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Preface

The concept of fuzzy set, introduced by L.A. Zadeh in 1965, tried to extend classical set

theory. It is well known that a classical set corresponds to an indicator function whose val-

ues are only taken to be 0 and 1. With the aid of a membership function associated with a

fuzzy set, each element in a set is allowed to take any values between 0 and 1, which can

be regarded as the degree of membership. This kind of imprecision draws forth a bunch of
applications.

This book is intended to present the mathematical foundations of fuzzy sets, which can
rigorously be used as a basic tool to study engineering and economics problems in a fuzzy
environment. It may also be used as a graduate level textbook. The main prerequisites for
most of the material in this book are mathematical analysis including semi-continuities,
supremum, convexity, and basic topological concepts of Euclidean space, R". This book
presents the current state of affairs in set operations of fuzzy sets, arithmetic operations
of fuzzy intervals and fuzzification of crisp functions that are frequently adopted to model
engineering and economics problems with fuzzy uncertainty. Especially, the concepts of
gradual sets and gradual elements have been presented in order to cope with the difficulty
for considering elements of fuzzy sets such as considering elements of crisp sets.

e Chapter 1 presents the mathematical tools that are used to study the essence of fuzzy
sets. The concepts of supremum and semi-continuity and their properties are frequently
invoked to establish the equivalences among the different settings of set operations and
arithmetic operations of fuzzy sets.

o Chapter 2 introduces the basic concepts and properties of fuzzy sets such as membership
functions and level sets. The fuzzy intervals are categorized as different types based on
the different assumptions of membership functions in order to be used for the different
purposes of applications.

o Chapter 3 deals with the intersection and union of fuzzy sets including the complement of
fuzzy sets. The general settings by considering aggregation functions have been presented
to study the intersection and union of fuzzy sets that cover the conventional ones such
as using minimum and maximum functions (t-norm and s-norm) for intersection and
union, respectively.

e Chapter 4 extends the conventional extension principle to the so-called generalized
extension principle by using general aggregation functions instead of using mini-
mum function or t-norm to fuzzify crisp functions. Fuzzifications of real-valued and
vector-valued functions are frequently adopted in engineering and economics problems
that involve fuzzy data, which means that the real-valued data cannot be exactly collected
owing to the fluctuation of an uncertain situation.



x | Preface

o Chapter 5 presents the methodology for generating fuzzy sets from a nested family or
non-nested family of subsets of Euclidean space R". Especially, generating fuzzy inter-
vals from a nested family or non-nested family of bounded closed intervals is useful for
fuzzifying the real-valued data into fuzzy data. Based on a collection of real-valued data,
we can generate a fuzzy set that can essentially represent this collection of real-valued
data.

o Chapter 6 deals with the fuzzification of crisp functions. Using the extension principle
presented in Chapter 4 can fuzzify crisp functions. This chapter studies another method-
ology to fuzzify crisp functions using the mathematical expression in the well-known
decomposition theorem. Their equivalences are also established under some mild
assumptions.

e Chapter 7 studies the arithmetic operations of fuzzy sets. The conventional arithmetic
operations of fuzzy sets are based on the extension principle presented in Chapter 4. Many
other arithmetic operations using the general aggregation functions haven also been stud-
ied. The equivalences among these different settings of arithmetic operations are also
established in order to demonstrate the consistent usage in applications.

e Chapter 8 gives a comprehensive and accessible study regarding inner product of fuzzy
vectors that can be treated as an application using the methodologies presented in
Chapter 7. The potential applications of inner product of fuzzy vectors are fuzzy linear
programming problems and the engineering problems that are formulated using the
form of inner product involving fuzzy data.

o Chapter 9 introduces the concepts of gradual sets and gradual elements that can be used
to propose the concept of elements of fuzzy sets such as the concept of elements of crisp
sets. Roughly speaking, a fuzzy set can be treated as a collection of gradual elements. In
other words, a fuzzy set consists of gradual elements. In this case, the set operations and
arithmetic operations of fuzzy sets can be defined as the operations of gradual elements,
like the operations of elements of crisp sets. The equivalences with the conventional set
operations and arithmetic operations of fuzzy sets are also established under some mild
assumptions.

o Chapter 10 deals with the concept of duality of fuzzy sets by considering the lower a-level
sets. The conventional a-level sets are treated as upper a-level sets. This chapter con-
siders the lower a-level sets that can be regarded as the dual of upper a-level sets. The
well-known extension principle and decomposition theorem are also established based
on the lower a-level sets, and are called the dual extension principle and dual decompo-
sition theorem. The so-called dual arithmetics of fuzzy sets are also proposed based on
the lower a-level sets, and a duality relation with the conventional arithmetics of fuzzy
sets is also established.

Finally, I would like to thank the publisher for their cooperation in the realization of
this book.

Department of Mathematics Hsien-Chung Wu
National Kaohsiung Normal University

Kaohsiung, Taiwan

e-mail 1: hewu@mail.nknu.edu.tw

e-mail 2: hsien.chung.wu@gmail.com

Web site: https://sites.google.com/view/hsien-chung-wu

April, 2022
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Mathematical Analysis

We present some materials from mathematical analysis, which will be used throughout this
book. More detailed arguments can be found in any mathematical analysis monograph.

1.1 Infimum and Supremum

Let S be a subset of R. The upper and lower bounds of S are defined below.

e We say that u is an upper bound of S when there exists a real number u satisfyingx < u
for every x € S. In this case, we also say that S is bounded above by u.

o We say that | is a lower bound of S when there exists a real number [ satisfying x > [ for
every x € S. In this case, we also say that S is bounded below by I.

The set S is said to be unbounded above when the set S has no upper bound. The set S is
said to be unbounded below when the set S has no lower bound. The maximal and minimal
elements of S are defined below.

e We say that u* is a maximal element of S when there exists a real number u* € S satis-
fying x < u* for every x € S. In this case, we write u* = max S.

e Wesay that!* isa minimal element of S when there exists areal number [I* € Ssatisfying
x > I* for every x € S. In this case, we write [* = min S.

Example 1.1.1 We provide some concrete examples.

(i) The set R* = (0, +o0) is unbounded above. It has no upper bounds and no maximal
element. It is bounded below by 0, but it has no minimal element.
(ii) The closed interval S = [0,1] is bounded above by 1 and is bounded below by 0. We also
have max S =1 and min S = 0.
(iii) The half-open interval S = [0,1) is bounded above by 1, but it has no maximal element.
However, we have min S = 0.

Although the set S = [0,1) is bounded above by 1, it has no maximal element. This moti-
vates us to introduce the concepts of supremum and infinum.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Definition 1.1.2 Let S be a subset of R.

(i) Suppose that S is bounded above. A real number & € R is called a least upper bound
or supremum of S when the following conditions are satisfied.
e iiis an upper bound of S.
o Ifuis any upper bound of S, then u > .
In this case, we write &t = sup S. We say that the supremum sup S is attained when
nes.

(ii) Suppose that S is bounded below. A real number [ € R is called a greatest lower
bound or infimum of S when the following conditions are satisfied.
e lis alower bound of S.
o Iflis any lower bound of S, then [ < 1.
In this case, we write I = inf S. We say that the infimum inf S is attained whenl € S.

It is clear to see that if the supremum sup S is attained, then max S = sup S. Similarly,
if the infimum inf S is attained, then min S = inf S.
Example 1.1.3 Let S = [0,1]. Then, we have
max S =sup S=1 and inf S =min S=0.
If S = [0,1), then max S does not exists. However, we have sup S = 1.

Proposition 1.1.4 Let S be a subset of R with it = sup S. Then, given any s < i, there exists
t € Ssatisfyings < t < 1.

Proof. We are going to prove it by contradiction. Suppose that we have t < sforall t € S.
Then sis an upper bound of S. According to the definition of supremum, we also have s > &i.
This contradiction implies that s < ¢ for some t € S, and the proof is complete. [ |

Proposition 1.1.5 Given any two nonempty subsets A and B of R, we define C = A + B by
C={x+y:x€AandyeB}.

Suppose that the supremum sup A and sup B are attained. Then, the supremum sup C is
attained, and we have

sup C =sup A +sup B.

Proof. We first have
sup A = max A and sup B = max B.

‘We write a = sup A and b = sup B. Given any z € C, there exist x € A and y € B satisfying
z=x+y.Sincex <aandy < b,wehavez = x +y < a + b, which says thata + bis an upper
bound of C. Therefore, the definition of ¢ = sup C says that ¢ < a + b. Next, we want to
show thata + b < c. Given any € > 0, Proposition 1.1.4 says that there existx € Aandy € B
satisfyinga — ¢ < xand b — € < y. We also see that x + y < c. Adding these inequalities, we
obtain

a+b-2¢e<x+y<c,

which says that a + b < ¢ + 2¢. Since ¢ can be any positive real number, we must have
a + b < c. This completes the proof. [



1.2 Limit Inferior and Limit Superior

Proposition 1.1.6 Let A and B be any two nonempty subsets of R satisfying a < b for any
a € A and b € B. Suppose that the supremum sup B is attained. Then, the supremum sup A
is attained and sup A < sup B.

Proof. Itis left as an exercise. ]

1.2 Limit Inferior and Limit Superior

Let {a,}> , be a sequence in R. The limit superior of {a, } , is defined by
limsupa, = inf supa,,
n—oo n>1 k>n
and the limit inferior of {q,}3’ ; is defined by
liminf a, = —limsup (-a,).
n—oo n—o0
Moreover, we can see that
liminf a, = supinf a.
n—oo n>1 k>n
Let
b, =supa, and c, = inf q; 1.1)
k>n k>n
Itisclear tosee that {b, }* | isa decreasing sequence and {c,, };> , is an increasing sequence.
In this case, we have

inf b, = limb, and supc, = limc,,
n>1 n—oo n>1 h—0o0

which also says that

limsupa, =inf b, = limb, = lim supa, (1.2)
n—oo n>1 n—oo n=00 5y
and
liminf a, =supc, = limc, = lim inf a,. 1.3)
n—oo n>1 n—coo n—oo k>n

Some useful properties are given below.

Proposition 1.2.1 Let {a,};?, be a sequence of real numbers. Then, the following state-
ments hold true.

(i) We have

liminf a, < limsupa,.

n—oo n—oo

(ii) We have

lima, =a

n—-oo

if and only if

liminf a, = limsupa, = a with |a| < +oo.
n—oo n—oo
(iii) The sequence diverges to +oo if and only if
liminf a, = limsupa, = +c.

n—oo n—oo

3
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(iv) The sequence diverges to —c if and only if

liminf a, = limsupa, = —c0.

n—oo n—oo

(v) Let {b,} , be another sequence satisfying a,, < b, for all n. Then, we have

liminf a, < liminf b, and limsupa, <limsupb,.

n—-oo n—-oo n—oo n—oo

Proof. To prove part (i), from (1.1), we see that c,, < b, for all n. Using (1.2) and (1.3), we
obtain

liminf a, = limc, < limb, =limsupa,.

n—oo n—oo

n—oo n—-oo

To prove part (ii), suppose that
lima, = a.
n—oo n
Then, given any € > 0, there exists an integer N satisfying
a—£<an<a+€forn2N,
2 2
which implies

€ . €
a——<infa,=c,and b, =supa;, <a+ - forn>N.
k>n ke>n 2

In other words, we have
a—§§cn§bn§a+§fornzN,
which also implies
e, —a] §§<eand |b, —a| §§<eforn2N.
Therefore, we obtain
fime, =a = Jimp,
which implies, by using (1.2) and (1.3),

liminf a, = limsupa, = a.

n—oo n—-oo

For the converse, from (1.1) again, we see thatc, < a, < b, for all n > 1. Since

a = lim inf g, = limc, and a = lim supq, = limb,.
n—oo kzn h—00 h—00 an n—oo

Using the pinching theorem, we obtain the desired limit. The remaining proofs are left as
exercise, and the proof is complete. [ ]

Proposition 1.2.2 Let {a,}, and {b,}, be any two sequences in R. Then, we have

limsup (a, +b,) <limsupa, +limsupb,
n—oo n—oo n—-oo
and
liminf (a, +b,) > liminf a, + liminf b,

n—oo n—oo n—oo



1.2 Limit Inferior and Limit Superior

Proof. For k > n, we have

a,+b, < sup a, +sup by,

k>n
which says that
sup (a; +by) < supa, +supb,. (1.4)
k>n k>n k>n

Therefore, we obtain

limsup (a, +b,) = inf sup (a; + b;) = lim sup (a, + by)

n—oo n>1 k>n n=0 j>p
< lim [sup a + sup bk] (using (1.4))
n—oo k>n

= lim supa; + hm sup b, (since the limits exist)
n—oo k>n n— o0 k>n

=limsupa, + limsup b, (using (1.2) and (1.3)).

n—oo n—-oo
We similarly have
inf (ay +by) > inf a; + inf by. (1.5)
k>n k>n k>n

Therefore, we also obtain

liminf (a,+b,) =supinf (a,+b;) = lim inf (a, + b;)

n—oco n>1 k>n n=0 j>n
> lim [mf a, +inf b ] (using (1.5))
n=0 | k>n k>n

= lim inf q; + lim inf b, (since the limits exist)
n—oo k>n n—-oo k>n

= liminf a, + liminf b, (using (1.2) and (1.3)).

n—oo n—oo

This completes the proof. [

Proposition 1.2.3 Let {A, }°7, be a sequence of subsets of R™ satisfying A,,, C A, foralln
and (., A, = A, and let f be a real-valued function defined on R™. Then

hm supf(a) = supf(a) and supf(a) > sup f(a)

(=

and

lim inf f(a) = inf f(a) and inf f(a) < inf f(a).
n—=0o ge4q, aeA a€A,

a€A,

Proof. Since
inf f(a) = —sup [—f(a)].
acA acA
It suffices to prove the case of the supremum. Let

¥, =supf(a) and y* = sup f(a).
a€A, acA
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Since A,,, C A, for all n, we have that {y;;}?’ , is a decreasing sequence of real numbers.
We also have y;; > y* for all n, which 1mp11es

liminf y;, > y*. (1.6)

n—oo

Given any € > 0, according to the concept of supremum, there exists a,, € A, satisfying

Yo =€ <f(a,). (1.7)
Let b, = infy,, f(a,). We consider the subsequence {a,,}_; defined by a,, = a,,,,, in the
sense of

{ay.ay, .8 ) ={ap Qs o Qs ) -
Thenb, = inf, ., f(@,)andb, < f(a,,) forallm.Since A, , CA,forallnand (), A, = A,

the “last term” of the sequence {a,,}>_; must be in 4, a claim that will be proved below.
Sincea, € A, € A, forallk > n, we have the subsequence {a, };? C A,, which alsoimplies

Eﬂ {a ), QﬂAn=A,
n=1 n=1

where A can be regarded as the “last term” and A C {a,,}%_, . Since y* is the supremum of
fon A, it follows that f(a) < y* for each @ € A C A. Since b, < f(@,,) for all m, we see that
b, < y* for all n. Therefore, we obtain

liminf f(a,) = supinf f(a,) = supb

n—-oo n>1 k>n
which implies, by (1.7),
liminf y; — e <liminf f(a,) <y".
n—o0 n—oo
Since e is any positive number, we obtain

liminf y; <y*. (1.8)

n—oo
Combining (1.6) and (1.8), we obtain
supinf y; = liminf y, = y".
n>1 k>n n— oo

Since {y} }2, is a decreasing sequence of real numbers, we conclude that

1nfyn = llmy = liminf y; =y*,

n>1 n—oo

and the proof is complete. [ ]

Proposition 1.2.4 Let {A, }5 ;| be a sequence of subsets of R™ satisfying A, C A, ,, foralln
and | J5., A, = A, and let f be a real-valued function defined on R™. Then

hm supf(a) = supf(a) and supf(a) < sup f(a)

A€,

and

lim inf f(a) = inf f(a) and inf f(a) > inf f(a).
n—=0 geq, acA a€A,

a€A,



1.2 Limit Inferior and Limit Superior

Proof. It suffices to prove the case of the supremum. Let

¥, =supf(a) and y* = sup f(a).
a€A, aceA

Since A, C A, for all n, we have that {y; }5; is an increasing sequence of real numbers.
We also have y? < y* for all n, which implies
limsupyj, <y*. 1.9
n—oo

Given any e > 0, according to the concept of supremum, there exists a* € A satisfying
y* —e < f(a*). Since

a* e A= CJ A,
n=1

we have that a* € A,. for some integer n*. We construct a sequence {a,}>, satisfying
a, €A, foralln <n*anda, =a* forall n > n*. Since A, C A, for all n, it follows that
a, € A, for all n > n*. Therefore, the sequence {a,}  satisfies a, € A, for all n and

a* € {a}2, forall n,
which means that a* is the “last term” of the sequence {a, }? . We also have

Yo 2 f(ay). (1.10)

Let b, = supy, f(a;). We consider the subsequence {a,} > defined by a, = a,,,,,_
sense of

{a,.a,,... . b ={agap . Apin1s ot
Then b, = sup,,, f(@,) and b, > f(a,) for all p. Since a* is the “last term” of the sequence

{a, )52, it follows that a* is also the “last term” of the sequence {a,,}_,. Therefore, we
have b, > f(a*) > y* — ¢ for all n, which implies

, in the

limsupf(a,) = inf supf(q;) = inf b, > y* —e.
1 k>n n>1

n—oo n>
Since ¢ is any positive number, it follows that
limsupf(a,) > y".
n—oo

Using (1.10), we obtain
limsupy;,, > limsupf(a,) > y*. (1.11)

n—oo n—oo

Combining (1.9) and (1.11), we obtain

H * 3 k *
inf supy, = limsupy, = y*.
n>1 k>n n—oo
Since {y},}:7, is an increasing sequence of real numbers, we conclude that
supy; = limy; = limsupy;, =y*,
n>1 n—oco n—co

and the proof is complete. [

Given any x= (x,...,x) and y = (@W,...,y') in R™. The Euclidean distance
between x and y is defined by

| x =y ll= VoD —yDy2 4. oo (xm) — ym)2,

7
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Given a point x € R™, we consider the open e-ball
Bix;e)={yeR™ :[x-yl<e}. (1.12)

The concept of closure based on open balls will be frequently used throughout this book.
For the general concept refer to Kelley and Namioka [55]. In this book, we are going to
consider the closure of a subset of R, which is given below.

Definition 1.2.5 Let A be a subset of R™. The closure of A is denoted and defined by
cl(4) = {x eR™ : AnNB(x;¢) # @ forany € > 0} .
‘We say that A is a closed subset of R™ when A = cl(A).

Remark 1.2.6 Given any x € cl(A), there exists a sequence {x,};>, in A satisfying
Il x, —x |[= 0as n — oo. In particular, for m = 1, we see thatx, - xasn — .

Proposition 1.2.7 Let A be a subset of R, and let f be a continuous function defined on cl(A).
Then

supf(a) = sup f(a) and inf f(a) = inf f(a).
acA €A

aecl(A) a aecl(A)

Proof. It suffices to prove the case of the supremum, since
inf f(a) = —sup [-f(a)].
a€A a€A

It is obvious that

supf(a) < sup f(a).
acA aecl(A)
Given any € > 0, according to the concept of supremum, there exists a* € cl(A) satisfying
sup f(a) —e < f(a").
aecl(A)
We also see that there exists a sequence {a, } 7, in A satisfying a, — a*. Since f is continu-
ous on cl(A), we also have f(a,) — f(a*) as n — co. Therefore, we obtain
sup f(a) —e < f(a*) = limf (a,) < lim [supf(a)] = supf(a).
aecl(A) n—=co n—=o | geA acA

Since ¢ can be any positive number, it follows that

sup f(a) < supf(a).
a€ecl(A) aceA

This completes the proof. [

Let S be a subset of R. For a € S and a sequence {a,}:>, in R, we write a, 1 a to mean
that the sequence {a,}:?; is increasing and converges to a. We also write a,, | a to mean
that the sequence {a,}? , is decreasing and converges to a.

Proposition 1.2.8 Let A be a subset of R. The following statements hold true.

(i) Letf be a right-continuous function defined on cl(A). Given any fixed r € R, suppose that
there exists a sequence {a, } , in A satisfyinga,, | rasn — oo and a,, > r for all n. Then,
we have

sup f(a)= sup f(a)and inf f(a)= inf f(a).
{a€A:a>r} {a€A:a>r} {a€A:a>r} {a€A:a>r}
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(ii) Letf be a continuous function defined on cl(A). Given any fixed r € R, suppose that there
exists a sequence {a, }°, in A satisfying a, — rasn — oo and a, > r for all n. Then, we
have

sup f(a)= sup f(a)and inf f(a) inf  f(a).

{a€A:a>r} {a€A:a>r} {a€A:a>r) {acA:a>r}

In particular, we can assumer € cl{a € A : a > r}).

Proof. It suffices to prove the case of the supremum. It is obvious that

sup f(a)< sup f(a).
{a€A:a>r} {a€A:a>r}

To prove part (i), given any € > 0, according to the concept of supremum sup taea:azr) S (@),
there exists a* € A with a* > r satisfying

sup f(a)—e<f(a").

{acA:a>r)
We consider the following two cases.

e Suppose that a* > r. Then, we have

sup f@)—e<f@)< sup f(a).

{a€A:a>r} {a€A:a>r}
e Suppose that a* = r. The assumption says that there exists a sequence {a,};>, in A sat-
isfyinga, | a* asn — o and a, > r for all n. Since f is right-continuous and a* € cl(A4),
we also have f(a,) — f(a*) as n — 0. Therefore, we obtain

sup f(a)—e<f(a)_11mf( )slim[ sup f(@)| = sup f(a)
n—oo {

{acA:a>r) acA:a>r} {a€A:a>r}
Since e can be any positive number, it follows that

sup f(@) < sup f(a).

{acA:a>r) {acA:a>r)
Part (ii) can be similarly obtained, and the proof is complete. [

Proposition 1.2.9 Let {A,}:>, and {B, }:7, be two sequences of subsets of R satisfying
A, CA,and B, CB, foralln

n+1

and

ﬁAn =A and ﬁBn =B.
n=1 n=1

Then, we have
lim supinf (a — b) = lim (supa — sup b) =supa —supb = supinf (a — b)
n=® geA, beB, n—e \ gea, beB, a€A beB acA beB

and

lim supinf (a —b) = lim | inf a —inf b | = inf a — inf b = supinf (a — b).
N—=® peB,acA, n—o \ gea, beB, acA beB beB a€A
Proof. Itis obvious that

supinf (a — b) = supa — sup b and sup inf (a — b) = inf a —inf b.
a€A, beB, a€A, beB, beB,a€A, a€A, beB,

The results follow immediately from Proposition 1.2.3. n

9
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Proposition 1.2.10 Let {A,}, and {B,}7?; be two sequences of sets in R satisfying
A,CA,,and B, CB,,, foralln

and

0’4" =A and OBH =B.
n=1 n=1

Then, we have

lim supinf (a — b) = lim <supa — sup b) =supa —supb = supinf (a — b)

=0 geA, beB, n—oo \ aea, beB, aeA beB a€A beB
and
lim supinf (a — b) = lim | inf a —inf b | = inf a — inf b = supinf (a — b).
N—=® peB,acA, n=oo \ geA, beB, aeA beB beB a€A
Proof. The results follow immediately from Proposition 1.2.4. [ ]

Proposition 1.2.11 Let f be a real-valued function defined on a subset A of R, and let k be
a constant. Then, we have

sup min {f(x),k} = min {supf(x),k}
X€EA X€EA
and

inf max {f(x),k} = max {inff(x),k}.
X€EA XEA

Proof. We have
. k, if there exists x € Asatisfying f(x) > k
m {ngf(x)’ k} =\ supf), if f(x) < k forall x € A.
XEA

and

{xeA:f(x)>k} {xeA:f(x)<k}
if there exists x € A satisfying f(x) > k
sup f(x), if fx) <kforallxe A
X€A

max {k, sup f(x)} ,
_ {x€A:f(x)<k}

if there exists x € A satisfying f(x) > k
sup f(x), if fx) <kforallxe A
X€EA

max{ sup min{f(x),k}, sup min{f(x),k}},

Il
A

sup min {f(x),k}
XEA

k, if there exists x € A satisfying f(x) > k
sup f(x), if f(x) < kforall x € A.
X€EA

Another equality can be similarly obtained. This completes the proof. [
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1.3 Semi-Continuity

Let f : R™ - R be a real-valued function defined on R™. We say that the supremum
sup,sf(x) is attained when there exists x* € S satisfying f(x) < f(x*) for all x € S with
x # x*. Equivalently, the supremum sup,¢ f(x) is attained if and only if

sup f(x) = max f(x)
xes xes

Similarly, the infimum inf, . f(x) is attained when there exists x* € S satisfying f(x) > f(x*)
for all x € S with x # x*. Equivalently, the infimum inf, _¢ f(x) is attained if and only if

inf f(x) = min f(x).
xeS xX€ES

Letx = (x,, ...,X,,) be an element in R™. Recall that the Euclidean norm of x is given by

| x ll= /% + X5+ + x5,

Definition 1.3.1 Let S be a nonempty set in R™.

e A real-valued function f : S — R defined on S is said to be upper semi-continuous at
x when the following condition is satisfied: for each ¢ > 0, there exists § > 0 such that
|| x — X ||< & implies f(x) < f(X) + € for any x € S.

e A real-valued function f defined on S is said to be lower semi-continuous at X when the
following condition is satisfied: for each ¢ > 0, there exists § > 0 such that || x — X ||< §
implies f(x) < f(x) + € forany x € S.

Remark 1.3.2 We have the following interesting observations.

If f is upper semi-continuou on S, then —f is lower semi-continuous on S.

If f is lower semi-continuou on S, then —f is upper semi-continuous on S.

e The real-valued function f is continuous on S if and only if it is both lower and upper
semi-continuous in S.

If f is upper semi-continuous on R, then {x : f(x) > «} is a closed subset of R™ for all a.
If f is lower semi-continuous on R, then {x : f(x) < a} is a closed subset of R™ for all a.

Proposition 1.3.3 Let f : R™ — R be a multi-variable real-valued function, and let each
real-valued function g; : R — R be continuous atx, € R fori =1, ..., n. Then, the following
statements hold true.

(i) Supposethatf islower semi-continuous atx, = (g,(x,), ... , 8, (xy)). Then, the composition
function h(x) = f (gl(x), cees gm(x)) is lower semi-continuous at x,.

(ii) Suppose that f is upper semi-continuous at X, = (g,0x), --. , &, (X,)). Then, the composi-
tion function h(x) = f (gl(x), ,gm(x)) is upper semi-continuous at x,.

Proof. To prove part (i), since f is lower semi-continuous at x,, given any ¢ > 0, there exists
6* > 0 such that

|| x —x, ||< 6" implies f(x,) < f(x) + €.

11
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Since each g; is continuous at x, fori =1, ..., n, given 6*/ \/ﬁ, there exists 6; > 0 such that
|x — x| < &; implies |g;(x) — g;(xy)| < 57 fori=1,...,n. (1.13)
n

Let 6§ = min {§,,...,6,,}. Then |x — x,| < 6 implies that the inequality (1.13) is satisfied for
alli=1,...,n Letx = (g,(), ..., 8,x)). Then

I x =% lI= \/(gl(X) —8106) + -+ (8,(%) = 8 (%p))* < 67,
which implies
h(xp) = f(g,(X0)s -, 8n (X)) = F(Xp) < f(X) + € = f(g(0), ....8, (X)) + € =h(x) +e,

which says that & is lower semi-continuous at x,. Part (ii) can be similarly obtained. This
completes the proof. [ ]

Proposition 1.3.4 Let f : R™ — R be a multi-variable real-valued function, and let each
real-valued function g; : R — R be left-continuous at x, € R fori =1, ...,n. Then, the fol-
lowing statements hold true.

(i) Assume that the composition function h(x) = f(g,(x), ..., g,, (X)) is increasing. If f is lower
semi-continuous at X, = (g,(x), ... , &, (Xy)), then h is lower semi-continuous at x,.

(ii) Assume that the composition function h(x) = f(g,(x), ..., 8,,(x)) is decreasing. If f is upper
semi-continuous at X, = (8,(x), ... ,8,,(X,)), then h is upper semi-continuous at x,,.

Proof. To prove part (i), since f is lower semi-continuous at x,,, given any e > 0, there exists
6* > 0 such that

| x —x, [|l< 6" implies f(x,) < f(X) + €.

Since each g; is left-continuous at x, fori = 1, ..., n, given 6*/ \/ﬁ, there exists §; > 0 such
that

*

0 <X, —x < &; implies |g;(x) — g(x,)| < 5 fori= 1,...,n

The argument in the proof of Proposition 1.3.3 is still valid to show that there exists § > 0
such that

0 < x, —x < 6 implies h(x,) < h(x) + €.

For 0 < x — x, < 8, since h is increasing, it follows that
h(x,) < h(x) < h(x) +e.

Therefore, we conclude that
|x, — x| < 6 implies h(xy) < h(x) + €,

which says that h is lower semi-continuous at x;,.
To prove part (ii), we can similarly show that there exists 6 > 0 such that

0 < x, —x < 6 implies h(x) < h(x,) + €.
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For 0 < x —x, < 6, since h is decreasing, it follows that
h(x) < h(xy) < h(xy) + €,

which says that h is upper semi-continuous at x,. This completes the proof. [

Proposition 1.3.5 We have the following properties.

(i) Suppose that the real-valued functions f, and f, are lower semi-continuous on the closed
interval [a, b]. Then, the addition f, + f, is also lower semi-continuous on the closed inter-
val [a, b].

(ii) Suppose that the real-valued functions g, and g, are upper semi-continuous on on the
closed interval [a,b]. Then, the addition g, + g, is also upper semi-continuous on the
closed interval [a, b].

Proof. To prove part (i), given € > 0, there exist 6,, 6, > 0 such that

Ix — x,| < &, implies f;(x,) < f,(x) + %
and that

[x —x,| < 6, implies f,(xy) < f,(x) + g
Let 6 = min {§,,6,}. Then, for |x — x,| < 6, we have

H00) +00) <00+ 5+ 09+ 5 =00 +,00 +e

which shows that f; + f, is lower semi-continuous at x,,.
To prove part (ii), given ¢ > 0, there exist 6,, 6, > 0 such that

[x —x,| < 6, implies g,(x,) + % > g,(x),
and that
[x —x,| < 6, implies g,(x,) + % > g,(X).
Let 6 = min {é,, 6, }. Then, for |x — x;| < 6, we have
810%) + &%) + € = 810) + = +80) + 5 > &) + g,(%).

which shows that g, + g, is upper semi-continuous at x,. This completes the proof. [

Proposition 1.3.6  We have the following properties.

(i) Suppose that the real-valued functions f; and f, are lower semi-continuous on the closed
interval [a, b]. Then, the real-valued functions min {f,, f,} and max {f;,f,} are also lower
semi-continuous on the closed interval [a, b].

(ii) Suppose that the real-valued functions g, and g, are upper semi-continuous on on the
closed interval [a,b]. Then, the real-valued functions min {g,,g,} and max{g,,g,} are
also upper semi-continuous on the closed interval [a, b].

Proof. To prove part (i), given e > 0, there exist §,, 6, > 0 such that

[x —x,| < 6, implies f;(xy) < f;(x) + €,
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and that

|x —x,| < 6, implies f,(xy) < f,(x) +e.
Let 6 = min {6, 6,}. Then, for |x — x,| < 6, we have

min {f;(x)./,(x)} < min {f;(x) + €,f,(x) + €} = min {f;(x).f,()} + ¢
and

max {f; (). f,00)} <max {00 +e.,H() + e} = max {f;,(0.£,0} +e.

which show that min {f},f,} and max {f;,f,} are lower semi-continuous at x,,.
To prove part (ii), given ¢ > 0, there exist §,, 6, > 0 such that

Ix — x| <6, implies g (x,) + € > g (x),
and that
|x —x,| < 6, implies g,(x,) + € > g,(%).
Let 6 = min {é,, 6,}. Then, for |x — x,| < 6, we have

min{g, (x,). &,(X,) } + € = min{g, (X,) + €,8,(Xo) + €} > min{g; (x), g,(x)}

and

max{g, (X,). 8t } + € = max{g,(x,) + €,8,(x,) + €} > max{g,(x),g,x)},

which show that min {g;,g,} and max {g,,g,} are upper semi-continuous at x,. This com-
pletes the proof. L]

Proposition 1.3.7 We have the following properties.

(i) Suppose thatf is increasing on a subset D of R. Then f is left-continuous on D if and only
if f is lower semi-continuous on D.

(ii) Suppose that g is decreasing on a subset D of R. Then g is left-continuous on D if and only
if g is upper semi-continuous on D.

Proof. To prove part (i), we first assume that f is left-continuous at x, € D. Then, given
any € > 0, there exists § > 0 such that 0 < x, —x < 6 implies |f(x;) — f(x)| < €, i.e. f(x;) <
f(x) + €. For x, € Dwith 0 < x —x,, < §, since f is increasing, we have

f) < f0) < flx) +e.

Therefore, we conclude that |x, — x| < é implies f(x;) < f(x) + ¢, which shows that f is
lower semi-continuous at x, € D.

Conversely, we assume that f is lower semi-continuous at x;, € D. Then, given any ¢ > 0,
there exists 6 > 0 such that |x, — x| < 6 implies f(x;) < f(x) + €. If 0 < x, —x < 6 then we
immediately have f(x;) — f(x) < e by the lower semi-continuity at x,,. Since f is increasing,
we also have

JFO) < f(xp) < fxp) +e.

Therefore, we conclude that 0 < x, — x < 6 implies |f(x,) — f(x)| < e, which shows that f is
left-continuous at x, € D.
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To prove part (ii), we first assume that g is left-continuous at x, € D. Then, given any
€ > 0, there exists 6 > 0 such that 0 <x, —x < 6 implies |g(x,) —g)| <e¢, i.e. gx) <
8(x,) + €. For x; € Dwith 0 < x — X, < 6, since g is decreasing, we have

80xy) + e > 8(x) + € > gx).

Therefore, we conclude that |x, — x| < 6 implies g(x) < g(x,) + ¢, which shows that g is
upper semi-continuous at x, € D.

Conversely, we assume that f is upper semi-continuous at x, € D. Then, given any € > 0,
there exists 6 > 0 such that |x, — x| < § implies g(x) < g(x,) + €. If 0 < x, —x < 6, then we
immediately have g(x) — g(x,) < e by the upper semi-continuity at x,,. Since g is decreasing,
we also have

8(x,) <g(x) < gx) +e.

Therefore, we conclude that 0 < x, — x < é implies |g(x,) — g(x)| < e, which shows that g is
left-continuous at x;, € D. This completes the proof. [

Let A be a subset of R™. The characteristic function or indicator function of A is
defined by

1 forxeA
XaX) = { 0 forxeA. 114

Proposition 1.3.8 Let S be a subset of R, and let (¥ : S - R and ¢V : S = R be two
bounded real-valued functions defined on S satisfying ¢*(a) < {Y(a) for each a € S. Suppose
that ¢* is lower semi-continuous on S, and that ¢V is upper semi-continuous on S. Let
M, = [¥(a),¢Y ()] for a € S be closed intervals. Then, for any fixed x € R, the function
f(@)=a- X, (x) is upper semi-continuous on S.

Proof. For any fixed o, € S, we are going to show that, given any ¢ > 0, there exists 6 > 0
such that
|a — ay| < 6 implies {(ay) + € > {(a).

We consider the cases ofx € M, andx & M, . Forx € M, ,wehave {(a,) = a,.If |a — ay| <
6 = €, we have a, + ¢ > a. We consider the following cases.

e Suppose that x ¢ M,. Then, we have {(a) = 0. Therefore, we obtain
Clap) +e=ay+e>0={(a).

e Suppose that x € M,,. Then, we have {(a) = a. Therefore, we obtain
Clap) +e=ay+e>a={(a).

Now, we consider the case of x & Mao, i.e. x < ¢E(ay) or x > ¢Y(a,). In this case, we have
{(ay) = 0.

e For x < {L(ay), let € = {L(a,) — x. Since ¢ is lower semi-continuous at «,, there exists
& > 0 such that |a — a,| < & implies ¢£(a,) < ¢L(a) + €. Therefore, we obtain

¢H@) > ¢Hag) — e = ¢Mag) +x = (M) = x.

This also says that x € M, i.e. {(a) = 0 for |a — a| < 6.

15
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e Forx > ¢Y(ay), let € = x — {Y(q,). Since ¢Y is upper semi-continuous at «,, there exists
8 > 0 such that |a — a,| < & implies ¢Y(a) < ¢Y(a,) + €. Therefore, we obtain

(V@) < V@) + e = V() +x — (V(ay) = x.
This also says that x ¢ M, i.e. {(a) = 0 for |@ — ;| < 6.
The above two cases conclude that
lag)+e=€>0=_(a)

for |@ — a,| < 6. This completes the proof. [ |

Proposition 1.3.9 Let S be a subset of R, and let (X : S— R and ¢V : S —» R be two
bounded real-valued functions defined on S satisfying ¢X(a) < (Y () for each a € S. Suppose
that the following conditions are satisfied.

o (L isan increasing function and ¢Y is a decreasing function on S.
e (L and ¢Y are left-continuous on S.

Let M, = [(L(a), (Y ()] for a € S be closed intervals. Then, for any fixed x € R, the function
fl@)=a- I, (x) is upper semi-continuous on S.

Proof. The result follows immediately from Propositions 1.3.8 and 1.3.7. [ ]

Proposition 1.3.10 Let S be a subset of R. Foreachi=1,...,n,let & : S > Rand ¢V :
S — R be bounded real-valued functions defined on S satisfying ¢ iL(a) < CiU (a) foreach a € S.
Suppose that the following conditions are satisfied.

o ¢ lL are increasing function and Cl.U are decreasing functionon S fori=1,...,n.
° {iL and CZ.U are left-continuouson S fori =1, ..., n.

Let MY = (¢ (@), ¢V (@)] for a € Sand fori=1,...,n be closed intervals, and let
M, =MPx---xM" cR".

Given any fixedx = (xy, ...,x,) € R", the function {(a) = a - y), (X) is upper semi-continuous
ons.

Proof. Proposition 1.3.9 says that the functions {j(a) = - y,0(x;) are upper semi-
continuouson S fori =1, ...,n. For r € S, we define the sets

F,={a€S:{a@>r} and F'={a€S: g@z>r} fori=1,...,n

The upper semi-continuity of ¢; says that Fﬁi) isaclosed setfori =1, ...,n. We want to claim
F, =L, FY.Givenany « € F,, it follows thatx € M, and a > r,i.e.x; € MY and a > r for
i=1,...,n,which also implies {;(a) > r for i = 1, ..., n. Therefore, we obtain the inclusion
F,. c f=1 Fﬁ“. On the other hand, suppose that a € Fii) fori=1,...,n. It follows that x; €
Mff) anda >rfori=1,...,n,ie.x € M, and a > r. Therefore, we obtain the equality F, =
ﬂ:;l Fﬁi), which also says that F, is a closed set, since each Fﬁi) isaclosedsetfori=1,...,n.
Therefore, we conclude that ¢ is indeed upper semi-continuous on S. This completes the

proof. [ |
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We say that S is a disjoint union of intervals in R when S can be expressed as

s=Jr
i=1
satisfying I; n I; = @ for i # j, where each I, is an interval in R.

Proposition 1.3.11 Let S be a disjoint union of intervals in R, and let ¢* : S - Rand ¢V :
S — R be two bounded real-valued functions defined on S satisfying (¥ (a) < ¢Y(a) for each
a € S. For a € S, we define the functions
@)= inf ¢Eeo)and u(@) = sup ¢Y(x).
{xeS:x>a} {xeS:x>a}
Then l and u are left-continuous on S. Moreover, l is lower semi-continuous on S and u is upper
semi-continuous on S.

Proof. Given « € S, since S is a disjoint union of intervals, there exists a sequence {a, }5
in S satisfying a,, T @ as n — oo, where we allow a,, = a for some n. Let

A, ={xeS:x>a,}JandA={xeS : x>a}.

Then it is obvious that A,,, C A, for all n and A € (,_, A,. For x € (., A, it means
x € S and x > «,, for all n. By taking limit, we obtain x > «a, i.e. x € A. This shows that
A=, A,. Using Proposition 1.2.3, we obtain

l(a,) = inf ¢*(x) - inf ¢E(x) = () for a, 1 a.
teA, teA

This says that [ is left-continuous on S. We can similarly show that u is left-continuous
on S. Since [ is decreasing and u is increasing on S, Proposition 1.3.7 says that [ is lower
semi-continuous on S and u is upper semi-continuous on S. This completes the proof. m

Let S be a disjoint union of intervals in R. We write 0*(S) to denote the set of all left
endpoints of subintervals in S, and write 0%(S) to denote the set of all right endpoints of
subintervals in S. For any « € S\d%(S), i.e. « € S and a & 0%(S), it is clear to see that there
exists a sequence in S satisfying @, | @ asn — oo with a,, > a for all n.

Proposition 1.3.12  Let S be a disjoint union of closed intervals in R, and let (¥ : S — Rand
¢V : S - R be two bounded and right-continuous real-valued functions defined on S satisfy-
ing {X(a) < ¢Y(a) foreach a € S. Let M, = [¢X(a), (Y ()] for « € S be closed intervals. Then,
the functions

lo)= inf ¢E)andu(@)= sup ¢Y(x)

{xeS:x>a} {xeS:x>a}

are continuous on S\oR(S). Moreover, for « € S\oX(S) and a,, | @ as n — oo with a,, > a for
all n, we have l(a,,) | l(a) and u(a,) T u(a) asn - .

Proof. According to Proposition 1.3.11, we remain to show that I and u are right-
continuous on S\d®(S). We first note that S is a closed set, i.e. cl(S) = S. We are going to
use part (i) of Proposition 1.2.8. Given a € S\9R(S), there exists a sequence {a,}2,inS
satisfying a,, | @ asn — oo with a,, > « for all n. Let

A,={xeS:x>a,}and A" ={xeS:x>a}l.
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Itis clear to see that A, C A,,, forallnand |J,., A, C A*. Forx € A*,i.e.x € Sandx > a,
since a,, | a, there exists a,,. satisfying « < a,. < x, which says thatx € J,., A,. Therefore,
we obtain | J,», A, = A*. Using Proposition 1.2.4 and part (i) of Proposition 1.2.8, fora,, | «
with @, > a, we have
la,) = inf ¢E(x) — inf ¢F(x) = inf  ¢F(x) = Ka).
X€EA, XEA* {xeS:x>a}

Therefore, we conclude that [ is continuous on S. We can similarly show that u is continuous
on S. Since ! is increasing and u is decreasing, we also have l(e,,) | I(a) and u(a,) 1 u(a) as
n — oo fora, | aasn — oo with a, > a for all n, and the proof is complete. [ ]

Proposition 1.3.13  Let S be a closed subset of R, andlet (L : S - Rand ¢V : S — R betwo
bounded real-valued functions defined on S satisfying ¢X(a) < (Y () for each a € S. Suppose
that {T is lower semi-continuous on S, and that {U is upper semi-continuous on S. Let M, =
[¢E (@), ¢Y ()] for a € S be closed intervals. Then, we have

U M,,=[ inf  ¢H(p), sup ¢Y(B)
(pes: pza) {peS: p>a} {peS: p>a}

3 L
[(ﬂgsl:1?>a}§ @, (P poa }g (ﬂ)] (1.15)

foranya € S.

Proof. Since S is a closed set, by Proposition 1.4.4 (which will be given below), the
semi-continuities say that the imfimum and supremum are attained given by

: L U _ U
¥ elgiza)C B = ,,ggl},g }C (P) and ﬂSSu:pZaC » = { ﬂgslgﬁga}i ®.

Forx € U es: poayM;» there exists f, > a satisfyingx € My , i.e. {*(fy) < x < {Y(f). Then,
we have

x > ¢H(By) > m1n CL(ﬂ) and x < ¢Y(fy) < phax )C B;
that is,

~ L U
xe {ﬂes ﬂ> )C M, ﬂnga/;( 7P| -

To prove the other direction of inclusion, given any x satisfying
min <x< max 1.16

o ﬂ>a)C )] R C ®, (1.16)
we want to lead to a contradiction by assumingx ¢ M foreach f € Swith § > a. Under this
assumption, since each M pisa bounded closed interval, it follows that x < ¢%(g) for each
p € Swith g > aorx > ¢Y(p) for each p € Swith § > a. Since the infimum and supremum
are attained, we obtain

x< min ") = inf ¢FPorx> max ¢(YB) = sup Y(p),

{peS: pza}

{peS: pza} (pES:p>a) {PES:pza)}

which contradicts (1.16). Therefore, there exists f, € Swith f, > a satisfyingx € M, . This
completes the proof. n
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The convexity of fuzzy sets is usually assumed for applications in order to simplify the dis-
cussion. The concept of convex set in R”" is given below.

Definition 1.4.1 Let A be a subset of R™. We say that A is convex when, given any x,y €
A, the convex combination Ax + (1 — 1)y belongs to A forany 0 < 4 < 1.

Definition 1.4.2 Letf : A — R be a real-valued function defined on a convex subset A
of R™. The function f is called quasi-convex on A when, for each x,y € A, the following
inequality is satisfied:

fx+ 1= Ay) <max {f(x),f()}
foreach0 < A < 1.

It is well known that f is quasi-convex on A if and only if the set
{xeA: f(x)<a}
is convex for each a € R.

The function f is called quasi-concave on A when —f is quasi-convex on A. More pre-
cisely, the real-valued function f is quasi-concave on A if and only if

f(Ax+ (1 - A)y) > min {fC),f()}
for each 0 < 4 < 1. We also see that f is quasi-concave on A if and only if the set
{xeA:f(x)>a}

is convex for each @ € R.
The following well-known results will be used through out this book.

Proposition 1.4.3 (Apostol [3]) We have the following results

(i) Letf be a continuous real-valued function defined on a connected subset S of R™. Suppose
that f(x*) < f(x°) for some x*,x° € S. For each y satisfying f(x*) <y < f(x°), there exists
x € S satisfying f(x) = y.

(ii) Let f be a continuous real-valued function defined on a bounded closed interval I in R.
Suppose that there are two points x,y € I satisfying x <y and f(x) # f(y). Then f takes
every value between f(x) and f(y) in the open interval (x,y).

(iii) Let f : R? — RY be a vector-valued function. Suppose that f is continuous on a closed
and bounded subset X of RP. Then f(X) is a closed and bounded subset of R4.

(iv) Letf : RP — R4 be avector-valued function. Suppose that f is continuous on a connected
subset X of RP. Then f(X) is a connected subset of RY.

Proposition 1.4.4 (Royden [100]) Let f be a real-valued function defined on R™, and let K
be a closed and bounded subset of R™. Then, we have the following properties.

(i) Suppose thatf is upper semi-continuous. Then, the supremum is attained in the following
sense

Sugf (%) = maxf(x).
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(i) Suppose that f is lower semi-continuous. Then, the infimum is attained in the following
sense

ixg( fG0) = minfx).

Theorem 1.4.5 (Cantor Intersection Theorem). Let {Q,,Q,, ...} be a countable collec-
tion of nonempty subsets of a topological space R™ such that the following conditions are
satisfied:

d Qk+1 c QkaVk =12,...;
e each Q, is a nonempty bounded and closed subset of R™ for all k.

Then, the intersection (.., Qy is nonempty.

Proposition 1.4.6 Let 2 : [0,1]" — [0,1] be a function defined on [0,1]". Suppose that
A(ay,....a,) > pifandonlyif a; > p foralli=1,...,n.
Then, we have

ﬂ(al,...,am) = min {al,...,am}.

Proof. Since o; > min {«ay,...,,} foralli=1,...,n, the assumption says that
A ((Xl, ,am) > min {al, ,am}

by taking f=min{e,,...,a,}. On the other hand, suppose that (ay,...,a,) =p,
ie. Aay, ..., a,) > f, the assumption says that a; > g foralli =1, ..., n, which implies

min {al,...,am} >pf= Ql(al,...,txm).

This completes the proof. [ ]

Proposition 1.4.7 Let 2 : [0,1]" — [0,1] be a function defined on [0,1]". Suppose that
A(ay,...,a,) < pifandonly if o; < p forsomei=1,...,n.

Then, we have

A (al, ,am) = min {al, ,am}.
Proof. Suppose that «; > min{«,,...,a,,} for all i=1,...,n. Then min{ay,...,a,} >
min {a, ..., a,,}. This contradiction says that ¢; < min {e;,...,,,} forsomei=1,...,n.

Using the assumption, it follows that
A (al, ,am) < min {0‘1’ ,am}

by taking f = min{a,,...,a,}. On the other hand, suppose that (e, ..., ,) = p, ie.
Ay, ..., a,) < f, the assumption says that o; < g for some i = 1, ..., n, which implies

min {al,...,am} <p= m(al,...,am).

This completes the proof. [
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Proposition 1.4.8 Let F and G be two real-valued functions from R™ into (0,1]. Suppose
that

{x : Fx)>a}={x:Gx) > a} (1.17)
foreach « € Q N (0,1]. Then F(x) = G(x) for all x € R™; that is, F and G are identical.
Proof. Assume that there exists x, € R™ satisfying G(x,) # 0 and F(x,) < G(x,), where

F(x,) can be 0. Using the denseness of R, there exists a, € Q N (0,1] satisfying F(x,) < a, <
G(x,). This says that

Xg €{x:Gx) >a,} andx, & {x : F(x) > o},

which contradicts (1.17). If we assume that F(x,) # 0 and F(x,) > G(x,), where G(x,) can
be 0, then we can similarly obtain a contradiction. Therefore, we conclude that

F(xy) = G(x,) # 0.

This completes the proof. [
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Fuzzy Sets

The main idea of fuzzy sets is to consider the degree of membership. A fuzzy set is described
by a membership function that assigns to each member or element a membership degree.
Usually, the range of this membership function is from 0 to 1. A degree of 1 represents
complete membership to the set, and degree of 0 represents absolutely no membership to
the set. A degree between 0 and 1 represents partial membership to the set.

We can define high fever as a temperature higher than 102 °F. Even if most doctors will
agree that the threshold is at about 102 °F (39 °C), this does not mean that a patient with a
body temperature of 101.9 °F does not have a high fever while another patient with 102 °F
does indeed have a high fever. Therefore, instead of using this rigid definition, each body
temperature is associated with a certain degree. For example, we show a possible descrip-
tion of high fever using membership degree as follows

E(94°F)=0,  &®96°F) =0, £(98 °F) = 0
£(100 °F) = 0.7, £(102°F) =0.95, &(104°F) = 0.99
E106°F) =1, &108°F)=1,  &110°F) =1.

The degree of membership can also be represented by a continuous function.

2.1 Membership Functions

Let A be a subset of R™. Each element x € R™ can either belong to or not belong to a set A.
This kind of set can be defined by the characteristic function

() = 1 forxeA
XA =10 forx ¢ A.

That is to say, the characteristic function maps elements of R™ to elements of the set {0,1},
which is formally expressed by y, : R™ — {0,1}.

Zadeh [162] proposed a concept of so-called fuzzy set by extending the range {0,1} of
the characteristic function to the unit interval [0,1]. A fuzzy set A in R™ is defined to be a
set of ordered pairs

A={(x &) xeR™},

where &; : R™ — [0,1] is called the membership function of A. The value E4(x) is
regarded as the degree of membership of x in A. In other words, it indicates the degree to

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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which x belongs to A. Any subset A of R™ can also be regarded as a fuzzy set in R™ by
taking the membership function as the characteristic function of A. In this case, we write
1, = y, by regarding A as a fuzzy set in R™. When A is a singleton {a}, we also write i{a,.

Example 2.1.1 Let A be the set of all real numbers considerably larger than 10. Then A
can be described as a fuzzy set in R with membership function defined by

0, x <10
Ei(0) = 1

— = x>10.
1+ (x—10)2

Let B be the set of all real numbers close (but not equal) to 10. Then B can also be described
as a fuzzy set in R with membership function defined by
1

S0 = 17 (x—102

In this case, we may also write B = 10 to mean fuzzy real number 10. Therefore, any state-
ments that involve fuzziness can always be represented by a membership function.

2.2 «a-level Sets

An interesting and important concept related to fuzzy sets is the a-level set. Let A be a
fuzzy set in R™ with membership function &4. The range of the membership function &, is
denoted by R(&;). Throughout this book, we shall assume that the range R (£4) contains 1.
However, the range R(&4) is not necessarily equal to the whole unit interval [0,1].

For « € (0,1], the a-level set A, of A is defined by

A, ={x 180 2a}. (2.1)

Since the range R(£;) is assumed to contain 1, it follows that the a-level sets A, are
non-empty for all @ € (0,1]. Notice that the 0-level set is not defined by (2.1). The 0-level
set will be defined in a different way that will be explained afterward.

Given any a, # € (0,1] satisfying « < g, it is easy to see

A, CA,. (2.2)

The strict inclusion A; C A, can happen.

Proposition 2.2.1 Let A be a fuzzy set in R™ with membership function ;. Suppose that
a € R(¢p)and f € [0,1)with f > a. Then Ay C A, (where “C”means A, C A, and Ay # A)).

Proof. Since a € R(&;), there exists x € R™ satisfying £4(x) = a. Suppose that there exists
b, € [0,1] with g, > a satisfying x € A~ﬂ0' Then, we have £4(x) > f, > a which violates
£;(x) = a. In other words, there exists x € A, and x ¢ Aﬂ for all g € [0,1] with § > a. This
completes the proof. [ ]
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Example 2.2.2 The membership function of a fuzzy set A is given by

014+08-(x—1) if1<x<1.5
02+08-(x—1) ifl5<x<2
1 if2<x<3
02+08-(4—x) if3<x<35
01+08-(4—x) if35<x<4
0 otherwise.

&) = 1

It is clear to see
R(&;) = {0} U[0.1,0.5] U (0.6, 1],

which also says that [0,1] # R(;). We see that 0.55 ¢ R(&4). However, we still have the
0.55-level set 4 5 given by

Ayss = {x D800 2 0.55} .
Although 0 < @ < 0.1 is not in the range R(&;), we still have

A, ={x &) >a}=[14] = A, foreach a €[0,0.1).

Notice that the expression (2.1) does not include the 0-level set. If we allowed the
expression (2.1) taking a = 0, the 0-level set of A would be the whole m-dimensional
Euclidean space R™. Defined in this way, the 0-level set would not be helpful for real appli-
cations. Therefore, we are going to invoke a topological concept to define the 0-level set.
The support of a fuzzy set A in R™ is the crisp set defined by

Ay, ={xeR™: &;x(x) > 0}. (2.3)
The 0-level set A, of A is defined to be the closure of the support 4, , i.e.
A, = cl(d,,). (2.4)

For the concept of closure, refer to Definition 1.2.5.

Proposition 2.2.3 Let A be a fuzzy set in R™ with membership function &;. Then, we have

iA,= U A4A=4 (2.5)
{a€R(&;):a>0} 0<a<l

Proof. Given any x € A,, i.e. a = £;(x) > 0, we have x € 4,. Since a € R(&;), we have
the inclusion

A, | 4
{a€R(&4):a>0})

ar

For proving the other direction of inclusion, given x € 4, for some 0 < a € R(£;), we have
Ez0)>a>0,ie.xe AO - This proves the desired equality. ]
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Let A be a subset of R™. Recall the notation y, = 1,. Then, we see that (1,), = A for any
a € (0,1]. Also, the 0-level set is given by

(14 = cl( U <L,>a> = cl( U A) = cl(A). 2.6)

O<a<l 0<a<l

Recall that A is a closed subset of R™ when A = cl(A). Now, suppose that A is a closed subset
of R™. Then, we have (1 4)q = A for any a € [0,1]. In particular, for any r € R™, since the
singleton {r} is a closed subset of R™, it follows that (i(,})a = {r} for any a € [0,1] because
of (2.6).

Example 2.2.4 The membership function of a trapezoidal fuzzy interval is given by

(r—ab/(a, —a") ifal<r<aq

ifa, <r<a,
@V -r/@’-a,) ifa,<r<a?
0 otherwise,

gan) =

which is denoted by A = (a%, a,, a,,aY). It is clear to see R(&;) = [0,1]. For a € [0,1], the
a-level set A, is a closed interval denoted by A, = [AL, A_ ], where

AL = (1 - a)d" + aa, and A] = (1 - a)a? + aa,.

In particular, if a, = a, = a, we have the so-called triangular fuzzy interval A = (a*, a, aV).

Let A be a convex set in R™ (refer to Definition 1.4.1). Then, we see that
{x: p0>a}=A

are also convex sets in R™ for a € (0,1]. Therefore, we can extend the above concept to
define the convexity of a fuzzy set in R™ by replacing the characteristic function with the
membership function.

Definition 2.2.5 Let A be a fuzzy set in R™ with membership function &;. We say that A
is convex when the a-level sets

Ay ={x 100 2 a

are convex sets in R™ for any « € (0,1].

Definition 2.2.5 does not include the convexity of the 0-level set. The following proposi-
tion can guarantee the convexity of the 0-level set.

Proposition 2.2.6 Let A be a convex fuzzy set in R™. Then, the 0-level set A, is a convex set
in R™.

Proof. From (2.5), the 0-level set A, can be expressed as follows

A, =cl UAa .
O<a<l
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By Kelley and Namioka [55, p. 35], the closure cl(K) of a convex set K is also a convex set.
In order to show that Ao is a convex set in R™, it suffices to show that

k= |J4

O<a<l

a

is a convex set in R™. For any x,y € K, there exist a;, a, € (0,1] satisfying x € A andy e
A, .Leta; = min {a;, @} > 0. Then, from (2.2), we see that x,y € A .Since 4, 1s convex,
it follows that

ix+(1—/1)y614a3 cK
for any A € (0,1). This shows that K is a convex set in R™, and the proof is complete. [
Proposition 2.2.7 Let A be a fuzzy set in R™ with membership function &;. Then A is convex
if and only if

& (Ax + (1 = A)xy) > min {£;06),E405)}
for any A € [0,1]. In other words, A is convex if and only if its membership function &; is

quasi-concave.

Proof. Suppose that A, = {x : £;(x) > a} are convex sets for « € (0,1]. For any x;,x, €
X, suppose that min {SA(xl), fg(xz)} = 0. Then, we are done, since £; is a nonnegative
real-valued function. Now, we assume that

0 # o = min {fg(xl), fg(xz)} ,

ie. £5(x) > @ and £;(x,) > a. This says that x;,x, € A,. Since A, is convex, we have Ax; +
A-Ax, €A, ie

&1 (Ax; + (1= A)xy) > @ =min {&;(x,),&5(x,) } .

To prove the converse, for any x,,x, € A,, we have £;(x;) > a and £;(x,) > a. By the
quasi-concavity, we have

&1 (Ax) + (1= A)xy) > min {£;0x)),E4(%,)} > a.
This shows that Ax; + (1 — A)x, € A, i.e. A, is convex. This completes the proof. ]

For a € (0,1] and a sequence {a, }* , in [0,1], recall that a, 1 @ means that the sequence
{a, )52, is increasing and converges to a. For a € [0,1), recall that @, | @ means that the
sequence {a, }° ; is decreasing and converges to a.

Proposition 2.2.8 Let A be a fuzzy set in R™.
(i) Suppose that a € [0,1] and {a,}5> | is a sequence in [0,1] satisfying a,, 1 a. Then

A, = ﬂfian
n=1
(ii) The following statements hold true.
e Suppose that « € [0,1] and {«, };7, is a sequence in [0,1] satisfying a,, | a. Then

c OA% cA
n=1
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e Suppose that « € [0,1] and {a, }? , is a sequence in [0,1] satisfying @, | a and a,, > a
forall n. Then

A=A,
n=1

Proof. To prove part (i), since @, < a for all n, we have A, C Aan for all n, which implies
A, S ey A, - On the other hand, for x € (2, 4, , we have &;(x) > a, for all n, which
implies
E4(0) > supa, = lime, = a.
n n—oo

This shows that x € A, and we conclude that the equality holds true.

To prove part (ii), given x € A, we have £;(x) > a. Since @, | a, given any 0 < € sat-
isfying € < £;(x) — a, there exists an integer N satisfying 0 < ay — a < ¢, which says that
i) 2 ay, ie. x € U2, 4, . Therefore, we obtain the inclusion A, C [J;2, 4, . On the
other hand, since ,, | a, we consider the following cases.

e Suppose that @, > a for all n. Then A, C A, which implies | J;2, A, CA,.
e Suppose that &, > « for all n. We see thatx € Aan implies £4(x) > @, > a, which says that
A, CA,, forall n. Therefore, we have | J;_, A, CA,,.

Therefore, we obtain the desired equalities and inclusions. This completes the proof. m

Proposition 2.2.9 Let A be a fuzzy set in R. Then, for any fixed x € R™, the function
L) =a gz ()

is upper semi-continuous on [0,1].

Proof. We need to show that the following set

F,={ae01]: (@>r}= {a €01]: a-z; ()2 r}

is a closed subset of R™ for each r € R. If r < 0 then F, = [0,1] is a closed subset of R™. If
r > 1then F, = §J is also a closed subset of R™. Therefore, it remains to be shown that F, is
a closed subset of R™ for each r € (0,1]. For each a € cl(F,), Remark 1.2.6 says that there
exists a sequence {a,}:> , in F, satisfying a, —» @, i.e. x € Aan and a, > r for all n, which
also implies

a = lima, >r>0.

n—oo
Therefore, there exists a subsequence {a,, };2 of {a,};7, satisfyinga, | aora, 1 a.
e Suppose that @, | a,i.e. a <a, forallk. Since A, CA,, itfollowsthatx € A,.
~ Vlk
e Suppose thata, 1 a.Sincex €A, forallk, part (i) of Proposition 2.2.8 says that
"

X e

DX

A, =4,
g

=~
1l

1

The above two cases show that x € 4. Since

a=lima, >r,
k— oo M
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it follows that a € F,. Therefore, we conclude that cl(F,) C F,, i.e. cl(F,) = F, which says
that F, is a closed subset of U. This completes the proof. |

Let A be a fuzzy set in R™. Then, for a € [0,1), the strong a-level set of A is denoted and
defined by

Ay ={x: &0 >a}. 2.7

The family A = {4, : a € [0,1]} of a-level sets is nested in the sense of A, C A, for f < a.
The nestedness of a-level sets says that

iA=U4= U A4 (2.8)
a<p<1l {PER(EL): pza)
Regarding A

«+» We have the following interesting results.

Proposition 2.2.10 Let A be a fuzzy set in R™.
(i) Suppose that a,p € [0,1] witha < p. ThenA; CA,, CA,.
(ii) For a € [0,1), we have
A,p={x:5m>ay=J4,= | A4 (2.9)
a<p<1 {BEREL): p>a}
(iii) Suppose that R(&z) = [0,1]. For a € (0,1], we have

A, = ﬂA'ﬁ: ﬂfiﬂ.

0<f<a 0<p<a

Proof. Part (i) is obvious. To prove part (ii), if # = £;(x) > a, we have x € fiﬁ with g > «a
and § € R(&4), which shows the following inclusions

i.c U 4¢ U 4=UA4
PER(EHN(a1] pel0,1]n(a,1] a<f<1

On the other hand, for x € Ua<ﬂ51Aﬂ’ there exists 1 > f > a satisfying x € Aﬁ +0, ie.
£4(x) > p > a. Therefore, we obtain the following inclusion
U 4, €A,

a<p<1

which implies the desired equalities.
To prove part (iii), for a, f € [0,1] with f < «, we have Aa C Aﬁ. Therefore, we have the

inclusion

A< A

0<p<a

On the other hand, for

given any ¢ > 0, since « € (0,1], we havex € Aa_e and a — € € [0,1] = R(&4). This says that
£4(x) > a — €, which also implies £4(x) > a, since ¢ is an arbitrary positive number (i.e. we
can take e — 0). Therefore, we conclude thatx € Aa, which implies the following inclusion
(4, A,
0<fi<a

This completes the proof. |
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For a € (0,1], we also define
A, = ﬂ Aﬂ.
0<f<a

Let Q denote the set of all rational numbers. It is well known that Q is dense in R. In other
words, given any r € R, there exists g € Q such that g can be arbitrarily close to r. More
precisely, given any e > 0, there exists ¢ € Q that depends on e satisfying |q — r| < e. Then,
we have the following interesting results.

Proposition 2.2.11 Let A be a fuzzy set in R™.

(i) We have the following equalities

A, = U Ay = U A, for a € [0,1) (2.10)

a<p<1 {PERED: p>a)
and
A, c ﬂ Ay=A,_forae (01l (2.11)
{(BER(Ey): f<a) 0<p<a
(ii) Given any a € (0,1}, let D, = [0, a) N Q. Then

A_= ﬂ Ay = ﬂ A,. (2.12)

0<f<a {pED, : f<a}

Proof. To prove part (i), the following inclusion is obvious

A, C U A,.
{BER(,): p>a) a<fp<1

To prove the other direction of inclusion, for

there exists 1 > f > a satisfying x € Aﬂ. Therefore, we have £;(x) > f > a. Let f, = £5(x).
Then, we have x € Aﬂo with f, € R(£;) and f, > a. This proves the desired equality (2.10).
The inclusion in (2.11) is obvious.

To prove part (ii), we first note that D, is dense in [0, a). It suffices to show the following
inclusion

A< (A

{peD, : p<a} 0<p<a
Suppose that x € Aﬁ for all p € D, and f < a. Given any y € [0, @), since D, is dense in
[0, @), there exists § € D, satisfyingy < f < a. The nestednessﬁﬂ C Ay says thatx € Ay, ie.
X € ﬂye[oqa)fiy. Then, we obtain the desired equality in (2.12), and the proof is complete. m

Let A be a fuzzy set in R™ with membership function &;. The inverse function of &; does
not necessarily exist. However, we can consider the inverse image 5;(5) of any subset S of
(0,1] defined by

&' ={xeR": & eS).
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Given any a € R(£;), we also write fgl(a) to denote the inverse image of singleton {a}.
More precisely, we have

gl@=¢'(ah = {xeR" : &) =a}.
The set difference A\B is defined as A N B° (i.e. x € A\B impliesx € A and x ¢ B).

Proposition 2.2.12 Let A be a fuzzy set in R™, and let D, = A \A,, for a € R(&;) with
a > 0. Then, we have that

D, = &' (@) # ¢

for a € R(&;) with a > 0, and the support A, is the disjoint union of sets D, given by

A,= U b= U <Aa\ U A,,,)
{a€R(&4):a>0} {a€R(&5):a>0} {PER(y): p>a)

where D, N D, = {f for a # f. Note that if 0 & R(&y), then A,, = R.

Proof. Given any a € R(&;) with @ > 0, we first note that
P+ @={xeR" : &) =a} = {xeR™ : ) 2 a}\ {x R : &(x) > a}
=ANA, =D, =4, U A, (using (2.10)). (2.13)
{PERE): p>a)

From (2.13), we obtain

Ay, ={xeR": Hw>0= |J) &w= |J 0.
{a€R(&4):a>0}) {aeR(&5):a>0}

U <Aa\ U Aﬂ.>
{a€R(£4):a>0} {BER): p>a}

For a # B, it is obvious that

D,NDy;={x€R™: &) =a}n{xeR™: &x)=p} = 0.
This completes the proof. [ ]

Let A be a fuzzy set in R™. The decomposition theorem says that the membership function
& can be expressed in terms of its a-level sets A,,.

Theorem 2.2.13 (Decomposition theorem) Let A be a fuzzy set in R™. The membership
function &; can be expressed as

Ez(0)= sup a- yz (X)= max a- yz (x)
4 aER(ES) A aER(E;) A

=sup a- y; (x) = maxa - y (x). (2.14)
0<a<1 “ <a<l “

Proof. Given any fixed x € R™, let

ay = §z(x) € R(E0)-
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Suppose that a, = 0. Ifx € Aa for some a € (0,1], we have £4(x) > a > 0, which contradicts
£;(x) = ay = 0. Therefore, we havex ¢ A for« € (0,1]. Then « - ;(Aﬂ(x) =O0foralle € (0,1].
This says that the equalities in (2.14) are satisfied.

Now, we assume a, > 0. Then x € A%. For a > a, if x € A, then &;(x) > a > a,, which
contradicts a, = &;(x). Therefore, we have x ¢ A, for a > a;. If a < @y, thenx € A, CA,,
which says that x € A, for a < a;,. Therefore, we obtain
sup o - x4 (x) = max { sup -y  (X), sup o- XA“(X)}

O0<a<l O<a<ay oy <a<l
= max { sup (x,O} =0y = §;(x).
O<a<og

The above supremum is also attained. It means that
€4(0) = maxa - yz (x).

The above arguments are still valid when (0,1] is replaced by R(&;). Therefore, we obtain
the desired equalities, and the proof is complete. [ ]

Theorem 2.2.14 (Decomposition theorem in countable sense) Let A be a fuzzy set in
R™. Then, the membership function &; can be expressed as

Eix)= sup a-y; (X)= max a- yz (X).
A IIE@F\I()O,I] XA“ aeQn(0,1] XA“

Proof. Using (2.14), we have
0<ay=¢400)=sup a- )(Aa(x) > sup a- ;(Aa(x). (2.15)
0<a<l aeQn(0,1]
The denseness of Q in R says that there exists an increasing sequence {a,,};>; in QN (0,1]
satisfying a, 1 ;. Since @, < ), we have A, C A, for all n. Since x € 4, , it follows that
x€A, foralln. Letl' = {a,}, C QN (0,1]. Then, we have

£1(x) = @y = lima, = supa,, (since {a,},>is increasing)
n n
=supa, - y5 ()=supa-y; ()< Sup a- yz (). (2.16)
n n ael’ aeQn(0,1]
Combining (2.15) and (2.16), we obtain the equality
i) = sup a- y;z (%).
aeQn(0,1]

We also see that the above supremum is attained. This completes the proof. [ |

Next, we are going to see how we can define when two fuzzy sets are identical. The con-
cept of identical fuzzy sets is an important issue in applications. Recall that the range R(&;)
of the membership function &; of a fuzzy set A is not necessarily equal to the whole unit
interval [0,1]. In other words, the membership function &4 is not always an onto function.

Proposition 2.2.15 Let A and B be two fuzzgy sets in R™ with membership functions &; and
&g, respectively.
(i) Suppose that &;(x) = &(x) forallx € R™. Then A, = B, for all « € [0,1].
(ii) Suppose that R(£;) = R(&g) = Rand A, =B, foralla € R with a > 0. Then &; = &,
ie. £1(x) = &x(x) forallx € R™.
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(iii) SupposethatR(¢;) = R(&z)and A, = B, foralla € Qn (0,1]. Then&; = &y, ie. E4(x) =
Ex(x) forallx € R™.
(iv) Suppose that A, = B, forall « € (0,1]. Then é; = & and R(é;) = R(&p).

Proof. To prove part (i), it is obvious that R(£;) = R(&p). For a € (0,1], we have
A ={xeR" : ) >a} ={xeR™ : &(x) > a} = B,.

Using Proposition 2.2.3, we have

Ay =cl(Ay,) =cl( U Aa> =cl< U Ba> =cl(B,,) = By,
O<a<l O<a<l

which proves part (i).
To prove part (ii), we first claim

£4(x) = 0 if and only if &z(x) = 0. (2.17)

Suppose that &;(x) = 0. Thenx ¢ A, for all @ € R with ¢ > 0, which also implies x ¢ B, for
all « € R with « > 0. From Theorem 2.2.13, we have
¢p(X) = sup a- yp (x) = Sup & - 75, x) =
aER (&)
Suppose that £z(x) = 0. We can similarly obtain £;(x) = 0. Forx € R with 0 < @ = £4(x), let
p = &p(x). From (2.17), we see that f > 0. We also have x € A, and x € B;. We consider the
following two cases.

e For x € A,, since @ € R(¢;) = R, we have x € B, = A, which says that &3(x) > a, i.e.
p > a.
e Forx e Bﬁ, we have x € A'ﬂ, which says that £;(x) > f,i.e.a > f.

Therefore, we obtain a = f, i.e. £4(x) = E5(x).
To prove part (iii), using the argument in part (ii), we can similarly obtain

£4(x) = 0 if and only if &z(x) = 0. (2.18)

For x € R(&;) = R(&p) with 0 < a = £4(x), let f = &5(x). From (2.18), we see that g > 0.
We also havex € A, and x € Bﬁ By the denseness, there exist two sequences {«, }; , and

{B,}>2, in @n(0,1] satisfying &, 1 @ and g, t f. In this case, using part (ii) of Proposi-
tion 2.2.8, we have

A, = ﬂA and B, = ﬂBan (2.19)
n=1 n=1
and
Ay =()A, and B, =B, (2.20)
n=1 n=1

Now, we consider the following two cases.

e For x € A,, from (2.19), we have x € Aan = Ban for all n, since a, € @ n (0,1] for all n,
which also says that x € B, by (2.19) again. Therefore, we have &3(x) > a,i.e. f > a.

e For x € Bﬁ, from (2.20), we have x € Bﬂ = Aﬁ for all n, since g, € QN (0,1] for all n,
which also says that x € Aﬁ by (2.20) again. Therefore, we have £;(x) > g, i.e. a > f.

The above two cases show that a = , i.e. £4(x) = Ex(x).
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To prove part (iv), if £;(x) = 0, then x ¢ A for all « € (0,1], which implies x ¢ Ba for all
a € (0,1], since A, = B, for all « € (0,1]. From Theorem 2.2.13, we have
¢p(x) = sup a - yp (x) =0.
1

O<a<
We can similarly prove that £z(x) = 0implies &;(x) = 0, which says that £4(x) = 0ifand only
if5(x) = 0.For0 < @ = £;5(x)and 0 < f = &x(x) witha, f € (0,1],i.e.x € A, andx € Bﬂ.We
consider the following two cases.

e Forx € A,,since A, = B, i.e.x € B,, we have &(x) > a,i.e. f > a.
e Forx € By, since A; = By, i.e. x € A;, we also have &4(x) > f, i.e.a > f.

Therefore, we obtain @ = . This shows that & ;(x) = £5(x). Therefore, we conclude that £; =
& with R(&4) = R(&p). This completes the proof. [ |

2.3 Types of Fuzzy Sets

Now, we are going to consider some special structures of fuzzy sets by classifying the fam-
ily of all fuzzy sets into many different sub-families in which the a-level sets own elegant
structure is useful in applications.

Definition 2.3.1 We denote by F(R™) the set of all fuzzy sets in R™ such that each A €
B(R™) satisfies the following conditions.

(a) A is convex according to Definition 2.2.5, i.e. its membership function &; is
quasi-concave, according to Proposition 2.2.7.

(b) The membership function & is upper semi-continuous.

(c) The 0-level set A, is a closed and bounded subset of R™.

Each element of &(R™) is called a fuzzy vector, and each element of F(R) is called a fuzzy
interval. When the 1-level set of a fuzzy interval is a singleton such as A, = {p}, it is also
called a fuzzy number with core value p.

The fuzzy vector A with core value p can be regarded as a fuzzification of vector p € R™.
Recall that the membership function of 1 (p) is given by

- l1ifr=p
1 = 2.21
tr ) { 0 otherwise. 221)

It is clear to see that (1)), = {p} for all « € [0,1] and 1, € FR™). We also say that T,
is a crisp vector with value p.

Proposition 2.3.2  Suppose that A € FR™). Then, for each a € [0,1], the a-level set A, is
a closed, bounded and convex set in R™. In particular, given a fuzzy interval A € F(R), the
a-level set A of A is a bounded closed interval and is denoted by

A, =4,,4]]

fora € [0,1].
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Proof. We first note that the 0-level set A, is a closed subset of R™ by definition. From
Proposition 2.2.6, we also see that A, is a convex set in R™. The upper semi-continuity says
that Aa is a closed subset of R™ for each a € [0,1]. Since AO is a bounded subset of R™ and
each A is a subset of A for « € (0,1], it follows that each A, is a bounded subset of R™ for
a € (0,1]. This completes the proof. [ ]

For A € §(R), Proposition 2.3.2 says that each a-level set A, is a bounded closed interval
with degree a, which explains the name of fuzzy interval A in F(R). Next, we also propose
two kinds of fuzzy intervals.

Definition 2.3.3 Let A € F(R) be a fuzzy interval.

e We say that A is a standard fuzzy interval when the membership function &; is strictly
increasing on the closed interval [Ag,fif] and strictly decreasing on the closed interval
U U
(A7, A 1. i
e We say that A is a canonical fuzzy interval when the endpoint functions l(a) = A, and

u(a) = Afj are continuous on [0,1].

Proposition 2.3.4 Let A € §(R) be a fuzzy interval. Then, the endpoint functions {*(a) =
AL and ¢V (a) = AY satisfy the following conditions.

(1) ¢Lisincreasing on [0,1), and ¢V is decreasing on [0,1].
(ii) ¢ and ¢Y are lefi-continuous on (0,1].
(iii) ¢* and ¢Y are right-continuous at 0.
(iv) ¢t and ¢Y have the right-limit at any «, € [0,1).
(v) ¢F is lower semi-continuous on [0,1] and ¢Y is upper semi-continuous on [0,1].
(vi) Suppose that cl(A,,) = A, for all a € [0,1). Then ¢& and ¢Y are continuous on (0,1),
left-continuous at 1, and right-continuous at 0. In other words, ¢* and ¢Y are continuous
on [0,1], i.e. A is a canonical fuzzy interval.

Proof. Part (i) is obvious. To prove part (ii), given « € (0,1], there exists an increasing
sequence {a,} , in [0,1] satisfying @, 1 @ as n — co. Part (ii) of Proposition 2.2.8 says that
L U L U e ~ i ~ 4L iU ~ L U

@V @] = 4747 ] = 4, = N4, = N[44 ] = ) [¢4@). V(@]
n=1 n=1 n=1
Let
A=A, = [("@.¢%@)] and A, =4, = [("(a,).¢Y ()]

for all n. Then 7, A, = A. Since «
see that

< a, foralln,we have A, , C A, for all n. We also

n+1 n+1

¢Y(a,) = sup p =supp and ¢%(a,) = inf p = inf p.
peA PEA, PEA,, DEA,

*n

Using Proposition 1.2.3, we have

lim¢Y(a,) = limsupp = supp = ¢(Y(a)
n—oo n—»oopeAn pEA
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and
lim ¢f(a,) = liminf p = inf p = ¢X(a),
n—oo n—>00peAn pGA

which show that ¢ and ¢V are left-continuous on (0,1].

To prove part (iv), for any a, € [0,1), we consider the decreasing sequence {«, }% , satis-
fying a,, | a,. Part (i) says that ¢L(a,) > ¢(L(a,) and ¢Y(a,) < ¢Y(a,) for all n. Therefore, we
obtain

s L L U U
inf {*(a,) > {"(ay) and sup ¢~ (a,) < 7 (ap).
nx1 n>1
Since {e, } , is a decreasing sequence and ¢ L is an increasing function, we have

lim ¢X(a,) = inf ¢H(a,) > H(ay) > —co.
n—oo n>1

Since ¢V is a decreasing function, we also have

lim¢Y(a,) = sup¢Y(a,) < ¢Y(ap) < +o0.
n—oo n>1

Therefore ¢* and ¢V have the right-limit at any «, € [0,1).

To prove part (v), using Proposition 1.3.7, we see that ¢* is lower semi-continuous on
(0,1] and ¢V is upper semi-continuous on (0,1] by parts (i) and (ii). For a, = 0, since ¢T is
increasing, if |a, — | < 6,i.e. 0 < a < §, then

Hag) = €M) < @) < ¢H@) +e,

which says that ¢* is lower semi-continuous at 0. Since ¢U is decreasing, if |a, — a| < 8, i.e.
0 <a<é,then

(Y@ +e=¢"O) +e 2@ +e> (),

which also says that ¢V is upper semi-continuous at 0.

To prove part (vi), since the functions ¢*(a) = Ai and ¢Y(a) = Af are left-continuous on
(0,1] by part (ii), it remains to show that they are right-continuous on [0,1). Given « € [0,1).
We consider the decreasing sequence {a, }° | in [0,1] satisfying a,, | with a, > aforalln.
Part (ii) of Proposition 2.2.8 says that A, Un (A, LetA, =A, A, candA=A4,.
Then |J;., A, = A,. The assumption also says that cl(A D =A Then, we have

1lim¢Y(a,) = lim sup p = limsup p = sup p (by Proposition 1.2.4)
n—oo n—oo —00

pEAnn n PEA, DEA,
= sup p (by Proposition 1.2.7)
pecl(A4,)
=supp =supp =¢{(a)
PEA  ped,

and

hmg’ (a,) = hm inf p = liminf p = inf p (by Proposition 1.2.4)
©pea,, "Toped,  peA,

= inf p (by Proposition 1.2.7)
pecl(A,)

=inf p = inf p = {(a),
PEA PEA,

which show that ¢* and ¢Y are right-continuous on [0,1).
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To prove part (iii), we assume that @, | 0 with @, > 0 for all n. Since cl(4,,) = 4, by
the definition of 0-level set, part (vi) says that ¢* and ¢U are right-continuous at 0. This
completes the proof. n

Proposition 2.3.5 Let A be a fuzzy interval such that the membership function & is strictly
increasing on [A], AL] and strictly decreasing on [AY Ay ], i.e. A is a standard fuzzy inter-
val. Then, the functions ¢*(a) = A'i and (Y(a) = A’ff are continuous on (0,1), left-continuous
at 1, and right-continuous at 0. In other words, {* and ¢V are continuous on [0,1], i.e. Aisa
canonical fuzzy interval.

Proof. The strict monotonicity of a membership function says that, given any x in the
0-level set A,, we have

L o AL il
<
i { Ay forsome g € (0,1] ifA; <x <A (2.22)

A, forsome g € (0,1] if A <x <Ay,
where f = £4(x). From part (ii) of Proposition 2.3.4, we just need to prove the right con-
tinuity on [0,1). Therefore, for a, € [0,1), we consider 0 < a — a, < § to prove the right
continuity at a,. Suppose that AI;O = A. Then A = A} forall @ & [a,, 1], since A~ is increas-
ing with respect to a. This says that |Ai - Aiﬂ | =0for0 < a — @, < 6. Now, we consider the
case of Aﬁo < Af. Given any € > 0, we also consider the following cases.

e Suppose that/iiU +¢ < Ay Since A'ﬁo < Aﬁo + ¢, the denseness says that there existsx € R
satisfying Aio <x< Aig +e <AL
e Suppose that Aﬁo +e> AL Since /150 < A%, the denseness says that there exists x € R
. . L ~L ~L
satisfying A, <x <A; <A, +e.

From (2.22), there exists f € (0,1] satisfying x = A;- Therefore, the above two cases
say that Aﬁo < A'ﬁ < Aﬁo +e. Since A~ is increasing with respect to , we obtain a, < f.
Now, we take 6 = f — a,. Then, for 0 < a — @, < 6, we have a < f, which says that
Al < A; < Aﬁo + €. Therefore, we obtain |A- — /Tiol < efor0 < a — a, < §. This shows that
¢ is right-continuous on [0,1). We can similarly show that ¢U is right-continuous on [0,1),
and the proof is complete. |

Proposition 2.3.5 says that if 4 is a standard fuzzy interval, then it is also a canonical fuzzy
interval.

Definition 2.3.6 Let A be a fuzzy set in R with membership function &;.

e We say that A is nonnegative when &;(r) = 0 for all r < 0.

e We say that A is nonpositive when &;(r) = 0 for all r > 0.

e We say that A is positive when £;(r) = 0 forall r < 0.

e We say that A is negative when & s(r)=0forallr > 0.

Remark 2.3.7 Let A € F(R) be a fuzzy interval. Then, we have the following observa-
tions.

o Suppose that A is nonnegative. Then A~ > 0 for all « € [0,1], which also says that A° > 0
for all « € [0,1].
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e Suppose that A is nonpositive. Then Ai’ < Oforall @ € [0,1], which also says that Aﬁ <0
for all « € [0,1].

o Suppose that A is positive. Then A- > 0 for all « € [0,1], which also says that A_ > 0 for
all @ € [0,1].

o Suppose that A is a negative. Then A. < 0 for all a € [0,1], which also says that A~ < 0
for all « € [0,1].

Definition 2.3.8 We say that A is an LR-fuzzy interval when its membership function
has the following form

l;0), ifa; <x<a,

1, ifa, <x<a
i) = .’ }

rz(x), ifa;<x<a,
0, otherwise

and satisfies the following conditions:

e l; : [a;,a,) — [0,1) is a right-continuous and increasing function on [a;, a,);
e 75 : (a;,a4] — [0,1) is a left-continuous and decreasing function on (a;, a,].

In this case, we write it as A = (a,, a,, a3,a,);z- We denote by &;(R) the set of all
LR-fuzzy intervals.
In what follows, we are going to claim F(R) = & z(R)
Proposition 2.3.9 Let A = (a,,a,,a,,a,); be an LR-fuzzy interval. Then, we have the fol-
lowing properties.
(i) Forany a € (0,1), let
x, =inf {x: [;(x) > a for x € [a,,0a,)}
and
Yo =sup {x : rz(x) > a for x € (as,a,]}

Then, the a-level set of A is a closed interval given by

la,,a5], ifa=1
A, =1 [xeyd] . ifae©1)
[a;,a4], ifa=0.

(ii) Suppose that &4 is continuous on [a,, a,], that l; is strictly increasing on [a,, a,), and that
r; is strictly decreasing function on (as, a,]. Then, the a-level set of A is a closed interval

given by
[ay,a;], ifa=1
A = [l;(a), rAtl(a)] ,ifae(0.1)
[ay,a,], ifa=0.

Moreover, we have & (R) C F(R).
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Proof. To prove part (i), it is obvious for the cases of @ = 0 and @ = 1. Now, we consider
a € (0,1). Given any x, € A, we have £;(x,) > a. If x, < a,, we have L;(x,) = £;(x,) > a,
which implies x, > x,. If x, > a,, we have r;(x;) = £4(x,) > a, which also implies x, < y,.
We conclude x,, € [x,,y,]. This shows the inclusion A, C [x,.y,].

Next, we want to show x,,y, € A,. By the concept of infimum regarding x,, there exists
a decreasing sequence {x,}>>  in the set {x D z(x) > a for x € [a,, az)} satisfying x,, | x,,.
Since l4(x,) > a and l4 is right-continuous, we have

Eixy) = Lilx,) = ’}imlg(xn) >a,

which says that x, € A,. Similarly, by the concept of supremum regarding y,, there exists
an increasing sequence {y, }* | in the set {x 1 15(x) > a for x € (as, a4]} satisfying y, 1 y,.
Since r;(y,) > @ and r; is left-continuous, we have

E40) = 140,) = limrs,) > a.

which says thaty, € A, . Therefore, we obtain A, = [x,,y,].

Since the a-level sets Aa are closed and convex sets in R, it follows that the member-
ship function &; is quasi-concave and upper semi-continuous, i.e. A € §(R). Therefore, we
obtain the inclusion & ;(R) € FR).

To prove part (ii), the strict monotonicity says that the inverse functions l;il and r; exist.
The desired results can be easily realized from part (i). This completes the proof. ]

We notice that if [; is continuous on [a,;, a,) and r; is continuous on (a5, a,], then it does
not necessarily imply that &; is continuous on [a,, a,], since £; may have jumps at a, and
a,. In what follows, we are going to present the converse of Proposition 2.3.9.

Theorem 2.3.10 Let A be a fuzzy interval. Then, there exists a,, a,, a5, a, € R and the func-
tions l; and rj; satisfying the following conditions:

e l; : [a;,a,) — [0,1) is a right-continuous and increasing function on [a,, a,);
o s : (as,a,] = [0,1) is a left-continuous and decreasing function on (as, a,],

such that its membership function can be described by

LX) ifa, <x<a

1 ifa,<x<a

£100 = i a, .
rx) ifay<x<a,
0 otherwise.

In other words, A is an LR-fuzzy interval. Moreover, we have F(R) = &, (R). Suppose that A
is a standard fuzzy interval. Then l; is strictly increasing function on [a,, a,) and r4 is strictly
decreasing function on (a5, a,].

Proof. Since the 1-level set A, = [4~, A”] and the 0-level set A, = [A¢, A, | are nonempty,
we take

L L U U
a, =4, a=A], a;=A],anda,=A4,.

39



40

2 Fuzzy Sets

Then, we define

li(x) = ¢4(x) for x € [a,,a,)
and

rz(x) = E4(x) for x € (ay,a,].

For a; < x <y < a,, there exists 4 € (0,1) satisfying y = Ax + (1 — A)a,. Since the member-
ship function &; is quasi-concave, we have

Liy) = £:0) = E;(Ax + (1 — A)ay)
> min {£;(0).&4(ay)} = min {£700,1} = &0 = L;(x).

which shows that I; is increasing on [a;, a,). Similarly, For a; <y < x < a,, there exists
A € (0,1) satisfying y = Ax + (1 — A)a,. We also have

ra() = E0) = E(x + (1 - Day)
> min {£400), &x(a;)} = min {&;(),1} = &0 = r400),

which shows that r; is decreasing on (a;, a,].
For X, € [a;,a,), the denseness says that there exists a sequence {x, }:>, in [a,,a,) satis-
fying x,, | x,. Since I is increasing, we have l;(x,) > l4(x,) for all n and

il;llf Li(x,) = H?olf‘f(x") > 11(x),
which says that the limit exists. Now, we write
o= }Lr{)lolg(xn) = ilr}f L;(x,) and ay = L;(x,).
Then, we see that
E40c,) = 1;1(x,) > a > a, forall n,
which implies x,, € A, for all n. Since A, is a closed set and x,, | x,, it follows that
X, €Ecl(A,) =A4,.
Therefore, we obtain
@y = Lz(x0) = 5(x) > a,
which implies a = «, i.e.
)}LI?OZA(xn) =a=0a,=1;0x).

This shows that I; is right-continuous at x;,.
For y, € (a;,a,], there exists a sequence {y, }>; in (a;,a,] satisfying y, 1 y,. Since r4 is
decreasing, we have r;(y,) > r;(y,). Now, we write

p = limrs(y,) = inf rs(y,) and fy = ri(yo).
Then, we see that

gfi(yn) = VA_(yn) Z ﬁ Z ﬂo’
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which impliesy, € A;.Since A;isaclosed setandy, 1 y,,itfollows thaty, € A,. Therefore,
we obtain

Bo = ri(vy) = Ez00p) 2 B,
which implies f = f,, i.e.
1im r57,) = 8= iy = r50%).
This shows that r; is left-continuous at y,. Therefore, we conclude that A is an LR-fuzzy

interval, which shows the inclusion F(R) C & z(R). From Proposition 2.3.9, we obtain the
equality

SR) = Fr(R).

Suppose that A is a standard fuzzy interval. Then, it is clear to see that I is strictly increas-
ing function on [a,, a,) and r; is strictly decreasing function on (a5, a,]. This completes the
proof. [ ]
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Set Operations of Fuzzy Sets

We shall study the intersection and union of fuzzy sets. Let A and B be two fuzzy sets in R
with membership functions &; and &, respectively. The usual intersection and union of A
and B by referring to Zadeh [162] are defined using the min and max aggregation functions
as follows

Eanp(0) = min {&;5(x), (0} and &;p(x) = max {£;(x), &5(x) } - (3.1

For more detailed properties, refer to Mizumoto and Tanaka [81], Dubois and Prade [28],
and Klir and Yuan [60].

We can extend the min and max aggregation functions to the the t-norm ¢ and s-norm
s (t-conorm), respectively. Weber [116] and Yager [158] used the t-norm ¢ and s-norm s to
propose the intersection and union as follows

E1npX) =t (400, £3(0)) and &4 5(x) = 5 (£5(x), E5(x)) .

The t-norm and s-norm satisfy some suitable conditions in which the boundary condition
regarding 0 and 1 in the unit interval [0,1] are taken into account. In this chapter, instead of
using the t-norm and s-norm, we shall consider the general aggregation functions to define
the intersection and union of fuzzy sets.

3.1 Complement of Fuzzy Sets
Let A be a subset of R”. The complement set of A is denoted by A€ and given by A¢ = R™\A.
It is easy to see that the characteristic function of A° satisfies the following equality

Hac(¥) =1— y,(x) for all x € R™. 3.2)

Let A be a fuzzy set in R™. The complement of A is denoted by A° and, inspired by (3.2), the
membership function of A° is defined by

Ep(x) =1—¢&4(x) forall x € R™. (3.3)

We want to extend the concept of complement of fuzzy set as follows.
Letc : [0,1] — [0,1] be a mapping that transforms the membership degree of fuzzy set A
into the membership degree of its complement A, i.e.

c(€4(x)) = 4 (x) for all x € R™.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Then, the extension of fuzzy complement is defined below.
Definition 3.1.1 The function c : [0,1] — [0,1] is called a fuzzy complement when the

following conditions are satisfied:

o (boundary conditions) ¢(0) = 1 and ¢(1) = 0;
o (decreasing condition) for any a,b € [0,1], a < b implies c(a) > c(b).

We see that equation (3.3) is obtained by taking c(x) = 1 — x, and it is easy to show that this
function c satisfies the above conditions. We also have the following fuzzy complements.

(i) Sugeno class: For A € (-1, o), we take

1—-a
ci(@) = 1+ ia’
(ii) Yager class: For w € (0, ), we take
¢, (@) =(1—a")/". (3.4)

We can also consider another definition of fuzzy complement as follows.

Definition 3.1.2 The function ¢ : [0,1] — [0,1] is called a fuzzy complement when the
following conditions are satisfied:

e c(0)=1;
e a < bimplies c(a) > c(b);
e c(c(a)) =a.

It is clear to see c(1) = c(c(0)) = 0. The fuzzy complement is seldom used in applications.

3.2 Intersection of Fuzzy Sets

Let A and B be two subsets of R™. Then, we have two corresponding characteristic functions
x4 and yp. The intersection A N B also has the corresponding characteristic function y .
It is obvious that

Hanp®0) = min { x,(x), z5(0)} . (3.5)

Inspired by (3.5), the intersection of fuzzy sets is defined below by replacing the character-
istic functions with the membership functions.

Definition 3.2.1 Let A and B be two fuzzy sets in R™ with membership functions &; and
&g, respectively. The membership function of the intersection A A B of A and B is defined by

Einp(0) = min{&4(x), ()} (3.6)
for all x € R™.

For more than two fuzzy sets, their intersection is defined inductively. Given any three

fuzzy sets AV A? and A® in R™, we first consider the intersection 4 = A A A® whose
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membership function is given in (3.6). Now, the intersection of AV A? and A% can be
defined as

A= (A AAD)AAD = ANAY
whose membership function is given by
& (0) = min {£5(x), &z0(0) |
= min {min {&;0 (), & (0} &0 (0}
=min {&,0(X), &;0(), &0 ()} . (3.7)
Suppose that the intersection is defined as
AV N (AP NAD) or AP A (ADNAY) or (AY AAD) AAY
or any other permutation. Then, we can similarly show that their membership functions
are identical to (3.7). In this case, we can simply write
A =AY NAP A AP
Inductively, the membership function of the intersection
AV A AAT
is given by

&y 4000 = min {&3000, ..., &z ()}

(D ()

Proposition 3.2.2 LetA ,...,A"" be fuzzy sets in R™. Then, we have

(A(D A /\A(")> =A"n ... nA" (3.8)
forany a € (0,1].
Proof. Given any a € (0,1], we have
(A(l) A /\A(")> = {xe R™: &, () > oc}
i=1
={xeR” : min{&0),....EmX)} > a}
= {xe R™ : eP0) > a forall i = 1n}

:{xelR'” : xeAg) foralli:l,...,n}

This completes the proof. u
We now want to extend the concept of intersection of fuzzy sets by introducing the t-norm.

Definition 3.2.3 The function ¢ : [0,1] X [0,1] — [0,1] is called a t-norm (triangular
norm) when the following conditions are satisfied:

o (boundary condition) t(a,1) = a;

o (commutativity) t(a, b) = t(b, a);

e (increasing property) a, < a, and b, < b, imply #(a,, b,) < t(a,, b,);
o (associativity) t(t(a, b), ¢) = t(a, t(b, c)).
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46 | 3 Set Operations of Fuzzy Sets

Remark 3.2.4 The third condition says that t(0,a) < #(0,1) for any a € [0,1]. From the
first condition, we have t(0,1) = 0, which also implies #(0,a) = 0 for any a € [0,1].

Definition 3.2.5 Let ¢ be a t-norm that transforms the membership degrees of fuzzy sets
A and B into the membership degree of the intersection A A B. The membership function
of the intersection A A B is defined by

Sanp0) = t(E4(X), Ep(x))

for all x € R™.

We see that the expression (3.6) is obtained by taking t(a, b) = min{a, b}, and it is easy to
show that this minimum function satisfies the above conditions. Many well-known t-norms
are also shown below:

e Dombi class: For A € (0, ), we take
1
1+[(G = DF + (5 = DAY

(D) _
£, (a, b) =

e Dubois-Prade class: For a € [0,1], we take

ab
max{a,b,a}’

1@, b) =
e Yager class: For w € (0, ), we take

tYa,b) =1 — min{1, (1 — a)" + (1 — b)*)/*}.
o Schweitzer-Sklar class: For p € R, we take

159, b) =1-[(1 —af + (1 - bF — (1 —a)P(1 - by’]/P.
e Frank class: For s > 0, we take

a _ b _
t§F)(a, b) = logs <1 + w> .
s—1
o Hamacher product: For 4 > 0, we take

ab
A+@Q—=A)(a+b—ab)

e Drastic product: We take

" (a,b) =

a ifb=1
tPP(a,b)y=2b ifa=1
0 otherwise.

o Einstein product: We take

ab
2—(a+b-ab)
Algebraic product: We take

tEP(a,b) =

t“4P(a, b) = ab.
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We have the following relationships
lim t”(a,b) = min{a, b}, 1Ain(1)tg’”(a, b) = tPP(a, b),
£5%(a, b) = ab, 11%14,5‘5)((1, b) = tPP(a,b), 1imtS(a,b) = min{a, b}
p p—)OO

((@.b)=ab,  limt;"(a.b) = #""(a.b).

Proposition 3.2.6 (Wang [112]) For any t-norm t, the following inequalities hold
tPP)(a, b) < t(a, b) < min{a, b}
foranya,b € [0,1].
The PP) operation can be considered as the most “pessimistic” t-norm operation. Now,
we consider the interesting Dubois-Prade class tfxD P )(a, b) for a € [0,1]. Note that

(D-P) _ ab/a if a,b<a
L@, b) = { min{a,b} otherwise.

e For a = 0, we have tf,D'P)(a, b) = min{a, b}.
e For a = 1, we have t,gD'P)(a, b) = ab.
e For a € (0,1), it is a function between the minimum and the product.

Next, we shall consider the generalized t-norm. Let ¢ be a t-norm. Since ¢ is associative,
we can recursively define the function T, : [0,1]" — [0,1] by

T,(ay,....0,_1,a,) = T,_1(ay, ..., 0,_1), &). (3.9)

The function T, is called a generalized t-norm. Now, using the axioms of a t-norm, for
any a € [0,1], we have

ta,a) <t(a,l) = a,
which implies
Ty(a, a,a) = (T,(a, @), a) = t(t(a, @), ) < H(a, @) < «
and
Ty(a,a,a,a) = t(Tx(a, a,a),a) < Ha, @) < a.
Inductively, we obtain
T,(a,...,a) <« (3.10)

for any « € [0,1].

Remark 3.2.7 We have the following observations.
o Since the t-norm is increasing in the sense that
a, < b, and a, < b, imply #(a;,a,) < t(b;,b,),
we have that T, is also increasing in the sense that

a; <b;foralli=1,...,nimply T,(a,.,...,a,) < T,(by,....b,).
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)<

However, the converse does not necessarily hold true in general; that is, T, (a;, ..., a,) <

T,(by,...,b,) does not necessarily imply a; < b, foralli=1,...,n.

e From Remark 3.2.4, we see that £(0, a) = t(a,0) = 0 for any a € [0,1]. Therefore, if one of
the a; is zero, then T,(a,, ..., a,) = 0. In other words, if T, (a,, ... ,a,) > 0, then a; > 0 for
alli=1,...,n.

e According to the boundary condition of t-norm, we see that #(1,1) = 1, which also implies
T,1,..,1)=1.

Instead of considering a t-norm for the intersection, we shall consider the general func-
tion that is formally defined below.

Definition 3.2.8 Let A" : [0,1]" — [0,1] be a function defined on [0,1]". Given fuzzy sets
AV, ... A" in R™, the intersection of A", ..., A" is denoted by

AV nA" =AY, (3.11)
and its membership function is defined by

Ep 4000 = AT (E40000, .., &4 (X)) - (3.12)

Since the membership function of the intersection depends on the function 2", we some-

times write

(D M) gny _ —n 7D grn

AV N nATEAN) =l AT D). (3.13)
In particular, we can take the function " as the minimum function or the generalized
t-norm as given below

A" (ay,....a,) =min{ay,...,a,} or A" (e, ..., a,) =T, (a1, ... q,). (3.14)
Inspired by (3.8), we propose the following definition.

A A(") :

Definition 3.2.9 Given any fuzzy sets in R™, the concepts of compatibility

are defined below.

e We say that the function 2" : [0,1]" — [0,1] is C-compatible with set intersection
when the following inclusion holds true

(AVn..nd”) caln..nAl (13

a

for each a € (0,1].
e We say that the function 2" : [0,1]" — [0,1] is D-compatible with set intersection
when the following inclusion holds true

(A(D m... HA(")> 2AYn ... nAY (3.16)

o

for each a € (0,1].

By referring to (3.8), we see that the function taken by
A (ay, ..., ,) =min{ay,...,a,}

is both C-compatible and D-compatible with set intersection.
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Proposition 3.2.10 Suppose that the function A" : [0,1]" — [0,1] is both C-compatible
and D-compatible with set intersection. Then, we have
Ay, ..., a,) =min {ay,...,a,}
for0<a; € R(éAm)andi: 1,...,n.

