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Preface

Iwasawa theory began in the late 1950s with a series of investigations by Ken-
kichi Iwasawa on ideal class groups in the cyclotomic tower of number fields and
their relation to p-adic L-functions. Iwasawa and others then developed the theory
for ideal class groups during the 1960s and 1970s. Among all, the most important
guiding principle in Iwasawa theory should be the “Iwasawa main conjecture” pro-
posed by Iwasawa. The Iwasawa main conjecture in the most classical situation
of class groups was first solved by Mazur–Wiles in the early 1980s using modular
Galois representations. Then Rubin gave another proof using the Euler system of
cyclotomic units. These monumental results form the foundation of the initial stage
of cyclotomic Iwasawa theory for ideal class groups and are already well laid out in
self-contained texts such as [13], [51], [69], and [117], which provide various good
pathways to the heart of the theory.

There is a second stage of Iwasawa theory brought forward by Mazur putting
it in the context of elliptic curves and modular forms. Coates, Greenberg, Kato,
Perrin-Riou, and others continued further generalizations, giving rise to cyclotomic
Iwasawa theory of p-adic Galois representations.

Unfortunately, there are no guiding textbooks that provide a compass for this
world of developments. For cyclotomic Iwasawa theory of p-adic Galois representa-
tions, we can only find [79], [90], and [101], but they are limited to some specialized
topics. Hence, this book was motivated by the need for a total perspective of Iwa-
sawa theory that includes the new trends of generalized Iwasawa theory. Another
motivation of this book is an update of the classical theory for class groups, as a
long time has passed since [13], [51], [69], and [117] were published and the point
of view on the classical theory has changed.

The book consists of two volumes, the first one for the classical Iwasawa theory
and the second one for the generalized Iwasawa theory. Our goal in these two
volumes is to focus on the “Iwasawa main conjecture” and its generalizations. Some
important themes of Iwasawa theory that are not regarded as part of the Iwasawa
main conjecture are left out of the main part of the text so as to keep a coherent
flow and focus. However, for the interested reader, we include comments on these
other themes at the end of each chapter.

The book is divided into three parts (Parts I, II, and III). Part I is in the
first volume; Parts II and III are in the second volume. Let us explain briefly the
contents of the first volume (Part I) and the second volume (Parts II and III) of
this book.

In Part I (Chapter 1, Chapter 2, and Chapter 3) of this book, we explain
“cyclotomic Iwasawa theory of class groups”.

In Chapter 1, we discuss the motivation and the importance of Iwasawa theory
in relation to the mysterious meaning of the special values of the L-function, the
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viii PREFACE

analogy between the number field and the function field, applications to Fermat’s
last theorem, etc.

In Chapter 2, we prepare some background knowledge. In Iwasawa theory, a
Galois extension whose Galois group is isomorphic to Zp plays an important role.
Such an extension is called a Zp-extension. We cover some basic topics on Zp-
extensions of a number field. In Iwasawa theory, the ring of one-variable formal
power series O[[T ]] over the ring of integers O of a p-adic field also plays an impor-
tant role. Such an algebra is called an Iwasawa algebra. We spend four subsections
discussing the Iwasawa algebra from four different angles. Then, we study a module
over the Iwasawa algebra which is called an Iwasawa module. Some of the standard
topics such as the structure theorem of Iwasawa modules are formulated over a one-
variable Iwasawa algebra in classical textbooks. In this book, they are discussed in
a more general setting over a general normal Noetherian domain. It is important
that the setting is general enough to cover rings that appear in the theory of Galois
deformation and the Hida theory since we will discuss a generalization of Iwasawa
theory over a deformation ring later.

In Chapter 3, we discuss the Iwasawa theory of ideal class groups. As is ex-
plained Chapter 1, Iwasawa theory is divided into three main parts: the algebraic
aspect; the analytic aspect; and the Iwasawa main conjecture, which is a bridge
between the algebraic aspect and the analytic aspect. We first discuss the algebraic
aspect. The first important topic on the algebraic aspect is Iwasawa’s class num-
ber formula which describes the behavior of the orders of the ideal class groups of
intermediate fields Kn of a given Zp-extension. We give a proof of Iwasawa’s class
number formula that is based on the result of the behavior of the orders of special-
ization M/ωnM of a given Iwasawa module M with certain specific elements ωn of
the cyclotomic Iwasawa algebra given in the previous chapter. We also introduce
some known problems and open conjectures on the Iwasawa module given by the
ideal class group over the cyclotomic tower. For the analytic aspect, the main topic
is the construction of the Kubota–Leopoldt p-adic L-function, which is a p-adic
counterpart of the Dirichlet L-function. In light of its importance, we give two
different constructions of the Kubota–Leopoldt p-adic L-function: Iwasawa’s con-
struction based on the Stickelberger element and the Coleman construction based
on Coleman power series. Finally the cyclotomic Iwasawa main conjecture is formu-
lated in two equivalent versions ((+)-type and (−)-type). We give two completely
different proofs of the Iwasawa main conjecture: one is the proof due to Mazur–
Wiles and Wiles using the method of the Eisenstein ideal and the other is the proof
due to Rubin using the method of an Euler system of cyclotomic units. The proof
using an Euler system was already discussed in classical textbooks such as [13],
[69], and [117], but the proof using an Eisenstein ideal was never explained earlier
in classical textbooks. Another new point in the treatment of Chapter 3 is that we
discuss the cyclotomic Iwasawa main conjecture for ideal class groups over totally
real number fields and complex multiplication (CM) number fields, which were not
treated in classical texts.

In Part II (Chapter 4, Chapter 5, and Chapter 6) of the book, we will explain
“cyclotomic Iwasawa theory of p-adic Galois representations”. In Part III (Chapter
7 and Chapter 8) of the book, we will explain “Iwasawa theory of p-adic Galois
deformations”.
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CHAPTER 1

Motivation and utility of Iwasawa theory

The aim of this book is to explain both the current state of Iwasawa theory,
and how it should evolve from classical Iwasawa theory for ideal class groups as
discovered by Kenkichi Iwasawa. We feel that it is very important to set the stage
for later developments by first discussing this classical Iwasawa theory. This is done
in Part I of the book. Chapter 1 is devoted to a brief historical tour without proofs,
and Chapters 2 and 3 then develop the classical theory in detail.

1.1. Fermat’s last theorem and ideal class groups

Fermat’s last theorem asserts that, for any integer n ≥ 3, triples of integers
(x, y, z) can satisfy xn+yn = zn only when xyz = 0. Clearly it suffices to prove the
theorem for the cases when n = p is an odd prime, or n = 4. Fermat made the first
great progress, proving the assertion for n = 4, by his revolutionary idea of infinite
descent. Subsequently, generalizing Fermat’s method, Euler and Lagrange proved
the case n = 3, and Dirichlet the case n = 5. After Fermat’s death in 1665 until
Wiles proved the conjecture in 1994, there were many efforts to extend Fermat’s
proof and, although these were not successful, it is fair to say that the modern
theory of algebraic numbers grew out of these attempts.

The most important of these efforts is due to Kummer, whose key idea was to
enlarge the field Q of rational numbers to the field Q(μp), which is obtained by
adjoining to Q the p-th roots of unity, for p an odd prime. He then proposed to
study the decomposition:

p−1∏
i=0

(x+ ζipy) = zp

in Q(μp). However, as Kummer quickly realized, a major obstruction to this pro-
gramme was the fact that the “uniqueness of prime decomposition” which holds
for the rational field Q sometimes fails for the larger field Q(μp). In terms of the
modern language of algebraic number theory, for each finite extension field K of Q,
the obstruction to the uniqueness of prime decomposition is measured by a finite
abelian group Cl(K), called the ideal class group of K. Using the ideal class group,
Kummer succeeded in proving the following result in the middle of the 19th century.

Theorem (Kummer). When the order of the ideal class group Cl(Q(μp)) is
prime to p, Fermat’s last theorem is valid for n = p.

We say a prime p is a regular prime number when p does not divide the
order of #Cl(Q(μp)), and an irregular prime number when it is not regular.
Kummer himself showed that p = 37, 59, 67 are the only irregular primes less than
100, and thus established Fermat’s last theorem for all prime exponents p less than
100 which are different from these three irregular primes. Moreover, building on

1



2 1. MOTIVATION AND UTILITY OF IWASAWA THEORY

more remarkable work of Kummer, which will be discussed in the next section, it
was shown in the second half of the 19th century that there are infinitely many
irregular primes. However, it has never been proven there are infinitely many
regular primes, although numerical data strongly suggests that about 60 percents
of all primes should be regular (see [117, §5.3]).

For a given algebraic equation f in one variable, we have a formula of the roots
of f by means of root symbols if and only if Galois group of the equation f is
solvable. Looking back the history of algebra, we remember that Galois group first
appeared as an “obstruction” of solving algebraic equations. Then Galois groups
became gradually important as one of main characters in elementary algebra and
solving algebraic equation went out of our main interest of research. In fact, we
obtain a lot of mathematical applications knowing and studying Galois groups.

As a similar paradigm shift, ideal class group, which first appeared as an “ob-
struction” to the uniqueness of prime factorization of algebraic numbers gradually
became the main interest of algebraic number theory. For a number fieldK, we have
an explicit algorithm to determine the structure as abelian group of the ideal class
group Cl(K) by using the theory of “geometry of numbers” by Minkowski. Also,
according to Dirichlet’s class number formula, the order hK of Cl(K) is expressed
as

hK = − lim
s→0

ζ(K, s)

sr1+r2−1
× wK

RK

where ζ(K, s) is Dedekind zeta function, r1 (resp. 2r2) is the number of real em-
beddings (resp. complex embeddings) of K into C, wK is the number of roots of
unity in K, and RK is the regulator of K.

For example, let us take an imaginary quadratic field K = Q(
√
a) where a is a

negative integer without any square factors. For this K, we have r1 + r2 − 1 = 0,
RK = 1. Hence, Dirichlet’s class number formula for K amounts to

(1.1) hK = −wKζ(K, 0).

It is known that we have an expression

(1.2) ζ(K, 0) = − 1

a∗

a∗∑
i=1

i

(
i

a∗

)
where we set

a∗ =

{
|a| a ≡ 1 mod 4,

|4a| a ≡ 2, 3 mod 4,

which is a special case of the formula

ζ(χ, 0) = − 1

C(χ)

C(χ)∑
i=1

iχ(i)

for a nontrivial Dirichlet character χ of conductor C(χ) (see §3.2.1 for the definition
of Dirichlet character χ and its conductor C(χ)). In fact, we can prove the equation
(1.2) using the method of contour integrals which will be explained in §3.2.2. By
combining (1.1) and (1.2), we obtain

(1.3) hK =
wK

2a∗

a∗∑
i=1

i

(
i

a∗

)
.



1.2. IMPORTANT MEANING OF SPECIAL VALUES OF RIEMANN’S ZETA FUNCTION 3

In this way, we can calculate the class number of an imaginary quadratic field by
repeating simple additions of integers.

In general, when we are given a single algebraic number field K, we have an
explicit algorithm to calculate the class group Cl(K). However our understanding
is still unsatisfactory in the following sense.

(i) We have very few general results which hold for the ideal class groups
Cl(K) of certain inifinite families of algebraic number fields K (not only
for each single K).

(ii) Note that Cl(K) is equipped with the natural action of the Galois group
Gal(K/Q). We have very few general results which say something for the
Galois module structure of Cl(K) (not only for the structure as an abelian
group).

As an example of the problem (i), there exists a conjecture of Gauss which states
that there are infinitely many real quadratic fields whose ideal class groups are
trivial1.

Though the problem of type (i) is difficult as the above example shows, Iwasawa
proved the following remarkable result (which will be restated as Theorem 3.1 and
will be proved in §3.1.1 of the book):

Theorem A (Iwasawa’s class number formula). For each prime p, there exist
invariants λ, μ ∈ Z≥0, ν ∈ Z such that the largest power of p dividing Cl(Q(μpn))

is equal to pλn+μpn+ν for all sufficiently large natural numbers n.

As for the problem (ii), Iwasawa theory provids a fairly good understanding of
Cl(K) as Gal(K/Q)-module when K is an abelian extension of Q. For example, the
Iwasawa main conjecture which is explained later is one of the important answers.
We have a lot of important open problems2.

1.2. Important meaning of special values of Riemann’s zeta function

As is well-known, special values ζ(r)
πr and ζ(1−r) are rational integers for every

positive even integer r. More precisely, the following statements hold:

(1) ζ(1− r) = (−1)
r
2
(r−1)!
2r−1

ζ(r)
πr .

(2) ζ(1− r) = −Br

r where Br ∈ Q is the r-th Bernoulli number3.

Let us look at the special values of ζ(s) at several of the first odd negative
integers:

ζ(−1) = − 1
22·3 , ζ(−3) = 1

23·3·5 , ζ(−5) = − 1
22·32·7 ,

ζ(−7) = 1
24·3·5 , ζ(−9) = − 1

22·3·11 , ζ(−11) = 691
23·32·5·7·13 ,

ζ(−13) = − 1
22·3 , ζ(−15) = 3617

25·3·5·17 , . . . . . . . . . .

1Since the language of algebra such as “algebraic number field” or “ideal class group” did
not exist at the time of Gauss, Gauss stated the conjecture by means of quadratic forms in integer
coefficients and the number of equivalence class.

2For example, there are well-known conjectures such as Vandiver’s conjecture and Greenberg’s
conjecture as well as a semi-simplicity conjecture of the action of Gal(Q(μp∞ )/Q) on the p-part

of the ideal class group on Q(μp∞ ), which will be explained in §3.1.4.
3Later, in §3.2.2, we give the definition of Bernoulli number, state the formula of special

values in a more general situation for Dirichlet L-function and state a brief idea on the proof.



4 1. MOTIVATION AND UTILITY OF IWASAWA THEORY

As is observed in the above numerical examples, the prime numbers which
appear in the prime factorization of the denominator of ζ(1 − r) are smaller than
or equal to r + 1. This phenomenon holds always true since there is a well-known
theorem by von Staudt and Clausen which says that the rational number Br +∑

(p−1)|r
1
p (In this summation, p runs through only prime numbers) is an integer4.

On the other hand, in the prime factorization of the numerator of ζ(1−r), sometimes
there appear large prime numbers such as p = 691, 3617 of the above example, in an
unexpected manner. Naturally, we might ask the meaning of these prime numbers.

By applying Dirichlet’s class number formula, which already appeared in the
previous section, to K = Q(μp), we obtain the following theorem5:

Theorem. For any prime number p ≥ 5, we have the following equivalence:

p|#Cl(Q(μp)) ⇐⇒ p divides either of ζ(−1), · · · , ζ(4− p).

Further, there is a refinement of the above theorem which specifies which one
of ζ(−1), · · · , ζ(4 − p) is divisible by p. Let us define the Teichmüller charac-
ter ω : Gal(Q(μp)/Q) −→ Z×

p to be the canonical character obtained by taking

the composite of the canonical isomorphism Gal(Q(μp)/Q)
∼−→ (Z/pZ)× and the

canonical injective homomorphism (Z/pZ)× ↪→ Z×
p of Teichmüller representatives.

The refinement of the above theorem, mentioned above, is as follows:

Theorem (Herbrand–Ribet). Let p ≥ 5 be a prime number, and let r be an
even integer satisfying 1 ≤ r ≤ p− 1. Then we we have the following equivalence:

p|ζ(1− r) ⇐⇒ Cl(Q(μp))[p]
ω1−r �= {0}

where the symbol [p] denotes the subgroup which consists of elements annihilated by
multiplication of p.

As is discussed later in §3.2, special values of Riemann’s zeta function ζ(s) at
negative integers have a p-adic continuity, in the sense that as natural numbers r
and r′ get closer to each other in the p-adic topology, the special values ζ(1−r) and
ζ(1− r′) get closer in the p-adic topology. It is known that we have the following
analogy:

(1.4) holomorphic functions on C

←→ bounded analytic functions on a p-adic unit disc in Qp

Though the above analogy is not precisely formulated, a p-adic analog of a holomor-
phic function in the above analogy (1.4) is called sometimes an Iwasawa function.
It is known that Iwasawa functions satisfy an analog of the Identity theorem for
holomorphic functions (see Proposition 2.21).

4For the proof of the theorem of von Staudt and Clausen, the reader can refer to [117,
Theorem 5.10] for example.

5We refer to Theorem 4.17, Theorem 5.16, and Theorem 5.34 of [117] for the detailed proof
on how to deduce the following theorem from a well-known version of Dirichlet’s class number
formula.
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Regarding this analogy, a p-adic analog of Riemann’s zeta function is known
to exist as Iwasawa function (see Theorem 3.30 for a more precise statement of the
following theorem):

Theorem B (Kubota–Leopoldt, Iwasawa, Coleman). For any odd integer sat-

isfying 0 < i < p − 1, there exists an Iwasawa function ζ
(i)
p characterized by the

following interpolation property6:

ζ(i)p ((1 + p)1−r) = (1− pr−1)ζ(1− r)

(r runs through natural numbers such that r ≡ 1− i mod p− 1).

1.3. Mysterious analogy between function fields and number fields

Finite algebraic number fields have a lot of mysterious analogies with algebraic
function fields of one variable over a finite field Fq. For example, for any prime v of
a finite number field K, the completion Kv is a locally compact topological field,
and this is also the case when K is an algebraic function field of one variable over
a finite field Fq. Also, class field theory to control abelian extensions of K holds
true when K is a finite algebraic number field and when K is an algebraic function
field of one variable over a finite field, and it has a unified way to state the main
theorem and to prove it which is valid for both cases7.

While we have a strong analogy between finite algebraic number fields and
algebraic function fields of one variable over a finite field Fq, it is also true that the
theory is not always completely parallel between two cases. For example, Fermat’s
last theorem for the function field case is much easier than the number field case.
Similarly, the abc conjecture is also much more difficult in the number field case.
By following the philosophy of the analogy between number fields and function
fields and by trying to fill such “gaps”, we might often encounter some interesting
ideas or useful conclusions.

When K is a finite number field or an algebraic function field of one variable
over a finite field Fq, the ring of integers rK is a Dedekind domain in either case8.
We can define a zeta function ζ(K, s) for K with a complex variable s to be the
following infinite product:

ζ(K, s) =
∏

m∈Spec(rK)−{0}

1

(1−#(rK/m)−s)

where m runs through maximal ideals of rK . The infinite product converges at
Re(s) > 1 and ζ(K, s) is meromorphically continued to the whole C-plane. Both for
the number field case and for the function field case, ζ(K, s) multiplied by “infinite
factor” satisfies a similar functional equation with respect to the transformation
s ↔ 1− s.

The Iwasawa main conjecture is one of the most important themes of Iwasawa
theory. Since the Iwasawa main conjecture appears as an analog in the number
field case of the determinant expression of zeta functions which is known in the
function field case, we will briefly review this determinant expression.

6Exceptionally, when i = 1, ζ
(1)
p has a simple pole at 1 ∈ Q×

p .
7See [121] for example.
8The ring of integers rK depends on the choice of “point at infinity” in the case of an algebraic

function field of one variable over a finite field Fq .



6 1. MOTIVATION AND UTILITY OF IWASAWA THEORY

Concerning the arithmetic of the function field, we have the following one-to-
one correspondence:

{(isom. classes) of smooth projective alg. curves C over Fq}
�

{(isom. classes) of one-var. alg. function fields K whose constant field is Fq}
Here, to pass from up to down, we assign its function field KC to a given curve
C. To pass from down to up, we assign its model CK to a given algebraic function
field K .

Now, let JK be the Jacobian variety of CK and let JK(Fq) be the group of

Fq-valued points on JK where Fq is an algebraic closure of Fq. For each prime
number �, we can define a Q�-vector space VK,� to be

VK,� := (lim←−
n

JK(Fq)[�
n])⊗Z�

Q�.

The vector space VK,� is equipped with a continuous action of Gal(Fq/Fq) and is
of dimension 2gK over Q� where gK is the genus of the algebraic curve CK . The
following theorem gives a presentation of the zeta function ζ(K, s) as a certain
determinant associated to a Frobenius operator Frobq : x �→ xq acting on VK,�.

Theorem. For any prime number � different from p, we have the following
equality:

ζ∗(K, s) =
det(1− Frobqt;VK,�)

(1− t)(1− qt)

∣∣∣∣
t=q−s

.

Here since ζ∗(K, s) as is defined above depends on the choice of “infinity” to re-
move, ζ∗(K, s) denotes the zeta function obtained by completing the contribution of
“infinity” to ζ∗(K, s).

We recall that Weil proved that the complex absolute values of all the eigen-
values of the action of Frobq on VK,� equal to

√
q. This result of Weil tells us that

all the zeros of the function det(1−Frobqt;VK,�)|t=q−s on complex variable s is on

the line Re(s) = 1
2 , which gives an analog of Riemman hypothesis for ζ∗(K, s) by

combining with the above theorem.
Let us go back to the situation where K is an algebraic number field. A pre-

sentation of ζ(K, s) as a determinant associated to a certain operator acting on a
certain space is not known yet. An important idea of Iwasawa theory is to work
rather with a p-adic analog of ζ(K, s) than ζ(K, s) itself9. When K is an algebraic
function field of one variable over a finite field Fq, we considered an infinite exten-

sion KFq/K obtained by extending the constant field Fq to its algebraic closure

Fq/Fq. The Galois group Gal(KFq/K) ∼= Gal(Fq/Fq) is topologically cyclic and its
generator Frobq played an important role as we saw in the above theorem on the
determinant expression of ζ∗(K, s).

When K is an algebraic number field, K has no “constant field” and it does not
make sense to “extend the constant field of K”. However, coming back to the case
where K is an algebraic function field of one variable over a finite field Fq, KFq can
be also interpreted as an extension of K obtained by adjoining all roots of unity

9As for the story of the discovery of Iwasawa theory, there is an article by Iwasawa [48]
(in Japanese) and there is an interview report [130] (especially interesting is the last part of the
interview article, which is concerned with the early history of the research of Iwasawa theory).
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to K. Fortunately, the analog of the second interpretation of KFq makes sense for
algebraic number fields and this is the way which we take in Iwasawa theory.

For a given number field K, Iwasawa fixed a prime number p and studied an
infinite extension Kcyc

∞ called the cyclotomic Zp-extension which is obtained by
adjoining all p-power roots of unity to K10.

Let us introduce the Iwasawa main conjecture, which is an analog of the above
theorem on the determinant expression of ζ∗(K, s) for the case when K is a number
field. For simplicity, we assume that p > 2, K = Q(μp), K

cyc
∞ = Q(μp∞) for the

rest of this subsection. First, as a corollary of Theorem A, the representation

V =

(
lim←−
n

Cl(Q(μpn))[p∞]

)
⊗Zp

Qp

is a finite dimensional vector space over Qp (see Theorem 3.4 for a more general
statement). This result is regarded as an Iwasawa theoretic analog of the finiteness
of ideal class groups.

The Galois group Gal(Q(μp)/Q) acts on V and we can decompose V as

V =

p−2⊕
i=0

V ωi

where V ωi

is the part of V on which Gal(Q(μp)/Q) acts by ωi (see Section 1.2 for

the definition of Teichmüller character ω). Each component V ωi

has a Qp-linear

action of Gal(Kcyc
∞ /K) ∼= 1 + pZp. Recall that χcyc : Gal(Kcyc

∞ /K)
∼−→ 1 + pZp

is the p-adic cyclotomic character (see Proposition 2.1). Let γ ∈ Gal(Kcyc
∞ /K) be

the topological generator such that we have χcyc(γ) = 1+ p. Now we introduce the
Iwasawa main conjecture as follows:

Theorem C (Iwasawa main conjecture/Mazur–Wiles). 11 For each odd in-
teger satisfying 0 < i < p− 1, we have the following equality of the sets of zeros (as
well as the coincidence of multiplicity) of two functions:

{zeros of ζ(i)p }

= {zeros of the characteristic polynomial of the action of γ on V ωi}.

The equality in the above theorem was first conjectured by Iwasawa and the
equality was proved by Iwasawa under the assumption of Vandiver’s conjecture
(Conjecture 3.25)12. Later, the conjecture was solved by Mazur–Wiles in the 1980s.
Note that the left-hand side of the equality of the Iwasawa main conjecture is
an “analytic object” consisting of the zeros of a p-adic analytically interpolated
function and the right-hand side is an “algebraic object” consisting of the zeros

10We might think of studying the field K(μ∞) obtained by adjoining all roots of unity to K.
However, the class group of K(μ∞) is too big and we can not obtain delicate Iwasawa invariants
over K(μ∞) (see [46], [67] for example).

11The Iwasawa main conjecture for ideal class groups has the (−)-version (see Theorem 3.66)
and the (+)-version (see Theorem 3.67). The two versions are equivalent to each other. The
actual theorem corresponds to the (-)-version of the Iwasawa main conjecture, but it is stated in a
different expression as Theorem 3.66 without using the notion of characteristic ideal (see Remark
2.45 (3)). We note that the theorem of Ferrero–Washington (Theorem 3.60) assures that this
statement is equivalent to Theorem 3.66.

12See around Corollary 4.5.4 in [13].
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of the characteristic polynomial of a Galois representation. The Iwasawa main
conjecture plays the most important role among a lot of theorems in Iwasawa theory
since the Iwasawa main conjecture establishes a bridge between two completely
different objects: an analytic object and an algebraic object. However, we also
remark that even after the solution of the Iwasawa main conjecture, there remain
some important problems left in both the analytic side and the algebraic side (see
Section 3.5).

Finally, we should not forget that generalizations of the (classical) Iwasawa
main conjecture as above are actively studied, which is the theme of this book.

1.4. Wiles’s proof and Iwasawa theory

As already discussed in 1.1, from a historical point of view, the study of Iwa-
sawa theory is deeply motivated by Fermat’s last theorem. In this section, we recall
another important impact of Iwasawa theory which was observed in the dramatic
solution of Fermat’s last theorem by Wiles in mid 1990s. More precisely, in late
1980s, Ribet [96] reduced Fermat’s last theorem to Shimura–Taniyama conjecture.
Then, in his paper [125] and his joint paper [116] with Taylor published in 1995,
Wiles proved that the Shimura–Taniyama conjecture holds true under certain con-
ditions, which implied Fermat’s last theorem combined with above-mentioned result
by Ribet.

As explained in the earlier part of the section, Wiles already had worked on
Iwasawa theory before this work. Hence, we find ideas from Iwasawa theory in
many parts of his proof of Fermat’s last theorem. Here, we point out two concrete
examples with which we can say that Iwasawa theory is present in the proof of
Fermat’s last theorem.

(1) Recall that the analytic class number formula which is stated very roughly
as

(1.5) the size of the ideal class group of Q(μp)

= the special value of the zeta function of Q(μp)

was the central interest of Iwasawa theory for ideal class groups (see (3.69) and
(3.73) for precise statements of the analytic class number formula). It is known
that this analytic class formula is generalized as the “Tamagawa number conjecture
of Bloch–Kato” 13:

(1.6) the size of the Selmer group for V

= the special value of the zeta function of V

It is known that, when V is equal to the Galois representation (lim←−n
μpn)⊗Zp

Qp

over Q(μp), the Selmer group for V over Q(μp) is an extension of the ideal class
group of Q(μp) by the group of units of Q(μp). Thus, we can regard the “Tamagawa
number conjecture of Bloch–Kato” (1.6) as a generalization of the analytic class
number formula (1.5). As an important breakthrough, Wiles discovered that the
Shimura–Taniyama conjecture is reduced to the the Tamagawa number conjecture

13Below is only a vague expression of the conjecture. We need to prepare a lot of notations
to state the precise statement of the Tamagawa number conjecture of Bloch–Kato. See [5] for
example.
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of Bloch–Kato for V = ad0(Vf ) = End(Vf )
tr=0 where Vf is the rank-two Galois rep-

resentation14 associated to a cuspidal eigenform f . Taylor–Wiles [116] and Wiles

[125] solved the Tamagawa number conjecture of Bloch–Kato for V = ad0(Vf ).
Thus the work of Wiles depends on Iwasawa theory deeply from a conceptual point
of view.

(2) We also remark that the method by Wiles in the proof of the Tamagawa
number conjectures of Bloch–Kato for V = ad0(Vf ) has a common idea as the
method by Rubin when he gave another proof of the Iwasawa main conjecture of
the ideal class group (theorem of Mazur–Wiles). Rubin used the Euler system of
cyclotomic units consisting of elements of the form

{1− ζpn�1···�t ∈ Q(μpn�1···�t) | p, �1, . . . , �t are distinct prime numbers},
which forms a certain (twisted) norm compatible system with respect to norm
maps for the extensions Q(μpn�1···�t)/Q(μpn�1···�t−1

). In the first announcement of
the result by Wiles, his method of proof was a generalization of the method of
Rubin. In fact, Wiles insisted that he constructed an Euler system for V = ad0(Vf )
and he proved the Shimura–Taniyama conjecture by applying the Euler system
method. However, short time after his announcement, it turned out that there was
a gap in the construction of his Euler system for V = ad0(Vf ). Wiles tried hard
to correct the construction of the Euler system, but he failed in the correction15.
Finally, he took a detour avoiding the part which depended on the expected Euler
system and succeeded to go through with a new technique (which is called a method
of “Taylor–Wiles system”) developed in a joint paper with Taylor [116]. Though
Taylor–Wiles system is a setting quite different from Euler systems, there is a
common basic technical point that it is also a system parametrized by square-free
natural numbers �1 · · · �t. Thus the work of Wiles is deeply related to Iwasawa
theory from a technical point of view.

In the above example, we discussed the importance of Iwasawa theory through
the relation with Fermat’s last theorem. More recently, Iwasawa theory contributed
also to the solution of the Catalan conjecture (see [105] for example). Thus, Iwa-
sawa theory will continue to strongly influence and have applications in various
aspects of Number theory.

14See Theorem A.1 for the definition of the Galois representation Vf associated to f .
15No one has since succeeded in the correction of this original proof of Wiles. If we can fix the

proof, we will obtain another important proof of the Shimura–Taniyama conjecture and Fermat’s
last theorem.





CHAPTER 2

Zp-extension and Iwasawa algebra

From now on, p means a fixed prime number. To avoid too much complication,
we assume that p ≥ 3 throughout the book, unless otherwise mentioned specifi-
cally1. Throughout the book, we fix the algebraic closure Q of the field of rationals
Q as a subfield of the field of complex numbers C. We also fix an embedding
Q ↪→ Qp of Q into the algebraic closure Qp of the field of p-adic numbers Qp (see
(5.2) for a more precise situation and the reason to fix these embeddings). As is
well-known, Qp is not complete. We denote the completion of Qp by Cp.

2.1. Basics on Zp-extensions

In this section, we give various properties of Zp-extensions of finite algebraic
number fields.

To follow some of the arguments of this section, the reader is required to be
familiar with the Galois theory for infinite extensions using Krull topology as well
as local and global class field theory. Also, it will be important to be familiar with
the additive group structure and the multiplicative group structure of a p-adic field.
As for these basic facts, we refer the reader to Appendix of [117] where we can find
a compact quick review.

We also need to know fundamental algebraic number theory concerning the
ideal class group and the group of units of an algebraic number field, the structure
of the multiplicative group of a p-adic field as well as the language of adèles and
idèles. As for these subjects, we refer the reader to [57] for example.

We denote the group of m-th roots of unity in Q by μm and we put μp∞ =
lim−→n

μpn .

1The prime p = 2 often requires an exceptional way of description or extra complexity in
arithmetic. Here, we list up some possible complexities of the prime p = 2 which happens in

Iwasawa theory: (i) For p ≥ 3, the torsion subgroup of Z×
p is a cyclic group of order p− 1. While,

the torsion subgroup of Z×
p is a cyclic group of order p when p = 2. Because of this, the structure

of the group Z×
p , Q×

p is described in a different manner depending on p ≥ 3 or p = 2, which
requires us an extra effort when we work with p = 2. (ii) After Chapter 4 of the book, we consider
a p-primary torsion module A with continuous action of the absolute Galois group GK of a number
field K and we associate a group called “Selmer group for A” to A, which plays a principal role in
generalized Iwasawa theory. This “Selmer group for A” is defined to be a subgroup of the Galois
cohomology H1(K,A) whose elements are required to satisfy a local condition in H1(Kv, A) for
each prime v of K. When p ≥ 3, we have H1(Kv, A) = 0 for every non archimedean place v and
the study of Selmer group becomes easier for p ≥ 3. (iii) When we discuss the “period” and the
“algebraicity” of L-value, we want a ±-decomposition of cohomologies according to the action of
the complex conjugate. Since 2 is a unit in Z(p) for p ≥ 3, the localization at p allows us to define

such a ±-decomposition.

11
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Proposition 2.1. For each natural number n, pn-th cyclotomic extension
Q(μpn)/Q is a Galois extension. The following map which was obtained by choosing

a primitive pn-th root of unity ζpn ∈ Q:

(2.1) χcyc,n : Gal(Q(μpn)/Q)−→(Z/pnZ)×, ζgpn = ζ
χcyc,n(g)
pn

is an isomorphism of groups. Further, the isomorphism χcyc,n is canonical 2 in
the sense that the map χcyc,n does not change even if we replace ζpn by another
primitive pn-th root of unity ζ ′pn .

Proof. Let us explain the organization of the proof. In the first half of the
proof, we will prove that the map (2.1) is an injective and canonical map which is
a group homomorphism. In the latter half of the proof, we will show that χcyc,n

is also surjective. We remark that the argument in the first half holds even if Q
is replaced by a general commutative field K whose characteristic is prime to p.
Hence, we prove the same statement as the first half of the proof for such a general
field K. This will help us to understand that checking of the surjectivity is the
deepest part of the proof.

Let us choose and fix a primitive pn-th root of unity ζpn inside the algebraic
closure of K. The minimal polynomial f(x) ∈ K[x] of ζpn over K is an irreducible

factor of xpn − 1. Any conjugate of ζpn over K is written as ζipn for some integer

i and it is clear that ζipn ∈ K(μpn)/K. Hence, K(μpn)/K is a normal extension.
Since the characteristic of K is prime to p, the polynomial f(X) has no double
roots in K(μpn). Hence, K(μpn)/K is a Galois extension. Now, we recall the map
χcyc,n given in (2.1) and prove that the map is an injective homomorphism. For
any g ∈ Gal(K(μpn)/K), there exists a unique i = i(g) ∈ (Z/pnZ)× such that
g(ζpn) = ζipn because the characteristic of K is prime to p. By the uniqueness of i,
the map χcyc,n defined by χcyc,n(g) = i is well-defined. Let us take two elements

g, g′ ∈ Gal(K(μpn)/K). If we have χcyc,n(g) = i, χcyc,n(g
′) = i′, then ζ

χcyc,n(gg
′)

pn is
calculated as follows.

ζ
χcyc,n(gg

′)
pn = (gg′)(ζpn) = g(g′(ζpn)) = g(ζi

′

pn) = (g(ζpn))i
′
= (ζipn)i

′
= ζii

′

pn .

Thus χcyc,n is a group homomorphism. Suppose that the image of an element
g ∈ Gal(K(μpn)/K) by χcyc,n is trivial.

Since g acts trivially on ζpn by the definition of χcyc,n and K(ζpn) is generated
by ζpn over K, g acts trivially on K(ζpn). Thus χcyc,n is injective.

Let us choose now another primitive pn-th root of unity ζ ′pn and define another
character χ′

cyc,n as follows:

χ′
cyc,n : Gal(Q(μpn)/Q)−→(Z/pnZ)×, (ζ ′pn)g = (ζ ′pn)χ

′
cyc,n(g).

Since there exists j ∈ (Z/pnZ)× such that ζ ′pn = ζjpn , we have

(ζ ′pn)χ
′
cyc,n(g) = g(ζjpn) = (g(ζpn))j = (ζjpn)χcyc,n(g) = (ζ ′pn)χcyc,n(g).

Thus we prove that χcyc,n is a canonical character which does not depend on the
choice of the primitive pn-th root of unity ζpn .

2The fact that χcyc is canonical and independent of an artificial choice of a primitive pn-th
root of unity ζpn is very important when we describe the interpolation property of various p-adic

L-functions (see Theorem 3.30 for example).
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In the rest of the proof, we restrict ourselves to the original situation of K = Q
and we will prove the surjectivity of χcyc,n for any natural number n. Note that
the minimal polynomial f(X) of ζpn over Q divides

Φpn(X) =
Xpn − 1

Xpn−1 − 1
= (Xpn−1

)p−1 + (Xpn−1

)p−2 + · · ·+ (Xpn−1

) + 1

in the ring Q[X]. Now, we set Ψpn(Y ) = Φpn(X)|X=Y+1 by change of variable.
q = pn−1. By putting q = pn, we have

Ψpn(Y ) ≡ (Y q + 1)p−1 + (Y q + 1)q−2 + · · ·+ (Y q + 1) + 1

≡ (Y q + 1)p − 1

(Y q + 1)− 1
≡ Y pq

Y q
≡ Y q(p−1) mod p.

Since Ψpn(Y )|Y=0 = p, the polynomial Ψpn(Y ) is an Eisenstein polynomial in the
variable Y . This implies Ψpn(Y ) ∈ Q[Y ] is irreducible and thus Φpn(X) ∈ Q[X]
is irreducible. By this ireducibility, we have proved that Φpn(X) itself is the mini-
mal polynomial of ζpn over Q 3. Note that we obtained an inequality [Q(μpn) : Q] ≥
pn−1(p−1) and this implies the surjectivity of χcyc,n : Gal(Q(μpn)/Q)−→(Z/pnZ)×.
Since the injectivity of χcyc,n is already proved in a more general setting, we have

obtained the isomorphism Gal(Q(μpn)/Q)
∼−→ (Z/pnZ)×. �

By taking the projective limit of (2.1), we have

(2.2) χcyc : Gal(Q(μp∞)/Q)
∼−→ Z×

p

Remark 2.2. The above proof of the surjectivity of χcyc,n is a method to use
the ramification at p. By applying this method for the �n-th cyclotomic extension
Q(μ�n)/Q with any prime � and any power �n of �, we will be able to prove

(2.3) Gal(Q(μm)/Q) ∼= (Z/mZ)× for any natural number m.

To complete the proof of (2.3) by this “ramification method”, we need to show that
Q(μm) ∩ Q(μm′) = Q when (m,m′) = 1. (See [117, Prop. 2.4] for the proof of
this fact.) Another proof of Proposition 2.1 and (2.3) by a “global method” using
Frobenius maps at unramified places of Gal(Q(μm)/Q) is quite well-known. (See
[58, Thm 5.4] for example.)

Definition 2.3. Let us recall the isomorphism Gal(Q(μp∞)/Q) ∼= (Z/pZ)× ×
(1 + pZp) obtained by (2.2). By the Galois theory for infinite extensions, the

invariant subfield Q(μp∞)(Z/pZ)
×
for the action of the closed subgroup (Z/pZ)× ⊂

Gal(Q(μp∞)/Q) denoted by Q∞ is a Galois extension of Q and Gal(Q∞/Q) is
isomorphic to Gal(Q(μp∞)/Q)/(Z/pZ)× = 1 + pZp

∼= Zp. We call the extension
Q∞/Q the cyclotomic Zp-extension of Q. For a general finite algebraic number

field K 4, we call the composite field Kcyc
∞ = KQ∞ in Q the cyclotomic Zp-

extension of K5.

3We sometimes call Φpn (X) the cyclotomic polynomial of degree pn.
4The term “algebraic number field” sometimes means a finite extension of Q. However, since

algebraic number fields with infinite degree over Q often appear in Iwasawa theory. In this book,
we will call a finite extension of Q a finite algebraic number field, to be precise.

5Gal(Kcyc
∞ /K) is naturally identified with an open subgroup of Gal(Q∞/Q) ∼= Zp with index

[Q∞∩K : Q]. Especially, we have Gal(Kcyc
∞ /K) ∼= Zp since any open subgroup of Zp is isomorphic

to Zp.
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Definition 2.4. In general, a Galois extension of a finite algebraic number
field K∞/K such that Gal(K∞/K) is isomorphic to Zp as a topological group is
called a Zp-extension of K.

We also prepare the following terminology which we will play important roles
later to describe the interpolation property of p-adic L-functions.

Definition 2.5. Let us denote the Galois group Gal(Q∞/Q) of the cyclotomic
Zp-extension Q∞/Q of Q by Γcyc. For a generally finite algebraic number field K,
we denote Gal(Kcyc

∞ /K) by Γcyc,K . There is a natural injection Γcyc,K ↪→ Γcyc and
this injection is an isomorphism if Q∞ ∩K = Q. Since we have

Gal(Q(μp∞)/Q) = Gal(Q(μp)/Q)× Γcyc,

the canonical isomorphism χcyc : Gal(Q(μp∞)/Q)
∼−→ Z×

p is decomposed as

the product of the canonical isomorphisms κcyc : Γcyc
∼−→ 1 + pZp and ω :

Gal(Q(μp)/Q)
∼−→ (Z/pZ)×. We call χcyc and κcyc a p-adic cyclotomic charac-

ter and we call ω the Teichmüller character.

The existence of the cyclotomic Zp-extension shows that any finite algebraic
number field K has at least one Zp-extension. Now, for a given K, we might wonder
how many Zp-extensions does K have. It is easy to see that, if K has two different
Zp-extensions, K has infinitely many different Zp-extensions. Thus, the “number of
Zp-extensions” does not make sense literally. However, if K ′ is a Galois extension of
K such that Gal(K ′/K) ∼= Zd

p and K ′′/K is an Zp-extension which is not contained

in K ′, we have Gal(K ′K ′′/K) ∼= Zd+1
p and the “Zp-rank of the Galois group of the

composite of all Zp-extensions over K” makes sense as we will see below.
Let r1(K) be the number of inclusion maps of K into R and 2r2(K) the number

of inclusion maps of K into C which do not factor through R6. We remark that
the equality r1(K)+ 2r2(K) = [K : Q] holds. We denote by F(K) (resp. R(K)) be
the set of nonarchimedean places of K (the set of real archimedean places of K).

Now, we have the following results.

Theorem 2.6. (1) Let K∞/K be an arbitrary Zp-extension. The primes
of K which are ramified in the extension K∞/K divide (p) 7. Also, there
is at least one prime of K which is ramified in the extension K∞/K.

(2) When we denote by K̃∞ the composite of all Zp-extensions of K inside the

algebraic closure Q, Gal(K̃∞/K) is a free Zp-module of finite rank and
the inequality

r2(K) + 1 ≤ rankZp
Gal(K̃∞/K) ≤ [K : Q].

holds.

Proof. Let us prove the first half of assertion (1). Let λ be a prime of K over
(�) for a prime number � different from p and let Kλ be an �-adic field obtained
by the completion of K with respect to the λ-adic topology. The statement “The
extension of global fields K∞/K is unramified at the prime λ” which we want to
prove is equivalent to the statement “The extension of �-adic fields K∞Kλ/Kλ is

6If we have such an embedding K ↪→ C, we also have its complex conjugate. Thus the number
of such embeddings must be a even number.

7Often, we express the situation by the expression “K∞/K is unramified outside (p)”.
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unramified”. We will prove the latter statement. Since Gal(K∞Kλ/Kλ) is natu-
rally identified with a closed subgroup of Gal(K∞/K) ∼= Zp, Gal(K∞Kλ/Kλ) is
isomorphic to Zp or Gal(K∞Kλ/Kλ) is rivial. When Gal(K∞Kλ/Kλ) is trivial8,
there is nothing to prove. Hence, we will assume that Gal(K∞Kλ/Kλ) is isomorphic
to Zp and we show the following general statement holds true:

For any �-adic field k such that � �= p and for a Galois extension k′/k such
that Gal(k′/k) ∼= Zp, k

′/k is unramified.

We will prove this by contradiction. Suppose that the extension k′/k is rami-
fied. Since every nontrivial closed subgroup of Zp is isomorphic to Zp, the inertia
subgroup of Gal(k′/k) is isomorphic to Zp. Recall that, for the maximal abelian
extension kab of an �-adic field k, the inertia subgroup of Gal(kab/k) is isomorphic
to the multiplicative group O×

k which consists of the units of the ring of integers
Ok. On the other hand, we have an isomorphism:

O×
k
∼= μ(k)× Z[k:Q�]

�

where μ(k) is a finite group which consists of all roots of unity in k. Since there
is no nontrivial homomorphism from Z� to Zp when � �= p, the inertia subgroup
of Gal(kab/k) has no subquotient which is isomorphic to Zp. Since the inertia
subgroup of Gal(k′/k) is a subquotient of the inertia subgroup of Gal(kab/k), this
contradicts to the assumption. We have thus proved that K∞Kλ/Kλ is unramified
at any nonarichimedean prime λ � p.

Since the group Zp does not have a closed subgroup isomorphic to Z/2Z, the
inertia subgroup at an archimedean prime is always trivial. Thus we complete the
proof of the first half of the assertion (1).

We shall prove the latter half of assertion (1). Let us denote by Kur,ab the
maximal unramified abelian extension of K. By the unramified global class field
theory, we have an isomorphism:

(2.4) Gal(Kur,ab/K) ∼= Cl(K).

Since Cl(K) is a finite group, Gal(Kur,ab/K) must be also a finite group. If the
extension K∞/K is unramified at all primes, we have K∞ ⊂ Kur,ab and this con-
tradicts to the finiteness of Gal(Kur,ab/K) explained above. Thus we have proven
the latter half of the assertion (1) by contradiction.

Next, we shall prove the assertion (2). Let us consider the injective map:

K× ↪→
⊕
p|(p)

K×
p ⊕

⊕
λ∈F(K)
λ�(p)

Z⊕
⊕

λ∈R(K)

Z/(2)

Here, the map to the first component is a natural embedding where K×
p is the

completion of K at each p dividing (p), the map to the second component is a direct
sum of additive discrete valuation maps ordλ : K× −→ Z which are normalized as
ordλ(λ) = 1 at each nonarchimedean prime λ � (p) and the map to the third
component is assigning the signature {±1} ∼= Z/(2) for each real embedding of K.

8This case happens when the prime λ is totally decomposed in the extension K∞/K.



16 2. Zp-EXTENSION AND IWASAWA ALGEBRA

Let us denote by Kab,(p) the maximal abelian extension of K which is unramified
outside (p). By the global class field theory, we have the following exact sequence

(2.5) {1} −→ K×

−→
⊕
p|(p)

K×
p ⊕

⊕
λ∈F(K)
λ�(p)

Z⊕
⊕

λ∈R(K)

Z/(2)

−→ Gal(Kab,(p)/K) −→ {1}

whereK× is the topological completion of K× in the injective map explained before
(2.5) and the first map of (2.5) is the extension of this injective map to K×.

When we denote the ring of integers of the p-adic field Kp by Op, the group∏
p|(p)O

×
p ⊕

⊕
λ∈R(K)Z/(2) is naturally regarded as a subgroup of the middle term

of (2.5) by assigning 0 at the components Z associated to nonarchimedean primes
λ � (p). It is easy to see that

(2.6) K× ∩

⎛⎝∏
p|(p)

O×
p ⊕

⊕
λ∈R(K)

Z/(2)

⎞⎠ = r
×
K

holds inside the middle term of (2.5) where rK is the ring of integers of K. By a
diagram chasing argument combining (2.4), (2.5) and (2.6), we obtain the following
exact sequence:

(2.7) {1} −→ p-part

⎛⎝⎛⎝∏
p|(p)

O×
p

⎞⎠/ r
×
K

⎞⎠
−→ p-part

(
Gal(Kab,(p)/K)

)
−→p-part

(
Cl(K)

)
−→ {1}

where r×K means the closure of the image of r×K embedded diagonally into
∏

p|(p)O
×
p

and “p-part” means to take the (pro-)p-part of (pro)finite abelian groups in the
sequence. Recall that

(2.8) rankZp
p-part

(∏
p|(p)

O×
p

)
= [K : Q] = r1(K) + 2r2(K).

Since we have the following equality by Dirichlet’s unit theorem

rankZ r
×
K = r1(K) + r2(K)− 1,

we have

(2.9) rankZp
p-part

(
r
×
K

)
≤ r1(K) + r2(K)− 1.

We obtain the following inequality by combining (2.7), (2.8), and (2.9):

(2.10) r2(K) + 1 ≤ rankZp
p-part

⎛⎝⎛⎝∏
p|(p)

O×
p

⎞⎠/ r
×
K

⎞⎠ ≤ [K : Q].

Since the ideal class group is finite, (2.7) and (2.10) imply

r2(K) + 1 ≤ rankZp
p-part

(
Gal(Kab,(p)/K)

)
≤ [K : Q].



2.1. BASICS ON Zp-EXTENSIONS 17

Since we have K̃∞ ⊂ Kab,(p) as shown in the assertion (1), we have

rankZp
p-part

(
Gal(Kab,(p)/K)

)
= rankZp

Gal(K̃∞/K).

This completes the proof. �

The following conjecture is widely believed.

Conjecture 2.7 (Leopoldt conjeture). Let K be a finite algebraic number
field, p a prime number. Then the following equivalent statements hold true9.

(i) r2(K) + 1 = rankZp
Gal(K̃∞/K).

(ii) The natural map r
×
K ⊗Z Zp −→

(
r
×
K

)
⊂
∏

p|(p)O
×
p is injective.

(iii) rankZp
p-part

(
r
×
K

)
= r1(K) + r2(K)− 1.

For a finite algebraic number field K, we put

δK,p = rankZp
Gal(K̃∞/K)− r2(K)− 1

and we call δK,p the Leopoldt defect of K. As for the Leopoldt conjecture, the
following results are known.

Remark 2.8. (1) When K is a finite abelian extension of Q or when K
is a finite abelian extension of an imaginary quadratic field, the Leopoldt
conjecture is true for any prime number p. The proof is based on the
theory of linear independence of p-adic logarithms of algebraic numbers
proved by Brumer[8], which is the p-adic analogue of Baker’s theory on
linear independence of logarithms of algebraic numbers in transcendental
number theory. For the proof of the Leopoldt conjecture in this case, we
refer the reader to [81, Chap. X §3] or [117, §5.5].

(2) Suppose that K is a totally real algebraic number field with dK = [K :
Q] < ∞. Then, the following statements are equivalent to each other10:
(i) The Leopoldt conjecture for (K, p) holds true.
(ii) An invariant Rp called p-adic regulator which is defined by

Rp = det(logp σi(εj))1≤i,j≤dK−1

is nonzero. Here, σ1, · · · , σdK−1 is a set of dK − 1 embeddings which
are chosen in an arbitrary manner 11 from the set of dK − 1 different
embeddings K ↪→ Cp, and εj runs through the set of fundamental
units of r×K {ε1, · · · , εdK−1}.

(iii) The denominator of the p-adic L-function Lp(K, s) ∈ Frac(Zp[[Γcyc]])
of K 12 is divisible by γ−1 where γ is a topological generator of Γcyc.

9The fact that statements (i), (ii), and (iii) are equivalent to each other is checked by the
arguments in the proof of Theorem 2.6 (2).

10The equivalence between the statement (i) and the statement (ii) below is due to the
equivalence between the statement (i) and the statement (ii) of Conjecture 2.7. The proof of the
equivalence between the statement (ii) and the statement (iii) is due to a result on the residue of
the p-adic L-function ζp(K, s) for K proved by Colmez [18].

11The condition that Rp should be nonzero does not depend on the choice of k−1 embeddings

σi.
12This p-adic L-function Lp(K, s) is the same as case F = K, ψ = 1 of the p-adic L-function

Lp(F, ψ) which we introduce in Theorem 3.96 of this book later.
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We refer the reader to [81, Chap. X, §3] for a fairy exhaustive list on other
related results for the Leopoldt conjecture as well as equivalent reformulations of
the conjecture and some insights on the conjecture.

2.2. Definition of Iwasawa algebra and its various aspects

In Iwasawa theory, the algebra called Iwasawa algebra plays an essential role.
There are several different ways to define and introduce the Iwasawa algebra. All
of them reflect various aspects of the theory and we sometimes switch between
different definitions of Iwasawa theory. Since it is very important to understand
a lot of different aspects of Iwasawa theory, we will give four subsections for four
different aspects of the Iwasawa algebra.

As for the background to follow the arguments of this section, the reader is
recommended to be familiar with some basics on the commutative algebra theory
such as the notion of the projective limit, the completion of a module by an ideal, the
regular local ring and the Krull-dimension of a commutative algebra. For example,
we might be required to have the level of the knowledge found in the text [2].

Let us denote by Γ a profinite topological group which is isomorphic to the
multiplicative group 1 + pZp ⊂ Z×

p . We denote its unique cyclic quotient Γ/Γpn

of
order pn by Γn. We remark that we have Γ ∼= lim←−n

Γn. Throughout the book, we

will denote by O the ring of integers of a finite extension of Qp and we denote by
� a fixed uniformizer of the discrete valuation ring O.

Definition 2.9. We call the complete group algebra O[[Γ]] = lim←−n
O[Γn] an

Iwasawa algebra, and we denote it by ΛO. When we have O = Zp, we sometimes
denote ΛO by Λ.

Remark 2.10. Let us denote by Γ̃K the Galois group of the composite of all
Zp extensions of K studied in Theorem2.6. Then, in a similar manner as above,

we can define a more general Iwasawa algebra O[[Γ̃K ]] = lim←−n
O[Γ̃K/Γ̃pn

K ]. In fact,

when G is a topological group isomorphic to a finite product of Zp, O[[G]] is defined
similarly and analogous statements of the most of properties which we will prove
for O[[Γ]] in this section hold true. We remark that topological groups isomorphic
to a finite product of Zp appear as a torus subgroup of the group of Zp-points of
reductive groups (the torus subgroup of GLn(Zp) for example). In Hida theory,
which we explain later in the book, the generalized Iwasawa algebra O[[G]] plays
an important role (see §2.2.4 and §7.2.1).

2.2.1. Iwasawa algebra as the ring of power series. After Iwasawa pub-
lished a series of articles on the study of the Zp-extension from late 1950s, Serre
immediately realized the importance of this theory and he proved the following
theorem on the identification of the Iwasawa algebra with the ring of one-variable
formal power series over Zp in his article [106]13.

Theorem 2.11. Let us fix a topological generator γ14. Then there exists a
unique (noncanonical) isomorphism of topological O-algebra ΛO ∼= O[[T ]] which
sends γ ∈ ΛO to 1 + T ∈ O[[T ]].

13In the article [106], Serre explains the proof of the Iwasawa class number formula as well
as the explanation on the characteristic ideal.

14A set of elements g1, · · · , gk of a topological group G is called topological generators if the
subgroup of G which they generate is a dense subgroup of G.
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Proof. For each natural number n, we denote by γ ∈ O[Γn] the image of γ
via the natural surjection O[[Γ]] � O[Γn]. Also, we define ωn(T ) ∈ O[T ] to be
ωn(T ) = (T + 1)p

n − 1 for each natural number n. We claim that there exists an
O-algebra isomorphism

(2.11) O[Γn]
∼−→ O[T ]/(ωn(T ))

which sends γn to 1 + T . By putting T ′ = 1 + T , we have an O-algebra iso-
morphism O[T ]/(ωn(T )) ∼= O[T ′]/((T ′)p

n − 1). Since we have the presentation of
the group Γn = 〈γn | (γn)

pn

= 1〉, we have an O-algebra isomorphism O[Γn] ∼=
O[T ′]/((T ′)p

n − 1). We thus verified (2.11). Since the isomorphism (2.11) is com-
patible with natural projective systems with respect to n on the both sides, the
projective limit of (2.11) gives us
(2.12)

O[[Γ]]
∼−→ lim←−

n

O[T ]/(ωn(T )) = lim←−
n

O[T ]/(ωn(T )) = lim←−
m,n

O[T ]/(�m, ωn(T )).

On the other hand, by the definition of the ring of formal power seiris, we have

(2.13) O[[T ]] = lim←−
n′

O[T ]/(Tn′
) = lim←−

m′,n′
O[T ]/(�m′

, Tn′
).

For each pair (m′, n′), we have (�m, ωn(T )) ⊂ (�m′
, Tn′

) when m and n are large

enough. For each pair (m,n), we have (�m, ωn(T )) ⊃ (�m′
, Tn′

) when m′ and n′

are large enough. Hence, we obtain

(2.14) lim←−
m,n

O[T ]/(�m, ωn(T )) ∼= lim←−
m′,n′

O[T ]/(�m′
, Tn′

).

