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Preface

The concept of fuzzy set, introduced by L.A. Zadeh in 1965, tried to extend classical set
theory. It is well known that a classical set corresponds to an indicator function whose val-
ues are only taken to be 0 and 1. With the aid of a membership function associated with a
fuzzy set, each element in a set is allowed to take any values between 0 and 1, which can
be regarded as the degree of membership. This kind of imprecision draws forth a bunch of
applications.

This book is intended to present the mathematical foundations of fuzzy sets, which can
rigorously be used as a basic tool to study engineering and economics problems in a fuzzy
environment. It may also be used as a graduate level textbook. The main prerequisites for
most of the material in this book are mathematical analysis including semi-continuities,
supremum, convexity, and basic topological concepts of Euclidean space, ℝn. This book
presents the current state of affairs in set operations of fuzzy sets, arithmetic operations
of fuzzy intervals and fuzzification of crisp functions that are frequently adopted to model
engineering and economics problems with fuzzy uncertainty. Especially, the concepts of
gradual sets and gradual elements have been presented in order to cope with the difficulty
for considering elements of fuzzy sets such as considering elements of crisp sets.
● Chapter 1 presents the mathematical tools that are used to study the essence of fuzzy

sets. The concepts of supremum and semi-continuity and their properties are frequently
invoked to establish the equivalences among the different settings of set operations and
arithmetic operations of fuzzy sets.

● Chapter 2 introduces the basic concepts and properties of fuzzy sets such as membership
functions and level sets. The fuzzy intervals are categorized as different types based on
the different assumptions of membership functions in order to be used for the different
purposes of applications.

● Chapter 3 deals with the intersection and union of fuzzy sets including the complement of
fuzzy sets. The general settings by considering aggregation functions have been presented
to study the intersection and union of fuzzy sets that cover the conventional ones such
as using minimum and maximum functions (t-norm and s-norm) for intersection and
union, respectively.

● Chapter 4 extends the conventional extension principle to the so-called generalized
extension principle by using general aggregation functions instead of using mini-
mum function or t-norm to fuzzify crisp functions. Fuzzifications of real-valued and
vector-valued functions are frequently adopted in engineering and economics problems
that involve fuzzy data, which means that the real-valued data cannot be exactly collected
owing to the fluctuation of an uncertain situation.
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● Chapter 5 presents the methodology for generating fuzzy sets from a nested family or
non-nested family of subsets of Euclidean space ℝn. Especially, generating fuzzy inter-
vals from a nested family or non-nested family of bounded closed intervals is useful for
fuzzifying the real-valued data into fuzzy data. Based on a collection of real-valued data,
we can generate a fuzzy set that can essentially represent this collection of real-valued
data.

● Chapter 6 deals with the fuzzification of crisp functions. Using the extension principle
presented in Chapter 4 can fuzzify crisp functions. This chapter studies another method-
ology to fuzzify crisp functions using the mathematical expression in the well-known
decomposition theorem. Their equivalences are also established under some mild
assumptions.

● Chapter 7 studies the arithmetic operations of fuzzy sets. The conventional arithmetic
operations of fuzzy sets are based on the extension principle presented in Chapter 4. Many
other arithmetic operations using the general aggregation functions haven also been stud-
ied. The equivalences among these different settings of arithmetic operations are also
established in order to demonstrate the consistent usage in applications.

● Chapter 8 gives a comprehensive and accessible study regarding inner product of fuzzy
vectors that can be treated as an application using the methodologies presented in
Chapter 7. The potential applications of inner product of fuzzy vectors are fuzzy linear
programming problems and the engineering problems that are formulated using the
form of inner product involving fuzzy data.

● Chapter 9 introduces the concepts of gradual sets and gradual elements that can be used
to propose the concept of elements of fuzzy sets such as the concept of elements of crisp
sets. Roughly speaking, a fuzzy set can be treated as a collection of gradual elements. In
other words, a fuzzy set consists of gradual elements. In this case, the set operations and
arithmetic operations of fuzzy sets can be defined as the operations of gradual elements,
like the operations of elements of crisp sets. The equivalences with the conventional set
operations and arithmetic operations of fuzzy sets are also established under some mild
assumptions.

● Chapter 10 deals with the concept of duality of fuzzy sets by considering the lower 𝛼-level
sets. The conventional 𝛼-level sets are treated as upper 𝛼-level sets. This chapter con-
siders the lower 𝛼-level sets that can be regarded as the dual of upper 𝛼-level sets. The
well-known extension principle and decomposition theorem are also established based
on the lower 𝛼-level sets, and are called the dual extension principle and dual decompo-
sition theorem. The so-called dual arithmetics of fuzzy sets are also proposed based on
the lower 𝛼-level sets, and a duality relation with the conventional arithmetics of fuzzy
sets is also established.

Finally, I would like to thank the publisher for their cooperation in the realization of
this book.

Hsien-Chung WuDepartment of Mathematics
National Kaohsiung Normal University
Kaohsiung, Taiwan
e-mail 1: hcwu@mail.nknu.edu.tw
e-mail 2: hsien.chung.wu@gmail.com
Web site: https://sites.google.com/view/hsien-chung-wu
April, 2022

mailto:hcwu@mail.nknu.edu.tw
mailto:hsien.chung.wu@gmail.com
https://sites.google.com/view/hsien-chung-wu
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1

Mathematical Analysis

We present some materials from mathematical analysis, which will be used throughout this
book. More detailed arguments can be found in any mathematical analysis monograph.

1.1 Infimum and Supremum

Let S be a subset of ℝ. The upper and lower bounds of S are defined below.

● We say that u is an upper bound of S when there exists a real number u satisfying x ≤ u
for every x ∈ S. In this case, we also say that S is bounded above by u.

● We say that l is a lower bound of S when there exists a real number l satisfying x ≥ l for
every x ∈ S. In this case, we also say that S is bounded below by l.

The set S is said to be unbounded above when the set S has no upper bound. The set S is
said to be unbounded below when the set S has no lower bound. The maximal and minimal
elements of S are defined below.

● We say that u∗ is a maximal element of S when there exists a real number u∗ ∈ S satis-
fying x ≤ u∗ for every x ∈ S. In this case, we write u∗ = max S.

● We say that l∗ is a minimal element of S when there exists a real number l∗ ∈ S satisfying
x ≥ l∗ for every x ∈ S. In this case, we write l∗ = min S.

Example 1.1.1 We provide some concrete examples.

(i) The set ℝ+ = (0,+∞) is unbounded above. It has no upper bounds and no maximal
element. It is bounded below by 0, but it has no minimal element.

(ii) The closed interval S = [0,1] is bounded above by 1 and is bounded below by 0. We also
have max S = 1 and min S = 0.

(iii) The half-open interval S = [0,1) is bounded above by 1, but it has no maximal element.
However, we have min S = 0.

Although the set S = [0,1) is bounded above by 1, it has no maximal element. This moti-
vates us to introduce the concepts of supremum and infinum.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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2 1 Mathematical Analysis

Definition 1.1.2 Let S be a subset of ℝ.

(i) Suppose that S is bounded above. A real number ū ∈ ℝ is called a least upper bound
or supremum of S when the following conditions are satisfied.
● ū is an upper bound of S.
● If u is any upper bound of S, then u ≥ ū.
In this case, we write ū = sup S. We say that the supremum sup S is attained when
ū ∈ S.

(ii) Suppose that S is bounded below. A real number l̄ ∈ ℝ is called a greatest lower
bound or infimum of S when the following conditions are satisfied.
● l̄ is a lower bound of S.
● If l is any lower bound of S, then l ≤ l̄.
In this case, we write l̄ = inf S. We say that the infimum inf S is attained when l̄ ∈ S.

It is clear to see that if the supremum sup S is attained, then max S = sup S. Similarly,
if the infimum inf S is attained, then min S = inf S.

Example 1.1.3 Let S = [0,1]. Then, we have

max S = sup S = 1 and inf S = min S = 0.

If S = [0,1), then max S does not exists. However, we have sup S = 1.

Proposition 1.1.4 Let S be a subset of ℝ with ū = sup S. Then, given any s < ū, there exists
t ∈ S satisfying s < t ≤ ū.

Proof. We are going to prove it by contradiction. Suppose that we have t ≤ s for all t ∈ S.
Then s is an upper bound of S. According to the definition of supremum, we also have s ≥ ū.
This contradiction implies that s < t for some t ∈ S, and the proof is complete. ◾

Proposition 1.1.5 Given any two nonempty subsets A and B of ℝ, we define C = A + B by

C = {x + y ∶ x ∈ A and y ∈ B} .

Suppose that the supremum sup A and sup B are attained. Then, the supremum sup C is
attained, and we have

sup C = sup A + sup B.

Proof. We first have

sup A = max A and sup B = max B.

We write a = sup A and b = sup B. Given any z ∈ C, there exist x ∈ A and y ∈ B satisfying
z = x + y. Since x ≤ a and y ≤ b, we have z = x + y ≤ a + b, which says that a + b is an upper
bound of C. Therefore, the definition of c = sup C says that c ≤ a + b. Next, we want to
show that a + b ≤ c. Given any 𝜖 > 0, Proposition 1.1.4 says that there exist x ∈ A and y ∈ B
satisfying a − 𝜖 < x and b − 𝜖 < y. We also see that x + y ≤ c. Adding these inequalities, we
obtain

a + b − 2𝜖 < x + y ≤ c,

which says that a + b < c + 2𝜖. Since 𝜖 can be any positive real number, we must have
a + b ≤ c. This completes the proof. ◾
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1.2 Limit Inferior and Limit Superior 3

Proposition 1.1.6 Let A and B be any two nonempty subsets of ℝ satisfying a ≤ b for any
a ∈ A and b ∈ B. Suppose that the supremum sup B is attained. Then, the supremum sup A
is attained and sup A ≤ sup B.

Proof. It is left as an exercise. ◾

1.2 Limit Inferior and Limit Superior

Let {an}∞n=1 be a sequence in ℝ. The limit superior of {an}∞n=1 is defined by

lim sup
n→∞

an = inf
n≥1

sup
k≥n

ak,

and the limit inferior of {an}∞n=1 is defined by

lim inf
n→∞

an = −lim sup
n→∞

(−an).

Moreover, we can see that

lim inf
n→∞

an = sup
n≥1

inf
k≥n

ak.

Let

bn = sup
k≥n

ak and cn = inf
k≥n

ak (1.1)

It is clear to see that {bn}∞n=1 is a decreasing sequence and {cn}∞n=1 is an increasing sequence.
In this case, we have

inf
n≥1

bn = lim
n→∞

bn and sup
n≥1

cn = lim
n→∞

cn,

which also says that

lim sup
n→∞

an = inf
n≥1

bn = lim
n→∞

bn = lim
n→∞

sup
k≥n

ak (1.2)

and

lim inf
n→∞

an = sup
n≥1

cn = lim
n→∞

cn = lim
n→∞

inf
k≥n

ak. (1.3)

Some useful properties are given below.

Proposition 1.2.1 Let {an}∞n=1 be a sequence of real numbers. Then, the following state-
ments hold true.

(i) We have

lim inf
n→∞

an ≤ lim sup
n→∞

an.

(ii) We have

lim
n→∞

an = a

if and only if

lim inf
n→∞

an = lim sup
n→∞

an = a with |a| < +∞.

(iii) The sequence diverges to +∞ if and only if

lim inf
n→∞

an = lim sup
n→∞

an = +∞.
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(iv) The sequence diverges to −∞ if and only if

lim inf
n→∞

an = lim sup
n→∞

an = −∞.

(v) Let {bn}∞n=1 be another sequence satisfying an ≤ bn for all n. Then, we have

lim inf
n→∞

an ≤ lim inf
n→∞

bn and lim sup
n→∞

an ≤ lim sup
n→∞

bn.

Proof. To prove part (i), from (1.1), we see that cn ≤ bn for all n. Using (1.2) and (1.3), we
obtain

lim inf
n→∞

an = lim
n→∞

cn ≤ lim
n→∞

bn = lim sup
n→∞

an.

To prove part (ii), suppose that

lim
n→∞

an = a.

Then, given any 𝜖 > 0, there exists an integer N satisfying

a − 𝜖

2
< an < a + 𝜖

2
for n ≥ N,

which implies

a − 𝜖

2
≤ inf

k≥n
ak = cn and bn = sup

k≥n
ak ≤ a + 𝜖

2
for n ≥ N.

In other words, we have

a − 𝜖

2
≤ cn ≤ bn ≤ a + 𝜖

2
for n ≥ N,

which also implies||cn − a|| ≤ 𝜖

2
< 𝜖 and ||bn − a|| ≤ 𝜖

2
< 𝜖 for n ≥ N.

Therefore, we obtain

lim
n→∞

cn = a = lim
n→∞

bn,

which implies, by using (1.2) and (1.3),

lim inf
n→∞

an = lim sup
n→∞

an = a.

For the converse, from (1.1) again, we see that cn ≤ an ≤ bn for all n ≥ 1. Since

a = lim
n→∞

inf
k≥n

ak = lim
n→∞

cn and a = lim
n→∞

sup
k≥n

ak = lim
n→∞

bn.

Using the pinching theorem, we obtain the desired limit. The remaining proofs are left as
exercise, and the proof is complete. ◾

Proposition 1.2.2 Let {an}∞n=1 and {bn}∞n=1 be any two sequences in ℝ. Then, we have

lim sup
n→∞

(
an + bn

)
≤ lim sup

n→∞
an + lim sup

n→∞
bn

and

lim inf
n→∞

(
an + bn

)
≥ lim inf

n→∞
an + lim inf

n→∞
bn
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Proof. For k ≥ n, we have

ak + bk ≤ sup
k≥n

ak + sup
k≥n

bk,

which says that

sup
k≥n

(
ak + bk

)
≤ sup

k≥n
ak + sup

k≥n
bk. (1.4)

Therefore, we obtain

lim sup
n→∞

(
an + bn

)
= inf

n≥1
sup
k≥n

(
ak + bk

)
= lim

n→∞
sup
k≥n

(
ak + bk

)
≤ lim

n→∞

[
sup
k≥n

ak + sup
k≥n

bk

]
(using (1.4))

= lim
n→∞

sup
k≥n

ak + lim
n→∞

sup
k≥n

bk (since the limits exist)

= lim sup
n→∞

an + lim sup
n→∞

bn (using (1.2) and (1.3)).

We similarly have

inf
k≥n

(
ak + bk

)
≥ inf

k≥n
ak + inf

k≥n
bk. (1.5)

Therefore, we also obtain

lim inf
n→∞

(
an + bn

)
= sup

n≥1
inf
k≥n

(
ak + bk

)
= lim

n→∞
inf
k≥n

(
ak + bk

)
≥ lim

n→∞

[
inf
k≥n

ak + inf
k≥n

bk

]
(using (1.5))

= lim
n→∞

inf
k≥n

ak + lim
n→∞

inf
k≥n

bk (since the limits exist)

= lim inf
n→∞

an + lim inf
n→∞

bn (using (1.2) and (1.3)).

This completes the proof. ◾

Proposition 1.2.3 Let {An}∞n=1 be a sequence of subsets of ℝm satisfying An+1 ⊆ An for all n
and

⋂∞
n=1 An = A, and let f be a real-valued function defined on ℝm. Then

lim
n→∞

sup
a∈An

f (a) = sup
a∈A

f (a) and sup
a∈An

f (a) ≥ sup
a∈An+1

f (a)

and

lim
n→∞

inf
a∈An

f (a) = inf
a∈A

f (a) and inf
a∈An

f (a) ≤ inf
a∈An+1

f (a).

Proof. Since

inf
a∈A

f (a) = −sup
a∈A

[−f (a)].

It suffices to prove the case of the supremum. Let

y∗n = sup
a∈An

f (a) and y∗ = sup
a∈A

f (a).
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Since An+1 ⊆ An for all n, we have that {y∗n}∞n=1 is a decreasing sequence of real numbers.
We also have y∗n ≥ y∗ for all n, which implies

lim inf
n→∞

y∗n ≥ y∗. (1.6)

Given any 𝜖 > 0, according to the concept of supremum, there exists an ∈ An satisfying

y∗n − 𝜖 ≤ f (an). (1.7)

Let bn = infk≥n f (ak). We consider the subsequence {ām}∞m=1 defined by ām = am+n−1 in the
sense of{

ā1, ā2,… , ām,…
}
=
{

an, an+1,… , am+n−1,…
}
.

Then bn = infm≥n f (ām) and bn ≤ f (ām) for all m. Since An+1 ⊆ An for all n and
⋂∞

n=1 An = A,
the “last term” of the sequence {ām}∞m=1 must be in A, a claim that will be proved below.
Since āk ∈ Ak ⊆ An for all k ≥ n, we have the subsequence {āk}∞k=n ⊆ An, which also implies

Ā ≡

∞⋂
n=1

(
{āk}∞k=n

)
⊆

∞⋂
n=1

An = A,

where Ā can be regarded as the “last term” and Ā ⊆ {ām}∞m=1. Since y∗ is the supremum of
f on A, it follows that f (ā) ≤ y∗ for each ā ∈ Ā ⊆ A. Since bn ≤ f (ām) for all m, we see that
bn ≤ y∗ for all n. Therefore, we obtain

lim inf
n→∞

f (an) = sup
n≥1

inf
k≥n

f (ak) = sup
n≥1

bn ≤ y∗,

which implies, by (1.7),

lim inf
n→∞

y∗n − 𝜖 ≤ lim inf
n→∞

f (an) ≤ y∗.

Since 𝜖 is any positive number, we obtain

lim inf
n→∞

y∗n ≤ y∗. (1.8)

Combining (1.6) and (1.8), we obtain

sup
n≥1

inf
k≥n

y∗k = lim inf
n→∞

y∗n = y∗.

Since {y∗n}∞n=1 is a decreasing sequence of real numbers, we conclude that

inf
n≥1

y∗n = lim
n→∞

y∗n = lim inf
n→∞

y∗n = y∗,

and the proof is complete. ◾

Proposition 1.2.4 Let {An}∞n=1 be a sequence of subsets of ℝm satisfying An ⊆ An+1 for all n
and

⋃∞
n=1 An = A, and let f be a real-valued function defined on ℝm. Then

lim
n→∞

sup
a∈An

f (a) = sup
a∈A

f (a) and sup
a∈An

f (a) ≤ sup
a∈An+1

f (a)

and

lim
n→∞

inf
a∈An

f (a) = inf
a∈A

f (a) and inf
a∈An

f (a) ≥ inf
a∈An+1

f (a).
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Proof. It suffices to prove the case of the supremum. Let

y∗n = sup
a∈An

f (a) and y∗ = sup
a∈A

f (a).

Since An ⊆ An+1 for all n, we have that {y∗n}∞n=1 is an increasing sequence of real numbers.
We also have y∗n ≤ y∗ for all n, which implies

lim sup
n→∞

y∗n ≤ y∗. (1.9)

Given any 𝜖 > 0, according to the concept of supremum, there exists a∗ ∈ A satisfying
y∗ − 𝜖 ≤ f (a∗). Since

a∗ ∈ A =
∞⋃

n=1
An,

we have that a∗ ∈ An∗ for some integer n∗. We construct a sequence {an}∞n=1 satisfying
an ∈ An for all n < n∗ and an = a∗ for all n ≥ n∗. Since An ⊆ An+1 for all n, it follows that
an ∈ An for all n ≥ n∗. Therefore, the sequence {an}∞n=1 satisfies an ∈ An for all n and

a∗ ∈ {ak}∞k=n for all n,

which means that a∗ is the “last term” of the sequence {an}∞n=1. We also have

y∗n ≥ f (an). (1.10)

Let bn = supk≥n f (ak). We consider the subsequence {āp}∞p=1 defined by āp = ap+n−1 in the
sense of{

ā1, ā2,… , āp,…
}
=
{

an, an+1,… , ap+n−1,…
}
.

Then bn = supp≥n f (āp) and bn ≥ f (āp) for all p. Since a∗ is the “last term” of the sequence
{an}∞n=1, it follows that a∗ is also the “last term” of the sequence {ām}∞m=1. Therefore, we
have bn ≥ f (a∗) ≥ y∗ − 𝜖 for all n, which implies

lim sup
n→∞

f (an) = inf
n≥1

sup
k≥n

f (ak) = inf
n≥1

bn ≥ y∗ − 𝜖.

Since 𝜖 is any positive number, it follows that

lim sup
n→∞

f (an) ≥ y∗.

Using (1.10), we obtain

lim sup
n→∞

y∗n ≥ lim sup
n→∞

f (an) ≥ y∗. (1.11)

Combining (1.9) and (1.11), we obtain

inf
n≥1

sup
k≥n

y∗k = lim sup
n→∞

y∗n = y∗.

Since {y∗n}∞n=1 is an increasing sequence of real numbers, we conclude that

sup
n≥1

y∗n = lim
n→∞

y∗n = lim sup
n→∞

y∗n = y∗,

and the proof is complete. ◾

Given any x = (x(1),… , x(m)) and y = (y(1),… , y(m)) in ℝm. The Euclidean distance
between x and y is defined by

∥ x − y ∥=
√
(x(1) − y(1))2 + · · · + (x(m) − y(m))2.
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Given a point x ∈ ℝm, we consider the open 𝜖-ball

B(x; 𝜖) =
{

y ∈ ℝm ∶∥ x − y ∥< 𝜖
}
. (1.12)

The concept of closure based on open balls will be frequently used throughout this book.
For the general concept refer to Kelley and Namioka [55]. In this book, we are going to
consider the closure of a subset of ℝm, which is given below.

Definition 1.2.5 Let A be a subset of ℝm. The closure of A is denoted and defined by

cl(A) =
{

x ∈ ℝm ∶ A ∩ B(x; 𝜖) ≠ ∅ for any 𝜖 > 0
}
.

We say that A is a closed subset of ℝm when A = cl(A).

Remark 1.2.6 Given any x ∈ cl(A), there exists a sequence {xn}∞n=1 in A satisfying
∥ xn − x ∥→ 0 as n → ∞. In particular, for m = 1, we see that xn → x as n → ∞.

Proposition 1.2.7 Let A be a subset ofℝ, and let f be a continuous function defined on cl(A).
Then

sup
a∈A

f (a) = sup
a∈cl(A)

f (a) and inf
a∈A

f (a) = inf
a∈cl(A)

f (a).

Proof. It suffices to prove the case of the supremum, since

inf
a∈A

f (a) = −sup
a∈A

[−f (a)].

It is obvious that

sup
a∈A

f (a) ≤ sup
a∈cl(A)

f (a).

Given any 𝜖 > 0, according to the concept of supremum, there exists a∗ ∈ cl(A) satisfying

sup
a∈cl(A)

f (a) − 𝜖 ≤ f (a∗) .

We also see that there exists a sequence {an}∞n=1 in A satisfying an → a∗. Since f is continu-
ous on cl(A), we also have f (an) → f (a∗) as n → ∞. Therefore, we obtain

sup
a∈cl(A)

f (a) − 𝜖 ≤ f (a∗) = lim
n→∞

f
(

an
)
≤ lim

n→∞

[
sup
a∈A

f (a)
]
= sup

a∈A
f (a).

Since 𝜖 can be any positive number, it follows that

sup
a∈cl(A)

f (a) ≤ sup
a∈A

f (a).

This completes the proof. ◾

Let S be a subset of ℝ. For a ∈ S and a sequence {an}∞n=1 in ℝ, we write an ↑ a to mean
that the sequence {an}∞n=1 is increasing and converges to a. We also write an ↓ a to mean
that the sequence {an}∞n=1 is decreasing and converges to a.

Proposition 1.2.8 Let A be a subset of ℝ. The following statements hold true.

(i) Let f be a right-continuous function defined on cl(A). Given any fixed r ∈ ℝ, suppose that
there exists a sequence {an}∞n=1 in A satisfying an ↓ r as n → ∞ and an > r for all n. Then,
we have

sup
{a∈A∶a>r}

f (a) = sup
{a∈A∶a≥r}

f (a) and inf
{a∈A∶a>r}

f (a) = inf
{a∈A∶a≥r}

f (a).
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(ii) Let f be a continuous function defined on cl(A). Given any fixed r ∈ ℝ, suppose that there
exists a sequence {an}∞n=1 in A satisfying an → r as n → ∞ and an > r for all n. Then, we
have

sup
{a∈A∶a>r}

f (a) = sup
{a∈A∶a≥r}

f (a) and inf
{a∈A∶a>r}

f (a) = inf
{a∈A∶a≥r}

f (a).

In particular, we can assume r ∈ cl({a ∈ A ∶ a > r}).

Proof. It suffices to prove the case of the supremum. It is obvious that

sup
{a∈A∶a>r}

f (a) ≤ sup
{a∈A∶a≥r}

f (a).

To prove part (i), given any 𝜖 > 0, according to the concept of supremum sup{a∈A∶a≥r} f (a),
there exists a∗ ∈ A with a∗ ≥ r satisfying

sup
{a∈A∶a≥r}

f (a) − 𝜖 ≤ f (a∗) .

We consider the following two cases.

● Suppose that a∗ > r. Then, we have

sup
{a∈A∶a≥r}

f (a) − 𝜖 ≤ f (a∗) ≤ sup
{a∈A∶a>r}

f (a).

● Suppose that a∗ = r. The assumption says that there exists a sequence {an}∞n=1 in A sat-
isfying an ↓ a∗ as n → ∞ and an > r for all n. Since f is right-continuous and a∗ ∈ cl(A),
we also have f (an) → f (a∗) as n → ∞. Therefore, we obtain

sup
{a∈A∶a≥r}

f (a) − 𝜖 ≤ f (a∗) = lim
n→∞

f
(

an
)
≤ lim

n→∞

[
sup

{a∈A∶a>r}
f (a)

]
= sup

{a∈A∶a>r}
f (a).

Since 𝜖 can be any positive number, it follows that

sup
{a∈A∶a≥r}

f (a) ≤ sup
{a∈A∶a>r}

f (a).

Part (ii) can be similarly obtained, and the proof is complete. ◾

Proposition 1.2.9 Let {An}∞n=1 and {Bn}∞n=1 be two sequences of subsets of ℝ satisfying

An+1 ⊆ An and Bn+1 ⊆ Bn for all n

and
∞⋂

n=1
An = A and

∞⋂
n=1

Bn = B.

Then, we have

lim
n→∞

sup
a∈An

inf
b∈Bn

(a − b) = lim
n→∞

(
sup
a∈An

a − sup
b∈Bn

b

)
= sup

a∈A
a − sup

b∈B
b = sup

a∈A
inf
b∈B

(a − b)

and

lim
n→∞

sup
b∈Bn

inf
a∈An

(a − b) = lim
n→∞

(
inf
a∈An

a − inf
b∈Bn

b

)
= inf

a∈A
a − inf

b∈B
b = sup

b∈B
inf
a∈A

(a − b).

Proof. It is obvious that

sup
a∈An

inf
b∈Bn

(a − b) = sup
a∈An

a − sup
b∈Bn

b and sup
b∈Bn

inf
a∈An

(a − b) = inf
a∈An

a − inf
b∈Bn

b.

The results follow immediately from Proposition 1.2.3. ◾



�

� �

�

10 1 Mathematical Analysis

Proposition 1.2.10 Let {An}∞n=1 and {Bn}∞n=1 be two sequences of sets in ℝ satisfying

An ⊆ An+1 and Bn ⊆ Bn+1 for all n

and
∞⋃

n=1
An = A and

∞⋃
n=1

Bn = B.

Then, we have

lim
n→∞

sup
a∈An

inf
b∈Bn

(a − b) = lim
n→∞

(
sup
a∈An

a − sup
b∈Bn

b

)
= sup

a∈A
a − sup

b∈B
b = sup

a∈A
inf
b∈B

(a − b)

and

lim
n→∞

sup
b∈Bn

inf
a∈An

(a − b) = lim
n→∞

(
inf
a∈An

a − inf
b∈Bn

b

)
= inf

a∈A
a − inf

b∈B
b = sup

b∈B
inf
a∈A

(a − b).

Proof. The results follow immediately from Proposition 1.2.4. ◾

Proposition 1.2.11 Let f be a real-valued function defined on a subset A of ℝ, and let k be
a constant. Then, we have

sup
x∈A

min {f (x), k} = min
{

sup
x∈A

f (x), k
}

and

inf
x∈A

max {f (x), k} = max
{

inf
x∈A

f (x), k
}

.

Proof. We have

min
{

sup
x∈A

f (x), k
}

=

{
k, if there exists x ∈ Asatisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A.

and

sup
x∈A

min {f (x), k} =

⎧⎪⎪⎨⎪⎪⎩
max

{
sup

{x∈A∶f (x)>k}
min{f (x), k} , sup

{x∈A∶f (x)≤k}
min{f (x), k}

}
,

if there exists x ∈ A satisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A .

=

⎧⎪⎪⎨⎪⎪⎩
max

{
k, sup

{x∈A∶f (x)≤k}
f (x)

}
,

if there exists x ∈ A satisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A .

=

{
k, if there exists x ∈ A satisfying f (x) > k
sup
x∈A

f (x), if f (x) ≤ k for all x ∈ A.

Another equality can be similarly obtained. This completes the proof. ◾
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1.3 Semi-Continuity

Let f ∶ ℝm → ℝ be a real-valued function defined on ℝm. We say that the supremum
supx∈S f (x) is attained when there exists x∗ ∈ S satisfying f (x) ≤ f (x∗) for all x ∈ S with
x ≠ x∗. Equivalently, the supremum supx∈S f (x) is attained if and only if

sup
x∈S

f (x) = max
x∈S

f (x).

Similarly, the infimum infx∈S f (x) is attained when there exists x∗ ∈ S satisfying f (x) ≥ f (x∗)
for all x ∈ S with x ≠ x∗. Equivalently, the infimum infx∈S f (x) is attained if and only if

inf
x∈S

f (x) = min
x∈S

f (x).

Let 𝐱 = (x1,… , xm) be an element in ℝm. Recall that the Euclidean norm of 𝐱 is given by

∥ 𝐱 ∥=
√

x2
1 + x2

2 + · · · + x2
m.

Definition 1.3.1 Let S be a nonempty set in ℝm.

● A real-valued function f ∶ S → ℝ defined on S is said to be upper semi-continuous at
𝐱 when the following condition is satisfied: for each 𝜖 > 0, there exists 𝛿 > 0 such that
∥ 𝐱 − 𝐱 ∥< 𝛿 implies f (𝐱) < f (𝐱) + 𝜖 for any 𝐱 ∈ S.

● A real-valued function f defined on S is said to be lower semi-continuous at 𝐱 when the
following condition is satisfied: for each 𝜖 > 0, there exists 𝛿 > 0 such that ∥ 𝐱 − 𝐱 ∥< 𝛿

implies f (𝐱) < f (𝐱) + 𝜖 for any 𝐱 ∈ S.

Remark 1.3.2 We have the following interesting observations.

● If f is upper semi-continuou on S, then −f is lower semi-continuous on S.
● If f is lower semi-continuou on S, then −f is upper semi-continuous on S.
● The real-valued function f is continuous on S if and only if it is both lower and upper

semi-continuous in S.
● If f is upper semi-continuous on ℝ, then {𝐱 ∶ f (𝐱) ≥ 𝛼} is a closed subset of ℝm for all 𝛼.
● If f is lower semi-continuous on ℝ, then {𝐱 ∶ f (𝐱) ≤ 𝛼} is a closed subset of ℝm for all 𝛼.

Proposition 1.3.3 Let f ∶ ℝm → ℝ be a multi-variable real-valued function, and let each
real-valued function gi ∶ ℝ → ℝ be continuous at x0 ∈ ℝ for i = 1,… ,n. Then, the following
statements hold true.

(i) Suppose that f is lower semi-continuous at𝐱0 ≡ (g1(x0),… , gm(x0)). Then, the composition
function h(x) = f

(
g1(x),… , gm(x)

)
is lower semi-continuous at x0.

(ii) Suppose that f is upper semi-continuous at 𝐱0 ≡ (g1(x0),… , gm(x0)). Then, the composi-
tion function h(x) = f

(
g1(x),… , gm(x)

)
is upper semi-continuous at x0.

Proof. To prove part (i), since f is lower semi-continuous at 𝐱0, given any 𝜖 > 0, there exists
𝛿∗ > 0 such that

∥ 𝐱 − 𝐱0 ∥< 𝛿
∗ implies f (𝐱0) < f (𝐱) + 𝜖.
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Since each gi is continuous at x0 for i = 1,… ,n, given 𝛿∗∕
√

n, there exists 𝛿i > 0 such that

|x − x0| < 𝛿i implies ||gi(x) − gi(x0)|| < 𝛿∗√
n

for i = 1,… ,n. (1.13)

Let 𝛿 = min {𝛿1,… , 𝛿m}. Then |x − x0| < 𝛿 implies that the inequality (1.13) is satisfied for
all i = 1,… ,n. Let 𝐱 ≡ (g1(x),… , gm(x)). Then

∥ 𝐱 − 𝐱0 ∥=
√

(g1(x) − g1(x0))2 + · · · + (gm(x) − gm(x0))2 < 𝛿
∗
,

which implies

h(x0) = f (g1(x0),… , gm(x0)) = f (𝐱0) < f (𝐱) + 𝜖 = f (g1(x),… , gm(x)) + 𝜖 = h(x) + 𝜖,

which says that h is lower semi-continuous at x0. Part (ii) can be similarly obtained. This
completes the proof. ◾

Proposition 1.3.4 Let f ∶ ℝm → ℝ be a multi-variable real-valued function, and let each
real-valued function gi ∶ ℝ → ℝ be left-continuous at x0 ∈ ℝ for i = 1,… ,n. Then, the fol-
lowing statements hold true.

(i) Assume that the composition function h(x) = f (g1(x),… , gm(x)) is increasing. If f is lower
semi-continuous at 𝐱0 ≡ (g1(x0),… , gm(x0)), then h is lower semi-continuous at x0.

(ii) Assume that the composition function h(x) = f (g1(x),… , gm(x)) is decreasing. If f is upper
semi-continuous at 𝐱0 ≡ (g1(x0),… , gm(x0)), then h is upper semi-continuous at x0.

Proof. To prove part (i), since f is lower semi-continuous at 𝐱0, given any 𝜖 > 0, there exists
𝛿∗ > 0 such that

∥ 𝐱 − 𝐱0 ∥< 𝛿
∗ implies f (𝐱0) < f (𝐱) + 𝜖.

Since each gi is left-continuous at x0 for i = 1,… ,n, given 𝛿∗∕
√

n, there exists 𝛿i > 0 such
that

0 < x0 − x < 𝛿i implies ||gi(x) − gi(x0)|| < 𝛿∗√
n

for i = 1,… ,n.

The argument in the proof of Proposition 1.3.3 is still valid to show that there exists 𝛿 > 0
such that

0 < x0 − x < 𝛿 implies h(x0) < h(x) + 𝜖.

For 0 < x − x0 < 𝛿, since h is increasing, it follows that

h(x0) ≤ h(x) < h(x) + 𝜖.

Therefore, we conclude that

|x0 − x| < 𝛿 implies h(x0) < h(x) + 𝜖,

which says that h is lower semi-continuous at x0.
To prove part (ii), we can similarly show that there exists 𝛿 > 0 such that

0 < x0 − x < 𝛿 implies h(x) < h(x0) + 𝜖.
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For 0 < x − x0 < 𝛿, since h is decreasing, it follows that

h(x) ≤ h(x0) < h(x0) + 𝜖,

which says that h is upper semi-continuous at x0. This completes the proof. ◾

Proposition 1.3.5 We have the following properties.

(i) Suppose that the real-valued functions f1 and f2 are lower semi-continuous on the closed
interval [a, b]. Then, the addition f1 + f2 is also lower semi-continuous on the closed inter-
val [a, b].

(ii) Suppose that the real-valued functions g1 and g2 are upper semi-continuous on on the
closed interval [a, b]. Then, the addition g1 + g2 is also upper semi-continuous on the
closed interval [a, b].

Proof. To prove part (i), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies f1(x0) < f1(x) +
𝜖

2
,

and that|x − x0| < 𝛿2 implies f2(x0) < f2(x) +
𝜖

2
.

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

f1(x0) + f2(x0) < f1(x) +
𝜖

2
+ f2(x) +

𝜖

2
= f1(x) + f2(x) + 𝜖

which shows that f1 + f2 is lower semi-continuous at x0.
To prove part (ii), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies g1(x0) +

𝜖

2
> g1(x),

and that|x − x0| < 𝛿2 implies g2(x0) +
𝜖

2
> g2(x).

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

g1(x0) + g2(x0) + 𝜖 = g1(x0) +
𝜖

2
+ g2(x0) +

𝜖

2
> g1(x) + g2(x),

which shows that g1 + g2 is upper semi-continuous at x0. This completes the proof. ◾

Proposition 1.3.6 We have the following properties.

(i) Suppose that the real-valued functions f1 and f2 are lower semi-continuous on the closed
interval [a, b]. Then, the real-valued functions min {f1, f2} and max {f1, f2} are also lower
semi-continuous on the closed interval [a, b].

(ii) Suppose that the real-valued functions g1 and g2 are upper semi-continuous on on the
closed interval [a, b]. Then, the real-valued functions min {g1, g2} and max {g1, g2} are
also upper semi-continuous on the closed interval [a, b].

Proof. To prove part (i), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies f1(x0) < f1(x) + 𝜖,
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and that|x − x0| < 𝛿2 implies f2(x0) < f2(x) + 𝜖.

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

min
{

f1(x0), f2(x0)
}
< min

{
f1(x) + 𝜖, f2(x) + 𝜖

}
= min

{
f1(x), f2(x)

}
+ 𝜖

and

max
{

f1(x0), f2(x0)
}
< max

{
f1(x) + 𝜖, f2(x) + 𝜖

}
= max

{
f1(x), f2(x)

}
+ 𝜖,

which show that min {f1, f2} and max {f1, f2} are lower semi-continuous at x0.
To prove part (ii), given 𝜖 > 0, there exist 𝛿1, 𝛿2 > 0 such that|x − x0| < 𝛿1 implies g1(x0) + 𝜖 > g1(x),

and that|x − x0| < 𝛿2 implies g2(x0) + 𝜖 > g2(x).

Let 𝛿 = min {𝛿1, 𝛿2}. Then, for |x − x0| < 𝛿, we have

min
{

g1(x0), g2(x0)
}
+ 𝜖 = min

{
g1(x0) + 𝜖, g2(x0) + 𝜖

}
> min

{
g1(x), g2(x)

}
and

max
{

g1(x0), g2(x0)
}
+ 𝜖 = max

{
g1(x0) + 𝜖, g2(x0) + 𝜖

}
> max

{
g1(x), g2(x)

}
,

which show that min {g1, g2} and max {g1, g2} are upper semi-continuous at x0. This com-
pletes the proof. ◾

Proposition 1.3.7 We have the following properties.

(i) Suppose that f is increasing on a subset D of ℝ. Then f is left-continuous on D if and only
if f is lower semi-continuous on D.

(ii) Suppose that g is decreasing on a subset D of ℝ. Then g is left-continuous on D if and only
if g is upper semi-continuous on D.

Proof. To prove part (i), we first assume that f is left-continuous at x0 ∈ D. Then, given
any 𝜖 > 0, there exists 𝛿 > 0 such that 0 < x0 − x < 𝛿 implies |f (x0) − f (x)| < 𝜖, i.e. f (x0) <
f (x) + 𝜖. For x0 ∈ D with 0 < x − x0 < 𝛿, since f is increasing, we have

f (x0) ≤ f (x) < f (x) + 𝜖.

Therefore, we conclude that |x0 − x| < 𝛿 implies f (x0) < f (x) + 𝜖, which shows that f is
lower semi-continuous at x0 ∈ D.

Conversely, we assume that f is lower semi-continuous at x0 ∈ D. Then, given any 𝜖 > 0,
there exists 𝛿 > 0 such that |x0 − x| < 𝛿 implies f (x0) < f (x) + 𝜖. If 0 < x0 − x < 𝛿 then we
immediately have f (x0) − f (x) < 𝜖 by the lower semi-continuity at x0. Since f is increasing,
we also have

f (x) ≤ f (x0) < f (x0) + 𝜖.

Therefore, we conclude that 0 < x0 − x < 𝛿 implies |f (x0) − f (x)| < 𝜖, which shows that f is
left-continuous at x0 ∈ D.
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To prove part (ii), we first assume that g is left-continuous at x0 ∈ D. Then, given any
𝜖 > 0, there exists 𝛿 > 0 such that 0 < x0 − x < 𝛿 implies |g(x0) − g(x)| < 𝜖, i.e. g(x) <
g(x0) + 𝜖. For x0 ∈ D with 0 < x − x0 < 𝛿, since g is decreasing, we have

g(x0) + 𝜖 ≥ g(x) + 𝜖 > g(x).

Therefore, we conclude that |x0 − x| < 𝛿 implies g(x) < g(x0) + 𝜖, which shows that g is
upper semi-continuous at x0 ∈ D.

Conversely, we assume that f is upper semi-continuous at x0 ∈ D. Then, given any 𝜖 > 0,
there exists 𝛿 > 0 such that |x0 − x| < 𝛿 implies g(x) < g(x0) + 𝜖. If 0 < x0 − x < 𝛿, then we
immediately have g(x) − g(x0) < 𝜖 by the upper semi-continuity at x0. Since g is decreasing,
we also have

g(x0) ≤ g(x) < g(x) + 𝜖.

Therefore, we conclude that 0 < x0 − x < 𝛿 implies |g(x0) − g(x)| < 𝜖, which shows that g is
left-continuous at x0 ∈ D. This completes the proof. ◾

Let A be a subset of ℝm. The characteristic function or indicator function of A is
defined by

𝜒A(x) =
{

1 for x ∈ A
0 for x ∉ A.

(1.14)

Proposition 1.3.8 Let S be a subset of ℝ, and let 𝜁L ∶ S → ℝ and 𝜁U ∶ S → ℝ be two
bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Suppose
that 𝜁L is lower semi-continuous on S, and that 𝜁U is upper semi-continuous on S. Let
M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then, for any fixed x ∈ ℝ, the function
𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on S.

Proof. For any fixed 𝛼0 ∈ S, we are going to show that, given any 𝜖 > 0, there exists 𝛿 > 0
such that|𝛼 − 𝛼0| < 𝛿 implies 𝜁(𝛼0) + 𝜖 > 𝜁(𝛼).

We consider the cases of x ∈ M𝛼0
and x ∉ M𝛼0

. For x ∈ M𝛼0
, we have 𝜁(𝛼0) = 𝛼0. If |𝛼 − 𝛼0| <

𝛿 = 𝜖, we have 𝛼0 + 𝜖 > 𝛼. We consider the following cases.

● Suppose that x ∉ M𝛼 . Then, we have 𝜁(𝛼) = 0. Therefore, we obtain

𝜁(𝛼0) + 𝜖 = 𝛼0 + 𝜖 > 0 = 𝜁(𝛼).

● Suppose that x ∈ M𝛼 . Then, we have 𝜁(𝛼) = 𝛼. Therefore, we obtain

𝜁(𝛼0) + 𝜖 = 𝛼0 + 𝜖 > 𝛼 = 𝜁(𝛼).

Now, we consider the case of x ∉ M𝛼0
, i.e. x < 𝜁L(𝛼0) or x > 𝜁U (𝛼0). In this case, we have

𝜁(𝛼0) = 0.

● For x < 𝜁L(𝛼0), let 𝜖 = 𝜁L(𝛼0) − x. Since 𝜁L is lower semi-continuous at 𝛼0, there exists
𝛿 > 0 such that |𝛼 − 𝛼0| < 𝛿 implies 𝜁L(𝛼0) < 𝜁L(𝛼) + 𝜖. Therefore, we obtain

𝜁
L(𝛼) > 𝜁

L(𝛼0) − 𝜖 = 𝜁
L(𝛼0) + x − 𝜁

L(𝛼0) = x.

This also says that x ∉ M𝛼 , i.e. 𝜁(𝛼) = 0 for |𝛼 − 𝛼0| < 𝛿.
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● For x > 𝜁U (𝛼0), let 𝜖 = x − 𝜁U (𝛼0). Since 𝜁U is upper semi-continuous at 𝛼0, there exists
𝛿 > 0 such that |𝛼 − 𝛼0| < 𝛿 implies 𝜁U (𝛼) < 𝜁U (𝛼0) + 𝜖. Therefore, we obtain

𝜁
U (𝛼) < 𝜁

U (𝛼0) + 𝜖 = 𝜁
U (𝛼0) + x − 𝜁

U (𝛼0) = x.

This also says that x ∉ M𝛼 , i.e. 𝜁(𝛼) = 0 for |𝛼 − 𝛼0| < 𝛿.

The above two cases conclude that

𝜁(𝛼0) + 𝜖 = 𝜖 > 0 = 𝜁(𝛼)

for |𝛼 − 𝛼0| < 𝛿. This completes the proof. ◾

Proposition 1.3.9 Let S be a subset of ℝ, and let 𝜁L ∶ S → ℝ and 𝜁U ∶ S → ℝ be two
bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Suppose
that the following conditions are satisfied.

● 𝜁L is an increasing function and 𝜁U is a decreasing function on S.
● 𝜁L and 𝜁U are left-continuous on S.

Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then, for any fixed x ∈ ℝ, the function
𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on S.

Proof. The result follows immediately from Propositions 1.3.8 and 1.3.7. ◾

Proposition 1.3.10 Let S be a subset of ℝ. For each i = 1,… ,n, let 𝜁L
i ∶ S → ℝ and 𝜁U

i ∶
S → ℝ be bounded real-valued functions defined on S satisfying 𝜁L

i (𝛼) ≤ 𝜁U
i (𝛼) for each 𝛼 ∈ S.

Suppose that the following conditions are satisfied.

● 𝜁L
i are increasing function and 𝜁U

i are decreasing function on S for i = 1,… ,n.
● 𝜁L

i and 𝜁U
i are left-continuous on S for i = 1,… ,n.

Let M(i)
𝛼 = [𝜁L

i (𝛼), 𝜁
U
i (𝛼)] for 𝛼 ∈ S and for i = 1,… ,n be closed intervals, and let

M𝛼 = M(1)
𝛼 × · · · × M(n)

𝛼 ⊂ ℝn
.

Given any fixed 𝐱 = (x1,… , xn) ∈ ℝn, the function 𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(𝐱) is upper semi-continuous

on S.

Proof. Proposition 1.3.9 says that the functions 𝜁i(𝛼) = 𝛼 ⋅ 𝜒M(i)
𝛼

(xi) are upper semi-
continuous on S for i = 1,… ,n. For r ∈ S, we define the sets

Fr = {𝛼 ∈ S ∶ 𝜁(𝛼) ≥ r} and F(i)
r =

{
𝛼 ∈ S ∶ 𝜁i(𝛼) ≥ r

}
for i = 1,… ,n.

The upper semi-continuity of 𝜁i says that F(i)
r is a closed set for i = 1,… ,n. We want to claim

Fr =
⋂n

i=1 F(i)
r . Given any 𝛼 ∈ Fr , it follows that 𝐱 ∈ M𝛼 and 𝛼 ≥ r, i.e. xi ∈ M(i)

𝛼 and 𝛼 ≥ r for
i = 1,… ,n, which also implies 𝜁i(𝛼) ≥ r for i = 1,… ,n. Therefore, we obtain the inclusion
Fr ⊆

⋂n
i=1 F(i)

r . On the other hand, suppose that 𝛼 ∈ F(i)
r for i = 1,… ,n. It follows that xi ∈

M(i)
𝛼 and 𝛼 ≥ r for i = 1,… ,n, i.e. 𝐱 ∈ M𝛼 and 𝛼 ≥ r. Therefore, we obtain the equality Fr =⋂n
i=1 F(i)

r , which also says that Fr is a closed set, since each F(i)
r is a closed set for i = 1,… ,n.

Therefore, we conclude that 𝜁 is indeed upper semi-continuous on S. This completes the
proof. ◾



�

� �

�

1.3 Semi-Continuity 17

We say that S is a disjoint union of intervals in ℝ when S can be expressed as

S =
∞⋃

i=1
Ii

satisfying Ii ∩ Ij = ∅ for i ≠ j, where each Ii is an interval in ℝ.

Proposition 1.3.11 Let S be a disjoint union of intervals in ℝ, and let 𝜁L ∶ S → ℝ and 𝜁U ∶
S → ℝ be two bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each
𝛼 ∈ S. For 𝛼 ∈ S, we define the functions

l(𝛼) = inf
{x∈S∶x≥𝛼}

𝜁
L(x) and u(𝛼) = sup

{x∈S∶x≥𝛼}
𝜁

U (x).

Then l and u are left-continuous on S. Moreover, l is lower semi-continuous on S and u is upper
semi-continuous on S.

Proof. Given 𝛼 ∈ S, since S is a disjoint union of intervals, there exists a sequence {𝛼n}∞n=1
in S satisfying 𝛼n ↑ 𝛼 as n → ∞, where we allow 𝛼n = 𝛼 for some n. Let

An = {x ∈ S ∶ x ≥ 𝛼n} and A = {x ∈ S ∶ x ≥ 𝛼}.

Then it is obvious that An+1 ⊆ An for all n and A ⊆
⋂∞

n=1 An. For x ∈
⋂∞

n=1 An, it means
x ∈ S and x ≥ 𝛼n for all n. By taking limit, we obtain x ≥ 𝛼, i.e. x ∈ A. This shows that
A =

⋂∞
n=1 An. Using Proposition 1.2.3, we obtain

l(𝛼n) = inf
t∈An

𝜁
L(x) → inf

t∈A
𝜁

L(x) = l(𝛼) for 𝛼n ↑ 𝛼.

This says that l is left-continuous on S. We can similarly show that u is left-continuous
on S. Since l is decreasing and u is increasing on S, Proposition 1.3.7 says that l is lower
semi-continuous on S and u is upper semi-continuous on S. This completes the proof. ◾

Let S be a disjoint union of intervals in ℝ. We write 𝜕L(S) to denote the set of all left
endpoints of subintervals in S, and write 𝜕R(S) to denote the set of all right endpoints of
subintervals in S. For any 𝛼 ∈ S∖𝜕R(S), i.e. 𝛼 ∈ S and 𝛼 ∉ 𝜕R(S), it is clear to see that there
exists a sequence in S satisfying 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for all n.

Proposition 1.3.12 Let S be a disjoint union of closed intervals inℝ, and let 𝜁L ∶ S → ℝand
𝜁U ∶ S → ℝ be two bounded and right-continuous real-valued functions defined on S satisfy-
ing 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then,
the functions

l(𝛼) = inf
{x∈S∶x≥𝛼}

𝜁
L(x) and u(𝛼) = sup

{x∈S∶x≥𝛼}
𝜁

U (x)

are continuous on S∖𝜕R(S). Moreover, for 𝛼 ∈ S∖𝜕R(S) and 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for
all n, we have l(𝛼n) ↓ l(𝛼) and u(𝛼n) ↑ u(𝛼) as n → ∞.

Proof. According to Proposition 1.3.11, we remain to show that l and u are right-
continuous on S∖𝜕R(S). We first note that S is a closed set, i.e. cl(S) = S. We are going to
use part (i) of Proposition 1.2.8. Given 𝛼 ∈ S∖𝜕R(S), there exists a sequence {𝛼n}∞n=1 in S
satisfying 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for all n. Let

An = {x ∈ S ∶ x ≥ 𝛼n} and A∗ = {x ∈ S ∶ x > 𝛼}.
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It is clear to see that An ⊆ An+1 for all n and
⋃∞

n=1 An ⊆ A∗. For x ∈ A∗, i.e. x ∈ S and x > 𝛼,
since 𝛼n ↓ 𝛼, there exists 𝛼n∗ satisfying 𝛼 ≤ 𝛼n∗ < x, which says that x ∈

⋃∞
n=1 An. Therefore,

we obtain
⋃∞

n=1 An = A∗. Using Proposition 1.2.4 and part (i) of Proposition 1.2.8, for 𝛼n ↓ 𝛼

with 𝛼n > 𝛼, we have

l(𝛼n) = inf
x∈An

𝜁
L(x) → inf

x∈A∗
𝜁

L(x) = inf
{x∈S∶x≥𝛼}

𝜁
L(x) = l(𝛼).

Therefore, we conclude that l is continuous on S. We can similarly show that u is continuous
on S. Since l is increasing and u is decreasing, we also have l(𝛼n) ↓ l(𝛼) and u(𝛼n) ↑ u(𝛼) as
n → ∞ for 𝛼n ↓ 𝛼 as n → ∞ with 𝛼n > 𝛼 for all n, and the proof is complete. ◾

Proposition 1.3.13 Let S be a closed subset ofℝ, and let 𝜁L ∶ S → ℝand 𝜁U ∶ S → ℝ be two
bounded real-valued functions defined on S satisfying 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ S. Suppose
that 𝜁L is lower semi-continuous on S, and that 𝜁U is upper semi-continuous on S. Let M𝛼 =
[𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ S be closed intervals. Then, we have⋃

{𝛽∈S∶𝛽≥𝛼}
M𝛽 =

[
inf

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽), sup
{𝛽∈S∶𝛽≥𝛼}

𝜁
U (𝛽)

]
=
[

min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽), max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽)
]

(1.15)

for any 𝛼 ∈ S.

Proof. Since S is a closed set, by Proposition 1.4.4 (which will be given below), the
semi-continuities say that the imfimum and supremum are attained given by

inf
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽) = min

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽) and sup
{𝛽∈S∶𝛽≥𝛼}

𝜁
U (𝛽) = max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽).

For x ∈
⋃

{𝛽∈S∶𝛽≥𝛼}M𝛽 , there exists 𝛽0 ≥ 𝛼 satisfying x ∈ M𝛽0
, i.e. 𝜁L(𝛽0) ≤ x ≤ 𝜁U (𝛽0). Then,

we have

x ≥ 𝜁
L(𝛽0) ≥ min

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽) and x ≤ 𝜁
U (𝛽0) ≤ max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽);

that is,

x ∈
[

min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽), max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽)
]
.

To prove the other direction of inclusion, given any x satisfying

min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽) ≤ x ≤ max

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽), (1.16)

we want to lead to a contradiction by assuming x ∉ M𝛽 for each 𝛽 ∈ S with 𝛽 ≥ 𝛼. Under this
assumption, since each M𝛽 is a bounded closed interval, it follows that x < 𝜁L(𝛽) for each
𝛽 ∈ S with 𝛽 ≥ 𝛼 or x > 𝜁U (𝛽) for each 𝛽 ∈ S with 𝛽 ≥ 𝛼. Since the infimum and supremum
are attained, we obtain

x < min
{𝛽∈S∶𝛽≥𝛼}

𝜁
L(𝛽) = inf

{𝛽∈S∶𝛽≥𝛼}
𝜁

L(𝛽) or x > max
{𝛽∈S∶𝛽≥𝛼}

𝜁
U (𝛽) = sup

{𝛽∈S∶𝛽≥𝛼}
𝜁

U (𝛽),

which contradicts (1.16). Therefore, there exists 𝛽0 ∈ S with 𝛽0 ≥ 𝛼 satisfying x ∈ M𝛽0
. This

completes the proof. ◾
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1.4 Miscellaneous

The convexity of fuzzy sets is usually assumed for applications in order to simplify the dis-
cussion. The concept of convex set in ℝn is given below.

Definition 1.4.1 Let A be a subset of ℝm. We say that A is convex when, given any x, y ∈
A, the convex combination 𝜆x + (1 − 𝜆)y belongs to A for any 0 < 𝜆 < 1.

Definition 1.4.2 Let f ∶ A → ℝ be a real-valued function defined on a convex subset A
of ℝm. The function f is called quasi-convex on A when, for each x, y ∈ A, the following
inequality is satisfied:

f (𝜆x + (1 − 𝜆)y) ≤ max {f (x), f (y)}

for each 0 < 𝜆 < 1.

It is well known that f is quasi-convex on A if and only if the set

{x ∈ A ∶ f (x) ≤ 𝛼}

is convex for each 𝛼 ∈ ℝ.
The function f is called quasi-concave on A when −f is quasi-convex on A. More pre-

cisely, the real-valued function f is quasi-concave on A if and only if

f (𝜆x + (1 − 𝜆)y) ≥ min {f (x), f (y)}

for each 0 < 𝜆 < 1. We also see that f is quasi-concave on A if and only if the set

{x ∈ A ∶ f (x) ≥ 𝛼}

is convex for each 𝛼 ∈ ℝ.
The following well-known results will be used through out this book.

Proposition 1.4.3 (Apostol [3]) We have the following results

(i) Let f be a continuous real-valued function defined on a connected subset S ofℝm. Suppose
that f (x∗) < f (x∘) for some x∗, x∘ ∈ S. For each y satisfying f (x∗) < y < f (x∘), there exists
x ∈ S satisfying f (x) = y.

(ii) Let f be a continuous real-valued function defined on a bounded closed interval I in ℝ.
Suppose that there are two points x, y ∈ I satisfying x < y and f (x) ≠ f (y). Then f takes
every value between f (x) and f (y) in the open interval (x, y).

(iii) Let f ∶ ℝp → ℝq be a vector-valued function. Suppose that f is continuous on a closed
and bounded subset X of ℝp. Then f (X) is a closed and bounded subset of ℝq.

(iv) Let f ∶ ℝp → ℝq be a vector-valued function. Suppose that f is continuous on a connected
subset X of ℝp. Then f (X) is a connected subset of ℝq.

Proposition 1.4.4 (Royden [100]) Let f be a real-valued function defined on ℝm, and let K
be a closed and bounded subset of ℝm. Then, we have the following properties.

(i) Suppose that f is upper semi-continuous. Then, the supremum is attained in the following
sense

sup
x∈K

f (x) = max
x∈K

f (x).
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(ii) Suppose that f is lower semi-continuous. Then, the infimum is attained in the following
sense

inf
x∈K

f (x) = min
x∈K

f (x).

Theorem 1.4.5 (Cantor Intersection Theorem). Let {Q1,Q2,…} be a countable collec-
tion of nonempty subsets of a topological space ℝm such that the following conditions are
satisfied:

● Qk+1 ⊆ Qk for k = 1,2,…;
● each Qk is a nonempty bounded and closed subset of ℝm for all k.

Then, the intersection
⋂∞

k=1 Qk is nonempty.

Proposition 1.4.6 Let 𝔄 ∶ [0,1]n → [0,1] be a function defined on [0,1]n. Suppose that

𝔄
(
𝛼1,… , 𝛼m

)
≥ 𝛽 if and only if 𝛼i ≥ 𝛽 for all i = 1,… ,n.

Then, we have

𝔄
(
𝛼1,… , 𝛼m

)
= min

{
𝛼1,… , 𝛼m

}
.

Proof. Since 𝛼i ≥ min {𝛼1,… , 𝛼m} for all i = 1,… ,n, the assumption says that

𝔄
(
𝛼1,… , 𝛼m

)
≥ min

{
𝛼1,… , 𝛼m

}
by taking 𝛽 = min {𝛼1,… , 𝛼m}. On the other hand, suppose that 𝔄(𝛼1,… , 𝛼m) = 𝛽,
i.e. 𝔄(𝛼1,… , 𝛼m) ≥ 𝛽, the assumption says that 𝛼i ≥ 𝛽 for all i = 1,… ,n, which implies

min
{
𝛼1,… , 𝛼m

}
≥ 𝛽 = 𝔄

(
𝛼1,… , 𝛼m

)
.

This completes the proof. ◾

Proposition 1.4.7 Let 𝔄 ∶ [0,1]n → [0,1] be a function defined on [0,1]n. Suppose that

𝔄
(
𝛼1,… , 𝛼m

)
≤ 𝛽 if and only if 𝛼i ≤ 𝛽 for some i = 1,… ,n.

Then, we have

𝔄
(
𝛼1,… , 𝛼m

)
= min

{
𝛼1,… , 𝛼m

}
.

Proof. Suppose that 𝛼i > min {𝛼1,… , 𝛼m} for all i = 1,… ,n. Then min {𝛼1,… , 𝛼m} >

min {𝛼1,… , 𝛼m}. This contradiction says that 𝛼i ≤ min {𝛼1,… , 𝛼m} for some i = 1,… ,n.
Using the assumption, it follows that

𝔄
(
𝛼1,… , 𝛼m

)
≤ min

{
𝛼1,… , 𝛼m

}
by taking 𝛽 = min {𝛼1,… , 𝛼m}. On the other hand, suppose that 𝔄(𝛼1,… , 𝛼m) = 𝛽, i.e.
𝔄(𝛼1,… , 𝛼m) ≤ 𝛽, the assumption says that 𝛼i ≤ 𝛽 for some i = 1,… ,n, which implies

min
{
𝛼1,… , 𝛼m

}
≤ 𝛽 = 𝔄

(
𝛼1,… , 𝛼m

)
.

This completes the proof. ◾
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Proposition 1.4.8 Let F and G be two real-valued functions from ℝm into (0,1]. Suppose
that

{x ∶ F(x) ≥ 𝛼} = {x ∶ G(x) ≥ 𝛼} (1.17)

for each 𝛼 ∈ ℚ ∩ (0,1]. Then F(x) = G(x) for all x ∈ ℝm; that is, F and G are identical.

Proof. Assume that there exists x0 ∈ ℝm satisfying G(x0) ≠ 0 and F(x0) < G(x0), where
F(x0) can be 0. Using the denseness of ℝ, there exists 𝛼0 ∈ ℚ ∩ (0,1] satisfying F(x0) < 𝛼0 <

G(x0). This says that

x0 ∈
{

x ∶ G(x) ≥ 𝛼0
}

and x0 ∉
{

x ∶ F(x) ≥ 𝛼0
}
,

which contradicts (1.17). If we assume that F(x0) ≠ 0 and F(x0) > G(x0), where G(x0) can
be 0, then we can similarly obtain a contradiction. Therefore, we conclude that

F(x0) = G(x0) ≠ 0.

This completes the proof. ◾
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2

Fuzzy Sets

The main idea of fuzzy sets is to consider the degree of membership. A fuzzy set is described
by a membership function that assigns to each member or element a membership degree.
Usually, the range of this membership function is from 0 to 1. A degree of 1 represents
complete membership to the set, and degree of 0 represents absolutely no membership to
the set. A degree between 0 and 1 represents partial membership to the set.

We can define high fever as a temperature higher than 102 ∘F. Even if most doctors will
agree that the threshold is at about 102 ∘F (39 ∘C), this does not mean that a patient with a
body temperature of 101.9 ∘F does not have a high fever while another patient with 102 ∘F
does indeed have a high fever. Therefore, instead of using this rigid definition, each body
temperature is associated with a certain degree. For example, we show a possible descrip-
tion of high fever using membership degree as follows

𝜉(94 ∘F) = 0, 𝜉(96 ∘F) = 0, 𝜉(98 ∘F) = 0
𝜉(100 ∘F) = 0.7, 𝜉(102 ∘F) = 0.95, 𝜉(104 ∘F) = 0.99
𝜉(106 ∘F) = 1, 𝜉(108 ∘F) = 1, 𝜉(110 ∘F) = 1.

The degree of membership can also be represented by a continuous function.

2.1 Membership Functions

Let A be a subset of ℝm. Each element x ∈ ℝm can either belong to or not belong to a set A.
This kind of set can be defined by the characteristic function

𝜒A(x) =
{

1 for x ∈ A
0 for x ∉ A.

That is to say, the characteristic function maps elements of ℝm to elements of the set {0,1},
which is formally expressed by 𝜒A ∶ ℝm → {0,1}.

Zadeh [162] proposed a concept of so-called fuzzy set by extending the range {0,1} of
the characteristic function to the unit interval [0,1]. A fuzzy set Ã in ℝm is defined to be a
set of ordered pairs

Ã = {(x, 𝜉Ã(x)) ∶ x ∈ ℝm},

where 𝜉Ã ∶ ℝm → [0,1] is called the membership function of Ã. The value 𝜉Ã(x) is
regarded as the degree of membership of x in Ã. In other words, it indicates the degree to

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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which x belongs to Ã. Any subset A of ℝm can also be regarded as a fuzzy set in ℝm by
taking the membership function as the characteristic function of A. In this case, we write
1̃A ≡ 𝜒A by regarding A as a fuzzy set in ℝm. When A is a singleton {a}, we also write 1̃{a}.

Example 2.1.1 Let Ã be the set of all real numbers considerably larger than 10. Then Ã
can be described as a fuzzy set in ℝ with membership function defined by

𝜉Ã(x) =
⎧⎪⎨⎪⎩

0, x ≤ 10
1

1 + (x − 10)−2 , x > 10.

Let B̃ be the set of all real numbers close (but not equal) to 10. Then B̃ can also be described
as a fuzzy set in ℝ with membership function defined by

𝜉Ã(x) =
1

1 + (x − 10)2 .

In this case, we may also write B̃ = 1̃0 to mean fuzzy real number 10. Therefore, any state-
ments that involve fuzziness can always be represented by a membership function.

2.2 𝜶-level Sets

An interesting and important concept related to fuzzy sets is the 𝛼-level set. Let Ã be a
fuzzy set in ℝm with membership function 𝜉Ã. The range of the membership function 𝜉Ã is
denoted by (𝜉Ã). Throughout this book, we shall assume that the range (𝜉Ã) contains 1.
However, the range (𝜉Ã) is not necessarily equal to the whole unit interval [0,1].

For 𝛼 ∈ (0,1], the 𝛼-level set Ã𝛼 of Ã is defined by

Ã𝛼 =
{

x ∶ 𝜉Ã(x) ≥ 𝛼
}
. (2.1)

Since the range (𝜉Ã) is assumed to contain 1, it follows that the 𝛼-level sets Ã𝛼 are
non-empty for all 𝛼 ∈ (0,1]. Notice that the 0-level set is not defined by (2.1). The 0-level
set will be defined in a different way that will be explained afterward.

Given any 𝛼, 𝛽 ∈ (0,1] satisfying 𝛼 < 𝛽, it is easy to see

Ã𝛽 ⊆ Ã𝛼. (2.2)

The strict inclusion Ã𝛽 ⊂ Ã𝛼 can happen.

Proposition 2.2.1 Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. Suppose that
𝛼 ∈ (𝜉Ã) and 𝛽 ∈ [0,1]with 𝛽 > 𝛼. Then Ã𝛽 ⊂ Ã𝛼 (where “⊂” means Ã𝛽 ⊆ Ã𝛼 and Ã𝛽 ≠ Ã𝛼).

Proof. Since 𝛼 ∈ (𝜉Ã), there exists x ∈ ℝm satisfying 𝜉Ã(x) = 𝛼. Suppose that there exists
𝛽0 ∈ [0,1] with 𝛽0 > 𝛼 satisfying x ∈ Ã𝛽0

. Then, we have 𝜉Ã(x) ≥ 𝛽0 > 𝛼 which violates
𝜉Ã(x) = 𝛼. In other words, there exists x ∈ Ã𝛼 and x ∉ Ã𝛽 for all 𝛽 ∈ [0,1] with 𝛽 > 𝛼. This
completes the proof. ◾
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Example 2.2.2 The membership function of a fuzzy set Ã is given by

𝜉Ã(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0.1 + 0.8 ⋅ (x − 1) if 1 ≤ x ≤ 1.5
0.2 + 0.8 ⋅ (x − 1) if 1.5 < x < 2
1 if 2 ≤ x ≤ 3
0.2 + 0.8 ⋅ (4 − x) if 3 < x < 3.5
0.1 + 0.8 ⋅ (4 − x) if 3.5 ≤ x ≤ 4
0 otherwise.

It is clear to see

(𝜉Ã) = {0} ∪ [0.1, 0.5] ∪ (0.6, 1],

which also says that [0,1] ≠ (𝜉Ã). We see that 0.55 ∉ (𝜉Ã). However, we still have the
0.55-level set Ã0.55 given by

Ã0.55 =
{

x ∶ 𝜉Ã(x) ≥ 0.55
}
.

Although 0 ≤ 𝛼 < 0.1 is not in the range (𝜉Ã), we still have

Ã𝛼 =
{

x ∶ 𝜉Ã(x) ≥ 𝛼
}
= [1,4] = Ã0.1 for each 𝛼 ∈ [0, 0.1).

Notice that the expression (2.1) does not include the 0-level set. If we allowed the
expression (2.1) taking 𝛼 = 0, the 0-level set of Ã would be the whole m-dimensional
Euclidean space ℝm. Defined in this way, the 0-level set would not be helpful for real appli-
cations. Therefore, we are going to invoke a topological concept to define the 0-level set.
The support of a fuzzy set Ã in ℝm is the crisp set defined by

Ã0+ = {x ∈ ℝm ∶ 𝜉Ã(x) > 0}. (2.3)

The 0-level set Ã0 of Ã is defined to be the closure of the support Ã0+, i.e.

Ã0 = cl(Ã0+). (2.4)

For the concept of closure, refer to Definition 1.2.5.

Proposition 2.2.3 Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. Then, we have

Ã0+ =
⋃

{𝛼∈(𝜉Ã)∶𝛼>0}
Ã𝛼 =

⋃
0<𝛼≤1

Ã𝛼 (2.5)

Proof. Given any x ∈ Ã0+, i.e. 𝛼 ≡ 𝜉Ã(x) > 0, we have x ∈ Ã𝛼 . Since 𝛼 ∈ (𝜉Ã), we have
the inclusion

Ã0+ ⊆
⋃

{𝛼∈(𝜉Ã)∶𝛼>0}
Ã𝛼.

For proving the other direction of inclusion, given x ∈ Ã𝛼 for some 0 < 𝛼 ∈ (𝜉Ã), we have
𝜉Ã(x) ≥ 𝛼 > 0, i.e. x ∈ Ã0+. This proves the desired equality. ◾
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Let A be a subset of ℝm. Recall the notation 𝜒A = 1̃A. Then, we see that (1̃A)𝛼 = A for any
𝛼 ∈ (0,1]. Also, the 0-level set is given by

(1̃A)0 = cl

( ⋃
0<𝛼≤1

(1̃A)𝛼

)
= cl

( ⋃
0<𝛼≤1

A

)
= cl(A). (2.6)

Recall that A is a closed subset ofℝm when A = cl(A). Now, suppose that A is a closed subset
of ℝm. Then, we have (1̃A)𝛼 = A for any 𝛼 ∈ [0,1]. In particular, for any r ∈ ℝm, since the
singleton {r} is a closed subset of ℝm, it follows that (1̃{r})𝛼 = {r} for any 𝛼 ∈ [0,1] because
of (2.6).

Example 2.2.4 The membership function of a trapezoidal fuzzy interval is given by

𝜉Ã(r) =

⎧⎪⎪⎨⎪⎪⎩
(r − aL)∕(a1 − aL) if aL ≤ r ≤ a1
1 if a1 < r ≤ a2
(aU − r)∕(aU − a2) if a2 < r ≤ aU

0 otherwise,

which is denoted by Ã = (aL, a1, a2, aU ). It is clear to see (𝜉Ã) = [0,1]. For 𝛼 ∈ [0,1], the
𝛼-level set Ã𝛼 is a closed interval denoted by Ã𝛼 = [ÃL

𝛼,ÃU
𝛼 ], where

ÃL
𝛼 = (1 − 𝛼)aL + 𝛼a1 and ÃU

𝛼 = (1 − 𝛼)aU + 𝛼a2.

In particular, if a1 = a2 ≡ a, we have the so-called triangular fuzzy interval Ã = (aL, a, aU ).

Let A be a convex set in ℝm (refer to Definition 1.4.1). Then, we see that{
x ∶ 𝜒A(x) ≥ 𝛼

}
= A

are also convex sets in ℝm for 𝛼 ∈ (0,1]. Therefore, we can extend the above concept to
define the convexity of a fuzzy set in ℝm by replacing the characteristic function with the
membership function.

Definition 2.2.5 Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. We say that Ã
is convex when the 𝛼-level sets

Ã𝛼 = {x ∶ 𝜉Ã(x) ≥ 𝛼}

are convex sets in ℝm for any 𝛼 ∈ (0,1].

Definition 2.2.5 does not include the convexity of the 0-level set. The following proposi-
tion can guarantee the convexity of the 0-level set.

Proposition 2.2.6 Let Ã be a convex fuzzy set in ℝm. Then, the 0-level set Ã0 is a convex set
in ℝm.

Proof. From (2.5), the 0-level set Ã0 can be expressed as follows

Ã0 = cl

( ⋃
0<𝛼≤1

Ã𝛼

)
.
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By Kelley and Namioka [55, p. 35], the closure cl(K) of a convex set K is also a convex set.
In order to show that Ã0 is a convex set in ℝm, it suffices to show that

K ≡
⋃

0<𝛼≤1
Ã𝛼

is a convex set in ℝm. For any x, y ∈ K, there exist 𝛼1, 𝛼2 ∈ (0,1] satisfying x ∈ Ã𝛼1
and y ∈

Ã𝛼2
. Let 𝛼3 = min {𝛼1, 𝛼2} > 0. Then, from (2.2), we see that x, y ∈ Ã𝛼3

. Since Ã𝛼3
is convex,

it follows that

𝜆x + (1 − 𝜆)y ∈ Ã𝛼3
⊂ K

for any 𝜆 ∈ (0,1). This shows that K is a convex set in ℝm, and the proof is complete. ◾

Proposition 2.2.7 Let Ã be a fuzzy set inℝm with membership function 𝜉Ã. Then Ã is convex
if and only if

𝜉Ã
(
𝜆x1 + (1 − 𝜆)x2

)
≥ min

{
𝜉Ã(x1), 𝜉Ã(x2)

}
for any 𝜆 ∈ [0,1]. In other words, Ã is convex if and only if its membership function 𝜉Ã is
quasi-concave.

Proof. Suppose that Ã𝛼 = {x ∶ 𝜉Ã(x) ≥ 𝛼} are convex sets for 𝛼 ∈ (0,1]. For any x1, x2 ∈
X , suppose that min

{
𝜉Ã(x1), 𝜉Ã(x2)

}
= 0. Then, we are done, since 𝜉Ã is a nonnegative

real-valued function. Now, we assume that

0 ≠ 𝛼 = min
{
𝜉Ã(x1), 𝜉Ã(x2)

}
,

i.e. 𝜉Ã(x1) ≥ 𝛼 and 𝜉Ã(x2) ≥ 𝛼. This says that x1, x2 ∈ Ã𝛼 . Since Ã𝛼 is convex, we have 𝜆x1 +
(1 − 𝜆)x2 ∈ Ã𝛼 , i.e.

𝜉Ã
(
𝜆x1 + (1 − 𝜆)x2

)
≥ 𝛼 = min

{
𝜉Ã(x1), 𝜉Ã(x2)

}
.

To prove the converse, for any x1, x2 ∈ Ã𝛼 , we have 𝜉Ã(x1) ≥ 𝛼 and 𝜉Ã(x2) ≥ 𝛼. By the
quasi-concavity, we have

𝜉Ã
(
𝜆x1 + (1 − 𝜆)x2

)
≥ min

{
𝜉Ã(x1), 𝜉Ã(x2)

}
≥ 𝛼.

This shows that 𝜆x1 + (1 − 𝜆)x2 ∈ Ã𝛼 , i.e. Ã𝛼 is convex. This completes the proof. ◾

For 𝛼 ∈ (0,1] and a sequence {𝛼n}∞n=1 in [0,1], recall that 𝛼n ↑ 𝛼 means that the sequence
{𝛼n}∞n=1 is increasing and converges to 𝛼. For 𝛼 ∈ [0,1), recall that 𝛼n ↓ 𝛼 means that the
sequence {𝛼n}∞n=1 is decreasing and converges to 𝛼.

Proposition 2.2.8 Let Ã be a fuzzy set in ℝm.

(i) Suppose that 𝛼 ∈ [0,1] and {𝛼n}∞n=1 is a sequence in [0,1] satisfying 𝛼n ↑ 𝛼. Then

Ã𝛼 =
∞⋂

n=1
Ã𝛼n

.

(ii) The following statements hold true.
● Suppose that 𝛼 ∈ [0,1] and {𝛼n}∞n=1 is a sequence in [0,1] satisfying 𝛼n ↓ 𝛼. Then

Ã𝛼+ ⊆

∞⋃
n=1

Ã𝛼n
⊆ Ã𝛼.
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● Suppose that 𝛼 ∈ [0,1] and {𝛼n}∞n=1 is a sequence in [0,1] satisfying 𝛼n ↓ 𝛼 and 𝛼n > 𝛼

for all n. Then

Ã𝛼+ =
∞⋃

n=1
Ã𝛼n

.

