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Preface

Iwasawa theory began in the late 1950s with a series of investigations by Ken-
kichi Iwasawa on ideal class groups in the cyclotomic tower of number fields and
their relation to p-adic L-functions. Iwasawa and others then developed the theory
for ideal class groups during the 1960s and 1970s. Among all, the most important
guiding principle in Iwasawa theory should be the “Iwasawa main conjecture” pro-
posed by Iwasawa. The Iwasawa main conjecture in the most classical situation
of class groups was first solved by Mazur-Wiles in the early 1980s using modular
Galois representations. Then Rubin gave another proof using the Euler system of
cyclotomic units. These monumental results form the foundation of the initial stage
of cyclotomic Iwasawa theory for ideal class groups and are already well laid out in
self-contained texts such as [13], [61], [69], and [117], which provide various good
pathways to the heart of the theory.

There is a second stage of Iwasawa theory brought forward by Mazur putting
it in the context of elliptic curves and modular forms. Coates, Greenberg, Kato,
Perrin-Riou, and others continued further generalizations, giving rise to cyclotomic
Iwasawa theory of p-adic Galois representations.

Unfortunately, there are no guiding textbooks that provide a compass for this
world of developments. For cyclotomic Iwasawa theory of p-adic Galois representa-
tions, we can only find [79], [90], and [101], but they are limited to some specialized
topics. Hence, this book was motivated by the need for a total perspective of Iwa-
sawa theory that includes the new trends of generalized Iwasawa theory. Another
motivation of this book is an update of the classical theory for class groups, as a
long time has passed since [13], [51], [69], and [I117] were published and the point
of view on the classical theory has changed.

The book consists of two volumes, the first one for the classical Iwasawa theory
and the second one for the generalized Iwasawa theory. Our goal in these two
volumes is to focus on the “Iwasawa main conjecture” and its generalizations. Some
important themes of Iwasawa theory that are not regarded as part of the Iwasawa
main conjecture are left out of the main part of the text so as to keep a coherent
flow and focus. However, for the interested reader, we include comments on these
other themes at the end of each chapter.

The book is divided into three parts (Parts I, II, and III). Part I is in the
first volume; Parts IT and III are in the second volume. Let us explain briefly the
contents of the first volume (Part I) and the second volume (Parts II and III) of
this book.

In Part I (Chapter [[I Chapter Bl and Chapter B]) of this book, we explain
“cyclotomic Iwasawa theory of class groups”.

In Chapter[I we discuss the motivation and the importance of Iwasawa theory
in relation to the mysterious meaning of the special values of the L-function, the
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analogy between the number field and the function field, applications to Fermat’s
last theorem, etc.

In Chapter 2 we prepare some background knowledge. In Iwasawa theory, a
Galois extension whose Galois group is isomorphic to Z, plays an important role.
Such an extension is called a Z,-extension. We cover some basic topics on Z,-
extensions of a number field. In Iwasawa theory, the ring of one-variable formal
power series O[[T]] over the ring of integers O of a p-adic field also plays an impor-
tant role. Such an algebra is called an Iwasawa algebra. We spend four subsections
discussing the Iwasawa algebra from four different angles. Then, we study a module
over the Iwasawa algebra which is called an Iwasawa module. Some of the standard
topics such as the structure theorem of Iwasawa modules are formulated over a one-
variable Iwasawa algebra in classical textbooks. In this book, they are discussed in
a more general setting over a general normal Noetherian domain. It is important
that the setting is general enough to cover rings that appear in the theory of Galois
deformation and the Hida theory since we will discuss a generalization of Iwasawa
theory over a deformation ring later.

In Chapter Bl we discuss the Iwasawa theory of ideal class groups. As is ex-
plained Chapter [I, Iwasawa theory is divided into three main parts: the algebraic
aspect; the analytic aspect; and the Iwasawa main conjecture, which is a bridge
between the algebraic aspect and the analytic aspect. We first discuss the algebraic
aspect. The first important topic on the algebraic aspect is Iwasawa’s class num-
ber formula which describes the behavior of the orders of the ideal class groups of
intermediate fields K, of a given Z,-extension. We give a proof of Iwasawa’s class
number formula that is based on the result of the behavior of the orders of special-
ization M /w, M of a given Iwasawa module M with certain specific elements w,, of
the cyclotomic Iwasawa algebra given in the previous chapter. We also introduce
some known problems and open conjectures on the Iwasawa module given by the
ideal class group over the cyclotomic tower. For the analytic aspect, the main topic
is the construction of the Kubota—Leopoldt p-adic L-function, which is a p-adic
counterpart of the Dirichlet L-function. In light of its importance, we give two
different constructions of the Kubota-Leopoldt p-adic L-function: Iwasawa’s con-
struction based on the Stickelberger element and the Coleman construction based
on Coleman power series. Finally the cyclotomic Iwasawa main conjecture is formu-
lated in two equivalent versions ((+)-type and (—)-type). We give two completely
different proofs of the Iwasawa main conjecture: one is the proof due to Mazur—
Wiles and Wiles using the method of the Eisenstein ideal and the other is the proof
due to Rubin using the method of an Euler system of cyclotomic units. The proof
using an Euler system was already discussed in classical textbooks such as [13],
[69], and [117], but the proof using an Eisenstein ideal was never explained earlier
in classical textbooks. Another new point in the treatment of Chapter [3is that we
discuss the cyclotomic Iwasawa main conjecture for ideal class groups over totally
real number fields and complex multiplication (CM) number fields, which were not
treated in classical texts.

In Part II (Chapter 4, Chapter 5, and Chapter 6) of the book, we will explain
“cyclotomic Iwasawa theory of p-adic Galois representations”. In Part III (Chapter
7 and Chapter 8) of the book, we will explain “Iwasawa theory of p-adic Galois
deformations”.
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CHAPTER 1

Motivation and utility of Iwasawa theory

The aim of this book is to explain both the current state of Iwasawa theory,
and how it should evolve from classical Iwasawa theory for ideal class groups as
discovered by Kenkichi Iwasawa. We feel that it is very important to set the stage
for later developments by first discussing this classical Iwasawa theory. This is done
in Part I of the book. Chapter 1 is devoted to a brief historical tour without proofs,
and Chapters 2 and 3 then develop the classical theory in detail.

1.1. Fermat’s last theorem and ideal class groups

Fermat’s last theorem asserts that, for any integer n > 3, triples of integers
(z,y, z) can satisfy " 4+y™ = 2™ only when xyz = 0. Clearly it suffices to prove the
theorem for the cases when n = p is an odd prime, or n = 4. Fermat made the first
great progress, proving the assertion for n = 4, by his revolutionary idea of infinite
descent. Subsequently, generalizing Fermat’s method, Euler and Lagrange proved
the case n = 3, and Dirichlet the case n = 5. After Fermat’s death in 1665 until
Wiles proved the conjecture in 1994, there were many efforts to extend Fermat’s
proof and, although these were not successful, it is fair to say that the modern
theory of algebraic numbers grew out of these attempts.

The most important of these efforts is due to Kummer, whose key idea was to
enlarge the field Q of rational numbers to the field Q(u,), which is obtained by
adjoining to Q the p-th roots of unity, for p an odd prime. He then proposed to

study the decomposition:

p—1

[[@+¢y) =27

i=0
in Q(up). However, as Kummer quickly realized, a major obstruction to this pro-
gramme was the fact that the “uniqueness of prime decomposition” which holds
for the rational field Q sometimes fails for the larger field Q(u,). In terms of the
modern language of algebraic number theory, for each finite extension field K of Q,
the obstruction to the uniqueness of prime decomposition is measured by a finite
abelian group Cl(K), called the ideal class group of K. Using the ideal class group,
Kummer succeeded in proving the following result in the middle of the 19th century.

THEOREM (Kummer). When the order of the ideal class group Cl(Q(up)) is
prime to p, Fermat’s last theorem is valid for n = p.

We say a prime p is a regular prime number when p does not divide the
order of #Cl1(Q(pp)), and an irregular prime number when it is not regular.
Kummer himself showed that p = 37,59, 67 are the only irregular primes less than
100, and thus established Fermat’s last theorem for all prime exponents p less than
100 which are different from these three irregular primes. Moreover, building on

1
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more remarkable work of Kummer, which will be discussed in the next section, it
was shown in the second half of the 19th century that there are infinitely many
irregular primes. However, it has never been proven there are infinitely many
regular primes, although numerical data strongly suggests that about 60 percents
of all primes should be regular (see [I17, §5.3]).

For a given algebraic equation f in one variable, we have a formula of the roots
of f by means of root symbols if and only if Galois group of the equation f is
solvable. Looking back the history of algebra, we remember that Galois group first
appeared as an “obstruction” of solving algebraic equations. Then Galois groups
became gradually important as one of main characters in elementary algebra and
solving algebraic equation went out of our main interest of research. In fact, we
obtain a lot of mathematical applications knowing and studying Galois groups.

As a similar paradigm shift, ideal class group, which first appeared as an “ob-
struction” to the uniqueness of prime factorization of algebraic numbers gradually
became the main interest of algebraic number theory. For a number field K, we have
an explicit algorithm to determine the structure as abelian group of the ideal class
group CI(K) by using the theory of “geometry of numbers” by Minkowski. Also,
according to Dirichlet’s class number formula, the order hy of C1(K) is expressed
" ()

. , S WK
e = =T X Ry
where ((K, s) is Dedekind zeta function, r1 (resp. 2rs) is the number of real em-
beddings (resp. complex embeddings) of K into C, wg is the number of roots of
unity in K, and Ry is the regulator of K.

For example, let us take an imaginary quadratic field K = Q(y/a) where a is a
negative integer without any square factors. For this K, we have ry + 1o — 1 = 0,
Ryi = 1. Hence, Dirichlet’s class number formula for K amounts to

(11) hK = —U)KC(K,O).

It is known that we have an expression
1 &N [
(1.2) (K0 =-—>i(—
a* —~ \a
where we set

a =
[4a| a=2,3 mod 4,

which is a special case of the formula

. {|a a =1 mod 4,

1 C(x)
(X 0) = ==— D ix(i)
C(x) ;
for a nontrivial Dirichlet character x of conductor C(x) (see §821for the definition
of Dirichlet character x and its conductor C(x)). In fact, we can prove the equation
([C2) using the method of contour integrals which will be explained in §3.22.2 By
combining (L)) and (L2), we obtain

5

_wk N~ (L
(1.3) hic =5~ le <a> .

=
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In this way, we can calculate the class number of an imaginary quadratic field by
repeating simple additions of integers.

In general, when we are given a single algebraic number field K, we have an
explicit algorithm to calculate the class group CI(K). However our understanding
is still unsatisfactory in the following sense.

(i) We have very few general results which hold for the ideal class groups
CI(K) of certain inifinite families of algebraic number fields K (not only
for each single K).
(ii) Note that CI(K) is equipped with the natural action of the Galois group
Gal(K/Q). We have very few general results which say something for the
Galois module structure of C1(K) (not only for the structure as an abelian
group).
As an example of the problem (i), there exists a conjecture of Gauss which states
that there are infinitely many real quadratic fields whose ideal class groups are
trivialll.
Though the problem of type (i) is difficult as the above example shows, Iwasawa
proved the following remarkable result (which will be restated as Theorem Bl and
will be proved in 31T of the book):

THEOREM A (Iwasawa’s class number formula). For each prime p, there exist
invariants A\, i € Z>o, v € Z such that the largest power of p dividing CL{Q(upn))
is equal to p*" PP TV for all sufficiently large natural numbers n.

As for the problem (ii), Iwasawa theory provids a fairly good understanding of
CI(K) as Gal(K/Q)-module when K is an abelian extension of Q. For example, the
Iwasawa main conjecture which is explained later is one of the important answers.
We have a lot of important open problem.

1.2. Important meaning of special values of Riemann’s zeta function
As is well-known, special values 4757;) and ¢(1—r) are rational integers for every
positive even integer r. More precisely, the following statements hold:

(1) ((1=r) = (-1 =2,

or—1 g7

(2) ¢(1—r) = —L= where B, € Q is the r-th Bernoulli numberf].

Let us look at the special values of ((s) at several of the first odd negative
integers:

C(_l):_%v C(_S): J;a C(_5):_ﬁa
D~ g ((-9) = —ghsr ((-1D) = madien,

1Since the language of algebra such as “algebraic number field” or “ideal class group” did
not exist at the time of Gauss, Gauss stated the conjecture by means of quadratic forms in integer
coefficients and the number of equivalence class.

2For example, there are well-known conjectures such as Vandiver’s conjecture and Greenberg’s
conjecture as well as a semi-simplicity conjecture of the action of Gal(Q(upe)/Q) on the p-part
of the ideal class group on Q(ppoo), which will be explained in §3.T4

3Later, in §3.2.21 we give the definition of Bernoulli number, state the formula of special
values in a more general situation for Dirichlet L-function and state a brief idea on the proof.
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As is observed in the above numerical examples, the prime numbers which
appear in the prime factorization of the denominator of ((1 — r) are smaller than
or equal to r 4+ 1. This phenomenon holds always true since there is a well-known
theorem by von Staudt and Clausen which says that the rational number B, +
Z(p—l)mlg (In this summation, p runs through only prime numbers) is an integelﬁ.
On the other hand, in the prime factorization of the numerator of (1—r), sometimes
there appear large prime numbers such as p = 691, 3617 of the above example, in an
unexpected manner. Naturally, we might ask the meaning of these prime numbers.

By applying Dirichlet’s class number formula, which already appeared in the
previous section, to K = Q(u,), we obtain the following theorem:

THEOREM. For any prime number p > 5, we have the following equivalence:

p|#CLHQ(up)) <= p divides either of ((—1),---,({(4 —p).

Further, there is a refinement of the above theorem which specifies which one
of {(—1),---,¢(4 — p) is divisible by p. Let us define the Teichmiiller charac-
ter w: Gal(Q(p)/Q) — Z; to be the canonical character obtained by taking

the composite of the canonical isomorphism Gal(Q(u,)/Q) — (Z/pZ)* and the
canonical injective homomorphism (Z/pZ)* — Z,* of Teichmiiller representatives.
The refinement of the above theorem, mentioned above, is as follows:

THEOREM (Herbrand-Ribet). Let p > 5 be a prime number, and let r be an
even integer satisfying 1 < r < p—1. Then we we have the following equivalence:

plC(1 = 7) = CUQp)) [P # {0}

where the symbol [p] denotes the subgroup which consists of elements annihilated by
multiplication of p.

As is discussed later in §3.2] special values of Riemann’s zeta function ((s) at
negative integers have a p-adic continuity, in the sense that as natural numbers r
and 1’ get closer to each other in the p-adic topology, the special values (1 —7) and
¢(1 —r') get closer in the p-adic topology. It is known that we have the following
analogy:

(1.4) holomorphic functions on C

<— bounded analytic functions on a p-adic unit disc in @p

Though the above analogy is not precisely formulated, a p-adic analog of a holomor-
phic function in the above analogy (4] is called sometimes an Iwasawa function.
It is known that Iwasawa functions satisfy an analog of the Identity theorem for
holomorphic functions (see Proposition 2:2T]).

4For the proof of the theorem of von Staudt and Clausen, the reader can refer to [117)
Theorem 5.10] for example.

5We refer to Theorem 4.17, Theorem 5.16, and Theorem 5.34 of [I17] for the detailed proof
on how to deduce the following theorem from a well-known version of Dirichlet’s class number
formula.



1.3. MYSTERIOUS ANALOGY BETWEEN FUNCTION FIELDS AND NUMBER FIELDS 5

Regarding this analogy, a p-adic analog of Riemann’s zeta function is known
to exist as Iwasawa function (see Theorem B30l for a more precise statement of the
following theorem):

THEOREM B (Kubota—Leopoldt, Iwasawa, Coleman). For any odd integer sat-

isfying 0 < i < p — 1, there exists an ITwasawa function ngi) characterized by the
following interpolation propertdg:

GHA+p)' ) =1 -p (1 -7)
(r runs through natural numbers such that r =1 —1i mod p —1).

1.3. Mysterious analogy between function fields and number fields

Finite algebraic number fields have a lot of mysterious analogies with algebraic
function fields of one variable over a finite field IF;. For example, for any prime v of
a finite number field K, the completion K, is a locally compact topological field,
and this is also the case when K is an algebraic function field of one variable over
a finite field F,. Also, class field theory to control abelian extensions of K holds
true when K is a finite algebraic number field and when K is an algebraic function
field of one variable over a finite field, and it has a unified way to state the main
theorem and to prove it which is valid for both casedT.

While we have a strong analogy between finite algebraic number fields and
algebraic function fields of one variable over a finite field F, it is also true that the
theory is not always completely parallel between two cases. For example, Fermat’s
last theorem for the function field case is much easier than the number field case.
Similarly, the abc conjecture is also much more difficult in the number field case.
By following the philosophy of the analogy between number fields and function
fields and by trying to fill such “gaps”, we might often encounter some interesting
ideas or useful conclusions.

When K is a finite number field or an algebraic function field of one variable
over a finite field F,, the ring of integers tx is a Dedekind domain in either casdd.
We can define a zeta function ((K,s) for K with a complex variable s to be the
following infinite product:

1
C(K’ S) - mGSpecl(_t[K)—{O} (1 - #(tK/m)_s)

where m runs through maximal ideals of tx. The infinite product converges at
Re(s) > 1 and ¢(K, s) is meromorphically continued to the whole C-plane. Both for
the number field case and for the function field case, ((K, s) multiplied by “infinite
factor” satisfies a similar functional equation with respect to the transformation
§4+1—s.

The Iwasawa main conjecture is one of the most important themes of Iwasawa
theory. Since the Iwasawa main conjecture appears as an analog in the number
field case of the determinant expression of zeta functions which is known in the
function field case, we will briefly review this determinant expression.

6Exceptionally, when i = 1, ngl) has a simple pole at 1 € Q;.

"See [121] for example.

8The ring of integers tx depends on the choice of “point at infinity” in the case of an algebraic
function field of one variable over a finite field IFy.
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Concerning the arithmetic of the function field, we have the following one-to-
one correspondence:

{(isom. classes) of smooth projective alg. curves C' over F,}

{(isom. classes) of one-var. alg. function fields K whose constant field is F}

Here, to pass from up to down, we assign its function field Ko to a given curve
C. To pass from down to up, we assign its model C'x to a given algebraic function
field K .

Now, let Jx be the Jacobian variety of Cx and let Ji(F,) be the group of
F,-valued points on Jx where F, is an algebraic closure of F,. For each prime
number ¢, we can define a QQp-vector space Vi ¢ to be

Vice = (Iim Jg (Fo)[€"]) ®z, Q.
n
The vector space Vi is equipped with a continuous action of Gal(F,/F,) and is
of dimension 2gx over Q; where gy is the genus of the algebraic curve C'i. The
following theorem gives a presentation of the zeta function ((K,s) as a certain
determinant associated to a Frobenius operator Frob, : x — ¢ acting on Vi 4.

THEOREM. For any prime number £ different from p, we have the following
equality:
det(1 — Frob,t; V
C*(K,S): e( Trobgl; K,Z) )
(1 - t)(l - qt) t=q—s
Here since ¢*(K,s) as is defined above depends on the choice of “infinity” to re-

move, (*(K,s) denotes the zeta function obtained by completing the contribution of
“infinity” to C*(K,s).

We recall that Weil proved that the complex absolute values of all the eigen-
values of the action of Frob, on Vi , equal to /q. This result of Weil tells us that
all the zeros of the function det(1 — Frobgt; Vi ¢)|;—,-+ on complex variable s is on
the line Re(s) = %, which gives an analog of Riemman hypothesis for {*(K,s) by
combining with the above theorem.

Let us go back to the situation where K is an algebraic number field. A pre-
sentation of (K, s) as a determinant associated to a certain operator acting on a
certain space is not known yet. An important idea of Iwasawa theory is to work
rather with a p-adic analog of ((K, s) than ((K, s) itself]. When K is an algebraic
function field of one variable over a finite field Fy, we considered an infinite exten-
sion K Fq /K obtained by extending the constant field F, to its algebraic closure
F,/F,. The Galois group Gal(KF,/K) = Gal(F,/F,) is topologically cyclic and its
generator Frob, played an important role as we saw in the above theorem on the
determinant expression of (*(K, s).

When K is an algebraic number field, K has no “constant field” and it does not
make sense to “extend the constant field of K”. However, coming back to the case
where K is an algebraic function field of one variable over a finite field F,, KF, can
be also interpreted as an extension of K obtained by adjoining all roots of unity

9As for the story of the discovery of Iwasawa theory, there is an article by Iwasawa [48]
(in Japanese) and there is an interview report [130] (especially interesting is the last part of the
interview article, which is concerned with the early history of the research of Iwasawa theory).
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to K. Fortunately, the analog of the second interpretation of K Fq makes sense for
algebraic number fields and this is the way which we take in Iwasawa theory.

For a given number field K, Iwasawa fixed a prime number p and studied an
infinite extension KX called the cyclotomic Z,-extension which is obtained by
adjoining all p-power roots of unity to K.

Let us introduce the Iwasawa main conjecture, which is an analog of the above
theorem on the determinant expression of (*(K, s) for the case when K is a number
field. For simplicity, we assume that p > 2, K = Q(py,), K¢ = Q(pp) for the
rest of this subsection. First, as a corollary of Theorem [A] the representation

V- (g cu@(upn))[pw]) @2, Q

is a finite dimensional vector space over Q, (see Theorem B4 for a more general
statement). This result is regarded as an Iwasawa theoretic analog of the finiteness
of ideal class groups.

The Galois group Gal(Q(u,)/Q) acts on V and we can decompose V as

p—2 )
v=v
=0

where V" is the part of V on which Gal(Q(x,)/Q) acts by w (see Section for
the definition of Teichmiiller character w). Each component V' has a Qp-linear
action of Gal(K%¥°/K) 2 1+ pZ,. Recall that Xcyc : Gal(KZ/K) — 1+ pZ,
is the p-adic cyclotomic character (see Proposition 2I). Let v € Gal(KZ°/K) be
the topological generator such that we have xcyo(7) = 1+ p. Now we introduce the
Iwasawa main conjecture as follows:

THEOREM C (Iwasawa main conjecture/Mazur—Wiles). For each odd in-

teger satisfying 0 < i < p— 1, we have the following equality of the sets of zeros (as
well as the coincidence of multiplicity) of two functions:

{zeros of Cz(f)}
= {zeros of the characteristic polynomial of the action of v on V“’i’},

The equality in the above theorem was first conjectured by Iwasawa and the
equality was proved by Iwasawa under the assumption of Vandiver’s conjecture
(Conjecture BDH) Later, the conjecture was solved by Mazur—Wiles in the 1980s.
Note that the left-hand side of the equality of the Iwasawa main conjecture is
an “analytic object” consisting of the zeros of a p-adic analytically interpolated
function and the right-hand side is an “algebraic object” consisting of the zeros

10We might think of studying the field K (uoo) obtained by adjoining all roots of unity to K.
However, the class group of K(so) is too big and we can not obtain delicate Iwasawa invariants
over K(uso) (see [46], [67] for example).

1 The Iwasawa main conjecture for ideal class groups has the (—)-version (see Theorem [3.66)
and the (+)-version (see Theorem [B.67). The two versions are equivalent to each other. The
actual theorem corresponds to the (-)-version of the Iwasawa main conjecture, but it is stated in a
different expression as Theorem [3.66] without using the notion of characteristic ideal (see Remark
(3)). We note that the theorem of Ferrero-Washington (Theorem [B.60) assures that this
statement is equivalent to Theorem

123ee around Corollary 4.5.4 in [13].



8 1. MOTIVATION AND UTILITY OF IWASAWA THEORY

of the characteristic polynomial of a Galois representation. The Iwasawa main
conjecture plays the most important role among a lot of theorems in Iwasawa theory
since the Iwasawa main conjecture establishes a bridge between two completely
different objects: an analytic object and an algebraic object. However, we also
remark that even after the solution of the Iwasawa main conjecture, there remain
some important problems left in both the analytic side and the algebraic side (see
Section B.5]).

Finally, we should not forget that generalizations of the (classical) Iwasawa
main conjecture as above are actively studied, which is the theme of this book.

1.4. Wiles’s proof and Iwasawa theory

As already discussed in [[LT] from a historical point of view, the study of Iwa-
sawa theory is deeply motivated by Fermat’s last theorem. In this section, we recall
another important impact of Iwasawa theory which was observed in the dramatic
solution of Fermat’s last theorem by Wiles in mid 1990s. More precisely, in late
1980s, Ribet [96] reduced Fermat’s last theorem to Shimura—Taniyama conjecture.
Then, in his paper [125] and his joint paper [116] with Taylor published in 1995,
Wiles proved that the Shimura—Taniyama conjecture holds true under certain con-
ditions, which implied Fermat’s last theorem combined with above-mentioned result
by Ribet.

As explained in the earlier part of the section, Wiles already had worked on
Iwasawa theory before this work. Hence, we find ideas from Iwasawa theory in
many parts of his proof of Fermat’s last theorem. Here, we point out two concrete
examples with which we can say that Iwasawa theory is present in the proof of
Fermat’s last theorem.

(1) Recall that the analytic class number formula which is stated very roughly
as

(1.5) the size of the ideal class group of Q(u,)

= the special value of the zeta function of Q(g,)

was the central interest of Iwasawa theory for ideal class groups (see (B69) and
BZ3) for precise statements of the analytic class number formula). It is known
that this analytic class formula is generalized as the “Tamagawa number conjecture

of Bloch—-Kato” :

(1.6) the size of the Selmer group for V'

= the special value of the zeta function of V'

It is known that, when V is equal to the Galois representation (ILmn ) @z, Qp
over Q(up), the Selmer group for V' over Q(up) is an extension of the ideal class
group of Q(u,) by the group of units of Q(u,). Thus, we can regard the “Tamagawa
number conjecture of Bloch-Kato” (LG) as a generalization of the analytic class
number formula (). As an important breakthrough, Wiles discovered that the
Shimura—Taniyama conjecture is reduced to the the Tamagawa number conjecture

13Below is only a vague expression of the conjecture. We need to prepare a lot of notations
to state the precise statement of the Tamagawa number conjecture of Bloch-Kato. See [5] for
example.
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of Bloch-Kato for V = ad’ (V) = End(V})""=? where V; is the rank-two Galois rep-
resentationd associated to a cuspidal eigenform f. Taylor-Wiles [116] and Wiles
[125] solved the Tamagawa number conjecture of Bloch-Kato for V = ad’(Vy).
Thus the work of Wiles depends on Iwasawa theory deeply from a conceptual point
of view.

(2) We also remark that the method by Wiles in the proof of the Tamagawa
number conjectures of Bloch-Kato for V = adO(Vf) has a common idea as the
method by Rubin when he gave another proof of the Iwasawa main conjecture of
the ideal class group (theorem of Mazur-Wiles). Rubin used the Euler system of
cyclotomic units consisting of elements of the form

{1=Cprayot, € Qpoprey.r,) | Py 41, - - ., £y are distinct prime numbers},

which forms a certain (twisted) norm compatible system with respect to norm
maps for the extensions Q(upne,...e,)/Q(phprey...s,_,). In the first announcement of
the result by Wiles, his method of proof was a generalization of the method of
Rubin. In fact, Wiles insisted that he constructed an Euler system for V = ad®(V)
and he proved the Shimura-Taniyama conjecture by applying the Euler system
method. However, short time after his announcement, it turned out that there was
a gap in the construction of his Euler system for V = adO(Vf). Wiles tried hard
to correct the construction of the Euler system, but he failed in the correction.
Finally, he took a detour avoiding the part which depended on the expected Euler
system and succeeded to go through with a new technique (which is called a method
of “Taylor—Wiles system”) developed in a joint paper with Taylor [I16]. Though
Taylor—Wiles system is a setting quite different from Euler systems, there is a
common basic technical point that it is also a system parametrized by square-free
natural numbers ¢ ---¢;. Thus the work of Wiles is deeply related to Iwasawa
theory from a technical point of view.

In the above example, we discussed the importance of Iwasawa theory through
the relation with Fermat’s last theorem. More recently, Iwasawa theory contributed
also to the solution of the Catalan conjecture (see [105] for example). Thus, Iwa-
sawa theory will continue to strongly influence and have applications in various
aspects of Number theory.

14See Theorem [A] for the definition of the Galois representation V associated to f.

15No one has since succeeded in the correction of this original proof of Wiles. If we can fix the
proof, we will obtain another important proof of the Shimura—Taniyama conjecture and Fermat’s
last theorem.






CHAPTER 2

Z,-extension and Iwasawa algebra

From now on, p means a fixed prime number. To avoid too much complication,
we assume that p > 3 throughout the book, unless otherwise mentioned specifi-
call. Throughout the book, we fix the algebraic closure Q of the field of rationals
Q as a subfield of the field of complex numbers C. We also fix an embedding
Q— @p of Q into the algebraic closure @p of the field of p-adic numbers Q,, (see
(5.2) for a more precise situation and the reason to fix these embeddings). As is
well-known, @p is not complete. We denote the completion of @p by C,.

2.1. Basics on Z,-extensions

In this section, we give various properties of Z,-extensions of finite algebraic
number fields.

To follow some of the arguments of this section, the reader is required to be
familiar with the Galois theory for infinite extensions using Krull topology as well
as local and global class field theory. Also, it will be important to be familiar with
the additive group structure and the multiplicative group structure of a p-adic field.
As for these basic facts, we refer the reader to Appendix of [117] where we can find
a compact quick review.

We also need to know fundamental algebraic number theory concerning the
ideal class group and the group of units of an algebraic number field, the structure
of the multiplicative group of a p-adic field as well as the language of adeles and
ideles. As for these subjects, we refer the reader to [57] for example.

We denote the group of m-th roots of unity in Q by p, and we put gy~ =

ling, pipr-

IThe prime p = 2 often requires an exceptional way of description or extra complexity in
arithmetic. Here, we list up some possible complexities of the prime p = 2 which happens in
Iwasawa theory: (i) For p > 3, the torsion subgroup of Z; is a cyclic group of order p — 1. While,
the torsion subgroup of Z; is a cyclic group of order p when p = 2. Because of this, the structure
of the group Z;, Q; is described in a different manner depending on p > 3 or p = 2, which
requires us an extra effort when we work with p = 2. (ii) After Chapter 4 of the book, we consider
a p-primary torsion module A with continuous action of the absolute Galois group G i of a number
field K and we associate a group called “Selmer group for A” to A, which plays a principal role in
generalized Iwasawa theory. This “Selmer group for A” is defined to be a subgroup of the Galois
cohomology H'(K, A) whose elements are required to satisfy a local condition in H'(K,, A) for
each prime v of K. When p > 3, we have H!(K,, A) = 0 for every non archimedean place v and
the study of Selmer group becomes easier for p > 3. (iii) When we discuss the “period” and the
“algebraicity” of L-value, we want a +-decomposition of cohomologies according to the action of
the complex conjugate. Since 2 is a unit in L) for p > 3, the localization at p allows us to define
such a f-decomposition.

11
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ProrosITION 2.1. For each natural number n, p"-th cyclotomic extension
Q(ppn)/Q is a Galois extension. The following map which was obtained by choosing
a primitive p"-th root of unity (ym € Q:

(2.1) Xeyen @ Gal(Q(upn ) /Q)—(Z/p"Z)*, (I = ;(syc,n(g)

is an isomorphism of groups. Further, the isomorphism Xcycn 5 canonicald in
the sense that the map Xcyc,n does not change even if we replace (,n by another
primitive p"-th root of unity (.

PROOF. Let us explain the organization of the proof. In the first half of the
proof, we will prove that the map (21 is an injective and canonical map which is
a group homomorphism. In the latter half of the proof, we will show that Xcyc,n
is also surjective. We remark that the argument in the first half holds even if Q
is replaced by a general commutative field K whose characteristic is prime to p.
Hence, we prove the same statement as the first half of the proof for such a general
field K. This will help us to understand that checking of the surjectivity is the
deepest part of the proof.

Let us choose and fix a primitive p”-th root of unity (,» inside the algebraic
closure of K. The minimal polynomial f(z) € K[z] of {,» over K is an irreducible
factor of 2" — 1. Any conjugate of (pn over K is written as C;,n for some integer
i and it is clear that (). € K(upn)/K. Hence, K(uyn)/K is a normal extension.
Since the characteristic of K is prime to p, the polynomial f(X) has no double
roots in K (u,n). Hence, K (upn)/K is a Galois extension. Now, we recall the map
Xeye,n given in (1) and prove that the map is an injective homomorphism. For
any g € Gal(K(upn)/K), there exists a unique ¢ = i(g) € (Z/p"Z)* such that
9(Gpn) = C;n because the characteristic of K is prime to p. By the uniqueness of i,
the map Xeye,n defined by Xecyen(g) = 7 is well-defined. Let us take two elements
9,9 € Gal(K(ppn)/K). If we have Xcyen(9) =%, Xeye,n(g') =7, then (;Syc'”(gg/) is
calculated as follows.

pere 97 = (gg)(Gm) = 9(g' () = 9(G) = (9(Gm)" = (G)" = G
Thus Xcyc,n is a group homomorphism. Suppose that the image of an element
g € Gal(K (upn)/K) by Xeye,n is trivial.

Since g acts trivially on (,» by the definition of Xcyc,n and K ((pn) is generated
by (pn over K, g acts trivially on K((pn). Thus Xeye,n is injective.

Let us choose now another primitive p™-th root of unity ¢, and define another
character x¢y. , as follows:

Xeyen  Gal(Q(upn) /Q)—(Z/p"Z)*, (Gn)? = (G )Xeren 9.
Since there exists j € (Z/p"Z)* such that (. = an,, we have

(C;)n)xéyc,n(g) — Q(Cﬁn) _ (Q(Cp"))j _ (Cgﬂ,)xcycm(g) _ (C;)n)xcyc,n(g).

Thus we prove that Xcycn is a canonical character which does not depend on the
choice of the primitive p"-th root of unity (pn.

2The fact that Xcyc is canonical and independent of an artificial choice of a primitive p™-th
root of unity (p» is very important when we describe the interpolation property of various p-adic
L-functions (see Theorem B30l for example).
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In the rest of the proof, we restrict ourselves to the original situation of K = Q
and we will prove the surjectivity of Xcyc,n for any natural number n. Note that
the minimal polynomial f(X) of {,» over Q divides

xXr' —1 e e W
@y (X) = g = (X7 (X (X 1
in the ring Q[X]. Now, we set ¥yn(Y) = ®,n(X)|x=y+1 by change of variable.
g = p"~'. By putting ¢ = p”, we have

U (V)= (YI+ )P+ (VI (YO 1) + 1
YOI+ —1 Yy
T e+l -1 Ye

Since U,n (Y)|y=0 = p, the polynomial ¥, (Y") is an Eisenstein polynomial in the
variable Y. This implies Upn(Y) € Q[Y] is irreducible and thus @, (X) € Q[X]
is irreducible. By this ireducibility, we have proved that ®,»(X) itself is the mini-
mal polynomial of {,» over QB Note that we obtained an inequality [Q(upn) : Q] >
p"~1(p—1) and this implies the surjectivity of Xcyc,n : Gal(Q(ppn )/Q)—(Z/p"Z)*.
Since the injectivity of Xcyc,n is already proved in a more general setting, we have
obtained the isomorphism Gal(Q(u,n)/Q) — (Z/p"Z)*. O

By taking the projective limit of (2.1), we have
(2.2) Xeye * Gal(@(/’ép"c)/@) - Z;

REMARK 2.2. The above proof of the surjectivity of Xcycn is a method to use
the ramification at p. By applying this method for the £"-th cyclotomic extension
Q(pen)/Q with any prime ¢ and any power " of ¢, we will be able to prove

(2.3) Gal(Q(pm)/Q) =2 (Z/mZ)™ for any natural number m.

To complete the proof of (Z3)) by this “ramification method”, we need to show that
Q(pm) N Q) = Q when (m,m') = 1. (See [I17, Prop. 2.4] for the proof of
this fact.) Another proof of Proposition 21l and (23] by a “global method” using
Frobenius maps at unramified places of Gal(Q(un,)/Q) is quite well-known. (See
[68] Thm 5.4] for example.)

DEFINITION 2.3. Let us recall the isomorphism Gal(Q(pp~)/Q) = (Z/pZ)* x
(1 + pZ,) obtained by (2.2). By the Galois theory for infinite extensions, the

invariant subfield Q(se)®/P2” for the action of the closed subgroup (Z/pZ)* C
Gal(Q(up-)/Q) denoted by Q is a Galois extension of Q and Gal(Q/Q) is
isomorphic to Gal(Q(up=)/Q)/(Z/pZ)* = 1 + pZ, = Z,. We call the extension
Qo /Q the cyclotomic Z,-extension of Q. For a general finite algebraic number
field K E, we call the composite field K&¢ = KQ. in Q the cyclotomic Ly
extension of Kf.

3We sometimes call ®,n (X) the cyclotomic polynomial of degree p™.

4The term “algebraic number field” sometimes means a finite extension of Q. However, since
algebraic number fields with infinite degree over Q often appear in Iwasawa theory. In this book,
we will call a finite extension of Q a finite algebraic number field, to be precise.

5Gal(K33°/K) is naturally identified with an open subgroup of Gal(Qc/Q) = Z;, with index
[QoNK : Q]. Especially, we have Gal(Ks3¢/K) = Zj, since any open subgroup of Z,, is isomorphic
to Zp.
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DEFINITION 2.4. In general, a Galois extension of a finite algebraic number
field Ko /K such that Gal(K/K) is isomorphic to Z, as a topological group is
called a Z,-extension of K.

We also prepare the following terminology which we will play important roles
later to describe the interpolation property of p-adic L-functions.

DEFINITION 2.5. Let us denote the Galois group Gal(Qo./Q) of the cyclotomic
Zy-extension Qo /Q of Q by I'cye. For a generally finite algebraic number field K,
we denote Gal(K°/K) by I'cyc k. There is a natural injection I'gye x — T'cye and
this injection is an isomorphism if Q. N K = Q. Since we have

Gal(Q(up~)/Q) = Gal(Q(up)/Q) X Leye,

~

the canonical isomorphism xcye : Gal(Q(pp=)/Q) — Z, is decomposed as
the product of the canonmical isomorphisms keye @ Ieye =1+ pZy, and w :

Gal(Q(up)/Q) — (Z/pZ)*. We call Ycye and keye a p-adic cyclotomic charac-
ter and we call w the Teichmiiller character.

The existence of the cyclotomic Z,-extension shows that any finite algebraic
number field K has at least one Z,-extension. Now, for a given K, we might wonder
how many Z,-extensions does K have. It is easy to see that, if K has two different
Z,-extensions, K has infinitely many different Z,-extensions. Thus, the “number of
Zy-extensions” does not make sense literally. However, if K’ is a Galois extension of
K such that Gal(K'/K) = Z¢ and K" /K is an Z,-extension which is not contained
in K', we have Gal(K'K" /K) = Zg“ and the “Z,-rank of the Galois group of the
composite of all Z,-extensions over K” makes sense as we will see below.

Let r1 (K) be the number of inclusion maps of K into R and 2rs(K) the number
of inclusion maps of K into C which do not factor through RY. We remark that
the equality r1 (K) 4+ 2r3(K) = [K : Q] holds. We denote by F(K) (resp. R(K)) be
the set of nonarchimedean places of K (the set of real archimedean places of K).

Now, we have the following results.

THEOREM 2.6. (1) Let Koo /K be an arbitrary Z,-extension. The primes
of K which are ramified in the extension K., /K divide (p) [. Also, there
is at least one prime of K which is ramified in the extension Ko /K.
(2) When we denote by I?oo the composite of all Z,-extensions of K inside the
algebraic closure Q, Gal(f(oo/K) is a free Zy-module of finite rank and
the inequality

r2(K) + 1 < rankz, Gal(Ko/K) < [K : Q].
holds.

PROOF. Let us prove the first half of assertion (1). Let A be a prime of K over
(¢) for a prime number ¢ different from p and let K be an ¢-adic field obtained
by the completion of K with respect to the A-adic topology. The statement “The
extension of global fields K, /K is unramified at the prime \” which we want to
prove is equivalent to the statement “The extension of f-adic fields Ko, Ky/K) is

61f we have such an embedding K < C, we also have its complex conjugate. Thus the number
of such embeddings must be a even number.
7Often, we express the situation by the expression “Koo /K is unramified outside (p)”.
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unramified”. We will prove the latter statement. Since Gal(K.K/K)) is natu-
rally identified with a closed subgroup of Gal(K/K) & Z,, Gal(KoK)/K)) is
isomorphic to Z, or Gal(K.Kx/K) is rivial. When Gal(KooK»/K)) is triviafd,
there is nothing to prove. Hence, we will assume that Gal(K K /K)) is isomorphic
to Z, and we show the following general statement holds true:

For any ¢-adic field k such that ¢ # p and for a Galois extension k’/k such
that Gal(k'/k) = Z,, k' /k is unramified.

We will prove this by contradiction. Suppose that the extension k'/k is rami-
fied. Since every nontrivial closed subgroup of Z, is isomorphic to Z,, the inertia
subgroup of Gal(k'/k) is isomorphic to Z,. Recall that, for the maximal abelian
extension k2P of an f-adic field k, the inertia subgroup of Gal(k*" /k) is isomorphic
to the multiplicative group O} which consists of the units of the ring of integers
Op. On the other hand, we have an isomorphism:

OF = (k) x ZfF%

where p(k) is a finite group which consists of all roots of unity in k. Since there
is no nontrivial homomorphism from Z; to Z, when ¢ # p, the inertia subgroup
of Gal(k*/k) has no subquotient which is isomorphic to Z,. Since the inertia
subgroup of Gal(k'/k) is a subquotient of the inertia subgroup of Gal(k*"/k), this
contradicts to the assumption. We have thus proved that K., K)/K) is unramified
at any nonarichimedean prime A 1 p.

Since the group Z, does not have a closed subgroup isomorphic to Z/2Z, the
inertia subgroup at an archimedean prime is always trivial. Thus we complete the
proof of the first half of the assertion (1).

We shall prove the latter half of assertion (1). Let us denote by K“2P the
maximal unramified abelian extension of K. By the unramified global class field
theory, we have an isomorphism:

(2.4) Gal(K"*P /K) = CI(K).

Since CI(K) is a finite group, Gal(K"#?/K) must be also a finite group. If the
extension K, /K is unramified at all primes, we have K., C K""*" and this con-
tradicts to the finiteness of Gal(K"*P/K) explained above. Thus we have proven
the latter half of the assertion (1) by contradiction.

Next, we shall prove the assertion (2). Let us consider the injective map:

K-> @PKe P zao Z)(2)
pl(p) AEF(K) AER(K)

M(p)

Here, the map to the first component is a natural embedding where K, is the
completion of K at each p dividing (p), the map to the second component is a direct
sum of additive discrete valuation maps ordy : K* — Z which are normalized as
ordy(A) = 1 at each nonarchimedean prime A { (p) and the map to the third
component is assigning the signature {£1} = Z/(2) for each real embedding of K.

8This case happens when the prime ) is totally decomposed in the extension Koo /K.
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Let us denote by K?P(?) the maximal abelian extension of K which is unramified
outside (p). By the global class field theory, we have the following exact sequence

(2.5) {1} — K%

— Prre P zo P z/©2

pl(p) AEF(K) AER(K)
M(p)

— Gal(K*™™P) /K) — {1}
where KX is the topological completion of K* in the injective map explained before
23) and the first map of (21 is the extension of this injective map to K *.

When we denote the ring of integers of the p-adic field K, by O, the group
L0 Oy @ @D reor(x)Z/(2) is naturally regarded as a subgroup of the middle term

of [Z3) by assigning 0 at the components Z associated to nonarchimedean primes
A1t (p). Tt is easy to see that

(2.6) K n|JJore @ z/@) | =xx

pl(p) AER(K)

holds inside the middle term of (2.1) where tf is the ring of integers of K. By a
diagram chasing argument combining (24, (25) and (26]), we obtain the following
exact sequence:

(2.7) {1} — p-part H(’) /g

rl(p)
— p-part (Gal(Kab’(p)/K))Hp—part (CI(K)) — {1}

where g means the closure of the image of tj embedded diagonally into le(p) (@)
and “p-part” means to take the (pro-)p-part of (pro)finite abelian groups in the
sequence. Recall that

(2.8) rankyz,, p-part (H O;) =[K:Q] =ri(K)+2ry(K).
pl(p)

Since we have the following equality by Dirichlet’s unit theorem

ranky v = r1(K) + ro(K) — 1,

we have

(2.9) rankyz,, p-part (g) <ri(K)+ro(K)—1.

We obtain the following inequality by combining ([27), (28], and (Z3):

(2.10) r2(K) + 1 < rankgz, p-part H (@ /g <[K:Q)].
»l(p)

Since the ideal class group is finite, (Z7) and ([ZI0) imply
r2(K) + 1 < rankyz p-part (Gal(Kab’(p)/K)) < [K: Q).
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Since we have K., C K?"(®) as shown in the assertion (1), we have
rankz,, p-part (Gal(Kab’(p)/K)) = rankz, Gal(Koo/K).
This completes the proof. O

The following conjecture is widely believed.

CONJECTURE 2.7 (Leopoldt conjeture). Let K be a finite algebraic number
field, p a prime number. Then the following equivalent statements hold trud].

(i) m2(K) + 1 = rankz, Gal(K /K).
(ii) The natural map vy ®gz L, — (g) C le(p)OpX is injective.
(iii) rankz, p-part (g) =r1(K)+ro(K) — 1.
For a finite algebraic number field K, we put
dr,p = ranky, Gal(Koo/K) — r2(K) — 1

and we call 6k, the Leopoldt defect of K. As for the Leopoldt conjecture, the
following results are known.

REMARK 2.8. (1) When K is a finite abelian extension of Q or when K
is a finite abelian extension of an imaginary quadratic field, the Leopoldt
conjecture is true for any prime number p. The proof is based on the
theory of linear independence of p-adic logarithms of algebraic numbers
proved by Brumer[8], which is the p-adic analogue of Baker’s theory on
linear independence of logarithms of algebraic numbers in transcendental
number theory. For the proof of the Leopoldt conjecture in this case, we
refer the reader to [81 Chap. X §3] or [117, §5.5].

(2) Suppose that K is a totally real algebraic number field with dg :E :
Q] < oo. Then, the following statements are equivalent to each othend:
(i) The Leopoldt conjecture for (K, p) holds true.
(ii) An invariant R, called p-adic regulator which is defined by

R, = det(log, 0i(€))1<i j<dr—1

is nonzero. Here, 01, - ,04,—1 is a set of dx — 1 embeddings which
are chosen in an arbitrary manner [ from the set of dix — 1 different
embeddings K — C,, and ¢; runs through the set of fundamental
units of vy {e1, -+, €q,—1}

(ili) The denominator of the p-adic L-function L, (K, s) € Frac(Z,[[T'cyc]])
of K|'q1is divisible by v —1 where 7 is a topological generator of I'cy..

9The fact that statements (i), (ii), and (iii) are equivalent to each other is checked by the
arguments in the proof of Theorem (2).

10The equivalence between the statement (i) and the statement (ii) below is due to the
equivalence between the statement (i) and the statement (ii) of Conjecture 27} The proof of the
equivalence between the statement (ii) and the statement (iii) is due to a result on the residue of
the p-adic L-function {, (K, s) for K proved by Colmez [18].

1 The condition that R, should be nonzero does not depend on the choice of k—1 embeddings
;.

12This p-adic L-function Ly (K, s) is the same as case F' = K, ¢ = 1 of the p-adic L-function
Ly, (F, ) which we introduce in Theorem [396] of this book later.
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We refer the reader to [81, Chap. X, §3] for a fairy exhaustive list on other
related results for the Leopoldt conjecture as well as equivalent reformulations of
the conjecture and some insights on the conjecture.

2.2. Definition of Iwasawa algebra and its various aspects

In Iwasawa theory, the algebra called Iwasawa algebra plays an essential role.
There are several different ways to define and introduce the Iwasawa algebra. All
of them reflect various aspects of the theory and we sometimes switch between
different definitions of Iwasawa theory. Since it is very important to understand
a lot of different aspects of Iwasawa theory, we will give four subsections for four
different aspects of the Iwasawa algebra.

As for the background to follow the arguments of this section, the reader is
recommended to be familiar with some basics on the commutative algebra theory
such as the notion of the projective limit, the completion of a module by an ideal, the
regular local ring and the Krull-dimension of a commutative algebra. For example,
we might be required to have the level of the knowledge found in the text [2].

