. We now come to one of the main theorems of
this section, which characterize a-boundedness of a family of operators in terms of
the boundedness of a pointwise multiplier on «(.S; X'). This will be very useful later.
We say that a function T': S — L£(X) is strongly measurable in the strong operator
topology if Tx: S — X is strongly measurable for all z € X. For f: S — X we
define Tf: S — X by

Tf(s) :=T(s)f(s), seS.

THEOREM 3.2.6. Let (S, ) be a measure space, let T : S — L(X) be strongly
measurable in the strong operator topology and set T = {T(s) : s € S}. If T is
a-bounded, then Tf € ay(S; X) with

1T fllay (553 < Ml llagsix)
forall f € a(S;X).

PRrROOF. Let IT = {E,}52, be a partition of S with associated averaging pro-
jection P as in Lemma BT for f and let II' = {E/ }22; be a partition of S with
associated averaging projection P’ as in Lemma B for TP f. Then

P'TPf=> Spa,1p,

n=1

where

1 /
Tn = —F/—~ fd,u,
w(En) E,
1

/ Tx du, e X.
E

’
n

Spx =

w(Er)

So we obtain

1P lagsix) = |[ D2 #n 15,
n=1

a(S;X) - ||(I"H(E”)1/2)ZO:1||0¢’

= (S

n:l”a'

P/T.Pf alS: - H Snxn]-
|P'TPfllags:x) 222 B| s

Since S, belongs to the strong operator topology closure of the convex hull of T, it
follows from Proposition [[.2.3] and Proposition B.2.7] that

IP'TPfllos:x) < TN NP fllas.x) < ITllf lags;x)-

Now let P, be a sequence of such averaging projections for f as in Lemma B.1.7]
and for every m € N let P/, be a sequence of such averaging projections for T'P,, f
as in Lemma [B.1.71 Then we have

lim lim P, TP,f(s)=Tf(s), s€ S,

m—00 m’— 00
so the conclusion follows by applying Proposition mm twice. |
REMARK 3.2.7. Since we use Propositionmmin the proof of Theorem [3.2.6]
we do not know whether T'f € «(S; X). We refer to [HNVW17, Section 9.5] for a

discussion on sufficient conditions such that one can conclude T'f € a(S; X) in the
case a = 7.
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We also have a converse of Theorem B.2.0] for which we need to assume that
the measure space (S, ) has more structure. A metric measure space (S,d, p) is a
complete separable metric space (9,d) with a locally finite Borel measure p. We
denote by supp(p) the smallest closed set with the property that its complement
has measure zero.

THEOREM 3.2.8. Let (S,d, u) be a metric measure space, let T : S — L(X) be
continuous in the strong operator topology and set

I'={T(s):s € supp(p)}.
If we have Tf € ay(S; X) for all f € a(S; X) with

ITflla, (s:x) < Cllfllacsix)
then T is a-bounded with ||T'||, < C.

Proor. Take Ti,...,T,, € ' and x € X". Let sq,...,8, € supp(u) be such
that T, = T'(s) for 1 <k <mn and let € > 0. For 1 < k < n, using the continuity
of T and the fact that s; € supp(u), we can select an open ball Oy, C supp(p) with
finite positive measure such that s € Oy and

(3.7) IT(8)zy — T(sk)xk| <nle, s € Oy.

If Op, NOk, # @ for 1 < ky # ko < n, then u(Ok, N Ok,) > 0. Since p is
non-atomic, there are disjoint E1, Fy with positive measure such that Oy, N O, =
Ey U Es. Tteratively replacing O, by Oy, \ E1 and Og, by Oy, \ E; for all pairs
1 < k1 # ky < n, we obtain pairwise disjoint sets O1,...,0,, of positive finite
measure such that ([B7) holds.

Let P be the averaging projection associated to Oi,...,0, and define f =
Sy #(Og) Y22y, 10, . Then

PTf =" uOr) yslo,
k=1

for
1

yk:—/ Txy du, 1<k<n.
1(Ok) Jo,

Note that ||yx — Thzr|| < n~'e, so we have by Proposition B.2.0] the fact that
((Og)~1/? 10,)}_, is an orthonormal system in L?(S) and our assumption, that

1¥llo = I1PT fllacs:xy < Cllfllags:x) = ClIxlla-

Therefore ||(Tiz1,. .., Thay)|l, < C|x||, + ¢, which proves the theorem. O

o

We conclude this section by combining Theorem [B.2.6] and Example .23 into
the following Fourier multiplier theorem.

COROLLARY 3.2.9. Suppose that m : R — L(X) is strongly measurable in the
strong operator topology and {m(s) : s € R} is a-bounded. For f € L*(R; X) such
that f € LY(R; X) we define

T f(s) = F 1 (m(s)f(s)), s€S.
If f e a(R; X), then Tf € ay (R; X) with

HTTI’LfHa+(]R;X) < H{m(s) RS R}Ha”fHQ(R;X)'
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3.3. The a-interpolation method

In this section we will develop a theory of interpolation using Euclidean struc-
tures. This method seems especially well-adapted to the study of sectorial operators
and semigroups, which we will explore further in Chapter [l Although we develop
this interpolation method in more generality, the most important example is the
Gaussian structure, which gives rise to the Gaussian method of interpolation. A dis-
crete version of the Gaussian method was already considered in [KKWO06|, where it
is used to the study the H-calculus of various differential operators. The continu-
ous version of the Gaussian method was studied in [SWO06/[SW09], where Gaussian
interpolation of Bochner spaces LP(S; X) and square function spaces v(S; X), as
well as a Gaussian version of abstract Stein interpolation, was treated. Further-
more, for Banach function spaces, an £4-version of this interpolation method was
developed in [Kunl5]. An abstract framework covering these interpolation meth-
ods, as well as the real and complex interpolation methods, is developed in [LL23].

The results in [KKWO06L[SWO06|,[SW09| were based on a draft version of this
memoir, which explains why some of these papers omit various proofs with a ref-
erence to this memoir, see e.g. [KKWO06| Proposition 7.3] and [SWO06| Section
2].

Throughout this section we let o be a global Euclidean structure, (Xo, X1)
a compatible pair of Banach spaces and 6 € (0,1). We will define interpolation
spaces (Xo, X1)§ and (Xo, X1); " and refer to these methods of interpolation as the
a-method and the oy -method. Note that we will only use the Euclidean structures
ap on Xy and ay on X; for our construction, so the assumption that « is a global
Euclidean structure is only for notational convenience.

Let us consider the space

L*(R) 4+ L*(R,e2'dt) = L*(R, min{1, e 2}dt).
We call an operator
T:L*R) + L*(R, e 2dt) — Xo + X;.

admissible and write T' € A (respectively T € A, ) if T € a(R, e~ %dt; X;) (respec-
tively 7' € a (R,e”%%dt; X;)) for j = 0,1. We define

T4 = max [T oz e-250atsx, )
||TH,4+ = jnzl%')}%HTj||a+(R,e*2Jtdt;Xj)7

where T} denotes the operator 7" from L?(R,e~2!d¢t) into X;. Both A and A are
complete with respect to their norm.

Denote by eg the function ¢t — €. We define (Xo,X1)§ as the space of all
z € Xg + X7 such that

ch||()((th)g =inf{||T|| 4 : T € A, T(ep) =2} < 0.
The space (X, Xl)g‘)_i_ is defined similarly as the space of all z € X+ X such that
||xH(XO;X1):+ =inf{||T)| 4, + T € Ay, T(eg) =z} < oo.

Then (X, X1)§ and (Xo, X1), " are quotient spaces of A and A, respectively and
thus Banach spaces. For brevity we will sometimes write Xy := (X, X1)§ and
X4 = (X07X1)(i)¢+‘
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PROPOSITION 3.3.1 (a-Interpolation of operators). Suppose that (Xo, X1) and
(Yo, Y1) are compatible pairs of Banach spaces and « is ideal. Assume that S: Xo+
X1 = Yo+ Y1 is a bounded operator such that S(Xo) C Yy and S(X1) CYy. Then
S: Xg — Yy is bounded with

0
HSHXG*)YQ < ||SHX0—)Y() HS||X1~>Y1'

A similar statement holds for S} : Xy — Yy ;.

PROOF. Suppose T' € A. Fix 7 so that |[S]x, ,y, = €7[|S]x,_y, and let U;
be the shift operator given by Uy = (- — 7), which satisfies

(3.8) 1Urll oo mesman €97 5 =0,1.

The ideal property of @ means that STU, is admissible and
[STU|| 4 < jnzlg«ﬁ{”SHXjan||T||Q(R,c72jtdt;xj)e_j7} < ||SHXO~>Y0||T||.A'
Now if T'(eg) = x, then 7 - STU,(eg) = Sz and therefore

0
11, v, < ISl x00v, = 1811, oy IS 11, Sy - O

In interpolation theory it is often useful to know that Xy N X; is dense in the
intermediate spaces, which is the content of the next lemma.

PROPOSITION 3.3.2. The set of finite rank operators T € A is dense in A. In
particular, Xo N X, is dense in Xy.

Proor. If T € A, we consider the operators Sy , given by

(k+1))\
S)\ nQD Z / 1[k)\,(k+1))\)(t)7 teR
[kl<n 7 A
for p € L?(R) + L*(R,e2!dt). As T;S\,, has finite rank, it suffices to show that
for j =0,1
(3.9) )1\13}) HILH;OHT T;5 "”a(Re—?itdt;Xj) =0.

Note that for a finite rank operator U € o(R,e~%'dt; X;) and j = 0,1

hm hm | a(R,e—23tdt;X;) = 0

by the Lebesgue differentiation theorem. Moreover we have

19xnll 22wy =1,

sinh A
||S)\,nHL(L2(]R,e*2tdt)) -

so by density we obtain (9 for j = 0,1. To conclude note that if 7' € A has finite
rank, then necessarily

T(L*(R) + L*(R,e"dt)) C Xo N X,
since T € a(R, e~ 27tdt; X;) for j =0,1. Thus X, N X, is dense in Xp. O
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Duality. If Xo N X; is dense in both Xy and X, then the pair (X§, X7) is
also compatible. We can then define the classes A*, A% for the pair (X, X{) with
the global Euclidean structure o and define the interpolation spaces (X, X i")g‘
and (X, Xi")gj’, which we write as X and Xj , for brevity.

If T € A% we can view T* as the operator from XoNX; to L?(R)NL*(R, e~ 2!dt)
so that for z € Xg N X,

(T*z,0) = (v, Te), ¢ €L*R)+L*(R,e*dt),
using the densely defined bilinear form (-,-) on L?(R) + L?(R,e~%!dt) given by

(3.10) (p1,92) = /Rsol(t)wz(—t) dt

for all 1 and ¢y such that o1 (-)p2(—) € L*(R), which holds in particular if
@1 € L*(R) N L*(R, e 2!dt),
@2 € L*(R) 4+ L*(R,e”?dt).

Then T* extends to the adjoints T : X; — L*(R,e”*/'dt).

LEMMA 3.3.3. Suppose that Xo N X1 is dense in Xy and X;. If S € A and
T € A%, then

tr(T5So) = tr(T5S1).

PROOF. Let us fix T € A7%. The equality is trivial if S has finite rank and thus
range contained in Xy N Xy, since T*S then has finite rank and range contained in
L?(R) N L?(R,e~2!dt). Since the functionals S — tr(7T¢Sy) and S — tr(T}S;) are
continuous, the result follows from Proposition |

By Lemma B.3.3] we can now define the pairing
(S, T) :=tr(T§ So) = tr(1yS1), SeATeA
and note that
BA) (S, T < min 1 o st 1T sty < 1510

for Se Aand T € A7

Ay

THEOREM 3.3.4. Suppose that XogN X1 is dense in Xo and X1. Then we have
(Xo)* = Xj , isomorphically.

PROOF. Let z* € Xj | and take T' € A% with T(ep) = z*. Fix z € Xo N Xy
and take an S € A with finite rank and S(eg) = z. For 7 € R let U, be the shift
operator given by U,¢ = (- — 7). For ¢ € L*(R) N L*(R, e?!dt) we note that

/eeTUTgo dr = / 69(T+')<ﬂ(—7') dr = (eq, p)eg
R R

as Bochner integral in L?(R) + L?(R,e*!dt). Thus, since the range of T*SU, is
contained in a fixed finite-dimensional subspace of L?(R) N L?(R,e%!dt) for all
7 € R, we have

/Re‘QT<SUT,T>dT = (S(eg), T(eq)).
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Now by (3.8)) and [BI1]) we have

e(9_1)T||Sl Ha(R,c*Qitdt;Xj)HTﬂ o (Re27tdt; X ;) 720,

7(SU, T) < {

eeT”SOHa(R,e*%tdt;Xj)”TO‘ ol (Re=2itdt; X ;) 7 <0,

from which it follows that
[(z,2%)| = [(S(eq), T'(eq))| < (0(1 — 0))_1||S||A”T||Ai'

Hence, taking the infimum over all such S and T' and using Proposition B.3.2] we
have

[, 2™)] < (01 = ) allx, o7l x; -
By the density of Xo N Xy in Xy this implies that Xj , embeds continuously into
(Xo)*.

We now turn to the other embedding. Given z* € (Xyg)* we must show x* €
Xy with ||z*|» < C||a*||x,)-- First note that z* induces a linear functional
0,+ X5 4 (Xo)

¥ on A by ¥(S) = 2*(S(eg)) for S € A. Moreover there is a natural isometric
embedding of A into

a(R; Xo) @oo (R, e~ 28dt; X7)

via the map S +— (Sp, S1). Hence by the Hahn-Banach theorem we can extend z*
to a functional on this larger space, i.e. there is a

T = (To, Th) € oL (R, X§) @1 o (R, e ?'dt, X7)
such that ||T'| = [[z*[| x,)- and
tr(T4So) + tr(T7S1) = 2" (S(ep)), SeA

Let us apply this to the rank one operator S = ¢ ® x for some ¢ € L?(R) N
L*(R,e~?!dt) and = € Xy N X;. Then

(z,To(p)) + (z, T1(p)) = 27 (x)(eq; ¥),
so we have, by the density of Xy N X7, that
(3.12) To(p) +Ta(p) = (o, p)z*, @ € L*(R) N L*(R,e”*dt)

as functionals on Xy. Let U = U, — I, where U; is the shift operator given by
Uip = ¢(- — 1). Then we have

(3.13) To(Up) + Ti(Ugp) = (?(eq, Urp) — (e, )™ = 0.
Note that
I ToU|

0 *
ajr(Lz(]R),Xé‘) S (e + 1)”.’[ ”(X@)*’
0—1 *
||T1U||a1(L2(R,e—2tdt),X;) < (e + Dl ”(Xe)*'

So it follows from B.I3) that V: L?(R) + L?(R,e2!dt) — X, + X given by

Vo= TOU@a ZBS L2(R)
T -nUp, e L2(R,e%dt)

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



3.4. A COMPARISON WITH REAL AND COMPLEX INTERPOLATION 69

is a well-defined element of A% and ||VHA*+ < (ef + D"l (x,)-- Let us compute
V(eg). We have, using (312, that

V(ee) = ToU(eg 1(70070)) — T1U(69 1(0700))
= To(eg 1(0,1)) + T1(ep 1(0,1))
= (eg,eq L(,1))7" = "

Thus we have z* € Xj | with ||x*HX; < HVHA*+ < (e9+1)||x*\|(X9)* and the proof
’ +
is complete. O

3.4. A comparison with real and complex interpolation

We will now compare the a-interpolation method with the more well-known
real and complex interpolation methods. We will only consider the a-interpolation
method in this section and leave the adaptations necessary to treat the a.y-interpola-
tion method to the interested reader. As in the previous section, throughout this
section « is a global Euclidean structure, (Xg, X;) is a compatible pair of Banach
spaces and 0 < 0 < 1.

Real interpolation. We will start with a formulation of the a-interpolation
method in the spirit of the real interpolation method. More precisely, we will give
a formulation of the a-interpolation method analogous to the Lions-Peetre mean
method, which is equivalent to the real interpolation method in terms of the K-
functional (see [LP64]). Let A4 be the set of all strongly measurable functions
f Ry = XoN X such that t — ¢ f(t) € a(Ry, 4; X;)) for j = 0,1. Define for
feA,

1£1]a, = max [t =t f (Ol o, 2.x,)

ProrosiTION 3.4.1. For z € Xy we have

o0
. . . 0
Jall, =t {IflLa, : £ € As with [~ #5(0)% =)
0
where the integral converges in the Bochner sense in Xo + X;.

PROOF. Note that for f € As we have t — f(e') € a(R,e"%t X)) for j =0, 1.
Therefore, using the transformation ¢ — e', we may identify A, with a subset of
A. So the inequality “<” is immediate.

To obtain the converse inequality note that it suffices to prove the inequality

for € Xy N X1\ by Proposition B:321 Let ¢ > 0 and T € A with T'(eg) = = and
1T 4 < (1 +¢)llz|lx,- For A >0 we consider the convolution operator

1 M
Ky =5y A o(-—t)e’tdt,  pe LA(R)+ L3R, e 2 dt).
Then K (eg) = eg, hence TK)(eg) = . Note that for j = 0,1
1 by (0—) sinh(O)) j=
B 2z (r,e-2itat)) < _/ TIAL < S Gy L
(L*(R, N =ax ) oot J=1L
Hence for small enough A > 0

(3.14) ITEN 4 < L+ )l x,-
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Now we show that T'K is representable by a function. Let

Ft) = T(l(o’t) eg) t>0,
—T (10 e9) t<0,

then we have

1 _ _
Kxp= o7 [ o) 1aaene®T0dt, e LAR) + LA(R,e > di)

WA
as a Bochner integral in L?(R) + L?(R,e~2! dt). Hence
(3.15) TKyxp = % 5 e (F(t+X) — F(t —\)) dt,
so we can take
g(t) = e;t (F(t+X) - F(t—1), teR

Then, for f(t) = g(In(t)), we have by BI4) and BI5)
max [t — FOllag, ax,) = 94 = ITEA 4 < (L +e)ll2]lx,
which proves the inequality “>”. O

The Lions-Peetre mean method also admits a discretized version. Using Propo-
sition 3.4.J] we can also give a discretized version of the a-interpolation method in
the same spirit. On a Banach space with finite cotype this will show that the
~-interpolation method is equivalent with the Rademacher interpolation method
introduced in [KKWO06|, Section 7]. Moreover, it connects the a-interpolation
method to the abstract interpolation framework developed in [LL23].

Let Ay be the set of all infinite sequences (xr)rez in Xo N X; such that
(71)kez € a(Z; Xo) and (2%xy)rez € a(Z; X1), equipped with the norm

I(zr)rezll 4, = max{ll(@r)rezllagz.xo) 12" 1) ezl agzx,) -
ProroOSITION 3.4.2. For z € Xy we have

HxHXg = 1nf{||Y||_A# 'y S A#aZleyk = .’I]},
keZ

where the series converges in Xg + X1.
Proor. Fix z € Xy. By Proposition B.4.1] it suffices to prove

inf{llyll4, : ¥ € Ay with > 2*y, =z}
keZ

~ inf{||f||A. : f € Aq with /Oootef(t)% =z}

First let f € A, be such that fooo t‘gf(t)% = z. Define g(t) = f(2!), then we
have In(2) - [ 2"%g(t) dt = x and for j = 0,1

(3.16)

(317) Ht = 2jtg(t)Ha(R,X]) S.z ||t = tjf(t)||o¢(R+,%;Xj)
by the boundedness of the map h — (¢t — h(2')) from L*(Ry, 4t) to L?(R). For
k € Z define

k+1
yr = 1n(2)/ 2=k (1) dt € Xo N X.
k
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For j = 0,1 we have, since the functions
or(t) =270 15 000, teR
are orthogonal and uniformly bounded in L?(R), that
H(2jkyk)kez||a(z;xj) < ilellz ||<Pk||L2(R)||t = 2jtg(t)||(y(]R;Xj)'
Combined with (3I7) this yields y € A4 with
I¥lla, S Ufl4,-

Since Y5 2¥y), = @ this proves “<” of ([BIG).
Conversely take y € Ay such that ), . 2k0y, = 2 and define

F@) =Y w2 1, 001, teR

kez
Then [, 2% f(t) dt = x and note that f =", or @y with
or(t) =200 1 0 (8), teR.

Since the py’s are orthogonal and since we can compute the a(R; Xp)-norm of f
using a fixed orthonormal basis of L?(R), this implies that

||fHa(R;XO) < ilelg ||§0kHL2(R)||Y||a(Z;XO) S ||yHa(Z;X0)'

Combined with a similar computation for the a(R; X;)-norm of ¢ — 2! f(t), this

yields for
_ f(in(t)/1n(2))
that we have

—1/2 t
lgl.a, = 1n(2)7"2 maxit = 2 F ()l arix,) S 1Y,

Since [~ t7g(t)4t = , this proves “>” of (BI0). O

Complex interpolation. Next we will give a formulation of the a-method in
the spirit of the complex interpolation method. Denote by the strip

S={2€C:0<Re(z) <1}

Let H(S) be the space of all bounded continuous functions f : S — X + X; such
that

e fis a holomorphic (X, + X;)-valued function on S.
o f;(t) :== f(j+it) is a bounded, continuous, X,-valued function for j = 0, 1.

We let Ag be the subspace of all f € H(S) such that f; € a(R; X;) and we define
£ 1 as 3= max [l fjllaex,)-

PROPOSITION 3.4.3. For x € Xy we have

l#llx, < @m)" 2 int{||f 4, : | € As, f(6) =}
Conversely, for x € XoN X1 we have

lzllx, > @m) "2 inf{|| f]| 4, : f € As, f(0) =z}
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PRrROOF. Let hy € C(R) and 2 € XoN Xy for k=1,...,n and define
(3.18) T=> hy@a €A

k=1

Set e, (t) = e'* for z € C. Then we have for f(z) := T'(e,) and j = 0,1 that

f(]—27mt :Z/hk )e(J 27thfd€ Tk
k=1

= f(;:g > hi(€)edS xk).

Therefore, by Example B.2.3] we have

1l aqesx,) = (277)*1/2H§ S h(©)e’S - a
k=1

a(R;X;)
= ) T e arai

so we have f € Ag with (27) 2|/ f|| . = [IT|| 4- Since C2°(R) is dense in L*(R) N
L?(R,e2tdt), the collection of all T as in ([B.I8) is dense in A by Proposition
So the inequality “>” follows.

For the converse let f € As. Take ¢ € C°(R) and let ¢(z) == [ e *'p
be its Laplace transform. Then ¢ is entire and for any s; < so we have an estlmate

|p(2)] < C(1+|2])72, s1 < Rez < sa.
Therefore we can define
To:=— / 3 +it) f(5 +it) dt
as a Bochner integral in Xy 4+ X;. An application of Cauchy’s theorem shows that

To = @(s+it)f(s +it) dt
R

2
for 0 < s < 1. By the dominated convergence theorem, using that f is bounded
and ¢ — @(j +it) € L'(R), we get for j = 0,1

Ty = %/Ré(j +it) f;(t) dt

as Bochner integrals in X;. Since we have

/|¢(j +it)|? dt = 2”/\so<t)l2e‘2ﬁdt <oo,  j=0,1,

R R

and f; € a(R, X;), it follows that T extends to bounded operators
T;: L*(R,e#'dt) — X, j=0,1.

Therefore T' can be extended to be in A4 and in particular we have

T4 = jnzl%)i HTjHa(R,e—?J’tdt;Xj) = H;%’i (2m)” 1/2||fj||a(RX )y = = (2m)” 1/2||fHAS-
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To conclude the proof of the inequality “<” we show that T'(ep) = f(6). For this
note that for any ¢ € C’go(R) we have

T(p-eq) = // ~(0+)3 5 (5)e%* £(6 + it) ds dt

_ ﬁ/R@(it)f(GvLit) dt

Now fix ¢ such that ¢(0) =1 and for n € N set

on(t) = @(nt), teR.
Then ¢, - eg — ey in L?(R) + L?(R,e~2! dt) and therefore
1 1., ‘
T(eg) = nlirr;oT(wn eg) = nhrr;o %/ ngo(zt/n)f(@ +it) dt = f(0),

where the last step follows from
[t = G(it)]| 11 z) = [t = B(/27) | 11 ) = 27 - 0(0) = 270
and [HNVW16| Theorem 2.3.8]. This concludes the proof. O

A comparison of a-interpolation with real and complex interpolation.
We conclude this section by comparing the a-interpolation method with the actual
real and complex interpolation methods. Recall that if X; has Fourier type p; €
[1,2] for j = 0,1, ie. if the Fourier transform is bounded from LPi(R;X;) to

LPi(R; X ;), then by a result of Peetre [Pee69] we know that we have continuous
embeddings
(3.19) (Xo,Xl)gm — [Xo,Xl]g — (Xo,Xl)g,p/

where % = 1p;9 + pil. In particular the real method (X, X1)g,2 and the complex

method [Xg, X1]s are equivalent on Hilbert spaces. Using Proposition we can
prove a similar statement for the real and Gaussian interpolation method under
type and cotype assumptions. Note that Fourier type p implies type p and cotype
p’, but the converse only holds on Banach lattices (see [GKT96]).