Proof. To prove part (i), since 𝛼n ≤ 𝛼 for all n, we have Ã𝛼 ⊆ Ã𝛼n
for all n, which implies

Ã𝛼 ⊆
⋂∞

n=1 Ã𝛼n
. On the other hand, for x ∈

⋂∞
n=1 Ã𝛼n

, we have 𝜉Ã(x) ≥ 𝛼n for all n, which
implies

𝜉Ã(x) ≥ sup
n

𝛼n = lim
n→∞

𝛼n = 𝛼.

This shows that x ∈ Ã𝛼 , and we conclude that the equality holds true.
To prove part (ii), given x ∈ Ã𝛼+, we have 𝜉Ã(x) > 𝛼. Since 𝛼n ↓ 𝛼, given any 0 < 𝜖 sat-

isfying 𝜖 ≤ 𝜉Ã(x) − 𝛼, there exists an integer N satisfying 0 < 𝛼N − 𝛼 < 𝜖, which says that
𝜉Ã(x) ≥ 𝛼N , i.e. x ∈

⋃∞
n=1 Ã𝛼n

. Therefore, we obtain the inclusion Ã𝛼+ ⊆
⋃∞

n=1 Ã𝛼n
. On the

other hand, since 𝛼n ↓ 𝛼, we consider the following cases.

● Suppose that 𝛼n ≥ 𝛼 for all n. Then Ã𝛼n
⊆ Ã𝛼 , which implies

⋃∞
n=1 Ã𝛼n

⊆ Ã𝛼 .
● Suppose that 𝛼n > 𝛼 for all n. We see that x ∈ Ã𝛼n

implies 𝜉Ã(x) ≥ 𝛼n > 𝛼, which says that
Ã𝛼n

⊆ Ã𝛼+ for all n. Therefore, we have
⋃∞

n=1 Ã𝛼n
⊆ Ã𝛼+.

Therefore, we obtain the desired equalities and inclusions. This completes the proof. ◾

Proposition 2.2.9 Let Ã be a fuzzy set in ℝ. Then, for any fixed x ∈ ℝm, the function

𝜁x(𝛼) = 𝛼 ⋅ 𝜒Ã𝛼
(x)

is upper semi-continuous on [0,1].

Proof. We need to show that the following set

Fr =
{
𝛼 ∈ [0,1] ∶ 𝜁x(𝛼) ≥ r

}
=
{
𝛼 ∈ [0,1] ∶ 𝛼 ⋅ 𝜒Ã𝛼

(x) ≥ r
}

is a closed subset of ℝm for each r ∈ ℝ. If r ≤ 0 then Fr = [0,1] is a closed subset of ℝm. If
r > 1 then Fr = ∅ is also a closed subset of ℝm. Therefore, it remains to be shown that Fr is
a closed subset of ℝm for each r ∈ (0,1]. For each 𝛼 ∈ cl(Fr), Remark 1.2.6 says that there
exists a sequence {𝛼n}∞n=1 in Fr satisfying 𝛼n → 𝛼, i.e. x ∈ Ã𝛼n

and 𝛼n ≥ r for all n, which
also implies

𝛼 = lim
n→∞

𝛼n ≥ r > 0.

Therefore, there exists a subsequence {𝛼nk
}∞k=1 of {𝛼n}∞n=1 satisfying 𝛼nk

↓ 𝛼 or 𝛼nk
↑ 𝛼.

● Suppose that 𝛼nk
↓ 𝛼, i.e. 𝛼 ≤ 𝛼nk

for all k. Since Ã𝛼nk
⊆ Ã𝛼 , it follows that x ∈ Ã𝛼 .

● Suppose that 𝛼nk
↑ 𝛼. Since x ∈ Ã𝛼nk

for all k, part (i) of Proposition 2.2.8 says that

x ∈
∞⋂

k=1
Ã𝛼nk

= Ã𝛼.

The above two cases show that x ∈ Ã𝛼 . Since

𝛼 = lim
k→∞

𝛼nk
≥ r,
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it follows that 𝛼 ∈ Fr . Therefore, we conclude that cl(Fr) ⊆ Fr , i.e. cl(Fr) = Fr which says
that Fr is a closed subset of U. This completes the proof. ◾

Let Ã be a fuzzy set in ℝm. Then, for 𝛼 ∈ [0,1), the strong 𝛼-level set of Ã is denoted and
defined by

Ã𝛼+ =
{

x ∶ 𝜉Ã(x) > 𝛼
}
. (2.7)

The family  = {Ã𝛼 ∶ 𝛼 ∈ [0,1]} of 𝛼-level sets is nested in the sense of Ã𝛼 ⊆ Ã𝛽 for 𝛽 < 𝛼.
The nestedness of 𝛼-level sets says that

Ã𝛼 =
⋃

𝛼≤𝛽≤1
Ã𝛽 =

⋃
{𝛽∈(𝜉Ã)∶𝛽≥𝛼}

Ã𝛽 . (2.8)

Regarding Ã𝛼+, we have the following interesting results.

Proposition 2.2.10 Let Ã be a fuzzy set in ℝm.

(i) Suppose that 𝛼, 𝛽 ∈ [0,1] with 𝛼 < 𝛽. Then Ã𝛽 ⊆ Ã𝛼+ ⊆ Ã𝛼 .
(ii) For 𝛼 ∈ [0,1), we have

Ã𝛼+ =
{

x ∶ 𝜉Ã(x) > 𝛼
}
=

⋃
𝛼<𝛽≤1

Ã𝛽 =
⋃

{𝛽∈(𝜉Ã)∶𝛽>𝛼}
Ã𝛽 . (2.9)

(iii) Suppose that (𝜉Ã) = [0,1]. For 𝛼 ∈ (0,1], we have

Ã𝛼 =
⋂

0≤𝛽<𝛼
Ã𝛽 =

⋂
0≤𝛽≤𝛼

Ã𝛽 .

Proof. Part (i) is obvious. To prove part (ii), if 𝛽 = 𝜉Ã(x) > 𝛼, we have x ∈ Ã𝛽 with 𝛽 > 𝛼

and 𝛽 ∈ (𝜉Ã), which shows the following inclusions

Ã𝛼+ ⊆
⋃

𝛽∈(𝜉Ã)∩(𝛼,1]
Ã𝛽 ⊆

⋃
𝛽∈[0,1]∩(𝛼,1]

Ã𝛽 =
⋃

𝛼<𝛽≤1
Ã𝛽 .

On the other hand, for x ∈
⋃

𝛼<𝛽≤1Ã𝛽 , there exists 1 ≥ 𝛽 > 𝛼 satisfying x ∈ Ã𝛽 ≠ ∅, i.e.
𝜉Ã(x) ≥ 𝛽 > 𝛼. Therefore, we obtain the following inclusion⋃

𝛼<𝛽≤1
Ã𝛽 ⊆ Ã𝛼+,

which implies the desired equalities.
To prove part (iii), for 𝛼, 𝛽 ∈ [0,1] with 𝛽 < 𝛼, we have Ã𝛼 ⊆ Ã𝛽 . Therefore, we have the

inclusion

Ã𝛼 ⊆
⋂

0≤𝛽<𝛼
Ã𝛽 .

On the other hand, for

x ∈
⋂

0≤𝛽<𝛼
Ã𝛽 ,

given any 𝜖 > 0, since 𝛼 ∈ (0,1], we have x ∈ Ã𝛼−𝜖 and 𝛼 − 𝜖 ∈ [0,1] = (𝜉Ã). This says that
𝜉Ã(x) ≥ 𝛼 − 𝜖, which also implies 𝜉Ã(x) ≥ 𝛼, since 𝜖 is an arbitrary positive number (i.e. we
can take 𝜖 → 0). Therefore, we conclude that x ∈ Ã𝛼 , which implies the following inclusion⋂

0≤𝛽<𝛼
Ã𝛽 ⊆ Ã𝛼.

This completes the proof. ◾
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For 𝛼 ∈ (0,1], we also define

Ã𝛼− =
⋂

0≤𝛽<𝛼
Ã𝛽 .

Let ℚ denote the set of all rational numbers. It is well known that ℚ is dense in ℝ. In other
words, given any r ∈ ℝ, there exists q ∈ ℚ such that q can be arbitrarily close to r. More
precisely, given any 𝜖 > 0, there exists q ∈ ℚ that depends on 𝜖 satisfying |q − r| < 𝜖. Then,
we have the following interesting results.

Proposition 2.2.11 Let Ã be a fuzzy set in ℝm.

(i) We have the following equalities

Ã𝛼+ =
⋃

𝛼<𝛽≤1
Ã𝛽 =

⋃
{𝛽∈(𝜉Ã)∶𝛽>𝛼}

Ã𝛽 for 𝛼 ∈ [0,1) (2.10)

and ⋂
{𝛽∈(𝜉Ã)∶𝛽<𝛼}

Ã𝛽 ⊆
⋂

0≤𝛽<𝛼
Ã𝛽 = Ã𝛼− for 𝛼 ∈ (0,1]. (2.11)

(ii) Given any 𝛼 ∈ (0,1], let 𝛼 = [0, 𝛼) ∩ℚ. Then

Ã𝛼− =
⋂

0≤𝛽<𝛼
Ã𝛽 =

⋂
{𝛽∈𝛼∶𝛽<𝛼}

Ã𝛽 . (2.12)

Proof. To prove part (i), the following inclusion is obvious⋃
{𝛽∈(𝜉Ã)∶𝛽>𝛼}

Ã𝛽 ⊆
⋃

𝛼<𝛽≤1
Ã𝛽 .

To prove the other direction of inclusion, for

x ∈
⋃

𝛼<𝛽≤1
Ã𝛽 ,

there exists 1 ≥ 𝛽 > 𝛼 satisfying x ∈ Ã𝛽 . Therefore, we have 𝜉Ã(x) ≥ 𝛽 > 𝛼. Let 𝛽0 = 𝜉Ã(x).
Then, we have x ∈ Ã𝛽0

with 𝛽0 ∈ (𝜉Ã) and 𝛽0 > 𝛼. This proves the desired equality (2.10).
The inclusion in (2.11) is obvious.

To prove part (ii), we first note that 𝛼 is dense in [0, 𝛼). It suffices to show the following
inclusion ⋂

{𝛽∈𝛼∶𝛽<𝛼}
Ã𝛽 ⊆

⋂
0≤𝛽<𝛼

Ã𝛽 .

Suppose that x ∈ Ã𝛽 for all 𝛽 ∈ 𝛼 and 𝛽 < 𝛼. Given any 𝛾 ∈ [0, 𝛼), since 𝛼 is dense in
[0, 𝛼), there exists 𝛽 ∈ 𝛼 satisfying 𝛾 < 𝛽 < 𝛼. The nestedness Ã𝛽 ⊆ Ã𝛾 says that x ∈ Ã𝛾 , i.e.
x ∈

⋂
𝛾∈[0,𝛼)Ã𝛾 . Then, we obtain the desired equality in (2.12), and the proof is complete. ◾

Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. The inverse function of 𝜉Ã does
not necessarily exist. However, we can consider the inverse image 𝜉−1

Ã
(S) of any subset S of

(0,1] defined by

𝜉
−1
Ã (S) =

{
x ∈ ℝm ∶ 𝜉Ã(x) ∈ S

}
.
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Given any 𝛼 ∈ (𝜉Ã), we also write 𝜉−1
Ã
(𝛼) to denote the inverse image of singleton {𝛼}.

More precisely, we have

𝜉
−1
Ã (𝛼) = 𝜉

−1
Ã ({𝛼}) =

{
x ∈ ℝm ∶ 𝜉Ã(x) = 𝛼

}
.

The set difference A∖B is defined as A ∩ Bc (i.e. x ∈ A∖B implies x ∈ A and x ∉ B).

Proposition 2.2.12 Let Ã be a fuzzy set in ℝm, and let D𝛼 ≡ Ã𝛼∖Ã𝛼+ for 𝛼 ∈ (𝜉Ã) with
𝛼 > 0. Then, we have that

D𝛼 = 𝜉
−1
Ã (𝛼) ≠ ∅

for 𝛼 ∈ (𝜉Ã) with 𝛼 > 0, and the support Ã0+ is the disjoint union of sets D𝛼 given by

Ã0+ =
⋃

{𝛼∈(𝜉Ã)∶𝛼>0}
D𝛼 =

⋃
{𝛼∈(𝜉Ã)∶𝛼>0}

(
Ã𝛼

⧹ ⋃
{𝛽∈(𝜉Ã)∶𝛽>𝛼}

Ã𝛽 ,

)
where D𝛼 ∩ D𝛽 = ∅ for 𝛼 ≠ 𝛽. Note that if 0 ∉ (𝜉Ã), then Ã0+ = ℝ.

Proof. Given any 𝛼 ∈ (𝜉Ã) with 𝛼 > 0, we first note that

∅ ≠ 𝜉
−1
Ã (𝛼) =

{
x ∈ ℝm ∶ 𝜉Ã(x) = 𝛼

}
=
{

x ∈ ℝm ∶ 𝜉Ã(x) ≥ 𝛼
}
∖
{

x ∈ ℝm ∶ 𝜉Ã(x) > 𝛼
}

= Ã𝛼∖Ã𝛼+ = D𝛼 = Ã𝛼

⧹ ⋃
{𝛽∈(𝜉Ã)∶𝛽>𝛼}

Ã𝛽 (using (2.10)). (2.13)

From (2.13), we obtain

Ã0+ =
{

x ∈ ℝm ∶ 𝜉Ã(x) > 0
}
=

⋃
{𝛼∈(𝜉Ã)∶𝛼>0}

𝜉
−1
Ã (𝛼) =

⋃
{𝛼∈(𝜉Ã)∶𝛼>0}

D𝛼

=
⋃

{𝛼∈(𝜉Ã)∶𝛼>0}

(
Ã𝛼

⧹ ⋃
{𝛽∈(𝜉Ã)∶𝛽>𝛼}

Ã𝛽 .

)
For 𝛼 ≠ 𝛽, it is obvious that

D𝛼 ∩ D𝛽 =
{

x ∈ ℝm ∶ 𝜉Ã(x) = 𝛼
}
∩
{

x ∈ ℝm ∶ 𝜉Ã(x) = 𝛽
}
= ∅.

This completes the proof. ◾

Let Ã be a fuzzy set inℝm. The decomposition theorem says that the membership function
𝜉Ã can be expressed in terms of its 𝛼-level sets Ã𝛼 .

Theorem 2.2.13 (Decomposition theorem) Let Ã be a fuzzy set in ℝm. The membership
function 𝜉Ã can be expressed as

𝜉Ã(x) = sup
𝛼∈(𝜉Ã)

𝛼 ⋅ 𝜒Ã𝛼
(x) = max

𝛼∈(𝜉Ã)
𝛼 ⋅ 𝜒Ã𝛼

(x)

= sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼
(x) = max

0<𝛼≤1
𝛼 ⋅ 𝜒Ã𝛼

(x). (2.14)

Proof. Given any fixed x ∈ ℝm, let

𝛼0 = 𝜉Ã(x) ∈ (𝜉Ã).
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Suppose that 𝛼0 = 0. If x ∈ Ã𝛼 for some 𝛼 ∈ (0,1], we have 𝜉Ã(x) ≥ 𝛼 > 0, which contradicts
𝜉Ã(x) = 𝛼0 = 0. Therefore, we have x ∉ Ã𝛼 for 𝛼 ∈ (0,1]. Then 𝛼 ⋅ 𝜒Ã𝛼

(x) = 0 for all 𝛼 ∈ (0,1].
This says that the equalities in (2.14) are satisfied.

Now, we assume 𝛼0 > 0. Then x ∈ Ã𝛼0
. For 𝛼 > 𝛼0, if x ∈ Ã𝛼 , then 𝜉Ã(x) ≥ 𝛼 > 𝛼0, which

contradicts 𝛼0 = 𝜉Ã(x). Therefore, we have x ∉ Ã𝛼 for 𝛼 > 𝛼0. If 𝛼 ≤ 𝛼0, then x ∈ Ã𝛼0
⊆ Ã𝛼 ,

which says that x ∈ Ã𝛼 for 𝛼 ≤ 𝛼0. Therefore, we obtain

sup
0<α≤1

α ⋅ χÃα
(x) = max

{
sup

0<α≤α0

α ⋅ χÃα
(x), sup

α0<α≤1
α ⋅ χÃα

(x)
}

= max
{

sup
0<α≤α0

α, 0
}

= α0 = ξÃ(x).

The above supremum is also attained. It means that

𝜉Ã(x) = max
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼
(x).

The above arguments are still valid when (0,1] is replaced by (𝜉Ã). Therefore, we obtain
the desired equalities, and the proof is complete. ◾

Theorem 2.2.14 (Decomposition theorem in countable sense) Let Ã be a fuzzy set in
ℝm. Then, the membership function 𝜉Ã can be expressed as

𝜉Ã(x) = sup
𝛼∈ℚ∩(0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x) = max

𝛼∈ℚ∩(0,1]
𝛼 ⋅ 𝜒Ã𝛼

(x).

Proof. Using (2.14), we have

0 < 𝛼0 ≡ 𝜉Ã(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼
(x) ≥ sup

𝛼∈ℚ∩(0,1]
𝛼 ⋅ 𝜒Ã𝛼

(x). (2.15)

The denseness of ℚ in ℝ says that there exists an increasing sequence {𝛼n}∞n=1 in ℚ ∩ (0,1]
satisfying 𝛼n ↑ 𝛼0. Since 𝛼n ≤ 𝛼0, we have Ã𝛼0

⊆ Ã𝛼n
for all n. Since x ∈ Ã𝛼0

, it follows that
x ∈ Ã𝛼n

for all n. Let Γ = {𝛼n}∞n=1 ⊂ ℚ ∩ (0,1]. Then, we have

𝜉Ã(x) = 𝛼0 = lim
n
𝛼n = sup

n
𝛼n (since {𝛼n}∞n=1is increasing)

= sup
n

𝛼n ⋅ 𝜒Ã𝛼n
(x) = sup

𝛼∈Γ
𝛼 ⋅ 𝜒Ã𝛼

(x) ≤ sup
𝛼∈ℚ∩(0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x). (2.16)

Combining (2.15) and (2.16), we obtain the equality

𝜉Ã(x) = sup
𝛼∈ℚ∩(0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x).

We also see that the above supremum is attained. This completes the proof. ◾

Next, we are going to see how we can define when two fuzzy sets are identical. The con-
cept of identical fuzzy sets is an important issue in applications. Recall that the range (𝜉Ã)
of the membership function 𝜉Ã of a fuzzy set Ã is not necessarily equal to the whole unit
interval [0,1]. In other words, the membership function 𝜉Ã is not always an onto function.

Proposition 2.2.15 Let Ã and B̃ be two fuzzy sets in ℝm with membership functions 𝜉Ã and
𝜉B̃, respectively.

(i) Suppose that 𝜉Ã(x) = 𝜉B̃(x) for all x ∈ ℝm. Then Ã𝛼 = B̃𝛼 for all 𝛼 ∈ [0,1].
(ii) Suppose that (𝜉Ã) = (𝜉B̃) ≡  and Ã𝛼 = B̃𝛼 for all 𝛼 ∈  with 𝛼 > 0. Then 𝜉Ã = 𝜉B̃,

i.e. 𝜉Ã(x) = 𝜉B̃(x) for all x ∈ ℝm.
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(iii) Suppose that(𝜉Ã) = (𝜉B̃) and Ã𝛼 = B̃𝛼 for all 𝛼 ∈ ℚ ∩ (0,1]. Then 𝜉Ã = 𝜉B̃, i.e. 𝜉Ã(x) =
𝜉B̃(x) for all x ∈ ℝm.

(iv) Suppose that Ã𝛼 = B̃𝛼 for all 𝛼 ∈ (0,1]. Then 𝜉Ã = 𝜉B̃ and (𝜉Ã) = (𝜉B̃).

Proof. To prove part (i), it is obvious that (𝜉Ã) = (𝜉B̃). For 𝛼 ∈ (0,1], we have

Ã𝛼 =
{

x ∈ ℝm ∶ 𝜉Ã(x) ≥ 𝛼
}
=
{

x ∈ ℝm ∶ 𝜉B̃(x) ≥ 𝛼
}
= B̃𝛼.

Using Proposition 2.2.3, we have

Ã0 = cl
(

Ã0+
)
= cl

( ⋃
0<𝛼≤1

Ã𝛼

)
= cl

( ⋃
0<𝛼≤1

B̃𝛼

)
= cl

(
B̃0+

)
= B̃0,

which proves part (i).
To prove part (ii), we first claim

𝜉Ã(x) = 0 if and only if 𝜉B̃(x) = 0. (2.17)

Suppose that 𝜉Ã(x) = 0. Then x ∉ Ã𝛼 for all 𝛼 ∈  with 𝛼 > 0, which also implies x ∉ B̃𝛼 for
all 𝛼 ∈  with 𝛼 > 0. From Theorem 2.2.13, we have

𝜉B̃(x) = sup
𝛼∈(𝜉B̃)

𝛼 ⋅ 𝜒B̃𝛼
(x) = sup

𝛼∈
𝛼 ⋅ 𝜒B̃𝛼

(x) = 0.

Suppose that 𝜉B̃(x) = 0. We can similarly obtain 𝜉Ã(x) = 0. For x ∈  with 0 < 𝛼 = 𝜉Ã(x), let
𝛽 = 𝜉B̃(x). From (2.17), we see that 𝛽 > 0. We also have x ∈ Ã𝛼 and x ∈ B̃𝛽 . We consider the
following two cases.

● For x ∈ Ã𝛼 , since 𝛼 ∈ (𝜉Ã) = , we have x ∈ B̃𝛼 = Ã𝛼 , which says that 𝜉B̃(x) ≥ 𝛼, i.e.
𝛽 ≥ 𝛼.

● For x ∈ B̃𝛽 , we have x ∈ Ã𝛽 , which says that 𝜉Ã(x) ≥ 𝛽, i.e. 𝛼 ≥ 𝛽.

Therefore, we obtain 𝛼 = 𝛽, i.e. 𝜉Ã(x) = 𝜉B̃(x).
To prove part (iii), using the argument in part (ii), we can similarly obtain

𝜉Ã(x) = 0 if and only if 𝜉B̃(x) = 0. (2.18)

For x ∈ (𝜉Ã) = (𝜉B̃) with 0 < 𝛼 = 𝜉Ã(x), let 𝛽 = 𝜉B̃(x). From (2.18), we see that 𝛽 > 0.
We also have x ∈ Ã𝛼 and x ∈ B̃𝛽 . By the denseness, there exist two sequences {𝛼n}∞n=1 and
{𝛽n}∞n=1 in ℚ ∩ (0,1] satisfying 𝛼n ↑ 𝛼 and 𝛽n ↑ 𝛽. In this case, using part (ii) of Proposi-
tion 2.2.8, we have

Ã𝛼 =
∞⋂

n=1
Ã𝛼n

and B̃𝛼 =
∞⋂

n=1
B̃𝛼n

(2.19)

and

Ã𝛽 =
∞⋂

n=1
Ã𝛽n

and B̃𝛽 =
∞⋂

n=1
B̃𝛽n

. (2.20)

Now, we consider the following two cases.

● For x ∈ Ã𝛼 , from (2.19), we have x ∈ Ã𝛼n
= B̃𝛼n

for all n, since 𝛼n ∈ ℚ ∩ (0,1] for all n,
which also says that x ∈ B̃𝛼 by (2.19) again. Therefore, we have 𝜉B̃(x) ≥ 𝛼, i.e. 𝛽 ≥ 𝛼.

● For x ∈ B̃𝛽 , from (2.20), we have x ∈ B̃𝛽n
= Ã𝛽n

for all n, since 𝛽n ∈ ℚ ∩ (0,1] for all n,
which also says that x ∈ Ã𝛽 by (2.20) again. Therefore, we have 𝜉Ã(x) ≥ 𝛽, i.e. 𝛼 ≥ 𝛽.

The above two cases show that 𝛼 = 𝛽, i.e. 𝜉Ã(x) = 𝜉B̃(x).
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To prove part (iv), if 𝜉Ã(x) = 0, then x ∉ Ã𝛼 for all 𝛼 ∈ (0,1], which implies x ∉ B̃𝛼 for all
𝛼 ∈ (0,1], since Ã𝛼 = B̃𝛼 for all 𝛼 ∈ (0,1]. From Theorem 2.2.13, we have

𝜉B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒B̃𝛼
(x) = 0.

We can similarly prove that 𝜉B̃(x) = 0 implies 𝜉Ã(x) = 0, which says that 𝜉Ã(x) = 0 if and only
if 𝜉B̃(x) = 0. For 0 < 𝛼 = 𝜉Ã(x) and 0 < 𝛽 = 𝜉B̃(x)with 𝛼, 𝛽 ∈ (0,1], i.e. x ∈ Ã𝛼 and x ∈ B̃𝛽 . We
consider the following two cases.

● For x ∈ Ã𝛼 , since Ã𝛼 = B̃𝛼 , i.e. x ∈ B̃𝛼 , we have 𝜉B̃(x) ≥ 𝛼, i.e. 𝛽 ≥ 𝛼.
● For x ∈ B̃𝛽 , since Ã𝛽 = B̃𝛽 , i.e. x ∈ Ã𝛽 , we also have 𝜉Ã(x) ≥ 𝛽, i.e. 𝛼 ≥ 𝛽.

Therefore, we obtain 𝛼 = 𝛽. This shows that 𝜉Ã(x) = 𝜉B̃(x). Therefore, we conclude that 𝜉Ã =
𝜉B̃ with (𝜉Ã) = (𝜉B̃). This completes the proof. ◾

2.3 Types of Fuzzy Sets

Now, we are going to consider some special structures of fuzzy sets by classifying the fam-
ily of all fuzzy sets into many different sub-families in which the 𝛼-level sets own elegant
structure is useful in applications.

Definition 2.3.1 We denote by 𝔉(ℝm) the set of all fuzzy sets in ℝm such that each Ã ∈
𝔉(ℝm) satisfies the following conditions.

(a) Ã is convex according to Definition 2.2.5, i.e. its membership function 𝜉Ã is
quasi-concave, according to Proposition 2.2.7.

(b) The membership function 𝜉Ã is upper semi-continuous.
(c) The 0-level set Ã0 is a closed and bounded subset of ℝm.

Each element of 𝔉(ℝm) is called a fuzzy vector, and each element of 𝔉(ℝ) is called a fuzzy
interval. When the 1-level set of a fuzzy interval is a singleton such as Ã1 = {p}, it is also
called a fuzzy number with core value p.

The fuzzy vector Ã with core value p can be regarded as a fuzzification of vector p ∈ ℝm.
Recall that the membership function of 1̃{p} is given by

1̃{p}(r) =
{

1 if r = p
0 otherwise.

(2.21)

It is clear to see that (1̃{p})𝛼 = {p} for all 𝛼 ∈ [0,1] and 1̃{p} ∈ 𝔉(ℝm). We also say that 1̃{p}
is a crisp vector with value p.

Proposition 2.3.2 Suppose that Ã ∈ 𝔉(ℝm). Then, for each 𝛼 ∈ [0,1], the 𝛼-level set Ã𝛼 is
a closed, bounded and convex set in ℝm. In particular, given a fuzzy interval Ã ∈ 𝔉(ℝ), the
𝛼-level set Ã𝛼 of Ã is a bounded closed interval and is denoted by

Ã𝛼 = [ÃL
𝛼,ÃU

𝛼 ]

for 𝛼 ∈ [0,1].
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Proof. We first note that the 0-level set Ã0 is a closed subset of ℝm by definition. From
Proposition 2.2.6, we also see that Ã0 is a convex set in ℝm. The upper semi-continuity says
that Ã𝛼 is a closed subset of ℝm for each 𝛼 ∈ [0,1]. Since Ã0 is a bounded subset of ℝm and
each Ã𝛼 is a subset of Ã0 for 𝛼 ∈ (0,1], it follows that each Ã𝛼 is a bounded subset of ℝm for
𝛼 ∈ (0,1]. This completes the proof. ◾

For Ã ∈ 𝔉(ℝ), Proposition 2.3.2 says that each 𝛼-level set Ã𝛼 is a bounded closed interval
with degree 𝛼, which explains the name of fuzzy interval Ã in 𝔉(ℝ). Next, we also propose
two kinds of fuzzy intervals.

Definition 2.3.3 Let Ã ∈ 𝔉(ℝ) be a fuzzy interval.

● We say that Ã is a standard fuzzy interval when the membership function 𝜉Ã is strictly
increasing on the closed interval [ÃL

0 ,ÃL
1 ] and strictly decreasing on the closed interval

[ÃU
1 ,ÃU

0 ].
● We say that Ã is a canonical fuzzy interval when the endpoint functions l(𝛼) ≡ ÃL

𝛼 and
u(𝛼) ≡ ÃU

𝛼 are continuous on [0,1].

Proposition 2.3.4 Let Ã ∈ 𝔉(ℝ) be a fuzzy interval. Then, the endpoint functions 𝜁L(𝛼) =
ÃL
𝛼 and 𝜁U (𝛼) = ÃU

𝛼 satisfy the following conditions.

(i) 𝜁L is increasing on [0,1], and 𝜁U is decreasing on [0,1].
(ii) 𝜁L and 𝜁U are left-continuous on (0,1].

(iii) 𝜁L and 𝜁U are right-continuous at 0.
(iv) 𝜁L and 𝜁U have the right-limit at any 𝛼0 ∈ [0,1).
(v) 𝜁L is lower semi-continuous on [0,1] and 𝜁U is upper semi-continuous on [0,1].

(vi) Suppose that cl(Ã𝛼+) = Ã𝛼 for all 𝛼 ∈ [0,1). Then 𝜁L and 𝜁U are continuous on (0,1),
left-continuous at 1, and right-continuous at 0. In other words, 𝜁L and 𝜁U are continuous
on [0,1], i.e. Ã is a canonical fuzzy interval.

Proof. Part (i) is obvious. To prove part (ii), given 𝛼 ∈ (0,1], there exists an increasing
sequence {𝛼n}∞n=1 in [0,1] satisfying 𝛼n ↑ 𝛼 as n → ∞. Part (ii) of Proposition 2.2.8 says that[

𝜁
L(𝛼), 𝜁U (𝛼)

]
=
[

ÃL
𝛼,ÃU

𝛼

]
= Ã𝛼 =

∞⋂
n=1

Ã𝛼n
=

∞⋂
n=1

[
ÃL
𝛼n
,ÃU

𝛼n

]
=

∞⋂
n=1

[
𝜁

L(𝛼n), 𝜁U (𝛼n)
]
.

Let

A = Ã𝛼 =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]

and An = Ã𝛼n
=
[
𝜁

L(𝛼n), 𝜁U (𝛼n)
]

for all n. Then
⋂∞

n=1 An = A. Since 𝛼n+1 ≤ 𝛼n for all n, we have An+1 ⊆ An for all n. We also
see that

𝜁
U (𝛼n) = sup

p∈Ã𝛼n

p = sup
p∈An

p and 𝜁
L(𝛼n) = inf

p∈Ã𝛼n

p = inf
p∈An

p.

Using Proposition 1.2.3, we have

lim
n→∞

𝜁
U (𝛼n) = lim

n→∞
sup
p∈An

p = sup
p∈A

p = 𝜁
U (𝛼)
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and

lim
n→∞

𝜁
L(𝛼n) = lim

n→∞
inf
p∈An

p = inf
p∈A

p = 𝜁
L(𝛼),

which show that 𝜁L and 𝜁U are left-continuous on (0,1].
To prove part (iv), for any 𝛼0 ∈ [0,1), we consider the decreasing sequence {𝛼n}∞n=1 satis-

fying 𝛼n ↓ 𝛼0. Part (i) says that 𝜁L(𝛼n) ≥ 𝜁L(𝛼0) and 𝜁U (𝛼n) ≤ 𝜁U (𝛼0) for all n. Therefore, we
obtain

inf
n≥1

𝜁
L(𝛼n) ≥ 𝜁

L(𝛼0) and sup
n≥1

𝜁
U (𝛼n) ≤ 𝜁

U (𝛼0).

Since {𝛼n}∞n=1 is a decreasing sequence and 𝜁L is an increasing function, we have

lim
n→∞

𝜁
L(𝛼n) = inf

n≥1
𝜁

L(𝛼n) ≥ 𝜁
L(𝛼0) > −∞.

Since 𝜁U is a decreasing function, we also have

lim
n→∞

𝜁
U (𝛼n) = sup

n≥1
𝜁

U (𝛼n) ≤ 𝜁
U (𝛼0) < +∞.

Therefore 𝜁L and 𝜁U have the right-limit at any 𝛼0 ∈ [0,1).
To prove part (v), using Proposition 1.3.7, we see that 𝜁L is lower semi-continuous on

(0,1] and 𝜁U is upper semi-continuous on (0,1] by parts (i) and (ii). For 𝛼0 = 0, since 𝜁L is
increasing, if |𝛼0 − 𝛼| < 𝛿, i.e. 0 ≤ 𝛼 < 𝛿, then

𝜁
L(𝛼0) = 𝜁

L(0) ≤ 𝜁
L(𝛼) < 𝜁

L(𝛼) + 𝜖,

which says that 𝜁L is lower semi-continuous at 0. Since 𝜁U is decreasing, if |𝛼0 − 𝛼| < 𝛿, i.e.
0 ≤ 𝛼 < 𝛿, then

𝜁
U (𝛼0) + 𝜖 = 𝜁

U (0) + 𝜖 ≥ 𝜁
U (𝛼) + 𝜖 > 𝜁

U (𝛼),

which also says that 𝜁U is upper semi-continuous at 0.
To prove part (vi), since the functions 𝜁L(𝛼) = ÃL

𝛼 and 𝜁U (𝛼) = ÃU
𝛼 are left-continuous on

(0,1] by part (ii), it remains to show that they are right-continuous on [0,1). Given 𝛼 ∈ [0,1).
We consider the decreasing sequence {𝛼n}∞n=1 in [0,1] satisfying 𝛼n ↓ 𝛼 with 𝛼n > 𝛼 for all n.
Part (ii) of Proposition 2.2.8 says that Ã𝛼+ =

⋃∞
n=1 Ã𝛼n

. Let An = Ã𝛼n
, A+ = Ã𝛼+ and A = Ã𝛼 .

Then
⋃∞

n=1 An = A+. The assumption also says that cl(A+) = A. Then, we have

lim
n→∞

𝜁
U (𝛼n) = lim

n→∞
sup
p∈Ã𝛼n

p = lim
n→∞

sup
p∈An

p = sup
p∈A+

p (by Proposition 1.2.4)

= sup
p∈cl(A+)

p (by Proposition 1.2.7)

= sup
p∈A

p = sup
p∈Ã𝛼

p = 𝜁
U (𝛼)

and

lim
n→∞

𝜁
L(𝛼n) = lim

n→∞
inf

p∈Ã𝛼n

p = lim
n→∞

inf
p∈An

p = inf
p∈A+

p (by Proposition 1.2.4)

= inf
p∈cl(A+)

p (by Proposition 1.2.7)

= inf
p∈A

p = inf
p∈Ã𝛼

p = 𝜁
L(𝛼),

which show that 𝜁L and 𝜁U are right-continuous on [0,1).
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To prove part (iii), we assume that 𝛼n ↓ 0 with 𝛼n > 0 for all n. Since cl(Ã0+) = Ã0 by
the definition of 0-level set, part (vi) says that 𝜁L and 𝜁U are right-continuous at 0. This
completes the proof. ◾

Proposition 2.3.5 Let Ã be a fuzzy interval such that the membership function 𝜉Ã is strictly
increasing on [ÃL

0 ,ÃL
1 ] and strictly decreasing on [ÃU

1 ,ÃU
0 ], i.e. Ã is a standard fuzzy inter-

val. Then, the functions 𝜁L(𝛼) = ÃL
𝛼 and 𝜁U (𝛼) = ÃU

𝛼 are continuous on (0,1), left-continuous
at 1, and right-continuous at 0. In other words, 𝜁L and 𝜁U are continuous on [0,1], i.e. Ã is a
canonical fuzzy interval.

Proof. The strict monotonicity of a membership function says that, given any x in the
0-level set Ã0, we have

x =

{
ÃL
𝛽 for some 𝛽 ∈ (0,1] if ÃL

0 < x ≤ ÃL
1

ÃU
𝛽 for some 𝛽 ∈ (0,1] if ÃU

1 ≤ x < ÃU
0 ,

(2.22)

where 𝛽 = 𝜉Ã(x). From part (ii) of Proposition 2.3.4, we just need to prove the right con-
tinuity on [0,1). Therefore, for 𝛼0 ∈ [0,1), we consider 0 < 𝛼 − 𝛼0 < 𝛿 to prove the right
continuity at 𝛼0. Suppose that ÃL

𝛼0
= ÃL

1 . Then ÃL
𝛼 = ÃL

1 for all 𝛼 ∈ [𝛼0, 1], since ÃL
𝛼 is increas-

ing with respect to 𝛼. This says that |ÃL
𝛼 − ÃL

𝛼0
| = 0 for 0 < 𝛼 − 𝛼0 < 𝛿. Now, we consider the

case of ÃL
𝛼0
< ÃL

1 . Given any 𝜖 > 0, we also consider the following cases.

● Suppose that ÃL
𝛼0
+ 𝜖 ≤ ÃL

1 . Since ÃL
𝛼0
< ÃL

𝛼0
+ 𝜖, the denseness says that there exists x ∈ ℝ

satisfying ÃL
𝛼0
< x < ÃL

𝛼0
+ 𝜖 ≤ ÃL

1 .
● Suppose that ÃL

𝛼0
+ 𝜖 > ÃL

1 . Since ÃL
𝛼0
< ÃL

1 , the denseness says that there exists x ∈ ℝ
satisfying ÃL

𝛼0
< x < ÃL

1 < ÃL
𝛼0
+ 𝜖.

From (2.22), there exists 𝛽 ∈ (0,1] satisfying x = ÃL
𝛽 . Therefore, the above two cases

say that ÃL
𝛼0
< ÃL

𝛽 < ÃL
𝛼0
+ 𝜖. Since ÃL

𝛼 is increasing with respect to 𝛼, we obtain 𝛼0 < 𝛽.
Now, we take 𝛿 = 𝛽 − 𝛼0. Then, for 0 < 𝛼 − 𝛼0 < 𝛿, we have 𝛼 < 𝛽, which says that
ÃL
𝛼 ≤ ÃL

𝛽 < ÃL
𝛼0
+ 𝜖. Therefore, we obtain |ÃL

𝛼 − ÃL
𝛼0
| < 𝜖 for 0 < 𝛼 − 𝛼0 < 𝛿. This shows that

𝜁L is right-continuous on [0,1). We can similarly show that 𝜁U is right-continuous on [0,1),
and the proof is complete. ◾

Proposition 2.3.5 says that if Ã is a standard fuzzy interval, then it is also a canonical fuzzy
interval.

Definition 2.3.6 Let Ã be a fuzzy set in ℝ with membership function 𝜉Ã.

● We say that Ã is nonnegative when 𝜉Ã(r) = 0 for all r < 0.
● We say that Ã is nonpositive when 𝜉Ã(r) = 0 for all r > 0.
● We say that Ã is positive when 𝜉Ã(r) = 0 for all r ≤ 0.
● We say that Ã is negative when 𝜉Ã(r) = 0 for all r ≥ 0.

Remark 2.3.7 Let Ã ∈ 𝔉(ℝ) be a fuzzy interval. Then, we have the following observa-
tions.

● Suppose that Ã is nonnegative. Then ÃL
𝛼 ≥ 0 for all 𝛼 ∈ [0,1], which also says that ÃU

𝛼 ≥ 0
for all 𝛼 ∈ [0,1].
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● Suppose that Ã is nonpositive. Then ÃU
𝛼 ≤ 0 for all 𝛼 ∈ [0,1], which also says that ÃL

𝛼 ≤ 0
for all 𝛼 ∈ [0,1].

● Suppose that Ã is positive. Then ÃL
𝛼 > 0 for all 𝛼 ∈ [0,1], which also says that ÃU

𝛼 > 0 for
all 𝛼 ∈ [0,1].

● Suppose that Ã is a negative. Then ÃU
𝛼 < 0 for all 𝛼 ∈ [0,1], which also says that ÃL

𝛼 < 0
for all 𝛼 ∈ [0,1].

Definition 2.3.8 We say that Ã is an LR-fuzzy interval when its membership function
has the following form

𝜉Ã(x) =

⎧⎪⎪⎨⎪⎪⎩
lÃ(x), if a1 ≤ x < a2
1, if a2 ≤ x ≤ a3
rÃ(x), if a3 < x ≤ a4
0, otherwise

and satisfies the following conditions:

● lÃ ∶ [a1, a2) → [0,1) is a right-continuous and increasing function on [a1, a2);
● rÃ ∶ (a3, a4] → [0,1) is a left-continuous and decreasing function on (a3, a4].

In this case, we write it as Ã = (a1, a2, a3, a4)LR. We denote by 𝔉LR(ℝ) the set of all
LR-fuzzy intervals.

In what follows, we are going to claim 𝔉(ℝ) = 𝔉LR(ℝ)

Proposition 2.3.9 Let Ã = (a1, a2, a3, a4)LR be an LR-fuzzy interval. Then, we have the fol-
lowing properties.

(i) For any 𝛼 ∈ (0,1), let

x𝛼 = inf
{

x ∶ lÃ(x) ≥ 𝛼 for x ∈ [a1, a2)
}

and

y𝛼 = sup
{

x ∶ rÃ(x) ≥ 𝛼 for x ∈ (a3, a4]
}

Then, the 𝛼-level set of Ã is a closed interval given by

Ã𝛼 =
⎧⎪⎨⎪⎩
[a2, a3], if 𝛼 = 1[
x𝛼, y𝛼

]
, if 𝛼 ∈ (0,1)

[a1, a4], if 𝛼 = 0.

(ii) Suppose that 𝜉Ã is continuous on [a1, a4], that lÃ is strictly increasing on [a1, a2), and that
rÃ is strictly decreasing function on (a3, a4]. Then, the 𝛼-level set of Ã is a closed interval
given by

Ã𝛼 =
⎧⎪⎨⎪⎩
[a2, a3], if 𝛼 = 1[

l−1
Ã
(𝛼), r−1

Ã
(𝛼)

]
, if 𝛼 ∈ (0,1)

[a1, a4], if 𝛼 = 0.

Moreover, we have 𝔉LR(ℝ) ⊆ 𝔉(ℝ).
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Proof. To prove part (i), it is obvious for the cases of 𝛼 = 0 and 𝛼 = 1. Now, we consider
𝛼 ∈ (0,1). Given any x0 ∈ Ã𝛼 , we have 𝜉Ã(x0) ≥ 𝛼. If x0 < a2, we have lÃ(x0) = 𝜉Ã(x0) ≥ 𝛼,
which implies x0 ≥ x𝛼 . If x0 > a3, we have rÃ(x0) = 𝜉Ã(x0) ≥ 𝛼, which also implies x0 ≤ y𝛼 .
We conclude x0 ∈ [x𝛼, y𝛼]. This shows the inclusion Ã𝛼 ⊆ [x𝛼, y𝛼].

Next, we want to show x𝛼, y𝛼 ∈ Ã𝛼 . By the concept of infimum regarding x𝛼 , there exists
a decreasing sequence {xn}∞n=1 in the set

{
x ∶ lÃ(x) ≥ 𝛼 for x ∈ [a1, a2)

}
satisfying xn ↓ x𝛼 .

Since lÃ(xn) ≥ 𝛼 and lÃ is right-continuous, we have

𝜉Ã(x𝛼) = lÃ(x𝛼) = lim
n→∞

lÃ(xn) ≥ 𝛼,

which says that x𝛼 ∈ Ã𝛼 . Similarly, by the concept of supremum regarding y𝛼 , there exists
an increasing sequence {yn}∞n=1 in the set

{
x ∶ rÃ(x) ≥ 𝛼 for x ∈ (a3, a4]

}
satisfying yn ↑ y𝛼 .

Since rÃ(yn) ≥ 𝛼 and rÃ is left-continuous, we have

𝜉Ã(y𝛼) = rÃ(y𝛼) = lim
n→∞

rÃ(yn) ≥ 𝛼,

which says that y𝛼 ∈ Ã𝛼 . Therefore, we obtain Ã𝛼 = [x𝛼, y𝛼].
Since the 𝛼-level sets Ã𝛼 are closed and convex sets in ℝ, it follows that the member-

ship function 𝜉Ã is quasi-concave and upper semi-continuous, i.e. Ã ∈ 𝔉(ℝ). Therefore, we
obtain the inclusion 𝔉LR(ℝ) ⊆ 𝔉(ℝ).

To prove part (ii), the strict monotonicity says that the inverse functions l−1
Ã

and r−1
Ã

exist.
The desired results can be easily realized from part (i). This completes the proof. ◾

We notice that if lÃ is continuous on [a1, a2) and rÃ is continuous on (a3, a4], then it does
not necessarily imply that 𝜉Ã is continuous on [a1, a4], since 𝜉Ã may have jumps at a2 and
a3. In what follows, we are going to present the converse of Proposition 2.3.9.

Theorem 2.3.10 Let Ã be a fuzzy interval. Then, there exists a1, a2, a3, a4 ∈ ℝ and the func-
tions lÃ and rÃ satisfying the following conditions:

● lÃ ∶ [a1, a2) → [0,1) is a right-continuous and increasing function on [a1, a2);
● rÃ ∶ (a3, a4] → [0,1) is a left-continuous and decreasing function on (a3, a4],

such that its membership function can be described by

𝜉Ã(x) =

⎧⎪⎪⎨⎪⎪⎩
lÃ(x) if a1 ≤ x < a2
1 if a2 ≤ x ≤ a3
rÃ(x) if a3 < x ≤ a4
0 otherwise.

In other words, Ã is an LR-fuzzy interval. Moreover, we have 𝔉(ℝ) = 𝔉LR(ℝ). Suppose that Ã
is a standard fuzzy interval. Then lÃ is strictly increasing function on [a1, a2) and rÃ is strictly
decreasing function on (a3, a4].

Proof. Since the 1-level set Ã1 = [ÃL
1 ,ÃU

1 ] and the 0-level set Ã0 = [ÃL
0 ,ÃU

0 ] are nonempty,
we take

a1 = ÃL
0 , a2 = ÃL

1 , a3 = ÃU
1 , and a4 = ÃU

0 .
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Then, we define

lÃ(x) = 𝜉Ã(x) for x ∈ [a1, a2)

and

rÃ(x) = 𝜉Ã(x) for x ∈ (a3, a4].

For a1 ≤ x ≤ y < a2, there exists 𝜆 ∈ (0,1) satisfying y = 𝜆x + (1 − 𝜆)a2. Since the member-
ship function 𝜉Ã is quasi-concave, we have

lÃ(y) = 𝜉Ã(y) = 𝜉Ã(𝜆x + (1 − 𝜆)a2)

≥ min
{
𝜉Ã(x), 𝜉Ã(a2)

}
= min

{
𝜉Ã(x), 1

}
= 𝜉Ã(x) = lÃ(x),

which shows that lÃ is increasing on [a1, a2). Similarly, For a3 < y ≤ x ≤ a4, there exists
𝜆 ∈ (0,1) satisfying y = 𝜆x + (1 − 𝜆)a3. We also have

rÃ(y) = 𝜉Ã(y) = 𝜉Ã(𝜆x + (1 − 𝜆)a3)

≥ min
{
𝜉Ã(x), 𝜉Ã(a3)

}
= min

{
𝜉Ã(x), 1

}
= 𝜉Ã(x) = rÃ(x),

which shows that rÃ is decreasing on (a3, a4].
For x0 ∈ [a1, a2), the denseness says that there exists a sequence {xn}∞n=1 in [a1, a2) satis-

fying xn ↓ x0. Since lÃ is increasing, we have lÃ(xn) ≥ lÃ(x0) for all n and

inf
n

lÃ(xn) = lim
n→∞

lÃ(xn) ≥ lÃ(x0),

which says that the limit exists. Now, we write

𝛼 = lim
n→∞

lÃ(xn) = inf
n

lÃ(xn) and 𝛼0 = lÃ(x0).

Then, we see that

𝜉Ã(xn) = lÃ(xn) ≥ 𝛼 ≥ 𝛼0 for all n,

which implies xn ∈ Ã𝛼 for all n. Since Ã𝛼 is a closed set and xn ↓ x0, it follows that

x0 ∈ cl(Ã𝛼) = Ã𝛼.

Therefore, we obtain

𝛼0 = lÃ(x0) = 𝜉Ã(x0) ≥ 𝛼,

which implies 𝛼 = 𝛼0, i.e.

lim
n→∞

lÃ(xn) = 𝛼 = 𝛼0 = lÃ(x0).

This shows that lÃ is right-continuous at x0.
For y0 ∈ (a3, a4], there exists a sequence {yn}∞n=1 in (a3, a4] satisfying yn ↑ y0. Since rÃ is

decreasing, we have rÃ(yn) ≥ rÃ(y0). Now, we write

𝛽 = lim
n→∞

rÃ(yn) = inf
n

rÃ(yn) and 𝛽0 = rÃ(y0).

Then, we see that

𝜉Ã(yn) = rÃ(yn) ≥ 𝛽 ≥ 𝛽0,
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which implies yn ∈ Ã𝛽 . Since Ã𝛽 is a closed set and yn ↑ y0, it follows that y0 ∈ Ã𝛽 . Therefore,
we obtain

𝛽0 = rÃ(y0) = 𝜉Ã(y0) ≥ 𝛽,

which implies 𝛽 = 𝛽0, i.e.

lim
n→∞

rÃ(yn) = 𝛽 = 𝛽0 = rÃ(y0).

This shows that rÃ is left-continuous at y0. Therefore, we conclude that Ã is an LR-fuzzy
interval, which shows the inclusion 𝔉(ℝ) ⊆ 𝔉LR(ℝ). From Proposition 2.3.9, we obtain the
equality

𝔉(ℝ) = 𝔉LR(ℝ).

Suppose that Ã is a standard fuzzy interval. Then, it is clear to see that lÃ is strictly increas-
ing function on [a1, a2) and rÃ is strictly decreasing function on (a3, a4]. This completes the
proof. ◾
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3

Set Operations of Fuzzy Sets

We shall study the intersection and union of fuzzy sets. Let Ã and B̃ be two fuzzy sets in ℝm

with membership functions 𝜉Ã and 𝜉B̃, respectively. The usual intersection and union of Ã
and B̃ by referring to Zadeh [162] are defined using the min and max aggregation functions
as follows

𝜉Ã∩B̃(x) = min
{
𝜉Ã(x), 𝜉B̃(x)

}
and 𝜉Ã∪B̃(x) = max

{
𝜉Ã(x), 𝜉B̃(x)

}
. (3.1)

For more detailed properties, refer to Mizumoto and Tanaka [81], Dubois and Prade [28],
and Klir and Yuan [60].

We can extend the min and max aggregation functions to the the t-norm t and s-norm
s (t-conorm), respectively. Weber [116] and Yager [158] used the t-norm t and s-norm s to
propose the intersection and union as follows

𝜉Ã∩B̃(x) = t
(
𝜉Ã(x), 𝜉B̃(x)

)
and 𝜉Ã∪B̃(x) = s

(
𝜉Ã(x), 𝜉B̃(x)

)
.

The t-norm and s-norm satisfy some suitable conditions in which the boundary condition
regarding 0 and 1 in the unit interval [0,1] are taken into account. In this chapter, instead of
using the t-norm and s-norm, we shall consider the general aggregation functions to define
the intersection and union of fuzzy sets.

3.1 Complement of Fuzzy Sets

Let A be a subset of ℝm. The complement set of A is denoted by Ac and given by Ac = ℝm∖A.
It is easy to see that the characteristic function of Ac satisfies the following equality

𝜒Ac (x) = 1 − 𝜒A(x) for all x ∈ ℝm
. (3.2)

Let Ã be a fuzzy set in ℝm. The complement of Ã is denoted by Ãc and, inspired by (3.2), the
membership function of Ãc is defined by

𝜉Ãc (x) = 1 − 𝜉Ã(x) for all x ∈ ℝm
. (3.3)

We want to extend the concept of complement of fuzzy set as follows.
Let c ∶ [0,1] → [0,1] be a mapping that transforms the membership degree of fuzzy set Ã

into the membership degree of its complement Ãc, i.e.

c(𝜉Ã(x)) = 𝜉Ãc (x) for all x ∈ ℝm
.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Then, the extension of fuzzy complement is defined below.

Definition 3.1.1 The function c ∶ [0,1] → [0,1] is called a fuzzy complement when the
following conditions are satisfied:

● (boundary conditions) c(0) = 1 and c(1) = 0;
● (decreasing condition) for any a, b ∈ [0,1], a < b implies c(a) ≥ c(b).

We see that equation (3.3) is obtained by taking c(x) = 1 − x, and it is easy to show that this
function c satisfies the above conditions. We also have the following fuzzy complements.

(i) Sugeno class: For 𝜆 ∈ (−1,∞), we take

c𝜆(a) =
1 − a

1 + 𝜆a
.

(ii) Yager class: For w ∈ (0,∞), we take

cw(a) = (1 − aw)1∕w
. (3.4)

We can also consider another definition of fuzzy complement as follows.

Definition 3.1.2 The function c ∶ [0,1] → [0,1] is called a fuzzy complement when the
following conditions are satisfied:

● c(0) = 1;
● a < b implies c(a) > c(b);
● c(c(a)) = a.

It is clear to see c(1) = c(c(0)) = 0. The fuzzy complement is seldom used in applications.

3.2 Intersection of Fuzzy Sets

Let A and B be two subsets ofℝm. Then, we have two corresponding characteristic functions
𝜒A and 𝜒B. The intersection A ∩ B also has the corresponding characteristic function 𝜒A∩B.
It is obvious that

𝜒A∩B(x) = min
{
𝜒A(x), 𝜒B(x)

}
. (3.5)

Inspired by (3.5), the intersection of fuzzy sets is defined below by replacing the character-
istic functions with the membership functions.

Definition 3.2.1 Let Ã and B̃ be two fuzzy sets in ℝm with membership functions 𝜉Ã and
𝜉B̃, respectively. The membership function of the intersection Ã ∧ B̃ of Ã and B̃ is defined by

𝜉Ã∧B̃(x) = min{𝜉Ã(x), 𝜉B̃(x)} (3.6)

for all x ∈ ℝm.

For more than two fuzzy sets, their intersection is defined inductively. Given any three
fuzzy sets Ã(1)

,Ã(2), and Ã(3) in ℝm, we first consider the intersection Ã = Ã(1) ∧ Ã(2) whose
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membership function is given in (3.6). Now, the intersection of Ã(1)
,Ã(2), and Ã(3) can be

defined as

Ã∘
≡

(
Ã(1) ∧ Ã(2)

)
∧ Ã(3) = Ã ∧ Ã(3)

whose membership function is given by

𝜉Ã∘ (x) = min
{
𝜉Ã(x), 𝜉Ã(3) (x)

}
= min

{
min

{
𝜉Ã(1) (x), 𝜉Ã(2) (x)

}
, 𝜉Ã(3) (x)

}
= min

{
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

}
. (3.7)

Suppose that the intersection is defined as

Ã(1) ∧
(

Ã(2) ∧ Ã(3)
)

or Ã(2) ∧
(

Ã(3) ∧ Ã(1)
)

or
(

Ã(3) ∧ Ã(2)
)
∧ Ã(1)

or any other permutation. Then, we can similarly show that their membership functions
are identical to (3.7). In this case, we can simply write

Ã∘
≡ Ã(1) ∧ Ã(2) ∧ Ã(3)

.

Inductively, the membership function of the intersection

Ã(1) ∧ … ∧ Ã(n)

is given by

𝜉∧n
i=1Ã(i) (x) = min

{
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

}
.

Proposition 3.2.2 Let Ã(1)
,… ,Ã(n) be fuzzy sets in ℝm. Then, we have(

Ã(1) ∧ … ∧ Ã(n)
)
𝛼

= Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 (3.8)

for any 𝛼 ∈ (0,1].

Proof. Given any 𝛼 ∈ (0,1], we have(
Ã(1) ∧ … ∧ Ã(n)

)
𝛼

=
{

x ∈ ℝm ∶ 𝜉∧n
i=1Ã(i) (x) ≥ 𝛼

}
=
{

x ∈ ℝm ∶ min
{
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

}
≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝜉
(i)
Ã
(x) ≥ 𝛼 for all i = 1,… ,n

}
=
{

x ∈ ℝm ∶ x ∈ Ã(i)
𝛼 for all i = 1,… ,n

}
= Ã(1)

𝛼 ∩… ∩ Ã(n)
𝛼 .

This completes the proof. ◾

We now want to extend the concept of intersection of fuzzy sets by introducing the t-norm.

Definition 3.2.3 The function t ∶ [0,1] × [0,1] → [0,1] is called a t-norm (triangular
norm) when the following conditions are satisfied:

● (boundary condition) t(a,1) = a;
● (commutativity) t(a, b) = t(b, a);
● (increasing property) a1 ≤ a2 and b1 ≤ b2 imply t(a1, b1) ≤ t(a2, b2);
● (associativity) t(t(a, b), c) = t(a, t(b, c)).
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Remark 3.2.4 The third condition says that t(0, a) ≤ t(0,1) for any a ∈ [0,1]. From the
first condition, we have t(0,1) = 0, which also implies t(0, a) = 0 for any a ∈ [0,1].

Definition 3.2.5 Let t be a t-norm that transforms the membership degrees of fuzzy sets
Ã and B̃ into the membership degree of the intersection Ã ∧ B̃. The membership function
of the intersection Ã ∧ B̃ is defined by

𝜉Ã∧B̃(x) = t(𝜉Ã(x), 𝜉B̃(x))

for all x ∈ ℝm.

We see that the expression (3.6) is obtained by taking t(a, b) = min{a, b}, and it is easy to
show that this minimum function satisfies the above conditions. Many well-known t-norms
are also shown below:

● Dombi class: For 𝜆 ∈ (0,∞), we take

t(D)
𝜆

(a, b) = 1
1 + [( 1

a
− 1)𝜆 + ( 1

b
− 1)𝜆]1∕𝜆

.

● Dubois-Prade class: For 𝛼 ∈ [0,1], we take

t(D-P)
𝛼 (a, b) = ab

max{a, b, 𝛼}
.

● Yager class: For w ∈ (0,∞), we take

t(Y )
w (a, b) = 1 − min{1, ((1 − a)w + (1 − b)w)1∕w}.

● Schweitzer-Sklar class: For p ∈ ℝ, we take

t(S-S)
p (a, b) = 1 − [(1 − a)p + (1 − b)p − (1 − a)p(1 − b)p]1∕p

.

● Frank class: For s > 0, we take

t(F)s (a, b) = logs

(
1 + (sa − 1)(sb − 1)

s − 1

)
.

● Hamacher product: For 𝜆 ≥ 0, we take

t(HP)
𝜆

(a, b) = ab
𝜆 + (1 − 𝜆)(a + b − ab)

.

● Drastic product: We take

t(DP)(a, b) =
⎧⎪⎨⎪⎩

a if b = 1
b if a = 1
0 otherwise.

● Einstein product: We take

t(EP)(a, b) = ab
2 − (a + b − ab)

.

● Algebraic product: We take

t(AP)(a, b) = ab.
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We have the following relationships

lim
𝜆→∞

t(D)
𝜆

(a, b) = min{a, b}, lim
𝜆→0

t(D)
𝜆

(a, b) = t(DP)(a, b),

t(S-S)
1 (a, b) = ab, lim

p↓0
t(S-S)
p (a, b) = t(DP)(a, b), lim

p→∞
t(S-S)
p (a, b) = min{a, b}

t(HP)
1 (a, b) = ab, lim

𝜆→∞
t(HP)
𝜆

(a, b) = t(DP)(a, b).

Proposition 3.2.6 (Wang [112]) For any t-norm t, the following inequalities hold

t(DP)(a, b) ≤ t(a, b) ≤ min{a, b}

for any a, b ∈ [0,1].

The t(DP) operation can be considered as the most “pessimistic” t-norm operation. Now,
we consider the interesting Dubois-Prade class t(D-P)

𝛼 (a, b) for 𝛼 ∈ [0,1]. Note that

t(D-P)
𝛼 (a, b) =

{
ab∕𝛼 if a, b < 𝛼

min{a, b} otherwise.

● For 𝛼 = 0, we have t(D-P)
𝛼 (a, b) = min{a, b}.

● For 𝛼 = 1, we have t(D-P)
𝛼 (a, b) = ab.

● For 𝛼 ∈ (0,1), it is a function between the minimum and the product.

Next, we shall consider the generalized t-norm. Let t be a t-norm. Since t is associative,
we can recursively define the function Tn ∶ [0,1]n → [0,1] by

Tn(𝛼1,… , 𝛼n−1, 𝛼n) = t(Tn−1(𝛼1,… , 𝛼n−1), 𝛼n). (3.9)

The function Tn is called a generalized t-norm. Now, using the axioms of a t-norm, for
any 𝛼 ∈ [0,1], we have

t(𝛼, 𝛼) ≤ t(𝛼,1) = 𝛼,

which implies

T3(𝛼, 𝛼, 𝛼) = t(T2(𝛼, 𝛼), 𝛼) = t(t(𝛼, 𝛼), 𝛼) ≤ t(𝛼, 𝛼) ≤ 𝛼

and

T4(𝛼, 𝛼, 𝛼, 𝛼) = t(T3(𝛼, 𝛼, 𝛼), 𝛼) ≤ t(𝛼, 𝛼) ≤ 𝛼.

Inductively, we obtain

Tn(𝛼,… , 𝛼) ≤ 𝛼 (3.10)

for any 𝛼 ∈ [0,1].

Remark 3.2.7 We have the following observations.

● Since the t-norm is increasing in the sense that

a1 ≤ b1 and a2 ≤ b2 imply t(a1, a2) ≤ t(b1, b2),

we have that Tn is also increasing in the sense that

ai ≤ bi for all i = 1,… ,n imply Tn(a1,… , an) ≤ Tn(b1,… , bn).
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However, the converse does not necessarily hold true in general; that is, Tn(a1,… , an) ≤
Tn(b1,… , bn) does not necessarily imply ai ≤ bi for all i = 1,… ,n.

● From Remark 3.2.4, we see that t(0, a) = t(a,0) = 0 for any a ∈ [0,1]. Therefore, if one of
the ai is zero, then Tn(a1,… , an) = 0. In other words, if Tn(a1,… , an) > 0, then ai > 0 for
all i = 1,… ,n.

● According to the boundary condition of t-norm, we see that t(1,1) = 1, which also implies
Tn(1,… ,1) = 1.

Instead of considering a t-norm for the intersection, we shall consider the general func-
tion that is formally defined below.

Definition 3.2.8 Let 𝔄∩ ∶ [0,1]n → [0,1] be a function defined on [0,1]n. Given fuzzy sets
Ã(1)

,… ,Ã(n) in ℝm, the intersection of Ã(1)
,… ,Ã(n) is denoted by

Ã(1)
⊓… ⊓ Ã(n) = ⊓

n
i=1Ã(i)

, (3.11)

and its membership function is defined by

𝜉
⊓n

i=1Ã(i) (x) = 𝔄∩ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
. (3.12)

Since the membership function of the intersection depends on the function𝔄∩, we some-
times write

Ã(1)
⊓… ⊓ Ã(n)(𝔄∩) = ⊓

n
i=1Ã(i)(𝔄∩). (3.13)

In particular, we can take the function 𝔄∩ as the minimum function or the generalized
t-norm as given below

𝔄∩ (
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
or 𝔄∩ (

𝛼1,… , 𝛼n
)
= Tn

(
𝛼1,… , 𝛼n

)
. (3.14)

Inspired by (3.8), we propose the following definition.

Definition 3.2.9 Given any fuzzy sets Ã(1)
,… ,Ã(n) in ℝm, the concepts of compatibility

are defined below.

● We say that the function 𝔄∩ ∶ [0,1]n → [0,1] is ⊆-compatible with set intersection
when the following inclusion holds true(

Ã(1)
⊓… ⊓ Ã(n)

)
𝛼

⊆ Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 (3.15)

for each 𝛼 ∈ (0,1].
● We say that the function 𝔄∩ ∶ [0,1]n → [0,1] is ⊇-compatible with set intersection

when the following inclusion holds true(
Ã(1)

⊓… ⊓ Ã(n)
)
𝛼

⊇ Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 (3.16)

for each 𝛼 ∈ (0,1].

By referring to (3.8), we see that the function taken by

𝔄∩ (
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
is both ⊆-compatible and ⊇-compatible with set intersection.
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Proposition 3.2.10 Suppose that the function 𝔄∩ ∶ [0,1]n → [0,1] is both ⊆-compatible
and ⊇-compatible with set intersection. Then, we have

𝔄∩(𝛼1,… , 𝛼n) = min
{
𝛼1,… , 𝛼n

}
for 0 < 𝛼i ∈ (𝜉Ã(i) ) and i = 1,… ,n.

Proof. Given any fixed Ã(1)
,… ,Ã(n), since the function 𝔄∩ ∶ [0,1]n → [0,1] is assumed to

be both ⊆-compatible and ⊇-compatible with set intersection, it means that(
Ã(1)

⊓… ⊓ Ã(n)
)
𝛼

= Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 for each 𝛼 ∈ (0,1]. (3.17)

Now, we have

Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 =
{

x ∈ ℝm ∶ x ∈ Ã(i)
𝛼 for each i = 1,… ,n

}
=
{

x ∈ ℝm ∶ 𝜉Ã(i) (x) ≥ 𝛼 for each i = 1,… ,n
}
.

From (3.12), we also have(
Ã(1)

⊓… ⊓ Ã(n)
)
𝛼

=
{

x ∈ ℝm ∶ 𝜉
⊓n

i=1Ã(i) (x) ≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝔄∩ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
≥ 𝛼

}
.

From (3.17), for each 𝛼 ∈ (0,1], we see that{
x ∈ ℝm ∶ 𝜉Ã(i) (x) ≥ 𝛼 for each i = 1,… ,n

}
=
{

x ∈ ℝm ∶ 𝔄∩ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
≥ 𝛼

}
.

Equivalently, it means that, for each 𝛼 ∈ (0,1] and x ∈ ℝm,

𝔄∩ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
≥ 𝛼 if and only if 𝜉Ã(i) (x) ≥ 𝛼 for each i = 1,… ,n.

We write 𝛼i = 𝜉Ã(i) (x) for i = 1,… ,n. Then 𝛼i ∈ (𝜉Ã(i) ) with 𝛼i > 0 for i = 1,… ,n and

𝔄∩ (
𝛼1,… , 𝛼n

)
≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for each i = 1,… ,n. (3.18)

We want to claim

𝔄∩ (
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
. (3.19)

Let 𝛼 = min{𝛼1,… , 𝛼n}. Since 𝛼i ≥ min{𝛼1,… , 𝛼n} for all i = 1,… ,n. Using (3.18), it fol-
lows that

𝔄∩ (
𝛼1,… , 𝛼n

)
≥ min

{
𝛼1,… , 𝛼n

}
by taking 𝛼 = min{𝛼1,… , 𝛼n}. On the other hand, suppose that 𝔄∩(𝛼1,… , 𝛼n) = 𝛼 > 0, i.e.
𝔄∩(𝛼1,… , 𝛼n) ≥ 𝛼, the expression (3.18) says that 𝛼i ≥ 𝛼 for each i = 1,… ,n, which implies

min
{
𝛼1,… , 𝛼n

}
≥ 𝛼 = 𝔄∩ (

𝛼1,… , 𝛼n
)
.

Therefore, we obtain the equality (3.19). This completes the proof. ◾

Proposition 3.2.11 We have the following properties.

(i) Suppose that the function 𝔄∩ ∶ [0,1]n → [0,1] satisfies the following condition: for any
𝛼 ∈ [0,1],

𝔄∩(𝛼1,… , 𝛼n) ≥ 𝛼 implies 𝛼i ≥ 𝛼 for each i = 1,… ,n.

Then 𝔄∩ is ⊆-compatible with set intersection.
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(ii) Suppose that the function 𝔄∩ ∶ [0,1]n → [0,1] satisfies the following condition: for any
𝛼 ∈ [0,1],

𝛼i ≥ 𝛼 for each i = 1,… ,n implies 𝔄∩(𝛼1,… , 𝛼n) ≥ 𝛼.

Then 𝔄∩ is ⊇-compatible with set intersection.
(iii) Suppose that the function 𝔄∩ ∶ [0,1]n → [0,1] satisfies the following condition: for any

𝛼 ∈ [0,1],

𝔄∩(𝛼1,… , 𝛼n) ≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for each i = 1,… ,n.

Then

𝔄∩ (
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
and 𝔄∩ is both ⊆-compatible and ⊇-compatible with set intersection.

Proof. The desired results can be similarly obtained from the proof of Proposition 3.2.10.
◾

Example 3.2.12 Suppose that the function 𝔄∩ ∶ [0,1]n → [0,1] is defined by

𝔄∩ (
𝛼1,… , 𝛼n

)
= 𝛼1𝛼2 · · · 𝛼n =

n∏
i=1

𝛼i.

Assume that

𝔄∩ (
𝛼1,… , 𝛼n

)
= 𝛼1𝛼2 · · · 𝛼n ≥ 𝛼.

Since each 𝛼i ≤ 1 for all i = 1,… ,n, we must have 𝛼i ≥ 𝛼 for each i = 1,… ,n. This shows
that 𝔄∩ is ⊆-compatible with set intersection from part (i) of Proposition 3.2.11.

Example 3.2.13 Suppose that the function𝔄∩ ∶ [0,1]n → [0,1] satisfies the following con-
ditions.

● 𝔄∩ is increasing in the following sense:

𝛼i ≤ 𝛽i for each i = 1,… ,n imply 𝔄∩ (
𝛼1,… , 𝛼n

)
≤ 𝔄∩ (

𝛽1,… , 𝛽n
)
. (3.20)

● For any 𝛼 ∈ [0,1], the inequality 𝔄∩(𝛼,… , 𝛼) ≥ 𝛼 holds true.

Assume that 𝛼i ≥ 𝛼 for each i = 1,… ,n. Then, we have

𝔄∩ (
𝛼1,… , 𝛼n

)
≥ 𝔄∩ (𝛼,… , 𝛼) (by the first condition)

≥ 𝛼 (by the second condition).

This shows that𝔄∩ is⊇-compatible with set intersection from part (ii) of Proposition 3.2.11.

Remark 3.2.14 Suppose that the function 𝔄∩ is taken to be the generalized t-norm Tn.
Since t-norm is increasing, it is clear to see that Tn is also increasing in the sense of (3.20).
Using Example 3.2.13, if we wish the function Tn to be ⊇-compatible with set intersec-
tion, then Tn must satisfy Tn(𝛼,… , 𝛼) ≥ 𝛼 for any 𝛼 ∈ [0,1]. From (3.10), it follows that
Tn(𝛼,… , 𝛼) = 𝛼. In other words, if Tn(𝛼,… , 𝛼) ≠ 𝛼, then Tn(𝛼,… , 𝛼) < 𝛼. This contradic-
tion says that if Tn(𝛼,… , 𝛼) ≠ 𝛼 then Tn cannot be ⊇-compatible with set intersection.
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3.3 Union of Fuzzy Sets

Let A and B be two subsets ofℝm. Then, we have two corresponding characteristic functions
𝜒A and𝜒B. The union A ∪ B also has the corresponding characteristic function𝜒A∪B. We can
obtain

𝜒A∪B(x) = max
{
𝜒A(x), 𝜒B(x)

}
. (3.21)

Inspired by (3.21), the union of fuzzy sets is defined below.

Definition 3.3.1 Let Ã and B̃ be two fuzzy sets in ℝm with membership functions 𝜉Ã and
𝜉B̃, respectively. The membership function of Ã ∨ B̃ is defined by

𝜉Ã∨B̃(x) = max{𝜉Ã(x), 𝜉B̃(x)} (3.22)

for all x ∈ ℝm.

For more than two fuzzy sets, their union should be defined inductively. Given any three
fuzzy sets Ã(1), Ã(2), and Ã(3) in ℝm, we first consider the union Ã = Ã(1) ∨ Ã(2) whose mem-
bership function is given by (3.22). Now, the union of Ã(1), Ã(2), and Ã(3) can be defined as

Ã∘
≡

(
Ã(1) ∨ Ã(2)

)
∨ Ã(3) = Ã ∨ Ã(3)

,

whose membership function is given by

𝜉Ã∘ (x) = max
{
𝜉Ã(x), 𝜉Ã(3) (x)

}
= max

{
max

{
𝜉Ã(1) (x), 𝜉Ã(2) (x)

}
, 𝜉Ã(3) (x)

}
= max

{
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

}
. (3.23)

Suppose that the union is defined as

Ã(1) ∨
(

Ã(2) ∨ Ã(3)
)

or Ã(2) ∨
(

Ã(3) ∨ Ã(1)
)

or
(

Ã(3) ∨ Ã(2)
)
∨ Ã(1)

or any other permutation. Then, we can similarly show that their membership functions
are identical to (3.23). In this case, we can simply write

Ã∘
≡ Ã(1) ∨ Ã(2) ∨ Ã(3)

.

Inductively, the membership function of the union

Ã(1) ∨ … ∨ Ã(n)

is given by

𝜉∨n
i=1Ã(i) (x) = max

{
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

}
.

Proposition 3.3.2 Let Ã(1)
,… ,Ã(n) be fuzzy sets in ℝm. Then, we have(

Ã(1) ∨ … ∨ Ã(n)
)
𝛼

= Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 (3.24)

for any 𝛼 ∈ (0,1].
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Proof. Given any 𝛼 ∈ (0,1], we have(
Ã(1) ∨ … ∨ Ã(n)

)
𝛼

=
{

x ∈ ℝm ∶ 𝜉∨n
i=1Ã(i) (x) ≥ 𝛼

}
=
{

x ∈ ℝm ∶ max
{
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

}
≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝜉
(i)
Ã
(x) ≥ 𝛼 for some i = 1,… ,n

}
=
{

x ∈ ℝm ∶ x ∈ Ã(i)
𝛼 for some i = 1,… ,n

}
= Ã(1)

𝛼 ∪… ∪ Ã(n)
𝛼 .

This completes the proof. ◾

We want to extend the concept of union of fuzzy sets by introducing the s-norm.

Definition 3.3.3 The function s ∶ [0,1] × [0,1] → [0,1] is called an s-norm (triangular
co-norm) when the following conditions are satisfied:

● (boundary condition) s(a,0) = a;
● (commutativity) s(a, b) = s(b, a);
● (increasing property) a1 ≤ a2 and b1 ≤ b2 imply s(a1, b1) ≤ s(a2, b2);
● (associativity) s(s(a, b), c) = s(a, s(b, c)).

It is clear to see that s(1, a) = 1 for any a ∈ [0,1]. We also have the relation between t-norm
and s-norm given by

t(a, b) = 1 − s(1 − a,1 − b) and s(a, b) = 1 − t(1 − a,1 − b).

Definition 3.3.4 Let s be an s-norm that transforms the membership degrees of fuzzy
sets Ã and B̃ into the membership degree of the union Ã ∨ B̃. The membership function is
defined by

𝜉Ã∨B̃(x) = s(𝜉Ã(x), 𝜉B̃(x))

for all x ∈ ℝm.

We see that the expression (3.22) is obtained by taking s(a, b) = max{a, b}, and it is clear to
see that this maximum function satisfies the above conditions. Now, we also present many
other s-norms as follows.

● Dombi class: For 𝜆 ∈ (0,∞), we take

s(D)
𝜆

(a, b) = 1
1 + [( 1

a
− 1)−𝜆 + ( 1

b
− 1)−𝜆]−1∕𝜆

. (3.25)

● Dubois-Prade class: For 𝛼 ∈ [0,1], we take

s(D-P)
𝛼 (a, b) = a + b − ab − min{a, b,1 − 𝛼}

max{1 − a,1 − b, 𝛼}
.

● Yager class: For w ∈ (0,∞), we take

s(Y )
w (a, b) = min{1, (aw + bw)1∕w}. (3.26)
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● Sugeno class: For 𝜆 ≥ −1, we take

s(S)
𝜆
(a, b) = min{1, a + b + 𝜆ab}.

● Drastic sum: We take

s(DS)(a, b) =
⎧⎪⎨⎪⎩

a if b = 0
b if a = 0
1 otherwise.

● Einstein sum: We take

s(ES)(a, b) = a + b
1 + ab

.