Let us denote by I' a profinite topological group which is isomorphic to the
multiplicative group 1+ pZ, C Z,;. We denote its unique cyclic quotient r/ P" of
order p" by I',,. We remark that we have I' = ]'&nnl“n. Throughout the book, we
will denote by O the ring of integers of a finite extension of @, and we denote by
w a fixed uniformizer of the discrete valuation ring O.

DEFINITION 2.9. We call the complete group algebra O[[I']] = @nO[Fn] an

Iwasawa algebra, and we denote it by Ap. When we have O = Z,, we sometimes
denote Ap by A.

REMARK 2.10. Let us denote by I'x the Galois group of the composite of all
Z,, extensions of K studied in TheoremZ.:6]l Then, in a similar manner as above,
we can define a more general Iwasawa algebra O[[[k]] = I&HHO[f K/ f’;;] In fact,
when G is a topological group isomorphic to a finite product of Z,,, O[[G]] is defined
similarly and analogous statements of the most of properties which we will prove
for O[[I']] in this section hold true. We remark that topological groups isomorphic
to a finite product of Z, appear as a torus subgroup of the group of Z,-points of
reductive groups (the torus subgroup of GL,(Z,) for example). In Hida theory,
which we explain later in the book, the generalized Iwasawa algebra O[[G]] plays
an important role (see §2.2.4 and §7.2.1).

2.2.1. Iwasawa algebra as the ring of power series. After Iwasawa pub-
lished a series of articles on the study of the Z,-extension from late 1950s, Serre
immediately realized the importance of this theory and he proved the following
theorem on the identification of the Iwasawa algebra with the ring of one-variable
formal power series over Z,, in his article [106]

THEOREM 2.11. Let us fix a topological generator . Then there exists a
unique (noncanonical) isomorphism of topological O-algebra Ao = O[[T]] which
sends v € Ao to 1+ T € O[[T]].

13In the article [106], Serre explains the proof of the Iwasawa class number formula as well
as the explanation on the characteristic ideal.

14 A set of elements g1,--- , gr of a topological group G is called topological generators if the
subgroup of G which they generate is a dense subgroup of G.
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PRrOOF. For each natural number n, we denote by 7 € O[I';,] the image of v
via the natural surjection O[[I']] - O[I',]. Also, we define w,(T) € O[T] to be
wn(T) = (T 4+ 1)?" — 1 for each natural number n. We claim that there exists an
(O-algebra isomorphism

(2.11) O[] = O[T]/(wn(T))
which sends 7¥,, to 1+ T. By putting 77 = 1+ T, we have an O-algebra iso-
morphism O[T/ (w,(T)) = O[T’]/((T’)p" —1). Since we have the presentation of
the group I',, = (7,,|(7,,)?" = 1), we have an O-algebra isomorphism O[T',,] =
O[T']/((T")P" —1). We thus verified (ZII)). Since the isomorphism (&I is com-
patible with natural projective systems with respect to n on the both sides, the
projective limit of (ZII]) gives us
(2.12)

O[[I)] < 1im O[T/ (wn(T)) = lim O[T/ (T)) = limm O[T/ (=™ o0 (T)).

On the other hand, by the definition of the ring of formal power seiris, we have
(2.13) OllT]) = lm O[T]/(T™) = lim orr)/(=w™, T ).

For each pair (m/,n’), we have (@™, w,(T)) C (@™, T™) when m and n are large
enough. For each pair (m,n), we have (@™, w,(T)) D (@™, T™) when m’/ and n’
are large enough. Hence, we obtain

(2.14) fim O[T}/ (", ,(T) = lim O[T}/ (=" T").
By combining [212)), (213)), and (ZI4]), we complete the proof. O

Though the definition of the Iwasawa algebra O[[I']] looks a bit abstract, The-
orem [Z.TT] allows us to identify O[[I']] with a more concrete algebra O[[T7]], which is
technically easier to work with. On the other hand, this identification is a noncanon-
ical identification which depends on the choice of a topological generator v € I'. In
this book, we would like to avoid noncanonical identification as much as possible.
For example, we do not use a presentation over a power series algebra O[[T']] in any
of principal statements such as the Iwasawa main conjecture, the theorem of the
existence of p-adic L-function, etc.

DEFINITION 2.12. A monic polynomial P(T) = T'+a; 1T" "'+ +a1T+ag €
O[T] is called a distinguished polynomial if ag,--- ,a;—1 is O are contained in
the maximal ideal () of O.

Since O is a complete regular local ring of Krull dimension 1 with the maximal
ideal (w), we obtain the following corollary of Theorem [ZT1]

COROLLARY 2.13. The ring Ao = O[[T]] is a complete reqular local ring of
Krull dimension 1 with the mazimal ideal (w,T). All the prime ideals of O[[T]]
except (0) and the maximal ideal are principal prime ideals. Further, a principal
prime ideal of O[[T]] is either (w) or an ideal (P(T)) generated by an irreducible
distinguished polynomial P(T) € O[[T]].

The proof of Corollary Z.13] is omitted. However we remark that the proof of
the final statement is due to the (p-adic) Weierstrass preparation theorem, which
will be given below.
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REMARK 2.14. In the case of G & Zg, we can also prove that the generalized
Iwasawa algebra O[[G]] is noncanonically identified with the the ring of d-variable
formal power series O[[11, - - - , T4]] over O. This fact is proved by a similar argument
as the proof of Theorem 2.11] by an inductive argument with respect to d if we

note that there is a decomposition of the group G = G’ x G such that we have
G’ = 7471, G" = 7, which gives us O[[G]] = O[[G']][[G"]] = (’)[[G’]]@o(’)[[G”H.

THEOREM 2.15 (p-adic Weierstrass preparation theorem). For a given power
series F(T) = Y2 ,a;T" € O[[T]], there exist a nonnegative integer m, distin-
guished polynomial P(T) and U(T) € O[[T]]* which are all uniquely determined
from F(T) such that we have F(T) = w™P(T)U(T). Further, the integer m is
characterized as the largest integer m such that 2= F(T) € O[[T]] holds true and
the degree of P(T) is characterized to be the smallest nonnegative integer k such
that 2k € O holds true.

w

We give some lemmas for the preparation of the proof of Theorem .13l

LEMMA 2.16. Let R be a complete local ring. Then a power series F(T) =
ao+ar1T+ -+ +apTE + - € R[[T]] is a unit in R[[T]] if and only if the constant
term ag € R is a unit in R. Further, if ag € R* holds, the inverse element of
F(T)= of F(T) is given by

FD)™ = -3 (-1)Q(D)
=0

where we put Q(T) = a_lo(alT"""‘f‘aka ).

Proor oF LEMMA 216 Suppose that ag € R*. Since R is a local ring, ag
is contained in the maximal ideal 9z of R. Note that, for each natural number
k, R[T]/(T*) is a local ring whose maximal ideal is generated by 9z and T.
Hence, the image of F(T) in R[T]/(T*) is contained in the maximal ideal for each
natural number k. Since we have R[[T]] = @kR[T]/(Tk), F(T) is contained in
the maximal ideal of R[[T]] and thus F(T') is not a unit of R[[T]]. This proves the
necessity in the first assertion of the condition ag € R*.

Now, let us assume that ap € R*. Since the element Q(T) defined in the
statement of the lemma is contained in the maximal ideal of R[[T]], the series
> o(—=1)'Q(T)" converges in R[[T]] and we have (1+ Q(T)) - (X oo (—1)'Q(T)?)
= 1. Since we have F(T) = ao(l + Q(T)) by definition, we conclude that
= o(=1)'Q(T)" is the inverse of F(T). This completes the proof of the suf-
ficiency in the first assertion of the condition ag € R* and the proof of the second
assertion at the same time. ]

LEMMA 2.17. Let R be a complete local Noetherian ring with the mazimal ideal
Mr and F(T) = ap + a1T + -+ + a;T* + --- a formal power series in R[[T]].
Assume that there exists a positive integer | > 1 such that ag,ay,--- ,a;_1 € Mp
and a; € R*. Then there exist a unique monic polynomial P(T) € R[T] of degree
I whose coefficients in degree < 1 — 1 are all contained in Myr and a unique unit
U(T) € R[[T]]* such that we have F(T) = P(T)U(T).

15The symbol ®&» means a formal tensor product over ©. For example, we mean
O[G"|8o0lG"]] = lim ,O[G'/(G")*"|©@00IG"/(G")P" ] here.
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Proor oF LEMMA 2T7 For each natural number n, we denote the mod 9%
reduction map R[[T]] — (R/M)[[T]] by (). It suffices to find a projective system
{Un)(T) € (R/ME)[[T]]}nen satisfying the following conditions:

(i) For each natural number n, Ug,)(T') is a unit in (R/9%)[[T]].

(ii) For each natural number n, ) (F(T))Uu(T)"' € (R/MM%)[[T]] is
a monic polynomial of degree | (the coefficient in degree [ is 1 and the
coefficients in degree > [+ 1 are all 0) whose coefficients in degree <[ —1
are all contained in the maximal ideal of R/ .

Since we assume that R is Noetherian, we have
o0
Mt =0
n=1
and

R[[T]) = Jm (R/"M")[[T1]).
Thus, once we have such a projective system
{Um)(T) € (R/MR)[T])}nen,
we define U(T) € R[[T]]* to be U(T) = @nU(n)(T). Then, if we put P(T) =
F(T)U(T)™Y, P(T) is a monic polynomial of degree | whose coefficients in degree
<1 —1 are all contained in M.
For the rest of the proof, we will construct a projective system {U,)(T) €

(R/ME)[T]] }nen satisfying the conditions (i) and (ii) by an inductive manner
with respect to i. Let us start from the case n = 1. We have

ray(F(T) =@T" + @ T+

where we denote the image of the coefficients a; € R by @, € R/9M. If we set
Uqy(T) = T~ 'r1y(F(T)), the condition (i) holds true thanks to Lemma and
the condition (ii) holds true by the definition of U(;)(T). Next, we will construct
U(k41)(T') assuming that the desired U)(T) exists up to n = k. Let us take a

lifting Uy (T) € (R/MMV)[T]] of Uy (T) € (R/MF)[T]]. Since the constant
term of Uy (T) is a unit in R/MFHL, we have Uy, (T) € (R/MFH)[[T]]* thanks
to Lemma Consider the expansion:

— —1

(2.15) Ty 1) (F(T) Uy (T)  =bo+ 01T+ -+ biT + -
Since the image of b; in R/9MF is equal to 1, we have by € (R/MF+1)*. By

modifying U (T') with multiplication of b; if necessary, we can assume that b; = 1

—_~

in ([2.I5) without loss of generality. It remains to show that we can take Uy (T)

so that b1 = bjao = --- = 0. Suppose that there is a natural number I’ > [
such that by # 0 and take I’ > [ to be the smallest one among those. Then,
—_—~ !/ —~

Uy (T) = Uy (T)(1 — by TV ) € (R/MFHH[[T]X is also a lift of Uyy(T). By
—_~ !/
calculation, r(,41)(F(T)) (U (T) )71 has zero as the coefficient at degree I’ and
— -1
the coefficients at degree < I’ coincide as those of 7 1)(F(T))Uuy(T) . If we
!/

have " > I’ such that the coeflicient at degree I of r(kH)(F(T))(Um) )_1 is
!

nonzero, we can repeat the same modification to Uy (7T') . Since an infinite product
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of the form [],-,(1 — ;T") converges in (R/M*T1)[[T]], we modify Uw)(T) by
the multiplication of such an infinite product to obtain U(41)(T') of the desired
projective system.

Once we constructed the desired projective system satisfying the conditions
(i) and (ii), this will give U(T) and P(T') as explained earlier. Since the unique-
ness assertion of the statement in the assertion is clear from our construction, this
completes the proof. |

Now we can prove Theorem [Z.15] using Lemma 217

Proor or THEOREM 2.I5l For a given power series F(T) = Y .2 a;T" €
O[[T]], we take the largest power w™ of the uniformizer w which divides F(T')
and we set G(T) = = F(T) € O[[T]]. Let us give the expansion G(T) = a} +

a\T+ - +aT +--- € O[[T]] of G(T). By the definition of G(T'), there exists a
natural number [ such that ay,a’, - -, a;_, are all divisible by @ and a; € O*. We
complete the proof by applying Lemma [ZT7 to G(T') with R = O. |

2.2.2. Iwasawa algebra as the ring of measures.

DEFINITION 2.18. A measure p with values in O is an O-linear function
i {O-valued locally constant functions on I'} — O

where we regard the first set naturally as an O-module. We denote by Meas(I'; O)
the O-module which consists of O-valued measure on I'. Further, for a locally
constant O-valued function v = u(g) on I', we sometimes denote pu(u) by [ u(g)dp.

Let pur € Meas(I'; O) be a Haar measure which is normalized by pr(T") = 1.
The measure pr is characterized by having the property u(gI'?") = z% for any
g € T and n € N. Recall that, for u,p’ € Meas(T'; O), we define a convolution
product p* p’ € Meas(T'; O) to be a unique measure whose integral for any locally
constant O-valued function u(g) on I' is given by

/U(g)d(u*u’) rz/ u(g1g2)dp x du'.
T I'xI’

The O-module Meas(I'; O) can be equipped with a commutative O-algebra struc-
ture by defining the product by convolution and by setting a multiplicative unit of
Meas(T'; O) to be the Dirac measure u1,. at the unit 1 of the group 1.

LEMMA 2.19. We have a natural isomorphism Ao — Meas(I'; O) of O-
algebra.

PrOOF. Each of Ap and Meas(T"; O) is presented as a projective limit of fi-
nite O-algebra. We have Ap = ]'&nnO[Fn] by definition. We have Meas(I"; O) =
l'&lnMeaS(I’n;(’)) where we define the finite O-algebra Meas(T',,; O) similarly as
in Definition I8l Hence, we construct a projective system natural isomorphism
O[l,] = Meas(T',,; O) of finite O-algebra, we obtain the desired isomorphism
Ao — Meas(T'; O) by taking the projective limit.

16For each g € T, we define the Dirac measure tg at g to be a measure such that we have

/ di — 1 when g € U,
FXU Ho = 0 when g & U,

for any compact open subset U € I' where xy is the characteristic function of the set U.
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Since I'y, is finite, any measure 7 € Meas(I',,; O) is an O-linear combination i =
Z@el‘n agq g of Dirac measures pi7. In order to calculate the product of two measures,
we discuss the product of Dirac measures pig, , pig, € Meas(I',,; O). For any locally
constant O-valued function «(g) on I';,, we have / uw(g)d(pg, * pig,) = u(g,9,) by

Iy

the definition of the Dirac measure. The second term is equal to / u(g)dig,3,
I'n
again by the definition of the Dirac measure. We thus verified

Hg, * Hg, = Hg,g,
for any g,,9, € I';,. Hence, the O-linear isomorphism
(2.16) O] =5 Meas(T',; 0), Y ag-[g]— Y agig
gely, ger,
is compatible with the product defined on each side. This completes the proof. [

Let n : T — @: be a continuous character. Then 7 is naturally extended

to a ring homomorphism Ap = O[] —& Q,. On the other hand, it makes
sense to integrate 1 by a given measure p € Meas(I'; ©). Note that there exists a
finite extension of Q, which contsins all values of 1. We denote by O’ the ring of
integers of a finite extension of @, which contains O and all values of . We have
a natural injection map Meas(T'; O) — Meas(I'; Q') by extending the coefficients.
Hence, it makes sense to integrate any locally constant O’-valued function on I" by
pu € Meas(I'; O). Since n is a continuous (’-valued function on I, it also makes
sense to integrate n by the measure u € Meas(I'; O). We denote the integral by

n(g)du.

The above argument and the argument in the proof of the previous lemma gives
us the following proposition.

PrOPOSITION 2.20. Letn: T — @; be a continuous character. Then we have
the following commutative diagram:

Meas(T; O) —>quF o) @p

o I |

R

wn(z) P

Here, the left vertical identification is the canonical isomorphism obtained in Lemma
219

2.2.3. Iwasawa algebra as a p-adic analogue of the ring of holomorphic
functions. We denote by Ceons (T, @; ) the set of continuous characters I' — @; .
Let | |, be a p-adic absolute value on @, normalized as [pl, = z_lf We denote a

p-adic open disc in @p of radius 1 centered at 1 € @p by
U(l, 1;@13) = {l‘ S @p ‘ "/L‘ - 1|;D < 1}'

Each time we choose a topological generator v of I', we have the following non-
canonical bijection map depending on the choice of v:

(2.18) Ceont(T, @y ) > UL, 1;Q,), 0= n(y)-
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In fact, the inverse of this isomorphism is the map which assigns a unique character
N such that n,(y) = to any = € U(1,1;Q,).

Let us take a character n € Ccont(F,@;). Then, for each f € Ao, n(f) € @p
makes sense since the character 7 is naturally extended to a ring homomorphism
Ao = O[] - Q, as explained just after Lemma Now, let us set f(n) :=
n(f) assuming that f remains fixed and the characters n vary. In this way, we
regard an element f € Ap as a function on the set Ccont(F,@: ).

Let us fix a topological generator v € I and denote by F' € O[[T]] the image of
f € Ao via the noncanonical isomorphism Ap — O[[T]] sending v to 1+ T. By
definition, we have the following commutative diagram:

F—F(z—1) —
E—

Qy
219 | |

Ao — Q.
f=f(na)

O[]

The following theorem is an analogue of the identity theorem in the theory of
holomorphic functions when we regard Ap as a p-adic analogue of the ring of
holomorphic functions on an open disc of radius 1 in C.

PROPOSITION 2.21 (Identity Theorem). If f € Ao vanishes at infinitely many
different n € Ccont(F,@;), we have f = 0.

PROOF. Let us fix a topological generator v € T" and denote by F' € O[[T]] the
image of f € Ap via the noncanonical isomorphism Ao — O[[T]] sending v to
1+ T. By the commutative diagram 2I9), f(n,) = 0 is equivalent to F(z—1) =0
for each x € U(1, 1; @p). So the condition of the proposition implies that F(x—1) =
0 holds for infinitely many different = € U(1, 1;@p). By the p-adic Weierstrass
preparation theorem (Theorem 21T, any F(T) € O[[T]] has only finitely many
zeros as far as F(T) # 0. Thus, we must have F(T) = 0 when F(T) has infinitely
many zero. This completes the proof. (Il

In the case where I' = I'¢ye, we will introduce a set of special points in

Ccont(FCyC,@: ) as follows, which plays important roles throughout the book.

DEFINITION 2.22. Let w be an integer. A character 77 € Ceong(Teye, Q) is called
an arithmetic character of weight w if there exists an open subgroup U C I'¢yc
(depending on n) and we have 1|y = kg, (Recall that reye was introduced in

Definition 2.5]).

Note that, for each w € Z, there exist countably infinite arithmetic characters
of weight w. Later, we discuss various p-adic L-functions which satisfy a suit-
able interpolation property for their evaluations at arithmetic characters of specific
weights. Hence, the identity theorem stated above allow us to characterize the
p-adic L-functions uniquely from their interpolation properties.

The notion of arithmetic characters is generalized to higher rank group G 2 ZZ
or to their Iwasawa algebra O[[G]]. This generalization plays an essential role in
Part III (Chapters 7 and 8) where we discuss “Iwasawa theory of p-adic Galois
deformations”.
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2.2.4. Iwasawa algebra as deformation ring or Hecke algebra. Iwa-
sawa algebra appears in various aspects of p-adic theory in number theory and
arithmetic geometry. Below, we review aspects of Iwasawa algebra as “Deforma-
tion algebra of Galois representation” and “ordinary p-adic Hecke algebra”, which
will be important in Part IIL.

(1) Thanks to the theory of deformation for Galois representations initiated
by Mazur (see §7.3.2 of the second volume of this book), when we are
given an irreducible representation p: Gx — Auty, (T) of rank d over a
finite field F, of characteristic p of the absolute Galois group Gk of a finite
algebraic number field K, the set of deformations of p satisfying certain
deformation conditions is represented by a universal deformation ring R
on which we have a universal Galois deformation 7~ = R¥<.. (See §7.3.2
of the second volume of this book, Mazur’s original article [72] as well
as some related articles in [I33].) When d = 1, it is not difficult to see
that a generalized Iwasawa algebra O[[T'k]] which appeared in Remark
gives an example of the universal deformation ring under certain
conditions on K. Even for general d, the universal deformation ring is
known to be isomorphic to an Iwasawa algebra of several variables when
the deformation is “unobstructed”.

(2) Let us consider the space of automorphic forms on a certain reductive
group G over a number field K with specified weight and level. Since
automorphic forms on G are functions on the group of adeles-valued points
G(Ak) of G which satisfy certain invariance conditions with respect to
certain open subgroup of G(Af), the space of automorphic forms on G
has an action of the Hecke algebra, which is generated by appropriate
classes of double cosets of G(Ag) by an open subgroup of G(Ag).

In Part IT (from Chapter 4 to Chapter 6) and Part III (from 7 to
Chapter 8) of this book, the case of G = GL(2)x will appear as an
important example. However, since the case of G = GL(1)x is more
basic than the case of G = GL(2)g, we start from this case. In fact,
an automorphic form on G = GL(1)k is nothing but an algebraic Hecke
character introduced in A2l and we can say that Part I corresponds to
an Iwasawa theory for automorphic forms on G = GL(1) k.

The space of automorphic forms on GL(1) g with specified weight and
level is independent of the weight and has the action of the Hecke algebra
which is isomorphic to the group ring R[CI(K,91)] where R is a certain
coefficient algebra, 91 C v is the specified level and Cl1(K, D) is a narrow
ideal class group of conductor 91 (see [38] for more detail). Recall that, for
each natural number n, the Iwasawa algebra was isomorphic to the limit
of group rings Z,[I',] where I',, is canonically isomorphic to the p-Sylow
subgroup of the narrow ideal class group of Q with conductor p™. Thus
the Iwasawa algebra is also regarded as the projective limit of the Hecke
algebra for the space of automorphic forms on GL(1)x with level p™.

The main point of this book is to discuss the generalization and the reconstruction
of Iwasawa theory through the idea of deformations. In Hida deformation which
is explained in §7.2 of the second volume of this book, we consider the projective
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limit of the Hecke algebra of level p™ with coefficients in Z,. Hence, it will be
also important to interpret Iwasawa algebra as Hecke algebra of the setting of Hida
deformation.

2.3. Iwasawa modules

In Iwasawa theory, it is important to study compact modules over an Iwasawa
algebra (we often call such a module an Iwasawa module) and we study vari-
ous invariants associated to Iwasawa modules. In this section, we prepare some
fundamental results on Iwasawa modules.

In most of textbooks on Iwasawa theory, we often restrict ourselves to Iwasawa
modules over Iwasawa algebras Ap of one variable. However, in Part IIT of this
book, we will work with Iwasawa algebras of several variables. Also, some of re-
sults for Iwasawa modules are naturally generalized to modules over quite general
algebras. If we state the result and prove it in a setting as general as possible, it
will help us to understand the principles and the hypothesis with which the proof
works. Hence, we first state and prove the result in a setting as general as possible
in 2321 Then, in §2.3.3] we specialize these results to the case of Iwasawa modules
to deduce and state well-known standard results on Iwasawa modules.

In this section, the reader might be required a bit stronger background on the
commutative algebra compared to §2.21 For example, the reader might be required
the level of the knowledge found in the text [71] to follow the proof.

2.3.1. Basics on Iwasawa modules.

LEMMA 2.23. Let M be a compact O-module with continuous I'-action. Then
M is naturally endowed with a structure of compact Ao-module.

PROOF. Let us denote by Mp,» the largest T'?"-coinvariant quotient of M.
That is, Mppn is the largest quotient of M on which I'?" acts trivially. Since a
finite group T',, = T'/T?" acts on the O-module Mp,n, Mp,» has a structure of
O[I'y,]-module. Hence, Jm Moy~ is naturally endowed with a structure of compact-
module over Ap = @n(?[f‘n]. To complete the proof, it is sufficient to show
that the natural map M — @nMppvt is an isomorphism. By using a topological
generator v of I', the kernel of the map M — r&lnMr‘p” is isomorphic to (v*" —1) M
for each natural number n. Hence, the kernel of the map M — r&lan"p" is
isomorphic to (,»;(7?" — 1)M. By the continuity of the action of I' on M, we
have ﬂn21(’yp” — 1) M, which implies the injectivity of the map M — Hm Mppn.

In order to prove the surjectivity, let us take an element l'mnmn € @nMFp"'.
For each natural number n, an element m,, € Mqp,» is a closed subset of Mppn.
Hence, the inverse image Z,, C M of m,, via M — Mppn is a nonempty closed
subset of M and we have Z,, 1 C Z,. Since M is compact, we obtain (), <, Z, # 0,
which implies the surjectivity of the map M — @nMppn. a |

REMARK 2.24. Let A be a discrete O-module with continuous I'-action. Then
the Pontrjagin dual M := AV of A is a compact O-module with continuous I'-
action. Hence, M has a structure of compact Ap-module. Thus A = (AY)" has a
structure of discrete Ap-module.
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In general, a topological O-module M with continuous I'-action might not have
a structure of Ap-module if M is neither compact nor discrete. For example, O[I']
is a Ap-module is a O-module with continuous I'-action, but it doe not have a
natural structure of Ap-module.

THEOREM 2.25 (Topological Nakayama’s lemma for Iwasawa modules). Let M
be a compact Ap-module and we denote the maximal ideal of Ao by M. Then the
following statements hold:

(1) If M/IMMM =0, we have M = 0.
(2) If M/MM is of finite cardinality, M is a finitely generated Ao-module.

COROLLARY 2.26. Let M be a compact Ao-module. If there exists a non unit
x € Ao such that M/(x)M is a finitely generated Ao /(x)-module, M is a finitely
generated Ao-module.

PRrROOF OF COROLLARY [Z20] Since we assume = & (Ap)*, we have (x) C 9.
Hence, M/9MM is a finitely generated Ap/9Mt-module. Since Ap/9M is a finite
field, the module M/9MM is of finite cardinality. Thus, Theorem (2) implies
that M is a finitely generated Ap-module. O

For generalized Iwasawa theory for Galois deformations which we discuss in this
book, general rings, such as Iwasawa algebras of several variables, are important.
Hence, we will state Theorem 227l below which is a generalized and refined version
of Theorem[2:25]above. Then we will prove Theorem 2.27] which will prove Theorem
at the same time.

THEOREM 2.27 (Generalized topological Nakayama’s lemma). Let R be a com-
plete local Noetherian ring with finite residue field-], M a compact R-module. Let
us denote the maximal ideal of R by IN.

Assume that there exist elements x1,--+ ,xs € M such that the R/9M-module
M/MM is generated by the images Ty, - ,Ts € M/IMM of xq,--+ ,xs € M.
Then, M is generated by x1,- -+ ,xs. Especially, if M/OMM is a finitely generated
R/M-module, M is a finitely generated R-module.

PROOF OF THEOREM (AND OF THEOREM [2.25]). Let us take x1,--- , x4
€ M which satisfy the assumption of Theorem and consider the closed sub-
group Y ;_;Rz; C M. Let us take an arbitrary element m € M. It suffices to
show that m € Y;_ Ra;. Since M/IMM is generated by the images Zy,- -+ ,Ts €
M/MM of z1,--- ,x,, there exists an element m(y) € >i_Ra; such that m —
m() € MM. By an induction argument, we will show that, for any natural num-
ber n, there exists an element m,) € ZleR:vi such that m — m,) € M M.
Suppose that this holds true up to n = k and take an element m) € Zlein
satisfying the desired condition. By assumption, there exist » € 9* and m’ € M
such that m — my,) = rm/. My applying the assumption of Theorem to m/,
we find an element m’(l) € Y7 Rx; such that m' — m(;y € MM. By putting
M(kt1) = M(k) + Tmzl), we obtain

m = miy = r(m' —mi)) € MMM = MM,

17The finiteness of the residue field is necessary in order that R is a compact group whose
base is given by an 9t-adic topology.
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This shows the existence of a desired element m,) for any natural number n.
Since {m(y)}{n>1 forms a Cauchy sequence in a compact subset >l Rx; of M
with respect to 9M-adic topology, we have the limit lim, ;. m(,) in Yoi_ Ray
which coincides with m. Thus m must is written as an R-linear combination of
x1,+ ,xs € M. This completes the proof of Theorem |

COROLLARY 2.28. Let R be a complete local Noetherian ring with finite residue
field, M a compact R-module. Let us denote the mazximal ideal of R by M. Then,
if there exists a nonunit x € R such that M/(x)M is generated by s elements over
R/(x), M is generated by s elements over R.

PROOF. Since z ¢ R*, we have (z) C 9 and M /MM is generated by s
elements over R/9M. By Theorem [Z27] M is generated by s elements over R. O

2.3.2. Structure theorem of modules over normal Noetherian do-
mains. Later in §2.3.3] we will state the structure theorem of Iwasawa modules
(Theorem 2:39). Theorem itself is well-known in the usual setting of Iwasawa
modules of one variable. However, in a more general setting of Iwasawa modules of
several variables studied in the latter part of the book, some theorems analogous
to Theorem hold true. As some of the specific natures of Iwasawa algebra,
such as completeness, are not essential in the proof of the structure theorem, we
will state and prove a general structure theorem (Theorem [230]) for finitely gen-
erated modules over a general normal Noetherian domain R. Then, in §2.3.3] we
prove that the structure theorem of Iwasawa modules (Theorem [2:39) follows from
Theorem [2.34] and a general structure theorem (Theorem [2.30]).

For a general normal Noetherian domain R, we denote the set of prime ideals
of height one in R by P!(R). By the assumption that R is normal, the localization
R, at each p € P}(R) is a discrete valuation ring. For a finitely generated torsion
R-module M and for a prime ideal p € P*(R), the length of the localization M,
as an Rp-module is finite. We denote the length by I(p, M).

DEFINITION 2.29. Let R be a normal Noetherian domain and M a finitely
generated R-module.

(1) If we have I(p, M) = 0 for any p € P*(R), we call M a pseudo-null
R-module .

(2) The largest pseudo-null R-submodule of M is called the maximal
pseudo-null R-submodule of M and we denote it by Mnull

(3) Let A be also a finitely generated R-module and f : M — N an R-
linear homomorphism. We call f a pseudo-isomorphism if the kernel
and the cokernel of f are both pseudo-null Rmodules.

REMARK 2.30. (1) Let R be a normal Noetherian domain. For finitely
generated R-modules M and N, the existence of a pseudo-isomorphism
f: M — N does not necessarily give an equivalence relation between
M and N. For example, in the case, R = A, M = (p,T), N =R, a
natural inclusion map M — A is a pseudo-isomorphism, but we have
no pseudo-isomorphism A — M in other direction.

18Note that a pseudo-null R-module is a torsion R-module.

19We leave the reader to check that such a module My, exists uniquely and My is also
characterized to be the smallest R-submodule N of M such that M/N contains no nonzero
pseudo-null R-submodule.



2.3. IWASAWA MODULES 29

(2) Let O be the ring of integers of a p-adic field, R = Ap. Then, a finitely
generated R-module M is a pseudo-null R-module if and only if we have

H#M < oo.

As discussed in Remark (1), between two finitely generated R-modules,
the existence of a pseudo-isomorphism does not give an equivalence relation. How-
ever, between two finitely generated torsion R-modules, the existence of a pseudo-
isomorphism does not give an equivalence relation. That is, if there exists a pseudo-
isomorphism M — N between finitely generated torsion R-modules M and N,
there also exists a pseudo-isomorphism N — M R9. For finitely generated torsion
R-modules M and N, we will denote by M ~ N the equivalence relation given by
the existence of a pseudo-isomorphism.

DEFINITION 2.31. Let R be a ring, N a finitely generated R-module. Let us
denote the functor Homg ( R) taking the R-linear dual by ( )* for short. Then, if
the canonical map AN/ — A** associating the double R-linear dual is isomorphism,
N is called a reflexive R-module .

As is seen immediately from the definition, any finitely generated free R-module
is a reflexive R-module. Also, when R is a domain, any reflexive R-module has no
nontrivial torsion element.

PROPOSITION 2.32. Let R be a normal Noetherian domain. Let M and N be
finitely generated torsion-free R-modules. Then the following statements hold.

(1) M* = ﬂpePl(R)(M*)P'
(2) ./\/'** - ﬂpepl(R)Np.

PROOF. Let us prove the assertion (1). Since M™* is a torsion-free R-module,
we have M* C (M*), for each p € P!(R). Hence, we have M* C Npept(r) (M)
Now, Let us take an element f € (\,cpi(g)(M*)p. Since R is normal, we have
R = (\yepr(r)Ry- Hence, we have f(m) € R for any m € M, which means
that f € M* = Homg (M, R). This completes the proof of the opposite inclusion
M* D (MF),.

Let us prove the assertion (2). By applying the result of the assertion (1) to
M = N*, we obtain N** =, p1 () (N "),

Since taking the localization functor and the dual functor commutes to each
other, (N**), is canonically isomorphic to the double R-linear dual of N,. Note
that any finitely generated torsion-free R,-module is free since R, is a discreta
valuation ring. Hence, (N**), is canonically isomorphic to N, which completes
the proof. O

COROLLARY 2.33. Let R be a normal Noetherian domain. Then, for any non-
trivial finitely generated torsion-free R-module M, the R-linear dual M* is a non-
trivial reflexive R-module.

20We do not prove this facts here, but this can be checked by the argument of the proof of
Theorem (1).
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PRrROOF. By Proposition 232 (2), a finitely generated torsion-free R-module N
is reflexive if and only if

(2.20) N= [ M

pePI(R)
holds. On the other hand, N' = M* satisfies (220) by Proposition (1). This
completes the proof. ]

THEOREM 2.34. Let R be a complete local reqular Noetherian domain whose
Krull dimension is equal or smaller than 2. Then, any reflexive R-module N is a
free R-module.

PrROOF. When the Krull dimension of R is 0 (resp. 1), R is a field (resp. a
discrete valuation ring). Since the conclusion is clear in these cases, in the rest
of the proof, we will discuss the case where the Krull dimension of R is 2. By
the assumption that R is a complete local regular Noetherian domain of Krull
dimension 2, there exists an element € R such that R/(z) becomes a discrete
valuation ring. Since we have an isomorphism

N** [()N** = Homg (N*, R) @& R/(z) = Homg (N*,R/(z)),

N** /(x)N** is a finitely generated torsion-free R/(x)-module. By the assumption
that R/(x) is a discrete valuation ring, N**/(z)N** must be a free R/(z)-module
of finite rank. Since N is a reflexive R-module, N/(z)N is also a free R/(z) of
finite rank. Now, let us give a presentation of the R-module N with its minimal
set of generators as follows:

(2.21) 0 — Ker(q) — R®* LN — 0.

Note that N is a torsion-free R-module because A is a reflexive R-module. Hence,
we obtain the following exact sequence by applying @z R/(x) to (22I)):

0 — Ker(q)/(x)Ker(q) — (R/(x))®* -1 N/(z)N — 0.

By the minimality of the number of generators s and by the fact that A'/(z)N is a
free R /(z)-module, Corollary 2228 of the generalized topological Nakayama’s lemma
(Theorem 227)) implies Ker(q)/(z)Ker(g) = 0. Again, by applying Corollary
to Ker(gq), we obtain Ker(q) = 0. Hence, (2.2I)) implies that A is a free R-module
of finite rank. O

REMARK 2.35. When R is a complete local regular Noetherian domain whose
Krull-dimension is equal to or greater than 3, a finitely generated reflexive R-
module N is not necessarily a free R-module. For example, let us consider a
complete local regular Noetherian domain R = Z,[[T1,T2]] and let us consider a
projective resolution of R-module F,, as follows:

0— Z,[[T1, Tu]] = Z,[[Ty, To)]¥* 22 Z,[[Ty, To)]¥* 2% Z,[[T}, To)] — Fp— 0,

where the map ay is given by z — (2T, ap, —2T1), the map ay is given by
(x1,29,23) — (21Th + 23T, —x1p + 2T, —x2T) — x3p), the map ag is given by
(y1,y2,93) — 110 + y2 11 + y3To. Put N =TIm(ag). By the definition of N, we can
decompose the above long exact sequence to two short exact sequences as follows:

(2.22) 0 — Z,[[T1, To]] % Z,[[Th, T2)]®® 22 N—0,

(2.23) 0 — N — Z,[[1, To))** =5 Z,[[Th, To]] — F — 0.
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By applying the functor Homgy, (i1, 1,7 ( Zp[[T1, T2]]) to [2.22]), we obtain

(2.24) 0 — N* 2 7,[[Ty, T2)]®°* =5 Z,[[T1, T2
— EXt%p[[ThTz]] (./\[7 Zp[[Tl, Tg”)—}O

By definition, the Z,[[T1, T5]]-lincar dual map aj of a; is identified with a3. Hence,
by comparing (223 and ([2:24), we obtain N’ = N* and

Extz, 7, 7 N Zp[[T1, T2]]) = .

The former fact N' = N* says that N is a reflexive Zy[[T1, T»]]-module. The latter
fact says that N is not a free Z,[[T}, T»]]-module.

THEOREM 2.36 (General structure theorem). Let R be a normal Noetherian
domain. Then the following statements hold:

(1) Let M be a finitely generated R-module and let us denote the mazimal tor-
sion R-submodule of M by Myo,. Then there exists a pseudo-isomorphism
a: M — (M/Mior) ® Mior such that the restriction a|pm,,, t0 Mior is
a multiplication by certain constant on M.

(2) For any finitely generated torsion-free R-module M, there exists a pseudo-
isomorphism b : M — N such that N is a reflexive R-module.

(3) For any finitely generated torsion R-module M, there exists a pseudo-
isomorphism ¢ : M — @;_R/q;" where q1,--- ,qu are height-one prime
ideals of R and ry,--- ,7y are natural numbers. Here, the components

R/q;" are unique modulo permutation and we allow the case i # j and
qi = q;-

PRrROOF. First, we shall prove the assertion (1). Let us consider the quotient
map M — M /M. which we denote by a;. We want to construct an R-linear
map as : M — M, so that

a=a1®az: M— (M/Mio) @ Mior, T a1(x) @ az(z)

satisfies the same property as the desired map. Let us consider {pi,- - ,p;} =
{p € PY(R) | (Mior)p # 0} and define a multiplicative system S C R to be
S =R —U!_p;. If the set {p1,---,p:} is empty, Mo, is a pseudo-null R-module.
In this case, The map a satisfies the desired properties if we put as = 0. Hence, from
now on, we will assume that ¢ > 1, that is, M., is not a pseudo-null R-module.
Since R is a normal Noetherian domain and the prime ideals py,- - -, p; are of height
one, the localized ring S™'R is a Dedekind domain. Since the Dedekind domain
S~!R has only finitely many prime ideals, S~!'R is a PID. By using the structure
theorem of finitely generated modules over a PID, we have a decomposition:

S_lM = S_lM/S_lMtor @D S_lMtor-

We denote the projection map S~'M — S~ 'M, to the second component
by qior- By the well-known property of the localization S~'Homp (M, M) =
Homg-151 (S71 M, S7t Mo, ), there exist an R-linear map a4 : M — Mo, and an
element s € S such that sgi, = a5. On the other hand, since we have gior|s-101,,, =
Idg-14,,,, there exist s’ € S such that §'gor|a,,, = $'Ida,,,. Hence, by putting
as = s'aly, the map a = a; & as gives us a desired homomorphism. This completes
the proof of the assertion (1).
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Next, we shall prove the assertion (2). Since M is a finitely generated torsion-
free R-module, we have a canonical injection b : M — N where N' = M**. By
Corollary 233) N is a nontrivial reflexive R-module. Also, for any p € P1(R),
the localization M, of M at p is a free Ry-module of finite rank. Hence, the
localization by : M, — N, of the map b at p is a canonical isomorphism. Thus
b: M — N gives a desired pseudo-isomorphism. This completes the proof of the
assertion (2).

Finally, we shall prove the assertion (3). As in the proof of the assertion (1),
we consider the set {p1,---,p:} = {p € P*(R) | (Mior)p # 0}. For each p; €
{p1,- -+, ¢}, there exist natural numbers r; ; such that M,,, = @;glRpi/p”‘j since
Ry, is a discrete valuation ring. We label all these natural numbers 11,712,713,
s Tls,—2,Ttsi—1,Tt,s, DY T1,T2,-..,7, and we denote the ideal in {p1,---,p¢}
corresponding to each r; by ¢;. Then we obtain S™'M = S~ (&% | R/q?). By
the same argument as the proof of (1), we obtain the desired pseudo-isomorphism
c: M — @ R/q;". This completes the proof of the assertion (3). O

Let us define the following invariants associated to a module over a normal
Noetherian domain.

DEFINITION 2.37. Let R be a normal Noetherian domain and M a finitely
generated torsion R-module. Then a divisor ideal Divg (M) of M is defined by

Dive(M) =[] »'®*.

pEPL(R)

DEFINITION 2.38. Let R be a normal Noetherian domain and M a finitely

generated torsion R-module. Then a characteristic ideal charg (M) of M is
defined by

charg (M) = {z € R | ord, (z) > I(p, M) ¥p € P1(R)},

where, for each p € P1(R), ord, is an additive discrete valuation map which is
normalized so that the value at a uniformizer of R, is 1.

In the end of this subsection, we refer the reader to [7, Chap.7 §4], [81] Chap.V
§1] for a further detail of some of contents in this subsection.

2.3.3. Structure theorem of Iwasawa modules and Iwasawa invari-
ants. If we restrict ourselves to the situation of the Iwasawa algebra R = Ap, we
have a bit more precise version of the general structure theorem given at §2.3.2]
given for normal Noetherian domains R. In this subsection, we formulate such a
more precise structure theorem over Iwasawa algebras. Then we define and discuss
the characteristic ideal and Iwasawa invariants associated to a finitely generated
torsion Ap-module.

THEOREM 2.39 (Structure theorem of Iwasawa modules). Let M be a finitely
generated O[[T]]-module. Then we have the following 4-term exact sequence of

O[[T)]-modules:
(225) 0—Z—M

— O[T & @ OTN/(FAT)™) & @D O[T}/ (=) — Z' — 0,
i=1

j=1
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where s,t are nonnegative integers, Z,Z' are finite abelian groups, F;(T) are irre-
ducible distinguished polynomials (Note that we allow to have different i # j such
that F;(T') = F;(T)). Given a finitely generated O[[T]]-module M, the nonnegative
integer r = (M) depends only on M and does not depend on the choice of a 4-term
exact sequence as above. We call the invariant r = r(M) the rank of M.

We shall deduce Theorem from Theorem .34 and Theorem proved
in 4232

Proor or THEOREM [2391 By applying Theorem 230 to R = O[[T]], there
exists a pseudo-isomorphism

(2.26) M — N &P olr])/ar,

i=1
where N is a reflexive O[[T]]-module, qi,---,q, are height-one prime ideals of
O[[T]] and g1, -- ,q, are natural numbers. Here, the components O[[T]]/q;" are

unique modulo permutation and we allow the case ¢ # j and q; = q;. By Remark
230 (2), the kernel and the cokernel of (Z20]) are finite groups. Since O[[T]] is a
complete local regular Noetherian domain of Krull dimension 2, the reflexive O[[T1]-
module N is a finitely generated free O[[T]]-module by Theorem [Z:34l Note that,
any height-one prime ideal q; of O[[T]] is principal since O[[T]] is a local regular
Noetherian domain. By the p-adic Weierstrass preparation theorem (Theoreom
217), a generator x; of the principal ideal p; is equal to either a uniformizer @ of
O or an irreducible distinguished polynomial F;(T") of O[T] modulo multiplication
by an element of O[[T]]*. We complete the proof of Theorem O

COROLLARY 2.40. Let M be a finitely generated O[[T]]-module and = € O[[T]]
an irreducible element. Then, if M/xM is a finitely generated torsion O[[T]]/(x)-
module, M is a finitely generated torsion O[[T]]-module.

PROOF. Let us decompose the 4-term exact sequence (225) into two short
exact sequences

0—Z—M-—>M/Z—0

and

0— M/Z — O[[T)]*" @ @ O[T /(Fi(T)™) @ EBO[[T]]/(wmf)
— 7' —0.

Taking a tensor product with O[[T]]/(z) of the former exact sequence, we obtain
the following exact sequence:

ZlxZ — MJzM — (M/Z)]2(M/Z) — 0.

Since Z/xZ is a finite group, M/xM is a finitely generated torsion O[[T]]/(z)-
module if and only if (M/Z)/x(M/Z) is a finitely generated torsion O[[T]]/(z)-
module. Taking a tensor product with O[[T]]/(z) of the latter exact sequence, we
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obtain the following exact sequence:

(2.27)  Toroym(O[[TN/(x), Z") — (M/Z)/x(M/Z)
s t
— (O[[T))/(2))®" & @ O[T/ (=, F(T)™) © D O[T]]/ (, ™)
i=1 j=1
— Z'xZ" — 0.

Since Z' is a pseudo-null module, Tore(y(O[[T]]/(x),Z") is also a pseudo-null
O[[T]]-module. Hence, M/(x)M is a finitely generated torsion O[[T]]/(z)-module
if and only if (M/Z)/(x)(M/Z) is a finitely generated torsion O[[T]]/(x)-module.
In particular, if M /()M is a finitely generated torsion O[[T]]/(x)-module, r must
be zero in (2.27)). This completes the proof. O

DEFINITION 2.41. Let M be a finitely generated OJ[T]]-module. Then the
following type of module, which appeared in the exact sequence ([2:25),

O[T)*" & EB O[[TN)/(F:(T)™) & @ O[T}/ (=)

is called an elementary Iwasawa module (associated to M). A fundamental
module associated to M is uniquely determined from M modulo O[[T]]-linear iso-
morphism (see the remark below).

REMARK 2.42. There seems to be a different version of the definition of the
fundamental module with which we do not assume that the distinguished polyno-
mials F;(T")’s which appear in Theorem [Z339] are irreducible. If we take this version
of the definition of the fundamental module, a fundamental module associated to
M is necessarily unique modulo O[[T]]-linear isomorphism. For example, let us
consider M = O[[T]]/(F(T)G(T)) where F(T),G(T) € O[[T]] are distinguished
polynomials which do not have a common irreducible factor. We have the following
exact sequence:

0 — M — O[[T]}/(F(1) D OITN/G(T) — O[T /(F(T),G(T)) — 0

where O[[T]]/(F(T),G(T)) is a finite abelian group. Hence, O|[[T]]/(F(T)) P
O[[T]]/G(T) is the elementary Iwasawa module in the sense of Definition [ZZ1]
On the other hand, the module M admits another exact sequence:

0— M — O[T)]/(F(T)G(T)) — 0

where F'(T)G(T) is areducible distinguished polynomial. Hence, O[[T]]/(F(T)G(T))
can be also an elementary Iwasawa module associated to M if we take a different
version of the definition of the fundamental module stated above.
DEFINITION 2.43. Let M be a finitely generated O[[T]]-module.
(1) The characteristic ideal charor) (M) associated to M is defined to be

‘?7 FZ T i t’f M h = 07
char@[[T” (M) = (Hlfl ( ) ijl w ) when r
0 when r #£ 0,

where F;(T), n; and m; are given as in Theorem and we have
charp(r(M) = R when M = 0.
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We call A(M) = Y7 n;degF;(T) the Iwasawa A-invariant for M,
wM) = E;Zlmj the Iwasawa p-invariant for M.

REMARK 2.44. In the structure theorem of Iwasawa modules (Theorem 2.39)),
the definitions of Elementary Iwasawa module (Definition [Z4T]), the characteristic
ideal and Iwasawa invariants (Definition [243)]), it is not essential to regard an Iwa-
sawa module M as an O[[T]]-module through a non canonical ring isomorphism
Ao = O[[T]).

Let M be a finitely generated torsion Ap-module.

(1)

(2)

3)

Let us choose a topological generator - of I'. This defines an isomorphism
u: Ao — OI[T]] of local complete O-algebras characterized by v
1+ T. By regarding M as an O[[T]]-module via the map u~!, it makes
sense to consider charpyy(M). Then, the characteristic ideal chary,, (M)
is given by the image of charpy(M) by u. Though each of u and
u~! depends on the choice of a topological generator v of I, the ideal
chary, (M) thus obtained is canonical and it does not depend of +.