By combining (2.12), (2.13), and (2.14), we complete the proof. �
Though the definition of the Iwasawa algebra O[[Γ]] looks a bit abstract, The-

orem 2.11 allows us to identify O[[Γ]] with a more concrete algebra O[[T ]], which is
technically easier to work with. On the other hand, this identification is a noncanon-
ical identification which depends on the choice of a topological generator γ ∈ Γ. In
this book, we would like to avoid noncanonical identification as much as possible.
For example, we do not use a presentation over a power series algebra O[[Γ]] in any
of principal statements such as the Iwasawa main conjecture, the theorem of the
existence of p-adic L-function, etc.

Definition 2.12. A monic polynomial P (T ) = T l+al−1T
l−1+· · ·+a1T+a0 ∈

O[T ] is called a distinguished polynomial if a0, · · · , al−1 is O are contained in
the maximal ideal (�) of O.

Since O is a complete regular local ring of Krull dimension 1 with the maximal
ideal (�), we obtain the following corollary of Theorem 2.11.

Corollary 2.13. The ring ΛO ∼= O[[T ]] is a complete regular local ring of
Krull dimension 1 with the maximal ideal (�,T ). All the prime ideals of O[[T ]]
except (0) and the maximal ideal are principal prime ideals. Further, a principal
prime ideal of O[[T ]] is either (�) or an ideal (P (T )) generated by an irreducible
distinguished polynomial P (T ) ∈ O[[T ]].

The proof of Corollary 2.13 is omitted. However we remark that the proof of
the final statement is due to the (p-adic) Weierstrass preparation theorem, which
will be given below.
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Remark 2.14. In the case of G ∼= Zd
p, we can also prove that the generalized

Iwasawa algebra O[[G]] is noncanonically identified with the the ring of d-variable
formal power seriesO[[T1, · · · , Td]] overO. This fact is proved by a similar argument
as the proof of Theorem 2.11 by an inductive argument with respect to d if we
note that there is a decomposition of the group G ∼= G′ × G′′ such that we have
G′ ∼= Zd−1

p , G′′ ∼= Zp which gives us O[[G]] ∼= O[[G′]][[G′′]] ∼= O[[G′]]⊗̂OO[[G′′]]15.

Theorem 2.15 (p-adic Weierstrass preparation theorem). For a given power
series F (T ) =

∑∞
i=0aiT

i ∈ O[[T ]], there exist a nonnegative integer m, distin-
guished polynomial P (T ) and U(T ) ∈ O[[T ]]× which are all uniquely determined
from F (T ) such that we have F (T ) = �mP (T )U(T ). Further, the integer m is
characterized as the largest integer m such that 1

	mF (T ) ∈ O[[T ]] holds true and
the degree of P (T ) is characterized to be the smallest nonnegative integer k such
that ak

	m ∈ O× holds true.

We give some lemmas for the preparation of the proof of Theorem 2.15.

Lemma 2.16. Let R be a complete local ring. Then a power series F (T ) =
a0 + a1T + · · ·+ akT

k + · · · ∈ R[[T ]] is a unit in R[[T ]] if and only if the constant
term a0 ∈ R is a unit in R. Further, if a0 ∈ R× holds, the inverse element of
F (T )−1 of F (T ) is given by

F (T )−1 =
1

a0

∞∑
i=0

(−1)iQ(T )i

where we put Q(T ) = 1
a0
(a1T + · · ·+ akT

k + · · · ).

Proof of Lemma 2.16. Suppose that a0 �∈ R×. Since R is a local ring, a0
is contained in the maximal ideal MR of R. Note that, for each natural number
k, R[T ]/(T k) is a local ring whose maximal ideal is generated by MR and T .
Hence, the image of F (T ) in R[T ]/(T k) is contained in the maximal ideal for each
natural number k. Since we have R[[T ]] = lim←−k

R[T ]/(T k), F (T ) is contained in

the maximal ideal of R[[T ]] and thus F (T ) is not a unit of R[[T ]]. This proves the
necessity in the first assertion of the condition a0 ∈ R×.

Now, let us assume that a0 ∈ R×. Since the element Q(T ) defined in the
statement of the lemma is contained in the maximal ideal of R[[T ]], the series∑∞

i=0(−1)iQ(T )i converges in R[[T ]] and we have (1 +Q(T )) ·
(∑∞

i=0(−1)iQ(T )i
)

= 1. Since we have F (T ) = a0(1 + Q(T )) by definition, we conclude that
1
a0

∑∞
i=0(−1)iQ(T )i is the inverse of F (T ). This completes the proof of the suf-

ficiency in the first assertion of the condition a0 ∈ R× and the proof of the second
assertion at the same time. �

Lemma 2.17. Let R be a complete local Noetherian ring with the maximal ideal
MR and F (T ) = a0 + a1T + · · · + aiT

i + · · · a formal power series in R[[T ]].
Assume that there exists a positive integer l ≥ 1 such that a0, a1, · · · , al−1 ∈ MR
and al ∈ R×. Then there exist a unique monic polynomial P (T ) ∈ R[T ] of degree
l whose coefficients in degree ≤ l − 1 are all contained in MR and a unique unit
U(T ) ∈ R[[T ]]× such that we have F (T ) = P (T )U(T ).

15The symbol ⊗̂O means a formal tensor product over O. For example, we mean

O[[G′]]⊗̂OO[[G′′]] = lim←−n,n′O[G′/(G′)p
n
]⊗OO[G′′/(G′′)p

n′
] here.
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Proof of Lemma 2.17. For each natural number n, we denote the mod Mn
R

reduction map R[[T ]] � (R/Mn
R)[[T ]] by r(n). It suffices to find a projective system

{U(n)(T ) ∈ (R/Mn
R)[[T ]]}n∈N satisfying the following conditions:

(i) For each natural number n, U(n)(T ) is a unit in (R/Mn
R)[[T ]].

(ii) For each natural number n, r(n)(F (T ))U(n)(T )
−1 ∈ (R/Mn

R)[[T ]] is
a monic polynomial of degree l (the coefficient in degree l is 1 and the
coefficients in degree ≥ l+1 are all 0) whose coefficients in degree ≤ l− 1
are all contained in the maximal ideal of R/Mn

R.

Since we assume that R is Noetherian, we have⋂∞

n=1
M

n = 0

and

R[[T ]] = lim←−n
(R/Mn)[[T ]].

Thus, once we have such a projective system

{U(n)(T ) ∈ (R/Mn
R)[[T ]]}n∈N,

we define U(T ) ∈ R[[T ]]× to be U(T ) = lim←−n
U(n)(T ). Then, if we put P (T ) =

F (T )U(T )−1, P (T ) is a monic polynomial of degree l whose coefficients in degree
≤ l − 1 are all contained in MR.

For the rest of the proof, we will construct a projective system {U(n)(T ) ∈
(R/Mn

R)[[T ]]}n∈N satisfying the conditions (i) and (ii) by an inductive manner
with respect to i. Let us start from the case n = 1. We have

r(1)(F (T )) = alT
l + al+1T

l+1 + · · · ,
where we denote the image of the coefficients ai ∈ R by ai ∈ R/M. If we set
U(1)(T ) = T−lr(1)(F (T )), the condition (i) holds true thanks to Lemma 2.16 and
the condition (ii) holds true by the definition of U(1)(T ). Next, we will construct
U(k+1)(T ) assuming that the desired U(1)(T ) exists up to n = k. Let us take a

lifting Ũ(k)(T ) ∈ (R/Mk+1)[[T ]] of U(k)(T ) ∈ (R/Mk)[[T ]]. Since the constant

term of Ũ(k)(T ) is a unit in R/Mk+1, we have Ũ(k)(T ) ∈ (R/Mk+1)[[T ]]× thanks
to Lemma 2.16. Consider the expansion:

(2.15) r(k+1)(F (T ))Ũ(k)(T )
−1

= b0 + b1T + · · ·+ biT
i + · · · .

Since the image of bl in R/Mk is equal to 1, we have bl ∈ (R/Mk+1)×. By

modifying Ũ(k)(T ) with multiplication of bl if necessary, we can assume that bl = 1

in (2.15) without loss of generality. It remains to show that we can take Ũ(k)(T )
so that bl+1 = bl+2 = · · · = 0. Suppose that there is a natural number l′ > l
such that bl′ �= 0 and take l′ > l to be the smallest one among those. Then,

Ũ(k)(T )
′
= Ũ(k)(T )(1 − bl′T

l′−l) ∈ (R/Mk+1)[[T ]]× is also a lift of U(k)(T ). By

calculation, r(k+1)(F (T ))
(
Ũ(k)(T )

′)−1
has zero as the coefficient at degree l′ and

the coefficients at degree < l′ coincide as those of r(k+1)(F (T ))Ũ(k)(T )
−1

. If we

have l′′ > l′ such that the coefficient at degree l′′ of r(k+1)(F (T ))
(
Ũ(k)(T )

′)−1
is

nonzero, we can repeat the same modification to Ũ(k)(T )
′
. Since an infinite product
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of the form
∏

i≥l(1 − αiT
i) converges in (R/Mk+1)[[T ]], we modify Ũ(k)(T ) by

the multiplication of such an infinite product to obtain U(k+1)(T ) of the desired
projective system.

Once we constructed the desired projective system satisfying the conditions
(i) and (ii), this will give U(T ) and P (T ) as explained earlier. Since the unique-
ness assertion of the statement in the assertion is clear from our construction, this
completes the proof. �

Now we can prove Theorem 2.15 using Lemma 2.17.

Proof of Theorem 2.15. For a given power series F (T ) =
∑∞

i=0aiT
i ∈

O[[T ]], we take the largest power �m of the uniformizer � which divides F (T )
and we set G(T ) = 1

	mF (T ) ∈ O[[T ]]. Let us give the expansion G(T ) = a′0 +

a′1T + · · · + a′iT
i + · · · ∈ O[[T ]] of G(T ). By the definition of G(T ), there exists a

natural number l such that a′0, a
′
1, · · · , a′l−1 are all divisible by � and a′l ∈ O×. We

complete the proof by applying Lemma 2.17 to G(T ) with R = O. �
2.2.2. Iwasawa algebra as the ring of measures.

Definition 2.18. A measure μ with values in O is an O-linear function

μ : {O-valued locally constant functions on Γ} −→ O
where we regard the first set naturally as an O-module. We denote by Meas(Γ;O)
the O-module which consists of O-valued measure on Γ. Further, for a locally
constant O-valued function u = u(g) on Γ, we sometimes denote μ(u) by

∫
Γ
u(g)dμ.

Let μΓ ∈ Meas(Γ;O) be a Haar measure which is normalized by μΓ(Γ) = 1.
The measure μΓ is characterized by having the property μ(gΓpn

) = 1
pn for any

g ∈ Γ and n ∈ N. Recall that, for μ, μ′ ∈ Meas(Γ;O), we define a convolution
product μ ∗ μ′ ∈ Meas(Γ;O) to be a unique measure whose integral for any locally
constant O-valued function u(g) on Γ is given by∫

Γ

u(g)d(μ ∗ μ′) :=

∫
Γ×Γ

u(g1g2)dμ× dμ′.

The O-module Meas(Γ;O) can be equipped with a commutative O-algebra struc-
ture by defining the product by convolution and by setting a multiplicative unit of
Meas(Γ;O) to be the Dirac measure μ1Γ at the unit 1Γ of the group Γ16.

Lemma 2.19. We have a natural isomorphism ΛO
∼−→ Meas(Γ;O) of O-

algebra.

Proof. Each of ΛO and Meas(Γ;O) is presented as a projective limit of fi-
nite O-algebra. We have ΛO := lim←−n

O[Γn] by definition. We have Meas(Γ;O) =

lim←−n
Meas(Γn;O) where we define the finite O-algebra Meas(Γn;O) similarly as

in Definition 2.18. Hence, we construct a projective system natural isomorphism
O[Γn]

∼−→ Meas(Γn;O) of finite O-algebra, we obtain the desired isomorphism

ΛO
∼−→ Meas(Γ;O) by taking the projective limit.

16For each g ∈ Γ, we define the Dirac measure μg at g to be a measure such that we have∫
Γ
χUdμg =

{
1 when g ∈ U ,

0 when g 
∈ U ,

for any compact open subset U ∈ Γ where χU is the characteristic function of the set U .
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Since Γn is finite, any measure μ ∈ Meas(Γn;O) is an O-linear combination μ =∑
g∈Γn

agμg of Dirac measures μg. In order to calculate the product of two measures,

we discuss the product of Dirac measures μg1
, μg2

∈ Meas(Γn;O). For any locally

constant O-valued function u(g) on Γn, we have

∫
Γn

u(g)d(μg1
∗ μg2

) = u(g1g2) by

the definition of the Dirac measure. The second term is equal to

∫
Γn

u(g)dμg1g2

again by the definition of the Dirac measure. We thus verified

μg1
∗ μg2

= μg1g2

for any g1, g2 ∈ Γn. Hence, the O-linear isomorphism

(2.16) O[Γn]
∼−→ Meas(Γn;O),

∑
g∈Γn

ag · [g] �→
∑
g∈Γn

agμg

is compatible with the product defined on each side. This completes the proof. �

Let η : Γ −→ Q
×
p be a continuous character. Then η is naturally extended

to a ring homomorphism ΛO = O[[Γ]]
η−→ Qp. On the other hand, it makes

sense to integrate η by a given measure μ ∈ Meas(Γ;O). Note that there exists a
finite extension of Qp which contsins all values of η. We denote by O′ the ring of
integers of a finite extension of Qp which contains O and all values of η. We have
a natural injection map Meas(Γ;O) ↪→ Meas(Γ;O′) by extending the coefficients.
Hence, it makes sense to integrate any locally constant O′-valued function on Γ by
μ ∈ Meas(Γ;O). Since η is a continuous O′-valued function on Γ, it also makes
sense to integrate η by the measure μ ∈ Meas(Γ;O). We denote the integral by∫
Γ

η(g)dμ.

The above argument and the argument in the proof of the previous lemma gives
us the following proposition.

Proposition 2.20. Let η : Γ −→ Q
×
p be a continuous character. Then we have

the following commutative diagram:

(2.17)

Meas(Γ;O)
μ 
→

∫
Γ
η(g)dμ

−−−−−−−−→ Qp∥∥∥ ∥∥∥
ΛO −−−−−→

x
→η(x)
Qp.

Here, the left vertical identification is the canonical isomorphism obtained in Lemma
2.19.

2.2.3. Iwasawa algebra as a p-adic analogue of the ring of holomorphic

functions. We denote by Ccont(Γ,Q
×
p ) the set of continuous characters Γ −→ Q

×
p .

Let | |p be a p-adic absolute value on Qp normalized as |p|p = 1
p . We denote a

p-adic open disc in Qp of radius 1 centered at 1 ∈ Qp by

U(1, 1;Qp) = {x ∈ Qp | |x− 1|p < 1}.
Each time we choose a topological generator γ of Γ, we have the following non-
canonical bijection map depending on the choice of γ:

(2.18) Ccont(Γ,Q
×
p )

∼−→ U(1, 1;Qp), η �→ η(γ).



24 2. Zp-EXTENSION AND IWASAWA ALGEBRA

In fact, the inverse of this isomorphism is the map which assigns a unique character
ηx such that ηx(γ) = x to any x ∈ U(1, 1;Qp).

Let us take a character η ∈ Ccont(Γ,Q
×
p ). Then, for each f ∈ ΛO, η(f) ∈ Qp

makes sense since the character η is naturally extended to a ring homomorphism

ΛO = O[[Γ]]
η−→ Qp as explained just after Lemma 2.19. Now, let us set f(η) :=

η(f) assuming that f remains fixed and the characters η vary. In this way, we

regard an element f ∈ ΛO as a function on the set Ccont(Γ,Q
×
p ).

Let us fix a topological generator γ ∈ Γ and denote by F ∈ O[[T ]] the image of

f ∈ ΛO via the noncanonical isomorphism ΛO
∼−→ O[[T ]] sending γ to 1 + T . By

definition, we have the following commutative diagram:

(2.19)

O[[T ]]
F 
→F (x−1)−−−−−−−→ Qp∥∥∥ ∥∥∥

ΛO −−−−−−→
f 
→f(ηx)

Qp.

The following theorem is an analogue of the identity theorem in the theory of
holomorphic functions when we regard ΛO as a p-adic analogue of the ring of
holomorphic functions on an open disc of radius 1 in C.

Proposition 2.21 (Identity Theorem). If f ∈ ΛO vanishes at infinitely many

different η ∈ Ccont(Γ,Q
×
p ), we have f = 0.

Proof. Let us fix a topological generator γ ∈ Γ and denote by F ∈ O[[T ]] the

image of f ∈ ΛO via the noncanonical isomorphism ΛO
∼−→ O[[T ]] sending γ to

1+T . By the commutative diagram (2.19), f(ηx) = 0 is equivalent to F (x−1) = 0
for each x ∈ U(1, 1;Qp). So the condition of the proposition implies that F (x−1) =

0 holds for infinitely many different x ∈ U(1, 1;Qp). By the p-adic Weierstrass
preparation theorem (Theorem 2.15), any F (T ) ∈ O[[T ]] has only finitely many
zeros as far as F (T ) �= 0. Thus, we must have F (T ) = 0 when F (T ) has infinitely
many zero. This completes the proof. �

In the case where Γ = Γcyc, we will introduce a set of special points in

Ccont(Γcyc,Q
×
p ) as follows, which plays important roles throughout the book.

Definition 2.22. Let w be an integer. A character η ∈ Ccont(Γcyc,Q) is called
an arithmetic character of weight w if there exists an open subgroup U ⊂ Γcyc

(depending on η) and we have η|U = κw
cyc (Recall that κcyc was introduced in

Definition 2.5).

Note that, for each w ∈ Z, there exist countably infinite arithmetic characters
of weight w. Later, we discuss various p-adic L-functions which satisfy a suit-
able interpolation property for their evaluations at arithmetic characters of specific
weights. Hence, the identity theorem stated above allow us to characterize the
p-adic L-functions uniquely from their interpolation properties.

The notion of arithmetic characters is generalized to higher rank group G ∼= Zd
p

or to their Iwasawa algebra O[[G]]. This generalization plays an essential role in
Part III (Chapters 7 and 8) where we discuss “Iwasawa theory of p-adic Galois
deformations”.
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2.2.4. Iwasawa algebra as deformation ring or Hecke algebra. Iwa-
sawa algebra appears in various aspects of p-adic theory in number theory and
arithmetic geometry. Below, we review aspects of Iwasawa algebra as “Deforma-
tion algebra of Galois representation” and “ordinary p-adic Hecke algebra”, which
will be important in Part III.

(1) Thanks to the theory of deformation for Galois representations initiated
by Mazur (see §7.3.2 of the second volume of this book), when we are
given an irreducible representation ρ : GK −→ AutFq

(T ) of rank d over a
finite field Fq of characteristic p of the absolute Galois group GK of a finite
algebraic number field K, the set of deformations of ρ satisfying certain
deformation conditions is represented by a universal deformation ring R
on which we have a universal Galois deformation T ∼= R⊕d.. (See §7.3.2
of the second volume of this book, Mazur’s original article [72] as well
as some related articles in [133].) When d = 1, it is not difficult to see

that a generalized Iwasawa algebra O[[Γ̃K ]] which appeared in Remark
2.10 gives an example of the universal deformation ring under certain
conditions on K. Even for general d, the universal deformation ring is
known to be isomorphic to an Iwasawa algebra of several variables when
the deformation is “unobstructed”.

(2) Let us consider the space of automorphic forms on a certain reductive
group G over a number field K with specified weight and level. Since
automorphic forms on G are functions on the group of adèles-valued points
G(AK) of G which satisfy certain invariance conditions with respect to
certain open subgroup of G(AK), the space of automorphic forms on G
has an action of the Hecke algebra, which is generated by appropriate
classes of double cosets of G(AK) by an open subgroup of G(AK).

In Part II (from Chapter 4 to Chapter 6) and Part III (from 7 to
Chapter 8) of this book, the case of G = GL(2)K will appear as an
important example. However, since the case of G = GL(1)K is more
basic than the case of G = GL(2)K , we start from this case. In fact,
an automorphic form on G = GL(1)K is nothing but an algebraic Hecke
character introduced in §A.2 and we can say that Part I corresponds to
an Iwasawa theory for automorphic forms on G = GL(1)K .

The space of automorphic forms on GL(1)K with specified weight and
level is independent of the weight and has the action of the Hecke algebra
which is isomorphic to the group ring R[Cl(K,N)] where R is a certain
coefficient algebra, N ⊂ rK is the specified level and Cl(K,N) is a narrow
ideal class group of conductor N (see [38] for more detail). Recall that, for
each natural number n, the Iwasawa algebra was isomorphic to the limit
of group rings Zp[Γn] where Γn is canonically isomorphic to the p-Sylow
subgroup of the narrow ideal class group of Q with conductor pn. Thus
the Iwasawa algebra is also regarded as the projective limit of the Hecke
algebra for the space of automorphic forms on GL(1)K with level pn.

The main point of this book is to discuss the generalization and the reconstruction
of Iwasawa theory through the idea of deformations. In Hida deformation which
is explained in §7.2 of the second volume of this book, we consider the projective



26 2. Zp-EXTENSION AND IWASAWA ALGEBRA

limit of the Hecke algebra of level pn with coefficients in Zp. Hence, it will be
also important to interpret Iwasawa algebra as Hecke algebra of the setting of Hida
deformation.

2.3. Iwasawa modules

In Iwasawa theory, it is important to study compact modules over an Iwasawa
algebra (we often call such a module an Iwasawa module) and we study vari-
ous invariants associated to Iwasawa modules. In this section, we prepare some
fundamental results on Iwasawa modules.

In most of textbooks on Iwasawa theory, we often restrict ourselves to Iwasawa
modules over Iwasawa algebras ΛO of one variable. However, in Part III of this
book, we will work with Iwasawa algebras of several variables. Also, some of re-
sults for Iwasawa modules are naturally generalized to modules over quite general
algebras. If we state the result and prove it in a setting as general as possible, it
will help us to understand the principles and the hypothesis with which the proof
works. Hence, we first state and prove the result in a setting as general as possible
in §2.3.2. Then, in §2.3.3, we specialize these results to the case of Iwasawa modules
to deduce and state well-known standard results on Iwasawa modules.

In this section, the reader might be required a bit stronger background on the
commutative algebra compared to §2.2. For example, the reader might be required
the level of the knowledge found in the text [71] to follow the proof.

2.3.1. Basics on Iwasawa modules.

Lemma 2.23. Let M be a compact O-module with continuous Γ-action. Then
M is naturally endowed with a structure of compact ΛO-module.

Proof. Let us denote by MΓpn the largest Γpn

-coinvariant quotient of M.
That is, MΓpn is the largest quotient of M on which Γpn

acts trivially. Since a
finite group Γn = Γ/Γpn

acts on the O-module MΓpn , MΓpn has a structure of
O[Γn]-module. Hence, lim←−n

MΓpn is naturally endowed with a structure of compact-

module over ΛO = lim←−n
O[Γn]. To complete the proof, it is sufficient to show

that the natural map M → lim←−n
MΓpn is an isomorphism. By using a topological

generator γ of Γ, the kernel of the mapM → lim←−n
MΓpn is isomorphic to (γpn−1)M

for each natural number n. Hence, the kernel of the map M → lim←−n
MΓpn is

isomorphic to
⋂

n≥1(γ
pn − 1)M. By the continuity of the action of Γ on M, we

have
⋂

n≥1(γ
pn − 1)M, which implies the injectivity of the map M → lim←−n

MΓpn .

In order to prove the surjectivity, let us take an element lim←−n
mn ∈ lim←−n

MΓpn .

For each natural number n, an element mn ∈ MΓpn is a closed subset of MΓpn .
Hence, the inverse image Zn ⊂ M of mn via M −→ MΓpn is a nonempty closed
subset of M and we have Zn+1 ⊂ Zn. Since M is compact, we obtain

⋂
n≥1Zn �= ∅,

which implies the surjectivity of the map M → lim←−n
MΓpn . �

Remark 2.24. Let A be a discrete O-module with continuous Γ-action. Then
the Pontrjagin dual M := A∨ of A is a compact O-module with continuous Γ-
action. Hence, M has a structure of compact ΛO-module. Thus A = (A∨)∨ has a
structure of discrete ΛO-module.
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In general, a topological O-module M with continuous Γ-action might not have
a structure of ΛO-module if M is neither compact nor discrete. For example, O[Γ]
is a ΛO-module is a O-module with continuous Γ-action, but it doe not have a
natural structure of ΛO-module.

Theorem 2.25 (Topological Nakayama’s lemma for Iwasawa modules). Let M
be a compact ΛO-module and we denote the maximal ideal of ΛO by M. Then the
following statements hold:

(1) If M/MM = 0, we have M = 0.
(2) If M/MM is of finite cardinality, M is a finitely generated ΛO-module.

Corollary 2.26. Let M be a compact ΛO-module. If there exists a non unit
x ∈ ΛO such that M/(x)M is a finitely generated ΛO/(x)-module, M is a finitely
generated ΛO-module.

Proof of Corollary 2.26. Since we assume x �∈ (ΛO)
×, we have (x) ⊂ M.

Hence, M/MM is a finitely generated ΛO/M-module. Since ΛO/M is a finite
field, the module M/MM is of finite cardinality. Thus, Theorem 2.25 (2) implies
that M is a finitely generated ΛO-module. �

For generalized Iwasawa theory for Galois deformations which we discuss in this
book, general rings, such as Iwasawa algebras of several variables, are important.
Hence, we will state Theorem 2.27 below which is a generalized and refined version
of Theorem 2.25 above. Then we will prove Theorem 2.27, which will prove Theorem
2.25 at the same time.

Theorem 2.27 (Generalized topological Nakayama’s lemma). Let R be a com-
plete local Noetherian ring with finite residue field17, M a compact R-module. Let
us denote the maximal ideal of R by M.

Assume that there exist elements x1, · · · , xs ∈ M such that the R/M-module
M/MM is generated by the images x1, · · · , xs ∈ M/MM of x1, · · · , xs ∈ M.
Then, M is generated by x1, · · · , xs. Especially, if M/MM is a finitely generated
R/M-module, M is a finitely generated R-module.

Proof of Theorem 2.27 (and of Theorem 2.25). Let us take x1, · · · , xs

∈ M which satisfy the assumption of Theorem 2.27 and consider the closed sub-
group

∑s
i=1Rxi ⊂ M. Let us take an arbitrary element m ∈ M. It suffices to

show that m ∈
∑s

i=1Rxi. Since M/MM is generated by the images x1, · · · , xs ∈
M/MM of x1, · · · , xs, there exists an element m(1) ∈

∑s
i=1Rxi such that m −

m(1) ∈ MM. By an induction argument, we will show that, for any natural num-

ber n, there exists an element m(n) ∈
∑s

i=1Rxi such that m − m(n) ∈ MnM.

Suppose that this holds true up to n = k and take an element m(k) ∈
∑s

i=1Rxi

satisfying the desired condition. By assumption, there exist r ∈ Mk and m′ ∈ M
such that m − m(k) = rm′. My applying the assumption of Theorem 2.27 to m′,
we find an element m′

(1) ∈
∑s

i=1Rxi such that m′ − m′
(1) ∈ MM. By putting

m(k+1) = m(k) + rm′
(1), we obtain

m−m(k+1) = r(m′ −m′
(1)) ∈ M

k
MM = M

k+1M.

17The finiteness of the residue field is necessary in order that R is a compact group whose
base is given by an M-adic topology.
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This shows the existence of a desired element m(n) for any natural number n.

Since {m(n)}{n≥1 forms a Cauchy sequence in a compact subset
∑s

i=1Rxi of M
with respect to M-adic topology, we have the limit limn→∞m(n) in

∑s
i=1Rxi

which coincides with m. Thus m must is written as an R-linear combination of
x1, · · · , xs ∈ M. This completes the proof of Theorem 2.27. �

Corollary 2.28. Let R be a complete local Noetherian ring with finite residue
field, M a compact R-module. Let us denote the maximal ideal of R by M. Then,
if there exists a nonunit x ∈ R such that M/(x)M is generated by s elements over
R/(x), M is generated by s elements over R.

Proof. Since x �∈ R×, we have (x) ⊂ M and M/MM is generated by s
elements over R/M. By Theorem 2.27, M is generated by s elements over R. �

2.3.2. Structure theorem of modules over normal Noetherian do-
mains. Later in §2.3.3, we will state the structure theorem of Iwasawa modules
(Theorem 2.39). Theorem 2.39 itself is well-known in the usual setting of Iwasawa
modules of one variable. However, in a more general setting of Iwasawa modules of
several variables studied in the latter part of the book, some theorems analogous
to Theorem 2.39 hold true. As some of the specific natures of Iwasawa algebra,
such as completeness, are not essential in the proof of the structure theorem, we
will state and prove a general structure theorem (Theorem 2.36) for finitely gen-
erated modules over a general normal Noetherian domain R. Then, in §2.3.3, we
prove that the structure theorem of Iwasawa modules (Theorem 2.39) follows from
Theorem 2.34 and a general structure theorem (Theorem 2.36).

For a general normal Noetherian domain R, we denote the set of prime ideals
of height one in R by P 1(R). By the assumption that R is normal, the localization
Rp at each p ∈ P 1(R) is a discrete valuation ring. For a finitely generated torsion
R-module M and for a prime ideal p ∈ P 1(R), the length of the localization Mp

as an Rp-module is finite. We denote the length by l(p,M).

Definition 2.29. Let R be a normal Noetherian domain and M a finitely
generated R-module.

(1) If we have l(p,M) = 0 for any p ∈ P 1(R), we call M a pseudo-null
R-module18.

(2) The largest pseudo-null R-submodule of M is called the maximal
pseudo-null R-submodule of M and we denote it by Mnull.

19

(3) Let N be also a finitely generated R-module and f : M −→ N an R-
linear homomorphism. We call f a pseudo-isomorphism if the kernel
and the cokernel of f are both pseudo-null Rmodules.

Remark 2.30. (1) Let R be a normal Noetherian domain. For finitely
generated R-modules M and N , the existence of a pseudo-isomorphism
f : M −→ N does not necessarily give an equivalence relation between
M and N . For example, in the case, R = Λ, M = (p, T ), N = R, a
natural inclusion map M −→ N is a pseudo-isomorphism, but we have
no pseudo-isomorphism N −→ M in other direction.

18Note that a pseudo-null R-module is a torsion R-module.
19We leave the reader to check that such a module Mnull exists uniquely and Mnull is also

characterized to be the smallest R-submodule N of M such that M/N contains no nonzero
pseudo-null R-submodule.
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(2) Let O be the ring of integers of a p-adic field, R = ΛO. Then, a finitely
generated R-module M is a pseudo-null R-module if and only if we have
#M < ∞.

As discussed in Remark 2.30 (1), between two finitely generated R-modules,
the existence of a pseudo-isomorphism does not give an equivalence relation. How-
ever, between two finitely generated torsion R-modules, the existence of a pseudo-
isomorphism does not give an equivalence relation. That is, if there exists a pseudo-
isomorphism M −→ N between finitely generated torsion R-modules M and N ,
there also exists a pseudo-isomorphism N −→ M 20. For finitely generated torsion
R-modules M and N , we will denote by M ∼ N the equivalence relation given by
the existence of a pseudo-isomorphism.

Definition 2.31. Let R be a ring, N a finitely generated R-module. Let us
denote the functor HomR( R) taking the R-linear dual by ( )∗ for short. Then, if
the canonical map N −→ N ∗∗ associating the double R-linear dual is isomorphism,
N is called a reflexive R-module .

As is seen immediately from the definition, any finitely generated freeR-module
is a reflexive R-module. Also, when R is a domain, any reflexive R-module has no
nontrivial torsion element.

Proposition 2.32. Let R be a normal Noetherian domain. Let M and N be
finitely generated torsion-free R-modules. Then the following statements hold.

(1) M∗ =
⋂

p∈P 1(R)(M∗)p.

(2) N ∗∗ =
⋂

p∈P 1(R)Np.

Proof. Let us prove the assertion (1). Since M∗ is a torsion-free R-module,
we have M∗ ⊂ (M∗)p for each p ∈ P 1(R). Hence, we have M∗ ⊂

⋂
p∈P 1(R)(M∗)p.

Now, Let us take an element f ∈
⋂

p∈P 1(R)(M∗)p. Since R is normal, we have

R =
⋂

p∈P 1(R)Rp. Hence, we have f(m) ∈ R for any m ∈ M, which means

that f ∈ M∗ = HomR(M,R). This completes the proof of the opposite inclusion
M∗ ⊃ (M∗)p.

Let us prove the assertion (2). By applying the result of the assertion (1) to
M = N ∗, we obtain N ∗∗ =

⋂
p∈P 1(R)(N ∗∗)p.

Since taking the localization functor and the dual functor commutes to each
other, (N ∗∗)p is canonically isomorphic to the double Rp-linear dual of Np. Note
that any finitely generated torsion-free Rp-module is free since Rp is a discreta
valuation ring. Hence, (N ∗∗)p is canonically isomorphic to Np, which completes
the proof. �

Corollary 2.33. Let R be a normal Noetherian domain. Then, for any non-
trivial finitely generated torsion-free R-module M, the R-linear dual M∗ is a non-
trivial reflexive R-module.

20We do not prove this facts here, but this can be checked by the argument of the proof of
Theorem 2.36 (1).
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Proof. By Proposition 2.32 (2), a finitely generated torsion-free R-module N
is reflexive if and only if

(2.20) N =
⋂

p∈P 1(R)

Np

holds. On the other hand, N = M∗ satisfies (2.20) by Proposition 2.32 (1). This
completes the proof. �

Theorem 2.34. Let R be a complete local regular Noetherian domain whose
Krull dimension is equal or smaller than 2. Then, any reflexive R-module N is a
free R-module.

Proof. When the Krull dimension of R is 0 (resp. 1), R is a field (resp. a
discrete valuation ring). Since the conclusion is clear in these cases, in the rest
of the proof, we will discuss the case where the Krull dimension of R is 2. By
the assumption that R is a complete local regular Noetherian domain of Krull
dimension 2, there exists an element x ∈ R such that R/(x) becomes a discrete
valuation ring. Since we have an isomorphism

N ∗∗/(x)N ∗∗ = HomR(N ∗,R)⊗R R/(x) ∼= HomR(N ∗,R/(x)),

N ∗∗/(x)N ∗∗ is a finitely generated torsion-free R/(x)-module. By the assumption
that R/(x) is a discrete valuation ring, N ∗∗/(x)N ∗∗ must be a free R/(x)-module
of finite rank. Since N is a reflexive R-module, N/(x)N is also a free R/(x) of
finite rank. Now, let us give a presentation of the R-module N with its minimal
set of generators as follows:

(2.21) 0 −→ Ker(q) −→ R⊕s q−→ N −→ 0.

Note that N is a torsion-free R-module because N is a reflexive R-module. Hence,
we obtain the following exact sequence by applying ⊗RR/(x) to (2.21):

0 −→ Ker(q)/(x)Ker(q) −→ (R/(x))⊕s q−→ N/(x)N −→ 0.

By the minimality of the number of generators s and by the fact that N/(x)N is a
freeR/(x)-module, Corollary 2.28 of the generalized topological Nakayama’s lemma
(Theorem 2.27) implies Ker(q)/(x)Ker(q) = 0. Again, by applying Corollary 2.28
to Ker(q), we obtain Ker(q) = 0. Hence, (2.21) implies that N is a free R-module
of finite rank. �

Remark 2.35. When R is a complete local regular Noetherian domain whose
Krull-dimension is equal to or greater than 3, a finitely generated reflexive R-
module N is not necessarily a free R-module. For example, let us consider a
complete local regular Noetherian domain R = Zp[[T1, T2]] and let us consider a
projective resolution of R-module Fp as follows:

0−→ Zp[[T1, T2]]
a1−→ Zp[[T1, T2]]

⊕3 a2−→ Zp[[T1, T2]]
⊕3 a3−→ Zp[[T1, T2]]−→ Fp−→ 0,

where the map a1 is given by x �→ (xT2, xp,−xT1), the map a2 is given by
(x1, x2, x3) �→ (x1T1 + x3T2,−x1p + x2T2,−x2T1 − x3p), the map a3 is given by
(y1, y2, y3) �→ y1p+ y2T1 + y3T2. Put N = Im(a2). By the definition of N , we can
decompose the above long exact sequence to two short exact sequences as follows:

(2.22) 0 −→ Zp[[T1, T2]]
a1−→ Zp[[T1, T2]]

⊕3 a2−→ N−→0,

(2.23) 0 −→ N −→ Zp[[T1, T2]]
⊕3 a3−→ Zp[[T1, T2]] −→ Fp −→ 0.
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By applying the functor HomZp[[T1,T2]]( Zp[[T1, T2]]) to (2.22), we obtain

(2.24) 0 −→ N ∗ a∗
2−→ Zp[[T1, T2]]

⊕3 a∗
1−→ Zp[[T1, T2]]

−→ Ext1Zp[[T1,T2]](N ,Zp[[T1, T2]])−→0.

By definition, the Zp[[T1, T2]]-linear dual map a∗1 of a1 is identified with a3. Hence,
by comparing (2.23) and (2.24), we obtain N ∼= N ∗ and

Ext1Zp[[T1,T2]](N ,Zp[[T1, T2]]) ∼= Fp.

The former fact N ∼= N ∗ says that N is a reflexive Zp[[T1, T2]]-module. The latter
fact says that N is not a free Zp[[T1, T2]]-module.

Theorem 2.36 (General structure theorem). Let R be a normal Noetherian
domain. Then the following statements hold:

(1) Let M be a finitely generated R-module and let us denote the maximal tor-
sion R-submodule of M by Mtor. Then there exists a pseudo-isomorphism
a : M −→ (M/Mtor)⊕Mtor such that the restriction a|Mtor

to Mtor is
a multiplication by certain constant on Mtor.

(2) For any finitely generated torsion-free R-module M, there exists a pseudo-
isomorphism b : M −→ N such that N is a reflexive R-module.

(3) For any finitely generated torsion R-module M, there exists a pseudo-
isomorphism c : M −→

⊕u
i=1R/qrii where q1, · · · , qu are height-one prime

ideals of R and r1, · · · , ru are natural numbers. Here, the components
R/qrii are unique modulo permutation and we allow the case i �= j and
qi = qj.

Proof. First, we shall prove the assertion (1). Let us consider the quotient
map M � M/Mtor which we denote by a1. We want to construct an R-linear
map a2 : M −→ Mtor so that

a = a1 ⊕ a2 : M −→ (M/Mtor)⊕Mtor, x �→ a1(x)⊕ a2(x)

satisfies the same property as the desired map. Let us consider {p1, · · · , pt} =
{p ∈ P 1(R) | (Mtor)p �= 0} and define a multiplicative system S ⊂ R to be
S = R−∪t

i=1pi. If the set {p1, · · · , pt} is empty, Mtor is a pseudo-null R-module.
In this case, The map a satisfies the desired properties if we put a2 = 0. Hence, from
now on, we will assume that t ≥ 1, that is, Mtor is not a pseudo-null R-module.
Since R is a normal Noetherian domain and the prime ideals p1, · · · , pt are of height
one, the localized ring S−1R is a Dedekind domain. Since the Dedekind domain
S−1R has only finitely many prime ideals, S−1R is a PID. By using the structure
theorem of finitely generated modules over a PID, we have a decomposition:

S−1M = S−1M/S−1Mtor ⊕ S−1Mtor.

We denote the projection map S−1M −→ S−1Mtor to the second component
by qtor. By the well-known property of the localization S−1HomR(M,Mtor) =
HomS−1R(S−1M, S−1Mtor), there exist an R-linear map a′2 : M −→ Mtor and an
element s ∈ S such that sqtor = a′2. On the other hand, since we have qtor|S−1Mtor

=
IdS−1Mtor

, there exist s′ ∈ S such that s′qtor|Mtor
= s′IdMtor

. Hence, by putting
a2 = s′a′2, the map a = a1 ⊕ a2 gives us a desired homomorphism. This completes
the proof of the assertion (1).
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Next, we shall prove the assertion (2). Since M is a finitely generated torsion-
free R-module, we have a canonical injection b : M ↪→ N where N = M∗∗. By
Corollary 2.33, N is a nontrivial reflexive R-module. Also, for any p ∈ P 1(R),
the localization Mp of M at p is a free Rp-module of finite rank. Hence, the
localization bp : Mp −→ Np of the map b at p is a canonical isomorphism. Thus
b : M −→ N gives a desired pseudo-isomorphism. This completes the proof of the
assertion (2).

Finally, we shall prove the assertion (3). As in the proof of the assertion (1),
we consider the set {p1, · · · , pt} = {p ∈ P 1(R) | (Mtor)p �= 0}. For each pi ∈
{p1, · · · , pt}, there exist natural numbers ri,j such that Mpi

∼= ⊕si
j=1Rpi

/pri,j since
Rpi

is a discrete valuation ring. We label all these natural numbers r1,1, r1,2, r1,3,
. . . , rt,st−2, rt,st−1, rt,st by r1, r2, . . . , ru and we denote the ideal in {p1, · · · , pt}
corresponding to each ri by qi. Then we obtain S−1M ∼= S−1 (⊕u

i=1R/qrii ). By
the same argument as the proof of (1), we obtain the desired pseudo-isomorphism
c : M −→

⊕u
i=1R/qrii . This completes the proof of the assertion (3). �

Let us define the following invariants associated to a module over a normal
Noetherian domain.

Definition 2.37. Let R be a normal Noetherian domain and M a finitely
generated torsion R-module. Then a divisor ideal DivR(M) of M is defined by

DivR(M) =
∏

p∈P 1(R)

pl(p,M).

Definition 2.38. Let R be a normal Noetherian domain and M a finitely
generated torsion R-module. Then a characteristic ideal charR(M) of M is
defined by

charR(M) = {x ∈ R | ordp (x) ≥ l(p,M) ∀p ∈ P 1(R)},
where, for each p ∈ P 1(R), ordp is an additive discrete valuation map which is
normalized so that the value at a uniformizer of Rp is 1.

In the end of this subsection, we refer the reader to [7, Chap.7 §4], [81, Chap.V
§1] for a further detail of some of contents in this subsection.

2.3.3. Structure theorem of Iwasawa modules and Iwasawa invari-
ants. If we restrict ourselves to the situation of the Iwasawa algebra R = ΛO, we
have a bit more precise version of the general structure theorem given at §2.3.2
given for normal Noetherian domains R. In this subsection, we formulate such a
more precise structure theorem over Iwasawa algebras. Then we define and discuss
the characteristic ideal and Iwasawa invariants associated to a finitely generated
torsion ΛO-module.

Theorem 2.39 (Structure theorem of Iwasawa modules). Let M be a finitely
generated O[[T ]]-module. Then we have the following 4-term exact sequence of
O[[T ]]-modules:

(2.25) 0 −→ Z −→ M

−→ O[[T ]]⊕r ⊕
s⊕

i=1

O[[T ]]/(Fi(T )
ni)⊕

t⊕
j=1

O[[T ]]/(�mj ) −→ Z ′ −→ 0,
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where s, t are nonnegative integers, Z,Z ′ are finite abelian groups, Fi(T ) are irre-
ducible distinguished polynomials (Note that we allow to have different i �= j such
that Fi(T ) = Fj(T )). Given a finitely generated O[[T ]]-module M, the nonnegative
integer r = r(M) depends only on M and does not depend on the choice of a 4-term
exact sequence as above. We call the invariant r = r(M) the rank of M.

We shall deduce Theorem 2.39 from Theorem 2.34 and Theorem 2.36 proved
in §2.3.2.

Proof of Theorem 2.39. By applying Theorem 2.36 to R = O[[T ]], there
exists a pseudo-isomorphism

(2.26) M −→ N ⊕
u⊕

i=1

O[[T ]]/qrii ,

where N is a reflexive O[[T ]]-module, q1, · · · , qu are height-one prime ideals of
O[[T ]] and q1, · · · , qu are natural numbers. Here, the components O[[T ]]/qrii are
unique modulo permutation and we allow the case i �= j and qi = qj . By Remark
2.30 (2), the kernel and the cokernel of (2.26) are finite groups. Since O[[T ]] is a
complete local regular Noetherian domain of Krull dimension 2, the reflexiveO[[T ]]-
module N is a finitely generated free O[[T ]]-module by Theorem 2.34. Note that,
any height-one prime ideal qi of O[[T ]] is principal since O[[T ]] is a local regular
Noetherian domain. By the p-adic Weierstrass preparation theorem (Theoreom
2.15), a generator xi of the principal ideal pi is equal to either a uniformizer � of
O or an irreducible distinguished polynomial Fi(T ) of O[T ] modulo multiplication
by an element of O[[T ]]×. We complete the proof of Theorem 2.39. �

Corollary 2.40. Let M be a finitely generated O[[T ]]-module and x ∈ O[[T ]]
an irreducible element. Then, if M/xM is a finitely generated torsion O[[T ]]/(x)-
module, M is a finitely generated torsion O[[T ]]-module.

Proof. Let us decompose the 4-term exact sequence (2.25) into two short
exact sequences

0 −→ Z −→ M −→ M/Z −→ 0

and

0 −→ M/Z −→ O[[T ]]⊕r ⊕
s⊕

i=1

O[[T ]]/(Fi(T )
ni)⊕

t⊕
j=1

O[[T ]]/(�mj )

−→ Z ′ −→ 0.

Taking a tensor product with O[[T ]]/(x) of the former exact sequence, we obtain
the following exact sequence:

Z/xZ −→ M/xM −→ (M/Z)/x(M/Z) −→ 0.

Since Z/xZ is a finite group, M/xM is a finitely generated torsion O[[T ]]/(x)-
module if and only if (M/Z)/x(M/Z) is a finitely generated torsion O[[T ]]/(x)-
module. Taking a tensor product with O[[T ]]/(x) of the latter exact sequence, we
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obtain the following exact sequence:

(2.27) TorO[[T ]](O[[T ]]/(x), Z ′) −→ (M/Z)/x(M/Z)

−→ (O[[T ]]/(x))⊕r ⊕
s⊕

i=1

O[[T ]]/(x, Fi(T )
ni)⊕

t⊕
j=1

O[[T ]]/(x,�mj )

−→ Z ′/xZ ′ −→ 0.

Since Z ′ is a pseudo-null module, TorO[[T ]](O[[T ]]/(x), Z ′) is also a pseudo-null
O[[T ]]-module. Hence, M/(x)M is a finitely generated torsion O[[T ]]/(x)-module
if and only if (M/Z)/(x)(M/Z) is a finitely generated torsion O[[T ]]/(x)-module.
In particular, if M/(x)M is a finitely generated torsion O[[T ]]/(x)-module, r must
be zero in (2.27). This completes the proof. �

Definition 2.41. Let M be a finitely generated O[[T ]]-module. Then the
following type of module, which appeared in the exact sequence (2.25),

O[[T ]]⊕r ⊕
s⊕

i=1

O[[T ]]/(Fi(T )
ni)⊕

t⊕
j=1

O[[T ]]/(�mj )

is called an elementary Iwasawa module (associated to M). A fundamental
module associated to M is uniquely determined from M modulo O[[T ]]-linear iso-
morphism (see the remark below).

Remark 2.42. There seems to be a different version of the definition of the
fundamental module with which we do not assume that the distinguished polyno-
mials Fi(T )’s which appear in Theorem 2.39 are irreducible. If we take this version
of the definition of the fundamental module, a fundamental module associated to
M is necessarily unique modulo O[[T ]]-linear isomorphism. For example, let us
consider M = O[[T ]]/(F (T )G(T )) where F (T ), G(T ) ∈ O[[T ]] are distinguished
polynomials which do not have a common irreducible factor. We have the following
exact sequence:

0 −→ M −→ O[[T ]]/(F (T ))
⊕

O[[T ]]/G(T ) −→ O[[T ]]/(F (T ), G(T )) −→ 0

where O[[T ]]/(F (T ), G(T )) is a finite abelian group. Hence, O[[T ]]/(F (T ))
⊕

O[[T ]]/G(T ) is the elementary Iwasawa module in the sense of Definition 2.41.
On the other hand, the module M admits another exact sequence:

0 −→ M −→ O[[T ]]/(F (T )G(T )) −→ 0

where F (T )G(T ) is a reducible distinguished polynomial. Hence,O[[T ]]/(F (T )G(T ))
can be also an elementary Iwasawa module associated to M if we take a different
version of the definition of the fundamental module stated above.

Definition 2.43. Let M be a finitely generated O[[T ]]-module.

(1) The characteristic ideal charO[[T ]](M) associated to M is defined to be

charO[[T ]](M) =

{(∏s
i=1 Fi(T )

ni
∏t

j=1 �
mj

)
when r = 0,

0 when r �= 0,

where Fi(T ), ni and mj are given as in Theorem 2.39 and we have
charO[[T ]](M) = R when M = 0.
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(2) We call λ(M) =
∑s

i=1nidegFi(T ) the Iwasawa λ-invariant for M,

μ(M) =
∑t

j=1mj the Iwasawa μ-invariant for M.

Remark 2.44. In the structure theorem of Iwasawa modules (Theorem 2.39),
the definitions of Elementary Iwasawa module (Definition 2.41), the characteristic
ideal and Iwasawa invariants (Definition 2.43), it is not essential to regard an Iwa-
sawa module M as an O[[T ]]-module through a non canonical ring isomorphism
ΛO ∼= O[[T ]].

Let M be a finitely generated torsion ΛO-module.

(1) Let us choose a topological generator γ of Γ. This defines an isomorphism

u : ΛO
∼−→ O[[T ]] of local complete O-algebras characterized by γ �→

1 + T . By regarding M as an O[[T ]]-module via the map u−1, it makes
sense to consider charO[[T ]](M). Then, the characteristic ideal charΛO (M)
is given by the image of charO[[T ]](M) by u. Though each of u and

u−1 depends on the choice of a topological generator γ of Γ, the ideal
charΛO (M) thus obtained is canonical and it does not depend of γ.

(2) To M, we associate three different ideals: a divisor ideal DivΛO (M) (Def-
inition2.37), a characteristic ideal charΛO (M) in the sense of Definition
2.38), and a characteristic ideal charΛO (M) in the sense of Definition 2.43
(see also the above assertion (1)). It is known that all these ideals coincide.

(3) The rank r = r(M) and the invariants λ(M), μ(M) can be defined with-

out using an isomorphism u : ΛO
∼−→ O[[T ]]. In fact, r(M) is the di-

mension of the finite dimensional Frac(Frac(ΛO))-vector space M ⊗ΛO

Frac(ΛO). When r(M) = 0, λ(M) is the dimension of the finite dimen-
sional Frac(O)-vector spaceM⊗OFrac(O) and μ(M) is length(ΛO)(�)

M(	)

where M(	) is the localization of M at the prime ideal (�) ⊂ ΛO.

We list up some facts and some properties on characteristic ideals and Iwasawa
invariants.

Remark 2.45. (1) When R is a Dedekind domain and M is a finitely

generated torsion R-module, we have an isomorphism M ∼= ⊕s
i=1R/plii R

where p1, . . . , ps are maximal ideals of R which are not necessarily distinct
to each other. Hence, we have charR(M) =

∏s
i=1p

li
i . In particular, when

M is a finitely generated torsion Z-module, we have charZ(M) = (#M)Z.
As the above example shows, we can say that the characteristic ideal
measures the size of the module.

(2) When M is a finitely generated torsion ΛO-module, the following facts
are important.
(a) M is finitely generated as an O-module if and only if μ(M) = 0

holds.
(b) M is a finite abelian group if and only if λ(M) = μ(M) = 0 holds.

(3) Let M be a finitely generated torsion ΛO-module. The polynomial part∏s
i=1Fi(T )

ni of the characteristic ideal

charO[[T ]](M) =
(∏s

i=1
Fi(T )

ni

∏t

j=1
�mj

)
can be regarded as a determinant, or in other words, as the character-
istic polynomial of a certain operator acting a certain space. Let us fix
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a topological generator γ of Γ which induces an isomorphism ΛO
∼−→

O[[T ]], γ �→ 1 + T . Since Γ acts continuously on V = M ⊗O Frac(O),
the characteristic polynomial det(xEλ − (γ − 1);V ) ∈ O[x] of the action
of γ − 1 gives

s∏
i=1

Fi(T )
ni = det(xEλ − (γ − 1);V )|x=T

where Eλ is an identity matrix of size λ = λ(M)21

(4) Let R be a commutative algebra and M a finitely generated torsion R-
module. Below, we introduce the Fitting ideal which is another important
ideal related to the structure of the module M. We have a presentation
of M as follows:

(2.28) P1 −→ P0 −→ M −→ 0

where P0 is a free R-module of finite rank and P1 is a free R-module. We
put d = rankRM. For each integer i satisfying 0 ≤ i ≤ d, we consider
the R-linear homomorphism induced by the d − i-th exterior product of
(2.28) as follows:

(2.29)
d−i
∧ P1 −→

d−i
∧ P0

∼= R⊕ d!
(d−i)!i!

The ideal generated by the sums of the elements in d!
(d−i)!i! components

of the image of (2.29) does not depend on the presentation (2.28)22. We
call this ideal the i-th Fitting ideal of M and we denote this ideal by
Fitti(M).

Often, we call the 0-th Fitting ideal of M simply the Fitting ideal of
M and we denote it by FittR(M). When we have R = ΛO and R-module
M is an elementary Iwasawa module, we can check that

charΛO (M) = FittΛO(M).

However, charΛO (M) does not coincide with FittΛO (M) in general. For
example, for a pseudo-null module M = ΛO/M, we have charΛO (M) =
(1) and FittΛO(M) = M. In general, we have charΛO (M) = FittΛO (M)∗∗

for a finitely generated torsion ΛO-module M where ∗∗ means the double
ΛO-linear dual (see [84, Prop. 9.6] for the proof).

There are two different methods for

2.3.4. Specialization of Iwasawa modules. In this subsection, we prove
Theorem 2.46, which is used essentially in the proof of Theorem 3.1. Though the
proof of Theorem 2.46 is a bit technical, it will help us to check and understand the
details, such as comments given in Remark 3.5. Since the technical detail of the
proof does not affect our understanding of later sections of the book, those who do
not wish to know the proof of Theorem 2.46 can skip it by admitting the result of
Theorem 2.46.

21In this book, we do not use a presentation as a determinant of the characteristic ideal. But
we can formulate the cyclotomic Iwasawa main conjectures using such presentations if we wish
(see Chapter 1 for such a presentation of the Iwasawa main conjecture).

22We refer the reader to the book [26, Chap. 20] for the proof of this fact as well as some
fundamental properties of the Fitting ideal.
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Throughout §2.3.4, we denote the cardinality of the residue field of the ring of
integers of O our fixed p-adic field by q and we denote the absolute ramification
degree of Frac(O) by e.

Theorem 2.46. Let M be a finitely generated torsion O[[T ]]-module. As-
sume that the intersection between the characteristic ideal charO[[T ]](M) and the

principal ideal (ωn(T )) is trivial for every natural number n23. Then, there exists
ν = ν(M) ∈ Z such that we have

(2.30) # (M/ωn(T )M) = qλen+μpn+ν ,

for sufficiently large n. Here λ = λ(M) (resp. μ = μ(M)) is the Iwasawa λ-
invariant (resp. the Iwasawa μ-invariant) for the module M.

As for the estimate of “sufficiently large n”, it will become clear if we follow
the proof of Theorem 2.46. We shall prepare some lemmas which are necessary for
the proof of the above theorem.

Lemma 2.47. (1) For a pseudo-null O[[T ]]-module Z, we have Z/ωn(T )Z
∼= Z for sufficiently large n.

(2) Let M be a a finitely generated torsion O[[T ]]-module. Take a natural
number n such that (ωn(T ), charO[[T ]]M) = 1. Then, M/ωn(T )M is a
finite group and we have

#(M/ωn(T )M)

= # (Z/ωn(T )Z)
s∏

i=1

#(O[[T ]]/(Fi(T )
ni , ωn(T )))

t∏
j=1

#(O[[T ]]/(�mj , ωn(T ))) ,

where Z, Fi(T ), mi, and nj are as given in the fundamental exact se-
quence:

(2.31) 0 −→ Z −→ M

−→
s⊕

i=1

O[[T ]]/(Fi(T )
ni)⊕

t⊕
j=1

O[[T ]]/(�mj ) −→ Z ′ −→ 0

(see Theorem 2.39 for the fundamental exact sequence).