● Algebraic sum: We take

s(AS)(a, b) = a + b − ab.

Then, we have the following relationships

lim
𝜆→∞

s(D)
𝜆

(a, b) = max{a, b} and lim
𝜆→0

s(D)
𝜆

(a, b) = s(DS)(a, b).

Proposition 3.3.5 (Wang [112]) For any s-norm s, the following inequality holds true

max {a, b} ≤ s(a, b) ≤ s(DS)(a, b)

for any a, b ∈ [0,1].

Let s be an s-norm. Since s is associative, we can recursively define the function Sn ∶
[0,1]n → [0,1] by

Sn(𝛼1,… , 𝛼n−1, 𝛼n) = s(Sn−1(𝛼1,… , 𝛼n−1), 𝛼n). (3.27)

The function Sn is called a generalized s-norm .
Instead of considering an s-norm for the union, we shall consider the general function

that is formally defined below.

Definition 3.3.6 Let 𝔄∪ ∶ [0,1]n → [0,1] be a function defined on [0,1]n. Given fuzzy sets
Ã(1)

,… ,Ã(n) in ℝm, we define a fuzzy set of the union of fuzzy sets Ã(1)
,… ,Ã(n) as

Ã(1)
⊔… ⊔ Ã(n) = ⊔

n
i=1Ã(i)

, (3.28)

whose membership function is given by

𝜉
⊔n

i=1Ã(i) (x) = 𝔄∪ (
𝜉Ã(1) (x), · · · , 𝜉Ã(n) (x)

)
. (3.29)

Since the membership function of a union depends on the function 𝔄∪, we sometimes
write

Ã(1)
⊔… ⊔ Ã(n)(𝔄∪) = ⊔

n
i=1Ã(i)(𝔄∪). (3.30)

In particular, we can take the function 𝔄∪ as the maximum function or the generalized
s-norm as given below

𝔄∪ (
𝛼1,… , 𝛼n

)
= max

{
𝛼1,… , 𝛼n

}
and 𝔄∪ (

𝛼1,… , 𝛼n
)
= Sn

(
𝛼1,… , 𝛼n

)
. (3.31)

Inspired by (3.24), we propose the following definition.
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Definition 3.3.7 Given any fuzzy sets Ã(1)
,… ,Ã(n) in ℝm, the concepts of compatibility

are defined below.

● We say that the function 𝔄∪ ∶ [0,1]n → [0,1] is ⊆-compatible with set union when the
following inclusions hold true(

Ã(1)
⊔… ⊔ Ã(n)

)
𝛼

⊆ Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 (3.32)

for each 𝛼 ∈ (0,1].
● We say that the function 𝔄∪ ∶ [0,1]n → [0,1] is ⊇-compatible with set union when the

following inclusions hold true(
Ã(1)

⊔… ⊔ Ã(n)
)
𝛼

⊇ Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 (3.33)

for each 𝛼 ∈ (0,1].

By referring to (3.24), we see that the function given by

𝔄∪ (
𝛼1,… , 𝛼n

)
= max

{
𝛼1,… , 𝛼n

}
is both ⊆-compatible and ⊇-compatible with set union.

Proposition 3.3.8 Suppose that the function 𝔄∪ ∶ [0,1]n → [0,1] is both ⊆-compatible and
⊇-compatible with set union. Then, we have

𝔄∪(𝛼1,… , 𝛼n) = max
{
𝛼1,… , 𝛼n

}
for 0 < 𝛼i ∈ (𝜉Ã(i) ) and i = 1,… ,n.

Proof. Given any fixed Ã(1)
,… ,Ã(n), the assumption says that(

Ã(1)
⊔… ⊔ Ã(n)

)
𝛼

= Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 for each 𝛼 ∈ (0,1]. (3.34)

Now, we have

Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 =
{

x ∈ ℝm ∶ x ∈ Ã(i)
𝛼 for some i = 1,… ,n

}
=
{

x ∈ ℝm ∶ 𝜉Ã(i) (x) ≥ 𝛼 for some i = 1,… ,n
}
.

From (3.29), we also have(
Ã(1)

⊔… ⊔ Ã(n)
)
𝛼

=
{

x ∈ ℝm ∶ 𝜉
⊔n

i=1Ã(i) (x) ≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝔄∪ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
≥ 𝛼

}
.

From (3.34), for each 𝛼 ∈ (0,1], we see that{
x ∈ ℝm ∶ 𝜉Ã(i) (x) ≥ 𝛼 for some i = 1,… ,n

}
=
{

x ∈ ℝm ∶ 𝔄∪ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
≥ 𝛼

}
.

Equivalently, it means that, for each 𝛼 ∈ (0,1] and x ∈ ℝm,

𝔄∪ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
≥ 𝛼 if and only if 𝜉Ã(i) (x) ≥ 𝛼 for some i = 1,… ,n.

We write 𝛼i = 𝜉Ã(i) (x) for i = 1,… ,n. Then 𝛼i ∈ (𝜉Ã(i) ) with 𝛼i > 0 for i = 1,… ,n and

𝔄∪ (
𝛼1,… , 𝛼n

)
≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for some i = 1,… ,n. (3.35)
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We want to claim

𝔄∪ (
𝛼1,… , 𝛼n

)
= max

{
𝛼1,… , 𝛼n

}
. (3.36)

Suppose that 𝛼i < max{𝛼1,… , 𝛼n} for all i = 1,… ,n. Then max{𝛼1,… , 𝛼n} < max{𝛼1,… ,

𝛼n}. This contradiction says that 𝛼i ≥ max{𝛼1,… , 𝛼n} for some i = 1,… ,n. Let
𝛼 = max{𝛼1,… , 𝛼n}. Using (3.35), it follows that

𝔄∪ (
𝛼1,… , 𝛼n

)
≥ max

{
𝛼1,… , 𝛼n

}
by taking 𝛼 = max{𝛼1,… , 𝛼n}. On the other hand, suppose that 𝔄∪(𝛼1,… , 𝛼n) = 𝛼 > 0, i.e.
𝔄∪(𝛼1,… , 𝛼n) ≥ 𝛼, the expression (3.35) says that 𝛼i ≥ 𝛼 for some i = 1,… ,n, which implies

max
{
𝛼1,… , 𝛼n

}
≥ 𝛼 = 𝔄∪ (

𝛼1,… , 𝛼n
)
.

Therefore, we obtain the equality (3.36). This completes the proof. ◾

Proposition 3.3.9 We have the following properties.

(i) Suppose that the function 𝔄∪ ∶ [0,1]n → [0,1] satisfies the following condition: for any
𝛼 ∈ [0,1],

𝔄∪(𝛼1,… , 𝛼n) ≥ 𝛼 implies 𝛼i ≥ 𝛼 for some i = 1,… ,n.

Then 𝔄∪ is ⊆-compatible with set union.
(ii) Suppose that the function 𝔄∪ ∶ [0,1]n → [0,1] satisfies the following condition: for any

𝛼 ∈ [0,1],

𝛼i ≥ 𝛼 for some i = 1,… ,n implies 𝔄∪(𝛼1,… , 𝛼n) ≥ 𝛼.

Then 𝔄∪ is ⊇-compatible with set union.
(iii) Suppose that the function 𝔄∪ ∶ [0,1]n → [0,1] satisfies the following condition: for any

𝛼 ∈ [0,1],

𝔄∪(𝛼1,… , 𝛼n) ≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for some i = 1,… ,n.

Then

𝔄∪ (
𝛼1,… , 𝛼n

)
= max

{
𝛼1,… , 𝛼n

}
and 𝔄∪ is both ⊆-compatible and ⊇-compatible with set union.

Proof. The desired results can be similarly obtained from the proof of Proposition 3.3.8.
◾

From Propositions 3.2.6 and 3.3.5, we see that, for any membership degrees

a = 𝜉Ã(r) and b = 𝜉B̃(r)

of arbitrary fuzzy sets Ã and B̃, the membership degrees of their union defined by an s-norm
lies in the interval[

max{a, b}, s(DS)(a, b)
]
,

and the membership degrees of their intersection defined by t-norm lies in the interval[
t(DP)(a, b),min{a, b}

]
.

Let us consider the following two operators.
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● Fuzzy and: The “fuzzy and” operator

vp(a, b) = p ⋅ min{a, b} +
(1 − p)(a + b)

2
for p ∈ [0,1]

covers the range from min{a, b} to (a + b)∕2.
● Fuzzy or: The “fuzzy or” operator

v𝛾 (a, b) = 𝛾 ⋅ max{a, b} + (1 − 𝛾)(a + b)
2

for 𝛾 ∈ [0,1]

covers the range from (a + b)∕2 to max{a, b}.

The union and intersection operators presented above cannot cover the interval[
min{a, b},max{a, b}

]
.

Therefore, a so-called averaging operator is defined below.

Definition 3.3.10 The operator that covers the following interval[
min{a, b},max{a, b}

]
(3.37)

is called an averaging operator.

By referring to Wang [112] and Driankov et al. [23], we have the following averaging
operators proposed in the literature.

● Max-Min average: If we take

v𝜆(a, b) = 𝜆max{a, b} + (1 − 𝜆)min{a, b} for 𝜆 ∈ [0,1],

the max-min average operator covers the whole range from min{a, b} to max{a, b} as
given in (3.37) when the parameter 𝜆 changes from 0 to 1.

● Generalized mean: If we take

v𝛼(a, b) =
(

a𝛼 + b𝛼

2

)1∕𝛼

for 𝛼 ∈ ℝ and 𝛼 ≠ 0,

the generalized mean operator covers the whole range from min{a, b} to max{a, b} when
𝛼 changes from −∞ to ∞.

3.4 Inductive and Direct Definitions

For more than two fuzzy sets, the intersection and union based on the general functions
can be defined inductively or directly, which will be explained below. Given three fuzzy
sets Ã(1), Ã(2), and Ã(3) in ℝm, there are two ways to define the intersection, as follows.

● (Direct Definition). By considering a function 𝔄∩
3 ∶ [0,1]3 → [0,1], the membership

function of the intersection Ã†
≡ Ã(1)

⊓ Ã(2)
⊓ Ã(3) can be directly defined by

𝜉Ã† (x) = 𝔄∩
3
(
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
. (3.38)

Let us consider the following function

𝔄∩
3
(
𝛼1, 𝛼2, 𝛼3

)
= min

{
𝛼1𝛼2, 𝛼3

}
.
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We see that

𝔄∩
3
(
𝛼1, 𝛼2, 𝛼3

)
= min

{
𝛼1𝛼2, 𝛼3

}
≠ min

{
𝛼3𝛼2, 𝛼1

}
= 𝔄∩

3
(
𝛼3, 𝛼2, 𝛼1

)
.

It means that, in general, we have

𝔄∩
3
(
𝜉Ã(3) (x), 𝜉Ã(2) (x), 𝜉Ã(1) (x)

)
≠ 𝔄∩

3
(
𝜉Ã(2) (x), 𝜉Ã(3) (x), 𝜉Ã(1) (x)

)
≠ 𝔄∩

3
(
𝜉Ã(1) (x), 𝜉Ã(3) (x), 𝜉Ã(2) (x)

)
.

Therefore, we see that

Ã(3)
⊓ Ã(2)

⊓ Ã(1)
≠ Ã(2)

⊓ Ã(3)
⊓ Ã(1)

≠ Ã(1)
⊓ Ã(3)

⊓ Ã(2)
, (3.39)

where there are 3! = 6 permutations of Ã(1), Ã(2), and Ã(3). Suppose that the function 𝔄∩
3

is permutable in the sense of

𝔄∩
3
(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄∩

3
(
𝛼3, 𝛼2, 𝛼1

)
= · · · = 𝔄∩

3
(
𝛼1, 𝛼3, 𝛼2

)
for all 6 permutations of 𝛼1, 𝛼2, and 𝛼3. Then, the intersections in (3.39) are all identical.
For example, the function

𝔄∩
3
(
𝛼1, 𝛼2, 𝛼3

)
= min

{
𝛼1, 𝛼2, 𝛼3

}
is permutable for all 6 permutations.

● (Inductive Definition). We first consider the intersection Ã = Ã(1)
⊓ Ã(2) whose mem-

bership function is given by

𝜉Ã(x) = 𝜉Ã(1)
⊓Ã(2) (x) = 𝔄∩

2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
.

Given a third fuzzy set Ã(3), the intersection can be defined as

ÃL
≡

(
Ã(1)

⊓ Ã(2)
)
⊓ Ã(3) = Ã ⊓ Ã(3)

or

ÃR
≡ Ã(1)

⊓

(
Ã(2)

⊓ Ã(3)
)

whose membership functions are given by

𝜉ÃL (x) = 𝔄∩
2
(
𝜉Ã(x), 𝜉Ã(3) (x)

)
= 𝔄∩

2
(
𝔄∩

2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
, 𝜉Ã(3) (x)

)
(3.40)

and

𝜉ÃR (x) = 𝔄∩
2
(
𝜉Ã(1) (x),𝔄∩

2
(
𝜉Ã(2) (x), 𝜉Ã(3) (x)

))
, respectively. (3.41)

In general, we see that ÃL
≠ ÃR. Suppose that 𝔄∩

2 is associative in the following sense

𝔄∩
2
(
𝔄∩

2
(
𝛼1, 𝛼2

)
, 𝛼3

)
= 𝔄∩

2
(
𝛼1,𝔄

∩
2
(
𝛼2, 𝛼3

))
.

Then ÃL = ÃR. In this case, the intersection can be simply written as Ã(1)
⊓ Ã(2)

⊓ Ã(3).

By referring to (3.38), it is clear to see ÃL
≠ Ã† and ÃR

≠ Ã† in general, since ÃL and ÃR

are obtained by using the function 𝔄∩
2 , and Ã† is obtained by using the function 𝔄∩

3 . Their
relations will be further studied in the remainder of this chapter.

Definition 3.4.1 Let 𝔄2 ∶ [0,1]2 → [0,1] be a function. For n ≥ 3, we define the function
𝔄n ∶ [0,1]n → [0,1] based on 𝔄2 as follows.
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● We say that 𝔄L
n is left-generated by 𝔄2 when 𝔄L

n is inductively defined as follows:

𝔄L
n
(
𝛼1,… , 𝛼n

)
= 𝔄2

(
𝔄L

n−1
(
𝛼1,… , 𝛼n−1

)
, 𝛼n

)
. (3.42)

● We say that 𝔄R
n is right-generated by 𝔄2 when 𝔄R

n is inductively defined as follows:

𝔄R
n
(
𝛼1,… , 𝛼n

)
= 𝔄2

(
𝛼1,𝔄

R
n−1

(
𝛼2 · · · , 𝛼n

))
. (3.43)

Assume that the function 𝔄2 satisfies

𝔄2
(
𝔄2

(
𝛼1, 𝛼2

)
, 𝛼3

)
= 𝔄2

(
𝛼1,𝔄2

(
𝛼2, 𝛼3

))
(3.44)

for all 𝛼1, 𝛼2, and 𝛼3 ∈ [0,1]; that is, the function 𝔄2 is associative. Then, using induction
on n ≥ 3, it is clear to see that (3.42) and (3.43) are equivalent. In this case, we simply say
that 𝔄n is generated by 𝔄2.

Example 3.4.2 When we take 𝔄2(𝛼1, 𝛼2) = min{𝛼1, 𝛼2}, it is clear to see

𝔄L
n
(
𝛼1,… , 𝛼n

)
= 𝔄R

n
(
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
.

When we take 𝔄2(𝛼1, 𝛼2) = max{𝛼1, 𝛼2}, it is clear to see

𝔄L
n
(
𝛼1,… , 𝛼n

)
= 𝔄R

n
(
𝛼1,… , 𝛼n

)
= max

{
𝛼1,… , 𝛼n

}
.

When we take 𝔄2(𝛼1, 𝛼2) = 𝛼1 ⋅ 𝛼2, it is clear to see

𝔄L
n
(
𝛼1,… , 𝛼n

)
= 𝔄R

n
(
𝛼1,… , 𝛼n

)
= 𝛼1 ⋅ 𝛼2 · · · 𝛼n.

Example 3.4.3 We take

𝔄2
(
𝛼1, 𝛼2

)
=

𝛼1𝛼2

max
{
𝛼1, 𝛼2, 𝛽

} ≡ 𝛾 for some constant 𝛽 ∈ [0,1].

Then

𝔄L
3
(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄2

(
𝔄2

(
𝛼1, 𝛼2

)
, 𝛼3

)
= 𝔄2

(
𝛾, 𝛼3

)
=

𝛾𝛼3

max
{
𝛾, 𝛼3, 𝛽

}
=

𝛼1𝛼2𝛼3

max
{
𝛼1, 𝛼2, 𝛽

}
max

{
𝛼1⋅𝛼2

max{𝛼1,𝛼2 ,𝛽} , 𝛼3, 𝛽
}

=
𝛼1𝛼2𝛼3

max
{
𝛼1𝛼2, 𝛼3max

{
𝛼1, 𝛼2, 𝛽

}
, 𝛽max

{
𝛼1, 𝛼2, 𝛽

}}
and

𝔄R
3
(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄2

(
𝛼1,𝔄2

(
𝛼2, 𝛼3

))
=

𝛼1𝛼2𝛼3

max
{
𝛼2𝛼3, 𝛼1max

{
𝛼2, 𝛼3, 𝛽

}
, 𝛽max

{
𝛼2, 𝛼3, 𝛽

}} ,
which shows that 𝔄L

3 (𝛼1, 𝛼2, 𝛼3) ≠ 𝔄R
3 (𝛼1, 𝛼2, 𝛼3).

Let Ã(1), Ã(2), and Ã(3) be three fuzzy sets inℝm. We are going to consider their intersection.
Given a function 𝔄∩

2 ∶ [0,1]2 → [0,1], suppose that the function 𝔄∩,L
3 is left-generated by

𝔄∩
2 , i.e.

𝔄∩,L
3

(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄∩

2
(
𝔄∩

2
(
𝛼1, 𝛼2

)
, 𝛼3

)
.

Based on the function 𝔄∩
2 , we can define the intersection (Ã(1)

⊓ Ã(2)) ⊓ Ã(3) as described in
(3.40). Based on the function 𝔄∩,L

3 , by referring to the notations presented in (3.13), we can
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define the membership function of Ã(1)
⊓ Ã(2)

⊓ Ã(3)(𝔄∩,L
3 ) as described in (3.38). It is clear

to see (
Ã(1)

⊓ Ã(2)
)
⊓ Ã(3) = Ã(1)

⊓ Ã(2)
⊓ Ã(3)(𝔄∩,L

3 ). (3.45)

Suppose that the function 𝔄∩,R
3 is right-generated by 𝔄∩

2 , i.e.

𝔄∩,R
3

(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄∩

2
(
𝛼1,𝔄

∩
2
(
𝛼2, 𝛼3

))
.

Based on the function 𝔄∩
2 , we can define the intersection Ã(1)

⊓ (Ã(2)
⊓ Ã(3)) as described in

(3.41). Based on the function 𝔄∩,R
3 , we can define the membership function of Ã(1)

⊓ Ã(2)
⊓

Ã(3)(𝔄∩,R
3 ) as described in (3.38). It is clear to see

Ã(1)
⊓

(
Ã(2)

⊓ Ã(3)
)
= Ã(1)

⊓ Ã(2)
⊓ Ã(3)(𝔄∩,R

3 ). (3.46)

The expressions in (3.45) and (3.46) are not necessarily identical. Suppose that we further
assume that 𝔄∩

2 is associative in the sense of (3.44). Then, they are all identical, as shown
below

Ã(1)
⊓

(
Ã(2)

⊓ Ã(3)
)
=
(

Ã(1)
⊓ Ã(2)

)
⊓ Ã(3) = Ã(1)

⊓ Ã(2)
⊓ Ã(3)(𝔄∩,L

3 )

= Ã(1)
⊓ Ã(2)

⊓ Ã(3)(𝔄∩,R
3 ).

In this case, we also simply write

Ã(1)
⊓

(
Ã(2)

⊓ Ã(3)
)
=
(

Ã(1)
⊓ Ã(2)

)
⊓ Ã(3) = Ã(1)

⊓ Ã(2)
⊓ Ã(3) (3.47)

without telling the difference between 𝔄∩,L
3 and 𝔄∩,R

3 .
Suppose that there is another fuzzy set Ã(4) in ℝm. Then, we can consider the functions

𝔄∩,L
4 and 𝔄∩,R

4 that are left-generated and right-generated by 𝔄2, respectively. More pre-
cisely, we have

𝔄∩,L
4

(
𝛼1, 𝛼2, 𝛼3, 𝛼4

)
= 𝔄∩

2
(
𝔄∩

2
(
𝔄∩

2
(
𝛼1, 𝛼2

)
, 𝛼3

)
, 𝛼4

)
and

𝔄∩,R
4

(
𝛼1, 𝛼2, 𝛼3, 𝛼4

)
= 𝔄∩

2
(
𝛼1,𝔄

∩
2
(
𝛼2,𝔄

∩
2
(
𝛼3, 𝛼4

)))
.

Then, we can obtain((
Ã(1)

⊓ Ã(2)
)
⊓ Ã(3)

)
⊓ Ã(4) = Ã(1)

⊓ Ã(2)
⊓ Ã(3)

⊓ Ã(4)(𝔄∩,L
4 ) (3.48)

and

Ã(1)
⊓

(
Ã(2)

⊓

(
Ã(3)

⊓ Ã(4)
))

= Ã(1)
⊓ Ã(2)

⊓ Ã(3)
⊓ Ã(4)(𝔄∩,R

4 ). (3.49)

Suppose that we further assume that 𝔄∩
2 is associative. Then, the expressions in (3.48) and

(3.49) are all identical. The above argument can be inductively extended to the case of
Ã(1)

,… ,Ã(n).

Proposition 3.4.4 We have the following properties.

(i) Given a function 𝔄∩
2 , let the functions 𝔄∩,L

n and 𝔄∩,R
n be left-generated and right-generated

by 𝔄∩
2 , respectively.

● Suppose that 𝔄∩
2 is ⊆-compatible with set intersection. Then 𝔄∩,L

n and 𝔄∩,R
n are also

⊆-compatible with set intersection.
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● Suppose that 𝔄∩
2 is ⊇-compatible with set intersection. Then 𝔄∩,L

n and 𝔄∩,R
n are also

⊇-compatible with set intersection.
(ii) Given a function 𝔄∪

2 , let the functions 𝔄∪,L
n and 𝔄∪,R

n be left-generated and right-generated
by 𝔄∪

2 , respectively.
● Suppose that 𝔄∪

2 is ⊆-compatible with set union. Then 𝔄∪,L
n and 𝔄∪,R

n are also
⊆-compatible with set union.

● Suppose that 𝔄∪
2 is ⊇-compatible with set union. Then 𝔄∪,L

n and 𝔄∪,R
n are also

⊇-compatible with set union.

Proof. By induction on n, it suffices to prove the case of n = 3. To prove part (i), suppose
that 𝔄∩

2 is ⊆-compatible with set intersection. Then, for 𝛼 ∈ (0,1], we have{
x ∈ ℝm ∶ 𝔄∩

2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
≥ 𝛼

}
=
(

Ã(1)
⊓ Ã(2)

)
𝛼

(by the definition of 𝛼-level set)

⊆ Ã(1)
𝛼 ∩ Ã(2)

𝛼 (by the ⊆ -compatibility with set inetersection)

=
{

x ∈ ℝm ∶ x ∈ Ã(1)
𝛼 and x ∈ Ã(2)

𝛼

}
=
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 and 𝜉Ã(2) (x) ≥ 𝛼
}
.

(3.50)

Therefore, we obtain(
Ã(1)

⊓ Ã(2)
⊓ Ã(3)(𝔄∩,L

3 )
)
𝛼

=
{

x ∈ ℝm ∶ 𝔄∩,L
3

(
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝔄∩
2
(
𝔄∩

2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
, 𝜉Ã(3) (x)

)
≥ 𝛼

}
⊆
{

x ∈ ℝm ∶ 𝔄∩
2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
≥ 𝛼 and 𝜉Ã(3) (x) ≥ 𝛼

}
(using (3.50))

⊆
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 and 𝜉Ã(2) (x) ≥ 𝛼 and 𝜉Ã(3) (x) ≥ 𝛼
}

(using (3.50) again)

= Ã(1)
𝛼 ∩ Ã(2)

𝛼 ∩ Ã(3)
𝛼

and (
Ã(1)

⊓ Ã(2)
⊓ Ã(3)(𝔄∩,R

3 )
)
𝛼

=
{

x ∈ ℝm ∶ 𝔄∩,R
3

(
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝔄∩
2
(
𝜉Ã(1) (x),𝔄∩

2
(
𝜉Ã(2) (x), 𝜉Ã(3) (x)

))
≥ 𝛼

}
⊆
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 and 𝔄∩
2
(
𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
≥ 𝛼

}
(using (3.50))

⊆
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 and 𝜉Ã(2) (x) ≥ 𝛼 and 𝜉Ã(3) (x) ≥ 𝛼
}

(using (3.50) again)

= Ã(1)
𝛼 ∩ Ã(2)

𝛼 ∩ Ã(3)
𝛼 ,

which show that 𝔄∩,L
n and 𝔄∩,R

n are also ⊆-compatible with set intersection. We can sim-
ilarly show that if 𝔄∩

2 is ⊇-compatible with set intersection, then 𝔄∩,L
n and 𝔄∩,R

n are also
⊇-compatible with set intersection.

To prove part (ii), suppose that u2 is ⊆-compatible with set union. Then, for 𝛼 ∈ (0,1], we
have {

x ∈ ℝm ∶ 𝔄∪
2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
≥ 𝛼

}
=
(

Ã(1)
⊔ Ã(2)

)
𝛼

⊆ Ã(1)
𝛼 ∪ Ã(2)

𝛼

=
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 or 𝜉Ã(2) (x) ≥ 𝛼
}
.

(3.51)
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Therefore, we obtain(
Ã(1)

⊔ Ã(2)
⊔ Ã(3)(u∪,L

3 )
)
𝛼

=
{

x ∈ ℝm ∶ u∪,L
3

(
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝔄∪
2
(
𝔄∪

2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
, 𝜉Ã(3) (x)

)
≥ 𝛼

}
⊆
{

x ∈ ℝm ∶ 𝔄∪
2
(
𝜉Ã(1) (x), 𝜉Ã(2) (x)

)
≥ 𝛼 or 𝜉Ã(3) (x) ≥ 𝛼

}
(using (3.51))

⊆
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 or 𝜉Ã(2) (x) ≥ 𝛼 or 𝜉Ã(3) (x) ≥ 𝛼
}

(using (3.51) again)

= Ã(1)
𝛼 ∪ Ã(2)

𝛼 ∪ Ã(3)
𝛼

and (
Ã(1)

⊔ Ã(2)
⊔ Ã(3)(u∪,R

3 )
)
𝛼

=
{

x ∈ ℝm ∶ u∪,R
3

(
𝜉Ã(1) (x), 𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝔄∪
2
(
𝜉Ã(1) (x),𝔄∪

2
(
𝜉Ã(2) (x), 𝜉Ã(3) (x)

))
≥ 𝛼

}
⊆
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 or 𝔄∪
2
(
𝜉Ã(2) (x), 𝜉Ã(3) (x)

)
≥ 𝛼

}
(using (3.51))

⊆
{

x ∈ ℝm ∶ 𝜉Ã(1) (x) ≥ 𝛼 or 𝜉Ã(2) (x) ≥ 𝛼 or 𝜉Ã(3) (x) ≥ 𝛼
}

(using (3.51) again)

= Ã(1)
𝛼 ∪ Ã(2)

𝛼 ∪ Ã(3)
𝛼 ,

which show that𝔄∩,L
n and𝔄∩,R

n are also⊆-compatible with set union. We can similarly show
that if 𝔄∩

2 is ⊇-compatible with set union, then 𝔄∩,L
n and 𝔄∩,R

n are also ⊇-compatible with
set union. This completes the proof. ◾

3.5 𝜶-Level Sets of Intersection and Union

Let A and B be two subsets of ℝm. Then, we have the following properties

cl(A ∪ B) = cl(A) ∪ cl(B) and cl(A ∩ B) ⊆ cl(A) ∩ cl(B).

Therefore, for any subsets A1,… ,An of ℝm, we have

cl
(

A1 ∪… ∪ An
)
= cl(A1) ∪ … ∪ cl(An) (3.52)

and

cl
(

A1 ∩… ∩ An
)
⊆ cl(A1) ∩ … ∩ cl(An). (3.53)

However, when A1,… ,An are bounded intervals in ℝ, we can show that

cl
(

A1 ∩… ∩ An
)
= cl(A1) ∩ … ∩ cl(An). (3.54)

We remark that the compatibility in Definition 3.3.7 does not consider the 0-level sets.
As we mentioned before, the 0-level set is an important case, so the following propositions
present the compatibility regarding the 0-level sets.

Proposition 3.5.1 Let Ã(1)
,… ,Ã(n) be fuzzy sets in ℝm. We consider the function

𝔄∪ ∶ [0,1]n → [0,1].

(i) Given any 𝛼i ∈ [0,1] for i = 1,… ,n, suppose that

𝛼i > 0 for some i imply 𝔄∪(𝛼1,… , 𝛼n) > 0.
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Then, we have the following inclusions(
Ã(1)

⊔… ⊔ Ã(n)
)

0+
⊇ Ã(1)

0+ ∪… ∪ Ã(n)
0+

and (
Ã(1)

⊔… ⊔ Ã(n)
)

0
⊇ Ã(1)

0 ∪… ∪ Ã(n)
0 .

(ii) Suppose that 𝔄∪ is ⊆-compatible with set union. Then, we have the following inclusions(
Ã(1)

⊔… ⊔ Ã(n)
)

0+
⊆ Ã(1)

0+ ∪… ∪ Ã(n)
0+ (3.55)

and (
Ã(1)

⊔… ⊔ Ã(n)
)

0
⊆ Ã(1)

0 ∪… ∪ Ã(n)
0 .

(iii) Suppose that 𝔄∪ is ⊇-compatible with set union. Then, we have the following inclusions(
Ã(1)

⊔… ⊔ Ã(n)
)

0+
⊇ Ã(1)

0+ ∪… ∪ Ã(n)
0+

and (
Ã(1)

⊔… ⊔ Ã(n)
)

0
⊇ Ã(1)

0 ∪… ∪ Ã(n)
0 .

Proof. To prove part (i), for x ∈ Ã(1)
0+ ∪… ∪ Ã(n)

0+ , i.e. x ∈ Ã(i)
0+ for some i, it says that

𝜉Ã(i) (x) > 0 for some i. According to (3.29) and the assumption of 𝔄∪, we see that

𝜉
⊔n

i=1Ã(i) (x) = 𝔄∪ (
𝜉Ã(1) (x), · · · , 𝜉Ã(n) (x)

)
> 0,

i.e. x ∈ (⊔n
i=1Ã(i))0+, which shows the inclusion

Ã(1)
0+ ∪… ∪ Ã(n)

0+ ⊆

(
⊔

n
i=1Ã(i)

)
0+
. (3.56)

We also have(
⊔

n
i=1Ã(i)

)
0
= cl

((
⊔

n
i=1Ã(i)

)
0+

)
⊇ cl

( n⋃
i=1

Ã(i)
0+

)
(using (3.56))

= cl
(

Ã(1)
0+

)
∪… ∪ cl

(
Ã(n)

0+

)
(using (3.52))

= Ã(1)
0 ∪… ∪ Ã(n)

0 . (3.57)

To prove part (ii), we have(
⊔

n
i=1Ã(i)

)
0+

=
⋃

0<𝛼≤1

(
⊔

n
i=1Ã(i)

)
𝛼

(using (2.5))

⊆
⋃

0<𝛼≤1

( n⋃
i=1

Ã(i)
𝛼

)
(using the ⊆ -compatiblity with set union)

=

( ⋃
0<𝛼≤1

Ã(1)
𝛼

)⋃
· · ·

⋃( ⋃
0<𝛼≤1

Ã(n)
𝛼

)
= Ã(1)

0+ ∪… ∪ Ã(n)
0+ (using (2.5)),

which proves (3.55). By referring to (3.57), we can similarly obtain(
⊔

n
i=1Ã(i)

)
0
⊆ Ã(1)

0 ∪… ∪ Ã(n)
0 .
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Part (iii) can be similarly obtained by using the ⊇-compatibility with set union. This com-
pletes the proof. ◾

Proposition 3.5.2 Let Ã(1)
,… ,Ã(n) be fuzzy sets in ℝm. Then, we have(

Ã(1) ∨ … ∨ Ã(n)
)

0+
= Ã(1)

0+ ∪… ∪ Ã(n)
0+

and (
Ã(1) ∨ … ∨ Ã(n)

)
𝛼

= Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 for any 𝛼 ∈ [0,1].

Proof. We are going to apply Proposition 3.5.1 by taking the function

𝔄∪ (
𝛼1,… , 𝛼n

)
= max

{
𝛼1,… , 𝛼n

}
.

From (3.24), we see that 𝔄∪ is both ⊆-compatible and ⊇-compatible with set union and(
Ã(1) ∨ … ∨ Ã(n)

)
𝛼

= Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 for any 𝛼 ∈ (0,1].

The equality for 0-level sets can be obtained from parts (ii) and (iii) of Proposition 3.5.1, and
the proof is complete. ◾

Proposition 3.5.3 Let Ã(1)
,… ,Ã(n) be fuzzy sets in ℝm. We consider the function

𝔄∩ ∶ [0,1]n → [0,1].

(i) Given any 𝛼i ∈ [0,1] for i = 1,… ,n, suppose that

𝛼i > 0 for all i imply 𝔄∩(𝛼1,… , 𝛼n) > 0.

Then, we have the following inclusion(
Ã(1)

⊓… ⊓ Ã(n)
)

0+
⊇ Ã(1)

0+ ∩… ∩ Ã(n)
0+ .

(ii) Suppose that 𝔄∩ is ⊆-compatible with set intersection. Then, we have the following
inclusions(

Ã(1)
⊓… ⊓ Ã(n)

)
0+

⊆ Ã(1)
0+ ∩… ∩ Ã(n)

0+ (3.58)

and (
Ã(1)

⊓… ⊓ Ã(n)
)

0
⊆ Ã(1)

0 ∩… ∩ Ã(n)
0 . (3.59)

(iii) Suppose that 𝔄∩ is ⊇-compatible with set intersection. Then, we have the following
inclusion(

Ã(1)
⊓… ⊓ Ã(n)

)
0+

⊇ Ã(1)
0+ ∩… ∩ Ã(n)

0+ .

(iv) Suppose that the function 𝔄∩ satisfies all conditions in parts (i) and (ii). We also assume
that Ã(i) are fuzzy sets in ℝ for i = 1,… ,n such that their membership functions are
quasi-concave. Then, we have(

Ã(1)
⊓… ⊓ Ã(n)

)
0+

= Ã(1)
0+ ∩… ∩ Ã(n)

0+ (3.60)

and (
Ã(1)

⊓… ⊓ Ã(n)
)

0
= Ã(1)

0 ∩… ∩ Ã(n)
0 .
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Proof. To prove part (i), for x ∈ Ã(1)
0+ ∩… ∩ Ã(n)

0+ , i.e. x ∈ Ã(i)
0+ for each i, it says that 𝜉Ã(i) (x) >

0 for each i. According to (3.12) and the assumption of 𝔄∩, we see that

𝜉
⊓n

i=1Ã(i) (x) = 𝔄∩ (
𝜉Ã(1) (x),… , 𝜉Ã(n) (x)

)
> 0,

i.e. x ∈ (⊓n
i=1Ã(i))0+, which shows the inclusion

Ã(1)
0+ ∩ · · · ∪ Ã(n)

0+ ⊆

(
⊓

n
i=1Ã(i)

)
0+
.

To prove part (ii), the following inclusion is obvious⋃
0<𝛼≤1

( n⋂
i=1

Ã(i)
𝛼

)
⊆

( ⋃
0<𝛼≤1

Ã(1)
𝛼

)⋂
· · ·

⋂( ⋃
0<𝛼≤1

Ã(n)
𝛼

)
.

The other direction of inclusion needs to consider the nested property of the 𝛼-level sets.
Given any x ∈ Ã(i)

𝛼i
with 𝛼i ∈ (0,1] for all i, let 𝛼0 = min{𝛼1,… , 𝛼n} > 0. Then Ã(i)

𝛼i
⊆ Ã(i)

𝛼0
for

all i, i.e. x ∈
⋂n

i=1 Ã(i)
𝛼0

, which shows the other direction of inclusion. Therefore, we have the
following equality⋃

𝛼(0,1]

( n⋂
i=1

Ã(i)
𝛼

)
=

( ⋃
𝛼(0,1]

Ã(1)
𝛼

)⋂
· · ·

⋂( ⋃
𝛼(0,1]

Ã(n)
𝛼

)
. (3.61)

Now, we obtain(
⊓

n
i=1Ã(i)

)
0+

⊆
⋃
𝛼(0,1]

(
⊓

n
i=1Ã(i)

)
𝛼

(using (2.5))

⊆
⋃
𝛼(0,1]

( n⋂
i=1

Ã(i)
𝛼

)
(using the ⊆ -compatiblity with set intersection))

=

( ⋃
𝛼(0,1]

Ã(1)
𝛼

)⋂
· · ·

⋂( ⋃
𝛼(0,1]

Ã(n)
𝛼

)
(using (3.61))

= Ã(1)
0+ ∩… ∩ Ã(n)

0+ (using (2.5)), (3.62)

which proves (3.58). We also have(
⊓

n
i=1Ã(i)

)
0
= cl

((
⊓

n
i=1Ã(i)

)
0+

)
⊆ cl

( n⋂
i=1

Ã(i)
0+

)
(using (3.62))

⊆ cl
(

Ã(1)
0+

)
∩… ∩ cl

(
Ã(n)

0+

)
(using (3.53))

= Ã(1)
0 ∩… ∩ Ã(n)

0 .

Part (iii) can be similarly obtained by using the ⊇-compatibility with set intersection.
To prove part (iv), we first have the equality (3.60) by using parts (i) and (ii). The

quasi-concavity of the membership function says that its 𝛼-level sets are convex sets.
Therefore, the 𝛼-level sets Ã(i)

𝛼 are convex sets in ℝ for all i, which also says that Ã(i)
𝛼 are

intervals in ℝ for all i. In this case, the supports

Ã(i)
0+ =

⋃
{𝛼∈(𝜉Ã(i) )∶𝛼>0}

Ã(i)
𝛼
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are also intervals in ℝ for all i. Then, we obtain(
⊓

n
i=1Ã(i)

)
0
= cl

((
⊓

n
i=1Ã(i)

)
0+

)
= cl

( n⋂
i=1

Ã(i)
0+

)
(using (3.60))

= cl
(

Ã(1)
0+

)
∩… ∩ cl

(
Ã(n)

0+

)
(using (3.54))

= Ã(1)
0 ∩… ∩ Ã(n)

0 .

This completes the proof. ◾

Proposition 3.5.4 Let Ã(1)
,… ,Ã(n) be fuzzy sets in ℝm. Then, we have the following

properties.

(i) We have(
Ã(1) ∧ … ∧ Ã(n)

)
0+

= Ã(1)
0+ ∩… ∩ Ã(n)

0+ .

For any 𝛼 ∈ (0,1], we have(
Ã(1) ∧ … ∧ Ã(n)

)
𝛼

= Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 (3.63)

and (
Ã(1) ∧ … ∧ Ã(n)

)
0
⊆ Ã(1)

0 ∩… ∩ Ã(n)
0 .

(ii) Assume that Ã(i) are fuzzy sets in ℝ for i = 1,… ,n such that their membership functions
are quasi-concave. Then, for any 𝛼 ∈ [0,1], we have(

Ã(1) ∧ … ∧ Ã(n)
)
𝛼

= Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 .

Proof. We are going to use Proposition 3.5.3 by taking

𝔄∩ (
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
.

It is obvious that the condition in part (i) of Proposition 3.5.3 is satisfied. From (3.8), we
also see that 𝔄∩ is both ⊆-compatible and ⊇-compatible with set intersection such that the
equality (3.63) is satisfied for any 𝛼 ∈ (0,1]. This completes the proof. ◾

3.6 Mixed Set Operations

Next, we consider the mixed set operations. Suppose that we have((
Ã(1)

⊓ Ã(2)
⊓ Ã(3)

)
⊔

(
Ã(4)

⊓ Ã(5)
))

⊓

(
Ã(6)

⊔ Ã(7)
⊔ Ã(8)

⊔ Ã(9)
)
.

Then, we have two ways to define the above expression.
We present the first way as follows by independently defining the functions

𝔄∩
2 ,𝔄

∩
3 ,𝔄

∪
2 ,𝔄

∪
4 . Then, we can consider the following operations.

● The intersection B̃(1)
≡ Ã(1)

⊓ Ã(2)
⊓ Ã(3) uses 𝔄∩

3 .
● The intersection B̃(2)

≡ Ã(4)
⊓ Ã(5) uses 𝔄∩

2 .
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● The union B̃(3)
≡ Ã(6)

⊔ Ã(7)
⊔ Ã(8)

⊔ Ã(9) uses 𝔄∪
4 .

● The union B̃(4)
≡ B̃(1)

⊔ B̃(2) uses 𝔄∪
2 .

Finally, the expression B̃(4)
⊓ B̃(3) uses 𝔄∩

2 . More precisely, the membership function is given
by

𝔄∩
2
(
𝔄∪

2
(
𝔄∩

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
. (3.64)

Now, we present the second way as follows. Given aggregation functions 𝔄∩
2 and 𝔄∪

2 , we
can consider the functions 𝔄∩,L

3 ,𝔄∩,R
3 that are left-generated and right-generated by 𝔄∩

2 ,
respectively, and the functions 𝔄∪,L

4 ,𝔄∪,R
4 that are left-generated and right-generated by 𝔄∪

2 ,
respectively. Then, the membership functions of the expression have the following different
combinations.

𝔄∩
2
(
𝔄∪

2
(
𝔄∩,L

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪,L

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
𝔄∩

2
(
𝔄∪

2
(
𝔄∩,L

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪,R

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
𝔄∩

2
(
𝔄∪

2
(
𝔄∩,R

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪,L

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
𝔄∩

2
(
𝔄∪

2
(
𝔄∩,R

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪,R

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
.

Suppose that 𝔄∩
2 is associative. Then 𝔄∩,L

3 = 𝔄∩,R
3 ≡ 𝔄∩

3 and we have

𝔄∩
2
(
𝔄∪

2
(
𝔄∩

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪,L

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
𝔄∩

2
(
𝔄∪

2
(
𝔄∩

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪,R

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
.

Suppose that 𝔄∪
2 is associative. Then 𝔄∪,L

4 = 𝔄∪,R
4 ≡ 𝔄∪

4 and we have

𝔄∩
2
(
𝔄∪

2
(
𝔄∩,L

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
𝔄∩

2
(
𝔄∪

2
(
𝔄∩,R

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
.

Suppose that 𝔄∩
2 and 𝔄∪

2 are associative. Then, we simply have

𝔄∩
2
(
𝔄∪

2
(
𝔄∩

3
(
𝜉Ã(1) , 𝜉Ã(2) , 𝜉Ã(3)

)
,𝔄∩

2
(
𝜉Ã(4) , 𝜉Ã(5)

))
,𝔄∪

4
(
𝜉Ã(6) , 𝜉Ã(7) , 𝜉Ã(8) , 𝜉Ã(9)

))
. (3.65)

We need to emphasize that the membership functions (3.64) and (3.65) are different. The
aggregation functions 𝔄∩

3 and 𝔄∪
4 in (3.64) are independently defined, and the functions 𝔄∩

3
and 𝔄∪

4 in (3.65) are generated by 𝔄∩
2 and 𝔄∪

2 , which are also associative.
The above argument can be inductively extended to the case of Ã(1)

,… ,Ã(n). We consider
the mixed set operations

Ã(1)◊Ã(2)◊ · · ·◊Ã(n)
,

where ◊ ∈ {⊓, ⊔} and the parentheses are implicitly assumed. Then, we can consider the
functions 𝔄∩,L

n and 𝔄∩,R
n generated by 𝔄∩

2 , and the functions 𝔄∪,L
n and 𝔄∪,R

n generated by 𝔄∪
2

for n ≥ 3. Otherwise, we need to independently define each aggregation function 𝔄∩
n for

n ≥ 2 and each aggregation function 𝔄∪
n for n ≥ 2 as described above.

Many other interesting approaches are also presented below. Dubois and Prade [26] pro-
posed the intersection and union as follows

𝜉Ã∩B̃(x) = 𝜉Ã(x) ∗ 𝜉B̃(x) and 𝜉Ã∪B̃(x) = 𝜉Ã(x) ⟂ 𝜉B̃(x),

where ∗ and ⟂ are two aggregation operations on the unit interval [0,1] satisfying some
axioms, e.g. commutativity, associativity, De Morgan laws, identity laws and continuity,



�

� �

�

3.6 Mixed Set Operations 67

where the boundary conditions regarding 0 and 1 in the unit interval [0,1] are taken into
account.

Klement [58] considered the axiomatic approach for intersection and union of fuzzy sets.
Yager [155] proposed the parametric intersection and union of fuzzy sets in which a parame-
ter p ≥ 1 was considered. Yager [159] proposed the concepts of non-monotonic intersection
and union operations. The above approaches also considered the whole unit interval [0,1].
On the other hand, Tan et al. [109] proposed a different intersection and union of fuzzy sets
based on the random set in a probability space, where the whole unit interval [0,1] and the
𝛼-level set are simultaneously involved in the discussion. Al-Qudah and Hassan [4] and Hu
et al. [48] also studied the intersection and union of so-called complex fuzzy sets.
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4

Generalized Extension Principle

The main purpose of the extension principle is to fuzzify the crisp functions into fuzzy
functions. This kind of fuzzification has been widely used to study economics and engi-
neering problems under a fuzzy environment. Especially, the arithmetics of fuzzy sets are
based on the extension principle.

4.1 Extension Principle Based on the Euclidean Space

The set of all fuzzy sets inℝn is denoted by (ℝn). We consider an onto function f ∶ ℝn → ℝ,
which is also called a crisp function. We are going to fuzzify the function f as a func-
tion f̃ ∶  (ℝn) →  (ℝ), which is also called a fuzzy function. In other words, for any
Ã ∈  (ℝn), we have f̃ (Ã) ∈  (ℝ). The principle for fuzzifying the crisp functions is called
the extension principle.

For any set A in ℝn, the set f (A) is defined by

f (A) = {y ∶ y = f (x), x ∈ A}.

Since f is onto, we have that the set {x ∶ y = f (x)} is nonempty for any y ∈ ℝ. It is clear
to see

𝜒f (A)(y) = sup
{x∶y=f (x)}

𝜒A(x). (4.1)

Inspired by equation (4.1), we are going to fuzzify the crisp function f as a fuzzy function
f̃ by replacing the characteristic function with a membership function. Given any fuzzy set
Ã in ℝn, the membership function of f̃ (Ã) is defined by

𝜉f̃ (Ã)(y) = sup
{x∶y=f (x)}

𝜉Ã(x). (4.2)

Theorem 2.2.13 says that the membership function of f̃ (Ã) can be expressed as

𝜉f̃ (Ã)(y) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒(f̃ (Ã))𝛼 (y). (4.3)

Now, we have a different expression of 𝜉f̃ (Ã) given below.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Proposition 4.1.1 Let f ∶ ℝn → ℝ be an onto crisp function, and let f̃ ∶  (ℝn) →  (ℝ) be
a fuzzy function extended from f via the extension principle defined in (4.2). Then, given any
Ã ∈  (ℝn), the membership function of f̃ (Ã) ∈  (ℝ) can be expressed as

𝜉f̃ (Ã)(y) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒f (Ã𝛼 )(y).

Proof. We have

𝜉f̃ (Ã)(y) = sup
{x∶y=f (x)}

𝜉Ã(x) (by the extension principle in (4.2))

= sup
{x∶y=f (x)}

(
sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x)

)
(by Theorem 2.2.13)

= sup
{(x,𝛼)∶y=f (x),𝛼∈(0,1]}

𝛼 ⋅ 𝜒Ã𝛼
(x).

On the other hand, by referring to (4.1), since

𝜒f (Ã𝛼 )(y) = sup
{x∶y=f (x)}

𝜒Ã𝛼
(x),

we have

sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒f (Ã𝛼 )(y) = sup
𝛼∈(0,1]

(
𝛼 ⋅ sup

{x∶y=f (x)}
𝜒Ã𝛼

(x)

)

= sup
𝛼∈(0,1]

(
sup

{x∶y=f (x)}
𝛼 ⋅ 𝜒Ã𝛼

(x)

)
(since 𝛼 > 0)

= sup
{(x,𝛼)∶y=f (x),𝛼∈(0,1]}

𝛼 ⋅ 𝜒Ã𝛼
(x) = 𝜉f̃ (Ã)(y).

This completes the proof. ◾

From (4.3) and Proposition 4.1.1, we obtain

𝜉f̃ (Ã)(y) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒f (Ã𝛼 )(y) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒(f̃ (Ã))𝛼 (y).

However, the equality (f̃ (Ã))𝛼 = f (Ã𝛼) is not always guaranteed, which will be completely
investigated in this chapter.

Let f ∶ ℝ2 → ℝ be an onto and continuous real-valued function, and let Ã, B̃ be two fuzzy
sets in ℝ such that the membership functions 𝜉Ã and 𝜉B̃ are upper semi-continuous, and the
0-level sets Ã0 and B̃0 are closed and bounded subsets of ℝ. Then, Nguyen [85] has shown
that (

f̃ (Ã, B̃)
)
𝛼
= f

(
Ã𝛼, B̃𝛼

)
(4.4)

for each 𝛼 ∈ (0,1].
Since Nguyen defined the 0-level set as

Ã0 = {x ∈ ℝ ∶ 𝜉Ã(x) ≥ 0},

i.e. the 0-level set is the whole Euclidean space ℝ = Ã0, it says that the equality (4.4) holds
true automatically for 𝛼 = 0 in the sense of Nguyen’s definition. However, throughout this
book, the 0-level set is defined to be

Ã0 = cl
(

Ã0+
)
= cl

(
{x ∈ ℝ ∶ 𝜉Ã(x) > 0}

)
,
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which is not necessarily equal to the whole Euclidean space ℝ. Therefore, we need some
other argument to guarantee the equality (4.4) for 𝛼 = 0, which will be investigated in the
subsequent discussion.

We write

n(ℝ) ≡  (ℝ) × · · · ×  (ℝ).

Note that n(ℝ) ≠  (ℝn). Now, we consider the following fuzzy function f̃ ∶ n(ℝ) →
 (ℝ) extended from f ∶ ℝn → ℝ as follows. Given any fuzzy sets Ã(i) in ℝ for i = 1,… ,n,
the membership function of f̃ (Ã(1)

,Ã(2)
,… ,Ã(n)) is defined by

𝜉f̃ (Ã(1)
,Ã(2)

,…,Ã(n))(y) = sup
{(x1 ,…,xn)∶y=f (x1 ,…,xn)}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
, (4.5)

where f̃ (Ã(1)
,… ,Ã(n)) is a fuzzy set inℝ. This mechanism is called an extension principle.

Theorem 4.1.2 Let f ∶ ℝn → ℝ be an onto real-valued function defined on ℝn, and let f̃ ∶
n(ℝ) →  (ℝ) be a fuzzy function extended from f via the extension principle defined in (4.5).
Given any fuzzy sets Ã(i) in ℝ for i = 1,… ,n, suppose that the membership functions 𝜉Ã(i) are
upper semi-continuous for i = 1,… ,n. Then, we have the following properties.

(i) Suppose that{
(x1,… , xn) ∶ y = f (x1,… , xn)

}
are closed and bounded subsets of ℝn for all y in the range of f . Then, the 𝛼-level set of
f̃ (Ã(1)

,… ,Ã(n)) is given by(
f̃
(

Ã(1)
,… ,Ã(n)

))
𝛼

= f
(

Ã(1)
𝛼 ,… ,Ã(n)

𝛼

)
for 𝛼 ∈ (0,1],

and the 0-level set is given by(
f̃
(

Ã(1)
,… ,Ã(n)

))
0
= cl

(
f
(

Ã(1)
0+,… ,Ã(n)

0+

))
⊆ cl

(
f
(

Ã(1)
0 ,… ,Ã(n)

0

))
. (4.6)

(ii) Suppose that the 0-level sets Ã(i)
0 of Ã(i) are bounded subsets of ℝ for all i = 1,… ,n, and

that {
(x1,… , xn) ∶ y = f (x1,… , xn)

}
are closed subsets of ℝn for all y in the range of f . Then, the 𝛼-level set of f̃ (Ã(1)

,… ,Ã(n))
is given by(

f̃
(

Ã(1)
,… ,Ã(n)

))
𝛼

= f
(

Ã(1)
𝛼 ,… ,Ã(n)

𝛼

)
for 𝛼 ∈ (0,1],

and the 0-level set is given by(
f̃
(

Ã(1)
,… ,Ã(n)

))
0
= cl

(
f
(

Ã(1)
0+,… ,Ã(n)

0+

))
⊆ cl

(
f
(

Ã(1)
0 ,… ,Ã(n)

0

))
.

(iii) Suppose that f is continuous, and that the 0-level sets Ã(i)
0 of Ã(i) are bounded subsets of ℝ

for all i = 1,… ,n. Then, the 𝛼-level set of f̃ (Ã(1)
,… ,Ã(n)) is given by(

f̃
(

Ã(1)
,… ,Ã(n)

))
𝛼

= f
(

Ã(1)
𝛼 ,… ,Ã(n)

𝛼

)
for 𝛼 ∈ [0,1],

where the 0-level sets are taken into account.
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Proof. To prove part (i), we first consider the 𝛼-level sets for 𝛼 ∈ (0,1]. For y ∈
f (Ã(1)

𝛼 ,… ,Ã(n)
𝛼 ), there exists (x1,… , xn) ∈ ℝn satisfying y = f (x1,… , xn) and xi ∈ Ã(i)

𝛼

for all i, which implies 𝜉Ã(i) (xi) ≥ 𝛼 for all i, i.e.

min
1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ 𝛼 for all i.

Therefore, we have

𝜉f̃ (Ã(1)
,…,Ã(n))(y) = sup

{(x1 ,…,xn)∶y=f (x1 ,…,xn)}
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ 𝛼,

which says that y ∈ (f̃ (Ã(1)
,… ,Ã(n)))𝛼 . Therefore, we obtain the inclusion

f
(

Ã(1)
𝛼 ,… ,Ã(n)

𝛼

)
⊆

(
f̃
(

Ã(1)
,… ,Ã(n)

))
𝛼

.

For proving the other direction of inclusion, suppose that y ∈ (f̃ (Ã(1)
,… ,Ã(n)))𝛼 . Then, we

have

sup
{(x1 ,…,xn)∶y=f (x1 ,…,xn)}

min
1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ 𝛼. (4.7)

Since each 𝜉Ã(i) is upper semi-continuous on ℝ for i = 1,… ,n, we have that

Ã(i)
𝛼 = {x ∶ 𝜉Ã(i) (x) ≥ 𝛼}

are closed subsets of ℝ for i = 1,… ,n. We also see that

Ci𝛼 = ℝ × · · · ×ℝ
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

i−1

× Ã(i)
𝛼 ×ℝ × · · · ×ℝ

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

n−i

are closed subsets of ℝn for i = 1,… ,n. Therefore,{
(x1,… , xn) ∶ min

1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ 𝛼

}
=
{
(x1,… , xn) ∶ 𝜉Ã(i) (xi) ≥ 𝛼 for all i = 1,… ,n

}
= Ã(1)

𝛼 × · · · × Ã(n)
𝛼 =

n⋂
i=1

Ci𝛼

is a closed subset of ℝn, which says that the function

g
(

x1,… , xn
)
= min

1≤i≤n

{
𝜉Ã(i) (xi)

}
is upper semi-continuous on ℝn. Since

{(x1,… , xn) ∶ y = f (x1,… , xn)}

are closed and bounded subsets of ℝn by the assumption, Proposition 1.4.4 says that the
following supremum is attained

max
{(x1 ,…,xn)∶y=f (x1 ,…,xn)}

min
1≤i≤n

{
𝜉Ã(i) (xi)

}
= sup

{(x1 ,…,xn)∶y=f (x1 ,…,xn)}
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
. (4.8)

Using (4.7), we obtain

max
{(x1 ,…,xn)∶y=f (x1 ,…,xn)}

min
1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ 𝛼. (4.9)

Therefore, there exists (x1,… , xn) satisfying

y = f (x1,… , xn) and min
1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ 𝛼.
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This says that 𝜉Ã(i) (xi) ≥ 𝛼 for all i = 1,… ,n; that is, xi ∈ Ã(i)
𝛼 for all i = 1,… ,n. Therefore,

we obtain y ∈ f (Ã(1)
𝛼 ,… ,Ã(n)

𝛼 ), which shows the inclusion(
f̃
(

Ã(1)
,… ,Ã(n)

))
𝛼

⊆ f
(

Ã(1)
𝛼 ,… ,Ã(n)

𝛼

)
.

Therefore, we obtain the desired equality.
Now, we consider the 0-level sets. For notational convenience, we write

X0 = f
(

Ã(1)
0 ,… ,Ã(n)

0

)
,X0+ = f

(
Ã(1)

0+,… ,Ã(n)
0+

)
, andY =

{
r ∶ 𝜉f̃ (Ã(1)

,…,Ã(n))(y) > 0
}
.

Then, from (2.4), we see that(
f̃
(

Ã(1)
,… ,Ã(n)

))
0
= cl(Y ). (4.10)

By referring to (4.8), we have

0 < 𝜉f̃ (Ã(1)
,…,Ã(n))(y) = sup

{(x1 ,…,xn)∶y=f (x1 ,…,xn)}
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
= max

{(x1 ,…,xn)∶y=f (x1 ,…,xn)}
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
,

where y ∈ Y . Therefore, there exists (x1,… , xn) satisfying y = f (x1,… , xn) and 𝜉Ã(i) (xi) > 0,
i.e. xi ∈ Ã(i)

0+ ⊆ Ã(i)
0 for all i = 1,… ,n. This also says that

y = f (x1,… , xn) ∈ X0+ ⊆ X0.

Therefore, we obtain the inclusions

Y ⊆ X0+ ⊆ X0,

which implies

cl(Y ) ⊆ cl(X0+) ⊆ cl(X0).

On the other hand, for any y ∈ cl(X0+), according to the concept of closure, there exists
a sequence {ym}∞m=1 in X0+ satisfying ym → y as m → ∞. For ym ∈ X0+, there exists
(x(m)

1 ,… , x(m)
p ) satisfying

ym = f
(
(x(m)

1 ,… , x(m)
p )

)
and x(m)

i ∈ Ã(i)
0+ for all i = 1,… ,n,

i.e. 𝜉Ã(i) (x(m)
i ) > 0 for all i = 1,… ,n, which implies

min
1≤i≤n

{
𝜉Ã(i)

(
x(m)

i

)}
> 0.

Therefore, we obtain

𝜉f̃ (Ã(1)
,…,Ã(n))(ym) = sup

{(x1 ,…,xn)∶ym=f (x1 ,…,xn)}
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
≥ min

1≤i≤n

{
𝜉Ã(i)

(
x(m)

i

)}
> 0,

i.e. ym ∈ Y , which says that y ∈ cl(Y ), since ym → y as m → ∞. This shows the inclusion
cl(X0+) ⊆ cl(Y ). Therefore, we obtain the equality cl(X0+) = cl(Y ), which proves (4.6).

To prove part (ii), since

min
1≤i≤n

{
𝜉Ã(i) (xi)

}
= 0
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outside of the set Ã(1)
0 ,… ,Ã(n)

0 , using (4.7), we have

𝛼 ≤ sup
{(x1 ,…,xn)∶y=f (x1 ,…,xn)}

min
1≤i≤n

{
𝜉Ã(i) (xi)

}
= sup

{(x1 ,…,xn)∶y=f (x1 ,…,xn) and (x1 ,…,xn)∈Ã(1)
0 ×···×Ã(n)

0 }
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
= sup

{(x1 ,…,xn)∶(x1 ,…,xn)∈f−1({y})∩Ã(1)
0 ×···×Ã(n)

0 }
min
1≤i≤n

{
𝜉Ã(i) (xi)

}
, (4.11)

where f −1({y})denotes the inverse image of the singleton {y}. Since Ã(i)
0 are bounded subsets

of ℝ for all i = 1,… ,n, it follows that Ã(1)
0 × · · · × Ã(n)

0 is a bounded subset of ℝn. Since Ã(i)
0

are also closed subsets of ℝ for all i = 1,… ,n by the definition of 0-level set, it follows that
Ã(1)

0 × · · · × Ã(n)
0 is a closed and bounded subset of ℝn. Since the inverse image

f −1({y}) = {(x1,… , xn) ∶ y = f (x1,… , xn)}

is a closed subset of ℝn by the assumption, it says that

f −1({y}) ∩ Ã(1)
0 × · · · × Ã(n)

0

is a closed and bounded subset of ℝn. Since the function

g
(

x1,… , xn
)
= min

1≤i≤n

{
𝜉Ã(i) (xi)

}
is upper semi-continuous on ℝn from the arguments of part (i), Proposition 1.4.4 says that
the supremum in (4.11) is attained. By referring to (4.9), the remaining proof follows from
the same arguments of part (i).

To prove part (iii), since the singleton {y} is a closed subset of ℝ, it follows that f −1({y})
is also a closed subset of ℝn by the continuity of f . Therefore, we can have the results from
part (ii). Now, it remains to consider the 0-level sets. We want to claim cl(Y ) = X0. Since f
is continuous and Ã(i)

0 are closed and bounded for all i = 1,… ,n, it follows that the set X0
is closed and bounded by part (iii) of Proposition 1.4.3. From the arguments of part (i), we
obtain

cl(Y ) ⊆ cl(X0) = X0.

To prove the other direction of inclusion, for any y ∈ X0, there exist

xi ∈ Ã(i)
0 = cl(Ã(i)

0+) for i = 1,… ,n

satisfying y = f (x1,… , xn). According to the concept of closure, there exist sequences
{x(m)

i }∞m=1 in Ã(i)
0 satisfying x(m)

i → xi as m → ∞, where 𝜉Ã(i) (x(m)
i ) > 0 for all i = 1,… ,n. Let

ym = f
(

x(m)
1 ,… , x(m)

n

)
.

Since f is continuous, we have ym → y as m → ∞. We also have

𝜉f̃ (Ã(1)
,…,Ã(n))(ym) = sup

{(x1 ,…,xn)∶ym=f (x1 ,…,xn)}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
≥ min

{
𝜉Ã(1) (x(m)

1 ),… , 𝜉Ã(n) (x(m)
n )

}
> 0.

This says that {ym}∞m=1 is a sequence in Y . Therefore, we obtain y ∈ cl(Y ), since ym → y as
m → ∞. This shows the inclusion X0 ⊆ cl(Y ). Using (4.10), we obtain

f
(

Ã(1)
0 ,… ,Ã(n)

0

)
=
(

f̃
(

Ã(1)
,… ,Ã(n)

))
0
.

This completes the proof. ◾
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Theorem 4.1.3 Let f ∶ ℝn → ℝ be a continuous and onto real-valued function, and let f̃ ∶
n(ℝ) →  (ℝ) be a fuzzy function extended from f via the extension principle defined in (4.5).
Suppose that Ã(i) are fuzzy intervals for i = 1,… ,n. Then f̃ (Ã(1)

,… ,Ã(n)) is also a fuzzy inter-
val and its 𝛼-level set is given by(

f̃
(

Ã(1)
,… ,Ã(n)

))
𝛼

= f
(

Ã(1)
𝛼 ,… ,Ã(n)

𝛼

)
=
{

f (x1,… , xn) ∶ xi ∈ Ã(i)
𝛼 for i = 1,… ,n

}
=
{

f (x1,… , xn) ∶ (Ã(i))L
𝛼 ≤ xi ≤ (Ã(i))U

𝛼 for i = 1,… ,n
}

for any 𝛼 ∈ [0,1], where the 0-level sets are taken into account.

Proof. We need to check the conditions in Definition 2.3.1. Since Ã(i)
𝛼 are closed intervals

for all i = 1,… ,n and all 𝛼 ∈ [0,1], by Theorem 4.1.2, we obtain{
y ∈ ℝ ∶ 𝜉f̃ (Ã(1)

,…,Ã(n))(y) ≥ 𝛼

}
=
(

f̃ (Ã(1)
,… ,Ã(n))

)
𝛼

=
{

f (x1,… , xn) ∶ xi ∈ Ã(i)
𝛼 for i = 1,… ,n

}
(4.12)

for each 𝛼 ∈ [0,1]. Since f is continuous, it follows that the set in (4.12) is a closed interval by
parts (iii) and (iv) of Proposition 1.4.3, i.e. a convex set in ℝ for each 𝛼 ∈ [0,1], which shows
that the membership function 𝜉f̃ (Ã(1)

,…,Ã(n)) is upper semi-continuous and quasi-concave.
This completes the proof. ◾

Example 4.1.4 Let Ã and B̃ be two fuzzy intervals. Using the extension principle, the
membership function of the maximum m̃ax {Ã, B̃} of Ã and B̃ is given by

𝜉m̃ax {Ã,B̃}(z) = sup
{(x,y)∶max {x,y}=z}

min {𝜉Ã(x), 𝜉B̃(y)}.

From Theorem 4.1.3, we have(
m̃ax {Ã, B̃}

)
𝛼
= max

{
Ã𝛼, B̃𝛼

}
=
{

max {x, y} ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
=
{

max {x, y} ∶ ÃL
𝛼 ≤ x ≤ ÃU

𝛼 and B̃L
𝛼 ≤ y ≤ B̃U

𝛼

}
=
[
max

{
ÃL
𝛼, B̃L

𝛼

}
,max

{
ÃU
𝛼 , B̃U

𝛼

}]
for each 𝛼 ∈ [0,1].

4.2 Extension Principle Based on the Product Spaces

Now, we consider the following onto crisp function

f ∶ ℝn1 × · · · ×ℝnp → ℝn
,

where n1,… , pp are positive integers. The purpose is to fuzzify the crisp function f as a
fuzzy function

f̃ ∶  (ℝn1 ) × · · · ×  (ℝnp ) →  (ℝn).

Given any subsets Ai of ℝni for i = 1,… , p, we have

f (A1,… ,Ap) =
{

y ∶ y = f (x1,… , xp) for xi ∈ Ai and i = 1,… ,n
}
.
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Since f is onto, we have that the set

{(x1,… , xp) ∶ y = f (x1,… , xp)}

is nonempty for any y ∈ ℝn. Regarding the characteristic functions, it is easy to show

𝜒f (A1 ,…,Ap)(y) = sup
{(x1 ,…,xp)∶y=f (x1 ,…,xp)}

min
{
𝜒A1

(x1),… , 𝜒Ap
(xp)

}
. (4.13)

Inspired by equation (4.13), we are going to fuzzify the crisp function f as a fuzzy function
f̃ by replacing the characteristic functions with membership functions.

Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have that f̃ (Ã(1)
,Ã(2)

,… ,Ã(p)) is a fuzzy
set in ℝn. The membership function of f̃ (Ã(1)

,Ã(2)
,… ,Ã(p)) is defined by

𝜉f̃ (Ã(1)
,Ã(2)

,…,Ã(p))(y) = sup
{(x1 ,…,xp)∶y=f (x1 ,…,xp)}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
. (4.14)

Theorem 2.2.13 says that

𝜉f̃ (Ã(1)
,Ã(2)

,…,Ã(p))(y) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒(f̃ (Ã(1)
,Ã(2)

,…,Ã(p)))𝛼
(y) (4.15)

= sup
0<𝛼≤1

𝛼 ⋅ 𝜒(f̃ (Ã(1)
,Ã(2)

,…,Ã(p)))𝛼
(y).

Next, we are going to present a different expression given by

𝜉f̃ (Ã(1)
,…,Ã(p))(y) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒f (Ã(1)

𝛼
,…,Ã(p)

𝛼
)(y) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒f (Ã(1)

𝛼
,…,Ã(p)

𝛼
)(y).

We first present some useful lemmas.

Lemma 4.2.1 Let Ã be a fuzzy set in ℝn. Given any fixed x ∈ ℝn, let

𝛼
∗ = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒Ã𝛼

(x).

Then x ∈ Ã𝛼 for 𝛼 ∈ [0,1] with 𝛼 < 𝛼∗, and x ∉ Ã𝛼 for 𝛼 ∈ [0,1] with 𝛼 > 𝛼∗.

Proof. Suppose that there exists 𝛼1 ∈ [0,1] satisfying 𝛼1 < 𝛼∗ and x ∉ Ã𝛼1
. Then x ∉ Ã𝛼 for

all 𝛼 ∈ [0,1] with 𝛼 > 𝛼1, since Ã𝛼 ⊆ Ã𝛽 for 𝛼, 𝛽 ∈ [0,1] with 𝛽 < 𝛼. This says that

sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x) ≤ 𝛼1 < 𝛼

∗
,

which is a contradiction. Therefore, we conclude x ∈ Ã𝛼 for 𝛼 ∈ [0,1] with 𝛼 < 𝛼∗.
On the other hand, suppose that there exists 𝛼2 ∈ [0,1] satisfying 𝛼2 > 𝛼∗ and x ∈ Ã𝛼2

.
Then, we have

sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x) ≥ 𝛼2 > 𝛼

∗
,

which is also a contradiction. Therefore, we conclude x ∉ Ã𝛼 for 𝛼 ∈ [0,1] with 𝛼 > 𝛼∗. This
completes the proof. ◾

Lemma 4.2.2 Let Ã(i) be fuzzy sets in ℝni for i = 1,… , p. Then, we have

min
1≤i≤p

{
sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã(i)
𝛼

(xi)
}

= sup
𝛼∈[0,1]

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}
.
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Proof. Let

𝛼
∗
i = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi) for i = 1,… , p

and let

𝛼
∗ = min

1≤i≤p
𝛼
∗
i .

For 𝛼 ∈ [0,1] with 𝛼 > 𝛼∗, i.e. 𝛼 ∈ [0,1] with 𝛼 > 𝛼∗
i for some i = 1,… , p, Lemma 4.2.1 says

that xi ∉ Ã(i)
𝛼 for some i = 1,… , p. Therefore, we obtain

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}
= 0.

For 𝛼 ∈ [0,1] with 𝛼 < 𝛼∗, i.e. 𝛼 ∈ [0,1] with 𝛼 < 𝛼∗
i for all i = 1,… , p, Lemma 4.2.1 says

that xi ∈ Ã(i)
𝛼 for all i = 1,… , p. Therefore, we obtain

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}
= 𝛼,

which also shows that

sup
𝛼∈[0,1]

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}

= max
{

sup
{𝛼∈[0,1]∶𝛼>𝛼∗}

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}
, sup
{𝛼∈[0,1]∶𝛼<𝛼∗}

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}
,

min
1≤i≤p

{
𝛼
∗ ⋅ 𝜒Ã(i)

𝛼∗
(xi)

}}
= max

{
0, sup

{𝛼∈[0,1]∶𝛼<𝛼∗}
𝛼,min

1≤i≤p

{
𝛼
∗ ⋅ 𝜒Ã(i)

𝛼∗
(xi)

}}
= max

{
𝛼
∗
,min

1≤i≤p

{
𝛼
∗ ⋅ 𝜒Ã(i)

𝛼∗
(xi)

}}
= 𝛼

∗
.

This completes the proof. ◾

Theorem 4.2.3 (Representation Theorem) Let f ∶ ℝn1 × · · · ×ℝnp → ℝn be an onto
crisp function, and let f̃ ∶  (ℝn1 ) × · · · ×  (ℝnp ) →  (ℝn) be a fuzzy function extended from
f via the extension principle defined in (4.14). Let Ã(i) be fuzzy sets in ℝni for i = 1,… , p.
Then, the membership function of fuzzy set f̃ (Ã(1)

,… ,Ã(p)) in ℝn can be expressed as

𝜉f̃ (Ã(1)
,…,Ã(p))(y) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒f (Ã(1)

𝛼
,…,Ã(p)

𝛼
)(y) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒f (Ã(1)

𝛼
,…,Ã(p)

𝛼
)(y).

Proof. We have

𝜉f̃ (Ã(1)
,…,Ã(p))(y) = sup

{(x1 ,…,xp)∶y=f (x1 ,…,xp)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
(using (4.14))

= sup
{(x1 ,…,xp)∶y=f (x1 ,…,xp)}

min
1≤i≤p

{
sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã(i)
𝛼

(xi)
}

(using Theorem 2.2.13). (4.16)

On the other hand, from (4.13), we see that

𝜒f (Ã(1)
𝛼
,…,Ã(p)

𝛼
)(y) = sup

{(x1 ,…,xp)∶y=f (x1 ,…,xp)}
min
1≤i≤p

{
𝜒Ã(i)

𝛼

(xi)
}
.
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Therefore, we have

sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒f (Ã(1)
𝛼
,…,Ã(p)

𝛼
)(xp) = sup

𝛼∈[0,1]
𝛼 ⋅

(
sup

{(x1 ,…,xp)∶y=f (x1 ,…,xp)}
min
1≤i≤p

{
𝜒Ã(i)

𝛼

(xi)
})

= sup
𝛼∈[0,1]

sup
{(x1 ,…,xp)∶y=f (x1 ,…,xp)}

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}

= sup
{(x1 ,…,xp)∶y=f (x1 ,…,xp)}

sup
𝛼∈[0,1]

min
1≤i≤p

{
𝛼 ⋅ 𝜒Ã(i)

𝛼

(xi)
}
. (4.17)

Using Lemma 4.2.2, the result follows from (4.16) and (4.17) immediately. ◾

From 4.15 and Proposition 4.2.3, we see that

𝜉f̃ (Ã(1)
,…,Ã(p))(y) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒f (Ã(1)

𝛼
,…,Ã(p)

𝛼
)(y) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒(f̃ (Ã(1)

,…,Ã(p)))𝛼
(y).

However, the equality

f
(

Ã(1)
𝛼 ,… ,Ã(p)

𝛼

)
=
(

f̃ (Ã(1)
,… ,Ã(p))

)
𝛼

is not always guaranteed, which will be completely investigated in this chapter. First of all,
we have the following interesting inclusion.

Proposition 4.2.4 Let f ∶ ℝn1 × · · · ×ℝnp → ℝn be an onto crisp function, and let
f̃ ∶  (ℝn1 ) × · · · ×  (ℝnp ) →  (ℝn) be a fuzzy function extended from f via the extension
principle defined in (4.14). Then, we have the inclusion

f
(

Ã(1)
𝛼 ,… ,Ã(p)

𝛼

)
⊆

(
f̃ (Ã(1)

,… ,Ã(p))
)
𝛼

for each 𝛼 ∈ (0,1].

Proof. For y ∈ f (Ã(1)
𝛼 ,… ,Ã(p)

𝛼 ), there exists (x1,… , xp) satisfying y = f (x1,… , xp) and xi ∈
Ã(i)
𝛼 for all i = 1,… , p, which implies 𝜉Ã(i) (xi) ≥ 𝛼 for all i = 1,… , p, i.e.

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ 𝛼.

Therefore, we have

𝜉f̃ (Ã(1)
,…,Ã(p))(y) = sup

{(x1 ,…,xp)∶y=f (x1 ,…,xp)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ 𝛼,

which says that y ∈ (f̃ (Ã(1)
,… ,Ã(p)))𝛼 . This completes the proof. ◾

We write
p∏

i=1
ℝni = ℝn1 × · · · ×ℝnp and

p∏
i=1

 (ℝni ) =  (ℝn1 ) × · · · ×  (ℝnp ).

For convenience, we also write

𝐱 = (x1,… , xp) ∈ ℝn1 × · · · ×ℝnp

and

𝐀̃ =
(

Ã(1)
,… ,Ã(p)

)
∈  (ℝn1 ) × · · · ×  (ℝnp )
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and

𝐀̃𝛼 =
(

Ã(1)
𝛼 ,… ,Ã(p)

𝛼

)
and 𝐀̃0+ =

(
Ã(1)

0+,… ,Ã(p)
0+

)
.

Next, we present some interesting results.

Theorem 4.2.5 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶

∏p
i=1  (ℝni ) →

 (ℝn) be a fuzzy function extended from f via the extension principle defined in (4.14). Given
any fuzzy sets Ã(i) in ℝni such that their membership functions 𝜉Ã(i) are upper semi-continuous
for i = 1,… , p, we have the following properties.