THEOREM 3.4.4.

(i) If Xo and X; have type po,p1 € [1,2] and cotype qo,q1 € [2,00] respec-
tively, then we have continuous embeddings

(X0, X1)op = (X0, X1)g = (X0, X1)a,4
1_1-6 , 6 1_1-6 , 6
where;-p—o—kp—l anda—q—o—l—q—l
(ii) If Xo and X1 have type 2, then we have the continuous embedding
(X0, X1]o — (X0, X1)j-
If Xy and X1 have cotype 2, then we have the continuous embedding
(X0, X1)g = [Xo, X1lo.
(iii) If Xo and X5 are order-continuous Banach function spaces, then

(Xo, X1)§2 = [Xo, X1]o

isomorphically.
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(iv) If Xo and X5 are Banach lattices with finite cotype, then
(X0, X1)j = (Xo, X1)§
isomorphically.

Proor. For (i) we note that we have, by the discrete version of the Lions—
Peetre mean method (see [LP64], Chapitre 2]), that

: ik ) ko, _
||IH(X07X1)9,P = mf{jni%ﬁ [ yk)keZngj (Z;X5) * 22 Yk = $}7
keZ
where the infimum is taken over all sequences (yx)rez in Xo N X3 such that the
involved norms are finite. For a finitely non-zero sequence (y)rez in Xo N X1 we
have, using type p; of X; and Proposition [[LO]]

127* g kezllzx,) SN ye)rezllms @,y 7=0,1,

By Proposition [3.1.1] this inequality extends to any sequence in Xy N X such that
the right hand-side is finite. Therefore the first embedding in follows from
Proposition The proof of the second embedding in |(i)| is similar.

For let f € H(S). Then g(z) := ezz_e2f(z) has the property that g(6) =
f(0) and thus by Proposition B3] and (B.5)

Hf(e)H(Xle)g < jnzl%ﬁut = g(j + it)”’y(R;Xj)
S max|[t = g(j +it)|| g x)
7=0,1 ’

N2 92 .
< ‘_252%”15 s UFit)" =0 HL2(R) sup || f(j +it)]| x,
=0 teR

<

<

~+~ U

up | £(5 + it) | x
€R

from which the first embedding follows by the definition of the complex interpolation
method. For the second embedding let f € Ag. Then we have by [HNVW16,
Corollary C.2.11] and (B.6])

LA O 1,510 S
S

§||t = fU A+ i) p2r;x,)

/1t = £+ 0l gx,

from which the second embedding follows.

For denote the measure space over which X is defined by (.5, u). Note that
[X0, X1]o is given by the Calderén-Lozanovskii space X(%*GX ¥, which consists of
all x € L°(S) such that |z| = |x0\179\x1|0 with z; € X; for j = 0,1. The norm is
given by

. 1-0, 0
H‘T”X(}*”Xlﬂ = mf{g%’in%nxj tal = Jwol e |", @0 € Xo, 21 € X1},

see [Cal64lLoz69].
First suppose that 0 < z € X)?X¢ factors in the form z = |zo|"?|21|® with
xzj € X, for j = 0,1 and max;j—g ijHXj < 2|zllx, x,},- We define

f(z) = €z2_92|5€0|17'z|w1|z, z€S.

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



3.4. A COMPARISON WITH REAL AND COMPLEX INTERPOLATION 75

Then since, for j = 0,1, we have

(/R|f(jJm't)(s)ﬁdt)é - (/Re2<j2—t2—92> dt)%m(s)\, ses,

we have by Proposition B.LI1l that f; € ¢%(R; X;) and therefore f € As. By
Proposition [3.4.3] this shows that

Hx”(XO,Xl)gZ SjH:l%ﬁHfj“P(R;X) joex

2l x, < 20l i, 0

For the converse direction take f € As. By m Lemma C.2.10(2)] with
Xy = X1 =C and Hélder’s inequality, we have for a.e. s € S

HQIGIBS /\fzt \dt ) /|f1—|—zt 5)? dt)/z).

Therefore, by Proposition B.I.T1] we have

< ) 2 1/2
£ gy = 17Ol oxy < ma ([ 176+ a0 ar)

— jrg%ﬁ”fj”ﬁ(R;Xj)’

J

which implies the result by Proposition Finally follows directly from
Proposition [[LT.3] |
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CHAPTER 4

Sectorial operators and H>-calculus

On a Hilbert space H, a sectorial operator A has a bounded H*°-calculus if and
only if it has BIP. In this case A has even a bounded H°-calculus for operator-
valued analytic functions which commute with the resolvent of A. If A and B are
resolvent commuting sectorial operators with a bounded H*-calculus, then (A, B)
has a joint H°°-calculus. Moreover if only one of the commuting operators has a
bounded H*°-calculus, then still the “sum of operators” theorem holds, i.e.

[Az] g + [|Bzlly < [[Az + Ba|y, 2 e D(A)ND(B).

These theorems are very useful in regularity theory of partial differential operators
and in particular in the theory of evolution equations. However, none of these
important theorems hold in general Banach spaces without additional assumptions.

In this chapter we show that the missing “ingredient” in general Banach spaces
is an a-boundedness assumption, which allows one to reduce the problem via the
representation in Theorem and its converse in Theorem to the Hilbert
space case. Indeed, rather than designing an a-bounded version of the Hilber-
tian proof for each of the aforementioned results, we will prove a fairly general
“transference principle” (Theorem [£.4.1]) adapted to this task. Our analysis will in
particular shed new light on the connection between the ~-structure and sectorial
operators, which has been extensively studied (see [HNVW17, Chapter 10] and
the references therein).

In the upcoming sections we will introduce the notions of (almost) a-sectoriality,
(a)-bounded H°-calculus and («)-BIP for a sectorial operator A. We will prove
the following relations between these concepts:

(1) (2)
a-bounded Bounded J68: B-bounded
H*°-calculus H*°-calculus H*°-calculus
a-BIP with (6) BIP with
wa_Blp(A) < wBIp<A> <7

(7)ﬂ (8)ﬂ a ideal
(9)

| a-sectorial | —

Almost
a-sectorial

Implications (1), (3), (5), (6) and (9) are trivial. The ‘if and only if’ statement in (2)
is proven in Theorem [.3.2] implication (4) is one of our main results and is proven
Theorem [£5.6] implication (7) follows from Theorem .54 and implication (8) is

s
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78 4. SECTORIAL OPERATORS AND H*-CALCULUS

contained in Proposition 53] under the assumption that « is ideal. In the case
that either o = ¢2 or o = v and X has Pisier’s contraction property, implications
(1), (3) and (4) are ‘if and only if’ statements (see Theorem A3F). Moreover, if
X has the so-called triangular contraction property, then a bounded H °°-calculus
implies 7y-sectoriality (see [KWO01] or [HNVW17, Theorem 10.3.4]).

Besides these connections between the a-versions of the boundedness of the
H>-calculus, BIP and sectoriality, we will study operator-valued and joint H°°-
calculus using Euclidean structures in Section @4l In particular, we will use
our transference principle to deduce the boundedness of these calculi from a-
boundedness of the H*-calculus. Moreover we will prove a sums of operators
theorem.

Throughout this chapter we will keep the standing assumption that « is a
Euclidean structure on X.

4.1. The Dunford calculus

In this preparatory section we will recall the definition and some well-known
properties of the so-called Dunford calculus. For a detailed treatment and proofs
of the statements in this section we refer the reader to [HNVW17, Chapter 10]
(see also [HaaO6al Chapter 2] and [KWO04| Section 9]).

If 0 < 0 < ™ we denote by ¥, the sector in the complex plane given by

Yo=4{2€C: 2#£0, |argz| < g}

We let T, be the boundary of ¥, i.e. I'y = {|t|e?*%#2(!) : t € R}, which we orientate
counterclockwise. A closed injective operator A with dense domain D(A) and dense
range R(A) is called sectorial if there exists a 0 < o < 7 so that the spectrum of
A, denoted by o(A), is contained in %, and the resolvent R(\, A) := (A — A)~! for
A e C\o(A) =: p(A) satisfies

sup{[[AR(A, A)[| : A€ C\ o} < Cp.

We denote by w(A) the infimum of all o so that this inequality holds. The definition
of sectoriality varies in the literature. In particular, one could omit the dense
domain, dense range and injectivity assumptions on A. However, these assumptions
are not very restrictive, as one can always restrict to the part of A in D(A) N R(A),
which has dense domain and range and is injective. Moreover if X is reflexive, then
A automatically has dense domain and we have a direct sum decomposition

X = N(A) ® R(A).

For p € [1, 0] we define the Hardy space HP(X,,) as the space of all holomorphic
f: 3, — C such that

1flgr(s,) = sup [t = f(ewt)”Lp(R ,dt)
0] <o e

is finite. We will mostly work with the spaces H(%,) and H*(X,). For0 < o/ < o
we have the continuous inclusion

(4.1) HP(S,) < H®(X,).
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The Dunford calculus. Let A be a sectorial operator on X, suppose w(A) <
v<o<mandlet f € H'(X,). Then we can define f(A) € £L(X) by the Bochner
integral

(42) F4) = 5 [ 1R A)as

with norm estimate
[FCAN < Collfllg s,y < oo

This is called the Dunford calculus of A. Let us note a few key properties of this
calculus

e The definition is independent of v by Cauchy’s integral theorem.
e The calculus is multiplicative and thus commutative, i.e. if f,g € H{(3,),

then f(A)g(A) = (fg)(A).

e For sectorial operators we have
D(A) N R(A) = R(A(I + 4)~?)

and using the Dunford calculus for ¢(z) = z(1 + 2)72 we have p(A) =

A(I + A)~2. Thus for this ¢ we have p(A): X — D(A) N R(A).
Let f € HY(X,), € D(A) N R(A) and fix y € X such that x = ¢(A)y with
¢(z) = 2(1 + z)~2. Using the multiplicativity of the calculus and Fubini’s theorem

we have
e dz| dt
[ e E <e [T e S

< Collflm s lellms,)lvllx < oo,

so t — f(tA)x is Bochner integrable. Since

/ ft2)e = cp(2), z2 €Yy
with ¢ := fo by analytic continuation, we have the useful identity
(4.3) / ftA) x— =cuz, x € D(A)N R(A).

The extended Dunford calculus. We extend will now extend the Dunford
calculus to include functions like e=*# and z°, for details we refer to [Haa06al
Chapter 3] and [KW04], Section 15]. Define for n € N the functions
(4.4) =L e\ (0,00)

’ LA T
These ¢,,’s have the following properties:
(i) on € HY(X,) forall 0 < o0 < 7 and n € N.
(ii) By Cauchy’s integral formula we have for n € N

on(A) = —nR(—n, A) +n 'R(-n"", A)

and thus by the sectoriality of A we have sup,,cy|l¢n(4)|| < oo
(iii) The range of each ¢, (A) is D(A) N R(A).
(iv) For all z € X we have ¢, (4A)r — z as n — .
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Now suppose that f is a holomorphic function on X, satisfying an estimate
FEISCRT A+, ze%,
for some 6 > 0 and C > 0. For x € D(A™) N R(A™) with m > ¢ let y € X be such
that ¢™(A)y = x with ¢(2) = 2(1 + 2)~2. Then we can define
f(A)z = fe™ (A)y,
which is independent of m > §. For x € D(A™) N R(A™) we have, by the multi-
plicativity of the Dunford calculus, that
f(A)z = Tim (for')(A)z.

We extend this definition to the set the set D(f(A)) of all € X for which this
limit exists. It can be shown that this defines f(A) as a closed operator with dense
domain for which D(A™)NR(A™) is a core. Let us note a few examples of functions
that are allows in the extended Dunford calculus.
o If w(A) < 7/2 we can take f(z) = e™"* for w € ¥, /5_,. This leads to
the bounded analytic semigroup (e=*“#)yes_,_, .
e Taking f(z) = 2z we obtain the fractional powers A* for w € C. For
z,w € C we have

APty = A A%, x € D(A*AY) = D(A*T) N D(AY)
and AT = A A% if Rez - Rew > 0.
The fractional powers A® for s € R with |s| < %A) are sectorial operators with
w(A®) = |s|w(A). For such s € R we have ¢s(A4) = p(A®) with
ps(2) = 2°(1+2°)72 p(z) =2(1+2)7"
by the composition rule and therefore
(4.5) Rl,(4)) = R(A*(I + A")"%) = D(A%) N R(AY).

Related to these fractional powers we have for 0 < s < 1 and f € H*(Z,) the
representation formula

(4.6) f(4) = %/F f(2) 2 °A°R(z, A) dz,

This is sometimes a useful alternative to ([£2)), since A°R(z,A) = ¢,(A) with
¢.(w) = 2= and ¢, is a H'(X,)-function for w(A) < p < |arg(2)].

Z—w

4.2. (Almost) a-sectorial operators

After the preparations in the previous section, we start our investigation by
studying the boundedness of the resolvent of a sectorial operator A on X. We say
that A is a-sectorial if there exists a w(A) < o < 7 such that

{AR(N\,A): AeC\X,}
is a-bounded and we let w,(A) be the infimum of all such o. «-sectoriality has
already been studied in the following special cases:

e R-sectoriality, which is equivalent to maximal LP-regularity (see [CPO1l,
Weilla]), has been studied thoroughly over the past decades (see e.g.
IDHPO03,[ KKWO06| KWO01,[KW04]). ~-sectoriality is equivalent to R-
sectoriality if X has finite cotype by Proposition [0l
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e (%-sectoriality, or more generally ¢9-sectoriality, has previously been stud-
ied in [KU14]. We already used #?-sectoriality in Subsection 2.4l

We will also study a slightly weaker notion, analogous to the notion of almost
R-sectoriality and almost y-sectoriality introduced in [KKWO06L[KW16a]. We will
say that A is almost a-sectorial if there exists a w(A) < o < 7 such that the family
{AAR(N, A)?: XA € C\ X,} is a-bounded and we let @,(A) be the infimum of all
such o. This notion will play an important role in Section 5] and Chapter

a-sectoriality implies almost a-sectoriality by Proposition [L2.31 The converse
is not true, as we will show in Section If an operator is a-sectorial, then we do
have equality of the angle of a-sectoriality and almost a-sectoriality.

PROPOSITION 4.2.1. Let A be an almost a-sectorial operator on X. If
{tR(—t,A) : t > 0}
is a-bounded, then A is a-sectorial with wa(A) = ©o(A). In particular, if A is

a-sectorial, then wy(A) = 0o (A).

PROOF. Take @,(A) < 0 < 7 and take \ = te'® for some ¢ > 0 and o < || < 7.
Suppose that ¢ < 0 < m, then we have

AR(A, A) + LR(—t, A) = i / te'* AR(te!*, A)? ds.
0

A similar formula holds if o < —6 < 7. Now since {tR(—¢, A) : t > 0} is a-bounded
and o > @, (A) we know by Proposition [[Z3] and Corollary [224] that

{/ te" AR(te*, A)*ds : 0 < |0] < 7r}
o

is a-bounded. Therefore {AR()\, A) : |arg(\)| > o} is a-bounded, which means that
wa(A) < 0. Combined with the trivial estimate @, (A) < wq(A), the proposition
follows. .

We can characterize almost a-sectoriality nicely using the Dunford calculus
of A, for which we will need the following consequence of the maximum modulus
principle.

LEMMA 4.2.2. Let 0 < 0 < 7 and let X be an open sector in C bounded by T, .
Suppose that f: X UT, — L(X) is bounded, continuous, and holomorphic on . If
{f(2) : z € Tx} is a-bounded, then {f(z) : z € £} is a-bounded.

PROOF. Suppose that x € X™ and z € ¥, then by the maximum modulus
principle we have

(1, s f(2)Thy -y xn)ll, < sup [[(21, ..., fw)zg, ... @),
wel'y
By iteration we have for z1,...,z, € X that

1(f GOz, fzn)za)lle < sup ([(f(wi)an, - flwn)zn) |l

W ,ee,Wn €Ny

which proves the lemma. O

PROPOSITION 4.2.3. Let A be a sectorial operator on X and take w(A) < o < .
The following conditions are equivalent:

(i) A is almost a-sectorial with &, (A) < 0.
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(ii) Thereis a 0 < o’ < o such that for some (all) 0 < s <1 the set
{NA'PR(NA): AeC\E,}

is a-bounded.
(iii) There is a 0 < ¢’ < o such that the set

{f(tA) 1t >0, f S HI(EJ’)a Hf”Hl(EU/) = 1}

is a-bounded.
(iv) There is a 0 < o’ < o such that for all f € H(3,/) the set

{f(tA) :t >0}
s a-bounded.

ProOOF. We start by proving the implication |(i)| = Fix 0,(A) < p <o
and 0 < s < 1. For pu < |6] < o define

f(z) = (e )51 —e )71, zeX,
and set
|z t iarg z
F(Z) = % dt, z € EH'
0
Let ¢:= OOO @ dt and define
z
=F — Y.
G(z) (2) ‘Tia zZ€ X,

Since there is a C' > 0 such that
1— —1
fI < Clel °A+12)7,  z€X,,

one can show that G € H'(X,). Clearly G'(z) = f(2)/z — ¢(1 + 2)2, from which
we can see that 2G'(z) € H(X,,) as well. Since we have for @, (4) <v < p

1
G(t4) = o /P G)R(stA)dz, 50

as a Bochner integral, we may differentiate under the integral sign by the dominated
convergence theorem and obtain for ¢ > 0

LAG (1A) = 2i / 12G(t2)R(z, A)dz
T,

Yy

d
= 1 G(tA)

1

- 2mi
Since G € H'(X,,) and tA is almost a-sectorial, it follows from Corollary [L2.4] that
the set

/ G(2)2tAR(2,tA)? %
r, z

{(te”)*A'*R(te®, A) : t > 0} = {f(tA) : t > 0}
= {tAG'(tA) + ctA(1 + tA)?}
is a-bounded. Therefore by Lemma and Lemma we deduce that
{NATSR(NA) X € (C\i‘m}

is a-bounded.
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Next we show that = Fix o' < v < ¢” < 0. By (@6) we have the
following representation for f € H'(X,)

1 d
F(tA) = o /F f(tz)ZSAl—SR(z,A)f, t>0.

Since f(t-) € H'(X,~) independent of ¢ > 0, it follows by Corollary [L2.4] that
{f@A):t>0hfelyngnxnfmp6%”)31}.

is a-bounded. The implication = is trivial.
For = take f(z) = e 2(1 — e ¥2)~2 with o/ < |§| < 0. Then
f € HY(X,/), so the set

{te AR(te® A)? : t > 0}
is a-bounded. Therefore by Lemma and Lemma we deduce that
{AM1+X4)72: A e C\ g}
is a-bounded and thus @, (4) < |0] < 0. O

When w(A) < 7, the sectorial operator A generates an analytic semigroup. In
the next proposition we connect the (almost) a-sectoriality of A to a-boundedness
of the associated semigroup.

PROPOSITION 4.2.4. Let A be a sectorial operator on X with w(A) < /2 and
take w(A) < o < w/2. Then

(i) A is a-sectorial with wa(A) < o if and only if
{e*4:2en,})

is a-bounded for all0 <v < mw/2 — 0.
(ii) A is almost a-sectorial with @, (A) < o if and only if

{zAe™*4 2z €8}
is a-bounded for all0 < v < 7w/2— 0.

PRrOOF. For the ‘if’ statement of take 0 < V' < v < 7w/2. The a-
boundedness of {te*" R(te*" A) :t > 0} follows from the Laplace transform rep-
resentation of R(te*, A) in terms of the semigroups generated by —e*i(7/2-") 4
(see  HNVW1T7, Proposition G.4.1]) and Corollary [[2.4] The a-boundedness of

AR\, A): A€ C\ 5}

then follows from Lemma
For the only if take 0 < v < /2 — ¢ and note that by [HNVW17], Proposition
10.2.7]
e *A =271R(z71 A) + £.(A), z€X,,

where f,(w) = e *% — (1+ 2w)~ L. Since f, € H'(X,), the a-boundedness of e~*4
on the boundary of ¥, follows from Proposition [£.2.3] and the a-boundedness in
the interior of ¥, then follows from Lemma

The proof of is similar. For the ‘if’ statement one uses an appropriate
Laplace transform representation of R(te™™ A)2 and the ‘only if’ statement is
simpler as zwe *" is an H'-function. ([l
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As noted in Section ] the operator A® is sectorial as long as |s| < ﬁ and

in this case w(A®) = |s|w(A). We end this section with a similar result for (almost)
a-sectoriality.

PROPOSITION 4.2.5. Let A be a sectorial operator on X

(i) Suppose that A is almost a-sectorial and 0 < |s| < w/@(A). Then A® is
almost a-sectorial with 0o (A®) = |s| ©a(A).

(i) Suppose that A is a-sectorial and 0 < |s| < w/wa(A). Then A® is a-
sectorial with we, (A®) = |s|wa(A).

PROOF. Since A is (almost) a-sectorial if and only if A~1 is (almost) a-sectorial
with equal angles by the resolvent identity, it suffices to consider the case s > 0.
follows from Proposition 2.3 and the fact that for 0 < s < 7/@4(A) we have
f € HY(X,) if and only if g € H*(Z,5), where g(z) = f(z%).

For suppose that A is a-sectorial and fix 0 < s < m/wq(A). Define

z—2z°

’(/J(Z) = (1 +ZS)(1 _ Z)’
and note that ¢ € Hy(X,) for o < w/s. By [KWO04, Lemma 15.17] we have

z € X,

—tR(—t, A%) = —t"/*R(—tY/*, A) + p(t"/2A),  t>0.

Therefore {—tR(—t, A%) : t > 0} is a-bounded by the a-sectoriality of A, Proposi-
tion f.2.3] and Proposition [[L2Z.3l Therefore A® is a-sectorial and by [(i)| and Propo-
sition 2.1l we have

Wa(A%) = 0a(A%) = s04(A) = swa(A),
which finishes the proof. (I

4.3. a-bounded H°°-calculus

We now turn to the study of the H*°-calculus of a sectorial operator A on
X, which for Hilbert spaces dates back to the ground breaking paper of McIntosh
[McI86]. For Banach spaces, in particular LP-spaces, the central paper is by Cowl-
ing, Doust, McIntosh and Yagi [CDMY96]. For examples of operators with or
without a bounded H°°-calculus important in the theory of evolution equations,
see e.g. [Haa06a, Chapter 8], [HNVW17, Section 10.8], [KW04] Section 14] and
the references therein.

We will focus on situations where the H®-calculus is a-bounded. This has
already been thoroughly studied for the v-structure, through the notion of R-
boundedness, in [KW01]. For a general Euclidean structure we will first use The-
orem to obtain an abstract result, which we afterwards make more specific
under specific assumptions on X and a.

We will briefly recall the definition of the H*°-calculus and refer to [Haa06al
Chapter 2], [HNVW17, Chapter 10] or [KW04], Section 9] for a proper introduc-
tion. Note that some of these references take a slightly different, but equivalent
approach to the H*-calculus.

The H*-calculus for A is an extension of the Dunford calculus to all functions
in H*(%,) for some w(A) < o < 7. Recall that for ¢(z) = z(1 + 2)~2 we have
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R(p(A)) = D(A) N R(A) and we can thus define for f € H*(X,) and x € D(A) N
R(A) the map
f(A)z = (fe)(A)y

where y € X is such that x = ¢p(A)y. This definition coincides with the extended
Dunford calculus and for f € H'(X,) it coincides with the Dunford calculus. More-
over it it is easy to check that y = 0 implies = 0, so f(A)z is well-defined.

By the properties of the ¢,’s as in ([f4]) we have | f(A)z|y < Cllz| 5 for all
x € D(A) N R(A) if and only if sup,,cy||(fen)(A)|| < co. If one of these equivalent
conditions hold we can extend f(A) to a bounded operator on X by density, for
which we have

(4.7) f(A)r= lim (fo)(A)r, e X,

We say that A has a bounded H®-calculus if there is a w(A) < o < 7 such that
f(A) extends to a bounded operator on X for all f € H*(3,) and we denote the
infimum of all such o by wge (A). Just like the Dunford calculus, the H-calculus
is multiplicative. We say that A has an a-bounded H™ (X, )-calculus if the set

{F(A): f e H*(Zo), Ifl goois,) <1}

is a-bounded for some wye(A) < o < w. We denote the infimum of all such o by
Wa-Heoe (A)

We note that the (a-)bounded H*°-calculus of A implies the (a-)bounded H>°-
calculus of A®. This follows directly from the composition rule f(A) = g(A*®) for
f e H®(X,) and g € H®(X,,) with f(z) = g(z*) (see e.g. [Haa06a, Theorem
2.4.2]).