Proof. Note that the annihilator ideal of Z contains n-th power of the maxi-
mal ideal of O[[T ]] for sufficiently large n. Hence, ωn(T )Z = 0 for sufficiently large
n. This shows the assertion (1). Let us prove the assertion (2). Let us denote by
Fund(M) a fundamental Iwasawa module⊕s

i=1
O[[T ]]/(Fi(T )

ni)⊕
⊕t

j=1
O[[T ]]/(�mj )

which appeared in the sequence (2.31). Let us consider the following commutative
diagram for each natural number n:

0 −−−−→ Z −−−−→ M −−−−→ Fund(M) −−−−→ Z ′ −−−−→ 0

an

⏐⏐� ⏐⏐�bn

⏐⏐�cn

⏐⏐�dn

0 −−−−→ Z −−−−→ M −−−−→ Fund(M) −−−−→ Z ′ −−−−→ 0

23By the structure theorem of Iwasawa modules, this assumption is equivalent to assuming
#M/ωn(T )M < ∞ for all n.
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where the vertical morphisms an, bn, cn, dn are the multiplication by ωn(T ). Let us
set M′ = M/Z and divide the above commutative diagram into two commutative
diagrams as follows:

(2.32)

0 −−−−→ Z −−−−→ M −−−−→ M′ −−−−→ 0

an

⏐⏐� ⏐⏐�bn

⏐⏐�b′n

0 −−−−→ Z −−−−→ M −−−−→ M′ −−−−→ 0,

(2.33)

0 −−−−→ M′ −−−−→ Fund(M) −−−−→ Z ′ −−−−→ 0⏐⏐�b′n

⏐⏐�cn

⏐⏐�dn

0 −−−−→ M′ −−−−→ Fund(M) −−−−→ Z ′ −−−−→ 0.

The morphism cn is injective by the assumption that (ωn(T ), charO[[T ]]M) = 1.
By applying the snake lemma to the diagram (2.33), we have Ker(b′n) = 0 and the
exact sequence:

0 −→ Ker(dn) −→ Coker(b′n) −→ Coker(cn) −→ Coker(dn) −→ 0.

The assumption (ωn(T ), charO[[T ]]M) = 1 implies that all terms of the above ex-
act sequence are finite. Hence, we obtain the equality #Ker(dn)#Coker(cn) =
#Coker(b′n)#Coker(dn) by the exactness of the above sequence. Since Z ′ is a finite
group, we have another equality #Ker(dn) = #Coker(dn). By combining these two
equalities, we obtain the equality

(2.34) #Coker(b′n) = #Coker(cn)

for every natural number n. By applying the snake lemma to the commutative
diagram (2.32) and by using the injectivity of the morphism b′n, we similarly obtain
#Coker(bn) = #Coker(an)#Coker(b′n). By combining this equality with (2.34), we
obtain

(2.35) #Coker(bn) = #Coker(an)#Coker(cn).

Recall that we have

#Coker(bn) = # (M/ωn(T )M) ,#Coker(an) = # (Z/ωn(T )Z)

and

#Coker(cn) =

s∏
i=1

#(O[[T ]]/(Fi(T )
ni , ωn(T )))

t∏
j=1

#(O[[T ]]/(�mj , ωn(T ))) .

This completes the proof. �

Lemma 2.48. Let F (T ) ∈ O[[T ]] be a distinguished polynomial of degree l.
Assume that we have (F (T ), ωn(T )) = 1 for every n. Then the following statements
hold.

(1) O[[T ]]/(F (T ), ωn(T )) is a finite abelian group for every n. Further we
have

#(O′[[T ]]/(F (T ), ωn(T ))) = #(O[[T ]]/(F (T ), ωn(T )))
[O′:O]

for the ring of integers O′ of any finite extension of Frac(O).
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(2) There exists a constant ν(F (T )) ∈ Z which depends only on F (T ) and O
such that the following equality holds for every sufficiently large n:

(2.36) # (O[[T ]]/(F (T ), ωn(T ))) = qlen+ν(F (T )).

Proof. For the assertion (1), the first statement follows by the assumption
(F (T ), ωn(T )) = 1. The second statement follows from the fact that O′ is flat over
O. Let us prove the assertion (2) now. We set e′ to be the ramification degree of
Frac(O′) over Qp and we set q′ to be the cardinality of the residue field of O′. We

note that, since we have [O′ : O] = e′

e
logq′

logq , the following equality holds:

(qlen+ν(F (T )))[O
′:O] = q′

le′n+ν(F (T )) e′
e .

Thus, (2.36) holds over O if and only if (2.36) holds over O′. By replacing O
by the ring of integers of a sufficiently large finite extension if necessary, we may
assume that O contains all roots of F (T ). Suppose that F (T ) ∈ O[[T ]] is decom-
posed as F (T ) = G(T )H(T ) with two monic polynomials which have no common
divisors. Then G(T ) and H(T ) are distinguished polynomials and the module
Z ′ = O[[T ]]/(G(T ), H(T )) is a pseudo-null O[[T ]]-module. Let us consider the
commutative diagram:

0 −−−−→ ΛO/(F ) −−−−→ ΛO/(G)⊕ ΛO/(H) −−−−→ Z ′ −−−−→ 0⏐⏐�×ωn(T )

⏐⏐�×ωn(T )

⏐⏐�×ωn(T )

0 −−−−→ ΛO/(F ) −−−−→ ΛO/(G)⊕ ΛO/(H) −−−−→ Z ′ −−−−→ 0

where ΛO/(F ), ΛO/(G) and ΛO/(H) denotes O[[T ]]/(F (T )), O[[T ]]/(G(T )) and
O[[T ]]/(H(T )) respectively. By a similar argument as the proof of Lemma 2.47
using the snake lemma, we obtain the following equality:

# (O[[T ]]/(F (T ), ωn(T )))

= # (O[[T ]]/(G(T ), ωn(T )))×#(O[[T ]]/(H(T ), ωn(T ))) .

Thus we have reduced the proof of the second assertion of Lemma 2.48 to the case
F (T ) = (T − α)m. Let us consider the following diagram:

0 −−−−−→ ΛO/(T − α)m −−−−−→ ΛO/(T − α)m+1 −−−−−→ ΛO/(T − α) −−−−−→ 0⏐⏐�×ωn(T )

⏐⏐�×ωn(T )

⏐⏐�×ωn(T )

0 −−−−−→ ΛO/(T − α)m −−−−−→ ΛO/(T − α)m+1 −−−−−→ ΛO/(T − α) −−−−−→ 0.

By an induction with respect to m using a similar argument as above, we further
reduce the proof to the case F (T ) = (T −α). Hence, we need to calculate the order
of the module

(2.37) O[[T ]]/(T − α, ωn(T )) ∼= (Zp[[T ]]⊗Zp
O)/(T − α, ωn(T )).

Recall that we have ωn(T ) =
∏n

i=0Φpi(T +1) where Φpi(T ) is the minimal polyno-
mial of ζpi over Qp for each i. We have a natural injection

Zp[[T ]]/(ωn(T )) −→
n∏

i=0

Zp[ζpi ], T �→ {ζpi − 1}0≤i≤n,
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where ζpi is a fixed pi-th primitive root of unity for each nonnegative integer i. The
cokernel of the above injection is a finite abelian group which we denote by Zn. By
applying the functor ⊗Zp

O to the sequence:

0 −→ Zp[[T ]]/(ωn(T )) −→
n∏

i=0

Zp[ζpi ] −→ Zn −→ 0,

we have the following exact sequence:

0 −→ Zp[[T ]]⊗Zp
O/(ωn(T )) −→

n∏
i=0

Zp[ζpi ]⊗Zp
O −→ Zn ⊗Zp

O −→ 0.

Note that the multiplication by
∏n

i=0((ζpi − 1)− α) on the middle term restricted
to the first term coincides with the multiplication by T − α. Hence, we have the
following commutative diagram:

0 −−−−→ Zp[[T ]]O/(ωn(T )) −−−−→
∏n

i=0 Zp[ζpi ]O −−−−→ (Zn)O −−−−→ 0⏐⏐�×T−α

⏐⏐�×((ζpi−1)−α)i

⏐⏐�
0 −−−−→ Zp[[T ]]O/(ωn(T )) −−−−→

∏n
i=0 Zp[ζpi ]O −−−−→ (Zn)O −−−−→ 0,

where ( )O denotes ( )⊗Zp
O. Since Zn ⊗Zp

O is a finite abelian group, the kernel
and the cokernel of the right vertical map have the same cardinality. By the snake
lemma, we have
(2.38)

#
(
Zp[[T ]]⊗Zp

O/(T − α, ωn(T ))
)
=

n∏
i=0

#
(
Zp[ζpi ]⊗Zp

O/((ζpi − 1)− α)
)
.

Since ordp(ζpn −1) = 1
(p−1)pn−1 , the following lemma follows by a well-known basic

property of p-adic valuation.

Lemma 2.49. Let us set n(α) as follows:

n(α) =

{
max

{
n ∈ Z≥1

∣∣∣ 1
(p−1)pn−1 ≥ ordp(α)

}
when 0 < ordp(α) ≤ 1

p−1 ,

0 when 1
p−1 < ordp(α).

Then, for any integer n > n(α), we have

#(Zp[ζpn ]⊗Zp
O)/((ζpn − 1)− α) = #(Fp ⊗Zp

O) = qe.

By combining (2.37), (2.38), and Lemma2.49, the cardinality of O[[T ]]/(T −
α, ωn(T )) is given by

qe(n−n(α)) ·#
(
Zp[[T ]]⊗Zp

O/(T − α, ωn(α)(T ))
)

for any n > n(α). This shows that the statement of Lemma 2.48 (2) holds true
by setting ν(F (T )) = ordq

(
#
(
Zp[[T ]]⊗Zp

O/(T − α, ωn(α)(T ))
))

− en(α). This
completes the proof of Lemma 2.48. �

The following lemma concerns the part related to the μ-invariant in Theorem
2.46.

Lemma 2.50. For any integer n ∈ Z≥1, we have

(2.39) # (O[[T ]]/(�,ωn(T ))) = qp
n

.
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Proof. The proof follows immediately by the following isomorpihsms:

O[[T ]]/(�,ωn(T )) ∼= (O/�)[[T ]]/(ωn(T )) ∼= (O/�)[[T ]]/(T pn

) ∼= (O/�)⊕pn

.

�
Let us get back to the proof of Theorem 2.46 after the above preparations.

Proof of Theorem 2.46. For a finitely generated torsion O[[T ]]-module M,
we consider the fundamental sequence

0 −→ Z −→ M −→
s⊕

i=1

O[[T ]]/(Fi(T )
ni)⊕

t⊕
j=1

O[[T ]]/(�mj ) −→ Z ′ −→ 0

obtained in Theorem 2.39. Recall that we defined λ = λ(M) =
∑s

i=1nidegFi(T ),

μ = μ(M) =
∑t

j=1mj in Definition 2.43. We set ν(M) =
∑s

i=1niν(Fi(T )) +

ordq(#Z) (see Lemma 2.48)), n(M) = Max (n′(M), n′′(M)) where

n′(M) = Max{n(α) | α runs through the roots of
∏s

i=1
Fi(T ) },

n′′(M) = Min{n ∈ N | ωn(T )Z = 0}.

The equality # (M/ωn(T )M) = qλen+μpn+ν holds for n > n(M) by combining
Lemma 2.47, Lemma 2.48, and Lemma 2.50. This completes the proof. �

Remark 2.51. Let M be a finitely generated torsion O[[T ]]-module, f(T ) ∈
O[[T ]] a polynomial dividing ωn0

(T ) for some natural number n0. If the character-
istic ideal charO[[T ]](M) and (ωn(T )/f(T )) have no common factors for any natural
number n ≥ n0, by a similar argument as the proof of Theorem 2.46, we can show
that there exists an integer ν such that

(2.40) # (M/(ωn(T )/f(T ))M) = qλ(M)en+μ(M)pn+ν

holds for any sufficiently large n. The statement of Theorem 2.46 is nothhing but
the above statement for f(T ) = 1.

Let us give some examples for the equality (2.30) of Theorem 2.46 whose proofs
are left for the reader as an exercise.

(1) Let M = Zp[[T ]]/(T − pa) (a ≥ 1). Let us set

λ(M) = 1, μ(M) = 0, ν(M) = a.

Then, by using the formula ordp
(
pn

i

)
= n− ordp(i) on the p-adic orders of

binomial coefficients, we can check that (2.30) holds for every nonnegative
integer n.

(2) Let M = Zp[[T ]]/(T
a − p) (a ≥ 1). The number n(M) which appeared

in the proof of Theorem 2.46 is the largest natural number n satisfying
n ≤ 1 + logpa− logp(p− 1). Let us set

λ(M) = a, μ(M) = 0, ν(M) = ordp(#M/ωn(M)M)− an(M).

Then we can check that (2.30) holds for every natural number n satisfying
n > n(M). Note that we have ν(M) < 0 for a > 1 and we have ν(M) →
−∞ when a tends to ∞.





CHAPTER 3

Cyclotomic Iwasawa theory for ideal class groups

3.1. Algebraic aspect (Selmer group)

In this section (§3.1), we discuss the algebraic side of the Iwasawa theory. These
results hold true for any finite algebraic number field K and any Zp-extension
K∞/K. On the other hand, the results of §3.2 and §3.3 will be on the analytic
side of the theory. Often, these results hold true only for limited cases such as
cyclotomic Zp-extensions of totally real finite algebraic number fields K.

In §3.1, most of the arguments of commutative algebra and algebraic number
theory are based on the techniques which we already used earlier, except that we
often use diagram chase arguments, such as the snake lemma used in §2.3.4. We
refer the reader to [118] for the basics of homological algebra.

3.1.1. Iwasawa’s class number formula. As we remarked earlier in Section
1.1, not many results on class groups are known for a family of infinite numbers
of fields. The following theorem, which was proved by Iwasawa in his paper [47]
published in 1959, shows the interest and importance of Zp-extensions for the study
of ideal class groups.

Theorem 3.1 (Iwasawa’s class number formula). Let K be a finite algebraic
number field, K∞/K a Zp-extension. Then there exist nonnegative integers λ =
λ(K∞), μ = μ(K∞) and an (possibly negative) integer ν = ν(K∞) such that the
order of the p-part of the class groups Cl(Kn)[p

∞] of n-th intermediate fields Kn =

(K∞)Γ
pn

satisfies1 for sufficiently large n:

#Cl(Kn)[p
∞] = pλn+μpn+ν .

The proof of the original paper [47] by Iwasawa is based on the method that
studies discrete Γ-modules of class groups directly. Here, we take the method that
studies Iwasawa modules of compact Γ-modules obtained by the Pontrjagin duals
of class groups. We will give some technical preparations on commutative algebra
in 2.3.4 and we will prove Theorem 3.1 in §3.1.2. For the rest of this subsection,
we introduce another theorem (Theorem 3.4) as a corollary of Theorem 3.1 after
some preparation.

Let K be a finite algebraic number field, K∞ an arbitrary Zp-extension of K,
Γ = Gal(K∞/K). We denote by L∞ the maximal everywhere unramified abelian
p-power extension of K∞.

Lemma 3.2. L∞ is a Galois extension over K.

1Kn is an intermediate field of K∞/K. Note also that each intermediate field of K∞/K is
equal to one of such Kn’s.

43
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Proof. If L∞/K is not Galois over K, there must exist an automorphism
σ of Q over K such that σ(L∞) �= L∞. Since the composite field σ(L∞) ∪ L∞
is an abelian and everywhere unramified extension of K∞, this contradicts to the
maximality of L∞. �

In this book, we denote the compact Zp-module Gal(L∞/K∞) by XK∞ .

Lemma 3.3. The module XK∞ is equipped with a natural continuous action of
Γ.

Proof. Note that we have the following exact sequence by the definition of
XK∞ :

{1} −→ XK∞ −→ Gal(L∞/K) −→ Γ −→ {1}.
Let us take an element g ∈ Γ and choose a lift g̃ ∈ Gal(L∞/K) of g. We define
an action of g on x ∈ XK∞ by g · x := g̃xg̃−1. Since XK∞ is a normal subgroup
in Gal(L∞/K), we have g̃xg̃−1 ∈ XK∞ . Let g̃′ ∈ Gal(L∞/K) be another lift

of g and let us set y := g̃−1g̃
′ ∈ XK∞ . Since XK∞ is an abelian group, we have

g̃′x(g̃′)−1 = g̃yxy−1g̃−1 = g̃yy−1xg̃−1 = g̃xg̃−1. Thus the action g ·x is well-defined
independently of a choice of a lift g̃ ∈ Gal(L∞/K).

To prove the continuity of the action of Γ on XK∞ , it suffices to prove that,
for an arbitrary open subgroup U of XK∞ , there exists an open subgroup U ′ of Γ
such that U ′ acts trivially on XK∞/U . Since the fixed field (L∞)U for a given open
subgroup U ⊂ XK∞ is a finite extension of K∞, (L∞)U is the field of decomposition
of an irreducible polynomial f(X) ∈ K∞[X] of finite degree. Since all coefficients
of f(X) is contained in a finite extension of K, the subgroup U ′ ⊂ Γ consisting of
elements acting trivially on the coefficients of f(X) is of finite index in Γ and the
action of U ′ on on XK∞/U is trivial by construction. This completes the proof. �

Since XK∞ is a compact Zp-module with continuous Γ-action, XK∞ is naturally
regarded as a Λ = Zp[[Γ]]-module thanks to Lemma 2.23. The following theorem is
a corollary of Iwasawa class number formula.

Theorem 3.4. Let K be an arbitrary finite algebraic number field, K∞/K an
arbitrary Zp-extension. Then XK∞ is a finitely generated torsion Λ-module.

We will prove Theorem 3.4 in the end of §3.1.2.

Remark 3.5. We give some remarks on Theorem 3.1. As we will see later in the
proof of Theorem 3.1 below, “a sufficiently large n” in the statement of Theorem 3.1
can be made completely explicit from the information of the Zp-extension K∞/K
and the Iwasawa module XK∞ . The requirement for “a sufficiently large n” comes
from the following reasons:

(i) We need that all the primes of Kn which ramify in K∞/Kn be totally
ramified.

(ii) We need that γpn

act trivially on the largest finite submodule Z of XK∞ .
(iii) We need that the p-adic valuation of ζpn − 1 is smaller than the minimum

of p-adic valuations of roots of the characteristic polynomial F (T ) ofXK∞ .

On the other hand, the pseudo-null quotient Z ′ which appears in the last term of
the fundamental sequence (2.25) of Theorem 2.39 does affect at all the ν-invariant
nor the requirement of “sufficiently large n” of the statement of the Iwasawa class
number formula.
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3.1.2. Proof of Iwasawa’s class number formula. Let us consider the
following conditions on the fixed prime p.

(3.1) There is only one prime of K which is over p.

Under this condition, we discuss the following condition on the fixed Zp-extension
K∞/K:

(3.2) The only prime of K over p is totally ramified at K∞/K.

The main idea of the proof of Iwasawa’s class number formula is much easier to
follow under the conditions (3.1) and (3.2). So we first prove Iwasawa’s class number
formula under the conditions (3.1) and (3.2). After, we will give a proof for the
general situation.

As for the validity of these conditions, we remark that the conditions (3.1)
and (3.2) hold true for K = Q(μp) and its cyclotomic Zp-extension Kcyc

∞ /K. For
a finite algebraic number field K and a prime p satisfying (3.1), the cyclotomic
Zp-extension Kcyc

∞ /K satisfies (3.2) if p does not divide the absolute discriminant
DK .

Let us set Kn = (K∞)Γ
pn

for a natural number n. We define Ln to be the
maximal everywhere unramified abelian p-power extension of Kn. The field Ln is
a subfield of L∞ by definition and we can show that Ln is a Galois extension of Kn

by the same argument as the proof of Lemma 3.2.

Proposition 3.6. Let us assume the conditions (3.1) and (3.2). When γ is a
topological generator of Γ, we have the following isomorphism for every n:

XK∞/(γpn − 1)XK∞
∼= Cl(Kn)[p

∞].

Proof. We set Gn = Gal(L∞/Kn). Let [Gn, Gn] be the commutator subgroup

of Gn, [Gn, Gn] the topological closure of [Gn, Gn]. Then we claim the following
equality:

(3.3) (γpn − 1)XK∞ = [Gn, Gn].

In order to check this, we denote by L′
n (resp. L′′

n) the fixed field of L∞ by

(γpn − 1)XK∞ (resp. [Gn, Gn]). By Galois theory, it suffices to show L′
n = L′′

n

in order to deduce (3.3). Let us look at the following diagram:

L∞

��
��

��
��

L′
n

��������

��
��

��
��

L′′
n

��
��
��
��

K∞

Kn

By definition, L′′
n is the largest intermediate field of L∞/K∞ which is an abelian

extension of Kn. On the other hand, L′
n is the largest intermediate field of L∞/K∞

such that γpn

acts trivially on Gal(L′
n/K∞). For an intermediate field L of L∞/K∞,
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L is an abelian extension of Kn if and only if the conjugate action of γpn

on
Gal(L/K∞) is trivial. Hence, L′

n = L′′
n follows and the proof of (3.3) is complete.

Recall that we have only one prime of K which contains (p) by the condition
(3.1). We denote this prime by p. For each natural number n, the extension Kn/K
is totally ramified at p. We denote by In the inertia subgroup of Gn at the unique
prime of Kn over p. Since L∞ is an everywhere unramified extension of K∞, we
have the equality In

⋂
XK∞ = {1} in Gal(L∞/K). On the other hand, the natural

map In −→ Gn/XK∞ must be surjective because the extension K∞/K is totally
ramified at p. Thus we have a semi-direct product Gn

∼= In � XK∞ . Now, the
following isomorphisms follow:

Gal(Ln/Kn) ∼= Gn/In[Gn, Gn]

∼= InXK∞/In(γ
pn − 1)XK∞

∼= XK∞/(γpn − 1)XK∞ .

Here, the first isomorphism is due to the fact that Ln is characterized as the largest
intermediate field of L′′

n/Kn which is unramified over Kn. The second isomorphism
follows from (3.3). We complete the proof noting that we have Cl(Kn)[p

∞] ∼=
Gal(Ln/Kn) by class field theory. �

Thanks to the above proposition, we can give compact proofs of Theorem 3.4
and Theorem 3.1 under the conditions (3.1) and (3.2).

Proof of Theorem 3.4 under the conditions (3.1) and (3.2). Since the
ideal class group Cl(K)[p∞] is a finite abelian p-group, it is regarded as a finitely
generated torsion Zp-module. Hence, XK∞/(γ− 1)XK∞ is a finitely generated tor-
sion Zp-module by Proposition 3.6. By Corollary 2.40, XK∞ must be a finitely
generated torsion Λ-module. �

Proof of Theorem 3.1 under conditions (3.1) and (3.2). As is shown
above, XK∞ is a finitely generated torsion Λ-module under the conditions (3.1)
and (3.2). By applying Theorem 2.46 to a finitely generated torsion Λ-module
M = XK∞ with λ = λ(M), we show that μ = μ(M), there exists an integer
ν = ν(M) ∈ Z such that

#XK∞/(γpn − 1)XK∞ = pλn+μpn+ν

holds for sufficiently large n. On the other hand, we have an isomorphism

XK∞/(γpn − 1)XK∞
∼= Cl(Kn)[p

∞]

for any natural number n by Proposition 3.6. This completes the proof. �

We recall the following fact, which is clear by the proof of Theorem 3.1.

Corollary 3.7. Let λ(K∞), μ(K∞) be invariants introduced in Theorem 3.1
and let λ(XK∞), μ(XK∞) be invariants introduced in Definition 2.43. Under the
conditions (3.1) and (3.2), we have

λ(K∞) = λ(XK∞), μ(K∞) = μ(XK∞).

Now we go into the proof of the general situation.

Proof of Theorem 3.1 in the general situation. (Step 1) Let us take
a sufficiently large natural number n0 such that all ramified primes of K∞/Kn0

are totally ramified. We denote by p1, · · · , ps the primes of Kn0
which are ramified

in K∞/Kn0
. Note that, if Iwasawa’s class number formula for K∞/Kn0

holds,
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Iwasawa’s class number formula for the original Zp-extension K∞/K also holds2.
Thus, by replacing K by an intermediate field Kn0

with a sufficiently large n0 if
necessary, we suppose that the primes p1, · · · , ps of K which are ramified in K∞/K
are all totally ramified.
(Step 2) By the assumption that all ramified primes are totally ramified, the inertia
subgroup Ipj

⊂ Gal(L∞/K) for each ramified prime pj is isomorphic to Γ through
the surjection Gal(L∞/K) � Γ. Let γ be a fixed topological generator of Γ and

we denote by γj ∈ Ipj
the pull-back of γ through the isomorphism Ipj

∼−→ Γ. By
exchanging a topological generator γ if necessary, we suppose that γ = γ1 in the
following. Let us consider the group

YK∞ = 〈(γ − 1)XK∞ , γ2γ
−1
1 , · · · , γsγ−1

1 〉,
which is the topological closure of the subgroup of XK∞ generated by (γ− 1)XK∞ ,
γ2γ

−1
1 , · · · , γsγ−1

1 . We would like to show that

(3.4) Cl(Kn)[p
∞] ∼= Gal(Ln/Kn) ∼= XK∞/γpn−1

γ−1 YK∞ .

The first isomorphism of (3.4) is nothing but the global unramified class field the-
ory. Hence, we will concentrate on the proof of the second isomorphism of (3.4)
below. As is shown in (3.3), XK∞/(γpn − 1)XK∞ is isomorphic to the maximal
abelian quotient Gal(L∞/Kn)

ab of Gal(L∞/Kn)
3. The group Gal(Ln/Kn) is the

quotient of Gal(L∞/Kn)
ab by the minimal closed normal subgroup which contains

the inertia subgroups for all ramified primes. For each j, the inertia subgroup
of Gal(L∞/Kn)

ab at the unique prime of Kn over the prime pj is generated by

γpn

j ∈ Gal(L∞/K). Since we have Gal(L∞/Kn) = XK∞〈γpn〉, the following iso-
morphism holds:

Gal(Ln/Kn) ∼= Gal(L∞/K)ab/〈γpn

1 , γpn

2 , · · · , γpn

s 〉
∼= XK∞/〈(γpn − 1)XK∞ , γpn

1 , · · · , γpn

s 〉 ∩XK∞

∼= XK∞/〈(γpn − 1)XK∞ , γpn

2 γ−pn

1 , · · · , γpn

s γ−pn

1 〉.
On the other hand, the identity

γpn

j = (γjγ
−1
1 )(γ1 · γjγ−1

1 · γ−1
1 )(γ2

1 · γjγ−1
1 · γ−2

1 ) · · · (γpn−1
1 · γjγ−1

1 · γ−(pn−1)
1 )γpn

1

holds. Hence, we have γpn

j γ−pn

1 = (γjγ
−1
1 )

γpn−1
γ−1 since Γ acts on XK∞ by conjuga-

tion. This implies the isomorphism

〈(γpn − 1)XK∞ , γpn

2 γ−pn

1 , · · · , γpn

s γ−pn

1 〉

∼=
γpn − 1

γ − 1
〈(γ − 1)XK∞ , γ2γ1, · · · , γsγ1〉.

This completes the proof of (3.4).
(Step 3) According to what we have proved up to now, we have #Cl(Kn)[p

∞] =

#(XK∞/YK∞) ·#(YK∞/γpn−1
γ−1 YK∞) for each n. Let us define a nonnegative integer

ν′′ by pν
′′
= #(XK∞/YK∞) = #Cl(K0)[p

∞]. Now, by applying Theorem 2.46 to

2In fact, since λ(K)(n+n0)+μ(K)pn+n0 +μ(K) = λ(Kn0 )n+μ(Kn0)p
n+μ(Kn0 ) holds for

sufficiently large n, it follows that λ(Kn0 ) = λ(K), μ(Kn0) = μ(K), ν(Kn0 ) = ν(K) + λ(K)n0 +

pn0μ(K).
3Note that (3.3) is proved without assuming (3.1) or (3.2).
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M = YK∞ or by applying Remark 2.51 to M = YK∞ and f(T ) = T more precisely,

there exists ν′ ∈ Z such that we have #(YK∞/γpn−1
γ−1 YK∞) = pλn+μpn+ν′

for all

sufficiently large n with λ = λ(YK∞) and μ = μ(YK∞). By setting ν = ν′ + ν′′, we
obtain the desired result and we complete the proof. �

By using the argument of the above proof, we also prove Theorem 3.4.

Proof of Theorem 3.4 in the general situation. For each natural num-
ber n, Cl(Kn)[p

∞] is a finite abelian group. Take n to be sufficiently large. By Step
3 of the proof of Theorem 3.1, YK∞/xYK∞

∼= Cl(Kn)[p
∞] is a finite abelian group

for any irreducible factor x of γpn−1
γ−1 ∈ Zp[[Γ]] = Λ. Thus YK∞/xYK∞ is a torsion

Λ/(x)-module. By Corollary 2.40, YK∞ is a finitely generated torsion Λ-module.
Since YK∞ is a subgroup of XK∞ with finite index as shown in Step 3 of the proof
of Theorem 3.1, XK∞ is also a finitely generated torsion Λ-module. �

Remark 3.8. The group XK∞/(γpn − 1)XK∞ can be infinite if we do not
assume (3.1) nor (3.2). That is, the characteristic ideal of XK∞ and the principal
ideal (γpn − 1) might have a nontrivial common factor in general. For example, let
us consider a CM-field K and let us denote by K+ its maximal totally real subfield.
Greenberg [32] shows that, if the number s of the primes of K+ over p which are
decomposed at K/K+ is nonzero, we have

1 ≤ dimQp
(XK∞/(γ − 1)XK∞)⊗Zp

Qp ≤ s.

In particular, the group XK∞/(γ − 1)XK∞ is infinite in this case4.

3.1.3. Ideal class groups on CM-fields. In this subsection, we shall study
a detailed property of the module XK∞ (Theorem 3.16) in a restricted situation
where K is a CM-field and K∞ is the cyclotomic Zp-extension of K. Since CM-
fields are important in later sections of the book, we shall explain definitions and
basic properties of CM-fields.

Definition 3.9. Let K be an algebraic number field. If one of the following
equivalent conditions (i), (ii) holds true, K is called a CM-field5.

(i) There exists a totally real algebraic number field K+ such that K is a
totally imaginary quadratic extension of K+.
(ii) Both of the following conditions (a) and (b) hold true.
(a) Let us denote by J : C −→ C the complex conjugate. For any embed-

ding τ : K ↪→ C, we have J(τ (K)) = τ (K) and the automorphism
Jτ = τ−1 ◦ J ◦ τ of the field K does not depend on the choice of τ
(When this condition holds true, we might denote Jτ by J by abuse
of notation and call it the complex conjugate of K).

(b) The condition (a) holds true but J : K −→ K is a nontrivial auto-
morphism of K.

4This phenomenon is related to the phenomenon of trivial zero which is discussed later in
the book.

5The word CM is the abbreviation for the complex multiplication. The name is originated
from the fact that the ring of endomorpihsms of an abelian variety with complex multiplication
is an order of a CM-field.
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For a CM-field K, the invariant subfield KJ coincides with K+. A field K
which satisfies only the condition (ii) (a) of the above definition is either a totally
real field or a CM-field and such a field is called a J-field.

Remark 3.10. Let us recall some basic facts on J-fields.

(1) K is a totally real field if and only ifK is a J-field on which J acts trivially.
(2) The composite KK ′ of J-fields K,K ′ in Q is also a J-field.
(3) Let K be a J-field. A subfield K ′ ⊂ K which satisfies K ′ = J(K ′) is also

a J-field.

Example 3.11. (1) A cyclotomic field Q(μm) = Q(ζm) is a CM-field. In
fact, its subfield Q(ζm + ζ−1

m ) is a totally real algebraic number field and
Q(μm) is a totally imaginary quadratic extension of Q(ζm + ζ−1

m ). Since
Gal(Q(μm)/Q) ∼= (Z/mZ)× is abelian, the complex conjugate J is in the
center of Gal(Q(μm)/Q). Hence, any intermediate field of Q(μm)/Q is a
J-field. By Kronecker-Weber’s theorem, any abelian extension of Q is a
J-field.

(2) In general, there exist CM-fields which are non abelian over Q. We will
give a CM-field which is not even Galois over Q. Let us consider an irre-
ducible cubic polynomial f(x) = x3 − 4x + 1 ∈ Q[x]. Since the discrim-
inant Df = −4(−4)3 − 27 = 229 is positive, f(x) has three distinct real
roots. Hence, Q[x]/(f(x)) is a cubic totally real number field. Because
Df �∈ (Q×)2, the Galois group of the smallest splitting field of f(x) over Q
is isomorphic to S3. This implies that Q[x]/(f(x)) is non Galois over Q.
Let us set K+ = Q[x]/(f(x)) and take an arbitrary imaginary quadratic
field E. The composite K = K+E gives an example of a CM-field which
is non Galois over Q. As an another example, we consider a quadratic ex-

tension K = K+(
√√

2− 3) of a real quadratic field K+ = Q(
√
2). Since

K is a totally imaginary extension of K+, K is a CM-field. However, in
this case, K is not obtained as a composite K+E with a certain imaginary
quadratic field E.

For an algebraic number field K, we denote by μK the group of roots of unity
contained in K. We recall some basic results on the structure of the group of units
of a CM-field and the principalization (capitulation) of ideals of a CM-field.

Proposition 3.12. Let K be a CM-field. Then the group r
×
K+μK is a subgroup

of r×K whose index is less than 2.

Proof of Proposition 3.12. Let us recall the following well-known result.

Lemma 3.13. Let x ∈ Q be an algebraic integer. If we have |τ (x)|∞ = 1 for
any embedding τ : Q ↪→ C, x is a root of unity.

This lemma is a well-known fact proved by Kronecker. The proof is left to
the reader as an exercise but we give a brief sketch of the proof. In fact, if x is
an algebraic integer of degree d which satisfies the assumption of the lemma, the
coefficients of the minimal polynomials of xn are rational integers with a universal
bound of the absolute values which are independent of n. Hence, there exists an
integer m such that x coincides with xm by the pigeonhole principle. This implies
that x is a root of unity.
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Now, we we have |τ (e1−J)|∞ = |τ (e)1−J |∞ = |τ(e)|∞
|τ(e)J |∞ = 1 for any e ∈ r

×
K and

for any embedding τ : Q ↪→ C. Here we remark that the complex conjugation J is
well-defined independently of τ because K is a CM-field. By Lemma 3.13, we have
e1−J ∈ μK and we have the following exact sequence:

{1} −→ r
×
K+ −→ r

×
K

e 
→e1−J

−−−−−→ μK .

When x ∈ μK , we have x1−J = x
x−1 = x2. Hence, the image of r×K

e 
→e1−J

−−−−−→ μK

contains μ2
K . Note also that μK

⋂
r
×
K+ = {±1}. Hence, we have

(3.5) {1} −→ r
×
K+/{±1} −→ r

×
K/{±1} e 
→e1−J

−−−−−→ μK ,

where r
×
K+/{±1} is a free abelian group of finite rank and the image of r×K/{±1}

e 
→e1−J

−−−−−→ μK contains also μ2
K . Since μ2

K is of index 2 in μK , this completes the
proof of Proposition 3.12. �

Lemma 3.14. For any finite algebraic number field K and for any non negative
integer n, we have H1(Kcyc

n+1/K
cyc
n , μKcyc

n+1
) = 0. That is, for any element ζ ∈ μKcyc

n+1

satisfying N(ζ) = 1, there exists an element ζ ′ ∈ Kcyc
n+1 such that ζ = ζ ′

g−1
(Here

N : (Kcyc
n+1)

× −→ (Kcyc
n )× is the norm map and g is a topological generator of

Gal(Kcyc
n+1/K

cyc
n )).

Proof. In the case ζp �∈ K, we have μp∞
⋂
μKcyc

n+1
= {1}. Thus we have

N(ζ) = ζp. The condition N(ζ) = 1 implies ζp = 1, hence ζ = 1 by the assumption
μp∞

⋂
μKcyc

n+1
= {1}. It suffices to take ζ ′ = 1.

In the case ζp ∈ K, let us take the largest integer i ∈ Z≥1 such that ζpi ∈ K.
Then we have a natural number t prime to p such that μKcyc

n+1

∼= μpn+i+1 × μt. If

ζ ∈ μKcyc
n+1

, there exist integers a, b ∈ Z such that ζ = ζapn+i+1ζbt . If a is divisible

by p, we have ζ ∈ Kcyc
n . If a is not divisible by p, we have ζ �∈ Kcyc

n and the
set of conjugates of ζ over Kcyc

n is {ζ, ζζp, ζζ2p , . . . , ζζp−1
p }. In both cases, we have

N(ζ) = ζp. Hence, the condition N(ζ) = 1 implies that ζ is a p-th root of unity.
When ζ = 1, it suffices to take ζ ′ = 1 as in the previous case. When ζ �= 1, ζ is a
primitive p-th root of unity. Note that ζg−1

pn+i+1 is also a primitive p-th root of unity.

Let us take c ∈ {1, 2, . . . , p − 2} so that ζ = (ζg−1
pn+i+1)

c. We complete the proof by

setting ζ ′ = ζcpn+i+1 . �

Suppose that K is a CM-field which is of finite degree over Q. Then the n-th
layer Kcyc

n of the cyclotomic Zp-extension of K is also a CM-field for every nonneg-
ative integer n. The complex conjugate J acts on the ideal class group Cl(Kcyc

n )
by functoriality. Since the fixed prime p is assumed to be odd, we have a decom-
position Cl(Kcyc

n ) = Cl(Kcyc
n )[p∞]+ ⊕ Cl(Kcyc

n )[p∞]− according to the eigenvalues
±1 of the action of J .

Proposition 3.15. Let K be a CM-field which is of finite degree over Q. Then
the natural map in,n+1 : Cl(Kcyc

n )[p∞]− −→ Cl(Kcyc
n+1)[p

∞]− is injective for every
nonnegative integer n.

Proof. Let A be a fractional ideal ofKcyc
n whose class [A] belongs to Ker(in,n+1).

Since A becomes a principal ideal on Kcyc
n+1, there exists an element a ∈ Kcyc

n+1 such
that we have A = (a) as fractional ideals of Kcyc

n+1. Since A was a fractional ideal
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on Kcyc
n , we have (ag) = (a) for a generator g ∈ Gal(Kcyc

n+1/K
cyc
n ). Let us set

u := ag−1 ∈ Kcyc
n+1. We can check that u ∈ (rKcyc

n+1
)×. On the other hand, A1+J is

a principal fractional ideal of Kcyc
n since [A] ∈ Cl(Kcyc

n )[p∞]−. Hence, there exists
an element a′ ∈ Kcyc

n such that A1+J = (a′). Let us set

u′ :=
a1 + J

a′
∈ (rKcyc

n+1
)×,

ε := (a
2

u′ )
g−1 =

u2

(u′)g−1
∈ (rKcyc

n+1
)×.

We have

(3.6) ε1+J =

(
(a2)1+J

u′1+J

)g−1

=
(a′u′)2(g−1)

(u′1+J )g−1
= (u′g−1

)1−J .

Here the last equality is due to the fact that we have (a′)g = a′ since a′ ∈ Kcyc
n .

We can check that

|τ (u′g−1
)1−J |∞ =

|τ (u′g−1)|∞
|τ (u′g−1)J |∞

= 1

for any embedding τ : Q ↪→ C. By (3.6), we have

|τ (ε)|2∞ = |τ (ε)|∞ · |τ (εJ )|∞ = |τ (ε1+J )|∞ = 1

for any embedding τ : Q ↪→ C. By Lemma 3.13, we deduce that ε ∈ μKcyc
n+1

. By

the definition ε := (a
2

u′ )
g−1, we have N(ε) = 1. By Lemma 3.14, there exists an

element ε′ ∈ μKcyc
n+1

such that ε = ε′
g−1

. This implies that (a
2

u′ )
g−1 = ε′

g−1
, hence

( a2

u′ε′ )
g = a2

u′ε′ . We have the following equality between fractional ideals of Kcyc
n+1:

A2 = (a2) = (a2/u′) = ( a2

u′ε′ ).

Since we have (α/ε′) ∈ Kcyc
n , A2 is already a principal ideal on Kcyc

n . We have
[A] = 0 because p �= 2. This completes the proof. �

From now on throughout the book, we denote the Iwasawa algebra Zp[[Γcyc,K ]]
by Λcyc,K . When K is a CM-field which is of finite degree over Q, XKcyc

∞ is decom-

posed as XKcyc
∞ = X+

Kcyc
∞

⊕X−
Kcyc

∞
according to the eigenvalues ±1 of the action of

J . The following result is known for the Λcyc,K-module XKcyc
∞ .

Theorem 3.16. Let K be a CM-field which is of finite degree over Q. Then
X−

Kcyc
∞

has no nontrivial pseudo-null Λcyc,K-module.

Remark 3.17. Since X+
Kcyc

∞
is isomorphic to X(K+)cyc∞ , Conjecture 3.26 in the

next subsection predicts that X+
Kcyc

∞
is a pseudo-null Λcyc,K-module. The module

X+
Kcyc

∞
can be nonzero in general. However, we have Conjecture 3.25 in the next

subsection for a special case.

Proof of Theorem 3.16. In order to prove the theorem by contradiction,
we assume that X−

Kcyc
∞

has a nontrivial pseudo-null Λcyc,K -module. By assumption,

there exists a nonzero element x ∈ X−
Kcyc

∞
of order p. For each natural number n,

we denote by pn : X−
Kcyc

∞
−→ Cl(Kcyc

n )[p∞]− the natural projection map. For a

sufficiently large n, pn(x) ∈ Cl(Kcyc
n )[p∞]− is a nontrivial element of order p. On the

other hand, any sufficiently small open subgroup U ⊂ Γcyc,K acts nontrivially on x.
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Replacing n by a larger natural number if necessary, we may suppose that (Γcyc)
pn

acts nontrivially on pn(x). Let Nn+1,n : Cl(Kcyc
n+1)[p

∞]− −→ Cl(Kcyc
n )[p∞]− be

the norm map, in,n+1 : Cl(Kcyc
n )[p∞]− −→ Cl(Kcyc

n+1)[p
∞]− the map induced by the

inclusion map Kcyc
n ↪→ Kcyc

n+1. Then we have

in,n+1 ◦ pn(x) = in,n+1 ◦Nn+1,n ◦ pn+1(x) =
∑

g∈Γpn
cyc/Γ

pn+1
cyc

pn+1(x)
g.

Since (Γcyc)
pn

acts nontrivially on pn+1(x) by the assumption that n is sufficiently
large, we have in,n+1 ◦ pn(x) = pn+1(px) = 0. By Proposition 3.15, in,n+1 :
Cl(Kcyc

n )[p∞]− −→ Cl(Kcyc
n+1)[p

∞]− is injective. Hence, we have pn(x) = 0, which
is a contradiction to our assumption. This completes the proof. �

3.1.4. Some results and conjecture on ideal class groups of cyclo-
tomic fields. In this subsection, we present some known conjectures and results
on Iwasawa invariants.

As explained in Section 1.3, the “analogy between algebraic number fields and
function fields of one variable over a finite field” is an important philosophy in
number theory. Let us try to understand the meaning of Iwasawa invariants through
this philosophy. Let K be a function field of one variable over a finite field Fq of
characteristic p and C = CK/Fq a unique proper smooth algebraic curve whose
function field is K. The divisor class group ClC(Fq) is an analogue of the ideal class
group. Let us discuss the behavior of the �-power part of the divisor class group
ClC(F)[�∞] for a fixed prime � �= p when the field of constants F/Fq varies. Over the

algebraically closure Fq, we have an isomorphism ClC(Fq)[�
∞] ∼= (Q�/Z�)

⊕2g where

g = g(C) is the genus of C. For simplicity, we assume that ClC(Fq)[�] = ClC(Fq)[�]

replacing Fq by a sufficiently large finite extension. Since we have ClC(Fq)[�] ∼=
(Z/�Z)⊕2g, this implies that ClC(Fq)[�] ∼= (Z/�Z)⊕2g. Recall that Gal(Fq/Fq) ∼=
Z� ×

∏
�′ 
=�Z�′ . Let us recall the following facts whose proofs are left to the reader6.

(1) Let F be any intermediate field of the unique Z�′-extension of Fq where �′

is a prime different from �. Then ClC(F)[�∞] is isomorphic to ClC(Fq)[�
∞].

(2) There exists a constant ν ∈ Z such that we have #ClC(kn)[�
∞] = �2gn+ν

for any natural number n where kn is the n-th layer of the unique Z�-
extension of Fq.

We observe that, in the case of function fields, there appears no μ-invariant for the
growth formula of the order of the divisor class group #ClC(kn)[�

∞]. In the case of
algebraic number fields, we can give an example where the μ-invariant is nonzero
(see Remark 3.19).

The notion of a field of coefficients does not make sense in algebraic number
fields. Thus the extension of the field of coefficients which played an important role
in the case of function fields does not make sense in the case of algebraic number
fields. However an extension of the field of coefficients in the case of function fields
is also interpreted as an extension obtained by adjoining roots of unity. Hence, the
cyclotomic Zp-extension Kcyc

∞ /K of a finite algebraic number field K is a proper
analogue of the Z�-extension of a function field of one variable over a finite field Fq

obtained by the unique Z�-extension of Fq.

6We can apply the argument of the proof of Iwasawa class number formula given earlier by
replacing the role of XK∞ by the Pontrjagin dual of ClC(Fq)[
∞] and by replacing the role of a

topological generator γ ∈ Γ by that of a Frobenius element of the absolute group of F/Fq .
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The above philosophy saying that the cyclotomic Zp-extension is a proper ana-
logue of the extension of the field of constants of function fields justifies the following
conjecture.

Conjecture 3.18 (Iwasawa). Let K be a finite algebraic number field. Then
we have μ(Kcyc

∞ ) = 0 where Kcyc
∞ /K is the cyclotomic Zp-extension.

Remark 3.19. Iwasawa [52] shows that, for any natural numberm, there exists
a finite algebraic number field K and a Zp-extension K∞/K such that μ(K∞) ≥ m.
His example is based on the observation on the anti-cyclotomic Zp-extension of
an imaginary quadratic field explained below. Let M be an imaginary quadratic
field. There is a unique Zp-extension Mac

∞/M such that Mac
∞ is Galois over Q and

Gal(Mac
∞/Q) is not abelian7. This is called the anti-cyclotomic Zp-extension of

M . The anti-cyclotomic Zp-extension Mac
∞/M is also characterized as the unique

Zp-extension of M such that the n-th layer Mac
n of Mac

∞/M is Galois over Q and
Gal(Mac

n /Q) is a dihedral group of order 2pn for any natural number n. As shown
in [52, §2], any prime l �= p which is undecomposed in M/Q is totally decomposed
in Mac

∞/M . Now we take prime numbers l1, . . . , lm+3 which are unramified and
undecomposed in M and we set a = l1 · · · lm+3. We consider K = M( p

√
a) and we

define Kn to be KMac
n . For each i with 1 ≤ i ≤ m+3, li is totally decomposed into

pn ideals in Mac
n and all of them are ramified in the quadratic extension Kn/M

ac
n .

Since the genus theory implies that pmn#Cl(Mac
n )[p∞] |#Cl(Kn)[p

∞] , we conclude
that μ(K∞) ≥ m. For further detail of the argument, the reader is encouraged to
look into the article [52].

Iwasawa himself proved that Conjecture 3.18 holds true when K is a cyclic
extension of degree p (see [52, Theorem 3]). In general, the following theorem is
the strongest result which is known at the moment.

Theorem 3.20 (Ferrero–Washington). Let K be an abelian extension of Q.
Then, μ(Kcyc

∞ ) = 0 holds true.

Their method of the proof is not related directly to the study of ideal class
groups. In fact, the “principle of the analytic class number formula” which is given
in Theorem 3.74 assures that the validity of the vanishing μ(Kcyc

∞ ) = 0 for all abelian
fields K is equivalent to the validity of the vanishing of μ-invariants of analytic p-
adic L-functions for various Dirichlet characters. Hence, the precise statement of
the theorem of Ferrero–Washington concerns the μ-invariants of analytic p-adic
L-functions (see Theorem 3.60).

Let C = CK/Fq a unique proper smooth algebraic curve of a function field K
of one variable over a finite field Fq of characteristic p. For every prime � �= p,

�-adic Galois representations VC,� := (lim←−n
ClC(Fq)[p

n]) ⊗Z�
Q� associated to the

divisor class group ClC is known to be semi-simple as Q�[Gal(Fq/Fq)]-module. More
generally, an �-adic Galois representation obtained by a factor of étale cohomology
associated to a proper smooth variety over a field k which is finitely generated
over its prime field is expected to be semi-simple as Q�[Gal(k/k)]-module (Tate

7Since the Leopoldt conjecture holds true for imaginary quadratic fields, the Galois group

Gal(M̃∞/M) of the composite M̃∞ of Zp-extensions of M is a free Zp-module of rank two (see Re-

mark 2.8). Since the multiplicity of the eigenvalue −1 of the action of Gal(M/Q) on Gal(M̃∞/M)
is one, we cut out a Zp-extension Mac

∞/M such that the conjugate action of Gal(M/Q) on

Gal(Mac
∞/M) is nontrivial.
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conjecture). As an analogue of this philosophy for algebraic number fields, the
following conjecture is widely believed.

Conjecture 3.21 (Semi-simplicity conjecture). Let K be a finite algebraic
number field, Kcyc

∞ /K the cyclotomic Zp-extension of K. Then, the action of Γcyc,K

on the finite dimensional Qp-vector space XKcyc
∞ ⊗Zp

Qp should be semi-simple.

Remark 3.22. If we consider the action of the Galois group of a noncyclotomic
Zp-extension K∞/K on the finite dimensional Qp-vector space XK∞ ⊗Zp

Qp is not
true and some counter-examples are constructed.

When K/Q is abelian extension of Q, Conjecture 3.23 below is also believed.
Conjecture 3.23 is stronger than Conjecture 3.21 in the sense that Conjecture 3.23
implies Conjecture 3.21.

Conjecture 3.23 (Multiplicity one conjecture). Let K be a finite algebraic
number field which is an abelian extension of Q and let Kcyc

∞ /K be the cyclotomic
Zp-extension of K. Then, for each character η of Gal(K/Q), the characteristic
polynomial of the action of a topological generator of Γcyc,K on (XKcyc

∞ ⊗Zp
Qp)

η

has no double roots.

Recall that the Iwasawa λ-invariant of the Iwasawa module XK∞ associated to
the ideal class group over a Zp-extension of a finite algebraic number field K is an
analogue of the genus of the smooth proper curve over a finite field of characteristic
p. Thanks to this analogy, it will be a fruitful idea to look for its counterpart on
the study of Iwasawa λ-invariants each time we find an interesting mathematical
statement on the genus of smooth proper curves. As an example, we remember
the Riemann–Hurwitz formula which describes a relation between the genus g(C)
and the genus g(C ′) for a covering map C ′ � C of smooth proper curves8. When
we discuss an analogue of this formula on algebraic number fields, covering maps
of smooth proper curves over a finite field of characteristic p correspond to finite
extensions of algebraic number fields. Since extensions of prime-to-p degree of a
function field K of one variable over a finite field do not effect on the order of
the p-part of divisor class groups of the model of K, we restrict ourselves to the
case where K ′/K is a finite extension of p-power degree. Also, by Remark 3.17,
a meaningful invariant to study is the λ-invariant of the (−)-part of the Iwasawa
module associated to the ideal class group.

The theorem below is an Iwasawa theoretic analogue of the Riemann–Hurwitz
formula for algebraic curves, which is called the Riemann–Hurwitz formula (or
Kida’s formula).

Theorem 3.24 (Riemann–Hurwitz formula). Let K be a CM-field which is of
finite degree over Q. We consider a CM finite extension K ′ such that [K ′ : K] is a
power of p. Then

(1) We have μ(Kcyc
∞ ) = 0 if and only if μ(K ′

∞
cyc

) = 0.

8If the covering degree [C′ : C] is prime to the field of definition of the curves C and C′, the
Riemann–Hurwitz formula is known as the equality:

2g(C′)− 2 = [C′ : C](2g(C)− 2) +
∑
x∈C′

(ex − 1)

where ex is the ramification degree for each point x ∈ C′.
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(2) Suppose that μ(Kcyc
∞ ) = 0. Then the following formula holds true:

2λ(X−
K′

∞
cyc)− 2δK′

= [K ′
∞
cyc

: Kcyc
∞ ] (2λ(X−

Kcyc
∞

)− 2δK) +
∑
v′�p

v′
+: split at K′

∞
cyc

(e(v′/v)− 1).

Here, for each prime v′ of K ′
∞
cyc

, v′+ (resp. v) denotes its restriction to
(K ′

∞
cyc

)+ resp. Kcyc
∞ ) and e(v′/v) denotes the ramification index. Also,

δK′ (resp. δK) is defined to be 1 if ζp ∈ K ′ (resp. ζp ∈ K) and to be 0
otherwise9.

Theorem 3.24 was first obtained by Kida [63]. Kida’s original proof is based
on a calculation of #Cl(K ′

n
cyc

)−[p∞] and #Cl(Kcyc
n )−[p∞] by the genus theory.

He obtains the desired relation between λ(X−
K′

∞
cyc) and λ(X−

Kcyc
∞

) by observing the

approximative behavior of these orders when n goes to infinity (see Corollary 3.7).
Later, Iwasawa [54] gives a different proof of Theorem 3.24 based on the method
which studies the Gal(K ′

∞
cyc/Kcyc

∞ )-module X−
K′

∞
cyc by means of the theory of linear

representations of finite groups. Kuz’min [68] also obtains a similar result inde-
pendently by a method which is close to that of [54]. When K and K ′ are abelian
extensions of Q, by using the Iwasawa main conjecture (Theorem 3.66), Kida’s
formula (Theorem 3.24) is translated to “Kida’s formula for the analytic p-adic
L-function”, which is the same type of formula comparing the Iwasawa invariants
of the analytic p-adic L-function for K and the analytic p-adic L-function for K ′.
Gras and Sinnott prove the Kida’s formula for the analytic p-adic L-function, which
gives an analytic proof of Theorem 3.24 in this specific situation.

Up to this point, we presented some conjectures and results which are motivated
from the view point of the analogy between number fields and function fields. At the
end of this section, we also present some conjectures which do not have analogous
statements on the case of function fields case.

Conjecture 3.25 (Vandiver conjecture). Let K = Q(ζp)
+. Then, we have

XKcyc
∞ = 0.

Vandiver’s conjecture is verified numerically for a certain amount of primes.
However it is true that there are no reasons to support this conjecture other than
numerical experiments. We also have the conjecture below which concerns general
totally real finite algebraic number fields K. The conjecture below is an immediate
consequence of the Vandiver’s conjecture when K = Q(ζp)

+.

Conjecture 3.26 (Greenberg’s conjecture). Let K be a totally real finite al-
gebraic number field. Then we have λ(Kcyc

∞ ) = μ(Kcyc
∞ ) = 0. In other words, XKcyc

∞
is a finite abelian group.

This conjecture originates from a question on the existence of a totally real
finite algebraic number field K with λ(Kcyc

∞ ) = μ(Kcyc
∞ ) > 0 as is discussed in the

end of §11 of a celebrated paper [53] by Iwasawa. This problem was proposed for the
theme of the PhD thesis of Ralph Greenberg by his thesis advisor Iwasawa. Since
this problem was discussed in the first page of Greenberg’s paper [33], which was
based on his PhD thesis, the problem is finally now known as a conjecture which

9Since [K′ : K] is a power of p, we have δK′ = δK .
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insists the nonexistence of such a totally real field. When K is a real quadratic
field, various active attempts on this conjecture were done to give some criteria to
check the validity of the conjecture or some numerical examples. However we have
not yet proved the conjecture even for real quadratic fields and we do not find any
counter-examples.

3.2. Analytic aspect (p-adic L-function)

As before, we set Γcyc = Gal(Q∞/Q) and we denote by O the ring of integers
of a finite extension of Qp. Throughout the book, we will denote by Λcyc,O the
Iwasawa algebra O[[Γcyc]] (we will denote Λcyc,Zp

by Λcyc for short). The aim of
§3.2 is to construct a p-adic L-function in Λcyc,O which interpolates the special
values at negative integers of a Dirichlet L-function in Theorem 3.30. For Theorem
3.30, we will give two different proofs, the one by Iwasawa’s construction based on
Stickelberger element (see §3.2.3) and the one by Coleman’s construction based on
cyclotomic units (see §3.2.4).