(i) Suppose that {𝐱 ∶ y = f (𝐱)} are closed and bounded subsets of
∏p

i=1 ℝ
ni for all y in the

range of f . Then, the 𝛼-level set of f̃ (𝐀̃) is given by(
f̃ (𝐀̃)

)
𝛼
= f

(
𝐀̃𝛼

)
for 𝛼 ∈ (0,1]

and the 0-level set is given by(
f̃ (𝐀̃)

)
0 = cl

(
f
(
𝐀̃0+

))
⊆ cl

(
f
(
𝐀̃0

))
.

(ii) Suppose that the 0-level sets Ã(i)
0 of Ã(i) are closed and bounded subsets of ℝni for

i = 1,… , p, and that {𝐱 ∶ y = f (𝐱)} are closed subsets of
∏p

i=1 ℝ
ni for all y in the range

of f . Then, the 𝛼-level set of f̃ (𝐀̃) is given by(
f̃ (𝐀̃)

)
𝛼
= f

(
𝐀̃𝛼

)
for 𝛼 ∈ (0,1]

and the 0-level set is given by(
f̃ (𝐀̃)

)
0 = cl

(
f
(
𝐀̃0+

))
⊆ cl

(
f
(
𝐀̃0

))
.

(iii) Suppose that the 0-level sets Ã(i)
0 of Ã(i) are closed and bounded subsets of ℝni for

i = 1,… , p, and that the function f ∶
∏p

i=1 ℝ
ni → ℝn is continuous. Then, the 𝛼-level set

of f̃ (𝐀̃) is given by(
f̃ (𝐀̃)

)
𝛼
= f

(
𝐀̃𝛼

)
for 𝛼 ∈ [0,1],

where the 0-level sets are taken into account.

Proof. To prove part (i), we consider the 𝛼-level sets for 𝛼 ∈ (0,1]. From Proposition 4.2.4,
we have the inclusion f (𝐀̃𝛼) ⊆ (f̃ (𝐀̃))𝛼 . For proving the other direction of inclusion, suppose
that y ∈ (f̃ (𝐀̃))𝛼 . Then, we have

sup
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= 𝜉f̃ (𝐀̃)(y) ≥ 𝛼. (4.18)

Since 𝜉Ã(i) are upper semi-continuous on ℝni for i = 1,… , p, it follows that

Ã(i)
𝛼 = {x ∶ 𝜉Ã(i) (x) ≥ 𝛼}

are closed subsets of ℝni for i = 1,… , p. Since{
𝐱 ∶ min

1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ 𝛼

}
=
{
𝐱 ∶ 𝜉Ã(i) (xi) ≥ 𝛼 for all i = 1,… , p

}
= Ã(1)

𝛼 × · · · × Ã(p)
𝛼 =

p⋂
i=1

Ci𝛼
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is a closed subset of
∏p

i=1 ℝ
ni , it shows that the following function

g(x1,… , xp) = min
1≤i≤p

{
𝜉Ã(i) (xi)

}
is upper semi-continuous on

∏p
i=1 ℝ

ni . Since {𝐱 ∶ y = f (𝐱)} is a closed and bounded subset
of

∏p
i=1 ℝ

ni , Proposition 1.4.4 says that the following supremum is attained

max
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= sup

{𝐱∶y=f (𝐱)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
. (4.19)

Using (4.18), we have

max
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= sup

{𝐱∶y=f (𝐱)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ 𝛼. (4.20)

Therefore, there exists 𝐱 satisfying

y = f (𝐱) and min
1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ 𝛼.

This says that 𝜉Ã(i) (xi) ≥ 𝛼 for all i = 1,… , p; that is, xi ∈ Ã(i)
𝛼 for all i = 1,… , p. Therefore,

we obtain y ∈ f (𝐀̃𝛼), which shows the inclusion (f̃ (𝐀̃))𝛼 ⊆ f (𝐀̃𝛼).
Now, we consider the 0-level sets. For notational convenience, we write

X0 = f
(
𝐀̃0

)
,X0+ = f

(
𝐀̃0+

)
, and Y =

{
r ∶ 𝜉f̃ (Ã(1)

,…,Ã(p))(y) > 0
}
.

Then, we see that (f̃ (𝐀̃))0 = cl(Y ). Given y ∈ Y , by referring to (4.19), we have

0 < 𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= max

{𝐱∶y=f (𝐱)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
.

Therefore, there exists 𝐱 satisfying y = f (𝐱) and 𝜉Ã(i) (xi) > 0 for all i, i.e.

xi ∈ Ã(i)
0+ ⊆ Ã(i)

0 for all i = 1,… , p.

This also says that

y = f (𝐱) ∈ X0+ ⊆ X0.

Therefore, we obtain the following inclusions

Y ⊆ X0+ ⊆ X0,

which implies

cl(Y ) ⊆ cl(X0+) ⊆ cl(X0).

To prove the other direction of inclusion, given any y ∈ cl(X0+) and any neighborhood N of
y, according to the concept of closure, we have N ∩ X0+ ≠ ∅. Let ŷ ∈ N ∩ X0+, i.e. ŷ ∈ X0+.
There exists 𝐱̂ satisfying ŷ = f (𝐱̂) and x̂i ∈ Ã(i)

0+ for all i, i.e. 𝜉Ã(i) (x̂i) > 0 for all i, which implies

min
1≤i≤p

{
𝜉Ã(i) (x̂i)

}
> 0 for all i.

Therefore, we also have

𝜉f̃ (𝐀̃)(ŷ) = sup
{𝐱∶ŷ=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ min

1≤i≤p

{
𝜉Ã(i) (x̂i)

}
> 0,

which says that ŷ ∈ Y , i.e. N ∩ Y ≠ ∅. In other words, any neighborhood of y contains points
of Y , which says that y ∈ cl(Y ), i.e. cl(X0+) ⊆ cl(Y ). Therefore, we obtain cl(X0+) = cl(Y ).
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To prove part (ii), since

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= 0

outside of the set 𝐀̃0, from (4.18), we have

𝛼 ≤ sup
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= sup

{𝐱∶y=f (𝐱) and 𝐱∈𝐀̃0}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= sup

{𝐱∶𝐱∈f−1({y})∩𝐀̃0}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
. (4.21)

Since Ã(i)
0 are closed and bounded subsets of ℝni for i = 1,… , p, it follows that 𝐀̃0 is a closed

and bounded subset of
∏p

i=1 ℝ
ni by Tychonoff’s theorem. Since the inverse image

f −1({y}) = {𝐱 ∶ y = f (𝐱)}

is a closed subset of
∏p

i=1 ℝ
ni by the assumption, it says that f −1({y}) ∩ 𝐀̃0 is a closed subset

of
∏p

i=1 ℝ
ni . Since f −1({y}) ∩ 𝐀̃0 is also a subset of 𝐀̃0, it follows that f −1({y}) ∩ 𝐀̃0 is a closed

and bounded subset of
∏p

i=1 ℝ
ni . Since the function

g(x1,… , xp) = min
1≤i≤p

{
𝜉Ã(i) (xi)

}
is upper semi-continuous on

∏p
i=1 ℝ

ni from the proof of part (i), Proposition 1.4.4 says that
the supremum in (4.21) is attained. By referring to (4.20), the remaining proof follows from
the proof of part (i).

To prove part (iii), since f is continuous, it says that f −1({y}) are closed subsets of
∏p

i=1 ℝ
ni

for all y in the range of f . Therefore, the desired results follow from part (ii). Now, it remains
to consider the 0-level sets; that is, we want to show that cl(Y ) = X0. Since f is continuous
and 𝐀̃0 is a closed and bounded set, part (iii) of Proposition 1.4.3 says that X0 is a closed and
bounded subset of ℝn. From the proof of part (i), we have obtained

cl(Y ) ⊆ cl(X0) = X0.

To prove the other direction of inclusion, for any y ∈ X0, there exist

xi ∈ Ã(i)
0 = cl(Ã(i)

0+) for i = 1,… , p satisfying y = f (𝐱).

Since f is continuous, given any neighborhood N of y, there exist neighborhoods Ni of xi for
i = 1,… , p satisfying

f (N1,… ,Np) ⊆ N.

Since xi ∈ cl(Ã(i)
0+) for all i, we have Ni ∩ Ã(i)

0+ ≠ ∅ for all i by the concept of closure. Now, we
take x̂i ∈ Ni ∩ Ã(i)

0+ for all i = 1,… , p and set ŷ = f (𝐱̂). Then, we see that

ŷ ∈ f (N1,… ,Np) ⊆ N.

Since x̂i ∈ Ã(i)
0+, we also have 𝜉Ã(i) (x̂i) > 0 for all i. Therefore, we obtain

𝜉f̃ (𝐀̃)(ŷ) = sup
{𝐱∶ŷ=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
≥ min

1≤i≤p

{
𝜉Ã(i) (x̂i)

}
> 0.
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This says that ŷ ∈ Y , i.e. N ∩ Y ≠ ∅. In other words, any neighborhood of y contains points
of Y , which says that y ∈ cl(Y ), i.e. X0 ⊆ cl(Y ). Therefore, we obtain(

f̃ (𝐀̃)
)

0 = cl(Y ) = X0 = f
(
𝐀̃0

)
.

This completes the proof. ◾

Given 𝐮(1),𝐮(2) ∈ ∏p
i=1 ℝ

ni , the vector addition and scalar multiplication in the product
space

∏p
i=1 ℝ

ni are respectively defined by

𝐮(1) + 𝐮(2) =
(

u(1)
1 ,… ,u(1)

p

)
+
(

u(2)
1 ,… ,u(2)

p

)
=
(

u(1)
1 + u(2)

1 ,… ,u(1)
p + u(2)

p

)
and

𝜆
(

u1,… ,up
)
=
(
𝜆u1,… , 𝜆up

)
for 𝜆 ∈ ℝ.

Let f ∶
∏p

i=1 ℝ
ni → ℝn be a crisp function. We say that f is linear when

f
(
𝜆𝐮(1) + 𝛾𝐮(2)

)
= 𝜆f

(
𝐮(1)

)
+ 𝛾f

(
𝐮(2)

)
,

where 𝜆, 𝛾 ∈ ℝ. Next, we are going to investigate the extension principle by considering the
fuzzy vector in Definition 2.3.1.

Theorem 4.2.6 Let f ∶
∏p

i=1 ℝ
ni → ℝn be a linear, continuous, and onto crisp function, and

let f̃ ∶
∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle
defined in (4.14). Given any fuzzy vectors Ã(i) ∈ 𝔉(ℝni ) for i = 1,… ,n, we have f̃ (𝐀̃) ∈ 𝔉(ℝn),
which is also a fuzzy vector inℝn and its 𝛼-level set is given by (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) for any𝛼 ∈ [0,1],
where the 0-level sets are taken into account. In other words, the 𝛼-level sets (f̃ (𝐀̃))𝛼 are convex,
closed, and bounded subsets of ℝn for all 𝛼 ∈ [0,1].

Proof. We are going to apply part (iii) of Theorem 4.2.5 to check the conditions in
Definition 2.3.1. Since Ã(i) ∈ 𝔉(ℝni ) for all i = 1,… , p, we have that the 0-level sets Ã(i)

0 are
closed and bounded subsets of ℝni for all i = 1,… , p. Therefore, we can apply part (iii) of
Theorem 4.2.5 to obtain(

f̃ (𝐀̃)
)
𝛼
= f

(
𝐀̃𝛼

)
for each 𝛼 ∈ [0,1]. (4.22)

Since Ã(i)
𝛼 are convex sets in ℝni for all i, we want to claim that f (𝐀̃𝛼) is also a convex set in

ℝn. For any v1, v2 ∈ f (𝐀̃𝛼), there exist u(1)
i ,u(2)

i ∈ Ã(i)
𝛼 for i = 1,… , p satisfying

v1 = f
(

u(1)
1 ,… ,u(1)

p

)
and v2 = f

(
u(2)

1 ,… ,u(2)
p

)
.

By the linearity of f , it follows that

𝜆v1 + (1 − 𝜆)v2 = 𝜆f
(

u(1)
1 ,… ,u(1)

p

)
+ (1 − 𝜆)f

(
u(2)

1 ,… ,u(2)
p

)
= f

(
𝜆u(1)

1 + (1 − 𝜆)u(2)
1 ,… , 𝜆u(p)

1 + (1 − 𝜆)u(2)
p

)
.

Since

𝜆u(i)
1 + (1 − 𝜆)u(2)

i ∈ Ã(i)
𝛼

by the convexity of Ã(i)
𝛼 for all i, we have

𝜆v1 + (1 − 𝜆)v2 ∈ f (𝐀̃𝛼),
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which says that f (𝐀̃𝛼) is a convex set in ℝn. From (4.22), we also see that (f̃ (𝐀̃))𝛼 is a convex
set in ℝn.

Since Ã(i)
𝛼 are closed and bounded subsets of ℝni for all i by Proposition 2.3.2, it follows

that 𝐀̃𝛼 is also a closed and bounded subset of
∏p

i=1 ℝ
ni by the Tychonoff’s theorem. Since f

is continuous, using part (iii) of Proposition 1.4.3 and (4.22), we see that (f̃ (𝐀̃))𝛼 is a closed
and bounded subset of ℝn. From (4.22), we have (f̃ (𝐀̃))0 = f (𝐀̃0). By the continuity of f ,
Proposition 1.4.3 says that (f̃ (𝐀̃))0 is also a closed and bounded subset of ℝn. This completes
the proof. ◾

The linearity of f given in Theorem 4.2.6 can be replaced by some other assumptions that
will be shown below.

Theorem 4.2.7 Let f ∶
∏p

i=1 ℝ
ni → ℝn be a continuous and onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.14). Suppose that f (A1,… ,Ap) is a convex set in ℝn for any convex sets Ai in ℝni and
for i = 1,… , p. Given any fuzzy vectors Ã(i) ∈ 𝔉(ℝni ) for i = 1,… ,n, we have f̃ (𝐀̃) ∈ 𝔉(ℝn),
which is also a fuzzy vector in ℝn and its 𝛼-level set is (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) for any 𝛼 ∈ [0,1], where
the 0-level sets are taken into account. In other words, the 𝛼-level sets (f̃ (𝐀̃))𝛼 are convex, closed,
and bounded subsets of ℝn for all 𝛼 ∈ [0,1].

Proof. According to the proof of Theorem 4.2.6, we just need to show that (f̃ (𝐀̃))𝛼 is a
convex set in ℝn for each 𝛼 ∈ (0,1]. Since Ã(i)

𝛼 are convex sets in ℝni for all 𝛼 ∈ (0,1] and i =
1,… , p, the assumption of f says that f (𝐀̃𝛼) is indeed a convex set in ℝn for each 𝛼 ∈ (0,1].
This also says that (f̃ (𝐀̃))𝛼 is a convex set in ℝn for each 𝛼 ∈ (0,1] by (4.22). This completes
the proof. ◾

Theorem 4.2.8 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶

∏p
i=1  (ℝni ) →

 (ℝn) be a fuzzy function extended from f via the extension principle defined in (4.14). Given
any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following properties.

(i) Suppose that the equality (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) holds true for each 𝛼 ∈ (0,1]. Then, for each
y ∈ ℝn, the following supremum

sup
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
(4.23)

is attained; that is, we have

sup
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= max

{𝐱∶y=f (𝐱)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
.

(ii) Suppose that the supremum in (4.23) is attained. Then, we have (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) for each
𝛼 ∈ (0,1] and(

f̃ (𝐀̃)
)

0 = cl
(

f
(
𝐀̃0+

))
⊆ cl

(
f
(
𝐀̃0

))
.

(iii) Suppose that the function f ∶
∏p

i=1 ℝ
ni → ℝn is continuous. Then, the equality (f̃ (𝐀̃))𝛼 =

f (𝐀̃𝛼) holds true for each 𝛼 ∈ [0,1] if and only if, for each y ∈ ℝn, the supremum in (4.23)
is attained, where the 0-level sets are taken into account.
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Proof. To prove part (i), for y ∈ ℝn, let

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
= 𝛼0.

Then y ∈ (f̃ (𝐀̃))𝛼0
. If 𝛼0 = 0, then

min {𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)} = 0

for any x̂i ∈ ℝn
i and for i = 1,… , p with y = f (𝐱̂). This shows that the supremum is attained.

Now, we assume 𝛼0 > 0. Since y ∈ (f̃ (𝐀̃))𝛼0
= f (𝐀̃𝛼0

), there exist x̂i ∈ Ã(i)
𝛼0

for i = 1,… , p sat-
isfying y = f (𝐱̂) and

min
{
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

}
≤ sup

{𝐱∶y=f (𝐱)}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
= 𝛼0. (4.24)

Since x̂i ∈ Ã(i)
𝛼0

, i.e. 𝜉Ã(i) (x̂i) ≥ 𝛼0 for all i = 1,… , p, it says that

min
{
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

}
≥ 𝛼0,

which implies

min
{
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

}
= 𝛼0

by (4.24). Therefore, the supremum is attained.
To prove part (ii), we assume that the supremum in (4.23) is attained. From Proposi-

tion 4.2.4, it remains to prove the inclusion (f̃ (𝐀̃))𝛼 ⊆ f (𝐀̃𝛼). For y ∈ (f̃ (𝐀̃))𝛼 , we have

𝛼 ≤ 𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

min
1≤i≤p

{
𝜉Ã(i) (xi)

}
= max

{𝐱∶y=f (𝐱)}
min
1≤i≤p

{
𝜉Ã(i) (xi)

}
.

Therefore, there exist 𝐱̂ satisfying y = f (𝐱̂) and

𝛼 ≤ min
1≤i≤p

{
𝜉Ã(i) (x̂i)

}
,

which implies 𝜉Ã(i) (x̂i) ≥ 𝛼 for all i = 1,… , p. Therefore, we have x̂i ∈ Ã(i)
𝛼 for all i = 1,… , p.

In other words, we obtain

y = f (𝐱̂) ∈ f
(
𝐀̃𝛼

)
,

which implies the equality (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) for each 𝛼 ∈ (0,1]. For the case of 0-level sets,
since the supremum in (4.23) is assumed to be attained, using the same arguments in the
proof of part (i) of Theorem 4.2.5, we can obtain the desired equalities.

To prove part (iii), suppose that the supremum in (4.23) is attained. Then, from part (ii),
we have (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) for each 𝛼 ∈ (0,1]. Using the same arguments in the proof of part
(iii) of Theorem 4.2.5, we can also obtain (f̃ (𝐀̃))0 = f (𝐀̃0). This completes the proof. ◾

4.3 Extension Principle Based on the Triangular Norms

We are going to generalize the above results by considering the generalized t-norm Tp

defined in (3.9). Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function. Given any fuzzy sets Ã(i)

in ℝni for i = 1,… , p, the membership function of fuzzy set f̃ (𝐀̃) in ℝn is defined by

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
(4.25)
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for y ∈ ℝn. Suppose that we take t(x, y) = min {x, y}, which is a t-norm. Then, we see that

Tp(𝐱) = min {x1,… , xp}.

This says that the above definition extends the definition given in (4.14).

Proposition 4.3.1 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.25). Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following properties.

(i) We have the following inclusions⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
⊆ f

(
𝐀̃0+

)
⊆ f

(
𝐀̃0

)
(4.26)⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
⊆
(

f̃ (𝐀̃)
)

0+ ⊆
(

f̃ (𝐀̃)
)

0 (4.27)

cl
⎛⎜⎜⎝

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ ⊆
(

f̃ (𝐀̃)
)

0. (4.28)

(ii) Suppose that f ∶
∏p

i=1 ℝ
ni → ℝn is a continuous function. Then, we have the following

inclusions

cl
⎛⎜⎜⎝

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ ⊆ cl
(

f
(
𝐀̃0+

))
⊆ f

(
𝐀̃0

)
. (4.29)

We further assume that

𝛼i > 0 for all i = 1,… , p imply Tp(𝛼1,… , 𝛼p) > 0. (4.30)

Then, we have the following equalities

cl
⎛⎜⎜⎝

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ = cl
(

f
(
𝐀̃0+

))
= f

(
𝐀̃0

)
.

Proof. To prove part (i), since Ã(i)
0+ ⊆ Ã(i)

0 for i = 1,… , p, it follows that f (𝐀̃0+) ⊆ f (𝐀̃0).
Since Ã(i)

𝛼i
⊆ Ã(i)

0+ for any 𝛼i ∈ (0,1] and i = 1,… , p, we can obtain inclusion (4.26). Now, for

y ∈
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
,

there exist 𝛽1,… , 𝛽p satisfying

Tp(𝛽1,… , 𝛽p) > 0 and y ∈ f (Ã(1)
𝛽1
,… ,Ã(p)

𝛽p
).

In other words, there exist x̂i ∈ Ã𝛽i
for i = 1,… , p satisfying y = f (𝐱̂), which also says that

𝜉Ã(i) (x̂i) ≥ 𝛽i for all i = 1,… , p. Since Tp is increasing by Remark 3.2.7, we have

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ Tp

(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
≥ Tp(𝛽1,… , 𝛽p) > 0.
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This shows that y ∈ (f̃ (𝐀̃))0+. Therefore, we obtain the inclusion (4.27). The inclusion
shown in (4.28) can be obtained by taking the closure on the inclusions shown in (4.27).

To prove part (ii), since the 0-level sets Ã(i)
0 are closed and bounded subsets of ℝni for all

i = 1,… , p, using part (iii) of Proposition 1.4.3, the continuity of f says that f (𝐀̃0) is also
a closed and bounded subset of ℝn, i.e. cl(f (𝐀̃0)) = f (𝐀̃0). Therefore, by taking the closure
from (4.26), we obtain the inclusions (4.29). Now, we write

Y =
⋃

{(𝛼1,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
.

For any y ∈ f (𝐀̃0), there exist

xi ∈ Ã(i)
0 = cl(Ã(i)

0+) for i = 1,… , p satisfying y = f (𝐱).

Since f is continuous, given any neighborhood N of y, there exist neighborhoods Ni of xi for
i = 1,… , p satisfying

f
(

N1,… ,Np
)
⊆ N.

Since xi ∈ cl(Ã(i)
0+) for all i = 1,… , p, according to the concept of closure, we have Ni ∩ Ã(i)

0+ ≠

∅ for i = 1,… , p. Now, we take x̂i ∈ Ni ∩ Ã(i)
0+ for i = 1,… , p and set ŷ = f (𝐱̂). Then, we see

that

ŷ ∈ f (N1,… ,Np) ⊆ N.

Since x̂i ∈ Ã(i)
0+, we also have 𝜉Ã(i) (x̂i) > 0, i.e. x̂i ∈ Ã(i)

𝛼i
for some 𝛼i > 0, i = 1,… , p, which

implies Tp(𝛼1,… , 𝛼p) > 0 by the assumption. This says that ŷ ∈ Y , i.e. N ∩ Y ≠ ∅. In other
words, any neighborhood N of y contains points of Y , which says that y ∈ cl(Y ), i.e.

f
(
𝐀̃0

)
⊆ cl

⎛⎜⎜⎝
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ . (4.31)

From (4.29) and (4.31), we obtain the desired equalities, and the proof is complete. ◾

Note that the assumption (4.30) in part (iii) of Proposition 4.3.1 is automatically satisfied
when we take

Tp(𝛼1,… , 𝛼p) = min
{
𝛼1,… , 𝛼p

}
.

Theorem 4.3.2 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto function, and let f̃ ∶

∏p
i=1  (ℝni ) →

 (ℝn) be a fuzzy function extended from f via the extension principle defined in (4.25). Given
any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following properties.

(i) Suppose that the following equality(
f̃ (𝐀̃)

)
𝛼
=

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
(4.32)

holds true for each 𝛼 ∈ (0,1]. Then, for each y ∈ ℝn, the following supremum

sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
(4.33)

is attained.
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(ii) Suppose that the supremum in (4.33) is attained for each y ∈ ℝn. Then, the equality in
(4.32) holds true for each 𝛼 ∈ (0,1], and we also have the following equalities(

f̃ (𝐀̃)
)

0+ =
⋃

{(𝛼1,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
(4.34)

and (
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ . (4.35)

(iii) Suppose that f ∶
∏p

i=1 ℝ
ni → ℝn is a continuous function, and that the supremum

in (4.33) is attained for each y ∈ ℝn. Then, the equality in (4.32) holds true for each
𝛼 ∈ (0,1], and we have the following inclusions

(
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ ⊆ cl
(

f
(
𝐀̃0+

))
⊆ f

(
𝐀̃0

)
.

We further assume that

𝛼i > 0 for all i = 1,… , p imply Tp(𝛼1,… , 𝛼p) > 0.

Then, we have the following equalities

(
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠ = cl
(

f
(
𝐀̃0+

))
= f

(
𝐀̃0

)
.

Proof. To prove part (i), given y ∈ ℝn, let

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= 𝛼0 > 0, (4.36)

which says that y ∈ (f̃ (𝐀̃))𝛼0
. Since 𝛼0 > 0, from (4.32), we have

y ∈
(

f̃ (𝐀̃)
)
𝛼0
=

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)≥𝛼0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
.

Therefore, there exist 𝛽1,… , 𝛽p satisfying

Tp(𝛽1,… , 𝛽p) ≥ 𝛼0 and y ∈ f (Ã(1)
𝛽1
,… ,Ã(p)

𝛽p
),

i.e. there exist x̂i ∈ Ã(i)
𝛽i

for i = 1,… , p satisfying y = f (𝐱̂). We also see that 𝜉Ã(i) (x̂i) ≥ 𝛽i for
i = 1,… , p, which implies

Tp
(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
≥ Tp(𝛽1,… , 𝛽p) ≥ 𝛼0,

since Tp is increasing by Remark 3.2.7. Therefore, we obtain

𝛼0 = sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ Tp

(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
≥ Tp(𝛽1,… , 𝛽p) ≥ 𝛼0,

which shows that

Tp(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) = 𝛼0 > 0,
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i.e. the supremum in (4.36) is attained. Now, we assume that 𝛼0 = 0. Since Tp is nonnegative,
using (4.36), we see that

Tp(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) = 0 = 𝛼0

for any x̂i ∈ ℝn
i and for all i = 1,… , p with y = f (𝐱̂). Therefore, we conclude that the supre-

mum in (4.33) is attained.
To prove part (ii), for

y ∈
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)≥𝛼}
f (Ã(1)

𝛼1
,… ,Ã(p)

𝛼p
),

there exist 𝛽1,… , 𝛽p satisfying Tp(𝛽1,… , 𝛽p) ≥ 𝛼 and y ∈ f (Ã(1)
𝛽1
,… ,Ã(p)

𝛽p
). In other words,

there exist x̂i ∈ Ã(i)
𝛽i

for i = 1,… , p satisfying y = f (𝐱̂), which also says that 𝜉Ã(i) (x̂i) ≥ 𝛽i for
all i = 1,… , p. Therefore, we have

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ Tp

(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
≥ Tp(𝛽1,… , 𝛽p) ≥ 𝛼 > 0,

since Tp is increasing by Remark 3.2.7. This shows that y ∈ (f̃ (𝐀̃))𝛼 . Therefore, we obtain
the inclusion ⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)≥𝛼}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
⊆
(

f̃ (𝐀̃)
)
𝛼
.

To prove the other direction of inclusion, given y ∈ (f̃ (𝐀̃))𝛼 for 𝛼 > 0, i.e.

sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= 𝜉f̃ (𝐀̃)(y) ≥ 𝛼 > 0.

Since the supremum is assumed to be attained, there exist x̂i ∈ ℝn
i for i = 1,… , p satisfying

y = f (𝐱̂) and

Tp
(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
= sup

{𝐱∶y=f (𝐱)}
Tp

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼 > 0.

By taking 𝛽i = 𝜉Ã(i) (x̂i) for i = 1,… , p, we have Tp(𝛽1,… , 𝛽p) ≥ 𝛼 > 0, x̂i ∈ Ã(i)
𝛽i

for
i = 1,… , p, and

y = f (𝐱̂) ∈ f (Ã(1)
𝛽1
,… ,Ã(p)

𝛽p
).

This shows that

y ∈
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)≥𝛼}
f (Ã(1)

𝛼1
,… ,Ã(p)

𝛼p
).

Therefore, the equality (4.32) holds true for each 𝛼 ∈ (0,1].
For any 𝛼 > 0, from (4.32), we have(

f̃ (𝐀̃)
)
𝛼
=

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
⊆

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
,
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which implies⋃
0<𝛼≤1

(
f̃ (𝐀̃)

)
𝛼
⊆

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
(4.37)

From (2.5), we have(
f̃ (𝐀̃)

)
0+ =

⋃
0<𝛼≤1

(
f̃ (𝐀̃)

)
𝛼
.

Using (4.37), we obtain the following inclusion(
f̃ (𝐀̃)

)
0+ ⊆

⋃
{(𝛼1,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
.

From (4.27), the equality (4.34) holds true. We also have

cl
((

f̃ (𝐀̃)
)

0+

)
=
(

f̃ (𝐀̃)
)

0,

which implies equality (4.35) by taking closure on both sides of (4.34). Finally, part (iii)
follows immediately from part (ii) of Proposition 4.3.1. This completes the proof. ◾

Proposition 4.3.3 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.25). Then, given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following equalities{

f (𝐱) ∶ Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
=

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
for each 𝛼 ∈ (0,1] and{

f (𝐱) ∶ Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
=

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
.

Proof. For notational convenience, we write

Y𝛼 = {f (𝐱) ∶ Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼}

Y0+ = {f (𝐱) ∶ Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0}

Z𝛼 =
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)≥𝛼}
f (Ã(1)

𝛼1
,… ,Ã(p)

𝛼p
)

Z0+ =
⋃

{(𝛼1 ,…,𝛼p)∶Tp(𝛼1,…,𝛼p)>0}
f (Ã(1)

𝛼1
,… ,Ã(p)

𝛼p
)

For 𝛼 ∈ (0,1] and y ∈ Y𝛼 , there exists 𝐱̂ = (x̂1,… , x̂p) satisfying

y = f (𝐱̂) and Tp(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) ≥ 𝛼.

Let 𝛽i = 𝜉Ã(i) (x̂i) for all i = 1,… , p. Then, we see that Tp(𝛽1,… , 𝛽p) ≥ 𝛼 and x̂i ∈ Ã(i)
𝛽i

for all
i = 1,… , p, i.e.

y = f (𝐱̂) ∈ f (Ã(1)
𝛽1
,… ,Ã(p)

𝛽p
).

This shows the inclusion Y𝛼 ⊆ Z𝛼 . For y ∈ Y0+, there exists 𝐱̂ satisfying

y = f (𝐱̂) and Tp(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0.
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The above same arguments can imply the inclusion Y0+ ⊆ Z0+. On the other hand, for z ∈
Z𝛼 , there exist 𝛽1,… , 𝛽p satisfying

z = f (𝐱̂) and Tp(𝛽1,… , 𝛽p) ≥ 𝛼

for some x̂i ∈ Ã(i)
𝛽i

, i.e. 𝜉Ã(i) (x̂i) ≥ 𝛽i, for all i = 1,… , p. Since Tp is nondereasing by Remark
3.2.7, we have

Tp(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) ≥ Tp(𝛽1,… , 𝛽p) ≥ 𝛼,

which says that z ∈ Y𝛼 . Therefore, we obtain Y𝛼 = Z𝛼 . For z ∈ Z0+, there exist 𝛽1,… , 𝛽p
satisfying

z = f (𝐱̂) and Tp(𝛽1,… , 𝛽p) > 0

for some x̂i ∈ Ã(i)
𝛽i

, i.e. 𝜉Ã(i) (x̂i) ≥ 𝛽i, for all i = 1,… , p. The above same arguments can imply
the equality Y0+ = Z0+, and the proof is complete. ◾

Theorem 4.3.4 Let f ∶
∏p

i=1 ℝ
ni → ℝn be a continuous and onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.25). Suppose that the generalized t-norm Tp ∶ [0,1]p → [0,1] is upper semi-continuous.
Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we also assume that the membership functions
𝜉Ã(i) are upper semi-continuous and that the 0-level sets Ã(i)

0 are bounded subsets of ℝni for all
i = 1,… , p. Then, we have the following properties.

(i) The membership function 𝜉f̃ (𝐀̃) of fuzzy set f̃ (𝐀̃) in ℝn is upper semi-continuous.
(ii) For each 𝛼 ∈ (0,1], the following equalities(

f̃ (𝐀̃)
)
𝛼
=

⋃
{(𝛼1 ,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
hold true.

(iii) We have the following inclusions

(
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠
⊆ cl

(
f
(
𝐀̃
))

⊆ f
(
𝐀̃0

)
.

We further assume that

𝛼i > 0 for i = 1,… , p imply Tp(𝛼1,… , 𝛼p) > 0.

Then, we also have the following equalities

(
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1,…,𝛼p)∶Tp(𝛼1 ,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠
= cl

(
f
(
𝐀̃0+

))
= f

(
𝐀̃0

)
,

and the 𝛼-level sets (f̃ (𝐀̃))𝛼 of f̃ (𝐀̃) are closed and bounded subsets of ℝn for all 𝛼 ∈ [0,1].
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Proof. By part (iii) of Theorem 4.3.2, it suffices to show that, for each y ∈ ℝn, the following
supremum

sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
is attained. We define the function

𝜙 ∶
p∏

i=1
ℝni → [0,1] by 𝐱 → Tp

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
.

Since Tp(𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)) = 0 for 𝐱 that is outside of the set 𝐀̃0, we have

sup
{𝐱∶y=f (𝐱)}

Tp
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= sup

{𝐱∶𝐱∈f−1({y})∩𝐀̃0}
𝜙(𝐱).

Since each Ã(i)
0 is a closed subset of ℝni for i = 1,… , p by the definition of 0-level set, it

follows that each Ã(i)
0 is a closed and bounded subset of ℝni for i = 1,… , p by the assump-

tion. Therefore, we see that 𝐀̃0 is a closed and bounded subset of
∏p

i=1 ℝ
ni by Tychonoff’s

theorem. Since the singleton {y} is a closed subset of ℝn, we have that f −1({y}) is a closed
subset of

∏p
i=1 ℝ

ni by the continuity of f . Hence f −1({y}) ∩ 𝐀̃0 is a closed subset of
∏p

i=1 ℝ
ni ,

which also says that f −1({y}) ∩ 𝐀̃0 is a closed and bounded subset of
∏p

i=1 ℝ
ni .

Now, we want to show that the function 𝜙 is upper semi-continuous. For any fixed 𝛼 ∈
(0,1], we need to show that the set

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} =
{
𝐱 ∶ Tp

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
(4.38)

is a closed subset of
∏p

i=1 ℝ
ni . Let

Γ = {(𝛼1,… , 𝛼p) ∶ Tp(𝛼1,… , 𝛼p) ≥ 𝛼}. (4.39)

Since Tp is upper semi-continuous, we see that Γ is a closed subset of [0,1]p. Since Tp is
increasing by Remark 3.2.7, we see that if (𝛼̂1,… , 𝛼̂p) ∈ Γ then

Tp
(
𝛼1,… , 𝛼p

)
≥ Tp

(
𝛼̂1,… , 𝛼̂p

)
≥ 𝛼

for any 𝛼i ≥ 𝛼̂i and for all i = 1,… , p. This says that

[𝛼̂1, 1] × · · · × [𝛼̂p, 1] ⊆ Γ.

Therefore, we have⋃
(𝛼̂1,…,𝛼̂p)∈Γ

[𝛼̂1, 1] × · · · × [𝛼̂p, 1] ⊆ Γ.

Since the other direction of inclusion is obvious, it follows that

Γ =
⋃

(𝛼̂1,…,𝛼̂p)∈Γ
[𝛼̂1, 1] × · · · × [𝛼̂p, 1]. (4.40)

Since Γ is a closed subset of [0,1]p, from (4.40), we also have

Γ = [𝛽1, 1] × · · · × [𝛽p, 1] (4.41)

for some 𝛽i ∈ [0,1] and i = 1,… , p. Combining (4.41) and (4.39), we see that

Tp(𝛼1,… , 𝛼p) ≥ 𝛼 if and only if 𝛼i ≥ 𝛽i for i = 1,… , p. (4.42)
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Therefore, from (4.38) and (4.42), we obtain

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} =
{
𝐱 ∶ 𝜉Ã(i) (xi) ≥ 𝛽i for i = 1,… , p

}
. (4.43)

Since 𝜉Ã(i) are upper semi-continuous for all i = 1,… , p, we see that each Ã(i)
𝛽i

is a closed
subset of ℝni for all i = 1,… , p. Therefore, from (4.43), we also see that

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} = Ã(1)
𝛽1

× · · · × Ã(p)
𝛽p

is a closed subset of
∏p

i=1 ℝ
ni . This shows that 𝜙 is indeed an upper semi-continuous

function. Therefore, the function 𝜙 assumes its maximum on the closed and bounded
set f −1({y}) ∩ 𝐀̃0 for all y ∈ ℝn by Proposition 1.4.4. Therefore, parts (ii) and (iii) can
be obtained by Proposition 4.3.3 and part (iii) of Theorem 4.3.2. Using (4.38) and part
(ii), we see that the 𝛼-level sets (f̃ (𝐀̃))𝛼 are closed subsets of

∏p
i=1 ℝ

ni for each 𝛼 ∈ (0,1],
which proves part (i). Moreover, by the continuity of f , since each Ã(i)

0 is a closed and
bounded subset of ℝni for i = 1,… , p, part (iii) of Proposition 1.4.3 says that f̃ (𝐀̃0) is a
closed and bounded subset of ℝn. Since (f̃ (𝐀̃))0 = f (𝐀̃0), we have that (f̃ (𝐀̃))0 is a closed
and bounded subset of ℝn. For each (0,1], since the closed set (f̃ (𝐀̃))𝛼 is contained in the
closed and bounded set (f̃ (𝐀̃))0, part (iii) of Proposition 1.4.4 says that (f̃ (𝐀̃))𝛼 is also a
closed and bounded set, and the proof is complete. ◾

Example 4.3.5 Suppose that the assumptions in Theorem 4.3.4 are all satisfied. We con-
sider many kinds of t-norms by applying part (ii) of Theorem 4.3.4.

● Suppose that the t-norm is given by t(x, y) = xy. Then, for each 𝛼 ∈ (0,1], we have(
f̃ (Ã, B̃)

)
𝛼
=

⋃
{(𝛼1 ,𝛼2)∶𝛼1⋅𝛼2≥𝛼}

f
(

Ã𝛼1
, B̃𝛼2

)
=
(

f̃ (Ã, B̃)
)
𝛼
=
{

f (x, y) ∶ 𝜉Ã(x) ⋅ 𝜉B̃(y) ≥ 𝛼
}
.

● Suppose that the t-norm is given by t(x, y) = max {0, x + y − 1}. Then, for each 𝛼 ∈ (0,1],
we have(

f̃ (Ã, B̃)
)
𝛼
=

⋃
{(𝛼1 ,𝛼2)∶𝛼1+𝛼2−1≥𝛼}

f
(

Ã𝛼1
, B̃𝛼2

)
=
(

f̃ (Ã, B̃)
)
𝛼
=
{

f (x, y) ∶ 𝜉Ã(x) + 𝜉B̃(y) − 1 ≥ 𝛼
}
.

4.4 Generalized Extension Principle

We can consider a more general function 𝔄 instead of the generalized t-norm Tp to fuzzify a
crisp function. Let𝔄 ∶ [0,1]p → [0,1] be a function defined on [0,1]p, which does not assume
any extra conditions. Let f ∶

∏p
i=1 ℝ

ni → ℝn be an onto crisp function. Given any fuzzy sets
Ã(i) in ℝni for i = 1,… , p, the fuzzy set f̃ (𝐀̃) in ℝn is defined by

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
(4.44)

for each y ∈ ℝn, which extends the definition in (4.25).
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Proposition 4.4.1 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following properties.

(i) Suppose that

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p.

Then, we have the following inclusion{
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
⊆ f

(
𝐀̃0+

)
.

(ii) Suppose that

𝛼i > 0 for i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) > 0.

Then, we have the following inclusion

f
(
𝐀̃0+

)
⊆
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
. (4.45)

Proof. To prove part (i), for 𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0, the assumption says that
𝜉Ã(i) (x̂i) > 0 for all i, i.e. x̂i ∈ Ã(i)

0+ for all i. This shows the desired inclusion.
To prove part (ii), for y ∈ f (𝐀̃0+), there exists 𝐱̂ satisfying y = f (𝐱̂) and x̂i ∈ Ã(i)

0+ for all i, i.e.
𝜉Ã(i) (x̂i) > 0, for all i. Therefore, we have 𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0. This shows the desired
inclusion. ◾

Suppose that we take 𝔄 = Tp. Then, the assumption says that

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p

is satisfied automatically by Remark 3.2.7.

Proposition 4.4.2 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following inclusions{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
⊆

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
for each 𝛼 ∈ (0,1] and{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
⊆

⋃
{(𝛼1,…,𝛼p)∶𝔄(𝛼1,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
.

We further assume that 𝔄 is increasing in the sense that

𝛼i ≥ 𝛽i for i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) ≥ 𝔄(𝛽1,… , 𝛽p).

Then, we have the following equalities{
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
=

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
for each 𝛼 ∈ (0,1] and{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
=

⋃
{(𝛼1,…,𝛼p)∶𝔄(𝛼1,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
.
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Proof. For notational convenience, we write

Y𝛼 = {f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼} (4.46)

Y0+ = {f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0} (4.47)

Z𝛼 =
⋃

{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1,…,𝛼p)≥𝛼}
f (Ã(1)

𝛼1
,… ,Ã(p)

𝛼p
) (4.48)

Z0+ =
⋃

{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)>0}
f (Ã(1)

𝛼1
,… ,Ã(p)

𝛼p
). (4.49)

For 𝛼 ∈ (0,1] and y ∈ Y𝛼 , there exists 𝐱̂ = (x̂1,… , x̂p) satisfying

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) ≥ 𝛼 and y = f (𝐱̂).

Let 𝛽i = 𝜉Ã(i) (x̂i) for all i = 1,… , p. Then, we see that 𝔄(𝛽1,… , 𝛽p) ≥ 𝛼 and x̂i ∈ Ã(i)
𝛽i

for all
i = 1,… , p, i.e.

y = f (𝐱̂) ∈ f (Ã(1)
𝛽1
,… ,Ã(p)

𝛽p
).

This shows the inclusion Y𝛼 ⊆ Z𝛼 . For y ∈ Y0+, there exists 𝐱̂ satisfying

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0 and y = f (𝐱̂).

The above same arguments can imply the inclusion Y0+ ⊆ Z0+. On the other hand, for
z ∈ Z𝛼 , there exists 𝛽1,… , 𝛽p satisfying

𝔄(𝛽1,… , 𝛽p) ≥ 𝛼 and z = f (𝐱̂)

for some x̂i ∈ Ã(i)
𝛽i

, i.e. 𝜉Ã(i) (x̂i) ≥ 𝛽i, for all i = 1,… , p. Since 𝔄 is assumed to be increasing,
we have

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) ≥ 𝔄(𝛽1,… , 𝛽p) ≥ 𝛼,

which says that z ∈ Y𝛼 . Therefore, we obtain Y𝛼 = Z𝛼 . For z ∈ Z0+, there exists 𝛽1,… , 𝛽p
satisfying

𝔄(𝛽1,… , 𝛽p) > 0 and z = f (𝐱̂)

for some x̂i ∈ Ã(i)
𝛽i

, i.e. 𝜉Ã(i) (x̂i) ≥ 𝛽i, for all i = 1,… , p. The above same arguments can imply
the equality Y0+ = Z0+, and the proof is complete. ◾

Since Tp is increasing by Remark 3.2.7, we have that the equalities shown in Proposi-
tion 4.4.2 holds true when we take 𝔄 = Tp.

Proposition 4.4.3 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets Ã(i) inℝni for i = 1,… , p, we have the following properties.

(i) For each 𝛼 ∈ (0,1], suppose that

𝔄(𝛼1,… , 𝛼p) ≥ 𝛼 implies 𝛼i ≥ 𝛼 for all i = 1,… , p.
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Then, we have the following inclusions⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
⊆ f

(
𝐀̃𝛼

)
(4.50)

and ⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
⊆ f

(
𝐀̃0+

)
. (4.51)

(ii) For each 𝛼 ∈ (0,1], suppose that

𝛼i ≥ 𝛼 for i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) ≥ 𝛼.

Then, we have the following inclusions

f
(
𝐀̃𝛼

)
⊆
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
(4.52)

and

f
(
𝐀̃0+

)
⊆
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
. (4.53)

Proof. To prove part (i), using the notations adopted in (4.46)-(4.49), for z ∈ Z𝛼 , there exists
𝛽1,… , 𝛽p satisfying

𝔄(𝛽1,… , 𝛽p) ≥ 𝛼 and z = f (𝐱̂)

for some x̂i ∈ Ã(i)
𝛽i

. By the assumption of 𝔄, we have 𝛽i ≥ 𝛼 for all i. Using (2.2), we also have
x̂i ∈ Ã(i)

𝛽i
⊆ Ã(i)

𝛼 for all i. This shows the inclusion (4.50). The assumption of 𝔄 also says that

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p.

Now, for z ∈ Z0+, there exists 𝛽1,… , 𝛽p satisfying

𝔄(𝛽1,… , 𝛽p) > 0 and z = f (𝐱̂)

for some x̂i ∈ Ã(i)
𝛽i

. Therefore, we have 𝛽i > 0 and x̂i ∈ Ã(i)
𝛽i
⊆ Ã(i)

0+ for all i. This shows the
inclusion (4.51).

To prove part (ii), for y ∈ f (𝐀̃𝛼), there exists 𝐱̂ satisfying y = f (𝐱̂) and x̂i ∈ Ã(i)
𝛼 , i.e. 𝜉Ã(i) (x̂i) ≥

𝛼, for all i. By the assumption of 𝔄, we have

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) ≥ 𝛼.

This shows the inclusion (4.52). The assumption of 𝔄 also says that

𝛼i > 0 for i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) > 0.

For y ∈ f (𝐀̃0+), there exists 𝐱̂ satisfying y = f (𝐱̂) and x̂i ∈ Ã(i)
0+, i.e. 𝜉Ã(i) (x̂i) > 0, for all i. By

the assumption of 𝔄, we have

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0.

This shows the inclusion (4.53), and the proof is complete. ◾

By combining Propositions 4.4.2 and 4.4.3, we can obtain many inclusion and equality
relationships. We omit the details here.
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Proposition 4.4.4 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the inclusion{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
⊆
(

f̃ (𝐀̃)
)
𝛼

for each 𝛼 ∈ (0,1].

Proof. For 𝛼 ∈ (0,1] and

y ∈
{

f (𝐱) ∶ 𝔄(𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)) ≥ 𝛼
}
,

there exists 𝐱 satisfying

y = f (𝐱) and 𝔄(𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)) ≥ 𝛼.

This shows that

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼,

which says that y ∈ (f̃ (𝐀̃))𝛼 , and the proof is complete. ◾

The following results for considering the 0-level sets are useful for further discussions.

Proposition 4.4.5 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Then, given any fuzzy sets Ã(i) inℝni for i = 1,… , p, we have the following properties.

(i) We have the following inclusions{
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
⊆
(

f̃ (𝐀̃)
)

0+ ⊆
(

f̃ (𝐀̃)
)

0 (4.54)

and

cl
({

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
⊆
(

f̃ (𝐀̃)
)

0. (4.55)

We further assume that

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p.

Then, we also have the following inclusions{
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
⊆ f

(
𝐀̃0+

)
⊆ f

(
𝐀̃0

)
. (4.56)

(ii) Suppose that Ã(i)
0 are bounded subsets of ℝni for all i = 1,… , p, and that f ∶

∏p
i=1 ℝ

ni →

ℝn is a continuous function. Then, we have the following properties.
● Assume that

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p.

Then, we have the following inclusions

cl
({

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
⊆ cl

(
f
(
𝐀̃0+

))
⊆ f

(
𝐀̃0

)
. (4.57)
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● Assume that

𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

Then, we have the following equalities

cl
({

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
= cl

(
f
(
𝐀̃0+

))
= f

(
𝐀̃0

)
.

Proof. To prove part (i), for

y ∈ {f (𝐱) ∶ 𝔄(𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)) > 0},

there exists 𝐱̂ satisfying

y = f (𝐱̂) and 𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0.

Therefore, we have

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝔄

(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
> 0.

This shows that y ∈ (f̃ (𝐀̃))0+. Therefore, we obtain the inclusion (4.54). Now, we further
assume that

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p.

For 𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0, we have 𝜉Ã(1) (x̂i) > 0 for all i, i.e. x̂i ∈ Ã(i)
0+ for all i. Since

Ã(i)
0+ ⊆ Ã(i)

0 for all i, we obtain the inclusion (4.56).
To prove part (ii), since Ã(i)

0 are closed subsets of ℝni for all i by the definition of 0-level
sets, it follows that Ã(i)

0 are closed and bounded subsets of ℝni for all i. Using part (iii) of
Proposition 1.4.3, the continuity of f says that f (𝐀̃0) is a closed and bounded subset ofℝn, i.e.
cl(f (𝐀̃0)) = f (𝐀̃0). Therefore, by taking closure from (4.56), we obtain the inclusions (4.57).
To prove the other direction of inclusion, we write

Y =
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
.

For any y ∈ f (𝐀̃0), there exist

xi ∈ Ã(i)
0 = cl(Ã(i)

0+) for i = 1,… , p satisfying y = f (𝐱).

Since f is continuous, given any neighborhood N of y, there exist neighborhoods Ni of xi for
i = 1,… , p satisfying

f (N1,… ,Np) ⊆ N.

Since xi ∈ cl(Ã(i)
0+) for all i, we have Ni ∩ Ã(i)

0+ ≠ ∅ for all i. Now, we take x̂i ∈ Ni ∩ Ã(i)
0+ for all

i and set ŷ = f (𝐱̂). Then, we see that

ŷ ∈ f (N1,… ,Np) ⊆ N.

Since x̂i ∈ Ã(i)
0+, we also have 𝜉Ã(i) (x̂i) > 0, i.e. x̂i ∈ Ã(i)

𝛼i
for some 𝛼i > 0, which implies

𝔄(𝛼1,… , 𝛼p) > 0 by the assumption. This says that ŷ ∈ Y , i.e. N ∩ Y ≠ ∅. In other words,
any neighborhood N of y contains points of Y , which says that y ∈ cl(Y ), i.e.

f
(
𝐀̃0

)
⊆ cl

({
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
. (4.58)

From (4.57) and (4.58), we obtain the desired equalities, and the proof is complete. ◾
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Proposition 4.4.6 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). For each 𝛼 ∈ (0,1], suppose that

𝛼i ≥ 𝛼 for i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) ≥ 𝛼.

Then, given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following inclusions(
𝐀̃𝛼

)
⊆
(

f̃ (𝐀̃)
)
𝛼

and f
(
𝐀̃0+

)
⊆
(

f̃ (𝐀̃)
)

0+

for each 𝛼 ∈ (0,1].

Proof. The desired results follow immediately from part (iii) of Proposition 4.4.3,
Proposition 4.4.4 and part (i) of Proposition 4.4.5. ◾

Theorem 4.4.7 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶

∏p
i=1  (ℝni ) →

 (ℝn) be a fuzzy function extended from f via the extension principle defined in (4.44). Then,
given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the following properties.

(i) Suppose that the following equality(
f̃ (𝐀̃)

)
𝛼
=
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
(4.59)

holds true for each 𝛼 ∈ (0,1]. Then, the following supremum

sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
(4.60)

is attained for each y ∈ ℝn.
(ii) Suppose that the supremum given in (4.60) is attained for each y ∈ ℝn. Then, for each

𝛼 ∈ (0,1], equality (4.59) holds true. The results regarding the strong 0-level sets are also
given below.
● We have(

f̃ (𝐀̃)
)

0+ =
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
. (4.61)

● We further assume

𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

Then, we have the equality (f̃ (𝐀̃))0+ = f (𝐀̃0+).
(iii) Suppose that the supremum given in (4.60) is attained for each y ∈ ℝn. Then, for each

𝛼 ∈ (0,1], equality (4.59) holds true. The results regarding the 0-level sets are also given
below.
● We have(

f̃ (𝐀̃)
)

0 = cl
({

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
.

● We further assume

𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

Then, we have the following equality(
f̃ (𝐀̃)

)
0 = cl

(
f
(
𝐀̃0+

))
⊆ cl

(
f
(
𝐀̃0

))
.
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(iv) Suppose that Ã(i)
0 are bounded subsets ofℝni for all i = 1,… , p, that f ∶

∏p
i=1 ℝ

ni → ℝn is
a continuous function, and that the supremum given in (4.60) is attained for each y ∈ ℝn.
Then, for each 𝛼 ∈ (0,1], equality (4.59) holds true. We further assume

𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

Then, we have the following equalities(
f̃ (𝐀̃)

)
0 = cl

({
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
= cl

(
f
(
𝐀̃0+

))
= f

(
𝐀̃0

)
.

Proof. To prove part (i), let y ∈ ℝn satisfying

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= 𝛼0. (4.62)

Suppose that 𝛼0 = 0. Then

𝔄
(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
= 0

for any x̂i ∈ ℝp
i and i = 1,… , p satisfying y = f (𝐱̂), since 𝔄 is a nonnegative function.

This shows that the supremum is attained. Now, we assume 𝛼0 > 0. Then, we see that
y ∈ (f̃ (𝐀̃))𝛼0

. Since equality (4.59) holds true, there exists 𝐱̂ satisfying

y = f (𝐱̂) and 𝔄
(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
≥ 𝛼0. (4.63)

From (4.62), we also see that

𝔄
(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
≤ sup

{𝐱∶y=f (𝐱)}
𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= 𝛼0,

which implies

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) = 𝛼0

by (4.63). Therefore, the supremum is attained.
To prove part (ii), for 𝛼 ∈ (0,1], Proposition 4.4.4 has obtained the following inclusion{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
⊆ (f̃ (𝐀̃))𝛼.

On the other hand, suppose that y ∈ (f̃ (𝐀̃))𝛼 . Then, we have

sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= 𝜉f̃ (𝐀̃)(y) ≥ 𝛼.

Since the supremum is attained, there exists 𝐱̂ satisfying

y = f (𝐱̂) and 𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) ≥ 𝛼.

Therefore, we obtain the inclusion

(f̃ (𝐀̃))𝛼 ⊆
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
.

This proves the equality (4.59). Now, we consider the strong 0-level sets. For convenience,
we write

X̂ =
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
and

Y =
{

r ∶ 𝜉f̃ (𝐀̃)(y) > 0
}
=
(

f̃ (𝐀̃)
)

0+.
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For y ∈ Y , since the following supremum is attained

0 < 𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
,

there exists 𝐱̂ satisfying

𝔄(𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)) > 0 and y = f (𝐱̂),

which implies y ∈ X̂ . Therefore, we obtain the inclusion Y ⊆ X̂ . To prove the other direction
of inclusion, for any y ∈ X̂ , there exists 𝐱̂ satisfying

y = f (𝐱̂) and 𝔄
(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
> 0.

Therefore, we also have

𝜉f̃ (𝐀̃)(y) = sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝔄

(
𝜉Ã(1) (x̂1),… , 𝜉Ã(p) (x̂p)

)
> 0.

This says that y ∈ Y , i.e. Y = X̂ . Therefore, we obtain the equality given in (4.61). The equal-
ity (f̃ (𝐀̃))0+ = f (𝐀̃0+) can be obtained by applying Proposition 4.4.1.

To prove part (iii), since Ã(i)
0+ ⊆ Ã(i)

0 for i = 1,… , p, we have f (𝐀̃0+) ⊆ f (𝐀̃0). The desired
results follow immediately from part (ii) by taking the closure. Finally, part (iv) follows
immediately from part (ii) of Proposition 4.4.5 and part (iii) of this theorem. This completes
the proof. ◾

Proposition 4.4.8 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Suppose that the supremum given in (4.60) is attained for each y ∈ ℝn. For each
𝛼 ∈ (0,1], we also assume that

𝔄(𝛼1,… , 𝛼p) ≥ 𝛼 implies 𝛼i ≥ 𝛼 for all i = 1,… , p.

Then, given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, we have the inclusion

(f̃ (𝐀̃))𝛼 ⊆ f (𝐀̃𝛼) for each 𝛼 ∈ (0,1].

Proof. The desired results follow immediately from part (ii) of Theorem 4.4.7,
Proposition 4.4.2, and part (i) of Proposition 4.4.3. ◾

Theorem 4.4.9 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶

∏p
i=1  (ℝni ) →

 (ℝn) be a fuzzy function extended from f via the extension principle defined in (4.44). Suppose
that the supremum given in (4.60) is attained for each y ∈ ℝn. For each 𝛼 ∈ (0,1], we also
assume

𝔄(𝛼1,… , 𝛼p) ≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for all i = 1,… , p.

Then, we have the following equalities(
f̃ (𝐀̃)

)
𝛼
= f

(
𝐀̃𝛼

)
and

(
f̃ (𝐀̃)

)
0+ = f

(
𝐀̃0+

)
for each 𝛼 ∈ (0,1].

We further assume that the function f ∶
∏p

i=1 ℝ
ni → ℝn is continuous. Then, we also have the

equality (f̃ (𝐀̃))0 = f (𝐀̃0). As a matter of fact, the function 𝔄 must be a minimum function
given by

𝔄
(
𝛼1,… , 𝛼p

)
= min

{
𝛼1,… , 𝛼p

}
.
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Proof. For 𝛼 ∈ (0,1], the results follows immediately from Propositions 4.4.6 and 4.4.8. It is
easy to see that if the following assumption holds true

for each 𝛼 ∈ (0,1], 𝔄(𝛼1,… , 𝛼p) ≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for all i = 1,… , p,

then the following assumption also holds true

𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

For the 0-level sets, the result follows immediately from parts (ii) and (iv) of Theorem 4.4.7.
Finally, Proposition 1.4.6 says that the aggregation function𝔄must be a minimum function,
and the proof is complete. ◾

Recall that the function 𝔄 is increasing when

𝛼i ≥ 𝛽i for all i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) ≥ 𝔄(𝛽1,… , 𝛽p).

This definition does not necessarily say that

𝔄(𝛼1,… , 𝛼p) ≥ 𝔄(𝛽1,… , 𝛽p) implies 𝛼i ≥ 𝛽i for all i = 1,… , p.

We have the following interesting result.

Lemma 4.4.10 Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p such that the member-
ship functions 𝜉Ã(i) are upper semi-continuous for all i = 1,… , p, we define the function
𝜙 ∶

∏p
i=1 ℝ

ni → [0,1] by

𝐱 → 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
.

Suppose that the function 𝔄 ∶ [0,1]p → [0,1] is upper semi-continuous and increasing. Then,
the function 𝜙 is also upper semi-continuous.

Proof. It is clear to see that

{𝐱 ∶ 𝜙(𝐱) ≥ 0} =
p∏

i=1
ℝni

is a closed subset of
∏p

i=1 ℝ
ni . Therefore, for any fixed 𝛼 ∈ (0,1], we need to show that the

set

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} =
{
𝐱 ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
(4.64)

is also a closed subset of
∏p

i=1 ℝ
ni . Let

Γ𝛼 =
{
(𝛼1,… , 𝛼p) ∶ 𝔄(𝛼1,… , 𝛼p) ≥ 𝛼

}
.

The upper semi-continuity of function 𝔄 says that Γ𝛼 is a closed subset of [0,1]p. The fol-
lowing inclusion

Γ𝛼 ⊆
⋃

(𝛼∘1 ,…,𝛼∘p )∈Γ𝛼

[𝛼∘1 , 1] × · · · × [𝛼∘p , 1]

is obvious. Suppose that (𝛼∘1 ,… , 𝛼∘p) ∈ Γ𝛼 . Given any 𝛼i satisfying 𝛼i ≥ 𝛼∘i for all i = 1,… , p,
the increasing assumption of 𝔄 says that

𝔄(𝛼1,… , 𝛼p) ≥ 𝔄(𝛼∘1 ,… , 𝛼
∘
p) ≥ 𝛼,

i.e. (𝛼1,… , 𝛼p) ∈ Γ𝛼 , which implies

[𝛼∘1 , 1] × · · · × [𝛼∘p , 1] ⊆ Γ𝛼.
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Therefore, we obtain the inclusion⋃
(𝛼∘1 ,…,𝛼∘p )∈Γ𝛼

[𝛼∘1 , 1] × · · · × [𝛼∘p , 1] ⊆ Γ𝛼,

which also says that

Γ𝛼 =
⋃

(𝛼∘1 ,…,𝛼∘p )∈Γ𝛼

[𝛼∘1 , 1] × · · · × [𝛼∘p , 1]. (4.65)

Since Γ𝛼 is a closed subset of [0,1]p, from (4.65), we must have the form

Γ𝛼 = [𝛽1, 1] × · · · × [𝛽p, 1]

for some 𝛽i ∈ [0,1] for all i = 1,… , p, which also says that

𝔄(𝛼1,… , 𝛼p) ≥ 𝛼 implies 𝛼i ≥ 𝛽i for all i = 1,… , p.

Therefore, from (4.64), we obtain

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} =
{
𝐱 ∶ 𝜉Ã(i) (xi) ≥ 𝛽i for i = 1,… , p

}
. (4.66)

The upper semi-continuity of 𝜉Ã(i) says that Ã(i)
𝛽i

are closed subsets of ℝni for 𝛽i ∈ (0,1] and
i = 1,… , p. Now, we write A𝛽i

= Ã(i)
𝛽i

for 𝛽i ∈ (0,1] and Ai0 = ℝni for i = 1,… , p. It is clear
to see that each A𝛽i

is a closed subset of ℝni for i = 1,… , p. Using (4.66), we also see that

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} = A𝛽1
× · · · × A𝛽p

is a closed subset of
∏p

i=1 ℝ
ni . This completes the proof. ◾

In order to apply Theorem 4.4.7, we need to check that the supremum given in (4.60) is
attained. Now, we provide some sufficient conditions to achieve this purpose.

Proposition 4.4.11 Let f ∶
∏p

i=1 ℝ
ni → ℝn be an onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p such that the membership functions
𝜉Ã(i) are upper semi-continuous for all i = 1,… , p, suppose that the function𝔄 ∶ [0,1]p → [0,1]
is upper semi-continuous and increasing, and that any one of the following statements holds
true:

(a) The sets {𝐱 ∶ y = f (𝐱)} are closed and bounded subsets of
∏p

i=1 ℝ
ni for all y in the range

of f .
(b) The sets {𝐱 ∶ y = f (𝐱)} are bounded subsets of

∏p
i=1 ℝ

ni for all y in the range of f , and the
function f ∶

∏p
i=1 ℝ

ni → ℝn is continuous.
(c) The 0-level sets Ã(i)

0 of Ã(i) are bounded subsets of ℝni for i = 1,… , p, and {𝐱 ∶ y = f (𝐱)}
are closed subsets of

∏p
i=1 ℝ

ni for all y in the range of f ; we further assume that

if any one of {𝛼1,… , 𝛼p} is zero, then 𝔄(𝛼1,… , 𝛼p) = 0. (4.67)

(d) The 0-level sets Ã(i)
0 of Ã(i) are bounded subsets of ℝni for i = 1,… , p, and the function

f ∶
∏p

i=1 ℝ
ni → ℝn is continuous; we further assume that

if any one of {𝛼1,… , 𝛼p} is zero, then 𝔄(𝛼1,… , 𝛼p) = 0.

Then, the supremum given in (4.60) is attained.
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Proof. Considering statement (a), Lemma 4.4.10 says that the function 𝜙 is upper
semi-continuous. Therefore, the supremum given in (4.60) is attained by Proposition 1.4.4.

Considering statement (b), since f is continuous, it says that the inverse images

f −1({y}) = {𝐱 ∶ y = f (𝐱)}

are closed subsets of
∏p

i=1 ℝ
ni for all y in the range of f . Therefore, the desired results follow

immediately by referring to the arguments of considering statement (a).
Considering statement (c), since 𝔄(𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)) = 0 outside of the set 𝐀̃0 by the

further assumption (4.67) of 𝔄, we have

sup
{𝐱∶y=f (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= sup

{𝐱∶y=f (𝐱) and 𝐱∈𝐀̃0}
𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
= sup

{𝐱∶𝐱∈f−1({y})∩𝐀̃0}
𝜙(𝐱). (4.68)

Since Ã(i)
0 are closed subsets of ℝni for i = 1,… , p by the definition of 0-level set, it follows

that 𝐀̃0 is a closed and bounded subset of
∏p

i=1 ℝ
ni by Tychonoff’s theorem. Since

f −1({y}) = {𝐱 ∶ y = f (𝐱)}

is a closed subset of
∏p

i=1 ℝ
ni by the assumption, we have that f −1({y}) ∩ 𝐀̃0 is a closed

and bounded subset of
∏p

i=1 ℝ
ni . Since 𝜙 is upper semi-continuous by Lemma 4.4.10, using

(4.68), Proposition 1.4.4 says that the supremum given in (4.60) is attained.
Considering statement (d), the continuity of f says that the inverse images

f −1({y}) = {𝐱 ∶ y = f (𝐱)}

are closed subsets of
∏p

i=1 ℝ
ni for all y in the range of f . Therefore, the desired result follows

immediately by referring to statement (c). This completes the proof. ◾

Notice that Proposition 4.4.11 is applicable to Theorems 4.4.7 and 4.4.9. In what follows,
we are going to apply Proposition 4.4.11 to obtain more useful results.

Theorem 4.4.12 Let f ∶
∏p

i=1 ℝ
ni → ℝn be a continuous and onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44). Suppose that the function 𝔄 ∶ [0,1]p → [0,1] satisfies the following conditions:

● 𝔄 is upper semi-continuous and increasing;
● if any one of {𝛼1,… , 𝛼p} is zero, then 𝔄(𝛼1,… , 𝛼p) = 0.

Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, suppose that the membership functions 𝜉Ã(i) are
upper semi-continuous for all i = 1,… , p and that the 0-level sets Ã(i)

0 are bounded subsets of
ℝni for all i = 1,… , p. Then, we have the following results.

(i) The membership function 𝜉f̃ (𝐀̃) of fuzzy set f̃ (𝐀̃) in ℝn is upper semi-continuous.
(ii) For each 𝛼 ∈ (0,1], we have the following equalities(

f̃ (𝐀̃)
)
𝛼
=

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
.
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Regarding the 0-level sets, we further assume

𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

Then, we have the following equalities(
f̃ (𝐀̃)

)
0+ =

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
= f

(
𝐀̃0+

)
and

(
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠
= cl

({
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
= cl

(
f
(
𝐀̃0+

))
= f

(
𝐀̃0

)
.

Moreover, the 𝛼-level sets (f̃ (𝐀̃))𝛼 of f̃ (𝐀̃) are closed and bounded subsets of ℝn for all
𝛼 ∈ [0,1].

Proof. From Lemma 4.4.10, we see that

{𝐱 ∶ 𝜙(𝐱) ≥ 𝛼} =
{
𝐱 ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
is a closed subset of

∏p
i=1 ℝ

ni for each 𝛼 ∈ (0,1]. By referring to statement (d) of Proposi-
tion 4.4.11, the supremum given in (4.60) is attained. Using part (iv) of Theorem 4.4.7, we
see that the 𝛼-level sets(

f̃ (𝐀̃)
)
𝛼
=
{
𝐱 ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
= {𝐱 ∶ 𝜙(𝐱) ≥ 𝛼}

are closed subsets of
∏p

i=1 ℝ
ni for each 𝛼 ∈ (0,1], which proves part (i).

For the 𝛼-level sets with 𝛼 ∈ (0,1] and the 0-level sets, the equalities shown in part (ii) can
also be obtained by Proposition 4.4.2 and Theorem 4.4.7. Moreover, by the continuity of f ,
since each Ã(i)

0 is a closed and bounded subset of ℝni for i = 1,… , p, part (iii) of Proposition
1.4.4 says that f̃ (𝐀̃0) is a closed and bounded subset of ℝn. Since (f̃ (𝐀̃))0 = f (𝐀̃0), it says that
(f̃ (𝐀̃))0 is a closed and bounded subset of ℝn. For each (0,1], since the closed set (f̃ (𝐀̃))𝛼 is
contained in the bounded set (f̃ (𝐀̃))0, it follows that (f̃ (𝐀̃))𝛼 is also closed and bounded, and
the proof is complete. ◾

Corollary 4.4.13 Let f ∶
∏p

i=1 ℝ
ni → ℝn be a continuous and onto crisp function, and let f̃ ∶∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension principle defined
in (4.44), where the function 𝔄 is taken to be the minimum function given by

𝔄
(
𝛼1,… , 𝛼p

)
= min

{
𝛼1,… , 𝛼p

}
.

Given any fuzzy sets Ã(i) in ℝni for i = 1,… , p, suppose that the membership functions 𝜉Ã(i) are
upper semi-continuous for all i = 1,… , p, and that the 0-level sets Ã(i)

0 are bounded subsets of
ℝni for all i = 1,… , p. Then, we have the following properties.

(i) The membership function 𝜉f̃ (𝐀̃) of fuzzy set f̃ (𝐀̃) in ℝn is upper semi-continuous.
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(ii) For each 𝛼 ∈ (0,1], we have the following equalities.(
f̃ (𝐀̃)

)
𝛼
=

⋃
{(𝛼1 ,…,𝛼p)∶min {𝛼1,…,𝛼p}≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ min
{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
≥ 𝛼

}
= f

(
𝐀̃𝛼

)
.

For the 0-level sets, we also have(
f̃ (𝐀̃)

)
0+ =

⋃
{(𝛼1 ,…,𝛼p)∶min {𝛼1 ,…,𝛼p}>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ min
{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
> 0

}
= f

(
𝐀̃0+

)
.

and (
f̃ (𝐀̃)

)
0 = cl

⎛⎜⎜⎝
⋃

{(𝛼1,…,𝛼p)∶min {𝛼1,…,𝛼p}>0}
f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠
= cl

(
{f (𝐱) ∶ min } 𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
> 0

})
= cl

(
f
(

Ã(1)
0+,… ,Ã(p)

0+

))
= f

(
𝐀̃0

)
.

Moreover, the 𝛼-level sets (f̃ (𝐀̃))𝛼 of f̃ (𝐀̃) are closed and bounded subsets of ℝn for all
𝛼 ∈ [0,1].

Proof. It is clear to see that the minimum function satisfies all the assumptions of function
𝔄 in Theorem 4.4.12. Therefore, the desired results follow immediately from Theorems 4.4.9
and 4.4.12. ◾

Remark 4.4.14 We have the following observations.

● Using Proposition 4.4.2, Theorem 4.3.2 can be obtained by Theorem 4.4.7. In other words,
Theorem 4.3.2 can be extended to Theorem 4.4.7 by considering the weaker form of func-
tion 𝔄.

● Using Proposition 4.4.2, Theorem 4.3.4 can be obtained by Theorem 4.4.12. In other
words, Theorem 4.3.4 can be extended to Theorem 4.4.12 by considering the weaker
form of function 𝔄.

Theorem 4.4.15 Let f ∶
∏p

i=1 ℝ
ni → ℝn be a linear, continuous, and onto crisp function,

and let f̃ ∶
∏p

i=1  (ℝni ) →  (ℝn) be a fuzzy function extended from f via the extension prin-
ciple defined in (4.44). Suppose that the function 𝔄 ∶ [0,1]p → [0,1] satisfies the following
conditions:

● 𝔄 is upper semi-continuous and increasing;
● if any one of {𝛼1,… , 𝛼p} is zero, then 𝔄(𝛼1,… , 𝛼p) = 0;
● 𝔄

(
min {a1, b1},… ,min {ap, bp}

)
≥ min

{
𝔄(a1,… , ap),𝔄(b1,… , bp)

}
;

● 𝔄(𝛼1,… , 𝛼p) > 0 if and only if 𝛼i > 0 for all i = 1,… , p.

Then, given any fuzzy vectors Ã(i) ∈ 𝔉(ℝni ) for i = 1,… , p, we have the following properties.

(i) We have that f̃ (𝐀̃) ∈ 𝔉(ℝn) is a fuzzy vector in ℝn. The 𝛼-level sets (f̃ (𝐀̃))𝛼 are convex,
closed, and bounded subsets of ℝn for all 𝛼 ∈ [0,1].
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(ii) For each 𝛼 ∈ (0,1], we have the following equalities(
f̃ (𝐀̃)

)
𝛼
=

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)≥𝛼}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
.

For the 0-level sets, we also have(
f̃ (𝐀̃)

)
0+ =

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)
=
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

}
= f

(
𝐀̃0+

)
and (

f̃ (𝐀̃)
)

0 = cl
⎛⎜⎜⎝

⋃
{(𝛼1 ,…,𝛼p)∶𝔄(𝛼1 ,…,𝛼p)>0}

f
(

Ã(1)
𝛼1
,… ,Ã(p)

𝛼p

)⎞⎟⎟⎠
= cl

({
f (𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
> 0

})
= cl

(
f
(

Ã(1)
0+,… ,Ã(p)

0+

))
= f

(
𝐀̃0

)
.

Proof. We are going to check the conditions in Definition 2.3.1. Part (i) of Theorem 4.4.12
says that the membership function of f̃ (𝐀̃) is upper semi-continuous. From part (ii) of
Theorem 4.4.12, we have(

f̃ (𝐀̃)
)
𝛼
=
{

f (𝐱) ∶ 𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼

}
(4.69)

for each 𝛼 ∈ (0,1]. Let v1 = f (𝐱) and v2 = f (𝐲), where

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
≥ 𝛼 and 𝔄

(
𝜉Ã(1) (y1),… , 𝜉Ã(p) (yp)

)
≥ 𝛼.

The linearity of f says that

𝜆v1 + (1 − 𝜆)v2 = 𝜆f (𝐱) + (1 − 𝜆)f (y1,… , yp)

= f
(
𝜆x1 + (1 − 𝜆)y1,… , 𝜆xp + (1 − 𝜆)yp

)
.

In order to claim that the 𝛼-level set (f̃ (𝐀̃))𝛼 is convex, by (4.69), we need to show

𝔄
(
𝜉Ã(1) (𝜆x1 + (1 − 𝜆)y1),… , 𝜉Ã(p) (𝜆xp + (1 − 𝜆)y1

)
≥ 𝛼.

Now, for any i = 1,… , p, since Ã(i) is convex, by Proposition 2.2.7, we have

𝜉Ã(i) (𝜆xi + (1 − 𝜆)yi) ≥ min
{
𝜉Ã(i) (xi), 𝜉Ã(i) (yi)

}
.

Using the assumptions of 𝔄, we obtain

𝔄
(
𝜉Ã(1) (𝜆x1 + (1 − 𝜆)y1),… , 𝜉Ã(p) (𝜆xp + (1 − 𝜆)y1

)
≥ 𝔄

(
min

{
𝜉Ã(1) (x1), 𝜉Ã(1) (y1)

}
,… ,min

{
𝜉Ã(p) (xp), 𝜉Ã(p) (yp)

})
× (increasing assumption)

≥ min
{
𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
,𝔄

(
𝜉Ã(1) (y1),… , 𝜉Ã(p) (yp)

)}
≥ 𝛼.

Therefore, we conclude that f̃ (𝐀̃) is a fuzzy vector in ℝn. From part (ii) of Theorem 4.4.12
and Proposition 2.3.2, we also see that the 𝛼-level sets (f̃ (𝐀̃))𝛼 are convex, closed, and
bounded subsets of ℝn for all 𝛼 ∈ [0,1]. This completes the proof. ◾



�

� �

�

4.4 Generalized Extension Principle 107

Remark 4.4.16 Suppose that the following assumption holds true:

if any one of {𝛼1,… , 𝛼p} is zero, then 𝔄(𝛼1,… , 𝛼p) = 0.

Then, we see that the following assumption also holds true:

𝔄(𝛼1,… , 𝛼p) > 0 implies 𝛼i > 0 for all i = 1,… , p.

Therefore, we can reduce the assumptions of Theorem 4.4.15.

Remark 4.4.17 We have the following observations.

● Suppose that we take 𝔄 = Tp. Then 𝔄(1,… , 1) = 1 is automatically satisfied by Remark
3.2.7.

● Suppose that 𝔄 is increasing. Since min {ai, bi} ≤ ai for all i = 1,… , p, we see that

𝔄
(
min {a1, b1},… ,min {ap, bp}

)
≤ 𝔄(a1,… , ap).

Similarly, since min {ai, bi} ≤ bi for all i = 1,… , p, we also have

𝔄
(
min {a1, b1},… ,min {ap, bp}

)
≤ 𝔄(b1,… , bp).