To M, we associate three different ideals: a divisor ideal Divy,, (M) (Def-
inition2.37), a characteristic ideal chary, (M) in the sense of Definition
[2:38)), and a characteristic ideal chars, (M) in the sense of Definition 2.43]
(see also the above assertion (1)). It is known that all these ideals coincide.
The rank r = r(M) and the invariants A(M), (M) can be defined with-
out using an isomorphism u : Ap — O[[T]]. In fact, 7(M) is the di-
mension of the finite dimensional Frac(Frac(Ao))-vector space M ®p,,
Frac(Ap). When r(M) = 0, A(M) is the dimension of the finite dimen-
sional Frac(Q)-vector space M@ Frac(O) and u(M) is lengthy ) M)
where M is the localization of M at the prime ideal () C Ao.

We list up some facts and some properties on characteristic ideals and Iwasawa
invariants.

REMARK 2.45. (1) When R is a Dedekind domain and M is a finitely

generated torsion R-module, we have an isomorphism M 2 @5_ R/phiR
where p1,...,ps are maximal ideals of R which are not necessarily distinct
to each other. Hence, we have charg (M) = Hlepéi. In particular, when
M is a finitely generated torsion Z-module, we have charz(M) = (#M)Z.
As the above example shows, we can say that the characteristic ideal
measures the size of the module.

When M is a finitely generated torsion Ap-module, the following facts
are important.

(a) M is finitely generated as an O-module if and only if u(M) = 0

holds.

(b) M is a finite abelian group if and only if A(M) = u(M) = 0 holds.
Let M be a finitely generated torsion Ap-module. The polynomial part
[I;_,Fi(T)™ of the characteristic ideal

t

Chal”(g[[T]](M) = ( :lei(T)mHj=1wmj)

can be regarded as a determinant, or in other words, as the character-
istic polynomial of a certain operator acting a certain space. Let us fix
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(2.29)
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a topological generator v of I which induces an isomorphism Ap —
O[[T)], ¥+ 1+ T. Since T' acts continuously on V' = M ®p Frac(O),
the characteristic polynomial det(zEx — (v — 1); V) € O[z] of the action
of v — 1 gives

[[F:(@)" = det(zEx — (v = 1);V)[a—r

where E) is an identity matrix of size A = )\(J\/l

Let R be a commutative algebra and M a finitely generated torsion R-
module. Below, we introduce the Fitting ideal which is another important
ideal related to the structure of the module M. We have a presentation
of M as follows:

Ph—PFP—M—70

where P is a free R-module of finite rank and P; is a free R-module. We
put d = rankr M. For each integer i satisfying 0 < ¢ < d, we consider
the R-linear homomorphism induced by the d — i-th exterior product of

229) as follows:

d—1i d—i @

NP — NPy RV
The ideal generated by the sums of the elements in ﬁ components
of the image of (229) does not depend on the presentation (m We
call this ideal the i-th Fitting ideal of M and we denote this ideal by
Fitt;(M).

Often, we call the 0-th Fitting ideal of M simply the Fitting ideal of

M and we denote it by Fittg (M). When we have R = Ap and R-module
M is an elementary Iwasawa module, we can check that

charp, (M) = Fittp, (M).

However, chary, (M) does not coincide with Fitty, (M) in general. For
example, for a pseudo-null module M = Ap /M, we have charp, (M) =
(1) and Fittp, (M) = 9. In general, we have chary, (M) = Fittp, (M)**
for a finitely generated torsion Ap-module M where ** means the double
Ap-linear dual (see [84] Prop. 9.6] for the proof).

There are two different methods for

2.3.4. Specialization of Iwasawa modules. In this subsection, we prove
Theorem 2.46] which is used essentially in the proof of Theorem 3.1l Though the
proof of Theorem is a bit technical, it will help us to check and understand the
details, such as comments given in Remark Since the technical detail of the
proof does not affect our understanding of later sections of the book, those who do
not wish to know the proof of Theorem can skip it by admitting the result of
Theorem

21T this book, we do not use a presentation as a determinant of the characteristic ideal. But

we can formulate the cyclotomic Iwasawa main conjectures using such presentations if we wish
(see Chapter [ for such a presentation of the Iwasawa main conjecture).

22We refer the reader to the book [26, Chap. 20] for the proof of this fact as well as some
fundamental properties of the Fitting ideal.
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Throughout §2.3.41 we denote the cardinality of the residue field of the ring of
integers of O our fixed p-adic field by ¢ and we denote the absolute ramification
degree of Frac(O) by e.

THEOREM 2.46. Let M be a finitely generated torsion O[[T]]-module. As-
sume that the intersection between the characteristic ideal charoyry (M) and the
principal ideal (w,,(T)) is trivial for every natural number 3. Then, there exists

v =v(M) € Z such that we have

(2.30) # (M/wa(T)M) = e+,

for sufficiently large n. Here A = A(M) (resp. p = p(M)) is the Twasawa A-
invariant (resp. the Iwasawa p-invariant) for the module M.

As for the estimate of “sufficiently large n”, it will become clear if we follow
the proof of Theorem [2.461 We shall prepare some lemmas which are necessary for
the proof of the above theorem.

LEMMA 2.47. (1) For a pseudo-null O[[T]]-module Z, we have Z/w,(T)Z
= 7 for sufficiently large n.
(2) Let M be a a finitely generated torsion O[[T]]-module. Take a natural
number n such that (w,(T),charorM) = 1. Then, M/w,(T)M is a
finite group and we have

# (M/w,(T)M)
= # (Z/wn(T)Z) [ [ # (OUTN/(Fi(T)" ,wn(T) [ [ # (OUTN/ (@™, wn(T))) ,
i=1 j=1

where Z, F;(T), m;, and n; are as gwen in the fundamental exact se-
quence:

(231) 0—Z—M

-~

— EB O[T/ (F(T)™) & P OlTN/ (@™) — 2" — 0

j=1
(see Theorem 239 for the fundamental exact sequence).

PRrROOF. Note that the annihilator ideal of Z contains n-th power of the maxi-
mal ideal of O[[T]] for sufficiently large n. Hence, w, (T')Z = 0 for sufficiently large
n. This shows the assertion (1). Let us prove the assertion (2). Let us denote by
Fund(M) a fundamental Iwasawa module

O[[T])/(F:(T)™) & @;:10[[Tﬂ/(wm]’)

which appeared in the sequence ([231]). Let us consider the following commutative
diagram for each natural number n:

=1

0 Z M Fund(M) z' 0
Ak ek
0 Z M Fund(M) z' 0

23By the structure theorem of Iwasawa modules, this assumption is equivalent to assuming

HM [wn (T)M < o for all n.
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where the vertical morphisms a,, by, ¢,,, d,, are the multiplication by w, (T"). Let us
set M’ = M/Z and divide the above commutative diagram into two commutative
diagrams as follows:

0 Z M M —— 0
(2.32) aﬂi lbn lb;
0 Z M M — 0,
0 M Fund(M) z 0
(2.33) lb’n lcn ldn
0 M Fund(M) z 0.

The morphism ¢, is injective by the assumption that (w,(T),charpmM) = 1.
By applying the snake lemma to the diagram (Z33]), we have Ker(d/,) = 0 and the
exact sequence:

0 — Ker(d,,) — Coker(b,) — Coker(c,,) — Coker(d,,) — 0.

The assumption (w,(T),charpqrM) = 1 implies that all terms of the above ex-
act sequence are finite. Hence, we obtain the equality #Ker(d,,)#Coker(c,) =
#Coker(b),)#Coker(d,,) by the exactness of the above sequence. Since Z' is a finite
group, we have another equality #Ker(d,,) = #Coker(d,,). By combining these two
equalities, we obtain the equality

(2.34) #Coker(b!,) = #Coker(c,,)

for every natural number n. By applying the snake lemma to the commutative
diagram (232) and by using the injectivity of the morphism ¥/, we similarly obtain
#Coker(b,) = #Coker(a,,)#Coker(d),). By combining this equality with (Z34]), we
obtain

(2.35) #Coker(b,) = #Coker(ay,,)#Coker(c,,).
Recall that we have
#Coker(b,) = # (M/w,(T)M) , #Coker(a,) = # (Z/w,(T)Z)

and

S

#Coker(c,) = [ [ # (OITN/ (F(T)™,wn(T))) H # (O[[T]]/ (@™, wn(T))) -

i=1 j=1

This completes the proof. O

LEMMA 2.48. Let F(T) € O[[T]] be a distinguished polynomial of degree .
Assume that we have (F(T),w,(T)) =1 for every n. Then the following statements
hold.

(1) O[T/ (F(T),wn(T)) is a finite abelian group for every n. Further we
have
#(O'[T)]/(F(T),wn(T))) = #(O[[T]/(F(T),wn (1))
for the ring of integers O of any finite extension of Frac(O).
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(2) There exists a constant v(F(T)) € Z which depends only on F(T) and O
such that the following equality holds for every sufficiently large n:

(2.36) # (O[T (F(T), wn(T))) = glentF T,

PROOF. For the assertion (1), the first statement follows by the assumption
(F(T),wn(T)) = 1. The second statement follows from the fact that O’ is flat over
O. Let us prove the assertion (2) now. We set ¢’ to be the ramification degree of
Frac(O’) over Q, and we set ¢’ to be the cardinality of the residue field of O’. We

note that, since we have [0’ : O] = %lﬁfﬂ, the following equality holds:
2q

(glem v (FTN)0"0] _ q/le’n+u(F(T))%'.

Thus, ([236) holds over O if and only if (236) holds over O’. By replacing O
by the ring of integers of a sufficiently large finite extension if necessary, we may
assume that O contains all roots of F'(T). Suppose that F(T) € O[[T]] is decom-
posed as F(T) = G(T)H(T) with two monic polynomials which have no common
divisors. Then G(T') and H(T) are distinguished polynomials and the module
Z' = O[T]/(G(T),H(T)) is a pseudo-null O[[T]]-module. Let us consider the
commutative diagram:

0 —— Ap/(F) —— Ao/(G) D Ao/(H) A 0
erwn(T) lan(T) erwn(T)
0 —— Ap/(F) —— Ao/(G) D Ao/(H) A 0

where Ao/(F), Ao/(G) and Ao/(H) denotes O[[T]/(F(T)), O[[T]|/(G(T)) and
O[[T)]/(H(T)) respectively. By a similar argument as the proof of Lemma 247
using the snake lemma, we obtain the following equality:

# (O[T (F(T), wa(T)))
= # (OTN/(G(T),wn(T))) > # (O[[T]]/(H(T), wn(T))) -

Thus we have reduced the proof of the second assertion of Lemma to the case
F(T) = (T — a)™. Let us consider the following diagram:

0 —— Ao/(T—a)™ —— Ao/(T—a)™ ——— Ao/(T —a) — 0
lan(T) len(T) len(T)
0 —— Ao/(T—a)" —— Ao/(T—oz)erl — Ao /(T —a) —— 0.

By an induction with respect to m using a similar argument as above, we further
reduce the proof to the case F(T') = (T — «). Hence, we need to calculate the order
of the module

(2.37) O[IT]/(T = a,wn(T)) = (Zp[[T]] ®z, O)/(T — a, wn(T)).
Recall that we have wy, (T) = [[\— (@, (T + 1) where ®,:(T) is the minimal polyno-
mial of (,: over Q, for each i. We have a natural injection

n

Zp([TN/ (@n(T)) — T[] Zo[G)s T = {Gi = Losizn,
i=0
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where (i is a fixed p’~th primitive root of unity for each nonnegative integer i. The
cokernel of the above injection is a finite abelian group which we denote by Z,,. By
applying the functor ®z,0 to the sequence:

0— Zl)[[T“/(wn(T)) — HZ;DKW] — Ly — 07
i=0
we have the following exact sequence:

n

0 — Z,[[T]] ®z, O/ (wn(T)) — [ Zpl¢pi] @2, O — Zy @7, O — 0.
=0
Note that the multiplication by []; ;(({,: — 1) — «) on the middle term restricted

to the first term coincides with the multiplication by T'— «. Hence, we have the
following commutative diagram:

0 —— Zp[[THO/(Wn(T)) EE— H?:OZP[Cpi]O — (Zn)O — 0

le—a lx((Cpifl)*a)z‘ l

0 —— Zp[[THO/(Wn(T)) E— H?:OZP[Cpi]O — (Zn)O — 0,

where ( )o denotes () ®z, O. Since Z,, ®z, O is a finite abelian group, the kernel
and the cokernel of the right vertical map have the same cardinality. By the snake
lemma, we have

(2.38)
# (Zp([T)] @z, O/(T — a,wn(T))) = [ [ # (Zpl¢p] @2, O/ (G — 1) — @) -
1=0

Since ord, ({pm — 1) = W, the following lemma follows by a well-known basic

property of p-adic valuation.
LEMMA 2.49. Let us set n(a) as follows:

p—1)pn—1 —1’

(@) max {n € Z>4 ‘ (; > ordp(a)} when 0 < ord,(a) < I%
n(a) =
0 when p%l < ord,(a).

Then, for any integer n > n(a), we have
#(ZP[CP”] Xz, O)/((Cp" - 1) —a)= #(Fp Rz, O) =q".
By combining ([237), [23]), and Lemma2.49 the cardinality of O[[T]]/(T —
o, wy,(T)) is given by
gcre)) Ly (Zp[[T]] ®z, O/(T — a,wn(a)(T)))

for any n > n(«). This shows that the statement of Lemma 248 (2) holds true
by setting v(F(T)) = ordg (# (Z,[[T)] ®z, O/(T — a,wya)(T)))) — en(a). This
completes the proof of Lemma 248 O

The following lemma concerns the part related to the p-invariant in Theorem

2.40!

LEMMA 2.50. For any integer n € Z>1, we have

(2.39) # (O[[T1)/ (@, wa(T))) = """
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PRrROOF. The proof follows immediately by the following isomorpihsms:
O[T}/ (w,wn(T)) = (O/@)[[T)/ (wn(T)) = (O/@)[[T])/(T*") = (O/w=)*".

Let us get back to the proof of Theorem [2.40] after the above preparations.

ProOF oF THEOREM [240] For a finitely generated torsion O[[T]]-module M,

we consider the fundamental sequence
s t
0—Z—M— @O[[T]]/(Fi(T)"i) @ @O[[T]]/(wmﬂ') — 7' —0
i=1 j=1

obtained in Theorem Recall that we defined A = A(M) = Y7 n;degF;(T),
p= pM) = Z§:1mj in Definition We set v(M) = >0 nv(F;(T)) +
ordg(#Z) (see Lemma [248)), n(M) = Max (n'(M),n” (M)) where

n'(M) = Max{n(a) | a runs through the roots of HilFi(T) 1
n’(M) =Min{n € N | w,(T)Z = 0}.

The equality # (M /w,(T)M) = g**"THP"+¥ holds for n > n(M) by combining
Lemma 2.47] Lemma 248 and Lemma This completes the proof. a

REMARK 2.51. Let M be a finitely generated torsion O[[T]]-module, f(T) €
O[[T]] a polynomial dividing wy,(7T") for some natural number ng. If the character-
istic ideal char o7y (M) and (w,(T)/f(T')) have no common factors for any natural
number n > ng, by a similar argument as the proof of Theorem 2406l we can show
that there exists an integer v such that

(2.40) # (M (1) F(T) M) = A0 00" 0

holds for any sufficiently large n. The statement of Theorem [2.46] is nothhing but
the above statement for f(7T') = 1.

Let us give some examples for the equality (2:30) of Theorem 2.46] whose proofs
are left for the reader as an exercise.

(1) Let M =Z,[[T]]/(T —p*) (a > 1). Let us set
AM) =1, uM) =0, v(M) =a.

Then, by using the formula ord, (”:) = n —ord,(7) on the p-adic orders of
binomial coefficients, we can check that (Z30) holds for every nonnegative
integer n.

(2) Let M = Z,[[T)]/(T* — p) (a > 1). The number n(M) which appeared
in the proof of Theorem is the largest natural number n satisfying
n < 1+log,a —log,(p —1). Let us set

AM) = a, p(M) =0, v(M) = ord,(#M/w,AmyM) — an(M).

Then we can check that (Z30) holds for every natural number n satisfying
n > n(M). Note that we have v(M) < 0 for a > 1 and we have v(M) —
—oo when a tends to oco.






CHAPTER 3

Cyclotomic Iwasawa theory for ideal class groups

3.1. Algebraic aspect (Selmer group)

In this section (§3.1]), we discuss the algebraic side of the Iwasawa theory. These
results hold true for any finite algebraic number field K and any Z,-extension
K. /K. On the other hand, the results of §8.2] and §3.3] will be on the analytic
side of the theory. Often, these results hold true only for limited cases such as
cyclotomic Zy-extensions of totally real finite algebraic number fields K.

In §3.0] most of the arguments of commutative algebra and algebraic number
theory are based on the techniques which we already used earlier, except that we
often use diagram chase arguments, such as the snake lemma used in §2.34 We
refer the reader to [118] for the basics of homological algebra.

3.1.1. Iwasawa’s class number formula. As we remarked earlier in Section
[T, not many results on class groups are known for a family of infinite numbers
of fields. The following theorem, which was proved by Iwasawa in his paper [47]
published in 1959, shows the interest and importance of Z,-extensions for the study
of ideal class groups.

THEOREM 3.1 (Iwasawa’s class number formula). Let K be a finite algebraic
number field, K. /K a Zy-extension. Then there exist nonnegative integers A =
MEw), = p(Ks) and an (possibly negative) integer v = v(Ko) such that the
order of the p-part of the class groups C1(K,,)[p™] of n-th intermediate fields K,, =
(Koo)rp" satisﬁe for sufficiently large n:

#CI(K,)[p™®] = prrHre"+v,

The proof of the original paper [47] by Iwasawa is based on the method that
studies discrete I'-modules of class groups directly. Here, we take the method that
studies Iwasawa modules of compact I'-modules obtained by the Pontrjagin duals
of class groups. We will give some technical preparations on commutative algebra
in Z.3.4] and we will prove Theorem 3.1l in §3.1.21 For the rest of this subsection,
we introduce another theorem (Theorem B as a corollary of Theorem Bl after
some preparation.

Let K be a finite algebraic number field, K, an arbitrary Z,-extension of K,
I' = Gal(K«/K). We denote by Lo, the maximal everywhere unramified abelian
p-power extension of K.

LEMMA 3.2. L is a Galois extension over K.

1K, is an intermediate field of Ko /K. Note also that each intermediate field of Koo /K is
equal to one of such K;’s.

43
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PrOOF. If Lo /K is not Galois over K, there must exist an automorphism
o of Q over K such that 0(Ls) # Loo. Since the composite field o(Loo) U Log
is an abelian and everywhere unramified extension of K., this contradicts to the
maximality of L. O

In this book, we denote the compact Z,-module Gal(L/Ko) by Xk, .

LEMMA 3.3. The module Xk is equipped with a natural continuous action of
Ir.

ProoF. Note that we have the following exact sequence by the definition of

XKoo :
{1} — Xk, — Gal(L/K) — T — {1}.

Let us take an element g € I" and choose a lift § € Gal(Lo/K) of g. We define
an action of g on © € X by gz := grg !. Since Xk is a normal subgroup
in Gal(Lo/K), we have grg—' € Xk_. Let ¢ € Gal(Ls/K) be another lift
of g and let us set y := §*1§/ € Xk, . Since Xk _ is an abelian group, we have
gx(q) "t =gyry g7 = gyy twg ! = gzg~'. Thus the action g-z is well-defined
independently of a choice of a lift g € Gal(Lo/K).

To prove the continuity of the action of I' on Xg_, it suffices to prove that,
for an arbitrary open subgroup U of X__, there exists an open subgroup U’ of T
such that U’ acts trivially on X __/U. Since the fixed field (Lo, )Y for a given open
subgroup U C X __ is a finite extension of K., (L)Y is the field of decomposition
of an irreducible polynomial f(X) € K [X] of finite degree. Since all coefficients
of f(X) is contained in a finite extension of K, the subgroup U’ C T" consisting of
elements acting trivially on the coefficients of f(X) is of finite index in I' and the
action of U’ on on Xf__ /U is trivial by construction. This completes the proof. O

Since X __ is a compact Zy,-module with continuous I'-action, X __ is naturally
regarded as a A = Z,[[I']]-module thanks to Lemma [2:23] The following theorem is
a corollary of Iwasawa class number formula.

THEOREM 3.4. Let K be an arbitrary finite algebraic number field, Ko /K an
arbitrary Zy-extension. Then X is a finitely generated torsion A-module.

We will prove Theorem B4 in the end of §3.1.21

REMARK 3.5. We give some remarks on Theorem[BIl As we will see later in the
proof of Theorem B Ilbelow, “a sufficiently large n” in the statement of Theorem [3.]
can be made completely explicit from the information of the Z,-extension K, /K
and the Iwasawa module Xg__. The requirement for “a sufficiently large n” comes
from the following reasons:

(i) We need that all the primes of K, which ramify in K. /K, be totally
ramified.

(ii) We need that 47" act trivially on the largest finite submodule Z of Xy __.

(iii) We need that the p-adic valuation of (pn —1 is smaller than the minimum

of p-adic valuations of roots of the characteristic polynomial F/(T') of Xk __ .

On the other hand, the pseudo-null quotient Z’ which appears in the last term of

the fundamental sequence ([Z25]) of Theorem does affect at all the v-invariant

nor the requirement of “sufficiently large n” of the statement of the Iwasawa class

number formula.
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3.1.2. Proof of Iwasawa’s class number formula. Let us consider the
following conditions on the fixed prime p.

(3.1) There is only one prime of K which is over p.

Under this condition, we discuss the following condition on the fixed Z,-extension
Ko /K:

(3.2) The only prime of K over p is totally ramified at K., /K.

The main idea of the proof of Iwasawa’s class number formula is much easier to
follow under the conditions [B1]) and [B2]). So we first prove Iwasawa’s class number
formula under the conditions [BI)) and B2). After, we will give a proof for the
general situation.

As for the validity of these conditions, we remark that the conditions (B.])
and (32) hold true for K = Q(u,) and its cyclotomic Z,-extension K°¢/K. For
a finite algebraic number field K and a prime p satisfying (B1]), the cyclotomic
Zy-extension K°/K satisfies (8:2) if p does not divide the absolute discriminant
Dg. .

Let us set K,, = (Koo)' for a natural number n. We define L, to be the
maximal everywhere unramified abelian p-power extension of K,,. The field L, is
a subfield of Ly, by definition and we can show that L,, is a Galois extension of K,
by the same argument as the proof of Lemma

PROPOSITION 3.6. Let us assume the conditions B1) and B2). When v is a
topological generator of I', we have the following isomorphism for every n:

Xk /(P = 1) Xk, = ClIK,)[p™].
PrROOF. Weset G, = Gal(Lo,/K,,). Let [G,,, G,] be the commutator subgroup

of Gy, [Gn,G,] the topological closure of [G,,,Gy]. Then we claim the following
equality:

(33) (77" = D)Xk =[G, Gul:
In order to check this, we denote by L! (resp. L) the fixed field of Lo, by

(v*" — )Xk (vesp. [Gn,G,]). By Galois theory, it suffices to show L!, = L/
in order to deduce ([B3)). Let us look at the following diagram:

By definition, L! is the largest intermediate field of L.,/Ks which is an abelian
extension of K,,. On the other hand, L/, is the largest intermediate field of Lo,/ K
such that 47" acts trivially on Gal(L!,/K.). For an intermediate field L of L. /Kwo,
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L is an abelian extension of K, if and only if the conjugate action of 4*" on
Gal(L/K) is trivial. Hence, L], = L!' follows and the proof of (33)) is complete.

Recall that we have only one prime of K which contains (p) by the condition
B1). We denote this prime by p. For each natural number n, the extension K, /K
is totally ramified at p. We denote by I,, the inertia subgroup of G,, at the unique
prime of K, over p. Since L., is an everywhere unramified extension of K, we
have the equality I, () Xk, = {1} in Gal(Lo/K). On the other hand, the natural
map I, — G,/ Xk must be surjective because the extension K., /K is totally
ramified at p. Thus we have a semi-direct product G,, = I,, x Xk_ . Now, the
following isomorphisms follow:

Gal(Ly/Kn) 2 G /I, [Gn, Gl
~ Xk [Tn("" = DXk = Xp /(77 — 1) X g

Here, the first isomorphism is due to the fact that L,, is characterized as the largest
intermediate field of L /K,, which is unramified over K,,. The second isomorphism
follows from (B3). We complete the proof noting that we have Cl(K,)[p>] =
Gal(L,,/K,) by class field theory. O

Thanks to the above proposition, we can give compact proofs of Theorem [3.4]
and Theorem Bl under the conditions (3] and (B2).

PRrROOF OF THEOREM [B.4] UNDER THE CONDITIONS (BI)) AND (B2)). Since the
ideal class group CI1(K)[p>] is a finite abelian p-group, it is regarded as a finitely
generated torsion Z,-module. Hence, Xi_ /(7 —1)Xk_, is a finitely generated tor-
sion Zp-module by Proposition By Corollary 240l Xk __ must be a finitely
generated torsion A-module. (Il

Proor oF THEOREM Bl UNDER CONDITIONS (BI)) AND ([B2]). As is shown
above, Xf__ is a finitely generated torsion A-module under the conditions (31
and (B2)). By applying Theorem [Z40] to a finitely generated torsion A-module
M = Xk with A = A(M), we show that p = u(M), there exists an integer
v =v(M) € Z such that

#Xp [(VF = 1) X, = prmter
holds for sufficiently large n. On the other hand, we have an isomorphism
X /(" = 1) Xk, = CUK,)[p™]
for any natural number n by Proposition This completes the proof. |
We recall the following fact, which is clear by the proof of Theorem B}

COROLLARY 3.7. Let N(Ko), (Koo) be invariants introduced in Theorem B.1]
and let N( Xk ), p(Xk.) be invariants introduced in Definition 243 Under the
conditions B.1)) and (32), we have

AMEoo) = MXko. ), 1(Koo) = p( Xk )-
Now we go into the proof of the general situation.

PROOF OF THEOREM B IN THE GENERAL SITUATION. (Step 1) Let us take
a sufficiently large natural number ng such that all ramified primes of K. /Ky,
are totally ramified. We denote by p1,--- ,ps the primes of K,,, which are ramified
in Koo/K,,. Note that, if Iwasawa’s class number formula for K. /K,, holds,
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Iwasawa’s class number formula for the original Z,-extension K., /K also holds2.
Thus, by replacing K by an intermediate field K,,, with a sufficiently large n if
necessary, we suppose that the primes py,-- -, ps of K which are ramified in K,/ K
are all totally ramified.

(Step 2) By the assumption that all ramified primes are totally ramified, the inertia
subgroup I,; C Gal(L/K) for each ramified prime p; is isomorphic to I' through
the surjection Gal(Ly,/K) — I'. Let v be a fixed topological generator of ' and
we denote by v; € I, the pull-back of v through the isomorphism I, = T. By
exchanging a topological generator «y if necessary, we suppose that v = 7, in the
following. Let us consider the group

YKoo = <(,-y - 1)XK0077271_17 e a7871_1>a
which is the topological closure of the subgroup of Xk __ generated by (y—1)Xg__,
727{1, e ,’yswfl. We would like to show that

(3.4) CU(K,)[p™] & Cal(La/Kyn) = Xic |27 Y.

The first isomorphism of ([B4)) is nothing but the global unramified class field the-
ory. Hence, we will concentrate on the proof of the second isomorphism of (B4)
below. As is shown in B3), Xk /(7?" — 1)Xk_ is isomorphic to the maximal
abelian quotient Gal(L./K,,)* of Gal(L Oo/K ﬁO The group Gal(L,/K,) is the
quotient of Gal(Ls, /K, )" by the minimal closed normal subgroup which contains
the inertia subgroups for all ramified primes. For each j, the inertia subgroup
of Gal(Le/K,)* at the unique prime of K,, over the prime p; is generated by

'yfn € Gal(Loo/K). Since we have Gal(Loo/K,) = Xk (y*"), the following iso-
morphism holds:

Gal(Ly/K,,) = Gal(LOO/K)ab/W:lD”v”anv T a'}/g">
= XKoo/<(’an - 1)XKOO7’Yf7L’ e ’,_Y;g"> N XK

=~ X (7" = DXk 1 )
On the other hand, the identity

= (D DO ) (T o T T

S 2ot
holds. Hence, we have 7]’5 "o = (vjvfl) 7—1 since I' acts on Xx__ by conjuga-
tion. This implies the isomorphism

<(’an - 1)XKoo ’ ’Yg" FYl_pn7 : ’ 75 ’Yl_pn>
rypn 1
vy—1

(V=D Xk v2715 5 ¥sM)-

This completes the proof of ([B4).

(Step 3) According to what we have proved up to now, we have #CI1(K,)[p™] =

#H( Xk /Yr.,) #Yk/ 7:_11 Yk ) for each n. Let us define a nonnegative integer
" by p¥ = #(Xk_ /Y. ) = #CI(Ky)[p™]. Now, by applying Theorem to

2In fact, since A(K)(n+mng) +p(K)p™t70 + u(K) = M Kng)n+ u(Kng)p™ + pu(Kn, ) holds for
sufficiently large n, it follows that A(Kpy) = AMK), u(Kngy) = w(K), v(Kny) = v(K) + A K)no +
prOp(K).

3Note that [33) is proved without assuming (&I or (Z2).
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M =Yk __ or by applying Remark 2Z5T1to M = Yi_ and f(T') = T more precisely,
there exists v/ € Z such that we have #(YKOO/'Yi:llYKOO) = pntu" Y for all
sufficiently large n with A = A(Yx__) and p = p(Yk_ ). By setting v = v' + 1", we
obtain the desired result and we complete the proof. O

By using the argument of the above proof, we also prove Theorem [3.4

PROOF OF THEOREM [B4] IN THE GENERAL SITUATION. For each natural num-
ber n, C1(K,,)[p*] is a finite abelian group. Take n to be sufficiently large. By Step
3 of the proof of Theorem Bl Yy _ /aYk. =2 CI(K,)[p™] is a finite abelian group

for any irreducible factor x of ”:n:ll € Zy[[I']] = A. Thus Yk_ /zYk__ is a torsion
A/(z)-module. By Corollary 240] Yi__ is a finitely generated torsion A-module.
Since Yk is a subgroup of Xx__ with finite index as shown in Step 3 of the proof

of Theorem Bl Xg__ is also a finitely generated torsion A-module. O

REMARK 3.8. The group Xg__ /(7?" — 1)Xk_ can be infinite if we do not
assume ([B) nor (32). That is, the characteristic ideal of Xf__ and the principal
ideal (7*" — 1) might have a nontrivial common factor in general. For example, let
us consider a CM-field K and let us denote by K its maximal totally real subfield.
Greenberg [32] shows that, if the number s of the primes of Kt over p which are
decomposed at K/K™ is nonzero, we have

1 <dimg, (Xk. /(v = D)Xk.) @z, Qp <s.
In particular, the group Xx_ /(v — 1) X is infinite in this casd].

3.1.3. Ideal class groups on CM-fields. In this subsection, we shall study
a detailed property of the module Xk _ (Theorem BI0) in a restricted situation
where K is a CM-field and K, is the cyclotomic Zy-extension of K. Since CM-
fields are important in later sections of the book, we shall explain definitions and
basic properties of CM-fields.

DEFINITION 3.9. Let K be an algebraic number field. If one of the following
equivalent conditions (i), (ii) holds true, K is called a CM-fieldl.

(i) There exists a totally real algebraic number field K such that K is a
totally imaginary quadratic extension of K.
(ii) Both of the following conditions (a) and (b) hold true.
(a) Let us denote by J : C — C the complex conjugate. For any embed-
ding 7 : K — C, we have J(7(K)) = 7(K) and the automorphism
J. =771 oJor of the field K does not depend on the choice of T
(When this condition holds true, we might denote J, by J by abuse
of notation and call it the complex conjugate of K).
(b) The condition (a) holds true but J : K — K is a nontrivial auto-
morphism of K.

4This phenomenon is related to the phenomenon of trivial zero which is discussed later in
the book.

5The word CM is the abbreviation for the complex multiplication. The name is originated
from the fact that the ring of endomorpihsms of an abelian variety with complex multiplication
is an order of a CM-field.
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For a CM-field K, the invariant subfield K” coincides with K+. A field K
which satisfies only the condition (ii) (a) of the above definition is either a totally
real field or a CM-field and such a field is called a J-field.

REMARK 3.10. Let us recall some basic facts on J-fields.

(1) K is a totally real field if and only if K is a J-field on which J acts trivially.

(2) The composite KK’ of J-fields K, K’ in Q is also a J-field.

(3) Let K be a J-field. A subfield K/ C K which satisfies K’ = J(K’) is also
a J-field.

ExamPLE 3.11. (1) A cyclotomic field Q(p,) = Q(¢p) is a CM-field. In
fact, its subfield Q(( + ¢,,,0) is a totally real algebraic number field and
Q(pm) is a totally imaginary quadratic extension of Q((,, + ¢;,'). Since
Gal(Q(um)/Q) = (Z/mZ)* is abelian, the complex conjugate J is in the
center of Gal(Q(pm,)/Q). Hence, any intermediate field of Q(u,)/Q is a
J-field. By Kronecker-Weber’s theorem, any abelian extension of QQ is a
J-field.

(2) In general, there exist CM-fields which are non abelian over Q. We will
give a CM-field which is not even Galois over Q. Let us consider an irre-
ducible cubic polynomial f(z) = 23 — 42 + 1 € Q[z]. Since the discrim-
inant Dy = —4(—4)% — 27 = 229 is positive, f(z) has three distinct real
roots. Hence, Q[z]/(f(x)) is a cubic totally real number field. Because
Dy ¢ (Q*)2, the Galois group of the smallest splitting field of f(z) over Q
is isomorphic to S3. This implies that Q[z]/(f(x)) is non Galois over Q.
Let us set K™ = Q[z]/(f(x)) and take an arbitrary imaginary quadratic
field E. The composite K = KTE gives an example of a CM-field which
is non Galois over Q. As an another example, we consider a quadratic ex-
tension K = KT (1/v/2 — 3) of a real quadratic field K+ = Q(+/2). Since
K is a totally imaginary extension of K+, K is a CM-field. However, in
this case, K is not obtained as a composite K+ E with a certain imaginary
quadratic field E.

For an algebraic number field K, we denote by ux the group of roots of unity
contained in K. We recall some basic results on the structure of the group of units
of a CM-field and the principalization (capitulation) of ideals of a CM-field.

PROPOSITION 3.12. Let K be a CM-field. Then the group ty., jix is a subgroup
of tj; whose index is less than 2.

PrOOF OF PROPOSITION [3.12] Let us recall the following well-known result.

LEMMA 3.13. Let z € Q be an algebraic integer. If we have |7(x)|s = 1 for
any embedding 7 : Q — C, x is a root of unity.

This lemma is a well-known fact proved by Kronecker. The proof is left to
the reader as an exercise but we give a brief sketch of the proof. In fact, if x is
an algebraic integer of degree d which satisfies the assumption of the lemma, the
coefficients of the minimal polynomials of 2™ are rational integers with a universal
bound of the absolute values which are independent of n. Hence, there exists an
integer m such that = coincides with 2™ by the pigeonhole principle. This implies
that = is a root of unity.
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Now, we we have \1(61_‘])|oo = |r(e)']e = % =1 for any e € vj; and
for any embedding 7 : Q — C. Here we remark that the complex conjugation J is
well-defined independently of 7 because K is a CM-field. By Lemma 313 we have
e~/ € ug and we have the following exact sequence:

{1} X X ersel ™7
— Ty T ——— [IK-

1—J
— . er—re
When z € pg, we have 2'~7 = = = 22, Hence, the image of t — UK

contains p% . Note also that px [ty = {£1}. Hence, we have

1—-J
(3.5) {1} — vy {1} — o /{1 s g,
where v, /{£1} is a free abelian group of finite rank and the image of vy /{£1}

1—-J
o px contains also u%. Since p2 is of index 2 in pg, this completes the

proof of Proposition [3.12] O

LEMMA 3.14. For any finite algebraic number field K and for any non negative

integer n, we have H' (K> /K&, pxceve,) = 0. That is, for any element ¢ € pugcere,

satisfying N(¢) = 1, there exists an element (' € K% such that ¢ = ¢t (Here
N (K25) — (K™ is the norm map and g is a topological generator of
Gal(JGY5 [ KGY°))-

PROOF. In the case (, ¢ K, we have pipe ﬂ“Knyl = {1}. Thus we have
N(¢) = ¢P. The condition N(¢) = 1 implies (P = 1, hence ¢ = 1 by the assumption
Hipoe ﬂﬂKfLyfl = {1}. Tt suffices to take ¢’ = 1.

In the case (, € K, let us take the largest integer 7 € Z>; such that (,: € K.
Then we have a natural number ¢ prime to p such that PEeve, = Hpntitt X [ If
¢ e PR s there exist integers a,b € Z such that { = Cgﬂ,+,;+1§f. If a is divisible
by p, we have ( € K°. If a is not divisible by p, we have ¢ ¢ K¢ and the
set of conjugates of ¢ over K¢ is {(, ((p, (:CP?, cee CC£_1}~ In both cases, we have
N(¢) = ¢P. Hence, the condition N(¢) = 1 implies that ¢ is a p-th root of unity.
When ¢ = 1, it suffices to take ¢’ = 1 as in the previous case. When ¢ # 1,  is a
primitive p-th root of unity. Note that an_ fl +1 is also a primitive p-th root of unity.

Let us take ¢ € {1,2,...,p — 2} so that { = ( 5,;1“1)‘3. We complete the proof by
setting (' = Conita- O

Suppose that K is a CM-field which is of finite degree over Q. Then the n-th
layer K7 of the cyclotomic Z,-extension of K is also a CM-field for every nonneg-
ative integer n. The complex conjugate J acts on the ideal class group CI(K¥)
by functoriality. Since the fixed prime p is assumed to be odd, we have a decom-
position CI(K¢) = CI(K&)[p™]t @& Cl(KZ)[p>=]~ according to the eigenvalues
+1 of the action of J.

PROPOSITION 3.15. Let K be a CM-field which is of finite degree over Q. Then
the natural map in 41 @ CLEY)[p™]” — CUKY)[p™>]" is injective for every
nonnegative integer n.

PROOF. Let 2 be a fractional ideal of K5¥® whose class [2] belongs to Ker(iy, nt1)-
Since 2 becomes a principal ideal on K", there exists an element a € K" such
that we have 2 = (a) as fractional ideals of K" . Since 2 was a fractional ideal
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on K¢, we have (a9) = (a) for a generator g € Gal(K'"/K:¥°). Let us set
w:=a?"' € K. We can check that u € (vgeye ). On the other hand, AT s
a principal fractional ideal of K¢ since [2] € CI(K¢)[p™]~. Hence, there exists
an element a’ € K¢ such that 2"/ = (a’). Let us set

a' +J
u = T S (thL‘rl)X,
2
R a?\g—1 _ U X

€= (7)9 = (u/)9—1 < (thyﬁl)

We have
g—1 _
(3 6) 1+J __ (a2)1+J ! o (a/u/)Z(g D _( /9—1)1—J
. € - u/1+J - (u/1+J)g_1 = u .

Here the last equality is due to the fact that we have (a/)9 = @’ since o’ € KI¥°.
We can check that

~1y1- ()

|T(’U,/g )1 J‘ _ 5 _
() oo
for any embedding 7 : Q < C. By (B.6]), we have
()3 = 17(6)]oo - IT(€7) oo = (') | = 1

for any embedding 7 : Q — C. By Lemma B.I3, we deduce that e € pgceve, - By
the definition € := (‘;—z)g_l7 we have N( ) = 1. By Lemma BjZL there exists an

1g—1

element ¢’ 6 prceye, such that e = ¢Y”". This implies that (% )9 L= €977, hence

(ue )g = u’e/

. We have the following equality between fractional ideals of KZ‘:fl
W = (%) = (@*/u) = ().

Since we have (a/e’) € K¢, A2 is already a principal ideal on K¢°. We have

[2(] = 0 because p # 2. This completes the proof. O

From now on throughout the book, we denote the Iwasawa algebra Z[[I'cyc ]|
by Acye,x- When K is a CM-field which is of finite degree over Q, X geye is decom-
posed as Xgeoye = X +cyc ® X, Keve according to the eigenvalues £1 of the action of
J. The following result is known for the Acye,k-module X peye.

THEOREM 3.16. Let K be a CM-field which is of finite degree over Q. Then

X;(gzc has no nontrivial pseudo-null Acyc g -module.

REMARK 3.17. Since X;gcyc is isomorphic to X (g eve, Conjecture [3.26] in the
next subsection predicts that X;gcyc is a pseudo-null Agyc x-module. The module
X;;cyc can be nonzero in general. However, we have Conjecture [3.25 in the next

subsection for a special case.

ProoF oF THEOREM [3.16l In order to prove the theorem by contradiction,
we assume that X Keve has a nontrivial pseudo-null Agyc x-module. By assumption,
there exists a nonzero element x € X;(g_gc of order p. For each natural number n,
we denote by pp : Xjeve — CIEKY)[p™]” the natural projection map. For a
sufficiently large n, p,(z) € CI(KZ°)[p™]~ is a nontrivial element of order p. On the
other hand, any sufficiently small open subgroup U C I'cyc x acts nontrivially on .



52 3. CYCLOTOMIC TWASAWA THEORY FOR IDEAL CLASS GROUPS

Replacing n by a larger natural number if necessary, we may suppose that (I‘Cyc)p”
acts nontrivially on py(z). Let Nyj1, : CHKYS)[p>]” — CHEZ)[p>®]~ be
the norm map, i n41 : CLIKY)[p>°]~ — CI(KY5)[p™]~ the map induced by the
inclusion map K¢ < K°. Then we have

Z.n,n-i-l o pn(x) = in,n+1 o Nn-i—l,n o pn-l—l(x) = Z pn+1(x)g~

gertye /T
Since (I‘Cyc)p" acts nontrivially on p,,4+1(x) by the assumption that n is sufficiently
large, we have iy 41 © Pr(x) = pry1(pz) = 0. By Proposition BI0] iy pt1 :
CUKZ)[p>]” — CUK,25)[p>]" is injective. Hence, we have p,(x) = 0, which
is a contradiction to our assumption. This completes the proof. O

3.1.4. Some results and conjecture on ideal class groups of cyclo-
tomic fields. In this subsection, we present some known conjectures and results
on Iwasawa invariants.

As explained in Section [[L3] the “analogy between algebraic number fields and
function fields of one variable over a finite field” is an important philosophy in
number theory. Let us try to understand the meaning of Iwasawa invariants through
this philosophy. Let K be a function field of one variable over a finite field F, of
characteristic p and C' = Ck/F, a unique proper smooth algebraic curve whose
function field is K. The divisor class group Cl¢(F,) is an analogue of the ideal class
group. Let us discuss the behavior of the /-power part of the divisor class group
Cle(F)[¢°°] for a fixed prime ¢ # p when the field of constants F/F, varies. Over the
algebraically closure I, we have an isomorphism Clc (F,)[¢>°] 2 (Q,/Z¢)®?9 where
g = g(O) is the genus of C. For simplicity, we assume that Clc(F,)[¢] = Clc(F,)[]
replacing F, by a sufficiently large finite extension. Since we have Clc(F,)[f] =
(Z.)¢7,)%%, this implies that Clo(F,)[(] = (Z/¢Z)®?9. Recall that Gal(F,/F,) =
Zy x [ 0Ly Let us recall the following facts whose proofs are left to the readerld.

(1) Let F be any intermediate field of the unique Z,-extension of F, where ¢/
is a prime different from ¢. Then Cl¢(F)[¢°°] is isomorphic to Cla(F,)[£>°].

(2) There exists a constant v € Z such that we have #Clg (k,,)[(>°] = (29T
for any natural number n where k,, is the n-th layer of the unique Z,-
extension of F,.

We observe that, in the case of function fields, there appears no p-invariant for the
growth formula of the order of the divisor class group #Cl¢(k,)[¢>°]. In the case of
algebraic number fields, we can give an example where the p-invariant is nonzero
(see Remark B19)).

The notion of a field of coefficients does not make sense in algebraic number
fields. Thus the extension of the field of coefficients which played an important role
in the case of function fields does not make sense in the case of algebraic number
fields. However an extension of the field of coefficients in the case of function fields
is also interpreted as an extension obtained by adjoining roots of unity. Hence, the
cyclotomic Z,-extension KY°/K of a finite algebraic number field K is a proper
analogue of the Zs-extension of a function field of one variable over a finite field F,
obtained by the unique Z,-extension of F,.

6We can apply the argument of the proof of Iwasawa _class number formula given earlier by
replacing the role of X __ by the Pontrjagin dual of Clg(Fy)[¢>°] and by replacing the role of a
topological generator v € I" by that of a Frobenius element of the absolute group of F/F,.
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The above philosophy saying that the cyclotomic Z,-extension is a proper ana-
logue of the extension of the field of constants of function fields justifies the following
conjecture.

CONJECTURE 3.18 (Iwasawa). Let K be a finite algebraic number field. Then
we have (KZ°) = 0 where K¢/ K is the cyclotomic Z,-extension.

REMARK 3.19. Iwasawa [52] shows that, for any natural number m, there exists
a finite algebraic number field K and a Z,-extension K, /K such that pu(Ks) > m.
His example is based on the observation on the anti-cyclotomic Z,-extension of
an imaginary quadratic field explained below. Let M be an imaginary quadratic
field. There is a unique Zy-extension MZS/M such that MZS is Galois over Q and
Gal(M25/Q) is not abeharﬂ This is called the antl-cyclotomlc Zp-extension of
M. The anti-cyclotomic Zy-extension MZ3S/M is also characterlzed as the unique
Z,-extension of M such that the n-th layer M?2° of M2S/M is Galois over Q and
Gal(M2°/Q) is a dihedral group of order 2p™ for any natural number n. As shown
in [52] §2], any prime [ # p which is undecomposed in M/Q is totally decomposed
in M3/M. Now we take prime numbers [y, ..., Iy +3 which are unramified and
undecomposed in M and we set a =l -+ l;p43. We consider K = M (¥/a) and we
define K,, to be KM3°. For each ¢ with 1 <14 < m+3, [; is totally decomposed into
p" ideals in M?2° and all of them are ramified in the quadratic extension K, /M3°.
Since the genus theory implies that p™"#Cl(M32°)[p>°] |#Cl(K,,)[p>°], we conclude
that pu(Ks) > m. For further detail of the argument, the reader is encouraged to
look into the article [52].

Iwasawa himself proved that Conjecture BI8 holds true when K is a cyclic
extension of degree p (see [52] Theorem 3]). In general, the following theorem is
the strongest result which is known at the moment.

THEOREM 3.20 (Ferrero-Washington). Let K be an abelian extension of Q.
Then, p(K2°) =0 holds true.

Their method of the proof is not related directly to the study of ideal class
groups. In fact, the “principle of the analytic class number formula” which is given
in TheoremB. 74 assures that the validity of the vanishing p(KY°) = 0 for all abelian
fields K is equivalent to the validity of the vanishing of p-invariants of analytic p-
adic L-functions for various Dirichlet characters. Hence, the precise statement of
the theorem of Ferrero-Washington concerns the p-invariants of analytic p-adic
L-functions (see Theorem [B.60)).

Let C = Ck/F, a unique proper smooth algebraic curve of a function field K
of one variable over a finite field F, of characteristic p. For every prime ¢ # p,
l-adic Galois representations Ve = (l'&lnClC(Fq)[p”]) ®z, Q¢ associated to the

divisor class group Cl¢ is known to be semi-simple as Q;[Gal(F,/F,)]-module. More
generally, an ¢-adic Galois representation obtained by a factor of étale cohomology
associated to a proper smooth variety over a field k which is finitely generated
over its prime field is expected to be semi-simple as Q,[Gal(k/k)]-module (Tate

7Since the Leopoldt conjecture holds true for imaginary quadratic fields, the Galois group
Gal(Moo /M) of the composite Moo of Zp-extensions of M is a free Zy-module of rank two (see Re-
mark [Z8). Since the multiplicity of the eigenvalue —1 of the action of Gal(M/Q) on Gal(Mu /M)
is one, we cut out a Zp-extension M3S/M such that the conjugate action of Gal(M/Q) on
Gal(M&S /M) is nontrivial.
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conjecture). As an analogue of this philosophy for algebraic number fields, the
following conjecture is widely believed.

CONJECTURE 3.21 (Semi-simplicity conjecture). Let K be a finite algebraic
number field, KY°/K the cyclotomic Zy-extension of K. Then, the action of T'cyc k
on the finite dimensional Qp-vector space X geye @z, Q, should be semi-simple.