3.2.1. Main statement on analytic p-adic L-function.

Definition 3.27. (1) Let M be a natural number. A map η : Z −→ C is
called a Dirichlet character modulo M if the following conditions hold:
(a) For a, b ∈ Z satisfying a ≡ b mod M , we have η(a) = η(b).
(b) For any a, b ∈ Z, we have η(ab) = η(a)η(b).
(c) We have η(a) �= 0 if and only if (a,M) = 1.

(2) Let η′ be a Dirichlet character modulo N and M a natural number divis-
ible by N . Then a map η defined by

η(a) =

{
η′(a) when (a,M) = 1,

0 when (a,M) �= 1,

is a Dirichlet character modulo N . Then we say that the character η is
induced from η′.

(3) Let η be a Dirichlet character modulo M . If η is not induced from any
other Dirichlet character η′ modulo N with N < M , η is called a prim-
itive Dirichlet character and M is called the conductor of η. If η is
a nonprimitive Dirichlet character, there is a unique primitive character
η0 which induces the character η. We call the conductor N0 of η0 the
conductor of η.

(4) We define the trivial Dirichlet character 1 to be the map 1 : Z −→ C
defined by 1(a) = 1 for any a ∈ Z.

Remark 3.28. Recall that there is a canonical isomorphism Gal(Q(μM )/Q)
∼−→

(Z/MZ)× for any natural number M (see Proposition 2.1 for the proof of the case
M = pn and Remark 2.2 for the general case). Through this isomorphism, we have
a natural identification as follows:

{Dirichlet characters modulo M} ∼←→{characters of Gal(Q(μM )/Q) valued in C×}.

When η and η′ are Dirichlet characters modulo M , the product ηη′ is defined
by setting (ηη′)(a) = η(a)η′(a). With this product, the set of Dirichlet charac-
ters modulo M naturally becomes an abelian group whose identity element is the
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Dirichlet character 1N defined by

1N (a) =

{
1 when (a,N) = 1,

0 when (a,N) �= 1.

We would also like to consider the product ηη′ when η and η′ are primitive Dirichlet
characters modulo different natural numbers M and M ′ respectively. However, the
natural product ηη′ defined in the same way as the above product is naturally a
Dirichlet character defined modulo LCM(M,M ′) but not necessarily primitive even
if η and η′ are primitive. In order to give a structure of an abelian group on the
set of all primitive characters, we recall the following lemma.

Lemma 3.29. Suppose that η1 (resp. η2) is a Dirichlet character modulo M1

(resp. M2). Take a natural number M which is a multiple of both M1 and M2.
If the Dirichlet character modulo M induced from η1 coincides with the Dirichlet
character modulo M induced from η2, there exists a unique Dirichlet character η0
modulo GCD(M1,M2) such that η1 and η2 are both induced from η0.

For primitive Dirichlet characters η and η′ whose conductors M and M ′ are
not necessarily equal, we first consider the product η̃η̃′ of Dirichlet characters η̃ and

η̃′ defined modulo LCM(M,M ′) induced by η and η′. Then we define a product

of η and η′ to be the primitive Dirichlet character associated to η̃η̃′. Lemma 3.29
assures that this product gives a well-defined structure of a group on the set of all
primitive Dirichlet characters. The verification of this fact is left to the reader as
an exercise.

From now on, we only consider primitive characters and the product between
two primitive Dirichlet characters are taken in the above manner. When η is a prim-
itive Dirichlet character, we define the Dirichlet L-function L(η, s) by the following
Dirichlet series

L(η, s) =
∞∑

n=1

η(n)

ns

which is also equal to the following Euler product10:

L(η, s) =
∏

�:prime

(1− η(�)�−s)−1

in its domain of absolute convergence Re(s) > 1. When η �= 1, this series is conver-
gent at Re(s) > 0. As is proved later in Theorem 3.36, L(η, s) is meromorphically
continued to the whole C-plane (see [80, Chap. VII Theorem (2.8)] for example).
When η �= 1 is holomorpihc at the whole C-plane. When η = 1, L(1, s) coincides
with the Riemann’s zeta function ζ(s). The function ζ(s) has a simple pole at
s = 1 and it is holomorphic for s �= 1. As we will show in Theorem 3.36, we have
L(η, j) ∈ Q for any Dirichlet character η and for any integer j ≤ 0.

From now on throughout the book, for a Dirichlet character ψ, we denote by
Zp[ψ] the subring of Qp obtained by adjoining the values of ψ to Zp and we denote
by Λcyc,ψ the Iwasawa algebra Zp[ψ][[Γcyc]]. Note that Λcyc,1 is nothing but Λcyc.

10In fact, we can define L(η, s) for any non primitive Dirichlet character η modulo M in the
same way as above. However, L(η, s) can be obtained from L(η0, s) by removing Euler factors at
primes 
 dividing M and not dividing M0. Thus, essentially, it will be sufficient to study the case
of primitive Dirichlet characters.
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We now state the following theorem obtained by Kubota–Leopoldt, Iwasawa,
Coleman et al11.

Theorem 3.30 (Kubota–Leopoldt, Iwasawa, Coleman et al). Let ψ be a prim-
itive Dirichlet character of conductor Npe where N is a natural number prime to p
and e is an integer which is equal to 0 or 1. We assume that ψ is an even Dirichlet
character (i.e. ψ(−1) = 1)12. Then, there exists a unique element

Lp(ψ) ∈

⎧⎨⎩Λcyc,ψ when ψ �= 1,
1

γ − κcyc(γ)
Λcyc when ψ = 1,

which satisfies the following equality:

(3.7) κ1−r
cyc φ(Lp(ψ)) =

(
1− (ψω−rφ−1)(p)

p1−r

)
L(ψω−rφ−1, 1− r)

for any integer r ≥ 1 and for any Q
×
p -valued character φ of Γcyc of finite order

such that r �= 1 or φ �= 1 if ψ = 113. Here, γ is a topological generator of Γcyc and
we note that the module 1

γ−κcyc(γ)
Λcyc is independent of the choice of a topological

generator γ of Γcyc.

As we commented at the beginning of §3.2, we give some necessary preparations
at §3.2.2 and at the beginning of §3.2.3. Then we give a proof of Theorem 3.30 at
the end of §3.2.3 and another proof at the end of §3.2.4.

Remark 3.31. Let us choose a topological generator γ of Γcyc so that κcyc(γ) =

1 + p and we fix an isomorphism Λcyc,ψ
∼→ Zp[ψ][[T ]], γ �→ 1 + T . Note that we

have the following commutative diagram:

Λcyc,ψ

γ 
→κr
cyc(γ)−−−−−−−→ Zp[ψ]⏐⏐� ∥∥∥

Zp[ψ][[T ]] −−−−−−−−−→
T 
→(1+p)r−1

Zp[ψ].

Lemma 3.32. Let A(T ) ∈ Zp[ψ][[T ]]. Then, we have

A(T )|T=(1+p)r−1 ≡ A(T )|T=(1+p)r′−1 mod pn+1

for r ≡ r′ mod pn.

11The result by Kubota–Leopoldt is the oldest, but the one constructed by Kubota–Leopoldt

is not an element of Iwasawa algebra and it can not interpolate the specialization by finite char-
acters φ as stated in Theorem 3.30 below (see Remark 3.33 (1) for more precise explanations).

12When ψ is an odd Dirichlet character (i.e. ψ(−1) = −1), the values in the right-hand side

of (3.7) is zero for any φ and for any r. Thus, by the identity theorem (Proposition 2.21), an
element Lp(ψ) satisfying the interpolation property (3.7) must be zero. For a Dirichlet character
ψ′ whose conductor is divisible by p2, we get an element Lp(ψ′) with desired interpolation by
modifying Lp(ψ) for ψ whose conductor is not divisible by p2. Hence, the restriction on the

conductor of ψ is not essential.
13Let us denote by (Γcyc)p

n−1
the kernel of φ. Then, Γcyc/(Γcyc)p

n−1
is a quotient of

Gal(Q(μpn )/Q) which is canonically identified with (Z/pnZ)× by the class field theory. We thus

regard φ as a primitive Dirichlet character of conductor pn.
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Proof. By the binomial expansion, ((1+p)r−1)−((1+p)r
′−1) is divisible by

pn+1 if r−r′ is divisible by pn. Hence, for any i ≥ 0, ((1+p)r−1)i−((1+p)r
′−1)i is

divisible by pn+1 if r−r′ is divisible by pn. This implies the desired conclusion. �

By the interpolation property of Lp(ψ) given in Theorem 3.30 combined with
Remark 3.31 and Lemma 3.32, we have(

1− (ψω−r)(p)

p1−r

)
L(ψω−r, 1− r)(3.8)

≡
(
1− (ψω−r′)(p)

p1−r′

)
L(ψω−r′ , 1− r′) mod pn+1

for any positive integers r, r′ such that r ≡ r′ mod pn.

Remark 3.33. (1) As we will prove in Theorem 3.36, special values of
Dirichlet L-functions are expressed by using generalized Bernoulli num-
bers. By Theorem 3.36 and the equation (3.8), we have(

1− (ψω−r)(p)

p1−r

)
Br,ψω−r

r
(3.9)

≡
(
1− (ψω−r′)(p)

p1−r′

)
Br′,ψω−r′

r′
mod pn+1

for any positive integers r, r′ such that r ≡ r′ mod pn. Such p-adic con-
gruence relations between Bernoulli numbers go back to Kummer. Con-
versely, such p-adic congruence relations allow us to construct a p-adic
L-function. In fact, it was Kubota–Leopoldt [65] who constructed a p-
adic L-function first through the study of p-adic congruence relations of
Bernoulli numbers. However, p-adic L-functions obtained in [65] is not
exactly the same object as that of Theorem 3.30. In fact, [65] proves that,
for each character φ, there exists a p-adic analytic function f(ψφ, s) for
variable s ∈ Cp (contained in a certain domain of convergence) satisfying

f(ψφ, 1− r) =
(
1− (ψφω−r)(p)

p1−r

)
L(ψφω−r, 1− r)

for any integer r ≥ 1. If we assume the existence of Lp(ψ) ∈ Λcyc,ψ

stated in Theorem 3.30, we obtain f(ψφ, s) for each character φ by setting
f(ψφ, s) = χs

cycφ
−1(Lp(ψ)). On the other hand, it is not possible to obtain

Lp(ψ) ∈ Λcyc,ψ assuming the existence of f(ψφ, s) for every character φ.
In this sense, Theorem 3.30 is stronger than the original result of Kubota–
Leopoldt [65].

(2) In order to formulate the Iwasawa main conjecture, it is convenient to for-
mulate a p-adic L-function as an element of Iwasawa algebra. Especially,
if our setting is generalized to “Iwasawa theory of p-adic Galois deforma-
tions” discussed in Part III of the book, the language of the characteristic
ideal and the Iwasawa algebra is more appropriate to discuss the Iwasawa
main conjecture. Also, the formulation of the p-adic L-function Lp(ψ) as
an element of Iwasawa algebra allows us to specialize at finite characters
φ. For these reasons, throughout the book, we do not take the formulation
of a p-adic L-functions as a p-adic analytic function on a certain p-adic



60 3. CYCLOTOMIC IWASAWA THEORY FOR IDEAL CLASS GROUPS

domain as in Kubota–Leopoldt [65], but we only take the formulation of
a p-adic L-function as an element of an Iwasawa algebra.

(3) As for Lp(ψ) in Theorem 3.30, we have (γ − κcyc(γ))Lp(1) ∈ Λ×
cyc when

ψ = 1. We will verify this by the interpolation property. In fact, since
the numerator of L(ω−1, 0) = 1

p

∑p
a=1ω

−1(a)a is a p-adic unit, we have

|1(Lp(1))|p = |L(ω−1, 0)|p =

∣∣∣∣1p
∣∣∣∣
p

.

On the other hand, we have

|1(γ − κcyc(γ))|p = |1− κcyc(γ)|p = |p|p.
Hence, we have |1(γ−κcyc(γ)Lp(1))|p = 1, which implies (γ−κcyc(γ))Lp(1)
∈ Λ×

cyc.

3.2.2. Bernoulli number and special values of Dirichlet L-function.
Let us recall some basics on Bernoulli numbers and on special values of Dirichlet
L-functions.

Definition 3.34. For each nonnegative integer r, we define the r-th Bernoulli
number Br to be the constant term of r-th derivative of z

ez−1 . That is, they are
rational numbers satisfying

z

ez − 1
=

∞∑
r=0

Br
zr

r!
.

Similarly, for a Dirichlet character η of conductor N and for each nonnegative
integer r, the r-th generalized Bernoulli number Br,η is defined to be an algebraic
number satisfying

(3.10) fη(z) :=

N∑
i=1

η(i)zeiz

eNz − 1
=

∞∑
r=0

Br,η
zr

r!
.

Remark 3.35. (1) When η is equal to the trivial Dirichlet character
1, we have

N∑
i=1

η(i)zeiz

eNz − 1
=

zez

ez − 1
=

z

ez − 1
+ z.

This equality implies that we have Br,1 = Br for r ≥ 2. Hence, we can
say that generalized Bernoulli numbers Br,η are natural generalizations of
usual Bernoulli numbers Br.
(2) We see that fη(−z) = η(−1)fη(z) from the definition of fη(z). By
observing the right-and side of (3.10), we have Br,η = 0 if (−1)r �= η(−1).

Let us recall the following expression of the special values of Dirichlet L-
functions, which is used essentially in the construction of the p-adic L-function
Lp(ψ).

Theorem 3.36. For any primitive Dirichlet character η, L(η, s) is meromor-
phically continued to the whole C-plane. Moreover, L(η, s) is is holomorpihc at the
whole C-plane if η �= 1. For any integer r ≥ 1 and for any primitive Dirichlet

character η satisfying η(−1) = (−1)r, we have L(η, 1− r) = −Br,η

r .
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Proof. Let logz be a branch of the logaritmic function on the complex plane
C with the branch cut on R>0. We consider a path Sε in C on which z ∈ C moves
as indicated in the image below, along P+

ε , Cε, and P−
ε

where

P+
ε : the path (+∞, ε) on the upper branch,

−→ Cε: the anticlockwise path along the circle of radius ε centered at z = 0,

−→ P−
ε : the path (ε,+∞) on the lower branch.

Let s ∈ C and let us assume that Re(s) > 1 for the moment. Then, we have
lim
ε→0

∫
Cε

fη(z)z
s−2dz = 0 since fη(z)z

s−2 as no pole at z = 0 as a function on z.

This implies that lim
ε→0

∫
Sε

fη(z)z
s−2dz = lim

ε→0

∫
P+

ε +P−
ε
fη(z)z

s−2dz. Note that∫ ∞

0

zs−1e−(Nn−i)zdz =
1

(Nn− i)s

∫ ∞

0

((Nn− i)z)s−1e−(Nn−i)zd((Nn− i)z)

= Γ(s)
1

(Nn− i)s
,

and recall that we have

N∑
i=1

∞∑
n=1

η(−i)

(Nn− i)s
= L(η, s)

for Re(s) > 1. Hence, we have

lim
ε→0

∫
Sε

fη(z)z
s−2dz = (e2π

√
−1s − 1)

∫ ∞

0

N∑
i=1

η(i)zs−1eiz

eNz − 1
dz

= (−1)r(e2π
√
−1s − 1)

N∑
i=1

η(−i)

∫ ∞

0

∞∑
n=1

zs−1e−(Nn−i)zdz

= (−1)r(e2π
√
−1s − 1)Γ(s)L(η, s),

where N is the conductor of η and the infinite sum and the integral in the second
line is checked to be exchanged. Since L(η, s) is meromorphically continued to the
whole C-plane, we have the following equality when s moves in the whole C-plane
by the identity theorem:

(3.11) lim
ε→0

∫
Sε

fη(z)z
s−2dz = (−1)r(e2π

√
−1s − 1)Γ(s)L(η, s).
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Let us evaluate the equality (3.11) at s = 1− r where r is a positive integer. Since

e2π
√
−1s = 1 at s = 1− r, we have

lim
ε→0

∫
Sε

fη(z)z
s−2dz = lim

ε→0

∫
Cε

fη(z)z
s−2dz.

Applying Cauchy’s residue theorem, we have

(3.12)

∫
Cε

fη(z)z
1−r−2dz =

Br,η

r!
× 2π

√
−1.

We also recall that Γ(s) has a simple pole at s = 1− r with residue (−1)r−1

(r−1)! . Hence,

we have

(3.13) lim
s→1−r

(e2π
√
−1s − 1)Γ(s) = (−1)r−1 2π

√
−1

(r − 1)!
.

We complete the proof by putting (3.11), (3.12), (3.13) altogether. �

For the later use, we will formulate a result of Theorem 3.36 in a different way
as follows.

Corollary 3.37. For any natural number r ≥ 1 and for any Dirichlet char-
acter η satisfying η(−1) = (−1)r, we have

L(η, 1− r) = −1

r

(
d

dz

)r

fη(z)

∣∣∣∣
z=0

,

where fη is as defined in (3.10).

Proof. We have
(

d
dz

)r
fη(z)

∣∣∣
z=0

= Br,η by the equation (3.10). This implies

Theorem 3.36 immediately and we complete the proof. �

3.2.3. Construction of p-adic L-function à la Iwasawa. Inspired by the
work of Kubota–Leopoldt [65], Iwasawa [50] gave a very clear construction of the
p-adic L-function of Theorem 3.30 by using Stickelberger elements (see also a book
[51] by Iwasawa for this construction).

Let N be a natural number such that (N, p) = 1. Throughout Section 3.2.3,
we put Γn = Γcyc/(Γcyc)

pn

, qn = Npn+1 and c = 1 + Np. By ψ, we will denote
a primitive Dirichlet character of conductor Npe (e = 0 or e = 1). We denote by

κcyc,n : Γn
∼−→ (1 + pZp)/(1 + pnZp) the restriction of the isomorphism χcyc,n :

Gal(Q(μpn)/Q)
∼−→ (Z/pnZ)× to the p-Sylow subgroup.

Definition 3.38. We define an element Ξn(ψ) ∈ Q[ψω−1][Γn] to be

Ξn(ψ) = − 1

qn

∑
0<i<qn
(i,Np)=1

〈i〉ψ(i)γn(i)−1

= − 1

qn

∑
0<i<qn
(i,Np)=1

i(ψω−1)(i)γn(i)
−1,
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where 〈 〉 denotes the projection map 〈 〉 : Z×
p � 1 + pZp to the pro-p part and

γn(i) ∈ Γn denotes the inverse image of 〈i〉 mod pn ∈ (1 + pZp)/(1 + pnZp) via the

isomorphism κcyc,n : Γn
∼−→ (1+pZp)/(1+pnZp). We call Ξn(ψ) a Stickelberger

element14.

Note that we have Q[ψω−1][Γn] ⊂ Qp[ψ][Γn] since the values of ω are contained
in Qp. Later we will regard Ξn(ψ) as an element of Qp[ψ][Γn].

Lemma 3.39. Let ψ, N and e be as we set at the beginning of this subsection.

(1) We have (γn(c)− c) Ξn(ψ) ∈ Z[ψω−1][Γn].
(2) We have Ξn(ψ) ∈ Z[ψω−1][Γn] for ψ �= 1.
(3) When ψ(−1) = 1, Ξn+1(ψ) is mapped to Ξn(ψ) via the natural ring homo-

morphism Q[ψω−1][Γn+1] −→ Q[ψω−1][Γn] induced by the quotient map
Γn+1 � Γn.

Proof. (1) Since γn(c) ∈ Γn ⊂ Z[ψω−1][Γn]
×, it suffices to show that

(3.14) (1− cγn(c)
−1) · Ξn(ψ) ∈ Z[ψω−1][Γn].

Since (ψω−1)(c) = 1 by the choice of c, we have

(1− cγn(c)
−1) · Ξn(ψ)

=
1

qn

∑
0<i<qn
(i,Np)=1

ic(ψω−1)(ic)γn(ic)
−1 − 1

qn

∑
0<i<qn
(i,Np)=1

iψω−1(i)γn(i)
−1.

For each integer i satisfying 0 < i < qn and (i, Np) = 1, we denote by s
(n)
i and t

(n)
i

unique integers satisfying ic = s
(n)
i + qnt

(n)
i , 0 < s

(n)
i < qn and (s

(n)
i , Np) = 1. This

correspondence gives us a bijection:

(3.15) {0 < i < qn| (i, Np) = 1} −→
{
0 < s

(n)
i < qn

∣∣∣(s(n)i , Np) = 1
}
.

This fact combined with the above calculation implies

(3.16) (1− cγn(c)
−1) · Ξn(ψ) =

∑
0<i<qn
(i,Np)=1

t
(n)
i ψω−1(ic)γn(ic)

−1.

Since the right-hand side of (3.16) is an element of Z[ψω−1][Γn], we complete the
proof of the assertion (1).

(2) By putting ΔNp = (Z/NpZ)×, we have (Z/qnZ)× ∼= ΔNp × Γn. For each
integer i satisfying (i, Np) = 1, we denote by δ(i) ∈ ΔNp the image via Z −→
Z/NpZ. We remark that, for integers i, i′ satisfying 0 < i, i′ < qn, we have γn(i) =
γn(i

′) in Γn if and only if we have 〈i〉 ≡ 〈i′〉 mod qn in Zp. We can also check that
we have 〈i〉 ≡ 〈i′〉 mod qn in Zp in and only if we have iω−1(i) ≡ i′ω−1(i′) mod qn

14Recall that we are assuming that the fixed prime number p is odd for simplicity throughout
the book. The construction in the case p = 2 works in the same way except that we need some
minor modifications. See [51], [117, §7.2] for the precise statement for p = 2.
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in Z[ψ][ω]. Thus we have

qnΞn(ψ) = −
∑

0<i<qn
(i,Np)=1

〈i〉ψ(i)γn(i)−1

≡ −

⎛⎜⎜⎝∑
γ∈Γn

∑
0<i<qn
γn(i)=γ

ψ(i)

⎞⎟⎟⎠
⎛⎜⎜⎝ ∑

δ∈ΔNp

∑
0<i<qn
δ(i)=δ

iω−1(i)γn(i)
−1

⎞⎟⎟⎠ mod qn.

By the assumption ψ �= 1, we have
∑

0<i<qn,γn(i)=γψ(i) = 0, which implies Ξn(ψ) ∈
Zp[ψω

−1][Γn] and complete the proof of the assertion (2).
(3) Note that the inverse image of the element γn(i) ∈ Γn via the surjec-

tion Γn+1 � Γn is equal to the set {γn+1(i + jqn)}0≤j≤p−1. Hence, the image
of Ξn+1(ψ) ∈ Q[ψω−1][Γn+1] via the surjection Q[ψω−1][Γn+1] � Q[ψω−1][Γn] is
equal to

− 1

qn+1

p−1∑
j=0

∑
0<i<qn
(i,Np)=1

(i+ jqn)ψω
−1(i)γn(i)

−1

= Ξn(ψ)−
1

qn+1

p−1∑
j=0

∑
0<i<qn
(i,Np)=1

jqnψω
−1(i)γn(i)

−1

= Ξn(ψ)−
1

p

p(p− 1)

2

∑
0<i<qn
(i,Np)=1

ψω−1(i)γn(i)
−1.

By the assumption that ψ is a even character, ψω−1 is an odd character. Hence, we
have (ψω−1)(i) = −(ψω−1)(qn− i). On the other hand, we have γn(i) = γn(qn− i).
This implies that the second term of the last line of the above calculation is equal
to 0. We thus complete the proof of the assertion (3). �

Lemma 3.40. Let r be a positive integer, η a primitive Dirichlet character such
that η(−1) = (−1)r. We assume that the conductor of η is of the form Nps with s a
nonnegative integer where N is a positive integer prime to p and s is a nonnegative
integer. Then we have the following equality in Qp[η]:

lim
n→∞

1

qn

∑
0<i<qn
(i,Np)=1

η(i)ir = (1− η(p)pr−1)Br,η.

Proof. For each nonnegative integer r, we define the Bernoulli polynomial
Br(X) ∈ Q[X] as follows:

(3.17)
zeXz

ez − 1
=

∞∑
r=0

Br(X)
zr

r!
.

We have Br(1) = Br for every r ≥ 2. If the conductor N of a Dirichlet character η
divides a natural number M , we claim the equality

(3.18) Br,η = Mr−1
M∑
i=1

η(i)Br

(
i

M

)
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in Q[η] for every nonnegative integer r. In fact, if we substitute X = i
M , z = Mz

in (3.17) and we multiply it by η(i) on the left-hand side and the right-hand side,
we obtain

η(i)zeiz

eMz − 1
= η(i)

∞∑
r=0

Br

(
i

M

)
Mr−1zr

r!

for each i. If we add them for i = 1, . . . ,M , we obtain

M∑
i=1

η(i)zeiz

eMz − 1
=

M∑
i=1

η(i)

∞∑
r=0

Br

(
i

M

)
Mr−1zr

r!

in Q[η][[z]]. Since Br,η is the coefficient of zr

r! in the left-hand side of the above

equality, (3.18) follows by comparing the coefficients of zr

r! in the both sides. On

the other hand, note that we have z
ez−1 =

∑∞
r=0Br

zr

r! and eXz =
∑∞

r=0X
r zr

r! in the

left-hand side of (3.17). By comparing the coefficient of zr

r! in both sides of (3.17),
we have

(3.19) Br(X) =

r∑
j=0

(
r

j

)
BjX

r−j.

By combining (3.18) and (3.19), we obtain

Br,η = Mr−1
M∑
i=1

η(i)

(
ir

Mr
B0 + r

ir−1

Mr−1
B1 +

r(r − 1)

2

ir−2

Mr−2
B2 + · · ·

)
.

Recall that the theorem of von Staudt and Clausen stated in §1.2 says that the prime
number p divides the denominator of Bernoulli number Bj at most once for every j.
Recall that Cond(η) is of the form Nps and we have n ≥ s and qn := M = Npn+1.
Hence, we have the following congruence

(3.20) Br,η ≡
qn∑
i=1

η(i)

(
ir

qn
− rir−1

)
mod

qn
p

in Z[η]. Since η(−1) = (−1)r, we have

η(i)ir−1 ≡ −η(qn − i)(qn − i)r−1 mod qn

and hence,
qn∑
i=1

η(i)ir−1 ≡ 0 mod qn.

This implies that the contribution of the second term of (3.20) is zero and we have
deduced

Br,η ≡ 1

qn

qn∑
i=1

η(i)ir mod
qn
p
.

By multiplying 1− η(p)pr−1 on both sides, we obtain

(3.21) (1− η(p)pr−1)Br,η ≡ 1

qn

(
qn∑
i=1

η(i)ir −
qn−1∑
i=1

η(pi)(pi)r

)
mod

qn
p
.

Taking the projective limit with respect to n of this equality, we complete the
desired equation. in Qp[η]. �
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Let us return to the proof of Theorem 3.30.

Proof of Theorem 3.30. Let us define Lp(ψ) to be

(3.22) Lp(ψ) = lim←−
n

Ξn(ψ).

By Lemma 3.39, we have

Lp(ψ) ∈

⎧⎨⎩Λcyc,ψ when ψ �= 1,
1

γ − κcyc(γ)
Λcyc when ψ = 1.

We will show that Lp(ψ) satisfies the desired interpolation property (3.7). Let φ
be a finite order character of Γcyc. Further, when we have r = 1 and ψ = 1, we

assume that φ �= 1. Let us calculate the value (κ1−r
cyc φ)(Lp(ψ)). Let s

(n)
i , t

(n)
i be the

symbols which appeared in the proof of Lemma 3.39 and let us define γ(c) ∈ Γcyc

to be γ(c) = lim←−n
γn(c) for c = 1 +Np. By (3.16) and (3.22), we have

(3.23) κ1−r
cyc φ

(
(1− cγ(c)−1)Lp(ψ)

)
≡

∑
0<i<qn
(i,Np)=1

t
(n)
i ψω−rφ−1(ic)(ic)r−1 mod qn.

On the other hand, for any integer satisfying 0 < i < qn and (i, Np) = 1, we have

(3.24) (ic)r = (s
(n)
i + t

(n)
i qn)

r ≡ (s
(n)
i )r + r(ic)r−1t

(n)
i qn mod q2n.

Hence, we have

rqnκ
1−r
cyc φ

(
(1− cγ(c)−1)Lp(ψ)

)
≡

∑
0<i<qn
(i,Np)=1

r(ic)r−1t
(n)
i qnψω

−rφ−1(ic) mod q2n

≡
∑

0<i<qn
(i,Np)=1

(
(ic)r − (s

(n)
i )r

)
ψω−rφ−1(ic) mod q2n

≡ ψω−rφ−1(c)cr
∑

0<i<qn
(i,Np)=1

ψω−rφ−1(i)ir

−
∑

0<i<qn
(i,Np)=1

ψω−rφ−1(s
(n)
i )(s

(n)
i )r mod q2n

≡ −(1− ψω−rφ−1(c)cr)
∑

0<i<qn
(i,Np)=1

ψω−rφ−1(i)ir mod q2n.

Here, the first congruence is nothing but (3.23) multiplied by rqn on both sides. The
second congruence follows from (3.24). For the third congruence, we note that we

have ψω−rφ−1(ic) = ψω−rφ−1(s
(n)
i ) since ic ≡ s

(n)
i mod qn. The last congruence

follows from the bijectivity of (3.15).
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By dividing both sides of the above congruence by rqnκ
1−r
cyc φ(1 − cγ(c)−1) =

rqn(1− ψω−rφ−1(c)cr) 15, we obtain the following congruence

(κ1−r
cyc φ)(Lp(ψ)) ≡ −1

r

1

qn

∑
0<i<qn
(i,Np)=1

ψω−rφ−1(i)ir mod
qn
r
.

By taking the limit n → ∞ of this congruence, we deduce the following equality in
Qp for any integer r ≥ 1 and for any finite order character φ of Γcyc:

(κ1−r
cyc φ)(Lp(ψ)) = −(1− ψω−rφ−1(p)pr−1)

1

r
Br,ψω−rφ−1

= (1− ψω−rφ−1(p)pr−1)L(ψω−rφ−1, 1− r).

Here, we note that the first equality is obtained by applying Lemma 3.40 for η =
ψω−rφ−1 and the second equality is obtained by applying Theorem 3.36 for the
same character η. This completes the proof of Theorem 3.30. �

3.2.4. Construction of p-adic L-function à la Coleman. In this subsec-
tion, we will obtain another proof of Theorem 3.30 and construct p-adic L-functions
Lp(ψ) by applying the theory of Coleman map to the system of cyclotomic units.
This another construction is important because this method leads to the proof of
the Iwasawa main conjecture using the Euler system of cyclotomic units (see §3.3.3).
We also remark that the method of proving the Iwasawa main conjecture by the
theory of Euler system and the theory of Coleman map is quite valid when we study
the Iwasawa main conjecture for more general Galois deformations. We will discuss
this in the second volume of the book.

Let N be a natural number such that (N, p) = 1 and let us put ΔN =
Gal(Q(ζN )/Q), Δp = Gal(Q(ζp)/Q). Note that we have Gal(Q(ζNpn+1)/Q) ∼=
ΔN ×Δp × Γcyc/(Γcyc)

pn

as well as the following ring isomorphism:

(3.25) Z[ζN ]⊗Z Zp
∼=
∏
p|(p)

Ẑ[ζN ]
p
,

where p runs through the primes of Z[ζN ] over p and Ẑ[ζN ]
p
denotes the completion

of Z[ζN ] at p. The group ΔN acts on (3.25) and both sides are free Zp[ΔN ]-modules
of rank one. On the other hand, we have the following ring isomorphism:

(3.26) Z[ζpn+1 ]⊗Z Zp
∼= Zp[ζpn+1 ].

The group Δp×Γcyc/(Γcyc)
pn

acts on (3.26), but these modules are not free Zp[Δp×
Γcyc/(Γcyc)

pn

]-modules in general. In fact, they are free Zp[Δp × Γcyc/(Γcyc)
pn

]-
modules only when n = 0 (tamely ramified case).

Recall that ωn(Z) = (1 + Z)p
n − 1 and we have an isomorphism

(3.27)
∏
p|(p)

Ẑ[ζN ]
p
[[Z]]/(ωn(Z)) =

∏
p|(p)

Ẑ[ζN ]
p
[Cpn ],

where Cpn is a cyclic group of order pn generated by 1+Z with Z := Z mod ωn(Z).

Let [a]n :
∏

p|(p)Ẑ[ζN ]
p
[Cpn ] −→

∏
p|(p)Ẑ[ζN ]

p
[Cpn ] be the

∏
p|(p)Ẑ[ζN ]

p
-linear en-

domorphism of the group ring
∏

p|(p)Ẑ[ζN ]
p
[Cpn ] extending the group morphism

Cpn −→ Cpn , g �→ ga. Let Gcyc := Δp × Γcyc.

15Note that we have ψ(c) = 1 and ω(c) = 1 since c = 1 +Np.
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Below, we define some important operators16.

Definition 3.41. (1) For any a ∈ Zp, we define [a] :
∏

p|(p)Ẑ[ζN ]
p
[[Z]]−→∏

p|(p)Ẑ[ζN ]
p
[[Z]] to be the endomorphism obtained as the projective limit

of [a]n defined above. Here we recall that we have
∏

p|(p)Ẑ[ζN ]
p
[[Z]] =

lim←−n

∏
p|(p)Ẑ[ζN ]

p
[[Z]]/(ωn(Z)). The map [a] is an injective

∏
p|(p)Ẑ[ζN ]

p
-

linear map which sends Z to (1 + Z)a − 1.

(2) Let σ be the map on the coefficient ring
∏

p|(p)Ẑ[ζN ]
p
−→

∏
p|(p)Ẑ[ζN ]

p

which sends x⊗1 ∈ Z[ζN ]⊗ZZp
∼=
∏

p|(p)Ẑ[ζN ]
p
to frobp(x)⊗1 where frobp

is the p-th power frobenius element in ΔN . We define ϕ :
∏

p|(p)Ẑ[ζN ]
p
[[Z]]

−→
∏

p|(p)Ẑ[ζN ]
p
[[Z]] to be ϕ = σ ◦ [p] = [p] ◦ σ 17.

(3) We define a
∏

p|(p)Ẑ[ζN ]
p
-linear action of the group Gcyc on∏

p|(p)Ẑ[ζN ]
p
[[Z]] by setting g · (1 + Z) = (1 + Z)χcyc(g) for g ∈ Gcyc.

By the operator σ defined above, this action is extended to a
∏

p|(p)Ẑ[ζN ]
p
-

semilinear action of the group ΔN×Gcyc = ΔNp×Γcyc on
∏

p|(p)Ẑ[ζN ]
p
[[Z]].

Proposition 3.42. Let G(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]]. Then there exists an ele-

ment H(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]] such that G(Z) = [p](H(Z)) if and only if we have

G(Z) = G(ζ(1 + Z)− 1) in
∏

p|(p)Ẑ[ζN ]
p
[ζp][[Z]] for any ζ ∈ μp.

Proof. The necessity is clear. We will prove the sufficiency. Recall that the
map [p] is the projective limit of

(3.28) [p]n :
∏
p|(p)

Ẑ[ζN ]
p
[Cpn ] −→

∏
p|(p)

Ẑ[ζN ]
p
[Cpn ]

induced by Cpn −→ Cpn , x �→ xp. For a given G(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]], we denote

G(Z) mod ωn(Z) by Gn(Z) for any natural number n. Since 1 + Z is a generator
of Cpn through the isomorphism (3.27), we have the following expansion

(3.29) Gn(Z) =

pn−1∑
i=0

ai(1 + Z)i ∈
∏
p|(p)

Ẑ[ζN ]
p
[Cpn ].

It is easy to see that there exists an element Hn(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]] such

that Gn(Z) = [p]n(Hn(Z)) if and only if we have ai = 0 for any i with p � i in
(3.29). We can also check that the last condition holds if and only if Gn(Z) =
Gn(ζ(1 + Z) − 1) holds for any ζ ∈ μp. Suppose that we have G(Z) = G(ζ(1 +

Z) − 1) in
∏

p|(p)Ẑ[ζN ]
p
[ζp][[Z]] for any ζ ∈ μp. Then, for each natural num-

ber n, there exists a unique element Hn(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z)) such

16See the paper [16] by Coleman for the definitions of these operators in a more general
setting.

17It is clear by definition that [p] commutes with σ.



3.2. ANALYTIC ASPECT (p-ADIC L-FUNCTION) 69

that Gn(Z) = [p]n(Hn(Z)). Since {Hn(Z)}n≥1 is a projective system, we put

H(Z) := lim←−n
Hn(Z). By construction, H(Z) satisfies G(Z) = [p](H(Z)). This

completes the proof. �

Proposition 3.43. (1) There exists a unique continuous multiplicative

homomorphism Nr :
∏

p|(p)Ẑ[ζN ]
p
[[Z]] −→

∏
p|(p)Ẑ[ζN ]

p
[[Z]] which is char-

acterized by the following equality:

(3.30) ([p] ◦Nr)(F (Z)) =
∏
ζ∈μp

F (ζ(1 + Z)− 1).

(2) There exists a unique continuous additive homomorphism

Tr :
∏

p|(p)
Ẑ[ζN ]

p
[[Z]] −→

∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

which is characterized by the following equality:

(3.31) ([p] ◦ Tr)(F (Z)) =
∑
ζ∈μp

F (ζ(1 + Z)− 1).

Remark 3.44. Let us define a submodule P ⊂
∏

p|(p)Q̂(ζN )
p
[[Z]] with∏

p|(p)
Ẑ[ζN ]

p
[[Z]] ⊂ P

to be

P =

⎧⎨
⎩G(Z) = a0 + a1Z + . . . ∈

∏
p|(p)

Q̂(ζN )
p
[[Z]]

∣∣∣∣∣∣ nan ∈
∏
p|(p)

Ẑ[ζN ]
p
∀n ≥ 0, p|a0

⎫⎬
⎭ .

It is known that the operator ϕ and the operator Tr on
∏

p|(p)Ẑ[ζN ]
p
[[Z]] obtained

in Proposition 3.43 (2) are extended to the operators ϕ : P −→ P and Tr : P −→ P
respectively. This fact is used later in the proof of Theorem 3.57 but we do not
prove it here. For the proof of this fact, we refer the reader to [87, §1.1]18.

Proof of Proposition 3.43. As in the proof of Proposition 3.42, we apply

the argument of taking modulo ωn(Z). For each n,
∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z)) is

a free Im([p]n)-module of rank p generated by 1, 1 + Z, . . . , (1 + Z)p−1. Hence,∏
p|(p)Ẑ[ζN ]

p
[[Z]] is a free Im([p])-module of rank p generated by 1, 1 + Z, . . . , (1 +

Z)p−1. Thus we can define the norm map and the trace map of
∏

p|(p)Ẑ[ζN ]
p
[[Z]]

regarded as a free
∏

p|(p)Ẑ[ζN ]
p
[[Z]]-module of rank p via the map [p]. The equations

(3.30) and (3.31) are nothing but the definitions of the norm map and the trace
map. Since the map [p] is injective they are also characterizations of the norm map
and the trace map respectively. This completes the proof. �

Definition 3.45. We define
∏

p|(p)Ẑ[ζN ]
p
-semilinear endomorphisms N , T of∏

p|(p)Ẑ[ζN ]
p
[[Z]] by N = σ−1 ◦Nr = Nr ◦ σ−1, T = σ−1 ◦ Tr = Tr ◦ σ−1.

18Note that the notation used in [87] is not exactly the same as the notation of this book.
For example, the symbol Tr of this book is equal to ψ ◦σ of [87] with a operator ψ defined in [87].
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Similarly as in Proposition 3.43, the endomorphisms N , T are characterized
by the equations:

(ϕ ◦ N )(F (Z)) =
∏
ζ∈μp

F (ζ(1 + Z)− 1),

(ϕ ◦ T )(F (Z)) =
∑
ζ∈μp

F (ζ(1 + Z)− 1).

For each natural number n, we denote by Nrn+1,n the natural norm map∏
p|(p)Ẑ[ζN ]

p
[ζpn+2 ] −→

∏
p|(p)Ẑ[ζN ]

p
[ζpn+1 ]. Throughout the section, we fix a sys-

tem of primitive pn+1-th roots of unity (ζpn+1)n≥0 such that ζp
pk+2 = ζpk+1 for each

k ≥ 0. In general, a system of units (un)n≥0 of un ∈
∏

p|(p)Ẑ[ζN ]
p
[ζpn+1 ]× such

that Nrk+1,k(uk+1) = uk for each k ≥ 0 is called a norm compatible system.
For example, (un)n≥0 = (ζpn+1)n≥0 is a norm compatible system.

The following result due to Coleman plays an important role to construct a
measure from a norm compatible system of units.

Theorem 3.46 (Coleman). There exists a unique ΔN ×Gcyc-equivariant group
isomorphism:

Col : lim←−
n

∏
p|(p)

Ẑ[ζN ]
p
[ζpn+1 ]×

∼−→ (
∏
p|(p)

Ẑ[ζN ]
p
[[Z]]×)Nr=σ, u �→ Fu(Z),

which is characterized by the property F σ−k

u (ζpk+1 − 1) = uk for every k ≥ 0 where

u = (un)n≥0 ∈ lim←−n

∏
p|(p)Ẑ[ζN ]

p
[ζpn+1 ]×.

Proof. For each natural number k, we consider the surjective ring homomor-
phism

(3.32)
∏
p|(p)

Ẑ[ζN ]
p
[[Z]] �

∏
p|(p)

Ẑ[ζN ]
p
[ζpk+1 ], F (Z) �→ F σ−k

(ζpk+1 − 1).

The kernel of this map is a principal ideal generated by Ψpk+1(Z) = ωk+1(Z)
ωk(Z) .

Now, for each natural number k, let us take a polynomial Gk(Z) ∈ Ẑ[ζN ]
p
[Z]

such that Gσ−k

(ζpk+1 −1) = uk. In fact, for each component Q(ζN )p = Ẑ[ζN ]
p
⊗ZQ

of (
∏

p|(p)Ẑ[ζN ]
p
)⊗ZQ, the extension Q(ζN )p(ζpk+1) is totally ramified over Q(ζN )p

and ζpk+1 − 1 is a uniformizer of the discrete valuation field Q(ζN )p(ζpk+1). Hence,

the existence of polynomials Gk(Z) is clear. We put Fk(Z) = N k(G2k(Z)). Then,
we have

F σ−k

k (ζpk+1 − 1) = N k(Gσ−2k

2k )((ζp2k+1)p
k − 1)

=
∏

ζ∈μ
pk

Gσ−2k

2k (ζζp2k+1 − 1)

= Nr2k,k(u2k)

= uk.

Here, the first equality is nothing but the definition of F and the second equality
is the definition of N . For the third equality, we note that the conjugates of ζp2k+1

under Gal(Q(ζN )p(ζp2k+1)/Q(ζN )p(ζpk+1)) are {ζζp2k+1 | ζ ∈ μpk}.
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First, we claim that

(3.33)
N (G2k)

G2k
≡ 1 mod p.

To prove this, we note that

[p]

(
N (G2k(Z))

G2k(Z)

)
=

∏
ζ∈μp

Gσ−1

2k (ζ(1 + Z)− 1)

G2k((1 + Z)p − 1)
≡ (Gσ−1

2k (Z))p

G2k(Zp)
mod (ζp − 1).

Since we have (ζp − 1) ∩
∏

p|(p)Ẑ[ζN ]
p
= (p)

∏
p|(p)Ẑ[ζN ]

p
, this congruence implies

[p]

(
N (G2k(Z))

G2k(Z)

)
≡ (Gσ−1

2k (Z))p

G2k(Zp)
≡ 1 mod p.

Because the endomorphism on
∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(p) induced by [p] is injective, this

proves the congruence (3.33).
Next, we claim that

(3.34)
N 2k−n(G2k)

N k(G2k)
≡ 1 mod pk+1

for each nonnegative integer satisfying n ≤ k. To prove this, we note that we have
N i+1(G2k)
N i(G2k)

≡ 1 mod p (i = 0, . . . , k − n) by applying the same argument as the

proof of (3.33) replacing G2k by N (G2k), . . . ,N k−n−1(G2k). Taking a product of

all N i+1(G2k)
N i(G2k)

from i = 0 to i = k − n− 1, we obtain

(3.35)
N k−n(G2k)

G2k
≡ 1 mod p.

Let us take an integer l ≥ 1 and a power series H(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]] such that

H(Z) ≡ 1 mod pl. Then we show that

[p](N (H(Z))) =
∏
ζ∈μp

Hσ−1

(ζ(1 + Z)− 1) ≡ 1 mod (ζp − 1)pl

by the same argument as above. Since we have (ζp − 1)pl ∩
∏

p|(p)Ẑ[ζN ]
p

=

(pl+1)
∏

p|(p)Ẑ[ζN ]
p
, this implies that

[p](N (H(Z))) ≡ 1 mod pl+1.

We thus showed that

(3.36) N (H(Z)) ≡ 1 mod pl+1 when H(Z) ≡ 1 mod pl

because the endomorphism on
∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(pl+1) induced by [p] is injective.

We complete the proof of the congruence (3.34) by applying (3.36) successively to

H(Z) = Nk−n(G2k)
G2k

, Nk−n+1(G2k)
N (G2k)

, . . . , N
2k−n−1(G2k)
Nk−1(G2k)

.
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Now, we claim that

(3.37) Fk(Z)− Fk−1(Z) ∈ (p, Z)k for each k.

To prove this, we divide Fk(Z)− Fk−1(Z) by Ψpk(Z) as follows

(3.38) Fk(Z)− Fk−1(Z) = Qk(Z)Ψpk(Z) +Rk(Z),

where Rk(Z) is a polynomial whose degree is smaller than the degree of Ψpk(Z).
For each natural number n such that n ≤ k, we have

un = Nrk,n(uk) = N 2k−n(Gσ−2k

2k )(ζpn+1 − 1).

By using (3.34), we have

(3.39) F σ−n

k (ζpn+1 − 1) ≡ un mod pk+1

for each natural number n such that n ≤ k. By applying (3.39) with F σ−n

k and

F σ−n

k−1 for n = k − 1, we have

(3.40) Fk(ζpk − 1)− Fk−1(ζpk − 1) ≡ 0 mod pk.

By (3.38), (3.40) and Ψpk(ζpk − 1) = 0, we have Rk(ζpk − 1) ≡ 0 mod pk. Since
the degree of Rk(Z) is smaller than the degree of the minimal polynomial Ψpk(Z)

of ζpk − 1, we deduce pk|Rk(Z). Next, we divide Qk(Z) by Ψpk−1(Z) as follows

(3.41) Qk(Z) = Qk−1(Z)Ψpk−1(Z) +Rk−1(Z),

where Rk−1(Z) is a polynomial whose degree is smaller than the degree of Ψpk−1(Z).

By applying (3.39) with F σ−n

k and F σ−n

k−1 for n = k − 2, we have

(3.42) Fk(ζpk−1 − 1)− Fk−1(ζpk−1 − 1) ≡ 0 mod pk.

By (3.38), (3.42) and by the fact pk|Rk(Z),

Qk(ζpk−1 − 1)Ψpk (ζpk−1 − 1) = Fk(ζpk−1 − 1)− Fk−1(ζpk−1 − 1)−Rk(ζpk−1 − 1)

is divisible by pk. by calculation, we can check that the p-adic valuation of the
value Ψpk(ζpk−1 − 1) is equal to 1. Hence, Qk(ζpk−1 − 1) is divisible by pk−1. This

implies pk−1|Rk−1(ζpk−1 − 1) since we have Rk−1(ζpk−1 − 1) = Q(ζpk−1 − 1) by
(3.41). Since the degree of Rk−1(Z) is smaller than the degree of the minimal
polynomial Ψpk−1(Z) of ζpk−1 − 1, we deduce pk−1|Rk−1(Z). Let us observe the
following equation obtained by substituting (3.41) in (3.38):

(3.43) Fk(Z)− Fk−1(Z) = (Qk−1(Z)Ψpk−1(Z) +Rk−1(Z))Ψpk(Z) +Rk(Z).

As we have seen above, the second term Rk−1(Z)Ψpk(Z) and the third term Rk(Z)

of (3.43) are in (p, Z)k. As for the first term Qk−1(Z)Ψpk−1(Z)Ψpk(Z) ∈ (p, Z)3 of
(3.43), we repeat inductive arguments by considering the division

(3.44) Qn(Z) = Qn−1(Z)Ψpn−1(Z) +Rn−1(Z).

We show that pn−1|Rn−1(Z) for every n and hence Fk(Z)− Fk−1(Z) is expressed
as a sum of k elements which belong to (p, Z)k. This completes the proof of (3.37).

Now, {Fk(Z)}k∈N is a Cauchy sequence with respect to the (p, Z)-adic topology.

Since
∏

p|(p)Ẑ[ζN ]
p
[[Z]] is complete with respect to the (p, Z)-adic topology, the

limit of {Fk(Z)}k∈N exists. We denote the limit by Fu(Z). By construction, we have
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Nr(Fu(Z)) = F σ
u and the interpolation property the property F σ−k

u (ζpk+1 −1) = uk

follows from (3.39). We thus constructed the desired map Col. The injectivity of the
map Col follows from the interpolation property and identity theorem (Proposition
2.21)

To prove the surjectivity of the map Col, we take an arbitrary element F (Z) ∈
(
∏

p|(p)Ẑ[ζN ]
p
[[Z]]×)Nr=σ. Let us put vk := F σ−k

(ζpk+1 − 1) for every k ≥ 0. Then,

we have

Nk+1,k(vk) = (N (F σ−(k−1)

))(ζpk+1 − 1) = F σ−(k−1)

(ζpk − 1) = vk−1.

This means that F (Z) is the image of the norm compatible sequence (vn)n≥0, hence
the map Col is surjective. This completes the proof of Theorem 3.4619. �

A power series Fu(Z) ∈ (
∏

p|(p)Ẑ[ζN ]
p
[[Z]]×)Nr=σ in Theorem 3.46 is called a

Coleman power series associated to a norm compatible system u of units and is
useful to give another construction of the p-adic L-function Lp(ψ).

Remark 3.47. In preceding references including the text [117, Thm. 13.38],
the proof of Theorem 3.46 is not the same as the argument which we gave in our
proof above. In our proof, we showed that the sequence {Fk(Z)}k∈N is a Cauchy
sequence by explicit calculation. However, in preceding references, we use the fact
that there exists a convergent subsequence in the sequence {Fk(Z)}k∈N thanks to

the compactness of the Iwasawa algebra
∏

p|(p)Ẑ[ζN ]
p
[[Z]]. The advantage of our

proof is that our proof applies to an extension of Theorem 3.46 to more general

p-adic fields. For example, if we replace
∏

p|(p)Ẑ[ζN ]
p
by Ẑur

p , a theory of Coleman

power series over Ẑur
p similar to Theorem 3.46 holds true. Classical arguments using

the compactness does not work in this case since Ẑur
p [[Z]] is not compact anymore.

Our argument above still applies to this case in the same way.
In fact, as we will see later in §6.5.1 of the second volume of this book, the

theory of Coleman power series over Ẑur
p plays an essential role in transforming

Euler systems to p-adic L-functions in Iwasawa theory for general motives.

We give examples of norm compatible sequences in lim←−n

∏
p|(p)Ẑ[ζN ]

p
[ζpn+1 ]×

and associated Coleman power series in the following lemma.

Lemma 3.48. Let N ≥ 1 be a natural number such that (N, p) = 1.

(1) When N = 1, we choose a natural number a ≥ 1 satisfying (p, a) = 1 and
a �≡ 1 mod p. Then the following statements hold true:

(i) We have un(a) =
ζa
pn+1−1

ζpn+1−1 ∈ Zp[ζpn+1 ]×.

(ii) The system u(a) = (un(a))n≥0 is a norm compatible sequence in
lim←−n

∏
p|(p)Zp[ζpn+1 ]×.

(iii) The Coleman power series Fu(a)(Z) associated to u(a) = (un(a))n≥0

is equal to (1+Z)a−1
(1+Z)−1 .

19The theory of the field of norms due to Fontaine and Wintenberger (see [29], [126]) allows
us reduce some problems for local fields of mixed characteristic (0, p) to problems for local fields
of equal characteristic p. There is another proof of Theorem 3.46 by the theory of the field of
norms (see [87]).
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(2) When N > 1, we fix a primitive N-th root of unity ζN ∈ Q and embed it

into
∏

p|(p)Ẑ[ζN ]
p
diagonally. Then the following statements hold true:

(i) We have u(N),n = (ζN )σ
−n

ζpn+1 − 1 ∈
∏

p|(p)Ẑ[ζN ]
p
[ζpn+1 ]×.

(ii) The system u(N) = (u(N),n)n≥0 is a norm compatible sequence in

lim←−n

∏
p|(p)Ẑ[ζN ]

p
[ζpn+1 ]×.

(iii) The Coleman power series Fu(N)
(Z) associated to u(N)=(u(N),n)n≥0

is equal to ζN (1 + Z)− 1.

Proof. Let us prove the assertion (i). When N = 1, ζpn+1−1 and ζapn+1−1 are

both uniformizers of the discrete valuation ring Zp[ζpn+1 ]. Hence, the ratio
ζa
pn+1−1

ζpn+1−1

must be a unit of Zp[ζpn+1 ]. When N > 1, ζp
−n

N is a primitive N -th root of unity

for any n since (N, p) = 1. For a prime p of Z[ζN ] over p, the image of ζp
−n

N ζpn+1 −1
modulo the uniformizer ζpn+1 − 1 is a nonzero element of the residue field. Hence,

ζp
−n

N ζpn+1 − 1 is a unit of the discrete valuation ring Ẑ[ζN ]
p
[ζpn+1 ] for each prime

p of Z[ζN ] over p. This completes the proof of (i) for both (1) and (2).
Let us prove the assertion (ii). When N = 1, the conjugate elements of ζapn+1

over Z[ζpn ] are {ζa+ipn

pn+1 }0≤i≤p−1. Hence, we have

Nrn,n−1(un(a)) =

p−1∏
i=0

ζa+ipn

pn+1 − 1

ζip
n

pn+1 − 1
=

ζapn − 1

ζpn − 1
= un−1(a).

When N > 1, the conjugate elements of ζp
−n

N ζpn+1 over
∏

p|(p)Ẑ[ζN ]
p
Z[ζpn ] are

{ζp
−n

N ζ1+ipn

pn+1 }0≤i≤p−1. Hence, we have

Nrn,n−1(u(N),n) =

p−1∏
i=0

(ζp
−n

N ζ1+ipn

pn+1 − 1) = ζp
−(n−1)

N ζpn − 1 = u(N),n−1.

This completes the proof of (ii) for both (1) and (2).

For the assertion (iii), it is clear that we have F σ−k

u(a)(ζpk+1 − 1) = uk(a) (resp.

F σ−k

u(N)
(ζpk+1 − 1) = u(N),k) for every k ≥ 0 when N = 1 (resp. N > 1). This

completes the proof. �

Lemma 3.49. For any F (Z) ∈ (
∏

p|(p)Ẑ[ζN ]
p
[[Z]]×)Nr=σ, we have

(
1− ϕ

p

)
log(F (Z)) ∈

⎛⎝∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

⎞⎠Tr=0

.

Remark 3.50. Let F (Z) be an element of
∏

p|(p)Ẑ[ζN ]
p
[[Z]]× and u the con-

stant term of the formal power series F (Z). By the same argument as the proof

of Lemma 2.16, we see that u ∈ (
∏

p|(p)Ẑ[ζN ]
p
)×. Hence, there exists G(Z) ∈∏

p|(p)Ẑ[ζN ]
p
[[Z]] such that F (Z) = u(1 +ZG(Z)). For each prime p|(p) of Q(ζN ),
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we denote by Q̂(ζN )
p
the completion of Q(ζN ) at p. Note that Q̂(ζN )

p
= Ẑ[ζN ]

p
⊗Z

Q. Then we have

(3.45) log(F (Z)) = logp(u) +

∞∑
n=1

(−1)n−1ZnG(Z)n

n

where logp is the p-adic logarithm which we will review logp in Definition 3.61. This

shows that log(F (Z)) is well-defined as an element of
∏

p|(p)Q̂[ζN ]
p
[[Z]].