Therefore, we obtain

𝔄
(
min {a1, b1},… ,min {ap, bp}

)
≤ min

{
𝔄(a1,… , ap),𝔄(b1,… , bp)

}
.

Under the assumptions of 𝔄 given in Theorem 4.4.15, we have the equality

𝔄
(
min {a1, b1},… ,min {ap, bp}

)
= min

{
𝔄(a1,… , ap),𝔄(b1,… , bp)

}
.

● Suppose that 𝔄 is increasing and 𝔄(𝛼,… , 𝛼) = 𝛼 for each 𝛼 ∈ (0,1]. Then, we see that
𝛼i ≥ 𝛼 for i = 1,… , p imply 𝔄(𝛼1,… , 𝛼p) ≥ 𝔄(𝛼,… , 𝛼) = 𝛼.

Suppose that we consider the real-valued function f ∶
∏p

i=1 ℝ
ni → ℝ. Then, many

assumptions are not needed, which will be presented below.

Theorem 4.4.18 Let f ∶
∏p

i=1 ℝ
ni → ℝ be a continuous and onto crisp real-valued function,

and let f̃ ∶
∏p

i=1  (ℝni ) →  (ℝ) be a fuzzy function extended from f via the extension principle
defined in (4.44), where the function 𝔄 is taken to be the minimum function given by

𝔄
(
𝛼1,… , 𝛼p

)
= min

{
𝛼1,… , 𝛼p

}
.

Then, given any fuzzy vectors Ã(i) ∈ 𝔉(ℝni ) for i = 1,… , p, we have that f̃ (𝐀̃) is a fuzzy interval
and its 𝛼-level set is a bounded closed interval in ℝ given by (f̃ (𝐀̃))𝛼 = f (𝐀̃𝛼) for each 𝛼 ∈ [0,1],
where the 0-level sets are taken into account.

Proof. We are going to check the conditions in Definition 2.3.1 by following the similar
arguments of Theorem 4.4.15. Using Corollary 4.4.13, we have{

y ∶ 𝜉f̃ (𝐀̃)(y) ≥ 𝛼
}
=
(

f̃ (𝐀̃)
)
𝛼
= f

(
𝐀̃𝛼

)
(4.70)

for each 𝛼 ∈ [0,1]. Since f is continuous, and Ã(i)
𝛼 are closed and bounded subsets of ℝni

for all i = 1,… , p and 𝛼 ∈ [0,1], by Tychonoff’s theorem and part (iii) of Proposition 1.4.3,
we see that the set presented in (4.70) is a closed and bounded subset of ℝ. Since Ã(i)

𝛼 are
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also convex sets in ℝni , i.e. connected subsets of ℝni for all i = 1,… , p and 𝛼 ∈ [0,1], by part
(iv) of Proposition 1.4.3, we conclude that the set presented in (4.70) is a bounded closed
interval, i.e. a convex set in ℝ for each 𝛼 ∈ [0,1]. This completes the proof. ◾

Example 4.4.19 Let Ã(1)
,… ,Ã(p) be fuzzy intervals. According to the extension principle,

the membership function of the maximum m̃ax {Ã(1)
,… ,Ã(p)} is defined by

𝜉m̃ax {Ã(1)
,…,Ã(p)}(z) = sup

{z∶max {𝐱}=z}
min

(
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

)
,

Suppose that we take f ∶ ℝp → ℝ by

f (x1,… , xp) = max
{

x1,… , xp
}
.

Then, we see that the function f is onto and continuous. From Theorem 4.4.18, for each
𝛼 ∈ [0,1], we have(

m̃ax {Ã(1)
,… ,Ã(p)}

)
𝛼

=
(

f̃ (𝐀̃)
)
𝛼
= f

(
𝐀̃𝛼

)
= f

(
Ã(1)

,… ,Ã(p)
)
=
{

f (x1,… , xp) ∶ xi ∈ Ã(i) for i = 1,… , p
}

=
{

max
{

x1,… , xp
}
∶ (Ã(i))L

𝛼 ≤ xi ≤ (Ã(i))U
𝛼 for i = 1,… , p

}
=
[
max

{
(Ã(1))L

𝛼,… , (Ã(p))L
𝛼

}
,max

{
(Ã(1))L

𝛼,… , (Ã(p))L
𝛼

}]
,

where the 0-level sets are taken into account.
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Generating Fuzzy Sets

In economics and engineering problems, when the fuzziness is taken into account, the
observed data sometimes are fuzzified to be fuzzy numbers. This kind of fuzzification may
result in many different types of fuzzy numbers depending on the methodology adopted
by the decision makers, where the subjectivity via the viewpoint of decision makers may
be biased and not an accurate representation of reality. In this chapter, we propose a
general methodology that can get rid of the subjectivity by directly generating the related
fuzzy sets based on the observed data without involving the possible biased viewpoint of
decision makers. The main idea is based on the solid and nested families of sets.

Suppose that we want to measure the water level in the summer season. Owing to the
fluctuation of the water level, we cannot simply say that the water level is now 10 meters.
We should say that the water level is around 10 meters. Therefore, the reasonable way
to model the water level is to treat it as a fuzzy interval or fuzzy number. Under this
consideration, the water level should be taken as a fuzzy number 1̃0. The problem is
that the determination of the membership function 𝜉1̃0 of 1̃0 is subjective depending on
the viewpoint of decision makers. In other words, there are infinite ways to set up the
membership functions. It may happen that the different membership functions can result
in different final results. Therefore, the best way is to follow a mechanical procedure to
set up the membership functions, which is the main purpose of this chapter. We briefly
address this mechanical procedure as follows.

We assume that there are 100 days in summer. Suppose that the engineers can measure
the water level two times each day. In other words, the engineers can obtain a bounded
closed interval each day by setting the lower and upper bounds of this interval as the low
and high water levels, respectively. More precisely, we consider 100 values of 𝛼 in the unit
interval [0,1]. Then, we can obtain a bounded closed interval [mL

𝛼,mU
𝛼 ], where mL

𝛼 denotes
the low water level and mU

𝛼 denotes the high water level in the (100 ⋅ 𝛼)th day. For example,
the value 𝛼 = 0.08 means the 8th day of this summer. In this case, we obtain a family of
closed intervals given by

 =
{

M𝛼 ∶ M𝛼 =
[
mL

𝛼,mU
𝛼

]
for 𝛼 = 1,… , 100

}
.

This family cannot be nested in the sense of M𝛼 ⊆ M𝛽 for 𝛼 > 𝛽. However, we can rearrange
this family  as a nested family (𝜂) given by

(𝜂) =
{

M(𝜂)
𝛼 ∶ M(𝜂)

𝛼 = M𝜂(𝛼)

}
, (5.1)

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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for some suitable function 𝜂 ∶ (0,1] → (0,1] such that we have the nestedness M(𝜂)
𝛼 ⊆ M(𝜂)

𝛽

for 𝛼 > 𝛽. The main purpose of this chapter is to generate a fuzzy set Ã such that its 𝛼-level
set Ã𝛼 is identical to the closed interval M(𝜂)

𝛼 . In this case, the fuzzy set Ã can be used to
describe the water level in summer in which the biased subjectivity raised by the decision
makers can be avoided. In other words, this mechanical procedure is independent of the
decision makers.

5.1 Families of Sets

Let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty subsets of ℝm, and let 𝜂 ∶ (0,1] → (0,1]
be a function defined on (0,1]. The range of 𝜂 is denoted by (𝜂). Then, we can obtain a
new family given by

(𝜂) =
{

M𝜂(𝛼) ∶ 𝛼 ∈ (0,1]
}
.

For convenience, we write M(𝜂)
𝛼 ≡ M𝜂(𝛼) for 𝛼 ∈ (0,1]. We have the following observations.

● Suppose that 𝜂 is the identity function id. Then (id) = .
● Suppose that 𝜂 is an injective (one-to-one) function. Then, for each 𝛼 ∈ (𝜂), there exists
𝛽 ∈ (0,1] satisfying 𝜂(𝛽) = 𝛼. In this case, we also write 𝛽 = 𝜂−1(𝛼). Therefore, when the
function 𝜂 is injective, we have

M𝛼 = M(𝜂)
𝜂−1(𝛼) for 𝛼 ∈ (𝜂). (5.2)

Example 5.1.1 Let a1, a2, b1, b2 be real numbers satisfying b1 < a1 < a2 < b2. For
𝛼 ∈ [0,1], we define

mL
𝛼 = 𝛼b1 + (1 − 𝛼)a1 and mU

𝛼 = 𝛼b2 + (1 − 𝛼)a2.

Then, we see that mL
𝛼 ≤ mU

𝛼 . We define M𝛼 to be a closed interval in ℝ by M𝛼 = [mL
𝛼,mU

𝛼 ]
for 𝛼 ∈ (0,1]. We define a function 𝜂 by 𝜂(𝛼) = 1 − 𝛼. Then (𝜂) = (0,1]. We also define

m̄L
𝛼 = mL

1−𝛼 and m̄U
𝛼 = mU

1−𝛼 for 𝛼 ∈ (0,1].

Then, for 𝛼 ∈ (0,1], we see that

m̄L
𝛼 = (1 − 𝛼)b1 + 𝛼a1 and m̄U

𝛼 = (1 − 𝛼)b2 + 𝛼a2.

Therefore, we have

M(𝜂)
𝛼 = M𝜂(𝛼) = M1−𝛼 =

[
mL

1−𝛼,mU
1−𝛼
]
=
[
m̄L

𝛼, m̄U
𝛼

]
for 𝛼 ∈ (0,1].

It is clear to see

M(𝜂)
𝛼 ⊂ M(𝜂)

𝛽
with M(𝜂)

𝛼 ≠ M(𝜂)
𝛽

for 𝛼 > 𝛽. (5.3)

We also have⋃
0<𝛼≤1

M(𝜂)
𝛼 =

⋃
0<𝛼≤1

[
m̄L

𝛼, m̄U
𝛼

]
=
(

m̄L
0 , m̄U

0
)
=
(

b1, b2
)

by the continuities of m̄L
𝛼 and m̄U

𝛼 with respect to 𝛼.
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For 𝛼 ∈ (0,1), we write

A(𝜂)
𝛼 =

⋃
𝛼≤𝛽≤1

M(𝜂)
𝛽

and A(𝜂)
𝛼+ =

⋃
𝛼<𝛽≤1

M(𝜂)
𝛽
. (5.4)

Inspired by Proposition 2.2.12, we propose the following definition.

Definition 5.1.2 Let 𝜂 be a function from (0,1] into (0,1]. Let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be
a family of nonempty subsets of ℝm. We say that  is a solid family with respect to 𝜂

when

D(𝜂)
𝛼 ≡ A(𝜂)

𝛼 ∖A(𝜂)
𝛼+ ≠ ∅

for 𝛼 ∈ (0,1).

Example 5.1.3 Continued from Example 5.1.1, we want to show

A(𝜂)
𝛼+ =

⋃
𝛼<𝛽≤1

M(𝜂)
𝛽

=
⋃

𝛼<𝛽≤1

[
m̄L

𝛽
, m̄U

𝛽

]
=
(

m̄L
𝛼, m̄U

𝛼

)
.

If x ∈ A(𝜂)
𝛼+, then x ∈ [m̄L

𝛽0
, m̄U

𝛽0
] for some 𝛽0 ∈ (0,1] with 𝛽0 > 𝛼. From (5.3), we have

m̄L
𝛼 < m̄L

𝛽0
≤ x ≤ m̄U

𝛽0
< m̄U

𝛼 ,

which says that x ∈ (m̄L
𝛼, m̄U

𝛼 ). Therefore, we obtain the inclusion A(𝜂)
𝛼+ ⊆ (m̄L

𝛼, m̄U
𝛼 ). On the

other hand, since m̄L
𝛼 and m̄U

𝛼 are continuous with respect to 𝛼, using the strict monotonicity
of m̄L

𝛼 and m̄U
𝛼 with respect to 𝛼, for any x ∈ (m̄L

𝛼, m̄U
𝛼 ), there exists 𝛽1 ∈ (0,1] with 𝛽1 > 𝛼

satisfying

x ≥ m̄L
𝛽1
> m̄L

𝛼 and x ≤ m̄U
𝛽1
< m̄U

𝛼 ,

which says that x ∈ [m̄L
𝛽1
, m̄U

𝛽1
], i.e. x ∈ A(𝜂)

𝛼+. Therefore, we obtain the desired equality.
From (5.3), we can also obtain

A(𝜂)
𝛼 =

⋃
𝛼≤𝛽≤1

M(𝜂)
𝛽

=
⋃

𝛼≤𝛽≤1

[
m̄L

𝛽
, m̄U

𝛽

]
=
[
m̄L

𝛼, m̄U
𝛼

]
,

which implies

D(𝜂)
𝛼 = A(𝜂)

𝛼 ∖A(𝜂)
𝛼+ =

[
m̄L

𝛼, m̄U
𝛼

]
∖
(

m̄L
𝛼, m̄U

𝛼

)
=
{

m̄L
𝛼, m̄U

𝛼

}
≠ ∅.

This shows that  is a solid family with respect to 𝜂.

Proposition 5.1.4 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a solid family with respect to 𝜂. Then, the
following statements hold true.

(i) We have D(𝜂)
𝛼 ∩ D(𝜂)

𝛽
= ∅ for 𝛼, 𝛽 ∈ (0,1) with 𝛼 ≠ 𝛽.

(ii) Given any 𝛼 ∈ (0,1), we have M(𝜂)
𝛽

∩ D(𝜂)
𝛼 = ∅ for 𝛽 ∈ (0,1] with 𝛽 > 𝛼. In particular, we

have M(𝜂)
1 ∩ D(𝜂)

𝛼 = ∅ for all 𝛼 ∈ (0,1).
(iii) Suppose that M∗ ⊆ M(𝜂)

𝛼 for all 𝛼 ∈ (0,1]. Then M∗ ∩ D(𝜂)
𝛼 = ∅ for 𝛼 ∈ (0,1).

Proof. To prove part (i), given 𝛼, 𝛽 ∈ (0,1), it suffices to assume 𝛼 < 𝛽. Then, we have

D(𝜂)
𝛽

⊆ A(𝜂)
𝛽

⊆ A(𝜂)
𝛼+ ⊆ A(𝜂)

𝛼 .

Since D(𝜂)
𝛼 = A(𝜂)

𝛼 ∖A(𝜂)
𝛼+, it follows that D(𝜂)

𝛼 ∩ D(𝜂)
𝛽

= ∅ for 𝛼 < 𝛽.
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To prove part (ii), suppose that x ∈ D(𝜂)
𝛼 for 𝛼 ∈ (0,1). By the definition of D(𝜂)

𝛼 , we see that
x ∉ A(𝜂)

𝛼+, i.e. x ∉ M(𝜂)
𝛽

for all 𝛽 ∈ (0,1] with 𝛽 > 𝛼. Therefore, we obtain the desired result.
To prove part (iii), suppose that x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1). It says that x ∉ A(𝜂)
𝛼+, i.e. x ∉ M(𝜂)

𝛽

for all 𝛽 ∈ (0,1] with 𝛽 > 𝛼. The assumption says that M∗ ⊆ M(𝜂)
𝛽

, which implies x ∉ M∗.
Therefore, we obtain M∗ ∩ D(𝜂)

𝛼 = ∅. This completes the proof. ◾

Proposition 5.1.5 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a solid family with respect to 𝜂. Let T be
a subset of (0,1). Given any 𝛼 ∈ (0,1], we have

M(𝜂)
𝛼

⋂(⋃
𝛽∈T

D(𝜂)
𝛽

)
= M(𝜂)

𝛼

⋂( ⋃
{𝛽∈T∶𝛽≥𝛼}

D(𝜂)
𝛽

)
.

Proof. Given any fixed x ∈ M(𝜂)
𝛼 and x ∈ D(𝜂)

𝛽
for some 𝛽 ∈ T, we have

x ∈ D(𝜂)
𝛽

= A(𝜂)
𝛽
∖A(𝜂)

𝛽+ =
⋃

𝛽≤𝛾≤1
M(𝜂)

𝛾

⧹ ⋃
𝛽<𝛾≤1

M(𝜂)
𝛾 . (5.5)

For 𝛼 > 𝛽, the equality (5.5) says that x ∉ M(𝜂)
𝛼 , which contradicts x ∈ M(𝜂)

𝛼 . Therefore, we
must have 𝛼 ≤ 𝛽, which implies the following inclusion

M(𝜂)
𝛼

⋂(⋃
𝛽∈T

D(𝜂)
𝛽

)
⊆ M(𝜂)

𝛼

⋂( ⋃
{𝛽∈T∶𝛽≥𝛼}

D(𝜂)
𝛽

)
.

The other direction of inclusion is obvious. This completes the proof. ◾

5.2 Nested Families

In what follows, we shall consider the concepts of nested families and study the interesting
properties of nested families, which will be used to generate the fuzzy sets in the subsequent
discussion.

Definition 5.2.1 Let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty subsets of ℝm.

● We say that  is a nested family when M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ (0,1] with 𝛽 < 𝛼.
● We say that  is a strictly nested family when M𝛼 ⊂ M𝛽 with M𝛼 ≠ M𝛽 for 𝛼, 𝛽 ∈ (0,1]

satisfying 𝛽 < 𝛼.

Example 5.2.2 Given any real numbers a1, a2, b1, b2, let

mL
𝛼 = min

{
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

}
and

mU
𝛼 = max

{
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

}
.

We define M𝛼 to be a closed interval in ℝ by M𝛼 = [mL
𝛼,mU

𝛼 ] for 𝛼 ∈ (0,1]. Then  is not a
nested family. Suppose that b1 < a1 < a2 < b2. Then, we see that

 =
{

M𝛼 ∶ 𝛼 ∈ (0,1]
}
=
{[
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

]
∶ 𝛼 ∈ (0,1]

}
is a strictly nested family.
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Proposition 5.2.3 Let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a nested family of subsets of ℝm. Suppose
that M1 ⊆

⋂∞
n=1 M𝛼n

when 𝛼n ↑ 1 with 𝛼n ∈ (0,1] for all n. Then M1 ⊆ M𝛼 for all 𝛼 ∈ (0,1).

Proof. We see that there exists a sequence {𝛼n}∞n=1 in (0,1] satisfying 𝛼n ↑ 1. Now, given
any 𝛼 ∈ (0,1), there exists 𝛼N in {𝛼n}∞n=1 satisfying 𝛼 < 𝛼N ≤ 1. By the assumption, we have

M1 ⊆

∞⋂
n=1

M𝛼n
⊆ M𝛼N

⊆ M𝛼.

This completes the proof. ◾

Definition 5.2.4 Let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty subsets of ℝm, and
let 𝜂 be a function from (0,1] into (0,1].

● We say that  is a nested family with respect to 𝜂 when M(𝜂)
𝛼 ⊆ M(𝜂)

𝛽
for 𝛼, 𝛽 ∈ (0,1]

with 𝛽 < 𝛼.
● We say that  is a strictly nested family with respect to 𝜂 when M(𝜂)

𝛼 ⊂ M(𝜂)
𝛽

with
M(𝜂)

𝛼 ≠ M(𝜂)
𝛽

for 𝛼, 𝛽 ∈ (0,1] satisfying 𝛽 < 𝛼.

Example 5.1.1 shows that a non-nested family  = {M𝛼 ∶ 𝛼 ∈ (0,1]} can be rearranged
as a nested family (𝜂) = {M(𝜂)

𝛼 ∶ 𝛼 ∈ (0,1]} by taking 𝜂(𝛼) = 1 − 𝛼.

Proposition 5.2.5 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that the following conditions are satisfied:

●  is a nested family with respect to 𝜂;
●

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 when 𝛼n ↑ 𝛼 with 𝛼, 𝛼n ∈ (0,1] for all n.

Given any fixed x ∈ ℝm and r ∈ [0,1], the following set

Fr =
{
𝛼 ∈ (0,1] ∶ 𝛼 ⋅ 𝜒M(𝜂)

𝛼

(x) ≥ r
}

is a closed set in the sense of cl(Fr) = Fr; that is, the function

𝜁x(𝛼) = 𝛼 ⋅ 𝜒M(𝜂)
𝛼

(x)

is upper semi-continuous on [0,1].

Proof. Given 𝛼 ∈ cl(Fr), we want to show that 𝛼 ∈ Fr . The concept of closure says
that there exists a sequence {𝛼n}∞n=1 in Fr satisfying 𝛼n → 𝛼 with 𝛼n ≠ 𝛼 for all n. Since
𝛼n ∈ Fr , we have 𝛼n ≥ r and x ∈ M(𝜂)

𝛼n
for all n. By taking the limit, we also have 𝛼 ≥ r and

x ∈
⋂∞

n=1 M(𝜂)
𝛼n

. We consider the following two cases.

● For 𝛼n ↑ 𝛼, since x ∈
⋂∞

n=1 M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 by the second condition, we obtain

𝛼 ⋅ 𝜒M(𝜂)
𝛼

(x) = 𝛼 ≥ r,

which says that 𝛼 ∈ Fr .
● For 𝛼n ↓ 𝛼, since 𝛼 < 𝛼n for all n and  is a nested family with respect to 𝜂, we have

M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 for all n, which says that x ∈

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 . The above argument is still
valid to obtain 𝛼 ∈ Fr .
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Therefore, we conclude that cl(Fr) = Fr, i.e. the set Fr is indeed a closed set. This completes
the proof. ◾

Proposition 5.2.6 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a nested family with respect to 𝜂.

(i) Given any 𝛼 ∈ (0,1], we have

M(𝜂)
𝛼 =

⋂
0<𝛽≤𝛼

M(𝜂)
𝛽
.

(ii) Given 𝛼 ∈ (0,1], suppose that 𝛼n ↑ 𝛼 with 𝛼n ∈ (0,1] and 𝛼n < 𝛼 for all n. Then⋂
0<𝛽≤𝛼

M(𝜂)
𝛽

⊆
⋂

0<𝛽<𝛼
M(𝜂)

𝛽
=

∞⋂
n=1

M(𝜂)
𝛼n
.

(iii) Given 𝛼 ∈ (0,1], suppose that
⋂∞

n=1 M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 for 𝛼n ↑ 𝛼 with 𝛼n ∈ (0,1] and 𝛼n < 𝛼 for

all n. Then⋂
0<𝛽≤𝛼

M(𝜂)
𝛽

=
⋂

0<𝛽<𝛼
M(𝜂)

𝛽
=

∞⋂
n=1

M(𝜂)
𝛼n

= M(𝜂)
𝛼 .

Proof. To prove part (i), since 𝛼 > 0 and M(𝜂)
𝛼 ⊆ M(𝜂)

𝛽
for any 𝛽 ∈ (0,1]with 𝛽 < 𝛼, we imme-

diately have⋂
0<𝛽≤𝛼

M(𝜂)
𝛽

= M(𝜂)
𝛼 .

To prove part (ii), since 𝛼n < 𝛼 for all n, it is obvious that⋂
0<𝛽<𝛼

M(𝜂)
𝛽

⊆

∞⋂
n=1

M(𝜂)
𝛼n
.

To prove the other direction of inclusion, given any 𝛽 < 𝛼 for 𝛽 ∈ (0,1] and x ∈
⋂∞

n=1 M(𝜂)
𝛼n

,
i.e. x ∈ M(𝜂)

𝛼n
for all n, since 𝛼n ↑ 𝛼, there exists 𝛼N satisfying 𝛽 < 𝛼N ≤ 𝛼. Therefore, we

obtain x ∈ M(𝜂)
𝛼N

⊆ M(𝜂)
𝛽

. Since 𝛽 can be any number with 𝛽 < 𝛼 and 𝛽 ∈ (0,1], this shows
that

x ∈
⋂

0<𝛽<𝛼
M(𝜂)

𝛽
,

which implies the inclusion
∞⋂

n=1
M(𝜂)

𝛼n
⊆
⋂

0<𝛽<𝛼
M(𝜂)

𝛽
.

Finally, part (iii) follows from parts (i) and (ii) immediately. This completes the proof. ◾

Proposition 5.2.7 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a solid and nested family with respect to
𝜂. Given any 𝛼 ∈ (0,1), we have

M(𝜂)
1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
⊆ M(𝜂)

𝛼 . (5.6)
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Proof. Since  is a solid and nested family with respect to 𝜂, we first have M(𝜂)
1 ⊆ M(𝜂)

𝛼 .
Given any 𝛼 ∈ (0,1), we have

∅ ≠ D(𝜂)
𝛼 ⊆ A(𝜂)

𝛼 = M(𝜂)
𝛼 and ∅ ≠ D(𝜂)

𝛽
⊆ M(𝜂)

𝛽
⊆ M(𝜂)

𝛼

for 𝛽 ∈ (0,1) with 𝛼 < 𝛽. Therefore, we obtain the inclusion (5.6), and the proof is complete.
◾

Proposition 5.2.8 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that  is a solid and nested family with respect
to 𝜂. Then⋃

0<𝛽≤1
M(𝜂)

𝛽
= M(𝜂)

1

⋃( ⋃
0<𝛽<1

D(𝜂)
𝛽

)
(5.7)

if and only if

M(𝜂)
𝛼 = M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
for 𝛼 ∈ (0,1). (5.8)

Proof. To prove the sufficiency, using (5.6), we have the following inclusion

M(𝜂)
1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
⊆ M(𝜂)

𝛼 .

For proving the other direction of inclusion, we have

M(𝜂)
𝛼 = M(𝜂)

𝛼

⋂( ⋃
0<𝛽≤1

M(𝜂)
𝛽

)

= M(𝜂)
𝛼

⋂(
M(𝜂)

1

⋃( ⋃
0<𝛽<1

D(𝜂)
𝛽

))
(by assumption (5.7))

= M(𝜂)
𝛼

⋂(
M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

))
(using Proposition 5.1.5 by taking T = (0,1)),

which implies

M(𝜂)
𝛼 ⊆ M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
.

For proving the necessity, we have⋃
0<𝛼≤1

M(𝜂)
𝛼 = M(𝜂)

1

⋃( ⋃
0<𝛼<1

M(𝜂)
𝛼

)

= M(𝜂)
1

⋃( ⋃
0<𝛼<1

(
M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)))
(by assumption (5.8)

= M(𝜂)
1

⋃( ⋃
0<𝛼<1

D(𝜂)
𝛼

)
.

This completes the proof. ◾
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Proposition 5.2.9 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that  is a solid and nested family with respect
to 𝜂. For any 𝛼 ∈ (0,1), we have the strict inclusion M(𝜂)

1 ⊂ M(𝜂)
𝛼 .

Proof. Since  is a nested family with respect to 𝜂, for any 𝛼 ∈ (0,1), we have the inclu-
sion M(𝜂)

1 ⊆ M(𝜂)
𝛼 . Suppose that there exists 𝛽0 ∈ (0,1) satisfying M(𝜂)

1 = M(𝜂)
𝛽0

. Then, for any
𝛽 ∈ (0,1) with 𝛽 > 𝛽0, since

M(𝜂)
1 ⊆ M(𝜂)

𝛽
⊆ M(𝜂)

𝛽0
= M(𝜂)

1 ,

it follows that

M(𝜂)
1 = M(𝜂)

𝛽
= M(𝜂)

𝛽0

for any 𝛽 ∈ (0,1) with 𝛽 > 𝛽0, which implies

A(𝜂)
𝛽0+

=
⋃

𝛽0<𝛽≤1
M(𝜂)

𝛽
= M(𝜂)

1 = M(𝜂)
𝛽0
.

Since  is a nested family with respect to 𝜂, we also have

A(𝜂)
𝛽0

=
⋃

𝛽0≤𝛽≤1
M(𝜂)

𝛽
= M(𝜂)

𝛽0
.

Therefore, we obtain

D(𝜂)
𝛽0

= A(𝜂)
𝛽0
∖A(𝜂)

𝛽0+
= ∅,

which contradicts D(𝜂)
𝛼 ≠ ∅ for any 𝛼 ∈ (0,1). This completes the proof. ◾

Proposition 5.2.10 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that  is a solid and nested family with respect
to 𝜂. Suppose that the following equality holds true

M(𝜂)
𝛼 = M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
. (5.9)

Then, we have
∞⋂

n=1
M(𝜂)

𝛼n
= M(𝜂)

1

for 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

Proof. According to Proposition 5.2.9, we define

N𝛼 = M(𝜂)
𝛼 ∖M(𝜂)

1 ≠ ∅ for 𝛼 ∈ (0,1). (5.10)

Then, we immediately have N𝛼 ⊆ N𝛽 for 𝛽 < 𝛼. Suppose that
⋂∞

n=1 N𝛼n
≠ ∅ for 𝛼n ↑ 1 with

𝛼n ∈ (0,1) for all n. We are going to lead to a contradiction. For x ∈ N𝛼n
for all n, given any

𝛼 ∈ (0,1), since 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n, there exists 𝛼m1
satisfying 𝛼m1

> 𝛼, which
says that x ∈ N𝛼m1

⊆ N𝛼 , i.e. x ∈ N𝛼 . Using (5.10) and the assumption (5.9), we see that
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x ∈ D(𝜂)
𝛽1

for some 𝛽1 ∈ (0,1) with 𝛽1 ≥ 𝛼. Given any 𝛽1 ∈ (0,1), there exists 𝛽2 ∈ (0,1) sat-
isfying 𝛽2 > 𝛽1. We consider the following cases.

● Since M(𝜂)
1 ∩ D(𝜂)

𝛽1
= ∅ for 𝛽1 ∈ (0,1) by part (ii) of Proposition 5.1.4, it follows that x ∉ M(𝜂)

1 .
● For any 𝛽 ∈ (0,1) with 𝛽 ≥ 𝛽2, since 𝛽2 > 𝛽1, it follows that 𝛽 ≠ 𝛽1. Since D(𝜂)

𝛽1
∩ D(𝜂)

𝛽
= ∅

by part (i) of Proposition 5.1.4, we obtain x ∉ D(𝜂)
𝛽

.

Therefore, by the assumption (5.9), the above two cases imply that

x ∉ M(𝜂)
1

⋃( ⋃
𝛽2≤𝛽<1

D(𝜂)
𝛽

)
= M(𝜂)

𝛽2
.

Since N𝛽2
⊆ M(𝜂)

𝛽2
, it follows that x ∉ N𝛽2

. Since 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n, there exists
𝛼m2

satisfying 𝛼m2
∈ (0,1) and 𝛼m2

> 𝛽2, which says that N𝛼m2
⊆ N𝛽2

. Therefore, we obtain
x ∉ N𝛼m2

, which contradicts x ∈ N𝛼n
for all n. This shows that

⋂∞
n=1 N𝛼n

= ∅. It is easy to see
that

∞⋂
n=1

(
M(𝜂)

𝛼n
∖M(𝜂)

1

)
=

∞⋂
n=1

N𝛼n
= ∅ if and only if

∞⋂
n=1

M(𝜂)
𝛼n

= M(𝜂)
1

when 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n. This completes the proof. ◾

The converse of Proposition 5.2.10 can be obtained by providing some mild assumptions.
We first present some useful inclusions

Proposition 5.2.11 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that  is a solid and nested family with respect
to 𝜂. For any 𝛼 ∈ (0,1), we have the strict inclusion M(𝜂)

1 ⫋ A(𝜂)
𝛼+.

Proof. For any 𝛼 ∈ (0,1), since M(𝜂)
1 ⊆ M(𝜂)

𝛾 for all 0 < 𝛾 ≤ 1, we have

M(𝜂)
1 ⊆

⋃
𝛼<𝛾≤1

M(𝜂)
𝛾 = A(𝜂)

𝛼+. (5.11)

We want to show M(𝜂)
1 ≠ A(𝜂)

𝛼+. Suppose that M(𝜂)
1 = A(𝜂)

𝛼+. We are going to lead to a contradic-
tion. There exists 𝛾 ∈ (0,1] satisfying 𝛼 < 𝛾 ≤ 1. Therefore, we obtain

M(𝜂)
1 ⊆ M(𝜂)

𝛾 ⊆
⋃

𝛼<𝛽≤1
M(𝜂)

𝛽
= A(𝜂)

𝛼+ = M(𝜂)
1 ,

i.e. M(𝜂)
1 = M(𝜂)

𝛾 . Since  is a nested family with respect to 𝜂, we also have

A(𝜂)
𝛾 =

⋃
𝛾≤𝛽≤1

M(𝜂)
𝛽

= M(𝜂)
𝛾 .

Since M(𝜂)
1 ⊆ A(𝜂)

𝛾+ from (5.11), we obtain

D(𝜂)
𝛾 = A(𝜂)

𝛾 ∖A(𝜂)
𝛾+ = M(𝜂)

𝛾 ∖A(𝜂)
𝛾+ ⊆ M(𝜂)

𝛾 ∖M(𝜂)
1 = ∅,

which contradicts D(𝜂)
𝛼 ≠ ∅ for 𝛼 ∈ (0,1). Therefore, we have the desired strict inclusion, and

the proof is complete. ◾
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Theorem 5.2.12 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be
a family of nonempty subsets of ℝm such that the following conditions are satisfied:

●  is a solid and nested family with respect to 𝜂;
●

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 when 𝛼n ↑ 𝛼 for 𝛼 < 1.

For any 𝛼 ∈ (0,1), we have

M(𝜂)
𝛼 = M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
(5.12)

if and only if
∞⋂

n=1
M(𝜂)

𝛼n
= M(𝜂)

1

for 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

Proof. The sufficiency follows from Proposition 5.2.10 immediately. To prove the necessity,
assume that

⋂∞
n=1 M(𝜂)

𝛼n
= M(𝜂)

1 for 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n. From Proposition 5.2.7, we
have the following inclusion

M(𝜂)
1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
⊆ M(𝜂)

𝛼 .

To prove the other direction of inclusion, for any 𝛼 ∈ (0,1), according to Proposition 5.2.9,
we define

N𝛼 = M(𝜂)
𝛼 ∖M(𝜂)

1 ≠ ∅. (5.13)

We want to show( ⋃
𝛼<𝛽≤1

M(𝜂)
𝛽

)⧹
M(𝜂)

1 =
⋃

𝛼<𝛽<1
N𝛽 . (5.14)

Suppose that x ∈ M(𝜂)
𝛽

for some 𝛽 satisfying 𝛼 < 𝛽 < 1 and x ∉ M(𝜂)
1 . Then x ∈ N𝛽 for some

𝛽 satisfying 𝛼 < 𝛽 < 1. Therefore, we obtain the inclusion( ⋃
𝛼<𝛽≤1

M(𝜂)
𝛽

)⧹
M(𝜂)

1 ⊆
⋃

𝛼<𝛽<1
N𝛽 .

To prove the other direction of inclusion, if y ∈ N𝛽 for some 𝛽 satisfying 𝛼 < 𝛽 < 1, then
y ∈ M(𝜂)

𝛽
for some 𝛽 satisfying 𝛼 < 𝛽 < 1 and y ∉ M(𝜂)

1 . This shows the equality (5.14). From
(5.13), it is easy to we see that, for 𝛼n ↑ 1 with 𝛼n ∈ (0,1), we have

∞⋂
n=1

M(𝜂)
𝛼n

= M(𝜂)
1 if and only if

∞⋂
n=1

N𝛼n
= ∅. (5.15)

Now, we are in a position to prove the following inclusion

M(𝜂)
𝛼 ⊆ M(𝜂)

1

⋃( ⋃
𝛼≤𝛽<1

D(𝜂)
𝛽

)
.

For 𝛼 ∈ (0,1) and x ∈ N𝛼 = M(𝜂)
𝛼 ∖M(𝜂)

1 , suppose that x ∉ D(𝜂)
𝛼 and x ∉ D(𝜂)

𝛽
for all 𝛽 satisfying

𝛼 < 𝛽 < 1. We shall lead to a contradiction. Since x ∈ N𝛼 and x ∉ D(𝜂)
𝛼 = A(𝜂)

𝛼 ∖A(𝜂)
𝛼+ by the
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hypothesis, it follows that x ∈ A(𝜂)
𝛼+. Using Proposition 5.2.11, i.e. M(𝜂)

1 ⫋ A(𝜂)
𝛼+, we also have

x ∈ A(𝜂)
𝛼+∖M(𝜂)

1 . Now, from (5.14), we obtain

x ∈ A(𝜂)
𝛼+∖M(𝜂)

1 =

( ⋃
𝛼<𝛽≤1

M(𝜂)
𝛽

)⧹
M(𝜂)

1 =
⋃

𝛼<𝛽<1
N𝛽 ,

which says that there exists 𝛽1 satisfying 1 > 𝛽1 > 𝛼 and x ∈ N𝛽1
. Since x ∉ D(𝜂)

𝛽1
by

the hypothesis, we can similarly show that there exists 𝛽2 satisfying 1 > 𝛽2 > 𝛽1 and
x ∈ N𝛽2

. Also, since x ∉ D(𝜂)
𝛽2

by the hypothesis, there exists 𝛽3 satisfying 1 > 𝛽3 > 𝛽2
and x ∈ N𝛽3

. Continuing this process and argument, we can construct a strictly increas-
ing sequence {𝛽n}∞n=1 contained in the open interval (𝛼, 1) satisfying x ∈ N𝛽n

for all
n, i.e. x ∈

⋂∞
n=1 N𝛽n

≠ ∅. We shall claim 1 = supn𝛽n. Suppose that it is not true, i.e.
𝛼 < supn𝛽n = 𝛽∗ < 1. Then, we have

⋂∞
n=1 M(𝜂)

𝛽n
⊆ M(𝜂)

𝛽∗
by the second condition. Therefore,

we obtain

x ∈
∞⋂

n=1
N𝛽n

=
∞⋂

n=1

(
M(𝜂)

𝛽n
∖M(𝜂)

1

)
=

( ∞⋂
n=1

M(𝜂)
𝛽n

)⧹
M(𝜂)

1 ⊆ M(𝜂)
𝛽∗
∖M(𝜂)

1 = N𝛽∗ ,

which says that x ∈ N𝛽∗ and x ∉ D(𝜂)
𝛽∗

. Using the previous arguments for the procedure of
constructing the strictly increasing sequence, we can similarly show that there exists 𝛽∘
satisfying 1 > 𝛽∘ > 𝛽∗ and x ∈ N𝛽∘ . This says that 𝛽∘ must be in the sequence, and that

sup
n

𝛽n ≥ 𝛽
∘
> 𝛽

∗
,

which contradicts supn𝛽n = 𝛽∗. Therefore, we must have 1 = supn𝛽n, i.e. 𝛽n ↑ 1 and⋂∞
n=1 N𝛽n

≠ ∅, which also contradicts the assumption
⋂∞

n=1 N𝛽n
= ∅ given in (5.15).

Therefore, we conclude that x ∈ D(𝜂)
𝛼 or x ∈ D(𝜂)

𝛽
for some 𝛽 satisfying 1 > 𝛽 > 𝛼, which

proves the equality (5.12). This completes the proof. ◾

5.3 Generating Fuzzy Sets from Nested Families

Now, we are in a position to generate fuzzy sets from solid and nested families. In applica-
tions, the data may be formulated as the solid and nested families by referring to (5.1) and
Example 5.1.3.

Theorem 5.3.1 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be
a family of nonempty subsets of ℝm such that  is a solid and nested family with respect to 𝜂.
Let 𝜅 be an increasing and bijective function from (0,1] into (0,1]. Assume that⋃

0<𝛼≤1
M(𝜂)

𝛼 = M(𝜂)
1

⋃( ⋃
0<𝛼<1

D(𝜂)
𝛼

)
. (5.16)

● If
⋃

0<𝛼≤1M(𝜂)
𝛼 = ℝm, we define a fuzzy set Ã⋆ in ℝm with membership function given by

𝜉Ã⋆ (x) =

{
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1)
1, if x ∈ M(𝜂)

1 .

This also says that 𝜉Ã⋆ (x) > 0 for x ∈ ℝm.
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● If
⋃

0<𝛼≤1M(𝜂)
𝛼 ≠ ℝm, we define a fuzzy set Ã∘ in ℝm with membership function given by

𝜉Ã∘ (x) =
⎧⎪⎨⎪⎩
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1)
1, if x ∈ M(𝜂)

1
0, if x ∉

⋃
0<𝛼≤1

M(𝜂)
𝛼 .

(5.17)

This also says that 𝜉Ã∘ (x) > 0 for x ∈
⋃

0<𝛼≤1M(𝜂)
𝛼 .

Then, we have the following properties:

● (𝜉Ã⋆ ) = (0,1] and (𝜉Ã∘ ) = [0,1];
● Ã⋆

𝜅(𝛼) = Ã∘𝜅(𝛼) = M(𝜂)
𝛼 = M𝜂(𝛼) and Ã⋆

𝛼 = Ã∘𝛼 = M(𝜂)
𝜅−1(𝛼) = M𝜂(𝜅−1(𝛼)) for each 𝛼 ∈ (0,1]; if 𝜂 is

injective, we have

Ã∗
𝜅(𝜂−1(𝛼)) = Ã∘𝜅(𝜂−1(𝛼)) = M𝛼

for each 𝛼 ∈ (𝜂).

We also have

Ã⋆

0 = cl(Ã⋆

0+) = ℝm =
⋃

0<𝛼≤1
M(𝜂)

𝛼 and Ã∘0 = cl(Ã∘0+) = cl

( ⋃
0<𝛼≤1

M(𝜂)
𝛼

)
.

Proof. From Proposition 5.1.4, we see that the membership functions 𝜉Ã⋆ and 𝜉Ã∘ are well
defined. Next, we want to show

Ã⋆

𝜅(𝛼) = Ã∘𝜅(𝛼) = M(𝜂)
𝛼 for each 𝛼 ∈ (0,1].

It suffices to show Ã∘𝜅(𝛼) = M(𝜂)
𝛼 for each 𝛼 ∈ (0,1]. We first claim that

𝜉
−1
Ã∘ ([𝜅(𝛼), 1]) =

⋃
{𝛾∈(𝜉

Ã∘ )∶𝛾≥𝜅(𝛼)}
𝜉
−1
Ã∘ (𝛾) for each 𝛼 ∈ (0,1], (5.18)

where 𝜉−1
Ã∘
([𝜅(𝛼), 1]) denotes the inverse image of the closed interval [𝜅(𝛼), 1] and 𝜉−1

Ã∘
(𝛾)

denotes the inverse image of singleton {𝛾} for function 𝜉Ã∘ . Given x ∈ 𝜉−1
Ã∘
([𝜅(𝛼), 1]), we

have 𝜉Ã∘ (x) ≥ 𝜅(𝛼). Let

𝛾 = 𝜉Ã∘ (x) ∈ (𝜉Ã∘ ).

Then, we have 𝛾 ≥ 𝜅(𝛼) and x ∈ 𝜉−1
Ã∘
(𝛾), which says that

x ∈
⋃

{𝛾∈(𝜉
Ã∘ )∶𝛾≥𝜅(𝛼)}

𝜉
−1
Ã∘ (𝛾).

On the other hand, given any

x ∈
⋃

{𝛾∈(𝜉
Ã∘ )∶𝛾≥𝜅(𝛼)}

𝜉
−1
Ã∘ (𝛾),

there exists 𝛾 ∈ (𝜉Ã∘ ) with 𝛾 ≥ 𝜅(𝛼) satisfying x ∈ 𝜉−1
Ã∘
(𝛾), which also says that 𝜉Ã∘ (x) =

𝛾 ≥ 𝜅(𝛼). Therefore, it follows that x ∈ 𝜉−1
Ã∘
([𝜅(𝛼), 1]), which proves the equality (5.18).
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Since 𝜅 is an increasing and bijective function on (0,1], it follows that (𝜉Ã∘ ) = [0,1] and
𝜅(𝛼) > 0 for 𝛼 ∈ (0,1], the equality (5.18) can be rewritten as

𝜉
−1
Ã∘ ([𝜅(𝛼), 1]) =

⋃
𝜅(𝛼)≤𝛾≤1

𝜉
−1
Ã∘ (𝛾) (5.19)

We also see that 𝜅(1) = 1. Therefore, for 𝛼 ∈ (0,1), we have⋃
𝜅(𝛼)≤𝛾<1

𝜉
−1
Ã∘ (𝛾) =

⋃
{𝛽∈(0,1]∶𝜅(𝛼)≤𝜅(𝛽)<1}

𝜉
−1
Ã∘ (𝜅(𝛽)) (since 𝜅is bijective on (0,1])

=
⋃

{𝛽∈(0,1]∶𝛼≤𝛽<1}
𝜉
−1
Ã∘ (𝜅(𝛽)) (since 𝜅is increasing and bijective on (0,1]). (5.20)

Now, for each 𝛼 ∈ (0,1), we obtain

Ã∘
𝜅(𝛼) = 𝜉

−1
Ã∘ ([𝜅(𝛼), 1]) =

⋃
𝜅(𝛼)≤𝛾≤1

𝜉
−1
Ã∘ (𝛾) (by (5.19))

= 𝜉
−1
Ã∘ (1)

⋃( ⋃
𝜅(𝛼)≤𝛾<1

𝜉
−1
Ã∘ (𝛾)

)

= 𝜉
−1
Ã∘ (1)

⋃( ⋃
{𝛽∈(0,1]∶𝛼≤𝛽<1}

𝜉
−1
Ã∘ (𝜅(𝛽))

)
(by (5.20)

= M(𝜂)
1

⋃( ⋃
{𝛽∈(0,1]∶𝛼≤𝛽<1}

D(𝜂)
𝛽

)
(by definition of 𝜉Ã∘ in (5.17))

= M(𝜂)
𝛼 (by Proposition 5.2.8 using assumption (5.16)). (5.21)

We also have

Ã∘
𝜅(1) = Ã∘

1 = 𝜉
−1
Ã∘ ([1,1]) =

{
x ∈ ℝm ∶ 𝜉Ã∘ (x) ≥ 1

}
=
{

x ∈ ℝm ∶ 𝜉Ã∘ (x) = 1
}
= 𝜉

−1
Ã∘ (1) = M(𝜂)

1 .

and

Ã∘
0+ =

⋃
0<𝛼≤1

Ã∘𝛼 =
⋃

0<𝛼≤1
Ã∘𝜅(𝛼) (since 𝜅is bijective on (0,1])

=
⋃

0<𝛼≤1
M(𝜂)

𝛼 (by (5.105)).

We can similarly obtain

Ã⋆

0+ =
⋃

0<𝛼≤1
M(𝜂)

𝛼 ,

Suppose that 𝜂 is injective. Then M𝛼 = M(𝜂)
𝜂−1(𝛼) for 𝛼 ∈ (𝜂) by (5.2). Therefore, we can

obtain Ã∘
𝜅(𝜂−1(𝛼)) = M𝛼 . This completes the proof. ◾

In particular, the function 𝜅 in Theorem 5.3.1 can be taken to be the identity function,
given by

𝜅(𝛼) = 𝛼 for 𝛼 ∈ (0,1].

In this case, we can generate a fuzzy set Ã⋆ or Ã∘ such that their 𝛼-level sets are given by

Ã⋆

𝛼 = Ã∘𝛼 = M(𝜂)
𝛼 = M𝜂(𝛼) for 𝛼 ∈ (0,1].
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Example 5.3.2 Continued from Example 5.1.3, we can obtain

M1

⋃( ⋃
0<𝛼≤1

D(𝜂)
𝛼

)
= M1

⋃( ⋃
0<𝛼≤1

{
m̄L

𝛼, m̄U
𝛼

})
=
(

m̄L
0 , m̄U

0
)
=
(

b1, b2
)
=
⋃

0<𝛼≤1
M(𝜂)

𝛼 ≠ ℝ.

Therefore, according to Theorem 5.3.1, we can define a fuzzy set Ã∘ in ℝ with membership
function given by

𝜉Ã∘ (x) =
⎧⎪⎨⎪⎩
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 =
{

m̄L
𝛼, m̄U

𝛼

}
for 0 < 𝛼 < 1

1, if x ∈ M1
0, if x ∉

⋃
0<𝛼≤1

M(𝜂)
𝛼

=
⎧⎪⎨⎪⎩
𝜅(𝛼), if x = (1 − 𝛼)b1 + 𝛼a1or (1 − 𝛼)b2 + 𝛼a2 for 0 < 𝛼 < 1
1, if x ∈

[
a1, a2

]
0, if x ≤ b1or x ≥ b2.

For each 𝛼 ∈ (0,1], we have

Ã∘𝜅(𝛼) = M(𝜂)
𝛼 = M𝜂(𝛼) = M1−𝛼 =

[
m̄L

𝛼, m̄U
𝛼

]
=
[
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

]
and the 𝛼-level set of Ã∘ is given by

Ã∘𝛼 = M(𝜂)
𝜅−1(𝛼) = M𝜂(𝜅−1(𝛼)) = M1−𝜅−1(𝛼) =

[
m̄L

𝜅−1(𝛼), m̄U
𝜅−1(𝛼)

]
=
[(

1 − 𝜅
−1(𝛼)

)
b1 + 𝜅

−1(𝛼)a1,
(
1 − 𝜅

−1(𝛼)
)

b2 + 𝜅
−1(𝛼)a2

]
.

Moreover, the 0-level set is given by Ã∘0 =
[
b1, b2

]
.

Theorem 5.3.3 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be
a family of nonempty subsets of ℝm such that the following conditions are satisfied:

●  is a solid and nested family with respect to 𝜂;
●

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 when 𝛼n ↑ 𝛼 for 𝛼 < 1.

Let 𝜅 be an increasing and bijective function on (0,1]. Assume that
∞⋂

n=1
M(𝜂)

𝛼n
⊆ M(𝜂)

1 when 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

● If
⋃

0<𝛼≤1M(𝜂)
𝛼 = ℝm, we define a fuzzy set Ã⋆ in ℝm with membership function given by

𝜉Ã⋆ (x) =

{
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1)
1, if x ∈ M(𝜂)

1 .

This says that 𝜉Ã⋆ (x) > 0 for x ∈ ℝm.
● If

⋃
0<𝛼≤1M(𝜂)

𝛼 ≠ ℝm, we define a fuzzy set Ã∘ in ℝm with membership function given by

𝜉Ã∘ (x) =
⎧⎪⎨⎪⎩
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1)
1, if x ∈ M(𝜂)

1
0, if x ∉

⋃
0<𝛼≤1

M(𝜂)
𝛼 .

This says that 𝜉Ã∘ (x) > 0 for x ∈
⋃

0<𝛼≤1M(𝜂)
𝛼 .
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Then, we have the following properties:

● (𝜉Ã⋆ ) = (0,1] and (𝜉Ã∘ ) = [0,1];
● Ã⋆

𝜅(𝛼) = Ã∘𝜅(𝛼) = M(𝜂)
𝛼 = M𝜂(𝛼) and Ã⋆

𝛼 = Ã∘𝛼 = M(𝜂)
𝜅−1(𝛼) = M𝜂(𝜅−1(𝛼)) for each 𝛼 ∈ (0,1); if 𝜂 is

injective, we have

Ã∗
𝜅(𝜂−1(𝛼)) = Ã∘𝜅(𝜂−1(𝛼)) = M𝛼

for each 𝛼 ∈ (𝜂).

We also have

Ã⋆

0 = cl(Ã⋆

0+) = ℝm =
⋃

0<𝛼≤1
M(𝜂)

𝛼 and Ã∘0 = cl(Ã∘
0+) = cl

( ⋃
0<𝛼≤1

M(𝜂)
𝛼

)
.

Proof. Using the nestedness, we see that

M(𝜂)
1 ⊆

∞⋂
n=1

M(𝜂)
𝛼n

when 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

Therefore, combining it with the assumption, we obtain

M(𝜂)
1 =

∞⋂
n=1

M(𝜂)
𝛼n

when 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

By Theorem 5.2.12 and Proposition 5.2.8, we see that the assumption of Theorem 5.3.1 is
satisfied. Therefore, the results follow immediately from Theorem 5.3.1. This completes the
proof. ◾

5.4 Generating Fuzzy Sets Based on the Expression
in the Decomposition Theorem

We are going to present many methods to construct fuzzy sets inℝm based on the expression
in the Decomposition Theorem 2.2.13.

5.4.1 The Ordinary Situation

Let  = {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty sets in ℝm. We can generate a fuzzy set
Ã⟂ in ℝm with membership function defined by

𝜉Ã⟂ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x). (5.22)

For x ∈
⋃

0<𝛼≤1M𝛼 , we have x ∈ M𝛼0
for some 𝛼0 ∈ (0,1], which says that

𝜉Ã⟂ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) ≥ 𝛼0 > 0.

For x ∉
⋃

0<𝛼≤1M𝛼 , we have x ∉ M𝛼 for all 𝛼 ∈ (0,1]. By the definition of 𝜉Ã⟂ in (5.22), we
have 𝜉Ã⟂ (x) = 0. Therefore, we obtain

𝜉Ã⟂ (x) =
⎧⎪⎨⎪⎩

sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) > 0, if x ∈

⋃
0<𝛼≤1

M𝛼

0, otherwise.
(5.23)
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Proposition 5.4.1 We have the following equality

Ã⟂
0+ =

⋃
0<𝛼≤1

M𝛼. (5.24)

Proof. For x ∉
⋃

0<𝛼≤1M𝛼 , we have 𝜉Ã⟂ (x) = 0, i.e. x ∉ Ã⟂
𝛼 for all 𝛼 ∈ (0,1]. Therefore, we

have the inclusions

Ã⟂
𝛼 ⊆

⋃
0<𝛼≤1

M𝛼 for all 𝛼 ∈ (0,1],

which implies

Ã⟂
0+ ⊆

⋃
0<𝛼≤1

M𝛼

by (2.5). The inclusion⋃
0<𝛼≤1

M𝛼 ⊆ Ã⟂
0+

is obvious by (5.23). This completes the proof. ◾

Given any fixed 𝛼 ∈ (0,1], we write

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 ,

and given any fixed 𝛼 ∈ (0,1), we write

A𝛼+ =
⋃

𝛼<𝛽≤1
M𝛽 .

It is clear to see A1 = M1.

Proposition 5.4.2 Given any fixed 𝛼 ∈ (0,1), we have

Ã⟂
𝛼+ ⊆ A𝛼 ⊆ Ã⟂

𝛼 and A𝛼+ = Ã⟂
𝛼+.

Proof. For x ∈ A𝛼 , it means that x ∈ M𝛽 for some 𝛽 satisfying 𝛼 ≤ 𝛽 ≤ 1. From (5.22), it
follows that

𝜉Ã⟂ (x) = sup
0<𝛾≤1

𝛾 ⋅ 𝜒M𝛾
(x) ≥ 𝛽 ≥ 𝛼,

which shows the inclusion A𝛼 ⊆ Ã⟂
𝛼 . We can similarly obtain the inclusion A𝛼+ ⊆ Ã⟂

𝛼+. Sup-
pose that x ∉ A𝛼 . It means that x ∉ M𝛽 for all 𝛽 satisfying 𝛼 ≤ 𝛽 ≤ 1. Therefore, we obtain

𝜉Ã⟂ (x) = sup
0<𝛽≤1

𝛽 ⋅ 𝜒M𝛽
(x) = sup

0<𝛽<𝛼
𝛽 ⋅ 𝜒M𝛽

(x) ≤ 𝛼,

i.e. x ∉ Ã⟂
𝛼+, which shows the inclusion Ã⟂

𝛼+ ⊆ A𝛼 . We can similarly obtain the inclusion
Ã⟂
𝛼+ ⊆ A𝛼+, and the proof is complete. ◾

Proposition 5.4.3 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets ofℝm. We consider
the membership function 𝜉Ã⟂ defined in (5.22). Suppose that A𝛼∖A𝛼+ ≠ ∅ for all 𝛼 ∈ (0,1).
Then, we have (𝜉Ã⟂ ) = [0,1].
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Proof. It is clear to see 0 ∈ (𝜉Ã⟂ ). Since M1 ≠ ∅, we also see that 1 ∈ (𝜉Ã⟂ ). Now, given
any fixed 𝛼 ∈ (0,1) and any x ∈ D𝛼 , we see that x ∈ A𝛼 and x ∉ A𝛼+. Using Proposition 5.4.2,
we have x ∈ Ã⟂

𝛼 and x ∉ Ã⟂
𝛼+, which say that 𝜉Ã⟂ (x) ≥ 𝛼 and 𝜉Ã⟂ (x) ≤ 𝛼. Therefore,we obtain

𝜉Ã⟂ (x) = 𝛼, which also says that (0,1) ⊆ (𝜉Ã⟂ ), and the proof is complete. ◾

Theorem 5.4.4 (Negoita, Puri and Ralescu [84, 92]) Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of
nonempty subsets of ℝm such that the following conditions are satisfied:

● M0 = ℝm;
● M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ [0,1] with 𝛽 < 𝛼;
●

⋂∞
n=1 M𝛼n

⊆ M𝛼 when 𝛼n ↑ 𝛼 with 𝛼 > 0.

We can generate a fuzzy set Ã∗ with membership function defined by

𝜉Ã∗ (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(x).

Then, we have

Ã∗
𝛼 = {x ∈ ℝm ∶ 𝜉Ã∗ (x) ≥ 𝛼} = M𝛼

for every 𝛼 ∈ [0,1].

The assumption of M0 = ℝm in Theorem 5.4.4 can be omitted. In what follows, we can
consider M0 ≠ ℝm. We first provide some useful properties.

Proposition 5.4.5 Let  = {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm satis-
fying M𝛽 ⊆ M𝛼 for 𝛼, 𝛽 ∈ (0,1] with 𝛼 < 𝛽. We consider the membership function 𝜉Ã⟂ defined
in (5.22). Then, the following statements hold true.

(i) Given any 𝛼 ∈ (0,1], we have

M𝛼 ⊆ Ã⟂
𝛼 (5.25)

and

Ã⟂
𝛼 =

⋂
0<𝛽<𝛼

M𝛽 ⊆
⋂

0<𝛽<𝛼
Ã⟂
𝛽 . (5.26)

(ii) Given any 𝛼 ∈ (0,1], suppose that
⋂∞

n=1 M𝛼n
⊆ M𝛼 when 𝛼n ↑ 𝛼. Then, we have

Ã⟂
𝛼 = M𝛼 =

⋂
0<𝛽≤𝛼

M𝛽 =
⋂

0<𝛽<𝛼
M𝛽 . (5.27)

Proof. To prove part (i), the inclusion (5.25) is obvious by applying the nestedness to Propo-
sition 5.4.2, where

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 = M𝛼

by the nestedness. To prove (5.26), given any x ∈ Ã⟂
𝛼 and 𝛽 satisfying 0 < 𝛽 < 𝛼, we want to

show that x ∈ M𝛽 . Since 𝜉Ã⟂ (x) ≥ 𝛼, we consider the following cases.

● Assume that 𝜉Ã⟂ (x) > 𝛼. Let 𝜖 = 𝜉Ã⟂ (x) − 𝛼 > 0. From (5.22), the concept of supremum
says that there exists 𝛼0 ∈ (0,1] satisfying x ∈ M𝛼0

and 𝜉Ã⟂ (x) − 𝜖 < 𝛼0, which implies 𝛼 <

𝛼0. This also says that x ∈ M𝛽 , since M𝛼0
⊆ M𝛼 ⊆ M𝛽 by the nestedness.
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● Assume that 𝜉Ã⟂ (x) = 𝛼. Let 𝜖 = 𝛼 − 𝛽 > 0. The concept of supremum says that there
exists 𝛼0 ∈ (0,1] satisfying x ∈ M𝛼0

and 𝛼 − 𝜖 < 𝛼0, which implies 𝛽 < 𝛼0. This also says
that x ∈ M𝛽 by the nestedness M𝛼0

⊆ M𝛽 .

Since 𝛽 can be any number satisfying 0 < 𝛽 < 𝛼, we conclude that

x ∈
⋂

0<𝛽<𝛼
M𝛽 .

By combining the inclusion (5.25), we obtain the inclusion (5.26).
For proving the other direction of inclusion, suppose that x ∈ M𝛽 for all 𝛽 satisfying

0 < 𝛽 < 𝛼. By the definition of 𝜉Ã⟂ in (5.22), we also see that 𝜉Ã⟂ (x) ≥ 𝛽 for all 𝛽 satisfying
0 < 𝛽 < 𝛼. We want to show that 𝜉Ã⟂ (x) ≥ 𝛼. Suppose that 𝜉Ã⟂ (x) < 𝛼. There exists 𝛽 satis-
fying 𝜉Ã⟂ (x) < 𝛽 < 𝛼, which contradicts 𝜉Ã⟂ (x) ≥ 𝛽 for all 𝛽 satisfying 0 < 𝛽 < 𝛼. Therefore,
we obtain x ∈ Ã⟂

𝛼 , which proves the equality (5.26) by applying the inclusion (5.26).
To prove part (ii), given any x ∈ Ã⟂

𝛼 , we want to show that x ∈ M𝛼 . Since 𝜉Ã⟂ (x) ≥ 𝛼, we
consider the following cases.

● Assume that 𝜉Ã⟂ (x) > 𝛼. Let 𝜖 = 𝜉Ã⟂ (x) − 𝛼 > 0. The supremum in (5.22) says that there
exists 𝛼0 ∈ (0,1] satisfying x ∈ M𝛼0

and 𝜉Ã⟂ (x) − 𝜖 < 𝛼0, which implies 𝛼 < 𝛼0. This also
says that x ∈ M𝛼 , since M𝛼0

⊆ M𝛼 by the nestedness.
● Assume that 𝜉Ã⟂ (x) = 𝛼. The supremum in (5.22) says that there exists a sequence {𝛼n}∞n=1

in (0,1] satisfying x ∈ M𝛼n
for all n and 𝛼n ↑ 𝛼, which implies

x ∈
∞⋂

n=1
M𝛼n

⊆ M𝛼

by the assumption, and concludes that x ∈ M𝛼 .

Therefore, we obtain the inclusion Ã⟂
𝛼 ⊆ M𝛼 . The equalities (5.27) follow immediately from

(5.25) and the nestedness. This completes the proof. ◾

Proposition 5.4.6 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm such that
the following conditions are satisfied:

● M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ (0,1] with 𝛽 < 𝛼;
●

⋂∞
n=1 M𝛼n

⊆ M𝛼 when 𝛼n ↑ 𝛼.

Consider the membership function 𝜉Ã⟂ defined in (5.22). Then, we have

Ã⟂
𝛼 = M𝛼 for every 𝛼 ∈ (0,1] (5.28)

and

Ã⟂
0+ =

⋃
0<𝛼≤1

M𝛼. (5.29)

We further assume that each M𝛼 is a convex set in ℝm for 𝛼 ∈ (0,1]. Then, the membership
function 𝜉Ã⟂ is quasi-concave.

Proof. The equality (5.28) follows from part (ii) of Proposition 5.4.5. Also, the equality
(5.29) follows from (5.24) immediately. It remains to show that the membership function
𝜉Ã⟂ is quasi-concave. For any x1, x2 ∈ ℝm, let

𝛼 = min{𝜉Ã⟂ (x1), 𝜉Ã⟂ (x2)}.
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If 𝛼 = 0, it is clear to see that

𝜉Ã⟂ (kx1 + (1 − k)x2) ≥ 0 = min
{
𝜉Ã⟂ (x1), 𝜉Ã⟂ (x2)

}
.

For 𝛼 > 0, we have 𝜉Ã⟂ (x1) ≥ 𝛼 and 𝜉Ã⟂ (x2) ≥ 𝛼, i.e. x1, x2 ∈ Ã⟂
𝛼 . Since Ã⟂

𝛼 = M𝛼 is convex for
𝛼 ∈ (0,1], we also have kx1 + (1 − k)x2 ∈ Ã⟂

𝛼 for any k ∈ (0,1). Therefore, we obtain.

𝜉Ã⟂ (kx1 + (1 − k)x2) ≥ 𝛼 = min
{
𝜉Ã⟂ (x1), 𝜉Ã⟂ (x2)

}
.

This completes the proof. ◾

Theorem 5.4.7 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm such that the
following conditions are satisfied:

● M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ (0,1] with 𝛽 < 𝛼;
●

⋂∞
n=1 M𝛼n

⊆ M𝛼 when 𝛼n ↑ 𝛼.

Then, we can generate a fuzzy set Ã⟂ in ℝm with membership function defined by

𝜉Ã⟂ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) (5.30)

satisfying

Ã⟂
𝛼 = M𝛼 for 𝛼 ∈ (0,1].

We also have

Ã⟂
0+ =

⋃
0<𝛼≤1

M𝛼

and

Ã⟂
0 = cl(Ã⟂

0+) = cl

( ⋃
0<𝛼≤1

Ã⟂
𝛼

)
= cl

( ⋃
0<𝛼≤1

M𝛼

)
. (5.31)

Suppose that A𝛼∖A𝛼+ ≠ ∅ for all 𝛼 ∈ (0,1). Then, we have (𝜉Ã⟂ ) = [0,1]. We further assume
that the following conditions are satisfied.

● M𝛼 are closed and convex sets in ℝm for 𝛼 ∈ (0,1].
● The union

⋃
0<𝛼≤1M𝛼 is a bounded subset of ℝm.

Then Ã⟂ ∈ 𝔉(ℝm) is a fuzzy vector.

Proof. The results regarding the 𝛼-level sets can follow from Proposition 5.4.6, and the
results regarding the range (𝜉Ã⟂ ) of membership function can follow from Proposi-
tion 5.4.3. Finally, we want to claim that Ã⟂ ∈ 𝔉(ℝm) by checking all the conditions in
Definition 2.3.1.

● Since each M𝛼 is assumed to be convex set in ℝm for 𝛼 ∈ (0,1], Proposition 5.4.6 says that
the membership function 𝜉Ã⟂ is quasi-concave.

● Since each M𝛼 is assumed to be closed subset of ℝm for 𝛼 ∈ (0,1], it follows that{
x ∈ ℝm ∶ 𝜉Ã⟂ (x) ≥ 𝛼

}
= Ã⟂

𝛼 = M𝛼

is a closed subset of ℝm for 𝛼 ∈ (0,1], which also says that the membership function 𝜉Ã⟂

is upper semi-continuous.
● From (5.31), it follows that the 0-level set Ã⟂

0 is bounded in ℝm.

Therefore, we conclude that Ã⟂ ∈ 𝔉(ℝm), and the proof is complete. ◾
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The above results assume that {M𝛼 ∶ 𝛼 ∈ [0,1]} is a nested family in the sense of M𝛽 ⊆ M𝛼

for 𝛼 < 𝛽. Next, the family {M𝛼 ∶ 𝛼 ∈ [0,1]} will not be assumed to be nested.

Proposition 5.4.8 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm. Suppose
that, for any fixed x ∈ ℝm, the function 𝜁x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on [0,1].
Consider the membership function 𝜉Ã⟂ defined in (5.22). Then

Ã⟂
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 for every 𝛼 ∈ (0,1] (5.32)

and

Ã⟂
0+ =

⋃
0<𝛼≤1

M𝛼. (5.33)

Proof. For 𝛼 ∈ (0,1], suppose that x ∈ Ã⟂
𝛼 and x ∉ M𝛽 for all 𝛽 satisfying 𝛼 ≤ 𝛽 ≤ 1.

Then 𝛽 ⋅ 𝜒M𝛽
(x) < 𝛼 for all 0 < 𝛽 ≤ 1. Since 𝜁x is upper semi-continuous on [0,1] by the

assumption, Proposition 1.4.4 says that the following supremum

sup
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜁x(𝛽)

is attained. This says that

0 < 𝜉Ã⟂ (x) = sup
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜁x(𝛽) = 𝛽
∗ ⋅ 𝜒M𝛽∗

(x) < 𝛼

for some 𝛽∗ ∈ [0,1]. Since 𝛽∗ ≠ 0, it follows that 0 < 𝛽∗ ≤ 1, which violates x ∈ Ã⟂
𝛼 . There-

fore, there exists 𝛽0 satisfying 𝛼 ≤ 𝛽0 ≤ 1 and x ∈ M𝛽0
, which shows the following inclusion

Ã⟂
𝛼 ⊆

⋃
𝛼≤𝛽≤1

M𝛽 .

The following inclusion⋃
𝛼≤𝛽≤1

M𝛽 ⊆

{
x ∈ ℝm ∶ sup

0<𝛽≤1
𝛽 ⋅ 𝜒M𝛽

(x) ≥ 𝛼

}
= {x ∈ ℝm ∶ 𝜉Ã⟂ (x) ≥ 𝛼} = Ã⟂

𝛼

is obvious, which proves the equality (5.32). Finally, the equality (5.33) follows immediately
from (5.24), and the proof is complete. ◾

Theorem 5.4.9 (Non-Nested Family). Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty
subsets of ℝm. Suppose that, for any fixed x ∈ ℝm, the function 𝜁x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper
semi-continuous on [0,1]. Then, we can generate a fuzzy set Ã⟂ in ℝm with membership
function defined by

𝜉Ã⟂ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) (5.34)

satisfying

Ã⟂
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 for 𝛼 ∈ (0,1].

We also have

Ã⟂
0+ =

⋃
0<𝛼≤1

M𝛼
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and

Ã⟂
0 = cl(Ã⟂

0+) = cl

( ⋃
0<𝛼≤1

M𝛼

)
.

Suppose that A𝛼∖A𝛼+ ≠ ∅ for all 𝛼 ∈ (0,1). Then, we have (𝜉Ã⟂ ) = [0,1].

Proof. Using Proposition 5.4.8 and a similar argument to the proof of Theorem 5.4.7, the
proof is complete. ◾

5.4.2 Based on One Function

We consider another approach for generating fuzzy sets in ℝm. Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a
family of nonempty subsets ofℝm, and let𝜆 ∶ [0,1] → [0,1] be a real-valued function defined
on [0,1]. We can generate a fuzzy set Ã⋄ in ℝm with membership function defined by

𝜉Ã⋄ (x) = sup
𝛼∈[0,1]

𝜆(𝛼) ⋅ 𝜒M𝛼
(x). (5.35)

Let

S• = {𝛼 ∈ [0,1] ∶ 𝜆(𝛼) > 0} . (5.36)

Then, we see that

𝜉Ã⋄ (x) = sup
𝛼∈[0,1]

𝜆(𝛼) ⋅ 𝜒M𝛼
(x) = sup

𝛼∈S•
𝜆(𝛼) ⋅ 𝜒M𝛼

(x). (5.37)

We see that (5.22) is a special case of (5.37) by taking 𝜆(𝛼) = 𝛼.
For x ∈

⋃
𝛼∈S•M𝛼 , we have x ∈ M𝛼0

for some 𝛼0 ∈ S•, which says that

𝜉Ã⋄ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M𝛼
(x) ≥ 𝜆(𝛼0) > 0.

For x ∉
⋃

𝛼∈S•M𝛼 , we have x ∉ M𝛼 for all 𝛼 ∈ S•. By the definition of 𝜉Ã⋄ in (5.37), we have
𝜉Ã⋄ (x) = 0. Therefore, we obtain

𝜉Ã⋄ (x) =
⎧⎪⎨⎪⎩

sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M𝛼
(x) > 0, if x ∈

⋃
𝛼∈S•

M𝛼

0, otherwise.
(5.38)

Proposition 5.4.10 We have the following equality

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼. (5.39)

Proof. For x ∉
⋃

𝛼∈S•M𝛼 , we have 𝜉Ã⋄ (x) = 0, i.e. x ∉ Ã⋄
𝛼 for all 𝛼 ∈ (0,1]. Therefore, we

have

Ã⋄
𝛼 ⊆

⋃
𝛼∈S•

M𝛼 for all 𝛼 ∈ (0,1].

Using (2.5), we can obtain the inclusion

Ã⋄
0+ ⊆

⋃
𝛼∈S•

M𝛼.
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The inclusion⋃
𝛼∈S•

M𝛼 ⊆ Ã⋄
0+

is obvious by (5.38). This completes the proof. ◾

Proposition 5.4.11 Suppose that  = {M𝛼 ∶ 𝛼 ∈ [0,1]} is a nested family in the sense of
M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼). We also assume that any one of the following condi-
tions is satisfied.

● The infimum inf 𝛼∈S•𝜆(𝛼) is attained.
● S• is a closed and bounded set, and 𝜆 is lower semi-continuous on S•.

Then, we have

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼 = M𝛼,

where

𝛼 = inf
𝛼∈S•

𝜆(𝛼).

Proof. Suppose that the infimum inf 𝛼∈S•𝜆(𝛼) is attained; that is, there exists 𝛼 ∈ S•

satisfying

𝜆(𝛼) = min
𝛼∈S•

𝜆(𝛼) = inf
𝛼∈S•

𝜆(𝛼).

In this case, we have M𝛼 ⊆ M𝛼 for all 𝛼 ∈ S•, which says that
⋃

𝛼∈S•M𝛼 = M𝛼 .
Suppose that S• is a closed and bounded set, and that 𝜆 is lower semi-continuous on S•.

Then, the infimum inf 𝛼∈S•𝜆(𝛼) is automatically attained. This completes the proof. ◾

Given any fixed 𝛼 ∈ [0,1), we write

B(𝜆)
𝛼 =

⋃
{𝛽∈S•∶𝜆(𝛽)≥𝜆(𝛼)}

M𝛽 (5.40)

and

B(𝜆)
𝛼+ =

⎧⎪⎨⎪⎩
∅, if 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ S•⋃
{𝛽∈S•∶𝜆(𝛽)>𝜆(𝛼)}

M𝛽 , otherwise. (5.41)

Proposition 5.4.12 Given any fixed 𝛼 ∈ [0,1), we have

Ã⋄
𝜆(𝛼)+ ⊆ B(𝜆)

𝛼 ⊆ Ã⋄
𝜆(𝛼) and B(𝜆)

𝛼+ = Ã⋄
𝜆(𝛼)+.

Proof. For x ∈ B(𝜆)
𝛼 , it means that x ∈ M𝛽 for some 𝛽 ∈ S• satisfying 𝜆(𝛽) ≥ 𝜆(𝛼). From

(5.37), it follows that

𝜉Ã⋄ (x) = sup
𝛾∈S•

𝜆(𝛾) ⋅ 𝜒M𝛾
(x) ≥ 𝜆(𝛽) ≥ 𝜆(𝛼),
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which shows the inclusion B(𝜆)
𝛼 ⊆ Ã⋄

𝜆(𝛼). We can similarly obtain the inclusion B(𝜆)
𝛼 ⊆ Ã⋄

𝜆(𝛼)+.
Suppose that x ∉ B(𝜆)

𝛼 . It means that x ∉ M𝛽 for all 𝛽 ∈ S• satisfying 𝜆(𝛽) ≥ 𝜆(𝛼). Therefore,
we obtain

𝜉Ã⋄ (x) = sup
𝛽∈S•

𝜆(𝛽) ⋅ 𝜒M𝛽
(x) = sup

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
𝜆(𝛽) ⋅ 𝜒M𝛽

(x) ≤ 𝜆(𝛼),

i.e. x ∉ Ã⋄
𝜆(𝛼)+, which shows the inclusion Ã⋄

𝜆(𝛼)+ ⊆ B(𝜆)
𝛼 . If B(𝜆)

𝛼+ ≠ ∅, we can similarly obtain
the following inclusion Ã⋄

𝜆(𝛼)+ ⊆ B(𝜆)
𝛼+. If B(𝜆)

𝛼+ = ∅, we have 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ S•, which
says that 𝜉Ã⋄ (x) ≤ 𝜆(𝛼) for any x ∈ ℝm by (5.37), i.e.

{x ∈ ℝm ∶ 𝜉Ã⋄ (x) > 𝜆(𝛼)} = ∅.

This completes the proof. ◾

The range (𝜉Ã⋄ ) of function 𝜉Ã⋄ is an important issue. Therefore, the following results
will be used in the subsequent discussion.

Proposition 5.4.13 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm, and let 𝜆
be a function from [0,1] into [0,1]. We consider the membership function 𝜉Ã⋄ defined in (5.37).
Then, the following statements hold true.

(i) Given any fixed x ∈
⋃

𝛼∈S•M𝛼 , we have the following properties.
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.37) is attained. Then, we have 𝜉Ã⋄ (x) ∈ (𝜆).
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.37) is not attained. Then, we have

𝜉Ã⋄ (x) ∈ cl((𝜆))∖(𝜆).

(ii) We have 0 ∈ (𝜉Ã⋄ ) ⊆ cl((𝜆)) ∪ {0}.
(iii) Suppose that B(𝜆)

𝛼 ∖B(𝜆)
𝛼+ ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•. Then, we have

(𝜆) ∪ {0} ⊆ (𝜉Ã⋄ ) ⊆ cl((𝜆)) ∪ {0} = cl((𝜆) ∪ {0})

and

cl((𝜉Ã⋄ )) = cl((𝜆) ∪ {0}).