Proof. Given any fixed A(l), ,/i("), since the function A" : [0,1]" — [0,1] is assumed to
be both C-compatible and D-compatible with set intersection, it means that

<A<1) n... HA(")>a =Afxl) n... mA'fl") for each a € (0,1]. (3.17)
Now, we have
AVn .. A" = {x eR™: xeAY foreachi=1, ..‘,n}
={xeR™: Eo() > aforeachi=1,... n}.
From (3.12), we also have
(A(D m... HA““) = {x ER™: &, 0(x)> a}
a i
={xeR": A" (E0(X),....Em() 2 a}.
From (3.17), for each a € (0,1], we see that
{xeR™:&o@ >aforeachi=1,....n} ={xeR™ : A" (£;0(0),....EmX)) > a}.
Equivalently, it means that, for each a« € (0,1] and x € R™,
A" (E0(X), ..., Em(x)) > a ifand only if &;0(x) > « foreach i=1,....n.
We write o; = &;o(x) fori =1,...,n. Then o; € R(§40) with; > Ofori=1,...,nand
A" (ay,...,a,) > aifand onlyif @; > « foreachi=1,...,n. (3.18)

We want to claim

A" (ay, ..., a,) =min{a1,...,an}. (3.19)
Let « = min{ay, ..., a,}. Since a; > min{a,, ..., a,} foralli=1,...,n. Using (3.18), it fol-
lows that

A" (ay, ..., a,) > min{a, ..., a,}

by taking @ = min{a,, ..., @, }. On the other hand, suppose that A"(a;, ..., a,) = a > 0, i.e.
Ay, ..., a,) > a, the expression (3.18) says that @; > a foreachi = 1, ..., n, which implies

min{al,...,an} >a=A" (al,...,an).

Therefore, we obtain the equality (3.19). This completes the proof. ]

Proposition 3.2.11 We have the following properties.

(i) Suppose that the function A" : [0,1]" — [0,1] satisfies the following condition: for any
a € [0,1],

A (ay, ..., a,) > a implies a; > a foreachi=1,...,n.

Then A" is C-compatible with set intersection.
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(ii) Suppose that the function A" : [0,1]" — [0,1] satisfies the following condition: for any
a €[01],
a; > a foreachi=1,...,n implies AN (ay, ..., a,) > a.

Then A" is D-compatible with set intersection.
(iii) Suppose that the function A" : [0,1]" — [0,1] satisfies the following condition: for any
a €[01],

Aay,...,a,) > aifandonlyif a; > a foreachi=1,...,n.
Then
A" (al,...,an) =min{a1,...,an}

and A" is both C-compatible and 2-compatible with set intersection.

Proof. The desired results can be similarly obtained from the proof of Proposition 3.2.10.
]

Example 3.2.12 Suppose that the function 2" : [0,1]" — [0,1] is defined by

n
n — —_
A (ay,...,a,) =gy -, = H(xi.
i=1
Assume that

A (ay,....a,) = ayay- -, > a.

n

Since each ¢; < 1foralli=1,...,n, we must have a; > a for each i = 1, ..., n. This shows
that 2" is C-compatible with set intersection from part (i) of Proposition 3.2.11.

Example 3.2.13 Suppose that the function A" : [0,1]" — [0,1] satisfies the following con-
ditions.

e A" is increasing in the following sense:
o < B foreachi=1,...,nimply A" (ay,...,q,) < A" (B, ....5,) . (3.20)
e For any « € [0,1], the inequality A"(a, ..., a) > a holds true.
Assume that @; > a for each i = 1,..., n. Then, we have
A" (ay, ..., a,) > A" (a,..., ) (by the first condition)
> « (by the second condition).

This shows that 2" is D-compatible with set intersection from part (ii) of Proposition 3.2.11.

Remark 3.2.14 Suppose that the function 2" is taken to be the generalized t-norm T,,.
Since t-norm is increasing, it is clear to see that T, is also increasing in the sense of (3.20).
Using Example 3.2.13, if we wish the function T, to be 2-compatible with set intersec-
tion, then T, must satisfy T,(a, ..., a) > « for any a € [0,1]. From (3.10), it follows that
T,(a,...,a) = a. In other words, if T,,(a, ..., @) # a, then T,(a, ..., a) < a. This contradic-
tion says that if T, (a, ... , ) # a then T,, cannot be 2-compatible with set intersection.
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3.3 Union of Fuzzy Sets

Let A and B be two subsets of R™. Then, we have two corresponding characteristic functions
x4 and yg. The union A U B also has the corresponding characteristic function y, ;. We can
obtain

Zaup®) = max { x,(x), x50} . (3.21)
Inspired by (3.21), the union of fuzzy sets is defined below.

Definition 3.3.1 Let A and B be two fuzzy sets in R™ with membership functions &; and
&5, respectively. The membership function of A v B is defined by

Eavp(®) = max{;(x), &5(x)} (3.22)
for all x € R™.
For more than two fuzzy sets, their union should be defined inductively. Given any three

fuzzy sets AV A? and A% in R™, we first consider the union 4 = A" v A% whose mem-
bership function is given by (3.22). Now, the union of A", A%, and A’ can be defined as

A= (AVVAY)vAD = Av A,
whose membership function is given by

&0 (0) = max {&5(0), &0 ()
= max {max {§A~(1>(X), & )} 40 )}
=max {&;0(x), &), &0} . (3.23)

Suppose that the union is defined as
AV (AP vAY) or A (AP VAT ) or (A0 vAD)vAY

or any other permutation. Then, we can similarly show that their membership functions
are identical to (3.23). In this case, we can simply write

A =AYvA?vaAD.

Inductively, the membership function of the union
AVv . vA"

is given by

fvin:lA(i) (x) = max {EAu)(x), cees fAm) (x)} .

Proposition 3.3.2 Let A%, ..., A™ be fuzzy sets in R™. Then, we have

(A(l) V... VA(")> =AVu..ua" (3.24)

a

forany a € (0,1].
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Proof. Given any a € (0,1], we have
(Am V... VA(")) = {x ER™: ¢, ;o) a}
={xeR" : max {&0(X),....EmX) } > a}

= {xe R™ : f?(x) > « for some i = 1,...,n}

a

= {xeR’” :xeAf,l) forsomei:l,...,n}
~(1 ~
=APu..uAl.

This completes the proof. [
We want to extend the concept of union of fuzzy sets by introducing the s-norm.

Definition 3.3.3 The function s : [0,1] X [0,1] — [0,1] is called an s-norm (triangular
co-norm) when the following conditions are satisfied:

e (boundary condition) s(a,0) = a;

o (commutativity) s(a, b) = s(b, a);

e (increasing property) a; < a, and b, < b, imply s(a;, b;) < s(a,,b,);
o (associativity) s(s(a, b), ¢) = s(a, s(b, ¢)).

Itisclear toseethats(1,a) = 1foranya € [0,1]. We also have the relation between t-norm
and s-norm given by

t(a,b)=1-s1-a,1->b)and s(a,b)=1-t(1 —a,1 —b).

Definition 3.3.4 Let s be an s-norm that transforms the membership degrees of fuzzy
sets A and B into the membership degree of the union A v B. The membership function is
defined by

Savp(X) = 8(£4(%), Ep(X))

for all x € R™.

We see that the expression (3.22) is obtained by taking s(a, b) = max{a, b}, and itis clear to
see that this maximum function satisfies the above conditions. Now, we also present many
other s-norms as follows.

e Dombi class: For 4 € (0, o0), we take

sP(a.b) = 1 (3.25)

C1HIG - DG - DY

e Dubois-Prade class: For a € [0,1], we take
a+b—ab—min{a,b,1 — a}

(D-P)
b) =
S (@:D) max{1—a,1 —b,a}

e Yager class: For w € (0, o), we take

sﬁf)(a, b) = min{1, (@” + b*)'/"}. (3.26)
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o Sugeno class: For 1 > —1, we take
s(f)(a, b) = min{1,a + b + Aab}.
o Drastic sum: We take
a ifb=0

sP9a,by=4b ifa=0
1 otherwise.

o Einstein sum: We take
a+b
14ab
e Algebraic sum: We take

s“49a,b) =a+b - ab.

sF(a, b) =

Then, we have the following relationships

}ims(f)(a, b) = max{a, b} and airré S(AD)(a, b) = sP9(a, b).

Proposition 3.3.5 (Wang [112]) For any s-norm s, the following inequality holds true
max {a, b} < s(a,b) < sPY(a,b)
foranya,b € [0,1].
Let s be an s-norm. Since s is associative, we can recursively define the function S, :
[0,1]" — [0,1] by
Sy, ... o,_q,a,) =5(S,_1(ay, ..., 0,_1), ). (3.27)

The function S, is called a generalized s-norm .
Instead of considering an s-norm for the union, we shall consider the general function
that is formally defined below.

Definition 3.3.6 Let 2" : [0,1]" — [0,1] be a function defined on [0,1]". Given fuzzy sets
AV, A" in R™, we define a fuzzy set of the union of fuzzy sets AV A" as

AV uA” = LJ;’ZIA'(D, (3.28)
whose membership function is given by

‘fuLIA(”(x) =AY (fA(n(x), cee, §A<m(x)) . (3.29)

Since the membership function of a union depends on the function 2", we sometimes
write

AV 0 uA @) = u A% ). (3.30)

In particular, we can take the function 2" as the maximum function or the generalized
s-norm as given below

A (ay, ..., a,) =max{a,...,a,} and A (ay,....a,) =S, (ay,....a,).  (3.31)

Inspired by (3.24), we propose the following definition.
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Definition 3.3.7 Given any fuzzy sets AV LA™ in R™, the concepts of compatibility
are defined below.

e We say that the function 2" : [0,1]" — [0,1] is C-compatible with set union when the
following inclusions hold true
(A“’ ... uA“”) cAVy.. uAP (3.32)
o
for each a € (0,1].
e We say that the function 2" : [0,1]" — [0,1] is 2D-compatible with set union when the
following inclusions hold true

(4" ud”) 247 v Ay (.39
a

for each a € (0,1].

By referring to (3.24), we see that the function given by
A (ay, ..., a,) =max {ay,...,a,}
is both C-compatible and D-compatible with set union.
Proposition 3.3.8 Suppose that the function A" : [0,1]" — [0,1] is both C-compatible and
D-compatible with set union. Then, we have
A(ay, ..., a,) = max {al, ,an}

for0<e; € REo)andi=1,...,n

Proof. Given any fixed AV A" the assumption says that
<A(1) u... UA(”))a =APU...UA"™ foreach a € (0,1]. (3.34)
Now, we have
AVu. uAY = {x eR” : xe AY forsomei=1,... ,n}
={xeR": &) > a forsomei=1,... n}.
From (3.29), we also have
(AVu.ud”) ={xer": g, p@2af
={xeR": A (£;0(),....Emx) > a}.
From (3.34), for each a € (0,1], we see that
{xeR™: &) > aforsomei=1,....n} = {x€R™ : A (£;0(x),....Em()) > a}.
Equivalently, it means that, for each « € (0,1] and x € R™,
AY (£;0(0), ..., Emw(X)) > a ifand only if &;0(x) > a for some i =1,...,n.
We write ¢; = &;o(x) fori =1, ...,n. Then o; € R(§;0) with¢; > 0fori=1,...,nand

A (ay,...,a,) > aifand only if a; > a forsome i =1,...,n. (3.35)
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We want to claim

AY (al, ,(xn) = max{al, ,an}. (3.36)
Suppose that «; < max{a,,...,a,} foralli=1,...,n. Then max{e,,...,a,} < max{a,...,
a,}. This contradiction says that a; > max{e,,...,a,} for some i=1,...,n. Let

a = max{a,, ..., a,}. Using (3.35), it follows that
A (ay, ..., ,) > max {a;,....a,}

by taking « = max{ea, ..., a,}. On the other hand, suppose that 2A%(e;, ..., a,) = a > 0, i.e.

AY(ay, ..., a,) > a, the expression (3.35) says that @; > a forsomei = 1, ..., n, which implies
max{al, ,an} >a=A" (al, ,(xn) .
Therefore, we obtain the equality (3.36). This completes the proof. ]

Proposition 3.3.9 We have the following properties.

(i) Suppose that the function A" : [0,1]" — [0,1] satisfies the following condition: for any
a € [0,1],

A (ay, ..., a,) > a implies a; > a forsomei=1,...,n.
Then A is C-compatible with set union.
(ii) Suppose that the function AY : [0,1]" — [0,1] satisfies the following condition: for any
a €[01],
a; > a forsome i =1, ..., n implies A(ay, ..., a,) > a.
Then A" is 2-compatible with set union.
(iii) Suppose that the function A" : [0,1]" — [0,1] satisfies the following condition: for any

a € [0,1],

A(ay,...,a,) > aifandonlyif a;, > a forsomei=1,...,n.
Then

A (ay,....a,) =max {ay,...,a,}

and AV is both C-compatible and 2-compatible with set union.

Proof. The desired results can be similarly obtained from the proof of Proposition 3.3.8.
[ ]
From Propositions 3.2.6 and 3.3.5, we see that, for any membership degrees
a=¢4(r)and b = &x(r)

of arbitrary fuzzy sets A and B, the membership degrees of their union defined by an s-norm
lies in the interval

[max{a,b},s"%(a,b)]
and the membership degrees of their intersection defined by t-norm lies in the interval
[(PP)(a, b), min{a, b}] .

Let us consider the following two operators.
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e Fuzzy and: The “fuzzy and” operator
(1-p)a+b
2
covers the range from min{a, b} to (a + b)/2.
e Fuzzy or: The “fuzzy or” operator

(1-y)a+b
2

vp(a, b) = p-min{a,b} + for p € [0,1]

v,(a,b) =y - max{a, b} + for y € [0,1]
covers the range from (a + b)/2 to max{a, b}.
The union and intersection operators presented above cannot cover the interval

[min{a, b}, max{a,b}|.

Therefore, a so-called averaging operator is defined below.

Definition 3.3.10 The operator that covers the following interval
[min{a, b}, max{a, b}] (3.37)
is called an averaging operator.
By referring to Wang [112] and Driankov et al. [23], we have the following averaging
operators proposed in the literature.
e Max-Min average: If we take
v,(a,b) = Amax{a,b} + (1 — A)min{a, b} for 4 € [0,1],

the max-min average operator covers the whole range from min{a, b} to max{a,b} as
given in (3.37) when the parameter A changes from 0 to 1.
e Generalized mean: If we take

a* + b*

1/a
va(a,b)=< > fora € R and a # 0,

the generalized mean operator covers the whole range from min{a, b} to max{a, b} when
a changes from —oo to co.

3.4 Inductive and Direct Definitions

For more than two fuzzy sets, the intersection and union based on the general functions
can be defined inductively or directly, which will be explained below. Given three fuzzy
sets AV, A? and A® in R™, there are two ways to define the intersection, as follows.

o (Direct Definition). By considering a function 2['3‘ : [0,1]® — [0,1], the membership
function of the intersection A" = A" 1 A® 1A can be directly defined by

Ep(0) = AT (&0 (0, &g (X), E0 (X)) - (3.38)
Let us consider the following function

AT (al, ay, a3) = min {alaz,a3} .
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‘We see that

A (g, a5, a3) = min {ay0, a3} # min {az0, 0, } = A (a3, 05,07 .

It means that, in general, we have
AT (§A‘3) (x), & z0(X), &0 (X)) # AT («’;’A(z) (), &30/ (%), -’;’Au)(x))
# AL (£;000, &0 (), E0 (X)) .
Therefore, we see that
AV A? AV * AP A% AV + AYnA%n A(Z), (3.39)

where there are 3! = 6 permutations of A", A”, and A”. Suppose that the function A7
is permutable in the sense of

AY (ay, 0y, 03) = AT (ag, 0y, 0p) =+ = AT (o, 23, 5)

for all 6 permutations of a;, a,, and a;. Then, the intersections in (3.39) are all identical.

For example, the function
A .
A (ay, 0y, a3) = min {ay, @y, a5}

is permutable for all 6 permutations.
o (Inductive Definition). We first consider the intersection A = A" n A” whose mem-
bership function is given by

&i(x) = & z000 = AT (E0(). X)) .
Given a third fuzzy set A(3), the intersection can be defined as
A'=(A"nA%)na® =Ana®
or
AR = A9 [ ( A®nR A“)>
whose membership functions are given by
Eq(0) = AT (E5(0), & 0(0)) = AT (AT (£;0 (), & 0(X)) . &40 (X)) (3.40)
and
Eqr(x) = AT (&;000), AT (&;0(0),E;(X))) , respectively. (3.41)
In general, we see that A" # A® Suppose that 27 is associative in the following sense
2A) (2[9 (0‘1’0‘2) ’0‘3) = Aj (0‘1’2[2 (0‘2’“3» :
Then A" = A% In this case, the intersection can be simply written as A 1 A” n A®.

By referring to (3.38), it is clear to see A'+ A and AA # A" in general, since A" and A®
are obtained by using the function 27, and A" is obtained by using the function 2. Their
relations will be further studied in the remainder of this chapter.

Definition 3.4.1 Let 2, : [0,1]* - [0,1] be a function. For n > 3, we define the function
2, : [0,1]" — [0,1] based on 2, as follows.
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o We say that 2L is left-generated by 2(, when 2L is inductively defined as follows:

Qlfl (al, s an) =, (ﬂi_l (al, s “n—1) ,an) . (3.42)
o We say that 2R is right-generated by 2, when 2R is inductively defined as follows:
2[1; (al,...,an):ﬂz (txl,Qlﬁ_l (a2-~- ,(Xn)). (3.43)

Assume that the function 2, satisfies

A, (A, (al,az) ,a3) =, (. U, (az, a3)) (3.44)
for all a;, @,, and a; € [0,1]; that is, the function 2, is associative. Then, using induction
on n > 3, it is clear to see that (3.42) and (3.43) are equivalent. In this case, we simply say
that 2, is generated by .
Example 3.4.2 When we take 2,(a;, a,) = min{e,, a,}, it is clear to see

A (... a,) = AR (al, ,an) = min {al, ,an} .
When we take 2, (a;, @,) = max{a,, a,}, it is clear to see

AL (ay, ... a,) = AR (ay, ..., ,) =max{a,,...,a,}.
When we take ,(a,, @,) = a; - a,, it is clear to see

Qlﬁ ((xl,...,an) = 2[1; (al,...,an) =a; A,

Example 3.4.3 We take
)

A, (ay,a)) = ——————— =y for some constant g € [0,1].
max {ay, a,, B}
Then
AL (al,az,a3) = A, (A, (o1, 05) ,a3) =, (y,a3) R e
} max {y,as, f}

Q003

max {ay, a,, f} max { — 2, ﬂ}

max{a,.a,.0}’
ooy

max {a, @,, a;max { e, a,, B} , pmax {a;, a,, f} }

and
2[15 (“1!“2’0‘3) =, (‘11’2[2 (0‘2’0‘3))

" max {aya;, aymax {a,, as, ), pmax {a,, a3, f}}

which shows that 2% (a;, a,, a;) # AR (a;, @, a3).

;0,0

LetA”, A%, and A be three fuzzy setsin R™. We are going to consider their intersection.
Given a function 2[“2‘ : [0,1]> — [0,1], suppose that the function QIQ’L is left-generated by
A, ie.

L
2[2 ((xl,a2,a3) = 2[9 (2[2 ((xl,az) ,a3) .
Based on the function A7, we can define the intersection A" nA?)n A® as described in
(3.40). Based on the function A%, by referring to the notations presented in (3.13), we can
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define the membership function of AV A? HA(3)(2[2’L) as described in (3.38). It is clear
to see

(A(l) nA® ) nA® =AY nA%n AG)(Q[;’L ). (3.45)
Suppose that the function QIQ’R is right-generated by 27, i.e.

QIQ’R (al,az,a3) =AY (al, A (az, a3)) .

Based on the function A7), we can define the intersection A" 1A% 1 AY) as described in
(3.41). Based on the function QIQ‘R, we can define the membership function of AV A% R
4(3)(2[?3) as described in (3.38). It is clear to see

AV (A(z) nA® ) =AY nA® nA® (QIQ’R). (3.46)

The expressions in (3.45) and (3.46) are not necessarily identical. Suppose that we further
assume that 2[“2‘ is associative in the sense of (3.44). Then, they are all identical, as shown
below

AV ( A9 A(3)> _ ( AV R A(2)> nA® = A% 1A% R A(3)(2[2,L)
=AY nAY nA® k).
In this case, we also simply write
AYn (A(z) nA® ) = (A(l) HA(2)> nA® =AY n A% na% (3.47)

without telling the difference between 25" and §A7*.

Suppose that there is another fuzzy set A in R™. Then, we can consider the functions
QIQ’L and QIQ’R that are left-generated and right-generated by 2,, respectively. More pre-
cisely, we have

2[2’L (al,az,(x3,a4) = A (?[9 (9[2 (al,(xz) ,a3) ,a4)

and

DI (al,az,a3, a4) =9A" (al, AN (az, A7) (a3, a4))) .

4 2 2
Then, we can obtain
((AVnA?)nA¥)nA® = AV nA® nA® nA®@gh (3.48)
and
AV (A(z) M <A(3) nAY ) ) =AY A nA% n A(4)(2[2’R). (3.49)

Suppose that we further assume that 27 is associative. Then, the expressions in (3.48) and
(3.49) are all identical. The above argument can be inductively extended to the case of
(D ol
AT LLLAT

Proposition 3.4.4 We have the following properties.

(i) Given a function A5, let the functions AL and ANE be left-generated and right-generated
by 27, respectively.
e Suppose that A7 is C-compatible with set intersection. Then A and AR are also
C-compatible with set intersection.
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e Suppose that AY) is D-compatible with set intersection. Then ?IQ’L and AR are also

D-compatible with set intersection.
(ii) Given a function 23, let the functions AL and AR be left-generated and right-generated

by Y, respectively.

e Suppose that A is C-compatible with set union. Then AL and AR are also
C-compatible with set union.

e Suppose that A3 is D-compatible with set union. Then AL and AR are also
D-compatible with set union.

Proof. By induction on n, it suffices to prove the case of n = 3. To prove part (i), suppose
that 2[2 is C-compatible with set intersection. Then, for a € (0,1], we have

{xeR™: AV (&;0(0).E0() > a}
= (A(l) nA®? ) (by the definition of a-level set)

c AV nA? (by the C -compatibility with set inetersection)
= {x eR™:xe AV and x e/l'ff)} ={xeR": &0 >aand o (x) > a}.

(3.50)

Therefore, we obtain

(4" na® nAY@H) = {xeR™: A" (&0, 50 (. &0 ) 2 a)

= {x ecR™: 2[2 (?[2 (é’Au)(x), 514(2)(x)) ,§A<3>(x)) > a}

C{xeR": AV (&), & X)) > aand & (x) > a} (using (3.50))
C{xeR™: &) >aand & (x) > aand &0(x) > a} (using (3.50) again)
AV 0 A% 0 A7

and

A
= {x eR™: 2[9 (.fA(l)(x), 9[2 (fg(z)(x), §A6>(x))) > a}
C{xeR™: &) >aand AN (£;0(). &0 (X)) > a} (using (3.50))
C{xeR™: ¢&uw(x) >aand & (x) > aand &;0(x) > a} (using (3.50) again)

1) 22 _ 3
=AYV nA? n A,

(A7 NATNAY0Y) = {xe R - WPF (g0 (0,40 (0,50 () 2 a)

which show that %" and A* are also C-compatible with set intersection. We can sim-
ilarly show that if 27 is 2-compatible with set intersection, then AL and AN are also
D-compatible with set intersection.

To prove part (ii), suppose that u, is C-compatible with set union. Then, for a« € (0,1], we
have

(xeR™ 1 Y (£;0(0,E0(0)) 2 a) = (A(“ uA'(z))a c AV yA?

= {x eR™ : EiwX) =2 aor o) > 0(} .
(3.51)
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Therefore, we obtain
(AT 0APUAVWH) = {x e R™ : ug™ (60 (0, £ (0,540 () > a}
= {x eR™ : ?[LZJ (?[LZJ (EA(1>(x), §A<z)(x)) ,égm(x)) > a}
C{xeR": A (£0(x).EmX) = aor ém(x) > a) (using (3.51))
C{xeR™: &) >aoré o) >aoréwmx >al (using(3.51)again)
= A, VAD VA
and
(A(“ LA® uA(”(ug’R)) = {x e R™ : uR (E.0(0,0(0,E0(0) > a)
={xeR" : A (£;0(0). A (0x).E0()) = a}
C{xeR™: &uX) >aor AY (&), &0X) > a} (using(3.51))
C{xeR": &nX 2aoréoX) >aoré ) >a) (using(3.51)again)
_ AP AP YA,
which show that 2" and A} * are also C-compatible with set union. We can similarly show

that if %7 is D-compatible with set union, then A" and ALK are also D-compatible with
set union. This completes the proof. [ ]

3.5 «a-Level Sets of Intersection and Union

Let A and B be two subsets of R™. Then, we have the following properties
cl(A U B) =cl(A) U cl(B) and cl(A N B) C cl(A) ncl(B).

Therefore, for any subsets A, ... , A, of R™, we have

cl(A;U...UA,) =cl(4)U...Uucl4,) (3.52)
and

c(A;n...nA4,) CclA)n...nclA,). (3.53)
However, when A, ... ,A, are bounded intervals in R, we can show that

c(A;n...nA4,) =clA)n...nclA)). (3.54)

We remark that the compatibility in Definition 3.3.7 does not consider the 0-level sets.
As we mentioned before, the 0-level set is an important case, so the following propositions
present the compatibility regarding the 0-level sets.

Proposition 3.5.1 Let AV LA™ be fuzzy sets in R™. We consider the function
AY : [0,1]" - [0,1].
(i) Givenany a; € [0,1] fori=1,...,n, suppose that

a; > 0 for some i imply A(ay, ..., a,) > 0.
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Then, we have the following inclusions
(A(l) U... LJA(")>0+ DAY U.. VAL
and
(A(l) ... uA“”)O DAY .. UAY.
(ii) Suppose that A" is C-compatible with set union. Then, we have the following inclusions
(A(D u... uA(")>0+ cAVu.. uAY (3.55)
and
(A(l) u... uA(")>0 cAPu.. UAY.
(iii) Suppose that A is D-compatible with set union. Then, we have the following inclusions
(A(l) u... uA(")>O+ DAV U.. UAY
and

(A(l) ... uA(")> DA U UAD.
0

Proof. To prove part (i), for x EAE,I: u... UAgf, ie. x eﬁgi for some i, it says that
& z0(x) > 0 for some i. According to (3.29) and the assumption of 2V, we see that
£y g0 (o) =AY (E0(), -+ .Em()) >0,

ie.x € (UL 1/10))0 +» which shows the inclusion

AR U VAL C (u;;lA(i)> : (3.56)

0+
‘We also have

(u;‘:l/l'(i)>0 —d ((U?:lA(i))0+> Dcl <QA'81) (using (3.56))

=cl (ASJ:) U...ucl (Agf) (using (3.52))
=A"u.. . UA". (3.57)
To prove part (ii), we have

(bnd®) = U (unA”) (using 25)

0<a<l

c U ( AS) > (using the C -compatiblity with set union)
1

0<a<l =
_ <iL4]143)) LJ. ..LJ < LJ]11$)>
0<a<1 0<a<1

= Aéll U... UAEQ (using (2.5)),

which proves (3.55). By referring to (3.57), we can similarly obtain

~(i ~(1 ~
(u{‘zlA“)>0 cAu.. .UAY.
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Part (iii) can be similarly obtained by using the D-compatibility with set union. This com-
pletes the proof. [
Proposition 3.5.2 Let A%, ... A™ be fuzzy sets in R™. Then, we have
(A(D V... VA(")> =A% u.. VA
0+
and

(A" V.V A™) = AP0 UAD forany a € 01]

a

Proof. We are going to apply Proposition 3.5.1 by taking the function
A (ay,...,a,) =max{a,....a,} .
From (3.24), we see that 2" is both C-compatible and 2-compatible with set union and
(A(l) V... V/i(")> =AY u...UA" forany a € (0,1].
a

The equality for 0-level sets can be obtained from parts (ii) and (iii) of Proposition 3.5.1, and
the proof is complete. |

A

Proposition 3.5.3 Let ,...,A(") be fuzzy sets in R™. We consider the function

A" : [0,1]" - [0,1].
(i) Given any a; € [0,1] fori =1, ..., n, suppose that
a; > 0 forall i imply A(ay, ..., a,) > 0.
Then, we have the following inclusion
(A nA®) 243 0. nAL.

(ii) Suppose that A" is C-compatible with set intersection. Then, we have the following

inclusions
(A'(” . HA("))O+ cAVn. .. nAY (3.58)
and

(iii) Suppose that A" is D-compatible with set intersection. Then, we have the following
inclusion

(A'(l) ... HA(")) DAV ... AL
0+
(iv) Suppose that the function A" satisfies all conditions in parts (i) and (ii). We also assume

that A% are fuzzy sets in R for i=1,...,n such that their membership functions are
quasi-concave. Then, we have

(A'(” m... HA'(")) =An ... mA'f)'fr) (3.60)
0+
and

(A(l)n...n/{(")) =A"n...nAJ".
0
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Proof. To prove part (i), forx € A'E)lj Nn...n A'gfr), iexe Agl for each i, it says that & ;o (x) >

0 for each i. According to (3.12) and the assumption of A", we see that
él_m_lg(i)(x) =" (fgm(x), ey é‘A(m(x)) >0,
ie.x e (|‘|i"= 1A(D)O +» which shows the inclusion

~(1 ~ ~(i
Agln- VA € (ML)
0+

To prove part (ii), the following inclusion is obvious

~ ) 7 Q)

The other direction of inclusion needs to consider the nested property of the a-level sets.
Given any x € A" with , € (0,1] for all i, let @, = min{a,, ..., a,} > 0. Then A" C Ag; for

alli,ie.x e ﬂl"=1 Affj, which shows the other direction of inclusion. Therefore, we have the
following equality

U (ﬁAg>> - ( U Afﬁ) ﬂ .. ﬂ < U Afj)). (3.61)
a(0,1] \ i=1 (0,1] (0,1]
Now, we obtain

(MA”),, € U (mA”), (using 2:5)

a(0,1]

= ( U A?) NN ( U AS”) (using (3.61))

N

IDE

I
—_

Afli)) (using the C -compatiblity with set intersection))

a(0,1] a(0,1]
_ @ () .
=Ag. N...NAy, (using (2.5)), (3.62)

which proves (3.58). We also have

n

<|‘|;1=1A(i)>0 =cl ((I‘ILIA(Z‘))M) Cecl <ﬂAgJ}r) (using (3.62))

i=1
ccl (ABIJ:) Nn...ncl (Agl)) (using (3.53))
=AY .. AL

Part (iii) can be similarly obtained by using the 2-compatibility with set intersection.

To prove part (iv), we first have the equality (3.60) by using parts (i) and (ii). The
quasi-concavity of the membership function says that its a-level sets are convex sets.
Therefore, the a-level sets Afj) are convex sets in R for all i, which also says that Ag) are
intervals in R for all i. In this case, the supports

-y
{a€R( ;1)) a>0}
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are also intervals in R for all i. Then, we obtain

(n;;l AO‘))O =l ((n;‘zl A<i>>0+) =l (@Afﬁ) (using (3.60))

=cl (Aéi)) Nn...ncl (/ig?) (using (3.54))
=A" ... nA".
This completes the proof. |
Proposition 3.5.4 Let A", ...,A" be fuzzy sets in R™. Then, we have the following
properties.
(i) We have
(/i(l) A /\A(")) =A" .. .nAY.
0+
For any a € (0,1], we have
(A(l) A /\A("))a =AY ... nA" (3.63)
and
(A“) A AA“")O cAVn.. AP,
(ii) Assume that A” are fuzzy setsin R fori=1,...,n such that their membership functions
are quasi-concave. Then, for any a € [0,1], we have
(A(l) A /\A(")) =AVn...nA".
Proof. We are going to use Proposition 3.5.3 by taking
A" (ay, ..., a,) =min{a;,...,a,} .

It is obvious that the condition in part (i) of Proposition 3.5.3 is satisfied. From (3.8), we
also see that 2" is both C-compatible and 2-compatible with set intersection such that the
equality (3.63) is satisfied for any « € (0,1]. This completes the proof. ]

3.6 Mixed Set Operations

Next, we consider the mixed set operations. Suppose that we have
((AYna”na%) 0 (4n4%))n (4707 0AY ua”).

Then, we have two ways to define the above expression.
We present the first way as follows by independently defining the functions
AT, AL, AT, AL . Then, we can consider the following operations.

e The intersection B = A” 1 A% R A® uses A7
e The intersection B? = A n A® uses A7
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e The union B® = 4° LA U A® L A® uses A,
e The union B* = BY 1 B® uses 2.

Finally, the expression BY nBY uses 7. More precisely, the membership function is given
by
A (A3 (A5 (Eg0 &g Ego) AT (4. 840)) A (Egor Gy o)) (3.69)

Now, we present the second way as follows. Given aggregation functions 25 and 23, we
can consider the functions QIQ’L, QIQ’R that are left-generated and right-generated by 27,
respectively, and the functions QIZ”L, QIX‘R that are left-generated and right-generated by %Y,
respectively. Then, the membership functions of the expression have the following different
combinations.

000 (Y (20 (g0 Egon ) 27 (S0 E0)) . 25 (g £ g E0)
00 (5 (AT (£ Eyon o) 0 (£ o)) 2SR (B £ B
00 (Y (0% (£g0 o £y 2D (£ Eg0)) AP (Egon g Egon o)
00 (2 (0% (Eg0 £y £y 2D (B 50)) . A (£, g g0, Eg0)
Suppose that 2 is associative. Then 2[”“ QIQ’R = A7 and we have
00 (Y (9] (&30 £y Eg0) . 23 (Eg.£40)) 23T (Ego. 0 £y o))
00 (3 (27 (g0 &g Egn) 20 (£ ) A (Ego, £y, g 0)).
Suppose that 23 is associative. Then 2[;”‘ = 2[2’R = A and we have
0 (Y (A0 (£ &g Eo) A0 (£ 40)) 2 (o £y g )
0 () (A0 (&0, :,@an:ﬁs») 0 (g0 Eyn)) A (Egon &g, £ o))

Suppose that 25 and 23 are associative. Then, we simply have

?[n (Q[U (?[n (f (1),§A(z),é‘A(3)) 2 (fAm),fA(s))) ,?[ZJ (fA(é),fAm,fAm),fA(Q))) . (3.65)

We need to emphasize that the membership functions (3.64) and (3.65) are different. The
aggregation functions A% and 2 in (3.64) are independently defined, and the functions 27
and A} in (3.65) are generated by 2% and 23, which are also associative.

)
)
)
)

The above argument can be inductively extended to the case of A(l), . ,A("). ‘We consider
the mixed set operations

A~(1)<>A~(2)<> . <>A~(n),

where {) € {M, U} and the parentheses are implicitly assumed. Then, we can consider the
functions A" and A" generated by A7, and the functions A" and A generated by AY
for n > 3. Otherwise, we need to independently define each aggregation function 2 for
n > 2 and each aggregation function 2}, for n > 2 as described above.

Many other interesting approaches are also presented below. Dubois and Prade [26] pro-
posed the intersection and union as follows

Sana () = §4(X) * £p(x) and E,5(0) = £4(x) L Ep(x),

where * and L are two aggregation operations on the unit interval [0,1] satisfying some
axioms, e.g. commutativity, associativity, De Morgan laws, identity laws and continuity,
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where the boundary conditions regarding 0 and 1 in the unit interval [0,1] are taken into
account.

Klement [58] considered the axiomatic approach for intersection and union of fuzzy sets.
Yager [155] proposed the parametric intersection and union of fuzzy sets in which a parame-
ter p > 1 was considered. Yager [159] proposed the concepts of non-monotonic intersection
and union operations. The above approaches also considered the whole unit interval [0,1].
On the other hand, Tan et al. [109] proposed a different intersection and union of fuzzy sets
based on the random set in a probability space, where the whole unit interval [0,1] and the
a-level set are simultaneously involved in the discussion. Al-Qudah and Hassan [4] and Hu
et al. [48] also studied the intersection and union of so-called complex fuzzy sets.






4

Generalized Extension Principle

The main purpose of the extension principle is to fuzzify the crisp functions into fuzzy
functions. This kind of fuzzification has been widely used to study economics and engi-
neering problems under a fuzzy environment. Especially, the arithmetics of fuzzy sets are
based on the extension principle.

4.1 Extension Principle Based on the Euclidean Space

The set of all fuzzy setsin R" is denoted by F(R"). We consider an onto functionf : R" —» R,
which is also called a crisp function. We are going to fuzzify the function f as a func-
tion f" : F(R™) - F(R), which is also called a fuzzy function. In other words, for any
A e F(R"), we havef(fi) € F(R). The principle for fuzzifying the crisp functions is called
the extension principle.

For any set A in R", the set f(A) is defined by

fA) ={y 1 y=fx).x € A}.
Since f is onto, we have that the set {x : y = f(x)} is nonempty for any y € R. It is clear

to see

)(f(A)(y)= sup x4 (0. (4.1)
{xiy=f(x)}

Inspired by equation (4.1), we are going to fuzzify the crisp function f as a fuzzy function

f by replacing the characteristic function with a membership function. Given any fuzzy set
A in R", the membership function of f(A) is defined by

o) = sup E(x). 4.2)
{x:y=fx)}

Theorem 2.2.13 says that the membership function of f(4) can be expressed as
S = sup a -y, O)- (4.3)
O<a<l

Now, we have a different expression of aff( ) given below.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Proposition 4.1.1 Letf : R" — R be an onto crisp function, and letf : F(R") - F(R) be
a fuzzy function extended from f via the extension principle defined in (4.2). Then, given any
A € F(R"), the membership function of f (A) € F(R) can be expressed as

0 (Y) = sup a - i ().
S sup Xy O

Proof. We have

S = sup  &4(x) (by the extension principle in (4.2))
{(x:y=f)}

= sup (sup o xi (x)) (by Theorem 2.2.13)
{x:y=f(0)} \a€(0.1] “

= sup a- yz (X).
{Ce,@) 1 y=f(x),a€(0,1]}

On the other hand, by referring to (4.1), since
Ve f(A’a)(y) = sup x4 (%),
{x:y=f)}
we have

sup a.;(f(ga)(y)= sup (a- sup )(Aa(x)>

a€(0,1] a€(0,1] {x:y=f(0)}

sup ( sup - ;(Au(x)> (since a > 0)

a€(0.1] \ {x:y=f(x)}

sup @ s (0 = &)
{Goa) y=f(x),a€(0,1]}

This completes the proof. [

From (4.3) and Proposition 4.1.1, we obtain
W) = sup a - x5 () = Sup a -y, O
FA) 0<a121 (A, MI;I A,

However, the equality (f (A)), = f(4,) is not always guaranteed, which will be completely
investigated in this chapter.

Letf : R? = R be an onto and continuous real-valued function, and let A, B be two fuzzy
sets in R such that the membership functions &; and &z are upper semi-continuous, and the
0-level sets A, and B, are closed and bounded subsets of R. Then, Nguyen [85] has shown
that

(f(A’ B))a =f (Aa’Ba) (4'4)

for each a € (0,1].
Since Nguyen defined the 0-level set as

Ay ={xeR: &x) >0},

i.e. the 0-level set is the whole Euclidean space R = A, it says that the equality (4.4) holds
true automatically for @ = 0 in the sense of Nguyen’s definition. However, throughout this
book, the 0-level set is defined to be

Ay=cl(Ay,) =cl({xeR : &kx) >0}),
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which is not necessarily equal to the whole Euclidean space R. Therefore, we need some
other argument to guarantee the equality (4.4) for « = 0, which will be investigated in the
subsequent discussion.

‘We write

FrR)=FR) %X --- X F(R).

Note that F*(R) # F(R"). Now, we consider the following fuzzy function f : FY(R) -
F(R) extended from f : R" — R as follows. Given any fuzzy sets AV in R fori = 1,...,n,
the membership function of f(A", A%, ..., A”) is defined by

a0 4o s 0) = sup min {éAm(xl), ,fA(n)(xn)} , (4.5)
{0, y=f(x,...x,)}

wheref(fi(l), e ,A(")) is a fuzzy setin R. This mechanism is called an extension principle.
Theorem 4.1.2 Letf : R" — R be an onto real-valued function defined on R", and let f :
FH(R) — F(R) be a fuzzy function extended from f via the extension principle defined in (4.5).

Given any fuzzy sets AYinRr fori=1,...,n, suppose that the membership functions & ;o are
upper semi-continuous fori =1, ..., n. Then, we have the following properties.

(i) Suppose that
{Go X)) 1y =, . x) )

are closed and bounded subsets of R" for all y in the range of f. Then, the a-level set of
f(/i(l), ,A(n)) is given by

(f (A“), ,A“”))a =f (A;“, ,Af,”)) for a € (0.1,
and the 0-level set is given by

(7 (4™, ,A’“”))O =l (f (AR ) ca(f (40 40)). @6

(ii) Suppose that the 0-level sets Afj) ofA(i) are bounded subsets of R foralli=1,...,n, and
that

{Go X)) 1y =, . x) )

are closed subsets of R" for all y in the range of f. Then, the a-level set of f( ~(1), ,A(n))
is given by

(f (A(”, ,/i“’)))a =f (Af,”, ,Agm) for a € (0,11,
and the 0-level set is given by
(7 <A(”,...,A(”)))0 =l (f (A0 AY)) cet(f (A AL)).

(iii) Suppose that f is continuous, and that the 0-level sets Ag) of A” are bounded subsets of R
foralli=1,...,n. Then, the a-level set of f(A", ..., A"™) is given by

(f (A'(”, ,A’“”))a =f (A;”, ,A;'”) for a € [0,1],

where the 0-level sets are taken into account.
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Proof. To prove part (i), we first consider the a-level sets for « € (0,1]. For y €
FAD, ... A™), there exists (x.....x,) € R" satisfying y = f(x,,...,x,) and x, € A"
for all i, which implies & ;0 (x;) > a for all i, i.e.

{Isllléln {fgm(xi)} >a fOI' all i.

Therefore, we have
& gm0 = sup min {fAu)(xi)} >a,
AT AT {(xl,...,xn)Iy=f(X1,»---Xn)}1Slsn

which says thaty € FA", ..., A"

F(AD o A) € (F (A7, A7)

a

)),- Therefore, we obtain the inclusion

For proving the other direction of inclusion, suppose thaty € (f (A(l), ,A(")))a. Then, we
have

sup min {&:005)} > a. 4.7)
[y =y Lsisn AT

Since each & 10 is upper semi-continuous on R for i = 1, ..., n, we have that
Ay =(x: g 2 a)
are closed subsets of R fori =1, ..., n. We also see that
Cp=Rx- xRXxAYXRx- xR
—— ——

i-1 n—i

are closed subsets of R" fori = 1, ..., n. Therefore,
{(xl, s %,) ¢ min {00} > a} ={(,....x,) : E(x) > aforalli=1,...,n}
n
A AN = (e
i=1
is a closed subset of R", which says that the function
g(x,....x,) = min {E00)}

is upper semi-continuous on R". Since

{Ceg, %) 1Yy =f0q,..0.x,))

are closed and bounded subsets of R"” by the assumption, Proposition 1.4.4 says that the
following supremum is attained

max min {&;00) | = su min {&:0(x)} . (4.8)
{(xl,m,xn):y:f(xl,“.,xn))léisn{ A ! } {Gepaes xn):ys’(x],...xn)}lﬁsn{ A t }
Using (4.7), we obtain
max min {&.a0(x;)} > a. 4.9
{0, y=f(xy,...x,) }1<i<n {gA ( l)} ( )

Therefore, there exists (x,, ..., x,) satisfying

y=f(x,...,x,) and {rslgln {E0(x)} > a.
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This says that Eio0) 2 a foralli=1,...,n;thatis, x; € A'f,i) foralli=1,...,n. Therefore,

we obtain y ef(fif,l),

(& () (D i(n)
(7 (4 ,...,A"))agf(Aa,...,Aa">.

Therefore, we obtain the desired equality.
Now, we consider the 0-level sets. For notational convenience, we write

X, =f (Ag“, ,Af)")> X, =f (Af}j, ,Agﬁ) ,andY = {r FE o) > 0} .
Then, from (2.4), we see that
(f (A‘”, ,A“‘))) = cl(Y). (4.10)
0

By referring to (4.8), we have

,A"™), which shows the inclusion

0<é& 0 @)= sup min & o (x;)
JAT AT (G ) Y= Oty xn>}15’5"{ 200}
= max min {£;0(x)},

{Cepsen X)) y=f(xy,...x,) }1<i<n

where y € Y. Therefore, there exists (x,, ... ,x,) satisfying y = f(x;, ..., x,) and & 70 (%) > 0,
ie.x, € A, C Ay foralli=1,...,n. This also says that

y=f0,....,x,) €X,, CX,.
Therefore, we obtain the inclusions
Y € X, € Xo,
which implies
cl(Y) C cl(X,,) C cl(Xy).

On the other hand, for any y € cl(X,, ), according to the concept of closure, there exists
a sequence {y,}~_, in X, satisfying y, —y as m — oo. For y, € X,,, there exists
(xim), ... ,x;m)) satisfying

Y =f <(x§m), ,xl(,m))) and xl.(m) € Agi foralli=1,...,n,

ie. &0 (xgm)) > O0foralli=1,...,n, which implies

: ) (m)
{glsnn {égm (xl. )} > 0.

Therefore, we obtain
. . (m)
o o = su min < &:0(x;); > min o (x. )} >0,
gf(A(ﬁ,,“,A( )>(ym) [(xl,,..,)cn)tyml:)f(xl,m,xn)]lsisn {éAU( 1)} I<i<n {§A<) :

i.e. y, €Y, which says that y € cl(Y), since y,, = y as m — oo. This shows the inclusion
cl(Xy,) € cl(Y). Therefore, we obtain the equality cl(X, ) = cl(Y), which proves (4.6).
To prove part (ii), since

{rﬁlllsnn {£0(x)} =0
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outside of the set Aél), ,Ag”, using (4.7), we have

a < sup min {&;0(x)}
(G X)) Y=F () L SIS
= su min {&.o(x;
. P () ), 1<i<n {gA()( l)}
{Cerse.x,) y=f(x;,...x,) and 65X )EA Y X XAy }
= sup min {£;0(x)} (4.11)

- o 1<i<
{06y, Gy )& (Y DNAD AT | SIS

where f~1({y}) denotes the inverse image of the singleton {y}. Sinceﬁg) are bounded subsets
of R foralli=1,...,n, it follows that Aél) X - XAB") is a bounded subset of R". Since Ag)
are also closed subsets of R for alli = 1, ..., n by the definition of 0-level set, it follows that
A'f)l) XX Agn) is a closed and bounded subset of R". Since the inverse image

Fy) =10, ...x) ty =flx, ..., x,)}

is a closed subset of R" by the assumption, it says that

Uy nAY x- - x A

is a closed and bounded subset of R". Since the function
g(x,....x,) = min {&00)}

is upper semi-continuous on R" from the arguments of part (i), Proposition 1.4.4 says that
the supremum in (4.11) is attained. By referring to (4.9), the remaining proof follows from
the same arguments of part (i).

To prove part (iii), since the singleton {y} is a closed subset of R, it follows that f~!({y})
is also a closed subset of R" by the continuity of f. Therefore, we can have the results from
part (ii). Now, it remains to consider the 0-level sets. We want to claim cl(Y) = X,. Since f
is continuous and Afj) are closed and bounded for all i = 1, ..., n, it follows that the set X,
is closed and bounded by part (iii) of Proposition 1.4.3. From the arguments of part (i), we
obtain

cl(Y) € cl(X,) = X,,.
To prove the other direction of inclusion, for any y € X, there exist
x, €AY =clA) fori=1,....n
satisfying y = f(x,, ...,x,). According to the concept of closure, there exist sequences

(x> in A(()l) satisfying x"™ — x, as m — oo, where éAu>(x§m)) >0foralli=1,...,n. Let

i i
— (m) (m)

Ym —f(x1 s oo Xy )

Since f is continuous, we have y,, — y as m — o0. We also have

a0, g Om) = sup min {&0 (X)), ..., Em(X,)}
: (e X)) Y= (X))

> min {tf/iu) (xgm)), s Eqm (xflm))} > 0.

This says that {y,, }_, is a sequence in Y. Therefore, we obtain y € cl(Y), since y,, — y as
m — oo. This shows the inclusion X, C cl(Y). Using (4.10), we obtain

f (Ag”, ,A(O")) - (f <A(”, ,A"”))O.

This completes the proof. [ ]
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Theorem 4.1.3 Letf : R" — R be a continuous and onto real-valued function, and let f
F"(R) — F(R) be a fuzzy function extended from f via the extension principle defined in (4.5).
Suppose that A are fuzzy intervals fori=1,... ,n. Thenf(A(l), ,A(")) is also a fuzzy inter-
val and its a-level set is given by

(f (A‘”,...,A("))) =f(A§>,...,Af,”>)
o
= {f(xl,...,xn) X EAS) fori= 1,...,n}
=Lfee,...x)  ANE<x < A fori=1,...,n
1 n a i o
for any a € [0,1], where the 0-level sets are taken into account.

Proof. We need to check the conditions in Definition 2.3.1. Since Afli) are closed intervals
foralli=1,...,nandall « € [0,1], by Theorem 4.1.2, we obtain

{y ER: Guo 4002 a} = (f(A“), ,A“”))
={f(x1,...,xn) :xieAg) forizl’.n’n} (412)

foreach a € [0,1]. Since f is continuous, it follows that the set in (4.12) is a closed interval by
parts (iii) and (iv) of Proposition 1.4.3, i.e. a convex set in R for each a € [0,1], which shows

that the membership function éf( AV A™) is upper semi-continuous and quasi-concave.

This completes the proof. [

Example 4.1.4 Let A and B be two fuzzy intervals. Using the extension principle, the
membership function of the maximum max {4, B} of A and B is given by

Srmiap @ = sup min {£;(x), £z}
{Cey):max {x.y}=z}

From Theorem 4.1.3, we have
(max {4, B}), = max {4,.B,}
= {max{x,y} : x€A, andy € B, }
= {max{x,y} : AL <x < AU and B Sysﬁg}
= [max {Ai,ﬁ},max{ﬁg,ﬁg}]

for each a € [0,1].

4.2 Extension Principle Based on the Product Spaces

Now, we consider the following onto crisp function
iR X - xR"%» - R,

where ny, ..., p, are positive integers. The purpose is to fuzzify the crisp function f as a
fuzzy function

f PR X - xFPRY) - F(RY).
Given any subsets A; of R" fori =1, ..., p, we have

fA,....A) = {y: y=fx,,....,x,)forx, € A;and i = 1,...,n}.
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Since f is onto, we have that the set

{(xla s ’xp) : y =f(x1a A ’xp)}
is nonempty for any y € R". Regarding the characteristic functions, it is easy to show
T n) ) = sup min { 24, G s ;(Ap(xp)} . (4.13)
{0 x)  y=fxy,0X) )
Inspired by equation (4.13), we are going to fuzzify the crisp function f as a fuzzy function
f by replacing the characteristic functions with membership functions.
Given any fuzzy sets AV inRm fori=1, ... , D, we have thatf(A'(l),A(z), AP isa fuzzy
set in R". The membership function of f(A"”, A, ..., A?") is defined by

Sav a2, im0 = sup min {&;0(x), ..., (X,) } - (4.14)
’ {(x1~~-wxp):y:f(xlwuxp)}

Theorem 2.2.13 says that

& w o s )= Sup @ yz 0 e ww, (V) (4.15)
FAY AP .. AP welo1] FALY A?,... APy,
= SuUp @ - yz ;0 ;@ ;0 (y)
0<a<1 (fAAT,LATY),

Next, we are going to present a different expression given by

E o o) =sup a- y.0 o.0)=Ssup a-y. 0 o 0).
FAY,.. LAY 2€0.1] FAY,...AY) O<agl fAY,.. LAY

We first present some useful lemmas.

Lemma4.2.1 Let A be a fuzzy set in R"™. Given any fixed x € R", let
af = sup a- yz (X).
a€l0,1] “

Thenx € A, for a € [0,1] with a < a*, andx & A, for a € [0,1] with a > a*.

Proof. Suppose that there exists a; € [0,1] satisfying a; < a* and x ¢ Aal. Thenx ¢ A, for
all « € [0,1] with @ > @, since A, C /fﬂ for a, p € [0,1] with § < a. This says that

sup a- yz X) <o <at,
a€l0,1] ¢

which is a contradiction. Therefore, we conclude x € Aa for « € [0,1] with « < a*.
On the other hand, suppose that there exists a, € [0,1] satisfying a, > a* and x € Aaz.
Then, we have

sup a- yz X) > a, > a”,
a€l0,1] “

which is also a contradiction. Therefore, we conclude x & Aa for « € [0,1] with @ > «*. This
completes the proof. ]

Lemmad4.2.2 Let A” be fuzzy sets in R™ fori =1, ..., p. Then, we have

min { sup « - )(Am(xi)} = sup min {a . ;(Am(xi)}.

1<i<p \ aef0,1] a[0,1]1<i<p
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Proof. Let

a; = sup a- yzo(q) fori=1,....p
a€l0,1] *

and let

a® = mina’.
1<i<p !

For a € [0,1] with « > a*,i.e. « € [0,1] With a > a;" forsomei=1,...,p, Lemma 4.2.1 says
that x; & A;’) forsomei =1, ...,p. Therefore, we obtain

min {a . )(Am(xi)} =0.

1<i<p

For a € [0,1] with « < a*, i.e. a € [0,1] With a < al?" foralli=1,...,p, Lemma 4.2.1 says
thatx; € Ag) foralli=1,...,p. Therefore, we obtain

min {a . )(,4‘”(3‘1')} =a,

1<i<p

which also shows that

sup min {a . ;(~(.->(xA)}
ael0,1]1<i<p A

= max{ sup min {a . ;(Am(xi)}, sup min {(x . ;(Am(xi)},

{a€[0,1]: a>a* }1SISP {a€l0,1]: a<a* }1SISP

min {« 5 W}}

= max {0, sup a, min {a* C X0 (xi)}}

{a€[0,1]: a<a*} 1SI<Pp

= max{a“,{rgil?p{a . XAfjl(xi)}} =a".
This completes the proof. |
Theorem 4.2.3 (Representation Theorem) Let f : Rm X --- X R™ — R" be an onto
crisp function, and let f : F(R™) X - - - X F(R™) — F(R") be a fuzzy function extended from

f via the extension principle defined in (4.14). Let AY be fuzzy sets in R™ fori=1,...,p.
Then, the membership function of fuzzy set f( ~(1), ,A(p)) in R" can be expressed as

& o) =sup a0 zo.0)=Ssup a- y. o o 0).
FAD,..AP) wetony KA AD) oo A AT

Proof. We have

& o e () = sup min {&0(x;)} (using (4.14))
fA,.. LAY ((xl,“.,xp):y=f(x1,~.,xp)]ISLSP{ AV }
= sup min { SUp @ - yz0 (xi)} (using Theorem 2.2.13). (4.16)
(o) Y= Gy ) ISISP L l0,1] «

On the other hand, from (4.13), we see that

Xrqv g0 = sup min { X Am(xi)} .
fA, A {6026, Y=f (o) | 1 SESP a
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Therefore, we have

sup @ -y, v »(x,)= sup a- sup min { ;(~<n(x-)}
2€[0.1] FAY,. AT «€01] (G )= Oty o) 1SISP A
= sup sup min {a . ;(~<n(x-)}
a€l011{(xy....%,) 1y=f (... x,) ) LSISP A
= sup sup min {a “ X0 (xi)} . (4.17)
(@01 %) y=f (51 ,) Ja€[0,1] 1SISP «
Using Lemma 4.2.2, the result follows from (4.16) and (4.17) immediately. [ |

From 4.15 and Proposition 4.2.3, we see that

§~ (1) () (y) = Sup «a - Y, i () (y) = Sup « - Yz i (D) (y)
fAT,.. AT 0<a<1 fA A 0<a<l fA™,...,.A7),

However, the equality
f (A'g}), ,A’ff)) = (j‘(A'(“, ,A'(")))

is not always guaranteed, which will be completely investigated in this chapter. First of all,
we have the following interesting inclusion.

(4

Proposition4.2.4 Let f: R x---XR™ — R" be an onto crisp function, and let
f i PRM)X---xXF(R™) > F(R") be a fuzzy function extended from f via the extension
principle defined in (4.14). Then, we have the inclusion

f(/if,l),.-- ,Aff’)) C (f(A(D,...,A(p))>

foreach a € (0,1].

a

(D

a "

Proof. Fory € f(
A foralli=1,...,p, which implies & 0 (x,) > aforalli=1,...,p, i.e.

. ,Aff)), there exists (x,, ... ,xp) satisfying y = f(x,, ... ,xp) and x; €

min {£0()} > a.

Therefore, we have

& o oY) = sup min {&;0(x) > a,

FAT,.. LAY (6o xp):y=f(x1,..<xp)}1slsp{ AV }

which says thaty € (F(A", ..., A?")),. This completes the proof. [
We write

14 p
HIR"i =R™ x---x R™ and HT’(R’“‘) = FPRM)x - - - X F(R™).
i=1

i=1

For convenience, we also write
X =(x,....,X,) € R™ x .- -xR™
and

A= (A“), ,A(")) € F(R™)x - - x F(R™)
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and
A, = (Afxl), ,Aff)) and A, = (Aélj, ,Ag‘?ﬁ).
Next, we present some interesting results.

Theorem 4.2.5 Letf : [[7_, R™ — R"beanonto crisp function, and letf : [0, F(R™) -
F(R") be a fuzzy function extended from f via the extension principle defined in (4.14). Given
any fuzzy sets AY in R™ such that their membership functions & ;o are upper semi-continuous
fori=1,...,p, we have the following properties.

(i) Suppose that {x : y = f(x)} are closed and bounded subsets of ]_[’l.’:1 R™ for all y in the
range of f. Then, the a-level set of f(A) is given by

(FA), =f(A,) fora e (0.1]
and the 0-level set is given by
(FA), =t (f (Ag,)) Sl (By)).

(ii) Suppose that the 0-level sets Afj) of A" are closed and bounded subsets of R™ for
i=1,...,p, and that {x : y = f(x)} are closed subsets of H’;l R™ for all y in the range
of f. Then, the a-level set of f(A) is given by

(FA), =f(A,) fora e (0.1]
and the 0-level set is given by
(FA), =l (f (Aoy)) S e (f (Ao)) -

(iii) Suppose that the 0-level sets Ag) of A" are closed and bounded subsets of R™ for
i=1,...,p, and that the function f : Hli’zl R™ — R" is continuous. Then, the a-level set
of f(A) is given by

(FA), =f(A,) fora €[0.1],

where the 0-level sets are taken into account.

Proof. To prove part (i), we consider the a-level sets for « € (0,1]. From Proposition 4.2.4,
we have the inclusion f(A,) C (f (A))a. For proving the other direction of inclusion, suppose
thaty € (f (A))a. Then, we have

sup min {&:00) =& 0) = a. (4.18)
{x:yzf(x)}lﬁlfp{ w0} = &y

Since & ;o are upper semi-continuous on R" fori =1, ..., p, it follows that
Ag) ={x:&00) 2al}

are closed subsets of R" fori =1, ..., p. Since

{x : {l’slllélp {E00x)} > a} ={x:&ux)>aforalli=1,...,p}

p
=AVx...x AP = ﬂCia
i=1
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is a closed subset of [T?_, R™, it shows that the following function
8y, ... x,) = 111’51112) {«fA(i)(xi)}

is upper semi-continuous on Hle R™. Since {x : y = f(x)} is a closed and bounded subset
of H‘f:l R", Proposition 1.4.4 says that the following supremum is attained

i () = i (X)) 7. 4.19
W 2D, a0} = sup min {440 00) (419

Using (4.18), we have

max min {&.0()t = sup min 1 &a0(X) > a. 4.20
(xiy=f(0)1i<p {ggee) (xiyartoo 120 et} 420

Therefore, there exists x satisfying
vy = f(x) and 11’151112) {«fA(x')(xi)} > a.
This says that o) 2 a foralli=1,...,p; thatis, x; € Ag) foralli=1,...,p. Therefore,

we obtainy € f (Aa), which shows the inclusion (f (A))a cf (Aa).
Now, we consider the 0-level sets. For notational convenience, we write

Xo=f (A) Xo, =f (Ag,) s and Y = {r: &0 0 0>0}.
Then, we see that (f (A))0 =cl(Y). Giveny € Y, by referring to (4.19), we have

0<&a= s min {&.0(x)} = max min {&.0(x)!.
A {x:y‘i]E’(x))lgsp{éAw(xl)} {X:y=f(x)}lgsp{éAu(xl)}

Therefore, there exists x satisfying y = f(x) and & 10 (%) > 0 for all i, i.e.
x, €A CAY foralli=1,...,p.
This also says that
y=fx) e X, CX,.
Therefore, we obtain the following inclusions
Y € X, S Xo,
which implies
cl(Y) C cl(X,,) C cl(X,).

To prove the other direction of inclusion, given any y € cl(X,, ) and any neighborhood N of
¥, according to the concept of closure, we have NnX,, # 0. Lety e NnX,,,ie J e X,,.
There exists X satisfying = f(X) and X; € Agjr foralli,ie. £ 0(X;) > 0forall i, which implies

min {&;0®)} > 0 forall i.

Therefore, we also have

&) = {xfﬁiﬁx)}ggsp {&40 0} 2 min {£0(%)} >0,

which saysthaty € Y,i.e. N nY # @. In other words, any neighborhood of y contains points
of Y, which says thaty € cl(Y), i.e. cl(X,,) C cl(Y). Therefore, we obtain cl(X,,) = cl(Y).
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To prove part (ii), since
{l’slllé‘ln {fAu')(xi)} =0
outside of the set AO, from (4.18), we have
@< sup min {406

= sup min {£;0(x,)}

1<i<p

{x:y=f(x) and x€A,}
= sup min {&;0(x)} . (4.21)
{x:xef 1 ({y)nA,} ==

Since Af)” are closed and bounded subsets of R" fori =1, ..., p, it follows that AO is a closed
and bounded subset of Hle R" by Tychonoff’s theorem. Since the inverse image

= txy=fx)

is a closed subset of Hle R by the assumption, it says that f~'({y}) N A, is a closed subset
of Hle R™. Since f~}({y}) n AO is also a subset ofAO, it follows that f~}({y}) n AO isaclosed
and bounded subset of Hf:l R". Since the function

g0y, ....x) = {l’slllgp {&0()}

is upper semi-continuous on H‘le R™ from the proof of part (i), Proposition 1.4.4 says that
the supremum in (4.21) is attained. By referring to (4.20), the remaining proof follows from
the proof of part (i).

To prove part (iii), since f is continuous, it says that f~1({y}) are closed subsets of ]_[‘i’=1 "
for all y in the range of f. Therefore, the desired results follow from part (ii). Now, it remains
to consider the 0-level sets; that is, we want to show that cl(Y) = X,. Since f is continuous
and A, is a closed and bounded set, part (iii) of Proposition 1.4.3 says that X,, is a closed and
bounded subset of R". From the proof of part (i), we have obtained

cl(Y) € cl(X,) = X,.
To prove the other direction of inclusion, for any y € X, there exist
X; € A’fj) = cl(Ag}r) fori=1,...,p satisfying y = f(x).

Since f is continuous, given any neighborhood N of y, there exist neighborhoods N; of x; for
i=1,...,psatisfying

fN.....N,) CN.
Sincex; € cl(Agl') for all i, we have N; N Agi # ¢ for all i by the concept of closure. Now, we
take X; € N; nAf{l foralli=1,...,p and set = f(X). Then, we see that

9 €f(Ny.....N,) CN.

Since %; € Ag}, we also have & ;0 (X;) > 0 for all i. Therefore, we obtain

ff"(ﬁ)@) = {x:s;i})(x)}{rslii% {fAm(xi)} > {21120 {§A<i)(3?i)} > 0.
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This says thaty € Y,i.e. NnY # . In other words, any neighborhood of y contains points
of Y, which says thaty € cl(Y), i.e. X, C cl(Y). Therefore, we obtain

(FA)), = cl(¥) =X, = £ (&)

This completes the proof. [ ]

Given u®,u@ e []%_ R™, the vector addition and scalar multiplication in the product
space H‘i’zl R™ are respectively defined by

@ @ — (4D 1) (2) @)\ _ (;,D (2) 1 (2
u’+u —<u1,...,up>+<u1,...,up>—<ul +u1,...,up +up>

and
A (uy, ...,up) = (Auy, ...,Aup) for 1 € R.

Letf : H‘f:l R™ — R" be a crisp function. We say that f is linear when
f (/lu(l) + yu(z)) = A (u(l)) +yf (u(z)) ,

where A,y € R. Next, we are going to investigate the extension principle by considering the
fuzzy vector in Definition 2.3.1.

Theorem 4.2.6 Letf : H}D=1 R™ — R" be a linear, continuous, and onto crisp function, and
let f - Hle F(R") —» F(R") be a fuzzy function extended from f via the extension principle
defined in (4.14). Given any fuzzy vectors A € F(R") fori =1,...,n,wehavef(A) € F(RM),
which is also a fuzzy vector in R" and its a-level set is given by (f (A)), =f(A,) foranya € [0,1],
where the 0-level sets are taken into account. In other words, the a-level sets (f (A))a are convex,
closed, and bounded subsets of R" for all « € [0,1].

Proof. We are going to apply part (iii) of Theorem 4.2.5 to check the conditions in
Definition 2.3.1. Since A” € &(R™) for alli =1, ..., p, we have that the 0-level sets Af? are
closed and bounded subsets of R™ for all i = 1, ..., p. Therefore, we can apply part (iii) of
Theorem 4.2.5 to obtain

(f([&))a =f(A,) foreach a €[0,1]. (4.22)

Since Ag) are convex sets in R" for all i, we want to claim that f (Aa) is also a convex set in
R". For any v, v, € f(A,), there exist ugl), u? e A‘ﬁ? fori=1,...,p satisfying

i
v,=f (u(ll), ,us)) andv, =f (u(lz), ,uéz)) .
By the linearity of f, it follows that
v, + (1= A, = if (u(ll), o uﬁ,“) + A= Af (u?, o ul(f))
= (A + = D, (= D).
Since
au® + (1 - pu? e AV
by the convexity of A" for all i, we have

v+ 1= A, efA,),
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which says that f (Aa) is a convex set in R". From (4.22), we also see that (f" (A))a is a convex
setin R".

Since Af,” are closed and bounded subsets of R™ for all i by Proposition 2.3.2, it follows
that A is also a closed and bounded subset of Hle R™ by the Tychonoff’s theorem. Since f
is continuous, using part (iii) of Proposition 1.4.3 and (4.22), we see that (f(A)), is a closed
and bounded subset of R”. From (4.22), we have (f (A))0 =f (AO). By the continuity of f,
Proposition 1.4.3 says that (f (A)), is also a closed and bounded subset of R". This completes
the proof. [

The linearity of f given in Theorem 4.2.6 can be replaced by some other assumptions that
will be shown below.

Theorem 4.2.7 Letf : Hf:l R"™ — R" be a continuous and onto crisp function, and let f

f=1 F(R") — F(R") be a fuzzy function extended from f via the extension principle defined
in (4.14). Suppose that f(A;, ..., Ap) is a convex set in R" for any convex sets A; in R" and
fori=1,...,p. Given any fuzzy vectors A® e FRY) fori=1,...,n we havef(zi) € FR"),
which is also a fuzzy vector in R" and its a-level set is (f(A)), = f(A,) for any a € [0,1], where
the 0-level sets are taken into account. In other words, the a-level sets (f (A)),x are convex, closed,
and bounded subsets of R" for all « € [0,1].

Proof. According to the proof of Theorem 4.2.6, we just need to show that (f(A)), is a
convex set in R" for each « € (0,1]. Since AS) are convex sets in R™ for alla € (0,11 and i =
1,...,p, the assumption of f says that f(A,) is indeed a convex set in R" for each « € (0,1].
This also says that (f (A)), is a convex set in R" for each a € (0,1] by (4.22). This completes
the proof. |

Theorem 4.2.8 Letf : [[7_, R™ — R"beanonto crisp function, and letf : [V, F(R™) -
F(R") be a fuzzy function extended from f via the extension principle defined in (4.14). Given
any fuzzy sets AY in R fori=1,...,p, we have the following properties.

(i) Suppose that the equality (f”(A))a =f (Aa) holds true for each a € (0,1]. Then, for each
y € R", the following supremum

sup min &0 (xX;) (4.23)
{x:y=f<x>}lflfp{ 20050}

is attained; that is, we have

sup min {&.0()f = max min {&:0(x;) .
{x:y:})(x)}lsisl’{ 000} {Xiy=f(X)}1SiSP{ 000}

(ii) Suppose that the supremum in (4.23) is attained. Then, we have (f(A)), = f(A,) for each
a € (0,1] and
(FA), =l (f (Ao,)) el (f (Ap))-

(iii) Suppose that the function f : Hf:l R"™ — R" is continuous. Then, the equality (f A)), =
f(A,) holds true for each a € [0,1] if and only if, for eachy € R", the supremum in (4.23)
is attained, where the 0-level sets are taken into account.
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Proof. To prove part (i), fory € R", let

Ga0) = su}) min {&0(x)), ..., & (X,) } = a.
{x:y=f(x)}

Theny € (f(A))%. If a, = 0, then
min {§A(1>(5€1), cees fA(p)()?p)} =0

foranyX; € R and fori =1, ..., pwithy = f(X). This shows that the supremum is attained.
Now, we assume a, > 0. Since y € (f(A)), =f(A, ), there exist %, € Af;; fori=1,...,psat
isfying y = f(X) and

min {&;0®,), ..., Em&,)} < su}a( )mln{éAm(xl) ()} = ap. (4.24)
{x:y=f(x

Since %; € Aﬁjj, ie &) > a foralli=1,...,p, it says that
min {fgm(fﬁ), fg@(ffp)} >,

which implies
min {&;0 (&), ..., EmE,) } = ag

by (4.24). Therefore, the supremum is attained.
To prove part (ii), we assume that the supremum in (4.23) is attained. From Proposi-
tion 4.2.4, it remains to prove the inclusion (f(A)) Cf (A ). Fory € (f(A))a, we have

@ < &) = sup }mln {E0(x)} = Jmax {31% {E0)}.

Therefore, there exist X satlsfylng y=f(X) and

a< mm {5 RICATE

which implies &40 (%) > aforalli=1,...,p. Therefore, we have X; € Afj) foralli=1,...,p.
In other words, we obtain

y=f®ef(A,).

which implies the equality (f(A)), = f(A,) for each a € (0,1]. For the case of 0-level sets,
since the supremum in (4.23) is assumed to be attained, using the same arguments in the
proof of part (i) of Theorem 4.2.5, we can obtain the desired equalities.

To prove part (iii), suppose that the supremum in (4.23) is attained. Then, from part (ii),
we have (f (A))a = f(Aa) for each « € (0,1]. Using the same arguments in the proof of part
(iii) of Theorem 4.2.5, we can also obtain (f(A)), = f(A,). This completes the proof. m

4.3 Extension Principle Based on the Triangular Norms

We are going to generalize the above results by considering the generalized t-norm T,
defined in (3.9). Let f : ]'[‘l.’=1 R™ — R" be an onto crisp function. Given any fuzzy sets AY
in R™ fori = 1, ..., p, the membership function of fuzzy set f(A) in R” is defined by

&Ex0) = sup( )}T L (Ex0 @) s En () (4.25)
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for y € R". Suppose that we take t(x,y) = min {x, y}, which is a t-norm. Then, we see that
Tp(x) =min {x,, ... ,xp}.

This says that the above definition extends the definition given in (4.14).

Proposition 4.3.1 Let f : H‘le R% — R" be an onto crisp function, and let f :

D . . . . . .
1 FR™) — F(R") bea fuzzy function extended from f via the extension principle defined
in (4.25). Given any fuzzy sets AY in R fori=1,...,p, we have the following properties.

(i) We have the following inclusions

f (A'S‘), ,A’f,‘;)) cf(Ay) <f(A,) (4.26)
(o) Tp(ay,....ap)>0}
1 (Aill)’ ,Aﬁfj) c (FA)),, < (FA)), (4.27)

{(ay,..., otp):Tp(ot1 ,,,,, a,)>0}
(D 7(0) e
cl U f(Aal . ,Aap> c (fA)),. (4.28)
{(ay,e- ) Tplay,...,0p)>0}

(ii) Suppose that f : Hle R" — R" is a continuous function. Then, we have the following
inclusions

c U AL A2 ) el (f(An) CF (A) (4.29)
(@) Ty(@y...n,)>0)
We further assume that
a;>0foralli=1,...,pimply Tp(al, ,ap) > 0. (4.30)
Then, we have the following equalities

c U AL A2 ) = el (F (Ron) =F ()

{(ay,..., (lp) : TP(al,...,rtp)>O}

Proof. To prove part (i), since A, C A for i=1,...,p, it follows that f(A,,) C f(A,).
Since Af,l) C Aﬁ,’i forany ; € (0,1]and i = 1, ..., p, we can obtain inclusion (4.26). Now, for

7 7(0)
ye U f(Aal,...,Aap>,
{(ag,..0p) 1 Ty(ay,....a,)>0}

there exist f, ... ,ﬁp satisfying
~(1) ~
T,(f.....B,) >0andy € f(A, . ... ,A(ﬁi)).

In other words, there exist X; € Aﬂi fori=1,...,p satisfying y = f(X), which also says that
E0X) > pforalli=1,...,p. Since TIJ is increasing by Remark 3.2.7, we have

A
Gam= sup T, (&), ... & (X))
(x1y=f))

> T, (E0®)s - ExwRy)) 2 Ty(Bys -, ) > 0.
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This shows that y € (f (A))o .- Therefore, we obtain the inclusion (4.27). The inclusion
shown in (4.28) can be obtained by taking the closure on the inclusions shown in (4.27).
To prove part (ii), since the 0-level sets A“f;) are closed and bounded subsets of R" for all
i=1,...,p, using part (iii) of Proposition 1.4.3, the continuity of f says that f(A,) is also
a closed and bounded subset of R, i.e. cl(f(A,)) = f(A,). Therefore, by taking the closure
from (4.26), we obtain the inclusions (4.29). Now, we write
_ 7 2
Y= U f(Aal,...,Aap>.
{(ay,..., ap):Tp(al,..,,ap)>O}

For any y € f(A,), there exist

X, € Ag) = cl(Agi) fori=1,...,p satisfying y = f(x).
Since f is continuous, given any neighborhood N of y, there exist neighborhoods N; of x; for
i=1,...,psatisfying

f(Ny,....N,) CN.
Sincex; € cl(Agl) foralli =1, ..., p, according to the concept of closure, we have N; N Agl #+

@fori=1,...,p. Now, we take X; € N; nAgi fori=1,...,pand sety = f(X). Then, we see

that
Y EFINy,....N)) CN.

Since %, € Agi, we also have &,0(%,) > 0, 1e. %; € A:) for some a; > 0,i=1,...,p, which
implies T,,(a;, ..., a,) > 0 by the assumption. This says that ) € Y, i.e. NnY # . In other
words, any neighborhood N of y contains points of Y, which says that y € cl(Y), i.e.

f(&,) cdl U f (A'S‘), ,A'gf;)) . (4.31)

{(ay,..., ap): Tp(oz1 ..... ap)>0]

From (4.29) and (4.31), we obtain the desired equalities, and the proof is complete. [

Note that the assumption (4.30) in part (iii) of Proposition 4.3.1 is automatically satisfied
when we take

Tp(al, ,ap) = min {al, ...,ap}.

Theorem 4.3.2 Let f : Hle R" — R" be an onto function, and let f : Hli)=1 F(R") —
F(R™) be a fuzzy function extended from f via the extension principle defined in (4.25). Given
any fuzzy sets AY inRrn fori=1,...,p, we have the following properties.

(i) Suppose that the following equality
(fd)), = U f(Ad. .. A) (4.32)
{(ay,..., ap): Tp(oz1 ,,,,, ap)Za}

holds true for each a € (0,1]. Then, for each’y € R", the following supremum

sup T, (E;0(x)), ..., E0(X,)) (4.33)
{x:y=f(x)}

is attained.
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(ii) Suppose that the supremum in (4.33) is attained for each y € R". Then, the equality in
(4.32) holds true for each a € (0,1], and we also have the following equalities

FA),, = U f (AS], ,A;‘f) (4.34)

{(al,.“,ap) : Tp(a1,4..,ap)>0}

and
(FA)), = d U f(Ag. . AD) . (4.35)
{(ozl,,..,otp):Tp(oz1 ..... ap)>0}

(iii) Suppose that f : H‘i"=1 R™ — R" is a continuous function, and that the supremum
in (4.33) is attained for each y € R". Then, the equality in (4.32) holds true for each
a € (0,1], and we have the following inclusions

(FA), = U fAS ALY | celf (Ro) SF (Ao).
{(otl,n.,otp):TP(ar1 ..... ap)>0}
We further assume that
a;>0foralli=1,...,p imply Tp(al, ,ap) > 0.
Then, we have the following equalities
(F), = U (A .42)|=a((A.) =f (A).
{(ay,.. ) Tp(ay,....0))>0}

Proof. To prove part (i), giveny € R", let

a0 = S )}Tp (Eg Gy, ... Em(x,)) = ap > 0, (4.36)
X:y=

which says thaty € (f (A))%. Since a, > 0, from (4.32), we have
oy i) (2l
ve (fd), = U Al AD).
(G ap):Tp(al,”.,ap)Zao}

Therefore, there exist g, ..., ﬂp satisfying
(D ()
Ty(fy. ... B,) > oy and y € (A} ... ,A(ﬂ‘; ),

i.e. there exist X; € A;,? fori=1,...,p satisfying y = f(X). We also see that & 10 (%k;) > p; for
i=1,...,p, which implies
Tp (é/i(l)()%l)? L] §A'(F’)(52:p)) Z Tp(ﬂ19 L] ﬁp) Z a()y

since T, is increasing by Remark 3.2.7. Therefore, we obtain

ay= sup T, (&), ..., Em )
{xty=f()

> T, (E@®)s - Egn®y)) = Ty(Bys - B,) =

which shows that

Tp(é:A(l)(Xl)a ceey fA(p)(kp)) =ay > 0,
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i.e. the supremum in (4.36) is attained. Now, we assume that «, = 0. Since T, is nonnegative,
using (4.36), we see that

Tp(fAm(le), ,§A~(p)(52:p)) =0= 0{0

forany %; € R and foralli=1,...,pwithy = f(X). Therefore, we conclude that the supre-
mum in (4.33) is attained.
To prove part (ii), for
O i@
ye U FA), . AD),
{(ay,..ap): Thlay,....op) 2}

there exist f, ..., f, satisfying T,(f,, ..., ,) > @ and y ef(A(ll), ,A(ﬁp)). In other words,
. P
there exist X; € Az_) fori=1,...,p satisfying y = f(X), which also says that £ ;0 (X;) > §; for
alli=1,...,p. Therefore, we have
Ga® = sup T, (Em0x).....Em ()
{x:y=f(x)}
2 T, (E0 () 80 (&) 2 Ty(By ) 2 @ >0,

since T, is increasing by Remark 3.2.7. This shows that y € F (A)),- Therefore, we obtain
the inclusion

f (Af}l), ,Afj}?) c (FA)),.

{(ay,..., ap): Tp(oz1 ,,,,, ap)Za}

To prove the other direction of inclusion, given y € (f (A))a fora > 0,1i.e.
sup Tp (§A<1>(x1), ,éA@(xp)) = 5;(1;)0/) >a>0.
{x:y=f(®)}

Since the supremum is assumed to be attained, there exist%; € R fori =1, ..., p satisfying
y=f®) and
Tp (fAm(JACl), ,fA(m(JACp)) = {X-Sylijl")(x))Tp (é‘Am(xl), e fAlp)(xp)) >a>0.

A

By taking f;=¢0(%) for i=1,...,p, we have T,(By, -, B,) Z2a>0, X eAg) for
i=1,...,p,and
- ~(1) -
y=f&® ef@A,. ... AD).
D
This shows that
i i)
ye U F@g)s o AD.
{(ay,e ) Tplay,....0p)2a}

Therefore, the equality (4.32) holds true for each a € (0,1].
For any « > 0, from (4.32), we have

(F&), = U f (Af.lf, ,Agn)
{(al,u.,ap):Tp(al,“.,ap)Za}
(1) (2
c U f(Ay. .. A7),

{(a; ,.4.,ap) : Tp(a‘ ,4..,ap)>0)
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which implies

~ o~ ~(1) -
U (fA), c U f <AZ,1 Yo ’AE’:)) (4.37)
O<a<l {(ay,e ) Tylay,....0))>0}

From (2.5), we have
(Fd),, = U (),
O<a<l
Using (4.37), we obtain the following inclusion
(FA),, U r(a..ay).
{(ag,..0p) 1 Ty(ay,....a,)>0}

From (4.27), the equality (4.34) holds true. We also have
L ((FA),,) = (FA),,

which implies equality (4.35) by taking closure on both sides of (4.34). Finally, part (iii)
follows immediately from part (ii) of Proposition 4.3.1. This completes the proof. ]

Proposition 4.3.3 Let f : Hle R" — R" be an onto crisp function, and let f :
P ‘ . . . -
iy F(R™) — F(R") be a fuzzy fun~c'tlon extended from f via the extension principle defined
in (4.25). Then, given any fuzzy sets AY in R fori=1,...,p, we have the following equalities
(f&0) T, (£, Egw (X)) = @) = U f(Ag. .. AD)
{(411‘,4..,0111):Tp(a1 ..... ap)Za}
foreach a € (0,1] and
(f&) T, (Eg0(x)s o Ego (X)) > 0} = U f(Af}j, ,A(")).

%
{(ay,..., ap):Tp(ozl ,,,,, ap)>0}

Proof. For notational convenience, we write

Y, = {f() : T, (&00), ..., E0(X,)) > a)
Yo, = {f®) 1 T, (0, ... Egm(x,)) > 0}

(D 7(0)
Z, = U fAG) A
{(ay,..., ap): Tp(oz1 ,,,,, ap)Za}
A 7(0)
Zy, = U fAG) A

{(ay,..., ap): Tp(ocl ..... ap)>0}

Fora € (0,1]andy € Y,, there exists X = (X, ... ,)%p) satisfying
y=f(X) and Tp(gAm(fcl), ,fglp,(fcp)) > a.

Let g, = fAu)(fci) foralli=1,...,p. Then, we see that Tp(ﬁl, ey ﬂp) >aand%; € A(ﬁi‘) for all
i=1,...,p,ie.

5 (D i@
y=f® ef@Ay’. ... .AD).
p
This shows the inclusion Y, € Z,. Fory € Y, , there exists X satisfying

y=f® and T, @y, ... £ () > 0.
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The above same arguments can imply the inclusion Y, € Z,. On the other hand, for z €
Z,, there exist f, ..., f, satisfying

z =f(X) and Tp(ﬂl, ,ﬂp) >a

for some X; € AZ) sie &) > p,foralli=1,...,p. Since T, is nondereasing by Remark
3.2.7, we have

Ty G £ @) 2 Tp(Br . ) 2 @,
which says that z € Y,,. Therefore, we obtain Y, = Z,. For z € Z,,, there exist f,,..., 5,
satisfying

z =f(X) and T, ---.B,) >0

for someX; € A;?, ie. & 0%) > p,foralli=1, ..., p. The above same arguments can imply
the equality Y;, = Z,, and the proof is complete. [

Theorem 4.3.4 Letf : H‘i’=1 R" — R" be a continuous and onto crisp function, and let f :
le F(R") - F(R") be a fuzzy function extended from f via the extension principle defined
in (4.25). Suppose that the generalized t-norm T, : [0,1}P — [0,1] is upper semi-continuous.

Given any fuzzy sets AY inRrm fori=1,...,p, wealso assume that the membership functions
& s are upper semi-continuous and that the 0-level sets A’f;) are bounded subsets of R" for all
i=1,...,p. Then, we have the following properties.

() The membership function &z, of fuzzy set f(A) in R" is upper semi-continuous.
(i) Foreach a € (0,1], the following equalities

e 7D (D)
(FA)), = U f(Aal,...,A(f;>
{(ay,..., ap): Tp(oz1 ,,,,, aP)ZaV]

={f®) : T, (00, ....Em(x,)) > a}

hold true.
(iii) We have the following inclusions

(FA)), =l U f (Aﬁ}f, ,A(;:))

(@) esp): Ty (@ iy)>0)
ce(f (A)) f (A,).
We further assume that
a;>0fori=1,...,pimply Tp(al, ,ap) > 0.
Then, we also have the following equalities

(FA)), = U f (Aﬁ}f, ,A'gf)

{(ay,.. ) Tplay,....0)>0}
=cl(f (Ap,)) =f (Ag) .
and the a-level sets (f(li))a of f(A) are closed and bounded subsets of R" for all a € [0,1].
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Proof. By part (iii) of Theorem 4.3.2, it suffices to show that, for each y € R", the following
supremum

sup T f-u)(x ),...,im(x)
(x:y=f ) p (Gt a005)

is attained. We define the function
p
¢ : []R" = 1011 by x> T, (£5005). ... &g (x,))
i=1

Since T, (& 0(x)), ... E4m(x,)) =0 for x that is outside of the set AO, we have

sup T, (E;0(6), ... ¢ (X)) = sup d(x).
{x:y=f(x)} {(x:xef-1({yHnA,}

Since each Ag) is a closed subset of R" for i =1,...,p by the definition of 0-level set, it
follows that each Ag) is a closed and bounded subset of R" fori =1, ..., p by the assump-
tion. Therefore, we see that A, is a closed and bounded subset of Hle R"™ by Tychonoff’s
theorem. Since the singleton {y} is a closed subset of R", we have that f~1({y}) is a closed
subset of [T?_ R™ by the continuity of f. Hence f “1({y}) n A, isa closed subset of [T"_ R™,
which also says that f~1({y}) N A, is a closed and bounded subset of H‘i’=1 R™,

Now, we want to show that the function ¢ is upper semi-continuous. For any fixed « €
(0,1], we need to show that the set

X1 2al={x:T, (L), ..Emx,)) > a} (4.38)
is a closed subset of []>_| R™. Let
['={(ag,...,) & Tpylay,...,a,) > a}. (4.39)

Since Tp is upper semi-continuous, we see that I" is a closed subset of [0,1]P. Since Tp is
increasing by Remark 3.2.7, we see that if (&, ..., &p) € I" then

T, (@, ....2,) > T, (&,....4,) > a
forany ; > @; and for all i = 1, ..., p. This says that
(@), 1] %~ x[a,, 1] CT.

Therefore, we have

(@, 1] %x---Xx[&, 1] T

Since the other direction of inclusion is obvious, it follows that

r= U [@7.1] X -+ X [, 1]. (4.40)

(@y...-8p)€T
Since I' is a closed subset of [0,1]P, from (4.40), we also have

I'=[pg,1]%x---X[f,,1] (4.41)
for some §; € [0,1]and i = 1, ..., p. Combining (4.41) and (4.39), we see that

Tp(al, ,ap) >aifandonlyif o; > g;fori=1,...,p. (4.42)
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Therefore, from (4.38) and (4.42), we obtain
{x:¢px) >a}={x:Eulx)>pfori=1,..,p}. (4.43)

Since & ;0 are upper semi-continuous for all i = 1, ..., p, we see that each Ag) is a closed
subset of R"™ for alli =1, ..., p. Therefore, from (4.43), we also see that

(x: ¢ >a) =4 x - x AV
1 P

is a closed subset of Hle R™. This shows that ¢ is indeed an upper semi-continuous
function. Therefore, the function ¢ assumes its maximum on the closed and bounded
set f~1({y}H nAO for all y € R" by Proposition 1.4.4. Therefore, parts (ii) and (iii) can
be obtained by Proposition 4.3.3 and part (iii) of Theorem 4.3.2. Using (4.38) and part
(ii), we see that the a-level sets (f(zi))a are closed subsets of H‘i’zl R"™ for each « € (0,1],
which proves part (i). Moreover, by the continuity of f, since each Ag) is a closed and
bounded subset of R™ for i =1,...,p, part (iii) of Proposition 1.4.3 says that f(AO) isa
closed and bounded subset of R". Since (f (A))0 =f (AO), we have that (f (A))0 is a closed
and bounded subset of R". For each (0,1], since the closed set (f(A))a is contained in the
closed and bounded set (f(A))O, part (iii) of Proposition 1.4.4 says that (f([&))a is also a
closed and bounded set, and the proof is complete. [ ]

Example 4.3.5 Suppose that the assumptions in Theorem 4.3.4 are all satisfied. We con-
sider many kinds of t-norms by applying part (ii) of Theorem 4.3.4.

o Suppose that the t-norm is given by t(x,y) = xy. Then, for each a € (0,1], we have

Fam),= U f(4,.B,)

{(a1,2) 0q 2,20}
= (fA.B)), = {fecy) : &0 - &) > a} .

o Suppose that the t-norm is given by #(x,y) = max {0,x +y — 1}. Then, for each a € (0,1],
we have

fam),= U  f(4.B,)

{(a1,2) g +ay—12a}

= (fA.B)), = {f0ey) : &0+ &0) — 12 a}.

4.4 Generalized Extension Principle

We can consider a more general function 2 instead of the generalized t-norm T, to fuzzify a
crisp function. Let 2 : [0,1]° — [0,1] be a function defined on [0,1]7, which does not assume
any extra conditions. Let f : H‘i’:1 R™ — R" be an onto crisp function. Given any fuzzy sets
A”inRmfori=1,...,p, the fuzzy set f(A) in R" is defined by

Exn® = sup A (&), ....Em ) (4.44)
{x:y=f(x)}

for each y € R", which extends the definition in (4.25).
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Proposition 4.4.1 Let f : Hle R" — R" be an onto crisp function, and let f :
p ‘ . . . -
i F(R™) > F(R") bea fuzz}{ function extended from f via the extension principle defined
in (4.44). Given any fuzzy sets A inRm fori=1,...,p, we have the following properties.

(i) Suppose that
Alay, ... ,ap) > 0 implies a; > 0 foralli=1,...,p.
Then, we have the following inclusion
{f&) 2 A (&0 (X)), ..., Em(x,)) > 0F Cf (Ag,).
(ii) Suppose that
a;>0fori=1,...,pimply Aa,, ... ,ap) > 0.
Then, we have the following inclusion

F(Agy) S A (&0, ... & (x,)) > 0. (4.45)

Proof. To prove part (i), for A& 0 (X, s E 0 (fcp)) > 0, the assumption says that
&) > 0foralli,ie. % € Agl for all i. This shows the desired inclusion.

To prove part (ii), fory € f (AO ), there exists % satisfyingy = f(%) and X; € Af;’l foralli,i.e.
&40(&;) > 0, for all i. Therefore, we have (£ ;0)(Xy), ..., &0 (X,)) > 0. This shows the desired
inclusion. [ |

Suppose that we take 2 = T,. Then, the assumption says that

A(ay, ... ,ap) > 0 implies a; >0 foralli=1,...,p

is satisfied automatically by Remark 3.2.7.

Proposition 4.4.2 Let f : H‘le R% — R" be an onto crisp function, and let f :
D . . . . . .
.y F(R™) — F(R") be a fuzzy fu;’ic{lon extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets AV in R™ fori=1,...,p, wehave the following inclusions
. i (D)
(£ 1 U (£, . &) 2 a} € U f(ay...a70)
{(ay,..., ap):2[(a1 ..... ap)>a}
foreach a € (0,1] and
. 7D i)
(F0 A (Ew 0, Exn(x,)) > 0} C U f(Aal AP )
{(ay.. )t A(ary..o,)>0}

We further assume that U is increasing in the sense that

a; > p; fori=1,...,p imply QI(al,...,ap) > Ql(ﬁl,...,ﬁp).

Then, we have the following equalities

(f0) 0 A (Ew), . Egw ) 2 a) = U £ (A9 AD)
{(ay,..., ap):?[(a] ..... a)>a)
foreach a € (0,1] and
{f) 1 A (E00), ... £ (x,)) > 0} = U f(/iflll)’_,.,/iff)>.

((al,...,ap):ﬁl(al ..... a,)>0}
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Proof. For notational convenience, we write

Y, = {f®) : A (& X)), ..., Em(x,)) > a) (4.46)

Yo, = (f(0) 1 A (), ..., Em(x,)) > 0) (4.47)

Z, = U FAY. ... .AD) (4.48)
{(ay,e. )t Ay o) >a !

Zyy = U fA). . ,Aff; ). (4.49)

{(al,.“,ap):?[(al ..... a,)>0}
For @ € (0,1]andy € Y, there exists X = (X;, ... ,)%p) satisfying
?[(fAm()ACl), e fA(p)()?p)) >aandy = f(X).

Let f; = ::A(n(fci) foralli=1,...,p. Then, we see that A(f,, ... ,ﬁp) >aqandX; € AZ) for all
i=1,...,p,ie.

A (1 Y
y=f® efAy,.... ,Aj,ff).
This shows the inclusion Y, € Z,. For y € Y|, there exists X satisfying
Q[(fgu)(f(il), ceey fA(p)()ACp)) > 0 and y =f(ﬁ)

The above same arguments can imply the inclusion Y, € Z,,. On the other hand, for
Z € Z,, there exists g, ..., ﬁp satisfying

AWB,., .. ,ﬁp) >« and z = f(X)

for some X; € A;?, e &0 (%;) > p;, foralli=1,...,p. Since U is assumed to be increasing,
we have

2[(614(1)()’21), N 5,4‘1”(5%1))) 2 2[([31, N ﬁp) Z o,

which says that z € Y,,. Therefore, we obtain Y, = Z,. For z € Z, there exists f,, ..., ﬂp
satisfying

APy, ..., B,) >0 and z = f(%)
for someX; € Aﬁ:, ie. & 0%) > p,foralli=1, ..., p. The above same arguments can imply

the equality Y;, = Z,, and the proof is complete. [

Since T, is increasing by Remark 3.2.7, we have that the equalities shown in Proposi-
tion 4.4.2 holds true when we take 2 = T,.

Proposition 4.4.3 Let f : Hle R% — R" be an onto crisp function, and let f :
p i . . . . .
oy F(R™) — F(R") be a fuzzy fur}c"tmn extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets AV in R™ fori=1,..., p, wehave the following properties.

(i) Foreach a € (0,1], suppose that

Ql(al,...,ap) > a implies a; > a foralli=1,...,p.
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Then, we have the following inclusions
U f(Ay....AY) < (A,) (4.50)
{(ag,..., ap)lgl(al,“.,ap)Za}

and

~(1 - ~
f(A8. o AD) < f (Aoy). (4.51)
{(ay,..., ap):?[(a‘,4..,ap)>0)

(ii) Foreach a € (0,1], suppose that
o, >afori=1,...,pimply Ay, ... ,ap) >a.
Then, we have the following inclusions
FA) S{fo0 1 A (g, Emx)) = a} (4.52)

and

F(Agy) S A (00, ..., & (x,)) > 0. (4.53)

Proof. To prove part (i), using the notations adopted in (4.46)-(4.49), forz € Z,, there exists
Py ..., B, satisfying

AWy, ... By Za and z = f(X)
for someX; € A;,?. By the assumption of 2, we have f; > « for all i. Using (2.2), we also have
X € A(ﬁ? c AS’ for all i. This shows the inclusion (4.50). The assumption of 2 also says that
Alay, ... ,ap) > 0 implies o; > 0 foralli=1,...,p.
Now, for z € Z,,, there exists §,, ..., B, satisfying
A(p,, ..., B,) > 0and z = f(%)

for some %; € A(ﬁi_). Therefore, we have , > 0 and ; € A;) c AY) for all i. This shows the
inclusion (4.51). _
To prove part (ii), fory € f (Aa), there exists X satisfyingy = f(X) and X; € Afj), ie &) >
a, for all i. By the assumption of 2, we have
A 0%y, ..., E10 (X)) 2 a.
This shows the inclusion (4.52). The assumption of 2 also says that
a;>0fori=1,...,pimply Alay, ... ,ap) > 0.
Fory e f(A0 ), there exists X satisfying y = f(%) and X; € Afji, ie. &;0(X) > 0, for all i. By
the assumption of 2, we have
A z0Ey)s ..., Ez0 (X)) > 0.

This shows the inclusion (4.53), and the proof is complete. [ ]

By combining Propositions 4.4.2 and 4.4.3, we can obtain many inclusion and equality
relationships. We omit the details here.
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Proposition 4.4.4 Let f : H‘i’=1 R% — R" be an onto crisp function, and let f :
P ; . . ) o
iy F(R™) — F(R") be a fuzzy funf't'lon extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets A inRm fori=1,...,p, we have the inclusion

{f&) 1 A (Eox). ... Ew(x)) > a) C (fA)),
foreach a € (0,1].

Proof. For a € (0,1] and

ye{fx) : Ao, ...Em(x,)) > a},

there exists x satisfying

y =f(X) and 2[(§A<1)(x1), ceey fgw)(xp)) >a.

This shows that
a0 = sup A (o), ....Enkx,)) > a,
{x:y=f(x)}
which says that y € (f (A)),, and the proof is complete. ]

The following results for considering the 0-level sets are useful for further discussions.

Proposition 4.4.5 Let f : Hle R" — R" be an onto crisp function, and let f :
P X . . . . .
.y F(R™) — F(R") be a fuzzy furzc"tmn extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets AV in R™ fori=1, ..., p, wehave the following properties.

(i) We have the following inclusions

{f00 2 A () & (X)) > 0} € (FA)),, € (FA)), (4.54)
and

ol ({fx) : A (Egnxy). ... Em(xy)) > 0}) C (FA)),. (4.55)
We further assume that

Alay, ..., a,) > 0 implies a; > 0 forall i =1, ...,p.
Then, we also have the following inclusions

{fx) A (&0, ... Em(x,)) > 0} Cf (Ag,) Cf (Ag). (4.56)

(i) Suppose that/ig) are bounded subsets of R™ foralli=1,...,p, and that f : Hle R™ —
R™ is a continuous function. Then, we have the following properties.
o Assume that

Aa,, ...,ap) > 0 implies a; > 0 foralli=1,...,p.
Then, we have the following inclusions

o ({f) 1 A (Eguxp), ..., Egmlx,)) > 0}) Cel(f (Agy)) CF (Ag).  (4.57)
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e Assume that
Way, ... ,ap) >0 ifandonlyifa; >0 foralli=1,...,p.
Then, we have the following equalities

o ({f) 1 A (Eg (e, Exm ) > 0}) =l (f (Ap,)) = (A,) -

Proof. To prove part (i), for

YE(f®) 1 UE @), ... . & (x,)) > 0},

there exists X satisfying

y=f®) and A0 (X,), ..., {10(X,)) > 0.
Therefore, we have

EanW= sup A (X)), ..., Emx))
{x:y=f(x)}
> A (&), ..., Egm(Ry)) > 0.
This shows that y € (f(A))O .. Therefore, we obtain the inclusion (4.54). Now, we further
assume that
A(ay, ... ,ap) > 0 implies a; >0 foralli=1,...,p.

For (& ;0 (%)), ... ,SA@)(XP)) > 0, we have &;0(%;) > 0 for all i, i.e. X; € A‘f;l for all i. Since
AY ¢ AY for all i, we obtain the inclusion (4.56).

To prove part (ii), since A'f)l) are closed subsets of R"™ for all i by the definition of 0-level
sets, it follows that Ag) are closed and bounded subsets of R" for all i. Using part (iii) of
Proposition 1.4.3, the continuity of f says that f(A,) is a closed and bounded subset of R", i.e.
cl(f (AO)) =f (AO). Therefore, by taking closure from (4.56), we obtain the inclusions (4.57).
To prove the other direction of inclusion, we write

Y ={fx) : A (&), ..., Em(x,)) > 0}
For any y € f(A,), there exist

x; € Af)” = cl(Affi) fori=1,...,p satisfying y = f(x).
Since f is continuous, given any neighborhood N of y, there exist neighborhoods N; of x; for
i=1,...,psatisfying

f(Ny.....N,) CN.
Since x; € cl(AS)) for all i, we have N, n A, # @ for all i. Now, we take %, € N, n A, for all
iand set = f(X). Then, we see that

yE€f(N,,....N,) CN.
Since %, € A, we also have & 0&) >0, ie. X EAZ) for some «; > 0, which implies
Alay, ..., ap) > 0 by the assumption. This says that y € Y, i.e. NNY # . In other words,
any neighborhood N of y contains points of Y, which says thaty € cl(Y), i.e.

f(Ag) Cel ({f(0) 1 A (G000, ... &0 (x,) > 0}). (4.58)
From (4.57) and (4.58), we obtain the desired equalities, and the proof is complete. [
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Proposition 4.4.6 Let f : H‘i’=1 R% — R" be an onto crisp function, and let f :
P ; . . ) .
iy F(R™) — F(R") be a fuzzy function extended from f via the extension principle defined
in (4.44). For each « € (0,1], suppose that

a;>afori=1,...,pimply Aay, ... ,ap) >a.

Then, given any fuzzy sets A inRm fori=1,...,p, we have the following inclusions
(A,) € (FA)), and f (Ag,) € (FA)),,

foreach a € (0,1].

Proof. The desired results follow immediately from part (iii) of Proposition 4.4.3,
Proposition 4.4.4 and part (i) of Proposition 4.4.5. [

Theorem 4.4.7 Letf : []L_, R™ — R" beanonto crisp function, and letf : [0, F(R™) —
F(R™) be a fuzzy function extended from f via the extension principle defined in (4.44). Then,
given any fuzzy sets AY inRrn fori=1,...,p, we have the following properties.

(i) Suppose that the following equality

(FA)), = {f® : A (&0, ... .Ew(x,)) > a} (4.59)
holds true for each a € (0,1]. Then, the following supremum
sup A (Em(x), ..., E40 (X)) (4.60)
{x:y=f(x)}

is attained for eachy € R".

(ii) Suppose that the supremum given in (4.60) is attained for each y € R". Then, for each
a € (0,1], equality (4.59) holds true. The results regarding the strong 0-level sets are also
given below.

e We have

(FA)),, = f® 1 A (Eox), ... & (x,)) > 0} (4.61)
o We further assume
Aay, ..., a,) > 0ifandonly if ;> 0 foralli=1,...,p.

Then, we have the equality (f(A))y, = f(Ay,).