Proof of Lemma 3.49. Since we have F (Z)p ≡ ϕ(F (Z)) mod p, there exists

G(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]] such that F (Z)p

ϕ(F (Z)) = 1 + pG(Z). Hence, we have the

following expansion

log

(
F (Z)p

ϕ(F (Z))

)
= p

∞∑
n=1

(−1)n−1pn−1G(Z)n

n
.

We can check that pn−1

n ∈
∏

p|(p)Q̂[ζN ]
p
is contained in

∏
p|(p)Ẑ[ζN ]

p
for every

positive integer n and the sequence
{

pn−1

n

}
n≥1

converges to zero. Hence, we have(
1− ϕ

p

)
log(F (Z)) =

1

p
log

(
F (Z)p

ϕ(F (Z))

)
∈
∏
p|(p)

Ẑ[ζN ]
p
[[Z]].

In order to show that
(
1− ϕ

p

)
log(F (Z)) ∈

∏
p|(p)Ẑ[ζN ]

p
[[Z]]Tr=0, it suffices to check

that

(3.46)
∑
ζ∈μp

log(F (ζ(1 + Z)− 1)) =
1

p

∑
ζ∈μp

log(ϕ(F )(ζ(1 + Z)− 1))

by Proposition 3.43. Recall that ϕ(F )(ζ(1 + Z) − 1)) is equal to ϕ(F )(Z) for any
ζ ∈ μp by the definition of ϕ. Hence, the right-hand side of (3.46) is equal to
log(ϕ(F )(Z)). On the other hand, we see that this value is equal to the left-hand
side of (3.46) as follows

log(ϕ(F )(Z)) = log(ϕ ◦ N (F )(Z)) =
∑
ζ∈μp

log(F (ζ(1 + Z)− 1))

where the first equality is due to our assumption N (F (Z)) = F (Z) and the second
equality is due to the characterization of N which we gave just after Definition
3.45. This completes the proof. �

For a commutative algebra R, we denote by μR the group of roots of unity of
R. Then we have the following lemma.

Lemma 3.51. Let u = {un}n≥0 ∈ lim←−n

∏
p|(p)Ẑ[ζN ]

p
[ζpn+1 ]× and let F (Z) =

Fu(Z) ∈ (
∏

p|(p)Ẑ[ζN ]
p
[[Z]]×)Nr=σ. Then we have

(
1− ϕ

p

)
log(Fu(Z)) = 0 if and

only if we have

Fu(Z) ∈
∏
p|(p)

μ
Ẑ[ζN ]

p

×
∏
p|(p)

(1 + Z)Zp ,
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or equivalently

u ∈
∏
p|(p)

μ
Ẑ[ζN ]

p

×
∏
p|(p)

Zp(1) ⊂ lim←−
n

∏
p|(p)

Ẑ[ζN ]
p
[ζpn+1 ]×,

where Zp(1) = lim←−n
μpn .

Proof. Let us consider a power series G(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]] such that

G(Z)|Z=0 ≡ 1 mod p. By Remark 3.50 and by the fact that logp in (3.45) is

injective on the subgroup of
∏

p|(p)Ẑ[ζN ]
×
p

consisting of units which are congruent

to 1 modulo p, we observe that log(G(Z)) = 0 if and only if G(Z) = 1.
Now, we remark that we have(

1− ϕ
p

)
log(Fu(Z)) = 1

p log
( Fu(Z)p

ϕ(Fu(Z))

)
and Fu(Z)p

ϕ(Fu(Z))

∣∣∣
Z=0

≡ 1 mod p. By applying the above observation to G(Z) =

Fu(Z)p

ϕ(Fu(Z)) , we see that
(
1 − ϕ

p

)
log(Fu(Z)) = 0 if and only if Fu(Z)p

ϕ(Fu(Z)) = 1. Thus,

in order to complete the proof of the lemma, it suffices to show that we have
Fu(Z)p

ϕ(Fu(Z)) = 1 if and only if Fu(Z) ∈
∏

p|(p)μẐ[ζN ]
p

×
∏

p|(p)(1 + Z)Zp .

It is clear that the latter condition implies the former. In the rest of the proof,
we show that the former condition implies the latter. Assume that Fu(Z)p =
ϕ(Fu(Z)). By substituting Z = ζp − 1 and Z = 0 respectively, we have

(u0)
p = Fu(ζp − 1))p = (Fu(0))

σ,

(Fu(0))
p = (Fu(0))

σ.

The condition (Fu(0))
p = (Fu(0))

σ implies that Fu(0) ∈
∏

p|(p)μẐ[ζN ]
p

, hence we

have u0 ∈
∏

p|(p)μẐ[ζN ]
p

× μp thanks to the condition (u0)
p = (Fu(0))

σ. By the

interpolation property satisfied by Fu given in Theorem 3.46, we have

(F σ−(n+1)

u (ζpn+2 − 1))p = up
n+1,

ϕ(F σ−(n+1)

u )(ζpn+2 − 1) = F σ−n

u (ζpn+1 − 1) = un,

for any n ∈ Z≥0. Hence, our assumption implies up
n+1 = un for any n ∈ Z≥0.

We have un ∈
∏

p|(p)μẐ[ζN ]
p

× μpn+1 for every n ∈ Z≥0 by an inductive argument

and we conclude u ∈
∏

p|(p)μẐ[ζN ]
p

×
∏

p|(p)Zp(1) ⊂ lim←−n

∏
p|(p)

Ẑ[ζN ]
p
[ζpn+1 ]×. This

completes the proof. �

Let us define a
∏

p|(p)Ẑ[ζN ]
p
-linear endomorphism D on

∏
p|(p)Ẑ[ζN ]

p
[[Z]] by

(3.47) D :
∏
p|(p)

Ẑ[ζN ]
p
[[Z]] −→

∏
p|(p)

Ẑ[ζN ]
p
[[Z]], F (Z) �→ (1 + Z)

d

dZ
F (Z).
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Proposition 3.52. We have the following exact sequence20:

(3.48) 0 −→
∏
p|(p)

μ
Ẑ[ζN ]

p

×
∏
p|(p)

Zp(1)
α−→

⎛⎝∏
p|(p)

Ẑ[ζN ]
p
[[Z]]×

⎞⎠Nr=σ

(1−ϕ
p )◦log

−−−−−−−→

⎛⎝∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

⎞⎠Tr=0

β−→
∏
p|(p)

Ẑ[ζN ]
p
/(σ − 1) −→ 0.

Here, the map α is defined by sending∏
p|(p)

xp ×
∏
p|(p)

(lim←−n
ζpn)ap ∈

∏
p|(p)

μ
Ẑ[ζN ]

p

×
∏
p|(p)

Zp(1)

to ∏
p|(p)

xp(1 + Z)ap ∈

⎛⎝∏
p|(p)

Ẑ[ζN ]
p
[[Z]]×

⎞⎠Nr=σ

,

where ap ∈ Zp and the map β is defined by sending

F (Z) ∈
(∏

p|(p)
Ẑ[ζN ]

p
[[Z]]

)Tr=0

to D(F (Z))|Z=0 mod σ − 1.

Proof. The exactness at the first term (the injectivity of α) is clear from the
definition. The exactness at the second term follows from Lemma 3.51. For the
exactness at the fourth term (the surjectivity of β) is easy to see because any element

a mod σ − 1 with a ∈
∏

p|(p)Ẑ[ζN ]
p
has a lift a(1 + Z) ∈ (

∏
p|(p)Ẑ[ζN ]

p
[[Z]])Tr=0.

In the rest of the proof, we will check the exactness at the third term. By
definition, we have

(3.49) β ◦
(
(1− ϕ

p
) ◦ log

)
(F (Z))

=

(
D(log(F (Z)))− 1

p
D(log(Fσ((1 + Z)p − 1)))

)∣∣∣∣
Z=0

mod σ − 1.

Let us recall the rule of the logarithmic derivative D(log(G(Z))) = (1+Z)G
′(Z)

G(Z) for

G(Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]]× where G′(Z) = d

dZG(Z). Let us denote the expansion

of F (Z) by F (Z) = a0 + a1Z + a2Z
2 + · · · . By applying this rule to G(Z) = F (Z)

and G(Z) = F σ(Z), we obtain(
D(log(F (Z)))− 1

p
D(log(F σ((1 + Z)p − 1)))

)∣∣∣∣
Z=0

=
a1
a0

−
(
a1
a0

)σ

.

We conclude that β ◦
(
(1− ϕ

p ) ◦ log
)
= 0 by combining this calculation with (3.49).

Thus we have proved Ker(β) ⊃ Im
[
(1− ϕ

p ) ◦ log
]
.

20Note that the second group and the first factor of the first group are multiplicative groups
and the third group and the fourth group are additive groups.



78 3. CYCLOTOMIC IWASAWA THEORY FOR IDEAL CLASS GROUPS

Let us prove Ker(β) ⊂ Im
[
(1 − ϕ

p ) ◦ log
]
. In order to prove this, we consider

the following commutative diagram:( ∏
p|(p)

Ẑ[ζN ]
p
[[Z]]×

)Nr=σ
(1−ϕ

p )◦log
−−−−−−−→

( ∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

)Tr=0

Dlog

⏐⏐� ⏐⏐�D( ∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

)Tr=σp

−−−−→
1−ϕ

( ∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

)Tr=0

.

As we will see later in Corollary 3.54, the right vertical map D of the above dia-
gram is an isomorphism and the above diagram induces the following commutative
diagram:

(3.50)

( ∏
p|(p)

Ẑ[ζN ]
p
[[Z]]×

)Nr=σ
(1−ϕ

p )◦log
−−−−−−−→ Ker(β)

Dlog

⏐⏐� ⏐⏐�D( ∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

)Tr=σp

−−−−→
1−ϕ

Ker(β),

where the right vertical map D is an isomorphism. We can also check that the
left vertical map Dlog of the above diagram is surjective21. Proving the desired
inclusion Ker(β) ⊂ Im

[
(1− ϕ

p ) ◦ log
]
amounts to showing that the upper horizontal

map of the diagram (3.50) is surjective. Hence, it suffices to show that the lower
horizontal map of the diagram (3.50) is surjective. Let us take any element H(Z) ∈
Ker(β). We want to find an element G(Z) ∈ (

∏
p|(p)Ẑ[ζN ]

p
[[Z]])Tr=σp such that

(1 − ϕ)(G(Z)) = H(Z). By the definition of the map β and by the assumption
H(Z) ∈ Ker(β), the constant term b0 of the expansion H(Z) = b0+b1Z+b2Z

2+ . . .

satisfies b0 ∈ (σ − 1)
∏

p|(p)Ẑ[ζN ]
p
. Since ϕ(b0) = σ(b0) and the action of σ on∏

p|(p)Ẑ[ζN ]
p
is periodic, we have

(1 + ϕ+ ϕ2 + . . .+ ϕm + . . .)(b0) = 0.

On the other hand, we have ϕm(Zn) =
(
(Z + 1)p

m − 1
)n → 0 (m → ∞) in∏

p|(p)Ẑ[ζN ]
p
[[Z]] with respect to (p, Z)-adic topology for every integer n ≥ 1.

Hence,
G′(Z) :=

(
1 + ϕ+ ϕ2 + . . .+ ϕm + . . .

)
(DH(Z))

is convergent in
∏

p|(p)Ẑ[ζN ]
p
[[Z]] and it satisfies (1−ϕ)(G′(Z)) = DH(Z). We can

check that Tr◦ϕ = pσ holds on
∏

p|(p)Ẑ[ζN ]
p
[[Z]] by calculation. Hence, an element

F (Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]] satisfies Tr ((1− ϕ) (F (Z))) = 0 if and only if we have

F (Z) ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]]Tr=pσ. Thus we have G′(Z) ∈

∏
p|(p)Ẑ[ζN ]

p
[[Z]]Tr=pσ.

Since the left vertical map Dlog of the above diagram is surjective, there exists

an element G(Z) ∈ (
∏

p|(p)Ẑ[ζN ]
p
[[Z]]×)Nr=σ such that Dlog(G(Z)) = G′(Z). We

21See [13, Theorem 2.4.6] for the proof of the fact that Dlog is surjective. We note that they
denote Dlog by Δ in [13].
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have (1−ϕ)(Dlog(G(Z))) = D(H(Z)) and the commutativity of the diagram (3.50)
implies D

(
(1− ϕ

p ) ◦ log(G(Z))
)
= D(H(Z)). Since the map D is an isomorphism,

we have (1 − ϕ
p ) ◦ log(G(Z)) = H(Z). This completes the proof of Ker(β) ⊂

Im
(
(1− ϕ

p ) ◦ log
)
and we complete the proof of the proposition. �

Recall that we denote by Z ∈
∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z)) the element Z mod

ωn(Z).

Proposition 3.53. Let F (Z) ∈
(∏

p|(p)Ẑ[ζN ]
p
[[Z]]

)
and let Fn(Z) be its im-

age in
∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z)) for each nonnegative integer n. We consider the

expansion

Fn(Z) =

pn−1∑
i=0

an,i(1 + Z)i ∈
∏
p|(p)

Ẑ[ζN ]
p
[[Z]]/(ωn(Z))

with an,i ∈
∏

p|(p)Ẑ[ζN ]
p
for i = 0, 1, . . . , pn − 1. Then, we have

F (T ) ∈
(∏

p|(p)
Ẑ[ζN ]

p
[[Z]]

)Tr=0

if and only if we have an,i = 0 for every nonnegative integer n and for every
nonnegative integer i which is divisible by p.

Proof. The equivalence follows immediately by (3.31) and by the fact that∑
ζ∈μp

ζ = 0. �

Corollary 3.54. If we have F (Z) ∈ (
∏

p|(p)Ẑ[ζN ]
p
[[Z]])Tr=0, we have D(F (Z))

∈ (
∏

p|(p)Ẑ[ζN ]
p
[[Z]])Tr=0 where D is the operator defined in (3.47). Further, D in-

duces a
∏

p|(p)Ẑ[ζN ]
p
-linear automorphism on (

∏
p|(p)Ẑ[ζN ]

p
[[Z]])Tr=0.

Proof. Let us define Dn ∈ End∏
p|(p)Ẑ[ζN ]

p

(∏
p|(p)Ẑ[ζN ]

p
[[Z]]/(ωn(Z))

)
by

Dn

(pn−1∑
i=0

an,i(1 + Z)i
)
=

pn−1∑
i=0

ian,i(1 + Z)i.

Note that D = lim←−n
Dn by definition. Let us define a

∏
p|(p)Ẑ[ζN ]

p
-submodule(∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z))

)Trn=0
of

∏
p|(p)Ẑ[ζN ]

p
[[Z]]/(ωn(Z)) to be the image

of (
∏

p|(p)Ẑ[ζN ]
p
[[Z]])Tr=0 in

∏
p|(p)Ẑ[ζN ]

p
[[Z]]/(ωn(Z)). By the characterization

of
(∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z))

)Trn=0
given in Proposition 3.53, the

∏
p|(p)Ẑ[ζN ]

p
-

submodule
(∏

p|(p)Ẑ[ζN ]
p
[[Z]]/(ωn(Z))

)Trn=0
is stable by Dn and Dn is injective.

By Proposition 3.53, any element

Fn(Z) =
∑pn−1

i=0
ai(1 + Z)i ∈

(∏
p|(p)

Ẑ[ζN ]
p
[[Z]]/ωn(Z)

)Trn=0

is the image of
∑

0<i<pn,(i,p)=1
ai

i (1 + Z)i by Dn . Hence, Dn is also surjec-

tive. This completes the proof of the corollary since D = lim←−n
Dn is bijective

on (
∏

p|(p)Ẑ[ζN ]
p
[[Z]])Tr=0. �



80 3. CYCLOTOMIC IWASAWA THEORY FOR IDEAL CLASS GROUPS

Corollary 3.55. Through the action of Gcyc on (1 + Z) given in Definition
3.41 (3), we have the following identification of Zp[ΔN ]-modules:

(
∏
p|(p)

Ẑ[ζN ]
p
[[Z]])Tr=0 = Zp[ΔN ][[Gcyc]] · (1 + Z).

Especially, (
∏

p|(p)Ẑ[ζN ]
p
[[Z]])Tr=0 is regarded as a free Zp[ΔN ][[Gcyc]]-module of

rank one.

Remark 3.56. As discussed in Lemma 2.19, we can identify the ring∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

with the ring of
∏

p|(p)Ẑ[ζN ]
p
-valued measures on the additive group Zp.

Under this identification,(∏
p|(p)

Ẑ[ζN ]
p
[[Z]]

)Tr=0

corresponds to the
∏

p|(p)Ẑ[ζN ]
p
-submodule consisting of the extensions by zero of∏

p|(p)Ẑ[ζN ]
p
-valued measures on the open subset Z×

p ⊂ Zp.

We denote by the symbol (
∏

p|(p)Ẑ[ζN ]
p
/(σ − 1))(1) a Zp[ΔN ]-module isomor-

phic to
∏

p|(p)Ẑ[ζN ]
p
/(σ−1) on which every element g ∈ Gcyc acts by the cyclotomic

character χcyc(g).

Theorem 3.57. We have the following exact sequence of Zp[ΔN ][[Gcyc]]-modules:

(3.51) 0 −→
∏
p|(p)

μ
Ẑ[ζN ]

p

×
∏
p|(p)

Zp(1) −→ lim←−
n

∏
p|(p)

Ẑ[ζN ]
p
[ζpn+1 ]×

(1−ϕ
p )◦log◦Col

−−−−−−−−−−→ Zp[ΔN ][[Gcyc]] −→ (
∏
p|(p)

Ẑ[ζN ]
p
/(σ − 1))(1) −→ 0.

Proof. The exact sequence (3.51) is obtained from the exact sequence (3.48)
by replacing the second term (resp. the third term) of (3.48) by the second term
(resp. the third term) of (3.51) using Theorem 3.46 (resp. Corollary 3.55). �

For a nonnegative integer n, we denote Gcyc/(Gcyc)
(p−1)pn

by Gcyc,n. When η

is a Dirichlet character of conductor M , τ (η) =
∑M

i=1η(i)e
2π

√
−1i

M is called a Gauss
sum associated to η.

Lemma 3.58. Let Ξ ∈ Zp[ΔNp][[Γcyc]] = Zp[ΔN ][[Gcyc]] be an element in the
image of (1− ϕ

p )◦ log◦Col given in (3.51). Then, for any nonnegative integer r ≥ 0

and for any Dirichlet character η of p-power conductor pn+1, we have

τ(η−1) · (χr
cycη)(Ξ) =⎧⎨

⎩
(∑

g∈Gcyc,n
η(g−1)Dr

(
G(ζg

pn+1(1 + Z)− 1)− 1
p
Gσ(ζgpn(1 + Z)− 1)

))∣∣∣
Z=0

η �= 1,(
Dr

(
G(Z)− 1

p
Gσ((1 + Z)p − 1)

))∣∣∣
Z=0

η = 1,
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where G(Z) ∈ PTr=σ is an element satisfying(
1− ϕ

p

)
G(Z) = Ξ · (1 + Z)

which is associated to Ξ by the sequence (3.48) and its proof

Proof. The automorphism

Dr : Zp[ΔN ][[Gcyc]] · (1 + Z)
∼−→ Zp[ΔN ][[Gcyc]] · (1 + Z)

coincides with the map characterized by

(1 + Z)χcyc(h) �→ χcyc(h)(1 + Z)χcyc(h)

for every h ∈ Gcyc. For any finite character η : Gcyc −→ Q
×
p , the map

Zp[ΔN ][[Gcyc]] · (1 + Z) −→ Qp, h · (1 + Z) �→ τ (η−1)η(h)

coincides with the map characterized by

(1 + Z)χcyc(h) �→

⎛⎝ ∑
g∈Gcyc,n

η−1(g)(ζgpn+1(1 + Z))χcyc(h)

⎞⎠∣∣∣∣∣∣
Z=0

for every h ∈ Gcyc where n is the nonnegative integer so that the conductor of
η regarded as a Dirichlet character is equal to pn+1. Here note that we have
h · (1 + Z) = (1 + Z)χcyc(h) for h ∈ Gcyc. Hence, the following formula holds:

τ(η−1) · (χr
cycη)(ΞG) =

{(∑
g∈Gcyc,n

η(g−1)Dr
(
H(ζg

pn+1(1 + Z)− 1)
))∣∣∣

Z=0
η �= 1,

(Dr (H(Z)))|Z=0 η = 1,

for a power series H(Z) = ΞG · (1 + Z). By substituting H(Z) =
(
1 − ϕ

p

)
G(Z) to

the above formula, we complete the proof. �
At the end of §3.2.3, we gave a proof of Theorem 3.30 by Iwasawa construc-

tion. Below, we will give a different proof of Theorem 3.30 based on the theory of
Coleman.

Another proof of Theorem 3.30. Let us start from the case N = 1. Note
that ψ is a power of ω since the conductor of ψ is a divisor of p in this case. Let
us consider a supplementary natural number a such that (p, a) = 1 and a �≡ 1
mod p. Let us take a norm compatible system u(a) and the Coleman power series

Fu(a)(Z) = (1+Z)a−1
(1+Z)−1 associated to u(a) as given in Lemma 3.48 (1). We define an

element Ξ(a) ∈ Zp[[Gcyc]] to be

Ξ(a) · (1 + Z) =

(
1− ϕ

p

)
(Gu(a)(Z))

where Gu(a)(Z) = log(Fu(a)(Z)). Let ι : Zp[Δp][[Γcyc]] −→ Zp[Δp][[Γcyc]] be the

map induced by an involution Γcyc −→ Γcyc, g �→ g−1 and let γ(a) ∈ Γcyc be
a unique element satisfying κcyc(γ(a)) = 〈a〉. Now, we define Lp(ψ) ∈ Λcyc =
Zp[[Γcyc]] to be22

(3.52) Lp(ψ) =
1

(1− 〈a〉ψ(a)γ(a)−1)
ψω−1 (ι(D(Ξ(a)))) .

22The operator D twists the action of Δp by ω though the action of Δp = Gcyc/Γcyc must
be invariable. The modification by the character ω−1 appears in order to cancel the twist of the
action of Δp by D.
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When ψ �= 1 (i.e., N = 1 and e = 1), we have ψ(a) �= 1 according to the way
we chose a. Hence, (1 − 〈a〉ψ(a)γ(a)−1) is a unit of Zp[Δp][[Γcyc]] and we have
Lp(ψ) ∈ Λcyc in this case. When ψ = 1 (i.e., N = 1 and e = 0), we have
Lp(1) ∈ 1

γ−κcyc(γ)
Λcyc.

Let r ≥ 1 be a natural number and φ a Q
×
p -valued character of Γcyc of finite

order. According to the construction (3.52) of Lp(ψ), we have

(κ1−r
cyc φ)(Lp(ψ)) =

1

(1− ψ(a)φ(γ(a))−1〈a〉r)
(
ψω−rχr−1

cyc φ
−1
)
(D(Ξ(a)))

Let us set η := ψω−rφ−1. We will calculate the right-hand side of the above
equation by applying Lemma 3.58. We have

D(Gu(a)(Z)) = D(log(Fu(a)(Z))) =
a(1 + Z)a

(1 + Z)a − 1
− (1 + Z)

(1 + Z)− 1
.

Setting E(Z) = a(1+Z)a

(1+Z)a−1 − (1+Z)
(1+Z)−1 , Lemma 3.58 gives

(3.53) τ(η−1) · (χr−1
cyc η)(D(Ξ(a))) =⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎛
⎝ ∑

g∈Gcyc,n

η(g−1)Dr−1

(
E(ζg

pn+1(1 + Z)− 1)− 1

p
Eσ(ζgpn(1 + Z)− 1)

))∣∣∣∣∣∣
Z=0

η �= 1,

(
Dr−1

(
E(Z)− 1

p
Eσ((1 + Z)p − 1)

))∣∣∣∣
Z=0

η = 1.

Note that we have (1+Z) d
dZ = d

dz when Z = ez −1. Hence, when η �= 1, the above

calculation combined with Corollary 3.37 deduce the following value23:

τ(η−1) · (χr−1
cyc η)(D(Ξ(a)))

=

(
d

dz

)r−1 ∑
g∈Gcyc,n

η(g−1)

⎛
⎝a

∑pn+1

i=1 (ζg
pn+1e

z)ai

(ez)apn+1 − 1
−

∑pn+1

i=1 (ζg
pn+1e

z)i

(ez)pn+1 − 1

⎞
⎠
∣∣∣∣∣∣
z=0

= τ(η−1) ·
(

d

dz

)r−1 ∑
g∈Gcyc,n

(
a
∑pn+1

i=1 η(ai)(ez)ai

(ez)apn+1 − 1
−

∑pn+1

i=1 η(i)(ez)i

(ez)pn+1 − 1

)∣∣∣∣∣∣
z=0

= τ(η−1) ·
(
1− arη−1(a)

)
L(ψω−rφ−1, 1− r)

= τ(η−1) ·
(
1− ψ(a)φ(〈a〉)−1〈a〉r

)
L(ψω−rφ−1, 1− r).

When η = 1 (i.e. φ = 1 and ψ = ωr), we calculate similarly as follows :

χr−1
cyc (D(Ξ(a)))

=

(
d

dz

)r−1 (
aeaz

eaz − 1
− ez

ez − 1
− 1

p

(
aeapz

eapz − 1
− epz

epz − 1

))∣∣∣∣
z=0

= (1− ar)

(
1− 1

p1−r

)
ζ(1− r).

This completes the proof of the fact that the element Lp(ψ) constructed in (3.52)
satisfies the desired interpolation property when N = 1.

23Note that the contribution of the second term of (3.53) is zero below since the conductor

of η is pn+1 and we have
∑

g∈Gcyc,n
η(g−1)Dr−1

(
Eσ(ζgpn(1 + Z)− 1)

)
= 0.
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For the case N > 1, we regard the element ΞN ∈ Zp[ΔN ][[Gcyc]] to be a
unique element satisfying ΞN · (1 + Z) =

(
1 − ϕ

p

)
log(ζN (1 + Z) − 1) through the

ΔN -equivariant isomorphism

d :
∏
p|(p)

Ẑ[ζN ]
p
∼= Zp[ΔN ]

and we set

(3.54) Lp(ψ) = ψω−1 (ι(D(ΞN ))) ∈ Zp[ΔN ][[Gcyc]].

We can check that this element satisfies the desired interpolation property by a
calculation as in the case N = 1 though we omit it and leave it to the reader. This
completes the proof also in the case N > 1. �

Remark 3.59. We summarize the construction of the p-adic L-function à la
Coleman as follows.

(A) The construction goes: a norm compatible system of cyclotomic units

u
(1)⇒ a Coleman power series Fu(Z)

(2)⇒ a candidate element of Zp[ΔN ][[Γcyc]].

(B) Since the operator (1+Z) d
dZ on Fu(Z) coincides with the operator d

dz
on Fu(Z)|Z=ez−1 and since Fu(Z)|Z=ez−1 is closely related to fη(z), we
can show by using Corollary 3.37 that the candidate element given at (A)
interpolates the special values L(η, 1− r) when η and r vary.

We constructed a candidate element from a norm compatible element at (A) and
we showed that this element satisfies the desired interpolation property at (B).
However, the reader might note that we obtain a rational function Fη(Z) whose
logarithmic derivative is related to the values of a Dirichlet L-function by putting
Fη(Z) = fη(z)|z=logZ for fη(z) in (3.10) without starting from a norm compatible
element. In fact, Leopoldt and Mazur gave another construction of the p-adic
L-function Lp(ψ) by applying the step (2) of (A) to a suitable rational function
F (Z) omitting the step (1) of (A) (see [65] for example). The construction by
Coleman as well as those by Leopoldt and Mazur is called “a construction from
a generating rational function”. The fact that there exists a construction from a
generating rational function for the p-adic L-function Lp(ψ) is sometimes useful
(see comments after Theorem 3.60).

The step (1) of (A) in which we prove that the rational function Fη(Z) originates
from a cyclotomic units might look unnecessary. However, for the proof of the
Iwasawa main conjecture using an Euler system of cyclotomic units which will be
discussed later, the fact that the p-adic L-function is related to cyclotomic units is
very important (see 3.3.3).

In the end of this section, we present two important results on Kubota–Leopoldt
p-adic L-function without proof.

Theorem 3.60 (Ferrero–Washington). Let ψ be a primitive Dirichlet character
of conductor Npe where N is a natural number prime to p and e is an integer which
is equal to 0 or 1. We assume that ψ is an even Dirichlet character (i.e., ψ(−1) =
1). Then, the p-adic L-function Lp(ψ) ∈ Zp[ψ][[Γcyc]] obtained in Theorem 3.30 is
not divisible by a uniformizer of Zp[ψ]. In other words, the μ-invariant of Lp(ψ) is
zero.
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This theorem was first proved by Ferrero–Washington [28]. The original proof
of Ferrero–Washington is an analytic method based on a certain uniformness of
the distribution of values of the p-adic L-function specialized at various characters.
Later, Sinnott [113] gave a simple and algebraic another proof of this theorem
as an application of “a construction from a generating rational function”. Recall
that the p-adic L-function Lp(ψ) is a transformation of Gu(Z) = log(Fu(Z)) where
Fu(Z) is rational. In the another proof of Theorem 3.60 by Sinnott, we prove that,

Lp(ψ) is not divisible by a uniformizer � of Zp[ψ] if D(Gu(Z)) = (1 + Z)
F ′

u(Z)
Fu(Z)

is not divisible by � (see [113, Thm. 1]). Also, it is not difficult to verify that

(1+Z)
F ′

u(Z)
Fu(Z) is not divisible by � since Fu(Z) is a rational function of simple form.

For the detail of the argument, we refer the reader to the article [113].
In order to present another important theorem, we prepare the following nota-

tion.

Definition 3.61. Let Zp be the ring of integers of the algebraic closure Qp of

Qp and let P be the maximal ideal of Zp. On 1 + P ⊂ Z
×
p , we set

logp(1 + x) =
∞∑

n=1

(−1)n−1xn

n
(for any x ∈ P ).

We denote by μ′
Zp

the group of all roots of unity in Zp whose orders are prime to

p. We have a canonical isomorphism Z
×
p /(1 + P )

∼−→ F
×
p

∼−→ μ′
Zp

where the first

isomorphism is the reduction modulo P and the second isomorphism is induced by

the Teichmüller lifting. Since the group 1 + P is pro-p and the group Z
×
p /(1 + P )

as no nontrivial pro-p quotient, the exact sequence 1 −→ 1 + P −→ Z
×
p −→

Z
×
p /(1 + P ) −→ 1 splits. By setting logp = 0 on Z

×
p /(1 + P ) ∼= μ′

Zp
, the function

logp is extended uniquely to Z
×
p . Recall that we have an exact sequence 1 −→

Z
×
p −→ Q

×
p

valp−→ Q −→ 1 where valp is the map of p-adic valuation. Now, let us fix
a system of roots of p as follows:

(3.55)
{
pq ∈ Q

×
p

∣∣∣ (pq)q′ = pqq
′
for any q, q′ ∈ Q

}
q∈Q

.

This induces a splitting of the map valp of the above exact sequence. By setting

logp(p
q) = 0 on the set (3.55), the function logp is extended un uniquely to Q

×
p . If

we replace the fixed system {pq}q∈Q of roots of p given at (3.55) by another system
{(pq)′}q∈Q, the ratio pq/(pq)′ is a system of p-power roots of unity. Hence, the

function logp on Q
×
p does not depend on the choice of the system (3.55). We call

the function logp thus defined a p-adic logarithmic function.

The the specialization range of the original interpolation property of the Kubota–
Leopoldt p-adic L-function Lp(ψ) covers all arithmetic characters κj

cycφ with j ≤ 0
(see Theorem 3.30). As for the specialization at j = 1, we have the following
classical theorem24.

24Later, we discuss the specialization at j ≥ 1 for the p-adic Beilinson conjecture (see Theo-
rem 3.115).
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Theorem 3.62 (Leopoldt formula). For any finite order character φ of Γcyc,
we have

κcycφ(Lp(ψ)) = −
(
1− φψ(p)

p

)
τ (φψ)

M

M∑
i=1

φψ(i)logp(1− ζiM ),

where M is the conductor of φψ.

We can prove the above theorem by using a construction from a generating
rational function of the p-adic L-function and by applying Lemma 3.58 with r = 0.
However, we remark that the original proof by Leopoldt [65] is an argument of
certain p-adic approximation which is not at all related to a generating rational
function. We refer the reader to [51, §5], [117, Chap. 5, §4] for the original proof
by Leopoldt.

We remark that Theorem 3.62 is a p-adic analogue of the classical class number
formula for Dirichlet L-functions as follows:

Theorem 3.63. Let η be a Dirichlet character of conductor M > 1 such that
η(−1) = 1. Then, we have

L(η, 1) = −τ (η)

M

M∑
i=1

η(i)log|1− ζiM |.

3.3. Bridge between the algebraic side and the analytic side
(Iwasawa main conjecture)

Up to now, we have prepared the main object of the algebraic side (Selmer
group) and the main object of the analytic side (Analytic p-adic L-function) of the
cyclotomic Iwasawa theory of ideal class groups. In this chapter, we finally discuss
the Iwasawa main conjecture which relates the algebraic side and the analytic side.

3.3.1. Main statements on the cyclotomic Iwasawa main conjecture.
In Theorem C of §1.3, we gave a brief statement of the cyclotomic Iwasawa main
conjecture for ideal class groups. In this section, we give the most precise forms of
this main conjecture.

As for the background to follow the arguments of this section, we recommend
that the readers familiarize themselves with some basics on Kummer extensions
and some basics on the Dedekind zeta function such as the functional equation or
the class number formula describing the residue at s = 1. We refer the reader to
the text [80] for these subjects.

Definition 3.64. Let M be a Zp[ΔNp]-module and η a Qp-valued character
of ΔNp. Then we call Mη := M⊗Zp[ΔNp] Zp[η] the η-quotient of M. We denote
by M∨ the Pontrjagin dual of M and we call Mη := ((M∨)η)

∨ the η-part of M.

Both Mη, Mη have a natural structure of Zp[η]-module where Zp[η] is the ring
obtained by adjoining the values of η. When the order of η is prime to p, a natural
map from Mη to Mη is an isomorphism. Under the same hypothesis, the functor
from the category of finitely generated Zp[ΔNp]-modules to the category of finitely
generated Zp[η]-modules of η-quotient is exact and coincides with the functor of
η-part.



86 3. CYCLOTOMIC IWASAWA THEORY FOR IDEAL CLASS GROUPS

Definition 3.65. Let η be a Dirichlet character. We denote by Kη the
abelian extension of Q which corresponds to the kernel of the finite order char-

acter Gal(Q/Q) −→ Q
×
p corresponding to η by class field theory. We denote

the cyclotomic Zp-extension of Kη by Kcyc
η,∞ and the maximal everywhere unram-

ified abelian p-power extension of Kcyc
η,∞ (resp. the maximal abelian p-power ex-

tension of Kcyc
η,∞ which is unramified outside p) by Lcyc

η,∞ (resp. M cyc
η,∞). We set

XKcyc
η,∞ = Gal(Lcyc

η,∞/Kcyc
η,∞), XKcyc

η,∞ = Gal(M cyc
η,∞/Kcyc

η,∞).

By the argument using Lemma 2.23 from the beginning of §3.1.1, XKcyc
η,∞ , XKcyc

η,∞
are naturally regarded as compact Λcyc-modules. By Theorem 3.4, XKcyc

η,∞ is a
torsion Λcyc-module.

Let us formulate the cyclotomic Iwasawa main conjecture for class groups using
the terminologies which we prepared so far. As we explain later in Remark 3.68,
the Iwasawa main conjecture in this situation is already proved and it is already a
theorem. However since the name of the Iwasawa main conjecture is quite settled,
we call it the Iwasawa main conjecture even after it is proved. The cyclotomic
Iwasawa main conjecture for class groups has the (−)-type and the (+)-type, which
are equivalent to each other. One of them is as follows.

Theorem 3.66. ((−)-type Iwasawa main conjecture) Let N be a natural number
prime to p and let ψ be a primitive Dirichlet character of conductor Npe where e
is an integer which is equal to 0 or 1. We assume that ψ is an even Dirichlet
character (i.e. ψ(−1) = 1). We denote by Kωψ−1 the finite abelian extension of Q
corresponding to the kernel of ωψ−1. Then the following equality holds25:

charΛcyc,ψ
(XKcyc

ωψ−1,∞
)ωψ−1 =

{
(Lp(ψ)) when ψ �= 1,

(γ − κcyc(γ))(Lp(1)) when ψ = 1.

If ψ is an arbitrary Dirichlet character, the Λcyc-module XKcyc
ψ,∞

is finitely gener-

ated but not necessarily torsion26. However, as we will show it later in Proposition
3.69, (XKcyc

ψ,∞
)ψ is a torsion Λcyc,ψ-module if ψ is even.

In general, for a given Λcyc-module M, we denote by M• the same module
whose Γcyc-action is twisted through the involution Γcyc → Γcyc, g �→ g−1 from the
original one. Similarly, we denote by M⊗ η the base extension M⊗Zp

Zp[η] whose
Γcyc-action is twisted by the character g �→ η(g) · g for g ∈ Γcyc from the original
action.

The (−)-type Iwasawa main conjecture stated above is equivalent to the (+)-
type Iwasawa main conjecture as follows:

Theorem 3.67. ((+)-type Iwasawa main conjecture) Let us take a primitive
Dirichlet character ψ satisfying the same assumption as that of Theorem 3.66. Then
the following equality holds:

charΛcyc,ψ
((XKcyc

ψ,∞
)ψ)

• ⊗ κcyc =

{
(Lp(ψ)) when ψ �= 1,

(γ − κcyc(γ))(Lp(1)) when ψ = 1.

25Recall that we assume p > 2 throughout the book. As for the formulation of the cyclotomic
Iwasawa main conjecture for class groups for p = 2, we need to multiply 1

2
to the p-adic L-function

of the right-hand side of the equality (see [27] for related discussion).
26If K is a CM number field, it is known that XK

cyc
∞

is pseudo-isomorphic to a direct sum of a

free Λcyc-module of rank r2(K) and a finitely generated torsion Λcyc-module where r2(K) =
[K:Q]

2

is the number of imaginary places (see [117, §13.5] for example).
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Remark 3.68. Here is a brief history on the proof of the cyclotomic Iwasawa
main conjecture for class groups.

(1) Mazur–Wiles [75] proved the conjecture when p �= 2 and p does not di-
vide the order of ψ (= [Kψ : Q]). The method of their proof is based on a
generalization of the method of Ribet where he proved the inverse of Her-
brand’s theorem by constructing a nontrivial unramified p-extension using
p-torsion points of the jacobian variety of the modular curve X1(Np)27.
Afterwards, Wiles [124] generalized the result of [75] from the abelian
extension Kψ of Q corresponding to a Dirichlet character ψ to the abelian
extension Kψ of a totally real field F corresponding to a Hecke character
ψ of finite order. Even when restricted to the case F = Q, the method
of [124] is more sophisticated than the original work [75] thanks to the
use of Hida theory. Even for the case F = Q, the result of [124] improve
the result of [75]. For example, the result of [124] on the Iwasawa main
conjecture covers the case where p = 2 but 2 does not divide the order
of ψ and the case where p �= 2 and p divides the order of ψ. Note that
an ideal group can be regarded as a Selmer group of a Galois represen-
tation of rank one as we will discuss later in Chapter 5 of the second
volume of this book. The papers [75] and [124] use modular Galois rep-
resentations of rank two in order to prove the Iwasawa main conjecture
of Selmer groups associated to Galois representations of rank one. Such
a method using modular Galois representations of higher rank is usually
called “method of the Eisenstein ideal” and this method bounds the sizes
of Selmer groups from below. For the cyclotomic Iwasawa main conjecture
for class groups, we note that the modular method proves the (−)-type
Iwasawa main conjecture directly.

(2) There is a method called “method of Euler systems”, which grew out of
a refinement of a technique which Thaine, Kolyvagin developed to study
the structures of ideal class groups and Tate–Shafarevich groups of ellip-
tic curves. This method bounds the sizes of Selmer groups from above.
For K = Q(μp), in the Appendix of [69], Rubin gave another proof of
the cyclotomic Iwasawa main conjecture for class groups using the Euler
system of cyclotomic units over K = Q(μp). Rubin generalized this proof
in Chapter 3 of his book [73] and covered the proof of the cyclotomic Iwa-
sawa main conjecture for class groups over Kψ when p �= 2 and p does not
divide the order of ψ. Later, Greither [34] gave a proof by Euler system
method of cyclotomic units for the cyclotomic Iwasawa main conjecture
for class groups over Kψ in the most general situation where we allow the
case p = 2 and the case where p divides the order of ψ. For the cyclo-
tomic Iwasawa main conjecture for class groups, we note that the method
of Euler systems proves the (+)-type Iwasawa main conjecture directly28.

27See §1.2 for the statement of the theorem of Herbrand–Ribet.
28There is an Euler system called an “Euler system of Gauss sum” and this Euler system is

related to the (−)-type Iwasawa main conjecture, but we do not touch it in this book. We refer
the reader to [64] for simple cases without Galois action and to [1] for cases with Galois action.
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We will explain the proof of the cyclotomic Iwasawa main conjecture for class
groups later in §3.3.2 (by the modular method) and §3.3.3 (by the method of Euler
systems). Before we go into the proof, we prepare two important principles as
follows:

(A)(Kummer duality) A principle which implies the equivalence between (+)-type
Iwasawa main conjecture and (−)-type Iwasawa main conjecture.

(B)(Analytic class number formula) A principle which ensures the validity of the
equalities of the cyclotomic Iwasawa main conjecture for class groups over
Kψ when ψ runs through even characters of Gal(Q(μNp)/Q) assuming
the validity of one of inclusions ⊂ and ⊃ of the cyclotomic Iwasawa main
conjecture for class groups over Kψ when ψ runs through even characters
of Gal(Q(μNp)/Q)

We remark that the principle (B) is valid for both (+)-type Iwasawa main conjecture
and (−)-type Iwasawa main conjecture. We also remark that the choice of ⊂ or ⊃
must be the same for all ψ.

Let ψ be an even Dirichlet character of conductor Npe where N is a natural
number prime to p and e = 0 or e = 1. We set K = Kψ(μp). We note that
Kωψ−1 and Kψ are both subfields of K and that K is a finite abelian extension of
Q satisfying K

⋂
Q∞ = Q.

First we discuss principle (A) whose precise statement will be established in
Theorem 3.73. The following result is a key to for principle (A).

Proposition 3.69 (Kummer Theory). Let us take a primitive Dirichlet char-
acter ψ satisfying the same assumption as that of Theorem 3.66. Then there exists
a Γcyc-equivariant nondegenerate pairing:

(3.56) (XKcyc
∞ )ψ × Cl(Kcyc

∞ )[p∞]ωψ−1 ∼−→ μp∞ .

In other words, there is an isomorphism of Λcyc,ψ-modules

(XKcyc
∞ )ψ ∼= HomZp

(Cl(Kcyc
∞ )[p∞]ωψ−1

,Qp/Zp)⊗ κcyc.

Proof. Let I∞ be the group of fractional ideals of Kcyc
∞

29. For each natural
number m, we set

Mm =
{
x ∈ (Kcyc

∞ )×/((Kcyc
∞ )×)p

m
∣∣∣ (x) ∈ (I∞)p

m
}
.

Then we have the following short exact sequence

(3.57) {1} −→ (rKcyc
∞ )×/((rKcyc

∞ )×)p
m −→ Mm −→ Cl(Kcyc

∞ )[pm] −→ {1}.
where the last map assigns to each element x ∈ Mm the class [A] ∈ Cl(Kcyc

∞ )[pm]
of an ideal A ∈ I∞ such that Apm

= (x̃) with x̃ ∈ Kcyc
∞ a representative of x. Let

us set M∞ = lim−→m
Mm. By taking the inductive limit of (3.57) with respect to m,

we obtain the following exact sequence:

(3.58) {1} −→ (rKcyc
∞ )× ⊗Z Qp/Zp −→ M∞ −→ Cl(Kcyc

∞ )[p∞] −→ {1}.

29We remark that Kcyc
∞ is an algebraic number field of infinite degree. We define a fractional

ideal of Kcyc
∞ as a nonzero finitely generated rKcyc

∞
-submodule of Kcyc

∞ and we can check that the

set of fractional ideals of Kcyc
∞ becomes naturally an abelian group by multiplication. In fact, the

group of fractional ideals of Kcyc
∞ is isomorphic to the inductive limit of the group of fractional

ideals of subfields of finite degree of Kcyc
∞ .
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Let us denote the maximal totally real subfield of Kcyc
∞ by Kcyc,+

∞ . By Proposition
3.12, the index of the subgroup (rKcyc,+

∞
)×μKcyc

∞ of (rKcyc
∞ )× is at most 2. Hence, the

natural map (rKcyc,+
∞

)×μKcyc
∞ ⊗Z Qp/Zp −→ (rKcyc

∞ )× ⊗Z Qp/Zp is an isomorphism.

Since μKcyc
∞ ⊗Z Qp/Zp = 0, we have a natural isomorphism (rKcyc,+

∞
)× ⊗Z Qp/Zp

∼=
(rKcyc

∞ )× ⊗Z Qp/Zp. Recall that ωψ−1 is an odd character by our assumption.
Hence, we obtain

(3.59)
(
(rKcyc

∞ )× ⊗Z Qp/Zp

)ωψ−1

=
(
(rKcyc,+

∞
)× ⊗Z Qp/Zp

)ωψ−1

= 0.

By taking the part of the sequence (3.58) where the group ΔN ×Δp acts by ωψ−1

and by using (3.59), we obtain

(3.60) (M∞)ωψ−1 ∼= Cl(Kcyc
∞ )[p∞]ωψ−1

.

On the other hand, we have a nondegenerate pairing

(3.61) Gal(Kcyc
∞ ( pm

√
Mm)/Kcyc

∞ )×Mm −→ μp∞ , (g, x) �→ ( pm
√
x)g

pm
√
x

,

where Kcyc
∞ ( pm

√
Mm) denotes the extension of Kcyc

∞ obtained by adjoining { pm
√
x | x

∈ Mm}. Let M/Kcyc
∞ be a cyclic Galois extension of degree pm. Since the cy-

clotomic Zp-extension Kcyc
∞ of K = Kψ(μp) contains all p-power roots of unity,

there exists an element x ∈ (Kcyc
∞ )×/((Kcyc

∞ )×)p
m

such that M = Kcyc
∞ ( pm

√
x) by

Kummer theory. Let n be a natural number large enough so that we can take
a representative x̃ ∈ Kcyc

n of x and that all primes over p are totally ramified in
Kcyc

∞ /Kcyc
n . Let p1, . . . , ps be the prime ideals of rKcyc

n
over p. We decompose the

principal fractional ideal (x̃) of Kcyc
n as (x̃) = Ap

m1
1 · · · pms

s where A is a fractional

ideal of Kcyc
n whose prime decomposition does not contain any factor of the form p

l1
i

with li ∈ Z\{0}. Let Im+n be the group of fractional ideals of Kcyc
n . Note that the

element of Im+n given by p
m1
1 · · · pms

s is contained in (Im+n)
pm

since Kcyc
m+n/K

cyc
n is

totally ramified over p. By the local class field theory, M/Kcyc
∞ is unramified outside

p if and only if there exists a fractional ideal B of Kcyc
n such that A = Bpm

. By the
above discussion, a cyclic Galois extension M = Kcyc

∞ ( pm
√
x) of Kcyc

∞ is unramified
outside p if and only if (x) ∈ (I∞)p

m

. We thus obtained

(3.62) M cyc
∞ = lim−→

m

Kcyc
∞ ( pm

√
Mm).

By combining the limit of (3.61) with respect to m and (3.62), we obtain the a
nondegenerate and ΔN ×Δp-equivariant pairing as follows:

XKcyc
∞ ×M∞ −→ μp∞ .

Since ΔN × Δp acts on μp∞ via the Teichmüller character ω, the above pairing
induces following pairing on the ψ-quotient (XKcyc

∞ )ψ of XKcyc
∞ :

(3.63) (XKcyc
∞ )ψ × (M∞)ωψ−1 −→ μp∞

We complete the proof by combining (3.60) and (3.63). �

In order to complete principle (A), we need to recall the theory of adjoint
modules which was developed in the paper [53] of Iwasawa.
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Definition 3.70. Let O be the ring of integers of a finite extension of Qp, Γ a
profinite topological group which is isomorphic to 1+ pZp. For a finitely generated
torsionO[[Γ]]-moduleM , we take a set {hα}α∈A of nonzero elements of the maximal
ideal of O[[Γ]] labelled by a directed set A satisfying the following conditions:

(i) We have (hα′) ⊂ (hα) if α
′ > α.

(ii) We have
⋂

α∈A(hα) = {0}.
(iii) For any α ∈ A, the principal ideal (hα) and charO[[Γ]]M have no
common prime factor.

The modules M/hαM are of finite cardinality by the condition (iii). By the con-
dition (i), the modules M/hαM form an inductive system of finite O[[Γ]]-modules
by setting the transition homomorphism fαα′ to be

M/IαM ↪→ M/hα′M, x mod (hα) �→ hα′

hα
x mod (hα′)

for each pair (α, α′) with α′ > α. Then, we define a O[[Γ]]-module Ad(M) to be

Ad(M) :=

(
lim−→
α∈A

M/IαM

)∨

and call it the (Iwasawa) adjoint module associated to M . We remark that,
by Theorem 3.71, the module Ad(M) is independent of the choice of the system
{hα}α∈A.

Theorem 3.71 is a principal theorem of the theory of adjoint modules. We will
not prove this theorem in this book but the reader who wishes to find the proof
can refer to [81, Chap. 5, §5] or [117, §15.5] for example.

Theorem 3.71. Let O be the ring of integers of a finite extension of Qp, Γ a
profinite topological group which is isomorphic to 1 + pZp. Then, for any finitely
generated torsion O[[Γ]]-modules M and M ′, the following statements old:

(1) The O[[Γ]]-module Ad(M) is independent of the choice of the choice of
the system {hα}α∈A and is unique up to isomorphism.

(2) The O[[Γ]]-module Ad(M) is canonically isomorphic to Ext1O[[Γ]](M,O[[Γ]]).

(3) The module Ad(M) is a finitely generated torsion O[[Γ]]-module which
contains no nonzero pseudo-null O[[Γ]]-submodule.

(4) If M ∼ M ′, we have Ad(M) ∼ Ad(M ′).
(5) When M is an elementary Iwasawa module in the sense of Definition 2.41,

we have Ad(M) ∼= M•.

By applying the above theorem, we obtain the following result:

Proposition 3.72. Let us take a primitive Dirichlet character ψ satisfying the
same assumption as that of Theorem 3.66. Then we have the following pseudo-
isomorphism of Λcyc,ψ-modules:

HomZp
(Cl(Kcyc

∞ )[p∞]ωψ−1

,Qp/Zp)
• ∼ (XKcyc

∞ )ωψ−1 .

Proof. Since Kcyc
∞ /K is a cyclotomic Zp-extension, there exists an integer

n0 such that Kcyc
∞ is totally ramified over Kcyc

n0
= (Kcyc

∞ )Γ
pn0
cyc at all primes above

p. Let p1, . . . , ps be the primes over p of Kcyc
n0
. For each i with 1 ≤ i ≤ s, the

inertia subgroup Ipi
is isomorphic to Gal(Kcyc

∞ /Kcyc
n0

) = Γpn0

cyc via the natural map

Ipi
↪→ Gal(Lcyc

∞ /Kcyc
n0

) � Γpn0

cyc . Let us fix a topological generator γ of Γpn0

cyc .
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For each i with 1 ≤ i ≤ s, we denote by γi ∈ Ipi
the pull-back of γpn0

by the
above isomorphism and we define a closed subgroup YKcyc

∞ of the topological group
XKcyc

∞ = Gal(Lcyc
∞ /Kcyc

∞ ) to be

YKcyc
∞ = 〈ωn0

XKcyc
∞ , γ−1

2 γ1, . . . , γ
−1
s γ1〉,

where we set ωn0
= γpn0 − 1 and 〈 〉 denotes the closure of the subgroup 〈 〉. By

the argument of §3.1.2, YKcyc
∞ /( ωn

ωn0
)YKcyc

∞ is canonically identified with a subgroup

of Cl(Kcyc
n )[p∞] for any n > n0 and the order of the cokernel of canonical injection

YKcyc
∞ /( ωn

ωn0
)YKcyc

∞ ↪→ Cl(Kcyc
n )[p∞] is uniformly bounded independently of n > n0.

Hence, by choosing {Iα}α∈A of Definition 3.70 to be { ωn

ωn0
}n>n0

, we have

(3.64) Ad((YKcyc
∞ )ωψ−1) ∼ HomZp

(Cl(Kcyc
∞ )[p∞]ωψ−1

,Qp/Zp)

by definition. By Theorem 3.71 (4), (5) and the structure theorem of Iwasawa
modules (Theorem 2.39), we have Ad(M)• ∼ M for any finitely generated Λcyc,ψ-
module M . Hence, we have

(3.65) Ad((YKcyc
∞ )ωψ−1)• ∼ (YKcyc

∞ )ωψ−1 .

Finally we have

(3.66) (YKcyc
∞ )ωψ−1 ∼ (XKcyc

∞ )ωψ−1

since YKcyc
∞ is a subgroup of XKcyc

∞ of finite index. By combining (3.64), (3.65) and
(3.66), we complete the proof. �

By putting the above results together, we obtain the following theorem.

Theorem 3.73 (Principle of Kummer theory). Let us take a primitive Dirichlet
character ψ satisfying the same assumption as that of Theorem 3.66. Then we have
the following equality:

charΛcyc,ψ
(XKcyc

∞ )ωψ−1 = charΛcyc,ψ
((XKcyc

∞ )ψ)
• ⊗ κcyc.

We thus established principle (A)30. Principle (B) is established by the following
theorem.

Theorem 3.74 (Principle of analytic class number formula). Let K=Q(μNp).
Then we have the following equalities:∑

ψ

λ((XKcyc
∞ )ωψ−1) =

∑
ψ

λ(Lp(ψ)),∑
ψ

μ((XKcyc
∞ )ωψ−1) =

∑
ψ

μ(Lp(ψ)),

where ψ runs through all characters of Gal(K/Q) such that ψ(−1) = 1 and ψ �= 1.

Proof. In this proof, we denote by C the set of all characters of Gal(K/Q)
such that ψ(−1) = 1 and ψ �= 1. Let O be the ring of integers of a finite extension
of Qp which contains values of any ψ ∈ C. We set

Xalg := (XKcyc
∞ ⊗Zp

O)−, Xanal := Λcyc,O/(
∏
ψ∈C

Lp(ψ)),

30Recall that, in order that Kummer theory works, we established principle (A) with K
obtained by adjoining ζp to Kψ and Kωψ−1 . Note that we have pseudo-isomorphisms of Λcyc,ψ-

modules (XK
cyc
∞

)ωψ−1 ∼ (XK
cyc

ωψ−1,∞
)ωψ−1 and (XK

cyc
∞

)ψ ∼ (XK
cyc
ψ,∞

)ψ.
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where ( )− denotes the part on which the complex conjugate J acts with mul-
tiplication of −1. By decomposing Xalg with characters, we have the following
decomposition of the Iwasawa invariants on the algebraic side31:

λ(Xalg) =
∑
ψ∈C

λ((XKcyc
∞ )ωψ−1), μ(Xalg) =

∑
ψ∈C

μ((XKcyc
∞ )ωψ−1).

By the definition of Xanal, we have the following decomposition of the Iwasawa
invariants on the analytic side:

λ(Xanal) =
∑
ψ∈C

λ(Lp(ψ)), μ(Xanal) =
∑
ψ∈C

μ(Lp(ψ)).

Hence, it suffices to prove that

(3.67) λ(Xalg) = λ(Xanal), μ(Xalg) = μ(Xanal).

By the argument developed in §3.1.2, there exist a natural number n0 and a real
number c satisfying 0 < c ≤ 1 such that we have the following inequality for any
n ≥ n0

32:

(3.68) c ≤ #(Cl(Kcyc
n )[p∞])/#(Cl(Kcyc,+

n )[p∞])

#(Xalg/( ωn

ωn0
)Xalg)

≤ 1

c
.

Let us recall some classical facts concerning Dedekind’s zeta functions ζ(Kcyc
n , s)

for Kcyc
n and ζ(Kcyc,+

n , s) for its totally real subfield Kcyc,+
n .