In particular, we have the following properties.
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.37) is attained for all x ∈

⋃
𝛼∈S•M𝛼 . Then, we

have

(𝜉Ã⋄ ) = (𝜆) ∪ {0}.

● Suppose that (𝜆) ∪ {0} is a closed subset of [0,1]. Then, we have

(𝜉Ã⋄ ) = (𝜆) ∪ {0}.

Proof. To prove part (i), if the supremum in (5.37) is attained, it means that there exists
𝛼0 ∈ S• satisfying

𝜉Ã⋄ (x) = 𝜆(𝛼0) ∈ (𝜆) and x ∈ M𝛼0
.

Suppose that the supremum in (5.37) is not attained, i.e. 𝜉Ã⟂ (x) ∉ (𝜆). According to
the concept of supremum, there exists a sequence {𝛼n}∞n=1 in [0,1] satisfying x ∈ M𝛼n

for
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all n and 𝜆(𝛼n) → 𝜉Ã⋄ (x) as n → ∞, which says that 𝜉Ã⋄ (x) ∈ cl((𝜆)). It is obvious that
0 ∈ (𝜉Ã⋄ ) from (5.38). Therefore, part (ii) can be realized from part (i).

To prove part (iii), let E(𝜆)
𝛼 = B(𝜆)

𝛼 ∖B(𝜆)
𝛼+. Then E(𝜆)

𝛼 ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•. Given any
𝛾 ∈ (𝜆)∖{0}, there exists 𝛼 ∈ [0,1] ∩ S• satisfying 𝜆(𝛼) = 𝛾 > 0. Given any x ∈ E(𝜆)

𝛼 , we
consider the following cases.

● Suppose that B(𝜆)
𝛼+ = ∅. Then 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ [0,1], i.e. 𝜉Ã⋄ (x) ≤ 𝜆(𝛼) for any x ∈ ℝm

by (5.37). For any x ∈ E(𝜆)
𝛼 , we also have x ∈ B(𝜆)

𝛼 . Using Proposition 5.4.12, we obtain
x ∈ Ã⋄

𝜆(𝛼), i.e. 𝜉Ã⋄ (x) ≥ 𝜆(𝛼), which implies 𝜉Ã⋄ (x) = 𝜆(𝛼) = 𝛾 , i.e. 𝛾 ∈ (𝜉Ã⋄ ).
● Suppose that B(𝜆)

𝛼+ ≠ ∅. For any x ∈ E(𝜆)
𝛼 , we see that x ∈ B(𝜆)

𝛼 and x ∉ B(𝜆)
𝛼+. Using Proposi-

tion 5.4.12, we have x ∈ Ã⋄
𝜆(𝛼) and x ∉ Ã⋄

𝜆(𝛼)+, i.e. 𝜉Ã⋄ (x) ≥ 𝜆(𝛼) and 𝜉Ã⋄ (x) ≤ 𝜆(𝛼), which
implies 𝜉Ã⋄ (x) = 𝜆(𝛼) = 𝛾 .

Therefore, the above two cases prove the inclusion (𝜆)∖{0} ⊆ (𝜉Ã⋄ ). Using parts (i) and
(ii), the proof is complete. ◾

Proposition 5.4.14 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm satisfying
M𝛽 ⊆ M𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) < 𝜆(𝛽), and let 𝜆 be a function from [0,1] into [0,1]. We con-
sider the membership function 𝜉Ã⋄ defined in (5.37). Then, the following statements hold true.

(i) Given any 𝛼 ∈ S•, we have

M𝛼 ⊆ Ã⋄
𝜆(𝛼) (5.42)

and

Ã⋄
𝜆(𝛼) ⊆

⋂
{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}

M𝛽 ⊆
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
Ã⋄
𝜆(𝛽). (5.43)

(ii) Suppose that 𝜆 is continuous. Given any 𝛼 ∈ S•, we have

Ã⋄
𝜆(𝛼) =

⋂
{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}

M𝛽 . (5.44)

(iii) Given any 𝛼 ∈ S•, suppose that
⋂∞

n=1 M𝛼n
⊆ M𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n ∈ S• for all

n. Then, we have

Ã⋄
𝜆(𝛼) = M𝛼 =

⋂
{𝛽∈S•∶𝜆(𝛽)≤𝜆(𝛼)}

M𝛽 . (5.45)

(iv) Given any 𝛼 ∈ S•, suppose that
⋂∞

n=1 M𝛼n
⊆ M𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n ∈ S• for all

n. We also assume that 𝜆 is continuous. Then, we have

Ã⋄
𝜆(𝛼) = M𝛼 =

⋂
{𝛽∈S•∶𝜆(𝛽)≤𝜆(𝛼)}

M𝛽 =
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
M𝛽 .

Proof. To prove part (i), for any 𝛼 ∈ S•, since M𝛽 ⊆ M𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) < 𝜆(𝛽), it
follows that B(𝜆)

𝛼 = M𝛼 . Then, the inclusion (5.42) is obvious by using Proposition 5.4.12. To
prove the inclusions (5.43), given any x ∈ Ã⋄

𝜆(𝛼) and 𝛽 ∈ S• satisfying 𝜆(𝛽) < 𝜆(𝛼), we want
to show that x ∈ M𝛽 . Since 𝜉Ã⋄ (x) ≥ 𝜆(𝛼), we consider the following cases.

● Assume that 𝜉Ã⋄ (x) > 𝜆(𝛼). Let

𝜖 = 𝜉Ã⋄ (x) − 𝜆(𝛼) > 0.
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From (5.37), the concept of supremum says that there exists 𝛼0 ∈ S• satisfying x ∈ M𝛼0

and

𝜉Ã⋄ (x) − 𝜖 < 𝜆(𝛼0),

which implies 𝜆(𝛼) < 𝜆(𝛼0). This also says that x ∈ M𝛽 , since

M𝛼0
⊆ M𝛼 ⊆ M𝛽

by the nestedness.
● Assume that 𝜉Ã⋄ (x) = 𝜆(𝛼). Let

𝜖 = 𝜆(𝛼) − 𝜆(𝛽) > 0.

The concept of supremum says that there exists 𝛼0 ∈ S• satisfying x ∈ M𝛼0
and

𝜆(𝛼) − 𝜖 < 𝜆(𝛼0),

which implies 𝜆(𝛽) < 𝜆(𝛼0). This also says that x ∈ M𝛽 by the nestedness M𝛼0
⊆ M𝛽 .

Since 𝜆(𝛽) can be any number 𝛽 ∈ S• satisfying 𝜆(𝛽) < 𝜆(𝛼), we conclude that

x ∈
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
M𝛽 .

By combining the inclusion (5.42), we obtain the inclusions (5.43).
To prove part (ii), suppose that x ∈ M𝛽 for all 𝛽 ∈ S• satisfying 𝜆(𝛽) < 𝜆(𝛼). By the def-

inition of 𝜉Ã⋄ in (5.37), we also see that 𝜉Ã⋄ (x) ≥ 𝜆(𝛽) for all 𝛽 ∈ S• satisfying 𝜆(𝛽) < 𝜆(𝛼).
We want to show that 𝜉Ã⋄ (x) ≥ 𝜆(𝛼). Suppose that 𝜉Ã⋄ (x) < 𝜆(𝛼). Then, there exists c ∈ (0,1)
satisfying

𝜆(𝛽0) ≤ 𝜉Ã⋄ (x) < c < 𝜆(𝛼)

for some 𝛽0 ∈ S• satisfying 𝜆(𝛽0) < 𝜆(𝛼). Since 𝜆 is continuous and 𝜆(𝛽0) < c < 𝜆(𝛼), Propo-
sition 1.4.3 says that there exists 𝛽 ∈ [𝛽0, 𝛼] satisfying c = 𝜆(𝛽). This shows that 𝜉Ã⋄ (x) <
𝜆(𝛽), which contradicts 𝜉Ã⋄ (x) ≥ 𝜆(𝛽) for all 𝛽 ∈ S• satisfying 𝜆(𝛽) < 𝜆(𝛼). Therefore, we
must have 𝜉Ã⋄ (x) ≥ 𝜆(𝛼), i.e. x ∈ Ã⋄

𝜆(𝛼), which proves the equality (5.44) by applying the
inclusion (5.43).

To prove part (iii), given any x ∈ Ã⋄
𝜆(𝛼), we want to show that x ∈ M𝛼 . Since 𝜉Ã⋄ (x) ≥ 𝜆(𝛼),

we consider the following cases.

● Assume that 𝜉Ã⋄ (x) > 𝜆(𝛼). Let

𝜖 = 𝜉Ã⋄ (x) − 𝜆(𝛼) > 0.

The supremum in (5.37) says that there exists 𝛼0 ∈ S• satisfying x ∈ M𝛼0
and

𝜉Ã⋄ (x) − 𝜖 < 𝜆(𝛼0),

which implies 𝜆(𝛼) < 𝜆(𝛼0). This also says that x ∈ M𝛼 , since M𝛼0
⊆ M𝛼 by the nestedness.

● Assume that 𝜉Ã⋄ (x) = 𝜆(𝛼). The supremum in (5.37) says that there exists a sequence
{𝛼n}∞n=1 in S• satisfying x ∈ M𝛼n

for all n and 𝜆(𝛼n) ↑ 𝜆(𝛼), which implies

x ∈
∞⋂

n=1
M𝛼n

⊆ M𝛼

by the assumption, and concludes that x ∈ M𝛼 .
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Therefore, we obtain the inclusion Ã⋄
𝜆(𝛼) ⊆ M𝛼 . The equalities (5.45) follow immediately

from (5.42) and the nestedness. Finally, part (iv) follows from parts (ii) and (iii). This com-
pletes the proof ◾

Proposition 5.4.14 presents the representation Ã⋄
𝜆(𝛼) for 𝜆(𝛼) ∈ (𝜆). If 𝛾 ∉ (𝜆), the rep-

resentation Ã⋄
𝛾 is unknown. The following proposition will provide the representation of Ã⋄

𝛾

in terms of sequence {Ã⋄
𝜆(𝛼n)}

∞
n=1 without considering the nestedness in which the represen-

tation Ã⋄
𝜆(𝛼n) can be realized from Proposition 5.4.14.

Proposition 5.4.15 Let  = {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm, and
let𝜆 be a function from [0,1] into [0,1]. Consider the membership function 𝜉Ã⋄ defined in (5.37).
Then, we have the following properties.

(i) For 𝛾 ∉ (𝜆), suppose that 𝜆(𝛼n) ↑ 𝛾 . Then, we have

Ã⋄
𝛾 =

∞⋂
n=1

Ã⋄
𝜆(𝛼n). (5.46)

(ii) For 𝛾 ∉ (𝜆), suppose that 𝜆(𝛽m) ↓ 𝛾 . Then, we have

Ã⋄
𝛾+ ⊆

∞⋃
m=1

Ã⋄
𝜆(𝛽m)+ ⊆

∞⋃
m=1

Ã⋄
𝜆(𝛽m) ⊆ Ã⋄

𝛾 .

Proof. To prove part (i), the following inclusion is obvious

Ã⋄
𝛾 =

{
x ∈ ℝm ∶ 𝜉Ã⋄ (x) ≥ 𝛾

}
⊆

∞⋂
n=1

{
x ∈ ℝm ∶ 𝜉Ã⋄ (x) ≥ 𝜆(𝛼n)

}
=

∞⋂
n=1

Ã⋄
𝜆(𝛼n).

On the other hand, if 𝜉Ã⋄ (x) ≥ 𝜆(𝛼n) for all n, we have 𝜉Ã⋄ (x) ≥ 𝛾 by taking the limit, which
shows the other direction of inclusion. Therefore, we obtain the desired equality (5.46).

To prove part (ii), since 𝜆(𝛽m) ↓ 𝛾 , the following inclusion is obvious

Ã⋄
𝛾 =

{
x ∈ ℝm ∶ 𝜉Ã⋄ (x) ≥ 𝛾

}
⊇

∞⋃
m=1

{
x ∈ ℝm ∶ 𝜉Ã⋄ (x) ≥ 𝜆(𝛽m)

}
=

∞⋃
m=1

Ã⋄
𝜆(𝛽m).

Now, for 𝜉Ã⋄ (x) > 𝛾 , since 𝜆(𝛽m) ↓ 𝛾 , there exists

𝜆(𝛽M) ∈ {𝜆(𝛽m)}∞m=1 satisfying 𝛾 ≤ 𝜆(𝛽M) < 𝜉Ã⋄ (x),

which shows the following inclusion

Ã⋄
𝛾+ =

{
x ∈ ℝm ∶ 𝜉Ã⋄ (x) > 𝛾

}
⊆

∞⋃
m=1

{
x ∈ ℝm ∶ 𝜉Ã⋄ (x) > 𝜆(𝛽m)

}
=

∞⋃
m=1

Ã⋄
𝜆(𝛽m)+.

This completes the proof. ◾

Remark 5.4.16 The existence of the sequences {𝜆(𝛼n)}∞n=1 and {𝜆(𝛽m)}∞m=1 satisfying
𝜆(𝛼n) ↑ 𝛾 and 𝜆(𝛽m) ↓ 𝛾 , respectively, can be realized by considering the denseness of range
(𝜆). Suppose that the range (𝜆) is dense in [0,1]. Given any r ∈ (0,1)∖(𝜆), there exists
two sequences {𝜆(𝛼n)}∞n=1 and {𝜆(𝛽m)}∞m=1 in (𝜆) satisfying 𝜆(𝛼n) ↑ 𝛾 and 𝜆(𝛽m) ↓ 𝛾 . For
𝛾 = 1, we can only consider the case of 𝜆(𝛼n) ↑ 𝛾 .
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Proposition 5.4.17 Let 𝜆 be a function from [0,1] into [0,1], and let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a
family of nonempty subsets of ℝm such that the following conditions are satisfied:

● M𝛽 ⊆ M𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) < 𝜆(𝛽);
●

⋂∞
n=1 M𝛼n

⊆ M𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• for all n.

Consider the membership function 𝜉Ã⋄ defined in (5.37). Then, we have

Ã⋄
𝜆(𝛼) = M𝛼 for 𝛼 ∈ S• (5.47)

and

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼. (5.48)

We also have

Ã⋄
𝛾 =

⎧⎪⎨⎪⎩
M𝛼, if 𝛾 = 𝜆(𝛼) ∈ (𝜆)
∞⋂

n=1
M𝛼n

, if 𝛾 ∉ (𝜆) and 𝜆(𝛼n) ↑ 𝛾 for 𝛼n ∈ S• for all n. (5.49)

Proof. The equality (5.47) follows from part (iii) of Proposition 5.4.14. Also, The equality
(5.48) follows from (5.39) immediately. Using part (i) of Proposition 5.4.15 and (5.47), we
obtain (5.49). This completes the proof. ◾

Example 5.4.18 We present two different functions regarding 𝜆.

(a) Let 𝜆(𝛼) = 1 − 𝛼 be defined on [0,1]. Then

S• = {𝛼 ∈ [0,1] ∶ 𝜆(𝛼) > 0} = {𝛼 ∈ [0,1] ∶ 1 − 𝛼 > 0} = [0,1).

● The first condition of Proposition 5.4.17 says that 𝜆(𝛼) > 𝜆(𝛽) implies M𝛼 ⊆ M𝛽 , i.e.
𝛼 < 𝛽 implies M𝛼 ⊆ M𝛽 .

● The second condition of Proposition 5.4.17 says that 𝜆(𝛼n) ↑ 𝜆(𝛼) implies
⋂∞

n=1 M𝛼n
⊆

M𝛼 , i.e. 𝛼n ↓ 𝛼 implies
⋂∞

n=1 M𝛼n
⊆ M𝛼 .

In this case, we have Ã⋄
1−𝛼 = M𝛼 for all 𝛼 ∈ [0,1). Equivalently, we also have Ã⋄

𝛼 = M1−𝛼
for all 𝛼 ∈ (0,1].

(b) Let 𝜆(𝛼) = 𝛼2 be defined on [0,1]. Then

S• = {𝛼 ∈ [0,1] ∶ 𝜆(𝛼) > 0} =
{
𝛼 ∈ [0,1] ∶ 𝛼

2
> 0
}
= (0,1].

● The first condition of Proposition 5.4.17 says that 𝛼2 < 𝛽2 implies M𝛽 ⊆ M𝛼 , which
also says that 𝛼 < 𝛽 implies M𝛽 ⊆ M𝛼 , since 𝛼 < 𝛽 if and only if 𝛼2 < 𝛽2 for positive
numbers 𝛼 and 𝛽.

● The second condition of Proposition 5.4.17 says that 𝛼2
n ↑ 𝛼2 implies

⋂∞
n=1 M𝛼n

⊆ M𝛼 ,
i.e. 𝛼n ↑ 𝛼 implies

⋂∞
n=1 M𝛼n

⊆ M𝛼 , since 𝛼n ↑ 𝛼 if and only if 𝛼2
n ↑ 𝛼2 for positive num-

bers 𝛼 and 𝛼n for n = 1,2,….
In this case, we have Ã⋄

𝛼2 = M𝛼 for all 𝛼 ∈ (0,1].

Theorem 5.4.19 (Based on One Function). Let 𝜆 be a function from [0,1] into [0,1], and
let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm such that the following conditions
are satisfied:

● M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼);
●

⋂∞
n=1 M𝛼n

⊆ M𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• for all n.
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Then, we can generate a fuzzy set Ã⋄ in ℝm with membership function defined by

𝜉Ã⋄ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M𝛼
(x) (5.50)

satisfying Ã⋄
𝜆(𝛼) = M𝛼 for 𝛼 ∈ S•. We also have

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼 and Ã⋄
0 = cl(Ã⋄

0+) = cl

(⋃
𝛼∈S•

Ã⋄
𝛼

)
= cl

(⋃
𝛼∈S•

M𝛼

)
.

For 𝛾 ∉ (𝜆) satisfying 𝜆(𝛼n) ↑ 𝛾 , we have

Ã⋄
𝛾 =

∞⋂
n=1

M𝛼n
=

∞⋂
n=1

Ã⋄
𝜆(𝛼n).

On the other hand, the range (𝜉Ã⋄ ) of 𝜉Ã⋄ satisfies the following properties.

(i) Given any fixed x ∈
⋃

𝛼∈S•M𝛼 , we have the following properties.
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.50) is attained. Then, we have 𝜉Ã⋄ (x) ∈ (𝜆).
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.50) is not attained. Then, we have

𝜉Ã⋄ (x) ∈ cl((𝜆))∖(𝜆).

(ii) We have 0 ∈ (𝜉Ã⋄ ) ⊆ cl((𝜆)) ∪ {0}.
(iii) Suppose that B(𝜆)

𝛼 ∖B(𝜆)
𝛼+ ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•. Then, we have

(𝜆) ∪ {0} ⊆ (𝜉Ã⋄ ) ⊆ cl((𝜆)) ∪ {0} = cl((𝜆) ∪ {0}) (5.51)

and

cl((𝜉Ã⋄ )) = cl((𝜆) ∪ {0}).

In particular, we have the following properties.
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.50) is attained for all x ∈

⋃
𝛼∈S•M𝛼 . Then, we

have

(𝜉Ã⋄ ) = (𝜆) ∪ {0}.

● Suppose that (𝜆) ∪ {0} is a closed subset of [0,1]. Then, we have

(𝜉Ã⋄ ) = (𝜆) ∪ {0}.

Proof. The results follow immediately from Proposition 5.4.17. The results regarding the
range (𝜉Ã⋄ ) can refer to Proposition 5.4.13. ◾

Example 5.4.20 Given any real numbers a1, a2, b1, b2 satisfying b1 < a1 < a2 < b2, let

mL
𝛼 = (1 − 𝛼)b1 + 𝛼a1 and mU

𝛼 = (1 − 𝛼)b2 + 𝛼a2.

We define M𝛼 to be a closed interval in ℝ by M𝛼 = [mL
𝛼,mU

𝛼 ] for 𝛼 ∈ [0,1]. Let 𝜆 be a function
from [0,1] into [0,1] defined by 𝜆(𝛼) = 𝛼2. Then, we have S• = S = (0,1].

● It is clear to see that M𝛼 ⊆ M𝛽 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼), i.e. 𝛽2 < 𝛼2.
● Now, we want to show

⋂∞
n=1 M𝛼n

⊆ M𝛼 for 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• for all n; that is,
𝛼2

n ↑ 𝛼2 with 𝛼n, 𝛼 ∈ S• for all n. Equivalently, we want to show
⋂∞

n=1 M√
𝛼n

⊆ M√
𝛼

for
𝛼n ↑ 𝛼 with 𝛼n, 𝛼 ∈ S• for all n. Given any x ∈ M√

𝛼n
for all n, we have mL√

𝛼n
≤ x ≤ mU√

𝛼n

for all n. Since mL√
𝛼n

and mU√
𝛼n

are continuous with respect to 𝛼 on S•, by taking the limit

as n → ∞, we obtain mL√
𝛼
≤ x ≤ mU√

𝛼
, i.e. x ∈ M√

𝛼
, which shows the desired inclusion.
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Then, we can generate a fuzzy set Ã⋄ in ℝ with membership function given by

𝜉Ã⋄ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼

2 ⋅ 𝜒M𝛼
(x).

Using Theorem 5.4.19, we have

Ã⋄
𝜆(𝛼) = Ã⋄

𝛼2 = M𝛼 for 0 < 𝛼 ≤ 1.

We also have

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼 =
⋃

0<𝛼≤1
M𝛼 =

(
mL

0 ,mU
0
)
=
(

b1, b2
)

and

Ã⋄
0 =

[
b1, b2

]
.

Given any fixed 𝛼 ∈ S• = (0,1], we have

B(𝜆)
𝛼 =

⋃
{𝛽∈S•∶𝜆(𝛽)≥𝜆(𝛼)}

M𝛽 =
⋃

{𝛽∈(0,1]∶𝛽2≥𝛼2}
M𝛽 =

⋃
{𝛽∈(0,1]∶𝛽≥𝛼}

M𝛽

=
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

[
mL

𝛽
,mU

𝛽

]
=
[
mL

𝛼,mU
𝛼

]
and

B(𝜆)
𝛼+ =

⎧⎪⎨⎪⎩
∅, if 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ S•⋃
{𝛽∈S•∶𝜆(𝛽)>𝜆(𝛼)}

M𝛽 , otherwise

=
⎧⎪⎨⎪⎩
∅, if 𝛽2 ≤ 𝛼2 for all 𝛽 ∈ (0,1]⋃
{𝛽∈(0,1]∶𝛽2>𝛼2}

M𝛽 , otherwise

=
⎧⎪⎨⎪⎩
∅, if 𝛽 ≤ 𝛼 for all 𝛽 ∈ (0,1]⋃
𝛼<𝛽≤1

M𝛽 , otherwise

=
⋃

𝛼<𝛽≤1

[
mL

𝛽
,mU

𝛽

]
=
(

mL
𝛼,mU

𝛼

)
.

Therefore, we have

B(𝜆)
𝛼 ∖B(𝜆+)

𝛼 =
[
mL

𝛼,mU
𝛼

]
∖
(

mL
𝛼,mU

𝛼

)
=
{

mL
𝛼,mU

𝛼

}
≠ ∅.

Since (𝜆) = [0,1], using (5.51), it follows that (𝜉Ã⋄ ) = [0,1].

The above results assume that {M𝛼 ∶ 𝛼 ∈ [0,1]} is a nested family in the sense of M𝛽 ⊆ M𝛼

for 𝜆(𝛼) < 𝜆(𝛽). Next, the family {M𝛼 ∶ 𝛼 ∈ [0,1]} will not be assumed to be nested in that
sense.

Proposition 5.4.21 Let 𝜆 be a function from [0,1] into [0,1], and let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a
family of nonempty subsets of ℝm. Suppose that, for any fixed x ∈ ℝm, the following function

𝜁x(𝛼) = 𝜆(𝛼) ⋅ 𝜒M𝛼
(x)
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is upper semi-continuous on [0,1]. Consider the membership function 𝜉Ã⋄ defined in (5.37).
Then, we have

Ã⋄
𝜆(𝛼) =

⋃
{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}

M𝛽 for every 𝛼 ∈ S• (5.52)

and

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼. (5.53)

If 𝛾 ∉ (𝜆) satisfies 0 < 𝜆(𝛼n) ↑ 𝛾 , we have

Ã⋄
𝛾 =

∞⋂
n=1

⋃
{𝛽∈S•∶𝜆(𝛼n)≤𝜆(𝛽)}

M𝛽 . (5.54)

Proof. Given any fixed 𝛼 ∈ S•, we have 0 < 𝜆(𝛼). Suppose that x ∈ Ã⋄
𝜆(𝛼) and

x ∉ M𝛽 for all 𝛽 ∈ S• satisfying 𝜆(𝛼) ≤ 𝜆(𝛽). (5.55)

Then, we have

𝜆(𝛽) ⋅ 𝜒M𝛽
(x) < 𝜆(𝛼) for all 𝛽 ∈ S•

. (5.56)

Since 𝜁x is upper semi-continuous on [0,1] by the assumption, Proposition 1.4.4 says that
the following supremum

sup
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜁x(𝛽)

is attained. This says that

0 < 𝜆(𝛼) ≤ 𝜉Ã⋄ (x) = sup
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜁x(𝛽)

= max
0≤𝛽≤1

𝜆(𝛽) ⋅ 𝜒M𝛽
(x) = 𝜆(𝛽∗) ⋅ 𝜒M𝛽∗

(x),

where 𝜆(𝛽∗) ≠ 0, i.e. 𝛽∗ ∈ S•. Using (5.56), we have

𝜆(𝛼) ≤ 𝜉Ã⋄ (x) = 𝜆(𝛽∗) ⋅ 𝜒M𝛽∗
(x) < 𝜆(𝛼).

This contradiction says that there exists 𝛽0 ∈ S• satisfying 𝜆(𝛽0) ≥ 𝜆(𝛼) and x ∈ M𝛽0
by refer-

ring to (5.55), which shows the following inclusion

Ã⋄
𝜆(𝛼) ⊆

⋃
{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}

M𝛽 .

The following inclusion⋃
{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}

M𝛽 ⊆

{
x ∈ ℝm ∶ sup

𝛽∈S•
𝜆(𝛽) ⋅ 𝜒M𝛽

(x) ≥ 𝜆(𝛼)
}

= {x ∈ ℝm ∶ 𝜉Ã⋄ (x) ≥ 𝜆(𝛼)} = Ã⋄
𝜆(𝛼)

is obvious, which shows the equality (5.52). The equality (5.53) follows immediately from
(5.39). Using part (i) of Proposition 5.4.15, for 𝛾 ∉ (𝜆) satisfying 0 < 𝜆(𝛼n) ↑ 𝛾 , we have

Ã⋄
𝛾 =

∞⋂
n=1

Ã⋄
𝜆(𝛼n).

Using (5.52), we obtain (5.54), and the proof is complete. ◾
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Theorem 5.4.22 (Based on One Function and a Non-Nested Family). Let 𝜆 be a func-
tion from [0,1] into [0,1], and let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm.
Suppose that, for any fixed x ∈ ℝm, the following function

𝜁x(𝛼) = 𝜆(𝛼) ⋅ 𝜒M𝛼
(x)

is upper semi-continuous on [0,1]. Then, we can generate a fuzzy set Ã⋄ inℝm with membership
function defined by

𝜉Ã⋄ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M𝛼
(x) (5.57)

satisfying

Ã⋄
𝜆(𝛼) =

⋃
{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}

M𝛽 for 𝛼 ∈ S•
.

We also have

Ã⋄
0+ =

⋃
𝛼∈S•

M𝛼

and

Ã⋄
0 = cl(Ã⋄

0+) = cl

(⋃
𝛼∈S•

M𝛼

)
.

For 𝛾 ∉ (𝜆) satisfying 𝜆(𝛼n) ↑ 𝛾 , we have

Ã⋄
𝛾 =

∞⋂
n=1

Ã⋄
𝜆(𝛼n) =

∞⋂
n=1

⋃
{𝛽∈S•∶𝜆(𝛼n)≤𝜆(𝛽)}

M𝛽 .

On the other hand, the range (𝜉Ã⋄ ) of 𝜉Ã⋄ satisfies the following properties.

(i) Given any fixed x ∈
⋃

𝛼∈S•M𝛼 , we have the following properties.
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.57) is attained. Then, we have 𝜉Ã⋄ (x) ∈ (𝜆).
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.57) is not attained. Then, we have

𝜉Ã⋄ (x) ∈ cl((𝜆))∖(𝜆).

(ii) We have 0 ∈ (𝜉Ã⋄ ) ⊆ cl((𝜆)) ∪ {0}.
(iii) Suppose that B(𝜆)

𝛼 ∖B(𝜆+)
𝛼 for all 𝛼 ∈ [0,1) ∩ S•. Then, we have

(𝜆) ∪ {0} ⊆ (𝜉Ã⋄ ) ⊆ cl((𝜆)) ∪ {0} = cl((𝜆) ∪ {0})

and

cl((𝜉Ã⋄ )) = cl((𝜆) ∪ {0}).

In particular, we have the following properties.
● Suppose that the supremum 𝜉Ã⋄ (x) in (5.57) is attained for all x ∈

⋃
𝛼∈S•M𝛼 . Then, we

have

(𝜉Ã⋄ ) = (𝜆) ∪ {0}.

● Suppose that (𝜆) ∪ {0} is a closed subset of [0,1]. Then,we have

(𝜉Ã⋄ ) = (𝜆) ∪ {0}.

Proof. Using Proposition 5.4.21 and a similar argument to the proof of Theorem 5.4.19,
the proof is complete. ◾
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5.4.3 Based on Two Functions

A more generalization of (5.37) is defined below. Given another function 𝜂 ∶ [0,1] → [0,1],
we can generate a fuzzy set Ã⊤ in ℝm with membership function defined by

𝜉Ã⊤ (x) = sup
𝛼∈[0,1]

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x). (5.58)

Then, we also have

𝜉Ã⊤ (x) = sup
𝛼∈[0,1]

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x). (5.59)

We also see that (5.37) is a special case of (5.59) by taking 𝜂(𝛼) = 𝛼. We consider two cases
as follows.

● Suppose that x ∈
⋃

𝛼∈S•M(𝜂)
𝛼 . Then x ∈ M(𝜂)

𝛼0
for some 𝛼0 ∈ S•, which says that

𝜉Ã⊤ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) ≥ 𝜆(𝛼0) > 0.

● Suppose that x ∉
⋃

𝛼∈S•M(𝜂)
𝛼 . Then x ∉ M(𝜂)

𝛼 for all 𝛼 ∈ S•, by definition of 𝜉Ã⊤ in (5.59),
we have 𝜉Ã⊤ (x) = 0.

Therefore, we have

𝜉Ã⊤ (x) =
⎧⎪⎨⎪⎩

sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) > 0, if x ∈
⋃
𝛼∈S•

M(𝜂)
𝛼

0, otherwise.
(5.60)

Proposition 5.4.23 We have the following equality

Ã⊤

0+ =
⋃
𝛼∈S•

M(𝜂)
𝛼 . (5.61)

Proof. Suppose that x ∉
⋃

𝛼∈S•M(𝜂)
𝛼 . Then 𝜉Ã⊤ (x) = 0 by referring to (5.60), i.e. x ∉ Ã⊤

𝛼 for
all 𝛼 ∈ (0,1]. Therefore, we have

Ã⊤

𝛼 ⊆
⋃
𝛼∈S•

M(𝜂)
𝛼 for all 𝛼 ∈ (0,1].

Using (2.5), we can obtain the inclusion

Ã⊤

0+ ⊆
⋃
𝛼∈S•

M(𝜂)
𝛼 .

The inclusion⋃
𝛼∈S•

M(𝜂)
𝛼 ⊆ Ã⊤

0+

is obvious by referring to (5.60). This completes the proof. ◾

Remark 5.4.24 Assume that  is a nested family in the sense of M(𝜂)
𝛼 ⊆ M(𝜂)

𝛽
for 𝛼, 𝛽 ∈ S•

with 𝜆(𝛽) < 𝜆(𝛼). Then, we can have similar results to those given in Proposition 5.4.11.

Given any fixed 𝛼 ∈ [0,1), we write

B(𝜂,𝜆)
𝛼 =

⋃
{𝛽∈S•∶𝜆(𝛽)≥𝜆(𝛼)}

M(𝜂)
𝛽

(5.62)
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and

B(𝜂,𝜆)
𝛼+ =

⎧⎪⎨⎪⎩
∅, if 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ S•⋃
{𝛽∈S•∶𝜆(𝛽)>𝜆(𝛼)}

M(𝜂)
𝛽
, otherwise. (5.63)

The relationships between B(𝜂,𝜆)
𝛼 and Ã⊤

𝜆(𝛼) are given below.

Proposition 5.4.25 Given any fixed 𝛼 ∈ [0,1), we have

Ã⊤

𝜆(𝛼)+ ⊆ B(𝜂,𝜆)
𝛼 ⊆ Ã⊤

𝜆(𝛼) and B(𝜂,𝜆)
𝛼+ = Ã⊤

𝜆(𝛼)+.

Proof. For x ∈ B(𝜂,𝜆)
𝛼 , it means that x ∈ M(𝜂)

𝛽
for some 𝛽 ∈ S• with 𝜆(𝛽) ≥ 𝜆(𝛼). From (5.59),

it follows that

𝜉Ã⊤ (x) = sup
𝛾∈S•

𝜆(𝛾) ⋅ 𝜒M𝛾
(x) ≥ 𝜆(𝛽) ≥ 𝜆(𝛼),

which shows the inclusion B(𝜂,𝜆)
𝛼 ⊆ Ã⊤

𝜆(𝛼). We can similarly obtain the inclusion
B(𝜂,𝜆)
𝛼+ ⊆ Ã⊤

𝜆(𝛼)+. Suppose that x ∉ B(𝜂,𝜆)
𝛼 . It means that x ∉ M(𝜂)

𝛽
for all 𝛽 ∈ S• with 𝜆(𝛽) ≥ 𝜆(𝛼).

Therefore, we obtain

𝜉Ã⊤ (x) = sup
𝛽∈S•

𝜆(𝛽) ⋅ 𝜒M(𝜂)
𝛽

(x) = sup
{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}

𝜆(𝛽) ⋅ 𝜒M(𝜂)
𝛽

(x) ≤ 𝜆(𝛼),

i.e. x ∉ Ã⊤

𝜆(𝛼)+, which shows the inclusion Ã⊤

𝜆(𝛼)+ ⊆ B(𝜂,𝜆)
𝛼 . If B(𝜂,𝜆)

𝛼+ ≠ ∅, we can similarly obtain
the inclusion Ã⊤

𝜆(𝛼)+ ⊆ B(𝜂,𝜆)
𝛼+ . If B(𝜂,𝜆)

𝛼+ = ∅, we have 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ S•, which says that
𝜉Ã⊤ (x) ≤ 𝜆(𝛼) for any x ∈ ℝm by (5.59), i.e.

{x ∈ ℝm ∶ 𝜉Ã⊤ (x) > 𝜆(𝛼)} = ∅.

This completes the proof. ◾

The range (𝜉Ã⊤ ) of function 𝜉Ã⊤ is an important issue. Therefore, the following results
will be used in the subsequent discussion.

Proposition 5.4.26 Let {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm, and let 𝜂
and 𝜆 be functions from [0,1] into [0,1]. We consider the membership function 𝜉Ã⊤ defined in
(5.59). Then, the following statements hold true.

(i) Given any fixed x ∈
⋃

𝛼∈S•M(𝜂)
𝛼 , we have the following properties.

● Suppose that the supremum 𝜉Ã⊤ (x) in (5.59) is attained. Then, we have

𝜉Ã⊤ (x) ∈ (𝜆).

● Suppose that the supremum 𝜉Ã⊤ (x) in (5.59) is not attained. Then, we have

𝜉Ã⊤ (x) ∈ cl((𝜆))∖(𝜆).

(ii) We have 0 ∈ (𝜉Ã⊤ ) ⊆ cl((𝜆)) ∪ {0}.
(iii) Suppose that B(𝜂,𝜆)

𝛼 ∖B(𝜂,𝜆)
𝛼+ ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•. Then

(𝜆) ∪ {0} ⊆ (𝜉Ã⊤ ) ⊆ cl((𝜆)) ∪ {0} = cl((𝜆) ∪ {0})
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and

cl((𝜉Ã⊤ )) = cl((𝜆) ∪ {0}).

In particular, we have the following properties.
● Suppose that the supremum 𝜉Ã⊤ (x) in (5.59) is attained for all x ∈

⋃
𝛼∈S•M(𝜂)

𝛼 . Then,
we have

(𝜉Ã⊤ ) = (𝜆) ∪ {0}.

● Suppose that (𝜉Ã⊤ ) = (𝜆) ∪ {0} is a closed subset of [0,1]. Then, we have

(𝜉Ã⊤ ) = (𝜆) ∪ {0}.

Proof. To prove part (i), if the supremum in (5.59) is attained, it means that there exists
𝛼0 ∈ S• satisfying

𝜉Ã⊤ (x) = 𝜆(𝛼0) ∈ (𝜆) and x ∈ M(𝜂)
𝛼0
.

Suppose that the supremum in (5.59) is not attained, i.e. 𝜉Ã⊤ (x) ∉ (𝜆). According to
the concept of supremum, there exists a sequence {𝛼n}∞n=1 in [0,1] satisfying x ∈ M(𝜂)

𝛼n
for

all n and 𝜆(𝛼n) → 𝜉Ã⊤ (x) as n → ∞, which says that 𝜉Ã⊤ (x) ∈ cl((𝜆)). It is obvious that
0 ∈ (𝜉Ã⊤ ) from (5.60). Therefore, part (ii) can be realized from part (i).

To prove part (iii), we write

E(𝜂,𝜆)
𝛼 ≡ B(𝜂,𝜆)

𝛼 ∖B(𝜂,𝜆)
𝛼+ .

Then E(𝜂,𝜆)
𝛼 ≠ ∅ for 𝛼 ∈ [0,1) ∩ S•. Given any 𝛾 ∈ (𝜆)∖{0}, there exists 𝛼 ∈ [0,1) ∩ S• satis-

fying 𝜆(𝛼) = 𝛾 > 0. We consider the following cases.

● Suppose that B(𝜂,𝜆)
𝛼+ = ∅. Then 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ [0,1], i.e. 𝜉Ã⊤ (x) ≤ 𝜆(𝛼) for any x ∈ ℝm

by (5.59). For any x ∈ E(𝜂,𝜆)
𝛼 , we also have x ∈ B(𝜂,𝜆)

𝛼 . Using Proposition 5.4.25, we obtain
x ∈ Ã⊤

𝜆(𝛼), i.e. 𝜉Ã⊤ (x) ≥ 𝜆(𝛼), which implies 𝜉Ã⊤ (x) = 𝜆(𝛼) = 𝛾 , i.e. 𝛾 ∈ (𝜉Ã⊤ ).
● Suppose that B(𝜂,𝜆)

𝛼+ ≠ ∅. For any x ∈ E(𝜂,𝜆)
𝛼 , we see that x ∈ B(𝜂,𝜆)

𝛼 and x ∉ B(𝜂,𝜆)
𝛼+ . Using

Proposition 5.4.25, we have x ∈ Ã⊤

𝜆(𝛼) and x ∉ Ã⊤

𝜆(𝛼)+, i.e. 𝜉Ã⊤ (x) ≥ 𝜆(𝛼) and 𝜉Ã⊤ (x) ≤ 𝜆(𝛼),
which implies 𝜉Ã⊤ (x) = 𝜆(𝛼) = 𝛾 , i.e. 𝛾 ∈ (𝜉Ã⊤ ).

Therefore, the above two cases prove the inclusion

(𝜆)∖{0} ⊆ (𝜉Ã⊤ ).

Using parts (i) and (ii), the proof is complete. ◾

Proposition 5.4.27 Let 𝜂 and 𝜆 be functions from [0,1] into [0,1], and let  = {M𝛼 ∶ 𝛼 ∈
[0,1]} be a family of nonempty subsets of ℝm satisfying M(𝜂)

𝛽
⊆ M(𝜂)

𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) <
𝜆(𝛽). We consider the membership function 𝜉Ã⊤ defined in (5.59). Then, the following state-
ments hold true.

(i) Given any 𝛼 ∈ S•, we have

M(𝜂)
𝛼 ⊆ Ã⊤

𝜆(𝛼) (5.64)

and

Ã⊤

𝜆(𝛼) ⊆
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
M(𝜂)

𝛽
⊆

⋂
{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}

Ã⊤

𝜆(𝛽). (5.65)
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(ii) Suppose that 𝜆 is continuous. Given any 𝛼 ∈ S•, we have

Ã⊤

𝜆(𝛼) =
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
M(𝜂)

𝛽
. (5.66)

(iii) Given any 𝛼 ∈ S•, suppose that
⋂∞

n=1 M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n ∈ S• for all

n. Then, we have

Ã⊤

𝜆(𝛼) = M(𝜂)
𝛼 =

⋂
{𝛽∈S•∶𝜆(𝛽)≤𝜆(𝛼)}

M(𝜂)
𝛽
. (5.67)

(iv) Given any 𝛼 ∈ S•, suppose that
⋂∞

n=1 M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n ∈ S• for all

n. We also assume that 𝜆 is continuous. Then, we have

Ã⊤

𝜆(𝛼) = M(𝜂)
𝛼 =

⋂
{𝛽∈S•∶𝜆(𝛽)≤𝜆(𝛼)}

M(𝜂)
𝛽

=
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
M(𝜂)

𝛽
.

Proof. To prove part (i), since M(𝜂)
𝛽

⊆ M(𝜂)
𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) < 𝜆(𝛽), the inclusion

(5.64) is obvious by using Proposition 5.4.25, where B(𝜂,𝜆)
𝛼 = M(𝜂)

𝛼 . To prove the inclusions
(5.65), given any x ∈ Ã⊤

𝜆(𝛼) and 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼), we want to show that x ∈ M(𝜂)
𝛽

. Since
𝜉Ã⊤ (x) ≥ 𝜆(𝛼), we consider the following cases.

● Assume that 𝜉Ã⊤ (x) > 𝜆(𝛼). Let

𝜖 = 𝜉Ã⊤ (x) − 𝜆(𝛼) > 0.

From (5.59), the concept of supremum says that there exists 𝛼0 ∈ S• satisfying x ∈ M(𝜂)
𝛼0

and

𝜉Ã⊤ (x) − 𝜖 < 𝜆(𝛼0),

which implies 𝜆(𝛼) < 𝜆(𝛼0). This also says that x ∈ M(𝜂)
𝛽

, since

M(𝜂)
𝛼0

⊆ M(𝜂)
𝛼 ⊆ M(𝜂)

𝛽

by the nestedness.
● Assume that 𝜉Ã⊤ (x) = 𝜆(𝛼). Let

𝜖 = 𝜆(𝛼) − 𝜆(𝛽) > 0.

The concept of supremum says that there exists 𝛼0 ∈ S• satisfying x ∈ M(𝜂)
𝛼0

and

𝜆(𝛼) − 𝜖 < 𝜆(𝛼0),

which implies 𝜆(𝛽) < 𝜆(𝛼0). This also says that x ∈ M(𝜂)
𝛽

by the nestedness M(𝜂)
𝛼0

⊆ M(𝜂)
𝛽

.

Since 𝜆(𝛽) can be any number for 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼), we conclude that

x ∈
⋂

{𝛽∈S•∶𝜆(𝛽)<𝜆(𝛼)}
M(𝜂)

𝛽
.

By combining the inclusion (5.64), we obtain the inclusions (5.65).
To prove part (ii), suppose that x ∈ M(𝜂)

𝛽
for all 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼). By the definition

of 𝜉Ã⊤ in (5.59), we also see that 𝜉Ã⊤ (x) ≥ 𝜆(𝛽) for all 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼). We want to
show that 𝜉Ã⊤ (x) ≥ 𝜆(𝛼). Suppose that 𝜉Ã⊤ (x) < 𝜆(𝛼). Then, there exists c ∈ (0,1) satisfying

𝜆(𝛽0) ≤ 𝜉Ã⊤ (x) < c < 𝜆(𝛼)
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for some 𝛽0 ∈ S• with 𝜆(𝛽0) < 𝜆(𝛼). Since 𝜆 is continuous and 𝜆(𝛽0) < c < 𝜆(𝛼), Proposi-
tion 1.4.3 says that there exists 𝛽 ∈ [𝛽0, 𝛼] satisfying c = 𝜆(𝛽). This shows that 𝜉Ã⊤ (x) < 𝜆(𝛽),
which contradicts 𝜉Ã⊤ (x) ≥ 𝜆(𝛽) for all 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼). Therefore, we obtain
x ∈ Ã⊤

𝜆(𝛼), which proves the equality (5.66) by applying the inclusion (5.65).
To prove part (iii), given any x ∈ Ã⊤

𝜆(𝛼), we want to show that x ∈ M(𝜂)
𝛼 . Since 𝜉Ã⊤ (x) ≥ 𝜆(𝛼),

we consider the following cases.

● Assume that 𝜉Ã⊤ (x) > 𝜆(𝛼). Let

𝜖 = 𝜉Ã⊤ (x) − 𝜆(𝛼) > 0.

The supremum in (5.59) says that there exists 𝛼0 ∈ S• satisfying x ∈ M(𝜂)
𝛼0

and

𝜉Ã⊤ (x) − 𝜖 < 𝜆(𝛼0),

which implies 𝜆(𝛼) < 𝜆(𝛼0). This also says that x ∈ M(𝜂)
𝛼 , since M(𝜂)

𝛼0
⊆ M(𝜂)

𝛼 by the nested-
ness.

● Assume that 𝜉Ã⊤ (x) = 𝜆(𝛼). The supremum in (5.59) says that there exists a sequence
{𝛼n}∞n=1 in S• satisfying x ∈ M(𝜂)

𝛼n
for all n and 𝜆(𝛼n) ↑ 𝜆(𝛼), which implies

x ∈
∞⋂

n=1
M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼

by the assumption, and we conclude that x ∈ M(𝜂)
𝛼 .

Therefore, we obtain the inclusion Ã⊤

𝜆(𝛼) ⊆ M(𝜂)
𝛼 . The equalities (5.67) follow immediately

from (5.64) and the nestedness. Finally, part (iv) follows from parts (ii) and (iii). This com-
pletes the proof. ◾

Proposition 5.4.27 presents the representation Ã⊤

𝜆(𝛼) for 𝜆(𝛼) ∈ (𝜆). If 𝛾 ∉ (𝜆), the rep-
resentation Ã⊤

𝛾 is unknown. The following proposition will provide the representation of
Ã⊤

𝛾 in terms of the sequence {Ã⊤

𝜆(𝛼n)}
∞
n=1 without considering the nestedness in which the

representation Ã⊤

𝜆(𝛼n) can be realized from Proposition 5.4.27.

Proposition 5.4.28 Let 𝜂 and 𝜆 be functions from [0,1] into [0,1], and let  = {M𝛼 ∶ 𝛼 ∈
[0,1]} be a family of nonempty subsets of ℝm. Consider the membership function 𝜉Ã⊤ defined
in (5.59). Then, we have the following properties.

(i) For 𝛾 ∉ (𝜆), suppose that 𝜆(𝛼n) ↑ 𝛾 with 𝛼n ∈ S• for all n. Then, we have

Ã⊤

𝛾 =
∞⋂

n=1
Ã⊤

𝜆(𝛼n). (5.68)

(ii) For 𝛾 ∉ (𝜆), suppose that 𝜆(𝛽m) ↓ 𝛾with 𝛽m ∈ S• for all m. Then,we have

Ã⊤

𝛾+ ⊆

∞⋃
m=1

Ã⊤

𝜆(𝛽m)+ ⊆

∞⋃
m=1

Ã⊤

𝜆(𝛽m) ⊆ Ã⊤

𝛾 .

Proof. To prove part (i), the following inclusion is obvious

Ã⊤

𝛾 =
{

x ∈ ℝm ∶ 𝜉Ã⊤ (x) ≥ 𝛾
}
⊆

∞⋂
n=1

{
x ∈ ℝm ∶ 𝜉Ã⊤ (x) ≥ 𝜆(𝛼n)

}
=

∞⋂
n=1

Ã⊤

𝜆(𝛼n).
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On the other hand, if 𝜉Ã⊤ (x) ≥ 𝜆(𝛼n) for all n, we have 𝜉Ã⊤ (x) ≥ 𝛾 by taking the limit, which
shows the other direction of inclusion. Therefore, we obtain the desired equality (5.68).

To prove part (ii), since 𝜆(𝛽m) ↓ 𝛾 , the following inclusion is obvious

Ã⊤

𝛾 =
{

x ∈ ℝm ∶ 𝜉Ã⊤ (x) ≥ 𝛾
}
⊇

∞⋃
m=1

{
x ∈ ℝm ∶ 𝜉Ã⊤ (x) ≥ 𝜆(𝛽m)

}
=

∞⋃
m=1

Ã⊤

𝜆(𝛽m).

Now, for 𝜉Ã⊤ (x) > 𝛾 , since 𝜆(𝛽m) ↓ 𝛾 , there exists 𝜆(𝛽M) ∈ {𝜆(𝛽m)}∞m=1 satisfying r ≤ 𝜆(𝛽M) <
𝜉Ã⊤ (x), which shows the following inclusion

Ã⊤

𝛾+ =
{

x ∈ ℝm ∶ 𝜉Ã⊤ (x) > 𝛾
}
⊆

∞⋃
m=1

{
x ∈ ℝm ∶ 𝜉Ã⊤ (x) > 𝜆(𝛽m)

}
=

∞⋃
m=1

Ã⊤

𝜆(𝛽m)+.

This completes the proof. ◾

Proposition 5.4.29 Let 𝜂 and 𝜆 be functions from [0,1] into [0,1], and let {M𝛼 ∶ 𝛼 ∈ [0,1]}
be a family of nonempty subsets of ℝm such that the following conditions are satisfied:

● M(𝜂)
𝛽

⊆ M(𝜂)
𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) < 𝜆(𝛽);

●

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• for all n.

Consider the membership function 𝜉Ã⊤ defined in (5.59). Then, we have

Ã⊤

𝜆(𝛼) = M(𝜂)
𝛼 for 𝛼 ∈ S• (5.69)

and

Ã⊤

0+ =
⋃
𝛼∈S•

M(𝜂)
𝛼 . (5.70)

We also have

Ã⊤

𝛾 = {x ∈ ℝm ∶ 𝜉Ã⊤ (x) ≥ 𝛾}

=
⎧⎪⎨⎪⎩

M(𝜂)
𝛼 , if 𝛾 = 𝜆(𝛼) ∈ (𝜆)

∞⋂
n=1

M(𝜂)
𝛼n
, if 𝛾 ∉ (𝜆) and 𝜆(𝛼n) ↑ 𝛾 for 𝛼n ∈ S• for all n.

(5.71)

Proof. Equality (5.69) follows from part (iii) of Proposition 5.4.27. Also, Equality (5.70)
follows immediately from (5.61). Using part (i) of Proposition 5.4.28 and (5.69), we obtain
(5.71). This completes the proof. ◾

Theorem 5.4.30 (Based on Two Functions). Let 𝜂 and 𝜆 be two functions from [0,1] into
[0,1], and let  = {M𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of ℝm such that the fol-
lowing conditions are satisfied:

● M(𝜂)
𝛽

⊆ M(𝜂)
𝛼 for 𝛼, 𝛽 ∈ S• with 𝜆(𝛼) < 𝜆(𝛽);

●

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• for all n.

Then, we can generate a fuzzy set Ã⊤ in ℝm with membership function defined by

𝜉Ã⊤ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) (5.72)
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satisfying Ã⊤

𝜆(𝛼) = M(𝜂)
𝛼 for 𝛼 ∈ S•. We also have

Ã⊤

0+ =
⋃
𝛼∈S•

M(𝜂)
𝛼

and

Ã⊤

0 = cl(Ã⊤

0+) = cl

(⋃
𝛼∈S•

Ã⊤

𝛼

)
= cl

(⋃
𝛼∈S•

M(𝜂)
𝛼

)
.

For 𝛾 ∉ (𝜆) satisfying 𝜆(𝛼n) ↑ 𝛾 and 𝛼n ∈ S• for all n, we have

Ã⊤

𝛾 =
∞⋂

n=1
M(𝜂)

𝛼n
=

∞⋂
n=1

Ã⊤

𝜆(𝛼n).

On the other hand, the range (𝜉Ã⊤ ) of 𝜉Ã⊤ satisfies the following properties.

(i) Given any fixed x ∈
⋃

𝛼∈S•M(𝜂)
𝛼 , we have the following properties.

● Suppose that the supremum 𝜉Ã⊤ (x) in (5.72) is attained. Then, we have

𝜉Ã⊤ (x) ∈ (𝜆).

● Suppose that the supremum 𝜉Ã⊤ (x) in (5.72) is not attained. Then, we have

𝜉Ã⊤ (x) ∈ cl((𝜆))∖(𝜆).

(ii) We have 0 ∈ (𝜉Ã⊤ ) ⊆ cl((𝜆)) ∪ {0}.
(iii) Suppose that B(𝜂,𝜆)

𝛼 ∖B(𝜂,𝜆)
𝛼+ ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•. Then, we have

(𝜆) ∪ {0} ⊆ (𝜉Ã⊤ ) ⊆ cl((𝜆)) ∪ {0} = cl((𝜆) ∪ {0}) (5.73)

and

cl((𝜉Ã⊤ )) = cl((𝜆) ∪ {0}).

In particular, we have the following properties.
● Suppose that the supremum 𝜉Ã⊤ (x) in (5.72) is attained for all x ∈

⋃
𝛼∈S•M(𝜂)

𝛼 . Then,
we have

(𝜉Ã⊤ ) = (𝜆) ∪ {0}.

● Suppose that (𝜆) ∪ {0} is a closed subset of [0,1]. Then, we have

(𝜉Ã⊤ ) = (𝜆) ∪ {0}.

Proof. The results regarding the 𝛼-level sets follow immediately from Proposition 5.4.29.
For the results regarding the range (𝜉Ã⋄ ), refer to Proposition 5.4.26. ◾

Example 5.4.31 Given any real numbers a1, a2, b1, b2 satisfying b1 < a1 < a2 < b2, for 𝛼 ∈
[0,1], we define

mL
𝛼 = 𝛼b1 + (1 − 𝛼)a1 and mU

𝛼 = 𝛼b2 + (1 − 𝛼)a2.

We also define M𝛼 to be a closed interval in ℝ by M𝛼 = [mL
𝛼,mU

𝛼 ] for 𝛼 ∈ [0,1]. Let 𝜂 be a
function from [0,1] into (0,1] defined by 𝜂(𝛼) = 1 − 𝛼, and let

m̄L
𝛼 = mL

1−𝛼 and m̄U
𝛼 = mU

1−𝛼 for 𝛼 ∈ [0,1].

.
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Then, we see that

m̄L
𝛼 = (1 − 𝛼)b1 + 𝛼a1 and m̄U

𝛼 = (1 − 𝛼)b2 + 𝛼a2.

Therefore, we have

M(𝜂)
𝛼 =

[
m̄L

𝛼, m̄U
𝛼

]
=
[
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

]
.

Let 𝜆 be a function from [0,1] into (0,1] defined by 𝜆(𝛼) = 𝛼2. Then, we have S• = (0,1].

● It is clear to see that M(𝜂)
𝛼 ⊆ M(𝜂)

𝛽
for 𝛼, 𝛽 ∈ S• with 𝜆(𝛽) < 𝜆(𝛼), i.e. 𝛽2 < 𝛼2.

● Now, we want to show
⋂∞

n=1 M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 for 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• for all n; that

is, 𝛼2
n ↑ 𝛼2 with 𝛼n, 𝛼 ∈ S• for all n. Equivalently, we want to show

⋂∞
n=1 M(𝜂)√

𝛼n
⊆ M(𝜂)√

𝛼
for

𝛼n ↑ 𝛼 with 𝛼n, 𝛼 ∈ S• for all n. Given any x ∈ M(𝜂)√
𝛼n

for all n, we have m̄L√
𝛼n

≤ x ≤ m̄U√
𝛼n

for all n. Since m̄L√
𝛼n

and m̄U√
𝛼n

are continuous with respect to 𝛼 on S•, by taking the limit

as n → ∞, we obtain m̄L√
𝛼
≤ x ≤ m̄U√

𝛼
, i.e. x ∈ M(𝜂)√

𝛼
, which shows the desired inclusion.

Then, we can generate a fuzzy set Ã⊤ in ℝ with membership function given by

𝜉Ã⊤ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) = sup
0<𝛼≤1

𝛼
2 ⋅ 𝜒M(𝜂)

𝛼

(x).

Using Theorem 5.4.30, we have

Ã⊤

𝜆(𝛼) = Ã⊤

𝛼2 = M(𝜂)
𝛼 for 0 < 𝛼 ≤ 1.

We also have

Ã⊤

0+ =
⋃
𝛼∈S•

M(𝜂)
𝛼 =

⋃
0<𝛼≤1

M(𝜂)
𝛼 =

(
m̄L

0 , m̄U
0
)
=
(

b1, b2
)

and

Ã⊤

0 =
[
b1, b2

]
.

Given any fixed 𝛼 ∈ S• = (0,1], we have

B(𝜂,𝜆)
𝛼 =

⋃
{𝛽∈S•∶𝜆(𝛽)≥𝜆(𝛼)}

M(𝜂)
𝛽

=
⋃

{𝛽∈(0,1]∶𝛽2≥𝛼2}
M(𝜂)

𝛽
=

⋃
{𝛽∈(0,1]∶𝛽≥𝛼}

M(𝜂)
𝛽

=
⋃

𝛼≤𝛽≤1
M(𝜂)

𝛽
=
⋃

𝛼≤𝛽≤1

[
m̄L

𝛽
, m̄U

𝛽

]
=
[
m̄L

𝛼, m̄U
𝛼

]
and

B(𝜂,𝜆)
𝛼+ =

⎧⎪⎨⎪⎩
∅, if 𝜆(𝛽) ≤ 𝜆(𝛼) for all 𝛽 ∈ S•⋃
{𝛽∈S•∶𝜆(𝛽)>𝜆(𝛼)}

M(𝜂)
𝛽
, otherwise

=
⎧⎪⎨⎪⎩
∅, if 𝛽2 ≤ 𝛼2 for all 𝛽 ∈ (0,1]⋃
{𝛽∈(0,1]∶𝛽2>𝛼2}

M(𝜂)
𝛽
, otherwise

=
⎧⎪⎨⎪⎩
∅, if 𝛽 ≤ 𝛼 for all 𝛽 ∈ (0,1]⋃
𝛼<𝛽≤1

M(𝜂)
𝛽
, otherwise

=
⋃

𝛼<𝛽≤1

[
m̄L

𝛽
, m̄U

𝛽

]
=
(

m̄L
𝛼, m̄U

𝛼

)
.



�

� �

�

148 5 Generating Fuzzy Sets

Therefore, we have

B(𝜂,𝜆)
𝛼 ∖B(𝜂,𝜆)

𝛼+ =
[
m̄L

𝛼, m̄U
𝛼

]
∖
(

m̄L
𝛼, m̄U

𝛼

)
=
{

m̄L
𝛼, m̄U

𝛼

}
≠ ∅.

Since (𝜆) = [0,1], using (5.73), it follows that (𝜉Ã⊤ ) = [0,1].

The above results assume that {M𝛼 ∶ 𝛼 ∈ [0,1]} is a nested family in the sense of M(𝜂)
𝛽

⊆

M(𝜂)
𝛼 for 𝜆(𝛼) < 𝜆(𝛽). Next, the family {M𝛼 ∶ 𝛼 ∈ [0,1]} will not be assumed to be nested in

that sense.

Proposition 5.4.32 Let 𝜆 and 𝜂 be functions from [0,1] into [0,1], and let {M(𝜂)
𝛼 ∶ 𝛼 ∈ [0,1]}

be a family of nonempty subsets of ℝm. Suppose that, for any fixed x ∈ ℝm, the following func-
tion

𝜁x(𝛼) = 𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x)

is upper semi-continuous on [0,1]. Consider the function 𝜉Ã⊤ defined in (5.59). Then

Ã⊤

𝜆(𝛼) =
⋃

{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}
M(𝜂)

𝛽
for every 𝛼 ∈ S• (5.74)

and

Ã⊤

0+ =
⋃
𝛼∈S•

M(𝜂)
𝛼 . (5.75)

If 𝛾 ∉ (𝜆) satisfies 0 < 𝜆(𝛼n) ↑ 𝛾 and 𝛼n ∈ S• for all n, we have

Ã⊤

𝛾 =
∞⋂

n=1

⋃
{𝛽∈S•∶𝜆(𝛼n)≤𝜆(𝛽)}

M(𝜂)
𝛽
. (5.76)

Proof. Given any fixed 𝛼 ∈ S•, we have 𝜆(𝛼) > 0. Suppose that x ∈ Ã⊤

𝜆(𝛼) and

x ∉ M(𝜂)
𝛽

for all 𝛽 ∈ S• with 𝜆(𝛼) ≤ 𝜆(𝛽). (5.77)

Then

𝜆(𝛽) ⋅ 𝜒M(𝜂)
𝛽

(x) < 𝜆(𝛼) for all 𝛽 ∈ S•
. (5.78)

Since 𝜁x is upper semi-continuous on [0,1] by the assumption, Proposition 1.4.4 says that
the following supremum

sup
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜁x(𝛽)

is attained. This says that

0 < 𝜆(𝛼) ≤ 𝜉Ã⊤ (x) = sup
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜁x(𝛽) = max
0≤𝛽≤1

𝜆(𝛽) ⋅ 𝜒M(𝜂)
𝛽

(x) = 𝜆(𝛽∗) ⋅ 𝜒M𝛽∗
(x),

where 𝜆(𝛽∗) ≠ 0, i.e. 𝛽∗ ∈ S•. Therefore, using (5.78), we have

𝜆(𝛼) ≤ 𝜉Ã⊤ (x) = 𝜆(𝛽∗) ⋅ 𝜒M(𝜂)
𝛽∗
(x) < 𝜆(𝛼).

This contradiction says that there exists 𝛽0 ∈ S• satisfying 𝜆(𝛽0) ≥ 𝜆(𝛼) and x ∈ M(𝜂)
𝛽0

by
referring to (5.77), which shows the following inclusion

Ã⊤

𝜆(𝛼) ⊆
⋃

{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}
M(𝜂)

𝛽
.
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The following inclusion⋃
{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}

M(𝜂)
𝛽

⊆

{
x ∈ ℝm ∶ sup

𝛽∈S•
𝜆(𝛽) ⋅ 𝜒M(𝜂)

𝛽

(x) ≥ 𝜆(𝛼)
}

= {x ∈ ℝm ∶ 𝜉Ã⊤ (x) ≥ 𝜆(𝛼)} = Ã⊤

𝜆(𝛼)

is obvious. The equality (5.75) follows from (5.61). Using part (i) of Proposition 5.4.28, for
𝛾 ∉ (𝜆) satisfying 0 < 𝜆(𝛼n) ↑ 𝛾 and 𝛼n ∈ S• for all n, we have

Ã⊤

𝛾 =
∞⋂

n=1
Ã⊤

𝜆(𝛼n).

Using (5.74), we obtain (5.76), and the proof is complete. ◾

Theorem 5.4.33 (Based on Two Functions and a Non-Nested Family). Let 𝜆 and 𝜂 be
functions from [0,1] into [0,1], and let {M(𝜂)

𝛼 ∶ 𝛼 ∈ [0,1]} be a family of nonempty subsets of
ℝm. Suppose that, for any fixed x ∈ ℝm, the following function

𝜁x(𝛼) = 𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x)

is upper semi-continuous on [0,1]. Then, we can generate a fuzzy set Ã⊤ in ℝm with member-
ship function defined by

𝜉Ã⊤ (x) = sup
𝛼∈S•

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) (5.79)

satisfying

Ã⊤

𝜆(𝛼) =
⋃

{𝛽∈S•∶𝜆(𝛼)≤𝜆(𝛽)}
M(𝜂)

𝛽
for 𝛼 ∈ S•

.

We also have

Ã⊤

0+ =
⋃
𝛼∈S•

M(𝜂)
𝛼

and

Ã⊤

0 = cl(Ã⊤

0+) = cl

(⋃
𝛼∈S•

Ã⊤

𝛼

)
= cl

(⋃
𝛼∈S•

M(𝜂)
𝛼

)
.

For 𝛾 ∉ (𝜆) satisfying 𝜆(𝛼n) ↑ 𝛾 with 𝛼n ∈ S• for all n, we have

Ã⊤

𝛾 =
∞⋂

n=1
Ã⊤

𝜆(𝛼n) =
∞⋂

n=1

⋃
{𝛽∈S•∶𝜆(𝛼n)≤𝜆(𝛽)}

M(𝜂)
𝛽
.

On the other hand, the range (𝜉Ã⊤ ) of 𝜉Ã⊤ satisfies the following properties.

(i) Given any fixed x ∈
⋃

𝛼∈S•M(𝜂)
𝛼 , we have the following properties.

● Suppose that the supremum 𝜉Ã⊤ (x) in (5.79) is attained. Then,we have

𝜉Ã⊤ (x) ∈ (𝜆).

● Suppose that the supremum 𝜉Ã⊤ (x) in (5.79) is not attained. Then,we have

𝜉Ã⊤ (x) ∈ cl((𝜆))∖(𝜆).

(ii) We have 0 ∈ (𝜉Ã⊤ ) ⊆ cl((𝜆)) ∪ {0}.
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(iii) B(𝜂,𝜆)
𝛼 ∖B(𝜂,𝜆)

𝛼+ ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•. Then, we have

(𝜆) ∪ {0} ⊆ (𝜉Ã⊤ ) ⊆ cl((𝜆)) ∪ {0} = cl((𝜆) ∪ {0})

and

cl((𝜉Ã⊤ )) = cl((𝜆) ∪ {0}).

In particular, we have the following properties.
● Suppose that the supremum 𝜉Ã⊤ (x) in (5.79) is attained for all x ∈

⋃
𝛼∈S•M(𝜂)

𝛼 . Then,
we have

(𝜉Ã⊤ ) = (𝜆) ∪ {0}.

● Suppose that (𝜆) ∪ {0} is a closed subset of [0,1]. Then, we have

(𝜉Ã⊤ ) = (𝜆) ∪ {0}.

Proof. Using Proposition 5.4.32 and a similar argument to the proof of Theorem 5.4.30,
the proof is complete. ◾

5.5 Generating Fuzzy Intervals

In what follows, we are going to present the methodology for generating fuzzy intervals in
ℝ by referring to Definition 2.3.1. The main issue is to consider the endpoint functions of
bounded closed intervals in ℝ.

Theorem 5.5.1 Let 𝜁L ∶ (0,1] → ℝ and 𝜁U ∶ (0,1] → ℝ be two real-valued functions
defined on (0,1] such that the following conditions are satisfied.

● 𝜁L and 𝜁U are bounded on (0,1].
● 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ (0,1].
● 𝜁L is an increasing function and 𝜁U is a decreasing function on (0,1].
● 𝜁L and 𝜁U are left-continuous on (0,1] (equivalently, 𝜁L is lower semi-continuous and 𝜁U is

upper semi-continuous on (0,1]).

Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] be closed intervals in ℝ for 𝛼 ∈ (0,1]. Then, we can generate a fuzzy
interval Ã⋆ in ℝ with membership function defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x)

satisfying Ã⋆

𝛼 = M𝛼 for 𝛼 ∈ (0,1]. We also have

Ã⋆

0+ =
⋃

0<𝛼≤1
M𝛼 =

⋃
0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]

and

Ã⋆

0 = cl(Ã⋆

0+) = cl

( ⋃
0<𝛼≤1

Ã⋆

𝛼

)
= cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
])

.
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We further assume that 𝜁L is right-continuous and strictly increasing on (0,1], and that 𝜁U is
right-continuous and strictly decreasing on (0,1]. Then, we have

A𝛼∖A𝛼+ =
{
𝜁

L(𝛼), 𝜁U (𝛼)
}
≠ ∅ for all 𝛼 ∈ (0,1)

and (𝜉Ã⋆ ) = [0,1], where

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 and A𝛼+ =

⋃
𝛼<𝛽≤1

M𝛽 .

Proof. We first note that Proposition 1.3.7 says that the lower semi-continuity for 𝜁L and
the upper semi-continuity for 𝜁U are equivalent to the left-continuities for 𝜁L and 𝜁U .
By applying Theorem 5.4.7, we just need to check

⋂∞
n=1 M𝛼n

⊆ M𝛼 when 𝛼n ↑ 𝛼. Assume
that x ∈ M𝛼n

for all n. Then

𝜁
L(𝛼n) ≤ x ≤ 𝜁

U (𝛼n) for all n satisfying 𝛼n ↑ 𝛼.

The left-continuities of 𝜁L and 𝜁U say that

𝜁
L(𝛼) = lim

n→∞
𝜁

L(𝛼n) ≤ x ≤ lim
n→∞

𝜁
U (𝛼n) = 𝜁

U (𝛼),

which also says that x ∈ M𝛼 .
In order to apply Theorem 5.4.7 to obtain the range(𝜉Ã⋆ ), we want to check A𝛼∖A𝛼+ ≠ ∅.

Since M𝛼 ⊆ M𝛽 for 𝛽 < 𝛼, we have

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
.

Now, we want to claim

A𝛼+ =
⋃

𝛼<𝛽≤1
M𝛽 =

⋃
𝛼<𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
(
𝜁

L(𝛼), 𝜁U (𝛼)
)
.

For x ∈ A𝛼+, we have x ∈ [𝜁L(𝛽0), 𝜁U (𝛽0)] for some 𝛽0 satisfying 𝛼 < 𝛽0 ≤ 1. Using the strict
monotonicity, we have

𝜁
L(𝛼) < 𝜁

L(𝛽0) ≤ x ≤ 𝜁
U (𝛽0) < 𝜁

U (𝛼),

which says that x ∈ (𝜁L(𝛼), 𝜁U (𝛼)). Therefore, we obtain the inclusion

A𝛼+ ⊆ (𝜁L(𝛼), 𝜁U (𝛼)).

For proving the other direction of inclusion, suppose that

𝜁
L(𝛼) < x < 𝜁

U (𝛼)).

We take a decreasing sequence {𝛽n}∞n=1 satisfying 𝛽n ↓ 𝛼. Since 𝜁L is right-continuous and
strictly increasing, we have 𝜁L(𝛽n) ↓ 𝜁L(𝛼). Since 𝜁U is right-continuous and strictly decreas-
ing, we have 𝜁U (𝛽n) ↑ 𝜁U (𝛼). Therefore, there exists 𝛽N satisfying 𝛼 < 𝛽N and

𝜁
L(𝛼) < 𝜁

L(𝛽N ) ≤ x ≤ 𝜁
U (𝛽N ) < 𝜁

U (𝛼)),

which says that x ∈ [𝜁L(𝛽N ), 𝜁L(𝛽N )], i.e. x ∈ A𝛼+. Therefore, we obtain the desired equality
and

A𝛼∖A𝛼+ =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
∖
(
𝜁

L(𝛼), 𝜁U (𝛼)
)
=
{
𝜁

L(𝛼), 𝜁U (𝛼)
}
≠ ∅.
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Since each 𝛼-level set Ã⋆

𝛼 is a closed interval in ℝ for 𝛼 ∈ (0,1], i.e. a closed and convex
set in ℝ for 𝛼 ∈ (0,1], the closure of Ã⋆

𝛼 says that the membership function 𝜉Ã⋆ is upper
semi-continuous, and the convexity of Ã⋆

𝛼 says that the membership function 𝜉Ã⋆ is
quasi-concave. Therefore Ã⋆ is indeed a fuzzy interval. This completes the proof. ◾

Example 5.5.2 Given any real numbers a1, a2, b1, b2 satisfying b1 < a1 < a2 < b2, we
define two real-valued functions 𝜁L and 𝜁U on (0,1] by

𝜁
L(𝛼) = (1 − 𝛼)b1 + 𝛼a1 and 𝜁

U (𝛼) = (1 − 𝛼)b2 + 𝛼a2.

Then 𝜁L and 𝜁U satisfy all the assumptions of Theorem 5.5.1. Let

M𝛼 =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

]
be closed intervals in ℝ for 𝛼 ∈ (0,1]. Then, we can generate a fuzzy interval Ã⋆ in ℝ with
membership function defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x)

satisfying Ã⋆

𝛼 = M𝛼 for 𝛼 ∈ (0,1]. The support Ã⋆

0+ of Ã⋆ is given by

Ã⋆

0+ =
⋃

0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
⋃

0<𝛼≤1

[
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

]
.

Moreover, the range of Ã⋆ is given by (𝜉Ã⋆ ) = [0,1].

We have mentioned that the 0-level set is an important issue in fuzzy sets theory. Notice
that the functions 𝜁L and 𝜁U considered in Theorem 5.5.1 are defined on (0,1]. Next,
we are going to consider the functions 𝜁L and 𝜁U defined on [0,1]. The difference is that
the expressions of 0-level sets are different.

Theorem 5.5.3 Let 𝜁L ∶ [0,1] → ℝ and 𝜁U ∶ [0,1] → ℝ be two real-valued functions
defined on [0,1] such that the following conditions are satisfied.

● 𝜁L and 𝜁U are bounded on [0,1].
● 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ [0,1].
● 𝜁L is a strictly increasing function and 𝜁U is a strictly decreasing function on [0,1].
● 𝜁L and 𝜁U are left-continuous on (0,1].
● 𝜁L and 𝜁U are right-continuous at 0.

Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] be closed intervals in ℝ for 𝛼 ∈ (0,1]. Then, we can generate a fuzzy
interval Ã⋆ in ℝ with membership function defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) (5.80)

satisfying

Ã⋆

𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] for 𝛼 ∈ [0,1],

and the support of Ã⋆ is an open interval given by

Ã⋆

0+ =
(
𝜁

L(0), 𝜁U (0)
)
.
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We further assume that 𝜁L and 𝜁U are right-continuous on [0,1]. Then, we have

A𝛼∖A𝛼+ =
{
𝜁

L(𝛼), 𝜁U (𝛼)
}
≠ ∅ for all 𝛼 ∈ (0,1)

and (𝜉Ã⋆ ) = [0,1], where

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 and A𝛼+ =

⋃
𝛼<𝛽≤1

M𝛽 .

Proof. The desired results can be similarly obtained from the proof of Theorem 5.5.1
by replacing (0,1] with the whole unit interval [0,1]. It remains to show that Ã⋆

0+ =(
𝜁L(0), 𝜁U (0)

)
. Using the strict monotonicity of functions 𝜁L and 𝜁U , we see that

𝜁L(𝛼) > 𝜁L(0) and 𝜁U (𝛼) < 𝜁U (0) for all 𝛼 ∈ (0,1], i.e.[
𝜁

L(𝛼), 𝜁U (𝛼)
]
⊆
(
𝜁

L(0), 𝜁U (0)
)

for all 𝛼 ∈ (0,1].

It follows that

Ã⋆

0+ =
⋃

0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]
⊆
(
𝜁

L(0), 𝜁U (0)
)
.

For proving the other direction of inclusion, given any x ∈ (𝜁L(0), 𝜁U (0)), we consider the
following cases.

● Given any 𝜁L(0) < x < 𝜁L(1), we take 0 < 𝜖 < x − 𝜁L(0). Since 𝜁L is right-continuous at 0,
there exists 𝛿 > 0 such that

0 < (𝛼1 − 0) < 𝛿 implies ||𝜁L(𝛼1) − 𝜁
L(0)|| < 𝜖.

Since 𝜁L is increasing, it follows that

𝜁
L(0) ≤ 𝜁

L(𝛼1) < 𝜁
L(0) + 𝜖 < x.

● Given any 𝜁U (1) < x < 𝜁U (0), we take 0 < 𝜖 < 𝜁U (0) − x. Since 𝜁U is right-continuous at
0, there exists 𝛿 > 0 such that

0 < (𝛼2 − 0) < 𝛿 implies ||𝜁U (0) − 𝜁
U (𝛼2)|| < 𝜖.

Since 𝜁U is decreasing, we have x < 𝜁U (0) − 𝜖 < 𝜁U (𝛼2) ≤ 𝜁U (0).