(iii) Suppose that the supremum given in (4.60) is attained for each y € R". Then, for each
a € (0,1], equality (4.59) holds true. The results regarding the 0-level sets are also given
below.

o We have

(FA)), =l ({f®) : A (&g, ..., Egm(x,)) > 0}).
o We further assume
A(ay, ...,ap) >0 ifandonlyifa; >0 foralli=1,...,p.
Then, we have the following equality

(FA))o =l (f (As.)) el (f (Ao))-
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(iv) Suppose that/ig) are bounded subsets of R" foralli =1, ..., p, thatf : []}_ R% — R"is
a continuous function, and that the supremum given in (4.60) is attained for each’y € R".
Then, for each a € (0,1], equality (4.59) holds true. We further assume

Aay, ..., a,) > 0ifandonly if a; > 0 foralli=1,...,p.
Then, we have the following equalities

(FAY) g = el ({00 = A (Egmx), ., £ ) > 0}) = el (£ (Ao, )) =1 (Ao)

Proof. To prove part (i), let y € R" satisfying

SanM= sup A (&), ....Em(x,)) = a. (4.62)
{x:y=f(0)

Suppose that ¢, = 0. Then
A (0. EwRy)) =0

for any %; € R‘f and i =1,...,p satisfying y = f(X), since 2 is a nonnegative function.
This shows that the supremum is attained. Now, we assume «, > 0. Then, we see that
ye( (A))ao. Since equality (4.59) holds true, there exists X satisfying

y=f® and A (&R, ... & (R,)) = a. (4.63)

From (4.62), we also see that

A (fA(n(J’El), ,ézA(m(}ACp)) < { Su]Ic)( ))2[ (§A<1)(xl)’ ,éjA(p)(xp)) = q,,
x:y=f(x

which implies
2[(§A<1>()%1), ceey fA(m (.)ACp)) = (10

by (4.63). Therefore, the supremum is attained.
To prove part (ii), for @ € (0,1], Proposition 4.4.4 has obtained the following inclusion

{fx) 1 A (£00x). ... £ (x,)) > a} C (FA)),.
On the other hand, suppose that y € (f (A)),. Then, we have

sup A («fA(n(xl), . fA(w(Xp)) =&a) = a.
{x:y=f(x)}

Since the supremum is attained, there exists X satisfying
y=F&) and A0 (X,), ..., {0(X,) 2 a.
Therefore, we obtain the inclusion
FA)), C{fx) A (006, Egm(X,)) Z @)

This proves the equality (4.59). Now, we consider the strong 0-level sets. For convenience,
we write

X={f® : A (&), ....Em(x,)) >0}

and

Y ={r: &g >0}=(fd),,
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Fory € Y, since the following supremum is attained
0< .fﬂA)(y) = sup A (§A<1>(xl), ,§A@>(xp)) ,
{x:y=f(x)}
there exists X satisfying

A0 (), ... Ex0(%p) > 0 and y = f(X),
which impliesy € X. Therefore, we obtain the inclusion Y C X. To prove the other direction
of inclusion, for any y € X, there exists % satisfying

y=f® and A (&0®)), ... Ew(R,)) > 0.
Therefore, we also have

o= sup A(Em(x),...,Em )
{x:y=f(x)}
> A (E;0 ) Egm(Ry)) > 0.

This says thaty € Y,i.e. Y = X. Therefore, we obtain the equality given in (4.61). The equal-
ity (f A)), L =f A, ) can be obtained by applying Proposition 4.4.1.

To prove part (iii), since A(()ii C Ag) fori=1,...,p, we have f(A,,) C f(A,). The desired
results follow immediately from part (ii) by taking the closure. Finally, part (iv) follows
immediately from part (ii) of Proposition 4.4.5 and part (iii) of this theorem. This completes
the proof. [

Proposition 4.4.8 Let f : Hfz1 R" — R" be an onto crisp function, and let f :

li)=l F(R") —» F(R") be a fuzzy function extended from f via the extension principle defined
in (4.44). Suppose that the supremum given in (4.60) is attained for each y € R". For each
a € (0,1], we also assume that

Alay, ... ,ap) > a implies a; > a foralli=1,...,p.
Then, given any fuzzy sets A inRm fori=1,...,p, we have the inclusion

(f(A))a gf(zia)for each a € (0,1].

Proof. The desired results follow immediately from part (ii) of Theorem 4.4.7,
Proposition 4.4.2, and part (i) of Proposition 4.4.3. [

Theorem 4.4.9 Letf : []Y_ R™ — R"beanonto crisp function, and letf : T[]0, F(R™) —
F(R™) be a fuzzy function extended from f via the extension principle defined in (4.44). Suppose
that the supremum given in (4.60) is attained for each y € R". For each a € (0,1], we also
assume

Ay, ... ,ap) >aifandonlyifa; > a foralli=1,...,p.
Then, we have the following equalities

(f”(A))a =f(A,) and (f(A))m =f(A,,) foreach a € (0,1].

We further assume that the function f : Hle R™ — R™ is continuous. Then, we also have the
equality (f(A)), = f (f\o). As a matter of fact, the function 2 must be a minimum function
given by

Ql(al,...,ap) = min {al,...,ap}.
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Proof. For a € (0,1], the results follows immediately from Propositions 4.4.6 and 4.4.8. It is
easy to see that if the following assumption holds true

for each a € (0,1], A(ay, ... ,ap) >aifandonlyifq; > a foralli=1,...,p,
then the following assumption also holds true
A(ay, ... ,ap) >0ifandonlyif o; >0 foralli=1,...,p.
For the 0-level sets, the result follows immediately from parts (ii) and (iv) of Theorem 4.4.7.
Finally, Proposition 1.4.6 says that the aggregation function 2 must be a minimum function,
and the proof is complete. [ ]
Recall that the function 2 is increasing when
a; > p;foralli=1,...,p imply Aay, ... ,ap) > AP, ... ,ﬁp).
This definition does not necessarily say that
Alay, ... ,ap) > AP, ... ,ﬁp) implies ; > g, foralli=1,...,p.
We have the following interesting result.
Lemma 4.4.10 Given any fuzzy sets AY in R for i=1,...,p such that the member-

ship functions &0 are upper semi-continuous for all i =1,...,p, we define the function
¢ : [T, R™ — [0.1] by

X = A (Emlx), ..., (X)) -
Suppose that the function 2 : [0,1]7 — [0,1] is upper semi-continuous and increasing. Then,

the function ¢ is also upper semi-continuous.

Proof. Itis clear to see that
p
{x: ¢ >0} = []r"
i=1
is a closed subset of H‘i’=1 R™. Therefore, for any fixed a € (0,1], we need to show that the
set

(X1 2al={x:A(EnMx),....Emx,)) > a} (4.64)
is also a closed subset of H‘;Il R™. Let
r,= {((xl, s ) Alay, ... ) > a} .

The upper semi-continuity of function 2 says that I', is a closed subset of [0,1]P. The fol-
lowing inclusion

r,c U faf10x- xlap,1]

is obvious. Suppose that (a7, ..., ;) € T,. Given any a; satisfying @; > o/ foralli=1,...,p,
the increasing assumption of 2 says that

Ay, ..., @) > Aay, ...,a;) > a,
ie. (a,... ,ap) € I',, which implies

[a‘l’,l]x--~x[a;,1]gra.
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Therefore, we obtain the inclusion

U fef 10 xlep11cT,,

which also says that

r,=J I 10x-- x[ap,11. (4.65)
@ a)er,
Since I, is a closed subset of [0,1]7, from (4.65), we must have the form

U, =106, % - X[f,,1]

for some g; € [0,1] foralli =1, ..., p, which also says that
Alay, ... ,ap) > a implies a; > g; foralli=1,...,p.

Therefore, from (4.64), we obtain
(XX >a}={x: &)= pfori=1,..p}. (4.66)

The upper semi-continuity of £ ;o says that A;? are closed subsets of R" for §; € (0,1] and

i=1,...,p. Now, we write A, =A2[) for p; € (0,11 and A;y = R"% fori=1, ..., p. It is clear

to see that each Aﬂi is a closed subset of R" fori =1, ..., p. Using (4.66), we also see that
{x: ¢dp(x)>a} =Aﬂ1 Xoee xAﬂp

is a closed subset of H}D=1 R™. This completes the proof. [

In order to apply Theorem 4.4.7, we need to check that the supremum given in (4.60) is
attained. Now, we provide some sufficient conditions to achieve this purpose.

Proposition 4.4.11 Let f : H‘i":1 R" — R" be an onto crisp function, and let f :

P . . . . . .

. F(R™) — F(R") be a fuzzy functlon extended from f via the extension principle defined
in (4.44). Given any fuzgy sets AY in R fori=1,...,psuch that the membership functions
& so areupper semi-continuous foralli = 1, ..., p, suppose that the function 2 : [0,1}P — [0,1]
is upper semi-continuous and increasing, and that any one of the following statements holds
true:

(a) Thesets {x : y = f(x)} are closed and bounded subsets of H‘le R™ for all y in the range
off.
(b) Thesets {x : y = f(x)} are bounded subsets OfH‘le R™ for ally in the range of f, and the
function f : Hle R™ — R" is continuous.
(c) The 0-level sets Afj) of A" are bounded subsets of R" fori=1,...,p,and {x : y =f(x)}
are closed subsets of Hle R™ for ally in the range of f; we further assume that
ifany one of {ay, ..., a,} is zero, then A(a,, ..., a,) = 0. (4.67)

(d) The 0-level sets AY of A” are bounded subsets of R™ for i = 1,...,p, and the function
0
f: Hle R™ — R" is continuous; we further assume that

ifany one of {ay, ... ,ap} is zero, then A(ay, ..., a

) =0.

Then, the supremum given in (4.60) is attained.
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Proof. Considering statement (a), Lemma 4.4.10 says that the function ¢ is upper
semi-continuous. Therefore, the supremum given in (4.60) is attained by Proposition 1.4.4.
Considering statement (b), since f is continuous, it says that the inverse images

) = (x 1y =fx)}

are closed subsets of ]_[Ii’:1 R™ for all y in the range of f. Therefore, the desired results follow
immediately by referring to the arguments of considering statement (a).
Considering statement (c), since (& 0 (), -, S (x,)) = 0 outside of the set AO by the
further assumption (4.67) of 2, we have
sup A (&m0 (x)), -, E40 (X))
{x:y=f(x)}

= sup A (L), (X)) = sup  P(x). (4.68)
{x:y=f(x) and x€A,} {x:xef1({y}))nA,}

Since A’fj) are closed subsets of R™ for i = 1, ..., p by the definition of 0-level set, it follows
that A, is a closed and bounded subset of H‘le R" by Tychonoff’s theorem. Since

[ =tx 1y =fx)

is a closed subset of H‘i;l R™ by the assumption, we have that f~'({y}) n A, is a closed
and bounded subset of H‘f:l R™. Since ¢ is upper semi-continuous by Lemma 4.4.10, using
(4.68), Proposition 1.4.4 says that the supremum given in (4.60) is attained.

Considering statement (d), the continuity of f says that the inverse images

T dyh={x:1y=fx)

are closed subsets of Hle R™ for all y in the range of f. Therefore, the desired result follows
immediately by referring to statement (c). This completes the proof. ]

Notice that Proposition 4.4.11 is applicable to Theorems 4.4.7 and 4.4.9. In what follows,
we are going to apply Proposition 4.4.11 to obtain more useful results.

Theorem 4.4.12 Letf : Hle R"™ — R" be a continuous and onto crisp function, and letf :
p X . . . . .

Hi:l F(R™) - F(R"™) be a fuzzy function extended from f via the extension principle defined

in (4.44). Suppose that the function % : [0,1]° — [0,1] satisfies the following conditions:

o 2 is upper semi-continuous and increasing;
e ifanyoneof {ay, ... ,ap} s zero, then A(ay, ... ,a,) = 0.

Given any fuzzy sets A inRm fori=1,...,p, suppose that the membership functions & ;» are
upper semi-continuous for alli = 1, ..., p and that the 0-level sets Ag) are bounded subsets of
R™ foralli=1,...,p. Then, we have the following results.

(i) The membership function &y, of fuzzy set f(A) in R" is upper semi-continuous.
(ii) Foreach a € (0,1], we have the following equalities

(FA)), = U r(ay...a0)

((al,...,ap) Aay,..., ap)Za}

={f®) 1 A (&), ..., Egm(xy)) > a).
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Regarding the 0-level sets, we further assume
Alay, ... ,ap) >0 ifandonlyifa; >0 foralli=1,...,p.

Then, we have the following equalities

(@)= U s(A)A7)

{(ap,..., ap):ﬂ(al,“.,apbo)
= {fx) 1 A (&), & (X)) > 0F =1 (Ay,)

and

(FA)), =l U £ (A9 AD)

{(ay,.... a'p):ﬁl(ozl ..... ap)>0}
=cl ({f&x) : A (&0 X, ... Em(x,)) > 0})
= (f (&) =/ (Ao)-

Moreover, the a-level sets (f(A)), of f(A) are closed and bounded subsets of R" for all
a € [0,1].

Proof. From Lemma 4.4.10, we see that

(X1 2al={x:A(Enx),...Ewmx,)) >a}

is a closed subset of H‘le R"™ for each a € (0,1]. By referring to statement (d) of Proposi-
tion 4.4.11, the supremum given in (4.60) is attained. Using part (iv) of Theorem 4.4.7, we
see that the a-level sets

(FA), ={x: A(E000).....60 (X)) > a} = {x : $(X) > a}

are closed subsets of H’;l R™ for each « € (0,1], which proves part (i).

For the a-level sets with & € (0,1] and the 0-level sets, the equalities shown in part (ii) can
also be obtained by Proposition 4.4.2 and Theorem 4.4.7. Moreover, by the continuity of f,
since each A(‘;) is a closed and bounded subset of R" fori =1, ..., p, part (iii) of Proposition
1.4.4 says that f(A,) is a closed and bounded subset of R”. Since (f(A)), = f(A,), it says that
(f (A))0 is a closed and bounded subset of R". For each (0,1], since the closed set (f(A))a is
contained in the bounded set (f (A))O, it follows that (f' (A))a is also closed and bounded, and
the proof is complete. [

Corollary 4.4.13 Letf : H‘i’=1 R" — R" bea continuous and onto crisp function, and letf :
le F(R") - F(R") be a fuzzy function extended from f via the extension principle defined
in (4.44), where the function 2 is taken to be the minimum function given by

Ql(al,...,ap) = min {al,...,ap}.

Given any fuzzy sets A inR™ fori=1,...,p, suppose that the membership functions & ;o are
upper semi-continuous for alli =1, ..., p, and that the 0-level sets Ag) are bounded subsets of
R™ foralli=1,...,p. Then, we have the following properties.

(i) The membership function &z, of fuzzy set f(A) in R" is upper semi-continuous.
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(ii) Foreach a € (0,1], we have the following equalities.

(Fd), = U f(AL. .. A7)

{(ay,....ap) i min {ay,....2, } 20}
= {f®x) : min {&w ), ... EwC)} > a} =f(A,).

For the 0-level sets, we also have

(), = U oAy

((al,“,,ap):min{al,“.,ap)>0}
= {f(X) . min {514(1)()61), ,SA@)(xp)} > 0} =f (AO+) .

and

(FA)), =cl U f (Afjj, ,Aff>)

{(ay,....ap) i min {a.....a, }>0}
=cl ({f(x) : min} &), ..., Emx,)} > 0})
=l (f (A 4L))) =F ().

Moreover, the a-level sets (f(A)), of f(A) are closed and bounded subsets of R" for all
a € [0,1].

Proof. Itisclear to see that the minimum function satisfies all the assumptions of function
2 in Theorem 4.4.12. Therefore, the desired results follow immediately from Theorems 4.4.9
and 4.4.12. |

Remark 4.4.14 'We have the following observations.

o Using Proposition 4.4.2, Theorem 4.3.2 can be obtained by Theorem 4.4.7. In other words,
Theorem 4.3.2 can be extended to Theorem 4.4.7 by considering the weaker form of func-
tion 2.

o Using Proposition 4.4.2, Theorem 4.3.4 can be obtained by Theorem 4.4.12. In other
words, Theorem 4.3.4 can be extended to Theorem 4.4.12 by considering the weaker
form of function 2.

Theorem 4.4.15 Letf : Hf=1 R™ — R" be a linear, continuous, and onto crisp function,
andletf : Hle F(R™) - F(R") be a fuzzy function extended from f via the extension prin-
ciple defined in (4.44). Suppose that the function 2 : [0,1]° — [0,1] satisfies the following
conditions:

A is upper semi-continuous and increasing;

ifany one of {ay, ... ,ap} is zero, then A(ay, ... ,ap) =0

2 (min {a,,b,}, ..., min {a,,b,}) > min {A(a,, ..., a,), A(b,, ..., b,) };
Alay, ... ,ap) > Oifandonlyifa; > 0foralli=1,...,p.

Then, given any fuzzy vectors AV e FR™) fori=1, ..., p, we have the following properties.

(i) We have that f(A) € F(R") is a fuzzgy vector in R". The a-level sets (f (A))a are convex,
closed, and bounded subsets of R" for all a € [0,1].
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(ii) Foreach a € (0,1], we have the following equalities
(FA)), = U f (Afjl), ,Aff;))
{(ay,..., ap)lgl(al,“.,ap)Za}
= {f(X) A (§A<1>(x1), ,(SA(p)(Xp)) > a} .

For the 0-level sets, we also have

(FA)),, = U £ (A9 AD)

{(a,....x )‘?[(a‘ -0p)>0}
= {f(0) U (£ (), ..o Egw () > 0 =1 (Ay,)

and

(FA), = U f (Aff, ,Afj;))

{(ap,..., ap):ﬂ(al ..... ap)>0]

=l ({f(®) : A (&0 0x), ... Eo(x,)) > 0})
=cl(f (A A0)) = (&)

Proof. We are going to check the conditions in Definition 2.3.1. Part (i) of Theorem 4.4.12
says that the membership function of f(A) is upper semi-continuous. From part (ii) of
Theorem 4.4.12, we have

(FA)), = {f0 1 A (&0 00, &g (X)) 2 a) (4.69)
for each a € (0,1]. Let v; = f(x) and v, = f(y), where
A (&0 (X)), ..., Egm(xy)) = aand A (E;0(y), ... EwB,)) = a
The linearity of f says that
A+ A=Ay, =4 X)+A - DfQys - . Vp)
=f (A + A=Ay A, + (1= A)y,) -
In order to claim that the a-level set (f (A))a is convex, by (4.69), we need to show
2 (&0 (A% + A = Ay, ..., Ego(Ax, + (11— yy) > a.
Now, foranyi=1,...,p, since A% s convex, by Proposition 2.2.7, we have
&z (Ax + (1= Ayy) > min {&,006),&;00,)} -
Using the assumptions of 2, we obtain
2 (&30 (A + (1 = D)), ..., Eo(Ax, + (1= Ayy)
> A (min {&;0 (), &0} -0 min {Em (5,), £ 0} )
X (increasing assumption)
> min {A (£;0(x), ... &0 (X,)) , A (). . EwB)) | > a.

Therefore, we conclude that f(A) is a fuzzy vector in R”. From part (ii) of Theorem 4.4.12
and Proposition 2.3.2, we also see that the a-level sets (f"([&))a are convex, closed, and
bounded subsets of R" for all « € [0,1]. This completes the proof. [ |
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Remark 4.4.16 Suppose that the following assumption holds true:
ifany one of {a;, ..., ap} is zero, then A(ay, ..., a,) =0.
Then, we see that the following assumption also holds true:
Way, ... ,ap) > 0 implies a; > 0 foralli=1,...,p.

Therefore, we can reduce the assumptions of Theorem 4.4.15.

Remark 4.4.17 We have the following observations.

o Suppose that we take 2 = T,,. Then (1, ..., 1) = 1 is automatically satisfied by Remark
3.2.7.
o Suppose that 2 is increasing. Since min {a;, b;} < q;foralli=1, ..., p, we see that

2 (min {ay,b,}, ..., min{a,,b,}) < Aa,, ..., a,).
Similarly, since min {a;, b;} < b; foralli =1, ..., p, we also have

2 (min {ay,b,}, ..., min{a,,b,}) < Ab,,...,b,).
Therefore, we obtain

2 (min {a,,b,}, ..., min {a,,b,}) < min {A(a,, ..., a,), Ab,,...,b,)} .
Under the assumptions of ¥ given in Theorem 4.4.15, we have the equality

2 (min {a,,b,}, ..., min {a,,b,}) = min {A(a,, ..., a,), Ab,, ..., b, } .

o Suppose that ¥ is increasing and (a, ..., a) = a for each a € (0,1]. Then, we see that
a;>afori=1,...,pimply Aley, ... ,(xp) > Ua,...,a) =a.

Suppose that we consider the real-valued function f : H‘i’=1 R™ — R. Then, many
assumptions are not needed, which will be presented below.

Theorem 4.4.18 Letf : H‘le R™ — R be a continuous and onto crisp real-valued function,
andletf : H‘f:l F(R") - F(R) be a fuzzy function extended from f via the extension principle
defined in (4.44), where the function 2 is taken to be the minimum function given by

%(al,...,ap) = min{al,...,ap}.

Then, given any fuzzy vectors AV e F(R™) fori =1, ..., p, wehave that f(A) is a fuzzy interval
and its a-level set is a bounded closed interval in R given by (f (A)), =f(A,) foreach a € [0,1],
where the 0-level sets are taken into account.

Proof. We are going to check the conditions in Definition 2.3.1 by following the similar
arguments of Theorem 4.4.15. Using Corollary 4.4.13, we have

{y: 50020} =(fA), =1 (A,) (4.70)

for each a € [0,1]. Since f is continuous, and AS) are closed and bounded subsets of R
foralli=1,...,pand a € [0,1], by Tychonoff’s theorem and part (iii) of Proposition 1.4.3,
we see that the set presented in (4.70) is a closed and bounded subset of R. Since A(al) are
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also convex sets in R™, i.e. connected subsets of R" foralli =1, ...,p and « € [0,1], by part
(iv) of Proposition 1.4.3, we conclude that the set presented in (4.70) is a bounded closed
interval, i.e. a convex set in R for each a € [0,1]. This completes the proof. [ ]

Example 4.4.19 Let AV, .. A? be fuzzy intervals. According to the extension principle,
the membership function of the maximum max { iYL ,A@)} is defined by
by, i@ = sup  min (&), ... L))
{z:max {x}=z}

Suppose that we take f : R?P — R by

fOq, . ux,) =max {x;,...,x,} .

Then, we see that the function f is onto and continuous. From Theorem 4.4.18, for each
a € [0,1], we have

(max (4”, .. ,A'(p)}>a = f&), =1 (A,)
=f(,4“>,.‘.,A'(")> = {f(xl,...,xp) :x, € AV for i = 1,...,p}
= {max {xp..ox, ) AL <x, < @)Y fori=1,... ,p}
- [max { AV, ..., AP } , max {(A(”)g, o AP }] ,

where the 0-level sets are taken into account.
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Generating Fuzzy Sets

In economics and engineering problems, when the fuzziness is taken into account, the
observed data sometimes are fuzzified to be fuzzy numbers. This kind of fuzzification may
result in many different types of fuzzy numbers depending on the methodology adopted
by the decision makers, where the subjectivity via the viewpoint of decision makers may
be biased and not an accurate representation of reality. In this chapter, we propose a
general methodology that can get rid of the subjectivity by directly generating the related
fuzzy sets based on the observed data without involving the possible biased viewpoint of
decision makers. The main idea is based on the solid and nested families of sets.

Suppose that we want to measure the water level in the summer season. Owing to the
fluctuation of the water level, we cannot simply say that the water level is now 10 meters.
We should say that the water level is around 10 meters. Therefore, the reasonable way
to model the water level is to treat it as a fuzzy interval or fuzzy number. Under this
consideration, the water level should be taken as a fuzzy number 10. The problem is
that the determination of the membership function &5 of 10 is subjective depending on
the viewpoint of decision makers. In other words, there are infinite ways to set up the
membership functions. It may happen that the different membership functions can result
in different final results. Therefore, the best way is to follow a mechanical procedure to
set up the membership functions, which is the main purpose of this chapter. We briefly
address this mechanical procedure as follows.

We assume that there are 100 days in summer. Suppose that the engineers can measure
the water level two times each day. In other words, the engineers can obtain a bounded
closed interval each day by setting the lower and upper bounds of this interval as the low
and high water levels, respectively. More precisely, we consider 100 values of a in the unit
interval [0,1]. Then, we can obtain a bounded closed interval [m%, mU], where mL denotes
the low water level and mU denotes the high water level in the (100 - «)th day. For example,
the value o = 0.08 means the 8th day of this summer. In this case, we obtain a family of
closed intervals given by

M={M, : M, = [m_,m] fora=1,...,100} .

This family cannot be nested in the sense of M, C M 5 for a > f. However, we can rearrange
this family M as a nested family M® given by

M = {Mﬁ,’“ MY = Mn(a)}, (5.1)

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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for some suitable function # : (0,1] = (0,1] such that we have the nestedness M,(,,”) C Mf,”)
for @ > f. The main purpose of this chapter is to generate a fuzzy set A such that its a-level
set A_ is identical to the closed interval Mé”) . In this case, the fuzzy set A can be used to
describe the water level in summer in which the biased subjectivity raised by the decision
makers can be avoided. In other words, this mechanical procedure is independent of the
decision makers.

5.1 Families of Sets

Let M = {M, : a € (0,1]} be a family of nonempty subsets of R™, and let # : (0,1] — (0,1]
be a function defined on (0,1]. The range of # is denoted by R(#). Then, we can obtain a
new family given by

MP =M, : a€(01]}.
For convenience, we write Mfl") =M, for @ € (0,1]. We have the following observations.

e Suppose that # is the identity function id. Then M/ = M.

o Suppose that # is an injective (one-to-one) function. Then, for each a € R(y), there exists
p € (0,1] satisfying (#) = «. In this case, we also write § = 47! (). Therefore, when the
function # is injective, we have

— A
M, = Mr,—l(a) for « € R(n). (5.2)

Example 5.1.1 Let ay,a,,b;,b, be real numbers satisfying b, <a; <a, <b,. For
a € [0,1], we define

mt =ab, + (1 —a)a, and mY = ab, + (1 — a)a,.

Then, we see that mL < mU. We define M, to be a closed interval in R by M, = [mL, mU]
for a € (0,1]. We define a function 5 by #(a) = 1 — «. Then R(n) = (0,1]. We also define

mt=mb  and mY =mY _for a € (0,1].
Then, for a € (0,1], we see that
mk =1 - )b, +aa, and mY = (1 - a)b, + aa,.
Therefore, we have
MO =My =My, = [l ] = [k, m?] for a € 0.1
It is clear to see
M c M;;” with M # M;;“ for a > p. (5.3)
‘We also have

U M = U [mk, mY] = (m§. mY) = (by,b,)

by the continuities of L and mY with respect to a.
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For @ € (0,1), we write
A(ﬂ) U M(ﬂ) and A("I) U M("I) (54)
a<p<1 a<p<1

Inspired by Proposition 2.2.12, we propose the following definition.

Definition 5.1.2 Let # be a function from (0,1] into (0,1]. Let M = {M,, : a € (0,1]} be

a family of nonempty subsets of R™. We say that M is a solid family with respect to 5
when
D(ﬂ) _A(’I)\A(ﬂ) ;é Q

for a € (0,1).

Example 5.1.3 Continued from Example 5.1.1, we want to show

AN = Ymp=J |mkmd| = (mkmd).

a<p<l1 a<fp<1

Ifx e Aff_i, thenx € [mﬁ ,m ] for some g, € (0,1] with g, > a. From (5.3), we have

ml < mk <x<m <m
a Bo 0

B
which says that x € (mk, mU) Therefore, we obtain the inclusion A” C (L, mY). On the
other hand, since m% and mU are continuous with respect to @, using the strict monotonicity
of mL and mY with respect to a, for any x € (mk, mY), there exists , € (0,1] with g, > «
satisfying

> ml
x_mﬂl

which says that x € [mf, s th], ie. x e AL’Q. Therefore, we obtain the desired equality.
1 1
From (5.3), we can also obtain

A= = U [mom] = fot ],

a<p<1 a<p<l

7L U _ 22U
> m, andxgmﬂ1<ma,

which implies
Dfl'” A(m\A(n) [ mt, U] \( ) — {mﬁmﬁ{} 0.

This shows that M is a solid family with respect to #.

Proposition 5.1.4 Let n be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a solid family with respect to n. Then, the
following statements hold true.

(i) We have DI n D<’7> @ for a, p € (0,1) with a # B.

(ii) Given any a € (0 1), we have M(”) D(") @ for p € (0,1] with p > . In particular, we

have M N\ DY = @i forall a € (0 1).
(iii) Suppose that M* C M for all « € (0,1]. Then M* n D" = @ for a € (0.1).

Proof. To prove part (i), given a, f € (0,1), it suffices to assume a < f. Then, we have
(1) (n) (m ()
Dﬂ Cc Aﬂ CA/ L CA".

Since DI = A™\A™ | it follows that D n D(") @ for a < p.

a+?
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To prove part (ii), suppose that x € D for a € (0,1). By the definition of D", we see that

X & Aff_i, ie.x¢ M;”) for all g € (0,1] with g > a. Therefore, we obtain the desired result.

To prove part (iii), suppose that x € Df,”) for @ € (0,1). It says that x ¢ Agﬁ, ie.x ¢ Mg’)

for all g € (0,1] with § > a. The assumption says that M* C M;}”), which implies x ¢ M*.
Therefore, we obtain M* n D = . This completes the proof. [

Proposition 5.1.5 Let  be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a solid family with respect to n. Let T be
a subset of (0,1). Given any a € (0,1], we have

w1 (Uor )= U o).

peT {BET: p2a)}

Proof. Given any fixed x € Mfl") andx € D;}") for some f € T, we have
() — A\ oD _ (m) ()
xe D) = A\AT) = U M U M. (5.5)
B<r<1 B<r<1

For a > f, the equality (5.5) says that x ¢ Mé’”, which contradicts x € Mfl”). Therefore, we
must have a < g, which implies the following inclusion

(Y)Y o)

peT {BET: pza}

The other direction of inclusion is obvious. This completes the proof. [

5.2 Nested Families

In what follows, we shall consider the concepts of nested families and study the interesting
properties of nested families, which will be used to generate the fuzzy sets in the subsequent
discussion.

Definition 5.2.1 Let M = {M, : « € (0,1]} be a family of nonempty subsets of R™.

o We say that M is a nested family when M, C M for a, § € (0,1] with f§ < a.
o We say that M is a strictly nested family when M, C M; with M, # M, for a, § € (0,1]
satisfying f < a.

Example 5.2.2 Given any real numbers a,, a,, b;, b,, let
m} = min {(1 - a)b, + aa;, (1 — ®)b, + aa, }
and
U_
my = max {(1 - a)b, + aa,,(1 — a)b, + aa, } .

We define M, to be a closed interval in R by M, = [mL, mU] for a € (0,1]. Then M is not a
nested family. Suppose that b; < a; < a, < b,. Then, we see that

M= {Ma Ta € (0,1]} = {[(1 —a)b; +aa;,(1 — a)b, + aa2] P € (0,1]}

is a strictly nested family.
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Proposition 5.2.3 Let M = {M, : a € (0,11} be a nested family of subsets of R™. Suppose
that M, C (o, M, whena, 1 1with a, € (0,1] for all n. Then M, € M, for all a € (0,1).

Proof. We see that there exists a sequence {a,}, in (0,1] satisfying «, 1 1. Now, given
any a € (0,1), there exists ay in {a, } > satisfying @ < ay < 1. By the assumption, we have

DX

M, c (M, CM,

a, ay

cM,.

Il
—

n

This completes the proof. |

Definition 5.2.4 Let M = {M, : @ € (0,1]} be a family of nonempty subsets of R™, and
let # be a function from (0,1] into (0,1].

o We say that M is a nested family with respect to  when Mg’) c M;”) for a, p € (0,1]
with g < a.

e We say that M is a strictly nested family with respect to 7 when M c M;”) with
M % M;”) for a, § € (0,1] satisfying § < a.

Example 5.1.1 shows that a non-nested family M = {M,, : @ € (0,1]} can be rearranged
as a nested family M® = {M™ : « € (0,1]} by taking n(a) = 1 — a.

Proposition 5.2.5 Let n be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that the following conditions are satisfied:

e M is a nested family with respect to n;
o Ny M;Z) c M” when a,, 1 a« with a, a, € (0,1] for all n.

Given any fixed x € R™ and r € [0,1], the following set
F. = {a €O1] 1 a fm() > r}
is a closed set in the sense of cl(F,) = F,; that is, the function
L@ =@ gy ()
is upper semi-continuous on [0,1].
Proof. Given a € cl(F,), we want to show that a € F,. The concept of closure says
that there exists a sequence {a,}?, in F, satisfying a, — « with «, # « for all n. Since

a, € F,,wehave a, >randx € M;Z) for all n. By taking the limit, we also have « > r and
x €y MSZ). We consider the following two cases.

e Fora, 1 a,sincex € (-, M,(I'l) C M by the second condition, we obtain
a o) =a>r,

which says that a € F,.

e For a, | a, since a < a, for all n and M is a nested family with respect to , we have
M;Z) c MY" for all n, which says that x € (2, M((,Z) C M. The above argument is still
valid to obtain a € F,.
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Therefore, we conclude that cl(F,) = F,, i.e. the set F, is indeed a closed set. This completes
the proof. [ ]

Proposition 5.2.6 Let  be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a nested family with respect to 1.

(i) Given any a € (0,1], we have
m _ (1)
M = (] M.
0<f<a

(ii) Given a € (0,1], suppose that a,, T a with a,, € (0,1] and a,, < « for all n. Then

o0

(1) () _ (1)
(M c ()M = ().

0<f<a 0<f<a n=1

(iii) Given a € (0,1], suppose that >, M € M fora, 1 a with a, € (0,1] and a,, < a for
n=1 n n n n

all n. Then
(9]
() ) (n) ()
(M= ()M = Ma) =M.
0<f<a 0<f<a n=1

Proof. To prove part (i), since @ > 0and M C M;”) forany f € (0,1] with f < @, weimme-
diately have

(n) ()
() M =M.
0<f<a
To prove part (ii), since a,, < « for all n, it is obvious that

M My < (e
n=1

0<pf<a

To prove the other direction of inclusion, given any § < a for p € (0,1] and x € [, Mf,'f,
ie x e Mg:) for all n, since «, 1 a, there exists ay satisfying f < ay < a. Therefore, we
obtain x € MS,'L) C M;;’). Since f can be any number with f < a and g € (0,1], this shows
that

which implies the inclusion
(oo}
(n) ()
(M < () M.
n=1 0<f<a

Finally, part (iii) follows from parts (i) and (ii) immediately. This completes the proof. m

Proposition 5.2.7 Let  be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a solid and nested family with respect to
n. Given any a € (0,1), we have

M ( U DZ”) c M. (5.6)

a<Lp<1
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Proof. Since M is a solid and nested family with respect to #, we first have Mi”) c M((l”).
Given any a € (0,1), we have

() ) _ g () () ()
@+D) CA) =M, andﬂ;éDﬁ gMﬂ c M,
for g € (0,1) with a < . Therefore, we obtain the inclusion (5.6), and the proof is complete.

Proposition 5.2.8 Let n be a function from (0,1] into (0,1], and let M = {M,, : a« € (0,1]}
be a family of nonempty subsets of R™ such that M is a solid and nested family with respect
ton. Then

U M =m | ( U DZ”) (5.7)

0<p<1 0<p<1
if and only if
MY =M U < U D;”)) for a € (0,1). (5.8)
agp<1

Proof. To prove the sufficiency, using (5.6), we have the following inclusion

Mi'l) U ( U Dg’l)) C Mgﬂ).
a<p<1

For proving the other direction of inclusion, we have

MP =M () ( U M;}n))

0<p<1

=M ﬂ (Min) U ( U D;”)) (by assumption (5.7))

0<p<1
— M‘(;?) m (Miﬂ) U < U D;}’I)))
a<gf<1
(using Proposition 5.1.5 by taking T = (0,1)),
which implies

Mgv) C M;n) U < U D(ﬁn)) )

a<p<1

For proving the necessity, we have

U Mz(xr’) — M;”I) U ( U M((){ﬂ))

0<a<l1 O<a<l1
= Mi”) U ( U (Min) U < U D;’”))) (by assumption (5.8)
0<a<1 agp<l

e ( U IDgﬂ) .

This completes the proof. [ ]
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Proposition 5.2.9 Let  be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that M is a solid and nested family with respect
to n. For any a € (0,1), we have the strict inclusion Mi") C Mé”).

Proof. Since M is a nested family with respect to #, for any « € (0,1), we have the inclu-
sion Mﬁ”) C M. Suppose that there exists f, € (0,1) satisfying Mi”) = M;z). Then, for any
p € (0,1) with g > g, since
(1) () m _ apm
M c M’ My = MY,
it follows that
) _ apm _ p g
My =M, =M,
for any $ € (0,1) with g > f,, which implies
m _ ) _ apm) _ p g
AP = U M =M, =M.
Po<p<l
Since M is a nested family with respect to #, we also have
) _ m _ apn)
Aﬂo - U MI? _Mﬂo'
fo<p<1

Therefore, we obtain

D) _ A\ 4D _
Dﬁo - Aﬂo \Aﬁ0+ - ﬂ’

which contradicts DY # ¢ for any a € (0,1). This completes the proof. [

Proposition 5.2.10 Let 5 be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that M is a solid and nested family with respect
to n. Suppose that the following equality holds true

My =M ( U D§“>. (5.9)

agp<1
Then, we have
[s9)
ﬂML(IZ) — MYI)
n=1

fora, T 1with a, € (0,1) for all n.

Proof. According to Proposition 5.2.9, we define
N, = M{"\M\" # ¢ for a € (0,1). (5.10)

Then, we immediately have N, C N, for § < a. Suppose that (", N, # 9 fora, 1 1with
a, € (0,1) for all n. We are going to lead to a contradiction. For x € N, for all n, given any
a € (0,1), since «, 1 1 with &, € (0,1) for all n, there exists X, satisfying Ay > @, which
says that x € Nam] € N,, ie. x € N,. Using (5.10) and the assumption (5.9), we see that
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X €E D(”) for some f; € (0,1) with g, > a. Given any p, € (0,1), there exists g, € (0,1) sat-

1sfy1ng p, > p,. We consider the following cases.

o SinceM\” n D;’Z) = @i for §, € (0,1) by part (ii) of Proposition 5.1.4, it follows thatx ¢ M".

e For any § € (0,1) with g > §,, since g, > f,, it follows that § # ;. Since D(ﬁ”) n D(ﬁ”) =0
by part (i) of Proposition 5.1.4, we obtain x ¢ D(ﬁ").

Therefore, by the assumption (5.9), the above two cases imply that

() m Y — A

semr U( U o) -
Pr<p<1
Since Nﬂ C M(”) it follows that x & Nﬂ Since a,, 1 1 with «,, € (0,1) for all n, there exists
m, satisfying a , €(0,1) and a,, > f,, which says that N, C N, . Therefore, we obtain
'"2
x & N, ,which contradictsx € N, forall n. This shows that ()., N, = @.Itis easy to see
- n n

that

a

m (M(n)\M(m) — ﬂNan = ¢ if and only if ﬂMé’:) = Miﬂ)
' n=1 n=1
whena, 11

1 with a,, € (0,1) for all n. This completes the proof. [ ]

The converse of Proposition 5.2.10 can be obtained by providing some mild assumptions.
We first present some useful inclusions

Proposition 5.2.11 Let 5 be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that M is a solid and nested family with respect
to . For any a € (0,1), we have the strict inclusion M i”) G Ag’l.

Proof. For any a € (0,1), since Mi”) Cc Mﬁ”) forall 0 < y < 1, we have
(n) ) _ A(m
M c U M =A". (5.11)
a<y<1

We want to show M. i’” # Afﬂ- Suppose that M;”) = A" We are going to lead to a contradic-
tion. There exists y € (0,1] satisfying « < y < 1. Therefore, we obtain

(n) () ()N ()R W)
M cmPc | MP =AY =M,

a<p<1
ie. Mi”) = Mi"). Since M is a nested family with respect to #, we also have

m _ m _ agm
AV = | M =M.
y<p<1

: () () :
Since M;" C A, from (5.11), we obtain
Di’?) =A§/’I)\A§/'Q — M}/ﬂ)\A](jQ - M](/W)\Miﬂ) — g,

which contradicts Df,,”) #+ @ for « € (0,1). Therefore, we have the desired strict inclusion, and
the proof is complete. [
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Theorem 5.2.12 Let n be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]} be
a family of nonempty subsets of R™ such that the following conditions are satisfied:

e M is a solid and nested family with respect to n;
o Ny fo"’l) C M when a, T afora<1.

Forany a € (0,1), we have

My =M ( U D;”) (5.12)

agp<1

if and only if
() )]
M, =M’
n=1

fora, 1 1with a, € (0,1) for all n.

Proof. The sufficiency follows from Proposition 5.2.10 immediately. To prove the necessity,
assume that ﬂ;’:’zl Mf,'z) =M i”) for a,, 1 1 with &, € (0,1) for all n. From Proposition 5.2.7, we
have the following inclusion

M;ﬂ) U < U D;;r’)> g MS?).
a<p<l

To prove the other direction of inclusion, for any a € (0,1), according to Proposition 5.2.9,
we define

N, =M"\M" £ ¢. (5.13)
We want to show
() ) _
( U >\M1 = Jn, (5.14)
a<f<1 a<p<1

Suppose that x € M;”) for some f satisfyinga < f <1landx ¢ Mi”). Then x € N, for some
p satisfying @ < f < 1. Therefore, we obtain the inclusion

( U M;;“)\M;”) cUn,.

a<f<1 a<f<1
To prove the other direction of inclusion, if y € N, for some f satisfying a < f < 1, then

yE M;;’) for some f satisfyinga < f < landy ¢ M;”). This shows the equality (5.14). From
(5.13), it is easy to we see that, for «,, 1 1 with a,, € (0,1), we have

(M = M if and only if ("|N,, = 6. (5.15)
n=1 n=1

Now, we are in a position to prove the following inclusion
(1) () (1)
MY c M U( U o§ )
a<gp<1

Fora € (0,1) andx € N, = M"\M"", suppose that x ¢ D" and x ¢ D(ﬁ") for all g satisfying
@ < f < 1. We shall lead to a contradiction. Since x € N, and x & D\ = A{"\A") by the
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hypothesis, it follows that x € Agﬂ:. Using Proposition 5.2.11, i.e. M;”) G Agﬁ, we also have
X € Afﬂ \M i”). Now, from (5.14), we obtain

x e AY\M" = ( U Mf,’“) \Mﬁ”) = JN,

a<p<1 a<p<l
which says that there exists §, satisfying 1> §; >« and x € N;. Since x & D(ﬂ’z) by
the hypothesis, we can similarly show that there exists g, satisfying 1> g, > g, and
X € Ny . Also, since x ¢ DEZ) by the hypothesis, there exists g, satisfying 1> f; > f,
and x € N, . Continuing this process and argument, we can construct a strictly increas-
ing sequence {f,};2, contained in the open interval (a,1) satisfying x € N; for all
n, ie. xe N, N, # @. We shall claim 1 =sup,f,. Suppose that it is not true, i.e.
a < sup,p, = p* < 1. Then, we have [, M;;:) C M;Z) by the second condition. Therefore,
we obtain

— (1) m\ _ (1) (1) (1) () _
xe (W, =) (M \m”) = (ﬂM,,’: > \ M € MM = N,
n=1 n=1 n=1

which says that x € Nj. and x ¢ D;”f. Using the previous arguments for the procedure of
constructing the strictly increasing sequence, we can similarly show that there exists f°
satisfying 1 > f° > f* and x € Njo. This says that §° must be in the sequence, and that

sup g, = p° > 7,

which contradicts sup,f, = f*. Therefore, we must have 1=sup,p,, i.e. f, 11 and
Nnz1 Ns, # 0, which also contradicts the assumption ()2, N, =@ given in (5.15).
Therefore, we conclude that x € Df,") or x € D(ﬂ”) for some g satisfying 1 > f > a, which

proves the equality (5.12). This completes the proof. [

5.3 Generating Fuzzy Sets from Nested Families

Now, we are in a position to generate fuzzy sets from solid and nested families. In applica-
tions, the data may be formulated as the solid and nested families by referring to (5.1) and
Example 5.1.3.

Theorem 5.3.1 Let 5 be a function from (0,1] into (0,1], and let M = {M,, : @ € (0,1]} be
a family of nonempty subsets of R™ such that M is a solid and nested family with respect to 1.
Let x be an increasing and bijective function from (0,1] into (0,1]. Assume that

U M =My U< U Df,’“). (5.16)
O<a<l O<a<l1

o If U0<a51Mg7) = R™, we define a fuzzy set A* in R™ with membership function given by

_ | k@), ifxeD fora e (0,1)
:A*(x) - { 1’ l'fx I= MYI)

This also says that £ ;+(x) > 0 for x € R™.
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o If Uy, SIME,”) # R™, we define a fuzzy set A in R™ with membership function given by

(a), ifx e D™ fora € (0,1)

: (n)
Ep=q L UxXEM, " (5.17)
0, ifxe |J M.
0<a<l

This also says that & ;o(x) > 0 forx € UOQSIMS’).
Then, we have the following properties:

e R(¢;3+) = (0,1]and R(¢ze) = [0.1];

~% ~0 ~% ~0 . .
o Al =Ar = MY = M, and A; = A, = M’(('ﬂ)l(a) =M, (-1 (q) fOr each a € (0,1]; if n is
injective, we have

o

k(™

—x

Acori@) = Axoria) = My

foreach a € R(n).

We also have

O<a<l 0<a<l

Ay = cl(Ay,) =R™ = U M and A, = cl(4,,) = cl( U M,S”).

Proof. From Proposition 5.1.4, we see that the membership functions £;+ and £ ;o are well
defined. Next, we want to show

poe °

Al = A )= M for each a € (0,1].

k(a

It suffices to show A;(a) = M." for each « € (0,1]. We first claim that

Ealx@, 1= |J &l foreachae 1l (5.18)
A

(rER(E 0): 72K (@)

where £~} ([x(a), 1]) denotes the inverse image of the closed interval [x(«),1] and &7L(y)
A A
denotes the inverse image of singleton {y} for function & 1o Given x € E N[k (), 1)), we
A
have & 0 (X) > x(a). Let

14 =:§A°(x) €57€(§A0)
Then, we have y > k(a) and x € af;(y), which says that
xe U o
{rER( o) 72x(0)}

On the other hand, given any

xe |J e,
{yER( o) r2x(0)}

there exists y € R(¢ 1°) with y > k(a) satisfying x € fgg(y), which also says that & 0 (X) =
y > k(a). Therefore, it follows that x € £-}([x (@), 1]), which proves the equality (5.18).
A
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Since « is an increasing and bijective function on (0,1], it follows that R (& 0) =101] and

k() > 0 for @ € (0,1], the equality (5.18) can be rewritten as

Ea(lx(),1]) = I | &l
A A
k(a)<y<1
We also see that k(1) = 1. Therefore, for « € (0,1), we have

U el = U £-1(x(B)) (since «is bijective on (0,1])
k(a)<y<1 A {pe(0,1]: k(a)<k(p)<1} A

= U &Lk (p)) (since «is increasing and bijective on (0,1]).

{pe(0,1]:a<p<1}

Now, for each a € (0,1), we obtain

Aw=Eac@. 1) = ) £20) by (5.19)

k(a)<y<1

=:/;i(1)U< U :;(y))

k(a)<y<1

— ¢l -1
—fAO(DU({ U éAo(K(ﬁ))) (by (5.20)

pe(0.1]:a<p<1}
= Mi") U ( U D;’”) (by definition of £ ;ein (5.17))
{pe(0,1]:a<p<1}

= M (by Proposition 5.2.8 using assumption (5.16)).
We also have
A=A = EoL1) = {x €R™ : o) 2 1}
={xeR™: () =1} = 5;5(1) =M.
and

Ay, = U A = U A;(a) (since «is bijective on (0,1])

O<a<l O<a<l
= U M (by (5.105)).
O<a<l

We can similarly obtain

*

A0+ — U M

(5.19)

(5.20)

(5.21)

Suppose that 5 is injective. Then M, = M"  forae R(n) by (5.2). Therefore, we can

(@)
obtain A, , 1, = M,. This completes the proof.

In particular, the function x in Theorem 5.3.1 can be taken to be the identity function,

given by

k(a) = a for « € (0,1].

In this case, we can generate a fuzzy set A* or A° such that their a-level sets are given by

Ay =A, =M =M, for a € (0.1].
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Example 5.3.2 Continued from Example 5.1.3, we can obtain

M, U( U Df,”) =M, U( U {mg,mg})

0<a<l O<a<l
= (mém(l)]) = (bl’bz) = U M,(;’) #R.
O<a<l

Therefore, according to Theorem 5.3.1, we can define a fuzzy set A° in R with membership
function given by

(k(a), ifxeD? = {mkml} for0<a<1

on(x)=< 1, ifxeM,
0, ifxg ) M
L O<a<l

k(a), ifx=Q0Q-a)b,+aq0or(1-a),+aa,for0<a<1
=41, ifxe [al,az]
0, if x < byor x > b,.

For each « € (0,1], we have

Ay =MP =M, =M,_, = |[mk.mY] = [0 - 0)b, +aa,.(1 — )b, + aa,]
and the a-level set of A" is given by
Py _ — [L - U
AU’ - Mxn‘l(a) - M"I(K_l(a)) - Ml—K‘l(a) = [m,(—l(a)’ m,(—l(a)]
= [(1 - K_l(a)) b, + K‘l(a)al, (1 - K‘l(a)) b, + K_l(a)az] .
Moreover, the 0-level set is given by Ay = [b,, b,].
Theorem 5.3.3 Let 5 be a function from (0,1] into (0,1], and let M = {M,, : « € (0,1]} be
a family of nonempty subsets of R™ such that the following conditions are satisfied:

e M is a solid and nested family with respect to n;
o Ny fo"’l) c MY when a, 1 a fora < 1.

Let k be an increasing and bijective function on (0,1]. Assume that

(M € M when a, 1 1 with a, € (0,1) for all n.
n=1

o If o<y SIM((,”) = R™, we define a fuzzy set A* in R™ with membership function given by

_ ) k), ifxe D for a € (0,1)
Eir(0) = { 1. ifx e MY’)'

This says that &+ (x) > 0 forx € R™.
o If Uy, SIME,”) # R™, we define a fuzzy set A in R™ with membership function given by

x(a), ifx e D™ fora € (0,1)

: ()
$e00) = 1, ?chMl o
0, ifxe |J M.

O<a<l

This says that & ;o (x) > 0 forx € U0<a51M§,'7).
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Then, we have the following properties:

o R(;+) =(01] and R(¢40) = [0,1];

i _ 3° _ afm _ A% _ 7° —_ agm _
. AK(a) —AK(a) =M," = M,,(a) and A, =A, = Mr](a) = Mn(r
injective, we have

1) foreach a € (0,1); if n is

o

k(™

Acori@) = Acoriay = Mo

Un
foreach a € R(n).

We also have

Ay =clAy)=R" = U MY and A, = cl(4;,) = cl( U Mf,'”) .

0<a<l 0<a<l

Proof. Using the nestedness, we see that

M c ﬂMsz) when a,, 1 1 with a,, € (0,1) for all n.
n=1
Therefore, combining it with the assumption, we obtain
M{" = (\M,” when a, 1 1 with a, € (0,1) for all n.

n=1
By Theorem 5.2.12 and Proposition 5.2.8, we see that the assumption of Theorem 5.3.1 is
satisfied. Therefore, the results follow immediately from Theorem 5.3.1. This completes the
proof. u

5.4 Generating Fuzzy Sets Based on the Expression
in the Decomposition Theorem

We are going to present many methods to construct fuzzy sets in R™ based on the expression
in the Decomposition Theorem 2.2.13.

5.4.1 The Ordinary Situation

Let M = {M, : @ € [0,1]} be a family of nonempty sets in R™. We can generate a fuzzy set
A" in R™ with membership function defined by

$p0(0) = sup a -y (). (5.22)
O<a<l
For x € Jy,<1M,» We have x € M, for some &, € (0,1], which says that
)= sup a- yp (x) > a5 >0.
0<a<1 “
For x ¢ U0<a51Ma, we have x ¢ M, for all « € (0,1]. By the definition of ;. in (5.22), we

have & ;1 (x) = 0. Therefore, we obtain

24

£ (x) = O<osl 0<a<l (5.23)
0, otherwise.

sup a-)(Mx(x)>0, ifxe U M
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Proposition 5.4.1 We have the following equality

<L
Ay, = U M,. (5.24)

0<a<l

Proof. For x & U0<a§1Ma’ we have &1 (x) =0, i.e.x & Aal for all @ € (0,1]. Therefore, we
have the inclusions

A c U M, for all « € (0,1],

O<a<l
which implies
L
A0+ c U M(l
0<a<l

by (2.5). The inclusion

U M. c4.

0<a<l

is obvious by (5.23). This completes the proof. [

Given any fixed a € (0,1], we write

It is clear to see A; = M.

Proposition 5.4.2 Given any fixed a € (0,1), we have

AL CA,CA; andA,, =A.,.

Proof. For x € A,, it means that x € M, for some f satisfying « < f < 1. From (5.22), it
follows that

gl(x) =Ssupy- }(M,,(x) >p2a,
0<y<1

which shows the inclusion A, C A'i. We can similarly obtain the inclusion A4, C A'al - Sup-
pose that x & A, . It means that x ¢ M; for all § satisfying a < § < 1. Therefore, we obtain

$i(x)=sup B+ )(Mﬁ(x) = sup §- )(M/,(x) <a,
0<p<1 0<f<a

ie.x g A;, which shows the inclusion A; C A,. We can similarly obtain the inclusion
A;, C A,,,and the proof is complete. [

Proposition 5.4.3 Let {M, : a € [0,1]} be a family of nonempty subsets of R™. We consider

a

the membership function &;. defined in (5.22). Suppose that A, \A,, # @ for all « € (0,1).
Then, we have R(& ;1) = [0,1].
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Proof. Itis clear to see 0 € R(& ;). Since M, # @, we also see that 1 € R(&;1). Now, given
any fixed « € (0,1) and anyx € D, we see thatx € A, andx ¢ A, . Using Proposition 5.4.2,
we have x € Ai andx & Aal +»which say that £ ;1 (x) > @ and £ ;1 (x) < a. Therefore,we obtain

£;1(x) = a, which also says that (0,1) C R(£;:), and the proof is complete. ]
Theorem 5.4.4 (Negoita, Puri and Ralescu [84, 92]) Let {M, : a € [0,1]} be a family of
nonempty subsets of R™ such that the following conditions are satisfied:

o M,=R";
oM, gMﬂfora,ﬁ € [0,1]with p < a;
o Ny M, SM, whena, T awitha > 0.

We can generate a fuzzy set A* with membership function defined by
)= asel?(?ua S, = Osigla Xm0

Then, we have
A =(xeR™: &p(x)2a) =M,

forevery a € [0,1].

The assumption of M, = R™ in Theorem 5.4.4 can be omitted. In what follows, we can
consider M,, # R"™. We first provide some useful properties.

Proposition 5.4.5 Let M = {M, : a € [0,1]} be a family of nonempty subsets of R™ satis-
fying My C M, for a, p € (0,1] with a < p. We consider the membership function &, defined
in (5.22). Then, the following statements hold true.

(i) Given any a € (0,1], we have

M, CA: (5.25)
and
A= Mc )4 (5.26)
0<pf<a 0<f<a

(ii) Given any a € (0,1], suppose that ﬂ;ll Maﬂ C M, when a,, T a. Then, we have

Ay =M= (M= (| M, (5.27)

0<f<a 0<f<a

Proof. To prove part (i), the inclusion (5.25) is obvious by applying the nestedness to Propo-
sition 5.4.2, where
A= |JM=M,
a<p<l1

by the nestedness. To prove (5.26), given any x € Ai and f satisfying 0 < f < a, we want to
show thatx € M, 5 Since ;1 (x) > @, we consider the following cases.

e Assume that £;1(x) > a. Let € = §;.(x) — a > 0. From (5.22), the concept of supremum
says that there exists a, € (0,1] satisfyingx € M, and £;1(x) — € < a,, which implies a <
a,. This also says that x € My, since M, € M, C M by the nestedness.
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e Assume that §;1(x) = a. Let € = @ — > 0. The concept of supremum says that there
exists a, € (0,1] satisfying x € M, and a — € < ay, which implies § < a,. This also says
that x € M, by the nestedness M, C M.

Since # can be any number satisfying 0 < f < a, we conclude that
X € ﬂ M.
0<f<a

By combining the inclusion (5.25), we obtain the inclusion (5.26).

For proving the other direction of inclusion, suppose that x € M for all f satisfying
0 < § < a. By the definition of &4 in (5.22), we also see that &1 (x) > f for all § satisfying
0 < f < a. We want to show that ;1 (x) > @. Suppose that £ ;1 (x) < a. There exists ﬁ satis-
fying £ ;1 (x) < B < a, which contradicts & 1+ (x) > p for all g satisfying 0 < § < a. Therefore,
we obtain x € Ai, which proves the equality (5.26) by applying the inclusion (5.26).

To prove part (ii), given any x € Ai, we want to show that x € M,,. Since &;1(x) > a, we
consider the following cases.

e Assume that &;.(x) > a. Let € = £31(x) — & > 0. The supremum in (5.22) says that there
exists a, € (0,1] satisfying x € Moz0 and &;1(x) — € < @y, which implies a < a,. This also
says that x € M,, since M, € M, by the nestedness.

o Assume that & ;1 (x) = a. The supremum in (5.22) says that there exists a sequence {«, }7? |
in (0,1] satisfying x € M, for alln and @, 1 a, which implies

xe (M, cM,
n=1
by the assumption, and concludes thatx € M.
Therefore, we obtain the inclusion /Tal C M,. The equalities (5.27) follow immediately from
(5.25) and the nestedness. This completes the proof. [

Proposition 5.4.6 Let {M, : a € [0,1]} be a family of nonempty subsets of R™ such that
the following conditions are satisfied:

e M, C Mﬂfor a,f € 0,1]with f < a;
e Ny M, SM, whena, T a.

Consider the membership function & ;. defined in (5.22). Then, we have

Ay =M, forevery a € (0.,1] (5.28)
and
”
Ay, = U M,. (5.29)
O<a<l

We further assume that each M, is a convex set in R™ for a € (0,1]. Then, the membership
Jfunction & ;. is quasi-concave.

Proof. The equality (5.28) follows from part (ii) of Proposition 5.4.5. Also, the equality
(5.29) follows from (5.24) immediately. It remains to show that the membership function
L is quasi-concave. For any x;,x, € R™, let

a =min{&(x), &4 (X))
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If « = 0, it is clear to see that
Eqkxy; + (1 —k)xy) > 0 =min {£,:(x;), &1 (%)} .
For a > 0, we have £;.(x)) > e and §;1(x,) > a,i.e.X;,X, € Ai. Since Ai = M, is convex for
a € (0,1], we also have kx; + (1 — k)x, € Aai for any k € (0,1). Therefore, we obtain.
Eqhx + (1 —k)xy) > a = min {&,06),E,(x) }

This completes the proof. [

Theorem 5.4.7 Let {M, : a € [0,1]} be a family of nonempty subsets of R™ such that the
following conditions are satisfied:

o M, C M fora,f € (0,1]with f < a;

o M1 M, SM, whena, 1 a

Then, we can generate a fuzzy set A" in R™ with membership function defined by

()= 0sup a xu, (x) (5.30)

<a<l

satisfying

Ay =M, for a € (0.1].
We also have

=1

‘40+ = LJ Ad@

O<a<l

and

Ay = clAy,) =l U Al ) =d U M, ). (5.31)

0<a<l O<a<l

Suppose that A\A,, # 0 for all « € (0,1). Then, we have R(&4) = [0,1]. We further assume
that the following conditions are satisfied.

e M, are closed and convex sets in R™ for a € (0,1].
e The union | Jo ,<;M, is a bounded subset of R™.

Then A* € F(R™) is a fuzzy vector.

Proof. The results regarding the a-level sets can follow from Proposition 5.4.6, and the
results regarding the range R(§;:) of membership function can follow from Proposi-
tion 5.4.3. Finally, we want to claim that Ate $(R™) by checking all the conditions in
Definition 2.3.1.

e Since each M, is assumed to be convex set in R™ for « € (0,1], Proposition 5.4.6 says that
the membership function &, is quasi-concave.
o Since each M, is assumed to be closed subset of R™ for a € (0,1], it follows that

(xeR™: () 2a) =4, =M,
is a closed subset of R™ for a € (0,1], which also says that the membership function & ;.
is upper semi-continuous.

e From (5.31), it follows that the 0-level set Aé is bounded in R™.

Therefore, we conclude that At e F(R™), and the proof is complete. u
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The above results assume that {M, : « € [0,1]} is anested family in the sense of M s S M,
for @ < p. Next, the family {M, : a € [0,1]} will not be assumed to be nested.

Proposition 5.4.8 Let {M, : a € [0,1]} be a family of nonempty subsets of R™. Suppose
that, for any fixed x € R™, the function { (a) = a - y (x) is upper semi-continuous on [0,1].
Consider the membership function & ;. defined in (5.22). Then

Ai = U M, for every a € (0,1] (5.32)
a<p<l
and
A= UM, (5.33)
0<a<l

Proof. For « € (0,1], suppose that x eAi and x € M, for all § satisfying a < f < 1.
Then g - ;(Mﬂ(x) < a for all 0 < # < 1. Since ¢, is upper semi-continuous on [0,1] by the
assumption, Proposition 1.4.4 says that the following supremum

sup £ (f) = max £ (h)
0<p<1

0<p<1

is attained. This says that

0<énx) = Osslzgléx(ﬂ) = (r)rslgglix(ﬂ) =0 am, ) <a

for some g* € [0,1]. Since p* # 0, it follows that 0 < f* < 1, which violates x € Ai. There-
fore, there exists f, satisfying a < f, < 1andx € M , which shows the following inclusion

A c Um,
a<f<1
The following inclusion
U M, C {xe R™ : sup -z, (%) 20{} = (xER™: &u(x) 2 a) =4,
ash<l 0<p<1

is obvious, which proves the equality (5.32). Finally, the equality (5.33) follows immediately
from (5.24), and the proof is complete. [ |

Theorem 5.4.9 (Non-Nested Family). Let {M, : « € [0,1]} be a family of nonempty
subsets of R™. Suppose that, for any fixed x € R™, the function { (a) = a - xy (X) is upper
semi-continuous on [0,1]. Then, we can generate a fuzzy set A" in R™ with membership
function defined by

Epr(0) = sup a- gy (X) (5.34)
O<a<l
satisfying
A, = |J M, forae @il
a<p<l

We also have

‘ié; = L_J M,

0<a<l
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A =dAy=df (M, ).
0<a<l

Suppose that A \A,, # @ for all « € (0,1). Then, we have R(&;:) = [0,1].

and

Proof. Using Proposition 5.4.8 and a similar argument to the proof of Theorem 5.4.7, the
proof is complete. [

5.4.2 Based on One Function

We consider another approach for generating fuzzy sets in R™. Let {M, : @« € [0,1]} be a
family of nonempty subsets of R™,and let A : [0,1] — [0,1] be a real-valued function defined
on [0,1]. We can generate a fuzzy set A° in R” with membership function defined by

o (X) = s%; A@) - gpg, (%) (5.35)
Let
S*={a€[01] : Ma)>0}. (5.36)

Then, we see that
Epx) = Sl[lop1 A@) - xpg, (X) = sup Aa) - ypy (). (5.37)
ae aEeS*

We see that (5.22) is a special case of (5.37) by taking A(a) = a.

For x € (J,e5-M,, we have x € M, for some a, € S*, which says that

4o (X) = sup A(a) - M, (xX) > May) > 0.

a€ES*

For x & J,cs-M,, We have x ¢ M, for all « € S°. By the definition of £ in (5.37), we have
Ez(x) =0. Therefore, we obtain

sup A(@) - @) >0, ifxe [ JM,
Eae(x) = § @€ acse (5.38)
0, otherwise.

Proposition 5.4.10 We have the following equality
= UM, (5.39)

aesS*

Proof. For x ¢ |
have

wes+My, We have £42(x) =0, i.e. x & AZ for all « € (0,1]. Therefore, we

°C UMa for all a € (0,1].

aEesS*
Using (2.5), we can obtain the inclusion

A e Unm,

a€esS*
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The inclusion
U Ma g AS+
aEeS*

is obvious by (5.38). This completes the proof. [

Proposition 5.4.11 Suppose that M = {M,, : a € [0,1]} is a nested family in the sense of
M, C My for a, p € S* with A(B) < A(a). We also assume that any one of the following condi-
tions is satisfied.

o Theinfimuminf ,_q A(a) is attained.
e S°® is a closed and bounded set, and A is lower semi-continuous on S°.

Then, we have
A;+ = UMa = ME’
aEeS*
where

a = inf A(a).

aES*

Proof. Suppose that the infimum inf ,.¢. A(e) is attained; that is, there exists a € S*
satisfying
Aa) = min Ma) = inf A(a).
aEeS* acS®
In this case, we have M, C M for all « € S*, which says that | J ..M, = M.
Suppose that S* is a closed and bounded set, and that A is lower semi-continuous on S°.
Then, the infimum inf ¢ A() is automatically attained. This completes the proof. [

Given any fixed a € [0,1), we write
p)
BY = U M, (5.40)
{peS* 1 A(B= (@)}
and

) , if A(f) < A(a) forall p € S*
BY) = U M,, otherwise. (5.41)
{BES*: A(B)> M)}

Proposition 5.4.12 Given any fixed a € [0,1), we have

o D~ 5o D _ go
Al € Bi CAjq and By = A,

Proof. For x € Bff), it means that x e M 5 for some g € S°* satisfying A(f) > A(a). From
(5.37), it follows that

4 () = sup A(y) -y, () 2 A(B) = Ma),

y€ES*
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which shows the inclusion B{” C AZ(G). We can similarly obtain the inclusion B}" C Aj(a) "
Suppose that x ¢ BS,’D. It means that x & M, for all g € S* satisfying A(f) > A(«). Therefore,
we obtain

Sar) =sup A(f) -y, )= sup A(f) - yy,(X) < Aa),
pest (Bes* 1 4(p)<i(a))

ie.x¢ A~Z(a) +» which shows the inclusion Aj(a) .+ C B If Bffj # {, we can similarly obtain
the following inclusion A:(a) e Bfﬁ If Bfﬁ = @, we have A(f) < M) for all p € S*, which
says that £ (x) < A(a) for any x € R™ by (5.37), i.e.

{x eR™ : £ (x) > Ma)} = 0.

This completes the proof. [

The range R(£4¢) of function &4~ is an important issue. Therefore, the following results
will be used in the subsequent discussion.

Proposition 5.4.13 Let {M, : a € [0,1]} be a family of nonempty subsets of R™, and let A
be a function from [0,1] into [0,1]. We consider the membership function &z defined in (5.37).
Then, the following statements hold true.

(i) Given any fixed x € |J,,c5-M,, we have the following properties.
e Suppose that the supremum &z (x) in (5.37) is attained. Then, we have ;2 (x) € R(A).
e Suppose that the supremum &z (x) in (5.37) is not attained. Then, we have

Ea0 (%) € cR(AD\R(A).
(ii) We have 0 € R(&4) C cl(R(A)) U {0}.
(iii) Suppose that Bfl’l)\Bfﬁ # @ forall « € [0,1) N S*. Then, we have
R(MH U0} € R(4) € cl(R(A)) U {0} = cl(R(4) U {0})
and
cl(R(£4:)) = c(R(A) U {0}).

In particular, we have the following properties.
e Suppose that the supremum & z+(x) in (5.37) is attained for allx € | J
have

M,. Then, we

aES*®

R(&z) = R(M) U {0}.
e Suppose that R(A) U {0} is a closed subset of [0,1]. Then, we have
R(z) =R U {0}.

Proof. To prove part (i), if the supremum in (5.37) is attained, it means that there exists
a, € S* satisfying

Eio(X) = May) € R(4) and x € M%.

Suppose that the supremum in (5.37) is not attained, i.e. &;.(x) € R(4). According to
the concept of supremum, there exists a sequence {«,},2, in [0,1] satisfying x € M, for
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all n and A(a,) = £4(x) as n — oo, which says that &4 (x) € cl(R(4)). It is obvious that
0 € R(&4°) from (5.38). Therefore, part (ii) can be realized from part (i).

To prove part (iii), let EY = Bﬁ,’“\Bfﬁ. Then E # @ for all « € [0,1) N S*. Given any
y € R(MH\{0}, there exists « € [0,1] N S* satisfying A(a) =y > 0. Given any x € Eff), we

consider the following cases.

o Suppose that B} = . Then A(f) < A(a) for all § € [0,1], i.e. &z(x) < A(a) for any x € R™
by (5.37). For any x € E”, we also have x € B". Using Proposition 5.4.12, we obtain
X e A:(a), i.e. £40(x) > A(a), which implies &4 (x) = A(a) =y, i.e. ¥y € R({x).

e Suppose that Bfﬁ # ). For any x € Eff), we see that x € fo’l) andx ¢ Bfi: Using Proposi-
tion 5.4.12, we have x € A:(a) and x & AZ(G)+’ i.e. £ (x) > Aa) and &4(x) < A(ar), which
implies &4 (x) = A(a) = .

Therefore, the above two cases prove the inclusion R(4)\{0} C R(&;-). Using parts (i) and

(i), the proof is complete. [

Proposition 5.4.14 Let {M, : a € [0,1]} be a family of nonempty subsets of R™ satisfying
M;C M, fora, g € S* with Aa) < A(B), and let A be a function from [0,1] into [0,1]. We con-
sider the membership function & ;- defined in (5.37). Then, the following statements hold true.
(i) Given any a € S*, we have
~o
M, C A, (5.42)
and
A C (N M,c N A (5.43)
{peS* 1 A(P)<Ma)} {pes: Af)<ia)}

(ii) Suppose that A is continuous. Given any a € S°, we have

e

A= ﬂ M,. (5.44)
{peS* : A(B)<Ma)}
(ili) Given any a € S*, suppose that (., M, CM, when A(a,) 1 A(a) with a,, € S* for all
n. Then, we have
Apy=M,= N M, (5.45)
{peS* 1 A(P)<A(@)}
(iv) Given any a € S*, suppose that (., M, €M, when Aa,) 1 Ma) with a, € S° for all
n. We also assume that A is continuous. Then, we have
~o
Kp=M,= [} M= [] M,
{pES* 1 A(P)<A(a)} {pes* : Af)<M(a)}

Proof. To prove part (i), for any a € S*, since M; C M, for a, f € S* with A(a) < A(p), it
follows that BY = M, . Then, the inclusion (5.42) is obvious by using Proposition 5.4.12. To
prove the inclusions (5.43), given any x € /Tj(a) and f € S* satisfying A(f) < A(a), we want
to show thatx € M, 5 Since &4+ (x) > A(a), we consider the following cases.

e Assume that 40 (x) > A(a). Let
€=¢40(x) — Aa) > 0.
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From (5.37), the concept of supremum says that there exists a, € S* satisfying x € M,
and

S (X) — e < Aay),

which implies A(a) < A(a,). This also says thatx € M 4> since
M, CM, CM,

by the nestedness.

e Assume that 4 (x) = A(@). Let

€= Aa) — A(B) > 0.

The concept of supremum says that there exists a, € S* satisfyingx € M, and
Ma) — € < Aay),

which implies A(8) < A(a,). This also says that x € M, by the nestedness M, <M,

Since A(f) can be any number g € S* satisfying A(f) < A(a), we conclude that
X € ﬂ M 5
{pes* 1 a(f)<M()}
By combining the inclusion (5.42), we obtain the inclusions (5.43).

To prove part (ii), suppose that x € M for all g € S* satisfying A(f) < A(a). By the def-
inition of £z~ in (5.37), we also see that &4-(x) > A(f) for all g € S* satisfying A(f) < A(a).
We want to show that &2 (x) > A(a). Suppose that &4+ (x) < A(a). Then, there exists ¢ € (0,1)
satisfying

A(By) < Ep(x) < < Aa)

for some f, € S° satisfying A(f,) < A(«). Since 4 is continuous and A(f,) < ¢ < A(a), Propo-
sition 1.4.3 says that there exists E € [p,, a] satisfying ¢ = ﬂ(ﬁ). This shows that £;-(x) <
/I(ﬁ), which contradicts &4 (x) > A(f) for all f € S* satisfying A(f) < A(a). Therefore, we
must have £;-(x) > A(a), ie. x € A'Z(a), which proves the equality (5.44) by applying the
inclusion (5.43).

To prove part (iii), given any x € AZ(H), we want to show that x € M,,. Since &4 (x) > Aa),
we consider the following cases.

e Assume that & (x) > A(a). Let
€=Ez(x) — AMa) > 0.
The supremum in (5.37) says that there exists a, € S* satisfyingx € M, and
£ () — € < Alag),

which implies () < A(a,). This also says thatx € M,,, since M, € M, by the nestedness.
e Assume that £42(x) = A(a). The supremum in (5.37) says that there exists a sequence
{a, )52, in S* satisfying x € Ma,, for all n and A(e,,) 1t A(a), which implies

X € ﬁMan cM,

n=1

by the assumption, and concludes thatx € M,,.
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Therefore, we obtain the inclusion Aj(a) C M,,. The equalities (5.45) follow immediately
from (5.42) and the nestedness. Finally, part (iv) follows from parts (ii) and (iii). This com-
pletes the proof [ ]

Proposition 5.4.14 presents the representation Aj(a) for A(a) € R(A). If y ¢ R(A), the rep-
resentation /i; is unknown. The following proposition will provide the representation of A;
in terms of sequence {A;(an) }o>, without considering the nestedness in which the represen-
tation A;(an) can be realized from Proposition 5.4.14.

Proposition 5.4.15 Let M = {M, : a € [0,1]} be a family of nonempty subsets of R™, and
let A be a function from [0,1] into [0,1]. Consider the membership function £ ;- defined in (5.37).
Then, we have the following properties.

(i) Fory ¢ R(A), suppose that A(a,) 1 y. Then, we have

~o ~o
A = (A%, (5.46)
n

=1

(ii) Fory & R(A), suppose that A(f,,) | y. Then, we have

(o] o0
~o ~0 ~o e
A, C UA/I(ﬂmH ¢ UAMﬂm) cA,.
m=1

m=1
Proof. To prove part (i), the following inclusion is obvious

A ={xeR": @2y} C({xeR™ 1 5@ > ey} = A,
n=1

n=1
On the other hand, if £;-(x) > A(«,,) for all n, we have £4-(x) > y by taking the limit, which
shows the other direction of inclusion. Therefore, we obtain the desired equality (5.46).
To prove part (ii), since 4(8,,) | 7, the following inclusion is obvious

A ={xeR": &r@2r}2 ([ {xeR: w2 a0} = U4y,
m=1 m=1
Now, for &4 (x) > y, since A(8,,) | v, there exists

ABy) € {A(By) )z, satisfying y < A(By) < &z (%),

which shows the following inclusion
A, ={xeR": &>yt c|J{xerRm: &200> a0} = [ JA%y v
m=1 m=1
This completes the proof. [

Remark 5.4.16 The existence of the sequences {A(a,)}72; and {A(f,,)}5x_; satisfying
Ma,) 1y and A(B,,) | v, respectively, can be realized by considering the denseness of range
R(A). Suppose that the range R(4) is dense in [0,1]. Given any r € (0,1)\R(4), there exists
two sequences {A(e,)}>, and {A(B,)}5_; in R(4) satistying A(a,) T v and A(f,,) | v. For
y = 1, we can only consider the case of A(a,) 1 7.
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Proposition 5.4.17 Let A be a function from [0,1] into [0,1], and let {M, : « € [0,1]} be a
family of nonempty subsets of R™ such that the following conditions are satisfied:

o M, C M, fora,p € S* with A(a) < A(p);
o Ny M, C M, when A(a,) 1 A(a) with a,,, @ € S* for all n.

Consider the membership function & defined in (5.37). Then, we have

Ay =M, fora €S* (5.47)
and
Ay, = UMQ. (5.48)
aEeS*®

We also have
M, ify = Aa) € R(A)

o

A= (M., ifr &R and ia,) 1 7 for a, € S* forall n. (549)
n=1

Proof. The equality (5.47) follows from part (iii) of Proposition 5.4.14. Also, The equality
(5.48) follows from (5.39) immediately. Using part (i) of Proposition 5.4.15 and (5.47), we
obtain (5.49). This completes the proof. [

Example 5.4.18 We present two different functions regarding 4.
(a) Let A(@) =1 — a be defined on [0,1]. Then
S*={ae[01]: Ma)>0}={ae[01] :1—a>0}=][0,1).

o The first condition of Proposition 5.4.17 says that A(a) > A(f) implies M, C My, i.e.
a < f implies M, C M.
e The second condition of Proposition 5.4.17 says that A(a,,) 1 A(«) implies (), M, ¢
M, ie a, | aimplies(),2, M, CM,.
In this case, we have A, _, = M, for all « € [0,1). Equivalently, we also have A, = M,_,
for all « € (0,1].
(b) Let A(@) = @ be defined on [0,1]. Then

S*={ae€[01]: Aa)>0} ={a€[0,1]:a’>>0}=(0,1].

e The first condition of Proposition 5.4.17 says that * < f* implies M, C M,, which
also says that @ < § implies M, C M,, since a < § if and only if a®> < §? for positive
numbers «a and S.

o The second condition of Proposition 5.4.17 says that a;; 1 o implies (2, M, C M,,
ie.a, 1 aimplies (2, M, C M,,sincea, 1 aifandonlyifa; 1 o for positive num-
bersa and a, forn =12, ....

In this case, we have Azz =M, forall « € (0,1].

Theorem 5.4.19 (Based on One Function). Let 4 be a function from [0,1] into [0,1], and
let {M, : a € [0,1]} be a family of nonempty subsets of R™ such that the following conditions
are satisfied:

e M, C M,,for a, p € S* with A(f) < A(a);
o Moy M, S M, when Aa,) T A(a) with a,, a € S* for all n.
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Then, we can generate a fuzzy set A° in R™ with membership function defined by

Ep(x) = sug A@) -y, (%) (5.50)
aEeS*

satisfying A3, = M, for a € S°*. We also have

Ay, = UMH and A; = cl(Ay,) =cl<UA:> =cl<UMa).

aES*® aES® aES*®

Fory & R(A) satisfying A(a,,) 1 v, we have

[oe] [oe]
A= (P, = (Vi
n=1 n=1

On the other hand, the range R(&2) of &4 satisfies the following properties.

(i) Given any fixed x € |J,c5-M,, we have the following properties.
e Suppose that the supremum &z (x) in (5.50) is attained. Then, we have &z-(x) € R(A).
o Suppose that the supremum & ;- (x) in (5.50) is not attained. Then, we have

Ea0 (%) € clR(A\R(A).
(ii) We have 0 € R(£4) C cl(R(4)) U {0}.
(iii) Suppose that By)\BEﬁ # @ forall a € [0,1) N S°. Then, we have
R U {0} C R(&ze) € cl(R(M) U {0} = cl(R(A) U {0}) (5.51)
and
cl(R(&z)) = cl(R(A) U {0}).

In particular, we have the following properties.
e Suppose that the supremum &z (x) in (5.50) is attained for all x € | J
have

M,. Then, we

aesS*

R(¢z) =R U {0}
o Suppose that R(A) U {0} is a closed subset of [0,1]. Then, we have
R(¢z) =R U {0}

Proof. The results follow immediately from Proposition 5.4.17. The results regarding the
range R(&4¢) can refer to Proposition 5.4.13. ]

Example 5.4.20 Given any real numbers a,, a,, b;, b, satisfying b; < a; <a, <b,, let
mkt =1 - )b, +aa; and mY = (1 - a)b, + aa,.

We define M, to be a closed interval in R by M, = [m%, mU] for a € [0,1]. Let A be a function

from [0,1] into [0,1] defined by A(«) = a?. Then, we have S* = S = (0,1].

e Itis clear to see that M, C M, for a, § € S* with A(f) < A(a), i.e. f* < a?.

e Now, we want to show ﬂ,;”;l Man C M, for A(a,) T Ala) with a,,a € S* for all n; that is,
ay 1 a? with a,,a € S* for all n. Equivalently, we want to show (\,2, M. - C M for
a, 1 awith a,,a € S* for all n. Given any x € M- for all n, we have m" _ <x <m"

vV, Ve
for all n. Since m*_ and mY__ are continuous with respect to « on S*, by taking the limit

v, Ve
asn — oo, weobtainmE _ <x<mV_,ie.xe Mﬁ’ which shows the desired inclusion.

Vo © a
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Then, we can generate a fuzzy set A° in R with membership function given by

&40 (0) = SUP A@) - sy, (%) = sup @ -y ().
aEeS*® O<a<l

Using Theorem 5.4.19, we have
AZ(Q) =AZ; =M, for0<a<1.

We also have

A;-f- = UMa = U Ma = (m{)"m([)J) = (bl’bZ)

a€ES* 0<a<l

and
A = [by.by)].
Given any fixed « € S* = (0,1], we have

B'= Uy M= U M= U M

{pES* : APz A(0) } {$€(0,1]: f?>a?} {pe(0.1]: fza}
_ _ L Ul _[.L U
- UMﬁ_ U [mﬂ,mﬁ]—[ma,ma]
a<p<l a<p<1l
and
g, if A(8) < Aa) forall g € S°

(4) _ .
B, =1 U My, otherwise
{BES* 1 A(B)>Aa)}

@, if p2 < a?forall g € (0,1]
= U M,, otherwise
{pe(0,1]: p2>a?}

L
p

@, if f < aforall g € (0,1]
=9 U M, otherwise

a<p<1

= U [mhmb] = (mbm?).
a<f<1

Therefore, we have
BB = [mi, ]|\ (mi,mi]) = {mi [} # 6.
Since R(4) = [0,1], using (5.51), it follows that R (&) = [0,1].
The above results assume that {M,, : « € [0,1]} is a nested family in the sense of M; C M,

for A(a) < A(p). Next, the family {M, : a € [0,1]} will not be assumed to be nested in that
sense.

Proposition 5.4.21 Let A be a function from [0,1] into [0,1], and let {M, : a« € [0,1]} be a
family of nonempty subsets of R™. Suppose that, for any fixed x € R™, the following function

&) = M) - ypy, ()
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is upper semi-continuous on [0,1]. Consider the membership function &z defined in (5.37).

Then, we have

~0

Ay = U M, forevery a € S*
(peS* : A)<A(p)}

and
A, =M,
aEeS®
Ify & R(A) satisfies 0 < A(a,) 1 v, we have
A= U M,.

n=1{peS*: Aa,)<A(B)}

Proof. Given any fixed a € S°®, we have 0 < A(a). Suppose that x € A'Z(a) and

X & M, for all g € S* satisfying A(a) < A(p).
Then, we have

MB) - 23,0 < M) forall p € S°.

(5.52)

(5.53)

(5.54)

(5.55)

(5.56)

Since ¢, is upper semi-continuous on [0,1] by the assumption, Proposition 1.4.4 says that

the following supremum

Suple(ﬁ) = max ¢ (f)

0<p< 0=p<1

is attained. This says that

0 < Aa) £&500) = sup () = max &)
0<p<1 <p<1

= (1)1;?2(1/1(13) * A, ) = AF") - xy,. ),

where A(f*) # 0, i.e. p* € S°. Using (5.56), we have
Ma) < Ez2(x) = A(f¥) - 4y ) < Ma).

This contradiction says that there exists f, € S* satisfying A(f,) > A(a)andx € M b by refer-

ring to (5.55), which shows the following inclusion
Ay C U M,
{BeS*: Aa)<A(B)}
The following inclusion

M, C {x € R™ : sup A(B) - )(Mﬂ(x) > /l(a)}
{pes: A)<i(P)) pest
={x €R™ : &p(0) > M)} = 4,

is obvious, which shows the equality (5.52). The equality (5.53) follows immediately from
(5.39). Using part (i) of Proposition 5.4.15, for y ¢ R(4) satisfying 0 < A(a,,) 1 v, we have

(s

o o

A = (VA
n=1

Using (5.52), we obtain (5.54), and the proof is complete.
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Theorem 5.4.22 (Based on One Function and a Non-Nested Family). Let A be a func-
tion from [0,1] into [0,1], and let {M, : a« € [0,1]} be a family of nonempty subsets of R™.
Suppose that, for any fixed x € R™, the following function

Cel@) = M) - yp, ()

is upper semi-continuous on [0,1]. Then, we can generate a fuzzy set A° in R™ with membership
function defined by

Sar () = sup Aa) - jyp, (X) (5.57)
a€ES*
satisfying
Ay = U Mpraes.

{BES* : A@)<A(B)}
We also have

= UM,

aesS*

and

Ay =clA3,) =cl ( UMG) :

aES*®

Fory ¢ R(A) satisfying Aa,) 1 v, we have

ﬂAm )= ﬂ U M,

n=1{peS*: A(a,)<A(p)}

On the other hand, the range R(&;°) of &4 satisfies the following properties.

() Given any fixed x € |J,,c5-M,, we have the following properties.
e Suppose that the supremum & (x) in (5.57) is attained. Then, we have &z (x) € R(A).
e Suppose that the supremum &z (x) in (5.57) is not attained. Then, we have

0 () € Al(R(\R(A).

(i) We have 0 € R(&4°) C cl(R(A) U {0}.
(iii) Suppose that B’\B* for all « € [0,1) N S°. Then, we have

R(ADU{0} € R(&ze) C cl(R(D) U {0} =cl(R(A) U {0})
and
cl(R(&4°)) = cl(R(A) U {0}).

In particular, we have the following properties.
o Suppose that the supremum &z (x) in (5.57) is attained for allx € | J
have

M,,. Then, we

aES*®

R(z) = R(H U {0}
e Suppose that R(A) U {0} is a closed subset of [0,1]. Then,we have
R(z) = R(AH U {0}

Proof. Using Proposition 5.4.21 and a similar argument to the proof of Theorem 5.4.19,
the proof is complete. u
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5.4.3 Based on Two Functions

A more generalization of (5.37) is defined below. Given another function # : [0,1] — [0,1],
we can generate a fuzzy set A" in R™ with membership function defined by

Eir(x) = sup Aa) - (). (5.58)
a€l0,1] *
Then, we also have
Eqm(0) = sup Aa) - yp0(x) = sup Aa) - ypm(x). (5.59)
a€l0,1] * aEeS® “
We also see that (5.37) is a special case of (5.59) by taking n(«) = a. We consider two cases
as follows.

o Suppose that x € | J,_. M. Then x € MY for some a, € S°*, which says that
0

aES*

gAT x) = sug) AMa) - ZM,(,") x) > /1((10) > 0.
aEesS*

aeS*
we have £;7(x) = 0.

o Suppose that x & | J,_.M\”. Then x & M for all a € S*, by definition of &7 in (5.59),

Therefore, we have

sup A(a) - yp0(x) >0, ifxe U M;”)
(x) = aest " = (5.60)
0, otherwise.

Proposition 5.4.23 We have the following equality
Ay, = M. (5.61)

aEs®

Proof. Suppose thatx ¢ J M™_ Then & - 7(X) = 0 by referring to (5.60), i.e. x & AI for

aEeS " a

all a € (0,1]. Therefore, we have

AI C UM,S,") for all @ € (0,1].

aES®

Using (2.5), we can obtain the inclusion

Ag c UMD,

aES*®

The inclusion

M c A,

aEeS*

is obvious by referring to (5.60). This completes the proof. [

Remark 5.4.24 Assume that M is a nested family in the sense of M C M;”) fora,p € S*
with A(f) < A(a). Then, we can have similar results to those given in Proposition 5.4.11.

Given any fixed « € [0,1), we write

(n,2) _ ()
T (5.62)
{pese APz Ma)}
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and

) R if A(B) < A(a) forall g € S*
B = U M;”) , otherwise. (5.63)
{BES* L A(p)>A(a)}

The relationships between B"* and A,TM) are given below.

Proposition 5.4.25 Given any fixed a € [0,1), we have

iT (1.4) iT A _ T
A+ S Ba” S Ay and B = Ay,

Proof. Forx € B, it means thatx € M;”) for some g € S* with A(f) > A(a). From (5.59),
it follows that

&m0 = Sulso AY) - ay, () 2 A(B) 2 Aa),
YES*®

which shows the inclusion B{"* C AI(G). We can similarly obtain the inclusion
B;”jr’l) C AI@,) .- Suppose thatx ¢ B It means thatx ¢ M;”) forall g € S® with A(f) > Aa).
Therefore, we obtain

£ () =supA(B) - @) = sup AP+ xym(x) < Aa),
pese ] {peS* 1 A(p)<A(a)} g

iex¢ /ﬂ(a) » which shows the inclusion/ﬂ((l) . C BUY IfB"Y % ¢, we can similarly obtain
the inclusion AI(,I) L C fo"f). If Bf;’f) = @, we have A() < A(a) for all g € S°, which says that
& () < Aa) for any x € R™ by (5.59), i.e.

{(xeR™: &m(x) > Ma)} = 0.
This completes the proof. |

The range R(£;7) of function &4 is an important issue. Therefore, the following results
will be used in the subsequent discussion.

Proposition 5.4.26 Let {M, : a« € [0,1]} be a family of nonempty subsets of R™, and let n
and A be functions from [0,1] into [0,1]. We consider the membership function & ;v defined in
(5.59). Then, the following statements hold true.

(i) Given any fixed x € UaeS.Mé”), we have the following properties.
e Suppose that the supremum & ;7(x) in (5.59) is attained. Then, we have

() € R(A).
e Suppose that the supremum & ;7(x) in (5.59) is not attained. Then, we have
&4 (0) € AlR(M\R(A).
(ii) We have 0 € R(&;7) C cl(R(4)) U {0}.
(iii) Suppose that B \B"* # @ for all « € [0,1) N S°*. Then

a+

R(AHU{0} S R(&;4m) € cl(R(A) U {0} = cl(R(A) U {0})
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and
cl(R(E47)) = cl(R(A) U {0}).
In particular, we have the following properties.
e Suppose that the supremum & ;7 (x) in (5.59) is attained for all x € UaeS.M;"). Then,
we have

R(&;m) = R(A) U {0}.
e Suppose that R(£;7) = R(4) U {0} is a closed subset of [0,1]. Then, we have

R(&;m) = R(A) U {0}.

Proof. To prove part (i), if the supremum in (5.59) is attained, it means that there exists
a, € S* satisfying

£;7(X) = A(ag) € R(A) and x € MY
Suppose that the supremum in (5.59) is not attained, i.e. & 17 (X) € R(4). According to
the concept of supremum, there exists a sequence {a,}> in [0,1] satisfying x € M;'f for
all n and A(a,) — &;7(x) as n — oo, which says that &;7(x) € cl(R(4)). It is obvious that

0 € R(&;r) from (5.60). Therefore, part (ii) can be realized from part (i).
To prove part (iii), we write

ESY = BJ\BUY.

Then Ef,””” # @ for @ € [0,1) N S°*. Given any y € R(4)\{0}, there exists & € [0,1) N S* satis-
fying A(a) = y > 0. We consider the following cases.

e Suppose that Bg"'f) = ). Then A(f) < A(e)forall § € [0,1],i.e.&;7(x) < A(e) foranyx € R™
by (5.59). For any x € Ef,””l), we also have x € Bf,”’/l). Using Proposition 5.4.25, we obtain
xe AI((,), i.e. &;7(x) > A(a), which implies &7 (x) = A(a) = y,i.e.y € R(E;r).

e Suppose that B":" # @. For any x € EJ"”, we see that x € BJ"” and x ¢ B"”. Using
Proposition 5.4.25, we have x € AI(a) and x ¢ AI((XH, ie &7(x) > Aa) and &;7(x) < Aa),
which implies £;7(x) = A(a) =y, 1.e.y € R(&47).

Therefore, the above two cases prove the inclusion

R(M\{0} € R(&47).
Using parts (i) and (ii), the proof is complete. [ ]
Proposition 5.4.27 Let n and A be functions from [0,1] into [0,1], and let M = {M,, : a €
[0,11} be a family of nonempty subsets of R™ satisfying Mf,”) c Mf,”) fora, p € S* with A(a) <

A(B). We consider the membership function ;v defined in (5.59). Then, the following state-
ments hold true.

(i) Given any a € S*, we have
=T
Méﬂ) gAd(a) (564)
and

T () Tl
A € ﬂ M c ﬂ Ay (5.65)
{peS*: AB)<A(w)} {pES*: AB)<A(w)}
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(ii) Suppose that A is continuous. Given any a € S*, we have

AT ()
Ay = ﬂ M. (5.66)
(pes* : Hp)<i@)

(iii) Given any a € S*, suppose that (.., M,(,'Z) c M™ when Aay,) T Aa) with a,, € S* forall
n. Then, we have

=T
Ay =MD = ﬂ M;'”. (5.67)
{BES* 1 A(B)<Aa)}

(iv) Given any a € S*, suppose that (.., Mg':) C M when A(a,) 1 A(ar) with a,, € S* for all
n. We also assume that A is continuous. Then, we have

AT v () _ ()
Ay =M = N M= N M.
[VENSVICII(I)] {pES* 1 A(p)<A(@)}

Proof. To prove part (i), since M;") C M for a, p € S* with A(a) < A(p), the inclusion

(5.64) is obvious by using Proposition 5.4.25, where Bf,"’ﬂ) = Mfl”). To prove the inclusions
(5.65), given any x € AI@) and g € S* with A(f) < A(a), we want to show thatx € Ml(;’). Since
£;7(x) > A(a), we consider the following cases.

e Assume that &;7(x) > A(a). Let
€=¢&(x) — ANa) > 0.

From (5.59), the concept of supremum says that there exists a, € S® satisfying x € M,S,’Z)
and

Ei700) — € < Aap),
which implies A(a) < A(a,). This also says that x € M(ﬂ"), since
MSZ)) g M((lrl) g M(ﬂ’?)

by the nestedness.
e Assume that &;7(x) = A(a). Let

€= Aa)— A(B) > 0.
The concept of supremum says that there exists a, € S* satisfying x € Mfl"o) and
Ma) — € < Aay),
which implies A(f) < A(ay). This also says thatx € M;") by the nestedness M,EZ) c M;”).
Since A(#) can be any number for f € S* with A(f) < A(«), we conclude that

X € m M;”).
{pes* 1 a(f)<iM(a)}
By combining the inclusion (5.64), we obtain the inclusions (5.65).
To prove part (ii), suppose that x € M;”) for all g € S* with A(f) < A(a). By the definition
of &;v in (5.59), we also see that &;7(x) > A(f) for all § € S* with A(f) < A(a). We want to
show that & ;7 (x) > A(@). Suppose that & (x) < A(a). Then, there exists ¢ € (0,1) satistying

MBy) < &E47(0) < e < Ma)
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for some g, € S* with A(f,) <_/1(a). Since 4 is continuou_s and A(f,) < ¢ < ANa), PropoEi-
tion 1.4.3 says that there exists § € [f,, «] satisfying ¢ = A(§). This shows that & ;v (x) < A(f),
which contradicts &;r(x) > A(f) for all g € S* with A(f) < A(«). Therefore, we obtain

X € AI((,), which proves the equality (5.66) by applying the inclusion (5.65).
To prove part (iii), given any x € Aj(a), we want to show thatx € Mf,”). Since &;7(x) > A(a),
we consider the following cases.
o Assume that £;7(x) > A(a). Let
€=E;7(x) — Aa) > 0.
The supremum in (5.59) says that there exists a, € S* satisfying x € Méz) and
7 (X) — € < May),

which implies A(a) < A(ap). This also says that x € M, since M,(l'g) c M by the nested-
ness.

e Assume that &;7(x) = A(e). The supremum in (5.59) says that there exists a sequence
{a, )2 in S* satisfying x € Mf,'i) for all n and A(e,,) 1 A(a), which implies

[oe]
xe (M c M
n=1
by the assumption, and we conclude that x € Mf{’).

Therefore, we obtain the inclusion /ﬂ(a) C M. The equalities (5.67) follow immediately
from (5.64) and the nestedness. Finally, part (iv) follows from parts (ii) and (iii). This com-
pletes the proof. [

Proposition 5.4.27 presents the representation /ﬂ(a) for A(a) € R(A). Ify ¢ R(A), the rep-
resentation /LT is unknown. The following proposition will provide the representation of
AI in terms of the sequence {AL%) }oo . without considering the nestedness in which the
representation AI(%) can be realized from Proposition 5.4.27.

Proposition 5.4.28 Let n and A be functions from [0,1] into [0,1], and let M = {M,, : a €
[0,1]} be a family of nonempty subsets of R™. Consider the membership function & ;v defined
in (5.59). Then, we have the following properties.

(i) Fory ¢ R(A), suppose that A(a,) 1 y with a,, € S* for all n. Then, we have

=T =T
A =(VAiw,- (5.68)

Proof. To prove part (i), the following inclusion is obvious

A ={xeR": &r@2r} C[|{xeR™: &) > Ay} = VA,
n=1 n=1



5.4 Generating Fuzzy Sets Based on the Expression in the Decomposition Theorem

On the other hand, if & ;7(x) > A(a,,) for all n, we have £;7(x) > y by taking the limit, which
shows the other direction of inclusion. Therefore, we obtain the desired equality (5.68).
To prove part (ii), since A(f,,) | 7, the following inclusion is obvious

Al ={xeR" grmzr)2|J{xeR™: @ 2260} = U4,
m=1 m=1

Now, for §;7(x) > v, since A(8,,) | v, there exists A(fy,) € {A(f,,)}n_; satistying r < A(fy) <
& ;7 (%), which shows the following inclusion

A, ={xeR" : fr >y} |J{xeR™ : gr > 4,0} = JALy, -
m=1 m=1
This completes the proof. [
Proposition 5.4.29 Let n and A be functions from [0,1] into [0,1], and let {M,, : a € [0,1]}
be a family of nonempty subsets of R™ such that the following conditions are satisfied:

. M;'“ C M fora, p € S* with A(a) < A(p);
o Ny M((,Z) C M when Ma,) 1 Ma) with a,, a € S* for all n.

Consider the membership function & ;v defined in (5.59). Then, we have

Ay =M foraes® (5.69)
and
Ay, = M. (5.70)
aEeS*

We also have
=T
A, ={xeR™: &) 27}

MY, ify = Ma) € R(A)

(o8]

ﬂM(”) ify € R(A) and Ma,) 1 v for a, € S°® for all n.

a,

(5.71)

n=1

Proof. Equality (5.69) follows from part (iii) of Proposition 5.4.27. Also, Equality (5.70)
follows immediately from (5.61). Using part (i) of Proposition 5.4.28 and (5.69), we obtain
(5.71). This completes the proof. [

Theorem 5.4.30 (Based on Two Functions). Let # and A be two functions from [0,1] into
[0,1], and let M = {M,, : a € [0,1]} be a family of nonempty subsets of R™ such that the fol-
lowing conditions are satisfied:

. M;;” c M fora, p € S* with A(a) < A(B);
o 2, MY € MY when Aa,) 1 A(a) with a,,,a € S* for all n.

Then, we can generate a fuzzy set A" in R™ with membership function defined by

S0 = sug Ma) - Xy x) (5.72)
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satisjj)ing/ﬂ(a) =M fora € S*. We also have

AT _ ()
A0+ - U Ma
aes®

and

Ay =clA),) =l ( UAI) =cl < UMf;”) :
aES® a€ES*®

Fory ¢ R(A) satisfying A(a,) 1y and a,, € S* for all n, we have

=T =T
A = (MY = (A,
n=1 n=1
On the other hand, the range R(& ;7) of & ;v satisfies the following properties.

(i) Given any fixedx € |, ..M, " we have the following properties.

aeS* " a
e Suppose that the supremum & ;7(x) in (5.72) is attained. Then, we have

i) € R(A).
e Suppose that the supremum & ;7(x) in (5.72) is not attained. Then, we have
&) € AlRUN\R(A).

(ii) We have0 € R(&;m) € cl(R() U {0}
(iii) Suppose that B;”’A)\Bg";’l) # @ for all « € [0,1) N S°. Then, we have

R(A) U {0} C R(4m) € cl(R(A) U {0} = cl(R(H) U {0}) (5.73)
and
cl(R(g47)) = c(R(A) U {0}).

In particular, we have the following properties.
e Suppose that the supremum & ;7 (x) in (5.72) is attained for all x € UaeS.M;"). Then,
we have

R(&;7) =R(A) U {0}
e Suppose that R(A) U {0} is a closed subset of [0,1]. Then, we have
R(&;7) = R(A) U {0}.

Proof. The results regarding the a-level sets follow immediately from Proposition 5.4.29.
For the results regarding the range R(4°), refer to Proposition 5.4.26. [ ]

Example 5.4.31 Given any real numbers a,, a,, b,, b, satisfyingb, < a; < a, < b,,fora €
[0,1], we define
mt =ab, + (1 —a)a, and mY = ab, + (1 — a)a,.

We also define M, to be a closed interval in R by M, = [m%, m{] for « € [0,1]. Let # be a
function from [0,1] into (0,1] defined by n(a) = 1 — «, and let

mt=mt_ and m{ =mY{ _ for a €[0,1].
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Then, we see that
=(1-a)b, + aa, and mY = (1 - a)b, + aa,.
Therefore, we have
MY = [mk,mV] = |1 - )b, + aa,, (1 — a)b, + aa,| .
Let A be a function from [0,1] into (0,1] defined by A(«) = . Then, we have S* = (0,1].

o Itis clear to see that M C M;") for a, f € S* with A(f) < A(a), i.e. f? < a?.
o Now, we want to show (), MSZ) c M for Ma,) 1 Ma) with a,, a € S* for all n; that
is, a2 1 a® with a,,, a € S* for all n. Equivalently, we want to show ()., M W M (\'? for

Ve,
a, 1 a with ,,« € S* for all n. Given any x € M(\’ZT for all n, we have r?zi/? <x< m‘\f/a,
for all n. Since mi/‘T and m”\ﬁ are continuous with respect to « on S°®, by taking the limit
asn — oo, we obtain mE _ < x < mY_, i.e. x € M., which shows the desired inclusion.

va Ny Ve
Then, we can generate a fuzzy set A" in R with membership function given by

£47(x) = sup Aa) - Im x) = sup o? Am ).

a€eS*®

Using Theorem 5.4.30, we have

Ay =Ap =M foro<a<l.

a2 =
We also have

A= w0 = ) M = () = (1)

aesS* 0<a<l

and
=T
Ay = [by.b,].
Given any fixed « € S* = (0,1], we have
(1,4) _ m _ ) _ ()
go= U oMp= U o= U

{peS* 1 A(p)z M)} {pe(0,1]: p2>a2} {pE(0,1]: p>a)}
_ ) _ L L = U
= Um'=U [mﬁ’m] [ m
a<p<l a<p<1
and
- @, if A(P) < A(a) forall p € S*
B = M;"), otherwise

{BES* 1 A(B)> M)}

@, if p2 < a?forall g € (0,1]
=< () :

U M P otherwise
{pe(0,1]: 2>a?}

p

a9, if p <aforall g € (0,1]
=1 U M otherwise

a<f<1
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Therefore, we have
BIN\BUY = [k, mU] \ (mk,m¥) = {mL,ml} # 0.