PRrROPOSITION 4.3.1. Let A be a sectorial operator on X.

(i) Suppose that A has a bounded H*®-calculus and 0 < |s| < 7/wpe(A).
Then A® has a bounded H>-calculus with wires (A®) = |s|wpge (A).

(i) Suppose that A has an a-bounded H™ -calculus and 0 < |s| < m/wq.-ge (A).
Then A® has an a-bounded H -calculus with wa e (A®) = |8| Wa.t1ee (4).

Our first major result with respect to an a-bounded H *°-calculus follows almost
immediately from the transference results in Chapter [[I Indeed, using Theorem
we can show that one can always upgrade a bounded H“-calculus to an
a-bounded H*°-calculus.

THEOREM 4.3.2. Let A be a sectorial operator with a bounded H-calculus.
For every wye(A) < o < 7 there exists a Euclidean structure o on X such that A
has an a-bounded H>-calculus with we e~ (A) < 0.

PRrROOF. Fixwpge(A) < v < o. Note that H>(X,) is a closed unital subalgebra

of the C*-algebra of bounded continuous functions on ¥, and that the algebra
homomorphism p: H*(X,) — L(X) given by f — f(A) is bounded since A has a
bounded H* (X, )-calculus. Therefore the set

(FA) 2 f € H2S), I fllyegs,) < 1}

is C*-bounded. So by Theorem we know that there is a Euclidean structure
a such that A has a bounded H*-calculus with wq.pge (A) < v. O
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Control over the Euclidean structure. In general we have no control over
the choice of the Euclidean structure o in Theorem [.3.2] as we will see in Example
However, under certain geometric assumptions we can actually indicate a
specific Euclidean structure such that A has an a-bounded H®°-calculus. The
following proposition will play a key role in this.

PRrROPOSITION 4.3.3. Let o be a global ideal Euclidean structure and assume
that

a(NxN; X) = a(N;a(N;X))

isomorphically with constant Cy. Let (Ug)r>1 and (Vi)k>1 be sequences of operators
in L(X), which for alln € N satisfy

(Ulac,...,Unx)Ha < My||z| x, reX
|(Via™, .. Ve < My |x*]| ., zF e X*

a*

for some constants My, My > 0. If T is an a-bounded family of operators, then
the family

{inTkUk:Tl,...,Tn ernen)

is also a-bounded with bound at most C2 My My [T,
PROOF. Fix n,m € N and define U : X — a(f2; X) by
Uz = (Uha,...,Uyx), zeX.

By assumption we have |[U|| < My. Take x € X™. Using the global ideal property
of o and the isomorphism between a(¢2,,,; X) and a(¢2,; (¢2; X)), we have

H(kaa k= 1Ha(z2 X < Ca H U;j)je 1” (02, ;002 X)) < Co My x|l

Analogously we have for any x* € (X*)™ that

[(Via; )it ) < Ca My [|x*||,,--

a* (02, X*
Now let S; = Y7, Vi, Uy for 1 < j < m with Tj, € TU{0}. By the duality
a(l?; X)* = a*(£2,; X*), we can pick x* € (X*)™ such that ||x*||,. = 1 and

m

||(Sl.’[1, R Smxm)Ha = Z<ijjax;>

Jj=1

Using the a-boundedness of I' we obtain

H(ijj)?lle ZZ ieUrzr, Vil Tg)

Jj=1k=1
< H T U jkLIH

a([z . H jk 1
<7, H Uk;)y k= 1“ (e2

< C2 My My T, Il ,-

a* (67,5 X™)
)m ,n
Jik=1

;X) H a*(£2,,:X*)

The theorem now follows by taking suitable Ty. (Il
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Using the fact that the y-structure is unconditionally stably, as shown in Propo-
sition [[LT.6] we notice that Proposition is a generalization of a similar state-
ment for R-boundedness in [KWO01l Theorem 3.3].

We will also need a special case of the following lemma, which is a generalization
of [HNVW17, Proposition H.2.3]. We will use the full power of this generalization
in Chapter

LEMMA 4.34. Fiz0<v <o < and let (\,)3, be a sequence in 3,,. Suppose
that there is a ¢ > 1 such that |Ag41]| > c| k| for all k € N. For

=> anf(Mz),  feH'(S,), ael®

we have g € H*(Xo—y) with [|g]| g (s, )y S @l 1f | g1, )-
PRrROOF. We will prove the claim on the strip
Se :={z€C:|Im(z)| < o}

Define f: S, — C by f(2) = f(e*), g: So_, — C by g(z) = g(e?), fix z € £,_,
and set

g = log(A\g), z 1= log(z), ¢ :=log(c).
Then |A; — Ax| > ¢ > 0, thus the disks
Dy = {wE(C: lw — (Mg + 2)] <gm}, keN

are pairwise disjoint and contained in S,. Therefore we have, by the mean value
property, that

19()| < llallg Y| F A + 2)]

k=1
= Jlaf 1~ ZMD [ Fa i deay
< '“'K“’W/s Fla + iy)] de dy
< lall gy s [ VG i)l de

S el 1Al s,y -

This proves the norm estimate, from which g € H*(3,_,) follows directly. g

We are now ready to prove some special cases in which we can indicate a
Euclidean structure such that A has an a-bounded H°-calculus.

THEOREM 4.3.5. Let A be a sectorial operator on X with a bounded H-
calculus.
(i) If X has Pisier’s contraction property, then A has a ~y-bounded H®-
calculus with wy.pe(A) = whe (A).
(ii) If X is a Banach lattice, then A has a (*-bounded H>°-calculus with
wez g (A) = wp (A).
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We refer to [Pis78] and [HNVW17| Section 7.5] for the definition of Pisier’s
contraction property. Theorem m was already proven in [KWO01, Theorem
5.3]. Here we will prove and of Theorem in a unified manner using
Euclidean structures.

ProoOF oF THEOREM [4.3.5l Take o = v in case and o = ¢9 (which is
equivalent to o = ¢2 by Proposition [LT3)) in case[(ii)} By Proposition [L2.3] and
([#20) it suffices to show that the family of operators

{F(A): e HY (Ze) N HY(Z0), || fll goe(s,) <1

is a-bounded. For f € H'(X,) N H*>(X,) we compute, using the representation

formula (£.0]),

1 _ 1
FA) = 5 / 2 f(2) AT R(z, A) d
(48) 2 k 1 k di
=>. > 5 / 25 ) e (t7127A) —
k€Ze==*1

with o, (w) = w'/?/(z — w).
Now fix wge(4) < p < v, 1 <t <2and e =+1. Set ¢ := goi/% and note

that ¢ € H'(X,) since e ¢ %,. By Lemma [£3.4] and the boundedness of the
H®-calculus of A, this means that there is a Cy > 0 such that for any n € N

n

sup H Z ekw(t_12kA)H < Cy.
lex|=1 k=—n

Note that « is unconditionally stable on X by Proposition [LT.6l Moreover the

family of multiplication operators {x +— az : |a] < 1} on X is a-bounded by the

right ideal property of a. Furthermore we have

a(N x N; X) = a(N; o(N; X)),
isomorphically, either by Pisier’s contraction property if a = 7 (see [HNVW17,
Corollary 7.5.19]) or since « is equivalent to the £2-structure on Banach lattices if

a = {9. Therefore by Proposition .3.3] the family of operators
[iei= { Z arp(t128A)2 s a_p|, ... lan| < 1,0 € N}
k=—n
is a-bounded and there is a constant C; > 0, independent of ¢t and ¢, such that
ITCeellq < Cr
Let f1,...,fm € f € HY(Z,)NH>(Z,) with [l gre(s,) < 1 and take x € X™.
Then we have, using (L)) in the first step, that

Il < s (32 [ vt arn )|

T e=+1

< sup sup supH (2Rt 2R A )T
e=+11<t<2neN (Z fj( )’(/)( ) J)J_l «@

< sup sup, IIFtell ||X|| < Gilfxll-
Hence we see that A has an a-bounded H°-calculus with ws < (A4) < 0. 0

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



4.4. OPERATOR-VALUED AND JOINT H®-CALCULUS 89

4.4. Operator-valued and joint H°°-calculus

In this section we will study of the operator-valued and joint functional calcu-
lus for sectorial operators by reducing the problem to the Hilbert space case via
Euclidean structures and the general representation theorem (Theorem [[33.2)). We
will also deduce a theorem on the closedness of the sum of two commuting sectorial
operators.

The idea of an operator-valued H°°-calculus goes back to Albrecht, Franks and
McIntosh [AFM98| in Hilbert spaces. For the construction we take 0 < o < m,
I'C £(X) and for p € [1,00] let HP(X,;T') be the set of all holomorphic functions
f:+ X5 — I' such that

[ lgr (s, ) = sup [t — f(e O o (Ry,4t;2(X))

0] <o

is finite.

Take w(A) < v < ¢ < 7 and let I be a family of bounded operators on X
which commute with the resolvent of A. Then we define f(A) for f € H'(X,;T)
by the contour integral

(4.9) =5 / f(z
We define for f € H*(X,;T) and z € D(A) N R(A)

fA)z = (fe)(A)y
where y € X is such that * = ¢(A)y with p(2) = 2(1 + 2)72. As for the H>-
calculus, this coincides with (@A) for f € H'(Z,;T).

If || f(A)z] y < C ||y for all z € D(A) N R(A) or equivalently if for ¢, as in
([@4) we have sup,,cyl|(fen)(A)]| < 0o, we can extend f(A) to a bounded operator
on X by density. We can then approximate f(A)z as in (£7) for the H*-calculus.

If there is a w(A) < o < 7 such that f(A) extends to a bounded operator on X
for all f € H®(X,;T") we say that A has a bounded H*(T")-calculus and we denote
the infimum of all such o by wgery(A). If the set

{f(A) : f S HOO(EU)a ||f||H°°(EU;F) < 1}

is a-bounded for some wgery(A) < 0 < 7 we say that A has a a-bounded H>(T')-
calculus and we denote the infimum of all such o by wq. e (1) (A).

We also want to study the joint functional calculus, first introduced in [Alb94]
by Albrecht. For this let (A, B) be a pair of sectorial operators which commute in
the sense that R(\, A) and R(u, B) commute for all A € p(A) and p € p(B). Under
these hypotheses

DR(A, B) := D(A)n D(B) N R(A) N R(B)

is dense in X. Indeed, DR(A, B) is the range of ¢, (A)p,(B) for each n € N and

x = limy, 00 on(A)on(B)x.
Suppose that w(A) < va < o4 <7mand w(B) <vp <op <7 and p € [1,)].
W let HP(X,, X X5,) be the set of all holomorphic f: ¥,, x ¥,, — C such that

o 604 6
”fHHP(EoAXEUB) = IGA\<Giu|I;BI<UB”(S7t) = f(es,e Bt)||Lp(R+><R+,%%)
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is finite. Then for f € HY(3,, x ¥,,) we can define the operator f(A, B) by
1
(4.10) f(A,B) = —m/ / f(z,w)R(z, A)R(w, B) dw dz.
r,, /T,

If fe H®(X,, X Xs,) and € DR(A, B) we define f(A, B)z by
f(A; B)z := (f¢)(A, B)y,

where y € X is such that z = p(A4, B)y with
-2

oA

o(z,w) = 2(1 + 2) 2wl +w) 2, (z,w) € By, X Eppp.

Again this calculus is well-defined and it coincides with (@I0) if f € H*(Z,, XXs5 ).
As before for f € H>®(X,, x X5, ) we have that f(A, B) extends to a bounded
operator on X if || f(A, B)z||y < Cljz| y for all x € DR(A, B) or equivalently if

sup||(f4n) (A, B)|| < oo,
neN

where ¥, (z,w) = @n(2)pn(w). We say that (A4, B) has a bounded joint H°-
calculus if there are w(A) < v4 < 04 < m and w(B) < vg < op < 7 such that
f(A, B) extends to a bounded operator for all f € H*(3,, x ¥,,) and denote the
infimum over all such (04,05) by wy«(A4, B).

A general transference principle. Our main results in this and the next
section will be based on the following transference principle, which basically tells
us that the a-bounded versions of the introduced properties of sectorial operators
may be studied in the Hilbert space setting.

THEOREM 4.4.1. Suppose that A and B are resolvent commuting a-sectorial
operators on X. Take wo(A) < 04 <7 and wo(B) < op < 7.

o Let 24 and Ep be subsets of H*(3,,) and H>®(X,,) such that {f(A) :
f€Ea} and {f(B): f € Ep} are a-bounded.
o LetT 4 be an a-bounded subset of L(X), which commutes with the resolvent

of A.

Then there is a Hilbert space H and resolvent commuting operators A and B on H

with w(A) < o4 and w(B) < op, so that:
(i) There is a C' > 0 such that

Sup{“f(g)Hﬁ(H) 1 fe EA} <C,
sup{Hf(E)HL(H) i fe EB} <C.
(ii) There is a C > 0 such that for all f € H'(X,, X Xyp) we have

£ (A, Bl 2y < C LA B 2 gy

(iii) There is a C > 0 and a bounded subset T4 of L(H) commuting with the
resolvent of A such that all f € H'(3,,;T ) there is a f € HY(Z,,;T4)
with

1F (Al ey < CIFAD 2oy
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PROOF. Fix wy(A) <va <04 and ws(B) < vg < op. Define
Lo ={AR\A):XeC\Z,,JU{AR\,B): AeC\X,,}
U{f(A): feEatU{f(B): f€ER}UTl

Let I' be the closure in the strong operator topology of the absolutely convex hull
of

{T1T2T3 : Tl,TQ,Tg, S FQ U {I}},

where I denotes the identity operator on X. Then I' is a-bounded by Proposition
[[23 Denote by Lr(X) the linear span of I' normed by the Minkowski functional

|T||p =inf{A >0:\"'T eT'}.

Then the map z +— R(z, A) is continuous from C \ ¥,, to Lr(X). This follows
directly from the fact that for z,w € C\ ¥,, we have
R(z,A) — R(w,A) = (27" —w 1) zwR(z, A)R(w, A) € (z7F —w I

The same holds for the map z + R(z, B) from C\ %, to Lr(X). Analogously, the
map (z,w) — R(z, A)R(w, B) is continuous from (C\ X, ,) x (C\ %,,) to Lr(X).

By Theorem there is a closed subalgebra B of L£(Hj) for some Hilbert
space Hy, a bounded algebra homomorphism p : B — £(X) and a bounded linear
operator 7 : Lr(X) — B so that pr(T) = T for all T € Lp(X). Furthermore, 7
extends to an algebra homomorphism on the algebra A generated by I.

Set Ra(z) = 7(R(z, A)) for z € C\Y,, and Rp(z) = 7(R(z, B)) for € C\S, .
Then, since 7 is an algebra homomorphism on A, we know that R4 and Rp are
commuting functions which obey the resolvent equations

Ra(z) — Ra(w) = (w — 2)Ra(2)Ra(w), z,w € C\X,,,
Rp(z) — Rp(w) = (w — 2)Rp(2) Rp(w), z,w € C\X,,.
Furthermore we have

(4.11) sup  [[ARA(N)]| < |7, sup  [[ARs(N)| < I7]-
AEC\T, , AEC\Z, g

Finally we note that, since z — R(z, A) is continuous from C\ %, , into Lr(X), the
map R4 is also continuous. A similar statement holds for Rg. Therefore it follows
from the resolvent equation that both R4 and Rp are holomorphic.

Now let H be the subspace of Hy of all £ € Hy such that
w12) tlggof +tRA(—t)E = EI_I)ICI)tRA(—t)f =0,
Jim €+ tRp(—t)¢ = lim tRp(—1)¢ = 0.

As the operators tR4(—t) and tRp(—t) are uniformly bounded for ¢t > 0, H is
closed. Moreover, since R4 and Rp commute, Ra(z)(H) C H for z € C\ %, and
Rp(2)(H) C H for z€ C\ ¥,,.

For ¢, as in [@4) we have ¢, (A), pn(B) € Lr(X) with

(4.13) sup [l (A)[p <€, sup flpn(B)[p < C.
neN neN

Moreover we claim that for all n € N we have

(4.14) 7(en(A)pn(B))(Ho) € H.
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To prove this claim it suffices to show that if £ = 7(¢,,(A))n for some n € Hy, then
(4.15) tlggoﬁ +tRA(—t)E = tlgr(l) tRA(—t)¢ =0,
and an identical statement for B. We have
7(pn(A)) =n"'Ra(=n"') = nRa(-n)
and therefore if ¢ # n,n~! we have
ERA(—)7(pul(4)) = tn1(t = n~1) "} (Ra(—t) — Ra(—n"")
—tn(t —n) " (Ra(—t) — Ra(—n)).
Combined with the uniform boundedness of tR4(—t) one can deduce [{@IH) by
taking the limits ¢ — 0 and ¢ — oo on each of the terms in this expression.
We can now define the sectorial operator A on H using Ra. For £ € H we
have by the resolvent equation that if R4(z){ = 0 for some z € C\ X,, we have

tRA(—t)¢ = 0 for all t > 0. Hence Ra(z)|x is injective by (12). As domain we
take the range of R4(—1) and define

A(Ra(-1)¢) = —€ — Ra(-1), €€ H.

Then A is injective and has dense domain and range by @12) (See [EN0O, Section
I1.4.a] and [HNVW17, Proposition 10.1.7(3)] for the details). Moreover by the

resolvent equation we have R(-,A) = Ra|y and thus A is sectorial on H with
w(A) <vg < oy by [@II). We make a similar definition for B.

Finally, we turn to the inequalities in |(i)H(iii)] For take f € =4 and let

w(A) < pa < 04. For any n € N we have
1
(Fen ) =5 [ 1E)en(R(, ) d

and this integral converges as a Bochner integral in L£r(X). Therefore, using the
boundedness of 7, we have

(fon)(AD)E = T((fon)(A)E, €€ H.

By the multiplicativity of the H>-calculus, the boundedness of 7 and [{@I3) we
obtain that there is a C' > 0 such that for any n € N

1(fen) (Dl ey < M) (D < C.

We can prove an analogous estimate for f (E) for any f € Zp and thus|[(i)| follows.
For[(ii)| take f € H*(X,, X X,,). We can express f(A, B) as a Bochner integral
in £r(X) using (@I0). By the boundedness of 7 we conclude that

T(f(A,B)¢ = f(A,B)¢, ¢cH

Fix n € N. Using the fact that 7 extends to an algebra homomorphism on the
algebra generated by I and ([£I4]), we have for n € N

7(f(A, B)pn(A)en(B))n = f(A, B)r(¢n(A)pu(B))n,  n € Ho.
This means, by the boundedness of 7 and ([@I3]), that

17 (£(A, B)en(A)pn(B)) |11y < Co [lF(AB)| o g
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with Cy > 0 independent of f and n. Since p is also bounded this implies by a
limiting argument that

Hf(A’B)HL(X) <G Hf(A’B)HL(H)
with C7 > 0 again independent of f, proving |(ii)|
Finally for take f € H'(X,,;4). We can express f(A ) as a Bochner
integral in £r(X) using @3J). Define 'y := {r(T) : T € T4} and f(2) := 7(f(2)).
By the boundedness of 7 we have
T(f(A)E=f(AE, e H.
Arguing analogously to the proof of |(ii) m we can now deduce that

1F @A)l ex) < CUFAD)
proving O

The operator-valued H>°-calculus. On a Hilbert space, any sectorial oper-
ator with a bounded H“°-calculus has a bounded operator-valued H-calculus, a
result that is implicit in [LM96] (see also [LLL9I8, Remark 6.5] and [AFM98]). As
a first application of the transference principle of Theorem 4. Tlwe obtain an analog
of this statement in Banach spaces under additional a-boundedness assumptions.
Similar results using R-boundedness techniques are contained in [KWO1LLLL98].

THEOREM 4.4.2. Suppose that A is a sectorial operator on X with an a-bounded
H-calculus. Let T' be an a-bounded subset of L(X) which commutes with the re-
solvent of A. Then A has a bounded H*(T')-calculus with wge ) (A) < Wa-pee (A).

PROOF. Fix wy.pge(A) < 0 < m. We apply the transference principle of Theo-
rem [LZT] to the sectorial operator A with £4 = H*>°(X,) and 'y = I". Then there
is a sectorial operator A on a Hilbert space H and a uniformly bounded family of
operators I' on H such that for all f € H(S,; I‘) there is a f € H'(Sy;I) with

1F(A)llzxy < CIFD 2y

As stated before the theorem, any sectorial operator on a Hilbert space with a
bounded H°-calculus has a bounded operator-valued H-calculus. So for any
f € H>®(X,;T) we have

Sgg”(f@n)(fl)ll < Csup{[[f(D]|: fe H'(E:T)} < C,
n
which shows that A has a bounded H>(T")-calculus with wge ) (A) < 0. O

In Theorem 42 we cannot avoid the a-boundedness assumptions. In [LLL98]
it is shown that if the conclusion of Theorem holds for all sectorial operators
with a bounded H*°-calculus and for all bounded and resolvent commuting families
I' C £(X), then X is isomorphic to a Hilbert space.

We can combine Theorem and Theorem to improve Theorem
in case the Euclidean structure « is either the 7- or the £2-structure. A similar
result using R-boundedness can be found in [KWO01, Theorem 4.4].

COROLLARY 4.4.3. Let A be a sectorial operator on X with a bounded H°-
calculus and let T be a subset of L(X) which commutes with the resolvent of A.

(i) If X has Pisier’s contraction property and I' is ~y-bounded, then A has a
y-bounded H>(T')-calculus with w._ g ry(A) < whe(A).
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94 4. SECTORIAL OPERATORS AND H*-CALCULUS

(ii) If X is a Banach lattice and T is (*-bounded, then A has an (*-bounded
H>(T)-calculus with wpe_ye ) (A) < whe(A).

PRrROOF. Either take o = v or a = 2. By Theorem we know that A has
an a-bounded H*-calculus with wq. e (A4) = wye (A). Then by Theorem .42 we
know that A has a bounded H(T')-calculus with wge(r)(A) < wy=(A). Finally,
by a repetition of the proof of Theorem using the operator family

Ty, = { ST Tt 12 A T, Ty € Tin € N}
k=—n
we can prove that A has a a-bounded H*°(T")-calculus with wq_gree (1) (4) < whe(A).
O

The joint H*°-calculus. On a Hilbert space any pair of resolvent commuting
sectorial operators with bounded H°-calculi has a bounded joint H>°-calculus (see
[AFMO98, Corollary 4.2]). Moreover the converse of this statement is trivial. Again
using the transference principle of Theorem [£.4.I] we obtain a characterization of the
boundedness of the joint H°°-calculus of a pair of commuting sectorial operators
(A, B) on a Banach space X in terms of the a-boundedness of the H*-calculi of A
and B.

THEOREM 4.4.4. Suppose that A and B are resolvent commuting sectorial op-
erators on X.

(i) If A and B have an a-bounded H* -calculus, then (A, B) has a bounded
joint H*®-calculus with
wg=(A,B) < (wa_Hoo(A),wa_Hoc(B)).
(ii) If (A, B) has a bounded joint H*-calculus, then for any
whe (A, B) < (04,08) < (7, )
there is a FEuclidean structure a such that A and B have a-bounded H-

calculi with we 00 (A) < 04 and we.n=(B) < op.

PRrROOF. The first part is a typical application of Theorem 4TIl  Let
Wan=(A) < 04 < 7 and wep=~(B) < op < m. Using Theorem AT we can
find a pair of resolvent commuting sectorial operators A and B on a Hilbert space

H such that wg=(A) < 04, wg=(B) < op and such that

1 (A, B)llzxy < C (A B)ll gy

for all f € H'(X,, X ¥ ,). On a Hilbert space any pair of sectorial operators with
a bounded H *°-calculus has a bounded joint H*°-calculus (see [AFM98], Corollary
4.2]), so by approximation this proves the first part.

For the second part note that H>(X,, X ¥,,) is a closed unital subalgebra of
the C*-algebra of bounded continuous functions on ¥, , x 3, and that the algebra
homomorphism p: H*(3,, xX,,) — L(X) given by f — f(A, B) is bounded since
(A, B) has a bounded H*-calculus. Therefore the set

{f(A,B): f € H®(So, X Sop): Il gz, , x5, < 1}

is C*-bounded, from which the claim follows by Theorem [[.4.6] and restricting to
functions f : ¥,, x 35, — C that are constant in one of the variables. 0
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As in the operator-valued H*°-calculus case, in Theorem [£.4.4] we cannot omit
the assumption of an a-bounded H*°-calculus. We illustrate this with an example,
see also [KWO1l[LLL9g|.