Therefore, we obtain{
𝜁L(0) ≤ 𝜁L(𝛼2) ≤ 𝜁L(𝛼1) < x < 𝜁U (𝛼2) ≤ 𝜁U (0), if 𝛼1 ≥ 𝛼2
𝜁L(0) ≤ 𝜁L(𝛼1) < x < 𝜁U (𝛼2) ≤ 𝜁U (𝛼1) ≤ 𝜁U (0), if 𝛼1 < 𝛼2

for 𝛼1, 𝛼2 ∈ (0,1], which says that there exists 𝛼 ∈ (0,1] satisfying x ∈ [𝜁L(𝛼), 𝜁U (𝛼)].
This completes the proof. ◾

The family {M𝛼 ∶ 𝛼 ∈ (0,1]} of bounded closed intervals considered in Theorems 5.5.1
and 5.5.3 is nested. Next, we are going to consider the non-nested family of bounded closed
intervals.

Theorem 5.5.4 Let 𝜁L ∶ [0,1] → ℝ and 𝜁U ∶ [0,1] → ℝ be two real-valued functions
defined on [0,1] such that the following conditions are satisfied.

● 𝜁L and 𝜁U are bounded on [0,1].
● 𝜁L(𝛼) ≤ 𝜁U (𝛼) for each 𝛼 ∈ [0,1].
● 𝜁L is lower semi-continuous and 𝜁U is upper semi-continuous on [0,1].
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Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)] be closed intervals in ℝ for 𝛼 ∈ [0,1]. Then, we can generate a fuzzy
interval Ã⋆ in ℝ with membership function defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) (5.81)

satisfying

Ã⋆

𝛼 = {x ∶ 𝜉Ã⋆ (x) ≥ 𝛼} =
{

x ∶ sup
0<𝛽≤1

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛼

}
=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

(5.82)

for 𝛼 ∈ (0,1] and

Ã⋆

0+ =
⋃

0<𝛼≤1
M𝛼 =

⋃
0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]
.

We further assume that 𝜁L and 𝜁U are right-continuous on [0,1]. Then, we have

A𝛼∖A𝛼+ =
{
𝜁

L(𝛼), 𝜁U (𝛼)
}
≠ ∅ for all 𝛼 ∈ (0,1)

and (𝜉Ã⋆ ) = [0,1], where

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 and A𝛼+ =

⋃
𝛼<𝛽≤1

M𝛽 .

We also have the support(
min
0≤𝛽≤1

𝜁
L(𝛽), max

0≤𝛽≤1
𝜁

U (𝛽)
)

⊆ Ã⋆

0+ ⊆

[
min
0≤𝛽≤1

𝜁
L(𝛽), max

0≤𝛽≤1
𝜁

U (𝛽)
]

and the 0-level set

Ã⋆

0 =
[

min
0≤𝛽≤1

𝜁
L(𝛽), max

0≤𝛽≤1
𝜁

U (𝛽)
]
.

Proof. Since [0,1] is a closed set, we note that the following infimum and supremum

inf
𝛼≤𝛽≤1

𝜁
L(𝛽) = min

𝛼≤𝛽≤1
𝜁

L(𝛽) and sup
𝛼≤𝛽≤1

𝜁
U (𝛽) = max

𝛼≤𝛽≤1
𝜁

U (𝛽)

are attained by Proposition 1.4.4. Given any fixed x, let 𝜂(𝛽) = 𝛽 ⋅ 𝜒M𝛽
(x). Proposition 1.3.8

says that the function 𝜂(𝛽) = 𝛽 ⋅ 𝜒M𝛽
(x) is upper semi-continuous on the closed set [0,1] for

any fixed x. We first prove the equality (5.82). For 𝛼 ∈ (0,1], we consider

x ∈
{

x ∶ sup
0<𝛽≤1

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛼

}
. (5.83)

Suppose that x ∉ M𝛽 for all 𝛽 satisfying 𝛼 ≤ 𝛽 ≤ 1, i.e. 𝛽 ⋅ 𝜒M𝛽
(x) = 0 for all 𝛽 satisfying 𝛼 ≤

𝛽 ≤ 1. Then, we have

𝛽 ⋅ 𝜒M𝛽
(x) < 𝛼 for all 𝛽 ∈ (0,1]. (5.84)

Since [0,1] is a closed set and 𝜂(𝛽) = 𝛽 ⋅ 𝜒M𝛽
(x) is upper semi-continuous on [0,1], Proposi-

tion 1.4.4 says that

sup
0<𝛼≤1

𝛽 ⋅ 𝜒M𝛽
(x) = sup

0≤𝛼≤1
𝛽 ⋅ 𝜒M𝛽

(x) = max
0≤𝛼≤1

𝛽 ⋅ 𝜒M𝛽
(x) = 𝛽

∗ ⋅ 𝜒M𝛽∗
(x)

for some 𝛽∗ ∈ [0,1]. We consider two cases.
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● If 𝛽∗ = 0, we have

sup
0<𝛼≤1

𝛽 ⋅ 𝜒M𝛽
(x) = 0,

which violates (5.83).
● If 𝛽∗ ≠ 0, i.e. 𝛽∗ ∈ (0,1], using (5.84), we have

sup
0<𝛼≤1

𝛽 ⋅ 𝜒M𝛽
(x) = 𝛽

∗ ⋅ 𝜒M𝛽∗
(x) < 𝛼,

which also violates (5.83).

This says that there exists 𝛽0 satisfying 𝛼 ≤ 𝛽0 ≤ 1 and x ∈ M𝛽0
, i.e. 𝜁L(𝛽0) ≤ x ≤ 𝜁U (𝛽0).

Then

x ≥ 𝜁
L(𝛽0) ≥ min

𝛼≤𝛽≤1
𝜁

L(𝛽) and x ≤ 𝜁
U (𝛽0) ≤ max

𝛼≤𝛽≤1
𝜁

U (𝛽);

that is,

x ∈
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
.

Therefore, we obtain the following inclusion{
x ∶ sup

0<𝛼≤1
𝛽 ⋅ 𝜒M𝛽

(x) ≥ 𝛼

}
⊆

[
min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
.

For proving the other direction of inclusion, we consider

x ∈
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
. (5.85)

Suppose that x ∉ M𝛽 for all 𝛽 satisfying 𝛼 ≤ 𝛽 ≤ 1. Then, from Proposition 1.3.13, we have

x ∉
⋃

𝛼≤𝛽≤1
M𝛽 =

[
min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
,

which violates (5.85). Therefore, there exists 𝛽0 satisfying 𝛽0 ≥ 𝛼 and x ∈ M𝛽0
, i.e.

sup
0<𝛼≤1

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛽0 ≥ 𝛼,

which says that

x ∈
{

x ∶ sup
0<𝛼≤1

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛼

}
.

Therefore, we obtain the equality (5.82). Using Theorem 5.4.9, we also have

Ã⋆

0+ =
⋃

0<𝛼≤1
M𝛼 =

⋃
0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]
. (5.86)

From the proof of Theorem 5.5.1, we can show that Ã⋆ is a fuzzy interval. The
right-continuities of 𝜁L and 𝜁U also say that

A𝛼∖A𝛼+ =
{
𝜁

L(𝛼), 𝜁U (𝛼)
}
≠ ∅ for all 𝛼 ∈ (0,1)

and (𝜉Ã⋆ ) = [0,1] by the proof of Theorem 5.5.1 again. Let

l(𝛼) = min
𝛼≤𝛽≤1

𝜁
L(𝛽) and u(𝛼) = max

𝛼≤𝛽≤1
𝜁

U (𝛽).
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Since 𝜁L(𝛽) ≤ 𝜁U (𝛽) for each 𝛽 ∈ [0,1], it follows that l(𝛼) ≤ u(𝛼) for all 𝛼 ∈ [0,1]. Since the
function l is increasing and the function u is decreasing on [0,1], it follows that⋃

0<𝛼≤1

[
l(𝛼),u(𝛼)

]
⊆
[
l(0),u(0)

]
.

Since l(𝛼) ≤ u(𝛼) for all 𝛼 ∈ [0,1], it follows that

sup
0<𝛼≤1

l(𝛼) ≤ inf
0<𝛼≤1

u(𝛼).

Given any x with l(0) < x < u(0), we are going to show that there exists 𝛼̂ ∈ [0,1] satisfying
l(𝛼̂) ≤ x ≤ u(𝛼̂). For any fixed 𝛼 ∈ (0,1], since

l(0) ≤ l(𝛼) ≤ sup
0<𝛼≤1

l(𝛼) ≤ inf
0<𝛼≤1

u(𝛼) ≤ u(𝛼) ≤ u(0), (5.87)

we consider the following cases.

● Suppose that

sup
0<𝛼≤1

l(𝛼) ≤ x ≤ inf
0<𝛼≤1

u(𝛼).

Then, from (5.87), we can take some 𝛼̂ ∈ [0,1] satisfying l(𝛼̂) ≤ x ≤ u(𝛼̂).
● Suppose that

l(0) < x < sup
0<𝛼≤1

l(𝛼).

There exists a sequence {𝛼n}∞n=1 in (0,1] satisfying 𝛼n ↓ 0. Since 𝜁L is right-continuous on
[0,1], from Proposition 1.3.12, we have l(𝛼n) ↓ l(0). Therefore, there exists 𝛼N satisfying
l(0) ≤ l(𝛼N ) < x. Using (5.87), we have

l(𝛼N ) < x < sup
0<𝛼≤1

l(𝛼) ≤ inf
0<𝛼≤1

u(𝛼) ≤ u(𝛼N ).

● Suppose that

inf
0<𝛼≤1

u(𝛼) < x < u(0).

Since 𝜁U is right-continuous on [0,1], for 𝛼n ↓ 0 with 𝛼n > 0 for all n, Proposition 1.3.12
says that u(𝛼n) ↑ u(0). Therefore, there exists 𝛼N satisfying x < u(𝛼N ) ≤ u(0). Using (5.87),
we have

l(𝛼N ) ≤ sup
0<𝛼≤1

l(𝛼) ≤ inf
0<𝛼≤1

u(𝛼) < x < u(𝛼N ).

Therefore, we conclude that there exists 𝛼N ∈ (0,1] satisfying x ∈ [l(𝛼N ),u(𝛼N )], which
shows the following inclusions

(l(0),u(0)) ⊆
⋃

0<𝛼≤1

[
l(𝛼),u(𝛼)

]
⊆
[
l(0),u(0)

]
.

From (5.86), we obtain

Ã⋆

0 = cl(Ã⋆

0+) = cl

( ⋃
0≤𝛼≤1

[
l(𝛼),u(𝛼)

])
=
[
l(0),u(0)

]
=
[

min
0≤𝛼≤1

𝜁
L(𝛽), max

0<𝛼≤1
𝜁

U (𝛽)
]
.

This completes the proof. ◾
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Example 5.5.5 Given any real numbers a1, a2, b1, b2 satisfying b1 < a1 < a2 < b2, we
define two real-valued functions 𝜁L and 𝜁U on [0,1] by

𝜁
L(𝛼) = 𝛼b1 + (1 − 𝛼)a1 and 𝜁

U (𝛼) = 𝛼b2 + (1 − 𝛼)a2.

In this case, we see that 𝜁L is not increasing and 𝜁U is not decreasing on [0,1]. Therefore, we
cannot apply Theorem 5.5.1. However, the functions 𝜁L and 𝜁U satisfy all the assumptions
of Theorem 5.5.4. Let

M𝛼 =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
𝛼b1 + (1 − 𝛼)a1, 𝛼b2 + (1 − 𝛼)a2

]
be closed intervals in ℝ for 𝛼 ∈ (0,1]. Then, we can generate a fuzzy interval Ã⋆ in ℝ with
membership function defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x)

satisfying

Ã⋆

𝛼 =
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
=
[

min
0.8≥𝛽≥𝛼

𝜁
L(𝛽), max

0.8≥𝛽≥𝛼
𝜁

U (𝛽)
]

for 𝛼 ∈ (0,1]. Since 𝜁L is decreasing and 𝜁U is increasing on [0,1], it follows that

Ã⋆

𝛼 =
[
𝜁

L(1), 𝜁U (1)
]

for 𝛼 ∈ (0,1].

Since [
𝜁

L(𝛼), 𝜁U (𝛼)
]
⊆
[
𝜁

L(𝛽), 𝜁U (𝛽)
]

for 𝛽 > 𝛼,

the support Ã⋆

0+ of Ã⋆ is given by

Ã⋆

0+ =
⋃

0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
𝜁

L(1), 𝜁U (1)
]
.

Given any fixed 𝛼 ∈ (0,1), we have

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
[
𝜁

L(1), 𝜁U (1)
]

and

A𝛼+ =
⋃

𝛼<𝛽≤1
M𝛽 =

⋃
𝛼<𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
[
𝜁

L(1), 𝜁U (1)
]
.

Therefore, we obtain A𝛼∖A𝛼+ = ∅. As a matter of fact, we have (𝜉Ã⋆ ) = {1}.

We also have a more general case shown below.

Theorem 5.5.6 Let 𝜂1 ∶ [0,1] → ℝ and 𝜂2 ∶ [0,1] → ℝ be two real-valued functions defined
on [0,1], and let

𝜁
L(𝛼) = min{𝜂1(𝛼), 𝜂2(𝛼)} and 𝜁

U (𝛼) = max {𝜂1(𝛼), 𝜂2(𝛼)}.

We define a closed interval

M𝛼 =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
min{𝜂1(𝛼), 𝜂2(𝛼)},max {𝜂1(𝛼), 𝜂2(𝛼)}

]



�

� �

�

158 5 Generating Fuzzy Sets

in ℝ for 𝛼 ∈ (0,1]. Suppose that 𝜁L is lower semi-continuous and 𝜁U is upper semi-continuous
on [0,1]. Then, we can generate a fuzzy interval Ã⋆ in ℝ with membership function defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) (5.88)

satisfying

Ã⋆

𝛼 = {x ∶ 𝜉Ã⋆ (x) ≥ 𝛼} =
{

x ∶ sup
0<𝛽≤1

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛼

}
=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[

min
𝛼≤𝛽≤1

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
, max
𝛼≤𝛽≤1

max
{
𝜂1(𝛽), 𝜂2(𝛽)

}]
=
[

min
{

min
𝛼≤𝛽≤1

𝜂1(𝛽), min
𝛼≤𝛽≤1

𝜂2(𝛽)
}

,max
{

max
𝛼≤𝛽≤1

𝜂1(𝛽), max
𝛼≤𝛽≤1

𝜂2(𝛽)
}]

(5.89)

for 𝛼 ∈ (0,1] and

Ã⋆

0+ =
⋃

0<𝛼≤1
M𝛼 =

⋃
0<𝛼≤1

[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
⋃

0<𝛼≤1

[
min{𝜂1(𝛼), 𝜂2(𝛼)},max {𝜂1(𝛼), 𝜂2(𝛼)}

]
.

We further assume that 𝜁L and 𝜁U are right-continuous on [0,1]. Then, we have

A𝛼∖A𝛼+ =
{
𝜁

L(𝛼), 𝜁U (𝛼)
}
≠ ∅ for all 𝛼 ∈ (0,1)

and (𝜉Ã⋆ ) = [0,1], where

A𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 and A𝛼+ =

⋃
𝛼<𝛽≤1

M𝛽 .

We also have(
min
0≤𝛽≤1

𝜁
L(𝛽), max

0≤𝛽≤1
𝜁

U (𝛽)
)

⊆ Ã⋆

0+ ⊆

[
min
0≤𝛽≤1

𝜁
L(𝛽), max

0≤𝛽≤1
𝜁

U (𝛽)
]

and the 0-level set

Ã⋆

0 =
[

min
0≤𝛽≤1

𝜁
L(𝛽), max

0≤𝛽≤1
𝜁

U (𝛽)
]
, (5.90)

where

min
0≤𝛽≤1

𝜁
L(𝛽) = min

{
min
0≤𝛽≤1

𝜂1(𝛽), min
0≤𝛽≤1

𝜂2(𝛽)
}

and

max
0≤𝛽≤1

𝜁
L(𝛽) = max

{
max
0≤𝛽≤1

𝜂1(𝛽), max
0≤𝛽≤1

𝜂2(𝛽)
}

.

Proof. The desired results can be obtained from Theorem 5.5.4. Therefore, we see that Ã⋆

is a fuzzy interval with

Ã⋆

𝛼 =
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[

min
𝛼≤𝛽≤1

min{𝜂1(𝛽), 𝜂2(𝛽)}, max
𝛼≤𝛽≤1

max {𝜂1(𝛽), 𝜂2(𝛽)}
]
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for 𝛼 ∈ (0,1]. Now, we want to claim

min
𝛼≤𝛽≤1

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
= min

{
min
𝛼≤𝛽≤1

𝜂1(𝛽), min
𝛼≤𝛽≤1

𝜂2(𝛽),
}

. (5.91)

Suppose that

min
𝛼≤𝛽≤1

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
= min

{
𝜂1(𝛽∗), 𝜂2(𝛽∗)

}
for some 𝛽∗ satisfying 𝛼 ≤ 𝛽∗ ≤ 1 by Proposition 1.4.4. Then, we have

min
𝛼≤𝛽≤1

𝜂1(𝛽) ≤ 𝜂1(𝛽∗) and min
𝛼≤𝛽≤1

𝜂2(𝛽) ≤ 𝜂2(𝛽∗),

which says that

min
{

min
𝛼≤𝛽≤1

𝜂1(𝛽), min
𝛼≤𝛽≤1

𝜂2(𝛽)
}

≤ min
{
𝜂1(𝛽∗), 𝜂2(𝛽∗)

}
= min

𝛼≤𝛽≤1
min

{
𝜂1(𝛽), 𝜂2(𝛽)

}
.

On the other hand, since

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
≤ 𝜂1(𝛽) and min

{
𝜂1(𝛽), 𝜂2(𝛽)

}
≤ 𝜂2(𝛽),

we have

min
𝛼≤𝛽≤1

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
≤ min

𝛼≤𝛽≤1
𝜂1(𝛽)

and

min
𝛼≤𝛽≤1

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
≤ min

𝛼≤𝛽≤1
𝜂2(𝛽),

which says that

min
𝛼≤𝛽≤1

min
{
𝜂1(𝛽), 𝜂2(𝛽)

}
≤ min

{
min
𝛼≤𝛽≤1

𝜂1(𝛽), min
𝛼≤𝛽≤1

𝜂2(𝛽),
}

.

Therefore, we obtain (5.91). We can similarly obtain

max
𝛼≤𝛽≤1

max
{
𝜂1(𝛽), 𝜂2(𝛽)

}
= max

{
max
𝛼≤𝛽≤1

𝜂1(𝛽), max
𝛼≤𝛽≤1

𝜂2(𝛽),
}

.

This completes the proof. ◾

Example 5.5.7 Given any real numbers a1, a2, b1, b2, we define two real-valued functions
𝜂1 and 𝜂2 on [0,1] by

𝜂1(𝛼) = 𝛼
2a1 + 𝛼b1 + c1 and 𝜂2(𝛼) = 𝛼

2a2 + 𝛼b2 + c2.

From Theorem 5.5.6, we can generate a fuzzy interval Ã⋆ in ℝ with membership function
defined by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x)

such that the 𝛼-level sets Ã⋆

𝛼 are given in the form of (5.89) for 𝛼 ∈ (0,1]. Let 𝛼∗
1 = −b1∕2a1.

Then, for any fixed 𝛼 ∈ (0,1], we have

min
𝛼≤𝛽≤1

𝜂1(𝛽) = min
𝛼≤𝛽≤1

𝜂1(𝛽) = min
𝛼≤𝛽≤1

(
𝛽

2a1 + 𝛽b1 + c1
)
=
{

𝜂1(𝛼) if 𝛼 > 𝛼∗
1

𝜂1(𝛼∗
1 ) if 𝛼 ≤ 𝛼∗

1 ≤ 1
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and

max
𝛼≤𝛽≤1

𝜂1(𝛽) = max
𝛼≤𝛽≤1

𝜂1(𝛽) = max
𝛼≤𝛽≤1

(
𝛽

2a1 + 𝛽b1 + c1
)

=
{

𝜂1(1) if 𝛼 > 𝛼∗
1

max {𝜂1(𝛼), 𝜂1(1)} if 𝛼 ≤ 𝛼∗
1 ≤ 1.

Let 𝛼∗
2 = −b2∕2a2. We can similarly obtain

min
𝛼≤𝛽≤1

𝜂2(𝛽) =
{

𝜂2(𝛼) if 𝛼 > 𝛼∗
2

𝜂2(𝛼∗
2 ) if 𝛼 ≤ 𝛼∗

2 ≤ 1
and

max
𝛼≤𝛽≤1

𝜂2(𝛽) =
{

𝜂2(1) if 𝛼 > 𝛼∗
2

max {𝜂2(𝛼), 𝜂2(1)} if 𝛼 ≤ 𝛼∗
2 ≤ 1.

Therefore, given any specific values of ai, bi, ci for i = 1,2, we can obtain the 𝛼-level sets Ã⋆

𝛼

given in the form of (5.89). For example, we take a1 = 1, b1 = −1, c1 = 1, a2 = 5, b1 = −6
and c2 = 1. Then, we have

𝜂1(𝛼) = 𝛼
2 − 𝛼 + 1 and 𝜂2(𝛼) = 5𝛼2 − 6𝛼 + 1.

In this case, we obtain 𝛼∗
1 = 0.5 and 𝛼∗

2 = 0.6. Given 𝛼 = 0.3, we have

min
𝛼≤𝛽≤1

𝜂1(𝛽) = 𝜂1(𝛼∗
1 ) = 𝜂1(0.5) = 0.75

min
𝛼≤𝛽≤1

𝜂2(𝛽) = 𝜂2(𝛼∗
2 ) = 𝜂2(0.6) = −1

max
𝛼≤𝛽≤1

𝜂1(𝛽) = max {𝜂1(𝛼), 𝜂1(1)} = max {𝜂1(0.3), 𝜂1(1)} = max {0.79, 1} = 1

max
𝛼≤𝛽≤1

𝜂2(𝛽) = max {𝜂2(𝛼), 𝜂2(1)} = max {𝜂2(0.3), 𝜂2(1)} = max {−0.35, 0} = 0.

According to (5.89), the 0.3-level set is given by

Ã⋆

0.3 = [min{0.75,−1},max {1,0}] = [−1,1] .

5.6 Uniqueness of Construction

Given any two fuzzy sets Ã and B̃ in ℝm, we consider the following families

 =
{

Ã𝛼 ∶ 𝛼 ∈ (0,1]
}

and  =
{

B̃𝛼 ∶ 𝛼 ∈ (0,1]
}
.

We define the concept of identical for Ã and B̃ as follows.

Definition 5.6.1 Let Ã and B̃ be two fuzzy sets in ℝm with membership functions 𝜉Ã and
𝜉B̃, respectively.

● We say that Ã and B̃ are identical when 𝜉Ã(x) = 𝜉B̃(x) for all x ∈ ℝm.
● We say that Ã and B̃ are permutably identical on (0,1] when there exists a bijective

function 𝜅 ∶ (0,1] → (0,1] satisfying B̃𝛼 = Ã𝜅(𝛼) for all 𝛼 ∈ (0,1] or Ã𝛼 = B̃𝜅(𝛼) for all
𝛼 ∈ (0,1]. In this case, we also write Ã

𝜅

= B̃.

Example 5.6.2 Let Ã and B̃ be two fuzzy sets in ℝm satisfying B̃𝛼 = Ã𝛼3 for all 𝛼 ∈ (0,1].
By taking 𝜅 ∶ (0,1] → (0,1] as 𝜅(𝛼) = 𝛼3, we see that Ã

𝜅

= B̃.
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Proposition 5.6.3 Let Ã and B̃ be two fuzzy sets in ℝm. Suppose that Ã
𝜅

= B̃ in the sense of
B̃𝛼 = Ã𝜅(𝛼) for all 𝛼 ∈ (0,1] or Ã𝛼 = B̃𝜅(𝛼) for all 𝛼 ∈ (0,1] for some bijective function 𝜅 defined
on (0,1]. We also assume that

 = {Ã𝛼 ∶ 𝛼 ∈ (0,1]} or  = {B̃𝛼 ∶ 𝛼 ∈ (0,1]}

is a strictly nested family. Then 𝜅 is a strictly increasing function on (0,1].

Proof. It suffices to prove the case of B̃𝛼 = Ã𝜅(𝛼) for all 𝛼 ∈ (0,1]. We separately consider
the following situation.

● Suppose that  is a strictly nested family. For 𝛽 < 𝛼 with 𝛼, 𝛽 ∈ (0,1], we assume 𝜅(𝛽) ≥
𝜅(𝛼) to lead to a contradiction. In this case, we have

B̃𝛽 = Ã𝜅(𝛽) ⊆ Ã𝜅(𝛼) = B̃𝛼,

which contradicts the strictness B̃𝛼 ⊂ B̃𝛽 . Therefore, we must have 𝜅(𝛽) < 𝜅(𝛼).
● Suppose that  is a strictly nested family. Since 𝜅 is bijective on (0,1], it means that the

inverse function 𝜅−1 exists. For 𝛽 < 𝛼 with 𝛼, 𝛽 ∈ (0,1], we assume 𝜅−1(𝛽) ≥ 𝜅−1(𝛼) to lead
to a contradiction. In this case, we have

Ã𝛽 = B̃𝜅−1(𝛽) ⊆ B̃𝜅−1(𝛼) = Ã𝛼,

which contradicts the strictness Ã𝛼 ⊂ Ã𝛽 . Therefore, we must have 𝜅−1(𝛽) < 𝜅−1(𝛼),
which says that 𝜅−1 is strictly increasing on (0,1]. This also shows that 𝜅 is strictly
increasing on (0,1].

This completes the proof. ◾

Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. The inverse function 𝜉−1
Ã

may
not exist. However, we write 𝜉−1

Ã
(𝛼) to denote the inverse image of 𝛼 defined by

𝜉
−1
Ã (𝛼) =

{
x ∈ ℝm ∶ 𝜉Ã(x) = 𝛼

}
for 𝛼 in the range (𝜉Ã) of membership function 𝜉Ã.

Proposition 5.6.4 Let Ã and B̃ be two fuzzy sets in ℝm. Suppose that Ã
𝜅

= B̃ in the sense of
B̃𝛼 = Ã𝜅(𝛼) for some bijective function 𝜅 defined on (0,1] and for all 𝛼 ∈ (0,1]. We also assume
that

 = {Ã𝛼 ∶ 𝛼 ∈ (0,1]} or  = {B̃𝛼 ∶ 𝛼 ∈ (0,1]}

is a strictly nested family. Then, we have the following properties.

(i) Suppose that the function 𝜅 is strictly increasing on (0,1]. For 𝛼 ∈ (0,1) and x ∈ 𝜉−1
B̃
(𝛼),

we have

𝜉
−1
B̃ (𝛼) = 𝜉

−1
Ã (𝜅(𝛼)) and 𝜉Ã(x) = 𝜅(𝜉B̃(x)).

(ii) We have

𝜉
−1
B̃ (1) = B̃1 = Ã1 = 𝜉

−1
Ã (1) and Ã0+ = B̃0+.



�

� �

�

162 5 Generating Fuzzy Sets

Proof. From Proposition 5.6.3, we see that the function 𝜅 ∶ (0,1] → (0,1] is bijective and
strictly increasing. It follows that 𝜅(1) = 1. Given any 𝛼 ∈ (0,1), we have

𝜉
−1
Ã (𝛼) =

{
x ∈ ℝm ∶ 𝜉Ã(x) = 𝛼

}
=
{

x ∈ ℝm ∶ 𝜉Ã(x) ≥ 𝛼
}
∖
{

x ∈ ℝm ∶ 𝜉Ã(x) > 𝛼
}

= Ã𝛼∖Ã𝛼+ = Ã𝛼

⧹ ⋃
𝛼<𝛽≤1

Ã𝛽 (using (2.10)). (5.92)

Therefore, we also have

𝜉
−1
B̃ (𝛼) = B̃𝛼

⧹ ⋃
𝛼<𝛽≤1

B̃𝛽

=

(
Ã𝜅(𝛼)

⧹ ⋃
𝛼<𝛽≤1

Ã𝜅(𝛽)

)
=

(
Ã𝜅(𝛼)

⧹ ⋃
𝜅(𝛼)<𝜅(𝛽)≤1

Ã𝜅(𝛽)

)
(since 𝜅is bijective and strictly increasing)

=

(
Ã𝜅(𝛼)

⧹ ⋃
𝜅(𝛼)<𝛾≤1

Ã𝛾

)
= 𝜉

−1
Ã (𝜅(𝛼)) (by (5.92)),

which implies

𝜉Ã(𝜉−1
B̃ (𝛼)) = {𝜅(𝛼)} .

Therefore, we obtain

𝜉Ã(x) = 𝜅(𝜉B̃(x)) for every x ∈ 𝜉
−1
B̃ (𝛼),

which proves part (i).
To prove part (ii), we immediately have

𝜉
−1
B̃ (1) =

{
x ∈ ℝm ∶ 𝜉B̃(x) = 1

}
=
{

x ∈ ℝm ∶ 𝜉B̃(x) ≥ 1
}
= B̃1 (5.93)

and

𝜉
−1
Ã (1) =

{
x ∈ ℝm ∶ 𝜉Ã(x) = 1

}
=
{

x ∈ ℝm ∶ 𝜉Ã(x) ≥ 1
}
= Ã1. (5.94)

It remains to prove Ã1 = B̃1. From Theorem 2.2.13, we have

𝜉Ã(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼
(x) and 𝜉B̃(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒B̃𝛼

(x).

Since 𝜅 is a bijective function on (0,1], the inverse function 𝜅−1 is also a bijective function
on (0,1]. Therefore, we have

𝜉Ã(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼
(x) = sup

0<𝛼≤1
𝜅(𝛼) ⋅ 𝜒Ã𝜅(𝛼)

(x) (5.95)

and

𝜉B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒B̃𝛼
(x) = sup

0<𝛼≤1
𝜅
−1(𝛼) ⋅ 𝜒B̃

𝜅−1 (𝛼)
(x). (5.96)

For x ∈ Ã1, i.e. 𝜉Ã(x) = 1, since Ã1 ⊆ Ã𝛼 for all 𝛼 ∈ (0,1], we have x ∈ Ã𝛼 for all 𝛼 ∈ (0,1].
Since Ã𝛼 = B̃𝜅−1(𝛼), we also have x ∈ B̃𝜅−1(𝛼) for all 𝛼 ∈ (0,1]. Therefore, from (5.96), we have

𝜉B̃(x) = sup
0<𝛼≤1

𝜅
−1(𝛼) = sup (0,1] = 1,
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which also says that x ∈ B̃1, i.e. Ã1 ⊆ B̃1. On the other hand, for x ∈ B̃1, i.e. 𝜉B̃(x) = 1, we
have x ∈ B̃𝛼 = Ã𝜅(𝛼) for all 𝛼 ∈ (0,1], i.e. x ∈ Ã𝜅(𝛼) for all 𝛼 ∈ (0,1]. Therefore, from (5.95),
we have

𝜉Ã(x) = sup
0<𝛼≤1

𝜅(𝛼) = sup (0,1] = 1,

which also says that x ∈ Ã1, i.e. B̃1 ⊆ Ã1. Therefore, we obtain the equality B̃1 = Ã1. From
(2.5), since 𝜅 is bijective on (0,1], it follows that

B̃0+ =
⋃

0<𝛼≤1
B̃𝛼 =

⋃
0<𝛼≤1

Ã𝜅(𝛼) =
⋃

0<𝛼≤1
Ã𝛼 = Ã0+.

This completes the proof. ◾

By referring to Definition 5.6.1, we also propose the following definition.

Definition 5.6.5 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a nested family with respect to 𝜂. Let
Ã be a fuzzy set in ℝm.

● We say that  and Ã are identical with respect to 𝜂 when Ã𝛼 = M(𝜂)
𝛼 for all 𝛼 ∈ (0,1].

In this case, we also write 
𝜂

= Ã.
● We say that  and Ã are permutably identical with respect to 𝜂 when there exists a

bijective function 𝜅 ∶ (0,1] → (0,1] satisfying Ã𝜅(𝛼) = M(𝜂)
𝛼 for all 𝛼 ∈ (0,1] or Ã𝛼 = M(𝜂)

𝜅(𝛼)

for all 𝛼 ∈ (0,1]. In this case, we also write 
(𝜅,𝜂)
= Ã.

Remark 5.6.6 For 
(𝜅,𝜂)
= Ã, we notice that the function 𝜅 depends on Ã. More precisely,

we must write 
(𝜅A ,𝜂)= Ã and 

(𝜅B,𝜂)= B̃ for some bijective functions 𝜅A and 𝜅B on (0,1],
where the function 𝜂 is fixed.

Proposition 5.6.7 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a nested family with respect to 𝜂. Let Ã be
a fuzzy set in ℝm satisfying 

(𝜅,𝜂)
= Ã. Then, we have the following properties.

(i) Suppose that  is a strictly nested family with respect to 𝜂. Then 𝜅 is a strictly increasing
function.

(ii) Suppose that  = {Ã𝛼 ∶ 𝛼 ∈ (0,1]} is a strictly nested family. Then 𝜅 is a strictly increas-
ing function.

Proof. We want to prove the case of Ã𝜅(𝛼) = M(𝜂)
𝛼 for all 𝛼 ∈ (0,1]. To prove part (i), given

any 𝛼, 𝛽 ∈ (0,1] with 𝛽 < 𝛼, we assume 𝜅(𝛽) ≥ 𝜅(𝛼) to lead to a contradiction. Now, we have

M(𝜂)
𝛽

= Ã𝜅(𝛽) ⊆ Ã𝜅(𝛼) = M(𝜂)
𝛼 ,

which contradicts the strictness M(𝜂)
𝛼 ⊂ M(𝜂)

𝛽
. Therefore, we must have 𝜅(𝛽) < 𝜅(𝛼).

To prove part (ii), since 𝜅 is bijective on (0,1], it means that the inverse function 𝜅−1 exists.
Given any 𝛼, 𝛽 ∈ (0,1] with 𝛽 < 𝛼, we assume 𝜅−1(𝛽) ≥ 𝜅−1(𝛼) to lead to a contradiction.
Now, we have

Ã𝛽 = M(𝜂)
𝜅−1(𝛽) ⊆ M(𝜂)

𝜅−1(𝛼) = Ã𝛼,
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which contradicts the strictness Ã𝛼 ⊂ Ã𝛽 . Therefore, we must have 𝜅−1(𝛽) < 𝜅−1(𝛼), which
says that 𝜅−1 is strictly increasing on (0,1]. This also shows that 𝜅 is strictly increasing on
(0,1], and the proof is complete. ◾

Proposition 5.6.8 Let 𝜂 be a function from (0,1] into (0,1], and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]}
be a family of nonempty subsets of ℝm such that it is a nested family with respect to 𝜂. Let Ã be
a fuzzy set in ℝm satisfying 

(𝜅,𝜂)
= Ã. Then

𝜉Ã(x)

{
> 0, if x ∈

⋃
0<𝛼≤1

M(𝜂)
𝛼

= 0, otherwise.

We also have

Ã1 ⊆
⋃

0<𝛼≤1
M(𝜂)

𝛼

and

Ã0+ =
⋃

0<𝛼≤1
Ã𝛼 =

⋃
𝛼∈(𝜉Ã)∖{0}

Ã𝛼 =
⋃

0<𝛼≤1
M(𝜂)

𝛼 .

Proof. From Proposition 5.6.7, we see that 𝜅 is an increasing function. Since

Ã1 ⊆ Ã𝛼 = M(𝜂)
𝜅−1(𝛼) for all 𝛼 ∈ (0,1],

it follows that

Ã1 ⊆
⋃

0<𝛼≤1
M(𝜂)

𝜅−1(𝛼) =
⋃

0<𝛼≤1
M(𝜂)

𝛼 (since 𝜅is bijective). (5.97)

From (2.5), we have

Ã0+ =
⋃

𝛼∈(𝜉Ã)∖{0}
Ã𝛼 =

⋃
0<𝛼≤1

Ã𝛼 =
⋃

0<𝛼≤1
M(𝜂)

𝜅−1(𝛼) =
⋃

0<𝛼≤1
M(𝜂)

𝛼 .

This completes the proof. ◾

Let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty subsets of ℝm. We consider two fam-
ilies of fuzzy sets in ℝm given by

∘ () =
{

Ã ∈  (ℝm) ∶ (𝜉Ã)∖{0} = (0,1] and Ã
(𝜅,𝜂)
= 

}
and

̂
∘ () =

{
Ã ∈  (ℝm) ∶ Ã

𝜂

= 

}
.

We notice that (𝜉Ã)∖{0} = (0,1] means that (𝜉Ã) = (0,1] or (𝜉Ã) = [0,1]. We adopt the
notation |X| to denote the cardinality of the family X (i.e. the number of elements in X).
We are going to show that |̂∘()| = 1. The following results will help to understand those
families.

Proposition 5.6.9 Let 𝜂 ∶ (0,1] → (0,1] be a bijective function, and let  = {M𝛼 ∶ 𝛼 ∈
(0,1]} be a family of nonempty subsets of ℝm such that it is a nested family with respect to 𝜂.
Then, we have the following properties.
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(i) Given any Ã, B̃ ∈ ∘(), we have Ã
𝜅

= B̃ in the sense of B̃𝜅(𝛼) = Ã𝛼 for 𝛼 ∈ (0,1] and for
some bijective function 𝜅 defined on (0,1].

(ii) We have |̂∘()| = 1.

Proof. To prove part (i), according to Remark 5.6.6, we have Ã
(𝜅A ,𝜂)=  and B̃

(𝜅B,𝜂)=  for
some bijective functions 𝜅A and 𝜅B defined on (0,1] satisfying

Ã𝜅A(𝛼) = M(𝜂)
𝛼 = M𝜂−1(𝛼) and B̃𝜅B(𝛼) = M(𝜂)

𝛼 = M𝜂−1(𝛼) for 𝛼 ∈ (0,1],

which imply

Ã𝛼 = M𝜂−1(𝜅−1
A (𝛼)) and B̃𝛼 = M𝜂−1(𝜅−1

B (𝛼)). (5.98)

We take

𝛽 = 𝜅B(𝜅−1
A (𝛼)) = (𝜅B∘𝜅−1

A )(𝛼) ≡ 𝜅(𝛼). (5.99)

For any 𝛼 ∈ (0,1], we have

B̃𝜅(𝛼) = B̃𝛽 = M𝜂−1(𝜅−1
B (𝛽)) (using (5.98))

= M𝜂−1(𝜅−1
A (𝛼)) (using (5.99))

= Ã𝛼 (using (5.99)),

which says that Ã
𝜅

= B̃ by referring to Definition 5.6.1.
To prove part (ii), for Ã, B̃ ∈ ̂

∘(), the definition says that

Ã𝛼 = M(𝜂)
𝛼 = B̃𝛼 for all 𝛼 ∈ (0,1].

Part (iv) of Proposition 2.2.15 says that 𝜉Ã(x) = 𝜉B̃(x) for all x ∈ ℝm. Therefore, Ã and B̃ are
identical, i.e. |̂∘()| = 1. This completes the proof. ◾

The following results will be useful for discussing the uniqueness.

Proposition 5.6.10 Let Ã and B̃ be two fuzzy sets in ℝm such that Ã
𝜅

= B̃ in the sense of
B̃𝛼 = Ã𝜅(𝛼) for some bijective function 𝜅 defined on (0,1] and for all 𝛼 ∈ (0,1]. Suppose that

 = {Ã𝛼 ∶ 𝛼 ∈ (0,1]} or  = {B̃𝛼 ∶ 𝛼 ∈ (0,1]}

is a strictly nested family. Then, the following statements hold true.

● 𝜅 is a strictly increasing function on (0,1].
● We have 𝜉Ã(x) = 𝜅(𝜉B̃(x)) for x ∈ Ã0+ and 𝜉Ã(x) = 𝜉B̃(x) = 0 for x ∉ Ã0+.
● We have Ã0+ = B̃0+ and Ã1 = B̃1.

Proof. From Proposition 5.6.3, we see that 𝜅 is strictly increasing on (0,1]. Part (ii) of Propo-
sition 5.6.4 says that Ã0+ = B̃0+ and Ã1 = B̃1. If x ∉ Ã0+, i.e. 𝜉Ã(x) = 0, we have x ∉ B̃0+, since
Ã0+ = B̃0+, which also says that 𝜉B̃(x) = 0. Now, we have

Ã0+ = B̃0+ =
{

x ∈ ℝm ∶ 𝜉B̃(x) > 0
}
=
⋃

0<𝛼≤1
𝜉
−1
B̃ (𝛼) (5.100)

= 𝜉
−1
B̃ (1)

⋃( ⋃
0<𝛼<1

𝜉
−1
B̃ (𝛼)

)
. (5.101)
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Suppose that x ∈ Ã0+. From (5.100), we see that x ∈ 𝜉−1
B̃
(𝛼) for some 𝛼 ∈ (0,1]. We consider

the following cases.

● Suppose that x ∉ 𝜉−1
B̃
(1), i.e. 𝛼 = 𝜉B̃(x) < 1. From from part (i) of Proposition 5.6.4, we see

that 𝜉Ã(x) = 𝜅(𝜉B̃(x)).
● Suppose that x ∈ 𝜉−1

B̃
(1), i.e. 𝛼 = 𝜉B̃(x) = 1, which also says that x ∈ B̃1. Since Ã1 = B̃1, we

see that x ∈ Ã1, i.e. 𝜉Ã(x) ≥ 1. Therefore, we must have 𝜉Ã(x) = 1, which also says that

𝜉Ã(x) = 1 = 𝜅(1) = 𝜅(𝜉B̃(x)).

Therefore, we conclude that 𝜉Ã(x) = 𝜅(𝜉B̃(x)) for all x ∈ Ã0+. This completes the proof. ◾

Definition 5.6.11 Let 𝜅 ∶ (0,1] → (0,1] be a function from (0,1] into itself. Given a fixed
fuzzy set Ã⋆ in ℝm, we define 𝜉Ã ∶ ℝm → [0,1] by

𝜉Ã(x) =

{
𝜅(𝜉Ã⋆ (x)), if x ∈ Ã⋆

0+
0, if x ∉ Ã⋆

0+.
(5.102)

In this case, we write 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ .

Remark 5.6.12 Suppose that 𝜅1 ≠ 𝜅2 and (𝜉Ã⋆ )∖{0} = (0,1]. Then, there exists
y0 ∈ (0,1] satisfying 𝜅1(y0) ≠ 𝜅2(y0). We are going to claim that the membership functions
𝜉Ã(1) ≑ 𝜅1∘𝜉Ã⋆ and 𝜉Ã(2) ≑ 𝜅2∘𝜉Ã⋆ are not identical. Since y0 ∈ (𝜉Ã⋆ )∖{0}, there exists
x0 ∈ ℝm satisfying 𝜉Ã⋆ (x0) = y0, which also says that

𝜉Ã(1) (x0) = 𝜅1(𝜉Ã⋆ (x0)) = 𝜅1(y0) ≠ 𝜅2(y0) = 𝜅2(𝜉Ã⋆ (x0)) = 𝜉Ã(2) (x0).

This means Ã(1)
≠ Ã(2).

The following proposition will show that Definition 5.6.11 is well defined, and will also
present some useful results that will be adopted in the following sections.

Proposition 5.6.13 Let 𝜅 ∶ (0,1] → (0,1] be a function from (0,1] into itself. Given a fixed
fuzzy set Ã∗ in ℝm, if 𝜉Ã ≑ 𝜅∘𝜉Ã∗ , we have Ã0+ = Ã∗

0+.

Proof. If x ∉ Ã∗
0+, we have 𝜉Ã(x) = 0 by definition, i.e. x ∉ Ã0+, which says that Ã0+ ⊆

Ã∗
0+. If x ∈ Ã∗

0+, we have 𝜉Ã∗ (x) > 0. Since 𝜅(𝛼) > 0 for any 𝛼 ∈ (0,1], we obtain 𝜉Ã(x) =
𝜅(𝜉Ã∗ (x)) > 0, which says that x ∈ Ã0+, i.e. Ã∗

0+ ⊆ Ã0+. This shows the equality Ã0+ = Ã∗
0+,

and the proof is complete. ◾

We define a set  by

 =
{
𝜅 ∶ 𝜅 is a bijective and strictly increasing function on (0,1]

}
.

Theorem 5.6.14 Let 𝜂 ∶ (0,1] → (0,1] be a function from (0,1] into itself, and let
 = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty subsets of ℝm such that it is a strictly
nested family with respect to 𝜂. Given a fixed Ã⋆ ∈ ∘(), we have

∘() =
{

Ã ∈  (ℝm) ∶ 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ for 𝜅 ∈ 
}

(5.103)

and ||∘()|| = || . (5.104)

Moreover, for any Ã ∈ ∘(), we have Ã
𝜅

= Ã⋆ in the sense of Ã⋆

𝛼 = Ã𝜅(𝛼) for 𝜅 ∈ .
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Proof. To prove part (i), since Ã⋆ ∈ ∘(), we have (𝜉Ã⋆ )∖{0} = (0,1] and Ã⋆ (𝜅,𝜂)
= 

satisfying

Ã⋆

𝜅∗(𝛼) = M(𝜂)
𝛼 = M𝜂(𝛼), i.e. Ã⋆

𝛼 = M𝜂(𝜅−1
∗ (𝛼)) (5.105)

for some bijective function 𝜅∗ on (0,1] and for all 𝛼 ∈ (0,1]. Given any Ã ∈ ∘(), we also
have (𝜉Ã)∖{0} = (0,1] and Ã

𝜅

=  satisfying

Ã𝜅A(𝛼) = M(𝜂)
𝛼 = M𝜂(𝛼) (5.106)

for some bijective function 𝜅A on (0,1] and for all 𝛼 ∈ (0,1]. We take

𝛽 = 𝜅A(𝜅−1
∗ (𝛼)) = (𝜅A∘𝜅−1

∗ )(𝛼) ≡ 𝜅(𝛼). (5.107)

Then 𝜅 is a bijective function on (0,1]. Part (i) of Proposition 5.6.7 says that 𝜅∗ and 𝜅A are
strictly increasing on (0,1], which also says that the function 𝜅 is strictly increasing on (0,1].
This shows that 𝜅 ∈ . Now, we also have

Ã𝜅(𝛼) = Ã𝛽 = Ã𝜅A(𝜅−1
A (𝛽))

= M𝜂(𝜅−1
A (𝛽)) (using (5.106))

= M𝜂(𝜅−1
∗ (𝛼)) (using (5.107))

= Ã⋆

𝛼 (using (5.105)) (5.108)

for all 𝛼 ∈ (0,1]. From Proposition 5.6.10, we have 𝜉Ã(x) = 𝜅(𝜉Ã⋆ (x)) for all x ∈ Ã0+ = Ã⋆

0+,
and 𝜉Ã(x) = 𝜉Ã⋆ (x) = 0 for x ∉ Ã0+ = Ã⋆

0+. This shows 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ , which implies the follow-
ing inclusion

∘() ⊆
{

Ã ∈  (ℝm) ∶ 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ for 𝜅 ∈ 
}
.

On the other hand, given any 𝜅 ∈  with 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ , we want to show Ã ∈ ∘(). We
first claim (𝜉Ã)∖{0} = (0,1]. We first see that (𝜉Ã⋆ )∖{0} = (0,1] by definition. Proposi-
tion 5.6.13 says that we have Ã0+ = Ã⋆

0+. Given any 𝛼 ∈ (0,1], since 𝜅 is bijective on (0,1],
there exists 𝛼̂ ∈ (0,1] satisfying 𝜅(𝛼̂) = 𝛼. Since(𝜉Ã⋆ )∖{0} = (0,1], there also exists x ∈ Ã⋆

0+
satisfying 𝜉Ã⋆ (x) = 𝛼̂. Since 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ , we obtain

𝜉Ã(x) = 𝜅
(
𝜉Ã⋆ (x)

)
= 𝜅(𝛼̂) = 𝛼 > 0,

which shows the inclusion (0,1] ⊆ (𝜉Ã)∖{0} Therefore, we indeed obtain (𝜉Ã)∖{0} =
(0,1]. It remains to show that Ã

(𝜅,𝜂)
= . Now, given any 𝛼 ∈ (0,1], we have

Ã𝛼 =
{

x ∈ ℝm ∶ 𝜉Ã(x) ≥ 𝛼
}
=
{

x ∈ Ã0+ ∶ 𝜉Ã(x) ≥ 𝛼
}

=
{

x ∈ Ã⋆

0+ ∶ 𝜉Ã(x) ≥ 𝛼

}
(since Ã0+ = Ã⋆

0+)

=
{

x ∈ Ã⋆

0+ ∶ 𝜅
(
𝜉Ã⋆ (x)

)
≥ 𝛼

}
(since 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ )

=
{

x ∈ Ã⋆

0+ ∶ 𝜉Ã⋆ (x) ≥ 𝜅
−1(𝛼)

}
(since 𝜅is increasing and bijective)

=
{

x ∈ ℝm ∶ 𝜉Ã⋆ (x) ≥ 𝜅
−1(𝛼)

}
= Ã⋆

𝜅−1(𝛼).

Therefore, we obtain Ã
𝜅

= Ã⋆ in the sense of Ã⋆

𝛼 = Ã𝜅(𝛼) for 𝛼 ∈ (0,1]. Since Ã⋆ (𝜅,𝜂)
=  and

Ã⋆

𝛼 = Ã𝜅(𝛼) for 𝛼 ∈ (0,1], using the arguments for obtaining (5.108), we can similarly obtain
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Ã
(𝜅,𝜂)
= . Therefore, we conclude that Ã ∈ ∘(), which proves the equality (5.103). The

equality (5.104) can be realized from Remark 5.6.12. This completes the proof. ◾

Theorem 5.6.15 (Uniqueness) Let 𝜂 ∶ (0,1] → (0,1] be a function from (0,1] into itself,
and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty subsets of ℝm such that it is a strictly
nested family with respect to 𝜂. Suppose that || = 1. Then  = {iS} consists of only one iden-
tity function iS on (0,1], and there exists one and only one fuzzy set Ã⋆ inℝm satisfying Ã⋆ 𝜂

= 

in the sense of

Ã⋆

𝛼 = Ã⋆

iS(𝛼) = M(𝜂)
𝛼 = M𝜂(𝛼) for all 𝛼 ∈ (0,1]. (5.109)

In other words, we have ∘() = {Ã⋆}. We also have

Ã⋆

0+ =
⋃

0<𝛼≤1
Ã⋆

𝛼 =
⋃

0<𝛼≤1
M𝜂(𝛼). (5.110)

Proof. The cardinality || = 1 says that |∘()| = 1 by referring to (5.104). Therefore,
from (5.103), we must have

𝜉Ã ≑ 𝜅∘𝜉Ã⋆ = 𝜉Ã⋆ ,

which also says that 𝜅 must be an identity function on (0,1], i.e. 𝜅 = iS. In this case, we
obtain ∘() = {Ã⋆} satisfying Ã⋆ 𝜂

=  in the sense of

Ã⋆

𝛼 = Ã⋆

iS(𝛼) = Ã⋆

𝜅(𝛼) = M(𝜂)
𝛼

for all 𝛼 ∈ (0,1]. The equalities in (5.110) follow immediately from (2.5), and the proof is
complete. ◾

The sufficient conditions to guarantee || = 1 are based on concepts from the field of
pure mathematics. Therefore, it is left for the readers to establish the sufficient conditions
to guarantee || = 1. Next, we are going to present the existence and uniqueness.

Theorem 5.6.16 Let 𝜅 be an increasing and bijective function on (0,1]. Let 𝜂 ∶ (0,1] → (0,1]
be a function from (0,1] into itself, and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty
subsets of ℝm such that it is a solid and strictly nested family with respect to 𝜂 satisfying⋃

0<𝛼≤1
M(𝜂)

𝛼 = ℝm
.

The existence and uniqueness are presented below.

● (Existence) Suppose that the following equality⋃
0<𝛼≤1

M(𝜂)
𝛼 = M(𝜂)

1

⋃( ⋃
0<𝛼<1

D(𝜂)
𝛼

)
holds true, or the following two conditions are satisfied:

∞⋂
n=1

M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 when 𝛼n ↑ 𝛼 for 𝛼 < 1
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and
∞⋂

n=1
M(𝜂)

𝛼n
⊆ M(𝜂)

1 when 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

Then, there exists a fuzzy set Ã⋆ in ℝm with membership function given by

𝜉Ã⋆ (x) =

{
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1]
1, if x ∈ M(𝜂)

1 .
(5.111)

In other words, we have Ã⋆ ∈ ∘(). Moreover, we also have the following equalities.

∘() =
{

Ã ∈  (ℝm) ∶ 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ for 𝜅 ∈ 
}

and ||∘()|| = || .
● (Uniqueness) Suppose that || = 1. Then, we have ∘() = {Ã⋆}, where the member-

ship function of Ã⋆ is given in (5.111) such that the equalities of (5.109) and (5.110) are
satisfied.

Proof. To prove the existence , the membership function 𝜉Ã⋆ of Ã⋆ can be immediately
realized from Theorems 5.3.1 and 5.3.3. We also have (𝜉Ã⋆ )∖{0} = (0,1] and Ã⋆

𝜅(𝛼) = M(𝜂)
𝛼

for each 𝛼 ∈ (0,1]. This shows that Ã⋆ ∈ ∘(). Therefore, the desired equalities and the
uniqueness can be realized from Theorems 5.6.14 and 5.6.15, respectively. This completes
the proof. ◾

Theorem 5.6.17 Let 𝜅 be an increasing and bijective function on (0,1]. Let 𝜂 ∶ (0,1] → (0,1]
be a function from (0,1] into itself, and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty
subsets of ℝm such that it is a solid and strictly nested family with respect to 𝜂 satisfying⋃

0<𝛼≤1
M(𝜂)

𝛼 ≠ ℝm
.

● (Existence) Suppose that the following equality⋃
0<𝛼≤1

M(𝜂)
𝛼 = M(𝜂)

1

⋃( ⋃
0<𝛼<1

D(𝜂)
𝛼

)
holds true, or the following two conditions are satisfied:

∞⋂
n=1

M(𝜂)
𝛼n

⊆ M(𝜂)
𝛼 when 𝛼n ↑ 𝛼 for 𝛼 < 1

and
∞⋂

n=1
M(𝜂)

𝛼n
⊆ M(𝜂)

1 when 𝛼n ↑ 1 with 𝛼n ∈ (0,1) for all n.

Then, there exists a fuzzy set Ã⋆ in ℝm with membership function given by

𝜉Ã⋆ (x) =
⎧⎪⎨⎪⎩
𝜅(𝛼), if x ∈ D(𝜂)

𝛼 for 𝛼 ∈ (0,1]
1, if x ∈ M(𝜂)

1
0, if x ∉

⋃
0<𝛼≤1

M(𝜂)
𝛼 .

(5.112)
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In other words, we have Ã⋆ ∈ ∘(). Moreover, we also have the following equalities.

∘() =
{

Ã ∈  (ℝm) ∶ 𝜉Ã ≑ 𝜅∘𝜉Ã⋆ for 𝜅 ∈ 
}

and ||∘()|| = || .
● (Uniqueness) Suppose that || = 1. Then, we have ∘() = {Ã⋆}, where the member-

ship function of Ã⋆ is given in (5.112) such that the equalities of (5.109) and (5.110) are
satisfied.

Proof. To prove the existence, the membership function 𝜉Ã⋆ of Ã⋆ can be realized from
Theorems 5.3.1 and 5.3.3. We also have (𝜉Ã⋆ )∖{0} = (0,1] and Ã⋆

𝜅(𝛼) = M(𝜂)
𝛼 for 𝛼 ∈ (0,1].

This shows that Ã⋆ ∈ ∘(). Therefore, the desired equalities and the uniqueness can be
realized from Theorems 5.6.14 and 5.6.15, respectively. This completes the proof. ◾

Theorem 5.6.18 Let 𝜆 be an increasing and bijective function on [0,1]. Let 𝜂 ∶ (0,1] → (0,1]
be a function from (0,1] into itself, and let  = {M𝛼 ∶ 𝛼 ∈ (0,1]} be a family of nonempty
subsets of ℝm such that it is a solid and strictly nested family with respect to 𝜂.

● (Existence) There exists a fuzzy set Ã⋆ in ℝm with membership function given by

𝜉Ã⋆ (x) = sup
0<𝛼≤1

𝜆(𝛼) ⋅ 𝜒M(𝜂)
𝛼

(x) (5.113)

satisfying Ã⋆

𝜆(𝛼) = M(𝜂)
𝛼 for 𝛼 ∈ (0,1]. We also have

∘() =
{

Ã ∈  (ℝm) ∶ 𝜉Ã ≗ 𝜆∘𝜉Ã⋆ for 𝜆 ∈ 
}

and ||∘()|| = || .
● (Uniqueness) Suppose that || = 1. Then, we have ⋆() = {Ã⋆}, where the member-

ship function of Ã⋆ is given in (5.113) such that the equalities of (5.109) and (5.110) are
satisfied.

Proof. We are going to use Theorem 5.4.30 to prove the existence. Since 𝜆 is an increasing
and bijective function on [0,1], it follows that

(𝜆) = [0,1] and S• = {𝛼 ∈ [0,1] ∶ 𝜆(𝛼) > 0} = (0,1].

Let us recall the notations B(𝜆)
𝛼 and B(𝜆)

𝛼+ in (5.62) and (5.63), respectively, and the notations
A(𝜂)
𝛼 and A(𝜂)

𝛼+ in (5.4). Since 𝜆 is an increasing and bijective function on [0,1], for 𝛼 ∈ (0,1),
it follows that

B(𝜂,𝜆)
𝛼 =

⋃
{𝛽∈S•∶𝜆(𝛽)≥𝜆(𝛼)}

M(𝜂)
𝛽

=
⋃

{𝛽∈(0,1]∶𝛽≥𝛼}
M(𝜂)

𝛽
= A(𝜂)

𝛼

and

B(𝜂,𝜆)
𝛼+ =

⋃
{𝛽∈S•∶𝜆(𝛽)>𝜆(𝛼)}

M(𝜂)
𝛽

=
⋃

{𝛽∈(0,1]∶𝛽>𝛼}
M(𝜂)

𝛽
= A(𝜂)

𝛼+.

We also see that 𝛼 ∈ [0,1) ∩ S• is equivalent to say 𝛼 ∈ (0,1). Since  is a solid and strictly
nested family with respect to 𝜂, we have

● M(𝜂)
𝛽

⊆ M(𝜂)
𝛼 for 𝛼, 𝛽 ∈ S• = (0,1] with 𝜆(𝛼) < 𝜆(𝛽);

●

⋂∞
n=1 M(𝜂)

𝛼n
⊆ M(𝜂)

𝛼 when 𝜆(𝛼n) ↑ 𝜆(𝛼) with 𝛼n, 𝛼 ∈ S• = (0,1] for all n;
● B(𝜂,𝜆)

𝛼 ∖B(𝜂,𝜆)
𝛼+ ≠ ∅ for all 𝛼 ∈ [0,1) ∩ S•.
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Therefore, we can apply Theorem 5.4.30 to guarantee the existence of fuzzy set Ã⋆

satisfying

(𝜉Ã⋆ )∖{0} = (0,1]

and

Ã⋆

𝜆(𝛼) = M(𝜂)
𝛼 for all 𝛼 ∈ (0,1].

This shows that Ã⋆ ∈ ∘(). Therefore, the desired equalities and the uniqueness can be
realized from Theorems 5.6.14 and 5.6.15, respectively. This completes the proof. ◾

Theorems 5.6.16–5.6.18 present the methodology to generate a fuzzy set from a family

 = {M𝛼 ∶ 𝛼 ∈ (0,1]}

of nonempty subsets ofℝm such that it satisfies some intuitive conditions. As we mentioned
above, when the fuzziness is considered in economics and engineering problems, we can
form a family  from the observed data. In this case, we can generate the fuzzy data based
on the observed data using the mechanical procedure as shown in Theorems 5.6.16–5.6.18,
which can avoid the biased subjectivity caused by the decision makers for setting up the
fuzzy data based on the real-valued data that are observed from the fuzzy environment.
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6

Fuzzification of Crisp Functions

Using fuzzy set theory to study engineering and economics problems has received much
attention for a long time. The main reason is that we may have problems collecting the
actual data from the environment because of the uncertainty. When the uncertainty can be
regarded as fuzziness, we can consider fuzzy data in engineering and economics problems.
In this case, we may need to fuzzify real-valued functions into fuzzy functions.

For example, the cost functions and benefit functions should be considered as fuzzy func-
tions when fuzzy data are involved in the formulated problems. In this chapter, we are going
to use the extension principle and the form of mathematical expression in the decomposi-
tion theorem to fuzzify crisp functions into fuzzy functions. The fuzzification of real-valued
functions and vector-valued functions will be studied separately.

There are two ways to fuzzify a vector-valued function 𝐟 ∶ ℝn → ℝm, where 𝐟 = (f1,… , fm)
and fj denotes the j-th component function of 𝐟 for j = 1,… ,m. We can directly fuzzify the
vector-valued function 𝐟 without considering its component functions to obtain a fuzzy
function 𝐟 . Alternatively, we can just fuzzify its component functions fj to obtain the fuzzy
functions f̃ j for j = 1,… ,m and obtain a vector-form of fuzzy functions (f̃ 1,… , f̃ m). In gen-
eral, the fuzzy function 𝐟 is not identical with the vector-form of fuzzy functions (f̃ 1,… , f̃ m).
Their relationships will be established in this chapter.

Let 𝐟 ∶ ℝn → ℝm be a vector-valued function defined on ℝm. Given fuzzy sets
Ã(1)

, Ã(2)
,… , Ã(n) in ℝ, we are going to study the fuzzification 𝐟 (EP)(Ã(1)

, Ã(2)
,… , Ã(n)) using

the extension principle, and the fuzzification 𝐟 (DT)(Ã(1)
, Ã(2)

,… , Ã(n)) using the form of
expression in the decomposition theorem.

6.1 Fuzzification Using the Extension Principle

Let 𝔄 ∶ [0,1]n → [0,1] be a function defined on [0,1]n. We consider an onto vector-valued
function 𝐟 ∶ ℝn → ℝm. Then, the following sets

{𝐱 ∶ 𝐲 = 𝐟(𝐱)}

are not empty for each 𝐲 ∈ ℝm. According to the generalized extension principle, we can
fuzzify the vector-valued function 𝐟 using the aggregation 𝔄 to obtain a fuzzy function

𝐟 (EP) ∶ 𝔉(ℝ) × · · · ×𝔉(ℝ) → 𝔉(ℝm).

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Given any 𝐀̃ = (Ã(1)
,… , Ã(n)) ∈ 𝔉n(ℝ), the function value 𝐟 (EP)(𝐀̃) is a fuzzy set in ℝm with

membership function given by

𝜉𝐟 (EP)(𝐀̃)(𝐲) = sup
{𝐱∶𝐲=𝐟 (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

)
(6.1)

for 𝐲 ∈ ℝm. The fuzzification of component function fj can be similarly obtained using the
above form to obtain the fuzzy function f̃ j with membership function given by

𝜉f̃ (EP)
j (𝐀̃)(y) = sup

{𝐱∶y=fj(𝐱)}
𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

)
for y ∈ ℝ and for j = 1,… ,m.

Example 6.1.1 We are going to consider the addition of vectors of fuzzy sets in ℝ. Given
an onto vector-valued function 𝐟 ∶ ℝ2n → ℝm defined by

𝐟(𝐚,𝐛) = 𝐟
(

a1,… , an, b1,… , bn
)
=
(

a1 + b1,… , an + bn
)
= 𝐚 + 𝐛.

Given any two vectors of fuzzy sets in ℝ

𝐀̃ =
(

Ã(1)
,… , Ã(n)

)
and 𝐁̃ =

(
B̃(1)

,… , B̃(n)
)
,

we can define the addition of 𝐀̃ and 𝐁̃ to be

𝐀̃⊕EP 𝐁̃ = 𝐟 (EP) (𝐀̃, 𝐁̃) (6.2)

with membership function given by (6.1). More precisely, the membership function is given
by

𝜉𝐀̃⊕EP𝐁̃(𝐲) = 𝜉𝐟 (EP)(𝐀̃,𝐁̃)(𝐲)

= sup
{(𝐚,𝐛)∶𝐲=𝐟 (𝐚,𝐛)}

𝔄
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an), 𝜉B̃(1) (b1),… , 𝜉B̃(n) (bn)

)
= sup

{(𝐚,𝐛)∶𝐲=𝐚+𝐛}
𝔄
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an), 𝜉B̃(1) (b1),… , 𝜉B̃(n) (bn)

)
.

We can similarly define the difference 𝐀̃ ⊖EP 𝐁̃ considering the onto vector-valued function
𝐟 ∶ ℝ2n → ℝm defined by

𝐟(𝐚,𝐛) = 𝐟
(

a1,… , an, b1,… , bn
)
=
(

a1 − b1,… , an − bn
)
= 𝐚 − 𝐛,

and define the multiplication 𝐀̃ ⊗EP 𝐁̃ of vectors of fuzzy sets considering the onto
vector-valued function 𝐟 ∶ ℝ2n → ℝm defined by

𝐟(𝐚,𝐛) = 𝐟
(

a1,… , an, b1,… , bn
)
=
(

a1 ⋅ b1,… , an ⋅ bn
)
= 𝐚 × 𝐛.

Let Ã(1)
, Ã(2)

,… , Ã(n) be fuzzy intervals. The 𝛼-level sets of Ã(i) are bounded closed inter-
vals given by

Ã(i)
𝛼 =

[(
Ã(i)
)L

𝛼

,

(
Ã(i)
)U

𝛼

]
≡

[
ÃL

i𝛼, ÃU
i𝛼

]
.

Suppose that the following conditions are satisfied.

● The function 𝐟 is continuous.
● The function 𝔄 is upper semi-continuous and increasing.
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● Any one of {𝛼1,… , 𝛼s} is zero implies 𝔄(𝛼1,… , 𝛼s) = 0.
● 𝔄(𝛼1,… , 𝛼s) > 0 if and only if 𝛼i > 0 for all i = 1,… ,n.

Then, using Theorem 4.4.12, for each 𝛼 ∈ (0,1], we have(
𝐟 (EP)(𝐀̃)

)
𝛼

=
{
𝐟(𝐱) ∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

)
≥ 𝛼

}
=
{(

f1(𝐱),… , fm(𝐱)
)
∶ 𝔄

(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

)
≥ 𝛼

}
(6.3)

and (
𝐟 (EP)(𝐀̃)

)
0
= 𝐟

(
Ã(1)

0 ,… , Ã(n)
0

)
.

Moreover, for each 𝛼 ∈ [0,1], the 𝛼-level sets (𝐟 (EP)(𝐀̃))𝛼 of 𝐟 (EP)(𝐀̃) are closed and bounded
subsets of ℝm.

We write 𝐀̃𝛼 to denote the m-dimensional closed interval given by

𝐀̃𝛼 =
[

ÃL
1𝛼, ÃU

1𝛼

]
×
[

ÃL
2𝛼, ÃU

2𝛼

]
× · · · ×

[
ÃL

n𝛼, ÃU
n𝛼

]
. (6.4)

When the function 𝔄 ∶ [0,1]n → [0,1] is taken by

𝔄
(
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
,

for each 𝛼 ∈ (0,1], from (6.3), we have(
𝐟 (EP)(𝐀̃)

)
𝛼

=
{
𝐟(𝐱) ∶ min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
≥ 𝛼

}
=
{
𝐟(𝐱) ∶ 𝜉Ã(i) (xi) ≥ 𝛼 for each i = 1,… ,n

}
=
{
𝐟(𝐱) ∶ xi ∈ Ã(i)

𝛼 ≡

[
ÃL

i𝛼, ÃU
i𝛼

]
for each i = 1,… ,n

}
= 𝐟

(
𝐀̃𝛼

)
. (6.5)

Then, from (6.5), for 𝛼 ∈ (0,1], we have(
𝐟 (EP)(𝐀̃)

)
𝛼

= 𝐟
(
𝐀̃𝛼

)
= f1

(
𝐀̃𝛼

)
× f2

(
𝐀̃𝛼

)
× · · · × fm

(
𝐀̃𝛼

)
. (6.6)

Let f̃ (EP)
j be fuzzified from the jth component function fj using the extension principle.

For 𝛼 ∈ (0,1], we can similarly obtain(
f̃ (EP)

j (𝐀̃)
)
𝛼

= fj
(
𝐀̃𝛼

)
for j = 1,… ,m.

By referring to (6.6), for 𝛼 ∈ (0,1], we obtain(
𝐟 (EP)(𝐀̃)

)
𝛼

=
(

f̃ (EP)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (EP)
m (𝐀̃)

)
𝛼

.

Suppose that the vector-valued function 𝐟 = (f1,… , fm) is continuous. Then, the compo-
nent functions fj are also continuous for j = 1,… ,m. Using (6.4) and Proposition 1.4.3, we
see that fj(𝐀̃𝛼) are bounded closed intervals given by(

f̃ (EP)
j (𝐀̃)

)
𝛼

= fj
(
𝐀̃𝛼

)
=

[
inf
𝐱∈𝐀̃𝛼

fj(𝐱), sup
𝐱∈𝐀̃𝛼

fj(𝐱)
]
=
[

min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]
.

It follows that(
𝐟 (EP)(𝐀̃)

)
𝛼

=
[

min
𝐱∈𝐀̃𝛼

f1(𝐱),max
𝐱∈𝐀̃𝛼

f1(𝐱)
]
× · · · ×

[
min
𝐱∈𝐀̃𝛼

fm(𝐱),max
𝐱∈𝐀̃𝛼

fm(𝐱)
]
.

The above results are summarized in the following theorem.
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Theorem 6.1.2 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm,
and let Ã(1)

, Ã(2)
,… , Ã(n) be fuzzy intervals. By referring to (6.1), let 𝐟 (EP)(𝐀̃) be obtained based

on the function 𝔄 ∶ [0,1]n → [0,1] taken by

𝔄
(
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
.

Then, for 𝛼 ∈ [0,1], we have(
f̃ (EP)

j (𝐀̃)
)
𝛼

=
[

min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]

for j = 1,… ,m

and (
𝐟 (EP)(𝐀̃)

)
𝛼

=
(

f̃ (EP)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (EP)
m (𝐀̃)

)
𝛼

=
[

min
𝐱∈𝐀̃𝛼

f1(𝐱),max
𝐱∈𝐀̃𝛼

f1(𝐱)
]
× · · · ×

[
min
𝐱∈𝐀̃𝛼

fm(𝐱),max
𝐱∈𝐀̃𝛼

fm(𝐱)
]
.

Example 6.1.3 Continued from Example 6.1.1 by considering the fuzzy intervals, we
want to obtain the 𝛼-level sets (𝐀̃ ⊕EP 𝐁̃)𝛼 of addition 𝐀̃ ⊕EP 𝐁̃ for 𝛼 ∈ [0,1]. According to
Theorem 6.1.2, we have(

𝐀̃ ⊕EP 𝐁̃
)
𝛼
=
(
𝐟 (EP)(𝐀̃, 𝐁̃)

)
𝛼

=
(

f̃ (EP)
1 (𝐀̃, 𝐁̃)

)
𝛼

× · · · ×
(

f̃ (EP)
n (𝐀̃, 𝐁̃)

)
𝛼

=
(

Ã(1)
⊕EP B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊕EP B̃(n)

)
𝛼

=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃L
n𝛼

]
for each 𝛼 ∈ [0,1].

6.2 Fuzzification Using the Expression in the Decomposition
Theorem

Let Ã(1)
, Ã(2)

,… , Ã(n) be fuzzy sets in ℝ. We consider the family

{M𝛼 ≠ ∅ ∶ 0 < 𝛼 ≤ 1} (6.7)

that consists of subsets of ℝm, where M𝛼 depends on 𝐟 and Ã(i) for i = 1,… ,n. For example,
we can take

M𝛼 = 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
.

We are going to consider three different M𝛼 that can be used to generate three different
fuzzy functions.

We say that the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is nested when M𝛽 ⊆ M𝛼 for 𝛼 < 𝛽. We shall
study the cases of nested family and non-nested family separately by considering three intu-
itive families.

According to the expression in the Decomposition Theorem 2.2.13, we can induce a fuzzy
function 𝐟 (DT) ∶ 𝔉n(ℝ) → 𝔉(ℝm). Given any 𝐀̃ ∈ 𝔉n(ℝ), the function value 𝐟 (DT)(𝐀̃) is a
fuzzy set in ℝm with membership function defined by

𝜉𝐟 (DT)(𝐀̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲) (6.8)

for 𝐲 ∈ ℝm.
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6.2.1 Nested Family Using 𝜶-Level Sets

Let Ã(1)
, Ã(2)

,… , Ã(n) be fuzzy intervals. For 𝛼 ∈ (0,1], we take

M𝛼 = 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
= 𝐟

(
𝐀̃𝛼

)
=
(

f1
(
𝐀̃𝛼

)
,… , fm

(
𝐀̃𝛼

))
. (6.9)

Then, we see that

M𝛼 =
{
𝐟(𝐱) ∶ xi ∈ Ã(i)

𝛼 =
[

ÃL
i𝛼, ÃU

i𝛼

]
for each i = 1,… ,n

}
.

It is clear to see that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family in the sense of M𝛽 ⊆ M𝛼 for 𝛼 < 𝛽.
We need some useful lemmas.

Lemma 6.2.1 Let {Am}∞m=1 be a sequence of subsets of a universal set U satisfying Am+1 ⊆

Am for all m, and let f be a real-valued function defined on U. Then

f

( ∞⋂
m=1

Am

)
=

∞⋂
m=1

f
(

Am
)
.

Proof. Given any

y ∈ f

( ∞⋂
m=1

Am

)
,

there exists x ∈
⋂∞

m=1 Am satisfying y = f (x), which says that

y = f (x) ∈ f
(

Am
)

for all m.

Therefore, we obtain the following inclusion

f

( ∞⋂
m=1

Am

)
⊆

∞⋂
m=1

f
(

Am
)
.

For proving the other direction of inclusion, given any y ∈ f (Am) for all m, we have y = f (xm)
for xm ∈ Am and for all m, which says that we obtain a sequence {xm}∞m=1. Let

⋂∞
m=1 Am = A.

Since Am+1 ⊆ Am for all m, the “last term” of the sequence {xm}∞m=1 must be in A, which will
be proved below. Since xk ∈ Ak ⊆ Am for all k ≥ m, we have the subsequence {xk}∞k=m ⊆ Am,
which also implies

Â ≡

∞⋂
m=1

(
{xk}∞k=m

)
⊆

∞⋂
m=1

Am = A,

where Â can be regarded as the “last term” and Â ⊆ {xm}∞m=1. For x ∈ Â, it follows that x ∈ A
and x = xm∗ for some xm∗ in the sequence {xm}∞m=1. Therefore, we obtain

y = f (xm∗ ) = f (x),

which says that y ∈ f (A). This completes the proof. ◾

Lemma 6.2.2 Suppose that

A(i) =
∞⋂

m=1
A(i)

m for i = 1,… ,n.

Then, we have

A(1) × · · · × A(n) =
∞⋂

m=1

(
A(1)

m × · · · × A(n)
m

)
.
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Proof. Given 𝐱 = (x1,… , xn)with xi ∈ A(i) for i = 1,… ,m, it says that xi ∈ A(i)
m for all m, i.e.

𝐱 = (x1,… , xn) ∈ A(1)
m × · · · × A(n)

m

for all m, which proves the inclusion

A(1) × · · · × A(n)
⊆

∞⋂
m=1

(
A(1)

m × · · · × A(n)
m

)
.

On the other hand, given any 𝐱 = (x1,… , xn) ∈ A(1)
m × · · · × A(n)

m for all m, it follows that
xi ∈ A(i)

m for all i and m, i.e. xi ∈
⋂∞

m=1 A(i)
m = A(i) for all i. This completes the proof. ◾

Proposition 6.2.3 Let Ã(1)
, Ã(2)

,… , Ã(n) be fuzzy intervals, and let M𝛼 be given in (6.9).
Suppose that 𝐟 is continuous. Then, we have

M𝛼 =
∞⋂

s=1
M𝛼s

for 𝛼 ∈ (0,1] and 0 < 𝛼s ↑ 𝛼 with 𝛼 > 𝛼s for all s.