REMARK 3.22. If we consider the action of the Galois group of a noncyclotomic
Zy-extension Ko, /K on the finite dimensional Q,-vector space Xk ®z, Q, is not
true and some counter-examples are constructed.

When K/Q is abelian extension of @, Conjecture B:23] below is also believed.
Conjecture B:23] is stronger than Conjecture B.2T]in the sense that Conjecture B.23]
implies Conjecture 3211

CONJECTURE 3.23 (Multiplicity one conjecture). Let K be a finite algebraic
number field which is an abelian extension of Q and let K&/ K be the cyclotomic
Z,-extension of K. Then, for each character n of Gal(K/Q), the characteristic
polynomial of the action of a topological generator of I'cye x on (Xgeye ®z, Q)"
has no double roots.

Recall that the Iwasawa A-invariant of the Iwasawa module X _ associated to
the ideal class group over a Z,-extension of a finite algebraic number field K is an
analogue of the genus of the smooth proper curve over a finite field of characteristic
p. Thanks to this analogy, it will be a fruitful idea to look for its counterpart on
the study of Iwasawa A-invariants each time we find an interesting mathematical
statement on the genus of smooth proper curves. As an example, we remember
the Riemann-Hurwitz formula which describes a relation between the genus g(C')
and the genus g(C’) for a covering map C’ — C of smooth proper curvesd. When
we discuss an analogue of this formula on algebraic number fields, covering maps
of smooth proper curves over a finite field of characteristic p correspond to finite
extensions of algebraic number fields. Since extensions of prime-to-p degree of a
function field K of one variable over a finite field do not effect on the order of
the p-part of divisor class groups of the model of K, we restrict ourselves to the
case where K’'/K is a finite extension of p-power degree. Also, by Remark B.17]
a meaningful invariant to study is the A-invariant of the (—)-part of the Iwasawa
module associated to the ideal class group.

The theorem below is an Iwasawa theoretic analogue of the Riemann-Hurwitz
formula for algebraic curves, which is called the Riemann—Hurwitz formula (or
Kida’s formula).

THEOREM 3.24 (Riemann-Hurwitz formula). Let K be a CM-field which is of
finite degree over Q. We consider a CM finite extension K' such that [K': K] is a
power of p. Then

(1) We have p(K2¢) = 0 if and only if p(K.L¥) = 0.

81f the covering degree [C’ : C] is prime to the field of definition of the curves C' and C’, the
Riemann-Hurwitz formula is known as the equality:

29(C") —2=[C": C)29(C) = 2) + > (ex — 1)
zeC’

where e, is the ramification degree for each point z € C’.
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(2) Suppose that (KX°) = 0. Then the following formula holds true:
QA(XI;/cyC) - 26[(/
= [KL7: KT (2A(X jeye) — 20k) + > (e(v'/v) —1).

v'tp
o'y o split at K. 5¥°
Here, for each prime v' of KLY, v/, (resp. v) denotes its restriction to
(KLY)F resp. K¢) and e(v'/v) denotes the ramification index. Also,
dr+ (resp. Ok ) is defined to be 1 if ¢, € K' (resp. (, € K) and to be 0
otherwisd].

Theorem was first obtained by Kida [63]. Kida’s original proof is based
on a calculation of #CI(K/ )~ [p>] and #CI(K%°)~[p>] by the genus theory.
He obtains the desired relation between A(Xj/ eve) and A(X geve) by observing the
approximative behavior of these orders when n goes to infinity (see Corollary B.7]).
Later, Iwasawa [54] gives a different proof of Theorem based on the method
which studies the Gal(K.5Y°/K%°)-module X, cye by means of the theory of linear
representations of finite groups. Kuz’min [68]ooalso obtains a similar result inde-
pendently by a method which is close to that of [54]. When K and K’ are abelian
extensions of Q, by using the Iwasawa main conjecture (Theorem B:66), Kida’s
formula (Theorem B29)) is translated to “Kida’s formula for the analytic p-adic
L-function”, which is the same type of formula comparing the Iwasawa invariants
of the analytic p-adic L-function for K and the analytic p-adic L-function for K’.
Gras and Sinnott prove the Kida’s formula for the analytic p-adic L-function, which
gives an analytic proof of Theorem in this specific situation.

Up to this point, we presented some conjectures and results which are motivated
from the view point of the analogy between number fields and function fields. At the
end of this section, we also present some conjectures which do not have analogous
statements on the case of function fields case.

CONJECTURE 3.25 (Vandiver conjecture). Let K = Q((,)". Then, we have
Xjeve = 0.

Vandiver’s conjecture is verified numerically for a certain amount of primes.
However it is true that there are no reasons to support this conjecture other than
numerical experiments. We also have the conjecture below which concerns general
totally real finite algebraic number fields K. The conjecture below is an immediate
consequence of the Vandiver’s conjecture when K = Q(¢,)™".

CONJECTURE 3.26 (Greenberg’s conjecture). Let K be a totally real finite al-
gebraic number field. Then we have AN(K°) = u(K°) = 0. In other words, X ey
is a finite abelian group.

This conjecture originates from a question on the existence of a totally real
finite algebraic number field K with A(K%°) = p(KZ) > 0 as is discussed in the
end of §11 of a celebrated paper [63] by Iwasawa. This problem was proposed for the
theme of the PhD thesis of Ralph Greenberg by his thesis advisor Iwasawa. Since
this problem was discussed in the first page of Greenberg’s paper [33], which was
based on his PhD thesis, the problem is finally now known as a conjecture which

9Since [K’ : K] is a power of p, we have §x/ = 05 .
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insists the nonexistence of such a totally real field. When K is a real quadratic
field, various active attempts on this conjecture were done to give some criteria to
check the validity of the conjecture or some numerical examples. However we have
not yet proved the conjecture even for real quadratic fields and we do not find any
counter-examples.

3.2. Analytic aspect (p-adic L-function)

As before, we set I'cye = Gal(Qx/Q) and we denote by O the ring of integers
of a finite extension of Q,. Throughout the book, we will denote by Acyco the
Iwasawa algebra O[[I'cyc]] (we will denote Acyez, by Acye for short). The aim of
432 is to construct a p-adic L-function in Acyc,0 which interpolates the special
values at negative integers of a Dirichlet L-function in Theorem For Theorem
B30, we will give two different proofs, the one by Iwasawa’s construction based on
Stickelberger element (see §3.2.3) and the one by Coleman’s construction based on

cyclotomic units (see §3.2.4]).

3.2.1. Main statement on analytic p-adic L-function.

DEFINITION 3.27. (1) Let M be a natural number. A map n:Z — C is
called a Dirichlet character modulo M if the following conditions hold:
(a) For a,b € Z satisfying a = b mod M, we have n(a) = n(b).
(b) For any a,b € Z, we have n(ab) = n(a)n(b).
(¢) We have n(a) # 0 if and only if (a, M) = 1.
(2) Let 7' be a Dirichlet character modulo N and M a natural number divis-
ible by N. Then a map 7 defined by

_Jn'(a) when (a,M) =1,
(@) = {0 when (a, M) # 1,

is a Dirichlet character modulo N. Then we say that the character 7 is
induced from 7’.

(3) Let n be a Dirichlet character modulo M. If 5 is not induced from any
other Dirichlet character " modulo N with N < M, 7 is called a prim-
itive Dirichlet character and M is called the conductor of n. If 7 is
a nonprimitive Dirichlet character, there is a unique primitive character
1o which induces the character . We call the conductor Ny of 7y the
conductor of 7.

(4) We define the trivial Dirichlet character 1 to be the map 1 : Z — C
defined by 1(a) =1 for any a € Z.

REMARK 3.28. Recall that there is a canonical isomorphism Gal(Q(uar)/Q) —
(Z/MZ)* for any natural number M (see Proposition ] for the proof of the case
M = p" and Remark for the general case). Through this isomorphism, we have
a natural identification as follows:

{Dirichlet characters modulo M } <~ {characters of Gal(Q(u1s)/Q) valued in C*}.

When n and 7’ are Dirichlet characters modulo M, the product nn’ is defined
by setting (nn')(a) = n(a)n’(a). With this product, the set of Dirichlet charac-
ters modulo M naturally becomes an abelian group whose identity element is the
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Dirichlet character 1y defined by

)1 when (a,N) =1,
1n(e) = {0 when (a, N) # 1.

We would also like to consider the product nn’ when 1 and 7’ are primitive Dirichlet
characters modulo different natural numbers M and M’ respectively. However, the
natural product nn’ defined in the same way as the above product is naturally a
Dirichlet character defined modulo LCM (M, M’) but not necessarily primitive even
if n and n’ are primitive. In order to give a structure of an abelian group on the
set of all primitive characters, we recall the following lemma.

LEMMA 3.29. Suppose that m (resp. n2) is a Dirichlet character modulo M,
(resp. Ms). Take a natural number M which is a multiple of both My and Ms.
If the Dirichlet character modulo M induced from 11 coincides with the Dirichlet
character modulo M induced from nq, there exists a unique Dirichlet character ng
modulo GCD(My, Ms) such that n; and 1y are both induced from ng.

For primitive Dirichlet characters n and 1’ whose conductors M and M’ are
not necessarily equal, we first consider the product ﬁ??’ of Dirichlet characters 1 and
7' defined modulo LOM(M, M’) induced by n and 1’. Then we define a product
of n and 7/ to be the primitive Dirichlet character associated to 77/. Lemma
assures that this product gives a well-defined structure of a group on the set of all
primitive Dirichlet characters. The verification of this fact is left to the reader as
an exercise.

From now on, we only consider primitive characters and the product between
two primitive Dirichlet characters are taken in the above manner. When 7 is a prim-
itive Dirichlet character, we define the Dirichlet L-function L(7, s) by the following
Dirichlet series

_ N (n)
L(ns) =)~
n=1
which is also equal to the following Euler produc@:

L(n,s)= [[ (t=n0)e*)~"

£:prime

in its domain of absolute convergence Re(s) > 1. When 1 # 1, this series is conver-
gent at Re(s) > 0. As is proved later in Theorem B.36 L(n, s) is meromorphically
continued to the whole C-plane (see [80, Chap. VII Theorem (2.8)] for example).
When 1 # 1 is holomorpihc at the whole C-plane. When n = 1, L(1,s) coincides
with the Riemann’s zeta function ((s). The function {(s) has a simple pole at
s = 1 and it is holomorphic for s # 1. As we will show in Theorem [3:36] we have
L(n,j) € Q for any Dirichlet character  and for any integer j < 0.

From now on throughout the book, for a Dirichlet character v, we denote by
Z,[y)] the subring of @p obtained by adjoining the values of 9 to Z, and we denote
by Acyc,y the Iwasawa algebra Zp[1][[Icyc]]. Note that Acyeq1 is nothing but Acye.

101n fact, we can define L(n, s) for any non primitive Dirichlet character n modulo M in the
same way as above. However, L(n, s) can be obtained from L(no,s) by removing Euler factors at
primes ¢ dividing M and not dividing M. Thus, essentially, it will be sufficient to study the case
of primitive Dirichlet characters.
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We now state the following theorem obtained by Kubota—Leopoldt, Iwasawa,
Coleman et alt].

THEOREM 3.30 (Kubota—Leopoldt, Iwasawa, Coleman et al). Let ¢ be a prim-
itive Dirichlet character of conductor Np® where N is a natural number prime to p
and e is an integer which is equal to 0 or 1. We assume that ¢ is an even Dirichlet
character (i.e. (—1) = 114, Then, there exists a unique element

Acycﬂl,l when ¥ # 1,
Lp(v) € ———Agye whenyp =1,
Y — Reye (’7)
which satisfies the following equality:

a0 ey = (1- P et )

for any integer r > 1 and for any @; -valued character ¢ of U'eye of finite order
such thatr #1 or ¢ # 1 if o = 13, Here, v is a topological generator of I'cyc and

1

we note that the module T@)Acyc 1s independent of the choice of a topological
cyc

generator vy of I'cyc.

As we commented at the beginning of §3.2] we give some necessary preparations
at §3.2.2] and at the beginning of §3.2.31 Then we give a proof of Theorem B.30 at
the end of §3.2.3] and another proof at the end of §3.2.41

REMARK 3.31. Let us choose a topological generator v of I'cyc s0 that Keye(y) =
1+ p and we fix an isomorphism Acyey — Zp[][[T]], ¥ — 1+ T. Note that we
have the following commutative diagram:

TRy (Y)
e

Acyc,w Zp W]

| |

T Sy Tl

LEMMA 3.32. Let A(T) € Z,[¢][[T]]. Then, we have

AD)|r=(14p)r—1 = A(T)|T=(1+p)T/—1 mod p"*!

forr =1" mod p".

11The result by Kubota—Leopoldt is the oldest, but the one constructed by Kubota—Leopoldt
is not an element of Iwasawa algebra and it can not interpolate the specialization by finite char-
acters ¢ as stated in Theorem [3.30] below (see Remark (1) for more precise explanations).

12When 1 is an odd Dirichlet character (i.e. )(—1) = —1), the values in the right-hand side
of B is zero for any ¢ and for any r. Thus, by the identity theorem (Proposition 2221]), an
element L (1)) satisfying the interpolation property (3.7) must be zero. For a Dirichlet character
' whose conductor is divisible by p?, we get an element Ly(¢’) with desired interpolation by
modifying Ly (¢) for ¢ whose conductor is not divisible by p2. Hence, the restriction on the
conductor of 1 is not essential.

13Let us denote by (Fcyc)pn_1 the kernel of ¢. Then, Fcyc/(Fcyc)pn_1 is a quotient of
Gal(Q(ppn )/Q) which is canonically identified with (Z/p™Z)* by the class field theory. We thus
regard ¢ as a primitive Dirichlet character of conductor p™.
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PROOF. By the binomial expansion, ((1+p)" —1)—((1+p)” —1) is divisible by
p L if r—7/ is divisible by p™. Hence, for any i > 0, ((14p)" —1)i—((1+p)" —1)% is
divisible by p"t! if r — ¢/ is divisible by p™. This implies the desired conclusion. [

By the interpolation property of L, (1) given in Theorem [B.30] combined with
Remark .31l and Lemma 3.32] we have

(3.8) (1 - M) Lpw ™", 1—7)

plfr
= (1 - e D) (p)> L™ 1= 1') mod p"+!

for any positive integers r, 7’ such that » =’ mod p”.

REMARK 3.33. (1) As we will prove in Theorem [330] special values of
Dirichlet L-functions are expressed by using generalized Bernoulli num-
bers. By Theorem B30 and the equation ([B.)), we have

(3.9) (1 _ ww)(p)) By s

plf'r r

wwirl p Br’, w—r’ n
= (1 - ( pl_r),( ) ;f’/ mod p" !

for any positive integers 7,7’ such that r = r’ mod p™. Such p-adic con-
gruence relations between Bernoulli numbers go back to Kummer. Con-
versely, such p-adic congruence relations allow us to construct a p-adic
L-function. In fact, it was Kubota—Leopoldt [65] who constructed a p-
adic L-function first through the study of p-adic congruence relations of
Bernoulli numbers. However, p-adic L-functions obtained in [65] is not
exactly the same object as that of Theorem B30l In fact, [65] proves that,
for each character ¢, there exists a p-adic analytic function f(1¢,s) for
variable s € C,, (contained in a certain domain of convergence) satisfying

FWo,1—r) = (1- L0 L(gow,1—7)

for any integer r > 1. If we assume the existence of L,(¢) € Agyec,y
stated in Theorem B30} we obtain f(1)¢, s) for each character ¢ by setting
F@Wo,s) = x50 (Lp(1)). On the other hand, it is not possible to obtain
Ly(1) € Acye,y assuming the existence of f(1¢,s) for every character ¢.
In this sense, Theorem [3.30lis stronger than the original result of Kubota—
Leopoldt [65].

(2) In order to formulate the Iwasawa main conjecture, it is convenient to for-
mulate a p-adic L-function as an element of Iwasawa algebra. Especially,
if our setting is generalized to “Iwasawa theory of p-adic Galois deforma-
tions” discussed in Part IIT of the book, the language of the characteristic
ideal and the Iwasawa algebra is more appropriate to discuss the Iwasawa
main conjecture. Also, the formulation of the p-adic L-function L,(¢) as
an element of Iwasawa algebra allows us to specialize at finite characters
¢. For these reasons, throughout the book, we do not take the formulation
of a p-adic L-functions as a p-adic analytic function on a certain p-adic
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domain as in Kubota—Leopoldt [65], but we only take the formulation of
a p-adic L-function as an element of an Iwasawa algebra.
(3) As for Ly(3) in Theorem B30, we have (v — Keye(7))Lp(1) € A, when

1 = 1. We will verify this by the interpolation property. In fact, since

the numerator of L(w™",0) = 2377w~ (a)a is a p-adic unit, we have
_ 1
L), = 260, = |1
Plp

On the other hand, we have

11(7 = Keye(V)|p = 1 = Keye(V)]p = [Plp-

Hence, we have |1(y—keyc(7)Lp(1))]p = 1, which implies (y—keyc (7)) Lp(1)
€ AX

cyc*

3.2.2. Bernoulli number and special values of Dirichlet L-function.
Let us recall some basics on Bernoulli numbers and on special values of Dirichlet
L-functions.

DEFINITION 3.34. For each nonnegative integer r, we define the r-th Bernoulli
number B, to be the constant term of r-th derivative of —*5. That is, they are
rational numbers satisfying

(oo}

r
z z
et —1 ZBTE'

r=0

Similarly, for a Dirichlet character n of conductor N and for each nonnegative
integer r, the r-th generalized Bernoulli number B, ,, is defined to be an algebraic
number satisfying

N n(i)ze” & z"
(3.10) IRETS PYIUC o W
i=1 r=0 !
REMARK 3.35. (1) When 7 is equal to the trivial Dirichlet character
1, we have
al n(i)zet* ze* .
= = z.
izleNz—l e#—1 e*-1

This equality implies that we have B, ; = B, for r > 2. Hence, we can
say that generalized Bernoulli numbers B, ,, are natural generalizations of
usual Bernoulli numbers B,..

(2) We see that f,(—z) = n(—1)f,(2) from the definition of f,(z). By
observing the right-and side of (810), we have B, ,, = 0if (—1)" # n(—-1).

Let us recall the following expression of the special values of Dirichlet L-
functions, which is used essentially in the construction of the p-adic L-function

Ly ().

THEOREM 3.36. For any primitive Dirichlet character n, L(n,s) is meromor-
phically continued to the whole C-plane. Moreover, L(n, s) is is holomorpihc at the
whole C-plane if n # 1. For any integer r > 1 and for any primitive Dirichlet
character n satisfying n(—1) = (=1)", we have L(n,1 —r) = —Zz2

r
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PROOF. Let logz be a branch of the logaritmic function on the complex plane
C with the branch cut on Rs. We consider a path S, in C on which z € C moves
as indicated in the image below, along P, C,, and P

Ce ‘ R

where
P: the path (+00, €) on the upper branch,
— C¢: the anticlockwise path along the circle of radius € centered at z = 0,

— P : the path (e, +00) on the lower branch.
Let s € C and let us assume that Re(s) > 1 for the moment. Then, we have
lim [, fy(2)z°"2dz = 0 since f,(z)z°? as no pole at z = 0 as a function on z.
This implies that 21_{1(1) fsé [n(2)2572dz = 11_1)% fP:”rP: fn(2)2°72dz. Note that

Zsflef(anz)de — . / Nn—i s—1 *(N" Z)Zd Nn —1)z
/0 o )« )2) ( )2)

= F(S)ﬁ7

and recall that we have
N oo .
(=)
_ v
D) DRI
1=1n=1

for Re(s) > 1. Hence, we have

s—1 iz

o N
lim/ fa(2)2°2dz = (e27V=Ts 1)/ Z %dz
; 0 =1 B

=0 /g
N
:(_1)r(62wﬁs_1)zn / Z s—lo—(Nn—i)z g,
i=1

= (=1)7(e*™Y T — )T (s) L(n, ),

where N is the conductor of n and the infinite sum and the integral in the second
line is checked to be exchanged. Since L(7, s) is meromorphically continued to the
whole C-plane, we have the following equality when s moves in the whole C-plane

by the identity theorem:

(3.11) lim/ fo(2)2°"2dz = (=1)" (™71 — )T (s)L(n, s).

e—0 S
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Let us evaluate the equality [B.I1]) at s = 1 — r where r is a positive integer. Since
e2™V=ls =1 at s =1 —r, we have

1im/ fn(2)252dz = 1im/ fn(2)2°2dz.
S. e—0 C.

e—0

Applying Cauchy’s residue theorem, we have

B,

(3.12) / fa(2)2' 772z = =1 x 21/~

C. T
We also recall that I'(s) has a simple pole at s = 1 —r with residue % Hence,
we have

2my/—1
: 2m/—1s _ — (1)1 _

(3.13) sgrlrlr(e DI (s) = (-1) Ik
We complete the proof by putting B11)), B12), BI3)) altogether. |

For the later use, we will formulate a result of Theorem [3.36]in a different way
as follows.

COROLLARY 3.37. For any natural number r > 1 and for any Dirichlet char-
acter n satisfying n(—1) = (=1)", we have

3

z=0

Lo1-n=-1 (£) 5

r \dz

where fy is as defined in (B10).

ProOOF. We have (d%)r fn(z)‘ = B, , by the equation (B.I0). This implies
z=0
Theorem [3.36] immediately and we complete the proof. ]

3.2.3. Construction of p-adic L-function a la Iwasawa. Inspired by the
work of Kubota—Leopoldt [65], Iwasawa [50] gave a very clear construction of the
p-adic L-function of Theorem [3.30 by using Stickelberger elements (see also a book
[61] by Iwasawa for this construction).

Let N be a natural number such that (N,p) = 1. Throughout Section B.2.3]
we put Ty, = Teye/(Deye)? s @n = Np"™' and ¢ = 1 + Np. By ¢, we will denote
a primitive Dirichlet character of conductor Np® (e = 0 or e = 1). We denote by
Keyen * I'n — (14 pZy)/(1 + p™Z,) the restriction of the isomorphism Xcyc,n
Gal(Q(upn)/Q) — (Z/p"Z)* to the p-Sylow subgroup.

DEFINITION 3.38. We define an element =, (¢) € Q[w™!][T,] to be

1
En(@) =—— > (i) ym (i)
n 0<i<qn
(i,Np)=1

=—— > i ) (@)
n 0<i<qn
(i,Np)=1
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where () denotes the projection map ( ) : Z,; — 1+ pZj, to the pro-p part and
Yn(i) € 'y, denotes the inverse image of (i) mod p" € (1 + pZ,)/(1+ p"Z,) via the
isomorphism Keye,p : I'n — (1+pZp)/(1+p"Zy,). We call Z,,(1)) a Stickelberger
element .

Note that we have Q[yw!][[',] C Q,[¢][[',] since the values of w are contained
in Q,. Later we will regard =, (¢) as an element of Q,[¢][I',].

LEMMA 3.39. Let ¢, N and e be as we set at the beginning of this subsection.

(1) We have (yn(c) — ) En () € Z[pw™H[Tn).

(2) We have Z,,(¢) € Z[pw ™ [[y,] for o # 1.

(3) When(—1) =1, E,41(¢) is mapped to =, () via the natural ring homo-
morphism Qw1 [Tyy1] — Qw[[,] induced by the quotient map
PnJrl - Pn

PROOF. (1) Since v,(c) € T, C Z[pw™1][T,]%, it suffices to show that
(3.14) (1= cmm(e)™h) - Ea(®) € Z[gw ™ ][Tn]-

Since (Yw™1)(¢) =1 by the choice of ¢, we have

(1- C’Yn(c)il) “En(¥)

1 . N N 1 L 1. N

=— > ie(pw (i) ymlic) = — Y ihw (D))
In 6Sicqn In yZizq,
(i,Np)=1 (i,Np)=1

For each integer i satisfying 0 < ¢ < ¢, and (i, Np) = 1, we denote by SE") and tgn)
unique integers satisfying ic = sgn) + qntz(»n), 0< sgn) < @n and (sgn), Np) =1. This
correspondence gives us a bijection:

(3.15) {0<i<qpn|(i,Np)=1} — {0 < sz(") < gn (sgn),Np) = 1} .
This fact combined with the above calculation implies

(3.16) (L= cm(@™) Zaw) = Yt gw ™ (ic)ymlic) .
0<i<qn
(i,Np)=1

Since the right-hand side of ([B.18]) is an element of Z[w~!][T,,], we complete the
proof of the assertion (1).

(2) By putting Ay, = (Z/NpZ)*, we have (Z/¢,Z)* = Ay, x T',,. For each
integer ¢ satisfying (i, Np) = 1, we denote by §(i) € Ay, the image via Z —
Z/NpZ. We remark that, for integers i, satisfying 0 < 4,4’ < g, we have ~, (i) =
Y (i") in T, if and only if we have (i) = (¢') mod ¢,, in Z,. We can also check that
we have (i) = (i) mod g, in Z, in and only if we have w1 (i) = i'w=1(i’) mod gy

14Recall that we are assuming that the fixed prime number p is odd for simplicity throughout
the book. The construction in the case p = 2 works in the same way except that we need some
minor modifications. See [51], [I17), §7.2] for the precise statement for p = 2.
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in Z[¢][w]. Thus we have
M) == D (D))

0<i<qn

(i,Np)=1
=-[ > > w0 || X X w@w)T| moda.
€T, 0<i<qn €A N, 0<i<qn
Tn(1)="7 4(i)=0

By the assumption ¢ # 1, we have > o, ;. (i) = 0, which implies =, (¢)) €
Zy[pw™1][[',] and complete the proof of the assertion (2).

(3) Note that the inverse image of the element ~,(i) € T, via the surjec-
tion I'y41 — T,y is equal to the set {v,4+1(¢ + j¢n)}o<j<p—1. Hence, the image
of Z,11(¢¥) € Qpw™1][[,41] via the surjection Q[pw™1|[Tpi1] - Qpw=t][l,] is
equal to

1 =

> (it dgn)dw ™ (D))
J=0 0<i<qgn
(i,Np)=1

= Z > atw (@) yn (i)

q"+1 =0 0<i<qn
(z Np)=1

=En(¥) - Z w ™ () (1)
0<i<qn
(i,Np)=1

Qn+1

By the assumption that v is a even character, 1w ™! is an odd character. Hence, we
have (Yw™1)(i) = —(¢w™1)(gn —14). On the other hand, we have 7,,(i) = v (qn —1).
This implies that the second term of the last line of the above calculation is equal
to 0. We thus complete the proof of the assertion (3). O

LEMMA 3.40. Let r be a positive integer, 11 a primitive Dirichlet character such
that n(—1) = (—1)". We assume that the conductor of n is of the form Np® with s a
nonnegative integer where N is a positive integer prime to p and s is a nonnegative
integer. Then we have the following equality in Q,[n):

lim Y @i = (1= np)p ) By

PrOOF. For each nonnegative integer r, we define the Bernoulli polynomial
B, (X) € Q[X] as follows:

(3.17)

r=0

We have B,.(1) = B, for every r > 2. If the conductor N of a Dirichlet character n
divides a natural number M, we claim the equality

(3.18) B, = M”in(i)Br (ﬁ)
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in Q[n] for every nonnegative integer r. In fact, if we substitute X = LM, z=Mz
in (BI7) and we multiply it by n(¢) on the left-hand side and the right-hand side,

we obtain
,'7( _ M" 1.r
B =0 (57)

for each i. If we add them for i =1,... M we obtain

Mrlr
ST ()

in Q[n][[z]]. Since B, , is the coefficient of % in the left-hand side of the above
equality, (BI]) follows by comparing the coefﬁcients of T in the both sides. On
the other hand, note that we have —%7 = >"°° B, Z- and eX* = 3°°0 /X" in the

left-hand side of ([BIT). By comparing the coefﬁment of i r in both sides of (3.17),
we have

(3.19) B.(X) = Z (;) B; X"

3=0
By combining (BI8)) and ([BI9]), we obtain
'7"71 r—2
r—1 r(r—1) i
B,y =M 277 < M_1B1+ 5 Mr—2B2+"')'

Recall that the theorem of von Staudt and Clausen stated in §I.2says that the prime
number p divides the denominator of Bernoulli number B; at most once for every j.
Recall that Cond(n) is of the form Np® and we have n > s and ¢, := M = Np"*1.
Hence, we have the following congruence

an
an
(3.20) rn_Zn (——rz 1) mod?

in Z[n]. Since n(—1) = (—1)", we have

r—1

n(i)i =gy — 1) (g, —9)""" mod g,

and hence,
Zn i"'=0 mod gq,.

This implies that the contrlbutlon of the second term of ([B.20) is zero and we have
deduced

By multiplying 1 — n(p)p" ! on both sides, we obtain
qn—1
r— N (i \T g
(3.21) (1 -np@p <Z77 i — Z n(pi)(pi) > mod ;n
=1

Taking the projective limit with respect to n of this equality, we complete the
desired equation. in Q,[7)]. O
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Let us return to the proof of Theorem [B.30

ProoF OF THEOREM B30l Let us define L, (1)) to be

(3.22) Ly(®) = [m, (1),
By Lemma [3.39] we have
Acye when ¢ # 1,
L,(¢) € 1

—— Ay when ¢y =1.
Y= ’fcyc('Y) v

We will show that L,(1) satisfies the desired interpolation property (3.7). Let ¢
be a finite order character of I'cy.. Further, when we have » = 1 and ¢ = 1, we

assume that ¢ # 1. Let us calculate the value (k1,7 ¢)(L,(¢)). Let sgn), tgn) be the

cyc

symbols which appeared in the proof of Lemma and let us define y(c) € T'eye
to be v(c) = @1"7"(0) for c=1+ Np. By 3I0) and B22), we have
(3:23) Ky @ (1 —ev(e) ™) Ly(¥))
= Z tgn)ww_rqb_l(ic)(ic)r_l mod ¢,.
0<i<qn
(i,Np)=1
On the other hand, for any integer satisfying 0 < i < ¢,, and (¢, Np) = 1, we have
(3.24) (ic)" = (sgn) + tgn)qn)r = (sl(-"))r + r(ic)’”_ltl(-")qn mod ¢?.
Hence, we have
Fnkeye @ (1= ey(€) ™) Lyp(¥))
= Z r(ic)’”*ltl(»n)qnwwf’”qb*l(ic) mod ¢

0<i<qn
(i,Np)=1
= > (G0 = (")) vw 6 (ic)  mod ¢}
0<i<qn
(i,Np)=1
=gw o )" Y dw e (@)
0<i<qn
(¢,Np)=1
= >0 e )T mod g}
0<i<gn
(i,Np)=1
=—(1—yw "o (o)) Y $w ¢ (@)i" mod g
0<i<qn
(i,Np)=1

Here, the first congruence is nothing but ([3:23)) multiplied by r¢,, on both sides. The
second congruence follows from ([B.24]). For the third congruence, we note that we
have Yw "¢ 1(ic) = wwfrgﬁ*l(sgn)) since ic = sgn) mod ¢,. The last congruence
follows from the bijectivity of ([BIH]).
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By dividing both sides of the above congruence by rgq,x Cyc "o(1 —cy(e)™t) =
7qn (1 — Ypw= "¢ (c)c") 19, we obtain the following congruence

1— . q
(Keye @) (Lp(¥) ———n > ww e @) mod .
0<i<gn
(i,Np)=1
By taking the limit n — oo of this congruence, we deduce the following equality in
Q,, for any integer r > 1 and for any finite order character ¢ of I'cy.:

(Keye 9)(Lp(¥)) = —(1 — T/Jw”qb’l(p)p’”’l)%Br,wrw

=1 —ygw ¢ (p)p LYW e 1= 7).
Here, we note that the first equality is obtained by applying Lemma B340l for n =
Yw "¢~ ! and the second equality is obtained by applying Theorem for the
same character n. This completes the proof of Theorem a

3.2.4. Construction of p-adic L-function a la Coleman. In this subsec-
tion, we will obtain another proof of Theorem and construct p-adic L-functions
L,(¢) by applying the theory of Coleman map to the system of cyclotomic units.
This another construction is important because this method leads to the proof of
the Iwasawa main conjecture using the Euler system of cyclotomic units (see §3.3.3)).
We also remark that the method of proving the Iwasawa main conjecture by the
theory of Euler system and the theory of Coleman map is quite valid when we study
the Iwasawa main conjecture for more general Galois deformations. We will discuss
this in the second volume of the book.

Let N be a natural number such that (N,p) = 1 and let us put Ay

I

Gal(Q(¢n)/Q), Ap = Gal(Q(¢p)/Q). Note that we have Gal(Q(Cnpn+1)/Q)
AN x Ap x Teye/ ( eye)? " as well as the following ring isomorphism:
pl(p)

where p runs through the primes of Z[({y] over p and ZTQ;}F denotes the completion
of Z[¢n] at p. The group Ay acts on ([B.25]) and both sides are free Z, A ny]-modules
of rank one. On the other hand, we have the following ring isomorphism:

(3.26) Z[Canrl] X7z Zp = Zp[cpr,L+1].

The group Ay xTeye/ (Fcyc)p" acts on ([3.26)), but these modules are not free Z,[A, x
Leye/(Teye)?” J-modules in general. In fact, they are free Z,[A, x Teye/(Teye)?” |-
modules only when n = 0 (tamely ramified case).

Recall that w,(Z) = (14 Z)?" — 1 and we have an isomorphism

(3.27) [T ZienT, [12))/ (wn(2)) = T] Znl,[Cr]

pl(p) pl(p)
where Cp» is a C}ﬂic\group of order p™ gwted by 1+ Z with Z :iZ\mod wn(2).
Let [aln : Ty () ZICN], [Cpn] — le(p)Z[CN] [Cpn] be the [, Z[Cn],-linear en-
domorphism of the group ring H [C N],[Cpn] extending the group morphism
Cpn — Cpn, g g%, Let Geye = Ap X Fcyc

15Note that we have ¢(c) = 1 and w(c) = 1 since ¢ = 1 + Np.
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Below, we define some important operator@.

DEFINITION 3.41. (1) For any a € Z,, we define [a] : Hp‘(p)Z/[QF]p[[Z]]%

Hp‘(p)mp [[Z]] to be the endomorphism obtained as the projective limit

of [a],, defined above. Here we recall that we have [, Z[(n],[[Z] =

@nnp‘(p)Z[CN]p[[Z]]/(wn(Z)). The map [a] is an injective [, Z[(n],-
linear map which sends Z to (14 Z)* — 1.

(2) Let o be the map on the coefficient ring/]&up)Z[(jN]p — [ ZICn],
which sends ®1 € Z[(n]®2Zy = [, Z[CN], to froby,(2) @1 where frob,

is the p-th power frobenius element in A . We define ¢ : Hp‘(p)Z/[C;]p 2]

o —

— IT ) 2w, [12]] to be ¢ = o0 [p] = [p] 0 o [,

(3) We define a le(p)Z[CN]p—linear action of the group Geye on
Hp‘(p)Z[CN]}J[[ZH by Setting g - (1 —+ Z) = (1 + Z)chc(g) fOI- g c GCyC-
By the operator o defined above, this action is extended to a Hp\(p)Z[CN]p'

I

semilinear action of the group An X Geye = AnpxLeye on [ ) Z[CN], [[Z]]-

PROPOSITION 3.42. Let G(Z) € le(p)mp[[Z]}. Then there exists an ele-
ment H(Z) € le(p)mp[[Z]] such that G(Z) = [p|(H(Z)) if and only if we have

—

G(2) = G+ 2Z) = 1) in ] 2N, [G[Z]) for any € € pp.

PrOOF. The necessity is clear. We will prove the sufficiency. Recall that the
map [p] is the projective limit of

(3.28) Pl = T 2IewT, 10 ] — [T ZICnT,[Cpr]
pl(p) pl(p)
induced by Cpn — Cpn, x +— 2. For a given G(Z) € Hp\(,,)Z/[Q?]p[[Z]], we denote

G(Z) mod w,(Z) by G,(Z) for any natural number n. Since 1 + Z is a generator
of Cpn through the isomorphism (B:27), we have the following expansion

(3.29) G.(Z) = Z_: a;(1+2)" € [ ZIcwl, [Cp).
i=0 ol(p)

—

It is easy to see that there exists an element H,(Z) € [[ ) Z[¢n],([[Z]] such
that G, (Z) = [p]n(Hn(2)) if and only if we have a; = 0 for any ¢ with p { 7 in
(329). We can also check that the last condition holds if and only if G,,(Z) =
Gn(¢C(1+ Z) — 1) holds for any ¢ € u,. Suppose that we have G(Z) = G(((1 +

—

Z) = 1) in [[,,) 2], [G][[Z]] for any ¢ € pp. Then, for each natural num-
ber n, there exists a unique element H,(Z) € Hp‘(p)ZTC;]p[[ZH/(wn(Z)) such

16See the paper [16] by Coleman for the definitions of these operators in a more general
setting.
171t is clear by definition that [p] commutes with o.
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that G,(Z) = [pln(Hn(Z)). Since {H,(Z)}n>1 is a projective system, we put
H(Z) = l&nnﬁn(7) By construction, H(Z) satisfies G(Z) = [p](H(Z)). This
completes the proof. O

PROPOSITION 3.43. (1) There exists a unique continuous multiplicative

homomorphism Nr : T[Ty, Z[Cn1, [[Z]] — Ty ZICn1, [[Z]] which is char-
acterized by the following equality:

(3.30) ([p] o Nr)( = [[Fca+2) -1
CEpp

(2) There exists a unique continuous additive homomorphism

TYHK)CN _>H|< a4l

which is characterized by the following equality:

(3.31) ([Pl o Tx)(F(2)) = Y _F(C1+2)-1).

CEpp

REMARK 3.44. Let us define a submodule P C Hp‘(p)(@p[[Z]] with

I1,, Zexl iz c P

to be

P = {G(Z):ao+a1Z+...€ H(QT—(C\N)p[[Z]} na, € Hmp VYn >0, p|a0}.

pl(p) pl(p)

It is known that the operator ¢ and the operator Tr on Hp‘(p)Z/[C;]p[[ZH obtained
in Proposition[B.43| (2) are extended to the operators ¢ : P — P and Tr : P — P
respectively. This fact is used later in the proof of Theorem but we do not
prove it here. For the proof of this fact, we refer the reader to [87, §1.1].

PROOF OF PROPOSITION [3.43] As in the proof of Proposition B.42] we apply
the argument of taking modulo w,(Z). For each n, le(p)mp[[Z]]/(wn(Z)) is
a free Im([p],)-module of rank p generated by 1,1+ Z,..., (1 + Z)P~1. Hence,
le(p)mp[[Z]] is a free Im([p])-module of rank p generated by 1,1+ Z,...,(1+
Z)P~1. Thus we can define the norm map and the trace map of Hp‘(p)mp[[Zﬂ

regarded as a free Hp‘(p)Z/[&;]p [[Z]]-module of rank p via the map [p]. The equations
B30) and B3T)) are nothing but the definitions of the norm map and the trace
map. Since the map [p] is injective they are also characterizations of the norm map
and the trace map respectively. This completes the proof. ([l

DEFINITION 3.45. We define le(p)mp—semilinear endomorphisms N, 7 of
[T, 1) 2], 1)) by N = 0~ o Nr = Nroo!, T =~ o Tr = Tro o

18Note that the notation used in [87] is not exactly the same as the notation of this book.
For example, the symbol Tr of this book is equal to @ oo of [87] with a operator 1 defined in [87].
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Similarly as in Proposition B.43] the endomorphisms A, 7 are characterized
by the equations:

((poN HF 1+Z —1)
(EHP

(o T)(F ZF C(1+2)-1).
CEMp

For each natural number n, we denote by Nrjy;, the natural norm map
le(p)mp [Cpn+2] — le(p)mp [Cpn+1]. Throughout the section, we fix a sys-
tem of primitive p"*!-th roots of unity ((,n+1)n>0 such that CZ’)’HQ = (prr1 for each
k > 0. In general, a system of units (u,)n>0 of u, € le(p)mp [Cpn+1]™ such
that Nrgjq k(ugs+1) = ug for each k > 0 is called a norm compatible system.
For example, (uy)n>0 = ({pn+1)n>0 is a norm compatible system.

The following result due to Coleman plays an important role to construct a
measure from a norm compatible system of units.

THEOREM 3.46 (Coleman). There exists a unique An X Geyc-equivariant group
isomorphism:

Col : hmH ZgN [Cpn1]™ H Z(N W= Fy(2),

™ pl(p) pl(p)
which is characterized by the property Fg '(kaﬂ — 1) = uy, for every k > 0 where
u = (un)n>0 € Jm TIp ) ZICN],[Cpn]™

PRroOF. For each natural number k, we consider the surjective ring homomor-
phism

(3.32) T Zicw1, [12)) — T] ZICw,[Gpmsi)s F(2) = F7 " (Guon — 1).
pl(p) pl(p)
The kernel of this map is a principal ideal generated by ¥, i1 (Z2) = %1%)
Now, for each natural number £, let us take a polynomial G(Z) € Z[(n],[Z]
such that G”ik(Cle —1) = uy. In fact, for each component Q({n), = mp ®zQ

of (le(p)mp) ®zQ, the extension Q((n)p(pr+1) is totally ramified over Q({n )y
and (yr+1 — 1 is a uniformizer of the discrete valuation field Q({x)p(Cyr+1). Hence,

the existence of polynomials G.(Z) is clear. We put Fy,(Z) = N*(G2r(Z)). Then,

we have
k k

FY (G — 1) = N*(Gg, (G =)
H G3. " (CGpornn — 1)
CEMLk
= Nrog 1 (uz2k)
= Ug.-

Here, the first equality is nothing but the definition of F' and the second equality
is the definition of AV. For the third equality, we note that the conjugates of (,2r+1

under Gal(Q(CN)p(Cp2k+1)/Q(CN)p(Cpk+1)) are {Ccp2k+1 | (e /,ka}.
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First, we claim that

N(Gar)
Gox

(3.33) =1 mod p.

To prove this, we note that

GS, (C1+2) -1 B
[v] (N(sz(Z») _ cgp sy (G5 (2))
Gar(2) Gor((1+ Z)P — 1) Gor(27)

mod (¢, — 1).

L —

Since we have ({, — 1) N Hp‘(p)ZTC;]p = (p)I1y(p)ZICN],, this congruence implies

N(Ga(2)\ _ (Gg, (2))P
M( G2§]ZZ) )Z GQkk(Zp)

Because the endomorphism on Hp‘(p)mp [[Z]]/(p) induced by [p] is injective, this
proves the congruence ([B.33)).
Next, we claim that

= 1 mod p.

J\/‘2k:—n(G2k) A

3.34 — =% =] mod p**!

(3.34) N (Gap) p

for each nonnegative integer satisfying n < k. To prove this, we note that we have
Ni+l(G2k)

oy = 1 mod p (i =0,...,k —n) by applying the same argument as the

proof of (333 replacing Gar by N (Gaz), ..., N*""1(Gy). Taking a product of
141

all % fromi=0toi=k—n—1, we obtain

NF=7(Gay)

(3.35) G

= 1 mod p.
Let us take an integer [ > 1 and a power series H(Z) € Hp‘(p)mp[[Z]] such that
H(Z) =1 mod p'. Then we show that

PN (H(2) = [T HT (€1 +2) —1) = 1 mod (¢, — 1)
CEpp

—

by the same argument as above. Since we have ((, — 1)p' N I ZEN], =

—

(p”l)le(p)Z[CN]p, this implies that
[PI(N(H(Z))) = 1 mod p*.
We thus showed that
(3.36) N(H(Z)) =1 mod p'™" when H(Z) =1 mod p'

because the endomorphism on le(p)mp[[Z]]/(pl+l) induced by [p] is injective.

We complete the proof of the congruence ([B:34]) by applying ([B.36]) successively to
H(Z) = NET™(Gar) NP7 H(Gar) G (279
- Gap. b N(Gag) 00 NESI(Gag)
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Now, we claim that

(3.37) Fi(Z) — Fy_1(2) € (p, Z)* for each k.
To prove this, we divide Fy(Z) — Fr_1(Z) by ¥, (Z) as follows
(3.38) Fi(Z) = Fr_1(Z) = Qr(2)Y . (Z) + Ri(2),

where Ri(Z) is a polynomial whose degree is smaller than the degree of ¥ . (2).
For each natural number n such that n < k, we have

—n o2k
Up = Nrk,n(uk) = Nzk ( 2k )(Cp”*l - 1)'
By using ([B:34]), we have
(3.39) FZ " ({pn+1 — 1) = u,, mod pHTt

for each natural number n such that n < k. By applying (339) with F " and
F,g‘:f’ for n = k — 1, we have

(3.40) Fr (e — 1) — Fi_1(¢pr — 1) = 0 mod p*.

By B38), B40) and ¥,.({x — 1) = 0, we have Ry ((,» — 1) = 0 mod p”. Since
the degree of Ry(Z) is smaller than the degree of the minimal polynomial W« (Z)
of (pr — 1, we deduce p*|Ry,(Z). Next, we divide Q4 (Z) by ¥ k-1(Z) as follows

(3.41) Qi(Z2) = Qe-1(Z2)V -1 (Z) + Re-1(Z),

where Ry _1(Z) is a polynomial whose degree is smaller than the degree of ¥ x-1(2).
By applying (:39) with F¢ " and F¢_| for n = k — 2, we have

(3.42) Fi(Cpr1 — 1) — Fy—1(Gr-1 — 1) = 0 mod p*.
By B.38), (3.42) and by the fact p*|Ri(2),

Qr(Cor—1 — D)Wk (Cpr—1 — 1) = Fr(Cpe—1 — 1) — Fr—1(pr—1 — 1) — Rp(Cpe—1 — 1)
is divisible by p*. by calculation, we can check that the p-adic valuation of the
value W, (Cpr—1 — 1) is equal to 1. Hence, Qi((pr—1 — 1) is divisible by p*~!. This
implies p*~!|Rg_1((pr-1 — 1) since we have Ry_1((pr-1 — 1) = Q(¢pr—1 — 1) by
B41). Since the degree of Ry_1(Z) is smaller than the degree of the minimal

polynomial W -1 (Z) of (-1 — 1, we deduce p*~*|R,_1(Z). Let us observe the
following equation obtained by substituting (341)) in (333):

(343)  Fiu(Z) — Fie1(Z2) = (Qu—1(2)¥Y i1 (Z) + Ri—1(2))¥ 1 (Z) + Ri(Z).

As we have seen above, the second term Ry_1(Z)W,»(Z) and the third term Ry (Z)
of B43) are in (p, Z)*. As for the first term Qi—1(2)¥,r-1(Z)¥,x(Z) € (p, Z)? of
B43), we repeat inductive arguments by considering the division

(3.44) @Qn(Z) = Qn-1(2)¥pn-1(Z) + Rn-1(Z).

We show that p"~!|R,_1(Z) for every n and hence F},(Z) — Fx_1(Z) is expressed
as a sum of k elements which belong to (p, Z)*. This completes the proof of ([337).

Now, {Fi(Z)}ren is a Cauchy sequence with respect to the (p, Z)-adic topology.
Since [, Z[Cn],[[Z]] is complete with respect to the (p, Z)-adic topology, the
limit of { F}(Z) }ren exists. We denote the limit by F,,(Z). By construction, we have
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Nr(F,(Z)) = Fg and the interpolation property the property ngk (Cprr1 —1) = uy,
follows from ([B:39). We thus constructed the desired map Col. The injectivity of the
map Col follows from the interpolation property and identity theorem (Proposition

2.21)

To prove the surjectivity of the map Col, we take an arbitrary element F(Z) €
(Hp‘(p)Z[CN]p[[Z]]X)Nr:a. Let us put vy := F”ik(gpkﬂ —1) for every k > 0. Then,
we have

Nit1,5(v) = (N (F7 N(Cprtr — 1) = F7 (G —1) = vg 1.

This means that F'(Z) is the image of the norm compatible sequence (v, )n>0, hence
the map Col is surjective. This completes the proof of Theorem . |

—(k—1) —(k—1)

A power series F,(Z) € (le(p)Z[(N}p[[Z]]x)Nr:’ in Theorem B46] is called a
Coleman power series associated to a norm compatible system wu of units and is
useful to give another construction of the p-adic L-function Ly (v).