EXAMPLE 4.4.5. Consider the Schatten class SP for p € (1,00). We represent
a member x € S* by an infinite matrix, i.e. z = (Tjk)3%=1, and define Az =
(2jxjk);?f’k=1 with as domain the set of all z € SP such that Az € SP. Analogously we
define Bx = (Qkxjk)szl. Then A and B are both sectorial operators with bounded
H®°-calculus and wpe(A) = wpye (B) = 0. However (A, B) do not have a bounded

joint H®°-calculus for any choice of angles, unless p = 2 (see [LLL98, Theorem
3.9)).

REMARK 4.4.6. In particular Example L. Z.5]shows that the Euclidean structure
« given by Theorem for A must fail the ideal property. Indeed, let o be an
ideal Euclidean structure such that A has an a-bounded H®-calculus. Then for
any f € H®(3,) we have f(B) = Tf(A)T, where T is the transpose operator on
SP. So B has an a-bounded H®°-calculus as well by the ideal property of a and
therefore Theorem 4.4 would imply that (A, B) has a bounded joint H*-calculus,
a contradiction with Example

We can combine Theorem and Theorem 4.4 to recover the following
result of Lancien, Lancien and Le Merdy [LLL98] (see also [AFM98|[FM98|
KWOo1]).

COROLLARY 4.4.7. Suppose that X has Pisier’s contraction property or is a
Banach lattice. Let A and B be resolvent commuting sectorial operators on X
with a bounded H* -calculus. Then (A, B) has a bounded joint H*> -calculus with
whe (A, B) = (WHOO(A)vWHOO (B))~

The sum of closed operators. We end this section with a sum of closed
operators theorem. It is well known that an operator-valued H °-calculus implies
theorems on the closedness of the sum of commuting operators, see e.g. [AFMO98|
KWO01LLLI8| and [KW04, Theorem 12.13]. However, here we prefer to employ
the transference principle of Theorem [£.4.T] once more.

THEOREM 4.4.8. Let A and B be resolvent commuting sectorial operators on
X. Suppose that A has an «a-bounded H°-calculus and B is a-sectorial with
Wa-He (A) + wo(B) <. Then A+ B is closed on D(A) N D(B) and

[Az|ly + |Bz|lx S |Az+ Bzl x, =€ D(A)ND(B).
Moreover A + B is sectorial with w(A + B) < max{ws.pe(A),w(B)}.

PROOF. Take 04 > wy=(A) and o > we(B) with 04 + 0 < m. Choose
24 = H*(3,,) and apply Theorem B4 Tl to find a Hilbert space H and resolvent
commuting sectorial operators A, B on H with wg(A) < o4 and w(B) < op. By
the sum of operators theorem on Hilbert spaces due to Dore and Venni [DV8&7]
Remark 2.11] (see also [AFM98]) we deduce that A+ B is a sectorial operator on

D(A) N D(B) with
@16) g, + |Bel, < |4+ Bel, €€ DA D(B)

Using the joint functional calculus we wish to transfer this inequality to A and B.
For this note that the function f(z,w) = z(z +w)~! belongs to H*(X,, X 3, ,)
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since o4 + op < 7. Set g, (2) = (2 + w)pn(2)%pn(w)? with ¢, as in @4). Then
g € HY(X,, x ¥,,) and by the resolvent identity we have

(A, B) = (A+ B)ou(A)pu(B)*.
Therefo~re bX the multiplicgtivity o~f the joint H~ Oo—caﬁlvculus and ([@I6) we have for
n € R(A+ B) and £ € D(A) N D(B) with n = A + B¢
1£ (A, B)on(A)*n(B)*nll ;= || £ (A, B)(AE + BE)en(A) on(B)*¢ll 1
= |If (A, B)gun(4, B)él
= [|1Apn(A)*en(B)*¢ll 4
S len(APen(B) 5

Taking the limit n — oo and using the density of R(/I + E) in H, we see that
f(A, B) is bounded on H. By part of Theorem F-AT] we therefore obtain

sup||(f1n)(A, B)z|| < sup||(fvn)(A, B)|| < |f(4, B)]|
neN neN

with ¢, (2, w) = ©n(2)en(w). It follows that f(A, B) extends to a bounded operator
on X. Therefore we have for all x € D(A) N D(B)
1Aen(A)*¢n(B)?z]| x = || £ (A, B)gn(A, B)z|x
S A+ B)pn(A)on(B)xl x
and taking the limit n — oo this implies
[Az| x + [[Bzllx <2[|Az[ly + [[Az + Bz| x S [|Az + Bzl -

The closedness of A+ B now follows from the closedness of A and B. The sectoriality
of A+ B is proven for example in [AFM98| Theorem 3.1]. O

As we have seen before in this section, Theorem 2.8 can be strengthened if the
Euclidean structure « is either the - or the £2-structure. For a similar statement
using R-sectoriality we refer to [KWO1].

COROLLARY 4.4.9. Let A and B be resolvent commuting sectorial operators on
X. Suppose that A has a bounded H*-calculus and B is a-sectorial with wg (A)+
wa(B) < m. Assume one of the following conditions:

(i) X has Pisier’s contraction property and o = 7.
(i) X is a Banach lattice and o = (2.

Then A+ B is closed on the domain D(A) N D(B) and
[Az|x + Bzl x < CllAz + Bz|x, =€ D(A)ND(B).
Moreover A + B is a-sectorial with we(A + B) < max{wpg (A4),ws(B)}.
PROOF. The first part of the statement follows directly from Theorem 35 and
Theorem It remains to prove the a-sectoriality of A + B. Fix wq.n=(A4) <

oa < mand wy(B) < op < m such that o4 +0p < 7 and take max{o4,05} < v <
7. Let A € C\ ¥, and define
A

a(z) = E((/\—Z)R(/\—Z,B)), z2€ Xy,
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Then gy € H*(Z,,; ') with
I':={\R(\,B): A€ C\%,,}.

Note that ﬁ is uniformly bounded for A € C\ ¥, and z € ¥, ,. Therefore since
I' is a-bounded it follows from Corollary £.4.3] that the family

{ga(4) : A€ C\ X}
is a-bounded. By an approximation argument similar to the one presented in

Theorem 4.8 we have g)(A) = R(\, A+ B). Therefore it follows that A + B is
a-sectorial of angle v. |

4.5. a-bounded imaginary powers

Before the development of the H“-calculus for a sectorial operator A, the
notion of bounded imaginary powers, i.e. A% for s € R, played an important role
in the study of sectorial operators. We refer to [Bd92,[DV87[Mon97.PS90] for
a few breakthrough results in using bounded imaginary powers.

Defined by the extended Dunford calculus, A% for s € R is a possibly un-
bounded operator whose domain includes D(A) N R(A). A is said to have bounded
imaginary powers, denoted by BIP, if A% is bounded for all s € R. In this case
(A%)4er is a Cp-group and by semigroup theory we then know that there are
C,6 > 0 such that ||A*|| < Ce’lsl for s € R. Thus we can define

waip(A) = inf{f : ||A%|| < Ce’F*l s € RY.

It is a celebrated result of Priiss and Sohr [PS90] that wrrp(A4) > w(A) and it is
possible to have wpp(A) > 7, see [Haa03 Corollary 5.3]. If A has a bounded
H®-calculus, then A has BIP and since
(4.17) sup 2% < et teR
ZEX,

we have wpip(A) < wy=(A4) < m. Furthermore Cowling, Doust, McIntosh and
Yagi [CDMY96| showed that in this case wpp(A) = wy(A4). Conversely if X
is a Hilbert space and A has BIP with wgrp(A) < 7, then A has a bounded H°-
calculus. However, the example given in [CDMY96] shows that even for X = L?P
with p # 2 this result fails, i.e. it is possible for a sectorial operator A on X without
a bounded H*-calculus to have wgp(4) < 7.

We will try to understand this from the point of view of Euclidean structures.
For this we say that a sectorial operator A has a-BIP if the family {e=?l5/A% : s ¢
R} is a-bounded for some 6 > 0. In this case we set

wWa-prp(4) = inf{9 : (e*("slA"S)seR is a-bounded}.
Since (A%)" = A%t for |s| < 7/w(A) and t € R (see [KW04, Theorem 15.16)),
we know that A® has (a-)BIP if A has (a-)BIP with
wpip (A°) = |s|wprp (A)
wa-B1P(A°) = [s|wa-pp(4).

Moreover a-BIP implies BIP with wpip(A4) < wa.pp(A). If « is ideal, we have
equality of angles.

PROPOSITION 4.5.1. Let o be an ideal Euclidean structure and let A be a sec-
torial operator on X. Suppose that A has a-BIP, then wpp(A) = waprp(A).
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98 4. SECTORIAL OPERATORS AND H*-CALCULUS

PROOF. Since « is ideal, we have the estimate [|A™|,, < C||A™| for n € Z.
Take 6 > wprp(A), then by Proposition [L23(iii)| we know that

{60\n|Ain ‘ne Z}
is a-bounded. Combined with the fact that {4% : s € [~1,1]} is a-bounded we
obtain by Proposition that we.prp(A) < 6 a

The connection between (a)-BIP and (almost) a-sectoriality. We have
an integral representation of A*A%(1 + AA)~! in terms of the imaginary powers of
A, which will allow us to connect BIP to almost a-sectoriality. The representation
is based on the Mellin transform.

LEMMA 4.5.2. Let A be a sectorial operator with BIP with wgip(A) < 7. Then
we have for X € C with |arg(\)| + wpp(A) < 7 that

1 1 o
NAS(1 4+ AA)"L = —/ . itgtqy,  0<s<l.
2 Jp sin(m(s — it))
PRrROOF. Recall the following Mellin transform (see e.g. [Tit86])
(4.18) /OOZSldz— T 0 < Re(s) < 1
' o 14+2z 7 sin(ns)’
Using the substitution z = ¢?™¢ this becomes a Fourier transform:
627755 . 1
2/7e*2m5d§=%, 0<s<1,teR.
r 1+ e2m¢ sin(m(s — it))

Thus by the Fourier inversion theorem we have

e27rzt£ 2) 2ms€
dt = , 0<s<1, &R
/R sin(m(s — it)) 1+ e2m¢ ’ ¢

Therefore using the substitution z = e2™¢ we have

(4.19) / 2 at = 2 0<s<1,zeR
. = , s ) Z .
R sin(m(s —it)) 1+2 *
for z € R, which extends by analytic continuation to all z € C with —7 < arg(z) <
.

Take w(A) < v < 7 — |arg(A)
the Bochner integral

and let z € D(A)N R(A). Then A%z is given by

. 1 .
Ay = 5 s 2" p(2)R(z, A)y dz,
where ¢(z) = 2(1 + 2)7? and y € X is such that = ¢(A)y. Thus, by Fubini’s
theorem, (£19) and |arg(\)| + v < 7, we have for 0 < s < 1

1 1 L )\zt it
_ —)\'LtAzt / / dt R , A d
2 /R sin(w(s — zt)) vd = sm (5 — it) ) o(2)R(z, A)y dz
As AA has BIP with wgrp(AA) < 7, the lemma now follows by a density argument.
U

As announced this lemma allows us to connect BIP to almost a-sectoriality.

PROPOSITION 4.5.3. Let A be a sectorial operator on X.
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4.5. a-BOUNDED IMAGINARY POWERS 99

(i) If A has a-BIP with wa.pip < w, then A is almost a-sectorial with
Wa(A) < wq-pip(4).

(ii) If A has BIP with wgip < m and « is ideal, then A is almost a-sectorial
with (I)a (A) S WBIP (A)

Proor. Either fix w, pp(A4) < 8 < 7 for or fix wpip(A) < 0 < 7 for (ii)|
Suppose that Aq,..., A\, € C satisfy |arg(A;)| < 7 — 6. Then for 0 < s < 1 and
x € X" we have by Lemma

1—s gs n 1 1
[N A R(= A, A)zi)iz ]|, < §/R (s

1 1 ‘
< - N € Sl 1 At at
2 /]R |sin((s — z't))|e [A™,, dt [[x]],,

< Clxlly

LR

where we used that there is a 6y < 8 such that
e A", <C
with C' > 0 independent of ¢ € R in the last step. O

With some additional effort we can self-improve Propositionmto conclude
that A is actually a-sectorial rather than almost a-sectorial. They key ingredient
will be the a-multiplier theorem (Theorems B.2.6] and B.2.8)).

THEOREM 4.5.4. Let A be a sectorial operator on X. If A has «-BIP with
Wa.BIP < T, then A is a-sectorial with wa(A) < wa e (A).

ProoOFr. We will show that for 0 < s < % the families of operators
Dy = {t5A°(1 +tA)~ ' : ¢t >0}
are a-bounded uniformly in s. Since we have for z € D(A) N R(A)
;ii%tl_sAs(t + At = —tR(—t, Az
by the dominated convergence theorem, we obtain for x1,...,z, € D(4) N R(A)
and tq,...,t, > 0 that
(=Rt )}, < i (4% + 4) 2,
This implies that A is a-sectorial with
wWa(A) = 0o (A4) < wa.prp(A).

by Proposition 2.1l and Proposition [£.5.3]
We claim that it suffices to prove for f in the Schwartz class S(R; X) that

4.20 Htl—)/ks t—u) A f(u duH
(1:20) [kt =A@ ] <l
where C' > 0 is independent of 0 < s < % and
1
ks(t) = ————— teR.

2sin(7(s —it))’
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100 4. SECTORIAL OPERATORS AND H*-CALCULUS

Indeed, assuming this claim for the moment, we know by Fubini’s theorem and
Lemma [£5.2]

// Az(t u)f( )du e—2m’t£ dt = / ks (t)Aite—27rit£ dt/ f(u)e—Qm'uf du
R R
_ e—27r£sAs(1 + e—27r£A)—1fA(£)

for any £ € R. Thus since the Fourier transform is an isometry on «(R; X) by
Example B:22.3] we deduce that for any g € S(R; X)

€ = €72 A% (1 + €727 A) T G(E) o ms ) < C 19 ausx

which extends to all strongly measurable g: S — X in «(S;X) by density, see
Proposition Then the converse of the a-multiplier theorem (Theorem B2
implies that I'; is a-bounded, which completes the proof.

To prove the claim fix 0 < s <  and set I, = [2m —1,2m+ 1) for m € Z. For
n € Z we define the kernel

w)i=Y k(t—u)l;(t)1;,, (u), tucR,
JEL
where the sum consists of only one element for any point (¢,u). Since ks € L'(R),
the operator T}, : L?(R) — L?(R) given by
/K t,u)p(u) du, teR,

is well-defined. By the Mellin transform as in ([d.I9) we know
i Y R
<
S(f) 1 +e & = 56 ’

so by Plancherel’s theorem we have for ¢ € L?(R)

Tl = 3 [ 160) / balt =)o) 1., (u) du e

<> (O dt = [l 72wy

JEZ J+n
Moreover since | K (t,u)| < |ks(t — )| 1ji—y)>2(jn|—1) for t,u € R and
1

ks L t>1

)] € g e =
we have by Young’s inequality

IToll L2Ry— L2y < Co e2minl, In| > 2

for some constant Cy > 0. We conclude that T,, extends to a bounded operator on
a(R; X) for all n € Z with
1T ]l e x)—a(r:x) < Co o2minl,

For t € R define p(t) = 2j with j € Z such that ¢t € I;. Then |p(t) —t| < 1 for
all t € R. Take w,.pp(4) < 6 < 7 and let C,C2 > 0 be such that

||{AiS ts € [-1, 1}}||a < (Ch,
| ‘ ||a§0269‘5|, s € R.
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4.5. a-BOUNDED IMAGINARY POWERS 101

Now take a Schwartz function f € S(R;X) and fix n € Z. Noting that p(t) =
p(u) — 2n on the support of K,, we estimate

Ht H‘/DQKn(t,u)Ai(t_“)f(u) du

a(R;X)

_ Ht - / K (t, ) AN PO 4p0 —u=2n) £y
R

a(R;X)

< Ht — / Ko (t,u) ATP@=w=20) £y dy
R

a(R; X)
< CyCy e~ 2wl ||t s Ai(p(t)7t72n)f(t

< CoCiCy e 2m0in 11l aqr;x)
using Theorem [3.2.6]in the second and last step. Since

ks(t—u):ZKn(t,u)7 t,u €R,
nez

)Ha(R;X)

the claim in (A20) now follows from the triangle inequality. a

REMARK 4.5.5. If the X has the UMD property and A is a sectorial operator
with BIP, then it was shown in [CP01l Theorem 4] that A is v-sectorial. The proof
of that result can be generalized to a Euclidean structure « under the assumption
that a(R; X) has the UMD property, which in case of the «-structure is equivalent
to the assumption that X has the UMD property. Note that the proofs of Theorem
M54 and [CPO1, Theorem 4] are of a similar flavour. The key difference being
the point at which one gets rid of the singular integral operators, employing their
boundedness on «(R; X) and L?(R; X) respectively.

The characterization of H-calculus in terms of a-BIP. With Theorem
454l at our disposal we turn to the main result of this section, which characterizes
when A has a bounded H°-calculus in terms of a-BIP. For this we will combine
the Mellin transform arguments from EL5. 4l with the self-improvement of a bounded
H®°-calculus in Theorem and the transference principle in Theorem [£.4.1]

THEOREM 4.5.6. Let A be a sectorial operator on X. The following conditions
are equivalent:

(i) A has BIP with wprp(A) < 7 and a-BIP for some Fuclidean structure o
on X.
(ii) A has a bounded H®-calculus.

If one of these equivalent conditions holds, we have
wh(A) = wpip(A) = inf{w,Bp(4) : @ is a FBuclidean structure on X}

PROOF. Suppose that A has a bounded H*°-calculus and let wy~(A4) < o < .
Then, by Theorem 3.2 there is a Euclidean structure o on X so that A has
a a-bounded H™(3,)-calculus. By ({IT) this implies that A has «-BIP with
Wa-BIP < o and therefore

(4.21) inf{wa-prp(A4) : a is a Euclidean structure on X} < wpee (A)

For the converse direction pick s > 0 so that w,.pip(A®) < 7. Then A% is a-
sectorial by Theorem 54 with w,(A%) < wa.prp(A4%). Take wa.prp(4%) < o < T,
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102 4. SECTORIAL OPERATORS AND H*-CALCULUS

then by Theorem [£.4.1] we can find a sectorial operator A on a Hilbert space H

with w(A) = wgp(A) < o and such that

1 Dllpy S Doy F € H®(E,).

Since BIP implies a bounded H-calculus on a Hilbert space by [McI86], A
has a bounded H> (X, )-calculus. Therefore A® has a bounded H*-calculus with
wpe(A®) < w. So since the BIP and H°-calculus angles are equal for sectorial
operators with a bounded H°-calculus, it follows that

(422) W (As) = wBIP(AS) = SWBIP(A) < SsT.

Thus A has a bounded H*-calculus with wge(A) = s wye(A4°*) = wprp(A) by
Proposition 3l The claimed angle equalities follow by combining [{2I) and
@22). O
Combining Theorem with Theorem and Proposition 5.1 we obtain
the following corollary, of which the first part recovers [KW16a, Corollary 7.5]

COROLLARY 4.5.7. Let A be a sectorial operator on X.

(i) If X has Pisier’s contraction property, then A has a bounded H®-calculus
if and only if A has v-BIP with wy.gip(A) < m. In this case

whee (A) = wyne (A) = wprp(4) = wy-pr(A)

(ii) If X is a Banach lattice, then A has a bounded H*-calculus if and only
if A has (>-BIP with wyz_pip(A) < 7. In this case

wiee(A) = wez e (A) = wprp(A4) = wezprp(4)
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CHAPTER 5

Sectorial operators and generalized square
functions

Continuing our analysis of the connection between the H°-calculus of sectorial
operators and Euclidean structures, we will characterize whether a sectorial opera-
tor A has a bounded H°-calculus in terms of generalized square function estimates
and in terms of the existence of a dilation to a group of isometries in this chapter.
Furthermore, for a given Euclidean structure o we will introduce certain spaces
close to X on which A always admits a bounded H°-calculus. In order to do so we
will need the full power of the vector-valued function spaces introduced in Chapter
Bl in particular the a-multiplier theorem.

Our inspiration stems from [CDMY96], where Cowling, Doust, McIntosh and
Yagi describe a general construction of some spaces associated to a given sectorial
operator A on LP for p € (1,00). They consider norms of the form

| (/Ooolw(tA)x 2%)”2“”, 2 € D(A) N R(A),

where ¢ € H'(X,) for some w(A) < 0 < m. They characterize the boundedness
of the H*-calculus of A on X in terms of the equivalence of such expressions
with ||z||,,. Further developments in this direction can for example be found in
[AMN97, FM98, KU14KW16b,LL05,LMO04 LM12].

In the language of this memoir the norms from [CDMY96]| can be interpreted

as - e 172

2
[(] weanrE) ], = 1= vl 4o

which suggests to extend these results to the framework of Euclidean structures by
replacing the £2-structure with a general Euclidean structure o.. Therefore, for a sec-
torial operator A on a general Banach space X equipped with a Euclidean structure
a we will introduce the generalized square function norms ||t — ’(/J(tA)LL‘||a(R+7%;X)
along with a discrete variant and study their connection with the H°°-calculus of
A in Section 5l In particular, we will characterize the boundedness of the H°-
calculus of A in terms of a norm equivalence between these generalized square func-
tion norms and the usual norm on X. For the y-structure, which is equivalent to the
(2-structure on LP, this was already done in [KW16a] (see also [HNVW17, Sec-
tion 10.4]). In Section we will use these generalized square function norms to
construct dilations of sectorial operators on the spaces a(R; X), which characterize
the boundedness of the H>-calculus of A.

Afterwards we introduce a scale of spaces Hg', for 6 € R in Section 5.3} which
are endowed with such a generalized square function norm. These spaces are very
close to the homogeneous fractional domain spaces, but behave better in many re-
spects. In particular we will show that A induces a sectorial operator on these spaces

103
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104 5. SECTORIAL OPERATORS AND GENERALIZED SQUARE FUNCTIONS

which always has a bounded H*°-calculus. Moreover we will show that these gen-
eralized square function spaces form an interpolation scale for the complex method
and that when one applies the a-interpolation method as introduced in Section [3:3]
to the fractional domain spaces of A, one obtains these generalized square function
spaces. We will end this chapter with an investigation of the generalized square
function spaces for sectorial operators that are not necessarily almost a-bounded
in Section 0.4l This will allow us to construct some interesting counterexamples on
the angle of the H°°-calculus in Section

As in the previous two chapters, we keep the standing assumption that « is a
Euclidean structure on X throughout this chapter.

5.1. Generalized square function estimates

Let A be a sectorial operator on X. As announced in the introduction of this
chapter, we start by studying the generalized square function norm

[t = p(tA)z| @, a.x),

t
and its discrete analog

sup H (P(2"tA)x

re[1.2] )”EZHa(Z;X)

for appropriate x € X. For o = « these norms were already studied in [KW16al
(see also [HNVW17, Section 10.4]).

We would like to work with = such that t — (tA)x defines an element of
a(Ry, %; X), rather than just being an element of the larger space ay (R, %; X).
Our main tool, the a-multiplier theorem (Theorem [B:2:8]), asserts that a-bounded
pointwise multipliers act boundedly from a(R4, 4; X) to ay (Ry, 95 X). We will
frequently use the following lemma to ensure that such a multiplier actually maps

to a(Ry, 95 X) for certain z € X.

LEMMA 5.1.1. Let A be a sectorial operator on X and take w(A) < o < .
Let © € R(p(A)) for some ¢ € HY(Z,), e.g. take x € D(A) N R(A). Then for
feH®(X,) and ¢y € HY(Z,) we have

(t = (A (tA)z) € a(Ry, 5 X),
(n— f(A)P(2"tA)z) € a(Z; X), tell,2].
ProoF. We will only show the first statement, the second being proven anal-

ogously. Take w(A) < v < o and let y € X be such that x = p(A)y. By the
multiplicativity of the H°°-calculus we have

(5.1) fA)p(tA)z = L/F FR)(t2)p(2) R(z, A)y dz.

211

For all z € T, the function ¢(-2) ® f(z)¢(2)R(z, A)y belongs to a(Ry, 9¢; X), with
norm

192 L2, a0l f(2)(2) R(z, A)yllx -
By (@) we know that for any £ € H'(%,) we have £ € H*(X,/) for v < ¢’ < 0, s0

5213"1/)('3)“L2(R+,%) < 0.