(1) By Dirichlet Class Number Formula, the order of zero of ζ(Kcyc
n , s) at

s = 0 is equal to r1(K
cyc
n ) + r2(K

cyc
n ) and we have

(3.69) lim
s→0

ζ(Kcyc
n , s)

sr2(K
cyc
n )

= −#Cl(Kcyc
n ) ·RKcyc

n

#μKcyc
n

where RKcyc
n

is the regulator of Kcyc
n for n ≥ 333.

(2) Similarly, we have

(3.70) lim
s→0

ζ(Kcyc,+
n , s)

sr1(K
cyc,+
n )

= −
#Cl(Kcyc,+

n ) ·RKcyc,+
n

#μKcyc,+
n

.

Here we note that we have r2(K
cyc
n ) = r1(K

cyc,+
n ) for n ≥ 3.

(3) Since Kcyc
n is an abelian extension of Q, we have

(3.71) ζ(Kcyc
n , s) =

∏
η

L(η, s)

where η runs through Dirichlet characters defined modulo Npn+1.
(4) Similarly, we have

(3.72) ζ(Kcyc,+
n , s) =

∏
η

L(η, s)

where η runs through even Dirichlet characters defined modulo Npn+1.

31By using Remark 3.33 (3) and Stickelberger’s theorem (Theorem 3.94), we have
λ((XK

cyc
∞

)ω) = μ((XK
cyc
∞

)ω) = 0 when ψ = 1. This justifies the validity of the following equality

though the case ψ = 1 is excluded in the definition of C.
32By taking a sufficiently large n0, we can avoid the contribution of trivial-zero, for example.
33Note that we have r1(K

cyc
n ) = 0 for n ≥ 3.
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By taking the ratio of (3.69) and (3.70), we have:

(3.73) lim
s→0

ζ(Kcyc
n , s)

ζ(Kcyc,+
n , s)

=
2

dn
2 +1

#μKcyc
n

· #Cl(Kcyc
n )

#Cl(Kcyc,+
n )

,

where dn = [Kcyc
n : Q]. Here we used the fact that

RK
cyc
n

R
K

cyc,+
n

= 2
dn
2 and #μKcyc,+

n
= 2.

On the other and, by the interpolation of the p-adic L-function Lp(ψ) (Theorem
3.30) and by Remark 3.33 (3), we have

|φ(Lp(ψ))|p =

⎧⎨⎩|L(ψω−1φ−1, 0)|p when ψ �= 1,
1

|φ(γ)− 1|p
when ψ = 1,

for any Dirichlet character φ of p-power order whose conductor divides pn+1 where
γ is a topological generator of Γ and φ = 1 is excluded in the latter case. Now we
have the following equality for any n:∣∣∣∣∏φ(Lp(1))

#μKcyc
n

∣∣∣∣
p

=

∣∣∣∣∏(φ(γ)− 1)

pn+1

∣∣∣∣
p

= p,

where φ runs through nontrivial characters of Γcyc/Γ
pn

cyc. Since p is an odd prime
number, (3.71), (3.72) and (3.73) imply that there exists a real number satisfying
0 < c′ ≤ 1 such that we have the following inequality for any positive integer n:

(3.74) c′ ≤ #(Cl(Kcyc
n )[p∞])/#(Cl(Kcyc,+

n )[p∞])

#(Xanal/(ωn

ω0
)Xanal)

≤ 1

c′
.

The asymptotic behavior of #(Xalg/( ωn

ωn0
)Xalg) and #(Xanal/(ωn

ω0
)Xanal) when n

varies obtained in (3.68), (3.74) combined with the arguments of §2.3.4 (especially
Remark 2.51) implies the desired equalities of Iwasawa invariants (3.67). This
completes the proof. �

By the principle of analytic class number formula established earlier, it suffices
to prove only one of inclusions ⊂ and ⊃ of the cyclotomic Iwasawa main conjecture
for class groups over Kψ when ψ runs through even characters of Gal(Q(μNp)/Q).
However, Xalg and Xanal are quite different in nature and it is not easy to relate
these two objects directly. So, usually we try to relate them with help of a certain
intermediate object as follows:

characteristic ideal
of Selmer group
(algebraic object)

· · · · · · intermediate
object

· · · · · ·
a principal ideal

generated by p-adic L-function
(analytic object)

.

There are mainly two different methods, the method of the Eisenstein ideal and
the method of Euler systems. We will explain each of them in §3.3.2 and in §3.3.3
respectively.

3.3.2. Proof of the Iwasawa main conjecture by the Eisenstein ideal.
In this section, we will explain the proof along the method of the Eisenstein ideal of
(−)-type Iwasawa main conjecture (Theorem 3.66) obtained by Mazur–Wiles [75],
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Wiles [124]. Their proof has its origin in the proof of the following result by Ribet
[93]34:

(3.75) p|L(ωi−1,−1) =⇒ p|#Cl(Q(μp))
ωi

for any odd integer i satisfying 1 < i < p− 1.

Roughly speaking, their work generalizes the work of Ribet, from Q(μp) to a system
of Q(μNpn+1) where n varies, from the divisibility by p to the divisibility by pm. In
other words, the proof of the above-mentioned work of Ribet [93] is a prototype
of the proof of by Mazur–Wiles and Wiles. Hence, we will explain the argument
of [93] first. Based on this, we then discuss the generalization by by Mazur–Wiles
and Wiles.

The basic knowledge required to understand the topics of this subsection is
more advanced than the basic knowledge required in other sections. For exam-
ple, the proofs of Ribet, Mazur–Wiles, and Wiles assume modular forms, Hecke
operators for which the reader can refer to [77] and [39, Chap.5, Chap.6]. It is
also important to have a basic understanding of basics on the theory of p-adic Ga-
lois representations as well as the theory Galois cohomology theory to the level of
[107, Chap.1]. Other than these subjects, the basic knowledge of the arithmetic
algebraic geometry such as algebraic curves, abelian varieties and finite flat group
schemes over local fields is also assumed (see [131] for example on such basic top-
ics). For these reasons, this section has two ∗35. In fact, we only give a sketch
for the proof of Wiles. If the reader is not familiar with some technical terms or
some notion, he can try to grasp only the outline without following the detail of
the argument. If reading in such a way is also difficult, we can skip this section.

From now on throughout the book, we fix two sets of complex and p-adic
embeddings of Q as follows:

(3.76) C

Q
� �

ι∞

����������
� �

ιp

���
��

��
��

�

Qp

C

Q
� �

ι′∞

����������
� �

ι′p

���
��

��
��

�

Qp.

We fix a finite extension K of Qp which is sufficiently large so that the coefficients
of q-expansion of a given modular form and the values of some Dirichlet characters
are contained in K. The first set of fixed embeddings ι∞, ιp serves for identifying
the decomposition group at a finite prime v of a number field K with the absolute
Galois group of the local field Kv and the second set of fixed embeddings ι′∞, ι′p
serves for regarding the coefficients of q-expansion of a given normalized modular
form as elements in Qp

36.

34For an integer k such that i ≡ 1 − k mod p − 1, we have ζ(1 − k) ≡ L(ωi−1,−1) mod p.
Hence, the implication =⇒ of the theorem of Herbrand–Ribet stated in Chapter 1 is equivalent
to the implication =⇒ of (3.75).

35For the meaning of ∗, please refer to “How to read this book” in the preface of this book.
36After Chapter 5, the first set of fixed embeddings ι∞, ιp serves for fixing “the field of

definition” of a given motif or a given algebraic variety and the second set of fixed embeddings

ι′∞, ι′p serves for fixing “the field of coefficients” of a given motif.
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We denote by Mk(M, η;Z) (resp. Sk(M, η;Z)) the space of modular forms
(resp. cuspforms) of weight k, level Γ1(M) with Neben character η whose coeffi-
cients of q-expansion are contained in Z. We set:

Mk(M, η;OK) = Mk(M, η;Z)⊗Z OK, Sk(M, η;OK) = Sk(M, η;Z)⊗Z OK.

Let � be a uniformizer of OK. Below, we will explain the proof of (3.75) given by
Ribet [93].
(Step 1) If �|L(ωi−1,−1), there exists a normalized cuspidal eigenform f =∑∞

n=1an(f)q
n ∈ S2(p, ω

i−1;OK) such that we have the congruences a�(f) ≡ 1 +
�ωi−1(�) mod � for all primes � �= p.

Outline of the proof. Recall that, for a Dirichlet character η of conductor
M and a natural number k ≥ 1, there exists an eigenform Gk,η ∈ Mk(M, η;OK)
called an Eisenstein series given by

(3.77) Gk,η =
Mk(k − 1)!

2τ (η−1)(2π
√
−1)k

∑
(m,n)∈Z2

(m,n) 
=(0,0)

η−1(n)

(mMz + n)k
,

where we assume that η �= 1 when k ≤ 2 and τ (η−1) denotes the Gauss sum∑
1≤j≤Mη−1(j)e

2πj
√

−1
M 37. The q-expansion of Gk,η is given as follows:

(3.78) Gk,η =
L(η, 1− k)

2
+

∞∑
n=1

σk−1,η(n)q
n,

where σk−1,η(n) =
∑

1≤d≤n,d|nη(d)d
k−1, the σ-function of Dedekind for the char-

acter η38. Note that, when k = 2, M = p, η = ωi−1, the constant term of G2,ωi−1

is L(ωi−1,−1)
2 . We can verify by computation that, among all pairs (a, b) of integers

satisfying 1 ≤ a, b ≤ p − 1 and a + b ≡ i − 1 mod p − 1, there exists a pair (a, b)
such that the constant term a0(g(a, b)) of g(a, b) := G1,ωaG1,ωb ∈ M2(p, ω

i−1;OK)
is a p-adic unit39.

With such a pair (a, b), we set

(3.79) f ′ := G2,ωi−1 − L(ωi−1,−1)

2

g(a, b)

a0(g(a, b))
∈ M2(p, ω

i−1;OK).

By the definition of f ′, we have a0(f
′) = 0. By the assumption �|L(ωi−1,−1), we

have f ′ ≡ G2,ωi−1 mod � where we define the congruence between modular forms

37When k ≤ 2, the series (3.77) is not absolutely convergent. Hence, we consider the series
Gk,η(s) which is defined by introducing another complex variable s and by replacing (mMz+n)k in

(3.77) by (mMz+n)k|mMz+n|2s. The series Gk,η(s) is absolutely convergent for 2Re(s)+k−2 >
0. When η 
= 1, Gk,η(s) is analytically continued to the whole C-plane and we define Gk,η by
Gk,η = Gk,η(s)|s=0. For the detail of the calculation and the proof, we refer the reader to

[77, §7.2].
38For the proof of the formula of the q-expansion of the Eisenstein series with character, we

refer the reader to [39, §5.1].
39By (3.78), the constant term of g(a, b) is equal to

L(ωa,0)L(ωb,0)
4

. Since the p-adic valuation

of the value
∏p−1

j=1L(ω
j , 0) is bounded by the p-adic valuation of #Cl(Q(ζp)) from above thanks

to the class number formula, the asymptotic behavior of ordp#Cl(Q(ζp)) obtained by Carlitz

implies that we have ordp#Cl(Q(ζp)) < p−1
4

if p > 19. For primes p ≤ 19, we always have

ordp#Cl(Q(ζp)) = 0. Hence, the existence of a pair (a, b) with which the constant term of g(a, b)
is a p-adic unit is assured for all primes p by pigeonhole principle. For more of the detail and
related references, we refer the reader to [93, Theorem (3.3)].
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with coefficients in OK by the congruence of all coefficients of their q-expansions
here. In general, a modular form whose constant term vanishes as is the case for
f ′ is called a semi-cuspform.

Note that f ′ might not necessarily be an eigenform. In order to obtain an
eigenform, we use the following lemma:

Lemma 3.75. Let M be a finitely generated free module over a discrete valua-
tion ring OK and P a set of OK-linear endomorphisms of M which are mutually
commutative. Suppose that v ∈ M/�M is a simultaneous eigenvector of the set
of endomorphisms on M/�M induced by elements of P. Then, by replacing M
and P by their base extension to a finite extension of K if necessary, there exists a
simultaneous eigenvector ṽ ∈ M of the set of endomorphisms P over OK such that
ṽ ≡ v mod �.

Roughly speaking, the idea is to consider the subalgebra H of the ring of endo-
morphism EndOK(M) generated by P and to discuss the lifting of the prime ideal
associated to the component of H modulo the maximal ideal of OK corresponding
to v. Since the detail of the algebraic argument of the proof of this lemma does not
help us to understand the essential point of the proof of Ribet, we omit the proof
of lemma. For the detail of the proof, we refer the reader to [24, Lemma 6.11].

We will apply Lemma 3.75 to the space of semi-cuspforms

M = {h ∈ M2(p, ω
i−1;OK) | a0(h) = 0}

and the set P of Hecke operators in EndOK(M)40. If we put v = f ′, v mod � is an
eigenvector by the definition given in (3.79)41. Let ṽ be the eigenvector obtained
from v applying Lemma 3.75 and we define f ′′ =

∑∞
n=0an(f

′′)qn ∈ M2(p, ω
i−1;OK)

to be the form corresponding to ṽ. By definition, f ′′ is a semi-cuspidal eigenform
which satisfies the congruence f ′′ ≡ G2,ωi−1 mod �. In general, the constant terms
of a semi-cuspform does not vanish at other cusps. Hence, a semi-cuspform is not
necessarily a cuspform.

Recall that we have a decomposition

M2(p, ω
i−1;K) = S2(p, ω

i−1;K)⊕ E2(p, ω
i−1;K),

where E2(p, ω
i−1;K) is the subspace of M2(p, ω

i−1;K) which consists of Eisenstein
series. In this situation, E2(p, ω

i−1;K) is of dimension 2 and the coefficients of
q-expansions of two eigenforms are explicitly calculated (see [77, §4.7]42). One of
two eigenforms is the Eisenstein series G2,ωi−1 , which has nonzero constant term
and the other eigenform is a semi-cuspform. Since the Fourier coefficient at � of
G2,ωi−1 is 1+ωi−1(�)� and the Fourier coefficient at � of the unique semi-cuspform

in E2(p, ω
i−1;K) is �+ ωi−1(�) by [77, §4.7], they are not congruent modulo � to

each other unless ωi−1 is trivial. We thus conclude that the semi-cuspidal eigen-
form f ′′ ∈ S2(p, ω

i−1;OK) which we constructed belongs to S2(p, ω
i−1;K). Since

40In general, the subspace of semi-cuspforms in the space of modular forms of certain weight
and level is not necessarily stable under the action of Hecke operators. Here, since the subspace of
non semi-cuspforms inside the space of Eisenstein series in M2(p, ωi−1;OK) is of dimension one,
the subspace of semi-cuspforms in M2(p, ωi−1;OK) is stable under the action of Hecke operators.
Thus, we can apply Lemma 3.75 in this situation.

41The element v mod � is nonzero because the first coefficient of the q-expansion of f ′ is a
unit of O.

42We refer the reader to [77, Chap. 7] for a general reference of q-expansion of Eisenstein
series of general weight and level.
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a1(G2,ωi−1) = 1, we have a1(f
′′) ∈ 1 + �OK ⊂ O×

K . Hence, the normalization

f = 1
a1(f ′′)f

′′ of f ′′ also belongs to S2(p, ω
i−1;OK)

43. �

(Step 2a) Let us denote by Vf
∼= K⊕2 the representation space of the p-adic

Galois representation ρf
44 of the absolute Galois group GQ of Q associated to the

normalized cuspidal eigenform f =
∑∞

n=0an(f)q
n ∈ S2(p, ω

i−1;OK) obtained in
Step 1. Then there exists a GQ-stable OK-lattice

45 T ⊂ (Vf )
∗ such that the GQ-

module T/�T have the following extension46:

(3.80) 0 −→ (OK/(�))(1) −→ T/�T −→ (OK/(�))(ω−i) −→ 0,

where (OK/(�))(η) denotes the Galois representation of rank one over OK/(�) on
which GQ acts by η : GQ −→ (OK/(�))×.

Proof. Let us choose a GQ-stable OK-lattice T ′ ⊂ (Vf )
∗. As we discussed in

Step 1, we have a1(f
′′) ≡ 1 mod �. Hence, we have a�(f) ≡ a�(f

′′) mod � for any
prime �. Since we have

tr(Frob−1
l on T ′/�T ′) ≡ al(f) ≡ al(G2,ωi−1) = 1 + lωi−1(l) mod �

for the arithmetic Frobenius element Frob−1
l at each prime � �= p, the semi-

simplification (T ′/�T ′)ss of T ′/�T ′ has the following isomorphism:

(3.81) (T ′/�T ′)ss ∼= (OK/(�))(1)⊕ (OK/(�))(ω−i)

by the Chebotarev density theorem. Especially, T ′/�T ′ is reducible. If T ′/�T ′

has a subspace which is isomorphic to (OK/(�))(1), T ′/�T ′ has an extension of
the type (3.80). In this case, it suffices to take T = T ′. If it is not the case, the
GQ-module T ′/�T ′ has the following extension:

(3.82) 0 −→ (OK/(�))(ω−i) −→ T ′/�T ′ −→ (OK/(�))(1) −→ 0.

Then, we set T = Ker[T ′ � (OK/(�))(1)], which is also a GQ-stable OK-lattice of
(Vf )

∗. the GQ-module T/�T has an extension of the type (3.80) This completes
the proof of Step 2a. �

(Step 2b) There exists a GQ-stable OK-lattice T ⊂ (Vf )
∗ such that the GQ-

module T/�T have an extension of the type (3.80) which is not split as a short
exact sequence of OK[GQ]-modules.47

43The argument to this point is based on [93, Prop. 3.5].
44We refer the reader to Theorem A.1 of this book to know what ρf and Vf are.
45We refer the reader to [107, Chap. 1] or §5.1 of this book for the definition and the

generality of Galois stable lattices of a p-adic Galois representation.
46The symbol (Vf )

∗ denotes the K-linear dual of Vf . In this book, our Galois representation
Vf associated to f is cohomological. On the other hand, the argument of Ribet is based on
the homological construction of the Galois representation associated to f . We refer the reader
to Remark A.3 to understand what we mean by a cohomological Galois representation and a
homological Galois representation.

47In general, given an irreducible p-adic Galois representation whose residual representation
is reducible, it is important to consider a statement which assures the existence of a GQ-stable
OK-lattice whose mod � reduction is non semi-simple. A statement of this type which generalizes
[93, Proposition (2.1)] is called a “Ribet’s lemma”.
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Proof. Let T ′ ⊂ (Vf )
∗ be a GQ-stable OK-lattice satisfying (3.80) of Step 2a.

By choosing an OK-basis of T
′, we consider the representation

(3.83) GQ −→ GL2(OK), g �→
(
a′(g) b′(g)
c′(g) d′(g)

)
by matrices relative to the fixed basis. Then each of matrix components a′, b′, c′, d′

is a map from GQ to OK. By choosing the OK-basis of T
′ giving (3.83) so that a′

modulo � is the matrix of the subrepresentation (OK/(�))(1) ⊂ T ′/�T ′, we have

(3.84) a′ ≡ 1 mod �, c′ ≡ 0 mod �, d′ ≡ ω−i mod �.

Under this choice of the basis, the representation T ′ is non split if and only if we
have b′ �≡ 0 mod �. Hence, if the representation T ′ satisfies (3.84) and we have
b′ �≡ 0 mod �, it suffices to take T = T ′. In the rest of the proof, we assume
that the representation T ′ satisfies (3.84) and b′ ≡ 0 mod �. Starting from this
T ′, we want to find another GQ-stable OK-lattice T ⊂ (Vf )

∗ which has a matrix
representation

GQ −→ GL2(OK), g �→
(
a(g) b(g)
c(g) d(g)

)
satisfying

a ≡ 1 mod �, b �≡ 0 mod �, c ≡ 0 mod �, d ≡ ω−i mod �.

Since the p-adic Galois representation Vf of GQ is irreducible by Ribet [94,
Prop. 4.4] 48, there exists an integer n ≥ 1 such that b′ ≡ 0 mod �n and b′ �≡ 0

mod �n+1. Let us consider a matrix P =

(
1 0
0 �n

)
and let us define a GQ-stable

OK-lattice T ⊂ (Vf )
∗ by T := PT ′ ⊂ (Vf )

∗, which has the following representation:

GQ −→ GL2(OK), g �→
(
a(g) b(g)
c(g) d(g)

)
= P

(
a′(g) b′(g)
c′(g) d′(g)

)
P−1.

We can check that a(g) = a′(g), b(g) = b′(g)
	n , c(g) = �nc′(g), d(g) = d′(g) by

calculation. The matrix components a, b, c, d satisfies (3.84) and b �≡ 0 mod �. We
thus constructed the desired GQ-stable OK-lattice T ⊂ (Vf )

∗. �

(Step 3) Let T ⊂ (Vf )
∗ be a GQ-stable OK-lattice obtained in Step 2b. Then the

sequence (3.80) splits as an exact sequence of GQp(ζp+ζ−1
p )-modules.

Proof. Since f is of weight two, (Vf )
∗ is a subrepresentation of TpX1(p)⊗Zp

Qp

where TpX1(p) denotes the p-adic Tate module of X1(p)
49. Let B = J1(p)/J0(p)

be the quotient abelian variety where J1(p) and J0(p) are the Jacobian varieties of
the modular curves X1(p) and X0(p) respectively. Since the Neben character ωi−1

of f is nontrivial, (Vf )
∗ is a subrepresentation of TpB ⊗Zp

Qp.

Theorem 3.76. The abelian variety B has good reduction over Qp(ζp + ζ−1
p ).

48See Theorem A.1 for Vf .
49See the comments after Remark A.3 for the fact that the Galois representation Vf associated

to cuspforms of weight two is constructed from the p-adic Tate module of a Jacobian variety.
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We can prove this theorem by applying the local Langlands correspondence
proved by Carayol [10]. Here we use this theorem by omitting the proof, but we
refer the reader to [22, Chap. V] for the proof of this theorem50. Let Qf be the field
obtained by adjoining all coefficients of the q-expansion of f to the field of rationals
and Zf the ring of integers. Then OK is a local component of a semi-local ring
Zf ⊗Z Zp. Let us take an abelian variety B′ isogenious to B with Zf ↪→ End(B′)
such that T = TpB

′ ⊗Zf⊗ZZp
OK. Since abelian varieties in the same isogeny class

have the same reduction type, B′ also has good reduction over Qp(ζp + ζ−1
p ). Let

B′ be the Néron model of B′ over Zp[ζp + ζ−1
p ]. Since B′ is an abelian scheme over

Zp[ζp+ζ−1
p ] and the multiplication by p map B′ p−→ B′ is finite flat, the kernel B′[p]

of the multiplication by p is a finite flat group scheme over Zp[ζp + ζ−1
p ]. We note

that the ring Zf ⊗Z Zp acts on B′[p]. In general, given a finite flat group scheme

G defined over the ring of integers Ok of a p-adic field k, the group of Qp-valued

points G(Qp) is a Gk-module. Let G ⊂ B′[p] be the finite flat subgroup scheme

over Zp[ζp + ζ−1
p ] obtained by cutting out the part where the ring Zf ⊗Z Zp acts

through the local component OK. For k = Qp(ζp + ζ−1
p ), we have an isomorphism

of Gk-modules

(3.85) T/�T ∼= G(Qp).

The following theorem is due to Raynaud (see [92, Thm. 3.3.3, Cor. 3.3.6.] for
the proof).

Theorem 3.77. Let k be a p-adic field whose absolute ramification index e(k)
satisfies e(k) < p− 1. Then the following statements hold for any finite flat group
schemes G, G′ which are defined over Ok and annihilated by p.

(1) If we have an isomorphism of Gk-modules G(Qp) ∼= G′(Qp), we have an
isomorphism G ∼= G′.

(2) We have an injection HomFp[Gk](G(Qp),G′(Qp)) ↪→ Hom(G,G′).

By the basic theory on finite flat group schemes (see [115] for example), we
have a standard short exact sequence: of finite flat group schemes

(3.86) 0 −→ Gconn −→ G −→ G ét −→ 0,

where Gconn is a connected finite flat group scheme and G ét is an étale finite flat
group scheme.

Let us get back to the situation of (3.85). By Step 2a, we have a GQ-stable
short exact sequence (3.80). Since this sequence is stable by the subgroup Gk ⊂ GQ

with k = Qp(ζp + ζ−1
p ), the Gk-module T/�T of rank two over OK/(�) contains

a Gk-module (OK/(�))(1) of rank one over OK/(�) with trivial action. Since we
have e(k) = p−1

2 < p− 1, we have an injective morphism of finite flat group scheme
from a nonzero constant finite flat group scheme over Ok into G by Theorem 3.77.
On the other hand, the representation G(Qp) ∼= T/�T of Gk is ramified since ωi is
a nontrivial ramified character of Gk by the assumption that i is odd. This implies
that Gconn �= 0. Since G contains a nonzero constant finite flat group scheme, G is
not a connected finite flat group scheme over Ok. Hence, Gconn is not equal to the
whole of G and Gconn is a finite flat group scheme over Ok such that Gconn(Qp) is

50See also [61, Chap. 14] for an extension of this theorem to the case of the general level.
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of rank one over OK/(�). We thus proved that the free OK/(�)-module T/�T of
rank two have two different Gk-stable subspaces of rank one. This implies that the
short exact sequence (3.80) of Gk-modules splits. �

(Step 4) The cohomology class obtained by the extension (3.80) satisfied by the
reduction T/�T of an OK-lattice T ⊂ (Vf )

∗ modified as in Step 2b gives a nonzero

element in Cl(Q(ζp))[p]
ωi

.

Proof. By applying the twist ⊗ωi with the character ωi to (3.82), we have
the following exact sequence:

(3.87) 0 −→ (OK/(�))(ωi) −→ (T/�T )⊗ ωi −→ (OK/(�))(1) −→ 0.

Let x be a generator of the rightmost term (OK/(�))(1) of (3.87) and take a lift
x̃ ∈ (T/�T )⊗ ωi. For any g ∈ GQ, we have

g(x̃)− x̃ ∈ Ker[(T/�T )⊗ ωi � (OK/(�))(1)] = (OK/(�))(ωi)

and we can check that the element g(x̃)− x̃ is independent of the choice of the lift
x̃. This defines a map

(3.88) GQ −→ (OK/(�))(ωi), g �→ g(x̃)− x̃,

and we can check that this is a group homomorpihsm. By Step 2b, the group
homomorphism (3.88) is nontrivial. Since the order of the group (OK/(�))(ωi) is
a p-power and the index [GQ : GQ(ζp)] is prime to p, a group homomorphism

(3.89) GQ(ζp) −→ (OK/(�))(ωi),

which is obtained by restricting (3.88) is also nontrivial. Since the abelian variety
B′ has good reduction outside p, the general theory of étale cohomology assures
that the homomorphism (3.89) restricted to the inertia subgroup Iλ is trivial for any
prime λ of Q(ζp) which is not lying over p. By Step 3, the homomorphism (3.89)
restricted to the decomposition group Dp at the unique prime p of Q(ζp) over p
is trivial. Thus, there exists a nontrivial Gal(Q(ζp)/Q)-equivariant homomorphism
Cl(Q(ζp))[p] −→ (OK/(�))(ωi) by the unramified global class field theory. This
completes the proof of (3.75). �

Let us proceed to the proof of the Iwasawa main conjecture for ideal class
groups (Theorem 3.66). Theorem 3.66 was first proved by Mazur–Wiles [75] when
the order of the Dirichlet caracter ψ associated to the base field Kωψ−1 is prime
to p and Wiles [124] removed the assumption on the order of ψ later. The proofs
given by Mazur–Wiles [75] and Wiles [124] are both generalizations of the method
of Ribet explained above, but the proof of [124] refines and simplifies the proof of
[75] even when the order of ψ is prime to p. The first remarkable idea of [124] is
the use of Hida theory on families of p-adic modular over local domains I which
are finite flat over Λcyc. We localize Λcyc at every height-one prime I dividing the
p-adic L-function Lp(ψ) and bound from below the length of the torsion (Λcyc)I
module obtained by localizing (XKcyc

ωψ−1,∞
)ωψ−1 at I with help of Hida theory51.

51It is thanks to Hida theory and the localization that [124] removed the assumption of the
order of ψ being prime to p.
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Before explaining the proof of [124], we will recall and fix some notation on
Hida theory. Let I be a local domain which is finite flat over Λcyc. By fixing
a natural number N satisfying (N, p) = 1, Hida theory provides us a certain I-
module MNp∞(I) called the space of Hida’s I-adic modular forms of level Np∞.
We list up some of important facts on the space MNp∞(I) below52:

(1) The I-module MNp∞(I) is a finitely generated I-submodule of I[[q]] where
q is a formal variable. Hence, every element of MNp∞(I) is given as a
formal q-expansion F = Σ∞

n=0An(F)qn where An(F) is an element of I for
every nonnegative integer n.

(2) Let F be an element of MNp∞(I). For any homomorphism κ : I −→ Qp

satisfying κ|Λcyc
= κk−2

cyc φ with a natural number k ≥ 2 and a charac-

ter of finite order φ : Γcyc −→ Q
×
, there exists a modular form fκ ∈

Mk(Γ0(Np∗), ψFω
2−kφ;κ(I)) such that the specialization

κ(F) := Σ∞
n=0κ(An(F))qn

is equal to the q-expansion of fκ = fκ(z) when we identify the formal
variable q of κ(F) with exp(2π

√
−1z)53. Here, ψF is a Dirichlet character

associated to F whose conductor is a divisor of Np. We call the character
ψF the Neben character of the I-adic modular form F.

(3) An I-adic modular form F is called an I-adic cuspform if the specializa-
tion fκ belongs to the space of cuspforms Sk(Γ0(Np∗), ψFω

2−kφ;κ(I)) ⊂
Mk(Γ0(Np∗), ψFω

2−kφ;κ(I)) for any homomorphism κ : I −→ Qp satisfy-
ing the same condition as in (2). We denote by SNp∞(I) ⊂ MNp∞(I) the
I-submodule which consists of I-adic cuspforms.

(4) As in the theory of classical modular forms, we have Hecke operators
T2, T3, . . . acting on the modules SNp∞(I) and MNp∞(I). Since these
Hecke operators commute to each other, it makes sense to consider a
simultaneous eigenvector with respect to all Hecke operators. We call
such a simultaneous eigenvector a Hecke eigenform.

(5) Let F be an I-adic cuspidal eigenform of level Np∞. We denote by K the
field of fractions of I. Then there exists an irreducible Galois representa-
tion ρF : GQ −→ GL2(K) which satisfies the following conditions:
(tr) At any prime � not dividing Np, the representation ρF is unramified

and we have the equality A�(F) = tr(ρF(Frob�)).
(det) The representation detρF : GQ −→ GL1(K) is isomorphic to the

character κ̃−1κ−1
cycω

−1ψ−1
F where κ̃ is the universal character GQ �

Γcyc ↪→ Zp[[Γcyc]]
× ↪→ I×.

We note that ρF is uniquely characterized modulo isomorphism by the
above properties. The representation ρF is continuous in the sense that the
representation space VF

∼= K⊕2 of ρF has a finitely generated I-submodule
T ⊂ VF such that T⊗K ∼= VF which is stable by the action of GQ and the
action of GQ on T is continuous with respect to the topology of T induced
by the maximal ideal of I.

52In this section, we only give a brief summary on Hida theory to outline the proof of Theorem
3.66. However, we will give a more detailed explanation of Hida theory later in §7.2 of the second
volume of this book.

53We have ∗ = ordp(Cond(φ)) when φ 
= 1 and we have ∗ = 1 when φ = 1.
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Let us explain the I-adic Eisenstein series, which is the most important example of
I-adic modular form.

An I-adic Eisenstein series is a p-adic family of classical Eisenstein series. Let
ψ be a Dirichlet character of conductor Npe (e = 0 or e = 1) such that ψ(−1) = 1
and ψ �= 1. We set I = Λcyc,ψ. Let us fix a topological generator γ of Γcyc. For
any natural number d, we define s(d) ∈ Zp to be a unique element characterized by

κcyc(γ)
s(d) = 〈d〉. We define Twκcyc

: Λcyc,ψ −→ Λcyc,ψ to be the Zp[ψ]-linear map

induced by γ �→ κcyc(γ)γ. Then, we define Gψ =
∑∞

n=0An(Gψ)q
n ∈ MNp∞(I) by

(3.90) An(Gψ) =

⎧⎨⎩Twκcyc

(
ι(Lp(ψ))

2

)
when n = 0,∑

1≤d≤n
d|n,(d,p)=1

ψ(d)dγs(d) when n > 0,

where we recall that ι is the involution map on Λcyc,ψ induced by Γcyc −→ Γcyc, g �→
g−1. For any homomorphism κ : I −→ Qp satisfying κ|Λcyc

= κk−2
cyc φ with a natural

number k ≥ 2 and a character of finite order φ : Γcyc −→ Q
×
, we have κ(Gψ) =

G
(p)

k,ψω2−kφ
where G

(p)

k,ψω2−kφ
is a classical cuspidal eigenform given by the following

q-expansion54:

G
(p)

k,ψω2−kφ
(q) = Gk,ψω2−kφ(q)− pk−1ψω2−kφ(p)Gk,ψω2−kφ(q

p).

Thus Gψ is an element of MNp∞(I)55.
Using these tools from Hida theory, we will explain the proof of Theorem 3.66

by Wiles in which we carry out a systematic generalization of the construction
of unramified extensions by Ribet. By the principle of the analytic class number
formula (Theorem 3.74), it suffices to show the inequality

(3.91) ordι(I)Twκ−1
cyc

(Lp(ψ)) ≤ ordι(I)

(
charΛcyc,ψ

(XKcyc

ωψ−1,∞
)ωψ−1 ⊗ κ−1

cyc

)
for each height-one prime ideal I ⊂ Λcyc,ψ which contains the element A0(Gψ) =

Twκcyc

( ι(Lp(ψ))
2

)
∈ Λcyc,ψ. In addition, by the vanishing theorem of the μ-invariant

(Theorem 3.60), it suffices to prove (3.91) assuming that the prime I is not over p
(In other words, Λcyc,ψ/I is of characteristic 0). From now, in the rest of the proof,
we fix such a height-one prime ideal I ⊂ Λcyc,ψ and we set

(3.92) l = ordι(I)Twκ−1
cyc

(Lp(ψ)) = ordIA0(Gψ).

Our goal is to prove (3.91). We will do this in 4 steps56.
(Step I) There exists a local domain I which is finite flat over Λcyc, an I-adic
cuspidal eigenform F ∈ SNp∞(I) and a height-one prime ideal Ĩ ⊂ I over the

height-one prime ideal I ⊂ Λcyc,ψ such that F ≡ Gψ mod Ĩl.

54The construction by which we obtain G
(p)

k,ψω2−kφ
(q) from Gk,ψω2−kφ(q) as below is usually

called a p-stabilization of a modular form. It is known that, at any prime different from p, the

Hecke eigenvalue of the p-stabilization G
(p)

k,ψω2−kφ
(q) is the same as that of Gk,ψω2−kφ(q).

55We refer the reader to the text [39, §7.1] for a more detailed explanation on the construction
of Gψ under the assumption that N = 1.

56The steps I, II, III, and IV below are respectively the analogues of steps 1, 2, 3, and 4 of
the proof of Ribet explained earlier. It will help to understand the arguments deeper if we always
keep this analogy in mind.
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Proof. If we try to prove Step I by just imitating the proof of Step 1 in
the proof of Ribet, we have to start from showing the existence of an Λcyc,ψ-adic
modular form G ∈ MNp∞(Λcyc,ψ) with the same Neben character ψ as Gψ whose
constant term A0(G) is a unit of Λcyc,ψ. Since N is arbitrary, it is impossible to
check this with help of numerical calculations of the asymptotic behavior of class
numbers as we did in the proof of Ribet for N = 1. We sketch a brief idea on how
to avoid this difficulty.

The second important idea of Wiles is that it suffices to show only the existence
of an Λcyc,ψ-adic modular form G ∈ MNp∞(Λcyc,ψ) with the same Neben character
ψ as Gψ whose constant term A0(G) has no common zero with constant term
A0(Gψ) of Gψ. We will find this by a twisting technique which is explained below.

For a character ρ of Γcyc of finite order, we set G
(ρ)
ψ = G1,ω−1ρ−1 ·Twκ−1

cycρ
(Gψ).

By construction, G(ρ)
ψ is an element of MNp∞(Λcyc,ψ) whose Neben character is

equal to that of Gψ
57. Note that A0(G

(ρ)
ψ ) has only finitely many zeros by p-adic

Weierstrass preparation theorem (Theorem2.15). Hence, if we choose ρ so that the

order of ρ is sufficiently large, A0(G
(ρ)
ψ ) and A0(Gψ) have no common zeros. By the

definition of the ideal I given above, A0(G
(ρ)
ψ ) is a unit of the localization (Λcyc,ψ)I

under this choice of ρ. Let us set

F′ := Gψ − A0(Gψ)

A0(G
(ρ)
ψ )

G(ρ)
ψ ∈ (Λcyc,ψ)I[[q]].

Then we have F′ ≡ Gψ modulo Il. Since the constant term of F′ is zero, F′ is an
Λcyc,ψ-adic semi-cuspform.

If we follow the analogy with the strategy of the Ribet’s proof which is the
prototype of this proof, we might try to find a sufficiently large finite flat extension
I of Λcyc,ψ and an I-adic semi-cuspidal eigenform which is congruent to F′ modulo
Il . However, since N is arbitrary, the rank of the space of I-adic Eisenstein series is
large and the space of semi-cuspforms is not stable by the action of Hecke operators
in general. So it is not possible to follow exactly the same strategy as the Ribet’s
proof. The third important idea of Wiles is to study carefully the action of Hecke
operators on the space of I-adic Eisenstein series. We denote by ENp∞(I) the space
of I-adic Eisenstein series with Neben character ψ. Then we have the decomposition
as follows stable by the action of Hecke operators:

MNp∞(I) = SNp∞(I)⊕ ENp∞(I).

The space ENp∞(I) is spanned by forms E(ψ′, ψ′′)(qm) labelled with Dirichlet char-

acters ψ′ and ψ′′ satisfying ψ = ψ′ψ′′ and m dividing Np
Cond(ψ) where E(ψ′, ψ′′) is

the I-adic Eisenstein series interpolating classical Eisenstein series Ek(ψ
′, ψ′′) when

k varies. It is known that E(ψ′, ψ′′) is a semi-cuspform if ψ′ is not primitive and
E(ψ′, ψ′′) is annihilated by

lim
n→∞

Tn!
p TN

∏
l|N

(T
ϕ(Np)
l − (γs(l)l)ϕ(Np))

57For any integer k ≥ 2 and for any finite order character φ : Γcyc → Q
×
, the specialization

of Tw
κ−1
cycρ

(Gψ) by κk−2
cyc φ is a modular form in Mk−1(Γ0(Np∗), ψω3−kρφ;Zp[ψρφ]). Multiplied

by G1,ω−1ρ−1 ∈ Mk−1(Γ0(Np∗), ω−1ρ−1;Zp[ρ]) the specialization of G(ρ)
ψ by κk−2

cyc φ becomes a

modular form in Mk(Γ0(Np∗), ψω2−kφ;Zp[ψφ]).
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if ψ′ is nontrivial. By these facts, we have

(3.93) lim
n→∞

Tn!
p TN

∏
l|N

(T
ϕ(Np)
l − (γs(l)l)ϕ(Np))F′ ∈ SNp∞((Λcyc,ψ)I).

We denote by F′′ ∈ SNp∞((Λcyc,ψ)I) the normalized cuspform associated to the
form of (3.93). We have F′′ ≡ F′ ≡ Gψ mod Il. There exists a local domain
I which is finite flat over Λcyc, an I-adic cuspidal eigenform F ∈ SNp∞(I) and a

height-one prime ideal Ĩ ⊂ I over the height-one prime ideal I ⊂ Λcyc,ψ such that

F ≡ F′′ modulo Ĩl, which is the desired cuspform F. �

(Step II) Let ρF : GQ −→ GL2(K) be the irreducible Galois representation as-
sociated to F and let us denote by VF

∼= K⊕2 the representation space of ρF. We
denote by IĨ the discrete valuation ring obtained by localizing I at the height-one

prime Ĩ58. For a character ρ̃ : GQ −→ (IĨ)×, we denote by (IĨ /Ĩ)(ρ̃) a simple

(IĨ /Ĩ)-module of rank one over (IĨ /Ĩ) on which GQ acts by ρ̃ and we call (IĨ /Ĩ)(ρ̃)
a (IĨ /Ĩ)[GQ]-module of type ρ̃. If we denote by (VF)

∗ the K-linear dual of VF, there
exists a finitely generated IĨ-submodule TĨ ⊂ (VF)

∗ which is stable by the action
of GQ satisfying the following properties:

(1) The IĨ-module TĨ is free of rank two.
(2) We have a GQ-stable extension:

(3.94) 0 −→ A −→ TĨ /Ĩ
lTĨ −→ B −→ 0

satisfying the following conditions:

(i) We have A ∼= B ∼= IĨ /Ĩl as IĨ -modules.
(ii) Every simple subquotient of A (resp. B) as an IĨ [GQ]-module is of

type 1 (resp. type η̃) where η̃ := κ̃κcycψFω.
(3) The module TĨ has no quotient of type 1 as an IĨ [GQ]-module.

Proof. Let us state a brief outline of the proof. The existence of a GQ-stable
submodule TĨ ⊂ (VF)

∗ which satisfies the assertion (1) follows from the continuity
of the representation ρF which was explained earlier. For any prime � not dividing

Np, we have the following congruence modulo Ĩ:

the trace of Frob� acting on TĨ /ĨTĨ ≡ A�(F)

≡ A�(Gψ) ≡ the trace of Frob� acting on(IĨ /Ĩ)(1)⊕ (IĨ /Ĩ)(η̃).

Hence, the semi-simplification (TĨ /ĨTĨ)
ss of the IĨ [GQ]-module TĨ /ĨTĨ is isomor-

phic to (IĨ /Ĩ)(1)⊕ (IĨ /Ĩ)(η̃) by the Chebotarev density theorem. By an argument
similar to Step 2a of the Ribet’s proof, we can replace the IĨ -lattice TĨ by another
lattice so that the assertion (2) is satisfied. Since ρF is irreducible, by the argument
of Ribet’s lemma similar to the one developed in Step 2b of the proof of Ribet,
we can replace the lattice TĨ by another lattice satisfying the property (3) without
spoiling the property (2). �

58When I is not normal, we need to replace I by its integral closure in K and Ĩ by a height-one

prime which is over Ĩ.
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(Step III) The sequence (3.94) is split as an extension of GQur
p
-modules where Qur

p

is the maximal unramified extension of Qp.

Proof. Recall the following result due to Wiles (see [122, Thm. 2.2] and
[123, Thm. 2]) which is a generalization of Step 3 of the proof of Ribet 59.

Theorem 3.78. Let VF
∼= K⊕2 be the representation space of the representation

ρF of GQ. Then the restriction ρF|GQp
to GQp

has the following extension:

0 −→ K(α̃) −→ VF −→ K(α̃−1η̃−1) −→ 0.

Here, α̃ : GQp
−→ I× is an unramified character such that α̃(Frobp) = Ap(F)

where Frobp denotes the geometric Frobenius element.

Recall that TĨ is a lattice of (VF)
∗ and note that we have a surjection (VF)

∗ �
K(α̃−1) by taking the K-linear dual of the exact sequence given in Theorem 3.78.
We define a IĨ [GQp

]-module Fil+TĨ to be

Fil+TĨ := Ker[TĨ ↪→ (VF)
∗ � K(α̃−1)].

Let us set Fil−TĨ := TĨ/Fil
+TĨ. Then Fil−TĨ is isomorphic to Im[TĨ ↪→ (VF)

∗ �
K(α̃−1)]. Especially, the module Fil−TĨ is nonzero. By applying the right exact

functor ⊗I
Ĩ
I
Ĩ
/Ĩ to the short exact sequence:

0 −→ Fil+TĨ −→ TĨ −→ Fil−TĨ −→ 0,

we obtain the exact sequence:

(3.95) Fil+TĨ/ĨFil
+TĨ −→ TĨ/ĨTĨ −→ Fil−TĨ/ĨFil

−TĨ −→ 0.

Since TĨ is a free module of rank two over the discrete valuation ring I
Ĩ
, the

middle term TĨ/ĨTĨ of (3.95) is an I
Ĩ
/Ĩ-vector space of dimension two. Hence,

the dimension of the I
Ĩ
/Ĩ-vector space Fil−TĨ/ĨFil

−TĨ is equal to or smaller than

two. Since Fil−TĨ is nonzero, the dimension of Fil−TĨ/ĨFil
−TĨ is nonzero. If the

dimension of Fil−TĨ/ĨFil
−TĨ is two, we have TĨ/ĨTĨ = Fil−TĨ/ĨFil

−TĨ, which
implies that the action of GQp

on TĨ is unramified. Since this contradicts to the
fact that the action of GQp

on TĨ is ramified, we proved that the dimension of

Fil−TĨ/ĨFil
−TĨ is one. By Nakayama’s lemma, Fil−TĨ is a cyclic I

Ĩ
-module. Since

the I
Ĩ
-module Fil−TĨ is torsion-free, it is free of rank one over I

Ĩ
. The free-ness of

Fil−TĨ implies that the first map of the exact sequence (3.95) is injective. Hence,

the dimension of Fil+TĨ/ĨFil
+TĨ is one and this implies that Fil+TĨ is free of rank

one over I
Ĩ
by the same argument as above. We thus obtained the following short

exact sequence of I
Ĩ
[GQp

]-modules

(3.96) 0 −→ (IĨ /Ĩl)(η̃α̃) −→ TĨ /Ĩ
lTĨ −→ (IĨ /Ĩl)(α̃−1) −→ 0.

We finish the proof of Step III by (3.94) and (3.96). �

59The proof of Wiles generalizes the mod p finite flat group scheme J1(p)[p] associated to
the Jacobian variety J1(p) of the modular curves X1(p) to the family of the mod pn finite flat
group schemes J1(Npn)[pn] associated to the Jacobian varieties J1(Npn) of the modular curves
X1(Npn) for varying n. He obtain a generalization of the decomposition (3.86) for these finite
flat group schemes.
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(Step IV) Recall that the Galois cohomology group of degree one classifies exten-
sion classes of Galois modules. According to this basic fact, each extension class
(3.94) determines an element of the following group:

H1(Q,HomIĨ(B,A)) ∼= H1(Q, (IĨ/Ĩl)(η̃−1))

∼= H1(Q, (Λcyc,ψ/I
l)(η̃−1))⊗Λcyc,ψ

I.

By Step III, an extension class of (3.94) is trivial as extension classes of GQur
p
-

modules. That is, the class restricted to

H1(Qur
p ,HomIĨ(B,A)) ∼= H1(Qur

p , (Λcyc,ψ/I
l)(η̃−1))⊗Λcyc,ψ

I

is zero.
For any prime � not dividing the Np∞, the Galois representation ρF is unrami-

fied at � by the general property (5) of Hida theory explained before Step I. Hence,
the extension class (3.94) restricted to

H1(Qur
� ,HomIĨ(B,A)) ∼= H1(Qur

� , (Λcyc,ψ/I
l)(η̃−1))⊗Λcyc,ψ

I

is zero for any prime � not dividing the level Np∞.

For primes � dividing N , the Ĩ-module

Im[H1(Q,HomIĨ(B,A)) −→ H1(Qur
� ,HomIĨ(B,A))]

is zero if the height-one prime Ĩ ⊂ I does not divide (p).
By the locally unramified property obtained above, for each height-one prime

I ⊂ Λcyc,ψ which does not divide (p), the extension class obtained through Step II
and Step III induces a Λcyc,ψ-linear map

(XKcyc

ωψ−1,∞
)ωψ−1 ⊗ κ−1

cyc −→ Λcyc,ψ/ι(I)
l

whose cokernel is a pseudo-null Λcyc,ψ-module. By the definition of l given in (3.92),
we have

ordι(I)Twκ−1
cyc

(Lp(ψ)) ≤ ordι(I)

(
charΛcyc,ψ

(XKcyc

ωψ−1,∞
)ωψ−1 ⊗ κ−1

cyc

)
for any height-one prime I ⊂ Λcyc,ψ which does not divide (p). Recall that, we
have ordι(I)Twκ−1

cyc
(Lp(ψ)) = 0 for height-one primes I ⊂ Λcyc,ψ dividing (p) by

the theorem of Ferrero–Washington (Theorem 3.60). Thus, we proved

(3.97) charΛcyc,ψ
(XKcyc

ωψ−1,∞
)ωψ−1 ⊂ (Lp(ψ))

for any even Dirichlet character ψ �= 1 of conductor Npe (e = 0 or e = 1). By the
principle of the analytic class number formula (Theorem 3.74), (3.97) becomes an
equality for each ψ and this completes the proof of Theorem 3.66.

3.3.3. Proof of the Iwasawa main conjecture by Euler system. As we
remarked at the end of §3.3, there exists another proof of the cyclotomic Iwasawa
main conjecture for class groups by means of the method of Euler systems. Histori-
cally, the method of Euler systems grew up from a technique invented by Kolyvagin
as well as an idea of Thaine. In general, this method bounds the size of a Selmer
group from above. Below, we will explain the proof by the method of Euler systems.

There is not so much knowledge which is newly required in this section. How-
ever, we have to be familiar with the theories on extensions of global fields and
local fields more deeply. For example, the Chebotarev density theorem was already
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used in the previous section to characterize the semi-simplification of a given Ga-
lois representation, but we use the Chebotarev density theorem in a more essential
manner in this section. We refer the reader to [80, Cap. VII, §13] for the density
theorem. Also, we assume that the reader is familiar with the generalities on the
structure of local fields and the basic of ramifications of the extension of local fields
as found in Part one and Part two of [108].

Let us fix a natural number N satisfying (N, p) = 1 and an even Dirichlet
character ψ �= 1 of conductor Npe (e = 0 or e = 1). We set K = Kψ ⊂ Q(μNp)
throughout §3.3.3.

Proposition 3.79. We have the following Gal(Kcyc
∞ /Q)-equivariant exact se-

quence:

(3.98) 0 −→ lim←−
n

(rKcyc
n

)× ⊗Z Zp −→ lim←−
n

U1(rKcyc
n

⊗Z Zp)

−→ XKcyc
∞ −→ XKcyc

∞ −→ 0,

where U1(rKcyc
n

⊗ZZp) is the group of principal units (i.e. the subgroup of the group
of units of the semi-local ring rKcyc

n
⊗Z Zp which consists of units congruent to 1

modulo every maximal ideal of rKcyc
n

⊗Z Zp)
60.

Proof. By the class field theory, we have the following exact sequence:

(3.99) 0 −→ (rKcyc
n

)× ⊗Z Zp −→ U1(rKcyc
n

⊗Z Zp)

−→ Gal(M cyc
n /Kcyc

n ) −→ Gal(Lcyc
n /Kcyc

n ) −→ 0.

We do not give the proof of this here, but (3.99) is obtained by combining (2.7)
and the injectivity of the first map (rKcyc

n
)× ⊗Z Zp −→ U1(rKcyc

n
⊗Z Zp) due to

Brumer’s theorem (a special case of Leopoldt conjecture). Note that Kcyc
n is an

abelian extension of Q, which is a sufficient condition for Leopoldt conjecture to
be true (see Remark 2.8 (1)). By definition, we have XKcyc

∞ = lim←−n
Gal(M cyc

n /Kcyc
n )

and XKcyc
∞ = lim←−n

Gal(Lcyc
n /Kcyc

n ). Since Gal(M cyc
n /Kcyc

n ) and Gal(Lcyc
n /Kcyc

n ) are

finite groups, we can check the Mittag-Leffler condition, which assures that the
sequence (3.98) obtained by taking the projective limit of (3.99) remains to be
exact. This completes the proof. �

Let us define the following set61

Rψ =
{
r ∈ Z≥1

∣∣ r is square-free and relatively prime to 2Np
}
.

Definition 3.80. Let K be a finite algebraic number field. We denote by
{zn,r}(n,r)∈Z≥1×Rψ

a set which consists of zn,r∈
(
(rKcyc

n (μr))
× ⊗Z Zp

)
ψ
parametrized

by (n, r) ∈ Z≥1 ×Rψ. We call such a set {zn,r}(n,r)∈Z≥1×Rψ
an Euler system (of

60In other wards, U1(rKcyc
n

⊗Z Zp) is the (pro-)p-Sylow subgroup of the profinite group

(rKcyc
n

⊗Z Zp)×.
61There appears no ψ explicitly in the definition of Rψ though the notation depends on ψ.

However, the set Rψ depends implicitly on ψ since N is the prime-to-p part of the conductor of

ψ.
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units) if it satisfies the following conditions62:

(1) NrKcyc
n+1(μr)/K

cyc
n (μr)(zn+1,r) = zn,r.

(2) NrKcyc
n (μr�)/K

cyc
n (μr)(zn,r�) = (Frob−1

� −1)zn,r for every prime � ∈ Rψ such
that (�, r) = 1.

Here, Frob−1
� ∈ Gal(Kcyc

n (μr)/Q) is an �-th power (arithmetic) Frobenius element63

and NrKcyc
n (μr�)/K

cyc
n (μr) denotes the norm map.

The following proposition gives a nontrivial example of Euler system of units
called an Euler system of cyclotomic units.

Proposition 3.81. Let N = 1 (resp. N > 1) and let K be a subfield of
Q(μNp). For any nonnegative integer n and for any r ∈ Rψ, we set

z′n,r =
ζapn+1ζσ

−n

r − 1

ζpn+1ζσ−n

r − 1
∈ Z[μpn+1r]

×

(
resp. z′n,r = ζσ

−n

N ζpn+1ζσ
−n

r − 1 ∈ Z[μNpn+1r]
×
)

and we define zn,r to be the ψ-part of the projection to pro-p part of the element
NrQ(μNpn+1r)/K

cyc
n (μr)(z

′
n,r). Then the set {zn,r}(n,r)∈Z≥1×Rψ

is an Euler system in

the sense of Definition 3.80.

We note that, for any nonnegative integer n, we have

locp(zn,1) =
(
NQ(μpn )/Kcyc

n ∩Q(μpn )(ûn(a))
)
ψ(

resp. locp(zn,1) =
(
NQ(μNpn )/Kcyc

n ∩Q(μNpn )(û(N),n)
)
ψ

)
where locp is the natural map from the group of global units (rKcyc

n
)× to the group

of local units (rKcyc
n

⊗Z Zp)
× and ûn(a) (resp. û(N),n) is the pro-p part of local

cyclotomic units which appeared in Lemma 3.48.

Proof. The argument for the case N = 1 and the argument for the case N > 1
is quite similar. Hence, we give the proof only for the case N > 1. In order to check
the norm condition for zn,r, it suffices to check the norm condition for z′n,r.

Let us take any nonnegative integer n. Then we have

NrQ(μNpn+2r)/Q(μNpn+1r)
(z′n+1,r) =

p−1∏
i=1

(
ζσ

−(n+1)

N ζpn+2ζσ
−(n+1)

r ζip − 1
)

= (ζσ
−(n+1)

N ζpn+2ζσ
−(n+1)

r )p − 1.

62Of course, it is not Euler who invented Euler systems. The name “Euler system” comes
from the fact that the action of the 
-th power Frobenius element appearing in the condition (2)
is similar to the 
-Euler factor of the zeta function (In fact, it is really related to the Euler factor
of the zeta-function).

63In arithmetic geometry, it is sometimes important to distinguish arithmetic Frobenius
elements and geometric Frobenius elements which are opposite to each other. In later chapters of
this book, it is rather 
-th power geometric Frobenius elements which play important roles (see a
footnote to Theorem A.1 for the explanation of geometric Frobenius elements). Since we denote
an 
-th power geometric Frobenius element by Frob	 later, we denote an 
-th power arithmetic
Frobenius element by Frob−1

	 here
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This gives

(3.100) NrQ(μNpn+2r)/Q(μNpn+1r)
(z′n+1,r) = z′n,r.

Let us take an element r� ∈ Rψ such that � is a prime. Then we have

NrQ(μNpn+1r�)/Q(μNpn+1r)
(z′n,r�) =

�−1∏
i=1

(
ζσ

−n

N ζpn+1ζσ
−n

r� ζi� − 1
)

=

∏�−1
i=0

(
ζσ

−n

N ζpn+1ζσ
−n

r� ζi� − 1
)

ζσ
−n

N ζpn+1ζσ
−n

r� − 1

=

∏�−1
i=0

(
ζσ

−n

N ζpn+1ζσ
−n

r� ζi� − 1
)

z′n,r
.