REMARK 3.47. In preceding references including the text [117, Thm. 13.38],
the proof of Theorem is not the same as the argument which we gave in our
proof above. In our proof, we showed that the sequence {Fy(Z)}ren is a Cauchy
sequence by explicit calculation. However, in preceding references, we use the fact
that there exists a convergent subsequence in the sequence {Fy(Z)}ren thanks to
the compactness of the Iwasawa algebra Hp‘(p)mp[[Zﬂ. The advantage of our
proof is that our proof applies to an extension of Theorem to more general

p-adic fields. For example, if we replace Hp‘(p)Z[C N p DY 2;2 a theory of Coleman
power series over i;r similar to Theorem [3.461holds true. Classical arguments using
the compactness does not work in this case since i;r[[Z]] is not compact anymore.
Our argument above still applies to this case in the same way.

In fact, as we will see later in §6.5.1 of the second volume of this book, the
theory of Coleman power series over Z," plays an essential role in transforming
Euler systems to p-adic L-functions in Iwasawa theory for general motives.

L —

We give examples of norm compatible sequences in @nnpl (p)Z[C Ny [Gprtr
and associated Coleman power series in the following lemma.

]X

LEMMA 3.48. Let N > 1 be a natural number such that (N,p) = 1.

(1) When N =1, we choose a natural number a > 1 satisfying (p,a) =1 and

a Z 1 mod p. Then the following statements hold true:

) Conp1—1
(i) We have u,(a) = C:nii_l € Zp[Cpn+1]™.
(i1) The system wu(a) = (un(a))n>0 s a norm compatible sequence in
b, Ty ) ZplCprma]™-

(iii) The Coleman power series Fyq)(Z) associated to u(a) = (un(a))n>o
(14+7)%—1
a+2)-1°

s equal to

9The theory of the field of norms due to Fontaine and Wintenberger (see [29], [126]) allows
us reduce some problems for local fields of mixed characteristic (0, p) to problems for local fields
of equal characteristic p. There is another proof of Theorem by the theory of the field of
norms (see [87]).
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(2) When N > 1, we fix a primitive N-th root of unity (xy € Q and embed it
nto Hp‘ p)Z[(N] diagonally. Then the following statements hold true:

(i) We have u(ny, = (Cn)7  (prir — 1 € L) ZICN], [Gprta] ™
(ii) The system w(n)y = (UNy,n)n>0 @5 a norm compatible sequence in

Hm, [Ty ) ZICn]p [Gpmia ]
(iii) The Coleman power series Fy, , (Z) associated to u(ny = (U(N)n)n>0
is equal to (N(1+ Z) — 1.

PROOF. Let us prove the assertion (i). When N = 1, {,n+1 —1 and Cpn+1 — L are

o
both uniformizers of the discrete valuation ring Z,[(,n+1]. Hence, the ratio %
i

must be a unit of Z,[(,n+:]. When N > 1, Cﬁ,ﬁn is a primitive N-th root of unity

for any n since (N, p) = 1. For a prime p of Z[(y] over p, the image of (ﬁ,ﬁngpnﬂ -1
modulo the uniformizer (,n+1 — 1 is a nonzero element of the residue field. Hence,
(:J’i;n (pn+1 — 1 is a unit of the discrete valuation ring Z[CN]p [Cpn+1] for each prime
p of Z[{n] over p. This completes the proof of (i) for both (1) and (2).

Let us prove the assertion (ii). When N = 1, the conjugate elements of Cg’”“

over Z[(,n| are {(:a;trf Yo<i<p—1. Hence, we have

p—1 Ca'f‘ipn -1 Ca _

Nrp -1 (tn(a)) = Pt
z]:([) C nt+1 CP" -1

= up_1(a).

When N > 1, the conjugate elements of (]’?"Qpnﬂ over le(p)mpZ[Cpn} are
{¢& Clﬂl }o<i<p—1. Hence, we have

p—1

i —(n-1)
N () = [T G =D =& " Gn = 1= umn1-
=0

This completes the proof of (ii) for both (1) and (2).
For the assertion (iii), it is clear that we have Fg(:) (Cpr+r — 1) = ug(a) (resp.

Fg(jv’“)(gpm — 1) = () for every k > 0 when N = 1 (resp. N > 1). This
completes the proof. O

LEMMA 3.49. For any F(Z) € (Hp‘(p)Z/[g?]p[[Z]]x)Nr:”, we have

Tr=0

(1 - 5) og(P(2)) € | [ ZLen],

prl(p)

REMARK 3.50. Let F/(Z) be an element of Hp‘(p)mp[[Z]]x and u the con-
stant term of the formal power series F'(Z). By the same argument as the proof

of Lemma 216 we see that u € ([],(,)Z[Cn],)". Hence, there exists G(Z) €
[ 1) ZICN],[[Z]) such that F(Z) = u(1+ ZG(Z)). For each prime p[(p) of Q(Cn),
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—

we denote by Q/(C\N)p the completion of Q(¢x) at p. Note that Q/(C\N)p = Z[(n], ®z
Q. Then we have

(3.45) log(F(2)) = log, (u Z G2

n

where log,, is the p-adic logarithm which we will review log,, in Definition B.61l This
shows that log(£'(Z)) is well-defined as an element of [, ., Q[¢(n],[[Z]].

PrOOF OF LEMMA B9 Since we have F(Z)P = p(F(Z)) mod p, there exists

G(2Z) € Hp‘(p)Z[CN]pHZ]] such that % = 1+ pG(Z). Hence, we have the

following expansion
F(Z)p 00 (_1)n—1pn—1G(Z)n
log <7> =p .
p(F(2)) ; n

n—1 — . . . 1P
We can check that ®-— € [], ) QI(~], is contained in [T, Z[SN], for every

n—1

converges to zero. Hence, we have
n>1

(1 - E) os(F(2)) = Jlog ( (}(;») e I1 2L,

pl(p)

positive integer n and the sequence

In order to show that (1— %)log(F(Z)) € le(p)mp [[Z]]1=0, it suffices to check
that

(3.46) > log(F(¢(1+2Z) - 1)) Zlog C(14+2)-1))
CEpp CEHp

by Proposition B3l Recall that o(F)(¢(1+ Z) — 1)) is equal to ¢(F)(Z) for any
¢ € pp by the definition of ¢. Hence, the right-hand side of (B48]) is equal to
log(¢(F)(Z)). On the other hand, we see that this value is equal to the left-hand
side of (340) as follows

log(p(F)(2)) =log(p o N(F)(Z)) = > log(F(((1+ Z) — 1))
CEHp

where the first equality is due to our assumption N'(F(Z)) = F(Z) and the second
equality is due to the characterization of N' which we gave just after Definition
B3.451 This completes the proof. O

For a commutative algebra R, we denote by pugr the group of roots of unity of
R. Then we have the following lemma.

LenMa 351 Let u = {up}zo € lim Ty ZICn], Gy * and let F(Z) =
Fu(2) € (le(p)ZTC;]p[[Z]]X)NT:”. Then we have (1 - —) log(Fu(Z)) = 0 if and

only if we have
ve 1l mam T, H (1+2)*
pl(p)
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or equivalently

ue HMZ[C X HZ C@Hmp[%nﬂ]x,

pl(p) »l(p) ™ pl(p)
where Z,(1) = fm i

PROOF. Let us consider a power series G(Z) € Hp‘(p)Z/[&;]p[[Zﬂ such that
G(Z)|z=0 = 1 mod p. By Remark 350 and by the fact that log, in ([B.43]) is

—X
injective on the subgroup of le (p)Z[C N p consisting of units which are congruent

to 1 modulo p, we observe that log(G(Z)) = 0 if and only if G(Z) =
Now, we remark that we have

(1- 2)log(Fu(2)) = %1@%)

Fu(2)?
and 2 T7m ) ,
%, we see that (1- %)log(F (Z)) = 0 if and only if ﬁ = 1. Thus,
in order to complete the proof of the lemma, it suffices to show that we have

_Fu(2)P Zyp
Shozy = Lif and only if F, (Z) GHP\(p)”Z/[c?]p X L1+ 2)
It is clear that the latter condition implies the former. In the rest of the proof,

we show that the former condition implies the latter. Assume that F,(Z)P =
©(Fyu(Z)). By substituting Z = (, — 1 and Z = 0 respectively, we have

(uo)p = Fu(Cp - 1))p = (Fu(O))U,
(Fu(0)) = (FU(O))U'

The condition (F,(0))? = (F(0))? implies that F,(0) € HP\(P)’UZ/[CF]F’ hence we
have ug € HPW’)“Z/[C?] X pp thanks to the condition (up)? = (Fy(0))?. By the
p

= 1 mod p. By applying the above observation to G(Z) =

interpolation property satisfied by F,, given in Theorem [3.46] we have

—(n+1)

(Fq
o(Fy

(Cp”+2 - 1))1) = uzr)H»la
—(n+1) "
)(Cp"‘"2 - 1) = Fu (Cp"‘*’l - 1) = Un,

for any n € Zxo. Hence, our assumption implies u}  , = u, for any n € Zx.

We have u,, € Hm(p)ump X ppn+1 for every n € Zyo by an inductive argument

[

and we conclude u € le(p),ump X Ly Zp(1) C lim pll;[o) [ N]p[¢pn1]. This
completes the proof. O

Let us define a le(p)mp—linear endomorphism D on Hp‘(p)ZTQF]p[[Z]] by

d

7).

347)  D: [[ZIw], 2] — [[ZIw], N2, F(Z) = (1 + 2)
pl(p)
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PRrROPOSITION 3.52. We have the following exact sequenc@:

Nr=o
(3.48) 0—>Hﬂz[< x [12,1) = HZCN
bl(p) pl(r) PIw)
Tr=0
5 [ zelzn ) T, e -0 —o,

?l(p)

Here, the map « is defined by sending

HxPXH(@nCP EH”Z[( < [[z0

pl(p) pl(p) pl(p) pl(p)
to
Nr=c
[Tzt +2)% e | I] Zlcw], 11211 :
pl(p) pl(p)

where a, € Zy, and the map B is defined by sending

F(Z) € (le(p)mp[[ZH) r

to D(F(Z))|z=0 mod o — 1.

=0

PROOF. The exactness at the first term (the injectivity of «) is clear from the
definition. The exactness at the second term follows from Lemma [B51l For the
exactness at the fourth term (the surjectivity of 3) is easy to see because any element

a mod o — 1 with a € le(p)mp has a lift a(14+ Z) € (HPKP)mpHZH)Tr:O'
In the rest of the proof, we will check the exactness at the third term. By
definition, we have

(3.49) Bo ((1 - %) o 10g> (F(2))

mod o — 1.
Z=0

- (D(log(F(Z))) — L D(log(F7((1+ 2" - 1))))

Let us recall the rule of the logarithmic derivative D(log(G(Z))) = (1+Z )% for
G(Z) e Hp‘(p)mp[[Z]]X where G'(Z) = -LG(Z). Let us denote the expansion
of F(Z) by F(Z) = ap+a1Z + a2 Z? + - - -. By applying this rule to G(Z) = F(Z)
and G(Z) = F?(Z), we obtain
o (al ) 7
Z=0 - ao ao .

We conclude that So ((1— £)o log) = 0 by combining this calculation with ([3:43).
Thus we have proved Ker(8) > Im[(1 — %) olog].

(D(log<F<Z>>> - 2 Dlog(F((1+ 2)" - 1))))

20Note that the second group and the first factor of the first group are multiplicative groups
and the third group and the fourth group are additive groups.
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Let us prove Ker() C Im[(l — %) o log}. In order to prove this, we consider
the following commutative diagram:

Nr=o Tr=0
<H ﬁcﬂum) Loyl <H Z/[c?]p[mo

»l(p) pl(p)

Diog | |

( 11 Z/m[m]) — ( i mpm) .

pl(p) 1= pl(p)

As we will see later in Corollary B.54] the right vertical map D of the above dia-
gram is an isomorphism and the above diagram induces the following commutative
diagram:

(H Z/@p[[zm) L% Ker(p)

pl(p)

(3.50) Diog | |

pl(p) e
where the right vertical map D is an isomorphism. We can also check that the
left vertical map Dlog of the above diagram is surjectiv. Proving the desired
inclusion Ker(3) C Im[(1— £)e log] amounts to showing that the upper horizontal

Tr=op
( 11 Z/muZH) ——  Ker(B),

map of the diagram (350) is surjective. Hence, it suffices to show that the lower
horizontal map of the diagram ([B350) is surjective. Let us take any element H(Z) €

—

Ker(f8). We want to find an element G(Z) € (Hm(p)Z[CN}p[[Z]])TY:UP such that
(1 —-9)(G(Z)) = H(Z). By the definition of the map  and by the assumption
H(Z) € Ker(B), the constant term by of the expansion H(Z) = by+b1Z+b2 Z>+...

satisfies by € (0 — 1)Hp|(p)mp. Since ¢(bg) = o(by) and the action of o on

—

I 1, Z[CN],, is periodic, we have

A+o+@*+ .. 49" +..)(b) = 0.
On the other hand, we have ¢™(Z") = ((Z + 1)P" — 1)” — 0 (m — o0) in

—

[T, ZICN], [[Z]] with respect to (p, Z)-adic topology for every integer n > 1.
Hence,
G'(Z)=(1+¢p+¢*+...+¢™+...) (DH(Z))

is convergent in le(p)mp[[Z]] and it satisfies (1—)(G'(Z)) = DH(Z). We can

L —

check that Trop = po holds on [[ ., Z[Cn], [[Z]] by calculation. Hence, an element
F(Z) € le(p)mp[[Z]] satisfies Tr ((1 — ) (F(Z))) = 0 if and only if we have

—

F(Z) e Hm(p)Z[CN]p[[Z]]Tr:W. Thus we have G'(Z) € Hp‘(p)Z[(N]p[[Z]]Tmp”.
Since the left vertical map Dlog of the above diagram is surjective, there exists

o

an element G(Z) € (le(p)Z[CN]p[[Z]]X)Nr:U such that Dlog(G(Z)) = G'(Z). We

21GSee [13] Theorem 2.4.6] for the proof of the fact that Dlog is surjective. We note that they
denote Dlog by A in [13].
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have (1—¢)(Dlog(G(Z))) = D(H(Z)) and the commutativity of the diagram (B.50)
implies D((1 — £)o log(G(Z))) = D(H(Z)). Since the map D is an isomorphism,
we have ( — £)olog(G(Z)) = H(Z). This completes the proof of Ker(5) C
Im((l -2 ) and we complete the proof of the proposition. O

Recall that we denote by Z € [T, ZICN], [[Z]]/(wn(Z)) the element Z mod
wn(2).

P
p
log

PROPOSITION 3.53. Let F(Z) € (le(p)mp[[Z]]) and let F,,(Z) be its im-

age in Hp‘(p)mp[[Z]]/(wn(Z)) for each nonnegative integer n. We consider the
expansion

F.(Z) = Z ani(1+ 7)€ g)mp[[zn/<wn<z>>
i= pl(p

with ayn; € Hp‘(p)mp fori=0,1,...,p" — 1. Then, we have

Py e (I, Zicnl,l12) ™

if and only if we have a,; = 0 for every nonnegative integer n and for every
nonnegative integer i which is divisible by p.

0

PROOF. The equivalence follows immediately by [B.31) and by the fact that
de#pc = 0. O

COROLLARY 3.54. If we have F(Z) € ([T ZICn1,[12)]) ™=, we have D(F(Z))
€ (Hp‘(p)Z/[Q?]p[[ZH)Tr:O where D is the operator defined in B.ZM). Further, D in-

duces a ][, ZICn],-linear automorphism on (le(p)Z[CN}p[[Z]])TTZO.

PROOF. Let us define D,, € Endl_[m(p)z/[(mp (le(p)Z[CN]p[[Z]]/(wn(Z))) by

p"—1 p"—1
Dn(> ) ani(1+2)) =Y ian:(1+Z
1=0 =0

Note that D = @nDn by definition. Let us define a le(p)mp—submodule
(I 2T 201/ @a(20)) ™" of Ty ZCnT, 2]/ (wn(2)) to be the image
of (TTym ZICNT IZ1) =0 in Ty ZICnT, [1Z])/(wn(2)). By the characterization
of ([T 2,120}/ (wn(2)) ™" given in Proposition B33, the [T, ZICn],-

submodule (le(p)mp[[Z]]/(w,L(Z)))Tr":O is stable by D,, and D,, is injective.
By Proposition B.53] any element

Fu@) =Y ai+ 2y e ([T 2, 120 /wa(2))™

is the image of Y g ; pn ;=1 F(1 + Z)! by D, . Hence, D, is also surjec-
tive. This completes the proof of the corollary since D = @nDn is bijective

n ([T 2L, [12]) =0 0

=0
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COROLLARY 3.55. Through the action of Geye on (14 Z) given in Definition
BT (8), we have the following identification of Z,[An]-modules:

(T ZInT, [121) ™= = Z,[AN[[Geyel] - (1 + 2).

Especially, (Hp‘(p)mp[[Z]])“:O is regarded as a free Zy|AN]|{[Geyc]]-module of
rank one.

REMARK 3.56. As discussed in Lemma 2T9] we can identify the ring

[T, Zkn, 2]

with the ring of le (p)mp—valued measures on the additive group Z,.
Under this identification,

(HM(mmPHZ“)Tr

—

corresponds to the [, Z[Cn],-submodule consisting of the extensions by zero of

=0

Hp|(p)mp—valued measures on the open subset Z; C Zy.

We denote by the symbol (Hp‘(p)Z/[C;]p/(o —1))(1) a Z,[An]-module isomor-

phic to Hp‘(p)mp /(6—1) on which every element g € Gy acts by the cyclotomic
character xcyc(g)-

THEOREM 3.57. We have the following exact sequence of Z,|AN][[Geyc]]-modules:

(351) 0— [Luzzy * [1%0 ) — lim [T ZICw], [Gre ]

pl(p) pl(p) ™ pl(p)

(1—%)010}_3;0001
s Z,[AN[[Geyel] Hng (e —1))(1) — 0.

PROOF. The exact sequence (B.5]) is obtained from the exact sequence (B.48])
by replacing the second term (resp. the third term) of ([B:48]) by the second term
(resp. the third term) of (51 using Theorem 40l (resp. Corollary B.53]). O

For a nonnegative integer n, we denote chc/(chc)(”’l)pn by Geye,n. When

is a Dirichlet character of conductor M, 7(n) = Zﬁln(i)e%\fﬁi is called a Gauss
sum associated to 7.

LEMMA 3.58. Let = € Zp[Anp|[Teyel] = Zp[An][[Geye]] be an element in the
image of (1— %) ologoCol given in BEIl). Then, for any nonnegative integer r > 0

and for any Dirichlet character n of p-power conductor p"**, we have

(17) - (Xee) (2) =
{ (Zoeuen M D (G 14+ 2) =) = 2671+ 2) = 1)) | w1,

(D’“ (G(Z) —la7((1+ 2y - 1))) ‘Z:o n=1,
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where G(Z) € PT= is an element satisfying

<1—%)G(Z)_E-(1+Z)

which is associated to = by the sequence [BA])) and its proof
Proor. The automorphism
D" Zp[AN][[Geye]] - (14 Z) = Zp[AN][[Geyel] - (1 + 2)
coincides with the map characterized by
1+ Z)chc(h) = Xeye(h)(1+ Z)chc(h)

for every h € Geyc. For any finite character n : Geye — @; , the map

ZplAN[Geyell - (14 2) — Qb (14 Z) = 7(n~")n(h)

coincides with the map characterized by

(L 2 ® s | 37 07 (9) (G (14 Z)) e
9€Geye,n Z—0

for every h € Gy where n is the nonnegative integer so that the conductor of
n regarded as a Dirichlet character is equal to p"T!. Here note that we have
h- (14 2Z) = (1+ Z)X<™ for h € Geye. Hence, the following formula holds:
(Zoccne, nla D" (HG 00 +2)- D)) n#1,
(D" (H(Z))| 70 n=1,
for a power series H(Z) = E¢ - (14 Z). By substituting H(Z) = (1 — %)G(Z) to
the above formula, we complete the proof. |
At the end of §3.2.3] we gave a proof of Theorem by Iwasawa construc-

tion. Below, we will give a different proof of Theorem [B.30] based on the theory of
Coleman.

(") - (Xbyen) (Ec) = {

ANOTHER PROOF OF THEOREM [3.30l Let us start from the case N = 1. Note
that 1 is a power of w since the conductor of v is a divisor of p in this case. Let
us consider a supplementary natural number a such that (p,a) = 1 and a # 1
mod p. Let us take a norm compatible system u(a) and the Coleman power series
Fyw)(Z2) = % associated to u(a) as given in Lemma B.48] (1). We define an
element =(a) € Zy[[Geyc)] to be

E(@)-(1+2) = (1 - %) (Guiw)(2))
where Guyq)(Z) = log(Fyu@a)(Z)). Let ¢ @ Zy[Ap][Teye]] — Zp[Ap][[Leye]] be the

map induced by an involution I'cye — Teye, g — ¢~ ! and let v(a) € Teye be
a unique element satisfying rcyc(v(a)) = (a). Now, we define L,(¢)) € Acye =
Zy|[Teye]] to b

1
(1 ={a)¢p(a)y(a)~)

22The operator D twists the action of Ay by w though the action of Ap = Geyc/T'eyc must
be invariable. The modification by the character w—! appears in order to cancel the twist of the
action of A, by D.

(3.52) Ly(¢) = Yo (UD(E(a)))-



82 3. CYCLOTOMIC IWASAWA THEORY FOR IDEAL CLASS GROUPS

When ¢ # 1 (i.e., N = 1 and e = 1), we have ¥(a) # 1 according to the way
we chose a. Hence, (1 — (a)y(a)y(a ) 1) is a unit of Z,[A,][[T Cyc}] and we have
L,(¥) € Acyc in this case. When ¢ = 1 (i.e., N = 1 and e = 0), we have
Lp(].) S mACyC‘

Let » > 1 be a natural number and ¢ a @; -valued character of I'cy. of finite
order. According to the construction [3.52)) of L,(¢), we have

1
Feye 0)(Lp(¥)) = bW Xeye 0~ E(a
(Res DN = T ayattan=ray (VX ) (PE@)
Let us set 7 = Yw "¢~t. We will calculate the right-hand side of the above
equation by applying Lemma [3.58 We have

D(Gu(a)(2)) = D(log(Fu(a)(2))) =

a(l+ 2)* 1+ 2)
(1+2)e—-1 (1+2)-1

Setting E(Z) = (TE:;)%)_l — (1(_1;)211, Lemma gives

(3:53) (™) (xéye M(D(E(a))) =

(gegw n(g D" <E(C i (1+2) —1) — > E°((n(14+2) - 1))) B n#1,
(DM (E(Z)—Z%E"((l—i—z)”—l))) i _—

Note that we have (1+ Z)-% 7= When Z = e*—1. Hence, when n # 1, the above
calculation combined with Corollary 337 deduce the following valud3:

T(’l] ) ) (chc 77) (D(E(a)))

n+tl z\ai z\1
_ i r=t Z 77(971) a f:l (§§n+le ) B f=1 (C§n+le )
dz (ez)apn+l -1 (ez)pn+1 -1

g€Geye,n

2=0
_ d\"! a S (ai)(e*) P
o () 3 (e Te)|
=7(n ) (L—a"n '(a) L(vw "¢ ', 1-7)
=7(n7") - (1 -v(@)e((a) {a)") Lyw "¢~ 1= 7).
When n =1 (i.e. ¢ =1 and ¥ = w"), we calculate similarly as follows :
Xeye (D(E(a)))
-(2) s -ES)
dz e  —1 e#—1 pl\ewz—1 epPz—-1 Ye0

=) (1= o ),

This completes the proof of the fact that the element L, (1)) constructed in ([B:52)
satisfies the desired interpolation property when N = 1.

23Note that the contribution of the second term of ([353) is zero below since the conductor
of n is p"*! and we have ZgGchc nn(g*l)Drf1 (EO-(an (1+2)- 1)) =0.
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For the case N > 1, we regard the element =n € Z,[An][[Geyc]] to be a
unique element satisfying Sy - (1 + Z) = (1 — %)log(CN(l + Z) — 1) through the
A n-equivariant isomorphism

d: [] Zlew], = Z,(An]
pl(p)

and we set

(3.54) Ly(¢) = ¢pw™" (U(D(EN))) € Zp[An][[Geycll-

We can check that this element satisfies the desired interpolation property by a
calculation as in the case N = 1 though we omit it and leave it to the reader. This
completes the proof also in the case NV > 1. (Il

REMARK 3.59. We summarize the construction of the p-adic L-function a la
Coleman as follows.

(A) The construction goes: a norm compatible system of cyclotomic units

u® a Coleman power series Fy, (Z) @) 4 candidate element of Zp[AN][[Teyel]-

(B) Since the operator (1+ Z)diz on F,,(Z) coincides with the operator %
on Fy(Z)|z=c-—1 and since F,(Z)|z=c-—1 is closely related to f,(z), we
can show by using Corollary 337 that the candidate element given at (A)

interpolates the special values L(n,1 — r) when n and r vary.

We constructed a candidate element from a norm compatible element at (A) and
we showed that this element satisfies the desired interpolation property at (B).
However, the reader might note that we obtain a rational function F,(Z) whose
logarithmic derivative is related to the values of a Dirichlet L-function by putting
F(Z) = fn(2)|:=10g2z for fy(2z) in (BI0) without starting from a norm compatible
element. In fact, Leopoldt and Mazur gave another construction of the p-adic
L-function L,(¢) by applying the step (2) of (A) to a suitable rational function
F(Z) omitting the step (1) of (A) (see [65] for example). The construction by
Coleman as well as those by Leopoldt and Mazur is called “a construction from
a generating rational function”. The fact that there exists a construction from a
generating rational function for the p-adic L-function L,(1)) is sometimes useful
(see comments after Theorem [3.60).

The step (1) of (A) in which we prove that the rational function F (Z) originates
from a cyclotomic units might look unnecessary. However, for the proof of the
Iwasawa main conjecture using an Euler system of cyclotomic units which will be
discussed later, the fact that the p-adic L-function is related to cyclotomic units is

very important (see B.3.3]).

In the end of this section, we present two important results on Kubota—Leopoldt
p-adic L-function without proof.

THEOREM 3.60 (Ferrero-Washington). Let ¢ be a primitive Dirichlet character
of conductor Np® where N is a natural number prime to p and e is an integer which
is equal to 0 or 1. We assume that v is an even Dirichlet character (i.e., ¥(—1) =
1). Then, the p-adic L-function Ly(v) € Zy[Y][[Teyc]] obtained in Theorem B30 is
not divisible by a uniformizer of Z,[]. In other words, the p-invariant of L, () is
zero.
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This theorem was first proved by Ferrero-Washington [28]. The original proof
of Ferrero-Washington is an analytic method based on a certain uniformness of
the distribution of values of the p-adic L-function specialized at various characters.
Later, Sinnott [113] gave a simple and algebraic another proof of this theorem
as an application of “a construction from a generating rational function”. Recall
that the p-adic L-function L, (1) is a transformation of G, (Z) = log(Fy(Z)) where
F,.(Z) is rational. In the another proof of Theorem [B.60] by Sinnott, we prove that,

L,(¢) is not divisible by a uniformizer w of Z,[¢] if D(G4(Z)) = (1 + Z)F Eg

is not divisible by w (see [113, Thm. 1]). Also, it is not difficult to verify that

(1+2) ?‘EQ is not divisible by w since Fy,(Z) is a rational function of simple form.
For the detail of the argument, we refer the reader to the article [I13].
In order to present another important theorem, we prepare the following nota-

tion.

DEFINITION 3.61. Let Z,, be the ring of integers of the algebraic closure @p of
Q, and let P be the maximal ideal of Z,. On 1+ P C Z;, we set

& n 1

log,, (1 + =) Z (for any z € P).

We denote by MIZ the group of all roots of unity in Z, whose orders are prime to
P

p. We have a canonical isomorphism Z; /(1+P) = F: - “/Zp where the first
isomorphism is the reduction modulo P and the second isomorphism is induced by
the Teichmiiller lifting. Since the group 1 + P is pro-p and the group Z; /(14 P)
as no nontrivial pro-p quotient, the exact sequence 1 — 1 4+ P —» Z; —
Z:/(l + P) — 1 splits. By setting log, = 0 on Z;/(l +P) u’zp, the function

log,, is extended uniquely to 7. Recall that we have an exact sequence 1 —»

b
= — 1

Z: — Q; b4 Q — 1 where val, is the map of p-adic valuation. Now, let us fix
a system of roots of p as follows:

3.55 qe_x‘ 00— p7 for any ¢, ¢ € .
(3.55) {p Q, | ()" =p Y 49 Q}qu

This induces a splitting of the map val, of the above exact sequence. By setting

log,,(p?) = 0 on the set ([B.53)), the function log, is extended un uniquely to @; CIf
we replace the fixed system {p?},cq of roots of p given at (B.55]) by another system
{(p?)'}4eq, the ratio p?/(p?)’ is a system of p-power roots of unity. Hence, the
function log, on @: does not depend on the choice of the system ([3.53). We call
the function log, thus defined a p-adic logarithmic function.

The the specialization range of the original interpolation property of the Kubota—
Leopoldt p-adic L-function L, (1) covers all arithmetic characters ﬁgyccﬁ with 7 <0
(see Theorem [B30). As for the specialization at j = 1, we have the following
classical theoremPd.

24Later, we discuss the specialization at j > 1 for the p-adic Beilinson conjecture (see Theo-

rem [3ITH]).
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THEOREM 3.62 (Leopoldt formula). For any finite order character ¢ of I'cye,
we have

M
ﬂcycqs(LP(w)) = (1 - (bz/]p ) logp - CJZM),

where M is the conductor of ¢p.

We can prove the above theorem by using a construction from a generating
rational function of the p-adic L-function and by applying Lemma [3.58 with r = 0.
However, we remark that the original proof by Leopoldt [65] is an argument of
certain p-adic approximation which is not at all related to a generating rational
function. We refer the reader to [51], §5], [I17, Chap. 5, §4] for the original proof
by Leopoldt.

We remark that Theorem is a p-adic analogue of the classical class number
formula for Dirichlet L-functions as follows:

THEOREM 3.63. Let n be a Dirichlet character of conductor M > 1 such that
n(—=1) = 1. Then, we have

M
(n)
L(n,1) *—WZ: 10%‘1—CM‘

3.3. Bridge between the algebraic side and the analytic side
(Iwasawa main conjecture)

Up to now, we have prepared the main object of the algebraic side (Selmer
group) and the main object of the analytic side (Analytic p-adic L-function) of the
cyclotomic Iwasawa theory of ideal class groups. In this chapter, we finally discuss
the Iwasawa main conjecture which relates the algebraic side and the analytic side.

3.3.1. Main statements on the cyclotomic Iwasawa main conjecture.
In Theorem C of 1.3, we gave a brief statement of the cyclotomic Iwasawa main
conjecture for ideal class groups. In this section, we give the most precise forms of
this main conjecture.

As for the background to follow the arguments of this section, we recommend
that the readers familiarize themselves with some basics on Kummer extensions
and some basics on the Dedekind zeta function such as the functional equation or
the class number formula describing the residue at s = 1. We refer the reader to
the text [80] for these subjects.

DEFINITION 3.64. Let M be a Z,[An,]-module and 1 a Q,-valued character
of Anp. Then we call M, := M ®z,a,] Zp[n] the n-quotient of M. We denote
by MY the Pontrjagin dual of M and we call M" := ((M"),)" the n-part of M.

Both M,;,, M" have a natural structure of Zy[n]-module where Zy[n] is the ring
obtained by adjoining the values of 7. When the order of 7 is prime to p, a natural
map from M" to M, is an isomorphism. Under the same hypothesis, the functor
from the category of finitely generated Z,[An,]-modules to the category of finitely
generated Z,[n]-modules of n-quotient is exact and coincides with the functor of

n-part.
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DEFINITION 3.65. Let n be a Dirichlet character. We denote by K, the
abelian extension of @ which corresponds to the kernel of the finite order char-
acter Gal(Q/Q) — @; corresponding to n by class field theory. We denote
the cyclotomic Zy-extension of K, by K;¥ and the maximal everywhere unram-
ified abelian p-power extension of K3¥S (resp. the maximal abelian p-power ex-
tension of K% which is unramified outside p) by L;¥S (resp. M%), We set
Xgove, = Gal(LiYS, JKS), Xieeye, = Gal(ML /KIYS).

By the argument using Lemma[2.23|from the beginning of §3.1.1} Xyeoe , Xgore
are naturally regarded as compact Agyc-modules. By Theorem B4 X Kove, is a
torsion Acyc-module.

Let us formulate the cyclotomic Iwasawa main conjecture for class groups using
the terminologies which we prepared so far. As we explain later in Remark [3.68]
the Iwasawa main conjecture in this situation is already proved and it is already a
theorem. However since the name of the Iwasawa main conjecture is quite settled,
we call it the Iwasawa main conjecture even after it is proved. The cyclotomic
Iwasawa main conjecture for class groups has the (—)-type and the (+)-type, which
are equivalent to each other. One of them is as follows.

THEOREM 3.66. ((—)-type Iwasawa main conjecture) Let N be a natural number
prime to p and let ¢ be a primitive Dirichlet character of conductor Np® where e
is an integer which is equal to 0 or 1. We assume that v is an even Dirichlet
character (i.e. ¥(—1) =1). We denote by K1 the finite abelian extension of Q
corresponding to the kernel of wiy™". Then the following equality hold3:

Yopt = {(%W)) when ¢ # 1,
“ (7 = Keye(7))(Lp(1))  when ¢ = 1.

If 4 is an arbitrary Dirichlet character, the Acyc.-module X K is finitely gener-

chary X peeve

wyp—1 00

cyc, (

ated but not necessarily torsion2d. However, as we will show it later in Proposition
369, (%sz;)w is a torsion Acyc,y-module if 9 is even.

In genérad7 for a given Acyc-module M, we denote by M® the same module
whose I'cyc-action is twisted through the involution I'cyc — I'eye, g+ g~ ! from the
original one. Similarly, we denote by M ®7 the base extension M ®z, Z,[n] whose
I'cyc-action is twisted by the character g — 7(g) - g for g € T'qyc from the original
action.

The (—)-type Iwasawa main conjecture stated above is equivalent to the (+)-
type Iwasawa main conjecture as follows:

THEOREM 3.67. ((+)-type Iwasawa main conjecture) Let us take a primitive
Dirichlet character ¢ satisfying the same assumption as that of Theorem [3.66l. Then
the following equality holds:

(Lp(¥)) when 1 # 1,
(’Y - KcyC(V))(Lp(l)) when d) =1.

25Recall that we assume p > 2 throughout the book. As for the formulation of the cyclotomic
Iwasawa main conjecture for class groups for p = 2, we need to multiply % to the p-adic L-function

chary, , (Xxere )y)® @ Keye = {

of the right-hand side of the equality (see [27] for related discussion).
261f K is a CM number field, it is known that %Kggc is pseudo-isomorphic to a direct sum of a
free Acyc-module of rank 72 (K') and a finitely generated torsion Acyc-module where 72 (K) = @

is the number of imaginary places (see [117], §13.5] for example).
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REMARK 3.68. Here is a brief history on the proof of the cyclotomic Iwasawa
main conjecture for class groups.

(1)

Mazur-Wiles [75] proved the conjecture when p # 2 and p does not di-
vide the order of ¢ (= [Ky : Q]). The method of their proof is based on a
generalization of the method of Ribet where he proved the inverse of Her-
brand’s theorem by constructing a nontrivial unramified p-extension using
p-torsion points of the jacobian variety of the modular curve X;(Np 27,
Afterwards, Wiles [124] generalized the result of [75] from the abelian
extension Ky of Q corresponding to a Dirichlet character ¥ to the abelian
extension K of a totally real field F' corresponding to a Hecke character
1 of finite order. Even when restricted to the case F' = Q, the method
of [124] is more sophisticated than the original work [75] thanks to the
use of Hida theory. Even for the case F' = Q, the result of [124] improve
the result of [75]. For example, the result of [124] on the Iwasawa main
conjecture covers the case where p = 2 but 2 does not divide the order
of 1 and the case where p # 2 and p divides the order of 1. Note that
an ideal group can be regarded as a Selmer group of a Galois represen-
tation of rank one as we will discuss later in Chapter 5 of the second
volume of this book. The papers [75] and [124] use modular Galois rep-
resentations of rank two in order to prove the Iwasawa main conjecture
of Selmer groups associated to Galois representations of rank one. Such
a method using modular Galois representations of higher rank is usually
called “method of the Eisenstein ideal” and this method bounds the sizes
of Selmer groups from below. For the cyclotomic Iwasawa main conjecture
for class groups, we note that the modular method proves the (—)-type
Iwasawa main conjecture directly.

There is a method called “method of Euler systems”, which grew out of
a refinement of a technique which Thaine, Kolyvagin developed to study
the structures of ideal class groups and Tate—Shafarevich groups of ellip-
tic curves. This method bounds the sizes of Selmer groups from above.
For K = Q(uyp), in the Appendix of [69], Rubin gave another proof of
the cyclotomic Iwasawa main conjecture for class groups using the Euler
system of cyclotomic units over K = Q(u,). Rubin generalized this proof
in Chapter 3 of his book [73] and covered the proof of the cyclotomic Iwa-
sawa main conjecture for class groups over K, when p # 2 and p does not
divide the order of . Later, Greither [34] gave a proof by Euler system
method of cyclotomic units for the cyclotomic Iwasawa main conjecture
for class groups over K, in the most general situation where we allow the
case p = 2 and the case where p divides the order of . For the cyclo-
tomic Iwasawa main conjecture for class groups, we note that the method
of Euler systems proves the (+)-type Iwasawa main conjecture directly@.

27See g2 for the statement of the theorem of Herbrand-Ribet.

28There is an Euler system called an “Euler system of Gauss sum” and this Euler system is
related to the (—)-type Iwasawa main conjecture, but we do not touch it in this book. We refer
the reader to [64] for simple cases without Galois action and to [I] for cases with Galois action.
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We will explain the proof of the cyclotomic Iwasawa main conjecture for class
groups later in §8.3.2 (by the modular method) and §3.3:3] (by the method of Euler
systems). Before we go into the proof, we prepare two important principles as
follows:

(A)(Kummer duality) A principle which implies the equivalence between (+)-type
Iwasawa main conjecture and (—)-type Iwasawa main conjecture.

(B)(Analytic class number formula) A principle which ensures the validity of the
equalities of the cyclotomic Iwasawa main conjecture for class groups over
Ky when ¢ runs through even characters of Gal(Q(unp)/Q) assuming
the validity of one of inclusions C and D of the cyclotomic Iwasawa main
conjecture for class groups over K, when 1 runs through even characters
of Gal(Q(unyp)/Q)

We remark that the principle (B) is valid for both (+)-type Iwasawa main conjecture

and (—)-type Iwasawa main conjecture. We also remark that the choice of C or D

must be the same for all 1.

Let v be an even Dirichlet character of conductor Np¢ where N is a natural
number prime to p and e = 0 or e = 1. We set K = Ky(u,). We note that
K,y-1 and Ky, are both subfields of K" and that K is a finite abelian extension of
Q satistying K Qo = Q.

First we discuss principle (A) whose precise statement will be established in
Theorem [3773l The following result is a key to for principle (A).

PRrOPOSITION 3.69 (Kummer Theory). Let us take a primitive Dirichlet char-
acter ¢ satisfying the same assumption as that of Theorem [3.66l Then there exists
a I'¢yc-equivariant nondegenerate pairing:

(3.56) (Xgere)y ¥ CUKZO)P™]Y " 5 iy
In other words, there is an isomorphism of Acyc-modules
(Xiesze )y = Homg, (CUKZ) ™", Qp/Zp) @ Fieye.

PROOF. Let I, be the group of fractional ideals of KY°¢ 9. For each natural
number m, we set

M, = { € (KL /(KL

(2) € (1) }.

Then we have the following short exact sequence

(357) {1} — (vkee)/((exere) )" — My — CUKZ) "] — {1}
where the last map assigns to each element z € 9, the class [2A] € CI(KZ°)[p™]
of an ideal oA € I, such that A*" = (F) with ¥ € K a representative of x. Let

us set My = ligmimm. By taking the inductive limit of (B57) with respect to m,
we obtain the following exact sequence:

(3.58) {1} — (exere)” ®2.Qp/Zp — Moo — CUKZE)p™] — {1}

29We remark that K53¢ is an algebraic number field of infinite degree. We define a fractional
ideal of K& as a nonzero finitely generated tcoye-submodule of KZZ° and we can check that the
set of fractional ideals of KSY¢ becomes naturally an abelian group by multiplication. In fact, the
group of fractional ideals of KS3¢ is isomorphic to the inductive limit of the group of fractional
ideals of subfields of finite degree of K52°.
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Let us denote the maximal totally real subfield of K&Y¢ by K&¥**. By Proposition
.12 the index of the subgroup (tjeeye.t ) pugeye of (vgeye)™ is at most 2. Hence, the
natural map (vgeve+ ) pgeye @z Qp/Zy — (vgeye)™ ®z,Qp/Zy is an isomorphism.
Since pgeye ®z Qp/Zy = 0, we have a natural isomorphism (¢ ycye+ ) ®7 Qp/Zp =
(tgere)* ®z Qp/Zy. Recall that wyp™' is an odd character by our assumption.
Hence, we obtain

—1

w1 w
(3.59) () ©2Qp/Z,) " = ((tgee) @2Qp/Z,) =0

By taking the part of the sequence (B.58) where the group Ay x A, acts by wyp~!
and by using (859), we obtain

(3.60) (Mo )=V 22 CUKZ) ]

On the other hand, we have a nondegenerate pairing

(/@)

p% ’
where K&¢( 7'y/9,,,) denotes the extension of K¢ obtained by adjoining { »v/x | =
€ My} Let M/KX° be a cyclic Galois extension of degree p™. Since the cy-
clotomic Zy,-extension K¢ of K = Ky (up) contains all p-power roots of unity,
there exists an element x € (K%°)*/((K%°)*)P" such that M = K%°( *\/z) by
Kummer theory. Let n be a natural number large enough so that we can take
a representative T € K ¥¢ of = and that all primes over p are totally ramified in
K¢/K°. Let pi,...,ps be the prime ideals of vxeve over p. We decompose the
principal fractional ideal (Z) of K¢ as () = Ap]™ - - - p7*= where 2 is a fractional
ideal of K¥° whose prime decomposition does not contain any factor of the form pil
with l; € Z\ {0}. Let I, 1, be the group of fractional ideals of K¢°. Note that the
element of I,,,1,, given by p™* - - - p™= is contained in (I,,1n)?" since K,v;, /K is
totally ramified over p. By the local class field theory, M/KSY° is unramified outside
p if and only if there exists a fractional ideal B of K ¥° such that A = BP" . By the
above discussion, a cyclic Galois extension M = K&¢( »\/z) of K& is unramified
outside p if and only if (z) € (Ioo)?". We thus obtained

(3.62) MZ° = lim KZ°( PV M)

(3.61) Gal(KQ("V/Myn) [KIC) X My — pipeo, (g,2) =

By combining the limit of 61l with respect to m and ([B:62), we obtain the a
nondegenerate and Ay x Ap-equivariant pairing as follows:

Xgae X Mo — flpeo.

Since Ay x A, acts on pyee via the Teichmiiller character w, the above pairing
induces following pairing on the v-quotient (X jeye)y of X peye:

—1
(3.63) (Xgere)p X (Moo)®Y — fpee
We complete the proof by combining (3.60) and (B63). O

In order to complete principle (A), we need to recall the theory of adjoint
modules which was developed in the paper [53] of Iwasawa.
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DEFINITION 3.70. Let O be the ring of integers of a finite extension of Q,, I' a
profinite topological group which is isomorphic to 1+ pZ,. For a finitely generated
torsion O[[[']]-module M, we take a set {hq }aeca of nonzero elements of the maximal
ideal of O[[I']] labelled by a directed set A satisfying the following conditions:

(i) We have (ho/) C (he) if & > .
(i) We have (,c4(ha) = {0}.
(iii) For any o € A, the principal ideal (hq) and charpqryM have no
common prime factor.
The modules M/h,M are of finite cardinality by the condition (iii). By the con-
dition (i), the modules M/ho,M form an inductive system of finite O[[I']]-modules
by setting the transition homomorphism f,, to be

hoy
M/I,M — M/hoy M, x mod (hy) — h—ax mod (hq)

[

for each pair (o, @’) with o’ > «. Then, we define a O[[I']]-module Ad(M) to be

v
Ad(M) = [ 1 M/IaM>

and call it the (Iwasawa) adjoint module associated to M. We remark that,

by Theorem BTT] the module Ad(M) is independent of the choice of the system

{ha}aeA~

Theorem .71l is a principal theorem of the theory of adjoint modules. We will
not prove this theorem in this book but the reader who wishes to find the proof
can refer to [81], Chap. 5, §5] or [117], §15.5] for example.

THEOREM 3.71. Let O be the ring of integers of a finite extension of Qp,, I' a
profinite topological group which is isomorphic to 1 + pZ,. Then, for any finitely
generated torsion O[[']]-modules M and M’, the following statements old:

(1) The O][I')]-module Ad(M) is independent of the choice of the choice of
the system {ho}aca and is unique up to isomorphism.

(2) The O[[T']]-module Ad(M) is canonically isomorphic to Exté[m] (M, O[[I])-

(3) The module Ad(M) is a finitely generated torsion O[[I']]-module which
contains no nonzero pseudo-null O|[T')]-submodule.

(4) If M ~ M’, we have Ad(M) ~ Ad(M').

(5) When M is an elementary Iwasawa module in the sense of Definition [2Z41],
we have Ad(M) = M*.

By applying the above theorem, we obtain the following result:

PROPOSITION 3.72. Let us take a primitive Dirichlet character i satisfying the
same assumption as that of Theorem B.60. Then we have the following pseudo-
isomorphism of Acycp-modules:

Homgz, (CUKZ)p™]“", Qp/Zp)* ~ (Xkceye )yt

PROOF. Since KZ°/K is a cyclotomic Z,-extension, there exists an integer

n

no such that K¢ is totally ramified over K Y¢ = (K ggc)l“gyf at all primes above

p. Let p1,...,ps be the primes over p of K7°. For each i with 1 < i < s, the
inertia subgroup I, is isomorphic to Gal(KY/KY¢) = ngg via the natural map

I,, — Gal(LY/K) — I?'). Let us fix a topological generator v of T'? Y

cyc cyc *



3.3. BRIDGE BETWEEN THE ALGEBRAIC SIDE AND THE ANALYTIC SIDE 91

For each ¢ with 1 < 4 < s, we denote by v; € I, the pull-back of A4P" by the
above isomorphism and we define a closed subgroup Yjeye of the topological group
Xeye = Gal(LY/KZ°) to be

Yigre = (Wi XKare, Y2 V-5 % M)
where we set wy,, =~”"" —1 and ( ) denotes the closure of the subgroup ( ). By

the argument of §3.1.2) Yieye /(222 )Yeye is canonically identified with a subgroup

Wng

of CI(K¥¢)[p*] for any n > ng and the order of the cokernel of canonical injection
Yieeve /(22)Yceye — CL(KY€)[p™] is uniformly bounded independently of n > ny.
no

Hence, by choosing {I, }aeca of Definition B.70 to be {22 },,~,,, we have
)

(3.64) Ad((Yieese) 1) ~ Homg, (CUKZ) [p™]“ ", Q,/Zy)

by definition. By Theorem B71] (4), (5) and the structure theorem of Iwasawa
modules (Theorem 2.39), we have Ad(M)® ~ M for any finitely generated Acyc -
module M. Hence, we have

(3.65) Ad((Yieeyre)wp—1)® ~ (Yeeye )1

Finally we have

(3.66) (Yige)wyp-1 ~ (Xeye)wp—1

since Yyeye is a subgroup of X eve of finite index. By combining (3.64), (3.63]) and
B84, we complete the proof. ]

By putting the above results together, we obtain the following theorem.

THEOREM 3.73 (Principle of Kummer theory). Let us take a primitive Dirichlet
character v satisfying the same assumption as that of Theorem B.66. Then we have
the following equality:

charp ., (Xgee)wy-1 = chara, ., (Xge)y)® ® Keye-

We thus established principle (A)@ Principle (B) is established by the following

theorem.