We can therefore interpret the integral (5.I) as a Bochner integral in (R, 9¢; X),
which yields that f(A)y(-A)z defines an element of (R, 95 X). O
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5.1. GENERALIZED SQUARE FUNCTION ESTIMATES 105

The equivalence of discrete and continuous generalized square func-
tion norms. Next we will show that it does not matter whether one studies the
discrete or the continuous generalized square functions, as these norms are equiv-
alent. Because of this equivalence we will only state results for the continuous
generalized square function norms in the remainder of this section. The statements
for discrete generalized square function norms are left to the interested reader, see
also [HNVW17, Section 10.4.a]. Situations in which one can take 6 = 0 in the
following proposition will be discussed in Corollary and Proposition

PROPOSITION 5.1.2. Let A be a sectorial operator on X, take w(A) < o <
and let ¢ € HY(,). For all 0 < § < 0 —w(A) there is a C > 0 such that for
z € D(A)NR(A)

2 0 Az |y < € s IelA)eloge,

and

Y(-A < C sup sup ||(¢(2 nez )
[(-A)x Ha(R+ dt. x) e|< telL, 2}” tA)T)ne ||a(Z,X)

where () = (ez).
ProOOF. For z € D(A)N R(A) and |¢| < ¢ we know that
(t = pe(tA)z) € a(Ry, 4; X),

(n = ¢ (2"tA)z) € (Z; X), te[l,2].
by Lemma BTl Therefore if o = «y the first inequality follows from [HNVW17,
Proposition 9.7.10] with a = 0, b = §/log(2), « = o/log(2) and the observation
that z — 2% maps the strip

So/108(2) = {2 € C: [Im(2)| < o/log(2)}
onto the sector X,. Analogously the second inequality for a = ~ follows from
[HNVW17, Proposition 9.7.20] with oo = 6/log(2). The proofs carry over to an
arbitrary Euclidean structure, as the only properties of the ~y-structure used in the

proof of [HNVW17| Proposition 9.7.10 and Proposition 9.7.20] are (1)) and the
right ideal property in (I2)) in the form of Proposition B2l |

The equivalence of the generalized square function norms for differ-
ent . The first major result of this section will be the equivalence of the contin-
uous generalized square function norms for different choices of v € HY(X,). As a
preparation let us note the following easy corollary of Jensen’s inequality.

LEMMA 5.1.3. Let h € L*(Ry, 9t). The opemtor Sp on L*(Ry., 4t given by

Shu(s / h(s —, se Ry

is bounded with ||Sy|| < HhHLl(R+,%)'

PROOF. Let ¢ := [|h|[11(g, ar). By Jensen’s inequality and Fubini’s theorem
we have
dt 2d8 th ds 2
‘ h(st)u E? = llullz2(r, a1,
which ylelds HShU”Lz(RJﬂ%) = HWU(&,%)HU||L2(R+,%)- 0
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106 5. SECTORIAL OPERATORS AND GENERALIZED SQUARE FUNCTIONS

We are now ready to prove the announced equivalence, which relies upon the a-
multiplier theorem. For the ¢2- and the y-structure this recovers the corresponding
results from [LMO04] and [KW16a] respectively.

PROPOSITION 5.1.4. Let A be an almost a-sectorial operator on X. Take
Oa(A) < o < m and fix arbitrary non-zero ¥, € H*(X,). For all f € H>®(X,)
and x € D(A)N R(A) we have

[ (A)e( ||a(1R+ tX) ~ Sl oo s, )H‘P Ha(R+ LX)
In particular, for f =1, we have
[4(-A) H(y(R+ tx) = ~ ||eo(: )xHa(R+ t.X)

PrOOF. First fix f € HY(X,) N H*®(X,), let € D(A) N R(A) and note that
both f(A)¢(-A)z and ¢(-A)z are in a(Ry,%; X) by Lemma EIIl Let &1 €
H'(X,) be non-zero such that

| ewnweF -1
0

| ctameasua T =1, sex,

which is clear for z € R; and then in general by analytic continuation. Take
Wa(A) < v < 0. We use the properties of the Dunford calculus of A and Fubini’s
theorem to calculate

f4) 2m/ / E(tz)n(tz) (tz)dt>f(z)R(ZjA) ds
:/0 2_7”/r (t2)n(t2)p(t2) f(2)R(z, A) d )dtt

- [T etameassin

With this identity, Fubini’s theorem and () we obtain for z € X and s € Ry

fAw(s)e = [ oA (A

Then

dt dz
t z

' ; dt dA
= 27” Z / w s)\ezeu ()\ezeu)/o g(t)\ezeu) ) (tA)LL'?T

e==+1

_ 27”/ ()23 AL R(z, A) / E(tI(tA) F(A)p(tA)

= ﬁ Sy (/\ — M(Xe') - Se(t— N(t)<p(tA)x)(Aeif”)) (s),
e=+1
where
M(z) = Z%A%R(Z,A), z €3,
N(t) :=n(tA)f(A), teRy

and Sy, for h € L'(Ry,4) is as in Lemma F.I3] which extends to a bounded
operator on functions in (R, %; X) by Proposition B.211
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By Proposition .23 we have that {M(z) : z € X,} is a-bounded. For N we
recall the representation of (4.0

N(t) = /Fn(tz)f(z)z%A%R(z,A)%.

T 2mi
Thus since
dz
EFEZ] < 1 e s 17115
r, z
we have by the almost a-sectoriality of A and Corollary [L2.4] that

IIN (@)t € Ry}l S g sy 10l 2 (s, -
Moreover by Lemma [5.T.T] we have

NCYo(-A)e = (- A)f(A)e(-A)z € Ry, 5 X)

where implicit constant depends on A.
Applying the boundedness of S¢ and Sy, and the a-multiplier theorem (Theorem
B20) on M and N we obtain

1£ (A (Ao, aeix) < ISullllSell[{M(2) : 2 € Do ],
AN (@) st € R o[loC Dz e, a )
S e 19 A -
where the implicit constant depends on v, £, 7 and A.
The same estimate for a general f € H*(3,) follows by approximating f by
fn = fon € HY(S,) N H®(Z,) with ¢, as in (@4), noting that f,(A)y(tA)z —
f(A)yY(tA)x for all t € Ry and appealing to Proposition O

From Proposition 5.4l we can see that the square function norms corresponding
to ¢ and . as in Proposition (.1.2] are equivalent when A is almost a-sectorial.
Thus we can take 6 = 0 in Proposition B.1.4]

COROLLARY 5.1.5. Let A be an almost a-sectorial operator on X, take 0, (A) <
o< andlety € HY(X,). For all x € D(A) N R(A) we have

6o, st = 30 [0 oy

)

If the generalized square function norms are equivalent with |||y, it follows
immediately from Proposition 5.1.4] that A has a bounded H®°-calculus, which is
the content of the next theorem.

THEOREM 5.1.6. Let A be an almost a-sectorial operator on X and take 0o (A) <
o < . If there are non-zero v, ¢ € H(X,) such that for all z € D(A) N R(A)

L S ey 1 I
then A has a bounded H® -calculus with wge(A) < &4(A).

PROOF. Our claim follows directly from Proposition (T4l Indeed, for f €
H>(3,) for any @,(A) <v <o and z € D(A) N R(A) we have

1£(A)l S [ FAetAz]| o, v,
5 H’(/J(tA)JJHa(R%%;X) 5 ||x||X

which extends by density to all z € X. ([l
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The equivalence of the generalized square function norms with the
norm of X. In the second halve of this section we will turn to the converse of
Theorem B.1.6, i.e. we will study when the boundedness of the H®-calculus of
A implies the equivalence of the generalized square function norms with [|-|| . In
order to prove our results, we will need to use the adjoint of A. Recall that the
adjoint of a sectorial operator is a closed operator, which may not be a sectorial
operator as it may only have dense domain and dense range in the weak*-topology.
To remedy this we introduce the so-called moon dual, see e.g. [FWO06|,KWO04].
Define X* as D(A*) N R(A*), where the closures are taken in the norm topology of
X*. The moon-dual operator A? of A is the part of A* in X*, i.e.

Az = A*z*,  z e D(AY) = {2* € D(A*)NR(A*): A*z* € D(A*)}.
Then the following properties hold:

A% is a sectorial operator on X* with spectrum p(A%) = p(A4*) = p(A).
Xt C X*is norming for X.
R(z, A%) is the restriction of R(z, A)* to X*.
o(A)*z = p(A¥)x for p € H(X,) and 2* € X*.
If X is reflexive, then X# = X* and Af = A
If A has a bounded H-calculus, then A* has a bounded H>-calculus
with WHoo (Aﬁ) = WHoo (A)

We will start by showing that, up to a smoothing factor ¢(A) for p € H*(%,),
we always have the equivalence of the generalized square function norms with ||-|| .
Note that similar estimates hold for the adjoint A* on X* equipped with the Eu-
clidean structure o*, by applying the following proposition to A% on X*# equipped
with the Euclidean structure induced by o*.

PROPOSITION 5.1.7. Let A be a sectorial operator on X, let w(A) < o < and
take non-zero v, p € H(3,). Then we have

- A (A oqr 2.y < 2l vex

and
le(ally < (ANl o, ) z € D(A) N R(A).

PROOF For the first inequality fix « € X. Then we have ¢¥(-A)p(A)z €
(R4, 4 X) by Lemmal5Idl Furthermore by (6] we have for w(A) < v < ¢ and
t>0

B(tA) = i,/ w(tz)(z-lA)lﬂR(Lz-lA)%

; ds
_ t e'w 76’”/ 71A 1/2 —eivg—1 )22
Z 27m/ Y(ste ) (1 —e" s ) S

e==+1
Z / w —1teew f( A)ds
2mi s
e==+1
with fo(2) == (e=¥2)Y/2(1 — e "2)~1. As f. € H'(Z,) for w(A) < ¢/ < v, we

have by Fubini’s theorem and the multlphcatlmty of the Dunford calculus

> ds
/O Ife(sA)e(Al— S Mz s, 10l (.-
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Therefore, by property (L)) of a Euclidean structure and (&.1]), we have
[¥(-A)e(A)z]l o, 1z,x)

—1 ezu ds
<6§1Hm/ v ) Ao L
d
<3 / [ 54 | g, a5 AV (Al
e=+1
= 3 e 00N ey | el S S el
t 0

e=%1

which proves the first inequality. Applying this result to A* on X* equipped with
the Euclidean structure induced by a* yields

(5-2) 19 (A P(A) 2™ g g e xy S ¥ llxey 2" € XF.
For the second inequality take z € D(A) N R(A). Then by Lemma B.T.1] we

have ¢(-A)z € a(Ry, 4; X). Thus, since ¢ € H*(S,) for w(A) < o’ < o by @),
we have by (@3] and the multiplicativity of the Dunford calculus

cx = /000 w(tA)z/J*(tA):zcﬁ

where ¢*(2) := ¢(Z) and ¢ = [;°[¢(t)]*4 > 0. Applying Proposition 324 and
(52) we deduce for any * € X*

dt

o)) <t [ ltwten, v @y o)yl

< Hy( A)xl| g, gt ) [V7CA) O(A) 2] o ) 22, x)
S Azl gm, ax) 12l x -
so taking the supremum over all z* € X* yields the second inequality. ]

If we assume the Euclidean structure a to be unconditionally stable and A
to have a bounded H®°-calculus, we can get rid of the p(A)-terms in Proposition
EI7 For the Euclidean structures £? and +, this recovers results from [CDMY96),
KW16a]

THEOREM 5.1.8. Let A be a sectorial operator on X with a bounded H-
calculus and assume that o is unconditionally stable. Take wpe(A) < 0 < m and
let ¢ € HY(X,) be non-zero. Then for all z € D(A) N R(A) we have

lz|| =~ Ht — P(tA)x HO[(R+7 Lx) ™ t:]ﬁp || 2”tA)-’L‘)n€ZHa(Z;X).

PROOF. Let wy=(A) < o’ <o and ¢ € HY(X,/). Note that (p(2"tA)x),ez is
an element of a(Z; X') by Lemma [B.TT] and the functions

n

f) = 3 a2tz

k=—n

are uniformly bounded in H*(3,) for t € [1,2], |ex| = 1 and n € N by Lemmal[L.3.4
Therefore, since « is unconditionally stable and A admits a bounded H“°-calculus,
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we have for all x € D(A) N R(A)

(2"tA < 2 A)
2 e )2 )nez] oz, tiﬁ%}iﬁ%fﬁplﬂk_z erp(2tA)a|

S llllx-

—n

Taking ¢ = ¢ in this inequality yields the first halve of the equivalence between
the generalized discrete square function norms and ||-|| . Furthermore, using this
inequality with ¢ = 9. = ¥(e’*-) with € < o — ¢’, we have by Proposition 5.1.2]

Ao, 0 S 50 o (52 ) ]y S el

For the converse inequality we apply this result to the moon dual A% on X*
equipped with the Euclidean structure induced by a* to obtain

[PCA) 2 ey ar oy S 1275, 27 € D(AT) N R(AT).

Since ¢ € H%(X,) for w(A) < o’ < o by (@), we have by the Calderén reproducing
formula (£3)

cx = /000 w(tA)z/J*(tA):zcﬁ

where ¢*(z) 1= % (Z) and ¢ = fooo|1/)(t)|2% > 0. Applying Proposition B.2.4] we
deduce for any =* € D(A*) N R(A*)

o) < et [Tl v eaye)

S (Al g, a0l (A)"
S lw( )xlla(ﬂh, X)Hx [l -

So since D(A*) N R(A*) is norming for X, this yields

a*(Ry,4t:X)

Another application of Proposition [5.1.2] yields the same inequality for the discrete
generalized square function norm, finishing the proof. O

The equality of the angles of almost a-sectoriality and H*°-calculus.
To conclude this section, we note that, by combining Theorem and Theorem
B.I.8 we are now able to show the equality of the almost a-sectoriality angle and the
H®°-calculus angle of a sectorial operator A. Using the global, ideal, unconditionally
stable Euclidean structure ¢9 this in particular reproves the equality of the BIP
and bounded H°-calculus angles, originally shown in [CDMY96| Theorem 5.4].
Furthermore if A is a-sectorial this implies wye(A) = wy(A), which for the -
structure was shown in [KWO1].

COROLLARY 5.1.9. Let A be an a-sectorial operator on X with a bounded H°-
calculus and assume that o is unconditionally stable.
(i) If A almost a-sectorial, then wge(A) < @, (A).
(ii) If « is ideal, then A is almost a-sectorial with

WHoo (A) = WBIP (A) = (:)a (A)
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Proor. For |(i)] we know by Theorem that for wge < 0 < 7 and a
non-zero v € H(3,)

2] ~ ||t — ¥(tA) x € D(A) N R(A).

H (Ry,4t:X)°

Thus, by Theorem B0, we know that wge(A) < @, (A4). follows from (I7)
and Proposition 53] |

5.2. Dilations of sectorial operators

Extending a dilation result of Sz-Nagy [SN47], Le Merdy showed in [LM96],
LM98| that a sectorial operator A on a Hilbert space H with w(A) < 7 has

a bounded H>-calculus if and only if the associated semigroup (e~*4)

+>0 has a
dilation to a unitary group (U(t))ier on a larger Hilbert space H,ie. A hasa
dilation to a normal operator AonH. By the spectral theorem for normal operators
(see e.g. [Con90, Theorem X.4.19]) we can think of A as a multiplication operator.

In this section we will use the generalized square functions to characterize the
boundedness of the H-calculus of a sectorial operator A on a general Banach
space X in terms of dilations. We say that a semigroup (U(t));>0 on a Banach
space X is a dilation of (e*tA)tZO if there is an isomorphic embedding J: X — X

and a bounded operator Q: X — X such that
A —QuU(t)J, t>0.
A sectorial operator A on X is called a dilation of A if there are such J and Q@ with
R(AA)=QR(MNA)J, AeC\ Zmax(w(A)M(;{))'

This can be expressed in terms of the commutation of the following diagrams

T o }(Q T sy | B

Taking ¢ = 0 in the semigroup case we see that QJ = I and J@ is a bounded
projection of X onto R(J). The same conclusion can be drawn in the sectorial
operator case by

z=lim AA+A) 'z = lim A\ QA+ A) Yz =QJz, ze€X,
A—00 A—o0

We will choose X = a(R; X) for an unconditionally stable Euclidean structure
a on X and for s > 0 consider the multiplication operator M given by

Mg(t) = (it)=%g(t), teR

for strongly measurable g: R — X such that g, Mg € a(R; X). Note that the
spectrum of My is given by

o(My) = 035

and that for a bounded measurable function f: ¥, — C with s < ¢ < 7 the
operator f(My) defined by

F(M)g(t) = F((it)7*)g(s), teR
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112 5. SECTORIAL OPERATORS AND GENERALIZED SQUARE FUNCTIONS

extends to a bounded operator on «(R; X) by Example Hence Mg has a
bounded Borel functional calculus and is therefore a worthy replacement for normal
operators on a Hilbert space.

If M; on a(R; X) is a dilation of a sectorial operator A on X for w(4) < s < ,
we have for f € HY(X,) N H®(Z,) with s < v < o < 7 that

FA) = 5 | TEQREM.)T Az~ QF(M.),

where f(M;) can either be interpreted in the Borel functional calculus sense or the
Dunford calculus sense. Therefore, the fact that My is a dilation of A implies that
A has a bounded H*-calculus and we have for f € H*(X,)

(5-3) f(A) = QfF (M) J.

The converse of this statement is the main result in this section, which characterizes
the boundedness of the H>-calculus of A in terms of dilations.

THEOREM 5.2.1. Let A be a sectorial operator on X and w(A) < s < .
Consider the following statements:
(i) A has a bounded H*(X,)-calculus for some w(A) < o < s.
(ii) The operator My on a(R; X) is a dilation of A for all unconditionally
stable Fuclidean structures o on X.
(iii) The operator M on a(R; X) is a dilation of A for some Euclidean struc-
ture o on X.
(iv) A has a bounded H*®(X,)-calculus for all s < o < .

Then = = = . Moreover, if A is almost a-sectorial with
@a(A) < s for some unconditionally stable Euclidean structure o, then [(iv)] = [(1)}

Since y(R; H) = L*(R; H) and w(A) = @.,(A) for a sectorial operator A on a
Hilbert space H, Theorem [(.2.1] extends the classical theorem on Hilbert spaces
by Le Merdy [LM96]. If X has finite cotype, the v-structure is unconditionally
stable by Proposition [[L1.6, so we also recover the main result from Frohlich and
the third author [FW06], Theorem 5.1]. For further results on dilations in UMD
Banach spaces and LP-spaces we refer to [FW06] and [AFL17].

PROOF OF THEOREM .21l For = we may assume without loss of

generality that s = 7, as we can always rescale by defining a sectorial operator

B := A% and using Proposition 231l and the observation that (M) = Mz
Define for x € D(A) N R(A)
Jx(t) = AY2R(it, A)x  t€R.
Setting 9y (z) = %, we have
Jr(t) =t Y2, (7 Az, teRy,
Ja(—t) =t V2 (¢t Az, t € Ry.
Therefore Jz € a(R; X) by Lemma [5T1] and using Proposition 21 we obtain
12| gy = 1904 EA) 2l o, gt x) + 10— EA) 2l o, 0t x)-

Now by Theorem (E.I.8 the bounded H> (X, )-calculus of A implies that

T g x) = ],
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so by density J extends to an isomorphic embedding J: X — «(R; X). Next take
g € a(R; X) such that [|g(t)]|x < (14 |¢t])~" and define the operator

Qg := 1/A1/2R(—it,A)g(t) dt € X,
T JR

where the integral converges in the Bochner sense in X, since

. 1
IAPRAN S e ek

By the a-Holder inequality (Proposition B.224)) and Theorem B.I.8 applied to the
moon dual A% on X* equipped with the Euclidean structure induced by a*, we have
for x* € D(A*) N R(A*) that

(Qg,z*)| < 1 /Ooo\<g(t),t‘”2(w+<t‘1A)* +_(tTA)*)z")

71'
S 19 arssey (14 (FA) 2 e, ar ey + 0 (24) 727
S ||9||a(R;X)||9C*||-

Since D(A*) N R(A*) is norming for X and using Proposition BI0] it follows that
Q extends to a bounded operator @Q: a(R; X) — X. To show that Mz on a(R; X)
is a dilation of A we will show that

(5.4) R(\, A) = QR(A\, Mz )J, A€ C\ig.
First note that for £ € R we have by the resolvent identity

dt

a*(R+7%;X*))

AR(it, A)R(—it, A) = —— (AR(it, A) — AR(—it, A))

1
21t
1
= —E(R(z't, A) 4+ R(—it, A)).

So since

sup || AY2R(it, A)z|| < oo, x e R(AY?)

teR
by the resolvent equation, we have for z € D(A) N R(A) and A € C\ Xz that

1 1/2p(s —1

and therefore

1 1
QR(\ My)Jz = / AV2R(—it, A) o AV R(it, A) i
s R —

it
1 1 1 1
5 R}\_itR(zt, ) dt 27T/R)\—itR( it, A)x dt
1 1 1 1
— A — A
omi Jo, d e Ardat o | S Rz A)rdz
2 2
= R(\ A)z,

where the last step follows from [HNVW17, Example 10.2.9] and Cauchy’s theo-
rem. This proves (54 by density.

The implication == follows directly from the fact that the global lattice
structure £9 is unconditionally stable on any Banach space X by Proposition
Implication = is a direct consequence of (53). Finally, if A is almost
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a-sectorial with @, (A) < s for some unconditionally stable Euclidean structure «,

=|(i)|is a consequence of Corollary 5.1.91 O

As a direct corollary we obtain a dilation result for the semigroup (e7*4);>o.
Note that we could use any M with @,(A4) < s <, but only M= yields a group
of isometries.

COROLLARY 5.2.2. Let A be an almost a-sectorial operator on X with &4 (A) <
5 and assume that o is unconditionally stable. Then the following are equivalent

(i) A has a bounded H> -calculus.
(ii) The group of isometries (U(t))ter on a(R; X) given by U(t) = e M5 s
a dilation of the semigroup (e~*4);>q.

PRrOOF. The implication |(1)={(ii)| follows directly from Theorem B2 Tland (53]
for f;(z) = e”** with t > 0. For the implication [(ii))={(i)] we note that from the
Laplace transform (see [HNVW17, Proposition G.4.1])

[ee]
R\ A)x = —/ eMe Tty dt, ReA <0,z € X,
0

and a similar equation for Mz we obtain that Mz on a(R; X) is a dilation of A,
which implies the statement by Theorem [(.2.11 |

To conclude this section, we note that for Banach lattices we can actually
construct a dilation of (e_tA)tZO consisting of positive isometries. This provides a
partial converse to the result of the third author in [Wei0O1bl Remark 4.c] that the
negative generator of any bounded analytic semigroup of positive contractions on
L? has a bounded H*°-calculus with wye(A) < 7. For more elaborate results in
this direction and a full LP-counterpart to the Hilbert space result from [LIM98]
we refer to [AFL17.[Fac14b]

COROLLARY 5.2.3. Let A be a sectorial operator on an order-continuous Banach
s

function space X and suppose that A has a bounded H -calculus with wg~(A) < 5.

Then the semigroup (e_tA)tZO has a dilation to a positive Cy-group of isometries
(U(®)icr on 2(R; X)),

PROOF. Let J and @ be the embedding and projection operator of the dilation
in Theorem with o = ¢2. Let F denote the Fourier transform on /%(R; X)

and define
R(\ A) = QRO M3)T = QuR(LN) Dy,  AeC\Ts,
where
1 d
R NV I -
N = F ./\/15]7 o i

on 2(R; X), Jy := F~1J and Qu := QF. Since the Fourier transform is bounded
on £2(R; X) by Example B2Z3] we obtain that (e=*);cg is a dilation of (e*4);50
by (B3) for fi(z) = e ** with ¢ > 0. Now the corollary follows from the fact that
(e7™V),er is the translation group on ¢2(R;X), which is a positive Co-group of
isometries by the order-continuity of X, the dominated convergence theorem and
Proposition B.1T.111 O
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5.3. A scale of generalized square function spaces

For a sectorial operator A on the Banach space X the scale of homogeneous
fractional domain spaces X97 4 reflects many properties of X and is very useful in
spectral theory. However, the operators on X@) 4 induced by A may not have a
bounded H®°-calculus or BIP, the scale X@ 4 may not be an interpolation scale
and even for a differential operator A they may not be easy to identify as function
spaces. Therefore one also considers e.g. the real interpolation spaces (X, D(A))g 4
for ¢ € [1,00], on which the restriction of an invertible sectorial operator A always
has a bounded H*-calculus (see [Dor99]), and which, in the case of A = —A on
LP(R9), equal the Besov spaces Bg’@q(Rd). However, these spaces almost never equal
the fractional domain scale Xy 4 (see [KWO5]).