The numerator of the last term is equal to

(ζσ
−n

N ζpn+1ζσ
−n

r� )� − 1 = Frob−1
� ((ζN )σ

−n

ζpn+1ζσ
−n

r − 1) = Frob−1
� (z′n,r).

Thus we obtained

(3.101) NrQ(μNpn+1r�)/Q(μNpn+1r)
(z′n,r�) = (Frob−1

� − 1)(z′n,r).

Note that, Kcyc
n (μr) is a subfield of Q(μNpn+1r) since K is a subfield of Q(μNp).

By defining zn,r to be the ψ-part of the projection to pro-p part of the element
NrQ(μNpn+1r)/K

cyc
n (μr)(z

′
n,r), the result (3.100) (resp. (3.101)) implies te relation (1)

(resp. (2)) of Definition 3.80. This completes the proof. �

Rubin and Greither proved the main result of the theory of the Euler system
of units as follows (see Remark 3.68 for historical comments on the proof of the
cyclotomic Iwasawa main conjecture for ideal class groups):

Theorem 3.82 (Rubin ([69], [101]), Greither [34]). Let ψ be an even Dirichlet
character such that ψ �= 1. Then, for an Euler system of units {zn,r}(n,r)∈Z≥1×Rψ

in the sense of Definition 3.80, there exists a nonnegative integer α such that we
have:

(3.102) charΛcyc,ψ
(XKcyc

∞ )ψ

⊃ (pα)charΛcyc,ψ

(
lim←−
n

(
(rKcyc

n
)× ⊗Z Zp

)/
lim←−
n

zn,1Λcyc,ψ

)
ψ

.

Further, when the order of ψ is prime to p, we can take α to be zero.

Remark 3.83. Let {zn,r}(n,r)∈Z≥1×Rψ
be an Euler system of units as defined

in Definition 3.80. If we divide the exact sequence obtained in Proposition 3.79 by
submodules generated by the first layers of Euler system and take the ψ-covariant
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quotient, we obtain the following exact sequence:

(3.103) 0 −→
(
lim←−
n

(
(rKcyc

n
)× ⊗Z Zp

)/
lim←−
n

zn,1Λcyc,ψ

)
ψ

⊗Zp
Qp

−→
(
lim←−
n

U1(rKcyc
n

⊗Z Zp)

/
lim←−
n

locp(zn,1)Λcyc,ψ

)
ψ

⊗Zp
Qp

−→
(
XKcyc

∞

)
ψ
⊗Zp

Qp −→
(
XKcyc

∞

)
ψ
⊗Zp

Qp −→ 0,

where the last term
(
XKcyc

∞

)
ψ
⊗Zp

Qp is a torsion Λcyc,ψ ⊗Zp
Qp-module thanks to

Theorem 3.4 and the third term
(
XKcyc

∞

)
ψ
⊗Zp

Qp is a torsion Λcyc,ψ⊗Zp
Qp-module

thanks to Theorem 3.69 and the assumption that ψ is even. The first two terms
of (3.103) are torsion Λcyc,ψ ⊗Zp

Qp-modules if and only if lim←−n
zn,1 is a nontorsion

element of Λcyc,ψ.

(1) When we take the Euler system {zn,r}(n,r)∈Z≥1×Rψ
in (3.103) to be the Eu-

ler system of cyclotomic units {zcyc,ψn,r }(n,r)∈Z≥1×Rψ
obtained in Proposi-

tion 3.81, the first two terms of (3.103) are torsion Λcyc,ψ⊗Zp
Qp-modules.

(2) When the order of the character ψ is prime to p, the sequence (3.103) is
exact even without taking ⊗Zp

Qp
64.

(3) By the Ferrero–Washington theorem (Theorem 3.60) and the principle of
the analytic class number formula (Theorem 3.74), the μ-invariants of all
four terms in (3.103) before taking ⊗Zp

Qp are zero.

Before proving Theorem 3.82, we will prove that Theorem 3.82 implies (+)-type
Iwasawa main conjecture (Theorem 3.67).

Proof of Theorem 3.82⇒Theorem 3.67. If we prove

(3.104) charΛcyc,ψ

(
(XKcyc

∞ )ψ
)• ⊗ κcyc ⊃ (Lp(ψ))

for all even Dirichlet characters ψ �= 1 whose conductor divide Np, it follows by
the principle of the analytic class number formula (Theorem 3.74), that we have

charΛcyc,ψ

(
(XKcyc

∞ )ψ
)• ⊗ κcyc = (Lp(ψ)) for all even Dirichlet characters ψ �= 1

whose conductor divide Np65. By Remark 3.83 (3), the proof of (3.104) is reduced
to showing

(3.105) length(Λcyc,ψ)I

(((
(XKcyc

∞ )ψ
)• ⊗ κcyc

)
⊗Λcyc,ψ

(Λcyc,ψ)I

)
≤ ordI(Lp(ψ))

for every height one prime I of Λcyc,ψ which does not divide (p). By the construction
of p-adic L-function à la Coleman using cyclotomic units (see (3.2.4)), we have

(3.106) ordI(Lp(ψ))= length(Λcyc,ψ)I

((
U/C

)•
ψ
⊗ κcyc

)
⊗Λcyc,ψ

(Λcyc,ψ)I,

where U = lim←−n
U1(rKcyc

n
⊗Z Zp) and C = lim←−n

locp(z
cyc,ψ
n,1 )Λcyc,ψ. Note that the

localization functor ⊗Λcyc,ψ⊗ZpQp
(Λcyc,ψ)I preserves the exactness of (3.103) and

that the alternating some of the lengths of terms in a short exact sequence of

64See comments given after Definition 3.64 for some facts on the ψ-part and the ψ-quotient
for ψ whose order is prime to p.

65By the discussion given in Remark 3.33 (3) and by Stickelberger’s theorem (Theorem 3.94),
which will be presented later, Theorem 3.67 holds trivially true for ψ = 1. Hence, we can exclude
the case ψ = 1 in this proof.
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torsion (Λcyc,ψ)I-modules must be zero. By these facts and by (3.106), the validity
of (3.105) is equivalent to the validity of the following inequality

(3.107) length(Λcyc,ψ)I
(XKcyc

∞ )ψ ⊗Λcyc,ψ
(Λcyc,ψ)I

≤ length(Λcyc,ψ)I

(
lim←−
n

(
(rKcyc

n
)× ⊗Z Zp

)/
lim←−
n

zcyc,ψn,1 Λcyc,ψ

)
ψ

⊗Λcyc,ψ
(Λcyc,ψ)I

for every height one prime I of Λcyc,ψ which does not divide (p). Since (3.107)) fol-
lows immediately by applying Theorem 3.82 to the Euler system {zn,r} = {zcyc,ψn,r },
we complete the proof. �

Let us prepare some notation and some results which will be necessary for the
proof of Theorem 3.82. From now on, we fix a natural number m. For each r ∈ Rψ,
we consider the following condition (CDm) :

(CDm) Every prime factor � of r is completely decomposed in the extension
Kcyc

m (μp)/Q.

If a natural number r satisfies the condition (CDm), every prime factor � of r is
completely decomposed in the extension Q(μpm+1)/Q since Q(μpm+1) is a subfield
of Kcyc

m (μp). Hence, every prime factor � of r satisfies � ≡ 1 mod pm+1 if a natural
number r satisfies the condition (CDm).

For every natural number n, we consider the following isomorphism

(3.108) resn,r,m : H1(Kcyc
n , μpm+1) = (Kcyc

n )×/((Kcyc
n )×)p

m+1

∼−→
(
(Kcyc

n (μr))
×/((Kcyc

n (μr))
×)p

m+1
)Gal(Kcyc

n (μr)/K
cyc
n )

,

which is induced by the restriction map of the Galois cohomologies with coefficient
in μpm+1 from GKcyc

n
to its subgroup GKcyc

n (μr). The restriction map as above is
not necessarily injective for a general finite algebraic number field K. However,
when K is totally real and p is odd, we can show that the kernel and the cokernel
of resn,r,m is zero by the Inflation-Restriction sequence.

For each odd prime number � � Np, we fix a generator σ� of the cyclic group
Gal(Kcyc

n (μ�)/K
cyc
n ) ∼= Gal(Q(μ�)/Q). For each r ∈ Rψ, we have the following

decomposition of the Galois group Gal(Kcyc
n (μr)/K

cyc
n ):

Gal(Kcyc
n (μr)/K

cyc
n ) ∼= Gal(Kcyc

n (μ�1)/K
cyc
n )× · · · ×Gal(Kcyc

n (μ�s)/K
cyc
n )

corresponding to the prime decomposition r = �1 · · · �s. According to this decompo-
sition, we define an element Dr ∈ Z[Gal(Kcyc

n (μr)/K
cyc
n )] by Dr =

∏s
i=1D�i where

D�i =
∑�i−1

j=0 jσj
�i

for each i. We call Dr a Kolyvagin operator. Let us denote by

zn,r,m ∈ (Kcyc
n (μr))

×/((Kcyc
n (μr))

×)p
m+1

the image of zn,r ∈ (Kcyc
n (μr))

×⊗ZZp by
the map:

(Kcyc
n (μr))

× ⊗Z Zp � (Kcyc
n (μr))

×/((Kcyc
n (μr))

×)p
m+1

.

Proposition 3.84. When a natural number r ∈ Rψ satisfies the condition
(CDm), for every natural number n, we have

Dr(zn,r,m) ∈
(
(Kcyc

n (μr))
×/((Kcyc

n (μr))
×)p

m+1
)Gal(Kcyc

n (μr)/K
cyc
n )

.
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Proof. When r = 1, there is nothing to prove. We will prove the proposition
by an induction argument with respect to the number of prime divisors of r. Let
r > 1 and let � be a prime factor of r. We set r′ = r

� . Then we have

(σ� − 1)Dr(zn,r,m)

= (σ� − 1)D�Dr′(zn,r,m)

= #Gal(Kcyc
n (μ�)/K

cyc
n )Dr′(zn,r,m)−NrKcyc

n (μlr′ )/K
cyc
n (μr′)

Dr′(zn,r,m)

= #Gal(Kcyc
n (μ�)/K

cyc
n )Dr′(zn,r,m)− (Frob−1

� − 1)Dr′(zn,r′,m)

= 0.

In the above equation, the first equality is nothing but the definition of Dr, the
second is easily checked by developing (σ�−1)Dl. By the commutativity of the ring
Z[Gal(Kcyc

n (μr)/K
cyc
n )] and by the property (2) of Definition 3.80, we have

NrKcyc
n (μlr′)/K

cyc
n (μr′ )

Dr′(zn,r,m) = Dr′NrKcyc
n (μ�r′)/K

cyc
n (μr′)

(zn,r,m)

= Dr′(Frob
−1
� − 1)(zn,r′,m)

= (Frob−1
� − 1)Dr′(zn,r′,m)

which implies the third equality in the previous equation. By the condition (CDm),
we have #Gal(Kcyc

n (μ�)/K
cyc
n ) = �− 1 ≡ 0 mod pm+1. By applying the induction

hypothesis to r′, we have (Frob−1
� − 1)Dr′(zn,r′,m) = 0. This implies the fourth

equality in the previous equation.
Since σ� for prime factors � of r generates Gal(Kcyc

n (μr)/K
cyc
n ), the fact (σ� −

1)Dr(zn,r,m) = 0 for all prime factors � of r implies that Dr(zn,r,m) is invariant by
the action of Gal(Kcyc

n (μr)/K
cyc
n ). This completes the proof of proposition. �

Definition 3.85. Let us take an element r ∈ Rψ satisfying the condition
(CDm) and let n be a natural number. Then we define

κn,r,m ∈ (Kcyc
n )×/((Kcyc

n )×)p
m+1

to be the inverse image

κn,r,m = res−1
n,r,m(Dr(zn,r,m))

via the isomorphism (3.108). We call κn,r,m a Kolyvagin derivative of zn,r,m.

We prepare some important maps which play important roles in the proof of
Theorem 3.82.

Definition 3.86. Let us take a prime number � ∈ Rψ satisfying the condition
(CDm) and let n be a natural number. For each prime λ of Kcyc

n over (�), we denote
the completion of Kcyc

n at λ by Kcyc
n,λ and its ring of integers by rn,λ.

(1) For a factor λ of (�) as above, we denote the composite

(Kcyc
n )×/((Kcyc

n )×)p
m+1

−→
(
(Kcyc

n,λ)
×/r×n,λ

)/ (
(Kcyc

n,λ)
×/r×n,λ

)pm+1 ∼−→ Z/(pm+1)

by ordλ,m
66.

66In other words, the map ordλ,m is the map which assigns ordλ,m(x) = ordλ(x̃) mod pm+1

to each x ∈ (Kcyc
n )×/((Kcyc

n )×)p
m+1

where x̃ ∈ (Kcyc
n )× is a lift of x and ordλ : (Kcyc

n )× −→ Z
is the normalized additive valuation at λ.
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(2) Let � ∈ Rψ be a prime satisfying the condition (CDm) and let us fix a

prime �̃ of Kcyc
n over (�). Since the prime (�) is totally decomposed at

Kcyc
n , there is a unique element gλ ∈ Gal(Kcyc

n /Q) such that λ = (�̃)gλ for
each prime λ of Kcyc

n over (�). Hence, we have the following map

(Kcyc
n )×/((Kcyc

n )×)p
m+1 −→ Z/(pm+1)[Gal(Kcyc

n /Q)]

x �→ ⊕
λ|�

ordλ,m(x) · gλ.

Let us set Λψ,n,m := Λcyc,ψ/(ωn, p
m+1). By taking the ψ-quotient of the

above map, we obtain the map:

Div(�)n,m :
(
(Kcyc

n )×/((Kcyc
n )×)p

m+1
)
ψ
−→ Λψ,n,m.

Here we recall that Λcyc,ψ/(ωn, p
m+1) =

(
Z/(pm+1)[Gal(Kcyc

n /Q)]
)
ψ
.

Definition 3.87. Let n, m, �, �̃ and gλ be as in Definition 3.86. Recall that
σ� is a fixed generator of the cyclic group Gal(Kcyc

n (μ�)/K
cyc
n ). Since the extension

Kcyc
n (μ�) is totally ramified at every prime λ of Kcyc

n over (�), we denote the unique
prime of Kcyc

n (μ�) over λ by the same symbol λ.

(1) We denote by uλ the image of (1− σ�)(�λ) = �λ/�
σ�

λ ∈ r
×
n,λ in

(rKcyc
n (μ�)/λ)

×/((rKcyc
n (μ�)/λ)

×)p
m+1

= (rKcyc
n

/λ)×/((rKcyc
n

/λ)×)p
m+1

where �λ ∈ Kcyc
n (μ�) is a uniformizer of the prime λ.

(2) We define a noncanonical homomorphism depending on the choice of σ�:

ϕ(λ,σ�)
n,m : (rKcyc

n
/λ)×/((rKcyc

n
/λ)×)p

m+1 −→ Z/(pm+1)

to be the unique homomorphism from a multiplicative cyclic group to

an additive group such that ϕ
(λ,σ�)
n,m (uλ) = 1. Here we note that uλ is

a generator of the cyclic group (rKcyc
n

/λ)×/((rKcyc
n

/λ)×)p
m+1

because the
extension Kcyc

n (μ�)/K
cyc
n is tamely ramified at λ. We also note that we

have (ordλ,m ◦ N�)(�λ) = 1 where N� : Kcyc
n (μ�) −→ Kcyc

n is the norm
map.

(3) We define a noncanonical homomorphism depending on the choices of σ�

and �̃:

ϕ(�̃,σ�)
n,m :

(
(rKcyc

n
/(�))×

)
ψ
−→ Λψ,n,m =

(
Z/(pm+1)[Gal(Kcyc

n /Q)]
)
ψ

to be the ψ-quotient of the map

(rKcyc
n

/(�))× −→ Z/(pm+1)[Gal(Kcyc
n /Q)]

sending x ∈ (rKcyc
n

/(�))× to ⊕λ|� ϕ
(λ,σ�)
n,m (xλ)gλ where xλ for each λ is given

by(
rKcyc

n
/(�)

)× ∼→ ⊕
λ|�

(rKcyc
n

/λ)× � ⊕
λ|�

(rKcyc
n

/λ)×/((rKcyc
n

/λ)×)p
m+1

x �→ ⊕
λ|�

xλ.
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Since the situation of the above definition is a bit complicated, we will illustrate
the relation of some operations at each λ below.

Kcyc
n (μ	)

×/(Kcyc
n (μ	)

×)p
m+1

1−σ�

��

Nr
K

cyc
n (μ�)/K

cyc
n

������
�����

�����
�����

(rKcyc
n (μ�)

/λ)×/((rKcyc
n (μ�)

/λ)×)p
m+1

(Kcyc
n )×/((Kcyc

n )×)p
m+1

ordλ,m

����
���

���
���

���

(rKcyc
n

/λ)×/((rKcyc
n

/λ)×)p
m+1 ϕ

(λ,σ�)
n,m 		 Z/(pm+1).

Below, we will prove the main theorem (Theorem 3.82) of the Euler system
argument by using two key propositions below (Proposition 3.88 and Proposition
3.90).

Proposition 3.88. Under the setting of Definition 3.87, we have the following
equality in Λψ,n,m:

(3.109) Div(�)n,m(κn,r,m) = ϕ(�̃,σ�)
n,m (κn,r/�,m)

where we denote the image of κn,r/�,m ∈ (Kcyc
n )×/((Kcyc

n )×)p
m+1

in (rKcyc
n

/(�))×

also by the same symbol κn,r/�,m by abuse of notation.

Remark 3.89. We do not have a natural map from (Kcyc
n )×/((Kcyc

n )×)p
m+1

to
(rKcyc

n
/(�))×. However we have a natural map from the subgroup{

x ∈ (Kcyc
n )×/((Kcyc

n )×)p
m+1

∣∣∣ ordλ,m(x) = 0 for every λ|(�)
}

to (rKcyc
n

/(�))×. Thus the image of κn,r/�,m in (rKcyc
n

/(�))× discussed in the above
proposition makes sense since we have ordλ,m(κn,r/�,m) = 0 for every λ|(�).

Proposition 3.90. Let m,n be natural numbers satisfying pmCl(Kcyc
n )[p∞] =

0. Suppose we are given the following data:

(i) an element c ∈ Cl(Kcyc
n )[pm],

(ii) a Gal(Kcyc
n /Q)-stable finite Λψ,n,m-submodule W⊂

(
(Kcyc

n )×/((Kcyc
n )×)p

m+1)
ψ
,

(iii) a Gal(Kcyc
n /Q)-equivariant Λψ,n,m-linear homomorpihsm φW : W → Λψ,n,m.

Then there exist a prime number �c ∈ Rψ satisfying the condition (CDm), a prime

�̃c of Kcyc
n over �c and a generator σ�c of Gal(Q(μ�c)/Q) such that we have67:

(3.110)

⎧⎪⎨⎪⎩
[�̃c] = c,

ordλ,m(w) = 0 for any w ∈ W and for any prime λ of Kcyc
n over �c,

ϕ
(�̃c,σ�c )
n,m (w) = t · φW (w) (with t ∈ (Z/(pm+1)[ψ])×), for any w ∈ W

where [�̃c] denotes the ideal class of �̃c. Further, there exist infinitely many such
primes �c.

67Below, we denote the projection of w ∈
(
(Kcyc

n )×/((Kcyc
n )×)p

m+1)
ψ

to
(
(rKcyc

n
/(l))×

)
ψ

by the same symbol w by abuse of notation. We emphasize the same remark as Remark 3.89 here
again.
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The proof of Proposition 3.88 is based on the norm compatible property of
the Euler system zn,r (see Definition 3.80 (2)) and some properties of Kolyvagin
operators Dr(zn,r,m). The proof of Proposition 3.90 is based on the Chebotarev
density theorem. We omit the proof of the above two propositions and we will
concentrate on proving Theorem 3.82 using these two propositions. However, we
refer to [99, Prop. 2.4] for the proof of Proposition 3.88 and to [99, Thm. 3.1] for
the proof of Proposition 3.90.

Proof of Theorem 3.82. By Theorem 3.4, (XKcyc
∞ )ψ is a finitely generated

torsion Λcyc,ψ-module. Hence, there are finitely many elements g(1), . . . , g(s) ∈
Λcyc,ψ so that we have a Λcyc,ψ-linear injection:

(3.111) (Λcyc,ψ/(g
(1)))⊕ · · · ⊕ (Λcyc,ψ/(g

(s))) ↪→ (XKcyc
∞ )ψ

with finite cokernel68. By taking the ψ-quotient of the 4-term exact sequence (3.51)
in Theorem 3.57, we have the following exact sequence:

(3.112) 0 −→ the maximal p-power torsion part of

(
lim←−
n

U1(rKcyc
n

⊗Z Zp)

)
ψ

−→
(
lim←−
n

U1(rKcyc
n

⊗Z Zp)

)
ψ

−→ Λcyc,ψ −→ a finite p-group −→ 0.

On the other hand, by the assumption that ψ is even, the ψ-quotient of the first
injection of the 4-term exact sequence (3.98) of Proposition 3.79 gives the following
Λcyc,ψ-linear map

(3.113)

(
lim←−
n

(rKcyc
n

)× ⊗Z Zp

)
ψ

−→
(
lim←−
n

U1(rKcyc
n

⊗Z Zp)

)
ψ

whose kernel and cokernel are Λcyc,ψ-torsion. By combining (3.112) and (3.113),
there exists a nonnegative integer α and an ideal J ⊂ Λcyc,ψ of height two such
that we have a Λcyc,ψ-linear map:

(3.114)

(
lim←−
n

(rKcyc
n

)× ⊗Z Zp

)
ψ

−→ Λcyc,ψ

whose kernel and cokernel are annihilated by (pα) and by J respectively69.
By the structure theorem of Iwasawa modules (Theorem 2.39), we have the

following 4-term exact sequence

(3.115) 0 −→ the maximal p-power torsion part of lim←−
n

(rKcyc
n

)× ⊗Z Zp

−→ lim←−
n

(rKcyc
n

)× ⊗Z Zp −→ Λcyc,ψ −→a finite group−→ 0.

We denote by h ∈ Λcyc,ψ the image of lim←−n
zn,1 ∈

(
lim←−n

(rKcyc
n

)×⊗ZZp

)
ψ
by the

map (3.114). In the rest of the proof, we fix a pseudo-isomorphism as in (3.111)

68Since ψ is an even character, we should have s = 0 if we assume Greenberg’s conjecture
(Conjecture 3.26). Hence, Theorem 3.82 holds trivially true under Greenberg’s conjecture (see
Proposition 3.93 (2)).

69We note that the map (3.114) is injective when the order of the character ψ is prime to p.
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and a Λcyc,ψ-linear map as in (3.114). Note that we have

charΛcyc,ψ

(
lim←−
n

(rKcyc
n

)× ⊗Z Zp

)
ψ

/
lim←−
n

zn,1Λcyc,ψ = (h)

by definition. Hence, our goal in this proof is to prove the inclusion

(3.116)

(
s∏

i=1

g(i)

)
⊃ (pαh).

Under this situation, we will control ideal class groups and groups of global units
of Kcyc

n when the intermediate field Kcyc
n varies.

As for the class group, by Step 3 of the proof of Iwasawa’s class number formula
(Theorem 3.1) given in §3.1.2, there exists a constant n0 such that the natural maps

(3.117) (XKcyc
∞ )ψ/ωn(XKcyc

∞ )ψ −→ (Cl(Kcyc
n )[p∞])ψ

are surjective and their kernels are finite groups whose orders are uniformly bounded
independently of n ≥ n0. For each integer i satisfying 1 ≤ i ≤ s and for any natural
number n, we set

A(i)
n := Λcyc,ψ/(g

(i), ωn).

By applying the functor ⊗Λcyc,ψ
Λcyc,ψ/(ωn) to (3.111) and by composing with the

map (3.117), we have Λcyc,ψ-linear homomorphisms

(3.118) αn : A(1)
n ⊕ · · · ⊕A(s)

n −→ (Cl(Kcyc
n )[p∞])ψ

whose kernels and cokernels are finite groups whose orders are uniformly bounded
independently of n. We choose and fix an ideal I ⊂ Λcyc,ψ of height two which
annihilates the kernels and the cokernels of (3.118) for every n.

As for the control of the group of global units, we first recall the control of the
group of local units which is easier than that of the group of global units. Then
we study the difference between local units and global units. Recall that the norm
map of local units under the local cyclotomic Zp-extension induces the following
isomorphism:

lim←−
n

U1(rKcyc
n

⊗Z Zp) mod (ωn, p
m+1)

∼−→ U1(rKcyc
n

⊗Z Zp).

Since the group of units of a local field is related to the Galois group of the maximal
abelian extension over this local field by the local class field theory, this isomorphism
can be proved by controling the Galois group of the maximal abelian when the
local field varies. We omit the proof of this isomorphism, but we refer the reader
to [69, Chap. 5] for example. Let us consider the following commutative diagram
(3.119)(

lim←−
m,n

Am,n

)
m,n

−−−−−→
(
lim←−
m,n

Bm,n

)
m,n

−−−−−→
(
lim←−
m,n

(Bm,n/Am,n)

)
m,n

−−−−−→ 0

⏐⏐� ⏐⏐� ⏐⏐�
Am,n −−−−−→ Bm,n −−−−−→ Bm,n/Am,n −−−−−→ 0

where we set

Am,n = (rKcyc
n

)×/((rKcyc
n

)×)p
m+1

,

Bm,n = U1(rKcyc
n

⊗Z Zp)/U1(rKcyc
n

⊗Z Zp)
pm+1
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and ( )m,n on the upper horizontal sequence means taking the functor the func-
tor ⊗Λcyc,ψ

Λcyc,ψ/(ωn, p
m+1). By (3.98), the rightmost vertical map fits into the

leftmost vertical map of the following diagram:
(3.120)(

lim←−
m,n

(Bm,n/Am,n)
)
m,n

−−−−−−→
(
XK

cyc
∞

)
m,n

−−−−−−→
(
XK

cyc
∞

)
m,n

−−−−−−→ 0

⏐⏐� ⏐⏐� ⏐⏐�
Bm,n/Am,n −−−−−−→ XK

cyc
n

/(XK
cyc
n

)
pm+1

−−−−−−→ XK
cyc
n

/(XK
cyc
n

)
pm+1

−−−−−−→ 0

where XKcyc
n

is the Galois group of the maximal p-ramified p-extension of Kcyc
n and

XKcyc
n

is the Galois group of the maximal unramified p-extension of Kcyc
n .

By the diagram chasing argument using the snake lemma and the diagrams
(3.119), (3.120), we check that the kernel and the cokernel of the map(

lim←−
n

(rKcyc
n

)× ⊗Z Zp

)
ψ

mod (ωn, p
m+1) −→

(
(rKcyc

n
)×/((rKcyc

n
)×)p

m+1
)
ψ

induced by the norm map of global units under the global cyclotomic Zp-extension
are annihilated universally by an ideal in Λψ,n,m of height two which does not
depend on m, n (see [69, Appendix §6] for more detail of the argument here).
There exist a nonnegative integer α and an ideal J ⊂ Λcyc,ψ of height two such
that, for each η ∈ (pα)(γ − 1)J , the map(

lim←−
n

(rKcyc
n

)× ⊗Z Zp

)
ψ

mod (ωn, p
m+1) −→ Λψ,n,m

×η−→ Λψ,n,m

induced by (3.117) mod ωn and the multiplication by η is uniquely extended to a
Λψ,n,m-linear map

(3.121) β(η)
n,m :

(
(rKcyc

n
)×/((rKcyc

n
)×)p

m+1
)
ψ
−→ Λψ,n,m.

Let us fix natural numbers m, n satisfying (Cl(Kcyc
n )[p∞])ψ = (Cl(Kcyc

n )[pm])ψ.

We denote by g
(i)
n,m, hn,m ∈ Λψ,n,m the images of g(i), h ∈ Λcyc,ψ via Λcyc,ψ �

Λψ,n,m respectively. For each i satisfying i = 1, . . . , s, we fix a generator ci of the

Zp[Gal(Kcyc
n /Q)]-module A

(i)
n which appears in (3.118). We set cs+1 = 0.

(Step 1) Let us choose an arbitrary element η1 ∈ (pα)(γ − 1)J and apply Propo-

sition 3.90 to c1, W1 =
(
(rKcyc

n
)×/((rKcyc

n
)×)p

m+1)
ψ
and φW1

= β
(η1)
n,m . Then, there

exist a prime �1 ∈ Rψ satisfying the condition (CDm), a prime �̃1 of Kcyc
n over �1

and an element t1 ∈ (Z/(pm+1)[ψ])× such that we have

(3.122)

{
[�̃1] = c1,

ϕ
(�̃1,σ�1

)
n,m (κn,1,m) = t1η1hn,m.

(Step 2) We want to show that there exist �2, . . . , �s+1 satisfying the condition

(CDm), primes �̃2, . . . , �̃s+1 of Kcyc
n over �2, . . . , �s+1 and elements t2, . . . , ts+1 ∈

(Z/(pm+1)[ψ])× such that we have

(3.123)

{
[�̃k] = ck,

g
(k−1)
n,m ϕ

(�̃k,σ�k
)

n,m (κn,�1···�k,m) = tkηkϕ
(�̃k−1,σ�k−1

)
n,m (κn,�1···�k−1,m),
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for every natural number k satisfying 2 ≤ k ≤ s + 1a where ηk is an arbitrary
element in I for each k.

By induction, we assume that (3.123) holds true for k = i−1 and we will prove
it for k = i.

By construction, the element

κn,�1···�i,m ∈
(
(Kcyc

n )×/((Kcyc
n )×)p

m+1)
ψ
= H1(Kcyc

n , μpm+1)ψ

is unramified outside primes dividing �1 · · · �i2Np. That is, κn,�1···�i,m is contained
in H1(Kcyc

n,Σ�1···�i
/Kcyc

n , μpm+1)ψ ⊂ H1(Kcyc
n , μpm+1)ψ where Σ�1···�i is the set of

primes of Kcyc
n dividing �1 · · · �i2Np and Kcyc

n,Σ�1···�i
is the largest Galois extension

of Kcyc
n unramified outside the primes over Σ�1···�i .
By the global duality theorem of Galois cohomology, we have the following

lemma70:

Lemma 3.91. Let F be a finite algebraic number field, Σ a finite set of finite
primes of F and m a natural number. We consider the localization map of Galois
cohomology at Σ as follows:

locΣ(μpm+1) : H1(F, μpm+1) −→
⊕
v∈Σ

H1(Fv, μpm+1),

locΣ(Z/(pm+1)) : H1(F,Z/(pm+1)) −→
⊕
v∈Σ

H1(Fv,Z/(pm+1)).

Then, for any

x ∈ H1(FΣ/F, μpm+1)

and for any

y ∈ Cl(F )[pm+1] ⊂ H1(F,Z/(pm+1)),

the local duality pairing of their localizations at Σ:⊕
v∈Σ

(
H1(Fv, μpm+1)×H1(Fv,Z/(p

m+1))
)
−→

⊕
v∈Σ

H2(Fv, μpm+1) −→ Z/(pm+1),

⊕
v∈Σ

(locv(x), locv(y)) �→
⊕
v∈Σ

locv(x) ∪ locv(y) −→
∑
v∈Σ

locv(x) ∪ locv(y)

is zero where ∪ denotes the cup product. Here, in the last map, we regard locv(x)∪
locv(y) as an element of Z/(pm+1) via the canonical isomorphism H2(Fv, μpm+1) ∼=
Z/(pm+1).

Now, we denote by Bi−1 ⊂ Cl(Kcyc
n )[pm] the subgroup generated by the primes

of rKcyc
n

over �1, . . . , �i−1. By Lemma 3.91, ordλ,m(κn,�1···�i,m) ∈ Z/(pm+1) annihi-
lates the image of λ in Cl(Kcyc

n )[pm]/Bi−1 for any prime λ of Kcyc
n over �i. Hence,

for any ηi ∈ I, the fixed generator g
(i)
n,m ∈ Λψ,n,m of the annihilator ideal of ci di-

vides ηiDiv(�i)n,m(κn,�1···�i,m) ∈ Λψ,n,m. This implies that there exists a Λψ,n,m-linear

homomorpihsm φ
(ηi)
Wi

: Wi −→ Λψ,n,m such that we have

(3.124) g(i)n,mφ
(ηi)
Wi

(κn,�1···�i,m) = ηiDiv(�i)n,m(κn,�1···�i,m)

where Wi is the Gal(Kcyc
n /Q)-stable Λψ,n,m-submodule of(

(Kcyc
n )×/((Kcyc

n )×)p
m+1)

ψ

70For the global duality theorem, we refer the reader to [109, Chap. II, §6] for example.
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generated by κn,�1···�i−1,m. By Proposition 3.88, we have

(3.125) Div(�i)n,m(κn,�1···�i,m) = ϕ
(�̃i−1,σ�i−1

)
n,m (κn,�1···�i−1,m).

By combining (3.124) and (3.125), we obtain

g(i)n,mφ
(ηi)
Wi

(κn,�1···�i,m) = ηiϕ
(�̃i−1,σ�i−1

)
n,m (κn,�1···�i−1,m).

If we apply Proposition 3.90 to the data c = ci, W = Wi and φW = φ
(ηi)
Wi

, we prove
that (3.123) holds for k = i.
(Step 3) By putting Step 1 and Step 2 together, we obtain the following equality
in Λψ,n,m:

(3.126) g(1)n,m · · · g(s)n,mϕ
(�̃s+1,σ�s+1

)
n,m (κn,�1···�s+1,m) = (t1 · · · ts+1)(η1 · · · ηs+1)hn,m.

Note that the choice of η1 ∈ (pα)J and η2, . . . , ηs+1 ∈ I is independent of m
and n. Hence, we have g(1) · · · g(s)|(η1 · · · ηs+1)h for any η1 ∈ (pα)J and for any
η2, . . . , ηs+1 ∈ I. Since the ideals I and J are of height two, we can choose
another set of elements η′1 ∈ J , η′2, . . . , η

′
s+1 ∈ I so that the common factor of

η1 · · · ηs+1 and η′1 · · · η′s+1 is contained in (pα)(γ − 1). Since the principal ideal

(γ− 1) does not divide charΛcyc,ψ
(XKcyc

∞ )ψ, the validity of g(1) · · · g(s)|(η1 · · · ηs+1)h

and g(1) · · · g(s)|(η′1 · · · η′s+1)h implies (3.116), which completes the proof. �

Remark 3.92. (1) Here, we discussed the Euler system argument over
a cyclotomic Iwasawa algebra. However we could have started from the
Euler system argument in a simpler situation over a discrete valuation
ring to study the structure of the ideal class group over a fixed finite
algebraic number field. In such a situation, the Euler system argument is
less complicated and it is easier to understand the essential of the Euler
system argument since we do not have to consider the action the Galois
group for Kcyc

n /K. For the reader who wishes to see better the essential
of the Euler system theory starting from the case over a discrete valuation
ring, we refer to the book [101].

(2) We can reformulate the Euler system theory according to the idea of
“Iwasawa theory of Galois deformation” as is presented later in Theorem
8.29 of §8.2 of the second volume of this book. Theorem 8.29 can be
regarded as a generalization of the Euler system theory for cyclotomic
deformations of various motives which was already established by Kato
[56], Rubin [101], Perrin-Riou [91]. We recall that the proof in preceding
work [56], [101] and [91] contains the complexity of dealing with the
action the Galois group for Kcyc

n /K which was discussed above. Thus
Theorem 8.29 obtained as a generalization of the Euler system which can
be applied to Galois deformations such as Hida deformations gives also
a much simplified another proof when we consider the classical setting of
cyclotomic deformations of various motives.

It is a bit surprising that the philosophy and the technique of “Iwasawa
theory of Galois deformation” which is the main theme of the part III of
the book helps us to simplify the proof of the original Euler system theory
in the setting of “the cyclotomic Iwasawa theory” which is discussed in
the part I and the part II of the book.
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Before the complete proof of the cyclotomic Iwasawa main conjecture for ideal
class groups was established, it was already known that the cyclotomic Iwasawa
main conjecture for ideal class groups follows from other conjectures Since these
results motivated and supported this conjecture historically, it is important to recall
these results below.

The case K = Q(μp) is the most typical and the most elementary example. For
this K, (ζp − 1) is the only prime of K which is over p and the prime (ζp − 1) is
totally ramified in the cyclotomic Zp-extension Kcyc

∞ /K. As we saw in the proof of
Iwasawa’s class number formula (Theorem 3.1), a lot of things become technically
much easier under this situation. It was known that the cyclotomic Iwasawa main
conjecture for ideal class groups for K = Q(μp) follows from Vandiver’s conjecture
(Conjecture 3.25) or it is valid under some milder conditions. Iwasawa himself
studied the case K = Q(μp) deeply (see [49] for example).

As for the correlation between conjectures with which we can deduce the cy-
clotomic Iwasawa main conjecture for ideal class groups follows from some other
conjectures, we have the following result.

Proposition 3.93. Let us take a primitive Dirichlet character ψ satisfying the
same assumption as that of Theorem 3.66. Then we have the following implication
(without assuming the results of Mazur–Wiles and Rubin explained above):

(3.127) Multiplicity one conjecture (Conjecture 3.23)

=⇒ (−)-type Iwasawa main conjecture (Conjecture 3.66)

(3.128) Greenberg’s conjecture (Conjecture3.26) for K = Kψ

=⇒ (+)-type Iwasawa main conjecture (Conjecture 3.67) for ψ

Before giving the proof of this proposition, we recall that Stickelberger elements
which appeared in §3.2.3 act on fractional ideals of abelian fields and their ideal
classes are annihilated by Stickelberger elements. This well-known result is called
Stickelberger’s theorem (see [117, Thm. 6.10] for example). This type of Stickel-
berger’s theorem combined with Iwasawa’s construction of p-adic L-function using
Stickelberger elements (see §3.2.3) implies the following theorem which we also call
Stickelberger’s theorem:

Theorem 3.94 (Stickelberger’s theorem). Let us take a primitive Dirichlet
character ψ satisfying the same assumption as that of Theorem 3.66. Then any
x ∈ (XKcyc

∞ )ωψ−1 is annihilated by the principal ideal Lp(ψ)Λcyc,ψ ∩ Λcyc,ψ
71.

Proof of Proposition 3.93. Let ψ be a nontrivial even character and let us
assume Conjecture 3.23 for η = ωψ−1. By Stickelberger’s theorem for ψ, we obtain
(Lp(ψ)) ⊂ charΛcyc,ψ

(XKcyc
∞ )ωψ−1 . Since this inclusion holds true for any nontriv-

ial even character ψ whose conductor divides Npe, the principle of the analytic
class number formula (Theorem 3.74) implies that (−)-type Iwasawa main conjec-
ture (Conjecture 3.66) is true for any nontrivial even character ψ whose conductor
divides Npe, which completes the proof of the first implication.

71Stickelberger’s theorem as stated here is obtained by taking the projective limit of the
statement of the original Stickelberger’s theorem explained above for each intermediate field of
Kcyc/K.
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Next, we will prove the second implication. Since K = Kψ is a totally real
number field, the Greenberg’s conjecture for K implies that XKcyc

∞ is a pseudo-
null Λcyc-module. Especially, XKcyc

∞ is a finite abelian group. Since the last term
(XKcyc

∞ )ψ ⊗Zp
Qp of the exact sequence (3.103) is zero, Remark 3.83 (3) implies

charΛcyc,ψ

(
lim←−
n

U1(rKcyc
n

⊗Z Zp)

/
lim←−
n

locp(zn,1)Λcyc,ψ

)
ψ

⊂ charΛcyc,ψ
(XKcyc

∞ )ψ.

On the other hand, by (3.52), we have

charΛcyc,ψ

(
lim←−
n

U1(rKcyc
n

⊗Z Zp)

/
lim←−
n

locp(zn,1)Λcyc,ψ

)
ψ

= (Lp(ψ)).

We thus obtain
(Lp(ψ)) ⊂ (charΛcyc,ψ

(XKcyc
∞ )ψ)

•

for any nontrivial even character of Gal(Q(μNp)/Q) and the principle of the an-
alytic class number formula (Theorem 3.74) implies that (+)-type Iwasawa main
conjecture (Conjecture 3.67)) is true for any nontrivial even character ψ whose
conductor divides Npe, which completes the proof of the second implication. �

3.4. Iwasawa main conjecture for class groups over general base fields

Let F be a finite algebraic number field. Let K/F be a finite abelian extension
and ψ a character of the Galois group Gal(K/F ). Recall that, for F = Q, we
formulated the cyclotomic Iwasawa theory for ideal class groups for any ψ and p
and we proved it.

Now, we would like to ask if we can formulate and prove the Iwasawa main
conjecture when F is a general finite algebraic number field. Specifically, we ask
the following questions:

(1) Under appropriate assumptions, does there exist an analytic p-adic L-
function which interpolates special values of related L-functions?

(2) If such a p-adic L-function exists, can we expect the Iwasawa main con-
jecture which relates the p-adic L-function to the characteristic ideal of
certain ideal group?

3.4.1. Case of abelian extensions over totally real fields. Most of results
for Iwasawa theory stated earlier for abelian extensions of Q are generalized to
abelian extensions of a totally real finite algebraic number field. Let us recall the
following result:

Theorem 3.95 (Siegel-Klingen). Let F be a totally real finite algebraic number
field and η a finite order character of the absolute Galois group GF . Let us regard η
as a Hecke character of finite order by class field theory and denote the L-function
of the Hecke character η by L(η, s) (see Definition A.11 for L(η, s)). Then, we have
L(η, 1− r) ∈ Q[η] for any negative integer 1− r.

The Siegel-Klingen theorem above holds true for finite order characters of the
absolute Galois group GF for any number fields F . In Theorem 3.95, we restricted
ourselves to the case where F is totally real since we consider only the totally real
situation in this section. For the proof of the Siegel-Klingen theorem, we refer the
reader to [80, Chap. VII, §9] for example. For a totally real finite algebraic number
field F , we have L(η, 1 − r) �= 0 if and only if (−1)1−r = η(c) where c ∈ GF is
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the complex conjugate element. This fact follows from the functional equation of
L(η, s). For this fact, we refer the reader to [80, Chap. VII, §12] as well as the
proof of Theorem 3.100 given later.

We set Γcyc,F = Gal(F cyc
∞ /F )72. A totally real generalization of the construc-

tion of the p-adic L-function given in Theorem 3.30 is as follows:

Theorem 3.96 (Barsky [3], Cassou-Noguès [11], Deligne-Ribet [23]). Let F be
a finite algebraic number field. Let ψ be a finite order character of GF such that the
fix field Kψ of Ker(ψ) is totally real and that Kψ satisfies Kψ ∩ F cyc

∞ = F . Then,
there exists a unique element

Lp(F, ψ) ∈

⎧⎨⎩Zp[ψ][[Γcyc,F ]] when ψ �= 1,
1

γ − κcyc(γ)
Zp[[Γcyc,F ]] when ψ = 1,

which satisfies the following equality in Qp:

κ1−r
cyc φ(Lp(F, ψ)) =

∏
p

(
1− (ψφ−1ωr−1)(p)

N(p)1−r

)
· L(ψφ−1ωr−1, 1− r)

for any integer r ≥ 1 and for any finite order character φ of Γcyc,F
73.

Remark 3.97. The construction by Barsky and the construction by Cassou-
Noguès use both a theory of Shintani and they are quite similar. On the other and,
the construction by Deligne-Ribet uses a compactification of a Hilbert modular
variety and is totally different from the others. We refer the reader to [18], [60],
[95] for surveys on these constructions.

Wiles [124] proved the cyclotomic Iwasawa main conjecture for class groups
over totally real fields. The result is as follows:

Theorem 3.98. ((−)-type Iwasawa main conjecture) Let F be a totally real
finite algebraic number field. Let ψ be a finite order character of GF such that the
fix field Kψ of Ker(ψ) is totally real and that Kψ satisfies Kψ ∩ F cyc

∞ = F . Then
the following equality holds:

charZp[ψ][[Γcyc,F ]](XKcyc

ωψ−1,∞
)ωψ−1 =

{
(Lp(F, ψ)) when ψ �= 1,

(γ − κcyc(γ))(Lp(F,1)) when ψ = 1.

As in the case over Q, we can also formulate (+)-type Iwasawa main conjecture
in the general totally real situation and we can prove the equivalence with (−)-
type Iwasawa main conjecture by the principle of Kummer duality. Also, there are
some other results which are formulated and proved in the same way in the general
totally real situation. We will not touch such results. On the other hand, there
are some problems which are solved over Q but their totally real generalizations
are difficult to prove. Knowing some problems which can not be worked out in
a parallel manner seems more interesting. Here are some of important examples
among such problems:

(1) As a totally real analogue of the Ferrero–Washington theorem (Theo-
rem 3.60), it is conjectured that the μ-invariant of the p-adic L-function
Lp(F, ψ) is zero. This conjecture is still unsolved.

72Note that the natural map Γcyc,F −→ Γcyc,Q = Γcyc is isomorphic if F ∩Q∞ = Q.
73When ψ = 1, we exclude the case r = 1 and φ = 1.
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(2) Since the Leopoldt conjecture is still unsolved for abelian extensions of
general totally real fields, the argument of the four-term exact sequence
of Proposition 3.79 is not available in the general totally real situation.

(3) We can prove the cyclotomic Iwasawa main conjecture for class groups
over totally real fields (Theorem 3.98) by the method of the Eisenstein
ideal. Though the proof is technically more complicated, the main idea of
the proof is similar by replacing elliptic modular forms by Hilbert modular
forms. On the other hand, another proof of the cyclotomic Iwasawa main
conjecture for class groups over totally real fields by the Euler system
method is not known yet. The reason comes from the difficulty to find an
Euler system over a general totally real field which generalizes the Euler
system of cyclotomic units discussed in §3.3.3.

Remark 3.99. Let F be a totally real finite algebraic number field and let F̃ be
the composite of abelian extensions of p-power degree over F which are unramified

outside p. When F = Q, we have F̃ = Q∞.

In general, F̃ is a finite extension of F cyc
∞ if the Leopoldt conjecture is true

for (F, p), but F̃ might not be equal to F cyc
∞ even when the Leopoldt conjecture is

true for (F, p). We can construct a p-adic L-function L̃p(F, ψ) ∈ Zp[ψ][[Gal(F̃ /F )]]

such that its image via Zp[ψ][[Gal(F̃ /F )]] � Zp[ψ][[Γcyc,F ]] coincides with the
p-adic L-function Lp(F, ψ) ∈ Zp[ψ][[Γcyc,F ]] given in Theorem 3.96. On the alge-
braic side, we have an analogue of the Zp[ψ][[Γcyc,F ]]-module (XKcyc

ωψ−1,∞
)ωψ−1 over

Zp[ψ][[Gal(F̃ /F )]]. It is interesting to try to generalize the Iwasawa main conjec-

ture over Zp[ψ][[Γcyc,F ]] to the Iwasawa main conjecture over Zp[ψ][[Gal(F̃ /F )]]
(see [97] for example).

3.4.2. Case of abelian extensions over CM-fields. Next, we discuss the
case over a finite algebraic number field which is not totally real. Let us recall the
following theorem.

Theorem 3.100. Let F be a finite algebraic number field which is not totally
real. For any finite order character of GF and for any negative integer 1 − k, we
have L(η, 1− k) = 0.

Proof. Recall that r1(F ) (resp. r2(F )) is the number of real embeddings of
F (resp. the number of conjugate pairs of complex embeddings of F . We set

Λ(η, s) =
(
|DF |NF/Q(C(η))

)s/2
ΓR(s)

r1(F )ΓC(s)
r2(F )L(η, s)

where we define ΓR(s) = π−s/2Γ(s/2), ΓC(s) = 2(2π)−sΓ(s) and we denote by C(η)
the conductor of η. Then there exists a constant W (η) with which we have the
following functional equation74:

(3.129) Λ(η, s) = W (η)Λ(η, 1− s).

We have ΓR(s)
ΓR(1−s) = cos(πs/2)ΓC(s),

ΓC(s)
ΓC(1−s) = 1

2 sin(πs)ΓC(s)
2. Recall that the

Gamma function Γ(s) has no zeros and it has only poles of order 1 at integers equal
to or smaller than 0. Hence, we have L(η, 1−k) = 0 for every negative integer 1−k
when r2(F ) > 0. �

74See [80, Chap. VII] for the proof of the functional equation.
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Let F be a finite algebraic number field F which is not totally real and ψ a finite
order character of GF . An analogue of the p-adic L-function given in Theorem 3.96
interpolating L(ψφ−1ωr−1, 1− r) for integers r ≥ 1 and for finite order characters
φ of Γcyc,F must be identically zero by the above theorem. Since we have such a
problem on the analytic side, we can not expect a natural analogue of the cyclotomic
Iwasawa theory for ideal class groups in this case.

However, if F contains a CM-field, we might have a fairly reasonable setting of

Iwasawa theory by considering the composite of all Zp-extensions F̃∞ (see Theorem

2.6 for F̃∞) in place of the cyclotomic Zp-extension of F .
Recall that Weil’s theorem insists that a finite algebraic number field F contains

a CM-field if and only if there exists a Hecke character η on F which is not of the
form η = Nr

Fψ with NF the norm character, ψ a finite order Hecke character and
r an integer (see Theorem A.8 for the precise statement). By the definition of
the norm character, we have the equality L(Nr

Fψ, s) = L(ψ, r + s). When F is
not totally real, we have L(ψ, j) = 0 for every negative integer j as explained in
Theorem 3.100 and it is difficult to draw some meaningful arithmetic invariants
to interpolate from these special values. However, if F contains a CM-field75, the
values L(η, j) of algebraic Hecke characters η which are not of the form η = Nr

Fψ
give interesting nonzero arithmetic invariants. An important algebraicity theorem
for the ratio between L(η, j) and a Deligne period related to η is known and we
can expect a nonzero p-adic L-function which interpolates some of these values

L(η, j) over the space of continuous characters of Gal(F̃∞/F )76. In fact, when F
is a CM-field, we have a p-adic L-function as is presented in Theorem 3.104 below
and we can discuss the Iwasawa main conjecture using this p-adic L-function (see
Conjecture 3.107).

There are not so many known results when F contains a CM-field but F itself
is not a CM-field. Hence, we will assume that F is a CM-field in the rest of §3.4.2
and we present some known results or conjectures under this situation. We denote

by Γ̃F the Galois group Gal(F̃∞/F ) where F̃∞ is the composite of all Zp-extensions

of F and we will discuss Iwasawa theory over O[[Γ̃F ]].
We prepare some notation.

Definition 3.101. Let F be a CM finite algebraic number field.

(1) Let JF be the set of embeddings of F into Q. Then a subset Σ of JF is
called a CM type of F if we have Σ

⋃
Σ = JF and Σ

⋂
Σ = ∅ with Σ the

complex conjugate of Σ.
(2) A CM type Σ of F is called a p-ordinary CM type if the p-adic valuation

on F induced from the embedding ιp ◦ ι−1
∞ ◦ σ : F ↪→ Qp and the p-adic

valuation on F induced from the embedding ιp ◦ ι−1
∞ ◦ τ : F ↪→ Qp are

different for any σ ∈ Σ and for any τ ∈ Σ.

Remark 3.102. Let F be a CM finite algebraic number field F+ the maximal
totally real subfield of F .

(1) There exists a p-ordinary CM type of F if and only if all primes of F+

over p split at F/F+.

75Even when F is a non totally real finite algebraic number field which does not contain any
CM-fields we have a formulation of [90] through the p-adic Beilinson conjecture.

76Later in §6.1 of the second volume of this book, we discuss a condition called the critical
condition for the algebraicity of η and we give a Hodge theoretic criterion for the critical condition.



3.4. IWASAWA MAIN CONJECTURE FOR CLASS GROUPS 125

(2) Suppose that all primes of F+ over p split at F/F+ and denote the number
of primes of F+ over p by s. Then the number of p-ordinary CM types Σ
of F is equal to 2s.

We fix a complex torus CΣ/A where A is a fractional ideal of F which is prime
to p. Let us fix an element δ ∈ F which satisfies the following two conditions:

(i) We have δ = −δ and we have Im(σ(δ)) > 0 for any σ ∈ Σ.

(ii) The exterior product 〈u, v〉 = ucv−vcu
2δ induces the isomorphism rF ∧

rF+

rF
∼=

d−1
F+c

−1 where dF+ is the absolute different of F+ and c is a fractional ideal
of F+ which is prime to p.

By the choice of an element δ as above, CΣ/A is equipped with a polarization,

hence there exists an abelian variety B(A)C over C of dimension d = [F :Q]
2 such

that B(A)C(C) ∼= CΣ/A (see [78, Chap. I] for example). By the theory of complex
multiplication, there exists an abelian variety B(A)Q over Q satisfying the following

conditions (see [111, Chap. III] for example):

(1) We have B(A)Q ×Spec(Q) Spec(C) ∼= B(A)C.

(2) The abelian variety B(A)Q has good reduction over Z(p) where Z(p) is the

localization of the ring of integers Z of Q at the maximal ideal induced by
the inverse image of the maximal ideal of Qp by the embedding ιp fixed
in (3.76).

Let B(A)Z(p)
be a smooth projective model of B(A)Q and Ω1

B(A)
Z(p)

the space of

regular one-forms on B(A)Z(p)
. Since rF acts on B(A)Z(p)

, Ω1
B(A)

Z(p)

is an rF⊗ZZ(p)-

module. In fact, Ω1
B(A)

Z(p)

is a free rF ⊗Z Z(p)-module of rank one. We choose and

fix an rF ⊗ZZ(p)-basis ω(A) of Ω
1
B(A)

Z(p)

. The assumption that all primes of F+ over

p split at F/F+ implies that the abelian variety B(A)Q is p-ordinary type at every

prime of Q over p. Let Cp be the completion of Qp and OCp
the ring of integers

of Cp. The choice of an element δ satisfying the conditions (i) and (ii) above gives

an isomorphism ip : ̂(Gm)OCp
⊗Z d−1

F+

∼−→ ̂B(A)OCp
where ̂B(A)OCp

is the formal

group over OCp
associated to B(A)Z(p)

77. We set ωcan(A) = (ip)∗
(
dt
t ⊗ 1

)
where

dt
t ⊗ 1 is the standard regular one-form on ̂(Gm)OCp

⊗Z d
−1
F+ . We define an element

CCM
p ∈ (rF ⊗Z OCp

)× to be

(3.130) CCM
p = ω(A)/ωcan(A).

Let p∞ : CΣ � B(A)C be the complex uniformization of B(A)C = CΣ/A and we
set ωtrans(A) = (p∞)∗(∧σ∈Σ dzσ). We define an element CCM

∞ ∈ (F ⊗Q C)× to be

(3.131) CCM
∞ = ω(A)/ωtrans(A).

Definition 3.103. For each σ ∈ Σ, taking the σ-component of the element
CCM

p ∈ (rF ⊗Z OCp
)× (resp. CCM

∞ ∈ (F ⊗Q C)×) given above, we obtain CCM
p (σ) ∈

O×
Cp

(resp. CCM
∞ (σ) ∈ C×). For n =

∑
σ∈Σnσσ ∈ Z[Σ], we define (CCM

p )n ∈ OCp

(resp. (CCM
∞ )n ∈ C) to be

∏
σ∈Σ(C

CM
p (σ))nσ (resp.

∏
σ∈Σ(C

CM
∞ (σ))nσ). We call

this element a p-adic CM period (resp. a complex CM period).

77See [59, §5.1, 5.8] for the definition of ip and its dependence on δ.
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We set Σp = {ιp ◦ ι−1
∞ ◦ σ : F ↪→ Qp|σ ∈ Σ} and we denote by SF the set of

primes of F over p which are induced by elements of Σp. Recall that F̃∞ is the

composite of all Zp-extensions of F and Γ̃F is defined to be Gal(F̃∞/F ).

Theorem 3.104 (Katz [59], Hida-Tilouine [43]). Let F be a CM finite algebraic
number field. Suppose that all primes of the maximal totally real subfield F+ of F
over p split at F/F+ and we choose and fix a p-ordinary CM type Σ of F . We
also fix an element δ ∈ F which satisfies the conditions (i) and (ii) above. Let
ψ be a finite order character of GF such that the fix field Kψ of Ker(ψ) satisfies
Kψ ∩ F cyc

∞ = F .