THEOREM 3.74 (Principle of analytic class number formula). Let K=Q(unp).
Then we have the following equalities:

D MK g )wp- ZA
P
D (X gy oo~ Zu

»
where ) runs through all characters of Gal(K/Q) such that p(—1) =1 and ¢ # 1.
PrROOF. In this proof, we denote by € the set of all characters of Gal(K/Q)

such that ¥(—1) =1 and ¢ # 1. Let O be the ring of integers of a finite extension
of Q, which contains values of any ¢ € €. We set

X8 = (X geere @7, 0)7, X2l = Acyw/(H Ly(¥))
ek

30Recall that, in order that Kummer theory works, we established principle (A) with K
obtained by adjoining (, to K, and K p—1- Note that we have pseudo-isomorphisms of Acyc -
modules (XKCYC )ww—l ~ (XKcyc )wi/;fl and (ch}'c)w ~ (%Kcyc )w

=) wyp—1, 00 Rl P,00
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where ()~ denotes the part on which the complex conjugate J acts with mul-
tiplication of —1. By decomposing X® with characters, we have the following
decomposition of the Iwasawa invariants on the algebraic sidPl:

MX) = 3 M(X ke Jup-1), w(XE) = D pl(Xiegze)wp).
Pped Pecd

By the definition of X2 we have the following decomposition of the Iwasawa
invariants on the analytic side:

Xanal Z /\ M(Xanal) — Z [L(Lp(d)))
pee Pped

Hence, it suffices to prove that
(3.67) /\(Xalg) — )\()(anal)7 ,U(Xalg) _ ﬂ(Xanal)~

By the argument developed in §3.1.2] there exist a natural number ng and a real
number c satisfying 0 < ¢ < 1 such that we have the following inequality for any
n > ng :

#(CLUEY) [p>]) /#(CUK YT ) [p™

W )P D
(3:65) o= (X0 /(=) X %) =

1
c’

Let us recall some classical facts concerning Dedekind’s zeta functions (K¢, s)
for K&¢ and (K%, s) for its totally real subfield K&+,
(1) By Dirichlet Class Number Formula, the order of zero of ((K%¢ s) at
s =0 is equal to r1 (K°) + ro(K¥°) and we have

(3.69) iSOG, ) #CUKE) - Ry
' B0 5ra(KT) Frurcpe

where Ryeve is the regulator of K ¥¢ for n > $3.
(2) Similarly, we have
Kevet CUKSYSH) - R oy,
(3.70) fig SR s)  #CN ) B
) #HK;yc,+

s—=0 57"1(Kn'
Here we note that we have ro( K&Y¢) = rq (K&T) for n > 3.
(3) Since K is an abelian extension of Q, we have

(3.71) C(KS®, s H L(n, s

where 1 runs through Dirichlet characters defined modulo Np"™tt.
(4) Similarly, we have

(3.72) C(KYT)s) HL (n,s

where 7 runs through even Dirichlet characters defined modulo Np™+!.

31By using Remark B33 (3) and Stickelberger’s theorem (Theorem [B.04), we have
M(Xgege)w) = p((Xgeye)w) = 0 when ¢ = 1. This justifies the validity of the following equality
though the case 1) = 1 is excluded in the definition of €.

32By taking a sufficiently large ng, we can avoid the contribution of trivial-zero, for example.

33Note that we have r1 (K5 ¢) = 0 for n > 3.
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By taking the ratio of (B:69) and [B.70]), we have:

C(KG©s) 2%+ HOKG)

3.73 im = ;

( ) 50 C(K;yC’Jr,S) #‘uszC #CI(K;yCHr)

where d,, = [K° : Q]. Here we used the fact that RRK%Y: = 2% and Hlh prove,+ = 2.
e, I3

On the other and, by the interpolation of the p—ad?c L-function L, () (Theorem
B30) and by Remark B33l (3), we have

[L($pw™l¢™",0)]p  when ) # 1,
1

- h =1
60 — 1, when v =1,

for any Dirichlet character ¢ of p-power order whose conductor divides p™*! where
v is a topological generator of I" and ¢ = 1 is excluded in the latter case. Now we
have the following equality for any n:

Ha%anlzpnww—n

H#H e prtt

|¢(Lp(¢))|p =

)

P

where ¢ runs through nontrivial characters of I'cyc/ I‘g’;c. Since p is an odd prime

number, B71), B2 and 73] imply that there exists a real number satisfying
0 < ¢’ <1 such that we have the following inequality for any positive integer n:

;- #(CUE ) [p>]) /#(CHEY ) [p™])
(374) ¢ = #(Xanal/(i_;)Xanal)

1
<=
<3

The asymptotic behavior of #(X*#/(£»)X?8) and #(Xanal/(:—g)Xanal) when n
70

varies obtained in (B:68)), (374 combined with the arguments of §2.3.4] (especially

Remark 251 implies the desired equalities of Iwasawa invariants ([B.67). This

completes the proof. O

By the principle of analytic class number formula established earlier, it suffices
to prove only one of inclusions C and D of the cyclotomic Iwasawa main conjecture
for class groups over K, when v runs through even characters of Gal(Q(pnp)/Q).
However, X#8 and X2 are quite different in nature and it is not easy to relate
these two objects directly. So, usually we try to relate them with help of a certain
intermediate object as follows:

characteristic ideal . . a principal ideal
intermediate . .
of Selmer group ------ L e generated by p-adic L-function .
. . object . .
(algebraic object) (analytic object)

There are mainly two different methods, the method of the Eisenstein ideal and
the method of Euler systems. We will explain each of them in §3.32 and in §3.3.3]
respectively.

3.3.2. Proof of the Iwasawa main conjecture by the Eisenstein ideal.
In this section, we will explain the proof along the method of the Eisenstein ideal of
(—)-type Iwasawa main conjecture (Theorem [3.60]) obtained by Mazur—Wiles [75],
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Wﬂﬁ [124]. Their proof has its origin in the proof of the following result by Ribet
[9324:

(3.75) p|L(w' ™", —1) = pl#CUQ(y))*
for any odd integer ¢ satisfying 1 < i <p — 1.

Roughly speaking, their work generalizes the work of Ribet, from Q(u,) to a system
of Q(ptnpn+1) where n varies, from the divisibility by p to the divisibility by p™. In
other words, the proof of the above-mentioned work of Ribet [93] is a prototype
of the proof of by Mazur—Wiles and Wiles. Hence, we will explain the argument
of [93] first. Based on this, we then discuss the generalization by by Mazur-Wiles
and Wiles.

The basic knowledge required to understand the topics of this subsection is
more advanced than the basic knowledge required in other sections. For exam-
ple, the proofs of Ribet, Mazur—Wiles, and Wiles assume modular forms, Hecke
operators for which the reader can refer to [77] and [39, Chap.5, Chap.6]. It is
also important to have a basic understanding of basics on the theory of p-adic Ga-
lois representations as well as the theory Galois cohomology theory to the level of
[I07, Chap.1]. Other than these subjects, the basic knowledge of the arithmetic
algebraic geometry such as algebraic curves, abelian varieties and finite flat group
schemes over local fields is also assumed (see [I31] for example on such basic top-
ics). For these reasons, this section has two £1 In fact, we only give a sketch
for the proof of Wiles. If the reader is not familiar with some technical terms or
some notion, he can try to grasp only the outline without following the detail of
the argument. If reading in such a way is also difficult, we can skip this section.

From now on throughout the book, we fix two sets of complex and p-adic
embeddings of Q as follows:

(3.76) / C C
Q \ Q \

We fix a finite extension K of Q, which is sufficiently large so that the coefficients
of g-expansion of a given modular form and the values of some Dirichlet characters
are contained in K. The first set of fixed embeddings ¢, ¢ serves for identifying
the decomposition group at a finite prime v of a number field K with the absolute
Galois group of the local field K, and the second set of fixed embeddings ¢/, ¢,
serves for regarding the coefficients of g-expansion of a given normalized modular

form as elements in Q9.

34For an integer k such that i = 1 — k mod p — 1, we have ¢(1 — k) = L(w*~!,—~1) mod p.
Hence, the implication = of the theorem of Herbrand—Ribet stated in Chapter [Ilis equivalent
to the implication = of (B70).

35For the meaning of *, please refer to “How to read this book” in the preface of this book.

36 After Chapter 5, the first set of fixed embeddings teo, tp serves for fixing “the field of
definition” of a given motif or a given algebraic variety and the second set of fixed embeddings

e, L;, serves for fixing “the field of coefficients” of a given motif.
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We denote by My(M,n;Z) (vesp. Sp(M,n;Z)) the space of modular forms
(resp. cuspforms) of weight k, level I'y (M) with Neben character 1 whose coeffi-
cients of g-expansion are contained in Z. We set:

My (M, n; Ox) = Mp(M,n;Z) @z O, Sk(M,n; Ox) = Sk(M,n;Z) ®z Ok.
Let w be a uniformizer of Ox. Below, we will explain the proof of B75]) given by
Ribet [93].
(Step 1) If w|L(w'"!,—1), there exists a normalized cuspidal eigenform f =
oo 1an(f)g" € S2(p,w'™!; Ok) such that we have the congruences a,(f) = 1+
(w=t(¢) mod w for all primes ¢ # p.

OUTLINE OF THE PROOF. Recall that, for a Dirichlet character n of conductor
M and a natural number k£ > 1, there exists an eigenform Gy, € My(M,n; Ok)
called an Eisenstein series given by

(3.77) Gr, = M=) 3 i)

2r(n ) (@2ry/—D)F , Mz +n)
(m,n)€EZ
(m,n)#(0,0)

where we assume that 7 # 1 when k < 2 and 7(n~!) denotes the Gauss sum
ZlSjSMn_l(j)ezwz\F 1. The g-expansion of Gy, is given as follows:

Lin,1—k = N
(3.78) Gry = % + Y ok1(n)g",

n=1

where oj_1 ,(n) = Zlgdgn)d‘nn(d)dk*, the o-function of Dedekind for the char-

acter 7@ Note that, when k = 2, M = p, n = w'~!, the constant term of Gy i1

i—1
is L& =Y We can verify by computation that, among all pairs (a,b) of integers

2
satisfying 1 < a,b <p—1and a+b=1i— 1 mod p — 1, there exists a pair (a,b)
such that the constant term ag(g(a, b)) of g(a,b) := G1,,eGy v € Ma(p,w' ™5 Ox)
is a p-adic unif®d.
With such a pair (a,b), we set

L(wiilv_l) g(&,b)

2 ao(g(a, b))
By the definition of f’, we have ag(f’) = 0. By the assumption w|L(wi~t, —1), we
have f" = G5 ,i-1 mod w where we define the congruence between modular forms

(3.79) f/ = G27wi—1 — € Ms(p, wiil; Oxk).

37When k < 2, the series ([377) is not absolutely convergent. Hence, we consider the series
Gl,(s) which is defined by introducing another complex variable s and by replacing (mMz+n)* in
(T by (mMz+n)*|mMz+n|?5. The series Gy, ,,(s) is absolutely convergent for 2Re(s)+k—2 >
0. When 1 # 1, Gy ,(s) is analytically continued to the whole C-plane and we define Gy, by
Grn = Gin(s)|s=0. For the detail of the calculation and the proof, we refer the reader to
[77, §7.2.

38For the proof of the formula of the g-expansion of the Eisenstein series with character, we
refer the reader to [39] §5.1].

39By [B13), the constant term of g(a, b) is equal to . Since the p-adic valuation
of the value H?;;L(wj, 0) is bounded by the p-adic valuation of #Cl(Q((p)) from above thanks
to the class number formula, the asymptotic behavior of ord,#Cl(Q(¢p)) obtained by Carlitz
implies that we have ord,#Cl(Q({p)) < prl if p > 19. For primes p < 19, we always have
ord,#C1(Q(¢p)) = 0. Hence, the existence of a pair (a,b) with which the constant term of g(a, b)
is a p-adic unit is assured for all primes p by pigeonhole principle. For more of the detail and
related references, we refer the reader to [93] Theorem (3.3)].

L(w*,0)L(w",0)
4
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with coefficients in Ok by the congruence of all coefficients of their g-expansions
here. In general, a modular form whose constant term vanishes as is the case for
f' is called a semi-cuspform.

Note that f’ might not necessarily be an eigenform. In order to obtain an
eigenform, we use the following lemma:

LEMMA 3.75. Let M be a finitely generated free module over a discrete valua-
tion ring Ox and P a set of Ok -linear endomorphisms of M which are mutually
commutative. Suppose that v € M/wM is a simultaneous eigenvector of the set
of endomorphisms on M/wM induced by elements of P. Then, by replacing M
and P by their base extension to a finite extension of IC if necessary, there exists a
simultaneous eigenvector v € M of the set of endomorphisms P over Ok such that
V=T mod w.

Roughly speaking, the idea is to consider the subalgebra H of the ring of endo-
morphism Endp, (M) generated by P and to discuss the lifting of the prime ideal
associated to the component of H modulo the maximal ideal of O corresponding
to ©. Since the detail of the algebraic argument of the proof of this lemma does not
help us to understand the essential point of the proof of Ribet, we omit the proof
of lemma. For the detail of the proof, we refer the reader to [24, Lemma 6.11].

We will apply Lemma to the space of semi-cuspforms

M = {h € My(p,w'™; Ox) | ag(h) = 0}

and the set P of Hecke operators in Endp, (M)@ If we put v = f’, v mod @ is an
eigenvector by the definition given in . Let v be the eigenvector obtained
from v applying Lemma B.75land we define f” =37 ja,(f")q" € Ma(p,w'™!; Ox)
to be the form corresponding to v. By definition, f” is a semi-cuspidal eigenform
which satisfies the congruence f” = G -1 mod w. In general, the constant terms
of a semi-cuspform does not vanish at other cusps. Hence, a semi-cuspform is not
necessarily a cuspform.
Recall that we have a decomposition

Mg(p,wi_l;IC) = SQ(pawi_l;’C) ® EQ(p7wi_1;IC)>

where E(p,w'™1; K) is the subspace of Ma(p,w'™1; K) which consists of Eisenstein
series. In this situation, Eo(p,w’ !;K) is of dimension 2 and the coefficients of
g-expansions of two eigenforms are explicitly calculated (see [T7, §4.7]). One of
two eigenforms is the Eisenstein series Gy -1, which has nonzero constant term
and the other eigenform is a semi-cuspform. Since the Fourier coefficient at ¢ of
Goi-1 is 14+ w1 (¢)¢ and the Fourier coefficient at £ of the unique semi-cuspform
in Ey(p,w'™1K) is £+ w'=1(¢) by [77, §4.7], they are not congruent modulo w to
each other unless w'~! is trivial. We thus conclude that the semi-cuspidal eigen-
form f” € Sa(p,w'™!; Ox) which we constructed belongs to Sz (p,w’~1;K). Since

40Tn general, the subspace of semi-cuspforms in the space of modular forms of certain weight
and level is not necessarily stable under the action of Hecke operators. Here, since the subspace of
non semi-cuspforms inside the space of Eisenstein series in Ma(p,w’™!; Ox) is of dimension one,
the subspace of semi-cuspforms in Ma(p,w?™!; Ox) is stable under the action of Hecke operators.
Thus, we can apply Lemma in this situation.

41The element v mod @ is nonzero because the first coefficient of the g-expansion of f’ is a
unit of O.

42We refer the reader to [T7, Chap. 7] for a general reference of g-expansion of Eisenstein
series of general weight and level.



3.3. BRIDGE BETWEEN THE ALGEBRAIC SIDE AND THE ANALYTIC SIDE 97

a1(Gapi-1) = 1, we have a1(f") € 1+ wOx C Of. Hence, the normalization
f= mf” of f” also belongs to Sa(p,w'™1; (’)K. O

(Step 2a) Let us denote by V; = K®? the representation space of the p-adic
Galois representation p' of the absolute Galois group Gg of Q associated to the
normalized cuspidal eigenform f = Y7 ja,(f)g"_ € Sa(p,w’™*; Ox) obtained in
Step 1. Then there exists a Gg-stable Ox-latticd™ T ¢ (Vy)* such that the Gg-
module T'/wT have the following extensionY:

(3.80) 0 — (Ox/(@)(1) — T/wT — (Ox/(w))(w™") — 0,

where (Ox/(w))(n) denotes the Galois representation of rank one over Ok /(w) on
which Gg acts by n: Gg — (O /(w))*.

PROOF. Let us choose a Gg-stable Ox-lattice 7" C (Vy)*. As we discussed in
Step 1, we have a1 (f”) = 1 mod w. Hence, we have ay(f) = a¢(f”) mod w for any
prime £. Since we have

tr(Frob; " on T"/@wT’) = ai(f) = ai(Gapi-1) = 1+ lw'1(1) mod w

for the arithmetic Frobenius element Frobf1 at each prime ¢ # p, the semi-
simplification (T”/wT’)*® of T’ /wT’ has the following isomorphism:

(3.81) (T"/@T")* = (O /(w))(1) & (O /(@) (w ™)

by the Chebotarev density theorem. Especially, T7"/wT" is reducible. If T"/wT’
has a subspace which is isomorphic to (Ox/(w))(1), T'/wT’ has an extension of
the type (B80). In this case, it suffices to take T'= T’. If it is not the case, the
Gg-module T"/wT" has the following extension:

(3.82) 0 — (Ox/(@)(w™) — T'/wT' — (Ox/(w))(1) — 0.

Then, we set T' = Ker[T” — (Ox/(w))(1)], which is also a Gg-stable Ox-lattice of
(Vi)*. the Gg-module T'/wT has an extension of the type (8:80) This completes
the proof of Step 2a. ]

(Step 2b) There exists a Gg-stable Ox-lattice T C (Vy)* such that the Gg-
module T/wT have an extension of the type ([B:80) which is not split as a short
exact sequence of Ok [GQ]—modules

43The argument to this point is based on [93] Prop. 3.5].

44yWe refer the reader to Theorem [A1] of this book to know what P and Vf are.

45We refer the reader to [L07, Chap. 1] or §5.1 of this book for the definition and the
generality of Galois stable lattices of a p-adic Galois representation.

46The symbol (V¢)* denotes the K-linear dual of V. In this book, our Galois representation
V; associated to f is cohomological. On the other hand, the argument of Ribet is based on
the homological construction of the Galois representation associated to f. We refer the reader
to Remark [A3] to understand what we mean by a cohomological Galois representation and a
homological Galois representation.

47In general, given an irreducible p-adic Galois representation whose residual representation
is reducible, it is important to consider a statement which assures the existence of a Gg-stable
Ox-lattice whose mod w reduction is non semi-simple. A statement of this type which generalizes
[93] Proposition (2.1)] is called a “Ribet’s lemma”.
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PROOF. Let T” C (Vy)* be a Gg-stable Ox-lattice satisfying (B.80) of Step 2a.
By choosing an Ox-basis of T”, we consider the representation

a'(g) b’(g)>
3.83 Go — GL3(Ok), —
( ) Q 2(Ok), g <C/(g) dl(g)
by matrices relative to the fixed basis. Then each of matrix components a’, V', ¢, d’
is a map from Gg to Ok. By choosing the Ox-basis of 7" giving ([3.83) so that o’
modulo w is the matrix of the subrepresentation (Ox/(w))(1) C T"/wT’, we have

(3.84) a’=1mod w, ¢ =0 mod w, d =w " mod w.

Under this choice of the basis, the representation 7" is non split if and only if we
have ¥’ # 0 mod w. Hence, if the representation 7" satisfies (8:84) and we have
b # 0 mod w, it suffices to take T = T’. In the rest of the proof, we assume
that the representation 7" satisfies (3.84)) and ¥’ = 0 mod w. Starting from this
T', we want to find another Gg-stable Ox-lattice T' C (Vy)* which has a matrix
representation

Go — GO0, - (4 1)
satisfying
a=1mod w, b#0mod w, c=0mod w, d=w"* mod w.

Since the p-adic Galois representation Vy of Gg is irreducible by Ribet [94],
Prop. 4.4] , there exists an integer n > 1 such that ¥ = 0 mod @™ and b # 0
"+ et us consider a matrix P — [ On

0 @

Og-lattice T C (Vy)* by T := PT'" C (Vy)*, which has the following representation:

Go —> GLa(Ok), g <a(g) b(g)> _p <a’(g) b’(g)) pl

mod w and let us define a Gg-stable

c(g) d(g) d(g) d'(9)

We can check that a(g) = d/(g), b(g) = 22, e(g) = w"¢(g), d(g) = d'(g) by

won )

calculation. The matrix components a, b, ¢, d satisfies (8:84) and b Z 0 mod w. We
thus constructed the desired Gg-stable Ox-lattice T' C (Vy)*. O

(Step 3) Let T C (Vy)* be a Gg-stable Ox-lattice obtained in Step 2b. Then the
sequence ([3.80) splits as an exact sequence of GQP(CP +C;1)—modules.

PROOF. Since f is of weight two, (V)* is a subrepresentation of T, X1 (p) ®z, Q,
where T, X (p) denotes the p-adic Tate module of X (p) B Let B = J1(p)/Jo(p)
be the quotient abelian variety where J;(p) and Jy(p) are the Jacobian varieties of
the modular curves X;(p) and Xo(p) respectively. Since the Neben character wi~*
of f is nontrivial, (Vy)* is a subrepresentation of T, B ®z, Q,.

THEOREM 3.76. The abelian variety B has good reduction over Q,({, + Cp’l).
48See Theorem [A]] for Vi

49See the comments after Remark[A.3]for the fact that the Galois representation V; associated
to cuspforms of weight two is constructed from the p-adic Tate module of a Jacobian variety.
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We can prove this theorem by applying the local Langlands correspondence
proved by Carayol [10]. Here we use this theorem by omitting the proof, but we
refer the reader to [22, Chap. V] for the proof of this theoremPJ. Let Qy be the field
obtained by adjoining all coefficients of the g-expansion of f to the field of rationals
and Zy the ring of integers. Then O is a local component of a semi-local ring
Zs @z ZLy. Let us take an abelian variety B’ isogenious to B with Zy — End(B’)
such that T' = T,B’ ®z s®22, Ok Since abelian varieties in the same isogeny class
have the same reduction type, B’ also has good reduction over Q,(¢p + ¢, "), Let
B’ be the Néron model of B’ over Zy[(, + ¢, ']. Since B’ is an abelian scheme over

Zy[Cp —I—Cp_l] and the multiplication by p map B’ —= B’ is finite flat, the kernel /5’ [p]
of the multiplication by p is a finite flat group scheme over Z,[(, + ¢, 1. We note
that the ring Zy ®z Z, acts on B'[p]. In general, given a finite flat group scheme
G defined over the ring of integers Oy of a p-adic field k, the group of @p—valued
points G(Q,) is a Gy-module. Let G C B'[p] be the finite flat subgroup scheme
over Z,[(p + Cp*l] obtained by cutting out the part where the ring Z; ®z Z, acts
through the local component Ok. For k = Q,((p + ¢, 1), we have an isomorphism
of G-modules

(3.85) T/wT = G(Q,).
The following theorem is due to Raynaud (see [92, Thm. 3.3.3, Cor. 3.3.6.] for
the proof).

THEOREM 3.77. Let k be a p-adic field whose absolute ramification index e(k)
satisfies e(k) < p — 1. Then the following statements hold for any finite flat group
schemes G, G which are defined over O and annihilated by p.

(1) If we have an isomorphism of Gx-modules G(Q,) = G'(Q,), we have an
isomorphism G = G'. B

(2) We have an injection Hompp[gk}(g(@p), G'(Q,)) = Hom(G,§G’").

By the basic theory on finite flat group schemes (see [I15] for example), we
have a standard short exact sequence: of finite flat group schemes

(3.86) 0— G G — G — 0,

where G°™ is a connected finite flat group scheme and G is an étale finite flat
group scheme.

Let us get back to the situation of ([3:80). By Step 2a, we have a Gg-stable
short exact sequence ([B80). Since this sequence is stable by the subgroup G, C Gg
with & = Q,(¢p + ¢, "), the Gr-module T/wT of rank two over Ox/(w) contains
a Gp-module (Ok/(w))(1) of rank one over Ok /(w) with trivial action. Since we
have e(k) = p;—l < p—1, we have an injective morphism of finite flat group scheme
from a nonzero constant finite flat group scheme over Oy into G by Theorem B.77
On the other hand, the representation G(Q,) = T/wT of G, is ramified since w' is
a nontrivial ramified character of G, by the assumption that ¢ is odd. This implies
that G°°"" # 0. Since G contains a nonzero constant finite flat group scheme, G is
not a connected finite flat group scheme over Oy. Hence, G°°"" is not equal to the

whole of G and G°™" is a finite flat group scheme over Oy such that Qconn((@p) is

508ee also [61], Chap. 14] for an extension of this theorem to the case of the general level.
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of rank one over Ok /(w). We thus proved that the free O /(w)-module T'/wT of
rank two have two different G-stable subspaces of rank one. This implies that the
short exact sequence ([B.80) of Gi-modules splits. O

(Step 4) The cohomology class obtained by the extension ([B3.80]) satisfied by the
reduction T'/wwT of an Ok-lattice T' C (Vy)* modified as in Step 2b gives a nonzero

element in C1(Q(¢,))[p]“".

PROOF. By applying the twist ®w? with the character w’ to ([3.82), we have
the following exact sequence:

(3.87) 0 — (O /(@) (W') — (T/wT) @ w' — (Ox/(w))(1) — 0.

Let x be a generator of the rightmost term (O /(w))(1) of [B.87) and take a lift
7 € (T/wT) ® w'. For any g € Gg, we have

9(%) = 7 € Ker[(T/wT) @ w' — (O /(w))(1)] = (Ok/(w))(w')

and we can check that the element ¢(Z) — 7 is independent of the choice of the lift
Z. This defines a map

(3.88) G — (Ox/@)(W), g 9(@) - 7,

and we can check that this is a group homomorpihsm. By Step 2b, the group
homomorphism (3.88) is nontrivial. Since the order of the group (Ox/(w@))(w?) is
a p-power and the index [Gq : Ggc,)] is prime to p, a group homomorphism

(3.89) Ga,) — (Ox/(@))(w'),

which is obtained by restricting ([3.88)) is also nontrivial. Since the abelian variety
B’ has good reduction outside p, the general theory of étale cohomology assures
that the homomorphism (B.89) restricted to the inertia subgroup I is trivial for any
prime A of Q((,) which is not lying over p. By Step 3, the homomorphism (B.89)
restricted to the decomposition group D, at the unique prime p of Q({,) over p
is trivial. Thus, there exists a nontrivial Gal(Q(¢,)/Q)-equivariant homomorphism
CLQ(¢) ) — (Ok/(w))(w?) by the unramified global class field theory. This
completes the proof of ([B70). O

Let us proceed to the proof of the Iwasawa main conjecture for ideal class
groups (Theorem B.60). Theorem was first proved by Mazur-Wiles [75] when
the order of the Dirichlet caracter 1 associated to the base field K;-1 is prime
to p and Wiles [124] removed the assumption on the order of 1 later. The proofs
given by Mazur—Wiles [75] and Wiles [124] are both generalizations of the method
of Ribet explained above, but the proof of [124] refines and simplifies the proof of
[75] even when the order of v is prime to p. The first remarkable idea of [124] is
the use of Hida theory on families of p-adic modular over local domains I which
are finite flat over Acy.. We localize Acy. at every height-one prime J dividing the
p-adic L-function L,(¢) and bound from below the length of the torsion (Acyc)s
module obtained by localizing (X KV )wy-1 at J with help of Hida theor.

511t is thanks to Hida theory and the localization that [124] removed the assumption of the
order of 1 being prime to p.
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Before explaining the proof of [124], we will recall and fix some notation on
Hida theory. Let I be a local domain which is finite flat over A.y.. By fixing
a natural number N satisfying (N,p) = 1, Hida theory provides us a certain I-
module My, (I) called the space of Hida’s I-adic modular forms of level Np®.
We list up some of important facts on the space M pnpos (I) belowP2:

(1) The I-module My, (I) is a finitely generated I-submodule of I[[¢]] where
q is a formal variable. Hence, every element of Mpyp~(I) is given as a
formal g-expansion F = 322 A, (F)q¢™ where A, (F) is an element of I for
every nonnegative integer n. -

(2) Let F be an element of My, (I). For any homomorphism & : I — Q,

k—2

satisfying [a,,, = keye @ With a natural number £ > 2 and a charac-

ter of finite order ¢ : I'cye — @X, there exists a modular form f, €
My (To(Np*), pw?~*¢; k(I)) such that the specialization

K(F) == 302 gk(An(F))g"

is equal to the g-expansion of f, = f.(z) when we identify the formal
variable ¢ of k(F) with exp(27r\/—_12. Here, v is a Dirichlet character
associated to IF whose conductor is a divisor of Np. We call the character
1p the Neben character of the I-adic modular form F.

(3) An T-adic modular form F is called an I-adic cuspform if the specializa-
tion f,. belongs to the space of cuspforms Sy (I'o(Np*), Yrw? F¢; k(1)) C
M;(To(Np*), rw?*¢; k(I)) for any homomorphism « : T — Q,, satisfy-
ing the same condition as in (2). We denote by Sypes (I) C M pnpee (I) the
I-submodule which consists of I-adic cuspforms.

(4) As in the theory of classical modular forms, we have Hecke operators
T5,T5,... acting on the modules Sype(I) and Mpype(I). Since these
Hecke operators commute to each other, it makes sense to consider a
simultaneous eigenvector with respect to all Hecke operators. We call
such a simultaneous eigenvector a Hecke eigenform.

(5) Let IF be an I-adic cuspidal eigenform of level Np*™°. We denote by K the
field of fractions of I. Then there exists an irreducible Galois representa-
tion pp : Gg — GL2(K) which satisfies the following conditions:

(tr) At any prime ¢ not dividing Np, the representation pr is unramified
and we have the equality Ay(F) = tr(pr(Froby)).
(det) The representation detpr : Go — GL1(K) is isomorphic to the

character £~ 'k Lw 'y ! where % is the universal character Gg —

cyc
Ceye = Zp[[Toye]]* — I*.

We note that pp is uniquely characterized modulo isomorphism by the

above properties. The representation pr is continuous in the sense that the

representation space Vi =2 K92 of pr has a finitely generated I-submodule

T C Vr such that T ® K = V& which is stable by the action of Gg and the

action of Gg on T is continuous with respect to the topology of T induced

by the maximal ideal of I.

521n this section, we only give a brief summary on Hida theory to outline the proof of Theorem
However, we will give a more detailed explanation of Hida theory later in §7.2 of the second
volume of this book.

53We have * = ord,(Cond(¢)) when ¢ # 1 and we have * = 1 when ¢ = 1.
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Let us explain the I[-adic Eisenstein series, which is the most important example of
[-adic modular form.

An I-adic Eisenstein series is a p-adic family of classical Eisenstein series. Let
1 be a Dirichlet character of conductor Np® (e =0 or e = 1) such that ¢(—1) =1
and ¢ # 1. We set [ = Acycp. Let us fix a topological generator v of I'¢ye. For
any natural number d, we define s(d) € Z, to be a unique element characterized by
/{Cyc(y)s(d) = (d). We define Tw,_ : Acycp — Acye,p to be the Z,[¢)]-linear map
induced by v — Keye(7)7y. Then, we define Gy = Y7 (A, (Gy)g" € Mpype(I) by

TWiy. (M) when n = 0,

S i<da<n (d)dy* D when n > 0,
d|n,(d,p)=1

(3.90) A,(Gy) =

where we recall that ¢ is the involution map on Acyc y induced by I'eye — I'eye, g —

¢~ !. For any homomorphism & : I — @p satisfying x[a,,, = ngy_czqﬁ with a natural

number k£ > 2 and a character of finite order ¢ : I'cyc — Q”, we have K(Gy) =
Gl(f Q)WQ, ko where Gl(f prz, ) is a classical cuspidal eigenform given by the following
q—expansio:

Ggfjl)pwz_w(Q) = Grpur-10(q) = P00 0 (p) G yuvr—r6 (7).

Thus Gy is an element of M pype (H.

Using these tools from Hida theory, we will explain the proof of Theorem
by Wiles in which we carry out a systematic generalization of the construction
of unramified extensions by Ribet. By the principle of the analytic class number
formula (Theorem B74]), it suffices to show the inequality

(8:91)  ordya) Tw, 1 (Lp(1) < ordyga) (chara,, , (Xpve | oy gt

for each height-one prime ideal J C Acycy which contains the element Ag(Gy) =
TWiqye (M) € Acyc,yp- In addition, by the vanishing theorem of the y-invariant
(Theorem [B60]), it suffices to prove (B.91) assuming that the prime J is not over p

(In other words, Agyc,q/J is of characteristic 0). From now, in the rest of the proof,
we fix such a height-one prime ideal J C Acyc, and we set

(392) l = OI"CIL(T;)F]._‘WN;;C (Lp(Qb)) = Ordeo(Gw).

Our goal is to prove ([B91]). We will do this in 4 step@.
(Step I) There exists a local domain I which is finite flat over Acyc, an I-adic

cuspidal eigenform F € Snp(I) and a height-one prime ideal 3 C I over the
height-one prime ideal J C Acye such that F = G, mod 3.

(p)
kpw2=ke
called a p-stabilization of a modular form. It is known that, at any prime different from p, the

54The construction by which we obtain G (9) from Gy, ,2—k4(q) as below is usually

Hecke eigenvalue of the p-stabilization G;cp Lw
55We refer the reader to the text [39] é?.l} for a more detailed explanation on the construction
of Gy under the assumption that N = 1.
56The steps I, II, III, and IV below are respectively the analogues of steps 1, 2, 3, and 4 of
the proof of Ribet explained earlier. It will help to understand the arguments deeper if we always

keep this analogy in mind.

27,%((1) is the same as that of Gy, ,,,2—k4(q)-
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ProoOF. If we try to prove Step I by just imitating the proof of Step 1 in
the proof of Ribet, we have to start from showing the existence of an Acyc-adic
modular form G € M ype (Acye,p) With the same Neben character ¢ as G, whose
constant term Ay(G) is a unit of Acycy. Since N is arbitrary, it is impossible to
check this with help of numerical calculations of the asymptotic behavior of class
numbers as we did in the proof of Ribet for N = 1. We sketch a brief idea on how
to avoid this difficulty.

The second important idea of Wiles is that it suffices to show only the existence
of an Acyc y-adic modular form G € M ype (Acye ) With the same Neben character
1 as G, whose constant term Ag(G) has no common zero with constant term
Ap(Gy) of Gy. We will find this by a twisting technique which is explained below.

For a character p of I'cy. of finite order, we set Ggf) =Gy 1)1 'TWRcfylcp(Gw).
By construction, fo) is an element of M ypee (Acye,y) Whose Neben character is
equal to that of Gw. Note that AO(fo)) has only finitely many zeros by p-adic
Weierstrass preparation theorem (Theorem2.15). Hence, if we choose p so that the
order of p is sufficiently large, AO(GE/JP)) and A(Gy) have no common zeros. By the

definition of the ideal Z given above, AO(GE;))) is a unit of the localization (Acyc )3
under this choice of p. Let us set

e M)
F =Gy — WG;) € (Acye.s)alld]]-

Then we have F’ = G, modulo J3'. Since the constant term of F’ is zero, F’ is an
Acye,p-adic semi-cuspform.

If we follow the analogy with the strategy of the Ribet’s proof which is the
prototype of this proof, we might try to find a sufficiently large finite flat extension
I of Acye,y and an I-adic semi-cuspidal eigenform which is congruent to F' modulo
3! . However, since N is arbitrary, the rank of the space of I-adic Eisenstein series is
large and the space of semi-cuspforms is not stable by the action of Hecke operators
in general. So it is not possible to follow exactly the same strategy as the Ribet’s
proof. The third important idea of Wiles is to study carefully the action of Hecke
operators on the space of I-adic Eisenstein series. We denote by Enpee (I) the space
of I-adic Eisenstein series with Neben character 1. Then we have the decomposition
as follows stable by the action of Hecke operators:

Mpee (1) = Snpee (1) @ Enpee (I).
The space Enpe (I) is spanned by forms E(¢’,¢")(¢"™) labelled with Dirichlet char-
acters ¥ and ¢ satisfying ¢ = ¢'¢"” and m dividing %{ﬂw where E(¢',¢") is
the I-adic Eisenstein series interpolating classical Eisenstein series Ej (', ") when
k varies. It is known that E(¢',¢") is a semi-cuspform if ¢’ is not primitive and
E(¢’,4") is annihilated by

lim T;L!TNH(TISG(NP) _ (,Ys(l)l)ga(Np))

n—roo
N

57For any integer k > 2 and for any finite order character ¢ : I'cyc — Q”, the specialization
of Tw,_—1 p(Gd,) by n’gy;qu is a modular form in My_1(To(Np*), w3 ~Fpd; Zp[1pg]). Multiplied
cyc
by G17w71p71 € My_1(To(Np*),w 1 p~1;Z,[p]) the specialization of Gfpp) by nf}fczqﬁ becomes a
modular form in M (To(Np*), Yw?~F¢; Zy[0¢]).
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if ¢’ is nontrivial. By these facts, we have

(3.93) lim T T [ (17N — (P ODP NP € Sypoe (Acye,))-

n—roo
N

We denote by F” € Snpe((Acye,p)3) the normalized cuspform associated to the
form of (393). We have F’ = F' = G, mod J'. There exists a local domain
I which is finite flat over Agyc, an I-adic cuspidal eigenform F € Sype(I) and a
height-one prime ideal 3 C I over the height-one prime ideal J C Acyc,y such that
F = F” modulo Bl, which is the desired cuspform F. |

(Step II) Let pp : Gg — GL2(K) be the irreducible Galois representation as-
sociated to F and let us denote by Vp =2 K®? the representation space of pp. We
denote by I; the discrete valuation ring obtained by localizing I at the height-one
prime 3. For a character j : Go — (I5)*, we denote by (I3 /3)(p) a simple
(Is /3)-module of rank one over (I; /J) on which Gg acts by p and we call (I5 /3)(P)
a (I; /3) [Gg]-module of type p. If we denote by (Vg)* the K-linear dual of Vg, there
exists a finitely generated Is-submodule T5 C (V)* which is stable by the action
of G satisfying the following properties:

(1) The I3-module Tj is free of rank two.
(2) We have a Gg-stable extension:

(3.94) 0— A—T;/3'T; — B —0

satisfying the following conditions:
(i) We have A=~ B 215 /3" as I;-modules.
(ii) Every simple subquotient of A (resp. B) as an I5 [Ggl-module is of
type 1 (resp. type 1) where 1] := Kkcyctrw.
(3) The module T5 has no quotient of type 1 as an I; [Gg]-module.

PROOF. Let us state a brief outline of the proof. The existence of a Gg-stable
submodule T5 C (Vp)* which satisfies the assertion (1) follows from the continuity
of the representation pr which was explained earlier. For any prime ¢ not dividing
Np, we have the following congruence modulo 3

the trace of Frob, acting on Tj; /ETg = Ay(F)
= Ay(Gy) = the trace of Frob, acting on(Is /3)(1) & (I /3) (7).

Hence, the semi-simplification (T /3T5)* of the I [Ggl-module T5 /3T is isomor-
phic to (I5 /3)(1) & (I5 /3)(7}) by the Chebotarev density theorem. By an argument
similar to Step 2a of the Ribet’s proof, we can replace the I;-lattice T5 by another
lattice so that the assertion (2) is satisfied. Since py is irreducible, by the argument
of Ribet’s lemma similar to the one developed in Step 2b of the proof of Ribet,
we can replace the lattice T5 by another lattice satisfying the property (3) without
spoiling the property (2). O

58When I is not normal, we need to replace I by its integral closure in K and 3 by a height-one
prime which is over J.
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(Step III) The sequence (3.94) is split as an extension of Ggur-modules where Q)"
is the maximal unramified extension of Q.

ProOOF. Recall the following result due to Wiles (see [122] Thm. 2.2] and
[123, Thm. 2]) which is a generalization of Step 3 of the proof of Ribet P9,

THEOREM 3.78. Let Vg = K®?2 be the representation space of the representation
pr of Gg. Then the restriction pF\GQP to Gq, has the following extension:

0 — K@) — Vr — K@ 571 — 0.

Here, o : Gq, — I* is an unramified character such that a(Frob,) = Ay (F)
where Frob,, denotes the geometric Frobenius element.

Recall that Ts is a lattice of (Vp)* and note that we have a surjection (Vg)* —
K(a~!) by taking the K-linear dual of the exact sequence given in Theorem .78
We define a I; [Gg,]-module Fil™T; to be

FiltTs := Ker[T; — (Vg)* - K(a™ ).
Let us set Fil~Ts := T5/FiltTs. Then Fil™T; is isomorphic to Im[T5 < (Vg)* —
K(a~1)]. Especially, the module Fil™T; is nonzero. By applying the right exact
functor ®p.15/3J to the short exact sequence:

0 — Fil"T; — T5 — Fil" T5 — 0,
we obtain the exact sequence:
(3.95) FiltT; /3Fil* T5 —s T5/3T; —» Fil~Ts/JFil"T; —s 0.
Since T5 is a free module of rank two over the discrete valuation ring I3, the
middle term T5/3T; of ([B33) is an I5/J-vector space of dimension two. Hence,
the dimension of the I5/J-vector space Fil~ T5/JFil™ T is equal to or smaller than
two. Since Fil™T5 is nonzero, the dimension of Fil™ T5/JFil™ T is nonzero. If the
dimension of Fil™T5/JFil™Ts is two, we have T5/3T5; = Fil™T5/JFil™ T5, which
implies that the action of Gg, on T; is unramified. Since this contradicts to the
fact that the action of Gg, on T; is ramified, we proved that the dimension of
Fil™T5/3Fil™ T is one. By Nakayama’s lemma, Fil™ T is a cyclic I5-module. Since
the I5-module Fil™ T; is torsion-free, it is free of rank one over I5. The free-ness of
Fil™T5 implies that the first map of the exact sequence ([B.95]) is injective. Hence,
the dimension of Fil* T / JFilTTs is one and this implies that Fil™Ts is free of rank

one over [z by the same argument as above. We thus obtained the following short
exact sequence of I5[Gg,]-modules

(3.96) 0 — (I; /3 Ha) — T5 /3'T5 — (I; /3 (@) — 0.
We finish the proof of Step III by [B.94)) and ([396]). O

59The proof of Wiles generalizes the mod p finite flat group scheme Ji(p)[p] associated to
the Jacobian variety Ji(p) of the modular curves Xi(p) to the family of the mod p” finite flat
group schemes J1(Np™)[p™] associated to the Jacobian varieties Ji(Np™) of the modular curves
X1(Np") for varying n. He obtain a generalization of the decomposition (3:86]) for these finite
flat group schemes.
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(Step IV) Recall that the Galois cohomology group of degree one classifies exten-
sion classes of Galois modules. According to this basic fact, each extension class
[B94) determines an element of the following group:

H'(Q,Homy, (B, A)) = H'(Q, (I;/3") 7 1))
= Hl(Q7 (Acycﬁw/jl)(ﬁ_l)) ®Acyc,w L

By Step III, an extension class of (B.94) is trivial as extension classes of Ggur-
modules. That is, the class restricted to

Hl( ;r’ Hom]lj (Bv A)) = Hl( b (ACyCﬂl)/jZ)(ﬁil)) ®Acyc,w I

P )
is zero.
For any prime ¢ not dividing the Np*°, the Galois representation py is unrami-
fied at ¢ by the general property (5) of Hida theory explained before Step I. Hence,
the extension class ([B:94) restricted to

H'(Q}", Homy, (B, A)) = HY(Q", (Aeyes /I 071)) @ncyey T

cyc,y
is zero for any prime ¢ not dividing the level Np>.
For primes /¢ dividing N, the J-module

Im[H'(Q, Homy, (B, A)) — H'(Q}*, Homy, (B, A))]

is zero if the height-one prime J C I does not divide (p).

By the locally unramified property obtained above, for each height-one prime
J C Acye,yy which does not divide (p), the extension class obtained through Step II
and Step III induces a Agyc y-linear map

(Kreere | et ® oy — Aeye,n /1(3)'

whose cokernel is a pseudo-null A¢yc ,-module. By the definition of [ given in (3.92),
we have

ord, (3) Tw, 1 (Lp(1)) < ord,(y) (CharAcyc,w (XKZ§71,w)ww—1 ® Hc_ylc)

for any height-one prime J C Acyc,y which does not divide (p). Recall that, we
have ord, () Tw, -1 (Lp(v)) = 0 for height-one primes J C Acyc,y dividing (p) by
the theorem of Ferrero-Washington (Theorem B:60). Thus, we proved

(3.97) charAcyc,w (XK;wa—l.oc)wwil C (Lp(ﬂ}))

for any even Dirichlet character ¢ # 1 of conductor Np® (e = 0 or e = 1). By the
principle of the analytic class number formula (Theorem B74), (3:97) becomes an
equality for each 1 and this completes the proof of Theorem [3.G6l

3.3.3. Proof of the Iwasawa main conjecture by Euler system. As we
remarked at the end of §3.3| there exists another proof of the cyclotomic Iwasawa
main conjecture for class groups by means of the method of Euler systems. Histori-
cally, the method of Euler systems grew up from a technique invented by Kolyvagin
as well as an idea of Thaine. In general, this method bounds the size of a Selmer
group from above. Below, we will explain the proof by the method of Euler systems.

There is not so much knowledge which is newly required in this section. How-
ever, we have to be familiar with the theories on extensions of global fields and
local fields more deeply. For example, the Chebotarev density theorem was already
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used in the previous section to characterize the semi-simplification of a given Ga-
lois representation, but we use the Chebotarev density theorem in a more essential
manner in this section. We refer the reader to [80, Cap. VII, §13] for the density
theorem. Also, we assume that the reader is familiar with the generalities on the
structure of local fields and the basic of ramifications of the extension of local fields
as found in Part one and Part two of [108§].

Let us fix a natural number N satisfying (V,p) = 1 and an even Dirichlet
character ¢ # 1 of conductor Np® (e =0 or e = 1). We set K = Ky, C Q(unp)

throughout §3.3.3

PROPOSITION 3.79. We have the following Gal(K2°/Q)-equivariant exact se-
quence:

(3.98) 0 — lim(vyere)” @z Zp — Im Uy (vgeve ®z Zyp)
n n
— Xgoye — Xgoe — 0,

where Uy (tgeve @z Zy) is the group of principal units (i.e. the subgroup of the group
of units of the semi-local ring tyeve ®z Ly, which consists of units congruent to 1
modulo every mazimal ideal of tyeve @y ZPE.

PROOF. By the class field theory, we have the following exact sequence:

(399) 0— (tKTCL.\/C)X X7 Zp — Uy (tKﬁyC &Kz Zp)
s Gal(MEY/KY°) —s Gal(LY/KY¢) — 0.

We do not give the proof of this here, but (899) is obtained by combining ([27)
and the injectivity of the first map (vgeve)* ®z Z, — Ui(tgere ®z Zy) due to
Brumer’s theorem (a special case of Leopoldt conjecture). Note that K¢ is an
abelian extension of QQ, which is a sufficient condition for Leopoldt conjecture to
be true (see Remark 2.8 (1)). By definition, we have X geye = @nGal(Mflyc/Kflyc)
and X peeye = @nGal(L%yC/KflyC). Since Gal(M¥°/K°) and Gal(L$Y®/KS°) are
finite groups, we can check the Mittag-Leffler condition, which assures that the
sequence ([B08) obtained by taking the projective limit of ([B99) remains to be
exact. This completes the proof. O

Let us define the following set]
Ry = {r € Z21’ r is square-free and relatively prime to 2Np} .

DEFINITION 3.80. Let K be a finite algebraic number field. We denote by
{#n.r} (n.r)ezs ) xm,, aset which consists of z, . € ((tK;yc(#T))X ®7 Zp)w parametrized
by (n,7) € Z>1 x Ry. We call such a set {2y} (n,r)ezs, x:, an Euler system (of

60In other wards, Uy (thLyc ®z Zp) is the (pro-)p-Sylow subgroup of the profinite group
(exsve ®2 Zp) .

61There appears no 1 explicitly in the definition of Ry though the notation depends on .
However, the set R, depends implicitly on v since IV is the prime-to-p part of the conductor of
.
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units) if it satisfies the following conditiond®Z:

(1) Nrgese (u)/ K9 (Zn410) = Znr-
(2) Nrgeve(u )/ ke (o) (Znre) = (Frob, ' —1)z,., for every prime ¢ € R, such
that (¢,r) = 1.

Here, Frob, ' € Gal(K¢¥°(y,)/Q) is an f-th power (arithmetic) Frobenius clement®]
and Nrpeeve, y/Keve(,,) denotes the norm map.

The following proposition gives a nontrivial example of Euler system of units
called an Euler system of cyclotomic units.