In this section we will introduce a scale of intermediate spaces Hg , which
are defined in terms of the generalized square functions of Section Il These
spaces have, under reasonable assumptions on A and the Euclidean structure «,
the following advantages:

(i) They are “close” to the homogeneous fractional domain spaces, i.e. for
m < 6 < ny we have continuous embeddings
X’Il,A N X7727A — HGQ,A(QO) — Xm,A + XT]2,A7
see Theorem B34

(ii) The sectorial operator A| Hg , induced by A on Hg' 4 has a bounded H*-
calculus, see Theorem

(iii) The spaces Hg 4 and Xp 4 are isomorphic essentially if and only if A
has a bounded H°-calculus (see Theorem [5.3.0)). In this case the spaces
Hg 4 provide a generalized form of the Littlewood—Paley decomposition
for X@) 4, which enables certain harmonic analysis methods in the spectral
theory of A. In particular, if A = —A on LP(R?) with 1 < p < oo, then
H;A = g2 (R9) is a Riesz potential space.

(iv) They form an interpolation scale for the complex interpolation method
and are realized as a-interpolation spaces of the homogeneous fractional
domain spaces. (see Theorems [1.3.7] and [£.3.8]).

Let us fix a framework to deal with the fractional domain spaces of a sectorial

operator A on X. Let # € R and m € N with |8] < m. We define the homogeneous
fractional domain space Xy 4 as the completion of D(A?) with respect to the norm

z+— ||A%z| . We summarize a few properties of Xy, in the following proposition.
We refer to [KWO04, Section 15.E] or [Haa06al Chapter 6] for the proof.

PROPOSITION 5.3.1. Let A be a sectorial operator on X and take 6 € R.
(1) D(A™) N R(A™) is dense in Xg a for m € N with |0] < m.
(ii) Formi,me >0 we have X,, A N X_,, 4 = D(A™) N R(A™).
(iii) For m < 6 < my we have the continuous embeddings
thA N an)A — X97A — X”Il;A + Xﬁ27A

The spaces H&A(z/}) and their properties. Now let us turn to the spaces
Hg 4, for which we first introduce a version depending on a choice of ¢ € H Hx,).
Let A be a sectorial operator on X. Assume either of the following conditions:

e « is ideal and set wy = w(A).
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e A is almost a-sectorial and set w4 := &y (A).
Let wa <o <, ¢ € H(X,) and take § € R and m € N with || + 1 < m. We
define Hg' 4 (1)) as the completion of D(A™) N R(A™) with respect to the norm

x Hi/J('A)A%’|a(R+,%X)‘

We write

Hiy = Hiale),  (z) =221 +2)7"
By Lemma 5.1 we know that 1(-A) A%z € a(Ry, 4; X) for any 2 € D(A™)N

¢
R(A™) and ¢(-A) A%z = 0 if and only if 2 = 0 by @3), so the norm on Hg' (1)) is
well-defined.

REMARK 5.3.2.

e On Hilbert spaces these spaces were already studied in [AMN97]. For
the ~-structure on a Banach space these spaces are implicitly used in
IKKWO06, Section 7] and they are studied in [KW16b| for 0-sectorial
operators with a so-called Mihlin functional calculus. In [HaaO06b] (see
also ([Haa06a, Chapter 6]), these spaces using L?(R, 9; X)-norms in-
stead of a(Ry, %;X )-norms were studied and identified as real inter-
polation spaces. Furthermore, for Banach function spaces using X (¢9)-
norms instead of a(Ry, %;X )-norms, these spaces were developed in
IKU14|Kunl5].

e For ¢ € H'(,) such that ¢ € H'(X,) for ¢(z) := 2%4(z), we have the
norm equality

oy o = [1E = ¢ 0Dl g1,

for z € D(A™) N R(A™). Viewing (tA) as a generalized continuous
Littlewood-Paley decomposition, this connects our scale of spaces to the
more classical fractional smoothness scales.

Before turning to more interesting results, we will first prove that the Hg A()-
spaces are independent of the parameter m > |6| 4+ 1. This is the reason why we do
not include it in our notation.

LEMMA 5.3.3. The definition of Hg 4(v) is independent of m > (0] + 1.

PROOF. It suffices to show that D(A™ 1 )NR(A™ ') is dense in Hg' , (1), which
is defined as the completion of D(A™) N R(A™). Fix x € D(A™) N R(A™) and let
¢ as in (L4). Then ¢, (A) maps D(A™) N R(A™) into D(A™T1) N R(A™*). We
consider two cases:

e If o is ideal, then since ¢, (A)x — z in X we have
P(-A) A%, (A)x — p(-A) A%
in (R4, 4; X) by Proposition

e If A is almost a-sectorial, let y € D(A™~1 N R(A™~!) be such that z =
o(A)y with p(2) = 2z(1+ 2)~2. Since we have for any n € N and z € %,
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that
1
zZ

[9(2)(@a(z) = D] = |

z z z ‘
n+z(14+2)? n+1(1+2)?
2

1 z 1 2
< = < Z
~ n((1+z)2 + (1—|—z)2) —n’
we deduce by Proposition B.1.4] that
. 6 0
Tim [[6(-A) A0 (A)z — 0(-A) A% 5, e x)

. 6 —
< nll{r;o”@(s@n - 1)||HW(20)||1/)('A)A y||a(R+,%;X) =0

Thus we obtain in both cases that D(A™') N R(A™!) is dense in Hy 4(¢). O

We start our actual analysis of the Hg' 4(1)-spaces by proving embeddings that
show that they are “close” to the fractional domain spaces X97 A-

THEOREM 5.3.4. Let A be a sectorial operator on X. Assume either of the
following conditions:

o a is ideal and set wy = w(A).
o A is almost a-sectorial and set wa = 0q(A).

Let wa < o < 7 and take a non-zero v € HY(X,), then for m1 < 0 < 1o we have
continuous embeddings

anaA n X7727A — Hg,A(w) — X1717A + Xﬂz,A

PRrROOF. By density it suffices to show the embeddings for z € D(A™)NR(A™)
for some m € N with 1y, —n2 < m — 1. Set

e =min{f —ny,n2 — 6}
and define ¢(2) = 2¢(1 + 2¢)~2. Then by ([&F) we have that
©(A)' D(A) N R(A®) — X

is given by ¢(A)~! = A°+A~“+21. For the first embedding we have by Proposition
B 7 and Proposition

el iy ) = 19CAVR(A)R(A) " A, e

S||A%T e + AP cw + 2492
S |l

X?/lyAmXT/'z,A

For the second embedding we have by A’x € D(A) N R(A), Proposition
and Proposition B.1.7]

2l %, s+, 0 S @AA+ AT +2Daf (e
< lle(A)A%l %, +le(A)A™ ] %, +2lle(A)zllx, ,
S ||w('A)Aax||a(R+,%;X)7

which finishes the proof of the theorem. O
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118 5. SECTORIAL OPERATORS AND GENERALIZED SQUARE FUNCTIONS

The sectorial operators A|H§,’A(w) and their properties. In the scale of

fractional domain spaces X97 4 one can define a sectorial operator A| X, 4 OL X97 A
for § € R, which coincides with A on

D(A_GAAG) = Xmin{O,O},A N X1+max{9,0},A7

see [KWO04l Proposition 15.24]. We would like to have a similar situation for the
spaces Hg' 4 (1), which is the content of the following proposition.

PROPOSITION 5.3.5. Let A be a sectorial operator on X and take m < 6 < ns.
Assume either of the following conditions:

e « is ideal and set wy = w(A).
o A is almost a-sectorial and set wy 1= @, (A).

Let wa < o <7 and ¢ € HY(S,). Then there is a sectorial operator A|H;‘A(w) on
Hg 4 () with w(Alpg , () < wa satisfying

Al ,@ = Az, 2 € Xingnr 03,4 1 Xdbmax(ns.0,4:
and for A € C\ 3,
R()‘7 A|H&A(w))x = R(Aa A)xa HAS Xmin{n1,0}7A N Xmax{n270},A'

PRrROOF. Let m € N such that |6] + 1 < m. Either by the ideal property of «
or by Proposition B.I.4] we have for 2 € D(A™) N R(A™) and wa < v < 7 that

(5.5) INRON Azllg ) < Collzllgg ), AEC\ W

Thus, since D(A™) N R(A™) is dense in Hg' 4 (), R(\, A) extends to a bounded
operator Ra(A) on Hg 4(¢) for A in the open sector

Y:=C\Zy,-
We will construct A Hg () from R4, as we also did in the proof of Theorem EZ1
Note that for = € X, 4 N X,, 4 we have

i A7+ 215, s, =0
%1_1}(1) ||tRA(—t)iEHX,,,l,AmX,,,Z,A =0

and thus, by density and one of the continuous embeddings in Theorem .34l we
have for all x € H' 4(¢)

(5.6) tlggo ltRa(—t)x + xHH;A<w> =0

(5.7) }E}(l) ||tRA(_t)x||H;A(¢) =0

Using the density of D(A™)NR(A™) in Hg' 4(1) we also have the resolvent equation
Ra() - Ra(w) = (w— )Ra(:)Ra(w),  swes,

which in particular implies that if R4(2)x = 0 for some 2z € ¥ and z € Hg 4 (1),
then Ra(—t)x = 0 for all t > 0, so Ra(z) is injective by (&.0)).

We are now ready to define Alyg  (y). As domain we take the range of R4(—1)
and we define

Algg ,)(Ra(=1)z) := —z — Ra(-Dz,  x € Hg,(¥).
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Then by the resolvent equation we have R(A, Alug  (4)) = Ra(A) for A € X. Fur-

thermore Algg  (4) is injective, has dense domain by (5.6) and dense range by
B0 (see [ENOO, Section I11.4.a] and [HNVW17, Proposition 10.1.7(3)] for the
details). So by we can conclude that A|ga is a sectorial operator with
5a®)
w(Almg ) < wa-
To conclude take € Xpning,,01,4 N X14max{ns,0},4 and let y := (I +A)z. Then
y € Hg 4(¥) N X by the embeddings in Proposition £.3.1] and Theorem [£.3.4] and
thus Ra(—1)y = R(—1, A)y = —z. Therefore we have

A|Hg’A(w)$ =—x+y=Ax.
Similarly for x € Xmin{nl,O},Ameax{ng,O},A we have x € H&A(w) NX and therefore
R(A, A‘Hg,A(w))x = Ra(N)z = R(\, A)x, Aex,
which concludes the proof. O

If Ais almost a-sectorial, then the spaces Hg' 4 (1) are independent of the choice
of v € H*(X,) by Proposition .4 and thus all isomorphic to Hg 4. In this case
the spaces Hg' , and the operators Al Hg , have the following nice properties:

THEOREM 5.3.6. Let A be an almost a-sectorial operator on X.
(i) Alug , has a bounded H*-calculus on H§ 4 with wy=(Almg ,) < @a(A)
for all 0 € R.
(i) If Hy , = Xg.a isomorphically for some 6 € R, then A has a bounded
H*>-calculus on X.
(iii) If A has a bounded H*®-calculus on X and a is unconditionally stable,
then Hy' 4 = Xo.a for all 6 € R.

ProOF. Fix § € R and m € N with |#| +1 < m. Let x € D(A™) N R(A™),
then by Proposition we know f(A)z = f(Algg )z for f € H*(X,) with
@(A) < o < 7, so by Proposition (.14 we have

1Al Dellgg | = 17 (Ao (tA) A%l
< ot A) A% o, a0 ) = el

with o(z) := 2'/2(1 + 2)~'. Now [(1)] follows by the density of D(A™)N R(A™)
in Hy' 4. For we set y = A=Yz and estimate

1Al = 17 (Alx, , =~ 17l , < Il = lvlx, , =l

from which the claim follows by density. Finally is an immediate consequence
of Theorem [B.T.§ and another density argument. O

Interpolation of square function spaces. We will now show that there is
a rich interpolation theory of the H, 6.a-spaces. First of all we note that H g4 is the
fractional domain space of order 6 of the operator A| Hg , on Hg 4 and Al HE , has
a bounded H°-calculus, and thus in particular BIP, by Theorem Therefore
it follows from [KWO04, Theorem 15.28] that Hg , is an interpolation scale for the
complex method. We record this observation in the following theorem.
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THEOREM 5.3.7. Let A be an almost a-sectorial operator on X. Let 6y,0; € R,
0<n<1land=(1-n)0g+nb1. Then

Hy 4 = [Hg, 2, Hgy aly
isomorphically.

Our main interpolation result will be the interpolation of the fractional domain
spaces using the the a-interpolation method developed in Section B3l We will
show that this yields exactly the spaces Hy' 4. In [KKWO06!, Section 7] this result
was already implicitly shown for the Rademacher interpolation method, which is
connected to the y-interpolation method by Proposition

We know that Algg , has a bounded H*-calculus on Hg', by Theorem
Therefore one can view the following theorem as an a-interpolation version of the
theorem of Dore, which states that A always has a bounded H*-calculus on the
real interpolation spaces (Xg, 4, Xo,,4)5.q for ¢ € [1,00] (see [Dor99] and its gen-
eralizations in [Dor01l[Haa06blKK10]).

THEOREM 5.3.8. Let A be an almost a-sectorial operator on X. Let 6y,60, € R,
0<n<1landf=(1-n)0y+nb1. Then

HE 4 = (Xgy,4, Xp,.4)5
isomorphically.

PROOF. Assume without loss of generality that 6; > 6y, take z € D(A™) N
R(A™) for m € N with [§] + 1 < m and fix @,(A) < o < m. Let ¢ € H(Z,) be
such that [~ 1(t)4 =1 and

t
V= (20 2% 70%(2)) e HY(Z,), j=0,L
First consider the strongly measurable function f : Ry — D(A™) N R(A™) given
by
£
C 01— 6

Then, by ([£3) and a change of variables, we have fooo t"f(t)% = x and thus, by
Proposition [3.4.1] and Proposition E.1.4] we have

F(t) Pt Az, teR,

Hx”(xeo,mxel,A)ﬁf < jH:lE&}i It — tjf(t)H(y(]RJr,%;ng,A)

1 1 0
= max [t = g i (P A e, iy
= Yol g,

Conversely, take a strongly measurable function f: Ry — D(A™) N R(A™)
such that ¢t — t7f(t) € a(Ry, % Xy, ) for j = 0,1 and fooo tf(t)% = x. Let
¢ € H'(2,) be such that

p; = (2~ ze_‘gfcp(z)) c H'(%,), j=0,1.
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Then, since A is almost a-sectorial, we have by Proposition [(.1.4] Proposition [£.2.3]
and Theorem [3.2.6] that

e ds
N 0 01—00\n N
ol , = lolt)a” [ (st =20y st =) 2 g,

1 ds
0 0,—0 -
5/0 Sn““po(tA)A °f(st™ 0)||G(R+vﬁ?x) s

t

> d
w [ e an gm0
1 et s

1 - ds
5/0 San(Stel 00)"a(R+,%?X90:A)?
ds

[e ]
(n=1) || 44010 0106 : —
—|—/1 S HSt ! Of(St ! 0)"a(R+,%;X91,A) S

< J .
S max 1t =8 FOllage, 2 5, )

Taking the infimum over all such f we obtain by Proposition B.4.1]
[l g, S 12l oy a0, 0020

so the norms of Hg 4 and (XQOVA,XQLA)g are equivalent on D(A™) N R(A™). As

D(A™) N R(A™) is dense in both spaces, this proves the theorem. O

In [AMN97, Theorem 5.3] Auscher, McIntosh and Nahmod proved that a
sectorial operator A on a Hilbert space H has a bounded H“°-calculus if and only if
the fractional domain spaces of A form a interpolation scale for the complex method.
As a direct corollary of Theorem and Theorem 038 we can now deduce
a similar characterization of the boundedness of the H°-calculus of a sectorial
operator on a Banach space in terms of the a-interpolation method.

COROLLARY 5.3.9. Let A an almost a-sectorial operator on X and suppose that
a 1s unconditionally stable. Then A has a bounded H®°-calculus if and only if

XQ,A = (XQO,A7X91,A)3
for some 0y,0; € R, 0 <n <1 and = (1—n)by+nb:.

In [KKWO06] perturbation theory for H®-calculus is developed using the
Rademacher interpolation method, which is equivalent to the ~v-interpolation
method on spaces with finite cotype by Proposition and Proposition [LO1l
Naturally, these results can also be generalized to the Euclidean structures frame-
work. In particular, let us prove a version of [KKWO06|, Theorem 5.1] in our frame-
work. We leave the extension of the other perturbation results from [KKWO0G]
(see also [Kal07[KW13|[KW17]) to the interested reader.

COROLLARY 5.3.10. Let A be an almost a-sectorial operator on X and suppose
that a is unconditionally stable. Suppose that A has a bounded H -calculus and B
is almost a-sectorial. Assume that for two different, non-zero 6y,0; € R we have

Xo,a=Xo, 3, j=01.
Then B has a bounded H®°-calculus.
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PROOF. Let 0~0,0~1,9~~€ {O,~00,01} be such that 8y < 6 < 6 and let n € (0,1)
be such that 8 = (1 — )0y + nf;1. Then by Theorem and [0.3.8 we have

Xgp=Xga=(Xg, 4. X5 )y = (X5, 5. X5, )y

so the corollary follows from Corollary (£.3.91 O

5.4. Generalized square function spaces without almost a-sectoriality

In Section [5.3] we have seen that the spaces Hg' 4 (1) behave very nicely when A
is almost a-sectorial. In this section we will take a closer look at the Hg' ,(¢)-spaces
for sectorial operators A which are not necessarily almost a-sectorial. In this case
the spaces Hg' 4 () may be different for different ¢ and whether A| Hg () has a
bounded H°-calculus may depend on the choice of ¥. This unruly behaviour will
allow us to construct some interesting counterexamples in Section

The spaces H&A(gos,,,), and their properties. Conforming with the defi-
nition of Hg 4 (1)) we need to assume that a is ideal throughout this section. Let
0<s < 0<r<l,w(d) <o <7 and set

ZST'

:H—Zs, ZEEG-.

Ps,r(2) :

We will focus our attention on the spaces Hg' 4(s,), for which we have Hg , =
Hy Al 1 ). We will start our analysis by computing an equivalent norm on these
spaces, which will be more suited for our analysis.

PROPOSITION 5.4.1. Let A be a sectorial operator on X and assume that « is
ideal. Let 0 < s < ;&5 and 0 <r < 1. Then for x € D(A)NR(A) and t € [1,2]

we have

H@s,r('A)x||a(R+,%;X) = ||67;‘I|Ai'$||a(u§;x)a

||(‘Ps,r(QntA)x)nEZHa(Z;X) ~ H Z e_§|'+2mb\Ai(-+2mb)x
meZ

a([—b,b];X)
with b = 7/log(2) and the implicit constants only depend on s and r.

PROOF. Let w(A4) < o <min{%,r}, then for £ € R and z € R, we have, using
the change of coordinates u'/* = ¢>™z and the Mellin transform as in (@IS), that

) g oo " d

—2mité 27t _* —i&/s u u
e e“Tz)dt = U _—
/R Pour ) 27rs/0 l4u u

~ 2ssin(n(r —i€/s))

which extends to all z € ¥, by analytic continuation. Note that

(5.8) l9(©)] = 33 |sin(7r(71’ —i/s))]

By Fourier inversion we have for all z € ¥, and t € R

an(€72) = /R T G(£) 7€ e

=: 2"%g(¢),

~ e~ 5IEl EeR
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Thus, by the definition of the H°-calculus and Fubini’s theorem, we have for
xz € D(A)NR(A)
(59) penleT Az = [ TEg(e) A de,

R

as a Bochner integral, since, for £ € R, w(A) <v < I, ¢(2) = 2(14+2) ?andy € X
such that p(A)y = x, we have

lote) Al = G| [ om0 deH
(5.10) <e—§KIL/ o] |\

ldz|

Izl

2

v

< e—(%—V)\ﬁ\HyHX

~

Now to prove the equivalence for the continuous square function norm, define
T: L*(Ry, §) = L*(R) by

Tf(t) :=V2m f(e*™), teR.
Then T is an isometry, so by Proposition B2l we have for any f € L*(Ry, 4t)
(5.11) 1o, 2eix) = V2 It = F(€™) o, x)-

Let © € D(A) N R(A) and note that by the definition of the Dunford calculus and
Fubini’s theorem

(t— SOS,T(tA) ) € Lz(R+v dt ; X),
(£ 9o A)2) € LH(R; X).

So by (B9), (5I1) and the invariance of the a-norms under the Fourier transform
(see Example B.2:3)) we have

1t = @s,r(EA)Z]| oy, e, 50y = V2T It 5,0 (2T A) ] o, )
=27 Ht — / ¥ g(€) Aty d§H
R
=27 H§ — g({)A’fo

which proves the equivalence for the continuous square function by (G.8]).
For the discrete square function norm note that by (B9) we have for €
D(A)NR(A) and t € R

©s, r( 27TtA JJ _ Z / 27rzt(£+2mb) (5 + 2mb)AZ(E+2mb)xd§
meZ

a(R; X)

a(R;X)?

The sum converges absolutely by (5.I0). Thus, using 22" = 1 and setting
2"y = €™ we have

b
(5.12) s r(2"uA)x = /b 2int Z w'EF2m0) g (¢ 4 oamb) ATEFZME) 1 dg
- meZ

By Parseval’s theorem and Proposition B.2.1] for any h € L'([—b,b]; X) with h €
a([=b,b]; X), we have

||h||a([7b,b];X) =V2b H(ﬁ(n))nezua(z;x)’
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where b = 7/log(2) and
~ 1

b .
h(n) = %/%h(g)w Sde.

And thus, using (5.12) and the fact that |u*(€+2mY)| =1 for all & € [~b,b], m € Z
and u € [1, 2], we obtain

H(@s,r(ZnUA)I)nEZHa(Z;X) = H Z g(-+ 2mb)Ai(‘+2mb)I
mEZ

a([=bb]:X)’

which combined with (B.8]) proves the equivalence for the discrete square function
norm. (]

From Proposition £.4.]] we can immediately deduce embeddings between the
H&A(@s,r)'spaces-

COROLLARY 5.4.2. Let A be a sectorial operator on X and assume that o is

ideal. Fiz 0 < 51 < ,0<ry,ro <1 and 0 € R. ForV—ﬂ'(i—l) and
w(Ad) <o < I set

82

P (2) 1= Pu i (€F72), 2 €%,
Then we have the continuous embedding
H&A(stz,rz) — H&A(Soslﬂ"l)
and

Hg a(p3) N HE 4(057,) = Hi A(Psa,r2)-
isomorphically.

Proor. Without loss of generality we may assume § = 0. The claimed embed-
ding is a direct consequence of Proposition [5.4.1] and the density of D(A) N R(A)
in Hg 4 (¢s,,r,). For the isomorphism fix x € D(A) N R(A). Then by Proposition
.41 we have

ot (Aalla, a0 = e A 210 0|l 2y

+le = Atz 1 )|

a(R; X))’
ezt (Al a0 = o™= A2 10,00y ix)
+le” " M ATZ 1 o)l mixy
1szima (Al a0 = o™= A 2 10,00 i)
+ e =" A? 2100, ®; X)"

Since v + - the corollary now follows by density and Example 3.2 O

E
From Corollary we can see that the spaces Hg' 4(s,-) are independent of
7, which is why we will focus on the spaces Hg' 4 (¢s) for
Zs/2
0o(2) = 0y () = 1o
with w(A4) < o < Z for the remainder of this section. Moreover, Corollary
states that the Hg' A(gos) spaces shrink as s increases.

z €Y,
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The operators A|H5)A(‘Ps) and their properties. We will now analyse the
properties of the operators Alge  (,.) on Hg 4(¢s). As a first observation, we note
that from Proposition B.4.1] we immediately deduce for 0 < s < %A) and 0 € R
that A‘H;A(%) has BIP with

m
(5.13) wetp (Al mg , (o) < 5

Using the characterization of a-BIP in Theorem [£.5.6] and the transference result
of Theorem B4l we can say more if s > 1.