Since R(4) = [0,1], using (5.73), it follows that R(&;7) = [0,1].

The above results assume that {M, : @ € [0,1]} is a nested family in the sense of M;”) c

Mf,”) for A(a) < A(B). Next, the family {M, : a € [0,1]} will not be assumed to be nested in
that sense.

Proposition 5.4.32 Let A and n be functions from [0,1] into [0,1], and let {M;”) a €[0,1]}
be a family of nonempty subsets of R™. Suppose that, for any fixed x € R™, the following func-
tion

£@) = A@) - o)

is upper semi-continuous on [0,1]. Consider the function & ;v defined in (5.59). Then

~T o
Ay = U M;”) foreverya € S (5.74)
{BeS* : A)<A(p)}
and
Ay, =M. (5.75)
aES*

Ify & R(A) satisfies 0 < A(a,) T v and a,, € S* for all n, we have

o0

A= U M (5.76)

14
n=1{BeS*: A(a,)<A(B)}

Proof. Given any fixed « € S*, we have A(a) > 0. Suppose that x € A'I(a) and

x¢ M;") for all p € S* with A(a) < A(p). (5.77)
Then
AP) - Zy ) < A@) forall p & S°. (5.78)

Since ¢, is upper semi-continuous on [0,1] by the assumption, Proposition 1.4.4 says that
the following supremum

sup £.(f) = grslfiiié{x(ﬂ)

0<p<1

is attained. This says that

0 <Aa) gz = oil;glgx(ﬂ) = max ((F) = max A(B) -y &) = A(F") * i, ().

where A(f*) # 0, i.e. * € S°. Therefore, using (5.78), we have

Ma) <& (0) = A7) - XM;'D(X) < Ma).
This contradiction says that there exists f, € S® satisfying A(f;) > A(a) and x € M;’Z) by
referring to (5.77), which shows the following inclusion

;T ()
Ay € U M.
{peS* 1 AM)<A(P)}
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The following inclusion

M/(}”) c {x € R™ : sup A(B) - yp(X) = ﬂ(a)}
(BeS*: A@<A(P))} pese ’

= XER™: Er(0) 2 M) = Ay,

is obvious. The equality (5.75) follows from (5.61). Using part (i) of Proposition 5.4.28, for
y & R(A) satisfying 0 < A(a,) 1 y and a,, € S* for all n, we have

=T T
A = (VAiw,-
n=1
Using (5.74), we obtain (5.76), and the proof is complete. |

Theorem 5.4.33 (Based on Two Functions and a Non-Nested Family). Let A and n be
functions from [0,1] into [0,1], and let {M” : a € [0,1]} be a family of nonempty subsets of
R™. Suppose that, for any fixed x € R™, the following function

Ge(@) = A@) - gy (%)

is upper semi-continuous on [0,1]. Then, we can generate a fuzzy set A' in R™ with member-
ship function defined by

17 (X) = sup A(@) - xpm(X) (5.79)
aES*® N
satisfying
~T .
Ay = U M;”) fora €S

{PES* : Ma)<A(p)}
We also have

A(-|)—+ = UM((;?)

aEeS*®

Ay =clA),) =cl ( UA:) =cl ( UMS,”)) .
a€eS*® aES*

Fory ¢ R(A) satisfying A(a,) 1 y with a,, € S* for all n, we have

and

(oo}

(o]
AT _ AT (1)
A =M= U M
n=1 n=1{pes*: Aa,)<A(p))

On the other hand, the range R (& ;) of & ;v satisfies the following properties.

(i) Given any fixed x € UaeS.Mfl”), we have the following properties.
e Suppose that the supremum & ;7(x) in (5.79) is attained. Then,we have

&) € R(A).
e Suppose that the supremum & ;7(x) in (5.79) is not attained. Then,we have
&7 (0) € AlR(AN\R(A).
(ii) We have 0 € R(&;7) C cl(R(4)) U {0}.
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(iii) B"\B™" + @ for all a € [0,1) N S°*. Then, we have

a+

R(AHU {0} S R(;m) € cl(R(D) U {0} = cl(R(A) U {0})
and

cl(R(&47)) = cl(R(A) U {0}).

In particular, we have the following properties.
e Suppose that the supremum & ;7(x) in (5.79) is attained for all x € UaeS.Mf,”). Then,
we have

R(&;7) = R(A) U {0}.
o Suppose that R(A) U {0} is a closed subset of [0,1]. Then, we have
R(;) =R U {0}

Proof. Using Proposition 5.4.32 and a similar argument to the proof of Theorem 5.4.30,
the proof is complete. [

5.5 Generating Fuzzy Intervals

In what follows, we are going to present the methodology for generating fuzzy intervals in
R by referring to Definition 2.3.1. The main issue is to consider the endpoint functions of
bounded closed intervals in R.

Theorem 5.5.1 Let (¥ : (0,1] - R and ¢Y : (0,1] > R be two real-valued functions
defined on (0,1] such that the following conditions are satisfied.

o (L and ¢V are bounded on (0,1].

o (La) < ¢Y(a) for each a € (0,1].

o (Lisan increasing function and ¢Y is a decreasing function on (0,1].

o (L and &Y are left-continuous on (0,1] (equivalently, {* is lower semi-continuous and ¢V is
upper semi-continuous on (0,1]).

Let M, = [¢E(a), {Y(a)] be closed intervals in R for a € (0,1]. Then, we can generate a fuzzy
interval A* in R with membership function defined by

Ex () = sup a- gy (%)

0<a<l
satisfying A: =M, for a € (0,1]. We also have
A= UM, = {J (@ Y @)
0<a<l O<a<l
and

Ay =clA),) = cl< U AZ) = cl< U Ma> = cl< U [gL(a),gU(a)])

0<a<l 0<a<l O<a<l
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We further assume that ¢ is right-continuous and strictly increasing on (0,1], and that ¢Y is
right-continuous and strictly decreasing on (0,1]. Then, we have

AN, = {H@).¢% (@)} # 0 forall a € (0,1)
and R(£4+) = [0,1], where

A, = UM,; and A, = UMﬂ'

a<p<1 a<f<1

Proof. We first note that Proposition 1.3.7 says that the lower semi-continuity for ¢* and
the upper semi-continuity for ¢U are equivalent to the left-continuities for ¢ and ¢V.
By applying Theorem 5.4.7, we just need to check [, M, €M, when a, 1 a. Assume
thatx € M, forall n. Then

¢Ha,) < x < ¢Y(a,) for all n satisfying a,, 1 a.
The left-continuities of ¢* and ¢Y say that
¢Ma) = lim M (a,) < x < 1lim &Y (a,) = ¢Y (),

which also says that x € M,,.
In order to apply Theorem 5.4.7 to obtain the range R(& ;+), we want to check A \A,, # @.
Since M, C Mﬂ for p < a, we have

A= UM=U [®».¢v0)] = [(@. @)

a<p<1 a<p<1

Now, we want to claim

Ay =M= [®)."0B) = ((H@.¢Y @)

a<f<1 a<f<1

Forxe€ A, ,wehavex € [{ L(By), U (By)] for some B, satisfying a < f, < 1. Using the strict
monotonicity, we have

¢Ma) < By < x < V(B < ¢V (@),

which says that x € (¢%(@), {Y(@)). Therefore, we obtain the inclusion
Ay € @), ¢ (@)

For proving the other direction of inclusion, suppose that
¢Ma) <x < ¢Y ().

We take a decreasing sequence {f, }7 , satisfying §, | a. Since ¢ L is right-continuous and
strictly increasing, we have ¢¥(8,) | ¢¥(a). Since ¢U isright-continuous and strictly decreas-
ing, we have ¢Y(B,) 1 {Y(a). Therefore, there exists fy satisfying e < By and

¢Hay < &M By) < x < ¢Y(By) < ¢V (),

which says thatx € [ L(/}N), ¢ L(ﬁN)], i.e.x € A,,. Therefore, we obtain the desired equality
and

AN, = [¢M@). @)\ (¢" (@), ¢V (@) = {¢H(@).¢Y ()} # 0.
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Since each a-level set A: is a closed interval in R for a € (0,1], i.e. a closed and convex
set in R for a € (0,1], the closure of A: says that the membership function &4+ is upper
semi-continuous, and the convexity of A; says that the membership function &4 is
quasi-concave. Therefore A" isindeed a fuzzy interval. This completes the proof. [ ]

Example 5.5.2 Given any real numbers a,,a,, b;,b, satisfying b, < a, <a, <b,, we
define two real-valued functions ¢* and ¢V on (0,1] by

¢Ma) = (1 —a)b, +aa, and ¢Y(a) = (1 — a)b, + aa,.
Then ¢% and ¢V satisfy all the assumptions of Theorem 5.5.1. Let
M, = [¢M@).cY(@)] = [1 = a)b, + aa;,(1 — a)b, + aa,]

be closed intervals in R for « € (0,1]. Then, we can generate a fuzzy interval A” in R with
membership function defined by

4+ (X) = sup a -y (X)
O<a<l

satisfying A = M, for a € (0,1]. The support A,, of A™ is given by
A= [fr@.¢%@] = | [a-ab, +ea, 0 - )b, +aay] .

O<a<l O<a<l

Moreover, the range of A% is given by R(;+) = [0,1].

We have mentioned that the 0-level set is an important issue in fuzzy sets theory. Notice
that the functions ¢ and ¢V considered in Theorem 5.5.1 are defined on (0,1]. Next,
we are going to consider the functions ¢* and ¢V defined on [0,1]. The difference is that
the expressions of 0-level sets are different.

Theorem 5.5.3 Let (¥ :[0,1] - R and ¢Y : [0,1] > R be two real-valued functions
defined on [0,1] such that the following conditions are satisfied.

e (L and ¢Y are bounded on [0,1].

e (L) < ¢Y(a) for each a € [0,1].

o (L is a strictly increasing function and ¢U is a strictly decreasing function on [0,1].
e (L and ¢Y are left-continuous on (0,1].

e (L and ¢Y are right-continuous at 0.

Let M, = [¢E(a), (Y ()] be closed intervals in R for a € (0,1]. Then, we can generate a fuzzy
interval A* in R with membership function defined by

4+ (X) = sup a -y () (5.80)

0<as<1
satisfying

Ay = M@, ¢V @) for a € [0.1],
and the support ofA* is an open interval given by

Ay, = (£40),¢Y0).
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We further assume that (¥ and ¢Y are right-continuous on [0,1]. Then, we have
AN, = {M@).¢% @)} # 0 forall « € (0,1)

and R(&4+) = [0,1], where
A= UM, anda,, = (M,

a<p<1 a<p<1

Proof. The desired results can be similarly obtained from the proof of Theorem 5.5.1
by replacing (0,1] with the whole unit interval [0,1]. It remains to show that Ag .=
(¢%(0),¢Y(0)). Using the strict monotonicity of functions ¢ and ¢V, we see that
@) > ¢H(0) and ¢Y(ar) < £Y(0) for all @ € (0,1], i.e.

[c5 (@), ¢V(@)] € (£5(0),¢Y(0)) forall a € (0,1].
It follows that

A= [¢r@.¢Y @] € (£40).¢Y ).

O<a<l
For proving the other direction of inclusion, given any x € (£*(0), £V (0)), we consider the
following cases.

e Given any ¢%(0) < x < ¢E(1), we take 0 < € < x — ¢L(0). Since ¢* is right-continuous at 0,
there exists § > 0 such that

0 < (&, — 0) < & implies |¢%(a;) — ¢H(0)] < e.
Since ¢* is increasing, it follows that
¢h0) < ¢Hay) < EHO) + e < x.
e Given any ¢UY(1) < x < ¢UY(0), we take 0 < e < ¢U(0) — x. Since ¢V is right-continuous at
0, there exists § > 0 such that
0 < (ay — 0) < 6 implies [¢Y(0) — ¢Y(ay)| < €.
Since ¢Y is decreasing, we have x < ¢Y(0) — e < ¢Y(a,) < ¢Y(0).
Therefore, we obtain
¢H0) < tM(ay) < EH(ay) <x < Y (ay) <CY(0), ifay > a,
¢H0) < ¢hay) < x < ¢Y(ay) < ¢Y(a) < EY(0), ifa <a,

for a;,a, € (0,1], which says that there exists a € (0,1] satisfying x € [¢L(a), {Y(@)].
This completes the proof. |

The family {M, : @ € (0,1]} of bounded closed intervals considered in Theorems 5.5.1
and 5.5.3 is nested. Next, we are going to consider the non-nested family of bounded closed
intervals.

Theorem 5.5.4 Let (¥ :[0,1] > R and ¢Y : [0,1] = R be two real-valued functions
defined on [0,1] such that the following conditions are satisfied.

e (L and ¢V are bounded on [0,1].
o (Ha) < ¢Y(a) for each a € [0,1].
o (L is lower semi-continuous and Y is upper semi-continuous on [0,1].
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Let M, = [ (a), ¢Y()] be closed intervals in R for a € [0,1]. Then, we can generate a fuzzy
interval A* in R with membership function defined by

Sqr(X) = sup a -y (%) (5.81)

0<a<l

satisfying

- ={x:§A*(X)Za}={x: Supﬂ.}(Mﬂ(x)Za}
0<p<1
= [Igllige“ ($). max¢ U(ﬁ)] (5.82)

fora € (0,1] and

= Um = [("@.¢Y@].

0<a<l O<a<l

We further assume that (& and ¢Y are right-continuous on [0,1]. Then, we have

ANA,, = {M@). Y ()} # 0 forall a € (0,1)
and R(§4+) = [0,1], where
= U My and A, = U M.
a<p<l a<f<1

We also have the support

min CL(ﬁ) max C 7))

0<p<1

<mln e’L(ﬁ) max ¢ U(ﬂ)) L C

0<p<1

and the 0-level set

Ay = [mm cLp), maXCU(ﬂ)]

0<p<1 0<p<1

Proof. Since [0,1] is a closed set, we note that the following infimum and supremum

inf ¢*(p) = min ¢*(p) and sup ¢V(p) = max ¢V (p)

a<p<i a<p<l

are attained by Proposition 1.4.4. Given any fixed x, let n(f) = g - v, (). Proposition 1.3.8
says that the function n(f) = g - X, (x) is upper semi-continuous on the closed set [0,1] for
any fixed x. We first prove the equality (5.82). For a € (0,1], we consider

xe{x: sup f - xu (x)Za}. (5.83)
0<p<1 ’
Suppose that x & M, for all § satisfyinge < g < 1,ie. f- v, (x) = 0 for all g satistying @ <
p < 1. Then, we have
B - ZM,,(X) < a for all g € (0,1]. (5.84)

Since [0,1] is a closed set and n(f) = § - u, (x) is upper semi-continuous on [0,1], Proposi-
tion 1.4.4 says that

sup -y, () = sup B+ d, () = maXf - 2y, (0) = F7 - 1py,. ()

O<a<l

for some f* € [0,1]. We consider two cases.
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e If f* = 0, we have

sup fi -y, (x) =
0<a<l1

which violates (5.83).
o If p* #0,i.e. p* € (0,1], using (5.84), we have

sup £+ xu, () = "+, () < a,

0<a<l

which also violates (5.83).

This says that there exists f, satisfying a < f, <1 and x € M, i.e. {*(f,) < x < ¢Y(fy).
Then

x 2 ¢"(hy) = min ¢(p) and x < ¢V (h,) < max LU (P);

that is,
oL U
X € [52;219“ (F), max ¢ (ﬂ)].
Therefore, we obtain the following inclusion

{ Dsup B+ g, (0) 2 a} C [gg;gch(ﬂ), max{ Ypl -

O<a<l

For proving the other direction of inclusion, we consider

xe [mlnéj (f), max gU(ﬁ)] (5.85)

a<p<l
Suppose that x & M for all § satisfying a < # < 1. Then, from Proposition 1.3.13, we have
x¢ M, = | min ()maxU()]
HSL’J@,, [ £H(p), max ¢V (p

which violates (5.85). Therefore, there exists f, satisfying f, > « andx € M, 5> 1€

sup f - n, () 2 By 2 a,

O<a<l

which says that

xe{x: sup f - ;{M(x)>a}

O<a<l

Therefore, we obtain the equality (5.82). Using Theorem 5.4.9, we also have
A= UM = {J @ @) (5.86)

O<a<l 0<a<l

From the proof of Theorem 5.5.1, we can show that A is a fuzzy interval. The
right-continuities of ¢* and ¢V also say that

ANA,, = {¢M@). Y (@)} # @ forall « € (0,1)
and R(&4+) = [0,1] by the proof of Theorem 5.5.1 again. Let
la) = rgliigliL(ﬁ) and u(a) = max ¢ Y(p).
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Since ¢L(p) < ¢Y(P) for each f € [0,1], it follows that I(a) < u(a) for all @ € [0,1]. Since the
function [ is increasing and the function u is decreasing on [0,1], it follows that

U k@), u@)] € [10),u)] .
O<a<l

Since l(«) < u(a) for all « € [0,1], it follows that

sup l(@) < inf u(a).
0<a<l O<a<l
Given any x with I(0) < x < u(0), we are going to show that there exists @ € [0,1] satisfying
I(@) £ x < u(a). For any fixed @ € (0,1], since
I(0) < l(a) < sup la) < inf u(a) < u(a) < u(0), (5.87)
1

0<a<l 0<a<

we consider the following cases.
e Suppose that

sup (@) < x < inf u(a).
O<a<l 0<a<l

Then, from (5.87), we can take some & € [0,1] satisfying I(&@) < x < u(@).
e Suppose that
1(0) < x < sup l(a).

0<a<l

There exists a sequence {a,,}*  in (0,1] satisfying a,, | 0. Since ¢* is right-continuous on
[0,1], from Proposition 1.3.12, we have I(a,) | I(0). Therefore, there exists a, satisfying
I(0) < l(ary) < x. Using (5.87), we have

l(ay) < x < sup l(a) < inf u(a) < ulay).
0<a<l 0<a<l

e Suppose that

inf u(a) < x < u(0).
0<a<l

Since ¢V is right-continuous on [0,1], for a, | 0 with a, > 0 for all n, Proposition 1.3.12
says that u(e,) 1 u(0). Therefore, there exists ay, satisfyingx < u(eay) < u(0). Using (5.87),
we have

l(ay) < sup (@) < Inf u(a) < x < u(ay).
0<a<l 0<a<l

Therefore, we conclude that there exists ay € (0,1] satisfying x € [l(ay), u(ay)], which
shows the following inclusions
10, u©) € | J [le),u(@)] < [10), u(©))] .
O<a<l

From (5.86), we obtain

A =c1<A3+)=c1< U [t u(a)]) = [1(0), u(0)] = [ggaigch(ﬁ), max cU(p)| .

0<a<l

This completes the proof. [
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Example 5.5.5 Given any real numbers a,,a,, b, b, satisfying b; < a; <a, <b,, we
define two real-valued functions ¢ and ¢U on [0,1] by

@) = ab, + (1 — a)a, and ¢Y(a) = ab, + (1 — a)a,.

In this case, we see that ¢¥ is not increasing and ¢V is not decreasing on [0,1]. Therefore, we
cannot apply Theorem 5.5.1. However, the functions ¢* and ¢U satisfy all the assumptions
of Theorem 5.5.4. Let

M, = [CL(a), CU(a)] = [ab1 + (1 —-a)a,ab, + (1 — a)az]

be closed intervals in R for @ € (0,1]. Then, we can generate a fuzzy interval A" in R with
membership function defined by

Sqr(X) = sup a -y (x)
O<a<l
satisfying

A, = | min ¢*(8), max CU(ﬂ)] = [min ¢h(p), max ¢Y(p)

a<p<1 a<p<l 0.8>f>a 0.8>f>a
for @ € (0,1]. Since ¢T is decreasing and ¢V is increasing on [0,1], it follows that
Ay = [¢H).¢Y ()] for a € (0.1].
Since
[¢"(@), ¢Y(@)] < [¢"(B). ¢V (p)] for p > a,
the support A;, of A™ is given by

A= | @, Y @) = [¢Ha). ¢ )] .

0<a<l

Given any fixed a € (0,1), we have

A= M= [E®.c'0) = [.c )

a<p<1 a<p<l

and

A= UM, = U @0 = [(.cvm).

a<f<1 a<f<1

Therefore, we obtain A, \A,, = @. As a matter of fact, we have R(£4) = {1}.
‘We also have a more general case shown below.

Theorem 5.5.6 Letn, : [0,1] - Randn, : [0,1] = R be two real-valued functions defined
on [0,1], and let
¢H(@) = min{n (@), ()} and ¢Y(a) = max {n,(a), n,(a)}.

We define a closed interval

M, = [¢"(@),¢Y(@)] = [min{n,(a), n,(@)}, max {n, (@), ny(0)}]
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in R for a € (0,1]. Suppose that £* is lower semi-continuous and ¢Y is upper semi-continuous
on [0,1]. Then, we can generate a fuzzy interval A~ in R with membership function defined by
Ep(x)=sup a- M, x) (5.88)
O<a<l

satisfying

Rl

Ay ={x:&p02a)= {x: sup ﬁ-xMﬂooza}
0<p<1

= [ min ¢*(§), max CU(ﬁ)]

a<p<l a<pf<1

= | min min {mB.nmB}, max max {m). nz(ﬂ)}]

a<p<1

= [min {gﬂirsllnl(ﬂ)’ g;glnz(ﬂ)} , max { max ’71(ﬁ) max 1,(f) }] (5.89)
fora € (0,1] and
= UM = ["@.¢"@] = | [min{n(@),ny(@)}, max (n(a), ny(@)}] .

0<as<l1 0<as<1 0<as<1
We further assume that (¥ and ¢V are right-continuous on [0,1]. Then, we have
AN, = {H@). Y @)} # 6 forall a € (0,1)
and R(§4) = [0,1], where
= U M; and A, = U M.
a<p<1 a<p<1

We also have

<mm P, maXCU(ﬂ)) L C

0<p<1

min ¢*(p), maXC (ﬂ)]

0<p<1

and the 0-level set

Ay = [(gg;n cp). maxg"U(m] (5.90)
where

gg;glc () = min { min m (h). 52}21”2(ﬁ)}
and

max £*(§) = {max m(p). may 1112(/3)}

0<p<1

Proof. The desired results can be obtained from Theorem 5.5.4. Therefore, we see that A™
is a fuzzy interval with

i* o . L U
A, = [52};216 (B), max ¢ (ﬁ)]

- [5151;21 min{n, (8).n,(8)). max max (n,(8). n,($)}
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for @ € (0,1]. Now, we want to claim

min min {m(B),n,(#)} = min { min 7,(8), min (). } - (5.91)
Suppose that

min min {mB), (B} = min {n,(5*), n,(p*)}
for some f* satisfying a < f* < 1 by Proposition 1.4.4. Then, we have
min m(F) <m(F*) and min n,(f) < ("),
which says that
min {2}21”1 B, ansl;rsllﬂz(ﬂ)} < min {n,("), n,(")}
= min min {n, (), m,()} .

On the other hand, since

min {n,(8), n,(8)} < n () and min {n,(B),n,(B)} < ny(B),

we have

min min {mB).mB)} < min ,(p)
and

min min {m®B.n,P)} < min n,(p).

which says that

min min {m(P).n,(p)} < min { min r,(§). min 7,(p), } -

Therefore, we obtain (5.91). We can similarly obtain

max max {m(B),n,(B)} = max {5222‘1’71(5)’ max (), } :

This completes the proof. [

Example 5.5.7 Given any real numbers a,, a,, b;, b,, we define two real-valued functions
n, and #, on [0,1] by
n(a) = a’a, + ab; + ¢, and n,(a) = a*a, + ab, +c,.

From Theorem 5.5.6, we can generate a fuzzy interval A" in R with membership function
defined by

Sa(X) = sup a -y (x)
0<a<l

such that the a-level sets A: are given in the form of (5.89) for « € (0,1]. Let &} = —b, /2a,.
Then, for any fixed a € (0,1], we have

m@ ifa>a

. . o m _ )
min nl(ﬂ) = min nl(ﬂ) - mngll (ﬂ al +ﬂb1 +C1) - { ’71(0’;‘) 1f¢x S a,ik S 1

a<p<l a<f<1 a<p
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and
— _ 2
max 7, (f) = max m(f) = max (P*a, + Bb, +¢,)

a<p<l
_ n 1) if a > ay
"\ max {n;(a),;; (1)} ifa <a <1

Let a5 = —b,/2a,. We can similarly obtain

. _fm@ ifa>a;
gllirsllnz(ﬁ) - { M) ifa<a) <1
and
[ (D ifa>aj
2??1’72(‘6) N { max {ry(a),n,(1)} ifa<a; <1

Therefore, given any specific values of a;, b;, ¢; for i = 1,2, we can obtain the a-level sets A:
given in the form of (5.89). For example, we take a; =1, b, = -1,¢; =1,a, =5,b; = -6
and ¢, = 1. Then, we have

ma)=a?*—a+1 and ny(a) = 5a* — 6a + 1.
In this case, we obtain a} = 0.5 and a; = 0.6. Given « = 0.3, we have

min #7,(f) = n,(a}) = 1,(0.5) = 0.75

agf<1

min #,(f) = ’72(‘1;) =1,(0.6) = -1

a<p<1

max #,(f) = max {n;(«),n;(1)} = max {#,(0.3),7,(1)} = max {0.79,1} =1

a<p<l

max 7,(f) = max {n,(a),n,(1)} = max {#,(0.3),n,(1)} = max {-0.35,0} = 0.

agf<1

According to (5.89), the 0.3-level set is given by
Ay, = [min{0.75, -1}, max {1,0}] = [-1,1].

5.6 Uniqueness of Construction

Given any two fuzzy sets A and B in R™, we consider the following families
A={A, :a€(0]1]} and B={B, : a € (0,1]}.

We define the concept of identical for A and B as follows.

Definition 5.6.1 Let A and B be two fuzzy sets in R™ with membership functions &; and
&y, respectively.

e We say that A and B are identical when & 1(¢) = Ep(x) for all x € R™.
e We say that A and B are permutably identical on (0,1] when there exists a bijective
function « : (0,1] — (0,1] satisfying B, = A, for all a € (0,1] or A, = B,,, for all

a € (0,1]. In this case, we also write A ZhB

K(a) K(a)

Example 5.6.2 Let A and B be two fuzzy sets in R™ satisfying B, = A,; for all a € (0,1].
By taking k : (0,1] — (0,1] as k() = a3, we see that A LB
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Proposition 5.6.3 Let A and B be two fuzzy sets in R™. Suppose that A = B in the sense of
B, = A g foralla €(0,1] orA, = B_, forall a € (0,1] for some bijective function k defined
on (0,1]. We also assume that

k()

={A, :a€ 1]} or B={B, : « €(0,1]}

is a strictly nested family. Then k is a strictly increasing function on (0,1].

Proof. It suffices to prove the case of B, = for all @ € (0,1]. We separately consider

the following situation.

x(a)

o Suppose that B is a strictly nested family. For § < « with «, f € (0,1], we assume x(f) >
k(a) to lead to a contradiction. In this case, we have

By = Ay S Ax) = B

k(o

which contradicts the strictness Ba C Bﬂ. Therefore, we must have x(f) < k(a).

o Suppose that A is a strictly nested family. Since « is bijective on (0,1], it means that the
inverse function k! exists. For § < a witha, g € (0,1], we assume k~1(f) > k() to lead
to a contradiction. In this case, we have

Ap =By € By = Ao

which contradicts the strictness Aa cAﬂ. Therefore, we must have x~1(f) < x (a),
which says that k! is strictly increasing on (0,1]. This also shows that x is strictly
increasing on (0,1].

This completes the proof. [

Let A be a fuzzy set in R™ with membership function &;. The inverse function 521 may
not exist. However, we write fgl(a) to denote the inverse image of a defined by

&l ={xeR™ : &) =a}

for @ in the range R(¢;) of membership function &;.

Propos1t10n 5.6.4 Let A and B be two fuzzy sets in R™. Suppose that A = B in the sense of
B, = A, Jor some bijective function k defined on (0,1] and for all « € (0,1]. We also assume
that

={A, ta€ 1]} or B={B, : a €(0,1]}
is a strictly nested family. Then, we have the following properties.

(i) Suppose that the function « is strictly increasing on (0,1]. For a € (0,1) and x € égl(a),
we have

fgl(a) = fgl(lf(a)) and £;(x) = k(&p(x)).
(ii) We have

&' =B =4, =¢£'Q) and Ay, =B,
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Proof. From Proposition 5.6.3, we see that the function « : (0,1] — (0,1] is bijective and
strictly increasing. It follows that k(1) = 1. Given any a € (0,1), we have

Gl@={xeR" : L@ =0a} = {xeR™: &) 2 af\ {x eR™ : &%) > a}
=AM\, =Aa\ L 4, (using (2.10). (5.92)

a<f<1

Therefore, we also have

ggl(a) = Ba\ U B/i

a<p<1

_ ( Aw\ U AM)> - (AK@\ U AM))

a<f<1 K(a)<x(f)<1

(since «is bijective and strictly increasing)

= <Ax(a)\ U Ay> = ggl(’((a)) (by (592))9

k(a)<y<1

which implies
& (@) = (k@)
Therefore, we obtain
&4(x) = k(&3(x)) for every x € &' (a),

which proves part (i).
To prove part (ii), we immediately have

E'M={xeR": =1} ={xeR": X >1} =B (5.93)
and

M ={xeR": L) =1} ={xeR" : &x 21} =4, (5.94)
It remains to prove A, = B,. From Theorem 2.2.13, we have

ga(x) = oilizla - xz,(0 and &p(x) = Osigla - x5,

Since « is a bijective function on (0,1], the inverse function x~! is also a bijective function
on (0,1]. Therefore, we have

§a00) = sup a -y (X) = sup k(@) - yz () (5.95)
O<a<l 0<a<l
and
£p(X) = sup a - x5 (x) = sup k(&) - xp_, (X (5.96)
0<a<l 0<a<l

Forx € A}, i.e. £5(x) =1, since A, C A, for all @ € (0,1], we have x € 4 for all a € (0,1].
Since A, = B, (), We also have x € B, 1, for all « € (0,1]. Therefore, from (5.96), we have

&x(x) = sup k(@) =sup(0,1] =1,

0<a<l1
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which also says that x € By, i.e. A, C B,. On the other hand, for x € B}, i.e. &3(x) = 1, we
have x € B, = for all @ € (0,1], i.e. x € A, for all @ € (0,1]. Therefore, from (5.95),
we have

K(a) k()

£;4(x) = sup x(a) =sup(0,1] =1,

0<a<l

which also says that x € A}, i.e. B; C A,. Therefore, we obtain the equality B, = A,. From
(2.5), since « is bijective on (0,1], it follows that
B+= UB(XZ LJ’A'K(&)= UA~a=A~O+’
0<a<l O<a<l O<a<l

This completes the proof. [ ]
By referring to Definition 5.6.1, we also propose the following definition.

Definition 5.6.5 Let # be a function from (0,1] into (0,1], and let M = {M, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a nested family with respect to 5. Let
A be a fuzzy set in R™.

e We say that M and A are identical with respect to n when A, = M for all a € (0,1].
In this case, we also write M = A.
e We say that M and A are permutably identical with respect to # when there exists a

bijective function x : (0,1] — (0,1] satisfying AK( )= fo”) forall @ € (0,1] or A, Mf(’zt)
(k. 11)

for all « € (0,1]. In this case, we also write M =

Remark 5.6.6 For .A/l A we notlce that the function x depends on A. More precisely,

) &
we must write M =" 4 and M "Z” B for some bijective functions x, and x5 on (0,1],

where the function 7 is ﬁxed.

Proposition 5.6.7 Let n be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a nested family with respect to n. Let A be

a fuzzy set in R™ satisfying M A Then, we have the following properties.

(i) Suppose that M is a strictly nested family with respect to n. Then k is a strictly increasing
function.

(ii) Supposethat A ={A, : a € (0,11} is a strictly nested family. Then x is a strictly increas-
ing function.

Proof. We want to prove the case of Ak(a) = Mé") for all @ € (0,1]. To prove part (i), given
any a, f € (0,1] with f < a, we assume «(ff) > k(@) to lead to a contradiction. Now, we have

(m) ()
MP =4, CA, =M,

1403

which contradicts the strictness Mg,”) C M;”). Therefore, we must have k() < x(a).

To prove part (i), since « is bijective on (0,1], it means that the inverse function x ! exists.
Given any a, § € (0,1] with § < a, we assume x~1(f) > k~1(a) to lead to a contradiction.
Now, we have

A () () A
Ap =M EM ) = Aw
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which contradicts the strictness A, C A s- Therefore, we must have k~1(f) < k1(a), which
says that x~! is strictly increasing on (0,1]. This also shows that « is strictly increasing on
(0,1], and the proof is complete. ]

Proposition 5.6.8 Let  be a function from (0,1] into (0,1], and let M = {M,, : a € (0,1]}
be a family of nonempty subsets of R™ such that it is a nested family with respect to n. Let A be
a fuzzy set in R™ satisfying M (e A. Then
>0, ifxe J MY
Ea(x)

0<a<l
=0, otherwise.
We also have
A’l g U Mgl)
O<a<l
and

A= UA= U 4= m

a
0<a<l a€R(E7)\ {0} 0<a<l
Proof. From Proposition 5.6.7, we see that k is an increasing function. Since

A CA, = M™ forall « € (0,1],

Kk~ (a)

it follows that
A c U M’(:’_)1 = U M (since «is bijective). (5.97)
0<a<l O<a<l

From (2.5), we have

A 74 A (m (n)
A= J A=U4=UM",= M
a€R(EH\{0} 0<a<l 0<a<l O<a<l

This completes the proof. [

Let M = {M, : @ € (0,1]} be a family of nonempty subsets of R”. We consider two fam-
ilies of fuzzy sets in R™ given by

i tle {A' € F®™ : RE\(0} = 0.1] and 4 M}

and

(M) = {AeP(R'") : AiM}.
We notice that R(£4)\{0} = (0,1] means that R(&4) = (0,1] or R(£4) = [0,1]. We adopt the
notation |X| to denote the cardinality of the family X (i.e. the number of elements in X).

We are going to show that |f‘o(M)| = 1. The following results will help to understand those
families.

Proposition 5.6.9 Let 5 : (0,1] — (0,1] be a bijective function, and let M ={M, : a €
(0,11} be a family of nonempty subsets of R™ such that it is a nested family with respect to n.
Then, we have the following properties.
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(i) Given any A, B € F°(M), we have A = B in the sense 0of By = A, for a € (0,1] and for
some bijective function k defined on (0,1].
(i) We have |F (M)| = 1.

Proof. To prove part (i), according to Remark 5.6.6, we have A o M and B (. M for
some bijective functions «, and x defined on (0,1] satisfying

A — A > — A
A =M, =M, and B_,, =M," =M, for a €(0,1],

which imply

Ay =M,y and By = M) (5.98)
We take

p= KB(Kgl(a)) = (KBOKZI)(Q') = x(a). (5.99)

For any @ € (0,1], we have
B )= Bﬂ =M, 11 (8)) (using (5.98))
= M,,,l(ql(a)) (using (5.99))

= A, (using (5.99)),

Kk(a

which says that A =B by referring to Definition 5.6.1.
To prove part (ii), for A, B € F (M), the definition says that

A, =M =B, forall « € (0,1].

Part (iv) of Proposition 2.2.15 says that &;(x) = £5(x) for all x € R™. Therefore, A and B are
identical, i.e. |F (M)| = 1. This completes the proof. u

The following results will be useful for discussing the uniqueness.

Propos1t10n 5.6.10 Let A and B be two fuzzy sets in R™ such that A = = B in the sense of
B, = A, Jor some bijective function x defined on (0,1] and for all @ € (0,1]. Suppose that

={A, ta€ 1]} or B={B, : a € (0,1]}
is a strictly nested family. Then, the following statements hold true.

o K is a strictly increasing function on (0,1].
e We have &;(x) = k(ép(x)) forx € A0+ and &4(x) = Eg(x) = 0 forx & A'0+.
e Wehave A, = By, and A, = B,.

Proof. From Proposition 5.6.3, we see that « is strictly increasing on (0,1]. Part (ii) of Propo-
sition 5.6.4saysthat A, = By, and A, = B,.Ifx ¢ A, ,i.e.£;(x) = 0,we havex & B, , since
A,, = B,,, which also says that &(x) = 0. Now, we have

Ay =By, ={xeR": m>0}= ] &'@ (5.100)

0<a<l

=s'oly ( U f;(oo). (5.101)

O<a<1
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Suppose thatx € 4, .. From (5.100), we see thatx € égl((x) for some « € (0,1]. We consider
the following cases.

e Suppose thatx ¢ 5;(1), i.e. @ = &3(x) < 1. From from part (i) of Proposition 5.6.4, we see
that £;(x) = x(&3(X).

e Suppose thatx € égl(l), i.e. @ = &3(x) = 1, which also says thatx € B,. Since A, = B, we
see that x € Al, i.e. £4(x) > 1. Therefore, we must have £;(x) = 1, which also says that

¢a®) =1=k() = k(Sp(x)).

Therefore, we conclude that &;(x) = x(&(x)) for allx € 4, +- This completes the proof. =

Definition 5.6.11 Let « : (0,1] = (0,1] be a function from (0,1] into itself. Given a fixed
fuzzy set A in R™, we define &; : R™ — [0,1] by

) xEpe). ifxe Ay,
0= { 0, ifx g AL, (5.102)

In this case, we write &; = xo&z+.

Remark 5.6.12 Suppose that x; #«x, and R({;+)\{0} = (0,1]. Then, there exists
¥, € (0,1] satisfying «; () # k,(,). We are going to claim that the membership functions
$ 0 T kpoépr and £qe = K084+ are not identical. Since y, € R(§4+)\ (0}, there exists
X, € R™ satisfying &z~ (x,) = y,, which also says that

é/j(l)(xo) = Kl(fg* (xo)) = Kl(yo) # Kz(yo) = Kz(fg* (x())) = §A'(2>(xo)~
This means A" # A®.

The following proposition will show that Definition 5.6.11 is well defined, and will also
present some useful results that will be adopted in the following sections.

Proposition 5.6.13 Let « : (0,1] — (0,1] be a function from (0,1] into itself. Given a fixed
fuzzy set A" in R™, if €5 = koé 4+, we have Ay, = A';Jr.

Proof. If x ¢ A;,, we have £;(x) = 0 by definition, i.e. x & A,,, which says that A;, C
Ay, If x € A;,, we have &;+(x) > 0. Since x(a) > 0 for any a € (0,1], we obtain &;(x) =
k(&5 (x)) > 0, which says that x € A, , i.e. Ay, C A,,. This shows the equality A, = A,
and the proof is complete.

We define a set K by

K = {x : « is a bijective and strictly increasing function on (0,1]} .

Theorem 5.6.14 Let 7 : (0,1] - (0,1] be a function from (0,1] into itself, and let

M={M, : a € (0,1]} be a family of nonempty subsets of R™ such that it is a strictly
nested family with respect to n. Given a fixed A* € F°(M), we have

F'M)={A € FR™) : &; = kol fork € K} (5.103)
and

|F°(M)] = IK|. (5.104)

K

Moreover, for any A € F°(M), we have A = A™ in the sense of A, = Ao forc e K.



5.6 Uniqueness of Construction

Proof. To prove part (i), since A € F°(M), we have R(£;+)\{0} = (0,1] and A* ““ M
satisfying

. Tk
AL =MD =My, ie Ay =M, (5.105)

for some bijective function x, on (0,1] and for all « € (0,1]. Given any A € F°(M), we also
have R(£5)\{0} = (0,1]and A =M satisfying

A =M =M,, (5.106)

Ka()

for some bijective function «, on (0,1] and for all @ € (0,1]. We take
B = k,(k; (@) = (k406 ) (@) = k(@) (5.107)

Then « is a bijective function on (0,1]. Part (i) of Proposition 5.6.7 says that , and «, are
strictly increasing on (0,1], which also says that the function « is strictly increasing on (0,1].
This shows that k¥ € K. Now, we also have

Ay =45 = Ay

M”(K 18y (using (5.106))

) (using (5.107))
= A’ (using (5.105)) (5.108)
for all a € (0,1]. From Proposition 5.6.10, we have &;(x) = k(&;+(x)) for all x € Ay, = A(L,
and &;(x) = &4+ (x) = 0forx ¢ A, = Ag .. This shows &; = kof .+, which implies the follow-
ing inclusion
F' M) C{AEFR™) : & = koéy fork € K}

On the other hand, given any x € K with &4 = k& ;+, we want to show A € F°(M). We
first claim R(£4)\{0} = (0,1]. We first see that R(£4~)\{0} = (0,1] by definition. Proposi-
tion 5.6.13 says that we have A0+ = Ang Given any a € (0,1], since « is bijective on (0,1],
there exists @ € (0,1] satisfying K((Jt) = a.Since R(£;+)\{0} = (0,1], there also exists x € A; "
satisfying & ;« (x) = @&. Since &4 = k& ;», we obtain

1) =k () =x@ =a>0,
which shows the inclusion (0,1] € R(£4)\{0} Therefore, we indeed obtain R(£;)\{0} =
(0,1]. It remains to show that A e M. Now, given any a € (0,1], we have
A, ={xeR": g0 2a} ={x€A,, : &(x) > a}
{x €Ay, 1 &40 > a} (since 4,, = 4;,)
= {x €A, 1k (&4 0)) > a} (since &; = Kof ;+)
{x IS AO s Ep(X) > K‘l(a)} (since kis increasing and bijective)
={xeR™: &) 2k (@)}
~k
= A1)

for @ € (0,1]. Since A" (e M and

for @ € (0,1], using the arguments for obtaining (5.108), we can similarly obtain

Therefore, we obtain A = A* in the sense of A:
A=A

K(C()

k()
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A e M. Therefore, we conclude that A € 7°(M), which proves the equality (5.103). The
equality (5.104) can be realized from Remark 5.6.12. This completes the proof. [ ]

Theorem 5.6.15 (Uniqueness) Let 1 : (0,1] — (0,1] be a function from (0,1] into itself,
and let M = {M, : a € (0,11} be a family of nonempty subsets of R™ such that it is a strictly
nested family with respect to n. Suppose that | K| = 1. Then K = {ig} consists of only one iden-
tity function ig on (0,1], and there exists one and only one fuzzy set A" inR™ satisjj/ing/i* iMm
in the sense of

Ay = A, =MD =M, forall a € (0,1]. (5.109)

« igla) — a

In other words, we have F°(M) = {A* }. We also have

A= J A= U My, (5.110)

0<a<l 0<a<l

Proof. The cardinality |K| = 1 says that |F°(M)| = 1 by referring to (5.104). Therefore,
from (5.103), we must have

f/i = Koé:/f* =S4i*s

which also says that ¥ must be an identity function on (0,1], i.e. k = ig. In this case, we
obtain F°(M) = {A*} satisfying A* L M in the sense of

A=A

*
ig(a

*
k(a

—_ A )]
) = Ag@) = Ma

for all a € (0,1]. The equalities in (5.110) follow immediately from (2.5), and the proof is
complete. ]

The sufficient conditions to guarantee |K| = 1 are based on concepts from the field of
pure mathematics. Therefore, it is left for the readers to establish the sufficient conditions
to guarantee |K| = 1. Next, we are going to present the existence and uniqueness.

Theorem 5.6.16 Let k be an increasing and bijective function on (0,1]. Let 5 : (0,1] — (0,1]
be a function from (0,1] into itself, and let M = {M, : a € (0,11} be a family of nonempty
subsets of R™ such that it is a solid and strictly nested family with respect to n satisfying
U M =rm.
0<a<l

The existence and uniqueness are presented below.
o (Existence) Suppose that the following equality

U Mgﬂ) — MYI) U < U Df,")>

O<a<l O<a<1

holds true, or the following two conditions are satisfied:

[os]
ﬂMéZ) C M when a, 1 a for a < 1

n=1
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and

MY € M when a, 1 1 with a, € (0.1) forall n.

n=1

Then, there exists a fuzzy set A* in R™ with membership function given by

, 3 D("I) 0’1
£ (x) = { ’1‘(“) Z:i;\;;ﬂ)fo” € (0.1] (5.111)
: o,

In other words, we have A* € F°(M). Moreover, we also have the following equalities.
F M) ={AeFR™) : & = k&4 fork €K} and [F*(M)| = |K].

¢ (Uniqueness) Suppose that |K| = 1. Then, we have F°*(M) = (A}, where the member-
ship function ofA* is given in (5.111) such that the equalities of (5.109) and (5.110) are
satisfied.

Proof. To prove the existence , the membership function &4« of A” can be immediately
realized from Theorems 5.3.1 and 5.3.3. We also have R(£;-)\{0} = (0,1] and A:(a) = Mg,”)
for each a € (0,1]. This shows that A" e F°(M). Therefore, the desired equalities and the
uniqueness can be realized from Theorems 5.6.14 and 5.6.15, respectively. This completes

the proof. ]

Theorem 5.6.17 Let k be an increasing and bijective function on (0,1]. Let : (0,1] — (0,1]
be a function from (0,1] into itself, and let M = {M, : a € (0,1]} be a family of nonempty
subsets of R™ such that it is a solid and strictly nested family with respect to n satisfying

U M # rm.

0<a<l

o (Existence) Suppose that the following equality

U Mgv) — M;”) U ( U DE:I))
0<a<l 0<a<1

holds true, or the following two conditions are satisfied:

[s+]
ﬂMSZ) C M when a, T afora<1

n=1
and
ﬂMSZ) C M;”) when a, 1 1 with a, € (0,1) for all n.
n=1
Then, there exists a fuzzy set A~ in R™ with membership function given by
x(a), ifx e D™ fora € (0,1]

fo=41  ifxeM” » (5.112)
0, ifxeg U M,

0<a<l
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In other words, we have A* € F°(M). Moreover, we also have the following equalities.
FM)={A€FR™) : & = koly fork €K} and |F*(M)| = |K].

o (Uniqueness) Suppose that |K| = 1. Then, we have F°(M) = {A*}, where the member-
ship function of A is given in (5.112) such that the equalities of (5.109) and (5.110) are
satisfied.

Proof. To prove the existence, the membership function &z« of A” can be realized from
Theorems 5.3.1 and 5.3.3. We also have R(£4+)\{0} = (0,1] and A:(a) =M for a € (0,1].
This shows that A* € F°(M). Therefore, the desired equalities and the uniqueness can be
realized from Theorems 5.6.14 and 5.6.15, respectively. This completes the proof. [ |

Theorem 5.6.18 Let A be an increasing and bijective function on [0,1]. Let 5 : (0,1] — (0,1]
be a function from (0,1] into itself, and let M = {M, : a € (0,1]} be a family of nonempty
subsets of R™ such that it is a solid and strictly nested family with respect to 7.

o (Existence) There exists a fuzzy set A* in R™ with membership function given by

S () = sup A@) - sy (X) (5.113)

satisfyingfi:(a) = MY for a € (0,1]. We also have
FM)={A€FR™) : &£ I for A€ K} and |F*(M)| = |K].

o (Uniqueness) Suppose that | K| = 1. Then, we have F*(M) = {A* }, where the member-
ship function of A is given in (5.113) such that the equalities of (5.109) and (5.110) are
satisfied.

Proof. We are going to use Theorem 5.4.30 to prove the existence. Since A is an increasing
and bijective function on [0,1], it follows that

R(4) =10,1] and S* = {a €[0,1] : A(a) > 0} = (0,1].

Let us recall the notations BE,’D and Bfﬁ in (5.62) and (5.63), respectively, and the notations

Af,”) and Afx”) in (5.4). Since 4 is an increasing and bijective function on [0,1], for @ € (0,1),

+
it follows that
(1,4) _ ) _ m _ 4
B = U M= U My=4
{BES*: A(B)z M)} {pe0,1]: fza}
and
(1,4) _ () _ m _ A
B = ) M= |J M=a.
{pES* 1 A(B)> M)} {pe(0.1]: f>a}

We also see that a € [0,1) N S® is equivalent to say a € (0,1). Since M is a solid and strictly
nested family with respect to n, we have

. M;n) C M for a, p € S* = (0,1] with A(a) < A();
o N MY € M when A(a,) 1 Aa) with a,,.a € S* = (0.1] for all n;

n

o B"N\B"Y £ gforalla € [0,1) N S°.

a+
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Therefore, we can apply Theorem 5.4.30 to guarantee the existence of fuzzy set A
satisfying

R(4\{0} = (0.1]
and

A:(a) =M forall a € (0,1].

This shows that A € F°(M). Therefore, the desired equalities and the uniqueness can be
realized from Theorems 5.6.14 and 5.6.15, respectively. This completes the proof. [

Theorems 5.6.16-5.6.18 present the methodology to generate a fuzzy set from a family
M={M, : a€(01]}

of nonempty subsets of R such that it satisfies some intuitive conditions. As we mentioned
above, when the fuzziness is considered in economics and engineering problems, we can
form a family M from the observed data. In this case, we can generate the fuzzy data based
on the observed data using the mechanical procedure as shown in Theorems 5.6.16-5.6.18,
which can avoid the biased subjectivity caused by the decision makers for setting up the
fuzzy data based on the real-valued data that are observed from the fuzzy environment.
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Fuzzification of Crisp Functions

Using fuzzy set theory to study engineering and economics problems has received much
attention for a long time. The main reason is that we may have problems collecting the
actual data from the environment because of the uncertainty. When the uncertainty can be
regarded as fuzziness, we can consider fuzzy data in engineering and economics problems.
In this case, we may need to fuzzify real-valued functions into fuzzy functions.

For example, the cost functions and benefit functions should be considered as fuzzy func-
tions when fuzzy data are involved in the formulated problems. In this chapter, we are going
to use the extension principle and the form of mathematical expression in the decomposi-
tion theorem to fuzzify crisp functions into fuzzy functions. The fuzzification of real-valued
functions and vector-valued functions will be studied separately.

There are two ways to fuzzify a vector-valued functionf : R"* — R™, wheref = (fi, ..., f,,)
and f; denotes the j-th component function of f for j = 1, ..., m. We can directly fuzzify the
vector-valued function f without considering its component functions to obtain a fuzzy
function f. Alternatively, we can just fuzzify its component functions J; to obtain the fuzzy
functions f; forj = 1, ..., m and obtain a vector-form of fuzzy functions (f;, ..., f,,,). In gen-
eral, the fuzzy function f is not identical with the vector-form of fuzzy functions (f;, ..., f,,)-
Their relationships will be established in this chapter.

Let f : R" > R™ be a vector-valued function defined on R™. Given fuzzy sets
APV A? A" in R, we are going to study the fuzzification f (EP)(A(I),A(Z), LA™ using
the extension principle, and the fuzzification f (DT)(A(I),A(Z), LA™ using the form of
expression in the decomposition theorem.

6.1 Fuzzification Using the Extension Principle

Let A : [0,1]" — [0,1] be a function defined on [0,1]". We consider an onto vector-valued
function f : R" — R™. Then, the following sets

{x 1 y=1(x)}

are not empty for each y € R™. According to the generalized extension principle, we can
fuzzify the vector-valued function f using the aggregation 2 to obtain a fuzzy function

i 3R x- - X FR) » FR™).

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Givenany A = (47, ...,A™) € §*(R), the function value " (A) is a fuzzy set in R” with
membership function given by

ff(m(@)(y) = {X:sylilf)(x)}?[ (fAu)(xl), ,fAm)(xn)) (6.1)

fory € R™. The fuzzification of component function f; can be similarly obtained using the
above form to obtain the fuzzy functionfj with membership function given by

5}/‘_5}’)@@): sup A (&0 (X, ..., Em(x,))
(x:y=f )

forye Randforj=1,...,m.

Example 6.1.1 We are going to consider the addition of vectors of fuzzy sets in R. Given
an onto vector-valued function f : R?* — R™ defined by

fa,b)=f(a,,....a,.b,,....b,) = (a; +by,....,a,+b,) =a+b.
Given any two vectors of fuzzy sets in R

A= (4%, A") and B = (BV....B")
we can define the addition of A and B to be

Ae, B="" (A.B) (6.2)
with membership function given by (6.1). More precisely, the membership function is given
by

fA@EPf;(Y) = gf(EP)(A’E)(y)

= sup A (L@, ....Em(@,). by, ... . Em(b,))
{(ab):y=f(a,b)}

= sup A (&), ....Em(@y). Egu(by), ... . Egn(by)) .

{(a,b):y=a+b}

We can similarly define the difference A 6, B considering the onto vector-valued function
f : R?" — R™ defined by

fa,b)=f(a,....a,by,....b,) = (a;, = by, ....,a, —b,) =a—b,

n

and define the multiplication A ®;, B of vectors of fuzzy sets considering the onto
vector-valued function f : R¥* — R™ defined by

fa,b)=f(a,,...,a,by,....b,) = (a; - by,...,a,-b,) =axh.

Let AV, A%, ..., A" be fuzzy intervals. The a-level sets of A" are bounded closed inter-
vals given by

e ConNL /o a\U L~
A9 = [(A(”) ,(A(”) ] = [A;,AZ].
[4 [4
Suppose that the following conditions are satisfied.

e The function f is continuous.
e The function 2 is upper semi-continuous and increasing.



6.1 Fuzzification Using the Extension Principle
e Anyoneof {ay, ..., a,} is zero implies A(ay, ..., @) = 0.
o Alay,...,a) >0ifandonlyife; > Oforalli=1,...,n
Then, using Theorem 4.4.12, for each a € (0,1], we have
(F (EP)(A)> {00 1 2 (E;0006)s ., Exn(x) = )
= {(i(®), .o fu X)) T A (E (), .. Egn(x,)) > a) (6.3)
and

(f(EP)(A)>0 =£ (4. A0).

Moreover, for each a € [0,1], the a-level sets (f (EP)(A))a of (EP)(A) are closed and bounded
subsets of R™.
We write A, to denote the m-dimensional closed interval given by

A, [Ala,Aﬁ,] X [A;,,Ag,] : [Am,A ] : (6.4)
When the function % : [0,1]" — [0,1] is taken by
A(ay,...,,) =min{ay,...,a,},
for each a € (0,1], from (6.3), we have
(F"@) = {100 : min {gg0.00). . o x) = a}
={f(x) : &o(x) > aforeachi=1,...,n}
A ] for each i = 1,...,n} =f(A,). (6.5

ia>

{f(x) x eA? = [A
Then, from (6.5), for « € (0,1], we have

(F'®), =1 (A) =fi (B,) xfs (B,) %+, (B,). ©©

Let fj(-EP) be fuzzified from the jth component function f; using the extension principle.
For a € (0,1], we can similarly obtain

(f(EP)(A)> =1 (A,) forj=1,...m
By referring to (6.6), for a € (0,1], we obtain
(@) = (A"d) x-x (7)) .

Suppose that the vector-valued function f = (f}, ..., f,,) is continuous. Then, the compo-
nent functions j; are also continuous for j = 1, ..., m. Using (6.4) and Proposition 1.4.3, we
see that JS-(A,,) are bounded closed intervals given by

(77@) =5 (A,) =

inf _];(X), sup fj(x)] = [mip ﬁ(x),mag( fj(x)] .
XEA, XEA,

XEA, XEA,
It follows that
FED . .
( (A)) = [mlp f1(x), max fl(x)] XX [mlp Sfm(X), max fm(x)] .
X€A, X€EA, X€A, X€EA,

The above results are summarized in the following theorem.
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Theorem 6.1.2 Let f : R" — R™ be a continuous vector-valued function defined on R™,
andlet AV, A?, ... A" be fuzzy intervals. By referring to (6.1), let (EP)(A) be obtained based
on the function 2 : [0,1]" — [0,1] taken by

A ((Xl, ,an) = min{al, ,an} .
Then, for a € [0,1], we have
(]N";EP)(A)> = [mip ]j-(x), max ]j-(x)] forj=1,...,m
a XEA, XEA,
and

(f(EP)(A))a _ (NEEP)(A))(X XX (fifp)(ﬁ))a

= [mip f1(x), max fl(x)] XX
XEA, X€EA,

a« a

min f,,(x), max fm(x)] .
XEA, XEA

Example 6.1.3 Continued from Example 6.1.1 by considering the fuzzy intervals, we

want to obtain the a-level sets (A @, B), of addition A @, B for a € [0,1]. According to
Theorem 6.1.2, we have

(A B), = (f"AB) =(FAB) x--x(I"A&B)
a o a
51 (1) 5 () (1)
= (a BY) xox (4 B")
(A7 @ BV) ®:r

~L = ~U % ~L =
= [ 1a+B§a’Ala+B§‘a:| XX [Ana+BL

a

na’

Ay, + Bl

for each a € [0,1].

6.2 Fuzzification Using the Expression in the Decomposition
Theorem

Let AV A%, . A" be fuzzy sets in R. We consider the family
{M,#0:0<a<1} (6.7)

that consists of subsets of R™, where M, depends on f and AP fori = 1, ..., n. For example,
we can take

%5 (1) 5 ()
M, =f (40, A7),

We are going to consider three different M, that can be used to generate three different
fuzzy functions.

We say that the family {M, : 0 < a <1} is nested when M; C M, for « < . We shall
study the cases of nested family and non-nested family separately by considering three intu-
itive families.

According to the expression in the Decomposition Theorem 2.2.13, we can induce a fuzzy
function £ : F"(R) — F(R™). Given any A € F"(R), the function value f*"(A) is a
fuzzy set in R™ with membership function defined by

o 5, ¥) = Sup @ Zu, ™ (6.8)

fory e R™.
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6.2.1 Nested Family Using a-Level Sets
Let AV, A%, ... A" be fuzzy intervals. For a € (0,1], we take

M, =t (AVAP) =t (R,) = (1 (&) .S (A,)) (69)
Then, we see that

. %@ +L
M, = {f(x) x €AY = [A.

>

Ag] foreach i = 1,...,n}.

Itis clear to see that {M,, : 0 < a <1} isa nested family in the sense of M; C M, for « < B.
We need some useful lemmas.

Lemma 6.2.1 Let {A,}_, be a sequence of subsets of a universal set U satisfying A,,,, C
A,, for all m, and let f be a real-valued function defined on U. Then

f(fjAm) = rujf (Am)'

Proof. Given any

yef(ﬂAm)

there exists x € (,,_, A,, satisfying y = f(x), which says that
y=fx) ef(4,) foralm.

Therefore, we obtain the following inclusion

f(FjAm) C ij(Am).

For proving the other direction of inclusion, given any y € f(4,,) for all m, we have y = f(x,,)
forx,, € A,, and for all m, which says that we obtain a sequence {x,,}%_,.Let(),,_; A,, = A.
Since A,,,, € A, forall m, the “last term” of the sequence {x,, } *_, mustbe in A, which will
be proved below. Since x, € A, C A,, forall k > m, we have the subsequence {x};2 CA,,
which also implies

A= ﬂ ({x)2,,) € ﬂAm = A,
m=1 m=1

where A can be regarded as the “last term” and A C {x,, Joo_-Forx € A, it follows thatx € A
and X = x,,. for some x,,,. in the sequence {x,,}%_,. Therefore, we obtain

Y =f,) =fX),
which says thaty € f(A). This completes the proof. |

Lemma 6.2.2 Suppose that

(o]
A = ﬂAﬁl) fori=1,...,n.
m=1

Then, we have

AV X x AW =

DX

(A - xal).
1

3
il
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Proof. Givenx = (x, ...,x,) withx; € A fori = 1,...,m,itsays thatx, € A(mi) forallm,i.e.
X=X, ...,X,) €AY x---x AW

for all m, which proves the inclusion
[s4)
1 @ (n)
A()x...xA(")g m (Am X"'XAm )
m=1

On the other hand, given any x = (x;,...,X,) € AV ... x AW for all m, it follows that
x, € A for alli and m, i.e. x, € (_, A = A® for all i. This completes the proof. [

Proposition 6.2.3 Let AV AP A" pe fuzzy intervals, and let M, be given in (6.9).
Suppose that f is continuous. Then, we have

M, = ﬂMas fora € (0,11 and 0 < a; 1 @ with a > a, forall s.

s=1

Proof. From (6.9), we see that

M,=f (A,) X X[ (A) =MD x - x M, (6.10)
where

];(Aa) =MY for j=1,...,m.

The continuity of f says that the component functions f; are also continuous forj =1, ..., m.

Since each Aﬁ? is a bounded closed interval, the continuity of f; says that each )3([&(,) is also
a bounded closed interval given by

MY =f(A,) = [mip fix),max fi(x)| forj=1,...,m.
XEA, XEA,
It is clear to see that ij) - Mg) for § < a. Given any sequence {a,}%, satisfying0 < a; 1
with a > q for all s, we see that

(o]
Ag) = ﬂﬁg) fori=1,...,n

s=1

by referring to Proposition 2.2.8, which also implies A, = N2, Aav by Lemma 6.2.2. There-
fore, using Lemma 6.2.1, we can obtain

(80 =5
which implies
Mg) = ﬂMg;) forj=1,...,m.

s=1

Using (6.10) and Lemma 6.2.2, we complete the proof. [

Let £°”" be fuzzified from f obtained from (6.8) using the family {M, : 0 < a <1}
defined in (6.9). Then, its a-level sets are given below.
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Proposition 6.2.4 Let AV, A?, ..., A" be fuzzy intervals. Suppose that f is continuous.
Then
(oDT) _ ~(1) (n)
(A) —Ma—f Ay LAY ) =1 (A,) foro<a <1 (6.11)

Proof. Given any y € M, we see that &eon &

(t (°DT)(A))a, which proves the inclusion M, C & (A))a. For proving the other direction
of inclusion, given any y € ¢ ( DT)(A))a, i.e. &eon ) A)(y) >a,leta = &senn ( A)(Y)'

(y) > « by (6.8). Therefore, we obtain y €
(¢DT)

e Assumethat@ > a.Lete = @ — a > 0. According to the concept of supremum, there exists
a, satisfyingy € M, and & — € < a,, which implies « < a,. This also says that y € M,,
since M, C M, by the nestedness.

e Assume that &@ = a. Let {a,}2, be a sequence satisfying 0 < a; T « and a > a; for all s.
Let ¢, = @ — &g > 0. According to the concept of supremum, there exists o, satisfyingy €
M, and & — ¢, = a — ¢; < a,, which implies a, > a,. This also says that y € M, by the
nestedness for all 5. Therefore, we obtainy € (2, M, . From Proposition 6.2.3, it follows
thaty e M,,.

The above two cases imply that y € M, and the proof is complete. u
Example 6.2.5 Continued from Example 6.1.1, by referring to (6.9), let
M =f ( A0 4™ go B(n))

={f(a1,...,an,b ..b,) ¢ aieilg) andbieBg) fori:l,...,n}

>¥n

={(a1+b1,...,an+bn) a [Am,A ] and b, € [BLLU,,B ] fori=1,...,n}
L =L U | =U
=[A1G+Bfa,A1a+Bla] . [A +B..AY +B ]
We can define the addition of A and B to be
A EBDT i (A’ E)

with membership function given by
Sias, BY) = &pern 5 5 (V) = Sup a2, -
For a € (0,1], Proposition 6.2.4 says that
(A %, ) <f(°DT)(A f;)) =M,
U
- (Al B AL B o [+ B AT 48
We can similarly consider the difference A S)e. B of vectors of fuzzy intervals by taking

a ha’ na

M:[A ~BY.AY Bfa]xu-x[A ~BY.AY —BL].

Now, we take

MY =fA)for0<a<land j=1,...,m. (6.12)
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From (6.9), we see that
M, =M x---xM™ cR™ (6.13)

#(eDT. . . . . Lo
Let f}(-<> ' be fuzzified from the Jjth component function f; using the expression in the decom-

position theorem based on the family {Mg) : 0 < a <1} defined in (6.12). By referring to
Proposition 6.2.4, for « € (0,1], we can similarly obtain

< (oDT)

7VR) =MP =fA&,) forj=1,....m, (6.14)

For « € (0,1], using (6.11), (6.13) and (6.14), we have
(F70) = (7)o (270), w19

For the 0-level sets, using (2.4) and (2.5), we have

(7" @) = a(F @), = cl( U (ff"DT)(A))a) = Cl< U E(Aa))

0<a<l 0<a<l

and

0<a<l

=C1< U ( (fDT)(A))a)X'”XCI( U (

0<a<l 0<a<l

( (oDT)(A)) ( (oDT)(A)> =cl( U ( (oDT)(A)> >
fi

(oDT) ( A))a>
(using (6.15) and the nestedness)
= (A7) x-x (7). (6.16)

Suppose that f is continuous. Then, each f; is continuous for j =1, ..., m. Since each AY

is assumed to be fuzzy interval for i = 1, ..., n, i.e. the a-level sets Aﬁj) are bounded closed
intervals for« € [0,1]1and i =1, ..., n, it follows that Jj(Aa) is also a bounded closed interval
given by

fi(A,) = [min fi(x),max f(x)| for0<a<land j=1,....,m
J XEA, J XEA, J

Therefore, we obtain

(j(oDT)(A)>0 = c1< U ];(Aa))

O<a<l

= cl( U [mln [, rnax f(x)]) = [E‘rél/g £, rxne%f f;(x)

o<a<1 LX€A

forj =1,...,m. The above results are summarized below.

Theorem 6.2.6 Let f : R" — R™ be a continuous vector-valued function defined on R™,
and let AV, A%, ..., A"™ be fuzzy intervals. Suppose that the families

M,:0<a<1}and (MY :0<a<1}forj=1,....m
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are given by
f( AV .,Zlfl")> and MY =f (Afxl), . (")) forj=1,.
For a € [0,1], we have

(@A) =£ (A0 A0) = (77 A) x-x (F77A)) (6.17)

and

<f(<>DT)(A)> = (Aa) — [ggl fx). rxrgx J}(x)] forj=1,....,m

6.2.2 Nested Family Using Endpoints

Let A(D AP LA™ be fuzzy intervals. Then, the a-level sets of AY are given by Afj) =
[A A ]fori =1,...,n. Now, for a € [0,1], we write

ia®
la> la>

(1 AZa,...,Aﬁa) Al eRrR™and (A AY. .. ,A,‘f,,) =AY erm.

Then, we define two vector-valued functions n* : [0,1] = R™ and Y : [0,1] - R™ by

mw =1 (AL AL AL ) =1 (A) = (1 (AL g (BL))

=t (A0A% .A%) =1 (37) = (5 (3Y).. 5o (37)).

We also write

7"(@) = (n{(@), ..., my(@) and p’(a) = (n (@), ..., n5(@))
where
RO (Aﬁ) and nY(a) = f, (Aff) forj=1,...,m
For a € (0,1], we consider the following bounded closed intervals

MY = [min {njL(a), njU(a)} ,max{njL(a), r]jU(a)}] forj=1,...,m, (6.18)

and

and the family {M, : 0 < a < 1} given by

— (1) (m)
Ma_<UMﬁ>x~~x<UMﬁ > (6.19)
Then {M, : 0 < a <1} is a nested family in the sense of M, C M, for « > f. Let
¢H(@) = min { @, (@ } and ¢ (@ = max {nf(@. 1@ }

forj=1,...,m. Then MY = [CJ L(a), Q’jU(a)]. Suppose that CJ.L is lower semi-continuous on

[0,1] and ng is upper semi-continuous on [0,1]. Then, for @ € (0,1], we can obtain

UMy = [mf G, sup § (ﬂ)] = [52}21@?(/3)’ ;1;,?;‘1‘3”(/3)] =N, (6.20)

a<p<1 asp<l
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It is clear to see that {ij) : 0 < @ < 1} isanested family. Forj = 1, ..., m, we can show that

Ng) = ﬂNg? for a € (0,1] and 0 < o, T a With a > «a for all s. (6.21)
s=1

From (6.19) and (6.20), we also have
M, =NV x...xN™. (6.22)

Letf;*DT) be fuzzified from the jth component function f; obtained from (6.8) using the
family {Ng) : 0 < a <1} defined in (6.20). For « € (0,1], using (6.21) and a similar argu-
ment to the proof of Proposition 6.2.4, we can obtain

(xDT)
( i (A)) =N = |J M. (6.23)
a<p<1
Let f*"" be fuzzified from the vector-valued function f obtained from (6.8) using the

family {M, : 0 < a < 1} defined in (6.19). For « € (0,1]and 0 < a, 1 a with @ > a for all s,
we also have

ﬁM - ﬁ (N“) X xN;:’”) (using (6.22))
s=1

()

-x NI = M, (using (6.22) and (6.21)),

Il
2 /\u
s
2
\V/

which says that
M, = (M, for a € (0,1]and 0 < &, 1 a with @ > a for all s. (6.24)
s=1

For a € (0,1], using (6.23), (6.24), and a similar argument to the proof of Proposition 6.2.4,
we can obtain

(F7A) =M, =N x NP = (F77A@) xex (7277 A))
By referring to (6.16), we can also obtain the 0-level set
DT (*DT) (*DT)
(@), = () x-oox (F )

The above results are summarized below.

Theorem 6.2.7 Let f : R" > R™ be a vector-valued function defined on R™, and let
AV AP AW be fuzzy intervals. Suppose that the family (M, : a € (0,11} is given by

M, =( M )x--x| M| crm,
a<p<l a<p<l

where Mg) are bounded closed intervals given by

MY = [min {1, (&%).5 (A7) bomax {5 (A7) .5 (A7) }] fori=1.....m
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We also assume that the functions Cj L. [0,1] - R defined by

C:,'L(a) = min {Jj <A§> i (Ag) }

are lower semi-continuous on [0,1] and the functions CJ.U : [0,1] - R defined by

<L ~U
o= mas [ (3) 5 (30
are upper semi-continuous on [0,1] forj = 1, ..., m. Then, for a € [0,1], we have

(f(*DT)(A))a =M, =N x. .. xN™ = ( (*DT)(A)> XX <f(*DT)(A)> (6.25)

and
(fj*DT)(A)) =N'= | M forj=1.....m, (6.26)
* a<p<1
where
0 _ G _ i oL U
NS = M) = [;r_g;r_glg (B). max (ﬁ)] (627)
a<f<1
. . ~L <L ~L
[ min i 7 (85). (85) . ma {5 (85). 5 (45 |
. iY
= |min{ min 5 (45) ., (3 )}’
~L ~U
Xmax{{ﬁe[rg,lﬁ?(ﬁza} J <A”> T i <A” ) }]
are bounded closed intervals forj =1, ... ,m.

Example 6.2.8 Continued from Example 6.1.1, we see that the component functions f; of
f are given by

f; (ay,....a,. by, ... by) = aj+bforj=1,....n
We are going to consider M, in (6.22). First of all, from (6.18), for j = 1, ..., m, we have
MY = [min {njL(a), v (a)} , max {r/.L(a), V(@) }]
- [ (8585 (A28 ) o (5282 (42 2
=[min AL + B A-U+BU} max{A + B A BU}]

Ja Ja>*Ja Jo Ja’ Jo
~L % ~U U
= [ o + ja’Aja +B}a]

From (6.23), we have
G _ G _ L mL o 5U | wU] 4L, s5L 5U | ®U] _ 200
NS = Ump=U [jﬂ"'BjLﬂ’Ajﬂ"'Bjﬂ] —[ : +BjLwA'a+B‘]—Ma'
agf<1 a<f<1

Using (6.22), we obtain

la> na’

Ma=[Afa+BL Aﬂ+Bfa] [A +B..AY +B ]
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We can define the addition of A and B to be
A e9DT = (A’ ﬁ)
with membership function given by
éA@gTB(Y) = éf'(*DD(A’E)(Y) = osigla “m, (Y)-
For a € (0,1], using (6.25) in Theorem 6.2.7, we have
(AehB), = (7@, B)) =M,
[AM +B A ]x [A +BL A +BY

na’®

6.2.3 Non-Nested Family Using Endpoints
Now, we consider the product set
M, =M x---x M c R™,
where Mg) are defined in (6.18) for j = 1, ..., m. In this case, the family {M, : 0 < a <1}

is not necessarily nested. Let us recall the concept of canonical fuzzy interval in Definition
2.3.3.

Lemma 6.2.9 Letf : R" — R™ be a continuous vector-valued function defined on R"™, and
let A, A% A" be canonical fuzzy intervals. Suppose that the family {M,, : « € (0,1]} is
given by

M, =M x---x M c R™,
where Mg) is a bounded closed interval given by

M = [min ) (82).5 (&)} max {5 (£2) . (8)) }]
forj=1,...,m. Then, for any fixedy € R and y € R™, the following functions

¢§D(a) =a- o forj=1,....m

and

by(@) = a1 (¥)

are upper semi-continuous on [0,1].

Proof. Since each A" is a canonical fuzzy interval for i = 1, ..., n, the definition says that
AiLH and AZ are continuous with respect to « on [0,1] fori = 1, ..., n. The continuity of f also
says that the following functions

§jL(a) = min {]; <A§) J; (Afj)} and g:jU(a) = max {j; <Ai) J; (Afj)}
are continuous on [0,1]. Now, we have MY = = [¢! L(a), g U(a)]. For any a € (0,1] and any con-
vergent sequence {a,}2, in [0,1] with o, = « as s — oo, we are going to claim

ﬂMﬁ,{? c MY and ﬂMas CM,. (6.28)

s=1 s=1
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For any y € [, ng), ie, y € Mf,"j for all s, it means that CJ.L(aS) <y< Cju(as) for all s. By

taking s — co and using continuity, we obtain ¢; Lay<y< CjU(a), which says thaty € MY,

This proves the inclusion (2, ng c MY, which also implies the inclusion Ny M, CM,.
Given any fixed y € R™, we define the following set

F,={ae[01]: ¢y(a) =7}

for r € [0,1]. In order to show that the function @y is upper semi-continuous on [0,1], we
want to claim that the set F, is closed for each r € [0,1]. If r = 0, then F, = [0,1] is a closed
set. For r > 0 and for each a € cl(F,), the concept of closure says that there exists a sequence
{a,}2, in F, satisfying a; — a. Therefore, we have ¢y (a,) > r, which says that ¢, > r and
y € M, for alls. We also have

(o)
a=lima,>r>0andye|( |M_,
nooo S y ﬂ g

s=1
which implies y € M, by (6.28). This says that « - ;(Ma(y) >, i.e. a € F,. Therefore, we
obtain the inclusion cl(F,) C F,, which means that F, is closed; that is, the function ¢, is

upper semi-continuous on [0,1]. We can similarly show that the functions db}(,i) are upper
semi-continuous on [0,1] for j = 1, ..., m. This completes the proof. ]

Let f";TDT) be fuzzified from f; obtained from (6.8) using the family {ij) 10<a<1}
given by

M7 = [min i (2). (87) o max{ (). (87) ]

Let """ be fuzzified from f obtained from (6.8) using the family {M,, : 0 < @ < 1} given by
M, =ML x---x M c R™.

Their a-level sets are presented below.

Theorem 6.2.10 Letf : R" — R™ be a continuous vector-valued function defined on R™,

and let AV A%, ... A" be canonical fuzzy intervals. Suppose that the family {M,, : 0 <
a < 1} is given by

M, =ML x---x M c R™,

where Mg) is a bounded closed interval given by

M0 = [min {5 (A1) (A7) }omax {5 (81) (59} (629
forj=1,...,m.
(i) For a € (0,1], we have
() = Y = ). w
a<p<l a<p<l

and

(f-(TDT)(A))O _ cl< U (t:(TDT)(A))a)

O<a<l
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(ii) For « € [0,1], we have

< (IDT)(A)) U M(’) (6.31)

a<p<1

= [(fné%mm{f( ) Jj( )},ggglmax{ﬁ (A;)fj <A§)}]
= [min { min 1 (85)  min, £ (&7) b max{ s, 7 (85) a5 (37 }]

are bounded closed intervals forj =1, ... ,m.

Proof. Given any a € (0,1], suppose that y € (f(TD )(A))a and y ¢ M, for all g € [0,1]

with f >a. Then f- Xu, (y) <a for all g €[0,1]. Since (B =p- Am, (y) is upper
semi-continuous on [0,1] by Lemma 6.2.9, the supremum of the function ¢, is attained by
Proposition 1.4.4. This says that

Egoon 5, (¥) = ﬂsel[l(glj(py(ﬂ) = ﬂselll(g”ﬂ v, (V) = max fe gy (¥) =B o, (V) <@

13 [0 1]
for some g* € [0,1], which violates y & (f (TDT)(A))G. Therefore, there exists f, satisfying g, >
aandy € M, B> which shows the following inclusion

( (TDT)(A)) U M/}
a<p<1
On the other hand, the following inclusion
U M, < {yERm : sup ﬂ')(Mﬂ(Y)Za}
pelo,1]

a<f<1
( DT)

= (y €R™ 2 Gy ) 2 o) = AV A)),

is obvious. This shows (6.30). We can similarly obtain

( ”DT)(A)) = UMV forj=1.....mand a € 0.1 (6.32)

J
a<p<l

Since f is continuous and A” are taken to be canonical fuzzy intervals, it follows that the
functions ¢ and ¢V in Theorem 6.2.7 are continuous on [0,1]. By referring to 6.32 and 6.27,
we can obtain 6.31. This completes the proof. [ |

We notice that
<f<-1-DT> ( A)) ( (lTDT)( A))a N <f(TDT) ( A))

in general for « € (0,1].

24

Example 6.2.11 Continued from Example 6.1.1 by considering the canonical fuzzy inter-
vals, we take

M, =MP x---xM"™,
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where MO) are defined in (6.18) forj = 1, ..., m. From Example 6.2.8, we have obtained

Ja?

M? =NV = [A +B;,. A, +B, ]
We can define the addition of A and B to be
Ae), B=i"" (AB)

with membership function given by (6.8). More precisely, the membership function is
given by

Siey,BY) = Soon g gy (¥) = Sup @ 2w, -

For a € (0,1], using (6.30) in Theorem 6.2.10, we have

(Ae),B) =(f""AB) = | (M;”x---xM;;m)
a a a<p<1
L =L U | 32U
= ([A1ﬁ+Bfﬂ,Aw+Bw]x---x[ w5+ By n[}+Bn[}]>
a<p<1

na’

=[Zlfa+]§fa,2\ﬂ+l§§;]><--~><[Zlﬁa+BL A, +B. ]

6.3 The Relationships between EP and DT

In what follows, we are going to present the relationships for the fuzzification using the
extension principle and the expression in the decomposition theorem by considering their
equivalences and fuzziness.

6.3.1 The Equivalences

We first present the equivalences regarding the fuzzification of vector-valued functions f :
R™ — R™ using the extension principle and the expression in the decomposition theorem.

Theorem 6.3.1 Let f : R" - R™ be a continuous vector-valued function defined on R™,
andlet AV, A%, ... A" be fuzzy intervals. Suppose that the family {M,, : 0 < a < 1} is given
by

M =f ( AD A("))
and that the function 2 : [0,1]" — [0,1] is given by

A(ay, ... a,) =min{(x1,...,an}.

F(EP) #(oDT)

Let 7 (A) be obtained from £ based on the function A by referring to (6.1), and let f (A)
be obtained from f based on the family {M, : 0 < a < 1} by referring to (6.8). Then, we have
the equivalence

f(EP)(A) — f.(oDT)

A).
Proof. Itisclear tosee thatthefamily {M, : 0 < @ < 1}isnested. Forj=1,...,m, wehave

{f(x) : min {fAu)(xl s A(n)(x )} > a}
= {f(x) : &) > aforeachi=1,...,n}

187



188 | 6 Fuzzification of Crisp Functions

= {J;.(x) : x; € AY for each i = 1,...,n}
= (A0, AP, (6.33)
which implies

{f(X) : min{éAm(xl), ,ﬁA(m(xn)} > a}
= {(A®),....f,(®) : min{&a00x), ... Emx,) ]} = a}
= (A (A0 A ) g (A ,A;'”)) (using (6.33))

=t (Af,”, ,Afj”) =M, (6.34)
Let pr ) and R;D D denote the ranges of membership functions of (&) and " (&),
respectively. We first assume that 0 ¢ Rffp )and 0 ¢ Rf.:D D From (6.1), given any y € R™,
we have
0<r=¢ganz = sup A(Ew),....5mx,))
{x:y=F(x))
= sup min{&nXx),....Emx,)}. (6.35)
{x:y=f(x)}

Let m* be an integer satisfying » — mi > 0. Thenr — i > 0 for all m > m*. We also see that
r— i € [0,1]. According to the concept of supremum by referring to (6.35), given any m >

M1)€ R satisfying

o<r— 1 < min{fAm (x;m)),...,.f/-‘m (xﬁlm))} and y :f(xi'"),...,xﬁlm)).
m

From (6.34), it follows that y € M,_1 for all m > m*, since r — % € [0,1] for all m > m*.
Then, for each m > m*, by referring to (6.8), we have

m*, there exists (x

1
Somn) @) = S o, D 2T
By taking the limit as m — oo, we obtain
ff(onT)(A)(y) >r= f:me)(A)(y).
On the other hand, since 0 & Rf{D D is assumed, from (6.8), given any y € R™, we have
O<r= éf.(oDT)(A)(y) = sup a- yp (¥). (6.36)
0<a<l

Let m* be an integer satisfying r — mi > 0. Thenr — i > 0 for all m > m*. We also see that
r— i € [0,1]. According to the concept of supremum by referring to (6.36), given any m >
m*, there exists "™ € (0,1] satisfying

1
r—— <a™ andy € M.

Since M, € M,_1 by the nestendess, it follows thaty € M,_1 forall m > m*. From (6.34),
we obtain " "

. 1
y=f (xim),...,x;m)) and mm{éAm <x(1m)> s Egm (xff'”)} >r— -~ >0
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(m)

for some (x; ﬁ,m)) € R". Then, from (6.35), for each m > m*, we have

&on 5, (Y) = sup min {&;w0x)), ..., Em(x,)}
{x:y=f(x)}

> min{fAm ( (m )),...,fAm <x£1m)>} >r— %

By taking the limit as m — oo, we obtain

§§<EP’(A)(Y) 2r= éfWDT)(A)(y)-

Therefore, we conclude that if y € R™ satisfies §f(gm (y) > 0, then
ff@f’)( A)(Y) = éf("DT)( A) ¥)-

Now, we assume that 0 € pr) or0 e Rf.:DT). Suppose that

(A)(y) > 0 and ff(oDT)(A)

0=¢gang ()= sup min {E00(), ..., Em(x,)}
{x:y=f(x)}

The nonnegativity says that min {&;0(x)), ..., &;m(x,)} = 0 for any x € R™ with y = f(x).
In other words, there exists §;0 (x;) = 0 with y = f(x), i.e. x; AS) for each a € (0,1], which
also says thaty ¢ f <ilfll), ,Zlf:”) = M, for each a € (0,1]. It follows that

%WT?(A)(Y) = oiligla “am,(Y)=0= ff(sp)(A)(y).
On the other hand, suppose that

0 = Gyern 5, (¥) = oi‘i%“ (Y-

It follows thaty g M, =f (Zlfxl), . (")) for any a € (0,1]. In other words, there exists x; ¢
Ag) with y = f(x) for each a € (0,1], i.e. &;0(x) = 0 with y = f(x) for each « € (0,1], which
also says that min {&;w (x)), ..., &;m(x,)} = 0 with any y = f(x). It follows that

ong, (¥ = sup  min{&o0x), ... 550 0,)} = 0= Guoon g (Y).

{x:y=f(x)}

Therefore, we conclude that

fwaT)(A)(y) =0 ifand Ol’lly if ff(EP)(A)(y) =0
We also have R(EP ) R(°D D This completes the proof. [
#(EP)

Recall that the a-level sets of f '(A) and f’;EP)(A) for j=1,...,m can be obtained by

Theorem 6.1.2, and the a-level sets of "7 (&) andfj(-ODT) (A)forj =1,...,mcanbe obtained
by Theorem 6.2.6.

Theorem 6.3.2 Let f : R" - R™ be a continuous vector-valued function defined on R™,
andlet AV, A%, ..., A" be fuzzy intervals. Suppose that each component function f; is mono-
tonic forj = 1,...,m; that is, each f; is increasing or decreasing forj =1, ..., m. Le tf(ODT)(A)

ndf; Flopt )(A) for j=1,..., mbe obtained from Theorem 6.2.6, and let f (Pt (A) and f](*DT)

forj=1,...,mbe obtamed from Theorem 6.2.7. Then, we have the following properties.
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(i) We have

f.(oDT) ( DT) 7(eDT)

A) and f;"PR) =V A) forj=1,....m
For a € [0,1], we also have
(f(oDT)(A)) _ (f.(*DT)(A)> < (1<>DT)(A)> . (f(oDT)(A))

= (A7) x-ox(F i:DTRA))a. 637)

More precisely, forj =1, ..., m, we have the following equalities.

A =

o Iff; isincreasing, then
<f(<>DT)(A)> _ <f(*DT)(A)) _ [Jﬁ(ﬁ) ]; (Agﬂ )

o Iff; is decreasing, then
(7 0), = 777 0), = [ 52) 3]

(i) Suppose that A", A, ..., A" are taken to be canonical fuzzy intervals. Let f PDR) be
obtained from part (i) of Theorem 6.2.10. Then

f.(oDT)(A) _ f.(*DT)(A) _ f(TDT)(A).
(iii) Suppose that A", A, ..., A" are taken to be canonical fuzzy intervals. Letf;TDT)(A) for
j=1,...,mbe obtained from part (ii) of Theorem 6.2.10. Then

f“DT)(A) PR =FPA) forj=1,.

Proof. The continuity of vector-valued function f says that the component functions f; are
also continuous for j = 1, ..., m. To prove part (i), we first assume that ]3 is increasing. For
a € [0,1], from Theorem 6.2.6, we have

7" @®), = 1 (80) - (8]

Fora € [O 1], from Theorem 6.2.7, we also have
J M(] = j 2Jj " (A)
a<p<1

If ]j is decreasing, then, for a € [0,1], we can similarly obtain

(eDT) (xDT) ~U <L
(i @), = @), = [ (87) 4 (&2)]
On the other hand, the equalities (6.37) can be obtained from (6.17) and (6.25). The equiv-
alences
f

(oDT) f(*DT)

@A) = &) and f;"V &) = f;VA) forj = 1,....m

follow immediately from Proposition 2.2.15.
To prove part (ii), from (6.29) and (6.30) by referring to part (i) of Theorem 6.2.10, for
a € [0,1], we have
vl — []; (Ai) J; (AGU)] if f; is increasing
L
a

(oDT) (#DT)
’ [JS (Ag ) ﬁ( )] if f; is decreasing B (f (A)> - <f (A)>
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and

( 'DT)(A)> = U (M},”x---xM;{")).

a<f<1
Since, for each j =1, ..., m, the family {Mg) : p €[0,1] with g > a} is nested, and )j-(ziz)

and ]3(1&;/) are continuous with respect to # on [0,1], it follows that

<f('5'DT)(A)>a _ E’JKI (M;n ... xM;'")) =M x .. x M™
©PD) Ry “PDA)
E (I*DT) >a ( (xDT) >a
( (A))ax- < o (A))a-

Using Proposition 2.2.15 and part (i), can we obtain the desired equivalences.
To prove part (iii), from part (ii) of Theorem 6.2.10 and the proof of part (ii), we see that,
for « € [0,1],

(f( DT)(A)) UM =M forj=1,....m
* a1
This completes the proof. [

Example 6.3.3 Continued from Example 6.1.1 by considering the canonical fuzzy inter-
vals, for « € (0,1], we have obtained

(A @y B), = (Aa}, B), = (A@j, B), = (Ae),B)
=[Afa+Bfa,Aﬂ+Bfa] [A +BL AU +BL].

na’
In other words, we have
AGBET]?:A@BTB:A@BT];:A@LTB
which says that the four additions are equivalent. However, the four differences A ©; B,

Ao, B, Ao}, B, and A ©f . B cannot be all equivalent, which can be checked by the
reader.

6.3.2 The Fuzziness

Theorem 6.3.2 is based on the monotonicity of component functions f; forj=1,...,m. In
other words, if the component functions are not monotonic, we have difficulty establishing
their equivalence. However, we can compare their fuzziness, which will be presented below.

Given any two fuzzy sets A and B in R™, we can compare their fuzziness based on the
a-level sets. The formal definition is given below.

Definition 6.3.4 Let A and B be two fuzzy sets in R™. We say that A is fuzzier than B
when B, C A, forall « € (0,1].

Remark 6.3.5 By referring to (2.5), if A is fuzzier than B then B, C A,,, which also
implies

B, =cl(By,) C cl(A,,) = A,.
Therefore A is fuzzier than B if and only if B A, forall e € [0,1].
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Given a real number x € R, when we say that the fuzzy numbers A and B are approxi-
mately equal to x, it means that &; (x) = 1 = z(x), where &; and &; denote the membership
functions of A and B, respectively. When A is fuzzier than B, it is natural to pick B, which
has less fuzziness.

Suppose now that we plan to collect nreal number dataa,, ... ,a, € R. Owing to the unex-
pected situation, we cannot exactly obtain the desired data. Instead, we can just obtain the
fuzzy data AW, ..., A" that can be described by some suitable membership functions. Sup-
pose that the multivariable vector-valued function f is regarded as a “black box.” Given the
fuzzy input dataA”, ..., A" as described above, we have two ways to obtain the output data
through the “black box” f. One is based on the extension principle to obtain f (EP)(A), and
another one is based on the expression in the decomposition theorem to obtain f (ODT)(A).
We shall show that f*"(A) is fuzzier than F*""(A) and f*""(A). In other words, we prefer
to take f (ODT)(A) FPr )(A), which have less fuzziness.

Lemma 6.3.6 Forany a € (0,1], we have the following inclusion

U (M;“x...xM;’”))g( UM;D))(...X( UM;m))

a<p<1 a<f<l a<pf<1l

Proof. The proof is a routine argument and is left for the reader. [ ]

Theorem 6.3.7 Let f : R" - R™ be a continuous vector-valued function defined on R™.
Then, we have the following properties.

#(EP) #(eDT)

(i) Letf"’(A) and f (A) be obtained from Theorems 6.1.2 and 6.2.6, respectively. Then,
we have the following inclusion

< (oDT)(A)> c ( (EP)(A)> forearch a € (0,1],

which says that i@ (A) is fuzzier than f (ODT)(A).
(ii) Letf for (A) and f 1) (A) be obtained from Theorems 6.1.2 and 6.2.7, respectively. Then,
we have the following inclusion

( (*DT)(A)) C < (EP)(A)) foreach a € (0,1],

which says that £*7(A) is fuzzier than F*"7 (A).

(iil) Letf (*DT)(A) and f°°" (A) be obtained from Theorems 6.2.7 and 6.2.6, respectively. Then,
we have the following inclusion

( (*DT)(A)) c ( (°DT>(A)> foreach a € (0,1],

which says that P (A) is fuzzier than £ F* DT)(A).

(iv) Suppose that A(D,A(Z), ,A(") are taken to be canonical fuzzy intervals. Let (A)
and f('DT)(A) be obtained from Theorems 6.2.7 and 6.2.10, respectively. Then, we have
the following inclusion

f(*DT)

( (DT)(A)> c ( (*DT)(A)) foreach a € (0,1],

DT)

which says that £ f*P (A) is fuzzier than £ (A).
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Proof. To prove part (i), using Theorems 6.2.6 and 6.1.2, we obtain the following inclusions

( (oDT)(A)) C ( (EP)(A)) for each a € (0,1],

which also says that FEP (A) is fuzzier than f (ODT)(A).
To prove part (ii), for j = 1,...,m and « € (0,1], we have

min | f; A; 2 J Ag <min fi(x)fora <p<1 (6.38)
xEAﬁ
and
max { f; AZ 2 A;j > max fi(x)fora <p <1 (6.39)
xeAﬂ

Therefore, we can obtain the following inclusions

¢ = o, min {5 (85) 5 (85) g max {5 ()5 ()}

N

a<p<1 xeA

min min f(x) m;ix max f(x)] (using (6.38) and (6.39))

C [min f(x), max fj(x)] . (6.40)
| x€A, XEA,

Using Theorems 6.2.7 and 6.1.2, the inclusions (6.40) imply
( (*DT)(A)) C ( (EP)(A)) for each a € (0,1],
f(*DT)

which says that f*”(A) is fuzzier than (A).
To prove part (iii), using (6.40), Theorems 6.2.7 and 6.2.6 say that

(@) =n0c

(<>DT)

(A)) forj=1,....m

and
(f(*DT)(A))a c (f("DT)(A))a for each « € (0,1],

§eP) F0D)

which says that (A) is fuzzier than (A).

To prove part (iv), for a € (0,1], we have

( ’DT)(A)> U M, = U (M;Dx'uxM;m)> (using (6.30))

asps<1 ap<l
c ( U M;1)> XX ( U M;m)> (using Lemma 6.3.6)
a<p<1 a<p<1
= (@) x-eox (Fa""A)) (using (6.26))

- ( (*DT)(A)) (using (6.25)),

which says that f*""(A) is fuzzier than £~ (A). This completes the proof. =
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Remark 6.3.8 Suppose that AV AP A™ are taken to be canonical fuzzy intervals.
Theorem 6.3.7 says that we have the following inclusions

<f,(TDT)(A))a c <f.(*DT)(A)>a c (t:(oDT)(A))a C (f.(EP)(A)>a

for @ € (0,1]. Therefore, the relationships regarding fuzziness are obvious. We also see that
¢ DT)(A) has less fuzzmess In other words, we prefer to use ¢ (A) in real applications,
where the a-level sets of F'' (A) can be calculated according to Theorem 6.2.10.

One of the simple applications for fuzzifying the vector-valued function is to study the
arithmetics of vectors of fuzzy intervals. Given any two vectors of fuzzy intervals
A= (A(D, ,A(")) and B = <B(1), ,B(")>,
the arithmetics between A and B are given below.
e We consider an onto vector-valued function f : R?” — R defined by
f(ay.....a,by,....b,) = (a, +by,....a,+b,).
Then, we can define the additions
Ao, B=f" (AB)
and
Ay, B=f""(AB), AesB=i"""(AB). andAa, B=i""(AB).
We have also shown that they are equivalent as follows
A@EPﬁZAGBBTE:A@BTB:A@;JTB
e We consider an onto vector-valued function f : R?" — R defined by
f(a,....a,by,....b,) = (a, = by,....,a, —b,).
Then, we can define the differences
Aoy, B=i®™ (AB)
and
Aey, B=f""(AB), Ae}B=i"""(A,B), andAe) B=F""(AB).

However, their equivalence cannot be guaranteed. Based on the fuzziness, we prefer to
useAS] B
e We consider an onto vector-valued function f : R?* — R™ defined by

f(ay,....a,by,....b,) = (ayby,....a,b,).
Then, we can define the cross products
A®yB= = (A.B)
and
A, B=f""(AB), Ag: B=i"""(AB). andA®| B=i""(AB).

However, their equivalence cannot be guaranteed. Based on the fuzziness, we prefer to
useA®@ B
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Example 6.3.9 Let A", ..., A" be canonical fuzzy intervals. We are going to present the
membership function of max {A(l), .. ,A(") }. In other words, we want to fuzzify the follow-
ing real-valued function

f(x) =max{x,....x,}. (6.41)
According to the extension principle, the membership function of max {A(l), LAY }is
defined by

max (A, a0 = sup  min{&00x), ..., Em(x,) )
{z:f 0=y}

= sup min {&;0 (X)), ... Em(x,) ) -
{z:max {x;,....x, }=y}

In this case, we write
FA) = (BP)-max (A7, ..., A"}
Since the function f defined in (6.41) is continuous, we have

(f(m (A))a - <(EP)- max {47, ..., A"} )

a

= {max{x} X e AY fori = 1,...,n}

= [max{Afa,...,AL },max{Ai,.‘.,AU }]

na na

for each a € [0,1].

Now, we present the membership function of max {A(D, . ,A(") } based on the expression
in the decomposition theorem. In this case, we write
FPPA) = (DT)- max (A%, ..., A"},

Since the function f defined in (6.41) is increasing, Theorems 6.3.1 and 6.3.2 say that we

have the equalityf(DT)([&) = f(EP)(A).

Example 6.3.10 Let A be a canonical fuzzy interval. We are going to present the mem-
bership function of sin A. In other words, we want to fuzzify the real-valued function f(x) =
sinx. According to the extension principle, the membership function of sin A is defined by
Sina®) = sup &)= sup &(x).
{z:f(x)=y} {z:sinx=y}
In this case, we write
#EP)

f

Since the function f defined in (6.41) is continuous, we have

(A) = (EP)-sin A.

(f-(EP)(A)) _ ((EP)— sinA)a = {sinx T X EAa} = |min sinx, max sinx
@ XEA

X€EA

a @

for each a € [0,1].
Next, we present the membership function of sin A based on the expression in the decom-
position theorem. In this case, we write

#DT)

f (A = (DT)-sinA.
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Since Zlﬁ and Af are continuous on [0,1] with respect to a by Proposition 2.3.4, the
real-valued functions

¢E(a) = min {sinAﬁ, sinAg} and ¢Y(@) = max {sin]li, sinAY }
are also continuous on [0,1]. Let M, = [¢E(a), ¢Y()]. Using Theorem 6.2.10, the a-level set

of 7" (4) is given by

(f-(%Dﬂ(A)) = [n<1[1}r<11 min { sinil;, sinil;] } ,max max {sin A;, sinilg }]

a<p<1

= [min { min sinAé, min sinAg} ,max { max sinilll;, max sinillg] }]
a<p<l a<p<1 a<p<l a<p<l

for a € [0,1]. We can see thatf(TDT)(A) is also a fuzzy interva]. Remark 6.3.8 also says that
the fuzzy interval f (EP)(Zl) is fuzzier than the fuzzy intervalf('DT)(A). This also says that we
prefer to take

FPD(A) = (+DT)-sin A.

to be the fuzzification of sine function.

6.4 Differentiation of Fuzzy Functions

We consider the differentiation of fuzzy functions that are taking values on &(R). Two types
of differentiations will be considered. One is defined on an open interval in R, and the other
one is obtained by fuzzifying the differentiation of real-valued functions.

6.4.1 Defined on Open Intervals

Letf : I - &(R) be a fuzzy function defined on an open interval I. Therefore, each f(x) is
a fuzzy interval for x € I. For « € [0,1], we have

(), = (), (),
In this case, we can define two real-valued functions as follows:
f"i(x) = (f(x))i and f;](x) = (f(x))f

for @ € [0,1]. According to the expression in the decomposition theorem presented in
Theorem 2.2.13, the differentiation is defined below.

Definition 6.4.1 Let I be an open interval in R. We say that the fuzzy function f : I —
$(R) is differentiable at x* when the real-valued functionsfﬁ and f g are differentiable at
x* for all @ € [0,1]. The membership function of the fuzzy derivative f/(x*) is defined as
follows. Let

¢Ha) = min { (7)o (72 )'(x*)} and ¢Y(a) = max{ (7)o (72 )'(x*)} ,

(6.42)
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and let M, = [¢%(a), ¢Y(a)]. The membership function of f '(¢*) is defined by

éf’(x*)(r) = Sup a - IMa(r)-
0<a<l

The fuzzy derivative J (x*) is just a fuzzy set in R. In order to make J (x*) a fuzzy interval,
more assumptions are needed, which are shown below.

Proposition 6.4.2 Suppose that f : I — F(R) is differentiable at x*, and that the functions
¢ and ¢V defined in (6.42) are lower semi-continuous and upper semi-continuous on [0,1],
respectively. Then, the fuzzy derivative f '(x*) is a fuzzy interval with the a-level set given by

)

={r: & (M2a}= {r Dsup £ g (r) a} = [gl;}glﬁ(t), gégi“(t)]

te(0,1]

= [ min { (7). (77) ) - mas ma{ (7 0. (7 0 }|
= [ { i () . (77 6 e { s (77 00 () 9 } .

fora €0,1].

Proof. Using Theorem 5.5.6, it follows that the fuzzy derivative f/(x*) is a fuzzy interval.
The a-level sets of f" ,(x*) can also be obtained by using (5.89) and (5.90). This completes the
proof. [ ]

6.4.2 Fuzzification of Differentiable Functions Using the Extension Principle

Let f be a fuzzified function obtained from a real-valued function f : R — R. We are going
to consider the differentiations of fuzzified functions that are obtained by the extension
principle.

According to (6.1), letf(EP) ! B(R) - F(R) be a fuzzified function obtained by the exten-
sion principle from a real-valued function f : R — R. Given A € F(R), Theorem 6.1.2 says

(f(EP’(A))a = [r)pegnf(x), max f () (6.43)

for « € [0,1]. We are going to define the membership function of the fuzzy derivative
f (EP)(A) at A € §(R) based on the extension principle.

Definition 6.4.3 Letf : R — R be a real-valued function, and let A be a fuzzy interval.
We say that the (EP)-fuzzy derivative f’ (EP)(A) at A exists when the real-valued func-
tion f is differentiable at any point in the 0-level set A, of A. The membership function
of (EP)-fuzzy derivative f 1) (A) is defined by

Sren a0 = sup £4(0).
{xedy:y=f(0)}
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The (EP)-fuzzy derivative f’ (EP)(A) is just a fuzzy set in R. In order to make f’ (EP)(A) a
fuzzy interval, an extra assumption is needed.

Proposition 6.4.4 Letf : R — R be a real-valued function, and let A be a fuzzy interval.
Suppose that the real-valued function f is differentiable at any point in the 0-level set A, of A,
and that f’ is continuous on A,. Then, the (EP)-fuzzy derivative f (EP)(A) is a fuzzy interval
and the a-level sets of (f (EP))’ (A) are given by

(f’(EP’(A)) =f'(A,) = {f'e) : x €A,} = |min /(0. max f'(x) (6.44)
fora € [0,1].
Proof. The desired results follow immediately from Theorem 4.1.3. [ ]

We see that the a-level set of (EP)-fuzzy derivative f’ (EP)(A) presented in (6.44) seems to
take the derivative directly from the form of the a-level set off(EP)(A) presented in (6.43).