PROPOSITION 3.81. Let N = 1 (resp. N > 1) and let K be a subfield of
Q(unp). For any nonnegative integer n and for any r € Ry, we set

a +1CU’" -1
r . p" r X
e = e =1 © Ll

<resp. = (7~ 1 e Z[uan+lr]X)

and we define z, . to be the -part of the projection to pro-p part of the element
NrQ(ILan+1T)/K$LyC(l’«r)(Z;lﬂ”)' Then the set {Zn,'r}(n,r)6221><9%w is an Euler system in
the sense of Definition 3.80.

We note that, for any nonnegative integer n, we have
tocp(2n1) = (Nogum)/mi700sm) (un(a)) )

(resp. IOCp(Zn,1) = (NQ(NNP")/K:L}]CQQ(MN;J")(m))Q’L)

where loc,, is the natural map from the group of global units (txev<)* to the group

of local units (txeve ®z Zp)* and uy(a) (resp. U(y),) is the pro-p part of local
cyclotomic units which appeared in Lemma [3.48]

PrOOF. The argument for the case N = 1 and the argument for the case N > 1
is quite similar. Hence, we give the proof only for the case N > 1. In order to check
the norm condition for z, ., it suffices to check the norm condition for z;, ..

Let us take any nonnegative integer n. Then we have

p—1
—(n+1) —(nt1) ;
NrQ(ManJrz,,.)/Q(/Jvawl,,,)(Z;H-l,r) = H (C]a\-f Cp"*zgg C; - 1)
=1
—(n+1) —(n+1)
= (% Cpr+2Gy )P =1

620f course, it is not Euler who invented Euler systems. The name “Euler system” comes
from the fact that the action of the ¢-th power Frobenius element appearing in the condition (2)
is similar to the ¢-Euler factor of the zeta function (In fact, it is really related to the Euler factor
of the zeta-function).

63In arithmetic geometry, it is sometimes important to distinguish arithmetic Frobenius
elements and geometric Frobenius elements which are opposite to each other. In later chapters of
this book, it is rather ¢-th power geometric Frobenius elements which play important roles (see a
footnote to Theorem [A ] for the explanation of geometric Frobenius elements). Since we denote
an ¢-th power geometric Frobenius element by Froby later, we denote an ¢-th power arithmetic
Frobenius element by Frob[l here
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This gives

(3.100) NIQ(uy t2,) Q) (Frttr) = 2
Let us take an element r¢ € SRy, such that £ is a prime. Then we have

-1
NrQ(ManHM)/Q(HNPnﬂT)(Z:z,rl) = H (Cg\f Cp”“rl ;«TK Ct% - 1)

=1
-1 o " o "
Hi:o §4 Cp"“ rl Cz -1
CR GGl — 1
£— o " o "
Hi:é (CN Cp"“ rl Cz - 1)

!
n,r

¥4

The numerator of the last term is equal to

(CR "G (T ) = 1 =Froby '(((v)7 " Gpuia( " — 1) = Froby ' (2], ).

Thus we obtained

(3101) NrQ(MNpﬂ,+1T{)/Q(HNPW,+1T)(Z;L,Te) = (FrObf_l - 1)('2;1,7“)

Note that, K5Y¢(u,) is a subfield of Q(pnpn+1,) since K is a subfield of Q(unp).
By defining z,, to be the y-part of the projection to pro-p part of the element

Nr@(uN,,nﬂT)/Kﬁyc(ur)(Z;m“)’ the result (BI00) (resp. (BI01I)) implies te relation (1)
(resp. (2)) of Definition This completes the proof. O

Rubin and Greither proved the main result of the theory of the Euler system
of units as follows (see Remark B.68 for historical comments on the proof of the
cyclotomic Iwasawa main conjecture for ideal class groups):

THEOREM 3.82 (Rubin ([69], [101]), Greither [34]). Let ¢ be an even Dirichlet
character such that v # 1. Then, for an Euler system of units {Zn7r}(n)T)€Z>l Xy
in the sense of Definition B.80, there exists a nonnegative integer o such that we
have:

(3.102) chary,,. , (Xgeye)y

D (po‘)(3}1&1‘/\0),6,,‘/J (@ ((rKf};‘/C)X Rz, Zp)/r&lzn,lAcyC,w> .
" P

n

Further, when the order of 1 is prime to p, we can take o to be zero.

REMARK 3.83. Let {znr}(n,r)czs, o, be an Euler system of units as defined
in Definition B.80l If we divide the exact sequence obtained in Proposition B.79] by
submodules generated by the first layers of Euler system and take the v-covariant
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quotient, we obtain the following exact sequence:

(3.103) 0 — (@((twc)x ®z Zp)/@zn,lAcyc,¢> ®z, Qp
" P

n

n n

— (@Ul(tf(;yc X7, Zp)/@llocp(zml)Acywp) Rz, Qp
P

— (xKggc)d; ®Zp Qp — (XKggC)w ®Zp QZD — 0’

where the last term (XngC)w ®z, Qp is a torsion Acyc .y ®z, Qp-module thanks to

Theorem B4l and the third term (%Kggc)w ®z, Qp is a torsion Acyc .y @z, Qp-module
thanks to Theorem [3.69] and the assumption that v is even. The first two terms
of (B.I03) are torsion Acye,y ®z, Qp-modules if and only if l'&nnzn’l is a nontorsion

element of Acyc .

(1) When we take the Euler system {2y, } (n,r) ez, xo,, in (B103) to be the Eu-
ler system of cyclotomic units {Z%}::’w}(n,r)el>l><9% , obtained in Proposi-
tionB81] the first two terms of (3I03) are torsion Acyc,y ®z, Qp-modules.

(2) When the order of the character ¢ is prime to p, the sequence BI03) is
exact even without taking ®Zp(@.

(3) By the Ferrero-Washington theorem (Theorem B.60) and the principle of
the analytic class number formula (Theorem B.74), the p-invariants of all
four terms in (B.I03) before taking ®z,Q, are zero.

Before proving Theorem [B.82] we will prove that Theorem B.82limplies (+)-type
Iwasawa main conjecture (Theorem [3.67]).

PrOOF OF THEOREM B.82=THEOREM B.G7l If we prove

(3104) Char/\cyc,w ((%K;},’C)?ﬂ). & Rcyc D) (pr))

for all even Dirichlet characters ¥ # 1 whose conductor divide Np, it follows by
the principle of the analytic class number formula (Theorem B74]), that we have
chary ., ((%K;gc)w). ® Keye = (Lp(1)) for all even Dirichlet characters ¢ # 1
whose conductor divide N2 By Remark B:83] (3), the proof of (BI04 is reduced
to showing

(3.105) lengthiy .y, ((((Z{Kgc)w)' ® Hcyc) Oheyern (Acyc’d))j) < ord;(L,(v))

for every height one prime J of Agyc  which does not divide (p). By the construction
of p-adic L-function & la Coleman using cyclotomic units (see (3.2.4])), we have

(3.106) ordy (Ly(9))= lengthin ), (U/C)} @ Keye) Dy (Neyew)s:

where U = lim U, (vggpe ®z Zp) and C = @nlocp(zcyc’w)/\cycw. Note that the

n,l
localization functor @a.,, , @, 0, (Acye,y)s Preserves the exactness of ([3.103) and
that the alternating some of the lengths of terms in a short exact sequence of

64See comments given after Definition [3.64] for some facts on the i)-part and the 1-quotient
for ¢ whose order is prime to p.

65By the discussion given in Remark[3.33 (3) and by Stickelberger’s theorem (Theorem [3.94),
which will be presented later, Theorem [3.67] holds trivially true for 1) = 1. Hence, we can exclude
the case 1 = 1 in this proof.
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torsion (Acye,y)y-modules must be zero. By these facts and by [B.I06), the validity
of (BI08) is equivalent to the validity of the following inequality

(3.107) lengthy v, (Xk2e)y @ncyey (Aeyew)s

<length(,_ . (@((%;ﬂ)x ®z Lp) / TﬁlzZ%f’wAcyc,zb) O eye,y (Neyep)s
n n ,Ll)

for every height one prime J of Acyc,y which does not divide (p). Since (BI07)) fol-
lows immediately by applying Theorem B.82 to the Euler system {z, ,} = {zflyﬁw},
we complete the proof. O

Let us prepare some notation and some results which will be necessary for the
proof of Theorem[3.82] From now on, we fix a natural number m. For each r € Ry,
we consider the following condition (CD,,) :

(CD,,) Every prime factor ¢ of r is completely decomposed in the extension
K3 (pp)/Q.

If a natural number r satisfies the condition (CD,,), every prime factor ¢ of r is
completely decomposed in the extension Q(f,m+1)/Q since Q(p,m+1) is a subfield
of K&Y¢(up). Hence, every prime factor £ of r satisfies £ = 1 mod p™*! if a natural
number r satisfies the condition (CD,,).

For every natural number n, we consider the following isomorphism
(3108) wesy pm = H'(KR, pymn) = (GY) % J((K) "

= (K cye ey Gal (K () / K5°)
AN ((Kny (1) /(K9 (1)) )P ) |

which is induced by the restriction map of the Galois cohomologies with coefficient
in pym+1 from Greve to its subgroup Ggeve(,, ). The restriction map as above is
not necessarily injective for a general finite algebraic number field K. However,
when K is totally real and p is odd, we can show that the kernel and the cokernel
of res,, rm is zero by the Inflation-Restriction sequence.

For each odd prime number ¢ f Np, we fix a generator oy of the cyclic group
Gal(K Y (ue)/K°) =2 Gal(Q(ue)/Q). For each r € Ry, we have the following
decomposition of the Galois group Gal(KS°(u,)/K°):

Gal(K5Y (ur) [ KGY€) = Gal(KY (e, )/ KGY€) - -+ x Gal(KR¥ (e, ) [ K3Y)

corresponding to the prime decomposition r = ¢; - - - £5. According to this decompo-

sition, we define an element D, € Z[Gal(KZ(u,)/K2¢)] by D, = [[;_,D;, where
D, = Zﬁi;ol jozi for each i. We call D, a Kolyvagin operator. Let us denote by

Znrm € (B (pr )™ J((KGRYC (Mr))x)pmﬂ the image of 2, € (KY(ur))* ®zZ, by
the map:

m—+1

(K () @z Zp = (K ()™ (B (1)) )P

PROPOSITION 3.84. When a natural number r € Ry satisfies the condition
(CDyy,), for every natural number n, we have

e oye 1 Gal(K () /K 5Y)
Dy (znram) € (K (1)) (Y ()P .
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PrROOF. When r = 1, there is nothing to prove. We will prove the proposition
by an induction argument with respect to the number of prime divisors of r. Let
r > 1 and let £ be a prime factor of 7. We set r" = 7. Then we have

(UZ - ]-)]D)r(zn,r,m)
= (UZ - 1)DZDT’(zn,r,m)
= #Gal(K7" (o) / K7D (20 rm) = NUegve () /505 () Dr (2,
= #Gal(K7"(1e) | K5 ) Do (20 m) — (Frobe_l = DDy (2,0 ,m)
=0.
In the above equation, the first equality is nothing but the definition of D,., the
second is easily checked by developing (o, —1)D;. By the commutativity of the ring
Z|Gal(K(u,)/K°)] and by the property (2) of Definition B.80], we have
NURE (g /155 ) D (2 ) = Do NTpegve g, ) s ) (2,0,m)
=D, (Frob, " — 1)(2n0.m)
= (Frob, ' — 1)Dy (2 .m)
which implies the third equality in the previous equation. By the condition (CD,,),
we have #Gal(KS(1y)/K&°) = £ — 1 = 0 mod p™T!. By applying the induction
hypothesis to 7/, we have (Frob, ' — 1)D (2, /.m) = 0. This implies the fourth
equality in the previous equation.
Since oy for prime factors £ of r generates Gal(KY°(p,)/KY¢), the fact (op —

1)D,(2n,r,m) = 0 for all prime factors £ of r implies that D,.(2y, ) is invariant by
the action of Gal(K¥°(u,)/K¥¢). This completes the proof of proposition. O

DEFINITION 3.85. Let us take an element r € 2, satisfying the condition
(CD,,,) and let n be a natural number. Then we define
b € () J((K¥e) "
to be the inverse image
Bnrm = res;jﬂ’m(]D)r(znmm))
via the isomorphism (B.I08). We call k,, ;- a Kolyvagin derivative of z, ;.

We prepare some important maps which play important roles in the proof of
Theorem [3.82]

DEFINITION 3.86. Let us take a prime number ¢ € R, satisfying the condition
(CD,,,) and let n be a natural number. For each prime X of K¢ over (£), we denote
the completion of K¥¢ at A by K’} and its ring of integers by v, x.

(1) For a factor A of (£) as above, we denote the composite

T (B ) (K )

p™ +1

(K) () = Z/ (™)

by ord ,\)m@.
661n other words, the map ordy,,, is the map which assigns ordy ,,(z) = ordy(Z) mod p

to each = € (KfLyC)></((K'Tclyc)x)pm4rl where 7 € (K,;Y°)* is a lift of z and ord : (K;'°)% — Z
is the normalized additive valuation at A.

m—+1
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(2) Let ¢ € Ry be a prime satisfying the condition (CD,,) and let us fix a
prime ¢ of K¢ over (¢). Since the prime (¢) is totally decomposed at

K¢, there is a unique element gy € Gal(K%°/Q) such that A = (¢£)9* for
each prime A of K¢ over (¢). Hence, we have the following map

+

L Z/ (") [Gal( K /Q)]

x = @ ordy m(z) - gx.
Al

(B (Yo

Let us set Ay pm = Acye,pp/(wn, p™ ). By taking the ¢-quotient of the
above map, we obtain the map:

Divi (K /(™) = D
Here we recall that Acyc y/(wn, p™ ) = (Z/(pm+1)[Gal(KﬁyC/Q)])¢.

DEFINITION 3.87. Let n, m, £, ¢ and gx be as in Definition Recall that
oy is a fixed generator of the cyclic group Gal(KY°(ue)/KY°). Since the extension
K1) is totally ramified at every prime A of K¢ over (¢), we denote the unique
prime of K¥°(pe) over A by the same symbol A.

(1) We denote by uy the image of (1 —oy)(wy) = wy /@]’ €t , in

(Crgreuoy /N ((Crgreun /NP = (ergre /A /(e /N )P

where w) € K°(s) is a uniformizer of the prime .
(2) We define a noncanonical homomorphism depending on the choice of oy:

o m+1 m
Pt (eregre JN) ) ((eegre /NP — 2/ (™)

to be the unique homomorphism from a multiplicative cyclic group to

an additive group such that wgl’f;,?)(u)\) = 1. Here we note that uy is

m+1 m+1

a generator of the cyclic group (tK%yC/A)X/((tKZ}’C/A)X)pm+1 because the
extension KY¢(pue)/ K is tamely ramified at A\. We also note that we
have (ordy m, o N¢)(wy) = 1 where Ny : K°(pp) — K¢ is the norm
map.

(3) We define a noncanonical homomorphism depending on the choices of o
and £:

P87 ((ereere [(0)7) = Mg = (2/(™)[Cal(KZ/Q)]),,
to be the 1-quotient of the map
(vxere/(0) — Z/(p")[Gal(K ¥ /Q)]

sending z € (tgeve /(€)™ to Dy @%ﬁﬂZ)(xA)gA where x for each A is given

by
(cxse/(0)7 5 & (exepre /0 = @ (e /N (eresre/N) )
|e bYV4

T DTy
bV
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Since the situation of the above definition is a bit complicated, we will illustrate
the relation of some operations at each A below.

m-41

K (o)™ /(B (pe) )"

NYREYC () K
1—op

m+1 ma1
(treve(ug) /A [ ((txve(uyy /A) )P (KG)* J((B) )P
m\
mt1 o ®
P ,

(treere /) ((treeye /A7) Z/(p™).

Below, we will prove the main theorem (Theorem B.82) of the Euler system
argument by using two key propositions below (Proposition B.88 and Proposition

[3:90).

PROPOSITION 3.88. Under the setting of Definition B.81, we have the following
equality in Ay nm:
(3.109) Div), (Fn.rm) = P (K .m)

where we denote the image of Ky rjem € (KY)* /((K)*)P
also by the same symbol Ky, /¢.m by abuse of notation.

m+1

in (exceve/(£))"

m+1

REMARK 3.89. We do not have a natural map from (K°)* /((K°)*)P  to
(tgeve/(£))*. However we have a natural map from the subgroup

{@e ey (e

+1

ordy m(z) = 0 for every /\\(6)}

to (tgeve/(£))*. Thus the image of Ky ;/pm in (tgeve/(£))* discussed in the above
proposition makes sense since we have ordy ;. (kp,r/e,m) = 0 for every A|(£).

PROPOSITION 3.90. Let m,n be natural numbers satisfying p"™ C1(KY°)[p™] =
0. Suppose we are given the following data:

(i) an element ¢ € C1(KY°)[p™],
(i1) a Gal(K,”¢/Q)-stable finite Ay 5, m-submodule WC((KfLyC)X/((KfLyC)X)pmH)w,
(i11) a Gal(K,”/Q)-equivariant Ay n m-linear homomorpihsm ¢w : W — Ay pom.
Then there exist a prime number £, € Ry, satisfying the condition (CD,,), a prime
le of K& over £, and a generator op, of Gal(Q(ue,)/Q) such that we havd:
0] =ec,
(3.110) ordy,m(w) =0 for any w € W and for any prime A of K¢ over .,
phii < (w) =t $w(w) (with t € (Z/(p"1))*), for any w € W

where [ZC] denotes the ideal class of ZC. Further, there exist infinitely many such
primes L.

67Below, we denote the projection of w € ((KfLyc)X/((KfLyC)X)pmH)w to ((thyc/(l))X)w
by the same symbol w by abuse of notation. We emphasize the same remark as Remark [3.89 here
again.
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The proof of Proposition is based on the norm compatible property of
the Euler system z,, (see Definition (2)) and some properties of Kolyvagin
operators D,.(zy, r.m). The proof of Proposition is based on the Chebotarev
density theorem. We omit the proof of the above two propositions and we will
concentrate on proving Theorem using these two propositions. However, we
refer to [99] Prop. 2.4] for the proof of Proposition and to [99], Thm. 3.1] for
the proof of Proposition

PrOOF OF THEOREM [3.821 By Theorem 3.4 (X eye)y is a finitely generated
torsion Acycy-module. Hence, there are finitely many elements g, ... g® e
Acye, so that we have a Ay y-linear injection:

(3.111) (Acyew/(9)) @ -+ & (Neye,u/(9°)) = (Xxge)y

with finite cokernel®d. By taking the ¢-quotient of the 4-term exact sequence (B.51))
in Theorem [3.57, we have the following exact sequence:

(3.112) 0 — the maximal p-power torsion part of <1£1 U (tgere @z Z,,))
n
W

— (@ U (tgeve ® Zp)> — Acye,py — a finite p-group — 0.
" P
On the other hand, by the assumption that 1 is even, the 1-quotient of the first
injection of the 4-term exact sequence ([B.98) of Proposition B.79 gives the following
Acye,p-linear map

(3.113) (h&l(tl{iyc)x ®z Zp) — <1£1 U (vgge 2 Zp))
w n

n

»

whose kernel and cokernel are Agyc -torsion. By combining (B112) and BI13),
there exists a nonnegative integer av and an ideal J C Agyc,y of height two such
that we have a Acyc y-linear map:

(3114) (r&l(tK;yc)X ®Z Zp> — AcyC,’L/J
n
P

whose kernel and cokernel are annihilated by (p®) and by J respectively@.
By the structure theorem of Iwasawa modules (Theorem 2.39), we have the
following 4-term exact sequence

(3.115) 0 — the maximal p-power torsion part of @(tK;yc)X ®z Ly
n

— Lﬂl(tKﬁyc)x ®z Zp — Acyc,py —a finite group— 0.

n
We denote by h € Acye,q the image of @nzn71 € (%iﬂln(tKglyc)X Rz Zp)w by the
map BII4). In the rest of the proof, we fix a pseudo-isomorphism as in (FI11)

68Since 1 is an even character, we should have s = 0 if we assume Greenberg’s conjecture
(Conjecture 3:26). Hence, Theorem holds trivially true under Greenberg’s conjecture (see
Proposition 393 (2)).

69We note that the map ([BI14) is injective when the order of the character 1 is prime to p.
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and a Acyc y-linear map as in (B.114). Note that we have

chary,. <£n(tK;yc)>< Rz Z,,) /@anf\cyc,yj = (h)
n ,lp n

by definition. Hence, our goal in this proof is to prove the inclusion

(3.116) (H g(“> > (p*h).

Under this situation, we will control ideal class groups and groups of global units
of K;¥° when the intermediate field K;¥¢ varies.

As for the class group, by Step 3 of the proof of Iwasawa’s class number formula
(Theorem B]) given in §3.1.2] there exists a constant ng such that the natural maps

(3.117) (Xgge)w/wn(Xxeeye)y — (CUKZ)[p™])y
are surjective and their kernels are finite groups whose orders are uniformly bounded
independently of n > ng. For each integer ¢ satisfying 1 < ¢ < s and for any natural
number n, we set

AD = Aeye,p/ (99, wn).
By applying the functor ®a_, , Acye,y/(wn) to B.III) and by composing with the
map BIIT), we have Acyc y-linear homomorphisms

(3.118) an: AV @ e A — (CUKY)P™])w

whose kernels and cokernels are finite groups whose orders are uniformly bounded
independently of n. We choose and fix an ideal Z C Acyc of height two which
annihilates the kernels and the cokernels of (BII8) for every n.

As for the control of the group of global units, we first recall the control of the
group of local units which is easier than that of the group of global units. Then
we study the difference between local units and global units. Recall that the norm
map of local units under the local cyclotomic Z,-extension induces the following
isomorphism:

yLnUl(thyc ®z Zp) mod (wn, p™ 1) 5 Up(vgeve ®z Zy).

Since the group of units of a local field is related to the Galois group of the maximal
abelian extension over this local field by the local class field theory, this isomorphism
can be proved by controling the Galois group of the maximal abelian when the
local field varies. We omit the proof of this isomorphism, but we refer the reader
to [69, Chap. 5] for example. Let us consider the following commutative diagram
(3.119)

m,n m,n m,n m,n

! l |

Am.n B Bimn B B /Amon — 0

where we set
m—+1

Am,n = (tK,ﬁyC)X/((tKﬁyc)x)p ’
Bun = Ui(vgere @z Lp) /Ui (vgeve @z L)

p'm+ 1
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and ( )m,, on the upper horizontal sequence means taking the functor the func-
tor ®a,,.., Acye,w/(@wn, P™ ). By [B98), the rightmost vertical map fits into the
leftmost vertical map of the following diagram:

(3.120)
(po@n/ann), —— (), (), o
1 ! 1
Brn/Am,n —_ xK;yC/(xK%yc)pmﬂ N XK;yc/(XK%yc)pmﬂ 0

where X geve is the Galois group of the maximal p-ramified p-extension of K;Y¢ and
Xgeve is the Galois group of the maximal unramified p-extension of KY€

By the diagram chasing argument using the snake lemma and the diagrams
BI119), BI20), we check that the kernel and the cokernel of the map

(@(rmycv ®z zp> mod (wn, 5" ) — (o) /(o))
¥

n

P

induced by the norm map of global units under the global cyclotomic Z,-extension
are annihilated universally by an ideal in Ay, of height two which does not
depend on m, n (see [69], Appendix §6] for more detail of the argument here).
There exist a nonnegative integer a and an ideal J C Agyc . of height two such
that, for each n € (p%*)(y — 1)J, the map

n

(@(txw)x ®z ZP) mod (wn, p"™ ) — Ay nm = Aynm
"

induced by (BII7) mod w, and the multiplication by 7 is uniquely extended to a
Ay m-linear map

(3.121) B (erre) (e ™) B

Let us fix natural numbers m, n satisfying (C1(K°)[p*])y = (CLE)[p™]) .
We denote by gg,)m,hmm € Ay n,m the images of gD h e Acyeyp via Agyey —
Ay n.m respectively. For each ¢ satisfying ¢ = 1,...,s, we fix a generator ¢; of the
Z,[Gal(K°/Q)]-module A which appears in BII8). We set cs41 = 0.
(Step 1) Let us choose an arbitrary element 7; € (p®)(y — 1)J and apply Propo-
sition B90 to ¢, Wy = ((rK;yc)X/((tKTg’yc)X)pm“)w and ¢y, = ,(L"},% Then, there
exist a prime ¢; € Ry, satisfying the condition (CD,,), a prime 571 of K¥¢ over {4
and an element t; € (Z/(p™*1)[4])* such that we have

[01] = e,
(3.122) { (Broey)

Pn,m (’imLm) = timhn,m.

(Step 2) We want to show that there exist ¢,...,¢sy1 satisfying the condition

(CD,,), primes Zg, ooy lerr of KY€ over la,...,0s41 and elements ta,..., 1541 €
(Z/(p™+1)[1])* such that we have

(3.123) { (] = e,

(kq)(pg%aek)(

n,m

Cr1,0¢,_,)
l‘fnjl--»fk,m) = Nk Pn,m (“n,frv-lkﬂ,m)a
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for every natural number k satisfying 2 < k < s + la where 7 is an arbitrary
element in 7 for each k.

By induction, we assume that (3I123]) holds true for kK = i —1 and we will prove
it for k = 1.

By construction, the element

ity tim € (K (KPP ) = HY KD, prymer )

is unramified outside primes dividing ¢; - - - £;2Np. That is, &y ¢,...¢;,m is contained
in Hl(K'Zy;’Z SIS ppmen )y C HY(K&C, pym+1)y where g, ..q, is the set of
primes of K Cyc dividing £y---£;2Np and Kf:’;hm[i is the largest Galois extension
of K¢ unramiﬁed outside the primes over Xy, ..., .

By the global duality theorem of Galois cohomology, we have the following

lemm

LEMMA 3.91. Let F be a finite algebraic number field, ¥ a finite set of finite
primes of F' and m a natural number. We consider the localization map of Galois
cohomology at 3 as follows:

IOCE('[LP'"H»I) - H! (F ,upm+1 — @ H F,, ,upm+1)
VEX
locs(Z/(p™ 1)) : HY(F,Z/(p™ 1)) — €D H' (P, Z/(p™1)).
vVEX
Then, for any
HARS Hl(Fz/F,[meJrl)
and for any
y € CUF)[p" ™ c HY(F.Z/(p™ ),
the local duality pairing of their localizations at X:
@(H (vaup’"+1) XH (FIHZ/ m+1 H@H U?/'Lp”‘+1) —)Z/( m+1)7

veED vEX

@(locv( ), locy(y)) — @ locy (x) Ulocy, (y) — Z locy (z) Ulocy (y)

vED vEY vEX
is zero where U denotes the cup product. Here, in the last map, we regard loc, (z)U
loc,(y) as an element of Z/(p™ ) via the canonical isomorphism H?(F,, jiym+1) =
Z/(p™t).

Now, we denote by B;_1 C CI(K%°)[p™] the subgroup generated by the primes
of tgeve over fq,...,¢;—1. By Lemma B3Il ordx m(kn,e...;,m) € Z/(p™T") annihi-
lates the image of A in C1(K¢)[p™]/B;—1 for any prime A of K&¥¢ over ¢;. Hence,

for any n; € Z, the fixed generator gr(f)m € Ay n,m of the annihilator ideal of ¢; di-
vides mDiV(m (Kn.gy-t;,m) € Ny nom. This implies that there exists a Ay ;, n-linear

n,m

homomorpihsm ¢(m_) : Wi — Ay nm such that we have

(3.124) g'I(L)T)’L E/EZ (K’naél"'eiﬂn) = UiDlV% %(Kﬂ £y &-,m)
where W; is the Gal(KY°/Q)-stable Ay ,, m-submodule of
cyc) X cycyx\p™mT!

"0For the global duality theorem, we refer the reader to [I09, Chap. II, §6] for example.
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generated by Kn¢,...0, ; m- By Proposition B.88] we have

. (L, (li—1,00,_1)
(3125) Dlvv(ze,;zl(ﬁnll“'fi,m) = 907177711 o (Kznll“'zi—hm)‘
By combining (B124) and ([BI25]), we obtain
1 i (Zi* T8, )
g'gzz,)m¢$/l7;¢)(nn,£1“'éi,m) = Wi‘Pn,ml s (H'ﬂ’zl'”ei—hm)'

If we apply Proposition [3.90 to the data ¢ = ¢;, W = W; and ¢y = ¢E/Z’;), we prove
that (3123) holds for k = i.

(Step 3) By putting Step 1 and Step 2 together, we obtain the following equality
in Aqb’n)m:

s (Lst1,0 s )
(3'126) gf(zlzn e 'gf(z,anOnmtl fot (’fn,fr--lsﬂ,m) = (tl T ts+1)(771 e '775+1)hn,m-

Note that the choice of 7y € (p*)J and 79,...,7ms+1 € Z is independent of m
and n. Hence, we have g1 ---g()|(n; ---n,41)h for any 171 € (p*)J and for any
No,...,Ns+1 € Z. Since the ideals Z and J are of height two, we can choose
another set of elements 7y € J, 15,...,1,,; € T so that the common factor of
n - Nsp1 and 7y ---n5, is contained in (p®)(y — 1). Since the principal ideal
(v —1) does not divide chary_ , (Xgere)y, the validity of gV g (- nsg1)h
and g - g)|(n] - L1 )h implies (FII6), which completes the proof. O

REMARK 3.92. (1) Here, we discussed the Euler system argument over
a cyclotomic Iwasawa algebra. However we could have started from the
Euler system argument in a simpler situation over a discrete valuation
ring to study the structure of the ideal class group over a fixed finite
algebraic number field. In such a situation, the Euler system argument is
less complicated and it is easier to understand the essential of the Euler
system argument since we do not have to consider the action the Galois
group for K¥°/K. For the reader who wishes to see better the essential
of the Euler system theory starting from the case over a discrete valuation
ring, we refer to the book [101].

(2) We can reformulate the Euler system theory according to the idea of
“Iwasawa theory of Galois deformation” as is presented later in Theorem
8.29 of §8.2 of the second volume of this book. Theorem 8.29 can be
regarded as a generalization of the Euler system theory for cyclotomic
deformations of various motives which was already established by Kato
[56], Rubin [101], Perrin-Riou [91]. We recall that the proof in preceding
work [56], [101] and [91] contains the complexity of dealing with the
action the Galois group for K¥°/K which was discussed above. Thus
Theorem 8.29 obtained as a generalization of the Euler system which can
be applied to Galois deformations such as Hida deformations gives also
a much simplified another proof when we consider the classical setting of
cyclotomic deformations of various motives.

It is a bit surprising that the philosophy and the technique of “Iwasawa
theory of Galois deformation” which is the main theme of the part III of
the book helps us to simplify the proof of the original Euler system theory
in the setting of “the cyclotomic Iwasawa theory” which is discussed in
the part I and the part IT of the book.
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Before the complete proof of the cyclotomic Iwasawa main conjecture for ideal
class groups was established, it was already known that the cyclotomic Iwasawa
main conjecture for ideal class groups follows from other conjectures Since these
results motivated and supported this conjecture historically, it is important to recall
these results below.

The case K = Q(u,) is the most typical and the most elementary example. For
this K, (¢, — 1) is the only prime of K which is over p and the prime ({, — 1) is
totally ramified in the cyclotomic Z,-extension K$¥¢/K. As we saw in the proof of
Iwasawa’s class number formula (Theorem [B), a lot of things become technically
much easier under this situation. It was known that the cyclotomic Iwasawa main
conjecture for ideal class groups for K = Q(p,) follows from Vandiver’s conjecture
(Conjecture B.25) or it is valid under some milder conditions. Iwasawa himself
studied the case K = Q(u,) deeply (see [49] for example).

As for the correlation between conjectures with which we can deduce the cy-
clotomic Iwasawa main conjecture for ideal class groups follows from some other
conjectures, we have the following result.

PROPOSITION 3.93. Let us take a primitive Dirichlet character i satisfying the
same assumption as that of Theorem [B.60L Then we have the following implication
(without assuming the results of Mazur-Wiles and Rubin explained above):

(3.127)  Multiplicity one conjecture (Conjecture 3.23))
= (—)-type Twasawa main conjecture (Conjecture [3.66])

(3.128) Greenberg’s conjecture (Conjecturd3.26)) for K = K,
= (4)-type Iwasawa main conjecture (Conjecture B6T) for 1

Before giving the proof of this proposition, we recall that Stickelberger elements
which appeared in §3.2.3] act on fractional ideals of abelian fields and their ideal
classes are annihilated by Stickelberger elements. This well-known result is called
Stickelberger’s theorem (see [117, Thm. 6.10] for example). This type of Stickel-
berger’s theorem combined with Iwasawa’s construction of p-adic L-function using
Stickelberger elements (see §3.2.3]) implies the following theorem which we also call
Stickelberger’s theorem:

THEOREM 3.94 (Stickelberger’s theorem). Let us take a primitive Dirichlet
character v satisfying the same assumption as that of Theorem B.6O. Then any
x € (Xgeye)wy—1 is annihilated by the principal ideal Ly(1)Acyey N Acycw.

PRrROOF OF PROPOSITION [3.93 Let 1 be a nontrivial even character and let us
assume Conjecture B.23 for n = wip~!. By Stickelberger’s theorem for 1, we obtain
(Lp(¥)) C charp,, , (Xgeye)wy-1- Since this inclusion holds true for any nontriv-
ial even character ¥ whose conductor divides Np€, the principle of the analytic
class number formula (Theorem B74) implies that (—)-type Iwasawa main conjec-
ture (Conjecture B:60) is true for any nontrivial even character ¢ whose conductor
divides Np®, which completes the proof of the first implication.

"1Stickelberger’s theorem as stated here is obtained by taking the projective limit of the
statement of the original Stickelberger’s theorem explained above for each intermediate field of
KY¢/K.
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Next, we will prove the second implication. Since K = Ky is a totally real
number field, the Greenberg’s conjecture for K implies that X ey is a pseudo-
null Agyc-module. Especially, X eve is a finite abelian group. Since the last term
(Xgeye)y ®z, Qp of the exact sequence [B.I03) is zero, Remark (3) implies

chary, ., (]LnUl(tK;’yc ®z Zp)/l'Lnllocp(znvl)Acygw) C charp_, , (Xgere)y-
n n w
On the other hand, by (352]), we have

chary ., <1.&HU1 (vieve ®z Zp)/@locp(zn,l)ACyCW) = (Lp(¥)).
n P

n

We thus obtain

(Lp(v)) C (chary,,, , (Xxeye)y)®
for any nontrivial even character of Gal(Q(un,)/Q) and the principle of the an-
alytic class number formula (Theorem B74)) implies that (+)-type Iwasawa main
conjecture (Conjecture B.67))) is true for any nontrivial even character ¢ whose
conductor divides Np€, which completes the proof of the second implication. O

3.4. Iwasawa main conjecture for class groups over general base fields

Let F be a finite algebraic number field. Let K/F be a finite abelian extension
and 9 a character of the Galois group Gal(K/F). Recall that, for F = Q, we
formulated the cyclotomic Iwasawa theory for ideal class groups for any ¢ and p
and we proved it.

Now, we would like to ask if we can formulate and prove the Iwasawa main
conjecture when F' is a general finite algebraic number field. Specifically, we ask
the following questions:

(1) Under appropriate assumptions, does there exist an analytic p-adic L-
function which interpolates special values of related L-functions?

(2) If such a p-adic L-function exists, can we expect the Iwasawa main con-
jecture which relates the p-adic L-function to the characteristic ideal of
certain ideal group?

3.4.1. Case of abelian extensions over totally real fields. Most of results
for Iwasawa theory stated earlier for abelian extensions of Q are generalized to
abelian extensions of a totally real finite algebraic number field. Let us recall the
following result:

THEOREM 3.95 (Siegel-Klingen). Let F' be a totally real finite algebraic number
field and m a finite order character of the absolute Galois group Gp. Let us regard n
as a Hecke character of finite order by class field theory and denote the L-function
of the Hecke character n by L(n,s) (see Definition [AI1] for L(n, s)). Then, we have
L(n,1—r) € Q[n] for any negative integer 1 —r.

The Siegel-Klingen theorem above holds true for finite order characters of the
absolute Galois group G g for any number fields F'. In Theorem [3.95], we restricted
ourselves to the case where F' is totally real since we consider only the totally real
situation in this section. For the proof of the Siegel-Klingen theorem, we refer the
reader to [80, Chap. VII, §9] for example. For a totally real finite algebraic number
field F, we have L(n,1 —r) # 0 if and only if (=1)1=" = n(c) where ¢ € GF is
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the complex conjugate element. This fact follows from the functional equation of
L(n,s). For this fact, we refer the reader to [80, Chap. VII, §12] as well as the
proof of Theorem given later.

We set ey, p = Gal(FY°/F . A totally real generalization of the construc-
tion of the p-adic L-function given in Theorem is as follows:

THEOREM 3.96 (Barsky [3], Cassou-Nogues [11], Deligne-Ribet [23]). Let F' be
a finite algebraic number field. Let v be a finite order character of Gg such that the
fix field Ky of Ker(v) is totally real and that K, satisfies Ky N FY° = F. Then,
there exists a unique element

Ly(F Zp[Y)[[LCeye,r] when ¢ # 1,
p( ,w) ) WZPHFCW,FH when 1/) =1,

which satisfies the following equality in @p :
. wgﬁfl r—1 I 1o
rotryF) =TT (1= o= ) ot -

p
for any integer r > 1 and for any finite order character ¢ of I'cye r .

REMARK 3.97. The construction by Barsky and the construction by Cassou-
Nogues use both a theory of Shintani and they are quite similar. On the other and,
the construction by Deligne-Ribet uses a compactification of a Hilbert modular
variety and is totally different from the others. We refer the reader to [18], [60],
[95] for surveys on these constructions.

Wiles [124] proved the cyclotomic Iwasawa main conjecture for class groups
over totally real fields. The result is as follows:

THEOREM 3.98. ((—)-type Iwasawa main conjecture) Let F be a totally real
finite algebraic number field. Let i) be a finite order character of Gg such that the
fix field Ky of Ker(v) is totally real and that Ky satisfies Ky N FY° = F. Then
the following equality holds:

Charzp[d}][[rcyc,ﬂ](XKCyC ) )wzpfl — (Lp(Fﬂ/))) when f 1,

>~ (7 = Feye(V))(Lp(F, 1)) when ¢ = 1.

As in the case over Q, we can also formulate (+)-type Iwasawa main conjecture
in the general totally real situation and we can prove the equivalence with (—)-
type Iwasawa main conjecture by the principle of Kummer duality. Also, there are
some other results which are formulated and proved in the same way in the general
totally real situation. We will not touch such results. On the other hand, there
are some problems which are solved over Q but their totally real generalizations
are difficult to prove. Knowing some problems which can not be worked out in
a parallel manner seems more interesting. Here are some of important examples
among such problems:

(1) As a totally real analogue of the Ferrero-Washington theorem (Theo-
rem [B.60), it is conjectured that the p-invariant of the p-adic L-function
L,(F,) is zero. This conjecture is still unsolved.

72Note that the natural map Peye,p — Teye,@ = Teye is isomorphic if F'N Qoo = Q.
73When 1 = 1, we exclude the case r = 1 and ¢ = 1.
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(2) Since the Leopoldt conjecture is still unsolved for abelian extensions of
general totally real fields, the argument of the four-term exact sequence
of Proposition is not available in the general totally real situation.

(3) We can prove the cyclotomic Iwasawa main conjecture for class groups
over totally real fields (Theorem B98) by the method of the Eisenstein
ideal. Though the proof is technically more complicated, the main idea of
the proof is similar by replacing elliptic modular forms by Hilbert modular
forms. On the other hand, another proof of the cyclotomic Iwasawa main
conjecture for class groups over totally real fields by the Euler system
method is not known yet. The reason comes from the difficulty to find an
Euler system over a general totally real field which generalizes the Euler
system of cyclotomic units discussed in §3.3.31

REMARK 3.99. Let F be a totally real finite algebraic number field and let F be
the composite of abelian extensions of p-power degree over F' which are unramified
outside p. When F' = QQ, we have F= Quo-

In general, F is a finite extension of F2Y¢ if the Leopoldt conjecture is true
for (F,p), but F might not be equal to FY° even when the Leopoldt conjecture is
true for (F,p). We can construct a p-adic L-function Ly (F, ) € Z,[¢][[Gal(F/F)]]
such that its image via Z,,[@/}H[Gal(f'/F)H — Zp[Y][[Teye,r]] coincides with the
p-adic L-function L,(F,v) € Z,[)][[Ceye,r]] given in Theorem On the alge-
braic side, we have an analogue of the Z,[¢][[I'¢yc r]]-module (XKSVJ—I,OO)“’w_l over

Z,[$][[Gal(F/F)]]. 1t is interesting to try to generalize the Iwasawa main conjec-

ture over Zp[Y][[Teye,r]] to the Iwasawa main conjecture over Zp[w][[Gal(ﬁ/F)]]
(see [97] for example).

3.4.2. Case of abelian extensions over CM-fields. Next, we discuss the
case over a finite algebraic number field which is not totally real. Let us recall the
following theorem.

THEOREM 3.100. Let F be a finite algebraic number field which is not totally
real. For any finite order character of Gr and for any negative integer 1 — k, we

have L(n,1 —k) =0.

PROOF. Recall that r1(F) (resp. r2(F)) is the number of real embeddings of
F (resp. the number of conjugate pairs of complex embeddings of F. We set

A(n,5) = (IDFINpo(C () *Ta ()" OTe(s) P Ly, 5)

where we define Tr(s) = 7%/2T'(s/2), T'c(s) = 2(27)~*T'(s) and we denote by C(1)
the conductor of . Then there exists a constant W(n) with which we have the
following functional equatio:

(3.129) Al,5) = WA@m,1—s).
We have F};?f(f)s) = cos(ms/2)c(s), F&Cf(f)s) = Lsin(ms)I'c(s)?. Recall that the

Gamma function I'(s) has no zeros and it has only poles of order 1 at integers equal
to or smaller than 0. Hence, we have L(n,1—k) = 0 for every negative integer 1 —k
when ro(F) > 0. O

74See [80, Chap. VTI] for the proof of the functional equation.
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Let F be a finite algebraic number field F' which is not totally real and v a finite
order character of Gr. An analogue of the p-adic L-function given in Theorem [3.96]
interpolating L(y¢~tw" =1, 1 —r) for integers r > 1 and for finite order characters
¢ of I'cye, r must be identically zero by the above theorem. Since we have such a
problem on the analytic side, we can not expect a natural analogue of the cyclotomic
Iwasawa theory for ideal class groups in this case.

However, if F' contains a CM-field, we might have a fairly reasonable setting of
Iwasawa theory by considering the composite of all Z,-extensions Fvoo (see Theorem
for F.) in place of the cyclotomic Zy-extension of F'.

Recall that Weil’s theorem insists that a finite algebraic number field F’ contains
a CM-field if and only if there exists a Hecke character nn on F' which is not of the
form n = Ny with Ng the norm character, 1 a finite order Hecke character and
r an integer (see Theorem [A8l for the precise statement). By the definition of
the norm character, we have the equality L(Nj,s) = L(¢,r +s). When F is
not totally real, we have L(v,j) = 0 for every negative integer j as explained in
Theorem 3100 and it is difficult to draw some meaningful arithmetic invariants
to interpolate from these special values. However, if F' contains a CM—ﬁel, the
values L(n, j) of algebraic Hecke characters i which are not of the form n = Ny
give interesting nonzero arithmetic invariants. An important algebraicity theorem
for the ratio between L(n,j) and a Deligne period related to n is known and we
can expect a nonzero p-adic L-function which interpolates some of these values
L(n, j) over the space of continuous characters of Gal(ﬁoo/F)@. In fact, when F
is a CM-field, we have a p-adic L-function as is presented in Theorem [B.104] below
and we can discuss the Iwasawa main conjecture using this p-adic L-function (see
Conjecture B.I07).

There are not so many known results when F' contains a CM-field but F itself
is not a CM-field. Hence, we will assume that F' is a CM-field in the rest of §3.4.2]
and we present some known results or conjectures under this situation. We denote
by L'z the Galois group Gal(Fi/F) where Fl is the composite of all Z,-extensions
of F' and we will discuss Iwasawa theory over (’)[[FF]].

We prepare some notation.

DEFINITION 3.101. Let F' be a CM finite algebraic number field.

(1) Let Jr be the set of embeddings of F' into Q. Then a subset ¥ of Jp is
called a CM type of F if we have X JX = Jr and XX = () with X the
complex conjugate of X.

(2) A CM type X of F is called a p-ordinary CM type if the p-adic valuation
on F' induced from the embedding ¢, 0t oo : F <—> Q and the p-adic
valuation on F' induced from the embedding ¢, o 1 i F < Q, are
different for any o € ¥ and for any 7 € 3.

REMARK 3.102. Let F be a CM finite algebraic number field F'* the maximal
totally real subfield of F'.

(1) There exists a p-ordinary CM type of F if and only if all primes of F*
over p split at F/F*.

"5Even when F is a non totally real finite algebraic number field which does not contain any
CM-fields we have a formulation of [90] through the p-adic Beilinson conjecture.

76Later in §6.1 of the second volume of this book, we discuss a condition called the critical
condition for the algebraicity of n and we give a Hodge theoretic criterion for the critical condition.
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(2) Suppose that all primes of F'* over p split at F'//F* and denote the number
of primes of F* over p by s. Then the number of p-ordinary CM types &
of F is equal to 2°.

We fix a complex torus C* /2 where 2 is a fractional ideal of F' which is prime
to p. Let us fix an element § € F' which satisfies the following two conditions:

(i) We have § = —¢ and we have Im(c(d)) > 0 for any o € X.

uv—vu

(ii) The exterior product (u,v) = ““5** induces the isomorphism tp A tp =
Tp+

d;i ¢! where dp+ is the absolute different of F' and ¢ is a fractional ideal

of F* which is prime to p.

By the choice of an element § as above, C*/2l is equipped with a polarization,
hence there exists an abelian variety B(2()¢ over C of dimension d = @ such
that B(A)c(C) = C*/2 (see [T8, Chap. I] for example). By the theory of complex
multiplication, there exists an abelian variety B(Q[)@ over Q satisfying the following
conditions (see [111], Chap. III] for example):

(1) We have B(2)g Xg,0.(@) Spec(C) = B(A)c.

(2) The abelian variety B(2)g has good reduction over Z(y) where Zy) is the

localization of the ring of integers Z of Q at the maximal ideal induced by
the inverse image of the maximal ideal of @p by the embedding ¢, fixed
in (B70).

Let B(Ql)z(p) be a smooth projective model of B()7 and QlB(m)_ the space of

Z(p) _
regular one-forms on B(Ql)z( - Since tp acts on B(Ql)z( X Q%(Q‘)z is an tp @z Z,)-
’ ’ (»)

module. In fact, Q}B(Q{)z is a free tr ®z Z(p)—module of rank one. We choose and
o (p)
fix an vp ®zZ,)-basis w(2A) of QlB(Ql)Z . The assumption that all primes of F'* over
(»)

p split at F'/F7T implies that the abelian variety B (2[)@ is p-ordinary type at every
prime of Q over p. Let C, be the completion of @p and Oc, the ring of integers
of C,. The choice of an element ¢ satisfying the conditions (i) and (ii) above gives
an isomorphism iy : (Gm)o., ®z dat = B(A)o., where B(2)o,, is the formal

group over Oc, associated to B(Ql)z(p). We set wean(A) = (ip)« (% @ 1) where

% ® 1 is the standard regular one-form on (mcp ®z d;i We define an element
CEM € (trp ®z O(cp)x to be
(3.130) CIM = w(A) /wean ().
Let poo : C¥ — B(A)c be the complex uniformization of B(™A)c = C*/A and we
set Werans(A) = (Poo ) (Avex d2, ). We define an element CSM € (F ®g C)* to be
(3.131) CSM = w(A) /wirans ().

DEeFINITION 3.103. For each ¢ € X, taking the o-component of the element
CSM € (tp ®z Oc,)* (resp. CEM € (F ®@g C)*) given above, we obtain CS™ () €
(’)ép (resp. CSM(0) € CX). For n =Y sneo € Z[X], we define (CFM)" € O,

(resp. (CEM)™ € C) to be [],cx(CSM (o)™ (resp. [],ex(CM(0))™). We call

this element a p-adic CM period (resp. a complex CM period).