Then there exists a unique element Lp(F,Σ, ψ) ∈ OCp
[[Γ̃F ]] which satisfies the

following equality in Qp:

(3.132)
ηgal(Lp(F,Σ, ψ))

(CCM
p ){m+2d(σ)} = [r×F : r×F+ ]

(−1)md
∏

σ∈Σ(π
d(σ)Γ(m+ d(σ)))√

|DF+ |
∏

σ∈Σ Im(σ(δ))d(σ)
τ (ηψ)

×
∏

p∈SF

(1− ηψ(p))(1− (ηψ)∗(p)) · L(ηψ, 0)

(CCM
∞ ){m+2d(σ)}

for any algebraic Hecke character η on F satisfying the following two conditions:

(i) There exist m ∈ Z>0 and {d(σ) ∈ Z≥0}σ∈Σ (or m ∈ Z≤0 and {d(σ) ∈
Z | m+d(σ)−1 ≥ 0}σ∈Σ) such that the weight of η is equal to −m

∑
σ∈Σσ−∑

σ∈Σd(σ)(σ − σ) 78.

(ii) The Galois character ηgal associated to η factors through the quotient

Gal(F̃∞/F ) of GF
79.

Here the symbol {m + 2d(σ)} which appears in the both sides of (3.132) denotes∑
σ∈Σ(m + 2d(σ))σ ∈ Z[Σ], σ denotes the complex conjugate of σ and DF+ is

the absolute discriminant of F+. Also, (ηψ)∗ denotes the algebraic Hecke char-
acter (ηψ)∗(x) = ηψ(x)−1NF (x)

−1 and τ (ηψ) denotes the generalized Gauss sum
associated to an algebraic Hecke character ηψ 80.

Remark 3.105. (1) Condition (i) of Theorem 3.104 is equivalent to “the
critical condition” studied by Shimura and Deligne for special values of
automorphic L-functions or Hasse–Weil L-functions. Under the critical
condition, we conjecture that the ratio of the special value and a suitable
complex period is an algebraic number (see [21] for the precise formulation
of the conjecture). In fact, this conjecture is proved by Damerell when F
is an imaginary quadratic field and by Katz when F is a general CM field.
We remark that the right-hand side of the interpolation formula (3.132)
is an element of Q hence it naturally makes sense as an element of Cp.

(2) The idea of the construction of the p-adic L-function Lp(F,Σ, ψ) in The-
orem 3.104 is to specialize a p-adic family of Eisenstein series on the
algebraic group GL(2) over the totally real field F+ at CM points.

78See Definition A.6 for the definition of the weight of an algebraic Hecke character.
79See Proposition A.10 for the definition of the Galois character associated to an algebraic

Hecke character.
80Here we omit the precise definition of the generalized Gauss sum τ(ηψ), but we refer the

reader to Definition 6.46 for the definition of the generalized Gauss sum when F is an imaginary
quadratic field.
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We explain the idea through an example of the most elementary case
where F is an imaginary quadratic field F (i.e. F+ = Q). Let us present
the ring of integers of F as Z + αZ. If we substitute z = α in the real
analytic Eisenstein series:

Ek,s(z)|s=j =
∑

(m,n)∈Z2

(m,n) 
=(0,0)

1

(mz + n)k|mz + n|2j ,

the value is equal to the special value L(ηkN
j
F , 0) where ηk is an algebraic

Hecke character of weight kσ such that ηk((a)) = ak. Hence, if we con-
sider a p-adic family of real analytic Eisenstein series and we evaluate the
family at a CM point, we obtain a p-adic L-function which interpolates
L(ηkN

j
F , 0) in which ηk and j vary81.

(3) Recall that the Kubota–Leopoldt p-adic L-function obtained at Theorem
3.30 has another construction by Coleman map using a norm-compatible
system of cyclotomic units (see §3.2.4). When F is an imaginary quadratic
field, the CM p-adic L-function Lp(F,Σ, ψ) has another construction by
Coleman map using a norm-compatible system of elliptic units. After a
pioneering work of Coates–Wiles [14] relating a system of elliptic units to
L-values, this construction was first done by Yager ([128], [129]) when the
class number of F is one. Then de Shalit[25] generalized this construction
to the case where the class number of F is not necessarily one.

Remark 3.106. Assume that F is an imaginary quadratic field and let p be the
prime of F over p which is induced by the fixed p-ordinary CM-type of F . We denote

the unique Zp-extension of F which is ramified only over p by F
(p)
∞ and the Galois

group Gal(F
(p)
∞ /F ) by Γp. Gillard [31] and Schneps [103] applied the method of

Sinnott which was explained after Ferrero–Washington’s theorem (Theorem 3.60)
as another proof and they proved that the image of the two-variable CM p-adic

L-function Lp(F,Σ, ψ) ∈ O[[Γ̃F ]] by the quotient map to a one-variable Iwasawa

algebra O[[Γ̃F ]] � O[[Γp]] is not divisible by a uniformizer � of O (that is, the
Iwasawa μ-invariant of the image in O[[Γp]] is zero). As a corollary, it follows

immediately that the two-variable CM p-adic L-function Lp(F,Σ, ψ) ∈ O[[Γ̃F ]] is
not divisible by �. Thus an analogue of Ferrero–Washington theorem holds true
for the image in O[[Γp]]. However, the analogue of Ferrero–Washington theorem
is not known for the cyclotomic p-adic L-functions associated to algebraic Hecke

characters obtained by specializing Lp(F,Σ, ψ) ∈ O[[Γ̃F ]]
When F is a general CM finite algebraic number field, Hida [42] proves that

Lp(F,Σ, ψ) ∈ O[[Γ̃F ]] is not divisible by �. Hida proves this by showing that
the μ-invariant of the image in the anticyclotomic Iwasawa algebra is zero in place
of considering the image in the p-ramified Iwasawa algebra as in Gillard [31] and
Schneps [103].

81The explanation here is only a rough sketch of the idea and is not precise enough. If we
make the meaning of “evaluating at a CM point” precise, complex periods and p-adic periods
come into the description of the interpolation property.
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Let K be a finite abelian extension of F such that K ∩ F̃∞ = F . We denote
the composite KF̃∞ by K̃CM

∞ and the maximal abelian p-power extension of K̃CM
∞

which is unramified outside SF by MΣ. The Galois group XΣ
K = Gal(MΣ/K̃CM

∞ )

is a compact Zp-module with conjugate action of Γ̃F = Gal(K̃CM
∞ /K), hence is

regarded as a compact Zp[[Γ̃F ]]-module. It is known that XΣ
K is a finitely generated

torsion Zp[[Γ̃F ]]-module (see [44, Thm. 1.2.2]).

Conjecture 3.107 (Iwasawa Main Conjecture). Under the same setting as

Theorem 3.104, we have the following equality of ideals of OCp
[[Γ̃F ]]:

(3.133) charOCp [[Γ̃F ]]

(
(XΣ

Kψ
)ψ ⊗Zp[ψ][[Γ̃F ]] OCp

[[Γ̃F ]]
)
= (Lp(F,Σ, ψ)).

When F is an imaginary quadratic field, we have elliptic units on abelian exten-
sions of F . Under the assumption that p is decomposed in F and p � wH#Cl(F )|ψ|,
Rubin [100, Thm. 4.1] proved

(3.134) charZp[ψ][[Γ̃F ]](X
Σ
Kψ

)ψ

⊃ charZp[ψ][[Γ̃F ]](local units over K̃
CM
ψ,∞)ψ /(elliptic units)ψ

using the Euler system of elliptic units as we discussed in the argument using the
Euler system of cyclotomic units in §3.3.3. Here, wH is the number of roots of unity
contained in the Hilbert class field H of F and |ψ| is the order of ψ.

On the other hand, as we explained in Remark 3.105 (3), Yager and de Shalit
proved that

(3.135) charZp[ψ][[Γ̃F ]](local units over K̃
CM
ψ,∞)ψ /(elliptic units)ψ = (Lp(F,Σ, ψ)).

Hence, when all technical assumptions required in (3.134), (3.135) are satisfied, we
obtain

(3.136) charOCp [[Γ̃F ]]

(
(XΣ

Kψ
)ψ ⊗Zp[ψ][[Γ̃F ]] OCp

[[Γ̃F ]]
)
⊃ (Lp(F,Σ, ψ)).

For a fixed abelian extension K of F , we can prove the principle of the analytic
class number formula as follows:
(3.137)∏

Kψ=K

charOCp [[Γ̃F ]]

(
(XΣ

Kψ
)ψ ⊗Zp[ψ][[Γ̃F ]] OCp

[[Γ̃F ]]
)
=

∏
Kψ=K

(Lp(F,Σ, ψ)),

which is an analogue of Theorem 3.74 for F = Q. By combining (3.136) and (3.137),
we obtain the following theorem:

Theorem 3.108 (Rubin). Let F be an imaginary quadratic field of class number
one, p an odd prime number which is decomposed in F . If we have p � wH and the
order of ψ is prime to p, the Iwasawa main conjecture (Conjecture 3.107) holds
true.

Remark 3.109. (1) For general CM-fields F which are not imaginary
quadratic fields, analogues of elliptic units are not found yet. Hence, a
generalization of Theorem 3.108 by the method of Euler systems is an
open problem. On the other hand, there are some progress by the method
using the congruence of p-adic families of modular forms as follows.
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(a) We can decompose Γ̃F as Γ̃F
∼= (Γ̃F )

+×(Γ̃F )
− according to the action

of complex conjugate. We note that, when the Leopoldt conjecture

is true, we have (Γ̃F )
+ ∼= Zp and (Γ̃F )

+ is nothhing but Γcyc,F .

The group (Γ̃F )
− is isomorphic to Zd

p where d is a positive integer

equal or larger than [F :Q]
2 and we have d = [F :Q]

2 when the Leopoldt
conjecture is true. We call the extension of F whose Galois group is

(Γ̃F )
− the anti-cyclotomic Zd

p-extension of F . Under certain technical
conditions, Mazur–Tilouine [74] proved the inclusion

(3.138)
(char. ideal of the Selmer group) ⊂ (principal ideal of the p-adic L-function)

in OCp
[[(Γ̃F )

−]] by the method using the congruence module over the
Hecke algebra which controls the congruence between modular forms.
We remark that this inclusion is the opposite to the one obtained by
the method of Euler systems. This method was generalized by Hida–
Tilouine ([43], [44]) to prove (3.138) for F general CM-fields F . It
seems that the condition on ψ is a bit delicate in this modular method
and the validity of one of two inequalities does not imply the validity
of the desired equality as in Rubin’s case discussed above. Hida
[40] deduces the equality of the Iwasawa main conjecture assuming
R = T theorem obtained in the preprint [30] by Taylar-Wiles system
argument.

(b) Hsieh [45] applies the method ofthe Eisenstein ideal for modular
forms on the algebraic group U(2, 1), which is a higher-dimensional
analogue of the method of Mazur–Wiles for GL(2) over Q. He studies
the congruence between a cuspform and an Eisenstein series in the

Hida family of U(2, 1) for the inclusion of type (3.138) in OCp
[[Γ̃F ]]

under certain conditions.
(2) The same type of generalization discussed in Remark 3.99 when the base

field F was totally real should be studied. That is, we can study the

Iwasawa main conjecture over OCp
[[Gal(F̃ /F )]] where F̃ is a finite exten-

sion of F̃∞ which is defined to be the composite of abelian extensions of
p-power degree over F which are unramified outside p.

3.5. Problems and perspective beyond the Iwasawa main conjecture

Through this chapter until the last section, we developed the Iwasawa theory
by focusing on the Iwasawa main conjecture. Hence, we cut some of topics which
are not directly linked to the Iwasawa main conjecture. In this section, we discuss
some of these topics. We recall some well-known conjectures and problems. Also
we will try to propose some important directions and plans of research. Some of
these propositions will make sense also in the settings of Part II and Part III of this
book. We hope that they contain some seeds for the future research of Iwasawa
theory.

3.5.1. Problems and perspective on ideal class groups (algebraic as-
pect). In this subsection, we concentrate on the side of ideal group. We will present
some open problems and some conjectures as well as related known results.
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(1) There are divisions of opinion among the researchers on the validity of
Vandiver’s conjecture (Conjecture 3.25) stated earlier. In any case, we
expect to progress either in the sense that the conjecture is solved par-
tially or a counter example is found. As a partial result, Kurihara [66]

proved Cl(Q(μp))[p]
ωp−3

= 0 for any prime p. Also, Soulé [114] proved

Cl(Q(μp))[p]
ωp−n

= 0 when the prime number p is sufficiently large com-
pared to n through the calculation of higher K-groups of the ring of inte-
gers Z.

(2) As for the Greenberg’s conjecture for totally real finite algebraic number
fields K (Conjecture 3.26), only known results are essentially for the case
where K is a real quadratic field. On the other hand, a generalization
of the conjecture to the case where K is not necessarily totally real is

known. We denote by K̃∞ the composite of all Zp-extensions of K and

we set Γ̃K = Gal(K̃∞/K) 82. We denote by L̃∞ the composite of every-
where unramified abelian extensions of p-power degree over K∞ and we

set XK̃∞
= Gal(L̃∞/K̃∞). Then the general Greenberg’s conjecture

asserts that XK̃∞
is a pseudo-null Zp[[Γ̃K ]]-module.

(3) As we have seen in the proof of the Iwasawa main conjecture of §3.3.2,
modular forms and Hecke algebras for the algebraic group GL(2) often
play important roles to study the ideal group which is the Selmer group
for the algebraic group GL(1) by the method of the Eisenstein ideal. For
example, by Harder–Pink, Kurihara, it was known that the structure of
the ψ-part of ideal groups for a Dirichlet character ψ is related to the
structure of a local component of the Hecke algebra which is associated to
an Eisenstein series for ψ. More recently, Ohta (see [85], [86] for exam-
ple) discovered that the validity of Conjecture 3.21 (the semi-simplicity
conjecture) and Conjecture 3.23 (the multiplicity one conjecture) for ideal
class groups is more or less equivalent to the validity of the Gorenstein
property and the principality of the Eisenstein ideal of the Hecke alge-
bra for modular forms on the algebraic group GL(2) respectively. After
Ohta, Sharifi [110] formulated a refined conjecture for the structure of
ideal group by means of modular forms on the algebraic group GL(2).

We expect that some of the problems on the algebraic side discussed above are
studied and developed in a suitable manner also in the context of the generalized
Iwasawa theory discussed after the next chapter.

3.5.2. Problems and perspective on p-adic L-functions (analytic as-
pect). As we have seen in Theorem 3.30, the Kubota–Leopoldt p-adic L-function
Lp(ψ) ∈ Λcyc,ψ was characterized by the interpolation property of values at arith-
metic characters κj

cycφ with j ≤ 0. Recall also that the value of Lp(ψ) at κj
cycφ

with j = 1 was given by the Leopoldt formula (Theorem 3.62). What can we say
about the value of Lp(ψ) at κ

j
cycφ with j ≥ 2?

(1) Recall that Deligne conjecture (see [21]), the Beilinson conjecture (see
[132]) and the Tamagawa number conjecture of Bloch–Kato (see [5])
are known for the geometric meaning of the special values for complex

82See Theorem 2.6 (2) and Conjecture 2.7 for the Zp-rank of Gal(K̃∞/K).
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L-functions such as Dirichlet L-functions L(η, s) or more general Hasse–
Weil L-functions. It seems interesting to consider p-adic analoques of
known results or known conjectures on the special values for complex
L-functions.

(2) For example, it is conjectured that special values of Riemann’s zeta func-
tion ζ(s) at integers j ≥ 2 are all transcendental numbers. For even j’s,
the ratio of ζ(j) and πj are nonzero rational numbers, hence the conjec-
ture holds to be true. However, very few results are known for odd j’s.
Essentially, we only know that Apéry proved that ζ(3) is an irrational
number and that Rivoal proved that there are infinitely many odd pos-
itive integers j such that ζ(j) are irrational numbers. As for the p-adic
analogue of these results, the only known results for the Kubota–Leopoldt
p-adic L-function L(η, s) are the irrationality of special values at κj

cyc for
j = 2, 3 and p = 2, 3 proved by Beukers and Calegari.

(3) As for special values of the Kubota–Leopoldt p-adic L-function L(η, s)
at κj

cycφ, these values are nonzero algebraic numbers for integers j ≤ 0
according to the interpolation property of Theorem 3.30. Since these
values are expected to be irrational for positive integers j, they must be
always nonzero. However the nonvanishing of values for positive integers
j is not yet proved.

Below, we discuss a p-adic analogue of the Beilinson conjecture mentioned in (1)
above in a bit more detailed manner.

In general, assuming that the Hasse–Weil L-function L(M, s) associated to a
motive M is well-defined and meromorphically continued to the whole C-plane, we
have some conjectures on the geometric meaning of values L(M, j) = L(M(j), 0) at
integers j. These conjectures are formulated differently depending on the classifi-
cation of the integer j. If the Tate-twist M(j) is critical in the sense of Deligne (see
Remark 5.4), we have the Deligne conjecture for L(M, j). If the Tate-twist M(j)
is noncritical, we have the Beilinson conjecture for L(M, j). Now we consider the
case where M is a Dirichlet motive associated to a Dirichlet character η. In this
case, we have L(M, s) = L(η, s) and we note that

“M(j) is critical” ⇐⇒ “j ≥ 1 and η(−1) = (−1)j” or “j ≤ 0 and η(−1) �= (−1)j”.

For an integer j ≥ 1, we have the following functional equation83:

(3.139) L(η, j) =
τ (η)

(
√
−1)p(η)

√
M

(
M

π

) 1−2j
2

lim
s→j

Γ( 1−s+p(η)
2 )

Γ( s+p(η)
2 )

L(η, 1− s),

where M is the conductor of η and p(η) ∈ {0, 1} is defined by η(−1) = (−1)p(η).
Hence, it suffices to study the values at integers j ≥ 1.

The period integral plays an important role for the Deligne conjecture and the
regulator map on K-groups plays an important role for the Beilinson conjecture.

83The function Γ(s) in the right-hand side has a pole of order one at every negative integer
j, but the function L(η, s) has a zero of order one at such an integer j. Hence, a pole and a zero
cancel in the right-hand side.
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The following facts are known for the regulator map:

Theorem 3.110. The following statements hold for a finite algebraic number
field F .

(1) For every nonnegative integer m, the m-th K-group Km(rF ) of the ring
of integers rF is a finitely generated abelian group. For m ≥ 2, we have84:

rankZKm(rF ) =

⎧⎪⎨⎪⎩
0 m ≡ 0 mod 2,

r1(F ) + r2(F ) m ≡ 1 mod 4,

r2(F ) m ≡ 3 mod 4.

(2) For any natural number j ≥ 1, the R-vector space
∏

ι:F↪→C(2π
√
−1)j−1R

is of dimension [F : Q]. The complex conjugate acts on∏
ι:F↪→C

(2π
√
−1)j−1R

by the action on (2π
√
−1)j−1 and by the twist of ι : F ↪→ C composing

with the conjugate C −→ C. We denote by
[∏

ι:F↪→C(2π
√
−1)j−1R

]+
the

fixed part by the action of complex conjugate. For each j ≥ 1, Borel
defined a regulator map:

(3.140) regF,j,∞ : K2j−1(rF ) −→
[ ∏
ι:F↪→C

(2π
√
−1)j−1R

]+
whose kernel coincides with the torsion part of K2j−1(rF ).

When j = 1, the above regulator map on K1(rF ) = r
×
F is identified with the

classical Dirichlet regulator map on the group of units. Hence, regF,1,∞(K1(rF ))

spans a lattice of the hyperplane of [
∏

ι:F↪→CR]
+
consisting of elements whose trace

are 0.
When j > 1, we have rankZK2j−1(rF ) = dimR

[∏
ι:F↪→C(2π

√
−1)j−1R

]+
by

Theorem 3.110 (1). Hence, by Theorem 3.110 (2), regF,j,∞(K2j−1(rF )) spans a

lattice of
[∏

ι:F↪→C(2π
√
−1)j−1R

]+
.

Definition 3.111. When j = 1, we call the volume of a fundamental domain
of the lattice spanned by regF,1,∞(K1(rF )) in a hyperplane of [

∏
ι:F↪→CR]

+ the
regulator and we denote it by RegF,1,∞.

When j > 1, we call the volume of a fundamental domain of the lattice spanned

by regF,j,∞(K2j−1(rF )) in
[∏

ι:F↪→C(2π
√
−1)j−1R

]+
the regulator and we denote

it by RegF,j,∞.

Let η be a Dirichlet character. By regarding η as a character of Gal(F/Q) for an
abelian extension F of Q, we can define the η-part regη,j,∞ of regF,j,∞ with respect
to the action of Gal(F/Q) on the regulator map regF,j,∞. We denote by Regη,j,∞
the volume of a fundamental domain of the lattice spanned by regη,j,∞(K2j−1(rF ))

in the η-part of
[∏

ι:F↪→C(2π
√
−1)j−1R

]+
.

The following results are known for special values of Dirichlet L-functions.

84The rank and the order of the torsion part of Km(rF ) are important invariants which are
related to special values of the zeta function of F . We refer the reader to [119] for known results
and some examples on this topic.
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Theorem 3.112. Let η be a Dirichlet character. Then the following assertions
hold true for j ≥ 1.

(1) When η(−1) = (−1)j, we have L(η, j) ∈ Q
× · πj.

(2) When η(−1) �= (−1)j, we have L(η, j) ∈ Q
× · Regη,j,∞.

Remark 3.113. (1) The assertion (1) of Theorem 3.112 is a special case
of the Deligne conjecture and the assertion (2) of Theorem 3.112 is a
special case of the Beilinson conjecture.

(2) The assertion (1) of Theorem 3.112 follows from Theorem 3.36 and the
functional equation (3.139). The assertion (2) of Theorem 3.112 for j = 1
is equivalent to the classical Dirichlet’s class number formula (Theorem
3.63). In fact, we have K1(rF ) = r

×
F for j = 1 and we have regF,1,∞(u) =∏

ι:F↪→Clog|ι(u)|C for u ∈ r
×
F . The assertion (2) of Theorem 3.112 for

j > 1 was proved by Borel [6] by calculating Regη,j,∞.

Recall that a character κj
cycφ with a finite character φ and an integer j ∈ Z

for the p-adic L-function Lp(ψ) plays a role of an integer point for the complex L-
function. Below, we give an important remark on p-adic analogues of the Deligne
conjecture and the Beilinson conjecture explained above.

Remark 3.114. For the Kubota–Leopoldt p-adic L-function Lp(ψ), κj
cycφ’s

with j ≤ 0 correspond to critical motives and κj
cycφ’s with j ≥ 1 correspond to

noncritical motives. This is different from the situation of Dirichlet L-functions
L(η, s) where L(η, j) being critical or noncritical depends on the parity of j. The
inconsistency comes from the fact that the interpolation of the p-adic L-function is
related to special values of Dirichlet L-functions twisted by ωj−1 for each j.

By the above remark, the interpolation property of the Kubota–Leopoldt p-adic
L-function Lp(ψ) at κj

cycφ with j ≤ 0 given in Theorem 3.30 is a p-adic analogue
of the Deligne conjecture. Further, we expect a p-adic analogue of the Beilinson
conjecture for values of the Kubota–Leopoldt p-adic L-function Lp(ψ) at κj

cycφ
with j ≥ 1. In the p-adic case, we can define a p-adic regulator map regF,j,p :

K2j−1(rF ) −→
∏

ι:F↪→Qp

Qp and a p-adic regulator RegF,j,p ∈ Qp (see [35], [36]),

which are natural analogues of a complex regulator map and a complex regulator
due to Borel and Beilinson. Let η be a Dirichlet character. By regarding η as a
character of Gal(F/Q) for an abelian extension F of Q, we can define Regη,j,p ∈ Qp

similarly as Regη,j,∞ ∈ C.
We have the following result by Coleman and Gros (see [4, Prop. 4.17], [17],

[35] and [36]):

Theorem 3.115 (p-adic Beilinson conjecture). For any integer j ≥ 1 and for
any finite character φ on Γcyc, we have

κj
cycφ(Lp(ψ)) =

(
1− (ψωj−1φ−1)(p)

pj

)
· Regψωj−1φ−1,j,p ·

L(ψωj−1φ−1, j)

Regψωj−1φ−1,j,∞
.

Remark 3.116. (1) In Chapter 5 of the second volume of this book, we
will present the p-adic Beilinson conjecture in the setting of cyclotomic
Iwasawa theory for motives due to Perrin-Riou [90, Chap. 4] (see also a
survey article by Colmez [19]).
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(2) The classical Beilinson conjecture over C allows an ambiguity of multi-

plication by elements of Q
×

as in Theorem 3.112 (2), which comes from
the ambiguity of the choice of bases on the source and the target space
of the regulator map. However, we have no such ambiguity in the p-adic
Beilinson conjecture because we have both a complex regulator and a
p-adic regulator (Regψωj−1φ−1,j,∞ and Regψωj−1φ−1,j,p in the above theo-
rem) and the ambiguity of the choice of bases cancels by taking the ratio
of these regulators. Hence, the equality of the p-adic Beilinson conjecture
has no ambiguity coming from the choice of bases.

Remark 3.117. (1) Special values L(η, j) at positive integers j with η(−1)
�= (−1)j which appeared in Theorem 3.112 (2) are deeply related to the

polylogarithm Lij(z) =
∑∞

n=1
zn

nj (cf. Zagier conjecture)
(2) In the proof of the p-adic Beilinson conjecture by [17], [35], [36], a p-adic

analogue of the polylogarithm Lij(z) =
∑∞

n=1
zn

nj plays an essential role
and the proof consists of two steps (A) and (B) as follows:
(A) Coleman [17] established a theory of p-adic integration of dimension

one called “theory of Coleman integration”. As an application, he

defined a j-th p-adic polylogarithm Li
(p)
j (x) on Q

×
p under the same

setting as Definition 3.6185. The function Li
(p)
j (x) is an extention of

the function Li
(p)
j (1 + z) =

∑∞
n=1

(−1)n−1zn

nk on 1 + P to Q
×
p and it

coincides with logp(x) when j = 1. Then, in Chap. VII of [17], he

proved that κj
cycφ(Lp(ψ)) is a Q-linear combination of special values

of Li
(p)
j (x) at cyclotomic units x.

(B) Gros [35], [36] constructed a p-adic regulator map regF,j,p from the
K-group K2j−1 of a cyclotomic field F to its syntomic cohomology.

Then he expresses special values of Li
(p)
j at cyclotomic units x by the

image of Soulé elements in the K-group K2j−1 of a cyclotomic field
F via this p-adic regulator map.

(3) We refer the reader to [4] for numerical examples of Theorem 3.115 as well
as a generalization of the p-adic Beilinson conjecture to Artin L-functions.

Remark 3.118. Since regulator maps regF,j,∞ and regη,j,∞ by Borel are iso-
morphisms of R-vector spaces (see Theorem 3.110), regulators RegF,j,∞ and Regη,j,∞
are nonzero real numbers.

On the other hand, p-adic regulator maps regF,j,p and regF,j,p are not known
to be injective. Though we expect that p-adic regulators RegF,j,p and Regη,j,p
are nonzero, it is not proved yet. “Nondegeneracy of p-adic regulator maps” is an
important issue that we should attack in future.

3.5.3. Some other problems and perspective. Up to now, we discussed
potential problems on cyclotomic Iwasawa theory of ideal class groups for the al-
gebraic aspect and for the analytic aspect in §3.5.1 and in §3.5.2 respectively. In
this section, we will discuss some other problems and perspective which were not
classified in the algebraic aspect nor in the analytic aspect.

85In fact, Coleman [17] defined Li
(p)
j (x) as a function over C×

p = (Q̂p)
×.
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(1) When the base field F is Q or an imaginaly quadratic field, we have an
Euler system of cyclotomic units or an Euler system of elliptic units and
we can prove the Iwasawa main conjecture for an abelian extension of F
by the method of Euler systems. Will it be possible to construct a nice
system of units (or an Euler system, in other words) on abelian extensions
of F when the base field F is a general totally real field or a general CM
field of finite degree? Search of new Euler systems is an important
issue.

(2) Let F be a totally real finite algebraic number field. Recall that the cyclo-
tomic Iwasawa main conjecture for ideal class groups was formulated for
each finite character ψ of the absolute Galois group GF

86 The Iwasawa
main conjecture was formulated as an equality between the characteristic
ideal of (XKcyc

∞ )ωψ−1 and the principal ideal generated by Lp(ψ) on the
Iwasawa algebra Λcyc,ψ. Now we consider a finite abelian extension K/F .
If the character ωψ−1 factors through the quotient GF � Gal(K/F ),
(XKcyc

∞ )ωψ−1 is the specialization of Zp[Gal(K/F )][[Γcyc]]-module XKcyc
∞

by ωψ−1 and Lp(ψ) is the specialization of a p-adic L-function Lp(K) in
the total quotient ring of Zp[Gal(K/F )][[Γcyc]]. Thus we expect an Iwa-
sawa main conjecture which compares the algebraic object XKcyc

∞ and the
analytic object Lp(K) called an equivariant Iwasawa main conjecture
over Zp[Gal(K/F )][[Γcyc]]. We remark that there is no natural notion of
the characteristic ideal for Zp[Gal(K/F )][[Γcyc]]-modules. Hence, we need
to find some ideas and to develop some foundation to overcome the ab-
sence of the characteristic ideal.

(3) Let G be a p-adic Lie group which has a surjection G � Γcyc and L
a Galois extension of K such that Gal(L/K) ∼= G. Coates proposed
an Iwasawa theory over the noncommutative Iwasawa algebra Zp[[G]] =
lim←−Zp[G/U ] (U runs through open normal subgroups of G).

Noncommutative generalizations over Zp[[G]] of cyclotomic Iwasawa
theory for ideal class groups studied in this chapter as well as cyclotomic
Iwasawa theory for p-adic Galois representations (see Chapter 5 and Chap-
ter 6) are studied by a lot of researchers. This theory is called a non-
commutative Iwasawa theory.

On the algebraic side, one of essential problems in the noncommu-
tative setting is that we do not have the “structure theorem of Iwasawa
modules” and the theory of characteristic ideal does not work well87. How-
ever, Venjakob and Kato made some breakthroughs by using K-theory
and they found some important algebraic invariants replacing the charac-
teristic ideal. On the analytic side, one of the issues is that the analytic
continuation and the algebraicity of special values of an L-function twisted
by a nonabelian Artin representation is not well-established yet. We refer
the reader to [12] for the formulation of the noncommutative Iwasawa
main conjecture for p-adic Galois representations88.

86See Theorem 3.66 and Theorem 3.66 when F = Q. See Theorem 3.98 when F is a general
totally real finite algebraic number field.

87For example, there exist pseudo-null modules whose characteristic ideals are nontrivial.
88The article [12] formulates the noncommutative Iwasawa main conjecture only for elliptic

curves, but the formulation should be similar for general p-adic Galois representations.



136 3. CYCLOTOMIC IWASAWA THEORY FOR IDEAL CLASS GROUPS

In the case of the noncommutative Iwasawa main conjecture for ideal
class groups, we already obtained remarkable progress. At the early stage,
Kato, Ritter–Weiss, Hara, Kakde contributed by proving some partial re-
sults. After deeper understanding on the noncommutative Iwasawa theory
through these results, Burns and Kato discovered a new idea to reduce
the noncommutative Iwasawa theory to the commutative Iwasawa theory.
Based on these progress, Kakde [55] and Ritter–Weiss [98] proved inde-
pendently the noncommutative Iwasawa main conjecture for ideal class
groups, which is a noncommutative generalization of Theorem 3.66, The-
orem 3.66 and Theorem 3.98. We expect that, in near future, these work
will be extended to prove the noncommutative Iwasawa main conjecture
for p-adic Galois representations.

(4) The Iwasawa main conjecture is an equality between the characteristic
ideal of the algebraic Iwasawa module (XKcyc

ωψ−1,∞
)ωψ−1 and the principal

ideal generated by the analytic p-adic L-function. Note that the charac-
teristic ideal of (XKcyc

ωψ−1,∞
)ωψ−1 is the reflexive closure of the 0-th Fitting

ideal of (XKcyc

ωψ−1,∞
)ωψ−1 . Since we can recover the characteristic ideal

from the 0-th Fitting ideal, the 0-th Fitting ideal is an invariant with
deeper information compared to the characteristic ideal. Further, we also
have the i-th Fitting ideal of (XKcyc

ωψ−1,∞
)ωψ−1 for i > 0 and it is important

to study these refined algebraic invariants comparing with some analytic
invariants. In this direction, Iwasawa theory for higher Fitting ideals
is studied actively by Kurihara et al.

(5) Recall that the zeta value ζ(m) for m > 1 is given by an infinite sum∑
n≥1

1
nm . The multiple zeta value is a multiple version of the zeta value

given by an infinite sum
∑

n1>n2>...>ns>0
1

n
m1
1 n

m2
2 ···nms

s
. What is the p-

adic L-function interpolating these multiple zeta values? What is the
corresponding algebraic object? It will be interesting to investigate mul-
tiple Iwasawa theory related to multiple zeta values.

(6) It is also interesting to study Iwasawa theory of function fields for
function fields of one variable of characteristic p > 0. Witte [127] studies
the case over function fields of characteristic p > 0 for �-adic Lie extensions
with � �= p and proposes a formulation of Iwasawa theory of function fields
in this case. The case over function fields of characteristic p > 0 for p-
adic Lie extensions is more difficult and we expect a good formulation
surrounding Selmer groups and p-adic L-functions.



Bookguide

BookguideBookguide This book is intended as a first textbook on the general-
ized Iwasawa theory for motives and Galois representations. However, as for the
cyclotomic Iwasawa theory of ideal class groups discussed on the first volume, we
can find some other textbooks. Since existing textbooks might give different view-
points, for the reader’s convenience we have listed some of them here. The books
covering both the algebraic side and the analytic side of the cyclotomic Iwasawa
theory of ideal class groups is as follows:

(1) An elementary textbook for the cyclotomic Iwasawa theory of ideal class
groups which is read by most of people might be [117] by Washington.
Though we do not have to all the detail of [117] to study the generalized
Iwasawa theory for motives and Galois representations, [117] is tradi-
tionally the most standard introductory book to start to study Iwasawa
theory.

(2) The textbook [69] by Lang is also aimed for the cyclotomic Iwasawa theory
of ideal class groups. The book [69] is also interesting since it covers some
of topics which are not contained in [117].

We will also list some books which are elementary enough but focused on more
special subjects of the cyclotomic Iwasawa theory of ideal class groups compared
to the above two books.

(1) The textbook [51] by Iwasawa is specialized on the Kubota–Leopoldt p-
adic L-function explained in §3.2.3 of this book. This book explains several
constructions of the Kubota–Leopoldt p-adic L-function. Especially Iwa-
sawa’s construction of the Kubota–Leopoldt p-adic L-function (see §3.2.3)
is explained in detail. On the very end of the book, the algebraic aspect
of the Iwasawa theory is discussed a little bit.

(2) The textbook [13] by Coates–Sujatha explains the construction of the
Kubota–Leopoldt p-adic L-function from the norm compatible sequence
of cyclotomic units à la Coleman (see §3.2.4) as well as the proof of the
Iwasawa main conjecture by using the Euler system of cyclotomic units
(see §3.3.3). In [13], they do not prove the Iwasawa main conjecture in
full generality but prove it only over the base field Q(μp∞), which makes
the proof much simpler and much more accessible to the reader.

(3) The proceeding [135] of the workshop held at Indian Institute of Technol-
ogy, Guwahati in September 2008 explains the proof of the Iwasawa main
conjecture by using the Eisenstein ideal (see §3.3.2). The book also covers
Ribet’s proof of an unramified p-extension of Q(μp) given in (3.75) before
discussing the proof of the Iwasawa main conjecture by Mazur–Wiles and
Wiles.
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(4) We can find the collected works of Iwasawa [134]. When we study certain
theory, it is sometimes very inspiring to look into and study the articles
of the origin written by the founder of the theory. Thus [134] is highly
recommended.



APPENDIX A

As an appendix to Chapter 3, we summarize basic facts on modular forms and
Hecke characters.

A.1. Modular forms and associated Galois representations

First, we recall p-adic Galois representations associated to modular forms.

Theorem A.1 (Deligne, Shimura, Ribet). Let f ∈ Sk(Γ1(M)) be a normalized
cuspidal eigenform of weight k ≥ 2 and K a finite extension of Qp which contains
all coefficients of the q-expansion of f . Then, there exists a K-vector space Vf of
dimension 2 equipped with a continuous K-linear Galois representation ρf : GQ −→
AutKVf

∼= GL2(K) satisfying the following conditions:

(i) The representation on Vf is unramified over primes of Q not dividing
pM .
(ii) For a geometric Frobenius1 Frob� ∈ GQ of any prime number � not
dividing pM , we have Tr(ρf (Frob�)) = a�(f).
(iii) The representation of GQ on Vf is irreducible.

By the Chebotarev density theorem2, the representation Vf is uniquely characterized
up to isomorphism by the above properties.

Below, we summarize the history of the above theorem.

Remark A.2. (1) For a normalized cuspidal eigenform f of weight k ≥ 2
and level Γ1(M), Deligne [20] constructed the p-adic Galois representation
Vf by cutting out the f -isotipic component of the action of the Hecke alge-
bra on the parabolic part of the etale cohomology H1

ét(Y1(M)Q,Lk−2(K))

on a local system Lk−2(K) over a modular curve Y1(M).
(2) In the construction of Vf given by the etale cohomology as explained

above, the property (i) follows from the smooth base change theorem of
the etale cohomology theory. The property (ii) is the deepest among three
properties and its proof consists of the “congruence relation” which relates
the �-Hecke correspondence on the mod � reduction of a modular curve
to the algebraic correspondence induced by the geometric Frobenius at �.
The property (iii) is due to Ribet [94, Prop. 4.4].

1A geometric Frobenius is a lift of the inverse element of the arithmetic Frobenius x �→ xp in
GFp to the decomposition subgroup at p of GQ. The decomposition group at p is only unique up
to conjugation in GQ. Hence, a geometric Frobenius is only unique up to conjugation. However

Tr(ρf (Frob	)) is well-defined since the trace of a matrix depends only on its conjugacy class.
2We refer the reader to [107, I.2.3] for the precise statement of the Chebotarev density

theorem.
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(3) Shimura [111] reduced the proof of the above theorem for normalized cus-
pidal eigenforms of general weight k ≥ 2 to the proof of for normalized
cuspidal eigenforms of weight k = 2 by using the method of group coho-
mology and the congruence modulo p-power. Since Shimura constructs the
p-adic Galois representation Vf by taking the limit of modulo p-power re-
ductions of p-adic Galois representations for cuspidal eigenforms of weight
2, we lose the information on the complex absolute values of eigenvalues
of Frobenius elements at unramified primes in Shimura’s construction.
Thus, though the construction of Vf by Deligne [20] implies the proof of
the Ramanujan conjecture, the construction of Vf by Shimura [111] does
not imply the proof of the Ramanujan conjecture.

(4) The construction of Vf due to Deligne [20] uses an etale cohomology group
of a local system. Hence, the construction of [20] is not motivic. Later,
Scholl [104] gave the construction of Vf by using an etale cohomology of
Kuga-Sato variety, which implies for example that Vf is cristalline at p
when the level of f is prime to p.

Below, we remark that there are two different ways for the construction of the
p-adic Galois representation Vf of a modular form f . We have to be careful not to
confuse these two.

Remark A.3. For a normalized cuspidal eigenform f ∈ Sk(Γ1(M)) of weight
k ≥ 2, we have a cohomological Galois representation and a homological Galois
representation. The homological Galois representation is the linear dual of the
cohomological Galois representation. Theorem A.1 is stated with the cohomological
formulation. If we state it with the homological formulation, we have to replace the
condition Theorem A.1(ii) using a geometric Frobenius element by the following
condition using an arithmetic Frobenius element

(ii)′ For an arithmetic Frobenius Frob−1
� ∈ GQ of any prime number � not

dividing pM , we have Tr(ρf (Frob
−1
� )) = a�(f).

There are some articles written with the homological formulation (Wiles’s articles
[122], [123], [124] for example) and some articles written with the cohomological
formulation (Deligne’s article [20] for example). When we uses several different
articles, we have to be careful not to mix different normalizations.

Let us consider the case of a normalized cuspidal eigenform f of weight 2 and
level Γ1(M) in order to explain the cohomological formulation and the homological
formulation a bit more. In this case, we can canonically associate an abelian variety
Bf to f , which is a quotient of the Jacobian variety of modular curve X1(N) (see
[112]). Then the p-adic Galois representation for f of the cohomological formulation
is equal to H1

ét(Bf ×
Spec(Q)

Spec(Q),Qp) and the p-adic Galois representation for f

of the homological formulation is equal to TpBf ⊗Zp
Qp.

Theorem A.4 (Deligne, Mazur–Wiles). Let f ∈ Sk(Γ1(M)) be a normalized
cuspidal eigenform of weight k ≥ 2, K a finite extension of Qp which contains all
coefficients of the q-expansion of f . Assume that f is p-stabilized3 and that ap(f)
is a p-adic unit. Then the restriction ρf |GQp

to the decomposition group GQp
of

3We say that f is p-stabilized if M is divisible by p and f is eigenvector of the Hecke operator
at p.
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ρf : GQ −→ AutK(Vf ) ∼= GL2(K) is equivalent to a representation of the form

(A.1) ρf (g) =

(
α(g) ∗
0 β(g)

)
(g ∈ GQp

)

where α is an unramified character of GQp
such that α(Frobp) = ap(f).

Remark A.5. (1) A mod p variant of the above result was proved in an
unpublised letter from Deligne to Serre in 1974 (see [37]). Also, Mazur–
Wiles [75, Chap. 3 §2] and Wiles [122, Theorem 2.2] proved the above
result.

The proof by Deligne depends on the technique of the vanishing cycles
and the proof by Mazur–Wiles and Wiles depends on the study of Néron
models over p-adic fields of the Jacobian varieties of modular curves. In
the latter method, only the p-adic Galois representations for cuspforms
of weight 2 can be studied by using the Jacobian varieties of modular
curves. However, Shimura’s technique of the congruence modulo p-power
of the group cohomology (see Remark A.2 (3)) or Hida theory which
is a refinement of Shimura’s technique permits us to prove the desired
statement for the case of cuspforms of weight k > 2 by reducing to the
case of cuspforms of weight k = 2.

There is the third proof different from the above two proofs which
is based on the theorem of Katz-Messing [62]. Recall that Scholl [104]
constructs a motif of f ∈ Sk(Γ1(M)) (we will give a summary on the motif
in the appendix of the second volume) by using a Kuga-Sato variety of
weight k and level M . Since a Kuga-Sato variety is known to be a smooth
projective variety, the characteristic polynomial of a crystalline Frobe-
nius operator acting on its i-th crystalline cohomology coincides with the
characteristic polynomial of a p-Frobenius element acting on its i-th �-
adic etale cohomology for every natural number i. This implies that the
Newton polygon coincides with the Hodge polygon for ρf |GQp

. Since a
crystalline p-adic Galois representation whose Newton polygon and Hodge
polygon coincide is known to be p-ordinary4 by [88]. This implies Theo-
rem A.4 when Nf is prime to p since the p-adic Galois representation Vf is
crystalline in this case. By using Hida theory, any p-stabilized normalized
cuspidal eigenform f with ap(f) a p-unit but Nf not necessarily prime
to p is p-adically approximated by a sequence of p-stabilized normalized
cuspidal eigenforms {fi} such that ap(fi) are p-units and Nfi are prime
to p5. Thus the method using the theorem of Katz-Messing covers forms
f with Nf divisible by p.

(2) We recall that Theorem A.4 is stated with the cohomological formulation
as explained in Remark A.3. If we take the homological notation as in the
papers of Mazur–Wiles and Wiles, the corresponding variant of Theorem
A.4 is different from the actual version of Theorem A.4. In both of these
cases, the images of ρf |GQp

are contained in the upper triangular subgroup

of GL2(K) after changing the K-basis of Vf if necessary. However, in

4We have not yet defined the notion of p-ordinary, but it roughly means a representation of
the form (A.1).

5Note that the weights ki of fi are not the same as the weight k of f . However, ki converges
p-adically to k.
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the homological variant of Theorem A.4, the restriction ρf |GQp
to the

decomposition group GQp
is equivalent to a representation of the form

(A.2) ρf (g) =

(
β′(g) ∗
0 α′(g)

)
(g ∈ GQp

)

where α′ is an unramified character of GQp
such that α(Frob−1

p ) = ap(f).

A.2. Algebraic Hecke characters and associated Galois characters

Definition A.6. (1) Let F be a finite algebraic number field, f an inte-
gral ideal of F . We denote by If the group of fractional ideals of F which

are prime to f. Let JF be the set of embeddings of F into Q. Then a group

homomorphism η : If −→ Q
×
is called an algebraic Hecke character 6

of weight
∑

σ∈JF
nσσ ∈ Z[JF ], level f if η satisfies

η((α)) =
∏

σ∈JF

σ(α)nσ

for any totally positive elements α ∈ F× such that ordp(α − 1) ≥ ordpf
holds true for every prime ideal p dividing f.

(2) An algebraic Hecke character of level f can be naturally regarded as an
algebraic Hecke character of level f′ for any ideal f′ satisfying f ⊃ f′. For
an algebraic Hecke character η of level f, the largest ideal f0 satisfying
f0 ⊃ f such that there exists an algebraic Hecke character η0 of level f0
and η is naturally induced from η0 is called a conductor of f.

Example A.7. Let F be a finite algebraic number field. For any integral ideal
n of F , we define the norm NF (n) by NF (n) = #(rF /n). The norm NF is naturally
extended to a homomorphism from the group of fractional ideals to Q×, which is
called a norm character. The norm character NF is an algebraic Hecke character
of weight

∑
σ∈JF

σ, level 1.

In order to discuss the existence of algebraic Hecke characters other than the
norm character, we recall the following fundamental result.

Theorem A.8 (Theorem of Weil [120]). (1) Let F be a totally real finite
algebraic number field. Then any algebraic Hecke character on F is ex-
pressed as the product of an integral power Nr

F of the norm character NF

and an algebraic Hecke character of finite order.
(2) Let F be a finite algebraic number field and F+ the largest totally real

subfield of F . If there exists a subfield CM-field of F which contains F+7,
we denote it by F0. Otherwise, we set F0 = F+. Then, any algebraic
Hecke character η on F is expressed as η = (η0 ◦ NF/F0

) · ηfin where
η0 is an algebraic Hecke character on F0 and ηfin is an algebraic Hecke
character ηfin on F of finite order.

Now, we want to discuss how much algebraic Hecke characters on F exist when
F is a CM-field and we want to list them up. Below, we summarize some of known
results according to [21, Remarque 8.2].

6Sometimes, it is also called a Grossencharacter of type A0.
7We can easily check that such a CM-subfield is unique if it exists.
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Remark A.9. Let F be a CM-field which is of finite degree over Q. We fix a
CM-type Σ of F . Then the following statements hold (see [102, Chap. 0, §3] for
example):

(1) Let η be an algebraic Hecke character on F of weight n =
∑

σ∈JF
nσσ.

Note that there exist unique elements l =
∑

σ∈Σlσσ and m =
∑

σ∈Σmσσ
such that n = l+m. Then we say that η has type (l,m).

(2) Let η be an algebraic Hecke character on F of type (l,m). Then the sum
lσ +mσ is independent of σ ∈ Σ. We denote this value by σ ∈ Σ and call
it the absolute weight of η.

(3) Let us consider a pair (l,m) of elements l =
∑

σ∈Σlσσ andm =
∑

σ∈Σmσσ
such that the sum lσ + mσ is independent of σ ∈ Σ. Then if we take a
sufficiently small integral ideal f of F , there exists an algebraic Hecke
character on F of type (l,m), level f.

Proposition A.10. Let F be a finite algebraic number field, η an algebraic
Hecke character on F , K a finite extension of Qp which contains F gal the Ga-
lois closure of F over Q and the values of η at every ideal of F . Then there
exists a unique continuous Galois character ηgal : GF −→ K× such that we have
ηgal(Frobl) = η(l) for every prime ideal l of F which does not divide the level of η
nor (p).

We give a rough sketch of the proof of the proposition.

Proof. Let E be a finite algebraic number field which is obtained by adjoining
the values of η at every ideal of F to F . Without losing the generality, we may
assume that K is the completion of the image of E into Qp via the embedding ι′p
fixed in (3.76). We decompose the idèle group A×

F as

A×
F = (F ⊗Q R)× × (F ⊗Q Qp)

× × (A(∞p)
F )×,

where A(∞p)
F is the subgroup of A×

F obtained by removing factors over p,∞. Further,
we can decompose the group (F ⊗Q R)× as

(F ⊗Q R)× = {±1}r1(F ) × ((F ⊗Q R)×)0

where ((F ⊗Q R)×)0 is the connected component of unity in (F ⊗Q R)× and r1(F )
is the number of real places of F . By extending trivially to finite places, we can
regard ((F ⊗Q R)×)0 as a subgroup of A×

F . Then, by definition, we have

A×
F /((F ⊗Q R)×)0 ∼= {±1}r1(F ) × (F ⊗Q Qp)

× × (A(∞p)
F )×.

We define η∞ : {±1}r1(F ) −→ {±1} ⊂ K× by assigning −1 or +1 depending on
whether η is ramified or unramified at each real infinite place. Recall that the

group of fractional ideals of F is a quotient of (F ⊗Q Qp)
× × (A(∞p)

F )× = (A(∞)
F )×.

Next, we denote by η(∞p) : (A(∞)
F )× −→ E× the composition of a natural injection

(A(∞p)
F )× ↪→ (A(∞)

F )×, this quotient map and the character η. Suppose that the
type of η is (l,m). Finally, we denote by ηp : (F ⊗QQp)

× −→ K× the map induced
by F× −→ (F gal)×, x �→

∏
σ∈Σ(x

σ)−lσ(xσ)−mσ . By using these maps η∞, ηp and

η(∞p), we define the homomorphism

η̂ : A×
F /((F ⊗Q R)×)0 ∼= {±1}r1(F ) × (F ⊗Q Qp)

× × (A(∞p)
F )× −→ K×
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by (a, b, c) �→ η∞(a) · ηp(b) · η(∞p)(c). By construction, the map η̂ is trivial on
the subgroup F× ⊂ A×

F . Since the largest abelian quotient (GF )
ab of the absolute

Galois group GF is isomorphic to A×
F /((F ⊗QR)×)0F× by global class field theory,

the map η̂ induces a Galois character ηgal : GF −→ K×. Now, we have ηgal(Frobl) =
η(l) for every prime ideal l of F which does not divide the level of η nor (p) by the
definition of ηgal and by the compatibility of the global class field theory and the
local class field theory. This completes the proof. �

We remark that the Galois character (NF )
gal associated to the norm character

NF given in Example A.7 is equal to χ−1
cyc|GF

.
Finally we recall the definition of the L-function associated to an algebraic

Hecke character.

Definition A.11. Let F be a finite algebraic number field, η an algebraic

Hecke character on F . We associate the Dirichlet series
∑

n⊂rF

η(n)
N(n)s to η. This

series is absolutely convergent for Re(s) � 0 and is meromorphically continued to
the whole C-plane. It is also known that the series is holomorphic on the whole
C-plane if η is not a integral power of the norm character. We call this function
the L-function of η and denote it by L(η, s).
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Birkhäuser Boston, Boston, MA, 1990, pp. 435–483. MR1106906

[65] Tomio Kubota and Heinrich-Wolfgang Leopoldt, Eine p-adische Theorie der Zetawerte. I.
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[79] Jan Nekovář, Selmer complexes (English, with English and French summaries), Astérisque
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Λcyc,ψ : cyclotomic Iwasawa algebra for the
Dirichlet character ψ, 57

Br , Br,η : generalized Bernoulli number, 60

N , qn, c, Γn, 62

fη(z): generating function of generalized
Bernoulli numbers, 60

Ξn(ψ): Stickelberger element, 62

〈 〉: pro-p projection, 63

γn(i), 63

ΔM = (Z/MZ)×, 63

Gcyc = Δp × Γcyc, 67

[a], σ, ϕ, 68

Nr, Tr: Norm map, Trace map on Iwasawa
algebra, 69

Fu(Z): Coleman power series, 70

log(F (Z)): the logarithm of a power series,
75

Zp(1): module of Tate twist, 76

D = (1 + Z) d
dZ

, 76

τ(η): Gauss sum, 80

logp: p-adic logarithmic function, 84

ι: Γcycinvolution, 81

Mη , Mη : η -quotient, η-part, 85

( )∨: Pontrjagin dual, 85

M•: twist by involution of a Λcyc-module
M, 86

M⊗ η, 86

(ι∞, ιp), (ι′∞, ι′p): (fixed) complex and
p-adic embeddings, 94

Mk(M,η;OK), Sk(M, η;OK): space of

modular forms (cuspforms) with
coefficients in OK, 95

Twη :twisting map by η, 102

Rψ:the set of primes for the Euler system
of cyclotomic units, 107

locp: local restriction map at p, 108

(CDm): condition of being totally
decomposed, 111

ηgal: Galois character associated to a
Hecke character η, 143

p: odd prime number, 11

Γcyc, Γcyc,K , 14

NF , 142

adjoint module, 90
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algebraic Hecke character, 142
principle of analytic class number formula

(over Kcyc
∞ ), 91

arithmetic character, 24

Bernoulli number, 60

characteristic ideal, 32, 34
CM-field, 48

CM type, 124
Coleman power series, 73

Dirichlet character, 56
distinguished polynomial, 19
divisor ideal, 32

Elementary Iwasawa module, 34
Euler system

Euler system of cyclotomic units, 108

Ferrero–Washington theorem, 83
Fitting ideal, 36

Gauss sum
Gauss sum associated to a Dirichlet

character, 80
Greenberg’s conjecture, 55

(a p-adic version of) the identity theorem,
24

Iwasawa algebra, 18

Iwasawa module, 26
Iwasawa’s class number formula, 43
Iwasawa invariant, 35
Iwasawa main conjecture

cyclotomic Iwasawa main conjecture for
class groups, 86

J-field, 49

Kolyvagin derivative, 112
Kummer theory, 88

Leopoldt conjecture, 17
Leopoldt formula (on the value at 1 of the

p-adic L-function), 85

measure (with values in O), 22

(topological)Nakayama’s lemma
topological Nakayama’s lemma for

Iwasawa modules, 27
generalized topological Nakayama’s

lemma, 27

norm character, 142

p-adic L-function

Kubota–Leopoldt p-adic L-function, 58
p-adic L-function of a totally real

number field, 122
p-adic L-function of a CM field, 126

p-adic logarithmic function, 84

period
(complex CM period, 125
(p-adic CM period, 125

rank, 33
reflexive module, 29
Ribet’s lemma, 97
Riemann–Hurwitz formula (Kida’s

formula), 54

semi-simplicity conjecture
semi-simplicity conjecture for cyclotomic

Iwasawa modules of ideal class groups,
54

Stickelberger element, 62
Stickelberger’s theorem, 120
structure theorem

structure theorem of Iwasawa modules,
32

structure theorem of modules over
normal Noetherian domains, 31

Teichmüller character, 14

Vandiver conjecture, 55

(p-adic) Weierstrass preparation theorem,
20

Zp-extension
anti-cyclotomicZp-extension, 53
cyclotomicZp-extension, 13
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Iwasawa theory began in the late 1950s with a series of 

papers by Kenkichi Iwasawa on ideal class groups in the 

cyclotomic tower of number fields and their relation to p -adic 

L-functions. The theory was later generalized by putting it in 

the context of elliptic curves and modular forms. The main 

motivation for writing this book was the need for a total 

perspective of Iwasawa theory that includes the new trends 

of generalized Iwasawa theory. Another motivation of this 

book is an update of the classical theory for class groups 

taking into account the changed point of view on Iwasawa theory.

The goal of this first part of the two-part publication is to explain the theory of ideal 

class groups, including its algebraic aspect (the Iwasawa class number formula), 

its analytic aspect (Leopoldt–Kubota L-functions), and the Iwasawa main conjec-

ture, which is a bridge between the algebraic and the analytic aspects.

The second part of the book will be published as a separate volume in the same 

series, Mathematical Surveys and Monographs of the American Mathematical 

Society.
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