6.4.3 Fuzzification of Differentiable Functions Using the Expression in the
Decomposition Theorem

Let f be a fuzzified function obtained from a real-valued function f : R — R. We are going
to consider the differentiations of fuzzified functions that are obtained by using (6.8), that
is, based on the expression in the decomposition theorem.

Definition 6.4.5 Letf : R — R be a real-valued function, and let A be a fuzzy interval.
We say that the (¢DT)-fuzzy derivative f ! (ODT)(Zl) at A exists when the real-valued func-
tion f is differentiable at any point in the 0-level set A, of A. The membership function of

f ©PD(A) is defined by
7 () = SR 2, (7
where M,, is given by
M, =f (4,) ={fe : xei,=[aLa]]}
for @ € (0,1].
It is clear to see that {M, : 0 < @ <1} is a nested family in the sense of M, C M, for
a < f, since {A, : 0 < @ <1} is a nested family. The (¢DT)-fuzzy derivative f’ (ODT)(A) is

. . % (oDT)  ~ .
just a fuzzy set in R. In order to make f’ © )(A) a fuzzy interval, we need to assume that
the derivative function f” is also continuous.

Proposition 6.4.6 Letf : R — R be a real-valued function, and let A be a fuzzy interval.
Suppose that the real-valued function f is differentiable at any point in the 0-level set A, of A,
and that f" is continuous on A,,. Then, given a family {M, : 0 < a < 1} defined by

M, =f (4,)={fe:xed, = [4.47] }.
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the (¢DT)-fuzzy derivative f ! (ODT)(A) is a fuzzy interval and its a-level sets are bounded closed
intervals given by

(7 @), =1 (A = [mi.nf’(X), max (o)
« X€A, XEA,

a«

fora € [0,1].

Proof. Using the continuity of f’, we can obtain the desired results by following
Theorem 6.2.6 immediately. u

Definition 6.4.7 Letf : R — R be a real-valued function, and let A be a fuzzy interval.
We say that the (xDT)-fuzzy derivative f’ PD (A) at A exists when the real-valued func-
tion f is differentiable at any point in the 0-level set A, of A. The membership function of
f (*DT)(A) is defined as follows. Let

¢ (a) = min {f’ (Aﬁ) f (Afj) } and ¢Y(a) = max {f’ <A§> 1 (Af) } :
and let
M, = {J [c"®.c" @)

a<p<1
The membership function of /*°"(4) is defined by

soom) - () = sup a - yy ().
! @ 0<a<l M,

It is clear to see that {M, : 0 < @ <1} is a nested family. The (xDT)-fuzzy derivative
f' (*DT)(Z]) is just a fuzzy set in R. In order to make f (o1 (A) to be a fuzzy interval, we need
more assumptions given below.

Proposition 6.4.8 Letf : R = R be a real-valued function, and let A be a fuzzy interval.
Suppose that the real-valued function f is differentiable at any point in the 0-level set A, of A,
and that the family {M, : 0 < a < 1} is given by

M, = |J [c"®.cv»)],

a<p<1

where
¢H(@) = min {f’ (Aﬁ) S (Ag) } and ¢Y(a) = max {f’ <Ai) ! <Afj) } :
We also assume that ¢& is lower semi-continuous on [0,1] and CjU is upper semi-continuous

on [0,1). Then, the (xDT)-fuzzy derivative f’ (*DT)(A) is a fuzzy interval and its a-level sets are
bounded closed intervals given by

(f,(*DT)(;l)>a =M, = U [ B,V B = [IIYI_Q}I;IICL(/?), max CU(ﬁ)]

a<p<1 asp<1

- [ (5) (3} g o 5.1 35))

_ . . v [ %L . v ( 7U
= [ { min, 7 (35) . i, 1 () }.

199



200

6 Fuzzification of Crisp Functions

max max / <AL> . max ! (ZlU)
{we[o,u:ﬂza} T ) peiitnn 7 (A

fora € [0,1].
Proof. The desired results follow immediately from Theorem 6.2.7. ]

Definition 6.4.9 Letf : R — R be a real-valued function, and let A be a fuzzy interval.
We say that the (+DT)-fuzzy derivative f’ (TDT)(A) at A exists when the real-valued func-
tion f is differentiable at any point in the 0-level set A, of A. The membership function of
f (TDT)(A) is defined as follows. Let

f/
= i 3. 32) (3.7 (32))
The membership function of f’ P (A) is defined by

7 (iDT) r)= sSup «a - y, (r).
A 0<a<l Ma

We see that {M, : 0 < a < 1} is not a nested family. The (DT)-fuzzy derivative f (TDT)(A)
is just a fuzzy set in R. In order to make f (*DT)(A) a fuzzy interval, we need more assump-
tions, given below.

Proposition 6.4.10 Let f : R = R be a real-valued function, and let A be a canonical
fuzzy interval. Suppose that the real-valued function f is differentiable at any point in the
0-level set A, of A, and that ' is continuous on A,. Then, given a family {M, : 0 < a < 1}
defined by

M, = [min{y(47).7 (47) } max{r (27). (A7)}
the (+DT)-fuzzy derivative f’ ’(TDT)(A) is a fuzzy interval and its a-level sets are bounded closed
intervals given by

(J;,(TDT)(A)) _ U Mg)

a<f<1
= i min {1 (35).130)} g o (3.0 ()
= (3 ) 3 g (5

fora € [0,1].

o

Proof. The desired results follow immediately from Theorem 6.2.10. [

Letf : R — R be a real-valued function, and let A be a fuzzy interval. Suppose that the
real-valued function f is differentiable at any point in the 0-level set A, of A. The equivalence
and fuzziness are presented below.
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o Suppose that that f” is continuous on the 0-level set A,,. Propositions 6.4.4 and 6.4.6 says
that
@ =" @)

Regarding the fuzziness, part (iii) of Theorem 6.3.7 says that
5(xDT) - ~(oDT) - ~(EP)
(7" @) < (7M@) = (7M@)

for all « € (0,1], which also means that /""" () is fuzzier than /""" ().
o Under the assumptions of Propositions 6.4.8 and 6.4.10, we see that
~(xDT) ~ ~(fDT) ~

@ = A

Regarding the fuzziness, suppose that A is taken to be a canonical fuzzy interval. Part (iv)
of Theorem 6.3.7 says that

(7" @) < (7" @)
5 (1DT)  ~

which also means that f” ’(*DT)(A) is fuzzier than f"' '(A).
e Suppose that that f” is continuous on the 0-level set A, and that A is taken to be a canon-
ical fuzzy interval. Then, we have

() < () ()

)
o

f @)

for all @ € (0,1]. Therefore, in real applications, we prefer to take f’ (TDT)(A) , which has
less fuzziness than any others.

6.5 Integrals of Fuzzy Functions

Two types of integrals of fuzzy functions will be studied. One considers the fuzzy functions
defined on a measurable set E, and the other one considers the fuzzified real-valued func-
tion defined on F(R). We can also apply this methodology to study fuzzy integral equations.

6.5.1 Lebesgue Integrals on a Measurable Set

Letf : E — F(R) be a fuzzy function defined on a measure space (E, v). It is clear to see
thatfi < fﬁf for all @ € [0,1]. Suppose thatf{; and ff are Lebesgue-integrable on E. Then,
we can consider the following closed interval

= f v, | FYodv .
M, = [ /E Foodv, /E Fed ] , (6.45)

which consists of two Lebesgue integrals. According to the expression in the decomposition
theorem, the Lebesgue integral is defined below.

Definition 6.5.1 Letf : E — F(R) be a fuzzy function defined on a measure space (E, v).
We say that f is fuzzy Lebesgue-integrable on E when the real-valued functionsfs and
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fi’ are Lebesgue-integrable on E for all @ € [0,1]. The membership function of the fuzzy
Lebesgue integral [, f(o)dv is defined by
7 r)=sup a- r),
ngf(x)dv( ) 0<a21 }(Ma( )

where the closed interval M, is given in (6.45).

We are going to claim that the fuzzy Lebesgue integral /E f(x)dv is a fuzzy interval and to
present its a-level sets.

Proposition 6.5.2 Letf : E — F(R) be a fuzzy function defined on a measure space (E, v).
Suppose that f is fuzzy Lebesgue-integrable on E. Then, the fuzzy Lebesgue integral I Ffeodv
is a fuzzy interval with the a-level set given by

(/}Ef(X)dv>a = [/Efi(x)dv,/Efg(x)dv]

fora €[0,1].

Proof. We define two real-valued functions as follows
(@) = / Freodv and ¥ () = / Flodv.
E E

Given any fixed x € E, since f(x) is a fuzzy interval, it follows that fi(x) and ffl](x) are
left-continuous with respect to a; that is to say, for « € (0,1] and a,, 1 a, we have

Fa ) = Fato) and F, (0 — f, (0)

pointwise on E. When x € E is fixed, we also see thatf's(x) is increasing with respect to
a and fg(x) is decreasing with respect to a. Using the Monotone Convergence Theorem for
Legesgue integrals, we have

n(a) = /fi(x)dv = lim/fz (x)dv = lim nL(an)
E n—oo E n n—oo
and
nY(a) = / FaGodv = lim / Fa @odv = lim nY(a,),
E n—oo E n n—o00

which say that the functions #* and Y are left-continuous on (0,1]. Theorem 5.5.1 says that
Ji feo)dv is a fuzzy interval with the a-level sets given by

< /E f(x)dv>a =M, = [ /E Faodv, /E fg(x)dv]

for @ € (0,1] and the 0-level set given by

< / f<x>dv>0 —d (UM) —d (U [ [t [ (x)dv]) .

Finally, we are going to claim

. <0<L11Js1 [/Eﬁ(x)dv’ /Ef . (x)dVD = [ /E Fodv, /E To (x)dv] : (6.46)
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Given any fixed x € E, we see that fj;(x) andfs(x) are right-continuous at @ = 0 by referring
to Proposition 2.3.4; that is to say, for «,, | 0, we have

Fa () = Fo) and ;, () — Fo )

pointwise on E. Using the Monotone Convergence Theorem for Legesgue integrals again, we

have
/fg(x)dv = lim/f"i (x)dv and /fg(x)dv = lim/fg x)dv. (6.47)
E n—oo Jp n E n—oo | n

It is clear that, for « < B, we have

[ / Fyeodv, / 5 odv / Fatodv, / ff(x)dv] : (6.48)
E E E E

Using (6.47) and (6.48), we obtain (6.46). This completes the proof. [

Cc

6.5.2 Fuzzy Riemann Integrals Using the Expression in the Decomposition
Theorem

We are going to study the fuzzy Riemann integral using the expression in the decomposition
theorem. Let A and B be two fuzzy intervals. We write

A < Bwhen Ag < Bﬁ for all @ € [0,1].
In order to propose the fuzzy Riemann integrals from A to B, we need to assume A < B.
Definition 6.5.3 Let f : R — R be a real-valued function. Given two fuzzy intervals A
and B satisfying A < B, we say that the (oDT)-fuzzy Riemann integral (¢DT) /. AB fodx
exists when the real-valued function f is Riemann-integrable on the closed interval [Aé, Bf{ 1,
where A is the left endpoint of the 0-level set A, and By is the right endpoint of the

0-level set B,. The membership function of (¢DT)-fuzzy Riemann integral (¢DT) / AB fo)dx
is defined as follows. We consider the function

b
F(a,b):/ fodx

defined on R?. The membership function of (¢DT) / AB f(x)dx is defined by
Sopm [ oaxT) = S, A, (7

where
~ ~ b ~ ~
M,=F(A,.B,) = / fx)dx:a€A, and b € B, (6.49)
a
for « € (0,1].
For A < Band a € (0,1], it is clear to see that

a€A,andbeB, implya<b,

which says that (6.49) is well defined. The (¢DT)-fuzzy Riemann integral (¢DT) /AB fx)dxis

just a fuzzy set in R. In order to make (oDT) /. AB fx)dx a fuzzy interval, we need the assump-
tion of continuity.
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Proposition 6.5.4 Let A and B be two canonical fuzzy intervals satisfying A < B, and let

f : R — R be a real-valued function such that it is Riemann-integrable on the closed interval
[Aé, Bf,f ]. Suppose that the function

b
Fab) = [ feods
a
defined on R? is continuous. Then, given a family {M, : 0 < a < 1} defined by

b
M,=F(A,.B,) = {/ feodx:a€A, andbeBa},

the (oDT)-fuzzy Riemann integral (oDT) ff fx)dx is a fuzzy interval and its a-level sets are
bounded closed intervals given by

)EA, XB,

a

b b
=l min _ / f@dr, min / f(x)dx]
(a.b)eA,xB, Jq4 (a,b)eA,XB, Jq

«

B
((oDT)/ f(x)dx) = [ min _F(a,b), min F(a, b)]
A (a,b (a,b)eA, xB,

fora €[0,1].

Proof. The desired results follow immediately from Theorem 6.2.6. [

Let A and B be two fuzzy intervals. We write
A <Bwhen AL < B and AY < B! forall a € [0,1].
It is clear to see that
A < B implies A < B.
In order to propose the other two types of fuzzy Riemann integrals from A to B, we can just
assume A < B.

Definition 6.5.5 Letf : R — R be a real-valued function. Given two fuzzy intervals A
and B satisfying A < B, we say that the (*xDT)-fuzzy Riemann integral (xDT) fAB f(x)dx
exists when the real-valued function f is Riemann-integrable on the closed interval [Aé, Bg 1.
The membership function of (*DT)-fuzzy Riemann integral (xDT) / AB f(x)dx is defined as
follows. Let

. 5
cL<a>=min{ / Feods, / f(x)dx}
AL Ay
B B
¢U<a>=max{ / Feodsx, / f(x)dx},
by AU

and

a

and let

M, = ] [c"®).¢Vp)].

agf<1
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The membership function of (xDT) f AB f(x)dx is defined by

Sexm 2 o) = Jup @ I, (D)-

‘We consider the function
b
F(a,b) =/ Fx)dx
a

defined on R2. Then, we see that
= J [min {r(255) (35, 57) (1 (35.50) o (31,55}

and that {M, : 0 <a <1} is a nested family. The (*DT)—fqzzy Riemann integral

(xDT) /. AB f(odx is just a fuzzy set in R. In order to make (xDT) f;\B f(x)dx a fuzzy interval,
we need more assumptions, given below.

Proposition 6.5.6 Let A and B be two fuzzy intervals satisfying A < B, and letf : R - R
be a real-valued function such that it is Riemann-integrable on the closed interval [Aé, Bf,f 1
Then, given a family {M, : 0 < a < 1} defined by

M, = |J [¢"®.c7®).

a<fi<l

é’L(a):min{ <A BL> (U U)} andCU(a):maX{ (A BL> (U U)}

We also assume that ¢& is lower semi-continuous on [0,1] and CjU is upper semi-continuous

on [0,1]. Then, the (xDT)-fuzzy Riemann integral (xDT) fAB fx)dx is a fuzzy interval and its
a-level sets are bounded closed intervals given by

B
((*DT)/ f(x)dx> = [min ¢H(p), max CU(ﬁ)]
i a<p<l1 a<f<1

B B B
= L{E}Ll mm{/L (x)dx/ f(x)dx} max max{/L fx)dx, /U f(x)dx}]
ﬂ /9

ﬂ

B )
- [mm {52;21 J Foot i f@dX} ’
i B
max 5151??1 /A ; fx)dx, 52??1 /A v fo)dx
fora € [0,1].

Proof. The desired results follow immediately from Theorem 6.2.7. [

Definition 6.5.7 Letf : R — R be a real-valued function. Given two fuzzy intervals A
and B satisfying A < B, we say that the (fDT)-fuzzy Riemann integral (DT) /. AB fo)dx
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exists when the real-valued function f is Riemann-integrable on the closed interval [Aé, Bg 1.

The membership function of (DT)-fuzzy Riemann integral (+DT) fAB fx)dx is defined as
follows. Let

B, B/
§L(a)=min{/ f(x)dx,/ f(x)dx}
AL av
e B
V() = max{/’ f(x)dx,/ f(x)dx} s
AL Ay

a

and

and let
M, = [¢M@), Y ()]
The membership function of (DT) /AB f(x)dx is defined by

Som 2 o) = Jup @ I, (D)-

We consider the function
Fab) = [ feoyi
a
defined on R2. Then, we see that
M, = [min{F(Ag,fsg) ,F(A;J,Bg)}max{F(Ag,Bﬁ) ,F(A;’,ij)}]
and that {M, : 0 <a <1} is not a nested family. The (TDT)—fuzzy Riemann integral

(tDT) fAB f()dx is just a fuzzy set in R. In order to make (DT) /AB f(x)dx a fuzzy interval,
we need more assumptions given below.

Proposition 6.5.8 Let A and B be two canonical fuzzy intervals satisfying A < B. Let f :
R — R be a real-valued function such that it is Riemann-integrable on the closed interval
[AS, Bf,]], and that the function

F@m=/?ww

a

defined on R? is continuous. Then, given a family {M, : 0 < a < 1} defined by
M, = [min {F (4:.B7).F(47.57) } max{F (Aﬁ,Bﬁ) F (Af;’,ij) }] ,

the (1DT)-fuzzy Riemann integral (1DT) f AB fx)dx is a fuzzy interval and its a-level sets are
bounded closed intervals given by

agp<1

B By
= lmin min{/ f(x)dx,/ f(x)dx} s
a<p<l1 A A;’

L
B

B
((TDT) / f(X)dx> = [m;nch(m, maxcU(ﬂ)]
A asp<
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B, B/
=lmm{?$gézﬂmw¢ggégﬂma},
B, B,
max {g% /A ; fodx, max /A : f (X)dX}]

Proof. The desired results follow immediately from Theorem 6.2.10. [

fora € 0,1].

6.5.3 Fuzzy Riemann Integrals Using the Extension Principle

Now, we are going to study the fuzzy Riemann integrals using the extension principle. Sup-
pose that A < B. For a € [0,1], given any r € R, we define the set-valued functions

b
E (r) = {(a, byeR?:r= / f@oydx for (a,b) € A, xBa} (6.50)
and
E(r) = U E(r). (6.51)
0<a<l

For A < B, recall that
a€A,and b € B, imply a <b,

which says that (6.50) is well defined. The formal definition is given below

Definition 6.5.9 Let f : R — R be a real-valued function. Given two fuzzy intervals A
and Bsatisfying A < B, we say that the (EP)-fuzzy Riemann integral (EP) fAB f(x)dx exists
when the real-valued function f is Riemann-integrable on the closed interval [AQ,B(L)] 1. We
define a set-valued function E given in (6.51). The membership function of (EP)-fuzzy Rie-
mann integral (EP) /AB f)dx is defined by

o e = S0 min (€@ (b))

‘We notice that the a-level sets of (EP) f AB f(x)dx cannot be obtained from Theorem 4.1.2,
unless there exists a function F defined on R? satisfying

Ern = |J E,()={@beR?: r=Fab)}.

0<a<l
It seems that we are not able to find such function F at this stage. In this case, the a-level

sets of (EP) f AB f(x)dx remains open, and its proof is left as an exercise for the reader.
Suppose that we define

b
me=/fmw

on R? fora < b.Ifa > b, then F(a, b) is interpreted as

b a
me=/fmw=—lfww
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In this case, we can also define a set-valued function
b
E*(r)={(a.b) e R* : r=F(a,b)} = {(a,b) ER’:r= / f(x)dx} .
a
Under these settings, we can define a so-called pseudo-fuzzy Riemann integral as follows.

Definition 6.5.10 Letf : R — R be a real-valued function. Given two fuzzy intervals A
and B, we say that the (EP)-pseudo-fuzzy Riemann integral (xEP) /. AB f(x)dx exists when
the real-valued function f is Riemann-integrable on the closed interval [ZIS, B(()J ]. The mem-
bership function of (xEP)-fuzzy Riemann integral (xEP) / AB f(x)dx is defined by

Eover) 2 i) = JSup min {&1(a), £5(b)}

= sup min {&;(a), &x(b) } .
{(@b)eR?:r=[" f(x)dx}

We notice that the (EP)-pseudo-fuzzy Riemann integral does not assume A < Bor A < B.
We also see that the (EP)-pseudo-fuzzy Riemann integral (xEP) / AB f(x)dx is a fuzzification
of function F. Suppose that the function F is continuous. Then, part (iii) of Theorem 4.1.2
is applicable to obtain the a-level sets of (xEP) [AB f(x)dx as follows

B
((*EP) / f(x)dx) =F(A,.B,) ={F(a,b):a€A,and b€ B,}
A

= [ min _F(a,b), max F(a, b)]
(a,b)eA,xB, (a,b)eA, xB,

(a,b)ed, xB, Jq4

b b
=l min f)dx, max / f(x)dx] (6.52)
(a.b)eA,xB, Jq

for a € [0,1].
By referring to Proposition 6.5.4, we notice that

B B
((*EP) / f (x)dX> # <(<>DT) / f (X)dX>
A A

in general. The reason is that we may have a > b in (6.52). However, when we further
assume that A < B, we have

B B
((*EP) / f (x)dx> = <(<>DT) / f (x)dx)
A A

for all @ € [0,1] under the assumptions of Proposition 6.5.4. The above results are summa-
rized in the following proposition.

a

Proposition 6.5.11 Let A and B be two fuzzy intervals, and let f : R — R be a real-valued
function such that it is Riemann-integrable on the closed interval [A(L),Bé] ]. Suppose that the
function

b
F(a.b) = / feod



6.5 Integrals of Fuzzy Functions

defined on R? is continuous. Then, the (EP)-pseudo-fuzzy Riemann integral (xEP) fAB f)dx
is a fuzzy interval and its a-level sets are bounded closed intervals given by

B
<(*EP)/ f(x)dx) = [ min _F(a,b), min F(a, b)]
A R (a.b) (a,b)eA, xB,

EA(I XB(I

b b
=l min _ / feodx, min / f(x)dx]
(@b, xB, J, (@b)ea,xB, J,

for a € [0,1]. We further assume that A and B are taken to be canonical fuzzy intervals satis-
fving A < B. Then, we have
B B

B
(*EP)/ f(x)dx:(oDT)/ fx)dx.
A

A
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Arithmetics of Fuzzy Sets

Now, we want to introduce the arithmetic operations between fuzzy sets. Given any a,b €
R, we see that

=] tHe=arh in { £1a) 00 215 )}
Z) = = su min X), .
Hlath) 0ifz#a+b. {(x,y):zl=)x+y} o) o)

In general, let o be any binary operations +, —, X, / between two real numbers a and b. Then,
we have

@ 1ifz=a-b . { ) (y)} (7.1)
Xigop(2) = . = sup MmNy, %), x > :
taeb) 0ifz#aebh.  ((xy):z=xoy} @l )

where b # 0 when a/b is considered.

7.1 Arithmetics of Fuzzy Sets in R

Let © denote any one of the four basic arithmetic operations @, 8, ®, @ between fuzzy sets
A and B in R with membership functions &; and &g, respectively. Then, according to (7.1),
the membership function of A ® B is defined by
Eiog@ = sup min{£;(x),&z(y)} forallz € R (7.2)
{(x.y):z=xoy}
by replacing the characteristic functions with the membership functions. More precisely,
for all z € R, we define
Eaep@ = sup  min{&(0), &0}

{Cey)iz=x+y}

&iop@ = sup  min{& (), &0}

{(ey):z=x—y}

figp®@ = sup  min{&;(x),&0)};

{Gey) 1 z=xxy}

Eipp@ = sup  min{&X),&0)} .

{(xy):z=x/y.y#0}

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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For any A € R, we define AA as i( A ® A. Therefore, we have

£4@ =¢&1,ga@ = sup min{&), 1,0}

{Gey) 1z=xxp}

&1/ ifA#0
= sup

(x:ix:z]gA(X) = sug E(x) ifA=0=2z
Xe

For A = 0 and z # 0, we define &,;(z) = 0. In other words, we have
Eaz/A) ifA#0
£a@) =1 SUP Sin ifA=0=g, (7.3)
0 if A=0and z# 0.
On the other hand, we also have

Sio-p@ = sup min{&x) ¢ 500}

{Cey)ix+y=z}

= sup min{&x),&(-y)} (using(7.3))
{Gey) ix+y=z}

= sup  min{& (), 500} = Eigp®@)-
{Gey) :x—y=z}

This shows that A © B=A @ (-B).

Theorem 7.1.1 Let A and B be two fuzzy sets in R with membership functions &; and &,
respectively. Suppose that the arithmetic operations © € {®, 8, ®} correspond to the opera-
tions o € {+, —, *}, respectively. Then, the following statements hold true.

(i) We have the following inclusions
(Ao B),2A,°B, forall a € [0,1].

(ii) Suppose that the membership functions &; and & are upper semi-continuous. Then,
we have

(A®B),=A,°B, forall a € (0,1].

(iii) Suppose that the membership functions &; and & are upper semi-continuous, and that
the supports A,, and B, are bounded. Then, we have

(Ao B),=A,°B, forall a €[0,1].

Proof. To prove part (i), for « € (0,1] and z, € A, < B,, there exist x, € A, and y, € B,
satisfyingz, = x, oy, for o € {4+, —, *},where £;(x,) > aand &3(y,) > a. Therefore, we have

$aop(Zy) = y )Sup )min{ﬁg(X), &0} = min{&;(x,), $5(0,)} = a,
X.Y) :Z,=X0y

which says that z, € (A ® B),. This shows the inclusion 4, < B, C (A ® B), for a € (0, 1].
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For a =0 and g, € A, B,, there also exist x, € A, and y, € B, satisfying z, = X, °J,
for . € {+,—, x}. Since
Ay=cl({xeR : &x) >0}) and By =cl ({y e R : &) > 0}),

there exist sequence {x,}*, in {x €R : &;(x) >0} and sequence {y,}, in {yeR :
&x(y) > 0} satisfying x, — x, and y, = y, as n — co. Let g, =X, oy,. Then, we see that
Z, = Xy °Y, = Zo» Since the binary operation - € {+, —, *} can be regarded as a continuous
function h(x,y) = xy. We also have

Ei08(Zn) = y ;%up }min{fg(x), £z} > min{&;(x,), &x(v,)} > 0,
X.y):Z,=x°y

which says that z, € {z € R : §;,3(z) > 0}. Since z, — z,, it means that
Zo€cl({z€R : &) > 0}) = (A @ B),.

This shows the inclusion 4, « B, C (A ® B),. Therefore, we conclude that
A B, C(A®B), for a €[0,1].

To prove part (ii), in order to prove the other direction of inclusion, we further assume
that the membership functions £; and &5 are upper semi-continuous; that is, the nonempty
a-level sets Aa and Ba are closed subsets of R for all « € [0,1]. Given any a € (0,1] and
z, € (A © B),, we have

sup  min{&;(x), &0} = Eapp@e) = @. (7.4)
{(0.y) :z,=x0y}

Since z,, is finite, it is clear to see that
F={(x)y) :z,=x0y}

is a bounded subset of R2. We also see that the function h(x,y) = xey is continuous on
R2. Since the singleton {z,} is a closed subset of R, it follows that the inverse image
F =h71({z,}) of {z,} is also a closed subset of R2. This says that F is a closed and bounded
subset of R2. Now, we want to show that the function

fO,y) = min{&; (), 50}
is upper semi-continuous, i.e. we want to show that
{.y) 1 foe,y) > a}
is a closed subset of R? for any « € R.
e Fora € (0,1],i.e. A, # ¥ and B, # @, we have
(Y feey) > al = {(.y) : &) > a and &) > a}
={(.y) :x€eA,andyeB,} =4, xB,,

which is a closed subset of R?, since A, and B, are closed subsets of R.

e Ifa <0,then {(x,y) : f(x,y) > a} = R? is a closed subset of R.

e Ifa > 1,then A, = #and B, = @, which implies {(x,y) : f(x,y) > a} = @, which is also a
closed subset of R2.
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Therefore, the function f(x,y) is indeed upper semi-continuous. By Proposition 1.4.4, the
function f assumes its maximum on F; that is, from (7.4), we have

max f(x,y)= max f(,y)= sup f(x,y)>a. (7.5)
(xy)eF {(y):z,=x0y} {(xy):z,=x0y}

In other words, there exists (x,,y,) € F satisfying z, = x, -y, and
min {&;(6,), Ep0e)} = (%, y,) = max_f(x,y) 2 a,
Cey)er

ie. &(x,) > a and &(y,) > a. Therefore, we obtain x, € A, and y, € B,, which says that
z, €EA,°B,, ie. (A0 B), CA,-B, for all « € (0,1]. Using part (i), we obtain the desired
equalities.

To prove part (iii), for « = 0 and

2 E@AOB),=cl((AOB),) =cl({z€R : &) >0}),
there exists a sequence {z,}7° ; intheset {z € R : &;,5(z) > 0} satisfyingz, — zyasn — co.
Using the above same arguments by referring to (7.5), we also have

0<S&iop(z,) = sup min{f3x), 5} = max min{;(x), (0}
{(cy):z,=x0y} {(xy):z,=x°y}

Therefore, there exist x,, and y, satisfying z, = x,, oy, and

min{&;0x,).&p(v,)} = ~max  min{&;(x). &)} > 0,

{(xy):z,=xoy}
i.e. &5(x,) > 0and &z(y,) > 0. This shows that the sequences {x, }*; and {y, }?, are in the
supports Ay, and B, , respectively. Since A, and B, are bounded, i.e. {x,}°, and {y,}*
are bounded sequences, there exist convergent subsequences {xnk Yooy and { Vn, Yooy of
{x,},=, and {y, };2,, respectively. In other words, we have x, — x,andy, — y,ask — oo,
where x, € cl(4,) = A, and y, € cl(By,) = B,. Let z, =x, °y,. Then {z, }° is a
subsequence of {z,};7,i.e.z, — z,ask — oo. Since

7 = fima, = limes, ) = (fims, ) + (Himps, ) =22

which shows that z, € A, o B,. Therefore, we obtain the inclusion (A ® B), C 4, B,. Using
parts (i) and (ii), we obtain the desired equalities. This completes the proof. [

7.1.1 Arithmetics of Fuzzy Intervals

Let A and B be fuzzy intervals. Since the a-level sets of fuzzy intervals are closed intervals,
in order to discuss the a-level sets of arithmetic A © B for ©® € {®, 8, ®, @}, we need to
introduce the arithmetic operations between closed intervals.

Let o denote any of the four arithmetic operations between closed intervals: addition +,
subtraction —, multiplication X, and division /. Then, the arithmetic operation between two
closed intervals [a, b] and [d, €] is defined by

[a,b]e[d,e] ={xecy:a<x<bandd<y<e}.
The division [a, b]/[d, e] of closed intervals should be read as

[a,b]/[d,e]l = {x/y :a<x<bandd <y <ewithy #0}. (7.6)
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We can see that
[a,b] +[d,el =[a+d,b+e],
[a,b] —[d,e] =[a—e,b—d],
[a,b] X [d,e] = [min{ad, ae, bd, be}, max{ad, ae, bd, be}].
Suppose that 0 ¢ [d, e]. Then, we also have
[a,b]/ld,e] = [a,b] - [1/e.1/d]
= [min{a/d,a/e,b/d,b/e}, max{a/d,a/e,b/d,b/e}].

Suppose that 0 € [d, e]. Then [a, b]/[d, e] cannot be a closed interval, which just has the
form shown in (7.6).

Let 0 = [0,0] and 1 = [1,1]. Assume that A = [a,,a,],B = [b;,b,],C = [c,, c,] are closed
intervals. Arithmetic operations on closed intervals satisfy some useful properties as
follows:

o (Commutativity) A+ B=B+Aand A X B=BXA,;

o (Associativity)) A+B)+ C=A+ B+ C)and (AXB)XxC=AX (BxC);
o (Identity) A=0+A=A+0andA=1xA=AX1;

o (Subdistributivity) AX (B4+C) CAX B+ AXC;

o (Distributivity) if bc > 0 for every b € Band ¢ € C, then

AX(B+C)=AXB+AXC;
furthermore, if A = [a, a], then
AXB+C)=axB+C)=axB+axC=AXB+AXC;
e 0cA-Aand1l €A/A;
e ifACEand BC F, then A-B C E - F, where “°” is any arithmetic operation.
Theorem 7.1.2 Let A and B be two fuzzy intervals. Then, we have the following properties.

(i) Suppose that the binary operation @ is any one of {®,0,®}. Then A® B is a fuzzy
interval, and we have

(Ao B),=A,°B, forany a €[0,1]. (7.7)

More precisely, we have

forany a € [0, 1].
(ii) Suppose that the binary operation © is taken to be @. Then, we have

A@B),={x/y:xe€A,andye B, withy #0} (7.8)
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forany a € [0, 1]. Moreover, we have

. A, /B, if 0¢B,
AQ@B = 7.9
@ o 5, { R if 0eB, (7.9)

A,/B, = [min { AL/B, AL/BY.AY /B, AL /BY )
SL sl 5L pU 53U jpL 5U 35U
max { A;/B;. A /B AL /B AL/ )]
Suppose that B is a positive or negative fuzzy interval (Definition 2.3.6) satisfying
0 ¢ B,. Then A @ Bis a fuzzgy interval and (A @ B), = A, /B, for any a € [0, 1], where
the 0-level sets are taken into account. Note that if there exists & € [0, 1] satisfying 0 € B,,
then A @ Bis just a fuzzy set in R with the a-level sets given in (7.8).

Proof. To prove part (i), the equality (7.7) follows immediately from part (iii) of
Theorem 7.1.1. Using Theorem 4.4.18, we see that A ® B is a fuzzy interval by considering
the fuzzification of crisp function f(x,y) = xoy.

To prove part (ii), for any a € [0, 1], let

A,={x/y:xe€A, andy € B, withy #0}.
Here B, is allowed to contain 0. For a € (0,1] and z, € A4,, there existx, € A, and y, € B,
satisfying z, = x,/y,, where &;(x,) > a and £3(y,) > a. Therefore, we have

Eiop) = sup  min{&;(0), ()} > min {&;0x).&500)} > @,

() :29=x/y}

which says thatz, € (A @ B),. ThisshowsthatA, C (A @ B),.Now,fora = 0andz, € A,,
there exist x, € A, and y, € B, satisfying z, = x,/y,. Since

Ay=cl({xeR : &) >0}) and By=cl({y € R : &(y) > 0}),

there exist sequence {x,}%, in {x € R : &;(x) > 0} and sequence {y,}>, in {yeR:
&x(y) > 0} satisfying x,, - x, and y,, — y, as n - . Let z,, = x,,/y,, where &;(x,,) > 0 and
¢3(v,) > 0. Then, we see thatz, — x,/y, = Z,, since the binary operation “/” is continuous.
We also have

Eipp@) = sup  min{&®), &M} > min{&;(x,). &0, } > 0,

() :z,=x/y}

which says that z, € {z € R : &;,5(z) > 0}. Therefore, we conclude that
ZEcl({zeR 1 &,3()>0}) =(A @ B),.

This shows that A, C (A @ B),. Therefore, we conclude that A, C (A @ B), for « € [0,1].
On the other hand, for any & € (0,1], assume z, € (4 @ B),, i.e.
sup  min{&(x),&0)} > a. (7.10)
{Ce):zo=x/y}

We consider the function f : R X (R\{0}) — R by f(x,y) = x/y and the set F = {(x,y) :
Zo = x/y}.Since |z,| < o0,i.e. |x], |y| < oo, we see that F is a bounded subset of R x (R\{0}).
Here R\ {0} is endowed with a subspace topology of R; that is, any open set in R not con-
taining 0 is also an open subset of R\ {0}. We can see that f is continuous on R x (R\{0}).
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This also says that F = f~1({z,}) is a closed subset of R x (R\{0}); that is, F is a closed
and bounded subset of R x (R\{0}). By the definition of A @ B, we see that the function
g(x,y) = min{&;(x),£x(y)} is defined on R x (R\{0}). We want to show that g is upper
semi-continuous, i.e. we want to show that {(x,y) : g(x,y) > «} is a closed subset of
R x (R\{0}) for any « € (0, 1]. Now, we have

{C.y) 1 g0.y) 2 a} = {(x,y) : min{&5(X),5p(0)} = a}
={(x.y) : &) > @ and &) > a}
={(xy) :x€A,andy€eB,}
=A,%xB,,

where 0 ¢ B, = [BE, BY]. The complement of B, is given by

(—00,0)U (0, By U (BY, ) if BL > 0
(=00, BHYU(BY,0)U (0, 00) if BY <0,

which is an open subset of R\{0}. This shows that E’a is also a closed subset of R\{0};
that is, A, x B, is also a closed subset of R x (R\{0}). Therefore, the function g is indeed
upper semi-continuous. By Proposition 1.4.4, the function g assumes its maximum on F,
ie.

max gx,y)= sup g0y >« (7.11)
{Cey):zo=x/y} {(xy):20=x/y}

by (7.10). In other words, there exists (x,,y,) € F satisfying

8(xg,¥o) = min{&;(x,), E5(ve)} = @,

ie. &(xy) > a and &(y,) > @, Where z, = X,/y,. Therefore, we obtain x, € A, and y, € B,.
We conclude that z, € A,, i.e. (A @ B), CA,. Now, for &« =0, we assume that z, €
(A @ B),. Then, there exists sequence {z,,}*2, in {z € R : &; () > 0} satisfying z, — z,
as n — oo. Using the same arguments above by referring to (7.11), we also have
0<é&i,35z,) = su min{&;(x), () = max min{é&;(x),&0) ;) .
A0 B ((xy):z,lf’:x/y) {é 30} (X ) {& 30}

Therefore, the same arguments above also says that there exist x, and y, satisfying
Zp = X /Vur §4(x,) > 0 and &x(y,,) > 0. This shows that {x,}?; and {y,}:, are sequences
in the closed and bounded sets A, and B,, respectively. Therefore, there exist convergent
subsequences {x, };2 and {y, };2  of {xn},‘f’=~1 and {y, ;"fl, respectively. We also write
X, — X, and y, — y, as k — oo, where x, € A, and y, € B,. Let z, =x, /y, . Then, we
see that {z, };?, is a subsequence of {z,},i.e.z, — z;ask — oo.Since

[e4]
n=1’
Lo = 1}15?0 Zp, = I}l—>nolo (xnk/ynk) = xo/y(),

i.e.zy € Ay, which shows that (A @ B), C A,. Therefore, we conclude that (4 @ B), = A4,
for any « € [0, 1]. The formula (7.9) is also obvious.

Finally, we want to show that A @ Bis indeed a fuzzy interval. We need to check the con-
ditions in Definition 2.3.1. Since A and B are fuzzy intervals, there exists x* and y* satisfying
£;(x*) = 1 and &z(y*) = 1. Let " = x* /y*. Then, we see that

Cipp@) = sup min{&(x), &M} =1,
{(ey)izt=x/y}
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This proves the normality. Since A, and B, are closed intervals for all « € [0,1],if0 ¢ B,
then we see that

Ao@B,=4,=4,/B,
is also a closed interval, i.e. a closed, bounded and convex set in R. Suppose that B is a pos-
itive or negative fuzzy interval satisfying 0 ¢ B,. Then 0 ¢ B_ for all a € [0, 1]. In this case,
Ao B)a is a closed interval for each a € [0, 1]; that is, the membership function &; ,, 5 is

upper semi-continuous and quasi-concave. This shows that A @ B is indeed a fuzzy inter-
val, and the proof is complete. [ |

Let A and B be two closed, bounded and convex sets in R™. Suppose that there exists
a closed, bounded and convex set C in R™ satisfying A = B+ C. Then C is called the
Hukuhara difference of A and B. We also write C = A © B (see Banks and Jacobs [7]).
Inspired by this concept, we can also define the Hukuhara difference between two fuzzy
intervals. Let A and B be two fuzzy intervals. Suppose that there exists a fuzzy interval
C satisfying C @ B = A (note that the fuzzy addition is commutative). Then C is unique.
In this case, C is called the Hukuhara difference of A and B and is denoted byAo i B
(see Puri and Ralescu [89]). The following proposition is very useful for considering the
differentiation of a fuzzy function.

Proposition 7.1.3 Let A and B be two fuzzy intervals. Then, we have the following
properties.
(i) Suppose that the Hukuhara difference C = A ©,; B exists. Then
~ <L % U sU  xU
Ci =A, —Bf, and C, =A, — B,
foralla € [0,1].
. L mL _aU  xU 5
(ii) Suppose that A, —B, <A, —B,, A~
a < p. Then, the Hukuhara difference C

AL pl SU _ mU _ 5U  RU
A;—By and A; —By <A, —B, for

L
« <4,
©y B exists.

-B
=A
Proof. Part (i) follows immediately from part (i) of Theorem 7.1.2. To prove part (ii), let
A, =[AL - B AV —BYy.
Then A, C A, for a < B. By Proposition 2.3.4, we see that the functions
n“(a)= AL - B. and nY (@) =AY — B
are left-continuous on (0,1]. Therefore, we have ()., A, =A, for 0<a,1a
Theorem 5.4.7 says that we can generate a fuzzy interval C satisfying
Ch=Al—BlandcY =AY - BY.
This completes the proof. [ ]

Recall Example 2.2.4, the membership function of a trapezoidal fuzzy interval is given by
(r—-ab/(a; —ab) ifal <r<a

ifa, <r<a,
@’ -n/@?-a, ifa,<r<d?

can) =

0 otherwise,
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which is denoted by A = (a*, a,, a,,a). We also have
Al = (1 - a)d" + aa, and A] = (1 - )a? + aa,, (7.12)
where A, = [AEAS] Let A = (%, a,,a,,aV) and B = (b",b,,b,,bY) be two trapezoidal

fuzzy intervals. We can show that A @ B is also a trapezoidal fuzzy interval. Moreover,
we have

A@®B=(a"+b"a, +b,a,+b,a" +bY). (7.13)

Suppose that A = (a*,a,,a,,a¥) and B = (b*,b,,b,,bY) are two trapezoidal fuzzy
intervals. We write A < Bwhen a* < b*, a; < b,, a, < b, and aV < bV. Then, we have the
following easy consequence.

Proposition 7.1.4  Suppose thatA = (a*,a,,a,,aV), B = (b%,b;,b,,bY), C = (', ¢}, ¢,, V),
and D= (d*,d,,d,,dVY) are trapezoidal fuzzy intervals. If A<C and B <D, then
A @® B < C @ D. This shows that the ordering “<” is compatible with the fuzzy addition.
Proof. From (7.13), we see that

A@®B=(a"+b"a, +b,a,+b,a" +bY)
and

Co®D=(F+d"c +dy,c,+d,,cV +dY).
The result follows from definition immediately. [

Proposition 7.1.5 Let A = (a*,a,,a,,aY) and B = (b*, b;, b,, bY) be two trapezoidal fuzzy
intervals satisfying B < A. Then max {A,B} = A.

Proof. From Example 4.1.4, we have

(MaX (4, B)), = max {47, B, | and (MaX (4.B), = max{A;.B }.
Therefore, from (7.12), we see that

(max (A, B)). = max{(1 - )a" +aa,,(1 - )b* +ab,} = (1 - a)a" +aq, = AL
and

(max {A,B))” = max{(1 - @)a + aa,, (1 — )bV +ab,} = (1 - a)a’ + aa, = A}

since B < A. This completes the proof. [
Now, we also have the following easy and interesting consequence.

Corollary 7.1.6 Suppose that A and B are two trapezoidal fuzzy intervals with the
same right and left spread values, respectively, i.e. A= (a; —h,ay,0a,,a, +k) and
B = (b, — h,b,,b,,b, + k) for some positive values h and k. If a; > b, and a, > b,, then
max {A,B} = A.
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7.1.2 Arithmetics Using EP and DT

Let » denote the arithmetics of real numbers with o = +, —, X or /. We define a two-variable
real-valued function f : R? — R as

feey) =xep,
where y # 0 when o is taken as the division /. Let A and B be two fuzzy intervals. We can
use the fuzzified functions f(EP) and f(DT) defined in (6.1) and (6.8), respectively, to study

the different types of arithmetics between A and B.

e Based on the extension principle, the arithmetics of A and B is given by
#(EP)

f

e Based on the expression in the decomposition theorem, the arithmetics of A and B is
given by
#(DT)

(A,B)=A0yB. (7.14)

f A B =A0yB (7.15)
More precisely, we can consider

F"P@a.B =40, B (7.16)
by referring to Subsection 6.2.1, consider

FPPA B =40} B (7.17)
by referring to Subsection 6.2.2, and consider

FPP@A,B =400, B (7.18)

by referring to Subsection 6.2.3.
We are gong to study the relationship among A 0, B, A 0%, B, A 0}, B,and A @], B.
7.1.2.1 Addition of Fuzzy Intervals

Given any two fuzzy intervals A and B, according to (7.14) and (7.15) by considering the
function f(x,y) = x + y, we can obtain four additions of A and B as follows

A®,B, A®), B, A®}. B and A GBLT B.
The membership function of A @, B is given by
éig,50 = sup  A(&X),50)).

{(xy) :z=x+y}
Suppose that we take

A (txl,az) = min{al,az} .

Then, by referring to Theorem 6.1.2, the a-level sets are given by

(A@EPB)a=[ min _ f(x,y), max _ f(x,y)]

(xy)€A,XB, (xy)EA,XB,
= min (x+y), max (x+y)
Lmy)emﬁﬂfjxléi,ﬁa” ] (ey)elAl A7 1x(BL B
SL sl U | 35U
= [Aﬂ +Bj. Ay +B, (7.19)

for all « € [0,1].
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By referring to Subsection 6.2.1, we take
M}={x+y:x€A,andy€B,} = [Aﬁ +BLAY +BY
to define A D7 B. From Theorem 6.2.6, the a-level sets have the same form as (7.19) and
are given by
(A@3, B), = |45 +B}.47 + B}
for all a« € [0, 1]. It means that, when we take
A (al,az) = min{al, az} ,
we have the following equivalence
A®,pB=A®),B. (7.20)
By referring to (6.18) and (6.19) in Subsection 6.2.2, we take

Mi= ] M,

a<p<1

where M, is a bounded closed interval given by
M, = [min {Az +B§,Ag+l§;}} ,max {A; +BZ,AZI+B;]}]
L, gl 5U | RU
= |4+ B} 47 + B
to define A @ . B. This says that
_ SL | mL U | pU
M= [Aﬂ+B§,Aﬂ +Bﬂ].
a<p<1

Let ¢E(p) = A; + B; and ¢Y(p) = Ag + B;]. Proposition 2.3.4 say that ¢& is lower
semi-continuous on [0, 1] and ¢V is upper semi-continuous on [0, 1]. Then, for a € [0,1],
we can obtain

M; = L,;Jl [KORSOIE [g}gﬁ(ﬁ),ggg‘f(ﬂ)
= [g LEa), ¢Y()| = |AL + BL, AY + BY]. (7.21)
From Theorem 6.2.7, the a-level sets are given by
(A}, B), =M =|AL+ B, AV + B| = (A®}; B),

for all « € [0,1].
By referring to Subsection 6.2.3, we take

M= [min {A{; +BLAY + Bg} , max {Zl{; +BLAY + Bg}]
= [z + 847 + B
to define A ®+DT B. By referring to (7.21), we see that

A@) B=A®} B=A®), B
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In this case, we simply write A @, B and, based on the expression in the decomposition
theorem, its membership function is given by

SAm,, 3(2) = Sup @ yy. ().
O<a<l «

Suppose that we take
A (ay,a,) = min{ay, a,} .
Theorem 6.3.1 says that
A®,pB=A®,;B.

Without considering their equivalence, Theorem 6.3.7 says that A @, B is fuzzier than
A®p; B. In this case, we prefer to use A @y, B in real applications by referring to
Remark 6.3.8.

7.1.2.2 Difference of Fuzzy Intervals
Given any two fuzzy intervals A and B, according to (7.14) and (7.15) by considering the
function f(x,y) = x — y, we can obtain four differences of A and B as follows

AegB, Aey, B, Ao}, B andAS], B
The membership function of A ©, B is given by

e, 3@ = sup  A(&(X),50)).

{(xy):z=x-y}

Suppose that we take
A (txl,az) = min {al,az} .

Then, by referring to Theorem 6.1.2, the a-level sets are given by

(A eEP B) min - f(xvy)’ m@X - f(x’y)
* (x.y)EA,XB, (xy)€A,XB,

a«

min x-y), max x-y)
Lx,we[;xﬁﬂf]x[éﬁﬂf ] aey)elAl A7 (B B

= |4} -B7.47 - B]] (7.22)

for all « € [0,1].
By referring to Subsection 6.2.1, we take

a’® a a

M; ={x-y:xeA,andyeB,} = [Ai-BU AU—BL]

to define A S)e. B. From Theorem 6.2.6, the a-level sets have the same form as (7.22) and
are given by

s o = <L wU U
(Aepr B), = [Aﬁ — By, A, - BE]
for all « € [0,1]. It means that, when we take

U (ay. ) =min {0, } .
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we have the following equivalence
A Orp B=A eET B
By referring to (6.18) and (6.19) in Subsection 6.2.2, we take

M, = | M,

a<p<1

where M is a bounded closed interval given by
. [ 5L gL xU U <L sl U =U
M, = [mln{Aﬂ - B, AY - B} },maX{Aﬂ ~ B, AY - B }]
to define A ©% . B. Let
n"(#) = A — By and n”(8) = A} - By

Since the semi-continuities of A, B-, A” and BY with respect to a are not sufficient to guar-
antee the semi-continuities of #* and nY, we assume that A and B are taken to be canonical
fuzzy intervals. In this case, the functions #* and #Y are continuous on [0, 1]. Let

¢"(p) = min {n"($),n" ()} and ¢V(p) = max {n"(B).n" ()} .

Then, the functions ¢ and ¢V are also continuous on [0, 1]. From Theorem 6.2.7, the a-level
sets are given by

(Aep, B), =M, = | [¢"p).cvp) = [mm ¢t (p), max CU(ﬂ)]

a<p<1l
a<gf<1 <h<

= [‘glliirsllmin{i\; B/L;,Aﬂ —Bﬂ} max maX{Aﬂ E’/L;,Ag—Bg}]
. Y . (RU U
= [mln{;‘lslélsll (A/, Bﬁ),;l;lgrsll (Aﬁ Bﬂ)},
<L U xU
ma{ ma, (45 -5 max, (37 - ) }|
for all « € [0, 1].

By referring to Subsection 6.2.3, we take

M; =M, = [min{Ag_BL A;’_Bg},max{Ai_ ; Ag_BU}]

o o a’

to define A ©] . B. We assume that A and B are taken to be canonical fuzzy intervals. From
part (ii) of Theorem 6.2.10, the a-level sets are given by

(A05r5),= U Ms = |min, {1 (255) 4

a<p<1 (
...L ~

s (45.2) <Am>}]

. . ~L ~ ~U ~U ~L 5 U U

[52,%21 min { A7 - Bj. A} - By} max max {4} - B.A] - B }]

= [min { min <A/I; - B’;) , min (A
a<p<l a<p<l
max{max (AE —E;),max <~},J—B }]
a<p<l a<p<l
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forall a € [0, 1]. Therefore, when A and B are taken to be canonical fuzzy intervals, we have
the following equivalence
Aey,B=4Ae] B
Without considering their equivalence, Theorem 6.3.7 says that A©, B is fuzzier

than A ©] . B. In this case, we prefer to use A ©] B in real applications by referring to
Remark 6.3.8.

7.1.2.3 Multiplication of Fuzzy Intervals
Given any two fuzzy intervals A and B, according to (7.14) and (7.15) by considering the
function f(x,y) = x - y, we can obtain four multiplications of A and B as follows
A®pB A®) B, A®} B andA®), B.
The membership function of A ®, B is given by
$ig,5(R) = sup )2[ (fA(X), fg(v)) .

{Cey)iz=xy

Suppose that we take
A (ay,a,) = min{ay, a,} .
Then, by referring to Theorem 6.1.2, the a-level sets are given by

(A®EPB)a=[ min _ f(x,y), max f(x,y)]

(xy)EA, xB, (xY)EA, X

a«

= min X-y, max Xy
(ey)elAl.AVIx(BL.BY (ey)elAL A7 )x(BL B

- [mm {ALBL AtpY Af{Bg,Ang} ,max{Aﬁég,Aggg,Afgg,Aggg}] (7.23)

a~a’ a "o

for all « € [0,1].
By referring to Subsection 6.2.1, we take
Mf={x-y:x€A,andy€B,}
= [min {Ajpi,Agég,Aggg,Aggg} , max {Aﬁgg,Agfa;’,Afgﬁ,AyBg }]

to define A ®;,,. B. From Theorem 6.2.6, the a-level sets have the same form as (7.23) and
are given by
(4@ B), = [min { 4B} ALBYA)B, AR}
max {Aggg,ﬁgég,Ang,Agﬁg’ }]
for all @ € [0, 1]. It means that, when we take
A ((xl,az) = min {al,az} )
we have the following equivalence

A®ypB=AQ®;,B. (7.24)
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By referring to (6.18) and (6.19) in Subsection 6.2.2, we take

M= |J M,

a<f<1l

where M, is a bounded closed interval given by
. ALnl zUsU SLal 5UzU
M, = |min { A8}, A7 B} } max{ 4,5} 47 5] ||
to define A ®7;. B. Let
nt(p) = A;B; and nU(p) = A, B, .

We assume that A and B are taken to be canonical fuzzy intervals. In this case, the functions
n* and nY are continuous on [0, 1]. Let

¢M(B) = min {n*(B).n"(B)} and ¢Y(p) = max {n"(B).n"(B)} .

Then, the functions ¢ and ¢V are also continuous on [0, 1]. From Theorem 6.2.7, the a-level
sets are given by

(A} B), =M= |J [c"®.c"®)] = [;g;glc%ﬂx max c”an]

<p<
a<p<i asp<l

. . SLal Uzl ~Lal Uzl
= [mln min {AﬂBE,Aﬁ Bﬁ },max maX{AﬁBz,Aﬁ Bﬂ }]

a<gp<1 agf<1

: . (5L . [(<UzU
= [min { i, (812). i, (37
max { max <A§B§ ) , max (Ang) }]
as<psl a<p<l
for all « € [0,1].

By referring to Subsection 6.2.3, we take
MX=M, = [min {AﬁBﬁ,Aiji’ } , max {AﬁBﬁ,Angf }]

to define A ®;T B. We assume that A and B are taken to be canonical fuzzy intervals. From
part (ii) of Theorem 6.2.10, the a-level sets are given by

(A ®TDTB>M = U Mg

a<p<1
(i, {7 (R638) 5 (A5 Ym0 (25%) 1 (5.5 )|

f
= | min min {AEB’Z,A;]B;[} ,max max {AEBZ,A ] (7.25)

a<p<1 a<p<l1

= [min { min <Zl§f3§> , min (Agé?) } ,
i a<p<l a<p<l

max { max <A§B§> , max (Agﬁg) }]
a<p<l a<p<l
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forall a € [0, 1]. Therefore, when A and B are taken to be canonical fuzzy intervals, we have
the equivalence

A®} B=A®) B (7.26)

Without considering their equivalence, Theorem 6.3.7 says that A ®, B is fuzzier
than A ®] . B. In this case, we prefer to use A ®] B in real applications by referring to
Remark 6.3.8.

Let x € R be a real number. Recall that the crisp number with value x is defined by

lr=x
L (1) = 0r#x.

Then, it is clear to see that 1 ) € BMR).
Example 7.1.7 Let AD, . A" be two fuzzy intervals. We can define a fuzzy function as
follows:

where ® can be taken as ®p or ®py, and @ can be taken as @pp or @y . From (7.23)
and (7.25),fori=1,...,nand a € [0, 1], we have

<A(i) ®pp 1{x[}) [min {A

"1

L ~U ~L ~U
iaXis AigXi } ,max {Aiaxi,Aiaxi }]

a

[ZLL X; A»Ux.] ifx, >0

la”"1° a1
~U ~L .
[ iaxi,Aiaxi] ifx; <0.
and

<A<i)®DT1[xi] >a = [min min {Aﬁxi,ilgxi} , Max max {Aithi,AiLt’xi }]

a<t<1 a<t<1

[~gxi,ilﬁxxi] ifx; <0.
Therefore, we obtain

~ (D) ~ (D)

A7 ®pp Ly =A ®prliy,

foralli=1,...,n.Since @y = @py, from (7.27), we have

n n
% . [ 4L 5U U SL U
fﬁ(x) = Z min {Aiaxi,Aiaxi} and f, (x) = Z max{Amxi,Amxi} .
i=1 i=1

Given any two fuzzy intervals A and B, according to (7.14) and (7.15) by considering the
function f(x,y) = x/y for y # 0, we can obtain four divisions of A and B as follows

AopB AQ: B AQ4 B andd o, B
Their a-level sets can be similarly obtained by referring to the multiplication of fuzzy inter-
vals when we assume 0 ¢ Ba for all @ € [0, 1]. The details are left for the readers.
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Let A and B be two fuzzy sets in R™. In this case, we can only consider A @ Band AA, where
A € R. Therefore, we obtain

Eigp(@) = sup min {&;(x), &) }

{(xy)ERMXR™M : x+y=z}
and
&aGe/A) A0
Ea@) = sélng"g(x) ifA=0andz =46, (7.28)

0 if A=0andz#0

by referring to (7.3), where 6 is the zero vector of R™. We can also show that
AeB=A@® (-B).
Proposition 7.2.1 Let A and B be two fuzzy sets in R™, and let A € R. Suppose that A # 0.
Then, we have
MA@ B)= 1A @ AB.
Suppose that A = 0 and z # 0. Then, we have

Eaen) (@ = &ag:8@) = 0.

Proof. For A # 0 and for all z € R™, we have

$1aen) (@) = Sagp@/A) = sup min {&;(X), &) }
{Cey)ix+y=z/2}

and

Siagis(® = sup min{fﬁ(x),ﬁﬁ(y)}={ sup  min {&;(x/A), &0/ M)}

{Gey) ix+y=z} (xy):x+y=z}
= sup min {&; (), &)} .

{(uy): Au+iv=zg}

Therefore, we obtain &, ;5,(2) = &,1615(2)-
For 4 = 0 and z # 0, we have §,;q45/(2) = 0 and

Eapi®@ = sup  min{&5(0). &0} =0,
{Cey)ix+y=z}
since x and y cannot be the zero vector 8 simultaneously. This completes the proof. [

Proposition 7.2.2 Let A be a fuzzy set in R™. For any A1 4, € R, we have
A (A,A) = (A4;4,)A.

Proof. If A, #0and 4, # 0, then
Sho,h @) = fzzA(Z/il) =842/ Ay) = Sy 1A @)

for all z € R™. Now, using (7.28), we consider the following cases.
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e For 4, =0 = 4,, we have

0 ifz#6

En,n)(0) = sup. $1,A(0) = sup sup £(x) ifz=0
xeRm

= Suﬂgmfﬁ(x) = 5(,11/12);1(9)~

Ifz # 0, we immediately have £, (; 3,(z) =0=¢ ;,4(2).
e For 4, =0and 4, # 0, we have

Ea0,) (@) = sup &, 4(z) = sup £5(z/4;) = sup §5(X) = &; ;)2 (0).
ZER™ xeR™

zZ€R™

Ifz # 0, we immediately have £, (; 3,(z) =0=¢ ,,4(2).
e For A4; # 0and 4, = 0, we have

5,11(/1221)(0) = 542;}(9//11) = 5,1221(9) = Su[é" Eal0) = 5(111/12);1(9)~
xeR™M
If z # 0, since z/ A, # 0, we immediately have

5/11(/12;1)(@ = 5,12;1(2/11) =0= f(glgz)A(Z)

This completes the proof. [ |

Next, we are going to consider the fuzzy vectors in Definition 2.3.1.

Theorem 7.2.3 We have the following results.
(i) SupposethatA € F(R™)and B € F(R™) are two fuzzy vectors in R™. Then A @ Bis also
a fuzzy vector in R™ satisfying
A®B),=A,+B,
forany a € [0,1].
(ii) Suppose that 1 is a fuzzy interval, and that A is a fuzzy vector in R™. Then, we have
(A®A), =14,
for any a € [0, 1]. We further assume that 1 is taken to be a nonnegative or nonpositive

fuzzy interval. Then A ® A is also a fuzzy vector in R™.
(iii) Suppose that A € R and A is a fuzzy vector in R™. Then AA =1,, ® A is also a fuzzy
vector in R™, where Ly is a crisp number with value A.

Proof. We take the function f : R™ x R™ — R™ by (x;,X,) = x; +X,. Then, we see that
f is a continuous and onto crisp function under the assumption that R™ is taken to be a
topological vector space. Applying Corollary 4.4.13, we see that

Ae®B),=(fA.B), =fA,B)=A4,+B,

for all « € [0,1]. For any convex subsets A;,A, of R™, it is not hard to show that
f(A,A)) = A, +A,isalso a convex set in R™. Therefore, from Theorem 4.2.7, we conclude

that f(4,B) = A ® B € F(R™).
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We take the function f : R X R™ — R™ by (4,x) — Ax. Then, we see that f is continuous
and onto crisp function under the assumption that R™ is taken to be a topological vector
space. Applying Corollary 4.4.13, we obtain

A®A),=1A,
for any « €[0,1]. For the case of nonnegative fuzzy interval A, in order to claim
I ®A € F(R™) by applying Theorem 4.2.7 and Remark 2.3.7, we need to show that

f(A,,A,)is a convex set in R™ for any convex subsets A; and A, of R, and R", respectively.
We also see that

fA,A) ={ix: 4€A andx €A, } = | 14,
AeA,
For y,,y, € f(A;,A,), there exist 4,4, €A, and a,,a, € A, satisfying y, = 4,0, and
¥, = Aa,, where 4,4, € R,.Forany @ € (0,1),let A; = a4, + (1 — a)4,. Then, we see that
Ay € Ay, since A, is convex. Since A, is also convex, a convex combination says that

aly 1-a)k,
—a, + ——a, €A,.
PR i 2 2

Therefore, we obtain
ay, + (1 — @)y, = ata; + (1 — a)A,a, € 1A, C f(A},A,),

which says that f(A4,,A,) is indeed a convex set in R™. For the case of nonpositive fuzzy
interval 1, since —A, is also a convex set in R™, we still can show that f(A;, A,) is a convex
setin R™ by using Remark 2.3.7 and the above arguments. Also, for the case of crisp number
l= i{/l}’ since the a-level sets (im)a = {4} are convex sets in R for all « € [0, 1], the above
arguments can also show that 1 m ® A € F(R™). This completes the proof. [ ]

In what follows, we shall consider the vectors of fuzzy sets in R. The purpose is to study
the addition and difference of vectors of fuzzy sets. Suppose that the vectors A and B con-
sist of fuzzy sets in R given by

A= (A“), ,A””) and B = (B(”, ,B"”) ,

where A” and B are fuzzy setsin R fori = 1, ..., n. Then, we are going to study the addition
A @ B and the difference A © B.

The addition A” @ B” and the difference A” © B” regarding the components can be
realized as shown above. Let §;0 and &zo be the membership functions of A? and B(i),
respectively, and let © denote any one of the arithmetic operations @, ©, ® between AY
and B®. According to the extension principle, the membership function of A” @ B is
defined by

é 40 05? (x)= sup min{é 40 (x), fgu) ()
{(x.y):z=xoy}
for all z € R, where the arithmetic operations © € {®, ©, ®} correspond to the arithmetic

operations o € {+, —, *}. More generally, the membership function of A(i)egl:}(i) is given by

Sa0e 0@ = sup  U&z0(x), Exo ()

{(ey):z=x0y}
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for all z € R, where ¢ is a t-norm. It is well known that the minimum function min is a
t-norm.

In this section, we are going to consider the general function rather than using t-norms.
In this case, the membership function of A(i)leB(i) will be given by

£400,50@ = sup }2{ (E1000, E50()) (7.29)

{(x.):z=xey
for all z € R, where 2 is a function from [0, 1] X [0, 1] into [0, 1] without satisfying some
required conditions.
According to the arithmetic operations (7.29), the addition A @y B and the difference
A ©y B can be naturally defined as
A@yB= (A(”eamB(”, ,A(”)EBQIB‘”))
and

AoyB=(AV0yB". .. .A"eyE").

We can see that A @y B and A ©y B are vectors of fuzzy sets. However, their membership
functions cannot be obtained directly from (7.29) regarding the components. The main pur-
pose of this section is to propose two methodologies to define the membership functions of
A @y B and A Oy B.

7.2.1 Arithmetics Using the Extension Principle

Letx = (x,...,x,) and y = (35, ... ,),) be two vectors in R™. Then, the arithmetics of vec-
tors x and y are given by

X+y= (% +Y... X, +Y,)
and
X=y= (X =YXy = Y,) -
Let A and B be two vectors of fuzzy sets in R given by

A= (A(D,A(Z), ,A“”) and B = (B(D,B(z), ,B“”) .

Based on the extension principle, we are going to study the arithmetics of A and B by con-
sidering the addition A @, B and the difference A ©, B. Given a function 2 : [0,1]*" —
[0, 1], for each z € R™ and for the operation © € {@®, &} corresponding to the operation
o € {+, -}, the membership function of A ®,, B is given by

Sho,B(@ = sup A (E 0 (X)), s E4n (), Ego V), -, Egn (1)) - (7.30)

{(x.y):z=x0y)

7.2.2 Arithmetics Using the Expression in the Decomposition Theorem

In what follows, we shall use the expression in the decomposition theorem presented
in Theorem 2.2.13 to study the arithmetics of vector of fuzzy intervals. Let A and B be
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two vectors of fuzzy intervals with components AY and BY, respectively, fori=1,...,n
Given a € [0,1], the a-level sets of A” and B” are nonempty and denoted by

AV = [Am,A ] and BY = [Bfa,B ]
For convenience, we write

(Ala,AZQ,...,Zl ) AL e R™ and ( AV AY. .. ,AU> AV erm. (7.31)
We also write

A, =AY x...x AW = [Afa,ilﬁl] XX [Aﬁa,ilga] (7.32)
and

B = BB = B B o [ B 0

In order to define the difference A ©,,; B, we consider the family {M; : 0 <a <1} thatis
formed by applying the operation x — y to the a-level sets le) and Bf;) fori=1,...,n,where
each M is a subset of R™. We shall study three different families described below.

o By referring to Subsection 6.2.1, we take
M;=A,-B,={x-y:xe€A,andyeB,}
to define A 62, B
o By referring to Subsection 6.2.2, we take

‘=< U M;H ><~--><< U M;"_)>,
a<p<l asp<l

where Mg_) are bounded closed intervals given by
M;i_) = [min {ALﬂ BZLI,,A - B } ,max {ALLI, - BiLﬂ,AiLl; - B’fl],}] )
fori=1,...,n to define A GBT B
o By referring to Subsection 6.2.3, we take
M; =M % x MO,
where M~ are bounded closed intervals given by

M = [mln{ - B A - B } max{ m,Al m}]

la>
fori=1,...,n to define A eITJT B
For ©pr € {65, S5 GZT}, based on the expression in the decomposition theorem, the

membership function of A ©,,;B is defined by
ie,, (2 = Sup a- . (2), (7.34)

O<a<l

where M, can be any one of the above three cases.

Example 7.2.4 Continued from Example 2.2.4, we consider the following trapezoidal
fuzzy intervals

A% =(1,2,3,4and A” = (2,3,4,5)
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and

BY = 4,5,6,7) and B? = (3,4,5,6).

From (7.12), we have

AY = [Afa,Ai’] = [(1—a)+20,4(1 —a) + 3] = [1 + a, 4 — a]

AP = [Aéa, ] [2(1 — @) + 3, 5(1 — ) + 4a] = [2+ @, 5 — ]
BY = [Eﬁa,fa ] [4(1 — @)+ 5¢,7(1 — @) + 6a] = [4 + @, 7 — a]
BY = [}Q,B ] [301 — a) + 4a,6(1 — @) + 5a] = [3 + @, 6 — a].

Therefore, we obtain

A, =A" %A% = [Ala,A] [Ana,A] [1+a4-a]X[2+a.5-a]

and

B, =BV xB? = [BL B ] [BL B

T s ] A+a,7—a]lX[3+a,6—a].

We consider three families {M : 0 < @ < 1} given below.

e We take

=A,-B, = {0, ) - .y (5. x) E[1+a,4—alX[2+a,5—a]

and (y,y,) €[4+ a,7—alX[3+a,6—al}
=[-6+2a, 2a] X [-4+ 2a,2 — 2a]
for all « € (0, 1]. The membership function of A 69, B is given by
Siey, B(Z1,22) = SUP @ - xy-(2),2).

0<a<l

o We take

where M;l_) and M;f_) are bounded closed intervals given by

M7 = [min {4y, - By, Ay, - B, | max {4}, - By, Ay - B ||
= min {1+ ) — 4+ §.(4 =) - (7= )},
max (1 +6) = 4+ ). (4= §) = (7= )]
= [-3.-3] = {-3},

which says that M;il_) is the singleton {—3} for all g € [0, 1]. Similarly, we can obtain
- . ~L % = ~L =L U U
My = [min { A7, - By, Az, - B, | max {47, - By, Az, - B3 || = (-1)
for all g € [0, 1]. Therefore, we obtain

M, ={=3} x{-1} = {(=3,-D)} (7.35)
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for all « € (0,1], which is a singleton in R2. The membership function of A &% B is
given by

Ehop,8(Z1:22) = SUD @ - py-(21,2,)
O<a<l «

{1 if (21,2,) = (=3,-1)

0 otherwise.
o We take
M; =M x M
where M, ,(11_) and M, ((12_) are bounded closed intervals given by
M7 = [min {47, - BL,.

Af, - By, bomax {4}, - BL,.A, - Bl }] = (-3)

la’
and
M = [min {A; - B

a?®

Ay, By, | max {4}, - By, Ay, — By, }| = (-1).
Therefore, we obtain
M, = {=3} x{-1} = {(-3,-1)} (7.36)

for all a € (0,1], which is a singleton in R2. The membership function of A eLT Bis
equal to membership function of A 63 B.

In order to define the addition A @, B, we consider the family {M; : 0 < a <1} thatis
formed by applying the operation x + y to the a-level sets le) and Bf;) fori=1,...,n,where
each M} is a subset of R™. We shall study three different families described below.

o By referring to Subsection 6.2.1, we take
M;=A,+B,={x+y:xe€A, andy€B,}

to define A Dor B.
o By referring to Subsection 6.2.2, we take

M;,r:( U M;H) ><~--X< U M;in+)>’
a<p<1 a<p<1

where M;(JH) are bounded closed intervals given by

@i+) _ | L L U U
Mﬁ = [aiﬂ + biﬂ,aiﬂ + bi/}]

fori=1,...,ntodefine A &}, B.
o By referring to Subsection 6.2.3, we take
ME =M % x MU,
where M&H) are bounded closed intervals given by
MY = [ak +bL.al +bY

fori = 1,...,ntodeﬁne1§€BLT1§.
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For @pr € (@7 BT, @;T}, based on the expression in the decomposition theorem, the

membership function of A @,,; B is defined by

SA@,,8(2) = Sup a- y.(2), (7.37)

O<a<l

where M/ can be any one of the above three cases.

Example 7.2.5 Continued from Examples 2.2.4 and 7.2.4, we consider three families
{M} : 0 < a <1} given below.

o We take
M =A,+B, = {(x. %)+ 3.y : . x) €[1+a,4—a]x[2+a,5—aq]
and (y,y,) €[4+a,7—alx[3+a,6—al}
=[54+2a,11 — 2a] X [5 + 2a,11 — 2a]
for all a € (0, 1]. The membership function of A &9 B is given by

Siey, B(Z1,22) = SUP @ - 1y (2),2,).
O<a<l «

o We take

_ a+) @+)
a<p<l asp<l

where M;“) and M;“) are bounded closed intervals given by

MY = [at, + by, all + 00| = [0+ 5+ @+ 9= )+ (7= p)]

=[54+24,11 - 2p]
for all g € [0, 1]. We also obtain

MG? = |a; + by, a%, + b | = 1@+ P+ G+ .= )+ (6= P

=[5+2p,11 — 28]
for all g € [0, 1]. Now, we have

U M = [ (5+26,11-281 =[5+ 20,11 - 2a]
a<f<1 a<p<1

and
U M7 = | [5+26.11- 251 =[5+ 20,11 - 2a].
a<f<1 a<p<1

Therefore, we obtain
M} =[5+2a,11 — 2a] X [5 + 2a,11 — 2a]

for all & € (0, 1]. The membership function of A (S B is equal to the membership func-
tion of A 2, B
o We take

M} =M x MY,



7.3 Difference of Vectors of Fuzzy Intervals

where M;H) and M;2+) are bounded closed intervals given by
MY = [ak, + b, 0l + DY ] = [A+ @)+ @+ ). d—a)+ (7 - a)]
=[5+ 2a,11 — 2a]
and
MZ" = [ak +bL,a¥ +bY| =[2+a)+(B+a),(5—a)+(6—a)]
=[5+ 2a,11 — 2a].
Therefore, we obtain
M} =[542a,11 — 2a] X [5 + 2a,11 — 2a]
for all « € (0, 1]. The membership function of A @TDT B is equal to membership function
of A GBET B.
In this example, we conclude that

Ao, B=Ag;, B=A0 B

7.3 Difference of Vectors of Fuzzy Intervals

Let A and B be two vectors of fuzzy intervals with components A” and B?, respectively,
fori=1,...,n. We are going to study the a-level set of A ©p, B that is obtained from the
extension principle, and the a-level sets of A ©p,; B for ©p; € {62,656, .} that are
obtained from the expression in the decomposition theorem.

7.3.1 a-Level Sets of A ©,, B

Given any function 2 : [0,1]*"* — [0, 1], recall that the membership function of the differ-
ence A ©p, B is defined by

Cio, 8@ = sup A (&), ... Exm () S Em (B,)

{(xy):z=x—y}

foranyz € R™. The a-level set (A ©, B), of A ©, B for a € [0, 1] can be obtained by apply-
ing Theorem 4.4.15 to the difference A Spp B, which is shown below. For each a € (0,1],
we have

(Ao B), = {x—y : U (L) &) &0 & (,) 2 af (7.38)
={(x =YXy = Y,)
A (E o), E X)), Ego(), -+ Exm(Y,)) > a).
The 0-level set is given by
(AogB),=A,-B,={x-y:xeAjandy eB}.

Moreover, for each a € [0, 1], the a-level sets (A ©pp B), are convex, closed, and bounded
subsets of R™,
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Now, the function o : [0,1]?" — [0, 1] is given by
A ((Xl, ,aZn) = min{al, ,a2n} .
For each « € (0, 1], using (7.38), we have

(AewB), = {x-y :min{&uq). - .&wl). &), Em®,)} > a}
={x—y:&o) >aand &) > aforeachi=1,...,n}

o _
:{(xl—yl,..., —y,) i €A, = [Am, m]
andyleB(') [BILO,,B ] foreachi:l,...,n}
= [A -8 AY Bfa] XX [A ~BY.AY BLM]. (7.39)

For the 0-level set, from (7.39) and (2.5), it is not difficult to show that

(AogB), = cl( U (A eEPE)a)
0O<a<l1
= [Afo - BlO’ BIf ] [Aﬁo - Brlzlo’Arlzjo - Bﬁo .
Regarding the components A® and B(i), for a € [0, 1], we also have

(A(“ eEPB(”)a - [A ~BUAY - BL] fori=1,...,n. (7.40)
Therefore, from (7.39) and (7.40), for a« € [0, 1], we obtain

(A egpﬁ)a _ <A<1> eEPE(D)a % (A(”) GEPB(H)>G«
The above results are summarized in the following theorem.
Theorem 7.3.1 Let A", ..., A" and B, ..., B" be any fuzzy intervals. Suppose that the
function A : [0,1]*" — [0,1] is given by

A (ay,....0,) =min{ay,...,a,,}.
For each a € [0, 1], we have

(A0 B") = [4L-BL.AL B

and

(AewB), = <A(1) eEPB(l)) X (A(n) eEPB(n)> .

(4 a

Example 7.3.2 Continued from Examples 2.2.4 and 7.2.4, Theorem 7.3.1 says that
(1" epB") = |47, -Bl.AL - B
=[Ql+a)—-T7T-a),@—-—a)— @+ a)] =[-6+ 2a, —2a]
and
(A7 0pB”) = |4z, - B AL - B,

=[R+a)—(6—-—a),5—-—a)—B+a)] =[-4+2a,2—2a]
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and
(AeB), = (A(l) Ogp B(l)) X <A(2) Sgp Ea))

[—6 + 2a, —2a] X [—4 + 2,2 — 2a]

for a € [0,1].

7.3.2 a-Level Sets of A e, B

Let AV, ... ,A™ and BY,....B™ be fuzzy intervals. By referring to Subsection 6.2.1, the
family {M; : a € (0,1]} is given by M; = A, — B,. For @ € (0, 1], we have

M;:Aa—f}a={x—y :x€A,andy € B }
= {(x1 — VX = Y) 1 X cAl = [A;Afj] and
y,eBY = [ﬂm,Bg] fori=1, ,n}
= [A, - Bl AL - Bl <o x AL, - Bl AL - B (7.41)

Based on the expression in the decomposition theorem, the membership function of
A &5, B s given by
«f/ge;,ﬂf;(z) = 0sup @ Ay (2). (7.42)

<a<l

The a-level sets (A ¢, B), of A ©°,. B for « € [0, 1] are presented below.

Proposition 7.3.3 We have

na

(Ap, B), =M, = A}, - B, AL, - B, | x - x [4}, - B[, 4}, - B

foreach a € [0,1].

Proof. We first consider a« € (0, 1]. Given any z € M, we see that ¢ AGBTB(Z) > a by (7.42).
Therefore, we obtain z € (A ©7r B),, which proves the inclusion M, C (A &7, B),.

For proving the other direction of inclusion, it is clear to see that {M, : 0 <a <1}isa
nested family. Given any z € A S) o ﬁ)a, ie. éAegTﬁ(z) >a,leta = §Aeom§(z). Assume that
& > a.Let e = @ — a > 0. According to the concept of supremum, there exists a, satisfying
z €M, and @ — € < a;, which implies a < a,. This also says that z € M, since M, C M,
by the nestedness.

Now, we assume that & = a. We can consider a sequence {a,} %, satisfying0 < a; 1 a with
a > a for all s. Since A” and B” are fuzzy intervals fori = 1, ..., n, we have

(o] (o]
AV = mAZj and BY = me;: fori=1,...,n

s=1 s=1

by referring to Proposition 2.2.8. Since

A, =A" x. . xA" and B, =B x--- x B,
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we can obtain

B,.

||
D}
>x

Ds

1l
—_

S:

Since M; = A - B,, we conclude that

a 24

- = ﬂM;S for 0 < a, 1 « satisfying a > «, for all s. (7.43)
s=1

Let ¢, = a — a;, > 0. According to the concept of supremum, there exists @, satisfying
z€ M, and @ — ;= a — €; < &, which implies a; > ;. This also says that z € M, by the
nestedness for all 5. Therefore, we conclude thatz € (2, M, o From (7.43), it follows that
z € M. Therefore, for a € (0, 1], we obtain

la® na’ ne | *

(Ao B), = | AL, - Bl AL - Br| x- - x |45, - B Ay, - B

For the O-level set, by referring to (2.5) and using the nestedness, it is not difficult to
show that

(Aej,B),=cl < U Ae, E)a>
O<a<l
= [Afo_B%’A%_BiO] XX [A _BnO’A Bﬁo] .

This completes the proof. [

Now, fori =1,...,n and for a € (0, 1], we take
M =40 - BY = [AWA ] [B.L

la’

=U SL xU U %
Bm] = [Am - B A~ m] : (7.44)
From (7.41), we see that

M; =M x--.xM" c R™.

Let AY S)o B"” be obtained using the expression in the decomposition theorem based on
the family {MY™ : 0 < a < 1} that is defined in (7.44). By referring to Proposition 7.3.3, we
can similarly obtain

(A“) oo B‘”) =M = [A - BY Ay - BL]
a

la> la

fora € [0,1]and i = 1, ..., n, which also implies

(Aep B), = (A" ey, B) x---x (47 &5, B”)

o

for each a € [0, 1]. The above results are summarized below.

Theorem 7.3.4 LetAY, ... A" and BV, ....B" be fuzzy intervals. Suppose that the family
{M; : « € (0,11} is given by M; = A, — B,. For each a € [0, 1], we have

1D ~o  pMd U U 5
(AZGDTBl)a=[A ~BU.AY BL]

ia®
and

(Aey, B), = (A(D o3, B(l)) N (A(n) o B“”) .
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Example 7.3.5 Continued from Example 7.2.4, Theorem 7.3.4 says that
(R 03, B), = [, - B AL, — B | x [4L, - B, AL - B,

la>

=[-6+ 2a, 2a] X [-4 + 2a,2 — 2a]
for a € [0, 1].

7.3.3 a-Level Sets of A e, B

Let A(l), ,Zl(") and B Y ,B(") be any fuzzy intervals. By referring to Subsection 6.2.2,
the family {M, : 0 < @ <1} is taken by

M, = < U M;H> X o x( U M;”‘)>, (7.45)

a<f<1 a<fi<l

where Mg_) are bounded closed intervals given by

(o) . (<L gL U U L 2L U mU
M& = [mln {Aiﬂ . Bi,,} . max {Aw . . }]

for i=1,...,n. Based on the expression in the decomposition theorem, the membership
function of A 6}, B is given by

.fAeBT];(z) = sup a- yp-(z). (7.46)
O<a<l “

We are going to study the a-level sets (A 6% B), of A ©%, B fora € [0,1].
Fori=1,...,n, we write
(i-) — (i)
NS = My
a<p<1

It is clear to see that {N'”) : 0 < a < 1} is a nested family. Using the nestedness, we can
show that

NI = ﬂNf,i‘) for 0 < a, 1 a with a, < « for all s. (7.47)
s=1
From (7.45), we also see that
M; =N x ... x N,

Using (7.47), we can also obtain

M, = (") M for 0 < a; 1 « with a; < a forall s. (7.48)

s=1
By applying (7.48) to the argument in the proof of Proposition 7.3.3, we can obtain
(AepB), =M, =N, x---xN;"~
for any « € [0, 1]. _ . ‘ ‘
Now, we consider the difference A" S BY of components AV and B fori=1.....n.
Using the expression in the decomposition theorem, the membership function of AY (S

BY is defined by

.f~(n * -(n(Z) = Sup a -y, (i—)(Z).
A"OprB O<a<l Na
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We shall also study the a-level sets A® ) B(i))a of AV S BY for « €0,1]. Using the
argument in the proof of Proposition 7.3.3 again, we can obtain
( A® o5 B(i)) = N
a

for any « € [0, 1].
In order to obtain the compact form of the a-level sets, we assume that AW, .., A™ and
BY. ... B™ are taken to be canonical fuzzy intervals. Let

¢H(p) = min { &}, - By, Ay — By | and ¢(p) = max { A}, - Bl Ay - B |

Then M;}i_) = [¢H(), ¢V (B)]. We also see that ¢ and ¢V are continuous functions on [0, 1].
Then, for a € (0, 1], we can obtain

NGO = UM = [Fe.e) (749)
a<p<1 a<p<1
= [ng}gc (p), max CU(ﬂ)]

L = ~U =U L = ~U =U
E}glmm{Aﬂ BiLﬂ,Aiﬂ—Blﬂ} le?i(lmax{Aﬂ —BiLﬂ,Aiﬂ—Biﬂ}] .
The above results are summarized below.

Theorem 7.3.6 Let A", ..., A" and B, ..., B" be any fuzzy intervals. Suppose that the
family {M; : a € (0,1]} is taken by

M;=< U M;l")xmx( U M;”_)),
a<p<l a<p<l

where Mg_) are bounded closed intervals given by

M = [min { &}, - By, Aj - By b max { 4], - B, A - B, ||

1,
fori=1,...,n Foreach a € [0, 1], we have
( A0 GBT B(i)) U M(l

a<p<1

and
(A eBT E)a = (A(l) eBT B(1)> XX (A(") eBT B(n)) '

We further ssume that AV, ..., A" and BY, ..., B™ are taken to be canonical fuzzy intervals.
Then, fori =1, ...,n, we have

U M;i—) = [mln min {ALﬂ —B{“ﬁ Al Bﬂ} , max max {AlLﬂ —BI»LI,,AL-[; —Bz}]

el a<p<l a<p<l
= |min<{ min < ) min <~U —BU)
- agp<1 \'P "’ asp<i \ BT ) (0
max<{ max ( ) max (NU—BU>
asp<i \ P ”’ a<p<i \" B 7B ’

which are bounded closed intervals.
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Example 7.3.7 Continued from Example 7.2.4 by referring to (7.35), Theorem 7.3.6
says that

(Ao}, B), =M, = {(-3,-1)}

for a € [0, 1].

7.3.4 a-Level Sets of A GLT B

Let A, ... A" and BY.....B" be any fuzzy intervals. By referring to Subsection 6.2.3,
the family {M, : 0 < @ <1} is given by

M; =MD % x MY,

where Mf,i_) are bounded closed intervals given by

i’

ng—>=[min{A - B A —BU} max{ B A~ m}]

fori=1,...,n. Based on thg expression in the decomposition theorem, the membership
functions of A eLT Band A? eTDT BYfori=1,....nare given by

1ot §(Z) = sup a- y-(z 7.50
16, 8(2) = SUD @ 2y (@) (7.50)
for any z € R™ and

&, A00] 50 @) =sup a- Xt )(Z)
0<a<l
for any z € R, respectively. We are going to study the a-level sets (A eTDT B), of A GLT B for
a € [0,1], and the a-level sets (A(l) e B(’)) of AV eT B fora € [0,1].

(1) (n) and B(l)

Now, we assume that A ., B" are taken to be canonical fuzzy inter-

vals. We are going to claim

(A, B) = UM, forae 1] (7.51)

* asp<1

Let
o) = mln{ Bt AV - ]a} and ¢Y(a) = { Bt AY - m}.

Then M = [¢ (@), ¢ (a)]. We also see that ¢ and ¢V are continuous functions on [0, 1].
Using Propositions 1.3.9 and 1.3.10, given any fixed x = (x,, ...,x,) € R™, the following
functions

C(a) = a - yy (x) and (@) = a - ype (X))

are upper semi-continuous on [0, 1] fori=1,...,n

Suppose thatz € (A ©f . B), and z ¢ M, for all f satisfying f > a. Then f - zy-(2) < «
for all g € [0,1]. Since {(f) = f - x\-(z) is upper semi-continuous on [0, 1] as described
above, the supremum of the function ¢ is attained by Proposition 1.4.4. This says that

0 At B = = . _ *
<&ig;,5(2) ﬁsel[l()F,)l]C(ﬂ) ﬁsel?(fuﬂ vy (@) = MAX f - o (2) = B7 -y, (2) <@
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for some g* € [0, 1] with g* # 0, which violates z € (A eTDT ﬁ)a. Therefore, there exists f,
satisfying f, > e andz € Ml; , which shows the following inclusion
0

(AepB) < UM,
* a<gp<1
On the other hand, the following inclusion
U Mm;c {zeRm : sup ﬂ~;(Mﬁ_(z)2a}
a<p<i pelo.1]

_ m . g — (Aot B

=(zeR": &y @ 2a) = A6, B),
is obvious. This shows (7.51). We can similarly obtain

<A(i) GLT B(i)) _ U M;;_) for a € (0,1].

* a<p<l)

The above results are summarized below.

Theorem 7.3.8 Let A(D, ,A(") and E(D, ,B(") be canonical fuzzy intervals. Suppose
that the family {M, : a € (0, 1]} is given by

M; =M % x MU,
where Ms_) are bounded closed intervals given by
i . [ 5L ®L 2U  mU L mL U 35U
M((xl )= [mll’l {Aia - B;’Aia - Bia} » max {Aia _Bl{;t’Aia _Bia }]

fori=1,...,n

(i) Foreach a € (0,1], we have
A0 AT pOY) _ (i-)
(4% e}y B )a = UM
a<p<1

and the 0-level set

(300 ), = U (4" e5r8), )

0<a<l
Moreover, fori=1,...,n, we have
(i-) _ . . ~L Bl U % ~L Bl U U
U M, = [&1;121 min {Aiﬂ - BiLﬂ,Aiﬁ — By } 51;1;151 max{Aiﬂ - BiLﬂ,Aiﬁ — By }]
a<p<1 == ==

. . ~L = . ~U =U
= [min{ e, (35~ ) min, (5 -5) }.

<L % ~U U
max { max (47,8} ). mex (-5 }
which are bounded closed intervals.
(ii) Foreach a € (0,1], we have

(AGETE) UMﬁ—= U (le_)»--xM;”‘))

¥ aspst a<p<1
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and the 0-level set

(Ae}B) = cl( U (Ae}, fs)a) .

O<a<l

Remark 7.3.9 We notice that
(A o, ﬁ) # (21(1) o, B(l)> XX (A(") o, B(")) for each « € [0, 1]

in general.

Example 7.3.10 Continued from Example 7.2.4 by referring to (7.36), we have
M, = {(-3,-1)}. Part (i) of Theorem 7.3.8 says that

(3eirB),= Uy = U (3.0 = 1-3.-0)

for a € [0, 1].

7.3.5 The Equivalences and Fuzziness

Next, we are going to present the equivalence between A©.,B and A©3, B in
Theorems 7.3.1 and 7.3.4, respectively.

Theorem 7.3.11 LetAY, ..., A" and BV, ..., B™ be fuzzy intervals. Suppose that A &, B
and A e°DT B are obtained from Theorems 7.3.1 and 7.3.4, respectively. Then, we have
AepB=A6;.B.
Moreover, for a € [0, 1], we have
(AewB), = (Ao}, B),
:[AL ~Bv.av _Bfa]x...x[AL ~BUAY B |. (7.52)

la la> a no ne’“ “na na

Proof. The equality (7.52) follows immediately from Theorems 7.3.1 and 7.3.4, which also
says that AQ,, B = A S)on B. This completes the proof. [

We are not able to study the equivalences among AGEP B, A GBT B, and A GLT B.
However, we can study their fuzziness by considering their a-level sets. Recall Defini-
tion 6.3.4, we say that A is fuzzier than Bwhen B, C A_ for all a € (0,1].

Let A, .. A" and BY,....B™ be canonical fuzzy intervals, and let A S) B and
A egTﬁ be obtained from Theorems 7.3.6 and 7.3.8, respectively. For each a € (0,1],
we have

(A o, ﬁ) = U (M;Hx---xMZ”‘))
" agpst

and

e~

a<p<1 a<p<1
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Since the following inclusion

U (M;H X - ..xM<ﬂn7>> c ( U M;”) X X( U M;’”)

a<f<1l

is obvious, it follows that
<A GLT ]§> C (A S} ﬁ)a for each a € (0,1],
which says that A eBT B is fuzzier than A eTDT B.

On the other hand, from Theorems 7.3.11 and 7.3.6, for each a € (0, 1], we also have

o) . . (L mL sU  pU <L wml U 35U
U M= [géglmm {4l - By Al - By | max max {4}, - B, A] —Biﬂ}]

a<f<1

It follows that
(Aep,B), c (Aej, B) foreach a € (0,1],

which says that A 6% B is fuzzier than A ©3 . B. The above results are summarized below.

Theorem 7.3.12 Let AY, ..., A" and BV, ..., B™ be canonical fuzzy intervals. Suppose
that A Sgp B A GET B A GBT Band A GLT B are obtained from Theorems 7.3.1, 7.3.4, 7.3.6
and 7.3.8, respectively. Then

<A ez)T E) < (A Ohr E)a c (A Spr E)a = (A Ogp E)a

for each a €[0,1]. In other words, Ao}, B is fuzzier than A©] B, and AS3, B is
fuzzier than A 7. B.

Theorem 7.3.12 says that, when AV . A™ and BY, ..., B™ are taken to be canonical
fuzzy intervals, we may prefer to pick A Spr B, which has less fuzziness in applications.

7.4 Addition of Vectors of Fuzzy Intervals

Let A and B be two vectors of fuzzy intervals with components A" and B?, respectively,
fori=1,...,n. We are going to study the a-level set of A Dpp B, which is obtained from the
extension principle, and the a-level sets of A @, B for @, € (D)) By @TDT} that are
obtained from the expression in the decomposition theorem.

74.1 a-Level Sets of A @, B

Given any function 2 : [0,1]** — [0, 1], the membership function of addition A Brp Bis
defined by

Chp, 8@ = sup A (L), ..., Em), &), .. Egm,))

{(x,y):z=x+y}
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foranyz € R™. The a-level set (A @, B), of A @, B for a € [0, 1] can be obtained by apply-
ing Theorem 4.4.15 to the addition A @, B, which is shown below. For each « € (0,1],
we have

(ADppB), = {x+y : A (Eo0). . Ew). o).+ .Em®y,)) = a} (7.53)
={(x Y x, +Y,)
A (E5000), -+ Eqm(), Egn ), - L Egn () Z @)
The 0-level set is given by
(A®pB),=A,+B;={x+y:xe€A;andyeB,}.

Moreover, for each a € [0,1], the a-level sets (A Bpp fi)a are convex, closed, and bounded
subsets of R™.
Suppose the function A : [0,1]*" — [0, 1] is given by

A (ay,....a,) =min{ay,...,a,}.
For each « € (0, 1], using (7.53), we have

(A@gB), = {x+y :min{&00q). &), o0, Emk,)} > a}
={x+y:&ok) >aand &) > aforeachi=1,...,n}

= {(x1 F Ve Xy V) DX eA(l) [Am,A ]
and y, € BY = [ s m] foreach i=1,. }
[A +BAD + B ] [A +Bfu,,A + B ] (7.54)
For the 0-level set, from (7.54) and (2.5), it is not difficult to show that

cl( U @& eagpﬁ)a)

O<a<l

(A®pB),

<L =L U | =U <L =L U =U
[AIO + B§09A10 + BlO] XX [AnO + Bﬁo’Ano + BnO] .
Regarding the components AY and B(i), for each a € [0, 1], we also have
(A“) @EPB@) [A +B., A +B ] fori=1,...,n. (7.55)
Therefore, from (7.54) and (7.55), for a € [0, 1], we obtain
(AEB ) ( (1>EB B“)) .. ( (n)GB B(”))
EP

The above results are summarized in the following theorem.
5 5 (n) 1) B .
Theorem 7.4.1 Let A™',...,A"" and B",...,B"" be fuzzy intervals. Suppose that the
function A : [0,1]>" — [0, 1] is given by
A (ay,....a,) =min{ay,...,a,}.
Foreach a € [0, 1], we have

( A @, B(’)> [A +B A ~U+B]

>
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and

(A®gB), = <A(1) @EPB(D) X (A(n) @EPB(VL)> .

Example 7.4.2 Continued from Examples 2.2.4 and 7.2.4, Theorem 7.4.1 says that
(a® @EPB(“>a = [Afa +B,AY + B ]
=[14+a)+@+a),@d—-a)+(7—a)] =[5+ 2a,11 — 2a]
and
(A¥ @5 BY) = |45, + B, Ay, + B
=[C+a)+B+a),5-—a)+(6—-a)]=[5+2a,11 —2a]
and
(A EBEPB),, _ <A(1) Opp B(l)>a % (A(Z) Bpp B(z))a
=[5+ 2a,11 — 2a] X [5+ 2a,11 — 2«]

fora € [0,1] = [0, 1].

74.2 a-Level Sets of A @, B

Let AV, .. A™ and BY,... . B™ be fuzzy intervals. By referring to Subsection 6.2.1, the
family {M; : a € (0,1]} is given by M} = A, + B,. For any a € (0, 1], we have
=A,+B,={x+y:x€A, andyeB, }
~ (i ~ U

andy,eB(l) [BLB]fOI'l—l ,n}

la’

na’ ha

= [AfﬁBfwAi’a +B§’a] XX [Aﬁ”BL AY + B ] (7.56)
Based on the expression in the decomposition theorem, the membership function of
A o) B is given by
éA@Brﬁ(z) sup a- ;(M+(z) (7.57)
0<a<l

Using the similar argument in the proof of Proposition 7.3.3, we can obtain the a-level sets
(A @, B), of A @ B given by

(Ael%Tﬁ) M+ I:Ala+Bi‘a’A1a+Bla:| [A +Bfm7A +B ]
fora € [0,1].
Now, fori =1, ...,nand for « € (0, 1], we take
M =4V 4 BY = [fa, ] [Bﬁ,,B] [A +BL A + B ] (7.58)

Then, for a € [0, 1], from (7.56), we see that

M =M % ox MU c R™
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Let A” D)y B"” be obtained using the expression in the decomposition theorem based on
the family {M((,H) : 0 < a <1} that is defined in (7.58). For a € [0,1], we can similarly
obtain

(2° @5y B(")) =M = [A +B:, AV + B ] fori=1,...n,
which also implies

(A B), = <A(1) 3, B(l)) o x (Am) ®:, B(")> .

a

The above results are summarized below.
Theorem 7.4.3 Let AY, ..., A" and BY,...,B™ be fuzzy intervals. Suppose that the
family {M : a € (0,1]} isgiven by M} = A, + B,. Then, the following statements hold true.
(i) Foreach a € [0,1], we have
(2% @3y B(”) | AL, + Bl AL + B
and
(A ®pr ) ( AY () B(l)) XX (A(H) ®pr B(n))a-
(ii) Suppose that the function 2 : [0,1]*" — [0, 1] is given by
A(ay,...,a,) = min{al, ,aZn} .
Then, we have
A ®BT B= AeEPﬁ’
where A @, B is obtained from Theorem 7.4.1.

By referring to Subsection 6.2.2, the family {M] : 0 < a < 1} is given by

= UM;“) N UM;"H ,
a<p<l a<ps<l

where M;;J') are bounded closed intervals given by
(i+) . [ 5L ~L
MY = [mm {Aiﬁ + By, Ajy + Bz/)} ,max{Aiﬂ + B, Al + By }]
L L U
[A + Bta’A Bia]

fori=1,...,n. Based on the expression in the decomposition theorem, the membership
function of A S B is given by

fA@* 5(z)=sup a- }(M+(Z)

0<a<l

Then, we have the following results.

Theorem 7.4.4 Let AY, ..., A" and BY,...,B™ be fuzzy intervals. Suppose that the
family {M, : a € (0,1]} is given by

=< U M;“)> ><--~><< U M;””>, (7.59)
a<p<1 a<p<1
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where M;M are bounded closed intervals given by

(+) _ [ L 3L U U
Mﬂ = aiﬂ+biﬁ,aiﬂ+biﬂ

fori=1,...,n Then

Ao, B=A®;, B.

Proof. Let (" (p) = aiLﬁ + biLﬂ and ¢V (B) = al.ll; + bi([]i' Then Ml(ii) = [¢(B). &Y (B)]. Proposition
2.3.4 say that g“l.L is lower semi-continuous on [0, 1] and g“iU is upper semi-continuous on
[0,1]. Then, for a« € (0, 1], we can obtain

(i+) _ i #L U
U My = Lrg;gl; (9, max ¢, (ﬂ)]
a<p<l
— | L, pL U U
= |, (e 55) g (et 1)
= [ak +bE,aY +bY] = MY
Therefore, by referring to (7.59), we have
A A Y SL ozl U | RU
M; = [Ala + Bfa’Ala +Bla] XX [Ana +Bﬁa’Ana +Bna] ’
which is the same as (7.56). Therefore, we obtain
A®;, B=A®), B
This completes the proof. [ ]
By referring to Subsection 6.2.3, the family {M} : 0 < a < 1} is given by
MF =M % x MY
where M, f,‘ ) are bounded closed intervals given by
M = [min {Afa + B,

A+ By omax { AL + B

ia®

A+ By ||

= AL + B

i ia®

U U
Aia + Bia]
for i=1,...,n. Based on the expression in the decomposition theorem, the membership
functions of A EB};T B is given by
i 3(Z) = Sup a - z
fA@DTB( ) 0<afs)l )(M;( )
for any z € R™. However, in this case, we need to consider canonical fuzzy intervals rather
than fuzzy intervals.
Theorem 7.4.5 Let AV, ..., A" and BY,...,B™ be canonical fuzzy intervals. Suppose
that the family {M, : a € (0, 1]} is given by
M} =M x - x M
a a a ’
where Mff” are bounded closed intervals given by

M = [AL + B

a ia’

U U
Aia + Bia]



7.5 Arithmetic Operations Using Compatibility and Associativity

fori=1,...,n Then, we have

Aol ,B=A@; B=Aa;, B.

Proof. Foreachi=1,...,n,itis clear to see that

U M;”) = AL + Bt

ia ia’
a<p<1

U Ul _ pgG+H)
Aia + Bia] - MD’ .

For each « € (0, 1], using the similar argument of Theorem 7.3.8, we can obtain
ot ow) +_ a+ o (n+)
(AehB) = UMy=[J (M7 xny)
a<p<1 a<p<l

L L U U L L U U
U ([a, +Ba% +BY | oo x 4L, + B aY, + B4, )

a<p<1 "
= [T, + Bi, Ay + Bi| X+ X [Ag, + By, Ay, + By,
=(A®pB), = (A®}; B), = (ADyB),.
This completes the proof. [

Example 7.4.6 Using Theorem 7.4.5 and Example 7.4.2, we see that
(A®p;B), = (A®p,B), = (A®), B) =[5+20,11- 21X [5+2a,11 - 2a]
a

for @ € [0, 1].

7.5 Arithmetic Operations Using Compatibility
and Associativity

Let AV, ... A" be fuzzy sets in R. We consider the operations ©; € {®,0,®} for
i=1,...,n—1. Given a function 2, : [0,1]" — [0,1] defined on the product set [0, 1]",
the membership function of A = AV, - -- @, ;A" is defined by

£ =800 o anwQ@) = sup A, (G0, ... Em(x,)) (7.60)

n-l {15 %,) 122X, 0140, 1%, }

where the way of calculation A“)ol = ~On_1121(") foro, € {®,6,®}andi=1,...,n—11is
based on the way of calculation of x, e; --- o, _,x, for o; € {+,—, %} and i=1,...,n—1.
In order to emphasize that the expressions AV (OJERE On_lil(") depends on the function %,
we sometimes write it as

AVe, -0, ,A"w,).