"7See [59] §5.1, 5.8] for the definition of 4, and its dependence on 4.
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We set ¥, = {1y 01l oo : F < Qylo € £} and we denote by Sp the set of
primes of F' over p which are induced by elements of ¥,. Recall that }NWOO is the
composite of all Z,-extensions of F' and I' is defined to be Gal(Fu/F).

THEOREM 3.104 (Katz [59], Hida-Tilouine [43]). Let F be a CM finite algebraic
number field. Suppose that all primes of the maximal totally real subfield FT of F
over p split at F/FT and we choose and fiz a p-ordinary CM type > of F. We
also fix an element § € F which satisfies the conditions (i) and (ii) above. Let
Y be a finite order character of Gp such that the fix field Ky of Ker(vy) satisfies
KyNFY¢=F.

Then there exists a unique element L,(F,X,v¢) € O@p[[fpﬂ which satisfies the
following equality in @p:

N (Lp(F,2,9)) X e }(—1)’”‘1 [Tes (7T (m + d(0)))

(3.132) (CSM){m+2d(o)} — LA VIDr+ 1, ex, Im(o(6))d(@ ()
< T (=)~ 00 B) - ey

peSE
for any algebraic Hecke character n on F' satisfying the following two conditions:
(i) There exist m € Zso and {d(0) € Z>o}oex (orm € Z<go and {d(0) €
Z | m+d(o)—1> Oé,ez) such that the weight of 1 is equal to —m}y _ s,0—
Y sexd(0)(0 —7)
(ii) The Galois character n8! associated to n factors through the quotient
Gal(Fy/F) of G [,
Here the symbol {m + 2d(o)} which appears in the both sides of [BI32) denotes
Y wen(m +2d(0))o € Z[X], T denotes the compler conjugate of o and Dp+ is
the absolute discriminant of F*. Also, (mp)* denotes the algebraic Hecke char-

acter (mp)*(x) = np(T) "' Np(x)~t and 7(mb) denotes the generalized Gauss sum
associated to an algebraic Hecke character nip Ea.

REMARK 3.105. (1) Condition (i) of Theorem BI04l is equivalent to “the
critical condition” studied by Shimura and Deligne for special values of
automorphic L-functions or Hasse—Weil L-functions. Under the critical
condition, we conjecture that the ratio of the special value and a suitable
complex period is an algebraic number (see [21] for the precise formulation
of the conjecture). In fact, this conjecture is proved by Damerell when F
is an imaginary quadratic field and by Katz when F' is a general CM field.
We remark that the right-hand side of the interpolation formula (BI32)
is an element of Q hence it naturally makes sense as an element of C,,.

(2) The idea of the construction of the p-adic L-function L, (F, %, 1) in The-
orem [3.104] is to specialize a p-adic family of Eisenstein series on the
algebraic group GL(2) over the totally real field F* at CM points.

78See Definition for the definition of the weight of an algebraic Hecke character.

79See Proposition [A.10] for the definition of the Galois character associated to an algebraic
Hecke character.

80Here we omit the precise definition of the generalized Gauss sum 7(nv), but we refer the
reader to Definition 6.46 for the definition of the generalized Gauss sum when F' is an imaginary
quadratic field.
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We explain the idea through an example of the most elementary case
where F is an imaginary quadratic field F' (i.e. F'T = Q). Let us present
the ring of integers of F' as Z + aZ. If we substitute z = « in the real
analytic Eisenstein series:

B = Y .

s (e
m,n)E
(m,n)#(0,0)

the value is equal to the special value L(n;N %’ 0) where 7 is an algebraic
Hecke character of weight ko such that n;((a)) = a*. Hence, if we con-
sider a p-adic family of real analytic Eisenstein series and we evaluate the
family at a CM point, we obtain a p-adic L-function which interpolates
L(niN%.,0) in which 7, and j varyl.

(3) Recall that the Kubota—Leopoldt p-adic L-function obtained at Theorem
has another construction by Coleman map using a norm-compatible
system of cyclotomic units (see §3.2.4]). When F is an imaginary quadratic
field, the CM p-adic L-function L,(F,X,v) has another construction by
Coleman map using a norm-compatible system of elliptic units. After a
pioneering work of Coates—Wiles [14] relating a system of elliptic units to
L-values, this construction was first done by Yager ([128], [129]) when the
class number of F'is one. Then de Shalit[25] generalized this construction
to the case where the class number of F' is not necessarily one.

REMARK 3.106. Assume that F'is an imaginary quadratic field and let p be the
prime of F' over p which is induced by the fixed p-ordinary CM-type of F'. We denote
the unique Zy-extension of F' which is ramified only over p by Fég ) and the Galois

group Gal( ég)/F) by I'y. Gillard [31] and Schneps [103] applied the method of
Sinnott which was explained after Ferrero-Washington’s theorem (Theorem [B.60])
as another proof and they proved that the image of the two-variable CM p-adic
L-function L,(F,X,¢) € O[[Lr]] by the quotient map to a one-variable Iwasawa
algebra O[[Lr]] — O[] is not divisible by a uniformizer @ of O (that is, the
Iwasawa p-invariant of the image in OJ[[',]] is zero). As a corollary, it follows
immediately that the two-variable CM p-adic L-function L, (F,%,) € O[[['r]] is
not divisible by w. Thus an analogue of Ferrero-Washington theorem holds true
for the image in O[[I'y]]. However, the analogue of Ferrero-Washington theorem
is not known for the cyclotomic p-adic L-functions associated to algebraic Hecke
characters obtained by specializing L, (F, %, ¢) € O[[['#]]

When F is a general CM finite algebraic number field, Hida [42] proves that
L,(F,X,¢) € O[[Cr]] is not divisible by w. Hida proves this by showing that
the p-invariant of the image in the anticyclotomic Iwasawa algebra is zero in place
of considering the image in the p-ramified Iwasawa algebra as in Gillard [31] and
Schneps [103].

81The explanation here is only a rough sketch of the idea and is not precise enough. If we
make the meaning of “evaluating at a CM point” precise, complex periods and p-adic periods
come into the description of the interpolation property.
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Let K be a finite abelian extension of F' such that K N ﬁoo = F. We denote
the composite K ﬁoo by K CM and the maximal abelian p-power extension of K oM
which is unramified outside Sy by M*. The Galois group X2 = Gal(M=/KSM)
is a compact Z,-module with conjugate action of Tp = Gal(IN(SOM/K), hence is
regarded as a compact Z,[[['r]]-module. It is known that X3 is a finitely generated
torsion Zy[[I'r]]-module (see [44, Thm. 1.2.2]).

CONJECTURE 3.107 (Iwasawa Main Conjecture). Under the same setting as
Theorem BI04, we have the following equality of ideals of Oc,[[I'r]]:

(3.133) chare, (i) ((XE,)v @2, e O, Cel) = (L(FL 2, 4).

When F is an imaginary quadratic field, we have elliptic units on abelian exten-
sions of F. Under the assumption that p is decomposed in F' and p { wgy#Cl1(F)|v|,
Rubin [100, Thm. 4.1] proved

)
(3134) chaer [¢][[fF]] (XKw)w

D charZP W][[I:F”(local units over I?C}\fo)w /(elliptic units)y,

using the Euler system of elliptic units as we discussed in the argument using the
Euler system of cyclotomic units in §3.3.31 Here, wy is the number of roots of unity
contained in the Hilbert class field H of F and |¢| is the order of .

On the other hand, as we explained in Remark (3), Yager and de Shalit
proved that

(3.135) charzp[wmfFH(local units over I?C}}fo)w /(elliptic units)y, = (L,(F, 2, 1)).

Hence, when all technical assumptions required in (3134]), (BI30) are satisfied, we
obtain

(3.136)  charg, i ((XF,)v @3, ey O Trll) D (Ly(F,S0)).

For a fixed abelian extension K of F', we can prove the principle of the analytic
class number formula as follows:

(3.137)
[T charo, g ((XRDw @2, e O el =TT (Lo(F2,0)),
Ky=K Ky=K

which is an analogue of Theorem B4l for F' = Q. By combining (3130 and BI37),
we obtain the following theorem:

THEOREM 3.108 (Rubin). Let F' be an imaginary quadratic field of class number
one, p an odd prime number which is decomposed in F. If we have p{wgy and the
order of ¥ 1is prime to p, the Iwasawa main conjecture (Conjecture [BI0T) holds
true.

REMARK 3.109. (1) For general CM-fields F' which are not imaginary
quadratic fields, analogues of elliptic units are not found yet. Hence, a
generalization of Theorem by the method of Euler systems is an
open problem. On the other hand, there are some progress by the method
using the congruence of p-adic families of modular forms as follows.
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(a) We can decompose I'g as 'y = (') ¥ x(I'p)~ according to the action
of complex conjugate. We note that, when the Leopoldt conjecture
is true, we have (fp)+ ~ Z, and (fF)"r is nothhing but Icye p.
The group (f F)~ is isomorphic to ZZ where d is a positive integer
equal or larger than @ and we have d = [FQ& when the Leopoldt
conjecture is true. We call the extension of F' whose Galois group is
(T'r)~ the anti-cyclotomic Z{-extension of F'. Under certain technical
conditions, Mazur—Tilouine [74] proved the inclusion

(3.138)

(char. ideal of the Selmer group) C (principal ideal of the p-adic L-function)

in Oc, [[(T#)~]] by the method using the congruence module over the
Hecke algebra which controls the congruence between modular forms.
We remark that this inclusion is the opposite to the one obtained by
the method of Euler systems. This method was generalized by Hida—
Tilouine ([43], [44]) to prove (BI3]) for F general CM-fields F. It
seems that the condition on 9 is a bit delicate in this modular method
and the validity of one of two inequalities does not imply the validity
of the desired equality as in Rubin’s case discussed above. Hida
[40] deduces the equality of the Iwasawa main conjecture assuming
R = T theorem obtained in the preprint [30] by Taylar-Wiles system
argument.

(b) Hsieh [45] applies the method ofthe Eisenstein ideal for modular
forms on the algebraic group U(2,1), which is a higher-dimensional
analogue of the method of Mazur-Wiles for GL(2) over Q. He studies
the congruence between a cuspform and an Eisenstein series in the
Hida family of U(2,1) for the inclusion of type (BI38)) in OCP[[fF]]
under certain conditions.

(2) The same type of generalization discussed in Remark when the base
field F' was totally real should be studied. That is, we can study the
Iwasawa main conjecture over Oc, [[Gal(F/F)]] where F is a finite exten-

sion of F., which is defined to be the composite of abelian extensions of
p-power degree over F which are unramified outside p.

3.5. Problems and perspective beyond the Iwasawa main conjecture

Through this chapter until the last section, we developed the Iwasawa theory
by focusing on the Iwasawa main conjecture. Hence, we cut some of topics which
are not directly linked to the Iwasawa main conjecture. In this section, we discuss
some of these topics. We recall some well-known conjectures and problems. Also
we will try to propose some important directions and plans of research. Some of
these propositions will make sense also in the settings of Part II and Part III of this
book. We hope that they contain some seeds for the future research of Iwasawa
theory.

3.5.1. Problems and perspective on ideal class groups (algebraic as-
pect). In this subsection, we concentrate on the side of ideal group. We will present
some open problems and some conjectures as well as related known results.
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(1) There are divisions of opinion among the researchers on the validity of
Vandiver’s conjecture (Conjecture B.20]) stated earlier. In any case, we
expect to progress either in the sense that the conjecture is solved par-
tially or a counter example is found. As a partial result, Kurihara [66]
proved Cl(@(up))[p]wpd = 0 for any prime p. Also, Soulé [114] proved
Cl(Q(up))[p]*" " = 0 when the prime number p is sufficiently large com-
pared to n through the calculation of higher K-groups of the ring of inte-
gers Z.

(2) As for the Greenberg’s conjecture for totally real finite algebraic number
fields K (Conjecture B.26)), only known results are essentially for the case
where K is a real quadratic field. On the other hand, a generalization
of the conjecture to the case where K is not necessarily totally real is
known. We denote by Ko the composite of all Zp-extensions of K and
we set I'x = Gal(Ko/K) B2 We denote by Lo the composite of every-
where unramified abelian extensions of p-power degree over K., and we
set Xz = Gal(zoo/f(oo). Then the general Greenberg’s conjecture

asserts that Xz is a pseudo-null Zp[[fK]]—module.

(3) As we have seen in the proof of the Iwasawa main conjecture of §3.3.2]
modular forms and Hecke algebras for the algebraic group GL(2) often
play important roles to study the ideal group which is the Selmer group
for the algebraic group GL(1) by the method of the Eisenstein ideal. For
example, by Harder—Pink, Kurihara, it was known that the structure of
the -part of ideal groups for a Dirichlet character v is related to the
structure of a local component of the Hecke algebra which is associated to
an Eisenstein series for 1. More recently, Ohta (sce [85], [86] for exam-
ple) discovered that the validity of Conjecture B21] (the semi-simplicity
conjecture) and Conjecture B.23] (the multiplicity one conjecture) for ideal
class groups is more or less equivalent to the validity of the Gorenstein
property and the principality of the Eisenstein ideal of the Hecke alge-
bra for modular forms on the algebraic group GL(2) respectively. After
Ohta, Sharifi [I10] formulated a refined conjecture for the structure of
ideal group by means of modular forms on the algebraic group GL(2).

We expect that some of the problems on the algebraic side discussed above are
studied and developed in a suitable manner also in the context of the generalized
Iwasawa theory discussed after the next chapter.

3.5.2. Problems and perspective on p-adic L-functions (analytic as-
pect). As we have seen in Theorem B30, the Kubota—Leopoldt p-adic L-function
L,(v¥) € Acye,p was characterized by the interpolation property of values at arith-
metic characters ﬁgyc¢ with j < 0. Recall also that the value of L,(%)) at H{;ycgb
with j = 1 was given by the Leopoldt formula (Theorem B.62). What can we say
about the value of L,(¢) at ki ¢ with j > 27

cyc
(1) Recall that Deligne conjecture (see [21]), the Beilinson conjecture (see
[132]) and the Tamagawa number conjecture of Bloch-Kato (see [5])
are known for the geometric meaning of the special values for complex

82See Theorem (2) and Conjecture 7 for the Zy-rank of Gal(Keo/K).
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L-functions such as Dirichlet L-functions L(, s) or more general Hasse—
Weil L-functions. It seems interesting to consider p-adic analoques of
known results or known conjectures on the special values for complex
L-functions.

For example, it is conjectured that special values of Riemann’s zeta func-
tion ((s) at integers j > 2 are all transcendental numbers. For even j’s,
the ratio of ((j) and 77 are nonzero rational numbers, hence the conjec-
ture holds to be true. However, very few results are known for odd j’s.
Essentially, we only know that Apéry proved that ((3) is an irrational
number and that Rivoal proved that there are infinitely many odd pos-
itive integers j such that ((j) are irrational numbers. As for the p-adic
analogue of these results, the only known results for the Kubota—Leopoldt
p-adic L-function L(n, s) are the irrationality of special values at ngyc for
j=2,3 and p = 2,3 proved by Beukers and Calegari.

As for special values of the Kubota-Leopoldt p-adic L-function L(n,s)
at ngyc¢, these values are nonzero algebraic numbers for integers j < 0
according to the interpolation property of Theorem Since these
values are expected to be irrational for positive integers j, they must be
always nonzero. However the nonvanishing of values for positive integers
7 is not yet proved.

Below, we discuss a p-adic analogue of the Beilinson conjecture mentioned in (1)
above in a bit more detailed manner.

In general, assuming that the Hasse-Weil L-function L(M, s) associated to a
motive M is well-defined and meromorphically continued to the whole C-plane, we
have some conjectures on the geometric meaning of values L(M, j) = L(M(j),0) at
integers j. These conjectures are formulated differently depending on the classifi-
cation of the integer j. If the Tate-twist M(j) is critical in the sense of Deligne (see
Remark 5.4), we have the Deligne conjecture for L(M, j). If the Tate-twist M(j)
is noncritical, we have the Beilinson conjecture for L(M, j). Now we consider the
case where M is a Dirichlet motive associated to a Dirichlet character n. In this
case, we have L(M, s) = L(n, s) and we note that

“M(4) is critical” <= “j > 1 and n(—1) = (—1)?” or “j < 0 and n(—1) # (—1)’".

For an integer j > 1, we have the following functional equatio:

(3.139)

15k L—s+p(n)
N T L |
L(n,j) = (?) lim r(eEe) L(7,1 - s),

where M is the conductor of 7 and p(n) € {0,1} is defined by n(—1) = (—1)P(",
Hence, it suffices to study the values at integers j > 1.

The period integral plays an important role for the Deligne conjecture and the
regulator map on K-groups plays an important role for the Beilinson conjecture.

83The function T'(s) in the right-hand side has a pole of order one at every negative integer
7, but the function L(7, s) has a zero of order one at such an integer j. Hence, a pole and a zero
cancel in the right-hand side.
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The following facts are known for the regulator map:

THEOREM 3.110. The following statements hold for a finite algebraic number
field F.

(1) For every nonnegative integer m, the m-th K-group K,,(tr) of the ring

of integers v is a finitely generated abelian group. For m > 2, we hav

0 m =0 mod 2,
rankz K, (tp) = ¢ 1 (F) +m2(F) m =1 mod 4,
ro(F) m = 3 mod 4.

(2) For any natural number j > 1, the R-vector space [], p,c(2mv/—1)77'R
is of dimension [F : Q]. The complex conjugate acts on

I, V=17 7R

by the action on (2my/—1)7~1 and by the twist of 1 : F — C composing
with the conjugate C — C. We denote by [HL:FHC(QW\/—_l)j’lR]+ the
fixed part by the action of complex conjugate. For each j > 1, Borel
defined a regulator map:
T
(3140) regp j oo ng_l(tp> — l H (QW\/_—l)j*lR
v:F—C

whose kernel coincides with the torsion part of Koj_1(tr).

When j = 1, the above regulator map on Ki(tp) = tj is identified with the
classical Dirichlet regulator map on the group of units. Hence, regp; o (K1(tF))
spans a lattice of the hyperplane of [[],. F(_>CR]+ consisting of elements whose trace
are 0.

When j > 1, we have rankzKy;_1(vp) = dimg [[], po,c(27v/=1)77'R] " by
Theorem [B.IT0 (1). Hence, by Theorem B.IT0l (2), regr ; o (K2;j-1(tr)) spans a

lattice of [[],. pe,c(2mV/=1)I7'R] *

DEFINITION 3.111. When j = 1, we call the volume of a fundamental domain
of the lattice spanned by regp; o, (K1(tr)) in a hyperplane of [HL:F_)CRF' the
regulator and we denote it by Regp; -

When j > 1, we call the volume of a fundamental domain of the lattice spanned
by reg ;oo (Kajo1(tr)) in [[.po,c(2mv/=1)71R] "
it by Regp ; oo-

]Jr

the regulator and we denote

Let n be a Dirichlet character. By regarding 7 as a character of Gal(F/Q) for an
abelian extension F' of Q, we can define the n-part reg, ; . of regp ; ., with respect
to the action of Gal(F/Q) on the regulator map regy ; .. We denote by Reg, ; .,
the volume of a fundamental domain of the lattice spanned by reg, ; . (K2;-1(tr))
in the n-part of [T],. pe.c (ZW\/——l)jflR]Jr.

The following results are known for special values of Dirichlet L-functions.

84The rank and the order of the torsion part of Ky, (tF) are important invariants which are
related to special values of the zeta function of F. We refer the reader to [I19] for known results
and some examples on this topic.
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THEOREM 3.112. Let i be a Dirichlet character. Then the following assertions
hold true for j > 1.

(1) When n(—1) = (=1)?, we have L(n,5) € Q" - x4.
(2) When n(—1) # (=1)?, we have L(n,j) € Q" -Reg,) j o

REMARK 3.113. (1) The assertion (1) of Theorem is a special case
of the Deligne conjecture and the assertion (2) of Theorem BI12 is a
special case of the Beilinson conjecture.

(2) The assertion (1) of Theorem follows from Theorem and the
functional equation (3I39). The assertion (2) of Theorem B 112 for j =1
is equivalent to the classical Dirichlet’s class number formula (Theorem
B.63). In fact, we have K;(tp) =t} for j =1 and we have regp; . (u) =
[, clogle(u)|c for u € vji. The assertion (2) of Theorem for
J > 1 was proved by Borel [6] by calculating Reg, ; .-

Recall that a character Hgycqﬁ with a finite character ¢ and an integer j € Z
for the p-adic L-function L, (1) plays a role of an integer point for the complex L-
function. Below, we give an important remark on p-adic analogues of the Deligne

conjecture and the Beilinson conjecture explained above.

REMARK 3.114. For the Kubota-Leopoldt p-adic L-function L,(v)), ki .¢’s

cyc
with 7 < 0 correspond to critical motives and mgyc¢’s with 7 > 1 correspond to
noncritical motives. This is different from the situation of Dirichlet L-functions
L(n, s) where L(n,j) being critical or noncritical depends on the parity of j. The
inconsistency comes from the fact that the interpolation of the p-adic L-function is

related to special values of Dirichlet L-functions twisted by w’~! for each j.

By the above remark, the interpolation property of the Kubota—Leopoldt p-adic
L-function Ly(¢) at k¢ with j < 0 given in Theorem is a p-adic analogue
of the Deligne conjecture. Further, we expect a p-adic analogue of the Beilinson
conjecture for values of the Kubota—Leopoldt p-adic L-function L,(1) at H{;ycgb
with j > 1. In the p-adic case, we can define a p-adic regulator map regp; , :
Ky 1(tp) — ]I Q, and a p-adic regulator Regp;, € Q, (see [35], [36]),

uF—=Q,
which are natural analogues of a complex regulator map and a complex regulator
due to Borel and Beilinson. Let 1 be a Dirichlet character. By regarding n as a
character of Gal(F'/Q) for an abelian extension I of Q, we can define Reg, ; , € @p
similarly as Reg, ; ., € C.

We have the following result by Coleman and Gros (see [4, Prop. 4.17], [17],
[35] and [36]):

THEOREM 3.115 (p-adic Beilinson conjecture). For any integer j > 1 and for
any finite character ¢ on I'cyc, we have

: (Yo" 1) (p) Lw "9, j)

J (1~ . , o
Hcyc(b(LP('(/))) - (1 pj Regwuufllpfld,p Regwwj71¢71’j’oo-
REMARK 3.116. (1) In Chapter 5 of the second volume of this book, we

will present the p-adic Beilinson conjecture in the setting of cyclotomic
Iwasawa theory for motives due to Perrin-Riou [90, Chap. 4] (see also a
survey article by Colmez [19]).
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(2) The classical Beilinson conjecture over C allows an ambiguity of multi-

plication by elements of Q* as in Theorem (2), which comes from
the ambiguity of the choice of bases on the source and the target space
of the regulator map. However, we have no such ambiguity in the p-adic
Beilinson conjecture because we have both a complex regulator and a
p-adic regulator (Reg,i-14-1 j oo and Regy,i-14-1;, in the above theo-
rem) and the ambiguity of the choice of bases cancels by taking the ratio
of these regulators. Hence, the equality of the p-adic Beilinson conjecture
has no ambiguity coming from the choice of bases.

REMARK 3.117. (1) Special values L(n, j) at positive integers j with n(—1)
# (—1)7 which appeared in Theorem (2) are deeply related to the

polylogarithm Li;(z) = >

?:12_: (cf. Zagier conjecture)

(2) In the proof of the p-adic Beilinson conjecture by [17], [35], [36], a p-adic
analogue of the polylogarithm Li;(z) = ZZLZ—? plays an essential role
and the proof consists of two steps (A) and (B) as follows:

(A)

Coleman [17] established a theory of p-adic integration of dimension

one called “theory of Coleman integration”. As an application, he

defined a j-th p-adic polylogarithm Ligp ) (z) on @: under the same

setting as Definition BBIFY. The function Li§p )(a:) is an extention of
the function Lig.p)(l +2z) = Zzo:l%;lz" onl+ P to @; and it

coincides with log,(z) when j = 1. Then, in Chap. VII of [17], he

proved that x7,.¢(Ly,(¢)) is a Q-linear combination of special values

of Ligp ) (z) at cyclotomic units x.
Gros [35], [36] constructed a p-adic regulator map regy ; , from the

K-group Kyj_1 of a cyclotomic field F' to its syntomic cohomology.

Then he expresses special values of Li;-p ) at cyclotomic units x by the

image of Soulé elements in the K-group Ky;_1 of a cyclotomic field
F' via this p-adic regulator map.

(3) We refer the reader to [4] for numerical examples of Theorem BITH as well
as a generalization of the p-adic Beilinson conjecture to Artin L-functions.

REMARK 3.118. Since regulator maps regp ; o, and reg, ; ., by Borel are iso-
morphisms of R-vector spaces (see Theorem [B.110), regulators Regp. ; o, and Reg, ;
are nonzero real numbers.

On the other hand, p-adic regulator maps regp ; , and regp ; , are not known
to be injective. Though we expect that p-adic regulators Regp ;, and Reg, ;
are nonzero, it is not proved yet. “Nondegeneracy of p-adic regulator maps” is an
important issue that we should attack in future.

3.5.3. Some other problems and perspective. Up to now, we discussed
potential problems on cyclotomic Iwasawa theory of ideal class groups for the al-
gebraic aspect and for the analytic aspect in §3.5.1] and in §3.5.2] respectively. In
this section, we will discuss some other problems and perspective which were not
classified in the algebraic aspect nor in the analytic aspect.

851n fact, Coleman [17] defined Lig-p)(x) as a function over Cy = (Q,)*.
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(1) When the base field F' is Q or an imaginaly quadratic field, we have an
Euler system of cyclotomic units or an Euler system of elliptic units and
we can prove the Iwasawa main conjecture for an abelian extension of F'
by the method of Euler systems. Will it be possible to construct a nice
system of units (or an Euler system, in other words) on abelian extensions
of F' when the base field F' is a general totally real field or a general CM
field of finite degree? Search of new Euler systems is an important
issue.

(2) Let F be a totally real finite algebraic number field. Recall that the cyclo-
tomic Iwasawa main conjecture for ideal class groups was formulated for
each finite character ¥ of the absolute Galois group G The ITwasawa
main conjecture was formulated as an equality between the characteristic
ideal of (X jcere),p—1 and the principal ideal generated by L,(1) on the
Iwasawa algebra Acyc . Now we consider a finite abelian extension K /F.
If the character wy~! factors through the quotient Gr — Gal(K/F),
(Xkere)wp—1 is the specialization of Z,[Gal(K/F)][[['cy]]-module X geye
by wtp~t and L, (1) is the specialization of a p-adic L-function L,(K) in
the total quotient ring of Z,[Gal(K/F)][[Icyc]]. Thus we expect an Iwa-
sawa main conjecture which compares the algebraic object X geye and the
analytic object L, (K) called an equivariant Iwasawa main conjecture
over Z,[Gal(K/F)][[[cyc]]. We remark that there is no natural notion of
the characteristic ideal for Z,[Gal(K/F')|[[Tcyc]]-modules. Hence, we need
to find some ideas and to develop some foundation to overcome the ab-
sence of the characteristic ideal.

(3) Let G be a p-adic Lie group which has a surjection G — T'¢yc and L
a Galois extension of K such that Gal(L/K) = G. Coates proposed
an Iwasawa theory over the noncommutative Iwasawa algebra Z,[[G]] =
lim Z, [G/U] (U runs through open normal subgroups of G).

Noncommutative generalizations over Z,[[G]] of cyclotomic Iwasawa
theory for ideal class groups studied in this chapter as well as cyclotomic
Iwasawa theory for p-adic Galois representations (see Chapter 5 and Chap-
ter 6) are studied by a lot of researchers. This theory is called a non-
commutative Iwasawa theory.

On the algebraic side, one of essential problems in the noncommu-
tative setting is that we do not have the “structure theorem of Iwasawa
modules” and the theory of characteristic ideal does not work welfF1. How-
ever, Venjakob and Kato made some breakthroughs by using K-theory
and they found some important algebraic invariants replacing the charac-
teristic ideal. On the analytic side, one of the issues is that the analytic
continuation and the algebraicity of special values of an L-function twisted
by a nonabelian Artin representation is not well-established yet. We refer
the reader to [12] for the formulation of the noncommutative Iwasawa
main conjecture for p-adic Galois representation.

86See Theorem and Theorem [B.66] when F = Q. See Theorem when F is a general
totally real finite algebraic number field.

87For example, there exist pseudo-null modules whose characteristic ideals are nontrivial.

88The article [12] formulates the noncommutative Iwasawa main conjecture only for elliptic
curves, but the formulation should be similar for general p-adic Galois representations.
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In the case of the noncommutative Iwasawa main conjecture for ideal
class groups, we already obtained remarkable progress. At the early stage,
Kato, Ritter—Weiss, Hara, Kakde contributed by proving some partial re-
sults. After deeper understanding on the noncommutative Iwasawa theory
through these results, Burns and Kato discovered a new idea to reduce
the noncommutative Iwasawa theory to the commutative Iwasawa theory.
Based on these progress, Kakde [55] and Ritter—Weiss [98] proved inde-
pendently the noncommutative Iwasawa main conjecture for ideal class
groups, which is a noncommutative generalization of Theorem [3.66] The-
orem and Theorem We expect that, in near future, these work
will be extended to prove the noncommutative Iwasawa main conjecture
for p-adic Galois representations.

The Iwasawa main conjecture is an equality between the characteristic
ideal of the algebraic Iwasawa module (X K, )ww 1 and the principal

ideal generated by the analytic p-adic L- function. Note that the charac-
teristic ideal of (X gere ) )wwfl is the reflexive closure of the 0-th Fitting
wp T,

ideal of (X Ko, )w, 1. Since we can recover the characteristic ideal

from the 0-th Flttlng ideal, the 0-th Fitting ideal is an invariant with
deeper information compared to the characteristic ideal. Further, we also
have the i-th Fitting ideal of (XKcyc ) )ww 1 for 4 > 0 and it is important

to study these refined algebraic 1nvar1ants comparing with some analytic
invariants. In this direction, Iwasawa theory for higher Fitting ideals
is studied actively by Kurihara et al.

Recall that the zeta value ¢(m) for m > 1 is given by an infinite sum
Zn>1 —=- The multiple zeta value is a multiple version of the zeta value

given by an infinite sum Zm>n2> Sn.>0 W What is the p-
adic L-function interpolating these multiple zeta values? What is the
corresponding algebraic object? It will be interesting to investigate mul-
tiple Iwasawa theory related to multiple zeta values.

It is also interesting to study Iwasawa theory of function fields for
function fields of one variable of characteristic p > 0. Witte [127] studies
the case over function fields of characteristic p > 0 for ¢-adic Lie extensions
with ¢ # p and proposes a formulation of Iwasawa theory of function fields
in this case. The case over function fields of characteristic p > 0 for p-
adic Lie extensions is more difficult and we expect a good formulation
surrounding Selmer groups and p-adic L-functions.
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BookguideBookguide This book is intended as a first textbook on the general-
ized Iwasawa theory for motives and Galois representations. However, as for the
cyclotomic Iwasawa theory of ideal class groups discussed on the first volume, we
can find some other textbooks. Since existing textbooks might give different view-
points, for the reader’s convenience we have listed some of them here. The books
covering both the algebraic side and the analytic side of the cyclotomic Iwasawa
theory of ideal class groups is as follows:

(1)

(2)

An elementary textbook for the cyclotomic Iwasawa theory of ideal class
groups which is read by most of people might be [117] by Washington.
Though we do not have to all the detail of [I17] to study the generalized
Iwasawa theory for motives and Galois representations, [117] is tradi-
tionally the most standard introductory book to start to study Iwasawa
theory.

The textbook [69] by Lang is also aimed for the cyclotomic Iwasawa theory
of ideal class groups. The book [69] is also interesting since it covers some
of topics which are not contained in [117].

We will also list some books which are elementary enough but focused on more
special subjects of the cyclotomic Iwasawa theory of ideal class groups compared
to the above two books.

(1)

The textbook [51] by Iwasawa is specialized on the Kubota—Leopoldt p-
adic L-function explained in §3.2.3]of this book. This book explains several
constructions of the Kubota—Leopoldt p-adic L-function. Especially Iwa-
sawa’s construction of the Kubota-Leopoldt p-adic L-function (see §3.2.3))
is explained in detail. On the very end of the book, the algebraic aspect
of the Iwasawa theory is discussed a little bit.

The textbook [13] by Coates—Sujatha explains the construction of the
Kubota—Leopoldt p-adic L-function from the norm compatible sequence
of cyclotomic units & la Coleman (see §3.2.4) as well as the proof of the
Iwasawa main conjecture by using the Euler system of cyclotomic units
(see §3.33). In [13], they do not prove the Iwasawa main conjecture in
full generality but prove it only over the base field Q(fp ), which makes
the proof much simpler and much more accessible to the reader.

The proceeding [135] of the workshop held at Indian Institute of Technol-
ogy, Guwahati in September 2008 explains the proof of the Iwasawa main
conjecture by using the Eisenstein ideal (see §3.3.2]). The book also covers
Ribet’s proof of an unramified p-extension of Q(u,) given in [B.75) before
discussing the proof of the Iwasawa main conjecture by Mazur—Wiles and
Wiles.
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(4) We can find the collected works of Iwasawa [134]. When we study certain
theory, it is sometimes very inspiring to look into and study the articles
of the origin written by the founder of the theory. Thus [134] is highly
recommended.



APPENDIX A

As an appendix to Chapter Bl we summarize basic facts on modular forms and
Hecke characters.

A.1. Modular forms and associated Galois representations
First, we recall p-adic Galois representations associated to modular forms.

THEOREM A.1 (Deligne, Shimura, Ribet). Let f € Si(I'1(M)) be a normalized
cuspidal eigenform of weight k > 2 and K a finite extension of Q, which contains
all coefficients of the g-expansion of f. Then, there exists a K-vector space Vy of
dimension 2 equipped with a continuous K-linear Galois representation py : Gg —+
AuticVy =2 GLy(K) satisfying the following conditions:

(i) The representation on Vy is unramified over primes of Q not dividing
pM.

(ii) For a geometric Frobeniud] Frob, € Gg of any prime number ¢ not
dividing pM, we have Tr(ps(Froby)) = as(f).

(1ii) The representation of Gg on Vy is irreducible.

By the Chebotarev density theorenﬂ, the representation Vy is uniquely characterized
up to isomorphism by the above properties.

Below, we summarize the history of the above theorem.

REMARK A.2. (1) For a normalized cuspidal eigenform f of weight k& > 2
and level 'y (M), Deligne [20] constructed the p-adic Galois representation
V¢ by cutting out the f-isotipic component of the action of the Hecke alge-
bra on the parabolic part of the etale cohomology Hélt(Yl(M)@, Li—2(K))
on a local system L;_o(K) over a modular curve Y; (M).

(2) In the construction of V; given by the etale cohomology as explained
above, the property (i) follows from the smooth base change theorem of
the etale cohomology theory. The property (ii) is the deepest among three
properties and its proof consists of the “congruence relation” which relates
the ¢-Hecke correspondence on the mod ¢ reduction of a modular curve
to the algebraic correspondence induced by the geometric Frobenius at /.
The property (iii) is due to Ribet [94] Prop. 4.4].

1A geometric Frobenius is a lift of the inverse element of the arithmetic Frobenius z +— zP in
G, to the decomposition subgroup at p of Gg. The decomposition group at p is only unique up
to conjugation in Gg. Hence, a geometric Frobenius is only unique up to conjugation. However
Tr(py(Froby)) is well-defined since the trace of a matrix depends only on its conjugacy class.

2We refer the reader to [107), 1.2.3] for the precise statement of the Chebotarev density
theorem.
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(3) Shimura [I17] reduced the proof of the above theorem for normalized cus-
pidal eigenforms of general weight & > 2 to the proof of for normalized
cuspidal eigenforms of weight k = 2 by using the method of group coho-
mology and the congruence modulo p-power. Since Shimura constructs the
p-adic Galois representation Vy by taking the limit of modulo p-power re-
ductions of p-adic Galois representations for cuspidal eigenforms of weight
2, we lose the information on the complex absolute values of eigenvalues
of Frobenius elements at unramified primes in Shimura’s construction.
Thus, though the construction of V; by Deligne [20] implies the proof of
the Ramanujan conjecture, the construction of Vy by Shimura [I11] does
not imply the proof of the Ramanujan conjecture.

(4) The construction of V; due to Deligne [20] uses an etale cohomology group
of a local system. Hence, the construction of [20] is not motivic. Later,
Scholl [104] gave the construction of Vy by using an etale cohomology of
Kuga-Sato variety, which implies for example that V; is cristalline at p
when the level of f is prime to p.

Below, we remark that there are two different ways for the construction of the
p-adic Galois representation V; of a modular form f. We have to be careful not to
confuse these two.

REMARK A.3. For a normalized cuspidal eigenform f € Si(I'1(M)) of weight
k > 2, we have a cohomological Galois representation and a homological Galois
representation. The homological Galois representation is the linear dual of the
cohomological Galois representation. Theorem [AT]is stated with the cohomological
formulation. If we state it with the homological formulation, we have to replace the
condition Theorem [Alii) using a geometric Frobenius element by the following
condition using an arithmetic Frobenius element

(i)’ For an arithmetic Frobenius Frob, ' € Gg of any prime number ¢ not
dividing pM, we have Tr(py(Frob, ')) = as(f).

There are some articles written with the homological formulation (Wiles’s articles
[122], [123], [124] for example) and some articles written with the cohomological
formulation (Deligne’s article [20] for example). When we uses several different
articles, we have to be careful not to mix different normalizations.

Let us consider the case of a normalized cuspidal eigenform f of weight 2 and
level T'; (M) in order to explain the cohomological formulation and the homological
formulation a bit more. In this case, we can canonically associate an abelian variety
By to f, which is a quotient of the Jacobian variety of modular curve X;(N) (see
[112]). Then the p-adic Galois representation for f of the cohomological formulation

is equal to H} (By x Spec(Q),Q,) and the p-adic Galois representation for f
Spec(Q)

ec

of the homological formulation is equal to T, By @z, Q,.

THEOREM A.4 (Deligne, Mazur—Wiles). Let f € Si(I'1(M)) be a normalized
cuspidal eigenform of weight k > 2, K a finite extension of Q, which contains all
coefficients of the q-expansion of f. Assume that f is p-stabilizeﬂ and that a,(f)
is a p-adic unit. Then the restriction Pf‘G@p to the decomposition group Gg, of

3We say that f is p-stabilized if M is divisible by p and f is eigenvector of the Hecke operator
at p.
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pr: Gog — Autic(Vy) = GLo(K) is equivalent to a representation of the form

(a) pto)= (") 40))  weGe)

where « is an unramified character of Gq, such that a(Frob,) = a,(f).

REMARK A.5. (1) A mod p variant of the above result was proved in an
unpublised letter from Deligne to Serre in 1974 (see [37]). Also, Mazur—
Wiles [75 Chap. 3 §2] and Wiles [122] Theorem 2.2] proved the above
result.

The proof by Deligne depends on the technique of the vanishing cycles
and the proof by Mazur—Wiles and Wiles depends on the study of Néron
models over p-adic fields of the Jacobian varieties of modular curves. In
the latter method, only the p-adic Galois representations for cuspforms
of weight 2 can be studied by using the Jacobian varieties of modular
curves. However, Shimura’s technique of the congruence modulo p-power
of the group cohomology (see Remark (3)) or Hida theory which
is a refinement of Shimura’s technique permits us to prove the desired
statement for the case of cuspforms of weight £ > 2 by reducing to the
case of cuspforms of weight k& = 2.

There is the third proof different from the above two proofs which
is based on the theorem of Katz-Messing [62]. Recall that Scholl [104]
constructs a motif of f € Si(I'1(M)) (we will give a summary on the motif
in the appendix of the second volume) by using a Kuga-Sato variety of
weight k£ and level M. Since a Kuga-Sato variety is known to be a smooth
projective variety, the characteristic polynomial of a crystalline Frobe-
nius operator acting on its i-th crystalline cohomology coincides with the
characteristic polynomial of a p-Frobenius element acting on its ¢-th ¢-
adic etale cohomology for every natural number i. This implies that the
Newton polygon coincides with the Hodge polygon for p f|G@p~ Since a
crystalline p-adic Galois representation whose Newton polygon and Hodge
polygon coincide is known to be p—ordinary@ by [88]. This implies Theo-
rem [A4] when Ny is prime to p since the p-adic Galois representation Vy is
crystalline in this case. By using Hida theory, any p-stabilized normalized
cuspidal eigenform f with a,(f) a p-unit but Ny not necessarily prime
to p is p-adically approximated by a sequence of p-stabilized normalized
cuspidal eigenforms {f;} such that a,(f;) are p-units and Ny, are prime
to pJ. Thus the method using the theorem of Katz-Messing covers forms
f with Ny divisible by p.

(2) We recall that Theorem [A4]is stated with the cohomological formulation
as explained in Remark If we take the homological notation as in the
papers of Mazur—Wiles and Wiles, the corresponding variant of Theorem
[A4is different from the actual version of Theorem [A.4l In both of these
cases, the images of py \GQP are contained in the upper triangular subgroup
of GLy(K) after changing the IC-basis of V; if necessary. However, in

4We have not yet defined the notion of p-ordinary, but it roughly means a representation of

the form (A).

5Note that the weights k; of f; are not the same as the weight k of f. However, k; converges
p-adically to k.
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the homological variant of Theorem [A4] the restriction pf|G@p to the
decomposition group Gg, is equivalent to a representation of the form
_ (Bl =
(A2) pto = (" i) et
where o' is an unramified character of Gg, such that a(Frob,, Y = a,(f).
A.2. Algebraic Hecke characters and associated Galois characters
DEFINITION A.6. (1) Let F be a finite algebraic number field, f an inte-

gral ideal of F'. We denote by I; the group of fractional ideals of F' which
are prime to . Let Jr be the set of embeddings of F into Q. Then a group
homomorphism 7 : I; — @X is called an algebraic Hecke character[d
of weight Y _; n,0 € Z[Jr], level f if 7 satisfies

(@) = ] o)™

oceJp

for any totally positive elements ov € F'* such that ord,(a — 1) > ord,f
holds true for every prime ideal p dividing f.

An algebraic Hecke character of level §f can be naturally regarded as an
algebraic Hecke character of level f for any ideal § satistying § O /. For
an algebraic Hecke character n of level f, the largest ideal fy satisfying
fo D f such that there exists an algebraic Hecke character ny of level fgy
and 7 is naturally induced from 7y is called a conductor of f.

ExAMPLE A.7. Let F be a finite algebraic number field. For any integral ideal
nof F, we define the norm Ng(n) by Np(n) = #(tp/n). The norm N is naturally
extended to a homomorphism from the group of fractional ideals to Q*, which is
called a norm character. The norm character N is an algebraic Hecke character
of weight > . ; o, level 1.

In order to discuss the existence of algebraic Hecke characters other than the
norm character, we recall the following fundamental result.

THEOREM A.8 (Theorem of Weil [120]). (1) Let F be a totally real finite

(2)

algebraic number field. Then any algebraic Hecke character on F is ex-
pressed as the product of an integral power N}, of the norm character Np
and an algebraic Hecke character of finite order.

Let F be a finite algebraic number field and F* the largest totally real
subfield of F'. If there exists a subfield CM-field of F' which contains F*ﬂ,
we denote it by Fy. Otherwise, we set Fy = FT. Then, any algebraic
Hecke character m on F is expressed as 1 = (1m0 © Np/p,) - Nn where
Mo is an algebraic Hecke character on Fy and nan s an algebraic Hecke
character ng, on F of finite order.

Now, we want to discuss how much algebraic Hecke characters on F' exist when
F is a CM-field and we want to list them up. Below, we summarize some of known
results according to [2I] Remarque 8.2].

6Sometimes, it is also called a Grossencharacter of type Ag.
"We can easily check that such a CM-subfield is unique if it exists.
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REMARK A.9. Let F' be a CM-field which is of finite degree over Q. We fix a
CM-type X of F. Then the following statements hold (see [102] Chap. 0, §3] for
example):

(1) Let n be an algebraic Hecke character on F' of weight n = > _; n.o.
Note that there exist unique elements Il =) __vl,0 and m =} ~ smz0
such that n =1 + m. Then we say that 7 has type (I, m).

(2) Let n be an algebraic Hecke character on F' of type (I, m). Then the sum
l, + mz is independent of o € ¥. We denote this value by ¢ € 3 and call
it the absolute weight of 7.

(3) Let us consider a pair (I, m) of elementsl = ) __<l,0candm =) - smz0
such that the sum [, + mz is independent of ¢ € 3. Then if we take a
sufficiently small integral ideal f of F, there exists an algebraic Hecke
character on F' of type (I, m), level f.

PROPOSITION A.10. Let F be a finite algebraic number field, n an algebraic
Hecke character on F, K a finite extension of Q, which contains F& the Ga-
lois closure of F over Q and the values of n at every ideal of F. Then there
exists a unique continuous Galois character n : Gp — K* such that we have
7% (Froby) = n(l) for every prime ideal | of F which does not divide the level of n
nor (p).

We give a rough sketch of the proof of the proposition.

PROOF. Let F be a finite algebraic number field which is obtained by adjoining
the values of 7 at every ideal of F' to F. Without losing the generality, we may

assume that K is the completion of the image of £ into Q, via the embedding ¢,
fixed in (B76). We decompose the ideéle group A% as

A% = (FgR)* x (F8g Q)" x (AZP)x,

where A%OOP ) is the subgroup of A} obtained by removing factors over p, co. Further,
we can decompose the group (F ®g R)* as

(F®qR)* = {£1}"® x (F@gR))o

where ((F ®g R)*)o is the connected component of unity in (F ®g R)* and r1(F)
is the number of real places of F. By extending trivially to finite places, we can
regard ((F ®gR)*)o as a subgroup of Aj. Then, by definition, we have

AF/(F@gR) o = {1} x (F g Q)" x (AF™)".
We define 1, : {#1}1F) — {+1} € £* by assigning —1 or +1 depending on
whether 7 is ramified or unramified at each real infinite place. Recall that the
group of fractional ideals of F' is a quotient of (F ®g Q,)* x (ASFOOP))X = (A%’o))x.
Next, we denote by 7(>P) : (Ag,oo))>< — E the composition of a natural injection

(A%OOP))X — (A;?o))x, this quotient map and the character 1. Suppose that the
type of n is (I, m). Finally, we denote by 7, : (F ®qQ,)* — K the map induced
by F* — (F&)* 2 [[,ex(x7) 77 (27)"™7. By using these maps 7o, 1, and
n(>°P) we define the homomorphism

i AS/(F@gR))o = {(£1}1 ) x (F g Q)% x (ARP)* — K~



144 APPENDIX A

by (a,b,¢) = neo(a) - mp(b) - n>P)(c). By construction, the map 7 is trivial on
the subgroup F* C A%. Since the largest abelian quotient (Gr)*" of the absolute
Galois group G is isomorphic to A5 /((F ®gR)*)oF* by global class field theory,
the map 7 induces a Galois character 8% : G — K*. Now, we have 78! (Frob) =
n(l) for every prime ideal [ of F' which does not divide the level of 5 nor (p) by the
definition of 782! and by the compatibility of the global class field theory and the
local class field theory. This completes the proof. |

We remark that the Galois character (Nr)8%! associated to the norm character
Np given in Example is equal to o klop-

Finally we recall the definition of the L-function associated to an algebraic
Hecke character.

DEFINITION A.11. Let F be a finite algebraic number field, n an algebraic
Hecke character on . We associate the Dirichlet series ZnCrF 1\7((:)) to . This
series is absolutely convergent for Re(s) > 0 and is meromorphically continued to
the whole C-plane. It is also known that the series is holomorphic on the whole
C-plane if n is not a integral power of the norm character. We call this function

the L-function of  and denote it by L(#, s).
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Q T, C, Q, Ty, Cp, I

(m: primitive m-th root of unity, [I2]

Xeyc: p-adic cyclotomic character, o4

Keye: (p-part of)p-adic cyclotomic
character, [I4]

w: Teichmiiller character, [[4]

Koo, I

ti: the ring of integers of a finite algebraic
number field K,

F: Fny
0,08

w: a uniformizer of O,

Ao, A: Twasawa algebra,

wn(T) = (T + 1)?" — 1,3

P1(R): prime ideals of height one,

1(p, M): the length at p, 28]
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semi-simplicity conjecture
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Stickelberger’s theorem,
structure theorem
structure theorem of Iwasawa modules,
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structure theorem of modules over
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