THEOREM 5.4.3. Let A be a sectorial operator on X and assume that o is
ideal. Fix 1 <5 < 777y and 6 € R. Then Algg , (p.) has a bounded H* -calculus

on Hg 4(ps) with

w |3

wr(Alg ,(0.) <

We give two proofs. The first is far more elegant, relying on the transference
result in Chapter [l In particular, we will use the characterization of a-BIP in
Theorem We include a sketch of a second, more direct and elementary, but
highly technical proof. This leads to a proof for the angle of the H°-calculus
counterexample in Section which does not rely on the theory in Chapter [

PrROOF OF THEOREM 043 Define a Euclidean structure § on a(R;X) by
defining for Ty, ..., T, € a(R; X)

1T Tl = 1T @ - ® Tallagzaaymi,

where we view Ty @ - -- @ T}, as an operator from L?(R)" to X given by
(Ty@--@Tn)(h,. o hy) = Tihg,  (ha,... hy) € L*(R)"
k=1

By Proposition [B.41] the space Hg' 4(s) is continuously embedded in a(R; X) via
the map

z (tr e THAMTOE)  p e D(A™) N R(A™)
with m € N such that |[¢] + 1 < m. Therefore 3 can be endowed upon Hg' 4(¢s).
We will show that

ri={e F(Alp; o))" tER]

is B-bounded, which combined with Theorem yields the theorem. Suppose
that t1,...,t, € R and x1,...,2, € D(A™) N R(A™). Then

H(eig‘tkl(A‘H;{A(%))ithk)zzlHB
= [|@iica (t = e FIHRD AT 0| i)
= ||@poy (t s e FUETtRIFIED 4it00, |

< ||€BZ=1 (t —> eff(\t\)AitJrexk)

a(L2(R)™:X)
||o¢(L2 (R)™;X)
= ||($k)2:1||5

Now the 3-boundedness of I" follows by the density of D(A™)NR(A™) in Hg 4(¢s),
which proves the theorem. (Il
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SKETCH OF AN ALTERNATIVE PROOF OF THEOREM [543 Without loss of
generality we may assume 6 = 0. Fix T < v < o < 7, take f € H*®(X,) with
£l zree s,y < 1 and fix 0 < @,b,¢ < 1 such that a+b = 1+c. Then, using a similar

calculation as in the proof of Proposition .17 we can write for v/ = 7 — v and
x € D(A?%) N R(A?)

—eetam ds
1,_ Z / f —1 ezl/ ,a( eiv’ A)LE?

e==+1
To estimate Hf(A)HHgA(%) we will first consider the integral for e = 1. Note that
we have the identity ’

P1.a(AA) Pl (nA) =

for |arg A, larg p| < 7 — w(A). Thus for s,¢t >0 and v/ = +m(1 — 1)

1-b,,b a,l—a
I A%
v1.c(AA) + 01.(A

1-b a

PrLalste” Dpralte” A) = m(O)]prelste™ 4) + walt) 1 orlte A)

where k1, k2 : R; — C are bounded and continuous functions. Therefore

H/OOO f(s_lei”)aplva(sei”/A)xﬁ

S HH[‘)’:A(Aplyb(e“’”-))
dt

oo
—1,—1 iv i’ (2
= t te” A e A
H/o fle )prals Yo ) (R, 45X)

s iv ds
S| Tttt Al s

o0 gl=b ds
[ et Dl g

Slllag ,or ey + ||5”||H&A(q:1,c<ew”~))~

Combining the estimates for v/ = +7(1 — %) with the isomorphism from Corollary
£.4.2] with parameters s; =1, s = s, 71 = b,c and ro = 2, we obtain

o ) ) ,
[ seemrnt an],
0 HE 4 (¢s)

N H$||H31A(¢1‘C( i

A(‘Ps)

and since v/ < (1 — %)7 applying Corollary [5.4.2] once more yields

N2l or,een ) S M2l o

Doing a similar computation for e = —1 yields the theorem. ([l
If we have a strict inequality

wirp (A| geo y) <,

gA‘Ps

we can extend Theorem[5.4.3]to s = 1. So in this case A|pg , on Hg' 4 “behaves” like
a Hilbert space operator, as it has BIP if and only if it has a bounded H*°-calculus.

THEOREM 5.4.4. Let A be a sectorial operator on X, suppose that « is ideal
and fix 6 € R. The following are equivalent:

(i) Almg , has BIP with wpip(Algg ) <7
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™

(ii) Thereisal <o < Siay such that the spaces Hg 4(ips) are isomorphic for
all0 < s <o.
(iii) Alwg , has a bounded H*-calculus.

PRrROOF. The implication |(ii)| = follows directly from Theorem 43| and
= |(i)|is immediate from (@IT). For|(i)|= let & > 1 be such that

(5.14) [(Almg ) < Cesltl,  teR.

Fix x € D(A™)NR(A™) with m € N such that [§|+1 < m and take 0 < s’ < s < 0.
Then by Proposition B41] (514]) and the ideal property of o we have

||x\|H;A(%) <t e’%lt\AiHe(t)xHa(R;X)

< ||t e F AT L) (2] gexy
nez

< 5 e (Al 44 By 02
ne’

< el T N e e Il o THATEO 1y, ) ()|
nez

a(R;X)

S HJUHH;A(@S/y

Moreover by Corollary [5.4.2] we have the converse estimate

||$HH;A(¢S,) < HxHHé"’A(@S)a

so by the density of D(A™) N R(A™) the spaces Hg' 4 (o) and Hg 4 (i) are iso-
morphic. (|

Using Theorem [5.4.4] we end this section with another theorem on the equiv-
alence of discrete and continuous square functions, as treated in Proposition
and Corollary This time for a very specific choice of 1 and under the as-
sumption that one of the equivalent statements of Theorem [£.4.4] holds. Note that
in this special case we can also omit the supremum over ¢ € [1,2] for the discrete
square functions.

PROPOSITION 5.4.5. Let A be a sectorial operator on X and suppose that o is
ideal. Assume that Algg , has a bounded H*-calculus on H 4. Then there is a

1 <o < ;5 such that for all0 < s < o, and x € D(A) N R(A) we have

||€0s('A)x||a(R+,%X) = ||(@s(2nA)x)"€Z||a(z;X)'

PROOF. Take 1 < o < m/w(A) as in Theorem E.Z4[ii)] let 0 < s < ¢ and
0 <6 <% —w(A). Then by Proposition and Proposition [£.4.1] we have

||(¢S(2nA)x)"EZ||a(Z,X) "S gnzliit}({s ||t = @S(teiGA)x‘la(R+7%;X)
—Z|¢| \—et git

< max [t e e “ AT o m;x)
< |t e T A || g x

5 ‘|<PS/('A)IHQ(R+)%;X)
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128 5. SECTORIAL OPERATORS AND GENERALIZED SQUARE FUNCTIONS

with 5" = 5%, So taking ¢ small enough such that 0 < s’ < ¢ it follows from
Theorem [B.4.4)ii)| that

|| (‘ps(znA)x)nEZHa(Z.X < ‘|¢s('A)x||a(R+,%;X)'

For the converse inequality let 8" = 25 for some 0 < § < & —w(A). Then we

have by Proposition B.1.2] and Proposition (.4.1]
s (- Azl gr, ae.x) S lles (A2l om, 0

< sup sup H o (2"te’ Az neZHa(Z'X)
le|]<d tell,2 ’

e—7r|-+2mb\/s e—e(-+2mb)Ai(-+2mb)

lel<s" ey a([=b,b];X)

< H Z o7l +2mb| /s 4i(-+2mb)
meZ

< s (2 A)a

a([=b,b];X)

"EZHQ(Z;X)’

finishing the proof. O
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CHAPTER 6

Some counterexamples

In Chapter [4] we introduced various properties of a sectorial operator A on X
and proved the following relations between these properties:

a-bounded (1) o-BIP with (2) Bounded (3) BIP with
H*°-calculus — wa-Bp(A) <7 — H*°-calculus wprp(4) <
(4)ﬂ (5)ﬂ a ideal

| (6) Almost

a-sectorial

| a-sectorial

Moreover we noted that (1) and (2) are ‘if and only if’ statements if o = ¢2 or
o = and X has Pisier’s contraction property. Statements (3), (4) and (5) cannot
be turned into ‘if and only if’ statements for « = ¢2 or o = 7. Indeed, there are
counterexamples on spaces admitting an unconditional Schauder basis disproving
the converse of (3), (4) and (5) for R-boundedness, which is equivalent to 2~ and
~v-boundedness if X has finite cotype by Proposition[LOIl We refer to the survey of
Fackler [Fac15| and the references therein for an overview of these counterexamples

In this chapter we will show that (6) can also not be turned into an ‘if and only
if” statement for any unconditionally stable Euclidean structure « on a Banach
space admitting an unconditional Schauder basis. Moreover in the same setting we
will show that even the weakest property, the almost a-sectoriality of A, does not
follow from the sectoriality of A.

In Chapter [] we have also seen that under reasonable assumptions on « the
angles of (almost) a-sectoriality, (a-)BIP and of the (a-)-bounded H®-calculus are
equal whenever A has these properties. Strikingly absent in this list is the angle
of sectoriality of A. In Section we already remarked that it is possible to have
wprp(A4) > 7 and thus wpip(A4) > w(A), see [Haa03], Corollary 5.3]. Moreover in
[Kal03] it was shown that it is also possible to have wge(A) > w(A). However,
the Banach space used in [Kal03] is quite unnatural. We will end this chapter with
an example of a sectorial operator with wye(A4) > w(A4) on a closed subspace of
LP, using the Hg 4-spaces introduced in Chapter

6.1. Schauder multiplier operators

We start by introducing the class of operators that we will use in our examples.
This will be the class of so-called Schauder multiplier operators. The idea of using
Schauder multiplier operators to construct counterexamples in the context of secto-
rial operators goes back to Clement and Baillon [BC91] and Venni [Ven93|, where

129
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130 6. SOME COUNTEREXAMPLES

Schauder multipliers were used to construct examples of sectorial operators with-
out BIP. It has since proven to be a fruitful method to construct counterexamples
in this context, see for example [AL19.[CDMY96lFac13|[Facl4al[Fac15|Fac16|
KL00,[KL02Lan98,[LMO04]. For L'(S)- and C(K)-spaces different counterexam-
ples, connected to the breakdown of the theory of singular integral operators, are
available, see e.g. [HKKO04,[ KKO08,[KWO05].

Schauder decompositions. Let (X});2, be a sequence of closed subspaces
of X. Then (X4)7, is called a Schauder decomposition of X if every z € X has a
unique representation of the form x = 220:1 ) with xp, € Xy for every k € N. A
Schauder decomposition induces a sequence of coordinate projections (Py)52; on

X by putting
[ee]
Py (Z Ij) =, keN.
j=1

We denote the partial sum projection by S, := >"7_, Pi. Both the set of coordinate
and the set of partial sum projections are uniformly bounded. A Schauder decom-
position is called unconditional if for every x € X, the expansion z = > 7, @y
with zp € X} converges unconditionally. In this case the set of operators U, :=
> e €6 Pr, where € = (e)72 ; is a sequence of signs, is also uniformly bounded.

A Schauder decomposition (X%)52; of X with dim(Xy) =1 for all k € N is
called a Schauder basis. In this case we represent (X3)72, by x = (z3)2, with
xy € Xy, for all k € N. Then there is a unique sequence of scalars (ax)52 ; such that
=Y o, agzy for any z € X. The sequence of linear functionals x* = (2})7°,

defined by
oo
xy (Z aja:j) = ag, ke N,
j=1

is called the biorthogonal sequence of x, which is a Schauder basis of span{z;} : k €
N}. If x is unconditional, then x* is as well. If x is a Schauder basis for X and y
is a Schauder basis for Y, then we say that x and y are equivalent if 220:1 ATy
converges in X if and only if ;7 | arys in Y for any sequence of scalars (ag)7 ;.
In this case X and Y are isomorphic. For a further introduction to Schauder
decompositions and bases, we refer to [LT77].

Schauder mutliplier operators. Fix 0 < ¢ < 7 and let (A\;)2, be a se-
quence in 3,. We call (A\;)?2, Hadamard if |A\1| > 0 and there is a ¢ > 1 such
that |Agt1] > c|Ag| for all k € N. Let (X3)32, be a Schauder decomposition of X
and let (A\g)72, be either a Hadamard sequence or an increasing sequence in Ry.
Consider the unbounded diagonal operator defined by

Az = i )\kpkl‘,

k=1
D(A) := {a? € X: ZAkka converges in X}.
k=1

We call A the Schauder multiplier operator associated to (Xj)p2, and (Ag)P2,.
We will first establish that this is a sectorial operator, for which we will need the
following lemma.
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6.1. SCHAUDER MULTIPLIER OPERATORS 131

LEMMA 6.1.1. Let (A\g)72, be either a Hadamard sequence or an increasing
sequence in Ry. There is a C > 0 such that for all A\ € C\ {\; : k € N}

i‘ A — A < C sup
A=A A= keN

(o)

PRrROOF. For n € N define u, := |A\| + EZ;H/\RH — Ak|. In both cases there
exists a C), > 0 such that |\g| < pp < Cp, |Ai| for all k € N. Fix A\ € C\{\ : k € N}

and define e
max Y
Cyi=sup—————— = < @
A keg |>\ - >\k|
We have for all k € N
‘ A A ‘ <2 IAl[Ae+1 — A
A=Des1 A=l = P max{|A], [Aesa|} - max{|A[, [Ae[}

Fix n € N such that |A\,| < |A| < [An41] (or take n = 0 if this is not possible). Then

n—1 n—1
A A ’ 5 [Akt1 — Axl
| - <y 3 a2
; A=D1 A=A kzzl IAI?
< CR N | < CuCH,

and
= A A = Mg — A
Z ‘ _ ‘SC,%W Z | Akt1 — il
W AT A A=A pomy Pl Ax]
oo
S 0202 A Hi+1 — HEk
a A |kzzn;rl Hk+1 Pk
Al A
< 202 | AN~ o202
< CNCA(MH + lim Mk) < cic3,
and finally
A A |)‘n+1 — >‘n|
- < O3 N— <203,
/\_/\n+1 >\_>\n - )\| | ‘/\n+1||>\| - A
Combined this proves the lemma. O

To show that an operator associated to a Schauder decomposition and a Hada-
mard or increasing sequence is sectorial is now straightforward.

PROPOSITION 6.1.2. Let (X,)5%, be a Schauder decomposition of X. Let
(Ak)72, be either a Hadamard sequence or an increasing sequence in Ry. Let A be
the operator associated to (Xi)52, and (Ag)p>,. Then A is sectorial with

w(A) =inf{0 <o <7: X\ €y for all k € N}.
PrOOF. Fix A € C\ {\ : k € N} and define

Al A
C)\ = Sup w < OO, CS = Sup ||Sk||
keN 1A= Al keN
Note that for any n € N
n n
1 1 1 1
6.1 —— P =—S5, - ( — )S .
(6.1) kz::l)\—)\k PN " kzz:l)\—)\kﬂ A=)
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132 6. SOME COUNTEREXAMPLES
So by Lemma [6. 1.1l we have for all n € N

szl )\—)\kPkH - H)\—)\nHS" _;<>\—>\k+1 - )\—)\k)SkH

(6.2) 002
==|Snl + /2

< CCACS\)\FI.

sup || Skl
1<k<n

By a similar computation we see that (EZ:1 /\%MPk)OO is a Cauchy sequence

n=1
and therefore convergent. Thus

oo
1
:E Pk:a
k:l)\_)\k

is a well-defined, bounded operator on X. Moreover we have

o0 o0 1
(A— AR Z ka—jz::l)\ij;/\_/\kka:x

for all z € X and similarly R(A)(A — A)z = z for © € D(A). Therefore A € p(A)
and R(A, A) = R(\).

Since (X,)$2; is a Schauder decomposition, A is injective and x,, € D(A) N
R(A) for z,, € X,,, so A has dense domain and dense range. Moreover, if we fix

inf{0 <o <m: A\ €%, forall ke N} <o’ <,

then there is a C,s > 0 such that

Al A -
C)\zsupwgcg,, AeC\ T,
keN A= Akl
So by ([62)) A is sectorial with w(A) < ¢’. Equality follows since A,, € o(A) for all
n € N. O

From the proof of Proposition we can also see that
p(A) =C\{Ay: k € N}
and for A € p(A) we have

00 1 0 1 1
. A = P - - :
(6.3) R(X, A) DDV ;(A—Ak )\—)\kﬂ)Sk

Indeed, this follows by taking limits in (61)). Let w(A) < v < ¢ < 7. Using (6.2)
and the dominated convergence theorem we have for f € H'(%,)

64)  f(A)= / f(2)R(z, Z =3 FOWP
v k=1

To extend this to the extended Dunford calculus let f: ¥, — C be holomorphic
satisfying

FZ—

£(2)] < Clel (1 + |2
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6.1. SCHAUDER MULTIPLIER OPERATORS 133

for some C,¢ > 0 and fix x € X with Pyz = 0 for all k£ > N for some N € N. Then
we have by (G.4]) that

N

N
(6:5) f(A)z = lim Zf (M) () Pra = Y f () Pra
k=1

n—oo

with m > §.

(Almost) a-bounded Schauder decompositions. Let o be a Euclidean
structure on X. For the operator A associated to a Schauder decomposition (X)2
and a Hadamard sequence (A;)72, we can reformulate (almost) a-sectoriality in
terms of the projections associated to (X)72 ;. Motivated by the following result we
call (X)), almost a-bounded if the family of coordinate projections { Py : k € N}
is a-bounded and we call (X})7° | a-bounded if the family of partial sum projections
{Sk : k € N} is a-bounded.

PROPOSITION 6.1.3. Let (Xj)72, be a Schauder decomposition of X, (Ag)72, a
Hadamard sequence and A the sectorial operator associated to (Xi)72, and (Ag)32 .
Let o be a FEuclidean structure on X. Then

(i) A is almost a-sectorial if and only if (Xi)72, is almost a-bounded. In
this case On(A) = w(A).

(i) A is a-sectorial if and only if (X3)32 , is a-bounded. In this case wy(A) =
w(4)

In the proof of Proposition [6.1.3] we will need the following interpolating prop-
erty of H> (X, )-functions evaluated in the points of a Hadamard sequence.

LEMMA 6.1.4. Fiz 0 < o <v < and let (A\y)72, be a Hadamard sequence in
Y. For all @ € £ there exists an f € H>®(X,) such that

f(>\k) = ag, keN
and Hf”Hx(z(,) S llafpe -

PRrROOF. The lemma states that (A\;)g>, is an interpolating sequence for
H*>(X,). On the upper half-plane a theorem due to Carleson (see for example
[Gar07]) states that ((x)72, is an interpolating sequence if and only if

k=G ’ >0, k e N.
JEN\{k} C CJ

Since the function z — iz2v conformally maps ¥, onto the upper half-plane, it
suffices to show

P — Wy
Hi + [

JEN\{k}
for pp = )\,';’L”. Fix k € N, then we have

k— k—1
H HE — Ky
k+:u]

2 2
Hlukl 1451 H( 1451 )2 (1_ - )
sl gl k] + |11 : ck=i 41

j=1 Jj=1
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134 6. SOME COUNTEREXAMPLES

where ¢ > 1 is such that |pr41] > ¢|pg| for all £ € N. A similar inequality holds
for the product with j > k + 1. Therefore, since >.°°  —2- < oo, it follows that

J=1cd+1
— s > 9 2
1 2L = (TI(-5=5)) >0
jengry METTHIT S an©
which finishes the proof. O

PROOF OF PROPOSITION BI3l Fix w(A) < v < ¢ < 7. For statement [(i)] first
assume that {P; : k € N} is a-bounded. Take f € H'(X,), then by (6.4) we have
fort >0

FeA) =3 Fen Py
k=1

and by Lemma 34 we have Y oo, |f(tA\g)] < C for C > 0 independent of ¢.
Therefore it follows by Proposition [[23] that {f(¢tA) : ¢ > 0} is a-bounded. Thus
A is almost a-sectorial with @(A) < o by Proposition E23

Conversely assume that A is almost a-sectorial and set ¢, = |A;| for k € N. By
Lemmal[G.1 4] there is a sequence of functions (f;)72; in H>(X,) with || f;[| go(s,) <
C such that f;(Ax) = d; for all j, k € N. Take

z (tj + /\j)2
14+ 2)2 t]‘)\j

9i(z) = ( fitjz),  z€ %o,
then (g;)72, is uniformly in H'(3,). Therefore {g; (tj_lA) : j € N} is a-bounded
by Proposition £.2.3l By (6.4) we have for j € N
N (4 A)?
(1A = L I T po— p
g]( g ) (1 +tJ_1AJ)2 tj)\j J J

So the family of coordinate projections {Py : k € N} is a-bounded, i.e. (X;)32, is
almost a-bounded.

For [(ii)] assume that {S : k € N} is a-bounded and take A € C\ X,. Using the
expression for the resolvent of A from (G.3]), we have

= A A
AR, 4) = ;(A—Akﬂ B /\—/\k)sk'

Therefore the set {AR(A\, A) : A € C\ X,} is a-bounded by Lemma and
Proposition L2223 so A is a-sectorial with w,(A) < 0.

Conversely assume that A is a-sectorial and set ¢, = |Ag| for k € N. As (A\g)32
is an interpolating sequence for H*(X,) by Lemma [6.T.4] we can find a sequence
of functions (f;)52; in H*>(X,) such that

T+ Mt 1<k<j
“1-t;M <k

fi(A) = {

for all j,k € N with [|fj[|ge(s,) < C. Now let g;(2) = 2(1+ 2)72f;(t;z). Then
(9;)22, is uniformly in H'(X,) and therefore {gj(tj_lA) : j € N} is a-bounded by

Licensed to Central South University. Prepared on Tue Aug 29 11:22:43 EDT 2023for download from IP 122.207.86.31.



6.2. SECTORIAL OPERATORS WHICH ARE NOT ALMOST «a-SECTORIAL 135

Proposition 2.3l Again using (6.4]), we have for all n € N

I (1A 0t (1 F A
Z tl -1 zk)Pk_ Z . —1 5 )Pk
(1+tn k) (I+tn M)

In (tglA) =

k=1 k=n-+1

n oo

t_ AL 1
- -y —p
Z1+tn1Ak " k:ZHHt;lAk *

tn
B ZPk - Z tn—l—)\kp
= Sn+tnR(—tn,A).

Since A is a-sectorial, the set {t,R(—tx, A),k € N} is a-bounded. Therefore the
family of partial sum projections {Sy : k € N} is a-bounded, ie. (Xz)52, is
a-bounded. O

6.2. Sectorial operators which are not almost a-sectorial

In this section we will start our series of examples based on the sectorial op-
erators defined in Section In this section we will construct a Schauder basis
which is not almost a-bounded for any unconditionally stable Euclidean structure
a, e.g. the v-structure on a space with finite cotype or the £2-structure on a Ba-
nach lattice. In view of Proposition this yields sectorial operators which are
not almost a-sectorial. Our proof will basically be a reconstruction of the idea
of Lancien and the first author [KLOQ] to construct sectorial operators that are
not R-sectorial. This idea has been further developed in a sequence of papers by
Fackler [Facl3l[Facl4alFacl5l[Fac16] and was recently revisited by Arnold and
Le Merdy [AL19].

The spaces ¢! and cy. As a warm up we consider the sequence spaces ¢! and
Co.

PROPOSITION 6.2.1. Both ¢! and ¢y have a Schauder basis x which is not almost
a-bounded for any unconditionally stable Fuclidean structure o on X.

PROOF. For ¢y we consider the so-called summing basis x, given by x, =
S w_1 €k, Where (ex)72, is the canonical basis of ¢o. The biorthogonal sequence x*
in ¢! is given by z}, = e}, — e}, for n € N, where (e})7°; is the canonical basis of
£'. Let a be an unconditionally stable Euclidean structure on cq and suppose that
x is almost a-bounded. Let (P)?2 , be the coordinate projections associated to x.
Then we have for any n € N

n
@il = lPRenial, S leoimall, S su [[3even], =1
k1= k=1
Since ef(x) =1 for all k € N, we also have by Proposition

n1/2 _ n—1/2 Z‘e’{(:{;kﬂ < n_1/2||(xk)2:1||a (
k=1

o = @izl

a contradiction. So x is not almost a-bounded.
The argument for ¢! is dual. We consider the basis y* := (e}, z}, 73, ...) with
biorthogonal sequence (e, x1 —e, z2—e,...), where e € £*° is the sequence (1,1,...).
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Now let 3 be an unconditionally stable Euclidean structure on ¢! and suppose that
y* is almost -bounded. Then we have for any n € N

n
n = wi(er) < || @p)ia |5l (en)iza

k=1

o Sl @Dl

and, denoting the coordinate projections associated to y* by (P} *)?:17 we have

l@Diaally = [P aeniall, < llen)ial, < 02,

a contradiction. So y* is not almost S-bounded. O

The general case. The general case will follow from the following lemma,
which is a consequence of a result by Lindenstrauss and Zippin [LZ69].

LEMMA 6.2.2. Suppose that X has an unconditional Schauder basis and is not
isomorphic to £', €2 or cy. Then there is an unconditional Schauder basis x of X, a
permutation 7: N — N and a sequence of scalars (ax)7, such that Y oo | apZok—1
converges but Y po; axTr(2k) does not converge.