The case of o = + will not be considered, since the division of x/y should be avoided when

¥y = 0, which will make the proofs more complicated. However, the case of - = + can be
similarly discussed according to the arguments of the case of - = x by carefully avoiding
division by zero. Therefore, the case of - = + is left for the readers.

When the function is given by

A (ay, ..., @) =min{ay, ..., a,},
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by referring to (7.60), we use the notation
Avm, @, A" (7.61)
and its membership function is given by

fAlemlﬂn_lA(") @)= sup min {fAm(xl), N (xn)} , (7.62)

{000 X0) 12220 0 01X, }

where[[], € (H.H. X} fori=1,....n-1.

For the purpose of considering the priority of calculations, we can insert parentheses
in the expression AW [OJERE @n_lA(") . The membership functions regarding the expression
including parentheses are defined to be the same form of (7.60) in which the parentheses
in the expression x, o, - - - o,_,x, correspond to those of AV @, - - - ®,_,A". The following
example presents the form of inserting parentheses.

Example 7.5.1 Let AD, A7 be fuzzy sets in R. The membership functions of
B=4A"g <A(2) @A“)) o <A<4> ® (A“) o A© eAm))

and
c EA(D ®A(2) @AG) GA(4) ®A(5> @A(@ eA(7)

are given by

&) = sup A, (E000), ... Em (X))

{{CTT X7) 1 2=Xp (0 4X3) — (% (X5 +X —X7)) }

and

¢e(z) = sup A, (E000), ... &0 (X)),

{00500 X7) 1220 300 +X3 =X X5 +X6 =X }
respectively. We see that B # C. Since
Xy %Xy X3 — Xy %k Xg + Xg — X; = (% % X,) 425 — (%, % X5) +Xg — X5,
it follows that

C= ( AV A(2)) A% o ( A% & A(S)) o A® oA,

7.5.1 Compatibility

Now, we are going to study the compatibility with the arithmetic operations of a-level sets.
LetA,, ..., A, be the subsets of R. We write

X

Ajoy - oAy ={xye) -r 0, 1x, X, €A fori=1,...,n},

where the arithmetic operations o; € {+,—,*} for i=1,...,n—1. Let A =A<1)®1 .
On_lﬁ(") be defined in (7.60). We propose the concept of compatibility below.

Definition 7.5.2 Let A(l), ,A(") be fuzzy sets in R. We consider the arithmetic oper-
ations ©; € {®,6,®} that correspond to the arithmetic operations o; € {4+, —, %} for
i=1,...,n—-1.
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e We say that the function 2, : [0,1]" — [0, 1] is compatible with arithmetic opera-
tions of a-level sets when

<A(1)®1 = -Qn_lil(")> =AVe .0, A" forall a € (0,1].

e We say that the function %, : [0,1]" — [0, 1] is strongly compatible with arithmetic
operations of a-level sets when

<A<1)®1 = -on_lil(")> =AVe ..o, A" forall a €[0,1].
a

Note that the strong compatibility includes the case of @ = 0. We are going to present
the sufficient conditions to guarantee the compatibility with the arithmetic operations of
a-level sets.

Theorem 7.5.3 Let A", ..., A" be fuzzy sets in R. Suppose that the arithmetic operations
O; € {®,0,®} correspond to the arithmetic operations o; € {+,—,*} fori=1,...,n—1
Then, we have the following properties.

(i) Suppose that, for any a € (0, 1], the function U, satisfies the following condition:
o, >2aforalli=1,...,nimply A (o, ...,a,) > a. (7.63)
Then, we have the following inclusion

S % () A % ()
Ayer oAy € <A O 0,4 )

a
foreach a € [0,1]. ‘

(ii) Suppose that the membership functions of AY are upper semi-continuous for all
i=1,...,n, and that the function 2, satisfies the following conditions: for any a € (0,1],

A (ay,....,a,) > aifandonlyife; > a foralli=1,...,n. (7.64)
Then

A, (a],...,(xn):min{a],...,an} (7.65)
and

(A% 0,,A") = Ao oA (7.66)

for each a € (0,1]. We further assume that the supports Agi are bounded for all
i=1,...,n. Then, regarding the 0-level sets, we have

<A(1)Ol e On—lA(n))o = A(Ol) °1 c,I’I—IA(()YL)' (767)

Proof. To prove part (i), for « € (0,1] and z, € Ao, --- o, A", there exist x* € AV
fori=1,...,n satisfying z, = x,(ll) op -+ on_lx,(I”), where §A<n(xf,,‘)) >afori=1,...,n Then,
we have

£i00,0, A" @) = sup A, (£ (@), ....Em(ay))

{(ay,....a,)12,=0,°1 9,10, }
1
> 9, (§A<1>(x,(1 ), ,§A<m(xf,"))>

> a (using the assumption (7.63) of %),
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which says that z, € (Ao, - --©,_,A"),. This shows the inclusion

Ale) °r °n—1Af7tn) < <A(1)®1 T Qn—lA(n)>

a
for each a € (0,1]. _
Now, for « =0 and z, eA((]l) o -+ on_lAgL), there also exist xg) eilg) fori=1,....n

satisfying z, = xél) op rrro,

. Since
AY =cl({xeR : &) > 0}),

according to the concept of closure, there exists a sequence {xf,?}z=1 intheset {xeR :

&0(x) > 0} satisfying xD xé” as m— oo for i=1,...,n. Let g, =X\ o, -+ o, 1x0.
Then, we see that
Zyy = X o oo, xS =z as m — oo, (7.68)

since the binary operations o; € {+,—,*} for i =1,...,n can be regarded as continuous
functions. For any «; € (0,1],let@ = min{ey, ..., a,}. The assumption (7.63) of 2, says that
A (g, ..., ) >a>0.
Therefore, the following statement holds true:
0<a€[0,1]foralli=1,...,nimply U, (a;,...,a,) > 0. (7.69)
Now, we have

§A(1>ol...onilg<")(zm) = sup A, (§A<1>(a1)s s fAW (an))

{(@y,...a,) 12, =0, 0, 10, ]}
>, (éAm(xﬁ)), ,éAm(ng))) > 0 (using (7.69)),
which says that
Z,€{zeR 521(1’@1-»@",1/1‘"’@ > 0}.

Since z,, = z, as m — oo from (7.68), it means that
. _(x@D 5 (1)
Zy €cl <{Z eER: SA(DOlmOn,lA(")(Z) > 0}) = (A 0, - 0,,A )O'
Therefore, we obtain the inclusion
5 5 (1) 5D % (n)
Ap'ep oAy € <A O 04 )0'
This proves the desired inclusion.

To prove part (ii), the equality (7.65) can be realized from Proposition 1.4.6. In order
to prove the other direction of inclusion, we further assume that the membership func-
tions o_f A are upper semi-continuous for all i = 1, ..., n; that is, the nonempty a-level
sets Zlf;) are closed subsets of R for all @ € [0,1] and i = 1, ..., n. Given any « € (0, 1] and
z, € A0, -0, ,A™),, we have

sup Q[n (fAm(al), ,fA(m(an)) = fAu)o -0 A"‘)(za) >a. (7.70)
{(ay,....a,):2,=a,° 0,1 a,} vt

Since z,, is finite, it is clear to see that

F={(ay....a,) i 4 =0y = - 0,10, )
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is a bounded subset of R™. We also see that the function
n(al’ aan) = al °r " on—lan

is continuous on R™. Since the singleton {z,} is a closed subset of R, it follows that the
inverse image F = n71({z,}) of {z,} is also a closed subset of R™ by the continuity of . This
says that F is a bounded and closed subset of R™. Now, we want to show that the function

flay....a,) =%, (&o(@y), ..., Em(a,))

is upper semi-continuous, i.e. we want to show that
{(ay,....a,) : f(ay,....a,) 2 a}

is a closed subset of R™ for any a € R.

e Ifa <0, then

{(ay,....a,) : f(ay.....a,) 2 a} =R"

is a closed subset of R™.
e Ifa > 1, then

{(ay,....a,) : f(ay,....a,) > a} =0

is also a closed subset of R™.
e Ifa € (0,1], then

{(ay.a,) : f(ay-ay) 2 a}

{(al’ ’an) 2, ( A“)(al) S Em(ay, )) > 01}

{(al, ,an) Eio(a) 2 aforalli=1,. n} (using (7.64))
)

{(al, ..a,

which is a closed subset of R™, since Zlg) are closed subsets of R foralli=1,...,n

ca,€ AV foralli=1,.. }=Af)x~~fo,"),

Therefore, the functionf(a,, ..., a,) isindeed upper semi-continuous. Proposition 1.4.4 says
that the function f assumes its maximum on F; that is, from (7.70), we have

a;,...,a,) = max Ay, ...,
(al,.“,a,L)EFf( ! n) {(ay.....ay):z,=a;°°,_1a,} f( 1 n)
= sup flaq,...,a,) > a. (7.71)

{(@y,....0,):2,=0, 0,010, }

In other words, there exists (aj, ..., ay) € F satisfyingz, = aje, -+ o, ,a; and

A, (E0@)),....Ew@y) =f(af,....a}) = m%x)eFf(al, @) > Q.

Using assumption (7.64), we obtain &0 (@) 2 a,ie.a’ € AZ) foralli =1,...,n, which says
thatz, € AV o, -+ 0, A" ie.

5 (1) ~ (n) 5 (1) % (m)

for all a € (0,1]. Using part (i), we obtain the desired equality (7.66).
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For a = 0, we further assume that the supports Ag‘i are bounded for all i=1,...,n.
Suppose that %, (a; ...,a,) >0 for ¢; €[0,1] and i =1, ..., n. Since [0,1] is an interval
beginning from 0, using the denseness of R, there exists « € (0, 1] satisfying

A () ....a,) >a>0.
From the assumption (7.64), the following statement holds true:
A (x ....a,)>0foraq; €[0,1]and i=1,...,nimply o; >0 foralli=1,...,n.
(7.72)

Now, regarding the 0-level set, we have

2 € (A(Del e @n_lA(")>0 =cl ((A(DGI - -O,,_IA("))O )
+

=cl <{Z eR: §A(1)Ol"'0n_1A(")(z) > 0}) .

Therefore, there exists a sequence {z,,}5_; in the set {z € R : {0 oo im@) >0} satis-
- 1 n-1-

tying z,, — z, as m — oo. Using the same arguments above by referring to (7.71), we can

obtain

0< &0, 0 4" &m) = sup A, (E0(@y), ... . Em(@y)
{(@y.....0,) 2,y =0, 0,1 @ }

= max A 0(ay), ..., Em(a,)) .

(D Wy (G @), Gy (ay)

Therefore, there exist a,,,,, ... , a,, satisfying z,, = a,,,; - - °,,_;4a,,, and
A, (E30(@1m), - &40 (@)
= max A ~o(ay),....Em(a,)) > 0.
{(ay,....ap) 12y =0,°1 010, } " (éA(l)( 1) gA()( n))

Using assumption (7.72), we have §;0(a;,) > 0 for all i =1,...,n. This shows that the
sequence {a;,,}o_, is in the support Agi foralli=1,...,n. Since each Af;} is bounded for
i=1,...,nie {ay,l},_ isa bounded sequence, there exists a convergent subsequence
{aim, ooy of {a;, ), In other words, we have a;, — a;ask—> oo foralli=1,....n,
where q;, € cl(Agi) = Ag) foralli=1,...,n. Letz, =ay, o ~--°
is a subsequence of {z,,}2 |, i.e.z, — Z,ask — co.Since

. Then {zmk}z":1

n—lanmk

n=1’
2 = lim z,, = lim (almk °op te °n_1anmk)
= (,ll_{galmk> °1 T %n-1 <,}LI£10anmk> =ajp°1 * °p-10s

which shows that
) %5 ()
Zg €Ay o oAy
Therefore, we obtain the inclusion
5 5 (n) 5D 5 (1)
(A CIRRRIOMIY: )0 CAy o epady -
Using part (i), we obtain the desired equality (7.67). This completes the proof. [

By referring to (7.61), we have the following interesting results.

Theorem 7.5.4 Let A(l),...,il(") be fuzzy sets in R. Consider the arithmetic oper-
ations ©; € {®.6.®} correspond to the arithmetic operations o; € {+,—, %} for
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i=1,...,n—1 Suppose that the function 2, is taken to be the minimum function,
given by

A, (ay,....a,) =min{ay,...,a,}.
Then, we have the following properties.

(i) Suppose that the membership functions of A" are upper semi-continuous for all i =
1,...,n. Then, the function 2, is compatible with arithmetic operations of a-level sets;
that is,

(A(l)lﬂl . ‘Bn—lA(m>a =AWV oo AW (7.73)

forall a € (0,1].

(ii) Suppose that the membership functions of A" are upper semi-continuous, and that the
supports Zlgl arebounded foralli =1, ..., n. Then, the function 2, is strongly compatible
with arithmetic operations of a-level sets; that is, the equality holds true for all « € [0,1].

Proof. To prove part (i), the equality (7.73) follows from part (ii) of Theorem 7.5.3
immediately. Part (ii) follows from part (ii) of Theorem 7.5.3 and part (i) of this theorem.
This completes the proof. [

7.5.2 Associativity

In what follows, we are going to study the associativity regarding the arithmetic operations
of fuzzy sets in R. Let A and B be two fuzzy sets in R. It is clear to see that if the function
A, : [0,1]? — [0, 1] is commutative in the sense of

2[2((11, az) = 2[2(0'29 a1)9
then
AOB=BoAforo e {®,®).

Let C be another fuzzy set in R. Since the associativity does not necessarily hold true, we
see that

A0,B)0,C#A0,(B06,0)
in general for ©,, ®, € {®, ©}. Therefore, we are going to present the sufficient conditions
to guarantee the associativity.
Proposition 7.5.5 Let A, B, C be three fuzzy sets in R. Suppose that the function A, :
[0,1]? — [0, 1] satisfies the following condition

A, (. o) < ifandonlyif a; < a or a, < a, (7.74)
where a € [0,1] and U, is not necessarily commutative, i.e. Ay(a;, a,) # A, (a,, ap) in gen-
eral. Then, for the arithmetic operations ©,,0, € {®, O, ®}, the membership function of
(A ©, B) ©,C can be rewritten as the following simple form:

{(d.c):z=do,c} {(a,b):d=a°,b}

fao, po,c(@ = sup %( sup 2, (fg(a),ég(b)),éc(0)>
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= sup 2, (A, (85(0), E5(D)) . Ex(0)) (7.75)

{(a,b,c):z=(a®,b)o,c}

= sup 2, (E(0), A, (Ea(a), &3(D)))

{(a,b,c):z=(a°;b)o,c}
where
A, (A, (84(a). &) . £6(0)) # A, (E2(0). A, (£a(@). &5(D)) )

in general.

Proof. We first have the membership function of A @, B given by

Siop@ = sup A, (&), ED)).
{(a,b):d=a°,b}

Therefore, the membership function of (A ®, B) ©,C is given by

Siopoc@ = sup Uy (&g 5(d)E0(0))
{(d,c):z=d°,c}

= sup 2[2( sup A, (f,z\(a),fg(b))’fé(c))~

{(d,c):z=d°,c} {(a,b):d=a°,b}
Letr = {0, po,c(@)- Then
r> 9, ( sup A, (£;(a), &3(D)) ,éé(c)> for all (d, ¢) satisfying z = do, c,
{(a,b):d=a°,b}
which says that, by using (7.74),

r>é&:(c)orr> sup A, (§A(a),§g(b)) for all (d, c) satisfying z =d, c.
{(a,b):d=a°,b}

Therefore, we obtain

r>Ex(c) orr > A, (£4(a), &3(b)) forall (a, b, ¢) satisfying z = (@, b)e, c,
i.e. by using (7.74) again,

r> A, (A, (E1(a), E5()) . Ex(c)) forall (a,b,c) satisfying z = (ao, b)e, ¢
and

r> A, (Ea(0), A, (E4(a), E5(b))) for all (a, b, c) satisfying z = (a e, b)o, c,
which also say that

r> sup A, (A, (£1(a), E5(b)) . E6(0))
{(a,b,c):z=(a° b)o,c}

and
r> sup A, (£2(0), A, (E4(a), E5(D))) -
{(a,b.c):z=(a°,b)o,c}
On the other hand, let

s = sup 20, (A, (E1(a). E5(D)) , E:(0)) -

{(a,b,c):z=(a°,b)o,c}
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Then, we have

s> U, (A, (Ex(a), E(D)) , Ex(c)) forall (a, b, c) satisfying z = (ae, b)o, c,
which implies, by using (7.74),

s> Ex(c) or s > A, (E4(a), Ex(b)) for all (d, ¢) satisfying z =do, cand d = ae, b.
Therefore, we obtain

s>é&x(c)ors > sup A, (.f;,(a), fg(b)) for all (d, c) satistying z = do, c,
{(a,b):d=a°,b}

which also says that, by using (7.74) again,
s>, < sup A, (&x(a), Ex(b)) ,c.f@(c)> for all (d, ¢) satisfying z = d o, c.
{(a,b):d=a°,b}
This shows that
s> sup A, ( sup ¥, (é‘;;(a),fg(b)) ,é’(:(c)) =¢io, Bo,c()-
{(d.c):z=do,c} {(a,b):d=a°, b}

We can similarly show that

sup A, (fé(c)’ A, (5;1(‘1), ffa(b))) 2 f(Aolf;)ozé(Z)-
{(a.b,c):z=(a°, b)e,c}

Therefore, we obtain the desired equalities. This completes the proof. |

Remark 7.5.6 In Proposition 7.5.5, although
A, (A, (A(a), Bb)),C(0)) # A, (Cle), A, (A(a), B(b)))
in general, we always have the following equality
sup 2, (A, (A(@), Bb)),C(0))
{(a.b.,c):z=(a°,b)o,c}

= sup 2, (Ce), A, (A(a), B(b))) .

{(a.b.c):z=(a°, b)e,c}

Proposition 7.5.7 Let A, B, C be three fuzzy sets in R. Suppose that the function A, :
[0,1]% — [0, 1] satisfies the following condition

A, (a,a,) < ifand onlyif ¢y < a or a, < a, (7.76)

where a € [0,1] and 2, is not necessarily commutative. Then, for the arithmetic operations
0;,0, € {®. 6, ®}, the membership function of A o} (B 0, C) can be rewritten as the follow-
ing simple form:

Gopo0@= s ¥, (@(ax[ sup 2, (fé(b)’fc(c))>

{(a,d):z=a°,d (b,c):d=bo,c}

= sup A, (&(@.2, (&0).6:0)) (7.77)
{(a,b,c):z=a°,(bo,c)}

= sup A, (A, (E5(b). E2(0)) . E4(a))

{(a,b,c):z=a0;(bo,0)}
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where

A, (62(@), A, (£5(D), E6(0)) ) # Ay (A, (E3(D), E6(0)) , Ea(@))

in general.

Proof. Letr =¢&;4 (0,7 ()- Then
r> 9, (éA(a), sup A, (&x(b), fé(c))) for all (a, d) satisfying z = a-, d,
{(b,c):d=bo,c}
which says that, by using (7.76),

r>&i@orr> sup A, (fg(b),ée(c)) for all (a,d) satisfying z = a -, d.
{(b,c):d=co,c}

Therefore, we obtain

r> & (a) or r > A, (Ex(b), &x(c)) forall (a, b, ¢) satisfying z = ae, (be, ¢),
i.e. by using (7.76) again,

r> A, (Ex(), A, (E5(b), x(c))) forall (a, b, c) satisfying z = ae, (be, ¢)
and

r> A, (A, (E5(b), Ex(0)) . Ex(a)) for all (a, b, ) satisfying z = a o, (b, ¢),
which also say that

r> sup 2, (£4(), A, (&5(b). £:(0)))
{(a,b,c):z=a°,(bo,c)}

and
r> sup A, (A, (E(b). E2(0))  E4()) .
{(a,b,c):z=a°,(bo,c)}
On the other hand, let

s = sup A, (&4(0), A, (E5(b). E2(0)) ) .

{(a,b,c):z=a°;(bo,0)}
Then, we have
s> U, (E4(), A, (E5(b), Ex(c))) for all (a, b, ¢) satisfying z = ae, (be, ¢),
which implies, by using (7.76),
s > &;(a) or s > A, (Ex(b), &x(c)) forall (a,d) satisfying z =ae; d and d = be, c.
Therefore, we obtain

s>&(@ors>  sup A, (Eb),Ex(0)) forall (a,d) satisfying z = a o, d,
{(b,c):d=bo,c}

which also says that, by using (7.76) again,

s> A, <§A(a), sup A, (&x(b), .f@(c))> for all (a, d) satisfying z = a-, d.

{(b,c):d=bo,c}
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This shows that
52 sup A, (éA(a)’ sup A, (fg(b)"’:ﬁ'(c))) = 5,2\@1 (Bo, C‘)(Z)~
{(a.d):z=a°,d} {(b,c):d=bo,c}

We can similarly show that

sup 2, (A, (3(b), £2(0)) 1 E4(@)) 2 Ero, o, (D)

{(@b,c):z=a0,(bo,0)}

Therefore, we obtain the desired equalities. This completes the proof. [

Proposition 7.5.8 Let A, B,C be three fuzzy sets in R. Suppose that the function 2, :
[0,1]% — [0, 1] satisfies the following conditions

Ay (A, (0, 0y) 03) = U, (a, A, (ay,03)) (7.78)
and

W (ay, ) < aifandonlyif a; < a or a, < a, (7.79)
where a € [0, 1] and U, is not necessarily commutative. Then, for ©,,0, € {®, ©}, we have

(A0,B)0,C=A0,(B0,0).

Proof. From Propositions 7.5.5 and 7.5.7, we have

Sio, Bo,c?) = sup 20, (A, (£4(a), E5(D)) . E2(0))

{(a,b,c):z=(a°,b)o,c}

and

$io, Bo,0)@ = sup A, (E4(@), A, (Ex(b). E:(0)) ) -
{(a,b,c):z=a°,(bo,c)}

Since we consider the arithmetic operations o, , ¢, € {+, —}, it follows that
(@ey b)ey c=ao; (bo, ).

Therefore, using (7.78), we complete the proof. ]

We can also say that the function 2, is associative when the condition (7.78) is satis-
fied. Given any three fuzzy sets A, B, C in R, there are two ways to define the arithmetic
operations A ®, Bo, C for ©,,0, € {®, &}, which are given below.

o Using the function A, twice, the arithmetic operations can be defined as
Ao EA61BOZC‘ = (AOlg) @267
whose membership function &, has been studied in Propositions 7.5.5, 7.5.7 and 7.5.8.
e We directly consider a function 2, : [0,1]* - [0,1] rather than applying the function
A, : [0,1]* — [0, 1] twice as presented above. In this case, the membership function of
arithmetic operations A" = A 0, Bo, C is given by
£ (R) = &io, Bo,c(@ = sup 2y (£40x)), &%), Eax3)) -

{061.X5.3) 2=, 01X, 0,3 }
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It is clear to see that £;o # £;+ in general, since A’ is obtained by using the function A,
twiceand A" is obtained by directly using the function ;. Next, we shall present the equal-
ity A° = A" under some suitable settings. We recall that the notation Ao, - - - @, ;A" (2,
means that the expression A(I)Ol e @n_lil(") depends on the function 2, which can refer
to (7.60).

Proposition 7.5.9 Let A,B,C be three fuzzy sets in R. Suppose that the function
A, : [0,1]? — [0, 1] satisfies the following condition

W, (aq,a,) <aifandonlyifa; <aora, <a,
where a € [0,1] and 2, is not necessarily commutative. Based on the function 2, we define
the function A% : [0,1]* — [0, 1] as follows

AL (ay, 2y, 05) = U, (A, (g, 03) L 03) . (7.80)
Then, we have the following properties.

(i) For ©,,0, € {®, O}, based on the function 2,, we define the arithmetic operations
(A®, B)0,C as described in Proposition 7.5.5. Based on the function 2%, we define the
membership functions of D" = A®, B, C(AL) as

$pr@) = sup A% (63(@), E3(b), E6(©)) for o, o, € {+,~).

{(a,b,c):z=ao,bo,c}
Then, we have
(A0,B0,C =40, Bo,C@k) =D".

(ii) For © € {®, S}, based on the function A,, we define the arithmetic operations (A® B)
© C asdescribed in Proposition 7.5.5. Based on the function 2%, we define the membership
functionof " =A® B0 C(AUL) as

tp@= sup A5 (&4(a).&p(b).&e(0)) for o € {+,-).

{(a,b.c):z=axboc}
Then, we have
A®BoC=A®BoCH)=E"

(iii) Based on the function ,, we define the arithmetic operations (A ® B) ® C as described
in Proposition 7.5.5. Based on the function 2%, we define the membership function of
foa EA@B@C‘(?[g)as

tn@=  sup A (&), &), &)

{(a,b,c):z=axbxc)

Then, we have

A®B®C=A0B®CH)=F"

Proof. To prove part (i), we have

o, Bo,c) = sup 2, (A, (£4(@). E5(D)) . Ex(0)) (uisng (7.75))

{(a,b,c):z=(a°,b)o,c}
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= sup AL (&4(a), &5(b), Ex(c)) (uisng (7.80))

{(a,b,c):z=a°,bo,c}
= &(2),
where
(aeyb)ey c=ao; beyc=ae; (be,c)=bo; (ae, c)=--- etc,
since the arithmetic operations o, , o, € {+,—} for real numbers are commutative and

associative.
To prove part (ii), we also have

Saenoc@ = sup AL (£4(a), E5(b), £x(c)) (using the arguments of part (i))
{(a,b,c):z=(axb)oc}

= sup AL (&3(a). &), Ex(0) = £ (D),

{(a,b,c):z=axboc}
where the fact of (a % b)oc=a = boc is used for - € {+, —}. We can similarly obtain part
(iil) by proving & ;g5 c(2) = &z (2). This completes the proof. |

Proposition 7.5.10 Let A,B,C be three fuzzy sets in R. Suppose that the function
A, : [0,1]* — [0, 1] satisfies the following condition

Ay (ay,a,) < aifandonlyifa; <aora, <a,
where a € [0,1] and 2, is not necessarily commutative. Based on the function 2,, we define
the function A : [0,11* - [0,1] as follows

AN (g, 0y, 03) = A, (a1, A, (2y,05)) . (7.81)
Then, we have the following properties.

(i) For ©,,0, € {®, 8}, based on the function A,, we define the arithmetic operations
A ©, (BO, C) as described in Proposition 7.5.7. Based on the function A%, we define the
membership functions of D" = Ao, Bo, C(UR) as

&) = sup AR (&;(a), E5(b), Ex(0) for o, 0, € {+,—}.
{(a,b,c):z=a°,bo,c}
Then, we have
A0,(Bo,C)=A40,B0,CY = D"
(ii) For © € {®,0}, based on the function A, we define the arithmetic operations

A © (B® C) as described in Proposition 7.5.7. Based on the function A%, we define the
membership function of EX= A® Bo C(AR) as

Ex@= sup AR (&5(0),&(b). Ex(0) for o € {+,—}.

{(a.b,c):z=aobxc}
Then, we have
A0B®C)=A0B®CAY) =E".
(iii) Based on the function ,, we define the arithmetic operations A ® (B ® C) as described

in Proposition 7.5.7. Based on the function A%, we define the membership function of
R =A®BQ®CUL) as

(@ = sup AT (&3() &), £x(0)) -

{(a,b,0):z=axbxc}
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Then,we have

AR(B®C)=A®B®CAUN) =F"

Proof. To prove part (i), we have

io,Bo,0@ = sup Uy (£3(@). A, (§5(D). £x(0))) (uisng (7.77))

{(a.b.c):z=a°,(bo,c)}

= sup AR (£4(0).&5(b).£x(0)) (uisng (7.81))

{(a.b,c):z=a° bo,c}
= &(2)-
We can similarly obtain
SieBen) @) = Exr(2) and &5, pee) (2) = Ex(2)
by using the fact of ao (b % ¢) = a~b x c for - € {+, —}. This completes the proof. [
Recall that the function 2, is associative if and only if the conditions (7.80) and (7.81)

are identical. We also say that the functions 2% and ¥ in Propositions 7.5.9 and 7.5.10 are
left-generated and right-generated by 2, respectively.

Proposition 7.5.11 Let A,B,C be three fuzzy sets in R. Suppose that the function
A, : [0,1]? — [0, 1] satisfies the following condition
W, (aq,a,) <aifandonlyifa; <aora, <a,

where a € [0,1] and A, is not necessarily commutative. Let the functions ng and 2[1; be
left-generated and right-generated by 2, respectively. Suppose that any one of the following
conditions is satisfied:

e the function 2, is associative;
o the function U, is compatible with arithmetic operations of a-level sets.

Then, for ©,,0, € {®, ©}, we have

(A0, B)0,0=40,B0,0)=A0,B0,CU) =A0,Bo,CUAY) (7.82)
and

A®B®C=AQBR(C)=A®B®CUH=A®B® CAUL). (7.83)
In this case, we simply write

(A0,B0,C=40,B0,0)=40,B0,C
and

ARBRRC=AQBRC)=A®B®C.
Proof. Suppose that the function 2, is associative; that is, the conditions (7.80) and (7.81)

are identical. This says that 2[’5 = 2[1;. Therefore, from Propositions 7.5.9 and 7.5.10, we
obtain the desired equalities (7.82) and (7.83).
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Now, we assume that 2, is compatible with arithmetic operations of a-level sets. Then,
for any « € (0, 1], we have

(Ao, Bo,C))), = ((A®, B) ©,C), (using Proposition 7.5.9)
=(Ao,B),°,C, = (A, B,) o, C, (using compatibility for 2,)
=A, o (B, C,) =4, (BO,C), = (A0, (Bo,C)),
= (Ao, B, C(AY)), (using Proposition 7.5.10).

Therefore, we obtain the desired equalities (7.82). Finally, we can similarly prove the case
of operation ®. This completes the proof. [

We notice that Propositions 7.5.9, 7.5.10 and 7.5.11 can be inductively extended by con-
sidering more than three fuzzy sets in R.

Remark 7.5.12 From Propositions 7.5.9 and 7.5.10, we have
A®BoCU)=A®B0CandA0B®CAH=A0B®0). (7.84)
Using the proofs of Propositions 7.5.9 and 7.5.10, we can also obtain the membership func-

tions of A ® (B ® C) and (A ® B) ® C, which are given by
SagEory@ = sup ]%I’; (&x(a), £5(b). Ex(c))

{(a,b,c):z=ax(boc)

# sup AN (&(a),&x(b), Ex(0))

{(a,b,c):z=axboc}

and

Sonec(@) = sup AL (£3(a), E5(b), £(C))
{(a.b,c):z=(aob)xc}

# sup AL (&i(a), (D), Ex(0)),

{(a,b,c):z=a°bxc}
respectively, for - € {+, —}. Therefore, in general, we have
A®BoCU)#A®@BoC)and AGB®CAUNH #A0B)®C. (7.85)
The expressions (7.84) and (7.85) say that the operation ® has the highest priority for firstly

performing calculation.

Recall the left-generated function AL and right-generated function A in Definition 3.4.1.
We present an example.

Example 7.5.13 Let AY, A7 be fuzzy sets in R. Suppose that we take the function
2, as
2, (a;, @) = min {al,az} .
Then, it is clear to see AL = AX = A, that is given by
A (ay,...,0) = min{al, ,a7} .
According to Propositions 7.5.8-7.5.12, the membership functions of

B=AY < (A<2> EBAG)) =] (A(“’ X <A<s> EEIA(G) EAU)))

263



264

7 Arithmetics of Fuzzy Sets

and
C= A(l) |ZA(2) BHAG) EA(4) |Z|A(S) EA@ ElA(7)
are given by

&) = sup min {&;0(x,), ..., &0}

{050 X7) 12200 %00 3) = (g (X5 +X6=X5)) }

and

&) = sup min {&;0(x,), ... &0 ()},

(O e es X7) 12200 %20 +X5 =X #X5 +X—X7 }
respectively. We see that B # C and
o= ( AV R Am) mAY 5 < AYR A(S)) mAYgA”

Suppose that their membership functions are upper semi-continuous, and that their sup-
ports are bounded. Using Theorem 7.5.4, the a-level sets are given by

B, =40« (A7 +40) - (4« (A0 +4P - 40))
and
C,a =Af,1) *AS‘Z) +AS) _Af) *AS) +AS‘6) _Ag)
= (A0« AD) + A0 - (A + A7) + AP - AT

for all « € [0,1].

7.5.3 Computational Procedure
The following example shows the way of general computational procedure for any arith-
metic expressions.
Example 7.5.14 Let AV, ..., A"” be fuzzy sets in R. Given a function 2, satisfying the
following condition

A, (y,a,) <aifandonlyif ¢; <@ or a, <a, (7.86)

we assume that the functions 2[% and AL are left-generated by 2, . In order to calculate the
following expression

< AV g A(Z)) ® < A®%0i% g A“’)) o < A9 g ( A79A®ei” e ~<10>>> ’
(7.87)
the computational procedure are presented below.

o Calculate B = A" © A? using the function 2,. The membership function of B is
given by

é:g(”(z) = sup A, (fA“)(xl), fgﬂ)(xz)) .

{(x1.%y) 1 2=x,—%, }
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e Calculate B? = A® g A @ A© using the function AL, which is left-generated by
2, ie.

A (o, ay, a3) = Ay (A, (ay, @), @3).

Using Proposition 7.5.9, the membership function of B is given by

$po(2) = sup AL (&500063), &30, €50 (X5))
{Or3.4.%5) 1 2=X3 =X +x5 }
= sup 2, (?[2 (§A<3>(X3), §A<4>(x4)) ) 512115)(355)) .

{(e3.%4X5) 1 2=23 =Xy +X5 }

o Calculate B® = A7 ¢ A® 6 A © A"” using the function AL, which is left-generated
by 2,, i.e.

2[5 (al,az,a3,a4) =, (?[2 (2[2 (al,az) ,a3) ,a4) .

Using Proposition 7.5.9 repeatedly, the membership function of BYis given by

o (2) = sup AL (&500067), 39 (6g), 300 (Xg), E500 (1) )
{ 0e7 X5 Xg.X1) 1 2= +Xg =X =X }
= sup Ay (A, (A, (81006, Ex0 (X)) 2 E10 (X)) 5 E4a0 (X)) -

{07 25X X10) 12X +Xg —Xg =1 }
o Calculate B = A® @ B using the function 2,. The membership function of B is
given by

) z) = sup A, (fAm) (%), fB(z)(b3)) .

{(x6.b3):2=x5b3 }

e Finally, calculate B* = B ® B® © B” using the function 2%, which is left-generated by
20,. Using Proposition 7.5.9, the membership function of B"is given by

$p@) = sup A (& (by), Egor(by), Exon (b))
{(by.by.by):z=b,-b,—by}
= sup 2[2 (9[2 (me(bl),&B(z)(bz)) ,fB(A)(b4)) . (7.88)

{(by1,by,by):2=by b, ~by}
We can see that the membership function of & is very complicated when the membership
functions of B, B®, B are substituted into it. By inductively using Propositions 7.5.5 and

7.5.9, we see that the membership function of B" can be rewritten as the following simple
form

Ep(@) = sup AL (&30 (%), .., Eq00(xyp)) (7.89)
{(epse e X10) 1 2=f (000 X10)

where

FOe o Xp0) = (= X) - (o5 =Xy +X5) — (6 (% + x5 — X9 — X))
and AL is left-generated by 2.
We can also assume that the functions %% and ¥ are right-generated by 2(,. Therefore,

using the above computational procedure, we can obtain the membership function of B*
that is also very complicated. Using Propositions 7.5.7 and 7.5.10, we can similarly calculate
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the arithmetic expression (7.87) to obtain B®, whose simple form of membership function
is given by
Er(2) = sup 2[150 (./;‘Am(xl), ey fA(lo) (xlo)) s (7.90)
{Oxpse s X30) 12=f (X0, X))

where the function f is the same as above and 2% is right-generated by 2,. In general, we
see that B # BR. However, if the function 2, is associative, then B = B%

On the other hand, without assuming condition (7.86), we can calculate the arithmetic
expression (7.87) using the form (7.60) by directly defining a function 2, that is different
from 2% and AY.

Next, we want to calculate the following expression

(2) 13)

QA (5)

©) 5 (10)

A(l)eA ®A(4)®A GA@@AW)@A(S)@A A

Since the operation ® has the highest priority for performing calculation, it means that we
equivalently calculate the following expression

ive (A@) @AY @AY ) 04 o (A@ ®A” ) oAV 9i” @A™ ) (791

Based on the function 2, using Propositions 7.5.9 and 7.5.10, we can similarly use the
above computational procedure to calculate the expression (7.91) by separately considering
the appropriate aggregation functions 2% or 2 for n > 3.

Next, we want to study compatibility for aggregation functions with arithmetic opera-
tions. Continued from Example 7.5.14, we provide a comprehensive example regarding the
compatibility with the arithmetic operations.

Example 7.5.15 Let AD, .., A" be fuzzy sets in R. Suppose that the function 2, satis-
fying condition (7.86) is compatible with arithmetic operations of a-level sets. This means
that, for © € {®, 0, ®}, the membership function of A ® B is defined by using 2, and
satisfies

(AoB),=A,-B, fora € (0,1],

where the operation - € {+, —, X}. Let us consider the arithmetic expression (7.87). We have
shown that the membership functions (7.88) and (7.89) are identical. We are going to claim
that the function 2% that is left-generated by 2, is also compatible with arithmetic opera-
tions of a-level sets. Now, we follow the steps of the computational procedure presented in
Example 7.5.14 to obtain the a-level sets of expression (7.87) for a € (0,1].

o Since B = A" g A uses the function 2., the compatibility of 9, says that
B'=(a"e A<2>) =AY — AP for a € (0,1].

e Since B? = 4® 0 A @ A® uses the function 2%, Proposition 7.5.9 shows B? =% e
A(4)) @ A®, which is obtained by using 2, twice. Then, the compatibility of 2, says that

B = < A% 0i% g A(S)) _ << A% e A(‘”) ® A<s>>

=(A%04") +AD =AY -4 + A7 fora € (0.1
a

o
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e Since B =A"@A® 04 A" uses the function AL, Repeatedly using
Proposition 7.5.9, we have

B® = (( A7 A(s)) o A(9>> oA,
which is obtained by using 2, three times. Then, the compatibility of 2, says that
_ <(<A(7) @A“”) eA(‘”) eA(1°)>
_ (( A% A(S)) o A(9)> _ ASO) _ ( A7 q A(S)) _ Aff) _ ASO)

—AD 4 A% Z A9 ~ 49 for a € (0,11,

BY = < A79A® e i%e A(lﬂ))

a

o Since B = A” @ B uses the function 2, the compatibility of 2, says that

BY = ( A9 & B@)) =A% xBY

a

A0 % (A7 AP AV - A0) fora € .11

o Finally, since B" = BY ® B® © B uses the function AL, Proposition 7.5.9 shows

B" = (8" @ B”) © B that is obtained by using 2, twice. Then, the compatibility of 2,
says that

B = <B<1> ® B? 63(4)> _ ((B(” ®]~3<2)> 63(4)>

= (BV@B”) -B =B x5 - B

= (A7 - AP ) x (AP - AP+ AD) - (A0 x (A0 + A7 - 4D - A)))

(7.92)

(4 (4

for a € (0, 1].

We see that the expression (7.92) is the a-level set of membership function presented in
(7.88). Since the membership functions (7.88) and (7.89) are identical, we see that the a-level
set presented in (7.92) is also the a-level set of membership function presented in (7.89).
This shows that the function 2%, which is left-generated by 2, is compatible with arith-
metic operations of a-level sets.

Using the functions 2[§ and AX that are right-generated by 2,, we can similarly obtain
the a-level set E’ff of BX whose membership function is given in (7.90). Using the above com-
putational procedure, it is clear to see that B’s = Eﬁ for all @ € (0, 1], which says that B =
B". This equality can also be realized by inductively (repeatedly) using Proposition 7.5.11.
On the other hand, the function Qlfo, which is right-generated by 2, is compatible with
arithmetic operations of a-level sets. Although we have B*=F", by referring to (7.89) and

(7.90), A% and AR are not necessarily identical.

In general, let A(l), ,Am) be fuzzy sets in R. Given a function 2, and arithmetic opera-
tions @; € {B,6,®} fori =1, ..., n, we want to calculate the arithmetic expression

i%,...0, A"
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based on the functions 2L and AR, which are left-generated and right-generated by

2,, respectively, where the arithmetic expression can be implicitly assumed to include
parentheses. We also write

B'=4", - 0, ,A”@L) and B* = A%, - - 0, A" (AR);

that is, B and B® are obtained using AL and AR, respectively. Then, we have the following
interesting result

Theorem 7.5.16 Let A", ..., A" be fuzzy sets in R. Suppose that the function 9, :
[0,1]% — [0, 1] satisfies the following condition

W, (ay,a,) <aifandonlyifa; <aora, <a,

where a € [0,1] and 2, is not necessarily commutative. Let A% and AR be functions that
are left-generated and right-generated by 2,, respectively. For the arithmetic operations
O, € {®.6.8} fori=1,...,n, wewrite

B'=4", - 0, , A" and B* = A%0, - - 0, A" AR),

where the parentheses are implicitly assumed to be included. Assume that 2, is compatible
with arithmetic operations of a-level sets. Then, the functions AL and AR are also compatible
with arithmetic operations of a-level sets. Moreover, we have B*=8"

Proof. By referring to Example 7.5.15 and inductively using Proposition 7.5.11, we can
obtain the desired results. [ ]

7.6 Binary Operations

Let A and B be two fuzzy intervals. Suppose that the binary operation ® is any one of
{@.©6,®}. Theorem 7.1.2 says that A @ B is also a fuzzy interval satisfying

(Ao B),=A4,°B, forany a € [0,1],

where the operation A © B is based on the extension principle using a minimum function.

In general, given any two fuzzy sets A and B in R, without using the minimum
function, we want to study the operation A Og Bbased on their a-level sets. In other words,
we want to study whether there exists a fuzzy set C in R satisfying

C,=A,°B,
for all a € [0, 1], where - is a binary operation. When the existence of Cis guaranteed,
we write C = A ©g B. Some sufficient conditions are needed to guarantee the existence of

such C. When the existence of C is guaranteed, according to the decomposition theorem
presented in Theorem 2.2.13, the membership function of C = A @4 B is given by

$e(@) =S4a0,5R) = sup a- y; o (2) = sup a- y¢ (2).
a€l0,1] a€l0,1]

In what follows, we shall consider three types of binary operations between A and B.
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7.6.1 First Type of Binary Operation

In the first type of binary operation, we consider the binary operation ©4 between two fuzzy
sets A and Bin R™ and write A ®4 B. We also consider the binary operation o between a-level
setsA_ and B, of A and B, respectively, and write A, » B, . Suppose that there exists a fuzzy set
C in R™ satisfying C, = A, » B, for all a € [0, 1], where o is a pre-defined binary operation.
Then, we define A ®4 B = C. The first type of binary operation is defined as follows:

A@gB=Cwhen C, =A,°B, for each « € [0,1]. (7.93)

In other words, the binary operation A ©¢ B is based on the pre-defined binary operation
A, B, for all « € [0, 1]. Some special cases of the binary operation A ©¢ B are presented
below.

e According to (7.93) by taking the binary operations ©¢ = @¢ and e = +, Puri and Ralescu
[92] and Diamond and Kloeden [21] considered the addition

A@yB=CwhenC,=A,+B,={a+b:acA, andbeB,} (7.94)

for each a € [0, 1]. This means that if there exists a fuzzy set C satisfying C, = A, + B, for
alla € [0, 1], then we define A @4 B = C. It is well known that the existence of such fuzzy
set C is always guaranteed.

e According to (7.93) by taking the binary operations ©4 = ©4 and « = —, we consider the
difference

AegB=CwhenC,=A,-B,={a-b:acA, andbeB,} (7.95)

for each a € [0, 1]. This means that if there exists a fuzzy set C satisfying C, = A, — B, for
all € [0, 1], then we define A OS¢ B = C. It is also well known that the existence of such
fuzzy set C is always guaranteed.

e Let A and B be two fuzzy intervals. Since the a-level sets A, and B, are bounded closed
intervals given by A, = [Aﬁ,ilg] and B, = [357735]’ respectively, for « € [0, 1], we define
the binary operation - = H;; as

A0, B, = [min{;x{; ~B-AY _fafj} ,max{;;{; ~B-AY -ij}] . (7.96)

According to (7.93), by taking ©q = 6y, we define the so-called Hausdorff difference
A ©; B between fuzzy intervals A and B as

Aoy B=Cwhen C,=A,HyB, foreach a €0,1]. (7.97)

This means that if there exists a fuzzy interval C satisfying C, = A, B, for all
a € [0,1], then we define A eHB = C. The existence of such fuzzy interval C will be
studied in this section.

e Bede and Stefanini [8] considered the so-called generalized difference C (which is
called the type-I-generalized difference in this section) of fuzzy intervals A and B.
By referring to (7.96), we define the binary operation - = H; as

A,Hg B, = cl( U 4,8, Bﬂ) (7.98)

=cl( U [min{ilﬁ—B;,A?—Bg},max{Aé—Bﬁ,A?—Bﬁ}]). (7.99)
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According to (7.93), the type-I-generalized difference is defined by
Ag; B=Cwhen C, =A,Hg, B, foreach a € [0, 1]. (7.100)

This means that if there exists a fuzzy interval C satisfying C, = A, He, B, for all
@ € [0,1], then we define AS; B = C. The existence of such fuzzy interval C is not
discussed in Bede and Stefanini [8]. In this section, we shall study the existence of such
fuzzy interval C in a more general sense.

e Gomes and Barros [42] modified (7.98) to define another so-called generalized
difference C (which is called the type-II-generalized difference in this section) of
fuzzy intervals A and B. The convex hull of a set A is denoted by conv(4). We define the
binary operation - = H; as follows

A,Hg, B, =¢l <conv< U A, By Bﬁ>> (7.101)

a<f<1
. . [<L L <U =U L =L U zU
= [mf mln{Aﬂ—BlL,,Aﬂ —Bﬂ},sup max{Aﬂ—Bﬁ,Aﬂ - B, }] (7.102)
a<p<l a<p<1

According to (7.93), the type-II-generalized difference is defined by
A©; B=Cwhen C, =A,Hg, B, foreach a € [0,1]. (7.103)

This means that if there exists a fuzzy interval C satisfying C, = A, Ho, B, for all
a € [0, 1], then we define A©; B = C. The existence of such fuzzy interval C was not
presented in Gomes and Barros [42]. In this section, we shall study the existence of such
fuzzy interval C in a more general sense.

Example 7.6.1 We consider the triangular fuzzy number A = (a’, a, aV) with member-
ship function given by

L
r—a .
ifal <r<a
a—al
U
(=4 a’-r .
£a() —— ifa<r<a¥
aV —a
0 otherwise.

Then, the a-level set is given by
A, = [(1—a)-aL+a~a,(1—a)oaU+a-a];
that is,
Al=-a)-d"+a-aandA’ =1 -a)-a" +a-a
Let B = (b%, b, bY) be another triangular fuzzy number. Then

~L

A BOL[=(1—a)-aL+a-a—(1—a)-bL—a-b:(l—a)-(aL—bL)+a-(a—b)

and

U
4

A —Eg=(1—a)-aU+a~a—(1—a)~bU—a-b
=(1-a)-(a"-bY)+a-(@-b).

According to (7.99), we have the following cases.
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e Suppose that a’ — b* < aV — bY. Then, for each « € [0,1],
A(l EG1 B(t

=cl( U [(1—ﬂ)~(aL—bL)+ﬂ~(a—b),(1—ﬂ)~(aU—bU)+ﬂ-(a—b)]).

p<p<1

Suppose that aX — b* > aV — bY. Then, for each « € [0, 1],
ziaEHG,Ea

=cl( U [(1—ﬁ)-(aU—bU)+ﬁ-(a—b),(1—ﬁ)-(aL—bL)+ﬁ-(a—b)]).

a<p<1

According to (7.102), we have the following cases.

e Suppose that a* — b < aV — bY. Then, for each a € [0,1],

Al B = [inf (AP (a=¥)+5-@-b),

a<p<1
sup ((1=p)- (a¥-b")) +/3-(a—b)] :
a<f<1

e Suppose that a — b > aV — bY. Then, for each « € [0,1],

AaElczBf[i“f (@=p-(a¥=bY)+p-(@@-b),

a<f<1
sup. (@=p - (a"-b")) +ﬂ-(a—b)] .

This example will be continued in the subsequent examples.

The existence of fuzzy set C in R™ presented in (7.93) should be verified as follows. Sup-
pose that such fuzzy set C in R™ exists. Then, according to the decomposition theorem
presented in Theorem 2.2.13, the membership function & can be expressed as

$e0) = sup a- yg (X) = sup a- y¢ (X). (7.104)
a€[0,1] 0<asl1

According to (7.93), we must have
C,=A,°B, forall « € [0,1]. (7.105)

Therefore, the fuzzy set C in R™ exists if and only if the membership function of C shown
in (7.104) and its a-level set C, shown in (7.105) are consistent. More precisely, the fuzzy
set C in R™ exists if and only if the following equalities are satisfied:

Co=cl({x: &) >0})=cl <{x Dsup a- xp (%) > 0}) =A,°B, (7.106)
a€l0,1] “
and

C,={x:&m®>a}= {x Dosup - xe (X) > a} =A,-B, forall « € (0,1].
a€l0,1] “

(7.107)
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In this section, we shall investigate the sufficient conditions to guarantee the equalities
(7.106) and (7.107), which presents the existence of the binary operation A ©g B.

Let us go back to check the generalized differences AS; B and AS; B presented in
(7.100) and (7.103), which were proposed by Bede and Stefanini [8] and Gomes and
Barros [42], respectively. The important issue is to know the membership functions of
A, B and AS; B. However, these researchers did not present the precise expressions of
the membership functions of A©; B and AS B. Therefore, the existence of such fuzzy
intervals was not studied by them.

Suppose that the generalized differences AGGIB =" and AeGZB = ¢ exist. Then,
from (7.100) and (7.103), the a-level sets C.” and C¥ of ¢ and C*® are, respectively,
given by

¢ =4,8¢ B, and &) = 4,8, B, (7.108)

According to the decomposition theorem presented in Theorem 2.2.13, the membership
functions &z and £z of the type-I-generalized difference and type-II-generalized differ-
ence, respectively, can be expressed as

Sz () = sup a - ypw(x) and Seo(X) = sup a - yzo(X).
a€(0,1] « a€(0,1] «
According to the equalities (7.106) and (7.107), we consider the following two cases.

e The type-I-generalized difference ¢ exists if and only if the following equalities are
satisfied: by referring to (7.108)

(1) =cl ({x : & (x) > 0})
=cl <{x Dosup a - yao(x) > 0}) =A,8q, B, (7.109)
a€[0,1]

and
CLD = {x : éém(x) > 0{}

= {x Dosup - yam(x) > a} =A, He, B, forall a € (0,1]. (7.110)
a€(0,1]
e The type-1I-generalized difference ¢ exists if and only if the following equalities are
satisfied: by referring to (7.108) again

(2) = Cl {x fC(Z)(X) > 0}

=cl ({x Dsup - yo(x) > 0}) =A,Hg, B, (7.111)

a€l0,1]

and
2
( ) ={x: &M@ >a}

= {x Dosup - yao(x) > a} =A,Hg, B, forall a € (0,1]. (7.112)
a€l0,1]

The equalities (7.109)—(7.112) were not mentioned and studied by Bede and Stefanini [8]
and Gomes and Barros [42]. In this section, we shall investigate the sufficient conditions to
guarantee the equalities (7.109)-(7.112), which means to guarantee the existence of gener-
alized differences.
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On the other hand, according to the decomposition theorem, the membership function
&z of the Hausdorff difference C=A ©y, B presented in (7.97) can also be expressed as

Se(¥) = sup a- yg (0.
a€[0,1]
Therefore, the Hausdorff difference C exists if and only if
C,=cl({x:&x>0})=cl <{x Dosup a- zp (%) > 0}) =A,ByB, (7.113)

a€l0,1]

and

C,={x:1&m®>a}= {x Dosup a- e (x) 2> a} =A,By B, forall a € (0,1].
a€l0,1] “
(7.114)

In this section, we shall also investigate the sufficient conditions to guarantee the equalities
(7.113) and (7.114), which also means to guarantee the existence of the Hausdorff difference
AeyB

7.6.2 Second Type of Binary Operation

As we mentioned before, the 0-level set is defined by (2.4). Otherwise, the 0-level set is
defined to be the whole set R™. That is to say, the definitions of 0-level sets are different.
In order to avoid these conflicts, we are going to propose a second type of binary operation
without considering the 0-level sets A, and B,

Suppose that there exists a fuzzy set C* in R™ satisfying C, = A, B, for all « € (0,1],
where a = 0 is not included. The second type of binary operation is defined as follows:

A©,B=C"when C, =A4,-B, for each a € (0,1]. (7.115)
According to the decomposition theorem, the membership function &+ can be expressed as
Eer(X) = sup a- xg (x) = sup a- ¢ ). (7.116)

a€[0,1] 0<a<l

Therefore, the fuzzy set C* in R™ exists if and only if

Co={x:¢é+®2a}= {x Dosup @ e () 2 a} A, oB, forall a € (0,1],

a€[0.1]
(7.117)

where a = 0 is not included.

Example 7.6.2 Continued from Example 7.6.1, we can consider 4, B, B,andA, He, B.
for each a € (0, 1], where a = 0 is not included. The purpose is to find a fuzzy set C" satisfy-
ing C, = A, Hg, B, foralla € (0, 1]. If this fuzzy set " exists, then we define A ©}, B=C"
and, according to the decomposition theorem, its membership function is given by

Saey, B = &e0) = sup a- ye () = OSUP @ XA, 8, 5,)-
1 “ <a<

Similarly, we can also try to find a fuzzy set C" satisfying C, = A, He, B, forall @ € (0,1].
If this fuzzy number C* exists, then we define A e* B =C" and its membership function
can also be obtained using the decomposition theorem
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It is clear that the existence of A ©¢ B implies the existence of A ©, B. The converse is not
necessarily true. However, we have the following interesting result.

Proposition 7.6.3  Suppose that the existence of A O B is guaranteed. Then

and
C,=Ch=c A, 0B, | =A,B,
0<a<l

Proof. We first note that the existence of C = A ©¢ Band C" = A @}, B are simultaneously
guaranteed. We also have

{x: &) >a}=C,=A,°B,=C,={x: & >a}

for all @ € (0, 1]. The result follows from Proposition 1.4.8 immediately. [ ]

Proposition 7.6.3 says that if A ©¢ B = C exists then C = C"; that is, the first and second
type of binary operations are equivalent. In this case, it is convenient to consider the sec-
ond type of binary operation without considering the 0-level sets. However the sufficient
conditions regarding the existence of A @4 B = C and A ©} B = C" can be different. There-
fore, we need to study them separately.

Example 7.6.4 Continued from Examples 7.6.1 and 7.6.2, if C in Example 7.6.1 exists,
then Proposition 7.6.3 says that C = C*, where C" is given in Example 7.6.2. As a matter of
fact, the fuzzy set C exists, which will be realized in the subsequent discussion.

The sufficient conditions for guaranteeing the existence of A ©} B and A Og B will be
provided in the subsequent discussion. We shall also claim that the sufficient conditions for
guaranteeing the existence of A © Bis weaker than that of A ®¢ B, which will be presented
in Theorems 7.6.14 and 7.6.19 below, since the binary operation A O B does not include
the 0-level sets.

7.6.3 Third Type of Binary Operation
For the third type of binary operation, let
M,=A,-B, forall « € (0,1],

where @ = 0 is not included. Using the expression in the decomposition theorem, we
consider the more general binary operation A ©¢ B in which the membership function is
defined by

$ao, BX) = sup a - yy (x), (7.118)

0<a<l

where M, is not considered. It is clear that this general binary operation A © B always
exists.
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Given two fuzzy intervals A and B, by referring to (7.96), let
M,=A,ByB, = [mrn{ -BLAY - B } max{AL— ~a,Ag—B’U}]

for all @ € (0,1]. According to (7.118), we can define the so-called natural Hausdorff
difference A ©,;; B with membership function given by

Saoy, BX) = sup a - yy (X). (7.119)
0<a<l

The natural Hausdorff difference A ©,, B always exists. However, the existence of the
Hausdorff difference A ©, B should be verified using (7.113) and (7.114).

Recall that the definitions of generalized differences A©; Band AS; B are also based on
(7.96). Therefore, their existence should be verified using (7.109) and (7.110), and (7.111)
and (7.112), respectively. In this chapter, we shall investigate the relationships among the
different types of differences AS; B, AS; B, A©y B, and A©y;; B

Example 7.6.5 Continued from Example 7.6.1, we can define any binary operation
M, =A,BB, for all « € (0,1]. Then, we can consider the general difference A©;B
whose membership function is given by

$ie, () = sup a -y (X) = sup a - z;z g (X).
0<a<l O<a<l
This general difference A ©; B always exists. In particular, we define

M,=A,8,B5, = [min {A{; ~BhAY - B;f} ,max{Ag ~B AV -y }]
= [0 - -min{a’ - b"a” -b"} +a-(a—b),(1—a)
-max {a* - b",a¥ = b} +a - (a—b)]
for all @ € (0,1]. Then, we can define the natural Hausdorff difference AeNHB with
membership function given by (7.119), which always exists. We also notice that this family
{M, : 0 < a <1} isnotnested.

Theorem 7.6.6 Let A and B be any two fuzzy sets in R™, and let M, = A, - B, for all
a € (0, 1], where a = 0 is not included and - denotes an arbitrary binary operation between
the a-level sets A, and B,. Suppose that, for any fixed x € R™, the function { (@) = a - X, ()
is upper semi-continuous on [0, 1]. Then, the a-level set of A © B is given by

(AogB), = UM,

a<p<1

forevery a € (0,1] and

(AogB),, = | J (AogB), = (J M,
0<a<l 0<a<l
Proof. By referring to (7.118), the result follows immediately from Theorem 5.4.9. ]

Remark 7.6.7 Let A and B be two fuzzy sets in R™, and let M, = A_+ B, forall « € (0,1],
where @ = 0is not included and » denotes an arbitrary binary operation between the a-level
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sets A, and B,. For any a € (0, 1] and any increasing sequence {a,}, in (0,1] with a, 1 a,
Proposition 2.2.8 says that

d ﬁ B, =B,.
1 n=1

Let M, = A, < B, for all « € (0, 1]. Then, the following inclusion

DL
B

S
1l

M, CM

a, a

~ s

Il
—

n

is satisfied if and only if the following inclusion
ﬂ <A‘xn oBa”> < Aa DBa = (ﬂAan> ° (HB%)
n=1 n=1 n=1

is satisfied.

Theorem 7.6.8 Let A and B be any two fuzzy sets in R™, let M, = A+ B, for all « € (0,1],
where a = 01is not included, and let - denote an arbitrary binary operation between the a-level
sets A, and B,. Suppose that, for any a € (0, 1] and any increasing sequence {a,, oo, in(0,1]
with a,, T «a, the following inclusion is satisfied:

ﬁ (Aan OB%) CA,oB, = (ﬁixan> o (ﬁéan). (7.120)
n=1 n=1 n=1

Then, the a-level set of A © B is given by

(AogB), = |J M,

a<p<1

forevery a € (0,1] and

(AogB),, = |J (AogB), = (J M,

0<a<1l O<a<l

Proof. Since A; C A, and B, C B, for a < g, it follows that M, C M, for « < p. Therefore,
the result follows immediately from Theorem 7.6.6, Remark 7.6.7 and Proposition 5.2.5. m

Example 7.6.9 Continued from Example 7.6.5, we see that the natural Hausdorff differ-
ence A ©yy, B always exists with membership function given in (7.119). Let
l,=1-0a) -min{a"-b"a" -b"} +a-(@a-b)
and
u, = (1 -a) -max{a* —b*"a¥ - b’} +a-(a-b).
The family {M, : 0 < @ < 1} given by
M,=A,8,B, = [min{A BtAY _Bﬁj} ,max{AL ~BLAY - ij}] = [t u,]
(7.121)
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is not nested. Given any a € (0, 1] and any increasing sequence {a, }5 , in (0, 1] witha, 1 a,
it is clear to see
l, »l,andu, - u, asn— co.

o4

Given x € Aan By Ban for all n, it means that [, <x <u, for all n. By taking the limit as
n — oo, we see that [, <x <u,, i.e. x € A, Hy B,. This says that the inclusion (7.120) is
satisfied. Theorem 7.6.8 says that the a-level set of the natural Hausdorff difference A ©,;; B
is given by

(AGNHB),, = U M, = U A,ByB, = U [lm”a]

a<p<l a<p<1 a<p<1

for « € (0,1].

Recall that the binary operation A ©4 B always exists. The binary operation A ® B can
only exist when (7.106) and (7.107) are satisfied, and the binary operation A ®* B can only
exist when (7.117) is satisfied.

7.6.4 Existence and Equivalence

Recall that the binary operation A ©g B always exists. The binary operation A ® B can only
exist when (7.106) and (7.107) are satisfied, and the binary operation A®*B can only exist
when (7.117) is satisfied. The existence will be presented below.

Theorem 7.6.10 (Equivalence) Given any two fuzzy sets A and B in R™, we have the fol-
lowing equivalences.
(i) Suppose that the binary operation A O B exists. Then, we have
AogB=A04xB.
(ii) Suppose that the binary operation A o) B exists. Then, we have
AQyB=A0yB.
(iii) Suppose that the binary operation A ®4 B and A Og B both exist. Then
AOgB=A0,B=A04B.
Proof. To prove part (i), the existence of A ©4 B says that (7.106) and (7.107) are satisfied.
Since
Cy=M;=A,°B, forall g € (0,1],

from (7.104) and (7.118), it follows that
{x ER™: &io 300 = sup f- xe () 2 a}
pelo1]

= {xe R™ 1 E10,8X) = sup f- zp (X) 2 a}.
pelo.1]
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Using Proposition 1.4.8, we obtain the desired equality. To prove part (ii), since the existence
of A ©} Bsays that

Cy=M;=A,-B, forall § € (0,1],

from (7.116) and (7.118), we obtain the desired equality. Finally, part (iii) follows from
Proposition 7.6.3 immediately, and the proof is complete. [ ]

Proposition 7.6.11 Let A and B be two fuzzy sets in R™, and let M, = A, B, for all
a € (0,1], where a = 0is not included and » denotes an arbitrary binary operation between the
a-level sets A, and B,. Suppose that the existence of A O}, B is guaranteed; that is, there exists
a fuzzy set C* in R™ such that (7.117) is satisfied. Then {M, : 0 < a <1} is a nested family.

Proof. By definition, we have A O; B=C". Since (7.117) is satisfied, we also have
M,=A,-B, = C‘:

for all @ € (0, 1]. Using (2.2), the proof is complete. [ |

Theorem 7.6.12 (Nonexistence for A O}, B) Let A and B be two fuzzy sets in R™, and let
M, =A,°B, forall € (0,1], where a = 0 is not included and - denotes an arbitrary binary
operation between the a-level sets A, and B,. Suppose that the family {M, : 0 < a < 1} is not
nested. Then, the binary operation A O}, B does not exist.

Proof. The result follows immediately from the contrapositive of Proposition 7.6.11. =

Example 7.6.13 Let A and Bbe two fuzzy intervals in R. By referring to (7.121), we define
M, =A OB, = [min{A§ _BLAY -ij} ,max{Aﬁ _BLAY -Bﬁj}]

for a € (0,1]. Then this family {M, : 0 < « < 1} is not nested in general. Therefore, using
Theorem 7.6.12, the difference A©* B does not exist. In other words, we cannot find a fuzzy
interval C" satisfying C, = A, F B, for each « € (0,1].

Theorem 7.6.14 (Existence for A O}, B) Let A and B be two fuzzy sets in R™, and let M,, =
Aa ° Ba forall a € (0, 1], where a = 0 is not included and - denotes an arbitrary binary opera-
tion between the a-level sets A, and B,. Suppose that the following conditions are satisfied:

e {M, : 0 <a <1} isa nested family;
o forany fixed x € R™, the function { (a) = a - y (x) is upper semi-continuous on [0, 1].

Then, there exists a fuzzy set C" in R™ with membership function defined by

Eer(x) = OSUP a -y, (X) (7.122)

<a<l

satisfying C, = M, = A, » B, for each a € (0,1] and

C, =cl< U Ma> =cl< U AaoBa).
0<a<l 0<a<l
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This guarantees the existence of C' = A Og B. Moreover, we have

C'=A0,B=A04B. (7.123)

Proof. Since {M, : 0 < a <1} is a nested family, we have the equality

M, = | J M, fora>o.

a<f<l

From (7.118) and (7.122), we have

AaoBa =Ma = U Mﬂ = (AO(BB)(I

a<p<1
(using Theorem 5.4.9)

for all a € (0, 1], which shows the existence of A O; B=C" by referring to (7.117). In this
case, we also have C’: =A Og B), for all « € (0, 1]. The 0-level set f?; is given by

Co=cl({xeR™: éa*(x)>0})=cl( U Ma)z(:l( UAa°Ba>-

0<a<l 0<a<l
Finally, using part (ii) of Theorem 7.6.10, we obtain
A0y;B=A0yB,
and the proof is complete. [

Theorem 7.6.14 says that, given A and B, using the family {A_ -B, : 0 < « < 1}, we can
generate a fuzzy set C* in R™ with membership function given by

Ser(X) = sup a - yj op (%)
O<a<l

satisfying C, = A, « B, for all « € (0, 1]. In this case, we obtain the binary operation A ©},
B = C". Moreover, we also have the equalities (7.123).

Remark 7.6.15 The second condition of Theorem 7.6.14 assumes that the function ¢, is
upper semi-continuous on [0, 1]. This condition can be replaced by the following inclusion

ﬁ (Aan B) CA B, = (ﬁA) . (ﬁB) (7.124)
n=1 n=1 n=1

for @, 1 ain (0, 1]. This replacement can be realized by Remark 7.6.7 and Proposition 5.2.5.

Example 7.6.16 From Example 7.6.1, we defined M, = A, 5, B, for « € (0, 1]. Let
l

04

= inf ((1-p)-min{a"-b"a” —bY} +p-(a-b))

a<f<1

and

u, = sup ((1—p)-max{a"—b"a”-bY} +p-(a-b)).

(4
a<f<1l

279
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Then
M,=A4,8g B, = [l,.u,] foralla € (0,1].

It is obvious that I, is increasing with respect to « on (0,1] and u, is decreasing with
respect to a on (0, 1], which says that this family {M, : 0 < @ < 1} is nested. Since the
functions involved in this example are all continuous, given any a« € (0,1] and any
increasing sequence {a,};”, in (0,1] with a, 1 a, it is not hard to prove [, — I, and
u, —u, ForxeA, Hg B, foralln, it means thatl, <x <u, forall n. By taking the
limit as n — co, we see that [, <x <u,, ie. x € A,Hg, B,. This says that the inclusion
(7.124) is satisfied. Using Theorem 7.6.14 and Remark 7.6.15, it follows that the difference
A4 B=C" exists satisfying C, = A, H; B, forall « € (0,1].

Proposition 7.6.17 Let A and B be two fuzzy sets in R™, and let M, = A+ B, for all
a € [0, 1], where o denotes an arbitrary binary operation between the a-level sets A, and B,.
Suppose that the existence of A ©g B is guaranteed; that is, there exists a fuzzy set C in R™
such that (7.106) and (7.107) are satisfied. Then {M, : 0 < a < 1} is a nested family.

Proof. By definition, we have A Og B = C. Since (7.106) and (7.107) are satisfied, we also
have

M,=A,-B,=C,
for all @ € [0, 1]. Using (2.2), the proof is complete. [
Theorem 7.6.18 (Nonexistence for A©g B) Let A and B be two fuzzy sets in R™, and
let M, = A, B, for all a € [0,1], where o denotes an arbitrary binary operation between

the a-level sets A, and B,. Suppose that the family {M,, : 0 < a < 1} is not nested. Then, the
binary operation A ®4 B does not exist.

Proof. The result follows immediately from the contrapositive of Proposition 7.6.17. =

Theorem 7.6.19 (Existence for A ®4 B) Let A and B be two fuzzy sets in R™, and let M, =
Aa ° Ba forall a € [0, 1], where » denotes an arbitrary binary operation between the a-level sets
A, and B,. Suppose that the following conditions are satisfied:

e {M, : 0<a<1}isa nested family;
e forany fixed x € R™, the function {, (a) = a - X, (x) is upper semi-continuous on [0, 1];
o the following equality is satisfied:

cl( U AaoBa> =A,°B, (7.125)
0<a<l

Then, there exists a fuzzy set C in R™ with membership function defined by
Ex(x) = sup a - ;(Ma(x) = sup a - )(M"(x) (7.126)
a€[0,1] 0<asl1

satisfying
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for each a € [0,1]. This guarantees the existence of C = A ®g B. Moreover, the existence of
A 0}, Bis also guaranteed and we have

C=A0gB=A0,B=A04B. (7.127)

Proof. The existence of A 0} B is guaranteed immediately from Theorem 7.6.14. We also
have the equality

M, = |J M, fora>0
a<p<1
by the nestedness. From (7.118) and (7.126), using Theorem 5.4.9, we have
A,oB,=M,= | M,=@0¢B), =C,
a<p<1

for all @ € (0, 1]. For a = 0, using the equality (7.125), we have

Co=cl({x eR™: &(x) > 0}) =cl< U Ma) =cl< U AaoBa>

0<a<l 0<a<l

= AyoB, = M,

This shows the existence of A ©¢ B by referring to (7.106) and (7.107). Finally, using part
(iii) of Theorem 7.6.10, the proof is complete. [

Remark 7.6.20 We see that Theorem 7.6.19 considers the 0-level sets A, and B, by defin-
ing M,, = A, - B,. However, Theorem 7.6.14 does not consider the set M,. In other words, if
M, is not taken into account, then we can just discuss the existence of A @; B as shown in
Theorem 7.6.14, and we cannot discuss the existence of A Og¢ Basshown in Theorem 7.6.19.

Example 7.6.21  Continued from Example 7.6.16, we defined M, = A, H;, B, for a €
[0, 1], where a = 0 is included by defining

ly=inf ((1-p)-min{a"-b",a" b} +p-(a-b))
0<p<1
and
ug = sup ((1—p)-max{a"-b",a"-b"} +p-(a-b)).
0<p<1
Then
M,=A4,8¢ B, = [l,-u,| forall a € [0,1].

It is obvious that this family {M, : 0 < @ < 1} is nested. In order to use Theorem 7.6.19,
from the argument of Example 7.6.16, it remains to check the equality (7.125), which means
to check

cl( U Ma) =M, ie. cl< U [la,ua]) = [l uy) - (7.128)

0<a<l 0<a<l

Since [, is increasing with respect to @ on [0, 1] and u,, is decreasing with respect to ¢ on
[0, 1], it follows that the limits

im u, = inf u,
O<a<l

lim I, = sup [, and1l
a—0 O<a<l a
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exist. Therefore, we obtain
o Lou,) )= [lim I,.lim u] - [su I, inf ua] .
(0951 [ ]) =0 = a=0 0<a21 0<a<l1

Given a sequence a,, | 0 for each a,, € (0,1], it is not hard to prove [, — Iy andu, — u,as
n — oo. This shows that the equality (7.128) is satisfied. Therefore Theorem 7.6.19 says that
the difference AeGZB’ = C exists, satisfying

C,=A,Hg B, forall a €[0,1],

which includes 0.

7.6.5 Equivalent Arithmetic Operations on Fuzzy Sets in R

Let A and B be two fuzzy sets in R. Up to now, we have presented four ways to define the
arithmetics of fuzzy sets in R, which are summarized below.

e The conventional way of defining the arithmetic A ® Bis according to the extension prin-
ciple given by

Eiop@ = sup min{&x),&0)} -

{(xy):z=x0y}

o The general arithmetic A Oy B using the function 2 is given by

Ciog 3@ = sup  A(&X),&M)).

{(xy):z=x0y}

e The arithmetic A Og Bis according to (7.93) based on the a-level sets.
o The general arithmetic A ©4 B according to (7.118) is based on the a-level sets by consid-
eringM, = A, -B, forall « € (0,1].

We are going to provide some suitable conditions to demonstrate their equivalences. We first
present an example to demonstrate the above four arithmetics by considering addition.
Example 7.6.22 We consider the triangular fuzzy number A = (a;, a, a;;) with member-
ship function given by

(r—apfa—a;) ifa,<r<a

&ir)=4q @y —-n/lay—a) ifa<r<ay

0 otherwise.
The a-level set of A is a bounded closed interval given by
A, = [(1 —aa; +aa, (1 —a)ay + aa] .

Let A = (a;,a,ay) and B = (b,, b, b,) be two triangular fuzzy numbers. The four different
additions of A and B are given below.

e Itis well known that

A®B=(a;,a,ay) ® (b;,b,by) = (a, + by, a+b,ay +by).



7.6 Binary Operations
e Given a function 2 : [0,1] X [0,1] — [0,1], the membership function of A @y B is
given by
Crg 3D = sup  A(E(0),&0)).

{Gey):z=x+y}

o Regarding the a-level sets, we have
M,=A,+B,
= [(1 —a)a; +aa, (1 —a)ay + aa] + [(1 —a)b, +ab,(1 —a)b, + ab]
= [ - a)ay +by) + ala+b),(1 —a)ay + by) + ala +b)| .
The membership function of A @ B is given by

ZEN Osigla 2, (0
e We have
A, +B,=[1-a)a, +by)+aa+Db),(1-a)ay +by) +a(@+b)].
There exists a triangular fuzzy number
C=(a,+b,,a+b,ay+by)
satisfying (7.94), i.e.
C,=A,+B,
for all @ € [0, 1], which says that
A@yB=C=(a,+b,,a+b,ay+by).
In other words, we also have
A®,B=A®B.
Theorem 7.6.23 Let A and B be two fuzzy sets in R. For o € {+,—, X}, suppose that the
following conditions are satisfied.

o Ay B, is a closed subset of R for the arithmetics of 0-level sets A, and B,,.

e For any increasing and convergent sequence {a,}:> in [0,1], the following inclusion is
satisfied:
N (Aan B, ) (M ) (N )- (7.129)
n=1 n=1 n=1

Then, there exists a fuzzy set C in R with membership function defined by

Selx) = sup a- yy (x) (7.130)
a€(0,1]

satisfying C, = A, B, for each a € [0,1]. This guarantees the existence of C = A ®g B for
O € {®, 6, ®}. Moreover, we have

C=A0yB=4A04B.
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Proof. WedefineM, = A, B, foralla € [0,1].SinceA; C A, and B; C B, fora, f € [0,1]
with @ < f, we have M, CcM, for a, p € [0,1] with a < . In particular, we have M, C M,
foralla € (0,1],i.e

cl(My,) = c1< U Ma> C cl(M,) = M,, (7.131)

a€(0,1]

since M, = A+ B, is a closed subset of R by the assumption. For a,, 1 a with a € (0, 1] and
{a,}2, C[0,1], from Proposition 2.2.8, we have the following inclusion

M, =4, (ﬂA > . <§Ban> - fjl <Aan °Ban) = @Man.

Using the assumption (7.129), we have M, =, M, for a, 1 a, where a € (0,1] and
{a,}72, C [0,1]. Next, we are going to claim M, C cl(M,,). Given any x € M,,, we have
X =a-b for some

aeilozcl( U Aa) andbe]~30:cl< U Ba>.
ae(0,1] a€(0,1]

Therefore, using the concept of closure, there exist two sequences {a, }>> , and {b,}> | that
converge to a and b, respectively, and

{a,}n, C UA and {b,}, C UB
a€(0,1] a€(0,1]

Letx, = a, ob,. Then, we see that the sequence {x, }*, is convergent given by

x=lim x, = lim a,°b, =a-b.

n—oo n—oo
Now, we havea, € A, andb, € Bﬂ for some a, and g, in (0, 1]. Let y,, = min{a,, §, }, since
the family of a-level sets of a fuzzy set is nested, we have
X, =a,0b, €4, +B, €A B, c |J (4,°B,).
a€(0,1]

which says that

x€ cl( U (AaoBa)> = cl( U M,1> = cl(M,,)
a€(0,1] a€(0,1]

by referring to (7.131). Therefore, we indeed have the inclusion M, C cl(M,,). Using
(7.131), we obtain M, = cl(M,,). We consider the membership function in (7.130).
Theorem 5.4.7 says that C, = M, for all @ € (0,1] and

C, = c1< U Ma> = cl(M,,) = M,

a€(0.1]
Therefore, we obtain C, = M, = A, + B, for all a € [0,1], which shows the existence of
C = A ®g B. From (7.118), we also see that

Se(x) = Sup @ 2y, () = &40, B(X)-
ae(0,1]

This completes the proof. [
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Proposition 7.6.24 Let A and B be two fuzzy sets in R. For © € {®, 0, ®), the following
statements hold true.
(i) We have
(AoB), C (A0yB), forall a €0,1].

(ii) Suppose that the function 2 : [0,1] X [0,1] — [0, 1] satisfies the following condition.
Foreach a € (0,1],

A(ey, a,) > a implies a; > a and a, > a. (7.132)
Then, we have

(AoyB), C (AoyB), forall a €0,1].

Proof. We first prove part (ii). For a € (0, 1], given any z € (4 Oy B)a, we have

r=tios@= sup A (&().&0) > a

{(xy):z=x0y}
By the definition of supremum, given any ¢ > 0, there exists (x*,y*) satisfying z = x* o y*
and

A (E3(x), E0) > r—e,
which implies
Eixy>r—cand &OF) >r—€
by the assumption (7.132). This says that
x*€A,_ andy* €B,_,.
Let M, = A, B, forall « € [0, 1]. Then, we obtain
z=x*oy* €A, B, =M,__,
which implies
Fop@) = TR am @) = TP @ 2
Since € can be any positive number, we must have

SAoyBR) = sup a- yy ()= sup a- yy (1) 2r=a,
0<a<1 a€l0,1]

which shows that z € (A © B),. Therefore, we obtain
(AoyB), C(A0gB), forall a € (0,1].
Now, we also have

(A@mB)O:d( U (AomB)a> ch( U (A@@B)a> = (A0 B),.

O<a<l 0<a<l

Part (i) can be similarly obtained from part (ii), since A ® B=A ©y B when A(x,y) =
min {x,y}. This completes the proof. u
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Proposition 7.6.25 Let A and B be two fuzzy sets in R. Foro € {+,—,x},let M, =A_oB,
Joralla € [0, 1]. Suppose that, given any fixed x € R™, the functionn(a) = a - yy (x) isupper
semi-continuous on [0, 1]. Then, for © € {®, S, ®}, the following statements hold true.

(i) We have
(AogB), C (AOB), forall a €0,1].
(i) Suppose that, for each a € (0,1],
a; > aand ay > o imply Ala,, a,) > a.
Then, we have

(Aog B)a C (Aoy B)aforall a €[0,1].

Proof. It suffices to prove part (ii). For any fixed g € (0,1],ifz € (4 Og B) > then we have

sup (@) = sup a- yy (z) 2 f. (7.133)
a€l0,1] a€l0,1]

Suppose that z ¢ M, for all @ > f. Then, we have

sup n,(a) = sup a -y (2) < p. (7.134)
a€l0,1] a€l0,1]

Suppose that (7.134) holds true for the case of equality. According to the upper
semi-continuity of #,(a), the supremum f in (7.134) is attained by some a in [0,1],
which contradicts z ¢ M, for all « > g. Therefore, we must have

Sup a -z, (2) < .
a€l0,1]

which also contradicts (7.133). Therefore, there exists a, > f satisfying z € M, . This also
saysthatz = xoywithx € A, andy € B, , i.e.

§i(¥) > ay and &) = ay,
which imply
A(E40.650)) = a
by the assumption of 2. Therefore, we obtain

Sio, 8@ = sup A (&(0,50)) = a2 B,

{Cx.y):z=xop}
which shows that z € (A Oy B),, i.e.
(AogB), C (AoyB), forall « € (0,1].
Now, we also have
(AogB), = cl( U (AO@B)G> c cl( U (AOQIB)()() = (AOy B),.
0<a<1 0<a<1

Part (i) can be similarly obtained from part (ii), since A ® B=A Oy B when (x,y) =
min {x,y}. This completes the proof. [
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Theorem 7.6.26 Let A and B be two fuzzy sets in R. For o € {+,—, X}, let M, = A, - B, for
all « € [0,1]. Suppose that, given any fixed x € R™, the function n,(a) = « - X, (X) is upper
semi-continuous on [0, 1]. Then, for © € {®, O, ®}, we have

AoyB=A0B.

Proof. The results follow immediately from Proposition 2.2.15, part (i) of Proposi-
tion 7.6.24 and part (i) of Proposition 7.6.25. [

We remark that Theorem 7.6.26 can also be obtained using part (ii) of Proposition 7.6.24
and part (ii) of Proposition 7.6.25 by taking
A(ay, ) = min{a;, a,}.
The reason is as follows. From Proposition 1.4.6, when
A(a;, a,) > a ifand only if @; > @ and a, > a,
we must have
A(a;, a,) = minfa;, a,}.
Lemma 7.6.27 Let A and B be two fuzzy sets in R. For o € {+,—,x}, let M, = A, - B, for

all a € [0,1]. Suppose that, for any increasing and convergent sequence {a, }> , in [0,1], the
following inclusion is satisfied:

Then, given any x € R™, the following set
F. = {a €0.1] 5 @y (02 r}

is closed for each r € [0, 1]; that is, the function n,(a) = « - X, (x) is upper semi-continuous
on [0,1].

Proof. If r = 0, then F,, = [0, 1] is closed. Therefore, we assume that r € (0,1]. For each
a € cl(F,), since r > 0, we have a > 0. According to the concept of closure, there exists a
sequence {a, };”, satisfying @, - a and @, € F, for all n,i.e. a, 2 randx € M, for all n.
We consider the following two cases.

e Suppose thata, | a,i.e. a < a, for all n. Then, we have x € M,, since M, C M, foralln
by part (i) of Proposition 2.2.8. This says that a € F,, since ¢ = lim,a,, > r.
e Suppose that @, 1 a. Then, using Proposition 2.2.8 and the assumption, we have

ﬂMa” - ﬂ (Aa" oBO’") < ﬂAan ° ﬂBan :Aa °Ba =M,.
n=1 n n=1

n=1 =1

Since x € Man for all n, it follows that x € M,,. This says that « € F,, since

a=lima, >r.
n
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Therefore, we conclude that cl(F,) C F,, which means that F, is closed, and the proof is
complete. [ ]

Lemma 7.6.28 Let A and B be two fuzzy sets in R such that the a-level sets A, and B, are
closed and bounded subsets of R forall a € [0, 1]. Then, for- € {+, —, X}, given any increasing
and convergent sequence {a, }: ; in [0, 1], we have the following inclusion

Q(A%OB%) c (f};) . (613)

Proof. Given anyx € ﬂf:I(Aan oBan), foreachn € N, we havex =y, -z, forsomey, €
A, CAjandz, € B, C B Forconvenience, we simply writey, =y, andz, = z,.Since
we the sequences {y,} | and {z,}> are bounded, there exists a convergent subsequence
{¥,}i2, of {y,},2, which converges to some y. Now, we consider the subsequence {z, },
of {z,}5 - There also exists a convergent subsequence {zni, }Ji’il of {znl_ }2, which converges
to some z. This says that the subsequences {yni/_ j’il and {ij }}'?zl converge toy and z, respec-
tively. Then, the sequence {x =y, oz, };:1 converges to y e z. The uniqueness of the limit
says thatx = yoz. o

Now, we are going to claim thaty € (., Aan andz € (., Ban. Suppose that there exists
a,, satisfyingy & A, .Sincey, € A, forall nand the family {4, } is nested, it follows that

{ymrym+1vym+2’ } g Aam.

Since {¥,» V41> Ymeas -+ } is @ subset of the sequence {y, }* |, and the subsequence {y, };31
o=
converges to y, there is also a subsequence {ymij }21 of {¥p> Yims1>Ymsas -+ » }» Where m; >

m, which converges to y. Since Zlam is closed, we have y € Aam, which contradicts y ¢ Aam.
Therefore, we must have y € Aan for all a,, i.e.y € (), Aan. We can similarly show that
Z€ Ny Ban. This completes the proof. [

Theorem 7.6.29 Let A and B be two fuzzy sets in R such that the a-level sets A, and B,
are closed and bounded subsets of R for all « € [0, 1]. Then, for © € {®, O, ®}, the following
statements hold true.

(i) Fore € {+,—, X}, there exists a fuzzy set C in R with membership function defined by

Se(¥) = sup a- yy (X)
a€(0,1]

satisfying C, = A, o B, for each a € [0,1]. This guarantees the existence of C = A ®¢ B.
Moreover, we have

C=AOQB=A®(§B.
(ii) We have

satisfying
(AogB),=(AogB),=(A0B),=A,°B
forall @ € [0,1].
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Proof. To prove part (i), we first claim that A, B, is a closed subset of R. Given any
convergent sequence {x,} in A,eB,, we can write x, = a, ob, for some a, € A, and
b, € B,.Since A, and B, are closed and bounded subsets of R, there exist two subsequences
{ani};’;1 and {bni}fi1 of {a,};>, and {b,};,, respectively, that converge to some a € A,
and b € B, respectively. Therefore, it follows that the sequence {x,}:>, converges to
aeb € Ay°B,, which shows that A;-B, is a closed subset of R. Using Lemma 7.6.28
and Theorem 7.6.23, we obtain part (i). Using Lemmas 7.6.27 and 7.6.28, part (ii) can
be obtained immediately by combining part (i) and Theorem 7.6.26. This completes

the proof. n

7.6.6 Equivalent Additions of Fuzzy Sets in R™

Regarding the m-dimensional Euclidean space R™, we can only consider the vector addition
and scalar multiplication in R™. Let A and B be two fuzzy sets in R™. We consider four ways
to define the addition of fuzzy sets in R™ as follows.

o The conventional way of defining the addition A @ B is according to the extension prin-
ciple given by

Eagp@ = sup  min{&(x), &0}

{(ey) 1 z=x+y}

e The general addition A @y B using the function 2 is defined by
Cip, 3@ = sup  A(&().&0)).

{(xy):z=x0y}

e The addition A @4 B according to (7.94) is based on the a-level sets.
e The general addition A By B is according to (7.118) based on the a-level sets by consid-
eringM, = A, + B, foralla € (0,1].

We are going to provide some suitable conditions to demonstrate their equivalences. Let
X be a subset of m-dimensional Euclidean space R™. Recall that

xeclX)ifandonlyif N.NnX # 0

for any neighborhood N, of x.

Theorem 7.6.30 Let A and B be two fuzzy sets in R™. Suppose that the following conditions
are satisfied.

e The addition A + B of the 0-level sets A, and B, is a closed subset of R™.
e For any increasing and convergent sequence {a, } , in [0, 1], the following inclusion is sat-
isfied:

ﬁ (Aan +Ban) = ﬁ;‘an + ﬁBan- (7.135)
n=l1 n=1 n=1

Then, there exists a fuzzy set C in U with membership function defined by

£e(0) = sup a- y (¥)
a€(0,1]
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satisfying C, = A, + B, foreach a € [0, 1]. This guarantees the existence of C = A @q B. More-
over, we have

C=A®y,B=A®yB.

Proof. We define M, = A, + B, for all « €[0,1]. Since A; C A, and B, C B, for a,f €
[0,1] with a < f, we have M, CM, for a, p € [0,1] with a < f. In particular, we have M, C
M, forall e € (0,1], i.e.

cl(My,) = cl< U Ma> C cl(M,) = M,, (7.136)

a€(0,1]

since M, = A, ¢ B, is a closed subset of R™ by the assumption. For e, 1 a with @ € (0,1] and
{a,}>, C[0,1], from Proposition 2.2.8, we have the following inclusion

Ma=Aa+Ba=ﬁA ﬁg ﬁ(Aan+Ban>=ﬁMan.
n=1 n=1 n=1 n=1

Using the condition (7.135), we have M, =\, M, for a, 1 a, where a € (0,1] and
{a,}52, C [0,1]. Next, we are going to claim M, C cl(M,,). For x =y +z € M, we are
going to show that, given any neighborhood N, of x,

(U

a€(0,1]

(A, + Ba)) # 0, (7.137)

where

yecl( U A,,) andzecl( U Ba>.
ae(0,1] ae(0,1]

Since N, — x is a neighborhood of zero vector 6, there exists another neighborhood V' of ¢
satisfying
V+VCN, —x ie. (V+y)+(V+2) CN,.
Since V + y is a neighborhood of y, and
yecl( U Aa) ie. (V+y)n( U Aa) # 0,
ae(0,1] a€(0.1]

there exists y, € V+yand y, € Aao for some a,, > 0. Similarly, since V' + z is a neighbor-
hood of z, and

ze cl( U Ea),
ae(0,1]

there existsz, € V +zand z, € Bﬂo for some g, > 0. We immediately have

Yo+t €V+y)+(V+2)CN,.

Let o* = min{a,, f,} > 0. Since 0 < a* < o, and 0 < a* < f,, we have y, € A
% € B; C B,., which says that

CA,. and

%
a*s

Yo+2o € U (A, +B),

a€(0,1]
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and proves (7.137), i.e. x € cl(M,, ). Therefore, we indeed have the inclusion M, C cl(M,,).
Using (7.136), we obtain M, = cl(M,, ). We consider the membership function

ce(¥) = sup a- yy ().
a€(0,1]

Theorem 5.4.7 says that C, = M, for all « € (0, 1] and
C, = cl( U Ma> = cl(M,,) = M,.
a€(0,1]
Therefore, we obtain C, = M, = A, + B, for all « € [0,1], which shows the existence of

C = A@g B. From (7.118), we also see that

E(0) = SUp - 3y () = Exgy 500).
a€(0,1]

This completes the proof. |

Remark 7.6.31 We have the following observations.

e Let {a,}2, be any increasing and convergent sequence in [0, 1]. Suppose that the inclu-
sion (7.135) holds true. Then, we have

N (4, +5,) = (A, + B,
n=1 n=1 n=1

since the inclusion

ﬁAan + ﬁB c ﬁ (A + B)
n=1 n=1 n=1

is always true. Indeed, we have

ﬁAa CA, and ﬁBa CB,,
n=1 " " n=1 " "

which imply the desired equality.

o Itis well known that if E is a closed subset of R™ and F is a closed and bounded subset of
R™, then E + F is a closed subset of R™ by Kelley and Namioka [55]. Therefore, if either
the 0-level set A, or the O-level set B, is closed and bounded, then we have that A, + B, is
closed, i.e. the first condition in Theorem 7.6.30 is satisfied.

Proposition 7.6.32 Let A and B be two fuzzy sets in R™. The following statements hold true.
(i) We have
(A®B), C (A®yB), forall a €[0,1].

(ii) Suppose that the function 2 : [0,1] X [0, 1] — [0, 1] satisfies the following condition. For
each a € (0,1],

A(ey, a,) > a implies a; > a and a, > a.
Then, we have

(A®yB), C (A®gB), forall a €[0,1].
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Proof. Theargumentsin the proof of Proposition 7.6.24 are still valid when the operation ©
is replaced by the addition . ]

Proposition 7.6.33 Let A and B be two fuzzy sets in R™, and let M, = A, + B, for all
a € [0,1]. Suppose that, given any fixed x € R™, the function n(a) = a - yy (x) is upper
semi-continuous on [0, 1]. Then, the following statements hold true.

(i) We have
(A®yB), C (A®B), forall a €[0,1].
(ii) Suppose that, for each a € (0, 1],
a; > aand ay > a imply (e, ay) > a.
Then, we have

(A®yB), C (A®yB), forall a €0,1].

Proof. Theargumentsin the proofof Proposition 7.6.25 are still valid when the operation ©
is replaced by the addition . [ |

Theorem 7.6.34 Let A and B be two fuzzy setsin R™, and let M, = A, + B, foralla € [0,1].
Suppose that, given any fixed x € R™, the function n,(a) = a - y), (X) is upper semi-continuous
on [0, 1]. Then, we have

A®yB=A®B.

Proof. The result follows immediately from Proposition 2.2.15, part (i) of Proposi-
tion 7.6.32, and part (i) of Proposition 7.6.33. [

Theorem 7.6.34 is too general to be used in a real-world situation, since the assumption
for the upper semi-continuity of function #.(a) = a - y), (x) on [0,1] may not be easy to
check. Now, we are going to provide some useful sufficient conditions to guarantee the
upper semi-continuity of function #,(a) = « - v, (X) on [0, 1].

Lemma 7.6.35 Let A and B be two fuzzy setsin R™, and let M, = A, + B, forall « € [0, 1].
Suppose that, for any increasing and convergent sequence {a,}® . in [0,1], the following
inclusion is satisfied:

ﬁ (Aan +Ban> c ﬁAaﬂ + ﬁf?an- (7.138)
n=1 n=1

n=1

(o]
n=1

Then, given any x € R™, the following set
F.= {a €0.1]: a- gy () > r}

is closed for each r € [0,1]; that is, the function n(a) = a - yy (X) is upper semi-continuous
on[0,1].
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Proof. The arguments in the proof of Lemma 7.6.27 are still valid when the operation o is
replaced by the addition +. [

Let {x,}, be a sequence in R™. Recall that the sequence {x,}> converges to x if and
only if, given any neighborhood N, ofx, there is an integer m satisfyingx,, € N foralln > m.

Lemma 7.6.36 Let A and B be two fuzzy sets in R™. Suppose that A, and B, are closed
and bounded in R™ for all « € [0,1]. Then, for any increasing and convergent sequence
{a, 172, in [0, 1], we have the following inclusion

ﬁ (Aa +B, ) C ﬁila +ﬁBa :
n=1 " " n=1 " n=1 "

Proof. Given any x € (),,(4, +B, ), for each n €N, we have x =y, +z, for some
Yo, €A, CAjandz, €B, C B, Forconvenience, we simply writey, =y,andz, =z,
Since the 0-level sets A, and B, are bounded, it says that the bounded sequences {y,}
and {z,}:, have convergent subsequences. Let { Vn, }2, be a subsequence of {y,}> | that
converges to y. Using the same indices, we consider the subsequence {z, }°, of {z,}}2,.
Therefore, there also exists a subsequence {Zn,._ };1 of {zni }2, that converges to z. This also
says that the subsequences { ynij Jf’il and {znij ;’il converge to y and z, respectively.

Now, we are going to claim that the subsequence {y, +z, ;:1 converges to y + z. Let
N be any neighborhood of y + z. Then, we see that N — yj— b4 is a neighborhood of the zero
vector 6. Therefore, there exists another neighborhood V of 6 satisfying

V+VCN-y—z ie.V+V+y+zCN.
Since V +y and V + z are the neighborhoods of y and z, respectively, by the convergence,
there exist integers m, and m, satisfying Y, €V +y for n, 2 mg and Zn, €V +z for
n, 2 my. Let m = max {mg, m, }. We obtain

Yo +2, EV+V+y+zCN for n, zm,
y y
which implies y, +z, €N for n, 2 m. Therefore, we conclude that the subsequence
y y

vy, +z, Ji’jl converges to y + z. The uniqueness of the limit says that x = y + z. Finally,
ij iy =

using the same argument in the proof of Lemma 7.6.28, we can show thaty € (5, Zlan
andz € (), Ban. This completes the proof. [

Theorem 7.6.37 Let A and B be two fuzzy sets in R™. Suppose that A, and B, are closed
and bounded in R™ for all « € [0, 1]. Then, we have
A®yB=ApyB=A®B
satisfying
(A®.B), - (A0 B), - (A0B), -4, +5
forall @ € [0,1].

a

Proof. Since the 0-level sets AO and BO are closed, from Remark 7.6.31, it follows that
A, + B, is also closed. Using Lemmas 7.6.35 and 7.6.36, the results can be obtained imme-
diately by combining Theorems 7.6.30 and 7.6.34. [
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7.7 Hausdorff Differences

The difference of fuzzy intervals can be used to define the differentiation of fuzzy functions.
Let A and Bbe any two nonempty sets in R™. The Hausdorff metric of A and Bis defined by

dy(A,B) = max{supinf la=>b|,supinf [[a—b | } ,
a€A beB beB a€A

wherea = (ay,...,a,) and b = (b,, ..., b,) with the norm

la=bll=\/(a; ~b)? ++ - +(a, ~ b2

Given two fuzzy sets A and B in R, inspired by the form of Hausdorff metric, we shall
propose many types of Hausdorff differences between A and B without considering a norm.

7.7.1 Fair Hausdorff Difference

Let A and B be two fuzzy sets in R. The a-level sets A, and B, are not necessarily bounded
closed intervals. For each « € [0, 1], we define

d, (A,.B,) = min { supinf (a — b),sup inf (a — b) (7.139)
a€A, beB, beB,a€A,
and
dy (A,.B,) = max< supinf (a — b),supinf (a—b) p. (7.140)
a€A, beB, beB,acA,

‘We also see that

supinf (a — b) =sup |a+inf (-b)| =supa +inf (-b) =supa —supb (7.141)
a€A,beB, ael, | beB, a€d, beB, a€A, beB,

and

sup inf (a —b) = sup <inf a) - b] =sup(-b) + inf a=inf a—inf b. (7.142)

beB, ach, beB, | \aei, be, aed,  acA,  beB,
Based on d, (4,,B,) and dj;(A,, B,) shown in (7.139) and (7.140), respectively, we define
A, By B, = |d;; (A, B,) . dy (4,.B,)] (7.143)
to be a bounded closed interval for each a € [0, 1]. The family
M, =A, BB, : 0<a<1}

is not necessarily nested. According to the binary operation presented in (7.93), the fair
Hausdorff difference between A and B is defined by

A©py; B=Cwhen C, =A,Hy B, foreach « € [0,1]. (7.144)

However, the existence of such C is not guaranteed.
Without considering the 0-level sets A, and B, according to the binary operation pre-
sented in (7.115), the fair *-Hausdorff difference between A and B is defined by

A©py. B=C"when C, = A,y B, forall a € (0,1]. (7.145)
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Also, the existence of such C” is not guaranteed. The sufficient conditions for guaranteeing
the existence of A ©py. B are weaker than those of A ©p; B by referring to Theorems 7.6.14
and 7.6.19. Proposition 7.6.3 also says that if the existence of A ©;. B and A ©p, B are
guaranteed, then A ©py. B= A O, B.

According to the binary operation presented in (7.118), we can define the corresponding
generalized fair Hausdorff difference between A and B, which will always exist, as fol-
lows. Let M, = A, Hy B, be given in (7.143) for all « € (0, 1]. Using (7.118), we consider
the generalized fair Hausdorff difference A © py; B with membership function defined by

€20 BX) = SUP @ - 2 (X). (7.146)

0<a<l

This says that A ©y; B always exists.

Example 7.7.1 Let A and B be two fuzzy intervals. Then
A,=|A;A7] and B, = |BLB|.
According to (7.141) and (7.142), we have

supinf (@ —b) = A" — B and supinf (a —b) = AL — BL. (7.147)
a€A, beB, beB,acA,

Let us recall the Hausdorff difference defined in (7.97). According to (7.143) and (7.96), it
follows that

A, By B, = [min {47 - By, A7 - B | max {4} - B;. A7 - B || = 4,8, B,.
(7.148)
Therefore, we obtain
Ay B=A6yB,
which says that the Hausdorff difference defined in (7.97) is a special case of the fair Hasu-
dorff difference defined in (7.144).
Now, we study the existence of fair Hausdorff difference by considering

Mot =Aa EFHBoz = [C_iH (Aa’Ba) ’aH (Aa’Ba)]

min {sup inf (a — b),sup inf (a — b)} s

a€A, beB, beB,a€A,

max 4 supinf (a — b),sup inf (a — b)
a€A, beB, beB,acA,
for all a« € (0,1] by referring to (7.139), (7.140) and (7.143). We see that the family
{M, : 0 < a <1} is not necessarily nested.
Let A and B be two fuzzy sets in R. For convenience, we also define

l(@) = min {sup inf (a — b),supinf (a — b)} (7.149)

a€A, beB, beB,acA,
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and

u(a) = max < supinf (a — b),sup inf (a — b) (7.150)
a€A, beB, beB,acA,
for a € [0, 1].

Lemma 7.7.2 Let A and B be two fuzzy sets in R. Then, the functions | and u defined in
(7.149) and (7.150), respectively, are right-continuous at 0.

Proof. Using the denseness of R, there exists a sequence {«a, }°; in (0, 1] satisfying a,, | 0
and a,, > 0 for all n. Using Proposition 2.2.8, we have

Cs

Ay, = UA and B, =

n=1 n

B, .
1

Since A, = cl(4,,) and B, = cl(B,,), from Propositions 1.2.10 and 1.2.7, we have

lim sup inf (a — b) = sup inf (a — b) = supinf (a — b)
"=%el, beB,, a€A,, beB,, a€A,beB,

and

lim sup inf (a —b) = sup inf (a — b) = supinf (a — b),

"= %beB, a€a,, beB,, ae,, beB,a€A,

which shows that

l(er,,) = 1(0) and u(a,) = u(0) as n — oo.
This completes the proof. [ ]
Theorem 7.7.3 (Existence for A Oy, B) Let A and B be two fuzzy sets in R, and let M, =

A, By B, for all a € (0,1]. Suppose that {M,, : 0 < a < 1} is a nested family. Then, there
exists a fuzzy set C* in R with membership functlon defined by

¢+ (%) = sup a -y (x)
0<a<l
satisfying
C. =M, =A, By B, foreach a € (0,1]
and
Cy =M, :cl( U Ma> :cl< U AaEIFHBa)
0<a<l 0<a<l

This guarantees the existence of C* = A © . B. Moreover, we have

C* =A0p. B=AOgm B

Proof. From Theorem 7.6.14 and Lemma 7.6.35, it suffices to prove the inclusion (7.138).
Given an increasing and convergent sequence {a, }*, in [0, 1] with a,, T &, we write

A, =A,and B, =B,
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and
A,=Aand B, =B.

Part (ii) of Proposition 2.2.8 says that

ﬁAn =A and ﬁBn =B.
n=1 n=1

Forx € (., M, , it follows that

a€A,beB, beB,a€A,

min {sup inf (a — b),supinf (a — b)} <x

< max {sup inf (a — b),sup inf (a — b)}

a€A,beB, beB,a€A,
for all n. By taking limit on each side and using Proposition 1.2.9, we obtain

min {sup inf (a — b),supinf (a — b)} <x

a€A beB beB a€A

< max {sup inf (a — b),supinf (a — b)} s

a€A beB beB a€A

i.e. x € M,, which proves the inclusion (7.138). Using Theorem 7.6.14 and Lemma 7.6.35,
we complete the proof. [

Theorem 7.7.4 (Existence for A ©;,; B) Let A and B be two fuzzy sets in R, and let M, =
A, By B, for all a € [0, 1]. Suppose that the following conditions are satisfied:

o {M, : 0 <a <1} isa nested family;
o the following equality is satisfied:

cl< U A EFHBa> = A, By By (7.151)
O<a<l

Then, there exists a fuzzy set C in R with membership function defined by

Se(¥) = sup a - yy (X) = sup a - yy (x)
a€[0,1] 0<a<l

satisfying
C,=M, =A,By B, foreach a € [0,1].

This guarantees the existence of C = A ©y,; B. Moreover, the existence of C = A © ;. Bis also
guaranteed and we have

C=A6yB=A6p;.B=A64yB.

Proof. By applying Theorem 7.6.19 to the argument of the proof of Theorem 7.7.3, we can
obtain the desired results. |
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Example 7.7.5 Continued from Example 7.6.1 by considering the triangular fuzzy num-
bers, from (7.148) in Example 7.7.1, we have
A, BB, = [min {Ag ~BhAY - iafj} ,max{A§ -BLAY - BY }] .
We define
@)= (1 -a) -min{a" - b"a” —=b"} +a-(a—b)
and
u(a@)=(1-a) -max{a* - b",a” -b"} +a-(a—b)
on [0,1]. Then
M,=A,Bp B, =A,8yB, = [l(a), u(@)] .
Considering the derivatives of functions [ and u, if
I'(@)=a-b—-min{a"-b"a"-b"} >0
and
u'(a) =a—-b-max{a" - b*,a" -b"} <0,
then [ is an increasing function and u is a decreasing function. In other words, if
min {a" - b*,a¥ - bV} <a - b <max{a" - b",a” - bV}, (7.152)

then {M, : 0 < a <1} is a nested family. Now, we assume that the inequalities (7.152) are
satisfied. In order to use Theorem 7.7.4, it remains to check the equality (7.151), which
means to check

cl( U Ma) =M,, ie. cl( U (@), u(a)]) = [l up] - (7.153)

O<a<l O<a<l

Since [ is increasing and u is decreasing on [0, 1], it follows that the limits

lim l(a) = sup l(a) and lim u(a) = inf u(a)
a—0 0<a<1 a—0 0<a<l

exist. Therefore, we obtain

o U [ie.u@] ) = [tim @, lim u@) = [sup @), inf u(@)|.
0<a<l =0 a0 0<a<l 0<a<l
Given a sequence a,, | 0 for each «,, € (0, 1], it is not hard to prove
l(a,) = 1(0) and u(a,) — u(0) as n — oo.

This shows that the equality (7.153) is satisfied. Therefore, Theorem 7.7.4 says that the fair
Hausdorff difference A ©; B = C exists satisfying

C,=A,ByrB, forall « € [0,1].
In other words, given any two triangular fuzzy numbers
A = (d*,a,aY) and B = (b*, b, bY),

if the inequalities (7.152) are satisfied, then the fair Hausdorff difference A ©, B exists.
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We say that the triangular fuzzy number A = (a, a, aV) is symmetric when
a-dat=ad¥-a.

We are going to claim that if A and B are symmetric triangular fuzzy numbers, then the
inequalities (7.152) hold true. Now, we have

a-a"=a"-a=k,and b-b" =bY - b=k,
Letk = k, — k;. Then
a-b=a"-b"+k=a"-bY -k
We consider the following cases.
e Suppose that k > 0. Then a’ — b* < aV — bY. Therefore, we obtain
min {a" —b",aV - bV} =a" - b" =a-b-k<a-b
Sa—b+k=aU—bU=max{aL—bL,aU—bU}.
e Suppose that k < 0. Then af — bt > aV — bV. Therefore, we obtain
min {a" —b",aV - bV} =a¥ - bV =a-b+k<a-b
Sa—b—k=aL—bL=max{aL—bL,aU—bU}.

The above cases conclude that the inequalities (7.152) are satisfied. In other words, if A
and B are symmetric triangular fuzzy numbers, then the fair Hausdorff difference A ©,; B
always exists.

7.7.2 Composite Hausdorff Difference

Let A and B be two fuzzy sets in R. We shall propose a new difference that extends the
so-called type-I-generalized difference proposed by Bede and Stefanini [8] in (7.98). Accord-
ing to (7.143), we define

A, By B, =l ( U 4, EFHB/}> (7.154)
a<p<1
=cl U min < supinf (a — b),supinf (a —b) p,
a<p<1 a€A;beB, beBjacA,
max < supinf (a — b),sup inf (a — b) . (7.155)
a€A, beB, beBja€A,

It is clear to see that the family
M, =A,BB,:0<a<1}

is automatically nested. According to the binary operation in (7.93), the composite
Hausdorff difference between A and B is defined by

ASqyB=Cwhen C, =A,Hcy B, foreach a € [0,1]. (7.156)

However, the existence of such C is not guaranteed.
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Without considering the 0-level sets A, and B, according to the binary operation in
(7.115), the composite *-Hausdorff difference between A and B is defined by
A©},;B=C whenC, =A,HcB, forall « € (0,1]. (7.157)

The existence of such C” is also not guaranteed. The sufficient conditions for guaranteeing
the existence of A ©7,, B are weaker than those of A ©; B by referring to Theorems 7.6.14
and 7.6.19. Proposition 7.6.3 also says that if the existence of A ©},, B and A©y B are
guaranteed, then we have
Ael,B=A6qB.
According to the binary operation in (7.118), we can define the corresponding general-
ized composite Hausdorff difference between A and B that will always exist as follows.

LetM, = A, By B, be givenin (7.154) forall « € (0, 1]. Using (7.118), we consider the gen-
eralized composite Hausdorff difference A ©;c; B with membership function defined by

E4600y BX) = SUP @ 7y (X). (7.158)

0<a<l

This says that A © -y B always exists.

Example 7.7.6 Let A and B be two fuzzy intervals. Then, according to (7.155) and (7.147),
we have

A,BeB,=c( | [min{A; - Bp.47 - B } max {4 - BL.AT - B }] ).
a<f<1
which is also equal to A, He, B, by referring to (7.99). Therefore, we obtain
ASqy B=A8; B,

which means that the so-called type-I-generalized difference proposed by Bede and Ste-
fanini [8] in (7.100) is a special case of the composite Hausdorff difference.

Theorem 7.7.7 (Existence for A 7, B) Let A and B be two fuzzy sets in R, and let M, =
A, Hcy B, for all a € (0,1]. Then, there exists a fuzzy set C* in R with membership function
defined by

£ (X) = sup a -y (X).
O<a<l

satisfying

~k

C,=M,=A,BcyB, foreach a € (0,1]

and
G=dl UM, )=l JABwuB, ). (7.159)
0<a<l O<a<l

This guarantees the existence of =4 GZH B. Moreover, we have

C'=Ae;,B=A64yB
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Proof. From (7.154), we have

M,=A,BcB, =cl U AyBm By ) foro<a<1.
a<p<1

Itisclear that {M, : 0 < « < 1} isanested family. We are going to check that the conditions

in Theorem 5.4.7 are satisfied. For any increasing and convergent sequence a,, T a, we want

to claim (0,2, M, C M,. From (7.155), we have

M, = A, By B, :cl< U 4, EFHBﬁ> = c1< U [ u(ﬁ)]),

a<p<l a<p<l

where the functions [ and u are defined in (7.149) and (7.150), respectively. Let
c. = |J [p.up).

agf<1
Then M, = cl(C,). Using Proposition 1.2.9 and parts (i) and (ii) of Proposition 2.2.8,if #, 1
asn — oo, then

I(p,) = I(p) and u(p,) —» u(p) as n - oo. (7.160)

For x € M, , there exists a sequence {x\"’ }p°,in C, satisfying X"

. . — xas k = oo. This also
says that, for each fixed k,

x" € [I(B,). u(p,)] forsome B, satisfying 0 < a, < f, <1.

Therefore, we obtain a bounded sequence {f,},° ;. Since each bounded sequence has a
convergent subsequence, and each convergent sequence has an increasing and convergent
subsequence, it follows that there exists a subsequence { B, 132 of {$,}5, satisfying B, 1B
(n) }
n

asr — co. We also see that {xl(c"’) }2, is abounded subsequence of {x, ey for each fixed k.

. ) AP (n,)
Therefore, there exists a convergent subsequence {xkn S}, of {xl(c"’) }e2, satisfying xkn S X
as s — oo for each fixed k. Then, we have

B, ) < xl((nrx) <u(B,,) for @, <P, <1

By taking s — oo, from (7.160), we obtain
Ip) <x, SuP)fora <p<1,

which says that the sequence {x, };° isin C,. Since x™ — xask — oo for each fixed n and

k
xl(("“) — X, as § — oo for each fixed k, it follows that

()
X

%

|Xk _ x| < ‘Xk _ xl((nr;)

—x|—>0ass—>ooandk—>oo,

which also says that x;, - x as k = co. This shows that x € cl(C,) = M,. Therefore, we
obtain the desired inclusion (-, M, € M,.UsingTheorem 5.4.7, we conclude that(7.157)
is satisfied, which also shows the existence of A Sy B=C". Since C’; =M, for all p €
(0,1], from (7.158), it follows that

{x eR: 512192 B(JC) = Sup ﬁ . }(C*(x) > (l}
H 0<f<1 4

= {x eER : ‘:Aecc,,B(x) = sup - ;(Mp(x) > a}.
0<p<1
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Using Proposition 1.4.8, we obtain
Saep, B = Eigye, BX)

forallx € R,i.e. A ©}, B =AO;y B. This completes the proof. [

The existence for A e*CH B as shown in Theorem 7.7.7 above does not consider the 0-level
set A, and B, as M, = A, - B,. However, the existence for A © ., B needs to consider M,, =
A, * By, which will be shown below.

Lemma 7.7.8 The following inclusion holds true:

a(Ua)ea(U(+(U)))

Proof. Suppose that

x ecl UAa .
0<a<l

Then, there exists a sequence {x,}
we have

e JaclJ Uac U <cl< UA,,)) for all n,

0<a<1 O<a<la<p<l 0<a<l a<p<1

o C e
o 10 UpeaaiA, satisfying x, — x as n — co. Now,

which shows the desired inclusion, since x, - x as n — oo. This completes the proof. =

Theorem 7.7.9 (Existence for A ©y B) Let A and B be two fuzzy sets in R, and let M, =
A, By B, for all « € [0,1]. Then, there exists a fuzzy set C in R with membership function
defined by

Se() = sup a -y (X) = sup a -y (x)
a€l0,1] 0<a<l

satisfying
C,=M, =A,Hcy B, foreach a € [0,1].

This guarantees the existence of C = A © .y, B. Moreover, the existence of C = A ©},, Bis also
guaranteed, and we have

C=A6yB=A6},B=A6,;yB. (7.161)
Proof. From Theorem 7.7.7 by considering C" as C, we have
C, = cl( U Ma> and C, =M, for0<a<1. (7.162)
O<a<l

In order to claim the existence of C = A ©; B, we are going to consider the 0-level sets.
Therefore, it remains to prove

Co=c| UM, )=mM,
O<a<l
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where
M, =A,B B, = cl( U 4, EFHB,;>
0<p<1

is a closed set. Since M, C M, for all « > 0, we have J,_,,M, C M,, which implies

cl( U Ma> C cl (M,) = M,.
0<a<l

Next, we want to prove the other direction of inclusion. Let

I"=sup l(a) and u* = inf u(a).
0<a<l O<a<l

For y € (I(0), u(0)), we consider the following cases.
e Suppose that y < I*. Then, there exists ¢ > 0 satisfying y + ¢ < I* by taking ¢ < I* —y.

According to the concept of supremum, there exists a; € (0,1] satisfying I* — ¢ < l(a}).
Therefore, we obtain

10)<y<I*—e<la),

which says that [(0) <y <l(e) and « # 0. Using Proposition 1.4.3, there exists
a € (0, al*) satisfying y = l(a). This says thaty € [l(@), u(a)] for a > 0.

o Suppose that y > u*. Then, there exists ¢ > 0 satisfying y — e > u* by taking e <y — u*.
According to the concept of infimum, there exists «;; € (0, 1] satisfying u* + ¢ > u(a})).
Therefore, we obtain

w0) >y >u"+¢e>ua),

which says that u(0) >y > u(a;) and «a] # 0. Using Proposition 1.4.3, there exists
a € (0, ;) satisfying y = u(a). This says thaty € [l(a), u(a)] for & > 0.

e Suppose thatl* <y < u*.Since lI* > l(@) and u* < u(a) for all @ € (0, 1]. We can take some
a > 0 satisfying

)y <lI"<y<u <u@).
This says that y € [l(@), u(a)] for @ > 0.
The above cases imply that

1O,uo) < |J [Ue),u@). (7.163)

0<a<l

Suppose thatx € [/(0), u(0)]. Since [1(0), u(0)] = cl(/(0), u(0)), there exists a sequence {x, }5>
in the open interval (I(0), u(0)) satisfying x,, — x. From (7.163), we see that

(e U [, u@),

0<a<l

which shows that

xe cl( U [k, u(a)]> and [1(0), u(0)] < cl( U [k, u(a)]). (7.164)

0<a<l O0<a<l
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Therefore, we obtain

M, = c1< U A. B Ba> = cl< U . u(a)])

0<a<l 0<a<l

= [10), u()] | J el ( U k. u(a)]>

0<a<l

(using the fact of cl(A U B) = cl(A) U cl(B))

= cl( U (), u(a)]) (using (7.164))

0<a<l

= cl( U A, ElFHBa> c cl( U (cl( U A/;EFHB,;>>>
0<a<l 0<a<l a<f<1

(using Lemma 7.7.8)

= cl( U Ma> (using (7.162)).
0<a<l

This shows C, = M, for all 0 < « < 1 and the existence of C = A ©y B. Using Proposi-
tion 1.4.8, we can also obtain the equalities (7.161) by referring to the proof of Theorem 7.7.7.
This completes the proof. [ ]

Theorems 7.7.7 and 7.7.9 say that the composite Hausdorff differences A Sy B and
A &y B always exist without needing any sufficient conditions. Moreover, the equalities
(7.161) says that the three differences A 6}, B, A&y B, and A © 4y, B are identical.

7.7.3 Complete Composite Hausdorff Difference

Let A and B be two fuzzy sets in R. We shall propose two new differences that extend the
so-called type-II-generalized difference proposed by Gomes and Barros [42] in (7.101) and
(7.102). According to (7.101), we define

A, Hecn, B,=cl <COT1V < U Ay By Bﬂ>> (7.165)

agf<1

=cl| conv U min < supinf (a — b),supinf (a —b) ,
a<p<1 GEA/ibEBﬁ beBﬁaeAﬂ

max < supinf (a — b),sup inf (a — b) . (7.166)
ac€A;beB, beB,acA,

It is clear to see that the family
{M,=A,Bccn, B, : 0<a <1}

is automatically nested. According to (7.102), we define

A,Bccn, B, = [inf d, (A,.B,) . sup dy (Aﬂ,Bﬂ)] (7.167)

agp<1™ a<p<1
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= l inf min {sup inf (a — b), sup inf (a - b)} ,

a<p<1 a€A beB, beBja€A,
sup max< supinf (a — b),sup inf (a — b) . (7.168)
a<f<1 a€A beB, beBjacA,

It is also clear to see that the family
{M, EAaECCHZBa :0<a <1}

is automatically nested. In general, for any fuzzy sets A and B in R, the differences
A,HBeccn, B, and A, Heey, B, are not necessarily identical.

According to the binary operation in (7.93), the type-I-complete composite Hausdorff
difference between A and B is defined by

ABccy,B=C when C, = A,Bccy, B, foreach a €0,1] (7.169)

and the type-II-complete composite Hausdorff difference between A and B is
defined by

ABccy,B=C when C, = A,Bccy, B, foreach a €0,1]. (7.170)

However, the existence of such C is not guaranteed.

Without considering the 0-level sets A, and B,, according to the binary operation in
(7.115), the type-I-complete composite *-Hausdorff difference between A and B is
defined by

AS¢cy B=C when C, = A,Bcey, B, forall « € (0,1], (7.171)

and the type-II-complete composite *-Hausdorff difference between A and B is
defined by

Ay, B=C" when C, =A,Becy, B, foralla € (0,1]. (7.172)

The existence of such C is also not guaranteed. The sufficient conditions for guaranteeing
the existence of A ©7,, B are weaker than those of A ©¢cy B, and sufficient conditions
1

for guaranteeing the existence of A ©,.,, B are also weaker than those of A ©ccy, B by
2
referring to Theorems 7.6.14 and 7.6.19. From Proposition 7.6.3, we also have the following

observations.

*

o Suppose that the existence of A © .

Band A ©cy, B are guaranteed. Then
A ez‘CHl B=A eCCHIB'
o Suppose that the existence of A 92CH2
A ez‘CHZ B=A eCCHZB'
According to the binary operation in (7.118), we can define the corresponding generalized
Hausdorff difference between A and B, which will always exist, as follows.

Band A ©(y, B are guaranteed. Then

o Let M, = A,Hccp, B, be given in (7.165) for all « € (0,1]. Using (7.118), we consider
the generalized type-I-complete composite Hausdorff difference A eGCCHIB with
membership function defined by

€46 e BX) = SUP @ -y (X). (7.173)

O<a<l
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o Let M, = A, Hccp, B, be given in (7.167) for all « € (0,1]. Using (7.118), we consider
the generalized type-II-complete composite Hausdorff difference AS ;. B with
membership function defined by

€A00cen, BX) = Sup @ Zu, ). (7.174)
We see that A ©gccp, B and A ©gccyy, B always exist.

Example 7.7.10 Let A and B be two fuzzy intervals. Then, according to (7.165) and
(7.148), we have

A,Bccu, B, =cl| conv U A;Bpy B, ) | =cl| conv U A;ByB; | ).
a<ps1 a<ps1

According to (7.168) and (7.147), we also have
A,Bccy B, = [inf min {Af, - B, A - Bg} , sup max {Af, - B, A/ - B }] .
2 a<p<i a<p<i
Using (7.101) and (7.102), we obtain
Aa ECCHI Ba = A(x E'CCH2 Ba = Aa E'G2 Ba'
Therefore, we obtain
AB ey, B =ABcy, B = A6 B, (7.175)

which means that the so-called type-1I-generalized difference proposed by Gomes and
Barros [42] in (7.103) is a special case of the complete composite Hausdorff difference.

Now, we present the existence of type-I-complete composite Hausdorff difference.

Theorem 7.7.11 (Existence for A Otca, B) Let A and B be two fuzzy sets in R, and let

M,=A4, Hecen, B, for all a € (0,1]. Suppose that the function | defined in (7.149) is concave
on [0,1] and the function u defined in (7.150) is convex on [0, 1]. Then, there exists a fuzzy set
C" in R with membership function defined by

() = Osils)la * X, (%)
satisfying

C, =M, =A,Bccy, B, foreach a € (0,1]
and

=M, = cl( U Ma) = cl< U 4. Been, Ba>. (7.176)

O<a<l 0<a<l

*
CCH,

C =A%y B=A60ccHB. (7.177)

This guarantees the existence of C'=A4A¢o B. Moreover, we have

Proof. From (7.165), we have

a<p<1

M, =A,Bccn, B, =l (conv( U A; By Bﬂ>> for0<a<1. (7.178)
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Itisclear that {M, : 0 < « < 1} isanested family. We are going to check that the conditions
in Theorem 5.4.7 are satisfied. For any increasing and convergent sequence a,, T a, we want
to claim ();2, M, C M,. From (7.166), we have

M, =A,Bccn, B, =l <conv< U A, EIFHB/;))

a<p<1

=cl<conv< U [ u(ﬂ)])),
a<f<1

where the functions [ and u are defined in (7.149) and (7.150), respectively. Let
U [s).up].

a<pf<1
Then M, = cl(conv(C,)). Using Proposition 1.2.9 and parts (i) and (ii) of Proposition 2.2.8,
if p, 1 pasn — oo, then

I(p,) — I(p) and u(p,) — u(p) (7.179)

asn — oo0. Forx € M , there exists a sequence {x(”)} in conv(C, ) satlsfylng x(") — x as
k — oo, where each xk is a convex combination of elernents inC,,i
n

S(n) s(n)
k
(n _ ") () s n) _ (1) (n) (n)
x, _Z kymkwnh E/lmk_landymke[<ﬂ ) (ﬁ )]
m=1 m=1

where 0 < ﬂi:l)c <landa, < ﬂf:li < 1for all m, n and k. We also see that

Zx(")l ( ””) 2/1(’” ((’”) . (7.180)

For each fixed k, we define
(n)

ﬂn (") ﬁ(")

m=1

(n)
It is clear that &, < f, < 1 by the fact of Zifl=1 /1;’3{ = 1. Since [ is concave and u is convex,
we have

(n) (n)

§ N
NETARY I ST
m=1 m=1

and
s;c") S(n)
> Amu <ﬂ(")> <u Zﬂ(mﬁw = u(fy)-
el m=1

For each fixed k, from (7.180), we see that x,((") € [l(B,)u(p,)] with 0 <, < p, <1

Therefore, we obtain a bounded sequence {f,}5 . It follows that there exists a convergent

subsequence { ﬂn,}fil of {f,}52, satisfying ,B 1 B as r - oo. We also see that {x(") o)
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is a bounded subsequence of {xl(cm
(,, .

) . R )
{x, 12, of {xf("’) =, satisfying X, = X ass — oo. Then, we have

}e,- Therefore, there exists a convergent subsequence
1B, ) <x"™ <u, fora, <p, <L

By taking s — oo, from (7.179), we obtain
Ip)<x, <u@P)fora<p<1,

which says that the sequence {x 2, isin C, € conv(C,). Since

() ()
|xk—x|s’xk—xks x, =

+

x|—>0ass—>ooandk—>oo,

it says that x, — x as k — oo, which implies x € cl(conv(C,)) = M,. Therefore, we obtain
the desired inclusion (., M, € M,. Using Theorem 5.4.7, we conclude that (7.171) is
satisfied, which also shows the existence of A ez‘CHl B. Using Proposition 1.4.8, we can also
obtain the equalities (7.177) by referring to the proof of Theorem 7.7.7. This completes the

proof. [ |
Theorem 7.7.12 (Existence for AeCCHIB) Let A and B be two fuzzy sets in R, and let
M,=A4, Heen, B, forall a € [0,1]. Suppose that the following conditions are satisfied:

o the function l defined in (7.149) is concave on [0, 1] and the function u defined in (7.150) is
convex on [0,1];
o the following inclusions hold true:

conv< U [l(a), u(a)]) - [l(O), u(O)] U conv< U [l(a), u(a)]) (7.181)

0<a<l1 0<a<l

conv< U [k, u(a)]> <y (cl (conv( U [us. u(ﬂ)]))). (7.182)
0<a<l O<a<l a<p<1

Then, there exists a fuzzy set C in R with membership function defined by

and

£c() = sup @y, (x),

0<a<l1
satisfying
C, =M, =A,Bccy, B, foreach a €[0,1].

This guarantees the existence of C = AeCCH1B~ Moreover, the existence of C = A e*CCHl Bis

also guaranteed, and we have

C=A6ccy,B=A6{ry B=A0cccyB. (7.183)

Proof. From Theorem 7.7.11 by considering C* as C, we have

C‘O=cl< UM,I> and C, =M, for 0 < a < 1.
O<a<l
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In order to claim the existence of C = A Heen, B, we are going to consider the 0-level sets.
Therefore, it remains to prove

6?0 =cl L_J Ad&:) = Adb,
O<a<l

where
M, = AyBccp, By = cl | conv U A, By B,
0<y<1

is a closed set. Since M, C M, for all « > 0, we have | J,_,,M, C M,, which implies

cl( U Ma) C cl (M,) = M,.
O<a<l

Next, we want to prove the other direction of inclusion. From (7.164), we have

[1(0), u(0)] C c1< U k. u(a)]) Ccl <conv< U [k, u(a)]>>. (7.184)
0<a<l O<a<l

Therefore, we obtain

M, =cl (conv( U A, By Ba)> =cl (conv( U [l(@), u(a))] >>
0<a<1 0<a<1

C cl([l(O), u(0)] Uconv( U [ia), u(a)])) (using (7.181))

O<a<l

= [10), u()] | el (conv( U [k, u@)] ))

O<a<l

(using the fact that cl(A U B) = cl(A) U cl(B))

=cl (conv( U (@), u(a)] )) (using (7.184))

O<a<l

C cl( U (cl <conv< U [l(a), u(a)]))>> (using (7.182))
O<a<l a<p<1

=cl< U (cl (conv( U AﬂElFHBﬂ>>>> =cl< U Ma)
0<a<l a<p<1 0<a<l

(using (7.173)).

Therefore, we obtain C, = M, for all 0 < a < 1. This shows the existence of C = AS ¢y, B.
Using Proposition 1.4.8, we can also obtain the equalities (7.183) by referring to the proof
of Theorem 7.7.7. This completes the proof. [ |

Theorems 7.7.11 and 7.7.12 say that the existence of type-I complete composite Hausdorff
difference A ©7,, B and A ©cy B need some mild sufficient conditions. Next, we can
show that the type-II complete composite Hausdorff difference A ©%,, B and A ©cy B

CCH,
always exist without needing any sufficient conditions.
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Although Theorems 7.7.11 and 7.7.12 need some sufficient conditions to guarantee the
existence of A Sien B and A©y B in general, it is still possible that, for some special
1 1

kinds of fuzzy sets A and B, the differences A Sten B and A© y B always exist. For
1 1

example, suppose that we take A and B as fuzzy intervals. Then
I(a) = min <{ supinf (a — b),supinf (a —b) p = min {Ai — Bf,,Aff — Bg}
a€A, beB, beB,acA,
and
u(a) = max < supinf (a —b),sup inf (a —b) » = max {Ai - ~a,Ag - ij} )
a€A, beB, beB,acA,

Although the function [ is not necessarily concave on [0, 1] and the function u is not neces-
sarily convex on [0, 1], the difference AGCCHIB still always exists. The reason is as follows.
From (7.175), we see that AS ¢y, B = ASccy, B. As we mentioned above, we can show that
the type-II complete composite Hausdorff difference ZleCCHZB always exists without need-
ing any sufficient conditions. This also means that the difference AScy B always exists.
Next, we present the existence of type-II-complete composite Hausdorff differences.

Theorem 7.7.13 (Existence for A Sien B) Let A and B be two fuzzy sets in R, and let
2

M,=A4, Heen, B, for all a € (0,1]. Then, there exists a fuzzy set C" in R with membership
function defined by

Sor(X) = sup a - yy (%),
0<a<l
satisfying
Ci=M,=A4, Been, B, foreach a € (0,1]

and

C; :MO = Cl( U Ma) = C‘l< U Aa ECCHZ Ba) . (7185)

O<a<l O<a<l

This guarantees the existence of =4 GZCH B. Moreover, we have
2
=4 eZCHz B= AeGCCHZB_ (7.186)
Proof. From (7.167), we have
M, =A,Bccy B, = |inf IB), sup u(B)| for0<a <1, (7.187)
2 a<p<1 a<p<1

where the functions [ and u are defined in (7.149) and (7.150), respectively. It is clear that
{M, : 0 < a <1} isanested family. We are going to check that the conditions in Theorem
5.4.7 are satisfied. For any increasing and convergent sequence a, 1 a, we want to claim
Moy M, €M,.LetA, =[a,,1] and A = [a,1]. Then A, ,, C A,. Suppose that x € A,, for
all n. We have a,, < x < 1 for all n, which implies « < x < 1 by taking n — 0. Therefore, we
obtain >, A, = A. Let
[, = inf I(p) =inf I(f) and u, = sup u(p) = sup u(p).
BEA n

,<p<1 @, <p<1 peA

n
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Proposition 1.2.3 says that
lim [, = inf I(f) = inf I(f) and hm u, = sup u(p) = sup u(p). (7.188)

n—oo peA a<p<1 a<p<1
Forx e ﬂ:"zl Ma ,ie.l, <x < u, for all n, by taking n — oo, from (7.188), we obtain

inf I(B) = hml <x < lim u, = sup u(p),

a<p<1 h—oo a<p<l
which says that x € M,,. Therefore, we obtain the desired inclusion [, M, <€ M,.Using
Theorem 5.4.7, we conclude that (7.172) is satisfied, which also shows the existence of
A Sy B. Using Proposition 1.4.8, we can also obtain the equalities (7.186) by referring
2
to the proof of Theorem 7.7.7. This completes the proof. ]

Theorem 7.7.14 (Existence forAeCCHZB) Let A and B be two fuzzy sets in R, and let M, =
A,Bccn, B, for all a € [0,1]. Then, there exists a fuzzy set C in R with membership function
defined by

Ex(x) = sup a - I, (x)=sup «a- I, x),

a€[0,1] 0<a<l
satisfying
C, =M, =A,Bccy, B, foreach a € [0,1].

This guarantees the existence of C = AeCCH B. Moreover, the existence of C = A eCCH Bis
also guaranteed, and we have
C =ASccy,B=A Sy, B=AOcccn,B. (7.189)

Proof. From Theorem 7.7.13 by considering C" as C, we have

a

Cozcl( UM) and C, =M, for0<a < 1.
0<a<1l

In order to claim the existence of C = A B¢y, B, we are going to consider the 0-level sets.
Therefore, it remains to prove

60 = Cl U Ma> = M()7
O<a<l

M, =A ElCCH ) = [inf I(B), sup u(p)

0<p<1 0<p<1

is a closed set by referring to (7.167). Since M, C M, for all « > 0, we have ( J,_,;M, € M,,
which implies

cl( U Ma> C cl (M) = M,
0<a<l

Next, we want to prove the other direction of inclusion. For

xeM,= [inf I(B), sup u(p)| =cl < inf I(p), sup u(ﬂ)) s

0<p<1 0<p<1 0<p<1 0<p<1
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there exists a sequence {x, }* , in the open interval

<inf I(p), sup u(ﬁ))

0<p<1 0<p<1
satisfyingx, - xasn — oo, i.e.
inf I(f) < x, < sup u(p) forall n.
0<p<1 0<p<1
Let
I"=inf I(f) and u* = sup u(p).
0<p<1 0<p<1

Then I* < x,, < u* for all n. Now, for each fixed n, we consider the following cases.

e Lete, <x, —I*. According to the concept of infimum, there exists f; > 0 satisfying I* +
€, > l(f;). Therefore, we obtain I(#,) < x,,.

e Let ¢, < u* —x,. According to the concept of supremum, there exists §, > 0 satisfying
u* — ¢, < u(p,). Therefore, we obtain x,, < u* — e < u(p,).

The above cases imply that there exists f; > 0 and g, > 0 satisfying I(f;) < x,, < u(p,). Let
p* =min{p,, p,}. Then g* > 0. Since f* < f;, < 1and p* < f, <1, it follows that
inf 1(B) < () <x, <u(p,) < sup u(p),
pr<p<1 p*<p<1
which implies

x, €

inf I(f), sup u(ﬁ)] for all n.

O<a<l [aSﬂSI a<p<1

This means that

xecl( U [inf I(B), sup u(p) ) =cl< U Ma>
O<a<1 Laspsl asfsi 0<a<l

by referring to (7.187). Therefore, we obtain C, = M, for all 0 < a < 1. This shows the exis-
tence of C = A© ¢y, B. Using Proposition 1.4.8, we can also obtain the equalities (7.189) by
referring to the proof of Theorem 7.7.7. This completes the proof. [

Theorems 7.7.13 and 7.7.14 say that the type-II complete composite Hausdorff difference
A Sten B and A© .y B always exist. Moreover, the equalities (7.189) says that the three
) 2

differences A ©7,.,, B, A©qcy Band A©g(y, B are identical.
2 2 2

7.8 Applications and Conclusions

In what follows, we present some simple applications to the gradual numbers proposed
by Dubois and Prade, and Fortin and Fargier [29, 37] and fuzzy linear systems studied by
Lodwick and Dubois [74].

7.8.1 Gradual Numbers

The concept of a gradual number was proposed by Dubois and Prade, and Fortin and Fargier
[29, 37]. Each gradual number 7 corresponds to an assignment function A : (0,1] —» R.
Given any two gradual numbers 7, and 7, with the corresponding assignment functions Az
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and A; . Their difference ¥, ©7T, is also a gradual number with the corresponding assign-
ment function A; ; defined by

A’,;le;.\z((l) = A;:l () — A;:Z((X) for a € (0,1]. (7.190)

Next, we are going to establish the relationship between the fair Hausdorff difference and
the difference of gradual numbers shown in (7.190).

Given any two fuzzy intervals A and B, we can generate two corresponding gradual num-
bers 7, and 7, with assignment functions defined by

A (@) = % (A% +A7) and 4; (@) = % (Bi+BY) forac 0.1}, (7.191)

where 7, and 7, are also called the gradual midpoint of A and B, respectively. Suppose
that the fair Hausdorff difference A ©;; B = C or fair #-Hausdorff difference A ©;, B= C"
exists. Then, the fuzzy intervals C and C" can also generate the corresponding gradual mid-
points 7; and 7; given by

A () = % (f?i + C;]) and Az (o) = (CZL + C‘ZU> for a € (0, 1].

1
2
We are going to claim that A; = Az o Or Az = Az o, by referring to (7.190). From (7.148)
in Example 7.7.1, we see that

ch = min{Aﬁ —-BLAY —Bf,f} and C- = max{Ai -BLAY —BU},

which says that, for each a € (0, 1]
Ay (@) = % (min {4} - B A7 - BY } + max {4} - BL.4) - 5] })

o

- % (A7 - Bl + A7 - BY) = 4 @ - 45 (@ (using (7.191))

This shows that the corresponding gradual midpoint 7, of fair Hausdorff difference C =
A ©py Bisequal to the difference 7, © 7, of the corresponding gradual midpoints 7, and 7, of
A and B. We can similarly obtain A?g = A?I o, Finally, for the existence of the fair Hausdorff
difference A ©;; B = C, refer to Example 7.7.5. In particular, if A and B are symmetric tri-
angular fuzzy numbers, then the fair Hausdorff difference A ©,; B = C always exists.

7.8.2 Fuzzy Linear Systems

Inspired by the form presented in (7.118), we can solve the fuzzy linear system as follows.
By referring to Example 7 in Lodwick and Dubois [74], two fuzzy intervals A and B are
considered with the corresponding a-level sets

A, =[2+5a,12—5a] and B, = [2+ 3,12 — 3a].
In order to solve the fuzzy equation A% = B, we consider solving the interval equations
A_x = B, forall « € [0,1]. Lodwick and Dubois [74] obtained the interval solution x(a)

24+3a 12 -3a

2+5a 12— 5al’

which depends on a. Unfortunately, this family {M, : @ € [0,1]} is not nested. It means
that we cannot obtain a fuzzy solution X genuinely from the family {M, : « € [0,1]}

M, =x(a) =

313
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satisfying X, = M, for all a € [0, 1]. However, we can apply (7.118) to obtain a so-called
quasi-fuzzy solution X* with membership function defined by
&w(r) = sup a- IMH(V)'
O<a<l

Using Theorem 7.6.8, the a-level set of X* is given by

% = UMﬂ= U 2+ 3p 12—3/3]

’ = 1(B), u(p)] »
a<p<1 a<p<l 2+5 12-5p U [ ]

a<pf<1

for every a € (0,1] and the 0-level set of X* is given by

~k ok 2+3 12-3
xozcl(x0+)=cl( U Ma)=cl< U |:2—|—SZ712—SZ:|)

0<a<l 0<a<l

= cl< U [k, u(a)]).

O<a<l

Since the function ! is decreasing and the function u is increasing on [0, 1], it follows that

[l(a), u(a)] c [l(ﬂ), M(ﬁ)]
for # > a. The continuities of the functions [ and u say that the a-level set of X* is given by
59
Xt = l = (l(1 Dl =|=,=]| f 0,1
%= U [0u0)] = fio.uo) 2.2] forec0.1)

and the 0-level sets of X* is given by

%= cl( U [i@. u(a)]) = el ([1n.um)) = 2, %] .

0<a<l
Therefore, the membership function of X* is given by

o = { 1ifre [g, 3]

0 otherwise.

In some sense, we can say that the quasi-fuzzy solution X* is in fact a closed interval [%, g].

In general, we consider the fuzzy linear system A% = B, where A is an n X n matrix whose
entries are assumed to be fuzzy intervals and B is an m-dimensional vector whose com-
ponents are also assumed to be fuzzy intervals. The purpose is to find an m-dimensional
vector

&= (X1, 500, x)

satisfying A%* ~ B. Referring to Lodwick and Dubois [74], we can first obtain the interval
solution

x(a) = (X, (@), X,(a), ..., X, () = (M,(,”,M;Z), ...Mf,'”)

by solving the interval linear system A x = B,, where each component x;(a) is an interval
fori=1,...,nand a € (0,1]. Now, using (7.118), we can obtain the quasi-fuzzy solution X*
in which the membership function of each component ¥ is defined by

Sxan(r) = sup a - ypyo(r) = sup a - y (1)
O<a<l O<a<l

fori=1,...,n. The a-level sets of ¥*) can be realized by referring to Theorem 7.6.8.
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7.8.3 Summary and Conclusion

Three types of binary operations between any two fuzzy sets A and B in R™ are proposed in
this chapter. The first type of binary operation is defined in (7.93), given by

A@gB=_Cifandonlyif C, = A, B, for each a € [0, 1].

The addition proposed by Puri and Ralescu [92] and the difference proposed by Bede and
Stefanini [8] and Gomes and Barros [42] are a special case of the first type binary operation.
On the other hand, the second type of binary operation is defined in (7.115), given by

A, B=C"ifandonlyif C, = A, « B, for each « € (0,1].

The only difference between the first type and second type of binary operations is that the
second type does not consider the 0-level set. The motivation for considering this kind of
situation is based on the topological structure of universal set R™. As we mentioned before,
when the universal set R™ is endowed with a topology, its 0-level set is defined by (2.4).
Otherwise, its 0-level set is defined to be the whole set R™. In other words, the definitions of
0-level set are different. Therefore, we propose the second type of binary operation without
considering the 0-level sets A, and B, for the purpose of avoiding these conflicts regarding
the 0-level set. Theorem 7.6.10 presents the equivalence among these three types of binary
operations under the different assumptions.

Since the existence of A Og Band A Oz B cannot be guaranteed, the sufficient conditions
are provided in this chapter to investigate their existence. Based on the expression in the
decomposition theorem, the third type of binary operation is proposed in (7.118), given by

‘on@B(x) = Sup a - }(Ma(x) = Ssup « - ZMa(x),
0<a<l a€l0,1]

where M, = A, B, for all « € (0, 1]. We see that M, is not needed in this binary operation,
which also resolves the conflicts mentioned above. The benefit of considering this general
binary operation A O B is that it always exists without needing any sufficient conditions
to guarantee its existence.

e Theorem 7.6.14 says that, given A and B, under some suitable conditions, we can con-
struct a fuzzy set C* in R™ using the family {4, °B, : 0 < « <1} in which M, is not
included such that the membership function of C is given by

Ser(X) = sup a -y op (%)
0<a<l
and satisfies C, = A, « B, for each a € (0,1]. Therefore, we obtain the second type of
binary operation A Og B =C". In this case, we also have that the second and third types
of binary operation are equivalent by referring to the equalities (7.123).

o Theorem 7.6.19 says that, givenA and B, under some suitable conditions that are stronger
than those of Theorem 7.6.14, we can construct a fuzzy set C in R™ using the family
{A,°B, : 0 < a <1} inwhich M, is included such that the membership function of C is
given by

£o(X) = SUP & 13 o5 () = SUP @ 77 op, (X)
O<a<l a€l0,1]
and satisfies C, = A, o B, for each a € [0, 1]. Therefore, we obtain the first type of binary
operation A ®¢ B = C. In this case, we also have that all three types of binary operation
are equivalent by referring to the equalities (7.127).
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We also emphasize that, in Theorems 7.6.14 and 7.6.19, the existence of A (o} Band Aoy B
need to assume the nested families {M, : 0 <a <1}or{M, : 0 <a <1}.

The difference of fuzzy intervals can be used to define the differentiation of fuzzy-valued
functions. In order to generalize the difference proposed by Bede and Stefanini [8] and
Gomes and Barros [42], we propose many types of Hausdorff differences. We need to men-
tion that the different types of Hausdorff differences are special cases of those three types of
binary operations. Therefore, their existence can follow from Theorems 7.6.14 and 7.6.19.

e The composite Hausdorff difference proposed in (7.156) and (7.157) generalizes the differ-
ence proposed by Bede and Stefanini [8]. The difference in (7.156) and (7.157) considers
the fuzzy sets in R and differ by including or not including the 0-level sets. However, the
difference in Bede and Stefanini [8] considers the fuzzy intervals that are also fuzzy sets
in R assuming some elegant conditions such that the a-level sets become the bounded
closed intervals. Theorems 7.7.7 and 7.7.9 say that the composite Hausdorff differences
A ey, Band AS.y B always exist. Moreover, the equalities (7.161) says that the three
differences A GZH B, A8y B, and A &y B are identical.

e According to (7.166) and (7.167), two types of complete composite Hausdorff differences
A8 ey, B and AS ¢y, B are defined in (7.169) and (7.170), respectively. Without con-
sidering the 0-level sets, we also define another two types of differences A eZCHl Band
A eZ‘CHZ Bin (7.171) and (7.172), respectively. These differences generalize the difference
proposed by Gomes and Barros [42]. In particular, suppose that the fuzzy sets A and B are
taken to be the fuzzy intervals A and B. Then

AB¢cy, B=AS¢cy B and A O¢cn, B=A4 Otcn, B,

which are the differences proposed by Gomes and Barros [42].

(a) Theorems 7.7.13 and 7.7.14 say that the type-II complete composite Hausdorff differ-
ence A e’(‘:CHZ Band ileCCHZB always exist. Moreover, the equalities (7.189) says that
the three differences A GZCHZ B, AeCCHZB’ and AeGCCHZB are identical.

(b) Theorem 7.7.11 says that the existence of type-I complete composite Hausdorff dif-

ference A eZCHI Band ZleCCHIB need to assume that the function [ defined in (7.149)

is concave on [0,1] and the function u defined in (7.150) is convex on [0,1]. An
extra condition is also needed to guarantee the existence of AGCCHIB by referring
to Theorem 7.7.12.

e The families {M, : 0 <a <1} or {M, : 0 < a <1} taken in Theorems 7.7.7-7.7.14 are
nested automatically. However, the families taken in Theorems 7.7.3 and 7.7.4 are not
necessarily nested. Therefore, the existence of fair Hausdorff differences A Orpy B and
A ©py; B need to assume that the corresponding family is nested. An extra condition is
also needed to guarantee the existence of A ©;; B by referring to Theorem 7.7.4.

In this chapter, we introduce four types of Hausdorff differences between any two fuzzy
sets A and B of R. The composite Hausdorff difference A © . B and type-II complete com-
posite Hausdorff difference AeCCHZB always exist without needing any sufficient condition.
However, if A and B are taken to be the fuzzy intervals A and B, then the type-I complete
composite Hausdorff difference AQy; B always exists satisfying ASccy B = ASccy, B
Finally, Example 7.7.5 says that if A and B are taken to be the symmetric triangular fuzzy
numbers, then the fair Hausdorff difference A Oy Balso always exists. Therefore, the suf-
ficient conditions provided in this chapter are reasonable for applications of differences
between any two fuzzy intervals
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Inner Product of Fuzzy Vectors

A fuzzyinterval in R is a fuzzy set in R such that its a-level sets are bounded closed intervals.
The purpose of this chapter is to study the inner product of vectors of fuzzy intervals using
the extension principle and the expression in the decomposition theorem. Since the fuzzy
linear optimization problems and fuzzy linear systems can be formulated in terms of inner
product of fuzzy vectors, the results obtained in this chapter can be useful for studying the
fuzzy linear optimization problems and fuzzy linear systems.

There are two types of inner product that will be studied in this chapter. The first type of
inner product of fuzzy vectors is directly based on the inner product of vectors

x=(x,....x,) and y = (y,....,)
given by the following expression
Xey=xy;+ - +XV,

where x and y are two vectors in R". The extension principle and the expression in the
decomposition theorem will directly apply to the (conventional) inner product x e y given
above without considering the addition and multiplication of fuzzy intervals.

The second type of inner product of fuzzy vectors will be based on the addition and mul-
tiplication of fuzzy intervals by considering the following expression

(A(l) ®B(1)> OB (A(") ®B(")>,

where A” and B” are fuzzy intervals in R for i = 1, ..., n. The main issue of second type is
the addition and multiplication of fuzzy intervals. In this chapter, the addition and multi-
plication of fuzzy intervals will also be formulated based on the extension principle and the
expression in the decomposition theorem. Therefore, different combinations of using differ-
ent addition and multiplication will generate many different second type of inner product
of fuzzy vectors. Their relationship will be established. Moreover, the relationship between
the first type and second type of inner product will also be studied.

8.1 The First Type of Inner Product

Recall that the inner product of vectors x and y is given by
Xey=Xx);+ - +X),

where x and y are two vectors in R".

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Given any fuzzy intervals AV A" and BV, ... ,B™ in R, for each « € [0,1], the
a-level sets of A” and B” are denoted by

AV = [Al A ] and B = [BL B! ]

la’

We also recall the notations in (7.31), (7.32), and (7.33).
Let A and B be two vectors of fuzzy intervals in R given by

A= (AVA%, . A7) ana B = (BVBY.. 5. o

We shall study the inner product A ®;, B using the extension principle, and the inner prod-
uct A @, B using the expression in the decomposition theorem.

8.1.1 Using the Extension Principle

Given two vectors A and B of fuzzy intervals in (8.1), the membership function of A @, B
is defined by

(io, 8@ = sup  min {&m0x), ..., Em (), 1), -, Em (1) } (8.2)

{(x,y):z=xey}

for each z € R. The a-level set (A @, B), of A ®pp B for a € [0,1] can be obtained by
applying Proposition 4.4.15 to the inner product A ®, B, which is shown below. For each
a € (0,1], we have

(A@g B), = {xey :min{&00x). - &m0, &), . EmB,)} > a}
={xey: &) >aand &o(y,) >aforeachi=1,...,n}

={x1y1+---+x,ly,l x, €AV = [A Az]

ia

and y, € BV = [BL B; ] foreachi:l,...,n}

= min Xy, +--+Xx ,  max Xy, +--+Xx , (8.3)
[(xy)e(zia,ﬁa)( 1 ) <x,y)e<Aa,Ba)( e "y")]

where A, and B, are given in (7.32) and (7.33). From (8.3), since the objective functions are

separable, we see that
mm XY
Cqy)eElAL ADIXIB-,BL

<min {Amea,A BU AYB: AVBV})

min (x4 +XY,) =
(x.y)EA,.B,)

‘Ms EM:

Il
—

la "l " la

and

(xy)EA,.B,) : Cqy)eElAL ADIXIB-,BY

i e i

n
U 5U
= Z(m { ia wz’AlaBla’A BL AiaBia}>'

i=1

n
max (o, 4+ +xY,) = Z ( max xiyi)
=1
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Now, we assume that A® and B are taken to be the canonical fuzzy intervals in Defini-
tion 2.3.3 fori = 1, ..., n. For the 0-level set, from (8.3) and (2.5), using the nestedness and
the continuities regarding the canonical fuzzy intervals, we have

(A @y B), = c1< U (A ®pp E)a>

= min _ (xy, +---+x,,), max_ (xy;+---+x) ]
_(x,y)aAquo)( W) <x,y)e(Ao,Bo>( W)

[ n n
= Z mln xyi s Z max X
i (qy)ElAL AL IX[Bl B! =1 \ )elAl AL IxBY BY]

n
~ U
= Z <m1n { i0Dio0> 10B10’A Blli)’ALOBlO } )

i=1
it g U zU ~U=U
<max {AiO i0 IOBIO’ BﬁJ’ zoBzo})] .

Recall that a fuzzy interval A is nonnegative when Ai > 0 for each a € [0,1]. Suppose

IM-

that AV, ..., A™ and B, ..., B™ are taken to be nonnegative fuzzy intervals. Then
~ ~ ~L ~
(A ®pp B)a = [AlaBi‘a +AnaBia’A B : mx na]

The above results are summarized in the following theorem.

Theorem 8.1.1 Let A(l), ,A(n) and B(l), ,B(") be any fuzzy intervals. Then, the a-level
sets of A ®pp B are given by

(A®gpB) =| min_ xey, max_ xey
“  lxye@,B,) (xy)Ee@A,.B,)

[ n n
= 2 m1n xiyi . Z max x-yi
i x; yl)G[A A ]X[Bm m] ; y,)e[A A ]X[B,L(, Bm]

= S (min{A B A-BY AVRE Am m}),

ia"ia“ Ma P ia “ ta ia

._‘

i=

-

U U U % U
(max{ ia la’AzaBla’ laBlLa’ la la})]

for a € (0,1], and the 0-level set is given by
(A ®EP E)O =cl < U (A ®EP B)a) .
O<a<l

where A, and B, are given in (7.32) and (7.33). Suppose that A", ... ,A™ and B", ..., B"
are taken to be nonnegative fuzzy intervals. Then

(A @ B), = |A; « BL.A, o B |
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for a € (0,1], where Aﬁ, AS, ﬁs and ﬁg are given in (7.31). We further assume that
A<1), ,A(") and B(l), ,B(") are taken to be canonical fuzzy intervals. Then, the 0-level set
is given by

n
U ~U U
(A ®EP l (mln{ i0 10’A BlO’A Bﬁ)’ 1 }> ’

i=1

Z(max{ LO~IO’ zoleé’ ~UBﬁ)’A })]

i=1

Example 8.1.2 Continued from Examples 2.2.4 and 7.2.4, from (7.12), we have
AV = [AWA ] —[(1—a)+20,4(1 — @)+ 3a] = [1 + a,4 — a]
AY = [AZ,I,Aza] =21 - a)+3,5(1 —a) + 4a]l = 2+ ,5 — a]
BY = [B{G,B = [4(1 — &) + 5, 7(1 — a) + 6a] = [4+ a,7 — a]
BY = [Béa,th,] = [3(1 — ) +4a,6(1 — a) + 5a] = [3+ a,6 — a].
Now, we obtain
min { A7, By, Ay, Bl AL, BL,. ALBY, | + min { A7, Bl AL, B, AL, B, AL, B, |
=(1+a)@d+a)+Q2+a)3+a) =10+ 10a + a*
and
max {Afagfa’AfaBi’AﬁlBia’AlaBla } + max {AZHBia’AZaBZa’AZaBéa’AZaBZa }
=(@4—a)(7—a)+(5—a)6—a) =58 —22a + 2a°.
Therefore, Theorem 8.1.1 says that
(A ®gp B) , = [10 + 10a + o?, 58 — 22a + 207
for a € [0,1].
Example 8.1.3 Continued from Example 8.1.2, we can consider the triangular fuzzy

number that is a special case of trapezoidal fuzzy interval by taking a, = a,. More precisely,
the membership function is given by

r—ab)/(a—a") ifak<r<a
ifr=a
VUep/@? -a) ifa<r<ad?
0 otherwise,

&i(n =

which is denoted by 4 = (a*, a, aV). For a € [0,1], the a-level set A, = [Aﬁ,Afj] is given by

Al =1 -a)d" +aaand AY = (1 — @)a? + aa. (8.4)
Now, we consider the following numerical triangular fuzzy numbers

AY =(<1,1,3), A® =(=2,-1,2) and A® = (01,3)



and

8.1 The First Type of Inner Product

BY = (=10,3), B® =(-2,-1,1) and B® = (-1,1,3).

From (8.4), we also have

AV = [AWA ] =~ -a) +a301-a)+a] = [2a — 1,3 - 2a]
A? = [Aza,AZ,] — 20— @) —,2(1 —a) — a] = [~2 + @, 2 — 3a]

3a°

A® = [A A“g’a] = [@,3(1 - a) + a] = [a,3 - 24a]

BS’:[B@,B ]—[ (1-a),3(1 - a)] = [« — 1,3 - 3a]
BY = [BBL| = (20 -0 -0 (-0 - al = [-2+ a1 - 20]
BE,3)=[~301’B;{1]_[ l-+a,31-a)+a]l=[2a—-1,3-2a].

Now, we obtain

and

min {Afaéi‘a’AVL Bla’Aijana’ iy B i{z}
(¢ —1)(3 - 2a) ifa >0.5
min {(@ — 1)(3 — 2a), Qa — 1)(3 — 3a)} if ¢ < 0.5

(a-1)@B-2a) ifa>205\ _ )
(¢ —1)(3 - 2a) 1fa<05}_(a D3 - 2a)

L 2 =3a)1 - 20) ifa>2/3
mln{ ZaBSa’AZaBZa’AZaBga’AZ(IBZa} {( 24 (x)(2 3(1) ifa < 2/3
{43

. - if ¢ > 0.
ik BLA B AV g Asanga}z{a(Za 1) ifa>05

min a’= 3a 32 3 32

Qa-1)3B-2a) ifa <0.5

max{ th ~iotBIt)z’14lotB§‘ot’14 Bla}
{ (3 —2a)(3 - 3a) ifa>0.5

max {2a — 1)(a — 1), 3 —2a)(3 — 3a)} if a < 0.5

(B -2a)(3—-3a) ifa > 0.5
(B-2a)(3—-3a) ifa < 0.5

} =3 -2a)(3-3a)

max

a2

Aé BL AZaBZMAZaB;a’AZHBZa} = (_2 + a)Z

~L U
max {A3aB§a’A BSa’ABaBga’ASaBM} =Q3- 2a)2'

In particular, for « > 2/3, we have

and

i(min{AlaBlLa,A BY. AYB- AUB U})

ia"ia> ia ux i
i=1

=(@=-1)B=2a0)+2=3a)1-2a)+aa—1)=6a>—3a -1

3
~L ~ U U
Z (max {Aia i m la’ mBll;xyAm za }>

i=1

=B =-20)3-3a)+ (=24 a)*> + (3 = 2a)* = 11a® — 3la + 22
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Therefore, Theorem 8.1.1 says that
(A @ B), = [6a® — 30 — 1,11a” — 31a + 22

for @ > 2/3. We can similarly consider the cases of 0.5 < a < 2/3and 0 < a < 0.5.

8.1.2 Using the Expression in the Decomposition Theorem

Let A” and B” be fuzzy intervals for i = 1, ..., n. Now, we are going to use the expression
in the decomposition theorem to define three different inner products by considering three
different families.

e We consider the family {M? : 0 < « < 1} by taking
M;:Aa0ﬁa={xoy:xEAaandyeﬁa} (8.5)
to define the inner product A ®%y B, where Aa and Ea are given in (7.32) and (7.33).
o Let M be bounded closed intervals given by
M, = |min { A7 o B, A o B | max {A; e B A, ¢ By }],
where A AV B. and B! are given in (7.31). We consider the family {M? : 0 < a <1}
by taking
M= (] M, (8.6)

to define the inner product A @BT B.
e We consider the family {M; : 0 < a« < 1} by directly taking

M = [min {Ai eB. A o B’ } , max {Ai eB. A o B’ }] (8.7)

a

to define the inner product A ®};T B.

Using the expression in the decomposition theorem, for ®,; € {®°DT, @BT, @};T }, the mem-
bership function of A ®,,; B is defined by

¢k ®pr 3(z) = sup a- }(M;(z), (8.8)

0<a<l
where M corresponds to the above three cases (8.5), (8.6) and (8.7). In what follows, we
shall separately study those three different families {M; : 0 < a < 1} given in (8.5), (8.6),
and (8.7).

Example 8.1.4 Continued from Examples 2.2.4 and 7.2.4, we consider three families
{M; : 0 < a <1} given below.
e We take
M:=A,eB,
={(x.x) e (¥.y) : (. x) E[1+a,4—a]x[2+a,5—a]
and (y.),) € [4+a,7—al X [3+a,6—al}
={xy +x), 1 (X)) €1+ a,4—al X [2+a,5—a]
and (y,y,) €[4+a,7—alX[3+a,6-al}
=[Q1+a0)d+a),d—-—a)(7-a)]+[2+a)3+a),(5—a)6—a)]
= [10 + 10a + a?, 58 — 22a + o’
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for all « € (0,1]. The membership function of A ®,,. B is given by
§A®ETB(Z1, Zz) = os;ligla . XM; (Zl’zz)'
o We take
M= |J M,
agp<1
where M, is a bounded closed interval given by
M, = |min { A7, By, + Az, B ArpBry + A58 |
max { A1, B, + 43,5, A1 Brj + A58 ||
=min{A+pHE@+PH+C+PHCB+ P, AG=PT-pH+E-PH6-Pp)},
max{(1+ @A+ +Q2+pHB+ P, d -7 -+ (- p6-HlI
= [min {10 + 108 + $*,58 — 228 + f*}
max {10 + 104 + %, 58 — 228 + f*}|
= [10 4+ 108 + %, 58 — 228 + ?|
for all g € (0,1]. Therefore, we obtain
My = | My= ] [10+108+ 42, 58 — 228 + §]

a<p<1 a<f<1

[10 + 10a + o*, 58 — 22a + o?] .

The membership function of A @}, B is equal to the membership function of A @, B.
o We take
s = [ A5, + AL B ALY, + ALEL )
max {Afaf?fa + AL BE AT

2a° a

U U zU
Bla +A2aBZa }] .
Then, we obtain

M; = [10 + 10a + a?, 58 — 22a + a’| .

Therefore, the membership function of A @} B is equal to the membership function of
A@, B.

8.1.2.1 The Inner Product A @ B
We shall study the inner product A ®pr B considering the family given in (8.5). Given any
a € (0,1], we have

M;:Aaoﬁa={xoy:XeAaandyeﬁa}

= min Xey, max_ Xxey]|.
(x.y)EA,.B,) (x.Y)EA,.B,)

According to the expression in the decomposition theorem, the membership function of
A ®¢, Bis defined by

Siep,B(@) = SUP & 7. (2). (8.9)
0<a<1 “

We have the following interesting results.
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Theorem 8.1.5 Let A” and B” be canonical fuzzy intervals for i =1, ...,n, and let the
family (M2 : 0 < a < 1}be taken by Mt = A,  B,. Then, for a € [0,1], we have

(A@;,;B) = [ min  xey, max xoy] )

¥ lxye@d,B,) xy)E@A,B,)
When A” and B are taken to be nonnegative canonical fuzzy intervals fori=1,...,n, we
simply have
< o5 <L =L U =&U

(A ®pr B)a = [Aa B A, e Ba] .
Proof. It is clear to see that {M; : 0 < @ < 1}is a nested family in the sense of M C M1;
for p < a. Using the continuities regarding the canonical fuzzy intervals, we see that the
family {M; : 0 < a < 1} will continuously shrink when « increases on [0,1]. Therefore, for
a € (0,1], we have

M = ﬂM;k (8.10)
s=1

for 0 < a; 1 a with o € [0,1] for all k.
Next, we are going to show that

M, = (A ®;, B), for a €[0,1].

Given a € (0,1] and any z € M, the expression (8.9) says that & A®BT]§(Z) > a, which implies
z € (A ®}, B), and proves the inclusion M; C (A &}, B),. To prove the other direction
of inclusion, given any z € (A &}, B),, it means that Siey, B(2) 2 a. Leta = Sxq0 5(2). We
consider the following cases.

e Assume that @ > a. Let € = @ — a > 0. By referring to (8.9), the concept of supremum
says that there exists o, € [0,1] satisfyingz € M and @ — € < a, which says that « < .
Therefore, we obtain z € Mg, since M§ C M; by the nestedness.

e Assume that & = «. Since [0,1] is an interval with left endpoint 0, for any a € (0,1], there
exists a sequence {ad e, in [0,1] satisfying 0 < @, 1 a with &, € [0,1] for all k. Let ¢, =
a — oy, > 0. By referring to (8.9), the concept of supremum says that there exists a, € [0,1]
satisfying z € M; and & — ¢, = @ — ¢; < ay, which implies &, > a; € [0,1]. The nested-
ness also says that z € M, forall k, i.e.z € ()2, M; . From (8.10), we obtain z € Mj,.

The above two cases conclude that (A @7 f})a C M;. Therefore, we obtain the equality
M, = (A ®;, B), for a € (0.1].
For the 0-level set, we also have

(A®p;B), =cl ( U (A @), E)a) (referring to (2.5))

0<a<l}

=cl< U M;>
0<a<l

= M; (using the nestedness and continuities in Definition 2.3.3).

This completes the proof. [
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Example 8.1.6 By referring to Example 8.1.2, Theorems 8.1.1 and 8.1.5 say that
(A®@p;B), = (A @pp B), = [10+ 10« + o, 58 — 22a + 207

for @ € [0,1]. By referring to Example 8.1.3, we also have
(A@; B), = (A @y B), = [6a” — 30 — 1,11a° — 31a + 22

fora >2/3.

8.1.2.2 The Inner Product A ®* B

We shall study the inner product A @, B considering the family given in (8.6). According

to the expression in the decomposition theorem, the membership function of inner product
A ®5T B is defined by

‘fA@BrB(Z) = sup a - yp. 2. (8.11)
O<a<l «

We have the following interesting results.

Theorem 8.1.7 Let A” and BY be canonical fuzzy intervals fori = 1, ..., n, and let the fam-
ily {M; : 0 < a < 1}be given by

(1)
a<p<1

where M is a bounded closed intervals given by
M, = min { A7 o Bj. A o B | max {A; e B A, ¢ By }|.
Then, for a € [0,1], we have
(A ®BT E)a = M(;
<L

. . ~ U =U <L =L U =U
= |min min{ A, eB_ A, ¢B },maxmax{A B,,A, B }
a<p<l { p®PpBp ®Bp o P00 p ®Ppp By

= [min{min&é B! minAUoE/g]},

a<ps1 P a<p<a P
~L =L ~U =U
max{ maxA,eB, maxA, ¢B . 8.12
{asﬂg BB gcp BT TP }] (8.12)

When A” and B” are taken to be nonnegative canonical fuzzy intervals fori=1,...,n, we
simply have

(Ae, B), = [A§ oBLAY f;”] :

(4

Proof. We are going to show that M} = (A @}, B), for « € [0,1]. By using (8.11) and the
proof of Theorem 8.1.5, we can similarly obtain the inclusion M] C (A ®}, B),.

On the other hand, we can see that {M} : 0 < @ <1} is a nested family in the sense of
M; C M; for § < a. We define two functions ¢Z and ¢V on [0,1] as follows:

¢h(p) = min { A; ¢ B;, A7 o B} } and ¢V(p) = max { A e By A o By | .
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It is clear to see that the functions ¢& and ¢V are continuous on [0,1] by the continuities
regarding the canonical fuzzy intervals. We also see that M, = [CE(B), Y (B)]. The con-
tinuities say that the family {M; : a € [0,1] for « > 0}will continuously shrink when «
increases on [0,1]. For « € (0,1], it follows that

- ﬂ M
k=1
for 0 < 4 1 a with a;, € [0,1] for all k. Using the proof of Theorem 8.1.5, we can similarly

obtain the inclusion (A @}, B), € M;. Therefore, we have M} = (A ®;, B), for « € (0,1].
Moreover, for @ € (0,1], we have

(Aep B aE’JKIMﬂ = [gglgg ¢h(p), max ¢ (ﬂ)]
. . L SL U SU . L SL U JU
= [;gérsllmm {Aﬂ . Bﬂ,Aﬂ ° Bﬂ } ,ggl;{lmm {Aﬂ ° Bﬂ,Aﬂ ° Bﬂ }] .

For the 0-level set, we also have

(A®});B),=cl < U (A®}, E)a> (referring to (2.5))

0<a<l

= (ong;) =cl (MUSl [gsl;rsllﬁ(ﬂ), max ¢ U(ﬁ)] )

— L U
[(ﬁE[O 1]: ﬁ>0}C @, {B<lo, 1]Xﬂ>0}§ (ﬂ)]

(using the nestedness and the continuities of functions ¢% and ¢Y)

. . (2L &L ~xU =U . (*L &L ~xU =U
= min min{A,eB;, A, ¢B }, max mln{A eB, A  ¢B } .
[(ﬂe[o,l]:ﬁzm { PETRTE TR L pelo): p20) PR

Let 7L (B) = AZ . ﬁ; and #~(p) = A;’ . ﬁg. From the proof of Theorem 5.5.6, we have
. . L U _ . . L . U
min min {#"(§).n"($)} = min { min 7"(4), min n”(p), }
and
L U _ L U
max max {n"(#),n"(f)} = max {gﬁl%n (#), max n” (B), } :
Therefore, we obtain (8.12). This completes the proof. [

Example 8.1.8 Continued from Example 8.1.2, we can obtain
. (L &L U U
min { &7 B, A7 o By } =10+ 105 + 5
and
<L =L U =U
ax{A; o By, A7 o By} = 58 - 220 + 26
Using (8.12), we have

L ox B — : 2 _ 2
(A®p B), = [(ﬂeﬂ%.lsr]l:ﬁza} (104109 + 7). (PE1008):pza) (58 - 226+ 27)

= [10 + 10a + o?, 58 — 22 + 24|
for « € [0,1].
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Example 8.1.9 Continued from Example 8.1.3, we obtain

min (A BL +A2ﬁBL +A3ﬁBL>

a<p<1
_ : _ _ _ 2 _ = . _ 2
= min, [@F—D(B-D+(B-27%+p2p-1) min, (5—88+5p°)
_ [5—8a+ 5a? ifa>08 [5-8a+5a® ifa>0.8
T 15-8-08+5-0.8 ife<0.8 118 ifa <08

and
. ~U =U ~U =U ~U U
min (A,,B A, B A.B )
,15/&( 15815 T AgpBap + AzpBsg

= 52}21 (3 =253 ~3p) + (2~ 35)(1 - 25) + (3 - 2p)’]

= min (20— 348 +164°) =20 - 34+ 16 =2.

agf<1
Therefore, we have

min { min (AL + ALB, + ALBL ). min (AR + AYBY + 4B }

a<p<l a<p<l

_ min {2,5 — 8a + 502} ifa20.8_ 5—8a+5a% ifa>0.8
" | min {2,1.8} ifa<08 |18 ifa <0.8

Now, we can also obtain

L AL fLooL ) )
max (AlﬂBfﬂ +A3,B, +A3ﬂB§ﬂ> = max (5—88+5p°)
_f5-8+5 ifaZO.S_ 2 ifa >0.8
T 15-8a+5a2ifa<08 |5-—8a+5e%ifa<08
and

max (Awa + Ay BY, +A3ﬂB3ﬁ) max (20 - 34 +16%) =20 - 34a + 160,

a<p<1
Therefore, we have
L L 3 AL % FURU | zURU | 2U xU
max {5221;(1 (Awaﬁ +A2ﬂB§ﬁ +A3ﬂB§ﬂ) ’52%1 (Awa +AyBy, +A3ﬂ33ﬁ) }
[ max{2,20 — 34a + 16a%} if a >0.8
"\ max{5 — 8a + 5a2,20 — 34a + 1642} if a < 0.8
20 — 34a + 16a? if @ > 0.8 N
= - =20-34 16a”.
{20—34a+16a2 ifa<0.8} ax e

Using (8.12), we obtain the a-level sets

- 2 90 — 2]

Q @* B = U.
= s [5 8a + 5a-,20 34(x+16a] if @ > 0.8
(A5 B), = { [1.8,20 — 34a + 164 if « <0.8.

8.1.2.3 The Inner Product A @;T B

We shall study the inner product A @ET B considering the family given in (8.7). According
to the expression in the decomposition theorem, the membership function of inner product
A ®TDT B is defined by

Siel 5@ = SUp @ -y (2). (8.13)
br 0<a<l “
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Theorem 8.1.10 Let A” and B” be canonical fuzzy intervals for i =1, ..., n. The family
{M, : 0 <a <1} isgiven by
M= [min {A§ oBLAY .f;fj} ,max{Aﬁ oBLAY .ﬁf}] .

a

Then, for a € [0,1], we have

(Ao, B) = |Um;

Y a<p<l

= [min min{[i; oﬁLﬂ,A;}oﬁg},max max{&ﬁ OBZ,A;[.]NS;]}] .

a<p<1 a<p<l

(8.14)

When A” and B® are taken to be nonnegative canonical fuzzy intervals for i=1,...,n,
we have

(A @LTﬁ)a - [Ai.sa,;\a B]

Proof. We are going to show
(Aej,B) = | M;forac @, (8.15)
* asp<1

Let
) = mln mm{A oBI,,A oﬁg} and ¢Y(a) = max max{A oBﬂ,A oﬁzj}.

Then M =[¢ L(a), ¢Y(@)]. The continuities regarding the canonlcal fuzzy intervals show
that the functions ¢* and ¢V are continuous on [0,1]. Using Proposition 1.3.9, given any
fixed x € R, the following function
0, ifa=0
floy = { a gy (), ifae©]l]
is upper semi-continuous on [0,1].

Fora > 0, givenanyz € (A ®) B), withz ¢ M; for all § € [0,1] with § > a, we see that
B Yoy (z) < a for all g € [0,1]. Since [0,1] is a closed and bounded set and {(8) = g - Aoy (z)
is upper semi-continuous on [0,1] as described above, Proposition 1.4.4 says that the supre-
mum of the function ¢ is attained. Using (8.13), we have

fA@;TB(Z)=ﬂS€‘?(£’1]C(ﬁ) Sup By (@) = max f- e (2) = - gy, (2) <t

for some g* € [0,1], which shows that z ¢ (A @ET E)a. This contradiction says that there
exists g, € [0,1] with g, > «a satisfyingz Mg . Therefore, we have the following inclusion
0

(AeprB) < U .
a<p<1
On the other hand, the following inclusion

U Mj < {ZER”‘ : sup ﬁ ;(M.(z)>a}

as<p<1 pEl0

= {z ER™: 11 32 2 “} = (A ®£Tﬁ>a
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is obvious. This shows the equality (8.15). Using the continuities regarding the canonical
fuzzy intervals, we can also obtain the equality (8.14).
For the 0-level set, we have

(A @, B)O =cl U (A @, ﬁ)a (referring to (2.5))
{20,137 :a>0}
: (%L &L U _sU . (%L &L U _&U
- [[ﬂe[r&?f}ﬂzm min {A; e By.A) o By |, max  min{A;eB;.A; ¢ B; }]

(using the nestedness, continuities and the equality (8.14)).

This completes the proof. |

Example 8.1.11 By referring to Example 8.1.8, Theorems 8.1.7 and 8.1.10 say that
(A@p,B) = (A®} B), = [10+ 100 + o, 58 - 220 + 207]
o
for a € [0,0.8]. Moreover, we have <1§ @, fi) =g for a &[0,0.8]. By referring to
a

Example 8.1.9, we also have

b=\ i oex wy _ J [5—8a+50%20 340 +16a2| ifa >0.8
(A ®pr B)a = (A5 B), = { [1.8,20 — 340 + 1602 if a <0.8.

8.1.3 The Equivalences and Fuzziness
The equivalences among A ®,, B and A ®,,; B for ®,; € {®9, x @LT} will be pre-

pr ®pr>
sented below.

Theorem 8.1.12 Let A” and B” be canonical fuzzy intervals fori =1, ..., n. Suppose that
the different inner products A ®pp B and A &2, B are obtained from Theorems 8.1.1 and
8.1.5, respectively. Then

A®;pB=A®),B.
Moreover, for a € [0,1], we have

A®,B) =(A®°.B) = min Xxey, max_ Xxey]|.
(A @z B), = (A@p B), xyE@A,B,) xyE@,B,)

Theorem 8.1.13 Let A" and B” be canonical fuzzy intervals fori =1, ..., n. Suppose that
the different inner products A ®hr B and A ®£T B are obtained from Theorems 8.1.7 and
8.1.10, respectively. Then

A®;,B=A® B.
Moreover, for a € [0,1], we have

(03, ), = (0}, ).

. . L SL U U L SL U U
i min {5« 85,85} s ma (0 55,47 87|

329



330

8 Inner Product of Fuzzy Vectors

Theorem 8.1.14 Let A and B” be nonnegative canonical fuzzy intervals fori=1,...,n.
Suppose that the different inner products A ®pp B A ®pr B A @BT B and A ®TDT B are
obtained from Theorems 8.1.1, 8.1.5, 8.1.7 and 8.1.10, respectively. Then

AepB=A®),B=A®),B=A®,, B.
Moreover, for a € [0,1], we have

(A ®EP ﬁ)a = (A ®BT E)a = (A ®BT ﬁ)a = (A ®£T ﬁ) = I:Ai o ﬁi"&g i Er[t]

The equivalence between A ®pr Band A @BT B cannot be guaranteed. However, based
on the a-level sets, we can compare their fuzziness by referring to Definition 6.3.4.

Theorem 8.1.15 Let A” and B” be canonical fuzzy intervals for i =1, ...,n. Suppose
that A @) Band A @ B are obtained from Theorems 8.1.5 and 8.1.7, respectively. Then
A ®?, B is fuzzier than A @}, B.
Proof. Given any a € (0,1], we see that
min xey< min min_ Xxey< min min{Azoﬁé,A;}of}g}
x.y)EA,.B,) a<f<1 (xy)e(d, B,y agf<1
and

xL =L xU  =U
max Xey>maxXx max _ Xey> max max{AﬂoBﬂ,Aﬂ oBﬂ}.
x,y)€A,.B,) a<p<l (x.y)E(A;.By) a<p<l

From Theorems 8.1.12 and 8.1.13, we obtain the following inclusion
(A®};B), C (A®); B), for a € (0.1].
This shows that A ®)r B is fuzzier than A ®% B, and the proof is complete. [

8.2 The Second Type of Inner Product

The first type of inner product is directly based on the inner product of real vectors. Now,
the second type of inner product will be based on the form of conventional inner product.
First of all, we recall the addition and multiplication of fuzzy intervals.

Let A and B be two fuzzy intervals with membership functions &; and &, respectively.
According to the extension principle, the membership function of multiplication AQ,B is
defined by

Erp,p@ = Sup min{£;(0).&0)}
() :z=xy}
for each z € R.

Let CV e ™ be fuzzy intervals with membership functions éem, L€ ) respectively.

According to the extension principle, the membership function of addition

C<1)®EP e ®EPCM)

is defined by

£og, @, (@) = sup min {&.00x)), ..., Exm(x,) } (8.16)

{0pseXy) 1=+, )

foreachz € R.
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By referring to (8.5), (8.6), and (8.7), we can define the multiplication of A and B
according to the expression in the decomposition theorem by considering three different
families

{M® : « €[0,1]n[0,1] with a > 0}
as follows. We can also refer to Subsubsection 7.1.2.3.
e In order to define the multiplication A ®BT B, we take

ME=A, B,={xy:x€A,andy€B,}

. Ll LU Usl ~UxU Ll LU Ugl ~UxU
- [mln {AﬂBz,AﬂBﬂ JAYB: AVB, } , max {AﬂB;,AI,BI, JAYB: AVB, }]
(8.17)
for a € (0,1].
o In order to define the multiplication A ®pr B letM 5 be a closed interval given by
M, = [rnin {A;E;A';]Bg} ,max {AII}B;,A';]BEI }] )
We take
M® = U M, (8.18)
a<p<l
for « € (0,1].
e In order to define the multiplication A ®TDT B, we take
M® = [min {AiBﬁAng} , max {Ai]?i,/igfig }] (8.19)
for a € (0,1].

Since the multiplications ®;, and ®},,. are equivalent by (7.24), it does not need to con-
sider the multiplication ®,. Using the expression in the decomposition theorem, given
®pr € {®} BT, ®TDT}, the membership function of A® DTI? is defined by

$ig,,5(2) = sup a - yye(2), (8.20)
0<a<l

where M® corresponds to the above three cases (8.17), (8.18), and (8.19).

We shall also define the addition of fuzzy intervals C‘(l), s ™ based on the expression
in the decomposition theorem by considering three different families {M? : 0 < a < 1}
as follows. We can also refer to Subsubsection 7.1.2.1.

e In order to define the addition

~(1) >(n)
c GBBT'”@BTCn’

we take
M@_C(l) ~(n)
® = a+...+c (8.21)
={x1+--~+xn :xiei‘g)fori=1,..‘,n}
~ ~L U ~U
= [Cfa+-~-+cﬁa,cla+--~+cm] (8.22)

for « € (0,1], where C‘ix = (é“))g and C‘ii = (é“'))g fori=1,...,n.
e In order to define the addition

1) * *x A
C ®pr®prC
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let M, be a closed interval given by
M, = [min{@fa+---+ﬁ'sa,éﬂ+-~-+élj }
max{C‘ix+~-~+C‘L U CY }]

na?

=[C’fa+- FN o oS Y o

ha?

We take
M2 = | J M,

for « € (0,1]. It is clear to see that

® _
Me = | J M,
a<p<1
~ ~L U ~U
= U [Cfﬁ+"'+ciﬂ’clﬂ+"'+cnﬂ]
a<p<1
=|:~10t+ +Cﬁa’ +C’r[;7a:|'

e In order to define the addition

~(1) (n)
Cle), @, C",

we take
M® = [min{ Cro4-tCh CU - +é,‘{a},
{Cf +- +Cﬁa,cw+ +C }]
= |Gl + GGt T
for « € (0,1].

Then, we see that

A1) (n)
c ®<I>)T eaDT

In this case, we simply write

1) (n)
c @pr-- GBDT ’

and its membership function is defined by

) em(2) = sup a - yye(2).
¢ @pr-@pr C 0<a<l

(1) (n) e
=C ®BT @DT C eBT"'

@), C

Since the additions @, and @, are equivalent by (7.20), it follows that

(1)

(n) (1 (n)
c Opr- - ®prC = =C ®pr- - OprC

In this case, we simply write

C(l) D C(Vl)

()

(8.23)

(8.24)

(8.25)

(8.26)

Now, we are in a position to define the second type of inner product of A and B as follows.
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Definition 8.2.1 Let A(k) and BY be fuzzy intervals for k = 1, ..., n. The inner product
between A and B is defined by
AeB= (A"(D®IB(D) ® -0 (A'(")®n]§’(")) , (8.27)
where the multiplication

®, € {®DT,®DT,® }forj=1,. (8.28)

The inner product A ® B depends on the choice of multiplication according to (8.28).
Therefore, it is completely different from the first type of inner product A @ B for
® € {@pp. B}y @)y @)y ). We write

eV = A(i)®jf3(j) forj=1,...,n

Then, we have
(1) (n)

AeB=C"9 --0C (8.29)
and its membership function is given by
i@ = S:ipla Ine @)
= sup min {&.00x)), ..., Exm(x,) } (8.30)

{0y, X)) 12=x 44, )

by referring to (8.25), (8.26) and (8.16).

The membership function {355 is in a very general situation, since the multipli-
cation ®; for j=1,...,n can be any operations in (8.28). However, we can use the
Decomposition Theorem 2.2.13 to rewrite the membership function &3 using its a-level
sets. Let (A ® E)a be the a-level set of A ® B. According to the Decomposition Theorem
2.2.13, the membership function is given by

fion(®) = MAXa - x(iom), (2)-

Therefore, the purpose is to study the a-level set (A ® B), in the subsequent discussion.

8.2.1 Using the Extension Principle
We shall present the a-level sets A ®pp B) .For any @ € [0,1], from Theorem 7.1.2, we have
¢l = (A, B‘”) = A0« BY = |47, 4| + BBy
U UzU U U U
[mm {Aja%La’AjaBja’Aja%La’AjaBja } max {AJaBJLa’AJa jas JaBJLrt’AJaBJa }]

[ . }a] ‘ (8.31)

and

(A@pB), =C+ - +C) = [C‘fa+-~-+CL,Cf+---+CU] (8.32)

= [(A ©®gp E)i ’ (A O©pp 13),[,]] ; (8.33)
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where

n n
< ~\L . < \U ~U
(A@wB), =)', and (A @ B), = YT, (8.34)
j=1 j=1
Therefore, we can calculate the a-level sets (A ®pp B), according to the above formulas.
Example 8.2.2 Continued from Example 8.1.2, we first calculate C‘E,l)
For a € [0,1], we have

~2)

and C,,” from (8.31).

&l = min { AL, B, AL B ALBL ALBLL | = (1 + 0@+ 0 =4+ 5+ a2
and

¢t = min {A"gaééa,AéaBZ,,AZ,Bga,AZBZ} = Q+®)3+a) =6+ 5a+a.
We can similarly obtain

&Y = max {AL B At BY AUV B Afana} =@ —a)7—a)=28—11a +a?
and

&Y = max {A‘Qaéga,AéaBi,AgaBQa,AiB;} = (5—a)(6—a) = 30 — 11a + a’.
From (8.33), we obtain

(A@yB), = [(A @ B). ., (A @pp f;)ff] = [10 + 10a + %, 58 — 22a + &?] .

Example 8.2.3 Continued from Example 8.1.3, for 0.5 < a < 2/3, we have

(A @pp ﬁ)i = i <min {AlLBL ALY Vgt AUBU}>

iaia? o ia o i < e ia
i=1

=(@-1)GB-20)+(-2+a)2-3a)+aa—1) = —-3a*+12a — 7

and, for 0 < a < 0.5, we have

3
. L =L L xU Uzl UzU
Z <m1n {AiaBiLa’AiaBia’Aian;x’AiaBia })
i=1
=(a—1)3-2a)+ (-2 + )2 — 3a) + 2a — 1)(3 — 2a) = —9a* + 21a — 10.
From (8.33), we obtain

[60% — 3a — 1,110 — 31a + 22 ifa >2/3
(A@g B), =9 [-3e®+12a - 7,11 = 31a + 22| if0.5<a<2/3
[-9a% + 21a — 10,110 - 31a + 22| f0<a <0.5

Let A, D, E be bounded closed intervals in R. Then, we have the subdistributivity
AX(D+E)CAXD+AXE. (8.35)
We further assume thatd - e > 0 for everyd € D and e € E. Then, we have the distributivity

AX(D+E) =AxD+AXE. (8.36)
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Let A and B be fuzzy intervals. We write A C B when their a-level sets satisfy the inclusion
A, C B, foralla € [0,1].
Proposition 8.2.4 Let A%, D” and BV be fuzzy intervals forj=1,...,n.
(i) We have the following subdistributivity
A©p D& E) S (A D) & (A E).

(ii) For each fixed j, suppose that DY and EV are simultaneously nonnegative or nonpositive.
Then, we have the following distributivity

A @Ep (f) @Ep E) = (A @Ep l~)) GBEP (A @EP E)

Proof. Let B = D @, E. Then, regarding the components for j = 1, ..., n, we have
B = DV@,E” and BY = DY + EY for « € [0,1], (8.37)
where Bg), Df,” and Eg) denote the a-level sets for @ € [0,1]. From (8.31), we see that
V=49 «BY. (8.38)
Therefore, for a € [0,1], we obtain
(A @ (D Dpp E))a = (A @pp E)a
A (DY +EY) o+ AT

=" 4.+ C" (using (8.32))

« (Df;” + E;”)) (using (8.37) and (8.38))
c (/ifll) « DV 4+ AV « ES)) +o 4 <Af,") « DI+ A" & Efl")) (using (8.35))
= (AP 5D 4o+ AP 5 DY)+ (A BY 4+ AP 5 B
=A@ D), +A O E), = (A O D)®,A @ E)),.

This proves part (i). Applying (8.36) to the above argument, we can similarly obtain part
(ii), and the proof is complete. |

8.2.2 Using the Expression in the Decomposition Theorem

Now, we can take ®;=Q®pr € {®BT, ®BT, ®£T} in'(8.28)Afor allj'= 1, ..., n. In this case, by
referring to (8.20), the membership functions of ¢V =AY ®DTI§’U) are given by
(@) = sup a- z Q) 8.39
fe(@) = Sup - 1,0/ (8:39)

for j =1,...,n. By referring to (8.30), the membership function of inner product (8.29) is
given by

¢k o, 8@ = sup a- xe(2), (8.40)
O<a<l

where M® are given in (8.22), (8.23) or (8.24) with

n n n n
> <L = ~ U ~U =U
G = D A+ > By and Cjp = Y A, + Y By,
=1 =1 =1 j=1
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Now, we assume that A(k) and B® are taken to be canonical fuzzyintervalsfork =1,...,n.
We shall present the a-level sets (A @, B),. From (7.26), we see that
0 _ 50 B0 _ 70 oF )
c’=4"@;, BV =4" @] B".
Then, we can obtain two different kinds of a-level sets CS) by referring to

Subsubsection 7.1.2.3.

e Suppose that we take ®; = @BT forj=1,...,n. For any a € [0,1], we have

C?:(A(j) ®BTBO)> = min Xy, max Xy (8.41)
a aned? B?)  ayed? BY)

ALl FLpU UL zURU
= [mln {AjaBjLa,AjaBja,AjaBjLa,AjaBja} ,

fL =L il zU Uzl ~UzU
max {AjaBjLa,AjaBja,AjaBjLa,AjaBja }]

AL

Ja ja

e Suppose that we take ®; = @BT = @LT forj=1,...,n. For any a € [0,1], we also have

¢l = (47 &3, B(”) = (4 &}, B(")> (8.42)
a a
. . “L =L U xU L 5L UxU
= [52};21 min {AjﬂBjLﬂ,AjﬂBjﬂ} ,grsl?é(l max {AjﬂBjLﬂ,AjﬂBjﬂ }] (8.43)
. . ~L =~ . ~U xU ~L = ~U xU
= [mm {,E};QlAjﬁBjL/i’ min AjsBjs } ; max {E;,‘;‘;‘IAJ/}BJL/:’ max Aj;Bjs }]
(8.44)
Al AU
= [cfcj] .
According to (8.29), for any a € [0,1], we have
(A@DTE)G=CE,D+-~-+CE,")= [C’fa+--~+ﬁ‘ﬁa,égx+~-+éffa
< S\ Lz -\ U
= [( @pr B), . (A @pr B)a], (8.45)
where the a-level sets C S) can be taken from (8.41) or (8.44) forj =1, ...,n,and
n n
~ ~\L ~ N ~\U ~U
(A@pr B), =Y C,, and (A, B). = )¢, (8.46)
j=1 j=1

Therefore, we can calculate two kinds of a-level sets (A ®,; B), using (8.41) or (8.44) for
j=1,...,n

Example 8.2.5 Continued from Example 8.1.2, suppose that we take ®; = @ = @jﬂ for

j=1,...,n. Wefirst calculate C‘fll) and C‘f) from (8.44). For a € [0,1], we have

~ . . <L = . U »U . <L = U U
CL = min min A BL min A,B =m1n{A BL,A B }
la {{ﬂe[o,o.SJ:/}za} 1pP1p 15€1008]: p2a) 15 lﬂ} 1aP1a>4*1,0.8°1,0.8

AL B =(1+a)@d+a)=4+5a+a
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and
C‘;a = min { [ﬂe[or{)ugr]l ﬁ>a}A2ﬂB2ﬁ {ﬂe[gl(}%s? ﬁ>a}A§’ﬂB§’ﬂ} = min {Aﬁaééa,,igo,ségo,s}
= AL B =+ a)B+a)=6+5a+a’.
We can similarly obtain
CU = @—a)(7—a)=28—1la + a>
and
Co = (5-a)6—a)=30—1la+a>
From (8.45) and (8.46), we obtain

(A@py B), = [(A@DT B)". (A @ B) ] [10 + 10a + o, 58 — 22a + a?] .

Example 8.2.6 Continued from Example 8.1.3, suppose that we take ®; = ®p = @LT
forj=1,...,n. We first calculate C(l) and C(z) from (8.43). Now, we have

~L
Cua

— min min {Afﬂﬂfﬂ,AfﬂBﬁ,} = min min {20 - D8~ 1.G = 2H)3 - 39))

a<p<l1
. 202 —3a+1 ifa>0.75
= min (26 - D)(f—1) = z
MG -1 {2(0.75)2 ~3.075+1 ifa <075
~U L =L U U
1. = max max { AL, By ALY, | = max max (2 - (9 1.3~ 2)3 = 39))

= max (3 — 2)(3 — 3p) = 6a*> — 15a + 9
a<p<1

) L oL U RU o
C,, = 0{9}9 min {AzﬂBgﬂ,AzﬂBzﬂ} = min min {(B-2%2-3pHA-2p)}
. 6a% —Ta +2 ifa>7/12

= 2— 1-2p)= -
min @ =300 -2 {6(7/12)2 —7(7/12) + 2 if a < 7/12

U ~ ~ ~ ~
¢Y = max max {AéﬂBéﬂ,Ag’ﬂBfﬂ} = max max {(6 - 2.2~ 30)(1 - 20)}

a<p<1

=max(f—2)°=a*—4a+4

a<p<1
Ao Lml URU\ _ Py
cy = min min {A3ﬁB§ﬂ,A3ﬂB3ﬂ} = min min {B2p-1).3-2p7}

. a if @ > 0.25
= 2 -
min p2p - 1) = {2(0 2572 — 025 if @ < 0.25

Cg = max max {Angﬂ,AwBsﬂ} max max {B2p-1),3-2p7}

a<p<1

= max (3 — 2f)? = 4a* — 12a + 9
a<p<1

Using (8.46), for @ € [0,1], we have

(A @pr ) = (6a® —15a +9) + (a® — 4a + 4) + (4a® — 12a + 9) = 10a* — 31 + 22,
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and, for a € [0.75,1], we have

(A @pr B). = (2¢° = 3a +1) + (60 — 7a +2) + (2a* — @) = 10a> — 11a + 3.
From (8.45), for a € [0.75, 1], we obtain

(A@pr B), = [(A @y B),. (A @pr B). | = [100> - 110 +3,100> - 310+ 22]

For the cases of @ € [7/12,0.75), a € [0.25,7/12) and « € [0, 0.25), we can similarly obtain
the a-level sets (A ®p; B),.

8.2.3 Comparison of Fuzziness

By referring to Definition 6.3.4, we are gong to compare the fuzziness between the first type
of inner product A @ B for ® € {®pp, @ @) @LT} and the second type of inner product
A@B.

Theorem 8.2.7 Let A* and B® be canonical fuzzy intervals fork = 1, ..., n. Suppose that
the first type of inner products A @, B and A @7 B are obtained from Theorems 8.1.1 and
8.1.5, respectively. Then, we have the following properties.

(i) Assume that the second type of inner product is given by
A, B= (A(“@)EPB“)) ® 0 (A'(")®EPB‘”)) : (8.47)

Then, the first type of inner products A @, B and A () B are fuzzier than the second
type of inner product A ®p B in the sense of

(A ®pp ﬁ)a < (A ®gp B)a = (A ®1°)T B)a

fora €10,1].
(ii) Assume that the second type of inner product is given by

Aoy B= (A0 ") o o (4" &) B"). (8.48)

Then, the first type of inner products A ®@gp B and A &, B are fuzzier than the second
type of inner product A ® B in the sense of

(A ®pr ﬁ)a c (A ®gp B)a = (A ®]§T B)a

fora €[0,1].

Proof. Itis clear to see that

n
min = (XY, +---+XxY,) = < min _ x.y<> (8.49)
<x,y>e<Au.Ba>( e W) le xye@,B,)
and
n
max _ (xy, +--+xy,) = < max _ x-y<> , (8.50)
(xy)e(AmBa)( e ") ;‘ xye@,B,) "
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since their objective functions are separable. Now, we have

. . <L =L <L xU ~UzsL UzxU
min x;y; < min {A- B JAZ B LA B JA: B. }
(<)@, B,) Vi JjaPjar “Ajajac < jaCjar Ajaja

and

Ll <L xU Uzl UzU
max  xy; > max {AA B, ALBY AVB- AUB! }
(x,y)e(Aa,fi,,) 7 Ja " jar T Tjam ja T TjaT ja S T jar ja

which imply, by referring (8.49) and (8.50),

n
, [ LRl LU zURL ZURU
min (X, + - +X,,) < Z (rmn {AjaBﬁ,,AjaBja,AjaBjLa,AjaBja }) (8.51)
(x.y)E(A,.B,) j=1
and
n
max  (xp +--+XY,) = (max{ 1B A B A B A B }) . (8.52)
(xy)EA,.B,) j

<.
I
—

To prove part (i), we obtain
(A ®pp E)L = (A@), E)L = min x ey (using Theorem 8.1.12)
* * xye@A,B,)

L ~ S\ L
a a

L
< (A(l)®EPE’(D) Foot <A(")®EPB(”)) = (A @ B)
(using (8.31), (8.34), (8.47) and (8.51)).
Using (8.52), we can similarly obtain
< “\U < “\U
A B) =(A®;.B) = max xe
( ®EP )a ( ®DT )a (X,y)E(Aa,Bﬂ) y
U

U
« a

> (A%@yB") +-+ (A%0B” ) = (A O B)

For a € [0.1], it follows that
(A ©g B), = (A @ B)
c (A s B)

To prove part (ii), we obtain

L
a

L

a

(A @pp B)Z’] (using (8.33))

, (A ®gp E)g] = (A ®pp E)a = (A ®pr B)a'
(A ®pp E)i = (A@), f})i = min x ey (using Theorem 8.1.12)
(x.y)EA,.B,)
L " CoNL 5
< (A'(” Q3 B(D)a +o 4 (A( ' ®3, B““)a = (A@p; B):
(using (8.41), (8.46), (8.48), and (8.51)).

o

Using (8.52), we can similarly obtain
X S\U x S\U
A®pB) =(A®).B) = max_ xe
( EP )a ( DT )a G y
U

B U B . U ~ ~
Z <A’(1) ®Z)T B(1)> + 4 (A(n) ®Z)T B(n)> = (A ©DT B)a

For a € [0,1], it follows that
(A©pr B), = [(A @y B),. (& @p B). | (using (8.45)
c [(A@wB)..(A®y B),| = (A®y B), = (A0, B),.

This completes the proof. [

L
a

L

a
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Theorem 8.2.8 Let A and B® be canonical fuzzy intervals fork = 1, ..., n. Suppose that
the first type of inner products A @ Band A @;T B are obtained from Theorems 8.1.7 and
8.1.10, respectively. We also assume that the second type of inner product is given by

Ay, B= (A“) ®%r B‘”) ERS (A(”’ ®; B“”) (8.53)
or

Aoy B=(A"e) ") o o (A" o), 5"). (8.54)
Then, the second type of inner product A ®,; B is fuzzier than the first type of inner products
A ®hr Band A @ET B in the sense of

(A@};B), = (Ae),B) c(AoyB),
fora € [0,1].

Proof. Now, we have

L L s . [ <L %L AU U . fL L U RU
AL B+ -+ ALyBL, > min {AlﬂBfﬂ,AlﬂBw} +-++min {AnﬂBfﬂ,AlﬂBnﬂ}

and
iU U U 25U . ALyl U RU . ALyl 2U 5U
ALGBY, + -+ AnByp > min { AL By, ALy |+ + min { AL BL AT B, |
which imply
min {Ai eBL Ao ﬁg} = min {Afﬂﬁfﬁ 4+ +Aiﬁ~nﬂ,fifﬁl§§]ﬂ + +Af,’ﬂB,‘{,,}
> min {AfﬂBfﬂ,Aﬁ;Bfﬁ} +---+min {A‘ﬁl,“w,Aﬁ,Bfﬂ} . (8.55)
We can similarly obtain
max {As eB..A e ﬁg} < max {Afﬂfi’fﬂ,fifﬁfi’fﬂ} + -+ 4 max {Aﬁﬂﬁfﬂ,,&ﬁ,ﬁfjﬂ} :
(8.56)
Therefore, we have
* L A B L
(A@p;B), = (A ®pr B>
a
.. (%L &L U &U .
= n<1;r<11 min {Aa eB, A, B, ; (using Theorem 8.1.13)
. . fL w5l ZU RU . AL L 2U U .
> min [mln { 1 1ﬁ,AlﬁBw} +---+min {AnﬂBfﬁ,AlﬂBnﬁ }] (using (8.55))
. . AL 5L 2U RU . I A N )
> 5131;21 min {Aw 1/},AlﬂBw} +-0+ grsl;rsll min {Anl,Bfﬂ,Aanﬂ}
L . Lo\ L
- (A“) ®%r B(1)> +o+ (A" @, B(")) (using (8.42) and (8.44))
I / . IR/
= (AV @}, BY) 4o+ (A" @), B
a a

= (A ®py B) (using (8.46), (8.53), and (8.54)).
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Using (8.56), we can similarly obtain

U - LI~ -
(A®y, B ) (A@DT ) = max max{AﬁoBﬁ,AgoBg}

a<p<1

( A0 ®%; (1>>a 4. ( <n>® B(n))
(A(D® (1)>a +. (A(m ®’r <n>>a (A @pr E):.
For a € [0,1], it follows that
(A} B) = (Ao}, B), = |(Ae),B).. (Ao}, B),|
¢ [(A @y B);. (A @y B))] = (A @y, B),.
This completes the proof. "

Two different types of inner product of fuzzy vectors have been completely studied in this
chapter. Also, each type of inner product will be established using the extension principle
and the expression in the decomposition theorem. In other words, we can establish four
different kinds of inner product.

e Regarding the first type of inner product, the inner product A &, B using the extension
principle has been established in (8.2). On the other hand, using the expression in the
decomposition theorem, three inner products A ®2,,. B, A ®, B,and A ®],,. B have been
establish in (8.9), (8.11), and (8.13), respectively, based on three different families of sets
in R.

e Regarding the second type inner product, the inner product A ®;, B using the extension
principle has been established in (8.30). On the other hand, the inner products A ®,; B
using the expression in the decomposition theorem has been established in (8.40) in
which three different families (8.22), (8.23), and (8.24) are implicitly considered.

The equivalences among these different inner products have also been investigated. For
the cases of non-equivalences, the relations regarding their fuzziness have also been estab-
lished. In a real-world situation, we prefer to take the inner product that has less fuzziness.

e Theorem 8.1.12 shows the equivalence
A ®pp B=A ®pr B
Theorem 8.1.13 shows the equivalence
A ®pr B=A ®£T B
The equivalence between A @ B and A @}, B cannot be established. Theorem 8.1.15
says that A @9, B is fuzzier than A ®%, B. In this case, we prefer to take A @7 B rather
than A ®pr B because of the issue of fuzziness.
e Theorem 8.2.7 says that when the second type of inner product A ®gp B is given by
(8.47) or A ®p; B is given by (8.48), we prefer to take this second type of inner products

rather than the first type of inner product A @, B and A ®?,, B because of the issue of
fuzziness.
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e Theorem 8.2.8 says that when the second type of inner product A ®,,; B is given by (8.53)
or (8.54), we prefer to take the first type of inner products A @, B and A @], B rather
than the second type of inner product A ® B because of the issue of fuzziness.

Recall that a fuzzy interval A is nonnegative when A‘g and Ag are nonnegative real
numbers for all « € [0,1], and a fuzzy interval A is nonpositive when Az and Ag are
nonpositive real numbers for all @ € [0,1]. The fuzzy interval that is neither nonnegative
nor nonpositive is called a mixed type of fuzzy interval, which means that its membership
function will be across the y-axis. The fuzzy intervals that are taken to be nonnegative or
nonpositive will simplify the calculation of inner product. For the case of mixed type of
fuzzy intervals, Examples 8.1.3, 8.1.9, 8.2.3, and 8.2.6 have demonstrated the essence of
calculation. In real-world applications, the fuzzy data can be strongly nonnegative or non-
positive, which says that the fuzzy intervals can be taken to be nonnegative or nonpositive.
The mixed type of fuzzy interval means that its corresponding fuzzy data is around zero.
When the concrete problem has less numbers of fuzzy data that are around zero, which
seems to frequently occur in real-world applications, the less numbers of corresponding
mixed type of fuzzy intervals can be taken. This situation will also simplify the calculation.

The potential application considering the inner product of fuzzy vectors is to solve the
fuzzy linear programming problem as shown below

(FLP) max (4, ®%,)® (4,®%,)® - & (d,®%,)
subjectto  (b; ®%,) ® (b, ®%,) @+ ® (b, ®%,) <G fori=1,...,m;

each )“cjis a nonnegative fuzzy interval forj =1, ..., n,

where the coefficients d;, Bij and ¢; fori=1,...,mand j=1,...,n are taken to be fuzzy
intervals. For most of the cases, those fuzzy intervals can be assumed to be nonneg-
ative, since the coefficients of linear programming problem frequently represent the
prices of items, budget of project, and benefit of corporation, which are always positive.
Considering nonnegative fuzzy intervals in fuzzy linear programming problem will
simplify the calculation of inner products of fuzzy vectors as explained above.
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Gradual Elements and Gradual Sets

Let A be a (crisp) subset of R™. The concept of an element in A is well known by writing
X € A. Suppose that A is a fuzzy set in R™. The main focus of this chapter is to consider
the elements of fuzzy set A. The gradual elements will play the role to be regarded as the
elements of A.

The concepts of gradual elements and gradual sets were introduced by Dubois and Prade
[29, 30] and Fortin et al. [37], which were inspired by Goetschel [41] and Herencia and
Lamata [47]. The gradual element is a function from (0,1] into R™, and the gradual set is a
set-valued function from (0,1] into the hyperspace that consists of all sets in R™.

9.1 Gradual Elements and Gradual Sets

We denote by P(R™) the collection of all subsets of R™, which is also called the power set
or hyperspace of R™.

Definition 9.1.1 The gradual element g in R™ is defined to be an assignment function
g : [0,1] » R™.If m = 1, then the gradual element is also called a gradual number. The
gradual set ® in R™ is defined to be an assignment function ® : [0,1] — P(R™) such that
each G(«a) is a nonempty subset of R™ for « € [0,1].

Definition 9.1.2 We say that the gradual set ® is nested when G(a) C () for a, f €
[0,1] with &« > f. We say that the gradual set G is strictly nested when ®(a) C ®(#) and
G(a) # &(p) for a, p € [0,1] with « > B.

Let A be a fuzzy set in R™ with membership function &;. We can generate a gradual set
©; from A by defining the assignment function ®; : [0,1] > P(R™)as G;(a) = A,.