ProOOF. By [LZ69| Note (1) at the end] we know that X has an unconditional,
non-symmetric basis x, i.e. there is a permutation 7: N — N such that x and
(T (k)72 are not equivalent. This implies the claim by the first part of the proof
of [Sin70l Chapter 2, Proposition 23.2]. |

We are now ready to prove the main result of this section.

THEOREM 6.2.3. Suppose that X has an unconditional Schauder basis and is
not isomorphic to £2. Then X has a Schauder basis which is not almost a.-bounded
for any unconditionally stable Euclidean structure o.

PROOF. If X is isomorphic to £* or ¢y, the theorem follows from Proposition
Otherwise we can use Lemma to find an unconditional Schauder basis
x of X, a permutation 7: N — N and a sequence of scalars (ay)72; such that
> ke GkTok—1 converges but > 1| axZx(2x) does not converge.

Define for k£ € N

Tk + Tr(ks1) if k£ is odd,
Yk = P
T (k) if £ is even.

Then y is an unconditional Schauder basis of X and its biorthogonal sequence y* is
an unconditional Schauder basis for span{y;, : k¥ € N}. Let o be an unconditionally
stable Euclidean structure and assume that y is almost a-bounded. Fix m,n € N
and let (bg)_,, 41 be such that Y77 . brys, has norm 1 and

n n
H Z akﬂ?w(zk)HX: Z ‘bky;k(aky%)"
k=m+1 k=m+1

Let (P))72, be the coordinate projections associated to y. Then since xop—1 =
Yok—1 — Y2k, We obtain by Proposition [6.1.3] and the unconditionality of y, y* and
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n

1Y armeenlly = D |brysr(anyar)|

k=m+1 k=m+1
< H(—akngxzk-l)Z:mHHaH(bkySk)Z:erll a*
n n
< sup H Z Gkak$2k71HX sup H Z Ekbky;ka*
lew|=1 k=m+1 lex|=1 k=m+1
n
S Y awanal|x-
k=m+1

But since 2211 axTak_1 converges this implies that Z;’;l akTr(2k) CONVErges, a
contradiction. So y is not almost a-bounded. ([l

Theorem [6.2.3] combined with Proposition [0.1.3] yields the result we were after
in this section:

COROLLARY 6.2.4. Suppose that X has an unconditional Schauder basis and is
not isomorphic to 2. Then X has a Schauder basis x such that for any Hadamard
sequence (A,)32, the operator associated to x and (\,)3, is not almost a-sectorial
for any unconditionally stable Fuclidean structure «.

In particular this implies the following corollary, since the Haar basis is uncon-
ditional in LP(R) for p € (1, 00).

COROLLARY 6.2.5. Let p € (1,00) \ {2}. Then there is a sectorial operator on
LP(R) which is not almost ~y-sectorial.

6.3. Almost a-sectorial operators which are not a-sectorial

Building upon the results of the previous section, we will now construct a
Schauder basis that is almost a-bounded, but not a-bounded for any uncondition-
ally stable Euclidean structures . In view of Proposition [6.1.3] this yields examples
of sectorial operators that are almost a-sectorial, but not a-sectorial.

We start with a useful criterion for the almost a-boundedness of a Schauder
basis.

LEMMA 6.3.1. Let x be a Schauder basis of X with biorthogonal sequence xX*,
let a be a Euclidean structure on X and take p € [1,00]. If there is a C' > 0 such
that for all sequences of scalars (ag)y_, and (bg)y_, we have

a1z, anan) ||, < C ()i
||(b1x>{7 cees bnfU:)‘ .<C H(bk)zzluzg"

then x is almost a-bounded.

«

PrROOF. Fix n € N and take y € X™. Define a, = x}(yx) for k=1,...,n. Let
(bg)7_, be such that H(bk)Z:luzg’ =1land Y ,_, apby = H(ak)zleeﬁ' Let (PF)%2,
be the coordinate projections associated to x. Then

[(PEyk)izll, = [(anzn)izill, < C|(an)izill, = C > i) < C? Iy |lo-
k=1
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In the same way we obtain for mq,...,m, € N distinct that

(B, ve)izall, <C* Iy,

To allow repetitions we consider index sets I; = {k € N:my = j} and let N € N
be such that I; = @& for j > N. By the right ideal property of a Euclidean structure
and choosing appropriate c;;’s with Zkelj \Cjk|2 =1forj=1,...,N we have

[ il = [ (Sl o) ;)

kel

= (Z Cjkx;(yk)xj);‘v:l H

kel;

j=1llla

[

= (P]?‘(Z cjkyk))j_v:

kel;

< (X enw)isa| =2yl

kel;

[e3

Therefore { P : k € N} is a-bounded, i.e. x is almost a-bounded. O

With this lemma at our disposal we can now turn to the main result of this
section. We take the example in Theorem [6.2.3] as a starting point to construct an
example of a Schauder basis that is almost a-sectorial, but not a-sectorial.

THEOREM 6.3.2. Let o be an ideal unconditionally stable Fuclidean structure
on X. Suppose that

e X has a Schauder basis x which is not a-bounded.
e X has a complemented subspace isomorphic to P for some p € [1,00) or
isomorphic to cg.

Then X has a Schauder basis y which is almost a-bounded, but not a-bounded.

Proor. We will consider the ¢P-case, the calculations for ¢y are similar and
left to the reader. By assumption there is a p € [1,00) and a subspace W of X for
which we have the following chain of isomorphisms

X=Waol=Wolol=Xaolr.

Thus we can write X =Y & Z where Y is isomorphic to X and Z is isomorphic
to . We denote the projection from X onto Y by Py and let V: Y — X be an
isomorphism.

Let (ex)32, be a Schauder basis of Z equivalent to the canonical basis of ¢7.
We consider the Schauder basis u of X given by

€1 lszl

Uk = § Ck—j+1 1f23+1§/<;§23+1—1for]€N
Vo lp. k=2 for j € N.
V="l J
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For j € N we define

29+l

vj = ((Qj — 1)_1/” Z uk> — Ugj
k=27+1
20+ _q

= (@ =073 ) g

k=27+1

If we now define the operators Tjz = v} (z)v; for € X and j € N, then

o |IT5]l < 4, since [jv; x, [[vf[l x- <2
o T7 =0, since v} (v;) = 0.

. T leaves the subspace span{uy, : 29 < k < 271 — 1} invariant.

Therefore I 4 T} is an automorphism of span{uy, 2-l41<k< 2j}, SO we can
make a new basis y of X, given by

uy if k=1,
Yk = o | '
\|(I+T yore L+ Tiue 127 <k < 271 _ 1 for j € N.

Let (S¥)52,, (SY)52, and (SP)72, be the partial sum projections associated to x,
y and u respectively. Then S5, | = Sg’k“fl and thus
SE=VPySh V' =VP Sy, V!

for all k € N. Since ais ideal and (S})?2 ; is not a-bounded, we have by Proposition
that (SY)7°; is not a-bounded. So y is not a-bounded.

Next we show that y is almost a-bounded. We will prove that thereisa C > 0
such that for all scalar sequences (a)7_; and (bx)}_, we have

(6.6) l(@vn. . anya)| (Dakl )"
<o (3mr)”,

for all n € N. By Lemma this implies that y is almost a-bounded. The
calculations for (6.6) and (1) are similar, so we will only treat ([6.6)). Fix m € N,
let n = 2! — 1 and define ¢; = 279 — 1 for j € N. First suppose that as; = 0 for
1 < j < m. Then, using the triangle inequality, the unconditonal stability of o and
the fact that (ey)72 ; is equivalent to the canonical basis of ¢, we have

(6.7) [[(b1yi, - o)

21 1/2
-1 2 m
H(akyk k= 1” < H ARk )= 1H + H( 44 ( Z |a| ) Uj) -
k=20 41 =
m 211
/P -1 2\ /2
(Daw) 30 (O Hal) sl
i=1 k=2 +1
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If p € [1,2], we estimate the second term by Holder’s inequality

m 21+l 1 1/2 m 2711 1/p
—1/p’ 2 —1/p’
SN Han) Tl <23V (0Y Tanl?)
Jj=1 k=2i41 Jj=1 k=2i+1
i 1/p 1/p
(3 ()

and, if p € (2,00), we estimate the second term by applying Holder’s inequality

twice
m 20+l _1 m 20+ _1
_ ’ 1/2 _ /p
S (X ) e <2 G (2 ap)
j=1 k=27+1 j=1 k=27 4+1

Combined this yields ([@.0) if ag; = 0 for 1 < j < m. Now assume that ap = 0
unless k = 27 for 1 < j < m. Since we have

_ +1_

Ugi + Vj G 1/p z !

Yoi = as + 05| = g + 0] Uk,
27 Jllx 27 INX p=2it1

we immediately obtain

n 1/
@il = (D) ™
k=1

again using that o is unconditionally stable and (ej)72 , is equivalent to the canon-
ical basis of ¢P. The estimate for general (aj)j_, now follows by the triangle
inequality. O

Theorem [6:3.2] combined with Theorem [6.2.3] and Proposition [6.1.3] yields ex-
amples of sectorial operators that are almost a-sectorial, but not a-sectorial:

COROLLARY 6.3.3. Let o be an unconditionally stable Fuclidean structure on
X. Suppose that
e X has an unconditional Schauder basis.
e X is not isomorphic to ¢2.
e X has a complemented subspace isomorphic to €F for some p € [1,00) or
isomorphic to cg.
Then X has a Schauder basis x such that for any Hadamard sequence (A;)32, the

operator associated to x and (\g)5, is almost a-sectorial, but not a-sectorial.

Specifically for the y-structure we have:

COROLLARY 6.3.4. Let p € [1,00)\{2}. There is a sectorial operator on LP(R)
which is almost y-sectorial, but not vy-sectorial.

PrOOF. If p € (1,00) \ {2} this follows from Corollary [6:3.3] since the Haar
basis is unconditional. Any Schauder basis of L' (R) is not R-bounded and thus not
~v-bounded by [HKKO04, Theorem 3.4], so for p = 1 we can directly apply Theorem
0.5.2) ]
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6.4. Sectorial operators with wye(A) > w(A)

Let A be a sectorial operator on X and « a Euclidean structure on X. We have
seen in Proposition .21l Proposition [£5.1] Theorem [£5.6land Corollary B.T.9 that
under reasonable assumptions on « the angles of (almost) a-sectoriality, (c-)BIP
and of the (a-)-bounded H°-calculus are equal whenever A has these properties.
Strikingly absent in this list is the angle of sectoriality.

In general the angle of sectoriality is not equal to the other introduced angles in
Chapter[dl As we already noted in Section L5l Haase showed in [Haa03l Corollary
5.3] that there exists a sectorial operator A with wprp(A4) > w(A). The first coun-
terexample to the equality wge(A) = w(A) was given by Cowling, Doust, McIntosh
and Yagi [CDMY96| Example 5.5], who constructed an operator (without dense
range) with a bounded H*-calculus, such that w(A4) < wpge(A). Subsequently,
the first author constructed a sectorial operator with w(A) < wy=(A) in [Kal03].
Both these examples are on very specific (non-reflexive) Banach spaces and it is
an open problem whether every infinite-dimensional Banach space admits such an
example. In particular in [HNVW17, Problem P.13] it was asked whether there
exists examples on LP. In this section we will provide an example on a subspace of
LP for any p € (1,00).

Let us note that all known examples that make their appearance in applications
actually satisfy wpe(A4) = w(A). This holds in particular for classical operators
like the Laplacian on LP(R%), but also for far more general elliptic operators as
shown [Aus07], which is based on earlier results in [BK03,[DM99/[DR96]. More
recent developments in this direction can for example be found in [CD20bl[CD20al
Egel8[Ege20,[EHRT19]. Also for example for the Ornstein-Uhlenbeck operator
we have wy(A) = w(A) (see e.g. [Car09[CD19/GCMM™01,[Har19]). Even in
more abstract situations, like the Hormander-type holomorphic functional calculus
for symmetric contraction semigroups on LP, the angle of the functional calculus,
is equal to the angle of sectoriality (see [CD17]). This means that our example
will have to be quite pathological.

The general idea. We will proceed as follows: We will construct a Ba-
nach space X and a Schauder multiplier operator such that w(A) = 0 and such
that, on the generalized square function spaces introduced in Section B3] the in-
duced operator A®| H] 4. does not have a bounded H*°-calculus for s > 1. Then

WBIP(AS|H(;VAS) = 7 by Theorem 44 and (BI3), so using Theorem 43 and

Proposition 541l we know that Algs () with ¢,(z) = 12_:—/; has a bounded H®°°-
calculus. Therefore ’
1 0
wi (Alny 4 e0) = wnie (Al o) = S wBie (A%ay ) = <
and by Proposition
W(A|H3)A(<Ps)) = UJ(A) =0.

Therefore A|H;A(%) on H;A(gos), which will be a closed subspace of LP, is an
example of an operator that we are looking for.

The remainder of this section will be devoted to the construction of this A. As
a first guess, we could try the operators we used in Section and Section for
our examples. The following theorem shows that this will not work.
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THEOREM 6.4.1. Let x be a Schauder basis for X, (A¢)32, a Hadamard se-
quence and A the sectorial operator associated to x and (A\;)3,. Let o be an ideal
Euclidean structure on X and fix 6 € R. Then Algg , has a bounded H -calculus

on HE 4 with we (A|H3A) = w(A)
PRrROOF. For simplicity we assume (A;)32; C Ry, i.e. w(A4) =0, and leave the
case (A;)p2; € X, for 0 < o < 7 to the interested reader. Let ¢ > 1 be the constant

in the definition of a Hadamard sequence and take v > max{1,1/log(c)}. Define
ux = ulog (Ag), then we have

inf |u; — ul = Inf u log (A /Ak)| > 1,

o (uk)72 is uniformly discrete. Moreover, denoting by n™(r) the largest number
of points of (u)72; in any interval I C R of length » > 0, we have for the upper
Beurling density of (px)5,

<1

D ((pr)p2y) := lim nt(r)

r—oo T

Therefore, by [Sei95] Theorem 2.2], we know that (e’#+*)2° | is a Riesz sequence in
L?(—m, ), i.e. there exists a C' > 0 such that for any sequence a € ¢2 we have

< Cllall,

n
C'a < HtHZ eitwt
” ”53 - — O L2(—m,m)

and thus we have

n
lall,, <C HZ aper
k=1

=2,

n
stle™ s Eak/\}{

sl
k=1

< Q €
L2(—7m,m) \/ﬂ

L2(—7ru,7ru).

Conversely we have that

n

,r A

_x). i

sup He sl g aRAL
k=1

<
lall 2 <1

L2(—m,m)

n
< sup \/1_L~H2akei“k'
L2®)  laflz <1 =1
n
e ant],
— L2(R\(~mu,mu)

n
e sl ZakA;f’
k=1

using the change of variables ¢ = ¢ + 7u in the second step. So for any 0 < s < 7wu

we have
n
_ 7
Ht»—>e s1tl E ap\y
k=1

Therefore T : £> — L?(R) given by

7\,2
<CVu+2 sup e =Y
llall,g <1

L2(R)’

® V-l

L2

T.a)(t) := ape” TIH/u it teR
(Tea)(t) = ks
k=1

is an isomorphism onto the closed subspace of L?(R) generated by the functions
(t = e~ =IHNIT)® | Tts adjoint T : L?(R) — ¢2 is given by

<nwk=/¢maﬂWuga, kN
R
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Now fix @ € £2 and define z = 3", _, apzy. Then for p4(2) = 2°/2(1 4 2°)~1 we
have by Proposition B4 and (6.5)

n
_ —Z|t| yit+0
2l g 4oy = 1= D are™ FNomi | )

Now if S : L2(R) — X is the operator represented by ¢ — > p_, age™ 5 U\ T0q,

then we have S = S’ o T, where S’ : /> — X is the finite rank operator given by
= > p_,er ® apAlxy, and (eg)?e, is the canonical basis of £2. Since Ty is an
isomorphism, we see

105 (o) = ISlag) = V- 15"l = V- (@ X1, . anAza)lo-

Thus by density we deduce that the spaces Hg' 4(ps) are isomorphic for all 0 <
s < mu and since u could be taken arbitrarily large they are isomorphic for all
s > 0. In particular Hg', is isomorphic to Hg 4(¢s) for any s > 1 and thus by
Theorem (.43 we deduce that A[gg , has a bounded H*-calculus on Hg', with
wre(Algg ) =0 O

The construction of the Banach space X. Since Hadamard sequences will
not work for the example we are looking for, we will construct an operator based
on a Schauder basis and an increasing sequence in R, which is also sectorial by
Proposition Let us first define the Banach space X that we will work with.
Fix 1 < ¢ < p < oo and denote the space of all sequences which are eventually
zero by co. Let (23)52, be a sequence in coo N {2* € €7 : l|z*||,rr < 1} such that
{2} : k € N} is dense in {z* € ¢ : ||z*||,,» <1} and each element of {z} : k € N}
is repeated infinitely often. For each £ € N let Fj, € N be the support of zj
and write Fy, = {sg,1,..., 5k, |F, |}, Where sg1 < -+ < 8 |p,|. Define Ny = 0 and
N = ‘F1|+"'+|Fk‘ for k € N.

Let (e;)72; be the canonical basis of /. For k € N we define the bounded
linear operator Uy, : /P — (P by

Unley) i= { Cormmumn N <75 B
! 0 otherwise

and the partial inverse Vj, : £7 — ¢? by Vix = U, (2 1F,). Now we define X = X, ,
as the completion of ¢y under the norm

lellx, . = llalls + || (Urz, 22) 354 |

Then X is isomorphic to a closed subspace of ¢F @ ¢4, which can be seen using the
embedding X < /P @ /7 given by

= Td ((ka, mZ>)Zil

We consider X, and therefore all parameters introduced above, to be fixed for the
remainder of this section.

LEMMA 6.4.2. The canonical basis of ¢P is a Schauder basis of X.

ProoOF. It suffices to show that the partial sum projections (Sj);";l associated
to the canonical basis of /? are uniformly bounded. Fix m,n € N such that N, 1 <
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m < N, and take € X. Then since ||Si ||z <1 and [[27[[,r <1 we have

1Ok Sma, w0}l = 1 (OnSmws i)) g

n—1
< (ZMUW,:C;;)\Q)UQ + [(UnSpa, 3,
k=1

< [ (W, 20), s o+ s
Therefore |[Sp|z(x) < 2 for all m € N. O

The construction of the sectorial operator A. Next we construct the
sectorial operator on X, for which A®| HE . with s > 1 will not have a bounded
H-calculus. Define for j € N
(6.8) A = 2’“(2 - ;) Nj_y < j < Ny

Sk,(j—Ni—1)
Then ();)52, is an increasing sequence in Ry, so by Proposition [6.1.2] and Lemma
[6.4.2] the operator associated to ();)72, and the canonical basis (e;)32, is sectorial
with w(A) = 0. The following technlcal lemma will be key in our analysis of this
operator.

LEMMA 6.4.3. Let A be the sectorial operator associated to (e;)52, and (A;)52;.
Let 0 < 0 < and suppose that f,g € H (X,) such that
[(9(2/A)x

JEZHW(Z;X) S H(f(QJA)x)]EZH,Y(Z’X), T € Coo-

Then there is a sequence a € (*(Z) so that
= Zakf(2j2)7 LRSI
JEZ
PRrROOF. Fix x € P with all entries non-zero and z* € {z} : k € N}. Let
dy < dy < --- be such that z* = 2 for all k¥ € N, which is possible since each

element of {z} : k € N} is repeated infinitely often. Define T : ¢ — ¢P by
Te; = (2— —)e], then

A= 2"V, TU;.
k=1
Fix n € N and define
Yp = Va, o+ -+ Vg, 2 € cop.

Then for all j € N we have for h = f, g

h(27 Ay, Zh (2 TRV T Uy Zh 2FATVV, &
k=1 k=1

Noting that the vectors Vy, « are disjointly supported shifts of x 15 for F' = Fy, =
Fy, = ---, we obtain

2
n
i@ )| =] (2 SV, )
JEL e k=1j€Z

@ T) (@ 1p)?)
JEZ

o

— pl/p

/p
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and similarly

H( Ukh 2 A)yn, k>| )1/2)k L _nl/q Z‘ 2JT JJ z* | )1/2.
JEL JEZ

Now since X is a closed subspace of a Banach lattice with finite cotype, we have by
Proposition [LT.3] and our assumption on f and g that there is a C' > 0 such that

foralln e N
nl/pH (Z‘Q(WT)(!E 1F)|2)1/2H +nl/a (Z\<9(2jT);v, x*>|2)1/2
JEL Y44 =
<O(n | (U@L ] 4t (i@ D)) ).
Jer Zp kEZ

Since ¢ < p we obtain by dividing by n'/? and taking the limit n — oo that

(X lg@Dz,aP) ' < (X1 @ )z ) ) 2.

kez kez
In particular we have
(6.9) (g(T)z,2%)] < C(Y [ F(2FT)a, ™) 2) /2.

kEZ
Since T is bounded and invertible, we know by Lemma 3.4 that
S D)), =0, 0o

|k|=n

Therefore ([9) extends to all z* € 7" of norm one by density. Define the closed

(compact!) convex set
r={Y af@ )z al, < C}
kEZ

and suppose that g(T")z ¢ I'. Using the Hahn—Banach separation theorem [Rud91]
Theorem 3.4] on ' and {g(T)z}, we can find an z* € " such that

C(Z|<f(2kT)x,x*>|2)1/2 = sup Re(<2akf (28T, 2 >>

kEZ |“1Hz2<01 keZ
< Re((g(T)x,x*>)
< [g(T)z, "),

a contradiction with (69). Thus g(T)z € I, so there is an a € (2 with ||al|,. < C}

such that
T)x = Zakf(2kT x
kez

Since every coordinate of x is non-zero, this implies that
o(2-3) = Lt (2(1-5))

for all j € N. As >, ., anf (2¥2) converges uniformly to a holomorphic function
on compact subsets of Y, by the uniqueness of analytic continuations this implies
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that
=Y af(2*2),  zeX,

kEZ
which completes the proof. O

Using Lemma [6.4.3] we can now prove the main theorem of this section, which
concludes our study of Euclidean structures.

THEOREM 6.4.4. Let p € (1,00) \ {2} and o € (0,7). There exists a closed
subspace Y of LP([0,1]) and a sectorial operator A on'Y such that A has a bounded
H®-calculus, has BIP and is (almost) y-sectorial with w(A) =0 and

WH oo (A) = wBIp(A) = w,y(A) = (IJ,Y(A) = 0.

Proor. If p € (1,2) take X = Xy, and if p € (2,00) take X = X, 5. Let A
be the sectorial operator associated to (e;)32; and (A;)32,, with (\;)$2; as in (G.5)
and (e;)32, the canonical basis of . Set v = 7/0 and define B = A” which is a
sectorial operator with
w(B) =vw(A4) =0.
Suppose that the operator B my, as in Proposition has a bounded H°-
calculus. Then by Theorem 544 there is an 1 < ' < 0o such that for 0 < s < s’

the spaces H p(s) with pg(2) = 2%/2(1 4 2°)~! are isomorphic. In particular by
[©3) and a change of variables we have for = € g
lousCAYl g, ) = VPl oy = VPl , = lu (Al s, aeix)
and thus by Proposition [5.4.0] there is a 1 < s < s’ such that
k ok
[(pus (2" A)z kEZH z:x) S C||(pu (25 A)2 kEZsz;x)'
This implies by Lemma [6.4.3] that there is a a € ¢? such that we have
(6.10) Vus(z Zaknp,, 2 z) z€X,
kEZ

for any 0 < p < m/vs. Thus (EI0) holds for all z € X, /.. But ¢, € H (S, /0s)
and ¢, has a pole of order 1 on the boundary of ¥/, , a contradiction. So B|Hw
does not have a bounded H-calculus. By Theorem 544 and (EI3) this 1mp11es
weip(Blmy ) =7

Now we have by Proposition[(.3.5lthat the operator A|H3’A(%) onY = Hj ,(¢v)
is sectorial with

w(Almy (o)) =w(4) =0.

and by Theorem .43 and Corollary B.1.9 we know that A| HY A(o0) has a bounded
H*°-calculus with

1
wir=(Alug (o) = werp(Almg o) = S weie(Blag ) = v = 0.
Here we used that by Proposition we have for all x € ¢y
1/v
Bl v = (Al ) " -

It remains to observe that Y is a closed subspace of v(R, %; X), which is isomor-
phic to a closed subspace of LP(Q; (P @ ¢?) for some probability space (£2,P), which
in turn is isomorphic to a closed subspace of LP([0,1]), see e.g. [AK16, Section
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6.4]. Finally note that Y has Pisier’s contraction property and therefore A| HY (o)
is y-sectorial by Theorem [4.3.5] and the angle equalities follow from Proposition
42T and Corollary B.T.91 O
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