Example 9.1.3 Let A be a fuzzy set in R with membership function given by

(r—ab)/(a, —at) ifal<r<a

£1(r) = 1 ifa, <r<a,
AT @ -n/@Y —ay) ifa,<r<aV
0 otherwise.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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For « € [0,1], the a-level set of A is a bounded closed interval denoted by 4, = [A%, "],
where
Al =1 - a)d" + aa, and AT = (1 - 0)a? + aa,. (9.1)
Therefore, the gradual set &5 : [0,1] — P(R) generated from the fuzzy set A is given by
®5(a) = [Aﬁ, AZ] = [ - wa* + aa,, (1 - @)a? + ag,
for « € [0,1].
On the other hand, given a gradual set ® : [0,1] - P(R™), we can generate a fuzzy set

A% inRrm by using the expression in the decomposition theorem. The membership function
~6 .
of A” is then defined by

$i0(X) = SUP @ Ky (X)- (9.2)
a€l0,1]

Example 9.1.4 Given a gradual set® : [0,1] - P(R) defined by
G(a) = [(1 — a)x; + ax,, (1 — a)x; + ax,]

for a € [0,1], where x; < x, < X; <Xx,. It is clear to see that the gradual set ® is strictly
nested. Then, we can generate a fuzzy set A% in R with membership function given by

£i0(X) = sup @ yee,)(*) = sup a- Z[(l—a)x1+ax2,(1—a)x3+ax4](x)~
a€[0,1] a€[0,1]

In the subsequent discussion, we are going to claim that the a-level set Zl? of A% is equal to
®(a),ie. AY = ®(a) for a € [0,1].

Let A be an index set that can be an uncountable set. We consider a family {g, : 4 € A}
of gradual elements in R™. This family of gradual elements can generate a gradual set ® in
R™ by

®(a) = {g;(@) : 1€ A} for a €[0,1]. 9.3)

Based on this gradual set ® in R™, we can also generate a fuzzy set A® in R™ with mem-
bership function defined in (9.2). In this case, we can also say that the family {g, : A € A}
of gradual elements generates the fuzzy set A°,

Example 9.1.5 We take the index set A = [0,1]. Let

file) =1 — a)x; + ax, and f,(a) = (1 — a)x; + ax,

fora € [0,1], wherex; < x, <x; <Xx,.Then fi(a) < f,(a)foralla € [0,1]. For A € A =[0,1],
we define g, : [0,1] — R by

(@) = Afy(@) + (A1 — Dfy(a).

Then, we have a family {g, : 4 € [0,1]} of gradual numbers. According to (9.3), we can
generate a gradual set ® : [0,1] - P(R) given by

G(a) = {g,(@) : 1€[0,1]} = [fi(a). fr(@)] = [(1 — a)x; + axy, (1 — a)x; + ax,]
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that is a bounded closed interval for « € [0,1]. This gradual set ® is the same as the gradual
set in Example 9.1.4.

The gradual set @ is a set-valued function defined on [0,1] such that its function value
®(a) is a subset of R™ for each « € [0,1]. According to the topic of set-valued analysis,
the selector (or selection function) of set-valued function ® is a single-valued function
g : [0,1] » R™ defined on [0,1] by g(a) € G(a). In this case, we may write g € ©. It is clear
to see that the selector of gradual set ® (i.e. set-valued function ®) is a gradual element in
R™. In some sense, we may say that the gradual set consists of gradual elements, which is
similar to say that the (usual) set consists of (usual) elements.

Given a subset A of R™, the concept of elements of A can be realized in the usual sense
by simply writing a € A when a is assumed to be an element of A. For the fuzzy set A in
R™, we plan to consider the concept of element of A by also simply writing & € A, where
the definition of @ will be presented below.

Given a fuzzy set A in R™, we can generate a gradual set ®; given by ®;(a) = A
Therefore, we have the selector a of ®; given by

ar

a(a) € Gj(a) = Z]a for a« € [0,1].
We also see that the selector & is a gradual element in R™. This gradual element & can be
regarded as an element of A by simply writing & € A. The formal definition is given below.
Definition 9.1.6 Let A be a fuzzy set in R™.

e We say that an element @ is in A when & is a gradual element in R™ satisfying a(a) € 4,
for each a € [0,1]. In this case, we also write & € A.

o We say that A is a subset of fuzzy set A when A is a collection of gradual elements such
that each @ in A satisfies & € A. In this case, we also write A C A.

Example 9.1.7 Consider the fuzzy set A given in Example 9.1.3. The a-level set is given by
A, = [(1 —a)ak +aa;, (1 —a)a’ + aaz] = [Ai,ilg]

for a € [0,1]. We define the gradual number a : [0,1] - R by
a(@) = 1 - a)a* + aa, = A,

for « € [0,1]. Then d € A. In general, for A € [0,1], we define
a,(a) = AL+ - Ay,

Then @, € A for A € [0,1].

Since & € A is a gradual element in R™, this gradual element & can also be regarded as

a gradual set ® given by ®(a) = {aG(a)} that is a singleton for « € [0,1]. According to (9.2),
we can generate a fuzzy set d in R™ with membership function given by

£a00) = SUP @+ Y()(X) = SUDP & - ¥{a(4))(X) = SUP @ Y{4(0), (%)
a€l0,1] a€l0,1] 0<a<1

sup a, otherwise.

{0, if there is no « € (0,1] satisfying d(a) = x
{a€(0.1]: a(a)=x}
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Therefore, the formal definition of membership function of element & € A is given below.

Definition 9.1.8 Let A be a fuzzy set in R™. Given any gradual element @ € A, the mem-
bership function of its corresponding fuzzy set 4 is defined by

sup a, otherwise. (94)

0, if there is no a € (0,1] satisfying da(a) = x
fa(x) =
{a€(0.,1]: a(a)=x}

In what follows, we are going to claim that Definition 9.1.6 is well defined. A fuzzy set
A in R™ can be regarded as a family consisting of elements (i.e. gradual elements) in A.
Therefore, according to (9.3), this family A of gradual elements can generate a gradual set
® given by

®(a) = {a(a) : a €A} for a € [0.1], (9.5)
Also, the fuzzy set A can generate another gradual set ®; given by
G;(a)=A, for a € [0,1]. (9.6)

On the other hand, according to (9.2), the gradual set ® in (9.5) can also generate another
fuzzy set A® in R™. In order to claim the consistency of Definition 9.1.6, we need to show
®(a) = () for all @ € [0,1] and A® = A, which will be presented below.

Proposition 9.1.9 Let A be a fuzzy set in R™. Then, the following statements hold true.
(i) The gradual set & generated by the family A of gradual elements satisfies
G(a) = A, = 8;(a) foreach a € [0,1].
(ii) Let A® be a fuzzy set in R™ generated by the gradual set & in part (i). Then A® = A.
Proof. To prove part (i), according to (9.5) and the definition of @ € A, we see that

G(a) C Zla for a € [0,1]. On the other hand, given any fixed a € [0,1] and any x € Aa, we
define a function @ on [0,1] by

IO A iff=a
ap) = {yforsomeyeAﬂ, if p # a.

Then itis clear to see that @ € A. Thisshows that a(a) = x € G(a), i.e.Aa C G(a). Therefore,
we obtain &(a) = A, for @ € [0,1].
To prove part (ii), from (9.2), the membership function of A%is given by

E10(X) = sup a - ygX).
a€[0,1]

Using part (i) of the Decomposition Theorem 2.2.13, the membership function of A can be
expressed as

$a() = sup a- x5 .
a€l0,1]

Since ®(a) = A, for each « € [0,1] by part (i), we obtain A% =4 by referring to their mem-
bership functions. This completes the proof. [ |
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Let A be a fuzzy interval. Its a-level sets are bounded closed intervals given by A, =
[Aﬁ,Afj] for @ € [0,1]. We can generate two gradual numbers ! and u from [0,1] into R
defined by l(a) = Ai and u(a) = Ag. In other words, each fuzzy interval A can be repre-
sented by a pair of gradual numbers (I, u). We can also generate a gradual interval J :
[0,1] —» P(R) defined by

S(a) = A, = [Af,,AaU] = (i), u(@)]

which also says that each fuzzy interval can be represented by a gradual interval .

Let A be a fuzzy interval represented by a pair of gradual numbers (I, u). Given a bounded
closed interval [a, b] in R, an element r € [a,b] means a < r < b. Now, the fuzzy interval A
can be regarded as a kind of gradual closed interval with the gradual number [ as the left
endpoint and the gradual number u as the right endpoint of this gradual closed interval. By
mimicking the belongness r € [a, b] in R, Fortin et al. [37] consider the belongness g € A
when g is a gradual number satisfyingl < g < u,i.e.l(a) < g(a) < u(e) for all « € [0,1]. This
belongness is consistent with Definition 9.1.6 in which g € A means

g@ €A, = 47,47 = (i@, u@) ©.7)

for each « € [0,1].

9.2 Fuzzification Using Gradual Numbers

Let f : R™ — R be a real-valued function defined on R™. Given gradual numbers g; for
i=1,...,n, by referring to Fortin et al. [37] and Sanchez et al. [101], we can generate a
gradual number f(g,, ..., g,) defined by

f (& 8) @ =f (g (@), ....8,(x))

for « € [0,1].
Given any bounded closed intervals A; = [aiL, aiU] inR fori=1,...,n, we can apply the
real-valued function f to the vector (4,, ..., A,) of bounded closed intervals by defining

fAL.A) ={f(x.....x,) 1 x; €A fori=1,...,n}
={f(x.....x,) 1 af <x;<af fori=1,....n}. 9.8)

We see that f(A,, ..., A,) is not necessarily a bounded closed interval.

Proposition 9.2.1 (Apostol [3]) We consider the function f : (M,,d,) — (M,, d,) from the
metric space (M, d,) into the metric space (M,, d,). Let X be a connected subset of M;. Suppose
that f is continuous on X. Then f(X) is a connected subset of M,.

Suppose that the real-valued function f : R™ — R is continuous. Given any bounded
closed intervals A; = [aiL, aiU] inRfori=1,...,n,since (4;, ...,A,) is a connected subset of
R™, Proposition 9.2.1 says that f(A4,, ..., A,) is a connected subset of R, which also means
thatf(A4,, ..., A,)isabounded interval in R. Therefore, it could be a bounded open interval,
half-open interval, or closed interval in R. The continuity of f also says that the supremum

aV=sup f(Ay,....A,) = sup f(x,nx,)

{(xp...%,) 1@l <x;<al i=1,....n}
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and the infimum

a'=inf f(A,,...,A,) = inf F (g eenx,)

(e %) 1af <x;<al i=1,...,n)
are attained. In other words, there exist (x, ..., x;;) and (x'l’ , ..., X,) satisfying
a’ =f(x},....x;) foral <x' <a’andi=1,...,n
and
ab=f(x,....x;) fora’ <x* <a’ andi=1,...,n.

Therefore, we conclude that f(4,,...,4,) = [aX, aY] is indeed a bounded closed interval
when f is assumed to be continuous.
According to (9.3), we can generate a gradual set ® defined by

®(a) = {f(gl,...,gn) (@) : g e AY fori= 1n}
= {f(gl(a),...,gn(a)) : gi(a) € A? for i = 1,...,n}

According to (9.2), we can generate a fuzzy set f(A", ..., A"

given by

) with membership function

Eaw 4o, (X) = SUp @ K0,
T ¥ Ao

which is a fuzzification of f using gradual numbers.

9.3 Elements and Subsets of Fuzzy Intervals
The functions #, and #, in Theorem 5.5.6 are now assumed to be continuous and be defined
on the whole unit interval [0,1]. Then, the functions

¢"(@) = min{n, (a), n,(a)} and ¢Y (@) = max{n, (a), n,(a))

are also continuous on [0,1]. Theorem 5.5.6 can be used to generate a fuzzy interval A such
that its a-level set is given by

A, = 6@ = | min (9. max )| - (9.9)
We define two functions [ and u on [0,1] by

@) = min () (9.10)
and

u(a) = max £ (p). (9.11)

We can consider the elements of A by saying g € A, where g is a gradual number satisfying
g) €A, = [l(a), u(a)
for a € [0,1].
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Given any fixed 4 € [0,1], we consider the gradual number
a,(a) = Al(@) + 1 — Hu(e) for a € [0,1]. (9.12)
Then, it is clear to see that
a,() € [l(a), u(@)] = 4,,

which says that each @, is an element of A for 4 € [0,1],1.e. a, e Aforall A € [0,1]. In other
words, we have

{a, ra,=A+QQ-AMuforre[01]} cA

by referring to Definition 9.1.6 for the concept of subset of fuzzy interval A.
According to Definition 9.1.8, the gradual numbers a, € A for A € [0,1] can generate the
corresponding fuzzy sets d, with membership function given by

sup a, otherwise.
{ae(0,1]:a,(a)=x}

0, if there is no a € (0.1] satisfying a,(a) = x
& () =

Since #; and #, are continuous on [0,1], the functions [ and u in (9.10) and (9.11), respec-
tively, are continuous on [0,1], which also says that each gradual number 4, in (9.12) is
continuous on [0,1]. According to Theorem 5.5.4 by considering ¢& = ¢V = a,, the a-level
set of @, is given by

(@), = {x: &,0000) > a} = {x SUD @ Zia, ) () 2 a}

[ min &,(p). gﬁlgglﬁa(ﬂ)]

[52;21 (AB) + (A = Hu(p)) , max AUp) + 1 - i)u(ﬂ))]

for « € [0,1].
From (9.10) and (9.11), we see that l is increasing and u is decreasing on [0,1]. Since [ < u,
for p > a, we have

AUP) + (1= Hu(p) = AP) + (1 = HUP) = (p) = a)
and

AP+ 1 = Du(p) < aup) + (1 = Hu(p) = u(p) < u(@),
which imply

min (AB) + (1 = Hu(p) 2 Ua)
and

max (AP + 1 = Hu(B)) < u(a).
Therefore, by referring to (9.9), we obtain the inclusion

(a,), €A, = [Ux), u(a)] for a €[0,1],

which also says that d, has less fuzziness than that of A, since the a-level set of @, is nar-
rower than the a-level set of A, which seems reasonable since a ; is an element of A saying
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that its corresponding fuzzy set cannot be fuzzier than their family set. In other words, the
members should be more certain than the whole family. The above results are concluded
in the following theorem.

Theorem 9.3.1 Let n, : [0,1] = R and n, : [0,1] - R be two bounded and continuous
functions defined on [0,1], and let

¢H(@) = min{n, (@), ny(@)} and ¢Y(a) = max{n, (@), ny(@)}.
We define a gradual set & by the bounded closed interval

®(a) = [¢*(a),¢Y(a)] = [min{n(a), n,(a)}, max{n, (@), n,(a)}]

for @ € [0,1]. Then, we can generate a fuzzy interval A in R with membership function
defined by

Ea(%) = sup a - yg(X),
a€(0,1]
satisfying
A, = G(a) = | min ¢(p), max Y(P)| .
a<f<1 a<p<1

Let land u be two bounded functions defined on [0,1] as given in (9.10) and (9.11), respectively.
Given any fixed A € [0,1], the gradual number &, defined by
a,(a) = M(a) + 1 — Hu(a) for a € [0,1]

isanelementinA; thatis, &, € A forall A € [0,1]. Let d, be a fuzzy set generated by the gradual
number a,. Then, the a-level sets of @, are given by

—_
D
s
N
)
|

= |min a max a
Lsﬁg (). max a,(p)

I:g,;lsll (ﬂl(ﬁ) + (]. - ﬂ)u(ﬂ)) s 01;222(1 (Al(ﬁ) + (1 _ i)u(ﬁ))

for @ € [0,1], where a, has less fuzziness than that of A in the sense of

(d/l)a CA, = [l(a), u()] fora €[0,1].

Example 9.3.2 Given any real numbers a,,a,, b;,b, satisfying b, < a, <a, <b,, we
define two bounded continuous functions #; and #, on [0,1] by

m(@) = (1 —a)b; + aa; and n,(a) = (1 — a)b, + aa,.

Then, we have 5, (a) < ,(a) for all @ € [0,1]. We also see that #, is increasing and #, is
decreasing on [0,1]. We also see that ¢ = 5, and ¢V = #,. Then, we define a gradual set &
by the bounded closed interval

G(a) = [@L(a), CU(G)] = [(1 —a)b; +aa;,(1 — a)b, + aaz] .
From (9.10) and (9.11), we have

l(a) = anslﬁl;l;llfh(ﬁ) = (@)
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and

wa) = ;ggglnz(ﬁ) =n,(a).

Then, we can generate a fuzzy interval 4 in R with membership function defined by

£4(x) = sup « - )((g(a)(x),
0<a<l

satisfying A, = [I(), u(a)] for @ € [0,1]. For any fixed 4 € [0,1], we define the gradual num-
ber @, by
a,p)=20-pb;+ Afa, + 1 —-AA - pb,+ A1 - V)pa, =hp +k,
where
h=2Ai(a;—b;)+Q -4 (ay,—b,) and k = Ab, + b, — Ab,.
For a € [0,1], the a-level sets (d,), of its corresponding fuzzy set d, are given by

N R _ [ |ha+kh+k] ifh>0
(a:), = | min,@,(0). max a, (s )] - { |h+k.ha+k| ifh <0

= [min {ha +k,h+k},max {ha +k,h+k}].

It is clear to see that (d,), C A, for all « € [0,1].

9.4 Set Operations Using Gradual Elements

Let A and B be two (crisp) sets in R™. The intersection A N B and union A U B are given by
ANB={x:x€AandxeB}and AUB={x:x€Aorx€ Bj}.

Suppose now that A and B are two fuzzy sets in R™. According to the belongness for fuzzy
sets in Definition 9.1.6, we shall try to explain the intersection A N B given by

AnB={x:%€Aandx e B}, (9.13)
and the union A U B given by
AUuB={x:2€AorxeB). (9.14)

The relationship with the conventional intersection and union using the minimum and
maximum functions, respectively, will also be established.

9.4.1 Complement Set

Let A be a fuzzy set in R™ with membership function &;. Recall that the complement of A
is denoted by A° with membership function defined by

Sa(¥) =1 —=E4(%).
The strong a-level set of A is given by

Ay ={xeR™: & >a}
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for a € [0,1). We also recall that A, is the support of A. It is clear that A,, C A, for all
« € (0,1]. Then, for a € (0,1], the a-level set of A® is given by
Ay={xeR™ : &) >a} ={xeR™ : 1-&(x) > a}
={xeR": LX) <1—a} =R™\{xeR™: x) >1-a}
=R"\Aq . = [Aq_w.]" (9.15)

We need to remark that (4,)¢ means the complement set of the a-level set A, of A, which
is different from the a-level set A, of A°. Moreover, for @ < f, since A and A° are fuzzy sets
in R™, the nestedness says that

A;, CA;CA, and Ay, CA; CA,,
which also says that
(A 2 (A 2(A)" (9.16)

Next, we shall define the complement of A based on the gradual element.
Let A be a fuzzy set in R™ with membership function &;. Inspired by (9.15), we consider
the following family of gradual elements

A={a:a@e i, foralaeo}.
According to (9.3), this family can generate a gradual set &' defined by

®(a) = {a(a) : € A} = {a(a) L (@) € [Ay_,]  foralla [0,1]} . (917)

According to (9.2), this gradual set ®'¢ can also generate a fuzzy set A" with membership
function given by

$10e(X) = SUP @+ Yigio(y)(X), (9.18)
a€(0,1]

where the fuzzy set A" is defined to be a new type of complement of A. We are going to
claim A™ = A°, although A™ is based on the gradual element and gradual set, and A° is
based on the membership function.

Theorem 9.4.1 Let A be a fuzzy set in R™. Then, the gradual set &'¢ generated by the family
A of gradual elements satisfies

©a) = [A(l_a)+]c = A} foreach a € [0,1].
Moreover, we have A™ = A°.

Proof. Accordingto(9.17), we see that &™(a) C [A(l_a) ,¢for @ € [0,1]. On the other hand,
given any fixed « € [0,1] and any x € [Zl(l_a) +15, we define a function @ on [0,1] by

~ X, if ﬂ =a
ah) = { yforsomey € [A,_ .15 if p#a.
Then, it is clear to see that @ € A. This shows that

a@) =x € B™(a), ie. [A;_y,]° € 6 ().
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Therefore, we obtain
6™ (a) = [A4_q),]" forall a € [0.1].
Using (9.15), we obtain the following equalities
() = [Ay_y.] = A, forall « € [01].

On the other hand, according to Theorem 2.2.13, the membership function of A s
given by

E3e(X) = sup a - yze(x).
a€(0,1] B

By referring to the membership function (9.18), since G (a) = A;, it follows that A’ =A%
This completes the proof. [

9.4.2 Intersection and Union
LetA,, ..., A, be (crisp) sets in R™. Their intersection is given by
An.nA,={xeR":xeA foralli=1,...,n}.

Inspired by the above form, we are going to consider the intersection of fuzzy sets
A(l), ,A(") in R™ using gradual elements. Now, we consider the following family

{a caecA? fora11i=1,...,n},

which consists of all common gradual elements from A(l), ,A("). Then, this family can
generate a gradual set ®" defined by
" (a) = {&(a) caecA foralli=1,..., n} for @ € [0,1]. (9.19)
The union of (crisp) subsets A,, ..., A, of R™ is given by
AjU...UA, ={xeR" : xe€ A forsomei=1,...,n}.

We can also define the union of A" V... ,A(") using gradual elements. Now, we consider the
following family

{& caeAY forsome i = 1,..‘,n},

which consists of all gradual elements taken from some AW ... ,A("). Then, this family can
also generate a gradual set " defined by

®Y(a) = {&(a) caeA” forsomei=1,..., n} for a € [0,1]. (9.20)
By definition, it is clear to see that

a(a) € " (a) implies a(a) € AV n ... nAY for a € [0,1] (9.21)
and

a() € ®Y(a) implies a(a) € AV U ... UAY for a € [0,1]. (9.22)
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Based on these two gradual sets ®" and ®", we can generate two fuzzy sets A" and A" in

R™ with membership functions given by

Ean(X) = SUP @ () X) and &zu(X) = SUP @ + Kgu(g) (X)- (9.23)
@€(0,1] a€(0,1]

In this case, we define the intersection and union of A(l), ,A(”) as
AVn . nA” =A"and AV y...uA"™ = 4Y,

where the membership functions of A" and A" are given in (9.23). This kind of intersection

and union is based on the concept of gradual elements in fuzzy sets.

Example 9.4.2 Let A" and A? be two fuzzy sets with membership functions given by

x-1 ifi1<x<2 x—-2 if2<x<3
1 if2<x<3 1 if3<x<4
. = and &, =
a0 4—-x if3<x<4 £a®) 5-x if4<x<5
0 otherwise, 0 otherwise.

Then, the a-level sets of A" and A’ are bounded closed intervals given by
AV =[1+a,4—a] and A? =[2+a,5-a].

The gradual number @ € AY must satisfy a(a) € Zlfll) for each a € [0,1]. For example, if we
take

(@) =1+aora’(@) =4-afora €[01],
then a(l) A(l) e AW, Also, if we take
&(2)(01) =2+aoral(@)=>5-aforae(01],

(2) A(2) EA(Z)

then a; Now, we consider two gradual sets given by

6@ = {a@ : acA” and a € A?} fora € [01]
and
6@ = {a@ :acA” oracA?} foraeo01]
Then, it is clear to see that
{a;“(a), a<2>(a)} C 8"(a) for a € [0,1]
and
(@@, @6 @6 @ | c 6@ for a € [0,1].
In general, for a € [0,1], we have
®"(a) = { @:aeA® anda e A@)}
={d(a) :1+a<a(ad) <4—aand2+a < a(a) <5-a}

={a(a): 2+a<d@)<4—a}=2+a.4—a] =A" AP
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and
6@ = {a@ : ac AV oraei?}
={a(e) :1+a<d(@)<4—aor2+a<ala) <5-a}
— {4 : 1+a<a@<5-a)=[1+a5-a] =4} UAP.
According to (9.23), the membership functions of A 0 A% and A" U A are given by

£107@(0) = SUDP @ * Yapga-g®) and &30 z0(X) = SUP @ - Hpp445-07(%)-
a€gl0,1] a€[0,1]

The a-level sets of AV NA® and AV UA® will be investigated in the subsequent
discussion.
Proposition 9.4.3 Let A", ..., A" be fuzzy sets in R™. Then, the following statements hold
true.
(i) We have
©Y%a)=A" U...UAY forall a €[0.1]
and
G (p) € 8%(a) for f > a.
(i) Suppose that A" n ... nAY # ¢ for all « € [0,1]. Then, we have
8"(a) =AY n...nAY forall « € [0,1]
and

G"(p) C B"(a) for p > a.

Proof. To prove part (i), for « € [0,1], the inclusion
6 (a) c AV U uA?

follows from (9.22). Now, given any fixed « € [0,1] and any x € Af,l) u... UAS’), we have

X € Zlfll) for some i =1, ...,n. Then, we define a function & on [0,1] by
a(p) X, iff=a
alp) = ~ (i
y for some y € AV if f#a.

Then @ € A”. Therefore, we obtain x = a(x) € Afj) with @ € A” for somei = 1, ..., n. This
says that x = G(a) € ®"(a). Therefore, we obtain the inclusion

AV u . uAd” c eV

for all « € [0,1]. Using the nestedness of the a-level sets AS) fori=1,...,n,itis clear to see
that the gradual set " is also nested in the sense of 8“(8) C GY(«a) for g > a.
To prove part (ii), for @ € [0,1], the inclusion

6" @ cA’n...nA"
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follows from (9.21). Given any fixed a € [0,1] and any x € Zlle) n... nAfx") #+ @, we have
X € Ag) foralli=1,...,n. Then, we define a function & on [0,1] by

a(9) X, iff=a
ap) = - -
yforsomeyeA(ﬂl)n...nA(ﬂ")#ﬂ, if p# a.

Then a € A forall i = 1, ..., n. This says that x = d(a) € ®"(a). Therefore, we obtain the
inclusion

AV N .. nA" c B")
for all a € [0,1]. This shows the desired equality. The nestedness of the gradual set ®" can

be similarly realized, and the proof is complete. [ ]

Now, we want to study the a-level sets of AYA . nA” and AV U...UA™. Let Abea
fuzzy set in R™. Given any a € (0,1] and any increasing convergent sequence {a,,}5_, in
[0,1] with e,, > O for all m and «,, 1 @, part (i) of Proposition 2.2.8 says that

A, =A. (9.24)
m=1

which will be used for the subsequent discussion.
We say that two fuzzy sets A and B in R™ are identical, written by A = B, if and only if
&y = &g, 1.e. E4(x) = Ex(x) for all x € R™.

Theorem 9.4.4 Let AV, ... A" be fuzzy sets in R™ satisfying A" n ... n A" # @ for all
a € (0,1]. Then, the a-level set of A" = AV AT s given by

AN = (A(“ n... nA(’”) = (XER™: &) > a) =6"(a0) =A ... n AP
4

(9.25)
forevery a € (0,1], and
Ag, = (A(l) n... mil(")> = U (A(l) n... nA””)
0+ a
0<a<1
= Jow=JA'n...nal. (9.26)

0<a<l 0<a<l

Proof. Given any a € (0,1] and any increasing convergent sequence {a,, }>_, in (0,1] with
a,, 1 a, using (9.24), we have

N (4 n..nay) = (ﬂAgj) n..n (ﬂAgj) A0 A" (927)
m=1 m=1

m=1

From part (ii) of Proposition 9.4.3, we see that (9.27) is satisfied if and only if the following
equality is satisfied

(6", = 6"(a). (9.28)
m=1
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We also have

©"(p) C B"(a) for a, f € [0,1] with g > a. (9.29)
Given any fixed x € R™, we define the following set

F,={a €[0.1] : &n(0) =+ xgoiy®) 2 p} .

We are going to claim that the set F, is closed for each p € R. Given any p € (0,1], for each
a € cl(F,), the concept of closure says that there exists a sequence {a,, };_, in F, satisfying
a,, — a. Therefore, we have a,, € (0,1] with a,, > p > 0 and x € 6" («,,) for all m, which
also says that a > 0, since

a=limea, >p>0.

m— oo

. o o c s
Therefore, there exists a subsequence {a,, };2, of {a,,};;_, satisfying,, 1 aora, | aas
k - .

e Supposethate,, | a.Thena, > aforallk.Thissaysthatx € G}”(amk) C G"(a) by (9.29).

e Suppose that a,, 1 a. Since a, €F, for each k, it follows that « € cl(F,). Since
cl(Fﬂ) C [0,1],itsays that a € [0,1]. Sincex € &”(amk)for all k, using (9.28), it follows that
x € 6" (a).

Therefore, we conclude that x € ®"(a) for both cases. This also says that a - Xen@ @) = p,
ie.a eF ) Therefore, we obtain the inclusion cl(F p) CF, which means that F P is closed
for each p € (0,1]. Next, we are going to claim that, for any fixed x € R™, the function

(@) = &+ Ygo()(X)

is upper semi-continuous on [0,1]. Equivalently, it can be shown that the set F, is closed for
each p € R. We have shown that F is closed for each p € (0,1]. If p & [0,1] then the empty
setF, = @isclosed.If p = O then F , =10,1] is also a closed set. This shows that the function
1, is indeed upper semi-continuous on [0,1].

Given any fixed a € (0,1], suppose that x € As. Now, we also assume that x ¢ G"(f) for
all g € [0,1] with @ < . We want to lead to a contradiction. Under this assumption, we see
that f - ygnp ) < a for all g € [0,1]. Since #, is upper semi-continuous on the closed and
bounded set [0,1], the supremum of function 7, is attained by Proposition 1.4.4. This says
that

San(X) = sup n () = sup f+ ygnp(X) = Max f- ygopX) = - Yy <a
A P R seon FO® setoa” o) ©(p*)

for some p* € [0,1], which violates x € AZ. Therefore, there exists f, € [0,1] satisfying
By = a and x € B"(B,) C G"(a)

by part (ii) of Proposition 9.4.3, which shows the inclusionils C G"(a). The following inclu-
sion is obvious

®"(a) C {x eER: ﬂs1[10pl]ﬂ Ko 0 = a} ={xeR : &) > a} =A2.
€10,

Therefore, we obtain the desired equalities (9.25) and (9.26). This completes the proof. m
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Example 9.4.5 Continued from Example 9.4.2, Theorem 9.4.4 says that the a-level sets of
AY 1 A? are given by
(A(” nA(2)> =6"@) =AY nA? =2+ a,4—q]
a
for @ € (0,1].
Theorem 9.4.6 Let A", ..., A" be fuzzy sets in R™. Suppose that any one of the following
conditions is satisfied.
(a) Forany fixed x € R™, the function
Ne(@) = @+ Yo ®)

is upper semi-continuous on [0,1].
(b) Givenanya € (0,1] and any increasing convergent sequence {a,, }>_, in (0,1]witha,, 1 a,
the following inclusion is satisfied

N (Afjﬂfu...uAgj) cAly.. ua. (9.30)
m=1
(c) Given any increasing sequence {a,, }r_, in (0,1], the following inclusion is satisfied
A (A0 va?) < (mg) oo Aan).
m=1 m=1 m=1

Then, the a-level set of A° = A" U ... UA"™ is given by

Al = <Zl(1) U... UA(”)) =(xeR™: ¢pM>al=6@=A"u..uAY

a
4

(9.31)
forevery a € (0,1], and
Ag, = (A(l)u...uil(")) = U (A(l)u...uil(")>
0+ O<a<l «
= Jow=JAVu..ual. (9.32)

0<a<l 0<a<l

Proof. Suppose that condition (a) is satisfied. The arguments in the proof of Theorem 9.4.4
are still valid to obtain the desired equalities (9.31) and (9.32) by considering the upper
semi-continuity of 7.

Suppose that condition (b) is satisfied. From part (i) of Proposition 9.4.3, we see that the
inclusion (9.30) is satisfied if and only if the following inclusion is satisfied

(6", € 6%(a). (9.33)
m=1

We also have GY(f) C G"(«a) for a, f € [0,1]. From the proof of Theorem 9.4.4, when the
equality (9.28) is replaced by the following inclusion

(6", € 6%(a), (9.34)
m=1
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the same results can still be obtained. Therefore, by changing the role of (9.28) with (9.34)
and using the arguments in the proof of Theorem 9.4.4, we can also show that the function
1, is upper semi-continuous on [0,1]. Therefore, using condition (a), the desired results can
be obtained.

Suppose that condition (c) is satisfied. Then, from (9.24), it is clear to see that condition
(b) is satisfied. Therefore, we also have the desired results, and the proof is complete. =

Example 9.4.7 Continued from Example 9.4.2, we are going to apply Theorem 9.4.6 to
obtain the a-level sets of A”) U A”. We shall check that the inclusion (9.30) in condition (b)
will be satisfied. For a,,, 1 a, since Af}) UAff) =[1 + a, 5 — a], we need to claim the inclusion

o0

l1+a,,5—a, | C[1l+a,5—a].
m m

m=1
Given x satisfying 1 + @, <x <5 —a,, for all m = 1,2, ..., by taking the limit as m — oo,
we obtain 1 + a < x < 5 — a, which proves the desired inclusion. Therefore, Theorem 9.4.6
says that

(A(D UA(z)) = ®Y(a) =Al(xl) UAE,Z) =[1+a,5—a]
a

for a« € (0,1].

By referring to (9.30), we notice that the following inclusion

<mzxg;) 0o (mag;;) AV o vaD).

m=1 m=1 m=1

is satisfied automatically, which is the reversed direction of inclusion.

9.4.3 Associativity

Now, we are going to study the associativity. Let A, B, C be fuzzy sets in R™. In order to claim
the following equalities

(AuB)uC=Au(BuC)=AUBUC,
some sufficient conditions are needed.
Proposition 9.4.8 Let A, B, C be fuzzy sets in R™. Suppose that any one of the following
conditions is satisfied.
e Forany fixed x € R™, the functions
n (@) = a3 05,00 and 17 (@) = a - yp o (%)

are upper semi-continuous on [0,1].
e Given any a € (0,1] and any increasing convergent sequence {a,, }r_, in (0,1] with ,, 1 «,
the following inclusions

N (4., uBam> CA,UB, and ) (B U ) cB,uC,
m=1 m=1

are satisfied.
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e Given any increasing sequence {a,, }_, in (0,1], the following inclusions

ﬁ (4, 0B, )c <ﬁA> u (ﬁB)

m=1
am
1

ﬂ(Ba ué, )Q(ﬂBa )u<
m=1 " " m=1 "
(AuB)uC=Au(BuC)=AUBUC.

and

s
(@Y

3
]

are satisfied. Then, we have

Proof. Let D =AUB and D® =BuUC. Considering the function " and using
Theorem 9.4.6, we have

D’ =A,uB, forall a € (0.1]. (9.35)
Similarly, considering the function 7, we also have

PP =B, uC, forall a € (0.1]. (9.36)
Let BV = DY u Cand E? = A u D®. Then, the membership functions of EY and B are
given by

Sz (x) = sup a - ypo & (%) (using (9.23) and part (i) of Proposition 9.4.3)
«€(0,1] « e

= Sup a- i o, e, ®) (using (9.35))
ae(0,1]

sup a - x; up,uc, (%)
ae(0,1]

and

I3 5@ (x)

sup @ y; jp@(X)= sup a- XARU@UQ)(JC) (using (9.36))
a€(0,1] «a @€(0,1]

Sup a - xa ug,uc, -
a€(0,1]

Let E = A U Bu C. Using (9.23) and part (i) of Proposition 9.4.3, we see that the membership
function of E is given by

$p(0) = sup a - x5 up,ue, ()
ae(0,1]

Therefore, we obtain B = E® = E. This completes the proof. [

Example 9.4.9 Continued from Example 9.4.2, let A® be another fuzzy set with mem-
bership function given by

x-3 if3<x<4
1 ifd<x<5
a0 ) = 6—x if5<x<6
0 otherwise.
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The a-level sets of A are given by A( ) = [3+ a,6 — a]. The second condition in Proposi-
tion 9.4.8 is satisfied, which can be realized from the similar argument in Example 9.4.7.
Therefore, Proposition 9.4.8 says that

(A(” UA(2)> UA® = AV (A(Z) UA(3)> —AD UA® LAY,
The membership function is given by

‘SA(”UA(Z’UA@’(x) = sup a- )([1+a’6_aj(x).
a€(0,1]

For guaranteeing the following equalities
(AnB)nC=An(BnC)=AnBnC,
we do not need any extra sufficient conditions.

Proposition 9.4.10 Let A, B, C be fuzzy sets in R™ satisfying A, n\B,nC, # @ forall a €
[0,1]. Then, we have

(AnB)nC=An(BnC)=AnBnC. (9.37)

Proof. Let D’ = AnBand D® =BnC. Using Theorem 9.4.4, we have
D(l) =A,nB, and D(Z) =B,nC, forall a € (0,1].

Let BV = D" n Cand E® = A n D'”. Then, the membership functions of E" and B are
given by

Era(x) = sup a- XD“’nC (x)= sup a- X@A,nB,)nC, (x)= sup a- XA, nB,nC, )
a€(0,1] a€(0,1] a€(0,1]

and

&ro(x) = sup a Xa, r\Dm(x) = sup a XA,n(B,C, y(X) = sup a XA,nB,nC, (x).
a€g(0,1 (0,1 a€g(0,1

Let E = AnBn C. Using (9.23) and part (ii) of Proposition 9.4.3, we see that the member-
ship function of F is given by

S0 = sup a - yj g ne, (0
a€(0,1]

Therefore, we obtain B = E® = E. This completes the proof. u
Propositions 9.4.8 and 9.4.10 can be inductively extended by considering the fuzzy sets

A", ...,A” in R™. Now, we want to consider the mixed set operations by including the
parentheses. For example, we consider the following expression

A= ((A% A% 0 A7) u (A0 0A9)) 0 (A€ VA7 VAT UA®).

Let BV =AY AP nA%, B? =49 04", B¥=490A4A"uA®ua?, and BY =
B" U B”. Now, we perform the following operations.
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Using (9.23) and part (ii) of Proposition 9.4.3, the membership function of BV is given by

&z () = sup a- }(A(“nA(z’nA‘s)(x)
a€(0,1]

Suppose that the conditions in Theorem 9.4.4 are satisfied. Then
BY = A0 0 A9 1 A9 forall « € (0.1],
Using (9.23) and part (ii) of Proposition 9.4.3, the membership function of B?is given by

me(x) = Ssup a - }(A(A)OA(S)(X)
ae(0,1]

Suppose that the conditions in Theorem 9.4.4 are satisfied. Then
B? = AP nAY forall « € (0,1].
Using (9.23) and part (i) of Proposition 9.4.3, the membership function of BV is given by

fB@) x) = sup « - }(A(s) AmUA UAQ ).
a€(0,1]

Suppose that the conditions in Theorem 9.4.6 are satisfied. Then
BY =APuA? uAa® uAY forall « € (0,1].
Using (9.23) and part (i) of Proposition 9.4.3, the membership function of BYis given by

Epw(x) = sup a- ;(B<1>UB<2)(x)
a€(0,1]

Suppose that the conditions regarding B" and B® in Theorem 9.4.6 are satisfied. Then
BY =B UBY forall a € (0,1].

Finally, using (9.23) and part (ii) of Proposition 9.4.3, the membership function of A is
given by

£3(x) = sup a- )(B(“’nB(S>(x)
a€(0,1]

Suppose that the conditions regarding B and B® in Theorem 9.4.4 are satisfied. Then
A, =BYnBY forall a € (0,11.

For « € (0,1], we define
6, = (A7 A% nAD) U (A% 1 AP)) (A0 VAT AT UAY).

Then, the membership function of A is given by

¢a(x) = sup a- yg (%)
a€(0,1]

Now, we consider the following expression

&= ((A%na%na%)u(AYna%))n (290 (27 0a%)ua®).

Then A # A° in general. However, if the similar conditions regarding A® A7 A® A9 in
Proposition 9.4.8 are satisfied, then A = A°.
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9.4.4 Equivalence with the Conventional Situation

Now, we are going to present the equivalence with the conventional set operations of fuzzy
sets in R™ by referring to Definition 3.2.9.

Theorem 9.4.11 (Equivalence) Let AV, ..., A" be fuzzy sets in R™ satisfying A n ... n
Zl;”) # @ for all « € [0,1]. Suppose that the function uf) : [0,1]" — [0,1] is both C-compatible
and 2-compatible with set intersection. Then, we have

AN A" =4Yn.. nA". (9.38)

Proof. From part (ii) of Proposition 9.4.3 and Definition 3.2.9, we have

6" (@) =AY n...nAY = (A(l) M... HA(”)) for all @ € (0,1]. (9.39)
From (9.25) in Theorem 9.4.4 and (9.39), we obtain

(A“) n... nAW) = ®"(a) = (A(” n... nA(")) for all « € (0,1]. (9.40)

Using (9.40) and Proposition 2.2.15, we obtain the equality (9.38). This completes the
proof. [ ]

Theorem 9.4.12 (Equivalence) Let A", ..., A" be fuzzy sets in R™ satisfying A" n ... n
Af,") # @ for all « € [0,1]. Then, we have

AV A =AY A A AT,

Proof. From part (ii) of Proposition 9.4.3 and Proposition 3.2.2, we have

") =A% ... n A" = (A(“ A AA(’”) for all a € (0,1]. (9.41)
From (9.25) and (9.41), we obtain '

(A“) A AA“”) = ®"(a) = (A(“ n.. nA(’”) for all a € (0,1]. (9.42)
Using (9.42) and Proposi(:ion 2.2.15, the proof is compleie. [ ]

Theorem 9.4.13 (Equivalence) Let A, ..., A"™ be fuzzy sets in R™. Suppose that the fol-
lowing conditions are satisfied.

o The aggregation function uj, : [0,1]" — [0,1] is both C-compatible and 2-compatible with
set union.
o Any one of the conditions (a), (b), and (c) in Theorem 9.4.6 is satisfied.

Then, we have

APy uA® =AYy .. uA"™. (9.43)
Proof. From part (i) of Proposition 9.4.3 and Definition 3.3.7, we have

6 () =AU uAY = (A“) ... uA("))a forall « € (0,1]. (9.44)
From (9.31) in Theorem 9.4.6 and (9.44), we obtain

(A(l) u... uZl(")>a =®Y) = (Zl(l) U... UA(”))a for all a € (0,1]. (9.45)

Using (9.45) and Proposition 2.2.15, we obtain the equality (9.43). This completes the proof.
]
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Theorem 9.4.14 (Equivalence) Let A", ..., A" be fuzzy sets in R™. Suppose that any one
of the conditions (a), (b), and (c) in Theorem 9.4.6 is satisfied. Then, we have

AVy. uA” =40y . va™,

Proof. From part (i) of Proposition 9.4.3 and Proposition 3.3.2, we have

8 (a)=AVu.. uA? = <A(1) V... le“”)a for all « € (0,1]. (9.46)
From (9.31) and (9.46), we obtain

<A<D VA VA("))a =®") = (A(l) U... u]l””)a for all @ € (0,1]. (9.47)
Using (9.47) and Proposition 2.2.15, the proof is complete. [

9.5 Arithmetics Using Gradual Numbers

Let A and B be two fuzzy sets in R with membership function &; and &g, respectively.
According to Definition 9.1.6, for @ € A and b € B, the gradual numbers @ and b are
real-valued functions defined on [0,1] satisfying

a(a) € A, and b(a) € B, for « € [0,1].
The arithmetic aob is defined by
(@ob)(a) = a(a)ob(a)

for all « € [0,1], where ° is an arithmetic operation +, —, X or / for real numbers. When
o = /is taken, we need to assume that B(a) # 0 for each a. It is clear to see that aob is also a
gradual number.

In the topic of set-valued analysis, given any two subsets A and B of R, the arithmetic A-B
is defined by

AoB={aeb :a€ Aandbe B}, (9.48)

where o € {+,—, X, /}. The division should avoid to divide by zero. We are going to fol-
low this similar concept to define the arithmetic operation A ® B of fuzzy sets A and B for
© € {®°,6°,®°,®°}. Consider the following family

{aoB =Y\ andEeB}, (9.49)

which consists of gradual numbers, where the arithmetic operation » € {+, —, X, /} corre-
sponds to the arithmetic operation ©® € {®°, 8°, ®°, @°}. Then, the above family (9.49) can
generate a gradual set ® given by

®(a) = {a(a)oi;(a) cacAandbe B} for « € [0.1]. (9.50)

Using this gradual set and referring to (9.2), we can generate a fuzzy set ¢® in R with mem-
bership function given by

Sro(X) = SUP @ Y (X). (9.51)
a€(0,1]

In this case, we define A ® B = C°.
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Given any two fuzzy sets A and B in R, by referring to (9.5), we can generate two gradual
sets 2 and B corresponding to A and B. More precisely, we have
A(a) = {a(a) : G € A} and B(a) = {B(a) be B} for a € [0,1]. (9.52)
Part (i) of Proposition 9.1.9 says that
A(x) = A, and B(a) = B, for a € [0,1]. (9.53)
According to (9.48), (9.50), (9.52), and (9.53), we see that
G(a) = A(a)eB(a) = A,°B, for a € [0,1], (9.54)

From the basic properties of fuzzy sets, we have Aﬂ CA, and Bﬂ C B, for a, p € [0,1] with
a < f. Using the equalities (9.54), we obtain

®(p) C G(a) for a, f € [0,1] with a < B. (9.55)

This also says that the family {®(«a) : a € [0,1]} is nested.

Example 9.5.1 Consider the fuzzy set A in Example 9.1.3. Now, we consider another
fuzzy set B in R with membership function given by

(r—bb)/(by —bb) ifBL <r <b,

£4(r) = 1 ifby <r<b,
BYST) Y - /Y —by) ifb, <r < bY
0 otherwise.

According to (9.51), the membership functions of A @° B is given by
Sa@° B(X) = SUP @ - Yy (%),
@€(0,1]
where
G(a)=A4,+B,
= [(1 —a)a" + aa;,(1 - a)a? + aa2] + [(1 —a)b" +ab,, (1 - a)b? + abz]
=[1-a)(a"+b") +a(a,+b).A—0a)(aV +bY) +a(a, +b,)]
for a € [0,1] by referring to (9.54). It is not hard to see that the a-level set of A @° B is
given by
(A®°B),=G(@)=A,+B,
for « € [0,1].
Now, given any fuzzy set A in R, we want to study the meaning of —A and 1/A. Consider
the following families

{-a:ae€A} and {1/a: a € A with a(a) # 0 forall « € [0,1]}, (9.56)

which consist of gradual numbers. Then, the above two families (9.56) can generate two
gradual sets 8 and 8 defined by

67 (@) ={-a() :acA} and 6 (a) = {1/4(a) : a €A},
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respectively. Using these two gradual sets and referring to (9.2), we can generate two fuzzy
~ %) ~ /)
sets D® " and D®" in R with membership function given by

Eho0 (0) = SUP @ - ygiq(¥) and & g0 (X) = SUP @ - ¥ 0)(X)s
ae(0,1] ae(0,1]

respectively. In this case, we define
_A=0""and1/4 =D*".
Since
-A,={—x:x€A,} and1/A,={1/x : x€ A, withx # 0},
we can similarly obtain
®(a) = —A, and 8/ (a) = 1/A,, for a € [0,1].
The following results can be obtained.
Proposition 9.5.2 Given any two fuzzy sets A and B in R, we have A ©° B=A @° (-B).
Suppose that £5(x) # 0 for each x € R. Then, we have A @° B=A ®° (1/B).
By referring to (9.50), for - € {+, X}, since
a(@)ob(a) = b(a)ea(a) for all a € [0,1],

it follows that the commutativity A ® B = B ® A holds true for ® € {®°, ®°}. Using Propo-
sition 9.5.2, we see that

AS°B=A@° (-B)=-Bg° A.
If £5(x) # 0 for each x € R, then
AQ@°B=A®"° (1/B)=(1/B®°A.
Let C be another fuzzy set in R. For any ¢ € C and o, s, € {+,—}, since the associativity
(a(@p,b(@)) o,2@) = a(@), (bare,i@))
holds true for all « € [0,1], it follows that the associativity
(A@IB) @26 = A©1 (B@zé)

also holds true for ®,,®, € {®°, ©°}, where the arithmetic operations ®,; and ®, corre-
spond to the arithmetic operations o; and »,. In this case, we can simply write

(A®,B) ®,C =A@, (B®,C) = A@,Be,C.
The associativity for ®° can be similarly realized as follows
(A® B)®°C=A4AQ° (B® C)=A® B®"°C.
In general, let A(D, ,A(") be fuzzy sets in R. Consider the arithmetic operation

@, € {®°,6°,®°,@°} corresponding to the arithmetic operation o, € {+,—,x%,/} for
i=1,...,n— 1. Then, we can generate a gradual set ® defined by

®(a) = {(@101 con ) (@) - & € AV for i = 1,...,n}

= {&l(a)ol e (@) ;e AV fori=1, n}
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for a € [0,1]. Using this gradual set and referring to (9.2), we can generate a fuzzy set A%in
R with membership function given by

Ei0(X) = Sup @ - ) (9.57)
ae(0.1]

In this case, we define
121(1)@1 . @n—lA(n) — A(Si’

where the operations ®° and @° corresponding to the operations X and / have the highest
priority for performing arithmetic calculations.
By referring to (9.54) and (9.55), we also see that

() =AVo, -0 A" for a € [0,1], (9.58)
and
®(p) C G(a) for a, f € [0,1] with « < B. (9.59)

This also says that the family {&(a) : a € [0,1]} is nested.

Suppose that the parentheses are included in the expression A(l)@l e @n_lil("). Then,
the terms within the parentheses have the highest priority for performing arithmetic
calculations.

Example 9.5.3 Suppose that we want to calculate the following expression
(A(l)eoA(2)> ®° (A(3)6°A(4)®°A(5)) o° <A(6)®o (Am@oA(g)eoA(g)eoA(m)) ) .
(9.60)
Then, we can generate a gradual set ® defined by
®(a) = {(a[1 —ay) % (& — Gy +5) — (8 * (8 + &g — 8y — 9)) (@) : &; € A”
fori=1,... ,10}

= (A7 -A%) x (1Ve°AVe°AY) - (A9 x (A7 + AP -4 - 417))

a a a

for @ € [0,1]. The membership function of expression (9.60) is given in the form of (9.57).

Now, we want to study the a-level sets of the arithmetic expression A(1)©1 S @y A ™,

Theorem 9.5.4 Let A", ..., A" be fuzzy sets in R. Suppose that, for any fixed x € R, the
function
He(a) = @+ Yg(oy(X)
is upper semi-continuous on [0,1]. Then, the a-level set of
A® — A(l)@1 . @n_lA(n)
is given by
il= (A, .@n_lA(”)) = xER: Eo() > a)

a

= ®@) = {al(a)al e (), € AV fori=1, n}

:A(l)o] «+-0

a
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forevery a € (0,1], and

Ao+ <A(l)@1 ©n_1le(")> _ U (A(D@l, - 1A(n)) U ®()

0+ a0 (0.1]

= U {&1(a)°1...on_1an(a) ca,€A? fori= 1,.‘.,n}.

a(0,1]

Proof. Given any fixed Oa € (0,1], suppose that x € A?. Now, we also assume that x ¢
®&(p) for all p € [0,1] with f > a. We want to lead to a contradiction. Under this assump-
tion, we see that f§ - XopX) <a for all g € [0,1]. Since #, is upper semi-continuous on the
closed interval [0,1] by the assumption, the supremum of function #, is attained by Propo-
sition 1.4.4. This says that

5A@(x)=ﬂ81[lopuf1x(ﬁ) sup ﬂ Zop)0) = MAX B+ Y5 (0) = B - A () <@
€0,

for some g* € [0,1], which violates x € Zla . Therefore, there exists g, € [0,1] with g, > a
satisfying x € G(f,) € G(a) by (9.59), which shows the inclusionilg’ C G(a). The following
inclusion is obvious

®(a) C {xe R : sup f- xgp ) Za} ={xeR: o) >al =AY,
pelo.1]

Therefore, using (9.58), we obtain the desired equalities. This completes the proof. [

Without assuming the upper semi-continuity, we also have the following interesting
results.

Theorem 9.5.5 Let AV, ...,A" be fuzzy sets in R. Suppose that given any a € (0,1] and
any increasing convergent sequence {ay, o, in (0,1] with a,, 1 @, the following inclusion is
satisfied

ﬂ (Afll)al e °n—1AE¥n)) S Adl)ol U °n—lA$1n)' (961)

Then, the a-level set of
A°=i"q, - @, A"
is given by

~©

Ay = (2%, 0,,4") =6@

- {&l(a)ol e ay@) ;€AY fori=1, ... ,n}
%D ~ (n)
= Aa °1° e on_lA:
forevery a € (0,1], and
1 ~
g, = (A%, -0,,4") = |J6w

a(0,1]

=U {&1(a)ol-~~ a0 a,eA” fori=1,. }

(0,1]
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Proof. Using the equalities (9.58), we see that the inclusion (9.61) is satisfied if and only if
the following inclusion is satisfied

ﬂ ®(a,,) C G(a). (9.62)
m=1

Given any fixed x € R, we define the following set
F,={a€[01]: a- ygoyX) >p}.

which also says that F, # @ for p < 1and F, = @ for p > 1 by referring to (9.57). Next, we are
going to prove cl(Fp) =F, for each p € (0,1]. Given any a € cl(Fp), there exists a sequence
{a, )5y In F, satisfying a,, — a. Therefore, we have a,, > p > 0 and x € &(a,,,) for all m,
which also says that « > 0, since

a=lima, >p>0.
m—oo

. o o .
Therefore, there exists a subsequence {a,, };?, of {a,,};_, satisfyinga,, 1 aora, |aas
k - .

e Suppose that X, | a. Then X, = @ for all k. This says that x € (Sj(amk) C G(a) by (9.59).
e Suppose that Xy, 1 a. Since cl(Fp) C [0,1], it says that a € [0,1]. Since x € (Sj(amk) for all
k, using (9.62), it follows that x € G(a).

Therefore, we conclude that x € ®(«a) for both cases. This also says that « - XX = ps ie.
a€F, Therefore, we obtain the inclusion cl(Fp) CF, which means that F,isa closed set
for each p € (0,1]. In order to apply Theorem 9.5.4, we need to show that the function 7,
is upper semi-continuous on [0,1]. Equivalently, we claim that the set F, is closed for each
p € R. We consider the following cases.

e For each p € (0,1], the set F, is closed as shown above.
e For p > 1, the set F, = §J is empty, which is also closed.
e For p <0, the set F,= I" =[0,1] is closed.

We conclude that the function #, is indeed upper semi-continuous on [0,1]. Therefore,
the desired results follow from Theorem 9.5.4 immediately. [

Suppose that, for any increasing sequence {a,,};>_; in (0,1], the following inclusion is
satisfied

5D %5 (n) 5 5 (1)
N (Aamol . '°n—1Aa’l> c (ﬂ’%) oy rero (ﬂ%ﬂ) _ (9.63)
m=1 m=1 m=1

We are going to claim that the inclusion (9.61) is satisfied if and only if the inclusion (9.63)
is satisfied. Indeed, according to the basic properties of fuzzy sets, given any a € (0,1] and
any increasing convergent sequence {a,, }_, in (0,1] with ,,, 1 a, we have

ﬂ;‘(ljﬂ =4, (9.64)
which says that the inclusion (9.61) is satisfied if and only if the inclusion (9.63) is satisfied.

Therefore, we can also obtain the interesting results from Theorem 9.5.5 when the inclusion
(9.63) is considered.
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Let A%, ..., A" be fuzzy sets in R. We consider the arithmetic
T ¢S] (n)
A =A70 O, 1A
using gradual numbers. By referring to (7.62), we also consider the arithmetic
~ ~ l ~
A=4"m, @, A"
using the extension principle. Next, we are going to establish the equivalence between A°

and A under some suitable conditions.

Theorem 9.5.6 (Equivalent Arithmetic Operations) LetAY, ..., A" be fuzzy setsin R

such that the membership functions of AD A" are upper semi-continuous. Consider the
arithmetic operations ®; € {®°,0°,®°} and []; € {H.H. X} fori=1,...,n— 1. Let
©

A° =1, -0, A" and A=A"0, - @, A"

Then A® = A. Moreover, their a-level sets are given by
AV =4, =AWo ..o AW

{ (@)oo, (@) ¢ ;€ AV for i = 1n}

[0,

1].

forevery a €

Proof. Using part (i) of Theorem 7.5.4, we have
A, = (A“)Ell . -Eln_lil(")) =A% o, (A" forall a € (0.1]. (9.65)

In order to apply Theorem 9.5.5, we are going to check that the inclusion (9.61) is satisfied.
Given any « € (0,1] and any increasing convergent sequence {«,,}>_; in (0,1] with a,, 1 a,
according to the basic properties of fuzzy sets, we have (,;_, Aam = A,. Then, using (9.65),
we obtain

( A0 ] A(n)) ﬂ ( A(I)Eh O, A(n)> ﬂ A, . A
m=1 m=1 @m m=1
o) 5 ()
=g 17 °n—1Aa »

which says that the inclusion (9.61) is satisfied. Therefore, using Theorem 9.5.5, we can
obtain
©

it % (1) ~(n)
Aa = Aa °p on—lAan
- {dl(a)ol e (@) ;e AV fori=1,... n} (9.66)
for every a € (0,1]. From (9.65) and (9.58), we have

Sy =A%, o A" = (Amm O, 1A(")> =A, foralla e (01].  (9.67)
From (9.66) and (9.67), we obtain

(A(”@l . .@n_lgm)) G =A,= <,Z1(1)|:|1 - .En_liﬁ")) forall « € (0,1]

a
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and
AY@,--0,,4") =d(d%%, -, A" =cl< (SS(a))
(1%, 0,17 =a(a,0,.4") =a( Y
=cl< U Aa) =cl({x: & >0})=cl(Ay,)
0<a<l
(A0 s\ _ (iD= 5 ()
_cl(A O, - 0,4 >O+_(A O, - -O,,A )0.
This completes the proof. [

When the arithmetic operations are taken to be ®; = @° and ©; = @ for some i, we need
to assume that the denominator is never to be zero. This situation will complicate the
proof of Theorem 9.5.6 for taking ®; = @° and ©; = @. Although the case ®; = @° and
©®; = @ are not discussed here, it can still be similarly discussed by modifying the proof of
Theorem 9.5.6, and it is left for the readers
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Duality in Fuzzy Sets

The concept of a-level sets of fuzzy sets is an important tool to study the properties of fuzzy
sets and their applications. In this chapter, the a-level sets will treated as the upper a-level
sets. In other words, we are going to introduce a new concept of so-called lower a-level sets,
which can also be regarded as the dual concept of upper a-level sets.

10.1 Lower and Upper Level Sets

Let A be a fuzzy set in R" with membership function &;. For « € (0,1], the a-level set A, of
A that may be called the upper a-level set (or upper a-cut) of A is defined by

A, ={xeR": ) 2a}={x€A; : {0 > a}.
Also, the strong a-level set (or upper strong a-level set) is defined by
Ay, ={xeR": X >a}={x€A, : &x) > a}. (10.1)

The 0-level set A is defined by A, = cl(A,, ). Now, the O-level set A, is also called the proper
domain of A, since the membership function &; vanishes outside A, i.e. £;(x) = 0 for
x & A,. Based on the concept of proper domain, we shall consider the so-called lower a-level
set (or lower a-cut) of A.

Definition 10.1.1 Let A be a fuzzy set in a universal set R" with proper domain A,.
For « € [0,1], the following set

A={xeA;: & <a}

is called the lower a-level set of A. For a € (0,1], we also define the strong lower a-level
set of A as

A={xeA; &) <a}.

We notice that the lower a-level set ,A is considered in the proper domain A, rather than
the whole universal set R". In general, it is clear to see that

A={xeld, s <a) #{xeR": & <al.

Next, we present some interesting observations. We first recall that the notation x € A\B
means x € A and x ¢ B.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Remark 10.1.2 Let A be a fuzzy set in R”. Then, we have the following observations.
e For any « € [0,1), using (10.1), we have
A :AO\{x €Ay &0 > a) :AO\{x ER: &) > a) =AM\A,,.

e Givenx € (A, we have x € A, and &;(x) = 0.
e Forany a, § € [0,1] with « < f, we have ,A C ;A.
e For « € (0,1], we have

A, ={xeR": ) 2a} ={x€A; : &(X) > a}
=Ao\{x €A 1 () <af =4\, A

Proposition 10.1.3 Let A be a fuzzy set in R™. Then, we have the following properties.

(i) Suppose that « € [0,1) and {a,}, is a decreasing sequence in [0,1] satisfying a, | a.
Then, we have

(ii) For a € (0,1], the following statements hold true.
e Ifa, 1 a, then

G%A c,Aand ,[_AC D%—A C G%A'
n=1 n=1

n=1

o Ifa, T awitha, < aforalln, then

Proof. To prove part (i), since a,, > «a for all n, we have ail C %A for all n, which implies

AC (oA
n=1
On the other hand, forx € (), ani\, we have &;(x) < a,, for all n, which implies

£3(0) < lime, = a.

Therefore, we conclude that x € aA.



10.1 Lower and Upper Level Sets
To prove part (ii), given x € a_A, we have ;(x) < a. Since @, T @, givenany 0 < e < a0 —

£, (x), there exists an integer N satisfying 0 < a — )y < €, which says that &;(x) < ay, i.e.
x € Uy, o, -A- Therefore, we obtain the inclusion

(o]
A C oA
n=1

On the other hand, since a,, 1 @, we have the following cases.

b N

o Ifa, < aforalln, then, A C A, which implies

A C A

Cs

n=1

o If a, < a for all n, we see that x € , A implies &;(x) < @, < @, which says that , AC ,_ A
for all n. Therefore, we have

Cs

qAC A

n=1

Then, we obtain the desired equalities and inclusions.
To prove part (iii), for 1 > g > a > 0, we have ail C ﬂA. Therefore, we have the inclusion

Ac () A
pE(a.1]

On the other hand, given any ¢ > 0, for

X € ﬂ ﬁA,
pe(a.1]
we have x € ., A, since a+ e > a. This says that &;(x) < « + ¢, which also implies
£;(x) < a, since ¢ is an arbitrary positive number (i.e. we can take ¢ — 0). Therefore, we
conclude thatx € ,A.
To prove parE (iv), for p < a, ifx € ﬂA, i.e. £5(x) < f < @, then x € ,_A. Therefore, we
obtain A C A, which implies the inclusion

On the other hand, given any x € ,_A, we have &;(x) < a. By the denseness, there exists f,
satisfying
E(X)<p,<a, iexe U SA.
0<f<a
Therefore, we obtain
Ac A
0<f<a

This shows the desired equality, and the proof is complete. |
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Example 10.1.4 Let A be a fuzzy interval. Then, the upper a-level set Aa is a closed inter-
val givenby A = [Ai,ilf;’] for all @ € [0,1]. From part (iv) of Proposition 2.2.8, for a € [0,1),
we have
- - <L U
A= 4= U [4.4]]
a<f<1 a<f<1

Since A, C A, for § < a, if we further assume that the endpoints A; and A_ are continuous
functions with respect to « on [0,1], then A, = (Ai,ilg) is an open interval. In this case,
Remark 10.1.2 says that the lower a-level set ,A is given by

T L 5U <L 2U <L L ~U U
aA =A0\Aa+ = [AO’AO] \ (Aa’Aa ) = [AO’Aa] U [Aa ’AO] ’
which is also a closed subset of R. This also says that the membership function &; of A is
lower semi-continuous. We also see that the lower 1-level set is
5 5 L 5U
A=A, = [AO,AO] .

Under the further assumptions, the membership function of A is continuous.

10.2 Dual Fuzzy Sets

Let A be a fuzzy set in R” with membership function ;. Recall that the membership func-
tion of complement fuzzy set of A is denoted and defined by

Sac=1-¢x
which is also defined on R”. Since the 0-level set A, is treated as the proper domain of A as

described above, we consider the restrict function £;¢|; of &5 on A, and define a function
& 1 Ay — [0,1]on A, by

&30 (0) = &5¢l3,(0) =1 = &;(0) for x € A, (10.2)

Then, we use the notation A* to denote the dual fuzzy set of A. The membership function
of A® is given in (10.2), which is also called a dual membership function. We also notice
that &5+ # &j¢, since their domains are different.

Remark 10.2.1 The relationship between the a-level sets of fuzzy set A and dual fuzzy
set A* are given below
e We have

A, ={xeR": ) 2a} ={x€R" : &) <1-a} =, A"
o We have

A={xeR" 1 M <a}={xeR" 1 X >21-a} =A]_,.
e We have

Ay ={xeR": &@2a}={xeR" : {x) <1-a} =_,A
e We have

A ={xeR" 1 & <af={xeR" : ) 21-a} =4,



10.2 Dual Fuzzy Sets

Let (U, 7;) be a topological space, and let A be a set in R". Then, the subset A can be
endowed with a topology 7, such that (A4, z,) is a topological subspace of (U, 7). In other
words, the subset C of A isa 7,-closed subset of A if and only if C = A n D for some 7;-closed
subset D of R". In this case, we say that f : (4,7,) - R is upper semi-continuous on A
ifand only if {x € A : f(x) > 4} is a 7,-closed subset of A for all 4 € R. We also see that
if f is upper semi-continuous on A then —f is lower semi-continuous on A, and if f is
lower semi-continuous on A then —f is upper semi-continuous on A. We have the following
observations.

e Suppose that A is a fuzzy set in R" such that its membership function &; is upper
semi-continuous on R". Then &; is also upper semi-continuous on the proper domain
A,. Indeed, the set

{xeA;: =1} =An{xeR": &Xx) > 1}
is a 7 -closed subset of A,
e Suppose that A is a fuzzy set in R" such that its membership function &; is upper

semi-continuous on the proper domain A,. Then it is clear to see that the dual
membership function &;- = 1 — &; of A® is lower semi-continuous on 4.

Remark 10.2.2 Given A € F(R™) by referring to Definition 2.3.1, the membership func-
tion &; is upper semi-continuous and quasi-concave on A,. It is also clear to see that the
membership function &;- of dual fuzzy set A” is lower semi-continuous and quasi-convex on
A,. This says that the lower a-level set ,A* is a closed and convex subset of 4, for « € (0,1].

Example 10.2.3 Let A be a fuzzy interval with dual fuzzy set A°. Since the upper 0-level
set A, is bounded and the lower a-level set ,A° is a closed and convex subset of R for
a € (0,1] by Remark 10.2.2, it follows that aA' is also a bounded closed interval, and is
denoted by

~e ~eoL ~eU
A :[aA LA ]

a

Using Remark 10.2.1, we also have
A=A, = [AL AY ] ,

a 1-a>“*1—a

which says that
A=Al and AV =47,

a

From part (iv) of Proposition 10.1.3, for « € (0,1], we have

~e ~e ~eol ~eoU
A= A= ATt
0<f<a 0<p<a
We further assume that the endpoints ﬂZfL and ﬁA'U are continuous functions with respect
to f on [0,1]. Since /,if c ,A® for p < a, we have
~e ~eoL ~eU
A= (AT A )

a

is an open interval. In this case, from Remark 10.1.2, for « € (0,1], the upper a-level set A;
is given by

A=A\, A" = [A;;L,AgU] \ (AT, = [Ag,aﬂ] U [aA'U,Agf] ,

‘a
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which is a closed subset of R. This also says that the membership function of A® is upper
semi-continuous. Therefore, under the further assumptions, we conclude that the member-
ship functions of A* and A are continuous.

10.3 Dual Extension Principle

‘We consider the following onto crisp function

fiR"x--- xR - R",
Let A” be a fuzzy set in R™ with dual fuzzy set A% fori=1,..., p. Inspired by (4.14),
using the dual membership functions &, of A®fori=1,..., p, we define a new fuzzy set
f.(A(l),Zl(z), ...,A") in R" with membership function given by

‘ff'(A“),A‘Z),A..,A(”))(y)

= inf max {&;an(x,), ..., Exom (X,) } - (10.3)
(XA x-+xAP :y=f )}

Then, we have

5}'<A‘”,A<”,...A‘P>>(V)

= inf max{1—§A<1>(x1),-~- ,1—§A<m(xp)}
{x€AY % xAL y=f(x)}
= inf [1—min {&0 (), - Emx)}]
(X€ALx-xAP :y=f )}
=1- sup min {&0(x,), ..., &0, }
(xeilé”xu-xixg’) :y=f(x)}
=1- sup min {&;00x), ..., &0 (X))}

{x€R™M x---XR"P :y=f(x)}
=1- fﬂA<1>A(2)WA<p))(y),
which implies
ff(AU),AlZ)’_“A(m)(V) + é:f'(A‘”,A(z’,.“,A(m)(y) =1. (10.4)

The methodology for calculating formula (10.3) is then called the dual extension princi-
ple. This means that, instead of calculating formula (4.14), we can alternatively calculate
formula (10.3) and use the duality (10.4) to recover formula (4.14). In this case, we also say
that the fuzzy function f* is dual-fuzzified from the crisp function f.

Let A be a set in R". The characteristic function y, of A is defined to be

) = 1 ifxeA
XA =N 0 ifx ¢ A

Now, we define the so-called dual characteristic function b9 of A as follows

en_JO ifxeA
’(A(x)_{1 if X ¢ A. (105)

It is clear to see that

X4 + x3(x) =1 for each x € R".



10.3 Dual Extension Principle

Let A be a fuzzy set in R”. Recall that the (primal) decomposition theorem says that the
membership function &; can be expressed as

Ei(x) = sup a-xa, x) = su(})lla XA, ),
ae

where y; is the characteristic function of the a-level set A,. The (primal) decomposition
theorem says that the membership function can be expressed in terms of upper a-level sets.
In what follows, we are going to show that the membership function can also be expressed
in terms of lower a-level sets as the following form

$ax) = sup a- x°,(x) = sup a- x 5 (X),
a€l0,1] oA aER(EL)

where y°, is the dual characteristic function of lower a-level set LA

Theorem 10.3.1 (Dual Decomposition Theorem) Let A be a fuzzy set in R" with proper
domain A,. Forx € A,, the membership degree £;(x) can be expressed in terms of lower a-level
sets as follows

i(X) = su syt ()=maxa- ¥, (x) = max a - |1 — ~x]. 10.6
400 ae((ﬂ]a X.,A() aE(O,l]a )(,XA() aG(O,l]a [ 2, (10.6)

Proof. Leta, = £;(x). Suppose thata, = 0.Ifx & ail forsome a € (0,1], then&;(x) > a > 0,
which contradicts &;(x) = , = 0. Therefore, we havex € | A, i.e. y ;(x) = 1foralle € (0,1],
which says that « - )('A(x) = 0 for all « € (0,1]. This shows that the equalities in (10.6) are
satisfied. ’

Now, we assume a, > 0. Then x € , A. For a € (0,1] with « < «, if x € ,A, then
£4(x) < a < &y, which contradicts «; = é A(x) Therefore, we have x & A, ie. ;( (x) =1 for
a € (0,1] with & < a. If @ € (0,1] with a > «,, thenx € A C ,A, which says thatx € A,
ie. ;(ﬂA(x) 0 for @ > a,. Then, we obtain

ae(0,1] A a€(0,1]:a<ay} « {ae(0,1]:a>a,

sup a - y*,(x) = max{ sup  a-y°(x), sup a- ;(‘A(x)}
{ } “

= max { sup a,O} =max {ay, 0} = ay = &;(x).

{a€(0,1]: a<ay}

Since a, € (0,1], the above supremum is attained. It means that

Sal0) = maxa- x50

This completes the proof. |

Remark 10.3.2 The decomposition theorem for dual fuzzy set A® based on the upper
a-level sets of A® is given by
¢ar(x) = sup a- yz:(x).
a€(0,1]

According to Theorem 10.3.1, the dual decomposition theorem for A°® based on the lower
a-level sets of A® is given by

X)= sup a- y°,.(x X maxa- 1- x]
GO0 = SUp @ %00 = maxa s %00 = maxa - [1- 1
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Itis well known that the set of all rational numbers Q is dense in R. This means that, given
any r € R, there exist two sequences {p, }>7, and {q, } 7, in the countable set Q satisfying
p,trandgqg, | rasn — oo.

Theorem 10.3.3 (Dual Decomposition Theorem) Let A be a fuzzy set in R" with proper
domain A,. Forx € A, the membership degree & (x) can be expressed in terms of lower a-level
sets as follows

E4(x) = sup a- ,y _(x) = rnax a- ;( (X)) = max « - [1 -x A(x)] (10.7)
a€l0,1] a€[0,1] @

= sup a- X max a - b9 max a-|1-— -x]. 10.8

ae@nr()o 1 ){a ) = a€QN(0,1] X ) = a«€QN(0,1] [ XaA( ) ( )

Proof. Using Theorem 10.3.1, we can obtain the equalities (10.7). To prove the equalities
(10.8), let &5(x) = a,. We first assume that @, = 0. From the proof of Theorem 10.3.1, we
have x € A for all @ € (0,1], which says that « - ;('A(x) =0 for all « € Q N (0,1]. It follows
that ’

X)) =a,=0= sup a- ;( _(X).
aeQn(0,1] A

Now, we assume that 0 < «,. Using (10.7), we have

0<&00)=ag=sup a-y" ()= sup a-x% (). (10.9)
agl01] @ cean@1]

Since a;, > 0, from the proof of Theorem 10.3.1 we have x ¢ ail for a € (0,1] with & < «.
The denseness also says that there exists a sequence {a, } ; in @ n (0,1] satisfying a,, 1 aj
with &, < a,. It follows thatx & , A for all n. Let

={a, ), CQNO1]
Then, we have
Ei0) =ay = lirrlnan = sup a, = sup a, - )(:A(x)

=supa- ;( ()< sup a- ;( _(x). (10.10)
ael’ A a€N(0,1] oA

Combining (10.9) and (10.10), we obtain the equality

&(x)= sup «a- ;{ _(X).
a€Qn(0,1] A

This completes the proof. ]

10.4 Dual Arithmetics of Fuzzy Sets

Let © denote any one of the four basic arithmetic operations @, ©, ®, @ between fuzzy sets
A and B in R. The membership function of A ® B is defined by

Eiop@) = sup min {&;(x), &0}

{(xy)ER? :z=x0y}
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for all z € R, where the operation o € {+, —, X, /}. Since the 0-level sets AO and BO are the
proper domain of A and B, respectively, i.e. £;(x) = 0 for x ¢ A, and &z(x) = 0 for x & B,,
we have

&iop(@) = sup min {&;(x), &)}

{(y)ER? :z=x0y}

= sup min {&5(x), &)} (10.11)
{(x.y)€A;xB, :z=x°y}

Inspired by the above expression (10.11), we define a new operation between A and B
using the dual membership functions as follows

SiorBR) = inf max {&z+ (), S (V) }- (10.12)
{(ey)EAGXB, :z=x°y}

We need to emphasize that

inf  max{&-00.50)) #  inf  max{&m().&0).

{(x))€AXB, : z=x0y} {(xy)eR? :z=xoy}

However, this operation A ®@* Bis reasonable, since we consider the proper domains shown
in (10.11). Then, we have

&1 3@ = inf max {1 —&;(x),1 - &0}
{(c.y)€AXB, :z=x°y}
=1- sup min {¢3(x), 30}
{(x.y)€A XB, :z=x0y}
=1- sup min {&;(x), £5(0)}
{(c.y)ER? :z=x0y}
=1- éAoB(z)’

which implies
$a0B@) + & 050 = 1. (10.13)

Therefore, we say that A ©* B is the dual arithmetic of A © B. This means that, instead
of calculating A ® B, we can alternatively calculate A ®* B and use the duality (10.13) to
recover A © B. We are going to study the lower a-level sets of dual arithmetic A ©* B and
establish the relationships between A © Band A ©° B.

Theorem 10.4.1 Let A and B be two fuzzy sets in R with the dual fuzzy sets A* and B°, respec-
tively. Let the arithmetic operations © € {@®, ©, ®} correspond to the operationse € {+, —, X}.
Then, the following statements hold true.

(i) We have the following inclusion
AoB,2A,B,=,_,A%,_,B" foralla €[0,1].

(ii) Suppose that the membership functions of A and B are upper semi-continuous. Then
(AoB),=A.B, =, ,A%,_ B forall « € (0.1].

(iii) Suppose that the membership functions of A and B are upper semi-continuous, and that
the supports A, and B, are bounded. Then

(AoB),=A,B,=,_,A%,_,B" forall a €[0,1].
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Proof. The results follow immediately from Theorem 7.1.1 and Remark 10.2.1. ]

We do not consider the operation @ in Theorem 10.4.1. The reasons is that the case of
zero denominator should be avoided. We also remark that the arguments in the proof of
Theorem 10.4.1 are still available for the operation @ by carefully excluding the zero denom-
inator. In order not to complicate the argument of Theorem 10.4.1, we omit the case of
operation @.

Theorem 10.4.2 Let A and B be two fuzzy sets in R with the dual fuzzy sets A® and B®,
respectively. Let the dual arithmetic operations ©° € {®*,8°, ®°*} correspond to the opera-
tions o € {+, —, x}. Then, the following statements hold true.

(i) We have the inclusion
JA®*B) 2, A%, B =A,_ B, forall « € [0,1].

(ii) Suppose that the membership functions of A and B are upper semi-continuous on A, and
B,, respectively. Then

JAO B = A% B =A, B, forall « €[0,1].

Proof. To prove part (i), for « € [0,1] and z, € ,A",B, there exist x, € ,A* and y, € ,B"
satisfying z, = x,°y, for e € {+, —, X}, where
Es0(x,) < aand & (y,) < a.

Therefore, we have

& o BZ) = inf max {3+ (x). &g ()}

{(cy)€A°B, 1z, =x0y}
<max {£;-06,), 63 0,)} < @,
which says that z, € ,(A4 ©* B). This shows that the following inclusion
AB" C (AO°B)forael0,1]

To prove part (ii), in order to prove the other direction of inclusion, we further assume
that the membership functions &; and & of A and B are upper semi-continuous on A4,
which imply that the dual membership functions &;- and &z are lower semi-continuous
functions on A; that is, the nonempty lower a-level sets ,A° and , B are 74, -Closed subsets
of A, for all « € [0,1]. Given any z, € ,(A ©° B), we have

_inf max {&5+ (%), &5 )} = &40-5(Z,) < a. (10.14)
{(xy)€A°B, 1z, =x°y}

Since z, is finite, it is clear to see that
F={(xy) € AyeB, : z, = xop}

is a bounded subset of A °B,. We also see that the function g(x,y) = xey is continuous on
AyeB,. Since the singleton {z,} is a closed subset of R, it follows that the inverse image
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F=g"'({z,}) of {z,} is also a closed subset of A,°B,. This says that F is a compact subset
of AjeB,. Now, we want to show that the function

feey) = max {3+ (x), &g 1)}
is lower semi-continuous on A B,, i.e. we want to show that
{(x.y) € AgeB, : f(x.y) < a}
is a closed subset of 4B, for any a € R.
e For @ € [0,1], we have
{(x,y) € ApeBy : fx,y) < a} = {(x,y) € AyeBy : &4+ (x) < a and &p(y) < a}
={(xy) €AyB, : x€ A" andy € B} = A" B,
which is a closed subset of A,0B,, since ,A* and ,B" are closed subsets of A4, and B,,

respectively.
o Ifa & [0,1], then {(x,y) € AjeB, : f(x,y) < a} = @ is a closed subset of A,°B,,.

Therefore, the function f(x,y) is indeed lower semi-continuous on AyeB,. By Proposi-
tion 1.4.4, the function f assumes its minimum on the closed and bounded subset F of
AyoB,; that is, from (10.14), we have

min f(x,y) = min fe,y) = inf fxy) <a.
ek (e €A°By 2, =xy) (€A °By 2, =xoy)

In other words, there exists (x,,y,) € F satisfying z, = x,°y, and
max {&5+ (X,), $pr W)} = f(x,.¥,) = min f(x,y) < a,
(xy)er
i.e. &5 (x,) < aand & (y,) < a. Therefore, we obtainx, € ,A* andy, € ,B", which says that
z, € ,As B". Therefore, we obtain the following inclusion
LA®* B C A%, B forall a €[0,1].

This completes the proof. [

The related results regarding the mixed lower and upper a-level sets are presented below.
Recall that the 0-level set (A © B), is the proper domain of the membership function &;,
of A®B.

Theorem 10.4.3 Let A and B be two fuzzy sets in R. Consider that the arithmetic opera-
tions © € {®, O, ®} correspond to the operations € {+, —, X }. Suppose that the membership
functions of A and B are upper semi-continuous. Then, we have
1(;4 C)jé) =:(;4 ()1;)0,
and, for a € [0,1), we have
LAOB) =@A0B), \ U @By
a<p<1

= U (A0 B),\(A;:By)) . (10.15)

a<f<1
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We further assume that the supports A, and B, are bounded. Then, the above 0-level set
(A ® B), can be replaced by A B,

Proof. For a € [0,1), we have
JAOB =A0B), \ (A B),, (using Remark 10.1.2)

=Ao B)O\ U (A © B); (using Proposition 2.2.8)

a<f<1
=Ao0 B)O\ U (A;°Bj) (using Theorem 10.4.1).
a<fp<1
This completes the proof. ]

Theorem 10.4.4 Let A and B be two fuzzy sets in R with the dual fuzzy set A® and B®,
respectively. Consider the dual arithmetic operations ©° € {®°*,O°,®°*} correspond to the
operations o € {+,—,x}. Suppose that the membership functions of A and B are upper
semi-continuous on AO and BO, respectively. Then, for a € (0,1], we have

@Ao' B, =@0"B),\ |J (A%E")

0<f<a
= U (A ©° B)y\(jA°;B"). (10.16)
0<f<a
Proof. For a € (0,1], we have
(Ae°B),=(A 0" B), \a,(zzl ©° B) (using Remark 10.1.2)

=Ao* B)O\ U 4(A ©° B) (using Proposition 10.1.3)

0<f<a

=@Ao° B)O\ U (4A2;B") (using Theorem 10.4.2).

0<f<a

This completes the proof. [
Example 10.4.5 Let A and B be two fuzzy intervals. Using Theorem 10.4.1, for @ € [0,1],
the upper a-level set of A © B is given by

(A0B), =A,B, = [Ag,A;’] o [BL Bf] .
Now, we consider the lower a-level set of A ® B. From Theorem 10.4.3, the lower 1-level set
of A ® Bis given by

(A0B) =A4,0B, = [A@,Af{] o [igg,fsg] .
For « € [0,1), we have

Aok =408\ U @sBy=408\ U ([4.47][5.5])

a<f<1 a<f<1

Suppose that we take e = + and ® = @. Then, we have

(A®B) =4+, = A7 A7 | + B BY| = |4 + Bo.AL + BY .
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For « € [0,1), we have

JA®B) = [Ag +BjAY +Bg] \ U [Aﬁ +B;. A, +Bf,]] :

a<fp<1
In order to obtain a more simplified form of a(il @ B), we further assume that the end-
points Zl{;, Ag, Bﬁ and Bﬁj are continuous on [0,1] with respect to a. Therefore, the endpoints
,le + E’Z and AIL{ + Bg are continuous functions on [0,1] with respect to . It follows that
U [A; + By Ay + Bg] = <A§ + B A7 +Bff)

a<f<1
is an open interval. Therefore, for a« € [0,1), we obtain

(A®B) = |4 + By Ay + B[ v |A] + BLAT + B .

Example 10.4.6 Let A and B be two fuzzy intervals with dual fuzzy set A® and B® in R,
respectively. According to Example 10.2.3, the lower a-level sets of A® and B® are given by

~e ~eoL ~eU ~L ~U ~e el ~eU = =U
aA = [aA ’aA ] = [Al—a’Al—a] and aB = [aB ’aA ] = [Bi‘—a’Bl—a] .

Using part (iii) of Theorem 10.4.2, the lower a-level set of the dual arithmetic A ©° B is
given by

(A0 B) = A% B = [ AT A [ B 5] = (AL, AL« [BL. B
Using Theorem 10.4.4, for 0 < a < 1, we have

Ao'B),=A0" B)O\ U (A%,B"

0<f<a

Ao B)o\ U ({ﬁA.L’ﬁA.u]o[ﬁB.L’ﬂB.U])

0<f<a

a0\ U (AL o884

0<f<a

For 0 < a < 1, we can similarly show that
~ oL ~eol ~eolU ~oU ~eoL ~el ~oU ~eoU
U ([,,A + B, A% + B ]):(aA + B A+ BY)

0<p<a
= (AL + B, AL, +B,)
is an open interval. Therefore, for 0 < « < 1, we obtain
A B, =Aa B, \ (AT + B, A"+ BY)

=A@ By \ (AL, + B AL, +BL,).

10.5 Representation Theorem for Dual-Fuzzified Function

Let A” be fuzzy sets in U; with the corresponding dual fuzzy sets A fori=1,..., p.
By referring to (10.3), the dual-fuzzified function f* A", ..., A?)is obtained from the dual
extension principle.
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According to the Dual Decomposition Theorem 10.3.1, the membership function of
dual-fuzzified function A = " (A", ..., A?) is given by

Sran, 400 =630

= sup a- )( o = rnaxa ;( o) = maxa [1—){;‘01)].
a€(0,1] oA €(0.1] “

Next, we are going to obtain the representation for dual-fuzzified function as follows

gf.(A(l)’m’;‘(p))O)) = sup a- ;( nil“"))(y)'

ae(0.1] FGAT -

Some useful lemmas are needed below.

Lemma 10.5.1 Let A be a fuzzy set in R" with dual fuzzy set A®. For each fixed x € Ay, let

@ = sup a- x°. (). (10.17)
a€[0,1] oA

Then, we have x € A" for a € [0,1] with @ > ayand x & ,A° for a € [0,1] with a < a;.

Proof. Suppose that there exists ; € [0,1] satisfying a; < a, and x € afl'. Thenx € A°
for all a € [0,1] with @ > a;, since ,A* C ;A" for a, p € [0,1] with a < p. This says that
sup a - y%.(x) = sup a- [l—xg-(x)] <o <a,
agor] oA a€l0,1] !

which is a contradiction. Therefore, we conclude x ¢ aA' for a € [0,1] with @ < @,. On the
other hand, if there exists a, € [0,1] satisfying a, > @, and x ¢ azzzl', we have

sup a -y N.(x) sup a - [1 —)(A-(x)] > a, > ap,

a€l0,1] oA a€l[0,1] *

which is also a contradiction. Therefore, we conclude x € RA' for a € [0,1] with a > «,.
This completes the proof. [ ]

Lemma10.5.2 Let A” be fuzzy sets in R™ with dual fuzzy sets A" fori =1, ..., p. We have

Sup max {(Z . )(.A(i.>(xi)} = max { sup a - )(Au.)(x)}

ae(0,1]1<i<p 1<i<p \ ae(0.1]
Proof. Let
a;=sup a- x° (,,)(x) and a, = max a; (10.18)
a€(0,1] oA i<p

fori=1,...,p. Given any a € [0,1] with a > a, we have a € [0,1] with a > «; for all

i=1,...,p. Lemma 10.5.1 says that x, € ,A" forall i = 1, ..., p. Therefore, we obtain
52% {05 . }(”Auw(xi)} = 1121?2; {01 . [1 - Za,z\<i->(xi)] } =

Given any a € [0,1] with a < a, we have a € [0,1] with @ < ; for some i =1,...,p.

Lemma 10.5.1 says that x; ¢ aA(") for somei=1,...,p. Therefore, we obtain

max {a . )(:Aa-)(xi)} = max {a . [1 - }(n;‘uo)(xi)] } =

1<i<p 1<i<p
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Then, we have

sup max { a - y° xA}
ae(opl]1<l<P{ XHA(")( 2

= max sup  max {aw'.i.(x)}, sup ~ max {a-xi,-.(x)},
{@€l0.1]: a>a,} 1SISP AW {@€l0.1]: a<ay } 1SISP AW

max < a, - yo.
1Siﬁp{ 0 ){Au.)( 1)}}
a
=max< 0, sup a,max {ao . ;(f(m(xi)}
{aE[0,1]2a<a0} 1<i<p Ay
=max< a,, max < a, - y° . (X = q,
{eomag {oor 00 } =

which shows

sup max {a : )(.A(i.)(xi)} = ay = max { Sup a -y ~(L.>(x)} (10.19)

ae(0,1]1Sisp 1<i<p  ae(0.1]

by using (10.18). From (10.17) and (10.18), we also have

a= sup a-y° w(x)andao—max{ sup «a - ;(~(L,)(x)}

a€R(E;aw) % 1<i=p | aeR(Eyum) oA

Using (10.19), we obtain the desired equalities, and the proof is complete. [

Given any sets A4; in R™ fori = 1, ..., p, it is not hard to obtain the following equalities

L= Xpa,,..n)0) = ’Yf.(Al,.A.,Ap)(y)

- inf max {;(:\‘(xl), % (xp)}
(O %) Y= (X)) P
- inf max{l—;(Al(xl),...,l—;(Ap(xp)}
{Oepse ) y=f g5 Xp) )
=1- sup min {){Al(xl), s )(Ap(xp)} . (10.20)

(O ) 1 y=f (e }

We are in a position to establish the representation theorem for dual-fuzzified function
using the dual extension principle.

Theorem 10.5.3 (Representation Theorem) Let f : R™ x--- X R"™ — R" be an onto
crisp function, and let f* : F(R™) x - - - F(R") — F(R") be a fuzzy function extended from
f via the dual extension principle defined in (10.3). Given any fuzzy sets AY in R™ with
dual fuzzy sets Al )forl =1,...,p, the membership function of f (A(l),A<2), ,A(p)) can be
expressed as

zo () 5() sup a - . ~ (pe sup «a -
Fra..an) = ae((?lj Xf( AN "’A@))(y) ae(opu Xf(Am

A%”Jn(y)'
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Proof. By the definition of dual extension principle, we have

& 40\ 0) = inf max {&;m(x)} (using(10.3))

{(xl,..,,xp)eAg”x-»»xAg”:y=f(x1,...,xp>}15i5p
= inf max < sup a- y° . (%) (10.21)
1<i<p {ae(O,l] aA( N

(@) €AY 5 XAL y=f(xy o)) T
(using Remark 10.3.2).

Given any a € [0,1], from 10.20, we have

X e ®)= inf max { 1°,.. 05 (10.22)
FaA a0 A s AD yfry i) P

Therefore, we obtain

sup a - y° . .
ae(oF,)l] A A, AP ,)(y)
= sup a- inf max { ;(’A“.,)(xi)} (using (10.22))
@€(0.1] (.., EAY X XA y=f(x; ....x,)) 1sisp e
= sup inf max {a . X.A“") (xi)} (since a > 0)
“'E(Ovl]{(xl,uA,xp)eAi)l)><---><.74i]p):y:f(xl,m,xp)}lﬁlS «
= inf sup max {a . )(’A“.,)(xi)}. (10.23)

; _ 1<i<
{061 ) EAL 5 AD 1 y=f (3. ) JEEO TSP

By applying Lemma 10.5.2 to (10.21) and (10.23), we obtain the desired equalities, where
A® =AY fori=1,...,p. This completes the proof. [
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Mathematical Notations

&;: membership function of fuzzy set A

R(&5): range of membership function &

A, =[AL AY]: a-level set is a closed interval

sup S: supremum of S in Definition 1.1.2

inf S: infimum of S in Definition 1.1.2

lim sup a,,: limit superior of sequence {a, }% , in (1.2)

n—oo
liminf a,: limit inferior of sequence {a,}; , in (1.3)

B&T?): open ball (1.12)

cl(A): closure of A in Definition 1.2.5

x4 characteristic function of set A in (1.14)

A_: a-level set of fuzzy set A in (2.1)

A,,: strong a-level set of fuzzy set A in (2.7)

A,,: support of set A in (2.3)

B (R™): the set of fuzzy sets satisfying conditions in Definition 2.3.1
1,,): crisp vector with value p in (2.21)

A = (a,,a,,a5,a,);x: LR-fuzzy interval in Definition 2.3.8
Brr(R): set of all LR-fuzzy interval in Definition 2.3.8

A A B: intersection of fuzzy sets in Definitions 3.2.1 and 3.2.5
A V B: union of fuzzy sets in Definitions 3.3.1 and 3.3.4

T,: generalized t-norm in (3.9)

S,: generalized s-norm in (3.27)

AV n . nA" = n:‘zlA(D : intersection of fuzzy sets in Definition 3.2.8

A" U uA™ =7 A?: union of fuzzy sets in Definition 3.3.6
A": aggregation function for intersection in Definition 3.2.8
AY: aggregation function for union in Definition 3.3.6

AL and AR: aggregation functions in Definition 3.4.1

AL: left-generated by U, in Definition 3.4.1

AR: right-generated by 2, in Definition 3.4.1

S*={a€S: Aa)>0}:in (5.36)

A" and Afl"l: in (5.4)

Bff) and Bfﬁ: in (5.40) and (5.41), respectively

B and Bff;’l): in (5.62) and (5.63), respectively

A* and A”: generated by families in Theorem 5.3.1
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A': usual case in (5.22)

A°: generated by using one function in (5.35)
Al generated by using two functions in (5.58)
A = B: permutably identical in Definition 5.6.1

M 4 permutably identical in Definition 5.6.5
&3 = ko&;+: in Definition 5.6.11
7. fuzzification using the extension principle in (6.1)
7. fuzzification using the decomposition theorem in (6.8)
£°°); fuzzification in Subsection 6.2.1
f*PD: fuzzification in Subsection 6.2.2
7). fuzzification in Subsection 6.2.3
A @pp B: addition in (6.2)
f/(x*): fuzzy derivative on open interval in Definition 6.4.1
fr (EP)(A): fuzzy derivative in Definition 6.4.3
f’ (ODT)(A): fuzzy derivative in Definition 6.4.5

~(DT) PP .o
f * (A): fuzzy derivative in Definition 6.4.7

f’ (TDT)(A): fuzzy derivative in Definition 6.4.9
/Ef(x)dv: fuzzy Lebesgue integral in Definition 6.5.1
(¢DT) fAB f)dx: fuzzy Riemann integral in Definition 6.5.3
(xDT) /AB f()dx: fuzzy Riemann integral in Definition 6.5.5
(tDT) f AB f(odx: fuzzy Riemann integral in Definition 6.5.7
(EP) f AB f()dx: fuzzy Riemann integral in Definition 6.5.9
(xEP) /AB f()dx: pseudo-fuzzy Riemann integral in Definition 6.5.10
A O B: arithmetics using min in (7.2)
A ©pp B: arithmetics using the extension principle in (7.14)
A Oy B: arithmetics using the extension principle in (7.30)
A ©pr B: arithmetics using the decomposition theorem in (7.15)
A @, B: arithmetics in (7.16)
A ®},, B: arithmetics in (7.17)
A 0} . B: arithmetics in (7.18)
A ©p; B: difference using the decomposition theorem in (7.34)
A &, B: difference in (7.42)
A [S)n B: difference in (7.46)
A ©], B: difference in (7.50)
A @ B: addition using the decomposition theorem in (7.37)
AV, -, ,A": arithmetics in (7.60)
AYm, -, ,A": arithmetics in (7.62)
A ©g B: binary operation in (7.93)
A O}, B: binary operation in (7.115)
A ©g B: binary operation in (7.118)
A @ B: addition in (7.94)
A ©4 B: difference in (7.95)
A &, B: type-I-generalized difference in (7.100)
A ©,B: type-Il-generalized difference in (7.103)
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A 6 B: Hausdorff difference in (7.97)
A ©yy B: natural Hausdorff difference in (7.119)
A ©py B: fair Hausdorff difference in (7.144)
A ©py. B: fair *-Hausdorff difference in (7.145)
A ©gpyy B: generalized fair Hausdorff difference in (7.146)
A ©,y B: composite Hausdorff difference in (7.156)
A ©%,, B: composite *-Hausdorff difference in (7.157)
A ©¢cy B: generalized composite Hausdorff difference in (7.158)
A Sccn, B: type-I-complete composite Hausdorff difference in (7.169)
A ©¢cy, B: type-Tl-complete composite Hausdorff difference in (7.170)
A eZCHl B: type-I-complete composite *-Hausdorff difference in (7.171)
A eZCHZ B: type-II-complete composite *-Hausdorff difference in (7.172)
A Sgcen, B: generalized type-I-complete composite Hausdorff difference in (7.173)
A ©gccn, B: generalized type-1I-complete composite Hausdorff difference in (7.174)
A ®pp B: inner product using the extension principle in (8.2)
A ®py B: inner product using the decomposition theorem in (8.8)
A ®? . B: inner product in in (8.9)
A @}, B: inner product in in (8.11)
A ®], B: inner product in in (8.13)
A ©pp B: inner product using the extension principle in (8.32)
A ®p; B: inner product using the decomposition theorem in (8.40)
A% fuzzy set generated by gradual set in (9.2)
®;: gradual set generated by fuzzy set in (9.6)
®": gradual set for intersection in (9.19)
®: gradual set for union in (9.20)
LAt lower a-level set in Definition 10.1.1
a_i\: strong lower a-level set in Definition 10.1.1
A®: dual fuzzy set in (10.2)
FAd®, A%, .., A"): dual extension principle in (10.3)
x4 dual characteristic function in (10.5)
A ©° B: dual arithmetics in (10.12)
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a-Level set 24
lower a-level set 373
strong a-Level set 29
strong lower a-level set 373
upper a-level set 373

C-Compatible with set intersection 48

C-Compatible with set union 54

D-Compatible with set intersection 48

D-Compatible with set union 54
(+DT)-Fuzzy Riemann integral 206
(+tDT)-Fuzzy derivative 200
(¢DT)-Fuzzy Riemann integral 203
(oDT)-Fuzzy derivative 198

(xDT)-Fuzzy Riemann integral 205

(xDT)-Fuzzy derivative 199

(EP)-Fuzzy Riemann integral 207

(EP)-Fuzzy derivative 198

(EP)-Pseudo-fuzzy Riemann integral
208

a

Arithmetic operations
compatible 251
decomposition theorem 220
extension principle 220
fuzzy interval 215

fuzzy vector 227
minimum function 211
strongly compatible 251
Averaging operator 56

b

Bound
greatest upper bound 2

least upper bound 2
lower bound 1
upper bound 1

c
Canonical fuzzy interval 35
Cantor Intersection Theorem 20
Characteristic function 15

dual 379
Closure 8
Compatibility

C-compatible with set intersection 48
D-compatible with set intersection 48

arithmetic operations 251

Composite *-Hausdorff difference 300
Composite Hausdorff difference 299

Convex set 19
Crisp function 69
Crisp vector 34

d

Decomposition Theorem
dual 379
dual for @ 380
forQ 32

Decomposition theorem 31
Dual arithmetics 381

Dual characteristic function 379
Dual decomposition theorem 379
Dual extension principle 378
Dual fuzzification 378

Dual fuzzy set 376

Dual membership function 376
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e

Extension principle 69
dual 378

Euclidean space 71
generalized 92
product space 76
t-norm 85

f

Fair *-Hausdorff difference 295
Fair Hausdorff difference 294
Family
nested family 112
nested family with respect
ton 113
solid family 111
strictly nested family 112
strictly nested family with
respectton 113
Fuzziness 191
Fuzzy derivative
(tDT)-fuzzy derivative 200
(oDT)-fuzzy derivative 198
(xDT)-fuzzy derivative 199
extension principle 198
open interval 197
Fuzzy function 69, 75
Fuzzy interval 34
canonical fuzzy interval 35
LR-fuzzy interval 38
standard fuzzy interval 35
Fuzzy Lebesgue integral 202
Fuzzy number 34
Fuzzy set 24
complement 44
convex fuzzy set 26
dual 376
element 345
Hukuhara difference 218
intersection
C-compatible 48
D-compatible 48
general function 48
minimum function 44
t-norm 46
negative fuzzy set 37

nonnegative fuzzy set 37
nonpositive fuzzy set 37
positive fuzzy set 37
support 25
union
C-compatible 54
D-compatible 54
maximum function 51
s-norm 52
Fuzzy vector 34

9

Generalized composite Hausdorff difference
300
Generalized difference
type-I 270
type-II 270
Generalized extension principle 92
Generalized fair Hausdorff difference
295
Generalized s-norm 53
Generalized t-norm 47
Generalized type-I-complete composite
Hausdorff difference 306
Generalized type-II-complete composite
Hausdorff difference 306
Generated function 58
left-generated 58
right-generated 58
Gradual element 343
Gradual number 343
Gradual set 343
nested 343
strictly nested 343
Greatest lower bound 2

h
Hausdorff difference 269
composite 299
composite *- 300
fair 294
fair *- 295
generalized composite 300
generalized fair 295
generalized type-I-complete composite
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306
natural 275
type-I-complete composite 305
type-I-complete composite *- 305
type-II-complete composite 305
type-II-complete composite *-
305
Hausdorff metric 294
Hukuhara difference 218

)
Identical family 163
permutably identical 163
Identical fuzzy set 160
identical = 166
permutably identical 160
Indicator function 15
Infimum 2
Inner product
fuzzy interval 333
Integral
(DT)-fuzzy Riemann integral 206
(oDT)-fuzzy Riemann integral 203
(xDT)-fuzzy Riemann integral 205
(EP)-fuzzy Riemann integral 207
(EP)-pseudo-fuzzy Riemann integral
208
fuzzy Lebesgue integral 202

)

Least upper bound 2
Left-generated function 58
Limit inferior 3

Limit superior 3

Linear function 82

Lower a-level set 373
Lower bound 1

Lower semi-continuity 11

m

Maximal element 1
Membership function 24
dual 376

Minimal element 1

Index

n
Negative fuzzy set 37
Nested family 112

with respectton 113
Nested gradual set 343
Nonnegative fuzzy set 37
Nonpositive fuzzy set 37

p

Positive fuzzy set 37
Proper domain 373

q

Quasi-concave function 19
Quasi-convex function 19

r

Representation Theorem 77
dual 387

Right-generated function 58

S
s-norm 52
generalized 53
Semi-continuity
Lower 11
upper 11
Solid family 111
Standard fuzzy interval 35
Strictly nested family 112
with respect ton 113
Strictly nested gradual set 343
Strong a-level set 29
Strong lower a-level set 373
Supremum 2
Symmetric triangular fuzzy numbers 299

t
t-norm 45
generalized 47

Triangular co-norm 52

Triangular norm 45

Type-I-complete composite *-Hausdorff
difference 305

Type-I-complete composite Hausdorff
difference 305
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