Proof. From (6.9), we see that

M𝛼 = f1
(
𝐀̃𝛼

)
× · · · × fm

(
𝐀̃𝛼

)
≡ M(1)

𝛼 × · · · × M(m)
𝛼 , (6.10)

where

fj
(
𝐀̃𝛼

)
≡ M(j)

𝛼 for j = 1,… ,m.

The continuity of 𝐟 says that the component functions fj are also continuous for j = 1,… ,m.
Since each Ã(i)

𝛼 is a bounded closed interval, the continuity of fj says that each fj(𝐀̃𝛼) is also
a bounded closed interval given by

M(j)
𝛼 = fj

(
𝐀̃𝛼

)
=
[

min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]

for j = 1,… ,m.

It is clear to see that M(j)
𝛼 ⊆ M(j)

𝛽
for 𝛽 < 𝛼. Given any sequence {𝛼s}∞s=1 satisfying 0 < 𝛼s ↑ 𝛼

with 𝛼 > 𝛼s for all s, we see that

Ã(i)
𝛼 =

∞⋂
s=1

Ã(i)
𝛼s

for i = 1,… ,n

by referring to Proposition 2.2.8, which also implies 𝐀̃𝛼 =
⋂∞

s=1 𝐀̃𝛼s
by Lemma 6.2.2. There-

fore, using Lemma 6.2.1, we can obtain

fj
(
𝐀̃𝛼

)
= fj

( ∞⋂
s=1

𝐀̃𝛼s

)
=

∞⋂
s=1

fj

(
𝐀̃𝛼s

)
,

which implies

M(j)
𝛼 =

∞⋂
s=1

M(j)
𝛼s

for j = 1,… ,m.

Using (6.10) and Lemma 6.2.2, we complete the proof. ◾

Let 𝐟 (⋄DT) be fuzzified from 𝐟 obtained from (6.8) using the family {M𝛼 ∶ 0 < 𝛼 ≤ 1}
defined in (6.9). Then, its 𝛼-level sets are given below.
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Proposition 6.2.4 Let Ã(1)
, Ã(2)

,… , Ã(n) be fuzzy intervals. Suppose that 𝐟 is continuous.
Then (

𝐟 (⋄DT)(𝐀̃)
)
𝛼

= M𝛼 = 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
= 𝐟

(
𝐀̃𝛼

)
for 0 < 𝛼 ≤ 1. (6.11)

Proof. Given any 𝐲 ∈ M𝛼 , we see that 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) ≥ 𝛼 by (6.8). Therefore, we obtain 𝐲 ∈
(𝐟 (⋄DT)(𝐀̃))𝛼 , which proves the inclusion M𝛼 ⊆ (𝐟 (⋄DT)(𝐀̃))𝛼 . For proving the other direction
of inclusion, given any 𝐲 ∈ (𝐟 (⋄DT)(𝐀̃))𝛼 , i.e. 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) ≥ 𝛼, let 𝛼̂ = 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲).

● Assume that 𝛼̂ > 𝛼. Let 𝜖 = 𝛼̂ − 𝛼 > 0. According to the concept of supremum, there exists
𝛼0 satisfying 𝐲 ∈ M𝛼0

and 𝛼̂ − 𝜖 < 𝛼0, which implies 𝛼 < 𝛼0. This also says that 𝐲 ∈ M𝛼 ,
since M𝛼0

⊆ M𝛼 by the nestedness.
● Assume that 𝛼̂ = 𝛼. Let {𝛼s}∞s=1 be a sequence satisfying 0 < 𝛼s ↑ 𝛼 and 𝛼 > 𝛼s for all s.

Let 𝜖s = 𝛼 − 𝛼s > 0. According to the concept of supremum, there exists 𝛼0 satisfying 𝐲 ∈
M𝛼0

and 𝛼̂ − 𝜖s = 𝛼 − 𝜖s < 𝛼0, which implies 𝛼0 > 𝛼s. This also says that 𝐲 ∈ M𝛼s
by the

nestedness for all s. Therefore, we obtain 𝐲 ∈
⋂∞

s=1 M𝛼s
. From Proposition 6.2.3, it follows

that 𝐲 ∈ M𝛼 .

The above two cases imply that 𝐲 ∈ M𝛼 , and the proof is complete. ◾

Example 6.2.5 Continued from Example 6.1.1, by referring to (6.9), let

M𝛼 = 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼 , B̃(1)
𝛼 ,… , B̃(n)

𝛼

)
=
{
𝐟
(

a1,… , an, b1,… , bn
)
∶ ai ∈ Ã(i)

𝛼 and bi ∈ B̃(i)
𝛼 for i = 1,… ,n

}
=
{(

a1 + b1,… , an + bn
)
∶ ai ∈

[
ÃL

i𝛼, ÃU
i𝛼

]
and bi ∈

[
B̃L

i𝛼, B̃U
i𝛼

]
for i = 1,… ,n

}
=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
.

We can define the addition of 𝐀̃ and 𝐁̃ to be

𝐀̃⊕
⋄
DT 𝐁̃ = 𝐟 (⋄DT) (𝐀̃, 𝐁̃)

with membership function given by

𝜉𝐀̃⊕⋄
DT 𝐁̃

(𝐲) = 𝜉𝐟 (⋄DT)(𝐀̃,𝐁̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲).

For 𝛼 ∈ (0,1], Proposition 6.2.4 says that(
𝐀̃⊕

⋄
DT 𝐁̃

)
𝛼
=
(
𝐟 (⋄DT)(𝐀̃, 𝐁̃)

)
𝛼

= M𝛼

=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
.

We can similarly consider the difference 𝐀̃⊖⋄
DT 𝐁̃ of vectors of fuzzy intervals by taking

M𝛼 =
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 − B̃U
n𝛼, ÃU

n𝛼 − B̃L
n𝛼

]
.

Now, we take

M(j)
𝛼 = fj(𝐀̃𝛼) for 0 < 𝛼 ≤ 1 and j = 1,… ,m. (6.12)
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From (6.9), we see that

M𝛼 = M(1)
𝛼 × · · · × M(m)

𝛼 ⊂ ℝm
. (6.13)

Let f̃ (⋄DT)
j be fuzzified from the jth component function fj using the expression in the decom-

position theorem based on the family {M(j)
𝛼 ∶ 0 < 𝛼 ≤ 1} defined in (6.12). By referring to

Proposition 6.2.4, for 𝛼 ∈ (0,1], we can similarly obtain(
f̃ (⋄DT)

j (𝐀̃)
)
𝛼

= M(j)
𝛼 = fj(𝐀̃𝛼) for j = 1,… ,m. (6.14)

For 𝛼 ∈ (0,1], using (6.11), (6.13) and (6.14), we have(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

=
(

f̃ (⋄DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋄DT)
m (𝐀̃)

)
𝛼

. (6.15)

For the 0-level sets, using (2.4) and (2.5), we have(
f̃ (⋄DT)

j (𝐀̃)
)

0
= cl

(
f̃ (⋄DT)

j (𝐀̃)
)

0+
= cl

( ⋃
0<𝛼≤1

(
f̃ (⋄DT)

j (𝐀̃)
)
𝛼

)
= cl

( ⋃
0<𝛼≤1

fj(𝐀̃𝛼)

)
and (

𝐟 (⋄DT)(𝐀̃)
)

0
= cl

(
𝐟 (⋄DT)(𝐀̃)

)
0+

= cl

( ⋃
0<𝛼≤1

(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

)

= cl

( ⋃
0<𝛼≤1

(
f̃ (⋄DT)

1 (𝐀̃)
)
𝛼

)
× · · · × cl

( ⋃
0<𝛼≤1

(
f̃ (⋄DT)

1 (𝐀̃)
)
𝛼

)
(using (6.15) and the nestedness)

=
(

f̃ (⋄DT)
1 (𝐀̃)

)
0
× · · · ×

(
f̃ (⋄DT)

m (𝐀̃)
)

0
. (6.16)

Suppose that 𝐟 is continuous. Then, each fj is continuous for j = 1,… ,m. Since each Ã(i)

is assumed to be fuzzy interval for i = 1,… ,n, i.e. the 𝛼-level sets Ã(i)
𝛼 are bounded closed

intervals for 𝛼 ∈ [0,1] and i = 1,… ,n, it follows that fj(𝐀̃𝛼) is also a bounded closed interval
given by

fj
(
𝐀̃𝛼

)
=
[

min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]

for 0 < 𝛼 ≤ 1 and j = 1,… ,m.

Therefore, we obtain(
f̃ (⋄DT)

j (𝐀̃)
)

0
= cl

( ⋃
0<𝛼≤1

fj(𝐀̃𝛼)

)

= cl

( ⋃
0<𝛼≤1

[
min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
])

=
[

min
𝐱∈𝐀̃0

fj(𝐱),max
𝐱∈𝐀̃0

fj(𝐱)
]

for j = 1,… ,m. The above results are summarized below.

Theorem 6.2.6 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm,
and let Ã(1)

, Ã(2)
,… , Ã(n) be fuzzy intervals. Suppose that the families

{M𝛼 ∶ 0 < 𝛼 ≤ 1} and {M(j)
𝛼 ∶ 0 < 𝛼 ≤ 1} for j = 1,… ,m
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are given by

M𝛼 = 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
and M(j)

𝛼 = fj

(
Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
for j = 1,… ,m.

For 𝛼 ∈ [0,1], we have(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

= 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
=
(

f̃ (⋄DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋄DT)
m (𝐀̃)

)
𝛼

(6.17)

and (
f̃ (⋄DT)

j (𝐀̃)
)
𝛼

= fj
(
𝐀̃𝛼

)
=
[

min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]

for j = 1,… ,m.

6.2.2 Nested Family Using Endpoints

Let Ã(1)
, Ã(2)

,… , Ã(n) be fuzzy intervals. Then, the 𝛼-level sets of Ã(i) are given by Ã(i)
𝛼 =

[ÃL
i𝛼, ÃU

i𝛼] for i = 1,… ,n. Now, for 𝛼 ∈ [0,1], we write(
ÃL

1𝛼, ÃL
2𝛼,… , ÃL

n𝛼

)
= 𝐀̃L

𝛼 ∈ ℝm and
(

ÃU
1𝛼, ÃU

2𝛼,… , ÃU
n𝛼

)
= 𝐀̃U

𝛼 ∈ ℝm
.

Then, we define two vector-valued functions 𝜼L ∶ [0,1] → ℝm and 𝜼
U ∶ [0,1] → ℝm by

𝜼
L(𝛼) = 𝐟

(
ÃL

1𝛼, ÃL
2𝛼,… , ÃL

n𝛼

)
= 𝐟

(
𝐀̃L

𝛼

)
=
(

f1

(
𝐀̃L

𝛼

)
,… , fm

(
𝐀̃L

𝛼

))
and

𝜼
U (𝛼) = 𝐟

(
ÃU

1𝛼, ÃU
2𝛼,… , ÃU

n𝛼

)
= 𝐟

(
𝐀̃U

𝛼

)
=
(

f1

(
𝐀̃U

𝛼

)
,… , fm

(
𝐀̃U

𝛼

))
.

We also write

𝜼
L(𝛼) =

(
𝜂

L
1 (𝛼),… , 𝜂

L
m(𝛼)

)
and 𝜼

U (𝛼) =
(
𝜂

U
1 (𝛼),… , 𝜂

U
m(𝛼)

)
,

where

𝜂
L
j (𝛼) = fj

(
𝐀̃L

𝛼

)
and 𝜂

U
j (𝛼) = fj

(
𝐀̃U

𝛼

)
for j = 1,… ,m.

For 𝛼 ∈ (0,1], we consider the following bounded closed intervals

M(j)
𝛼 =

[
min

{
𝜂

L
j (𝛼), 𝜂

U
j (𝛼)

}
,max

{
𝜂

L
j (𝛼), 𝜂

U
j (𝛼)

}]
for j = 1,… ,m, (6.18)

and the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} given by

M𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(m)
𝛽

)
. (6.19)

Then {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family in the sense of M𝛼 ⊆ M𝛽 for 𝛼 > 𝛽. Let

𝜁
L
j (𝛼) = min

{
𝜂

L
j (𝛼), 𝜂

U
j (𝛼)

}
and 𝜁

U
j (𝛼) = max

{
𝜂

L
j (𝛼), 𝜂

U
j (𝛼)

}
for j = 1,… ,m. Then M(j)

𝛼 =
[
𝜁L

j (𝛼), 𝜁
U
j (𝛼)

]
. Suppose that 𝜁L

j is lower semi-continuous on
[0,1] and 𝜁U

j is upper semi-continuous on [0,1]. Then, for 𝛼 ∈ (0,1], we can obtain⋃
𝛼≤𝛽≤1

M(j)
𝛽

=
[

inf
𝛼≤𝛽≤1

𝜁
L
j (𝛽), sup

𝛼≤𝛽≤1
𝜁

U
j (𝛽)

]
=
[

min
𝛼≤𝛽≤1

𝜁
L
j (𝛽), max

𝛼≤𝛽≤1
𝜁

U
j (𝛽)

]
≡ N(j)

𝛼 . (6.20)
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It is clear to see that {N(j)
𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. For j = 1,… ,m, we can show that

N(j)
𝛼 =

∞⋂
s=1

N(j)
𝛼s

for 𝛼 ∈ (0,1] and 0 < 𝛼s ↑ 𝛼 with 𝛼 > 𝛼s for all s. (6.21)

From (6.19) and (6.20), we also have

M𝛼 = N(1)
𝛼 × · · · × N(m)

𝛼 . (6.22)

Let f̃ (⋆DT)
j be fuzzified from the jth component function fj obtained from (6.8) using the

family {N(j)
𝛼 ∶ 0 < 𝛼 ≤ 1} defined in (6.20). For 𝛼 ∈ (0,1], using (6.21) and a similar argu-

ment to the proof of Proposition 6.2.4, we can obtain(
f̃ (⋆DT)

j (𝐀̃)
)
𝛼

= N(j)
𝛼 =

⋃
𝛼≤𝛽≤1

M(j)
𝛽
. (6.23)

Let 𝐟 (⋆DT) be fuzzified from the vector-valued function 𝐟 obtained from (6.8) using the
family {M𝛼 ∶ 0 < 𝛼 ≤ 1} defined in (6.19). For 𝛼 ∈ (0,1] and 0 < 𝛼s ↑ 𝛼 with 𝛼 > 𝛼s for all s,
we also have

∞⋂
s=1

M𝛼s
=

∞⋂
s=1

(
N(1)

𝛼s
× · · · × N(m)

𝛼s

)
(using (6.22))

=

( ∞⋂
s=1

N(1)
𝛼s

)
× · · · ×

( ∞⋂
s=1

N(m)
𝛼s

)
= N(1)

𝛼 × · · · × N(m)
𝛼 = M𝛼 (using (6.22) and (6.21)),

which says that

M𝛼 =
∞⋂

s=1
M𝛼s

for 𝛼 ∈ (0,1] and 0 < 𝛼s ↑ 𝛼 with 𝛼 > 𝛼s for all s. (6.24)

For 𝛼 ∈ (0,1], using (6.23), (6.24), and a similar argument to the proof of Proposition 6.2.4,
we can obtain(

𝐟 (⋆DT)(𝐀̃)
)
𝛼

= M𝛼 = N(1)
𝛼 × · · · × N(m)

𝛼 =
(

f̃ (⋆DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋆DT)
m (𝐀̃)

)
𝛼

.

By referring to (6.16), we can also obtain the 0-level set(
𝐟 (⋆DT)(𝐀̃)

)
0
=
(

f̃ (⋆DT)
1 (𝐀̃)

)
0
× · · · ×

(
f̃ (⋆DT)

m (𝐀̃)
)

0
.

The above results are summarized below.

Theorem 6.2.7 Let 𝐟 ∶ ℝn → ℝm be a vector-valued function defined on ℝm, and let
Ã(1)

, Ã(2)
,… , Ã(n) be fuzzy intervals. Suppose that the family {M𝛼 ∶ 𝛼 ∈ (0,1]} is given by

M𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(m)
𝛽

)
⊂ ℝm

,

where M(j)
𝛼 are bounded closed intervals given by

M(j)
𝛼 =

[
min

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
,max

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}]
for j = 1,… ,m.
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We also assume that the functions 𝜁L
j ∶ [0,1] → ℝ defined by

𝜁
L
j (𝛼) = min

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
are lower semi-continuous on [0,1] and the functions 𝜁U

j ∶ [0,1] → ℝ defined by

𝜁
U
j (𝛼) = max

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
are upper semi-continuous on [0,1] for j = 1,… ,m. Then, for 𝛼 ∈ [0,1], we have(

𝐟 (⋆DT)(𝐀̃)
)
𝛼

= M𝛼 = N(1)
𝛼 × · · · × N(m)

𝛼 =
(

f̃ (⋆DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋆DT)
m (𝐀̃)

)
𝛼

(6.25)

and (
f̃ (⋆DT)

j (𝐀̃)
)
𝛼

= N(j)
𝛼 =

⋃
𝛼≤𝛽≤1

M(j)
𝛽

for j = 1,… ,m, (6.26)

where

N(j)
𝛼 =

⋃
𝛼≤𝛽≤1

M(j)
𝛽

=
[

min
𝛼≤𝛽≤1

𝜁
L
j (𝛽), max

𝛼≤𝛽≤1
𝜁

U
j (𝛽)

]
(6.27)

=
[

min
𝛼≤𝛽≤1

min
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃L

𝛽

)}
, max
𝛼≤𝛽≤1

max
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃L

𝛽

)}]
=
[

min
{

min
𝛼≤𝛽≤1

fj

(
𝐀̃L

𝛽

)
, min
𝛼≤𝛽≤1

fj

(
𝐀̃U

𝛽

)}
,

×max
{

max
{𝛽∈[0,1]∶𝛽≥𝛼}

fj

(
𝐀̃L

𝛽

)
, max
{𝛽∈[0,1]∶𝛽≥𝛼}

fj

(
𝐀̃U

𝛽

)}]
are bounded closed intervals for j = 1,… ,m.

Example 6.2.8 Continued from Example 6.1.1, we see that the component functions fj of
𝐟 are given by

fj
(

a1,… , an, b1,… , bn
)
= aj + bj for j = 1,… ,n.

We are going to consider M𝛼 in (6.22). First of all, from (6.18), for j = 1,… ,m, we have

M(j)
𝛼 =

[
min

{
𝜂

L
j (𝛼), 𝜂

U
j (𝛼)

}
,max

{
𝜂

L
j (𝛼), 𝜂

U
j (𝛼)

}]
=
[
min

{
fj

(
𝐀̃L

𝛼, 𝐁̃
L
𝛼

)
, fj

(
𝐀̃U

𝛼 , 𝐁̃
U
𝛼

)}
,max

{
fj

(
𝐀̃L

𝛼, 𝐁̃
L
𝛼

)
, fj

(
𝐀̃U

𝛼

)
, 𝐁̃U

𝛼

}]
=
[
min

{
ÃL

j𝛼 + B̃L
j𝛼, ÃU

j𝛼 + B̃U
j𝛼

}
,max

{
ÃL

j𝛼 + B̃L
j𝛼, ÃU

j𝛼 + B̃U
j𝛼

}]
=
[

ÃL
j𝛼 + B̃L

j𝛼, ÃU
j𝛼 + B̃U

j𝛼

]
.

From (6.23), we have

N(j)
𝛼 =

⋃
𝛼≤𝛽≤1

M(j)
𝛽

=
⋃

𝛼≤𝛽≤1

[
ÃL

j𝛽 + B̃L
j𝛽 , ÃU

j𝛽 + B̃U
j𝛽

]
=
[

ÃL
j𝛼 + B̃L

j𝛼, ÃU
j𝛼 + B̃U

j𝛼

]
= M(j)

𝛼 .

Using (6.22), we obtain

M𝛼 =
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
.



�

� �

�

184 6 Fuzzification of Crisp Functions

We can define the addition of 𝐀̃ and 𝐁̃ to be

𝐀̃⊕
⋆

DT 𝐁̃ = 𝐟 (⋆DT) (𝐀̃, 𝐁̃)
with membership function given by

𝜉𝐀̃⊕⋆

DT 𝐁̃
(𝐲) = 𝜉𝐟 (⋆DT)(𝐀̃,𝐁̃)(𝐲) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(𝐲).

For 𝛼 ∈ (0,1], using (6.25) in Theorem 6.2.7, we have(
𝐀̃⊕

⋆

DT 𝐁̃
)
𝛼
=
(
𝐟 (⋆DT)(𝐀̃, 𝐁̃)

)
𝛼

= M𝛼

=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
.

6.2.3 Non-Nested Family Using Endpoints

Now, we consider the product set

M𝛼 = M(1)
𝛼 × · · · × M(m)

𝛼 ⊂ ℝm
,

where M(j)
𝛼 are defined in (6.18) for j = 1,… ,m. In this case, the family {M𝛼 ∶ 0 < 𝛼 ≤ 1}

is not necessarily nested. Let us recall the concept of canonical fuzzy interval in Definition
2.3.3.

Lemma 6.2.9 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm, and
let Ã(1)

, Ã(2)
,… , Ã(n) be canonical fuzzy intervals. Suppose that the family {M𝛼 ∶ 𝛼 ∈ (0,1]} is

given by

M𝛼 = M(1)
𝛼 × · · · × M(m)

𝛼 ⊂ ℝm
,

where M(j)
𝛼 is a bounded closed interval given by

M(j)
𝛼 =

[
min

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
,max

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}]
for j = 1,… ,m. Then, for any fixed y ∈ ℝ and 𝐲 ∈ ℝm, the following functions

𝜙
(j)
y (𝛼) = 𝛼 ⋅ 𝜒M(j)

𝛼

(y) for j = 1,… ,m

and

𝜙𝐲(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(𝐲)

are upper semi-continuous on [0,1].

Proof. Since each Ã(i) is a canonical fuzzy interval for i = 1,… ,n, the definition says that
ÃL

i𝛼 and ÃU
i𝛼 are continuous with respect to 𝛼 on [0,1] for i = 1,… ,n. The continuity of 𝐟 also

says that the following functions

𝜁
L
j (𝛼) = min

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
and 𝜁

U
j (𝛼) = max

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
are continuous on [0,1]. Now, we have M(j)

𝛼 = [𝜁L
j (𝛼), 𝜁

U
j (𝛼)]. For any 𝛼 ∈ (0,1] and any con-

vergent sequence {𝛼s}∞s=1 in [0,1] with 𝛼s → 𝛼 as s → ∞, we are going to claim
∞⋂

s=1
M(j)

𝛼s
⊆ M(j)

𝛼 and
∞⋂

s=1
M𝛼s

⊆ M𝛼. (6.28)
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For any 𝐲 ∈
⋂∞

s=1 M(j)
𝛼s

, i.e, 𝐲 ∈ M(j)
𝛼s

for all s, it means that 𝜁L
j (𝛼s) ≤ y ≤ 𝜁U

j (𝛼s) for all s. By
taking s → ∞ and using continuity, we obtain 𝜁L

j (𝛼) ≤ y ≤ 𝜁U
j (𝛼), which says that 𝐲 ∈ M(j)

𝛼 .
This proves the inclusion

⋂∞
s=1 M(j)

𝛼s
⊆ M(j)

𝛼 , which also implies the inclusion
⋂∞

s=1 M𝛼s
⊆ M𝛼 .

Given any fixed 𝐲 ∈ ℝm, we define the following set

Fr =
{
𝛼 ∈ [0,1] ∶ 𝜙𝐲(𝛼) ≥ r

}
for r ∈ [0,1]. In order to show that the function 𝜙𝐲 is upper semi-continuous on [0,1], we
want to claim that the set Fr is closed for each r ∈ [0,1]. If r = 0, then Fr = [0,1] is a closed
set. For r > 0 and for each 𝛼 ∈ cl(Fr), the concept of closure says that there exists a sequence
{𝛼s}∞s=1 in Fr satisfying 𝛼s → 𝛼. Therefore, we have 𝜙𝐲(𝛼s) ≥ r, which says that 𝛼s ≥ r and
𝐲 ∈ M𝛼s

for all s. We also have

𝛼 = lim
n→∞

𝛼s ≥ r > 0 and 𝐲 ∈
∞⋂

s=1
M𝛼s

,

which implies 𝐲 ∈ M𝛼 by (6.28). This says that 𝛼 ⋅ 𝜒M𝛼
(𝐲) ≥ r, i.e. 𝛼 ∈ Fr . Therefore, we

obtain the inclusion cl(Fr) ⊆ Fr , which means that Fr is closed; that is, the function 𝜙𝐲 is
upper semi-continuous on [0,1]. We can similarly show that the functions 𝜙

(j)
y are upper

semi-continuous on [0,1] for j = 1,… ,m. This completes the proof. ◾

Let f̃ (†DT)
j be fuzzified from fj obtained from (6.8) using the family {M(j)

𝛼 ∶ 0 < 𝛼 ≤ 1}
given by

M(j)
𝛼 =

[
min

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
,max

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}]
.

Let 𝐟 (†DT) be fuzzified from 𝐟 obtained from (6.8) using the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} given by

M𝛼 = M(1)
𝛼 × · · · × M(m)

𝛼 ⊂ ℝm
.

Their 𝛼-level sets are presented below.

Theorem 6.2.10 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm,
and let Ã(1)

, Ã(2)
,… , Ã(n) be canonical fuzzy intervals. Suppose that the family {M𝛼 ∶ 0 <

𝛼 ≤ 1} is given by

M𝛼 = M(1)
𝛼 × · · · × M(m)

𝛼 ⊂ ℝm
,

where M(j)
𝛼 is a bounded closed interval given by

M(j)
𝛼 =

[
min

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}
,max

{
fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)}]
(6.29)

for j = 1,… ,m.

(i) For 𝛼 ∈ (0,1], we have(
𝐟 (†DT)(𝐀̃)

)
𝛼

=
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

(
M(1)

𝛽
× · · · × M(m)

𝛽

)
. (6.30)

and (
𝐟 (†DT)(𝐀̃)

)
0
= cl

( ⋃
0<𝛼≤1

(
𝐟 (†DT)(𝐀̃)

)
𝛼

)
.
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(ii) For 𝛼 ∈ [0,1], we have(
f̃ (†DT)

j (𝐀̃)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M(j)

𝛽
(6.31)

=
[

min
𝛼≤𝛽≤1

min
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃L

𝛽

)}
, max
𝛼≤𝛽≤1

max
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃L

𝛽

)}]
=
[

min
{

min
𝛼≤𝛽≤1

fj

(
𝐀̃L

𝛽

)
, min
𝛼≤𝛽≤1

fj

(
𝐀̃U

𝛽

)}
,max

{
max
𝛼≤𝛽≤1

fj

(
𝐀̃L

𝛽

)
, max
𝛼≤𝛽≤1

fj

(
𝐀̃U

𝛽

)}]
are bounded closed intervals for j = 1,… ,m.

Proof. Given any 𝛼 ∈ (0,1], suppose that 𝐲 ∈ (𝐟 (†DT)(𝐀̃))𝛼 and 𝐲 ∉ M𝛽 for all 𝛽 ∈ [0,1]
with 𝛽 ≥ 𝛼. Then 𝛽 ⋅ 𝜒M𝛽

(𝐲) < 𝛼 for all 𝛽 ∈ [0,1]. Since 𝜙𝐲(𝛽) = 𝛽 ⋅ 𝜒M𝛽
(𝐲) is upper

semi-continuous on [0,1] by Lemma 6.2.9, the supremum of the function 𝜙𝐲 is attained by
Proposition 1.4.4. This says that

𝜉𝐟 (†DT)(𝐀̃)(𝐲) = sup
𝛽∈[0,1]

𝜙𝐲(𝛽) = sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒M𝛽
(𝐲) = max

𝛽∈[0,1]
𝛽 ⋅ 𝜒M𝛽

(𝐲) = 𝛽
∗ ⋅ 𝜒M𝛽∗

(𝐲) < 𝛼

for some 𝛽∗ ∈ [0,1], which violates 𝐲 ∈ (𝐟 (†DT)(𝐀̃))𝛼 . Therefore, there exists 𝛽0 satisfying 𝛽0 ≥

𝛼 and 𝐲 ∈ M𝛽0
, which shows the following inclusion(

𝐟 (†DT)(𝐀̃)
)
𝛼

⊆
⋃

𝛼≤𝛽≤1
M𝛽 .

On the other hand, the following inclusion⋃
𝛼≤𝛽≤1

M𝛽 ⊆

{
𝐲 ∈ ℝm ∶ sup

𝛽∈[0,1]
𝛽 ⋅ 𝜒M𝛽

(𝐲) ≥ 𝛼

}
= {𝐲 ∈ ℝm ∶ 𝜉𝐟 (†DT)(𝐀̃)(𝐲) ≥ 𝛼} = (𝐟 (†DT)(𝐀̃))𝛼

is obvious. This shows (6.30). We can similarly obtain(
f̃ (†DT)

j (𝐀̃)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M(j)

𝛽
for j = 1,… ,m and 𝛼 ∈ (0,1]. (6.32)

Since 𝐟 is continuous and Ã(i) are taken to be canonical fuzzy intervals, it follows that the
functions 𝜁L

j and 𝜁U
j in Theorem 6.2.7 are continuous on [0,1]. By referring to 6.32 and 6.27,

we can obtain 6.31. This completes the proof. ◾

We notice that(
𝐟 (†DT)(𝐀̃)

)
𝛼

≠

(
f̃ (†DT)

1 (𝐀̃)
)
𝛼

× · · · ×
(

f̃ (†DT)
m (𝐀̃)

)
𝛼

in general for 𝛼 ∈ (0,1].

Example 6.2.11 Continued from Example 6.1.1 by considering the canonical fuzzy inter-
vals, we take

M𝛼 = M(1)
𝛼 × · · · × M(m)

𝛼 ,
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where M(j)
𝛼 are defined in (6.18) for j = 1,… ,m. From Example 6.2.8, we have obtained

M(j)
𝛼 = N(j)

𝛼 =
[

ÃL
j𝛼 + B̃L

j𝛼, ÃU
j𝛼 + B̃U

j𝛼

]
.

We can define the addition of 𝐀̃ and 𝐁̃ to be

𝐀̃⊕
†
DT 𝐁̃ = 𝐟 (†DT) (𝐀̃, 𝐁̃)

with membership function given by (6.8). More precisely, the membership function is
given by

𝜉𝐀̃⊕†
DT 𝐁̃

(𝐲) = 𝜉𝐟 (†DT)(𝐀̃,𝐁̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲).

For 𝛼 ∈ (0,1], using (6.30) in Theorem 6.2.10, we have(
𝐀̃⊕

†
DT 𝐁̃

)
𝛼

=
(
𝐟 (†DT)(𝐀̃, 𝐁̃)

)
𝛼

=
⋃

𝛼≤𝛽≤1

(
M(1)

𝛽
× · · · × M(m)

𝛽

)
=
⋃

𝛼≤𝛽≤1

([
ÃL

1𝛽 + B̃L
1𝛽 , ÃU

1𝛽 + B̃U
1𝛽

]
× · · · ×

[
ÃL

n𝛽 + B̃L
n𝛽 , ÃU

n𝛽 + B̃U
n𝛽

])
=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
.

6.3 The Relationships between EP and DT

In what follows, we are going to present the relationships for the fuzzification using the
extension principle and the expression in the decomposition theorem by considering their
equivalences and fuzziness.

6.3.1 The Equivalences

We first present the equivalences regarding the fuzzification of vector-valued functions 𝐟 ∶
ℝn → ℝm using the extension principle and the expression in the decomposition theorem.

Theorem 6.3.1 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm,
and let Ã(1)

, Ã(2)
,… , Ã(n) be fuzzy intervals. Suppose that the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is given

by

M𝛼 = 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
,

and that the function 𝔄 ∶ [0,1]n → [0,1] is given by

𝔄
(
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
.

Let 𝐟 (EP)(𝐀̃) be obtained from 𝐟 based on the function 𝔄 by referring to (6.1), and let 𝐟 (⋄DT)(𝐀̃)
be obtained from 𝐟 based on the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} by referring to (6.8). Then, we have
the equivalence

𝐟 (EP)(𝐀̃) = 𝐟 (⋄DT)(𝐀̃).

Proof. It is clear to see that the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is nested. For j = 1,… ,m, we have{
fj(𝐱) ∶ min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
≥ 𝛼

}
=
{

fj(𝐱) ∶ 𝜉Ã(i) (xi) ≥ 𝛼 for each i = 1,… ,n
}
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=
{

fj(𝐱) ∶ xi ∈ Ã(i)
𝛼 for each i = 1,… ,n

}
= fj

(
Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
, (6.33)

which implies{
𝐟(𝐱) ∶ min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
≥ 𝛼

}
=
{(

f1(𝐱),… , fn(𝐱)
)
∶ min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
≥ 𝛼

}
=
(

f1

(
Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
,… , fm

(
Ã(1)
𝛼 ,… , Ã(n)

𝛼

))
(using (6.33))

= 𝐟
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
= M𝛼. (6.34)

Let (EP)
𝐀̃

and 
(⋄DT)
𝐀̃

denote the ranges of membership functions of 𝐟 (EP)(𝐀̃) and 𝐟 (⋄DT)(𝐀̃),
respectively. We first assume that 0 ∉ 

(EP)
𝐀̃

and 0 ∉ 
(⋄DT)
𝐀̃

. From (6.1), given any 𝐲 ∈ ℝm,
we have

0 < r = 𝜉𝐟 (EP)(𝐀̃)(𝐲) = sup
{𝐱∶𝐲=𝐟 (𝐱)}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

)
= sup

{𝐱∶𝐲=𝐟 (𝐱)}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
. (6.35)

Let m∗ be an integer satisfying r − 1
m∗ > 0. Then r − 1

m
> 0 for all m ≥ m∗. We also see that

r − 1
m
∈ [0,1]. According to the concept of supremum by referring to (6.35), given any m ≥

m∗, there exists (x(m)
1 ,… , x(m)

n ) ∈ ℝn satisfying

0 < r − 1
m

≤ min
{
𝜉Ã(1)

(
x(m)

1

)
,… , 𝜉Ã(n)

(
x(m)

n

)}
and 𝐲 = f

(
x(m)

1 ,… , x(m)
n

)
.

From (6.34), it follows that 𝐲 ∈ Mr− 1
m

for all m ≥ m∗, since r − 1
m
∈ [0,1] for all m ≥ m∗.

Then, for each m ≥ m∗, by referring to (6.8), we have

𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲) ≥ r − 1

m
.

By taking the limit as m → ∞, we obtain

𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) ≥ r = 𝜉𝐟 (EP)(𝐀̃)(𝐲).

On the other hand, since 0 ∉ 
(⋄DT)
𝐀̃

is assumed, from (6.8), given any 𝐲 ∈ ℝm, we have

0 < r = 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲). (6.36)

Let m∗ be an integer satisfying r − 1
m∗ > 0. Then r − 1

m
> 0 for all m ≥ m∗. We also see that

r − 1
m
∈ [0,1]. According to the concept of supremum by referring to (6.36), given any m ≥

m∗, there exists 𝛼(m) ∈ (0,1] satisfying

r − 1
m

≤ 𝛼
(m) and 𝐲 ∈ M𝛼(m) .

Since M𝛼(m) ⊆ Mr− 1
m

by the nestendess, it follows that 𝐲 ∈ Mr− 1
m

for all m ≥ m∗. From (6.34),
we obtain

𝐲 = 𝐟
(

x(m)
1 ,… , x(m)

n

)
and min

{
𝜉Ã(1)

(
x(m)

1

)
,… , 𝜉Ã(n)

(
x(m)

n

)}
≥ r − 1

m
> 0
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for some (x(m)
1 ,… , x(m)

n ) ∈ ℝn. Then, from (6.35), for each m ≥ m∗, we have

𝜉𝐟 (EP)(𝐀̃)(𝐲) = sup
{𝐱∶𝐲=𝐟 (𝐱)}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
≥ min

{
𝜉Ã(1)

(
x(m)

1

)
,… , 𝜉Ã(n)

(
x(m)

n

)}
≥ r − 1

m
.

By taking the limit as m → ∞, we obtain

𝜉𝐟 (EP)(𝐀̃)(𝐲) ≥ r = 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲).

Therefore, we conclude that if 𝐲 ∈ ℝm satisfies 𝜉𝐟 (EP)(𝐀̃)(𝐲) > 0 and 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) > 0, then
𝜉𝐟 (EP)(𝐀̃)(𝐲) = 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲).

Now, we assume that 0 ∈ 
(EP)
𝐀̃

or 0 ∈ 
(⋄DT)
𝐀̃

. Suppose that

0 = 𝜉𝐟 (EP)(𝐀̃)(𝐲) = sup
{𝐱∶𝐲=𝐟 (𝐱)}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
.

The nonnegativity says that min {𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)} = 0 for any 𝐱 ∈ ℝm with 𝐲 = 𝐟(𝐱).
In other words, there exists 𝜉Ã(i) (xi) = 0 with 𝐲 = 𝐟(𝐱), i.e. xi ∉ Ã(i)

𝛼 for each 𝛼 ∈ (0,1], which
also says that 𝐲 ∉ 𝐟

(
Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
= M𝛼 for each 𝛼 ∈ (0,1]. It follows that

𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲) = 0 = 𝜉𝐟 (EP)(𝐀̃)(𝐲).

On the other hand, suppose that

0 = 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(𝐲).

It follows that 𝐲 ∉ M𝛼 = 𝐟(Ã(1)
𝛼 ,… , Ã(n)

𝛼 ) for any 𝛼 ∈ (0,1]. In other words, there exists xi ∉
Ã(i)
𝛼 with 𝐲 = 𝐟(𝐱) for each 𝛼 ∈ (0,1], i.e. 𝜉Ã(i) (xi) = 0 with 𝐲 = 𝐟(𝐱) for each 𝛼 ∈ (0,1], which

also says that min {𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)} = 0 with any 𝐲 = 𝐟(𝐱). It follows that

𝜉𝐟 (EP)(𝐀̃)(𝐲) = sup
{𝐱∶𝐲=𝐟 (𝐱)}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
= 0 = 𝜉𝐟 (⋄DT)(𝐀̃)(𝐲).

Therefore, we conclude that

𝜉𝐟 (⋄DT)(𝐀̃)(𝐲) = 0 if and only if 𝜉𝐟 (EP)(𝐀̃)(𝐲) = 0.

We also have 
(EP)
𝐀̃

= 
(⋄DT)
𝐀̃

. This completes the proof. ◾

Recall that the 𝛼-level sets of 𝐟 (EP)(𝐀̃) and f̃ (EP)
j (𝐀̃) for j = 1,… ,m can be obtained by

Theorem 6.1.2, and the 𝛼-level sets of 𝐟 (⋄DT)(𝐀̃) and f̃ (⋄DT)
j (𝐀̃) for j = 1,… ,m can be obtained

by Theorem 6.2.6.

Theorem 6.3.2 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm,
and let Ã(1)

, Ã(2)
,… , Ã(n) be fuzzy intervals. Suppose that each component function fj is mono-

tonic for j = 1,… ,m; that is, each fj is increasing or decreasing for j = 1,… ,m. Let 𝐟 (⋄DT)(𝐀̃)
and f̃ (⋄DT)

j (𝐀̃) for j = 1,… ,m be obtained from Theorem 6.2.6, and let 𝐟 (⋆DT)(𝐀̃) and f̃ (⋆DT)
j (𝐀̃)

for j = 1,… ,m be obtained from Theorem 6.2.7. Then, we have the following properties.
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(i) We have

𝐟 (⋄DT)(𝐀̃) = 𝐟 (⋆DT)(𝐀̃) and f̃ (⋄DT)
j (𝐀̃) = f̃ (⋆DT)

j (𝐀̃) for j = 1,… ,m.

For 𝛼 ∈ [0,1], we also have(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

=
(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

=
(

f̃ (⋄DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋄DT)
m (𝐀̃)

)
𝛼

=
(

f̃ (⋆DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋆DT)
m (𝐀̃)

)
𝛼

. (6.37)

More precisely, for j = 1,… ,m, we have the following equalities.

● If fj is increasing, then(
f̃ (⋄DT)

j (𝐀̃)
)
𝛼

=
(

f̃ (⋆DT)
j (𝐀̃)

)
𝛼

=
[

fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)]
.

● If fj is decreasing, then(
f̃ (⋄DT)

j (𝐀̃)
)
𝛼

=
(

f̃ (⋆DT)
j (𝐀̃)

)
𝛼

=
[

fj

(
𝐀̃U

𝛼

)
, fj

(
𝐀̃L

𝛼

)]
.

(ii) Suppose that Ã(1)
, Ã(2)

,… , Ã(n) are taken to be canonical fuzzy intervals. Let 𝐟 (†DT)(𝐀̃) be
obtained from part (i) of Theorem 6.2.10. Then

𝐟 (⋄DT)(𝐀̃) = 𝐟 (⋆DT)(𝐀̃) = 𝐟 (†DT)(𝐀̃).

(iii) Suppose that Ã(1)
, Ã(2)

,… , Ã(n) are taken to be canonical fuzzy intervals. Let f̃ (†DT)
j (𝐀̃) for

j = 1,… ,m be obtained from part (ii) of Theorem 6.2.10. Then

f̃ (⋄DT)
j (𝐀̃) = f̃ (⋆DT)

j (𝐀̃) = f̃ (†DT)
j (𝐀̃) for j = 1,… ,m.

Proof. The continuity of vector-valued function 𝐟 says that the component functions fj are
also continuous for j = 1,… ,m. To prove part (i), we first assume that fj is increasing. For
𝛼 ∈ [0,1], from Theorem 6.2.6, we have(

f̃ (⋄DT)
j (𝐀̃)

)
𝛼

=
[

fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)]
.

For 𝛼 ∈ [0,1], from Theorem 6.2.7, we also have(
f̃ (⋆DT)

j (𝐀̃)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M(j)

𝛽
= N(j)

𝛼 =
[

fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)]
=
(

f̃ (⋄DT)
j (𝐀̃)

)
𝛼

.

If fj is decreasing, then, for 𝛼 ∈ [0,1], we can similarly obtain(
f̃ (⋄DT)

j (𝐀̃)
)
𝛼

=
(

f̃ (⋆DT)
j (𝐀̃)

)
𝛼

=
[

fj

(
𝐀̃U

𝛼

)
, fj

(
𝐀̃L

𝛼

)]
.

On the other hand, the equalities (6.37) can be obtained from (6.17) and (6.25). The equiv-
alences

𝐟 (⋄DT)(𝐀̃) = 𝐟 (⋆DT)(𝐀̃) and f̃ (⋄DT)
j (𝐀̃) = f̃ (⋆DT)

j (𝐀̃) for j = 1,… ,m

follow immediately from Proposition 2.2.15.
To prove part (ii), from (6.29) and (6.30) by referring to part (i) of Theorem 6.2.10, for

𝛼 ∈ [0,1], we have

M(j)
𝛼 =

⎧⎪⎨⎪⎩
[

fj

(
𝐀̃L

𝛼

)
, fj

(
𝐀̃U

𝛼

)]
if fj is increasing[

fj

(
𝐀̃U

𝛼

)
, fj

(
𝐀̃L

𝛼

)]
if fj is decreasing

⎫⎪⎬⎪⎭ =
(

f̃ (⋄DT)
j (𝐀̃)

)
𝛼

=
(

f̃ (⋆DT)
j (𝐀̃)

)
𝛼
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and (
𝐟 (†DT)(𝐀̃)

)
𝛼

=
⋃

𝛼≤𝛽≤1

(
M(1)

𝛽
× · · · × M(m)

𝛽

)
.

Since, for each j = 1,… ,m, the family {M(j)
𝛽

∶ 𝛽 ∈ [0,1] with 𝛽 ≥ 𝛼} is nested, and fj(𝐀̃
L
𝛽 )

and fj(𝐀̃
U
𝛽 ) are continuous with respect to 𝛽 on [0,1], it follows that(
𝐟 (†DT)(𝐀̃)

)
𝛼

=
⋃

𝛼≤𝛽≤1

(
M(1)

𝛽
× · · · × M(m)

𝛽

)
= M(1)

𝛼 × · · · × M(m)
𝛼

=
(

f̃ (⋄DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋄DT)
m (𝐀̃)

)
𝛼

=
(

f̃ (⋆DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋆DT)
m (𝐀̃)

)
𝛼

.

Using Proposition 2.2.15 and part (i), can we obtain the desired equivalences.
To prove part (iii), from part (ii) of Theorem 6.2.10 and the proof of part (ii), we see that,

for 𝛼 ∈ [0,1],(
f̃ (†DT)

j (𝐀̃)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M(j)

𝛽
= M(j)

𝛼 for j = 1,… ,m.

This completes the proof. ◾

Example 6.3.3 Continued from Example 6.1.1 by considering the canonical fuzzy inter-
vals, for 𝛼 ∈ (0,1], we have obtained(

𝐀̃ ⊕ET 𝐁̃
)
𝛼
=
(
𝐀̃⊕

⋄
DT 𝐁̃

)
𝛼
=
(
𝐀̃⊕

⋆

DT 𝐁̃
)
𝛼
=
(
𝐀̃⊕

†
DT 𝐁̃

)
𝛼

=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃L
n𝛼

]
.

In other words, we have

𝐀̃ ⊕ET 𝐁̃ = 𝐀̃⊕
⋄
DT 𝐁̃ = 𝐀̃⊕

⋆

DT 𝐁̃ = 𝐀̃⊕
†
DT 𝐁̃,

which says that the four additions are equivalent. However, the four differences 𝐀̃ ⊖ET 𝐁̃,
𝐀̃⊖⋄

DT 𝐁̃, 𝐀̃⊖⋆

DT 𝐁̃, and 𝐀̃⊖
†
DT 𝐁̃ cannot be all equivalent, which can be checked by the

reader.

6.3.2 The Fuzziness

Theorem 6.3.2 is based on the monotonicity of component functions fj for j = 1,… ,m. In
other words, if the component functions are not monotonic, we have difficulty establishing
their equivalence. However, we can compare their fuzziness, which will be presented below.

Given any two fuzzy sets Ã and B̃ in ℝm, we can compare their fuzziness based on the
𝛼-level sets. The formal definition is given below.

Definition 6.3.4 Let Ã and B̃ be two fuzzy sets in ℝm. We say that Ã is fuzzier than B̃
when B̃𝛼 ⊆ Ã𝛼 for all 𝛼 ∈ (0,1].

Remark 6.3.5 By referring to (2.5), if Ã is fuzzier than B̃ then B̃0+ ⊆ Ã0+, which also
implies

B̃0 = cl(B̃0+) ⊆ cl(Ã0+) = Ã0.

Therefore Ã is fuzzier than B̃ if and only if B̃𝛼 ⊆ Ã𝛼 for all 𝛼 ∈ [0,1].
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Given a real number x ∈ ℝ, when we say that the fuzzy numbers Ã and B̃ are approxi-
mately equal to x, it means that 𝜉Ã(x) = 1 = 𝜉B̃(x), where 𝜉Ã and 𝜉B̃ denote the membership
functions of Ã and B̃, respectively. When Ã is fuzzier than B̃, it is natural to pick B̃, which
has less fuzziness.

Suppose now that we plan to collect n real number data a1,… , an ∈ ℝ. Owing to the unex-
pected situation, we cannot exactly obtain the desired data. Instead, we can just obtain the
fuzzy data Ã(1)

,… , Ã(n) that can be described by some suitable membership functions. Sup-
pose that the multivariable vector-valued function 𝐟 is regarded as a “black box.” Given the
fuzzy input data Ã(1)

,… , Ã(n) as described above, we have two ways to obtain the output data
through the “black box” 𝐟 . One is based on the extension principle to obtain 𝐟 (EP)(𝐀̃), and
another one is based on the expression in the decomposition theorem to obtain 𝐟 (⋄DT)(𝐀̃).
We shall show that 𝐟 (EP)(𝐀̃) is fuzzier than 𝐟 (⋄DT)(𝐀̃) and 𝐟 (⋆DT)(𝐀̃). In other words, we prefer
to take 𝐟 (⋄DT)(𝐀̃) or 𝐟 (⋆DT)(𝐀̃), which have less fuzziness.

Lemma 6.3.6 For any 𝛼 ∈ (0,1], we have the following inclusion⋃
𝛼≤𝛽≤1

(
M(1)

𝛽
× · · · × M(m)

𝛽

)
⊆

( ⋃
𝛼≤𝛽≤1

M(1)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(m)
𝛽

)
.

Proof. The proof is a routine argument and is left for the reader. ◾

Theorem 6.3.7 Let 𝐟 ∶ ℝn → ℝm be a continuous vector-valued function defined on ℝm.
Then, we have the following properties.

(i) Let 𝐟 (EP)(𝐀̃) and 𝐟 (⋄DT)(𝐀̃) be obtained from Theorems 6.1.2 and 6.2.6, respectively. Then,
we have the following inclusion(

𝐟 (⋄DT)(𝐀̃)
)
𝛼

⊆

(
𝐟 (EP)(𝐀̃)

)
𝛼

for ear ch 𝛼 ∈ (0,1],

which says that 𝐟 (EP)(𝐀̃) is fuzzier than 𝐟 (⋄DT)(𝐀̃).
(ii) Let 𝐟 (EP)(𝐀̃) and 𝐟 (⋆DT)(𝐀̃) be obtained from Theorems 6.1.2 and 6.2.7, respectively. Then,

we have the following inclusion(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (EP)(𝐀̃)

)
𝛼

for each 𝛼 ∈ (0,1],

which says that 𝐟 (EP)(𝐀̃) is fuzzier than 𝐟 (⋆DT)(𝐀̃).
(iii) Let 𝐟 (⋆DT)(𝐀̃) and 𝐟 (⋄DT)(𝐀̃) be obtained from Theorems 6.2.7 and 6.2.6, respectively. Then,

we have the following inclusion(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

for each 𝛼 ∈ (0,1],

which says that 𝐟 (⋄DT)(𝐀̃) is fuzzier than 𝐟 (⋆DT)(𝐀̃).
(iv) Suppose that Ã(1)

, Ã(2)
,… , Ã(n) are taken to be canonical fuzzy intervals. Let 𝐟 (⋆DT)(𝐀̃)

and 𝐟 (†DT)(𝐀̃) be obtained from Theorems 6.2.7 and 6.2.10, respectively. Then, we have
the following inclusion(

𝐟 (†DT)(𝐀̃)
)
𝛼

⊆

(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

for each 𝛼 ∈ (0,1],

which says that 𝐟 (⋆DT)(𝐀̃) is fuzzier than 𝐟 (†DT)(𝐀̃).
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Proof. To prove part (i), using Theorems 6.2.6 and 6.1.2, we obtain the following inclusions(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (EP)(𝐀̃)

)
𝛼

for each 𝛼 ∈ (0,1],

which also says that 𝐟 (EP)(𝐀̃) is fuzzier than 𝐟 (⋄DT)(𝐀̃).
To prove part (ii), for j = 1,… ,m and 𝛼 ∈ (0,1], we have

min
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃U

𝛽

)}
≤ min

𝐱∈𝐀̃𝛽

fj(𝐱) for 𝛼 ≤ 𝛽 ≤ 1 (6.38)

and

max
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃U

𝛽

)}
≥ max

𝐱∈𝐀̃𝛽

fj(𝐱) for 𝛼 ≤ 𝛽 ≤ 1. (6.39)

Therefore, we can obtain the following inclusions

N(j)
𝛼 =

[
min
𝛼≤𝛽≤1

min
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃U

𝛽

)}
, max
𝛼≤𝛽≤1

max
{

fj

(
𝐀̃L

𝛽

)
, fj

(
𝐀̃U

𝛽

)}]
⊆

[
min
𝛼≤𝛽≤1

min
𝐱∈𝐀̃𝛽

fj(𝐱), max
𝛼≤𝛽≤1

max
𝐱∈𝐀̃𝛽

fj(𝐱)
]

(using (6.38) and (6.39))

⊆

[
min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]
. (6.40)

Using Theorems 6.2.7 and 6.1.2, the inclusions (6.40) imply(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (EP)(𝐀̃)

)
𝛼

for each 𝛼 ∈ (0,1],

which says that 𝐟 (EP)(𝐀̃) is fuzzier than 𝐟 (⋆DT)(𝐀̃).
To prove part (iii), using (6.40), Theorems 6.2.7 and 6.2.6 say that(

f̃ (⋆DT)
j (𝐀̃)

)
𝛼

= N(j)
𝛼 ⊆

[
min
𝐱∈𝐀̃𝛼

fj(𝐱),max
𝐱∈𝐀̃𝛼

fj(𝐱)
]
=
(

f̃ (⋄DT)
j (𝐀̃)

)
𝛼

for j = 1,… ,m

and (
𝐟 (⋆DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

for each 𝛼 ∈ (0,1],

which says that 𝐟 (⋄DT)(𝐀̃) is fuzzier than 𝐟 (⋆DT)(𝐀̃).
To prove part (iv), for 𝛼 ∈ (0,1], we have(

𝐟 (†DT)(𝐀̃)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

(
M(1)

𝛽
× · · · × M(m)

𝛽

)
(using (6.30))

⊆

( ⋃
𝛼≤𝛽≤1

M(1)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(m)
𝛽

)
(using Lemma 6.3.6)

=
(

f̃ (⋆DT)
1 (𝐀̃)

)
𝛼

× · · · ×
(

f̃ (⋆DT)
m (𝐀̃)

)
𝛼

(using (6.26))

=
(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

(using (6.25)),

which says that 𝐟 (⋆DT)(𝐀̃) is fuzzier than 𝐟 (†DT)(𝐀̃). This completes the proof. ◾
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Remark 6.3.8 Suppose that Ã(1)
, Ã(2)

,… , Ã(n) are taken to be canonical fuzzy intervals.
Theorem 6.3.7 says that we have the following inclusions(

𝐟 (†DT)(𝐀̃)
)
𝛼

⊆

(
𝐟 (⋆DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (⋄DT)(𝐀̃)

)
𝛼

⊆

(
𝐟 (EP)(𝐀̃)

)
𝛼

for 𝛼 ∈ (0,1]. Therefore, the relationships regarding fuzziness are obvious. We also see that
𝐟 (†DT)(𝐀̃) has less fuzziness. In other words, we prefer to use 𝐟 (†DT)(𝐀̃) in real applications,
where the 𝛼-level sets of 𝐟 (†DT)(𝐀̃) can be calculated according to Theorem 6.2.10.

One of the simple applications for fuzzifying the vector-valued function is to study the
arithmetics of vectors of fuzzy intervals. Given any two vectors of fuzzy intervals

𝐀̃ =
(

Ã(1)
,… , Ã(n)

)
and 𝐁̃ =

(
B̃(1)

,… , B̃(n)
)
,

the arithmetics between 𝐀̃ and 𝐁̃ are given below.

● We consider an onto vector-valued function 𝐟 ∶ ℝ2n → ℝm defined by

𝐟
(

a1,… , an, b1,… , bn
)
=
(

a1 + b1,… , an + bn
)
.

Then, we can define the additions

𝐀̃ ⊕EP 𝐁̃ = 𝐟 (EP) (𝐀̃, 𝐁̃)
and

𝐀̃⊕
⋄
DT 𝐁̃ = 𝐟 (⋄DT) (𝐀̃, 𝐁̃) , 𝐀̃⊕

⋆

DT 𝐁̃ = 𝐟 (⋆DT) (𝐀̃, 𝐁̃) , and 𝐀̃⊕
†
DT 𝐁̃ = 𝐟 (†DT) (𝐀̃, 𝐁̃) .

We have also shown that they are equivalent as follows

𝐀̃ ⊕EP 𝐁̃ = 𝐀̃⊕
⋄
DT 𝐁̃ = 𝐀̃⊕

⋆

DT 𝐁̃ = 𝐀̃⊕
†
DT 𝐁̃.

● We consider an onto vector-valued function 𝐟 ∶ ℝ2n → ℝm defined by

𝐟
(

a1,… , an, b1,… , bn
)
=
(

a1 − b1,… , an − bn
)
.

Then, we can define the differences

𝐀̃ ⊖EP 𝐁̃ = 𝐟 (EP) (𝐀̃, 𝐁̃)
and

𝐀̃⊖
⋄
DT 𝐁̃ = 𝐟 (⋄DT) (𝐀̃, 𝐁̃) , 𝐀̃⊖

⋆

DT 𝐁̃ = 𝐟 (⋆DT) (𝐀̃, 𝐁̃) , and 𝐀̃⊖
†
DT 𝐁̃ = 𝐟 (†DT) (𝐀̃, 𝐁̃) .

However, their equivalence cannot be guaranteed. Based on the fuzziness, we prefer to
use 𝐀̃⊖

†
DT 𝐁̃.

● We consider an onto vector-valued function 𝐟 ∶ ℝ2n → ℝm defined by

𝐟
(

a1,… , an, b1,… , bn
)
=
(

a1b1,… , anbn
)
.

Then, we can define the cross products

𝐀̃ ⊗EP 𝐁̃ = 𝐟 (EP) (𝐀̃, 𝐁̃)
and

𝐀̃⊗
⋄
DT 𝐁̃ = 𝐟 (⋄DT) (𝐀̃, 𝐁̃) , 𝐀̃⊗

⋆

DT 𝐁̃ = 𝐟 (⋆DT) (𝐀̃, 𝐁̃) , and 𝐀̃⊗
†
DT 𝐁̃ = 𝐟 (†DT) (𝐀̃, 𝐁̃) .

However, their equivalence cannot be guaranteed. Based on the fuzziness, we prefer to
use 𝐀̃⊗

†
DT 𝐁̃.
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Example 6.3.9 Let Ã(1)
,… , Ã(n) be canonical fuzzy intervals. We are going to present the

membership function of max {Ã(1)
,… , Ã(n)}. In other words, we want to fuzzify the follow-

ing real-valued function

f (𝐱) = max
{

x1,… , xn
}
. (6.41)

According to the extension principle, the membership function of max {Ã(1)
,… , Ã(n)} is

defined by

𝜉max {Ã(1)
,…,Ã(n)}(y) = sup

{z∶f (𝐱)=y}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
= sup

{z∶max {x1 ,…,xn}=y}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
.

In this case, we write

f̃ (EP)(𝐀̃) = (EP)- max {Ã(1)
,… , Ã(n)}.

Since the function f defined in (6.41) is continuous, we have(
f̃ (EP)(𝐀̃)

)
𝛼

=
(

(EP)- max {Ã(1)
,… , Ã(n)}

)
𝛼

=
{

max{𝐱} ∶ xi ∈ Ã(i) for i = 1,… ,n
}

=
[
max

{
ÃL

1𝛼,… , ÃL
n𝛼

}
,max

{
ÃU

1𝛼,… , ÃU
n𝛼

}]
for each 𝛼 ∈ [0,1].

Now, we present the membership function of max {Ã(1)
,… , Ã(n)} based on the expression

in the decomposition theorem. In this case, we write

f̃ (DT)(𝐀̃) = (DT)- max {Ã(1)
,… , Ã(n)}.

Since the function f defined in (6.41) is increasing, Theorems 6.3.1 and 6.3.2 say that we
have the equality f̃ (DT)(𝐀̃) = f̃ (EP)(𝐀̃).

Example 6.3.10 Let Ã be a canonical fuzzy interval. We are going to present the mem-
bership function of sin Ã. In other words, we want to fuzzify the real-valued function f (x) =
sin x. According to the extension principle, the membership function of sin Ã is defined by

𝜉sin Ã(y) = sup
{z∶f (x)=y}

𝜉Ã(x) = sup
{z∶sin x=y}

𝜉Ã(x).

In this case, we write

f̃ (EP)(Ã) = (EP)- sin Ã.

Since the function f defined in (6.41) is continuous, we have(
f̃ (EP)(Ã)

)
𝛼

=
(
(EP)- sin Ã

)
𝛼
=
{

sin x ∶ x ∈ Ã𝛼

}
=
[

min
x∈Ã𝛼

sin x,max
x∈Ã𝛼

sin x
]

for each 𝛼 ∈ [0,1].
Next, we present the membership function of sin Ã based on the expression in the decom-

position theorem. In this case, we write

f̃ (DT)(Ã) = (DT)- sin Ã.
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Since ÃL
𝛼 and ÃU

𝛼 are continuous on [0,1] with respect to 𝛼 by Proposition 2.3.4, the
real-valued functions

𝜁
L(𝛼) = min

{
sin ÃL

𝛼, sin ÃU
𝛼

}
and 𝜁

U (𝛼) = max
{

sin ÃL
𝛼, sin ÃU

𝛼

}
are also continuous on [0,1]. Let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)]. Using Theorem 6.2.10, the 𝛼-level set
of f̃ (†DT)(Ã) is given by(

f̃ (†DT)(Ã)
)
𝛼

=
[

min
𝛼≤𝛽≤1

min
{

sin ÃL
𝛽 , sin ÃU

𝛽

}
, max
𝛼≤𝛽≤1

max
{

sin ÃL
𝛽 , sin ÃU

𝛽

}]
=
[

min
{

min
𝛼≤𝛽≤1

sin ÃL
𝛽 , min

𝛼≤𝛽≤1
sin ÃU

𝛽

}
,max

{
max
𝛼≤𝛽≤1

sin ÃL
𝛽 , max

𝛼≤𝛽≤1
sin ÃU

𝛽

}]
for 𝛼 ∈ [0,1]. We can see that f̃ (†DT)(Ã) is also a fuzzy interval. Remark 6.3.8 also says that
the fuzzy interval f̃ (EP)(Ã) is fuzzier than the fuzzy interval f̃ (†DT)(Ã). This also says that we
prefer to take

f̃ (†DT)(Ã) = (†DT)- sin Ã.

to be the fuzzification of sine function.

6.4 Differentiation of Fuzzy Functions

We consider the differentiation of fuzzy functions that are taking values on𝔉(ℝ). Two types
of differentiations will be considered. One is defined on an open interval in ℝ, and the other
one is obtained by fuzzifying the differentiation of real-valued functions.

6.4.1 Defined on Open Intervals

Let f̃ ∶ I → 𝔉(ℝ) be a fuzzy function defined on an open interval I. Therefore, each f̃ (x) is
a fuzzy interval for x ∈ I. For 𝛼 ∈ [0,1], we have(

f̃ (x)
)
𝛼
=
[(

f̃ (x)
)L
𝛼
,
(

f̃ (x)
)U
𝛼

]
.

In this case, we can define two real-valued functions as follows:

f̃ L
𝛼(x) ≡

(
f̃ (x)

)L
𝛼

and f̃ U
𝛼 (x) ≡

(
f̃ (x)

)U
𝛼

for 𝛼 ∈ [0,1]. According to the expression in the decomposition theorem presented in
Theorem 2.2.13, the differentiation is defined below.

Definition 6.4.1 Let I be an open interval in ℝ. We say that the fuzzy function f̃ ∶ I →
𝔉(ℝ) is differentiable at x∗ when the real-valued functions f̃ L

𝛼 and f̃ U
𝛼 are differentiable at

x∗ for all 𝛼 ∈ [0,1]. The membership function of the fuzzy derivative f̃ ′(x∗) is defined as
follows. Let

𝜁
L(𝛼) = min

{(
f̃ L
𝛼

)′
(x∗),

(
f̃ U
𝛼

)′
(x∗)

}
and 𝜁

U (𝛼) = max
{(

f̃ L
𝛼

)′
(x∗),

(
f̃ U
𝛼

)′
(x∗)

}
,

(6.42)
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and let M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)]. The membership function of f̃ ′(x∗) is defined by

𝜉f̃ ′(x∗)(r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(r).

The fuzzy derivative f̃ ′(x∗) is just a fuzzy set in ℝ. In order to make f̃ ′(x∗) a fuzzy interval,
more assumptions are needed, which are shown below.

Proposition 6.4.2 Suppose that f̃ ∶ I →  (ℝ) is differentiable at x∗, and that the functions
𝜁L and 𝜁U defined in (6.42) are lower semi-continuous and upper semi-continuous on [0,1],
respectively. Then, the fuzzy derivative f̃ ′(x∗) is a fuzzy interval with the 𝛼-level set given by(

f̃ ′(x∗)
)
𝛼

= {r ∶ 𝜉f̃ ′(x∗)(r) ≥ 𝛼} =
{

r ∶ sup
t∈[0,1]

t ⋅ 𝜒Mt
(r) ≥ 𝛼

}
=
[

min
𝛼≤t≤1

𝜁
L(t),max

𝛼≤t≤1
𝜁

U (t)
]

=
[

min
𝛼≤t≤1

min
{(

f̃ L
t

)′
(x∗),

(
f̃ U

t

)′
(x∗)

}
,max
𝛼≤t≤1

max
{(

f̃ L
t

)′
(x∗),

(
f̃ U

t

)′
(x∗)

}]
=
[

min
{

min
𝛼≤t≤1

(
f̃ L

t

)′
(x∗), min

𝛼≤t≤1

(
f̃ U

t

)′
(x∗)

}
,max

{
max
𝛼≤t≤1

(
f̃ L

t

)′
(x∗),max

𝛼≤t≤1

(
f̃ U

t

)′
(x∗)

}]
.

for 𝛼 ∈ [0,1].

Proof. Using Theorem 5.5.6, it follows that the fuzzy derivative f̃ ′(x∗) is a fuzzy interval.
The 𝛼-level sets of f̃ ′(x∗) can also be obtained by using (5.89) and (5.90). This completes the
proof. ◾

6.4.2 Fuzzification of Differentiable Functions Using the Extension Principle

Let f̃ be a fuzzified function obtained from a real-valued function f ∶ ℝ → ℝ. We are going
to consider the differentiations of fuzzified functions that are obtained by the extension
principle.

According to (6.1), let f̃ (EP) ∶ 𝔉(ℝ) → 𝔉(ℝ) be a fuzzified function obtained by the exten-
sion principle from a real-valued function f ∶ ℝ → ℝ. Given Ã ∈ 𝔉(ℝ), Theorem 6.1.2 says(

f̃ (EP)(Ã)
)
𝛼

=
[

min
x∈Ã𝛼

f (x),max
x∈Ã𝛼

f (x)
]

(6.43)

for 𝛼 ∈ [0,1]. We are going to define the membership function of the fuzzy derivative
f̃ ′(EP)(Ã) at Ã ∈ 𝔉(ℝ) based on the extension principle.

Definition 6.4.3 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
We say that the (EP)-fuzzy derivative f̃ ′(EP)(Ã) at Ã exists when the real-valued func-
tion f is differentiable at any point in the 0-level set Ã0 of Ã. The membership function
of (EP)-fuzzy derivative f̃ ′(EP)(Ã) is defined by

𝜉f̃ ′ (EP)(Ã)(y) = sup
{x∈Ã0∶y=f ′(x)}

𝜉Ã(x).
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The (EP)-fuzzy derivative f̃ ′(EP)(Ã) is just a fuzzy set in ℝ. In order to make f̃ ′(EP)(Ã) a
fuzzy interval, an extra assumption is needed.

Proposition 6.4.4 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
Suppose that the real-valued function f is differentiable at any point in the 0-level set Ã0 of Ã,
and that f ′ is continuous on Ã0. Then, the (EP)-fuzzy derivative f̃ ′(EP)(Ã) is a fuzzy interval
and the 𝛼-level sets of (f̃ (EP))′(Ã) are given by(

f̃ ′
(EP)

(Ã)
)
𝛼

= f ′
(

Ã𝛼

)
=
{

f ′(x) ∶ x ∈ Ã𝛼

}
=
[

min
x∈Ã𝛼

f ′(x),max
x∈Ã𝛼

f ′(x)
]

(6.44)

for 𝛼 ∈ [0,1].

Proof. The desired results follow immediately from Theorem 4.1.3. ◾

We see that the 𝛼-level set of (EP)-fuzzy derivative f̃ ′(EP)(Ã) presented in (6.44) seems to
take the derivative directly from the form of the 𝛼-level set of f̃ (EP)(Ã) presented in (6.43).

6.4.3 Fuzzification of Differentiable Functions Using the Expression in the
Decomposition Theorem

Let f̃ be a fuzzified function obtained from a real-valued function f ∶ ℝ → ℝ. We are going
to consider the differentiations of fuzzified functions that are obtained by using (6.8), that
is, based on the expression in the decomposition theorem.

Definition 6.4.5 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
We say that the (⋄DT)-fuzzy derivative f̃ ′(⋄DT)(Ã) at Ã exists when the real-valued func-
tion f is differentiable at any point in the 0-level set Ã0 of Ã. The membership function of
f̃ ′(⋄DT)(Ã) is defined by

𝜉f̃ ′ (⋄DT)(Ã)(r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(r),

where M𝛼 is given by

M𝛼 = f ′
(

Ã𝛼

)
=
{

f ′(x) ∶ x ∈ Ã𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]}
for 𝛼 ∈ (0,1].

It is clear to see that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family in the sense of M𝛽 ⊆ M𝛼 for
𝛼 < 𝛽, since {Ã𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. The (⋄DT)-fuzzy derivative f̃ ′(⋄DT)(Ã) is
just a fuzzy set in ℝ. In order to make f̃ ′(⋄DT)(Ã) a fuzzy interval, we need to assume that
the derivative function f ′ is also continuous.

Proposition 6.4.6 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
Suppose that the real-valued function f is differentiable at any point in the 0-level set Ã0 of Ã,
and that f ′ is continuous on Ã0. Then, given a family {M𝛼 ∶ 0 < 𝛼 ≤ 1} defined by

M𝛼 = f ′
(

Ã𝛼

)
=
{

f ′(x) ∶ x ∈ Ã𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]}
,
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the (⋄DT)-fuzzy derivative f̃ ′(⋄DT)(Ã) is a fuzzy interval and its 𝛼-level sets are bounded closed
intervals given by(

f̃ ′
(⋄DT)

(Ã)
)
𝛼

= f ′
(

Ã𝛼

)
=
[

min
x∈Ã𝛼

f ′(x),max
x∈Ã𝛼

f ′(x)
]

for 𝛼 ∈ [0,1].

Proof. Using the continuity of f ′, we can obtain the desired results by following
Theorem 6.2.6 immediately. ◾

Definition 6.4.7 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
We say that the (⋆DT)-fuzzy derivative f̃ ′(⋆DT)(Ã) at Ã exists when the real-valued func-
tion f is differentiable at any point in the 0-level set Ã0 of Ã. The membership function of
f̃ ′(⋆DT)(Ã) is defined as follows. Let

𝜁
L(𝛼) = min

{
f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}
and 𝜁

U (𝛼) = max
{

f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}
,

and let

M𝛼 =
⋃

𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
.

The membership function of f̃ ′(⋆DT)(Ã) is defined by

𝜉f̃ ′ (⋆DT)(Ã)(r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(r).

It is clear to see that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. The (⋆DT)-fuzzy derivative
f̃ ′(⋆DT)(Ã) is just a fuzzy set in ℝ. In order to make f̃ ′(⋆DT)(Ã) to be a fuzzy interval, we need
more assumptions given below.

Proposition 6.4.8 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
Suppose that the real-valued function f is differentiable at any point in the 0-level set Ã0 of Ã,
and that the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is given by

M𝛼 =
⋃

𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
,

where

𝜁
L(𝛼) = min

{
f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}
and 𝜁

U (𝛼) = max
{

f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}
.

We also assume that 𝜁L is lower semi-continuous on [0,1] and 𝜁U
j is upper semi-continuous

on [0,1]. Then, the (⋆DT)-fuzzy derivative f̃ ′(⋆DT)(Ã) is a fuzzy interval and its 𝛼-level sets are
bounded closed intervals given by(

f̃ ′
(⋆DT)

(Ã)
)
𝛼

= M𝛼 =
⋃

𝛼≤𝛽≤1
[𝜁L(𝛽), 𝜁U (𝛽)] =

[
min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[

min
𝛼≤𝛽≤1

min
{

f ′
(

ÃL
𝛽

)
, f ′
(

ÃL
𝛽

)}
, max
𝛼≤𝛽≤1

max
{

f ′
(

ÃL
𝛽

)
, f ′
(

ÃL
𝛽

)}]
=
[

min
{

min
𝛼≤𝛽≤1

f ′
(

ÃL
𝛽

)
, min
𝛼≤𝛽≤1

f ′
(

ÃU
𝛽

)}
,
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max
{

max
{𝛽∈[0,1]∶𝛽≥𝛼}

f ′
(

ÃL
𝛽

)
, max
{𝛽∈[0,1]∶𝛽≥𝛼}

f ′
(

ÃU
𝛽

)}]
for 𝛼 ∈ [0,1].

Proof. The desired results follow immediately from Theorem 6.2.7. ◾

Definition 6.4.9 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval.
We say that the (†DT)-fuzzy derivative f̃ ′(†DT)(Ã) at Ã exists when the real-valued func-
tion f is differentiable at any point in the 0-level set Ã0 of Ã. The membership function of
f̃ ′(†DT)(Ã) is defined as follows. Let

M𝛼 =
[
min

{
f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}
,max

{
f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}]
.

The membership function of f̃ ′(†DT)(Ã) is defined by

𝜉f̃ ′ (†DT)(Ã)(r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(r).

We see that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is not a nested family. The (†DT)-fuzzy derivative f̃ ′(†DT)(Ã)
is just a fuzzy set in ℝ. In order to make f̃ ′(⋆DT)(Ã) a fuzzy interval, we need more assump-
tions, given below.

Proposition 6.4.10 Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a canonical
fuzzy interval. Suppose that the real-valued function f is differentiable at any point in the
0-level set Ã0 of Ã, and that f ′ is continuous on Ã0. Then, given a family {M𝛼 ∶ 0 < 𝛼 ≤ 1}
defined by

M𝛼 =
[
min

{
f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}
,max

{
f ′
(

ÃL
𝛼

)
, f ′
(

ÃU
𝛼

)}]
,

the (†DT)-fuzzy derivative f̃ ′(†DT)(Ã) is a fuzzy interval and its 𝛼-level sets are bounded closed
intervals given by(

f̃ ′
(†DT)

(Ã)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M(j)

𝛽

=
[

min
𝛼≤𝛽≤1

min
{

f ′
(

ÃL
𝛽

)
, f ′
(

ÃL
𝛽

)}
, max
𝛼≤𝛽≤1

max
{

f ′
(

ÃL
𝛽

)
, f ′
(

ÃL
𝛽

)}]
=
[

min
{

min
𝛼≤𝛽≤1

f ′
(

ÃL
𝛽

)
, min
𝛼≤𝛽≤1

f ′
(

ÃU
𝛽

)}
,max

{
max
𝛼≤𝛽≤1

f ′
(

ÃL
𝛽

)
, max
𝛼≤𝛽≤1

f ′
(

ÃU
𝛽

)}]
for 𝛼 ∈ [0,1].

Proof. The desired results follow immediately from Theorem 6.2.10. ◾

Let f ∶ ℝ → ℝ be a real-valued function, and let Ã be a fuzzy interval. Suppose that the
real-valued function f is differentiable at any point in the 0-level set Ã0 of Ã. The equivalence
and fuzziness are presented below.
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● Suppose that that f ′ is continuous on the 0-level set Ã0. Propositions 6.4.4 and 6.4.6 says
that

f̃ ′
(EP)

(Ã) = f̃ ′
(⋄DT)

(Ã).

Regarding the fuzziness, part (iii) of Theorem 6.3.7 says that(
f̃ ′

(⋆DT)
(Ã)
)
𝛼

⊆

(
f̃ ′

(⋄DT)
(Ã)
)
𝛼

=
(

f̃ ′
(EP)

(Ã)
)
𝛼

for all 𝛼 ∈ (0,1], which also means that f̃ ′(⋄DT)(Ã) is fuzzier than f̃ ′(⋆DT)(Ã).
● Under the assumptions of Propositions 6.4.8 and 6.4.10, we see that

f̃ ′
(⋆DT)

(Ã) = f̃ ′
(†DT)

(Ã).

Regarding the fuzziness, suppose that Ã is taken to be a canonical fuzzy interval. Part (iv)
of Theorem 6.3.7 says that(

f̃ ′
(†DT)

(Ã)
)
𝛼

⊆

(
f̃ ′

(⋆DT)
(Ã)
)
𝛼

,

which also means that f̃ ′(⋆DT)(Ã) is fuzzier than f̃ ′(†DT)(Ã).
● Suppose that that f ′ is continuous on the 0-level set Ã0, and that Ã is taken to be a canon-

ical fuzzy interval. Then, we have(
f̃ ′

(†DT)
(Ã)
)
𝛼

⊆

(
f̃ ′

(⋆DT)
(Ã)
)
𝛼

⊆

(
f̃ ′

(⋄DT)
(Ã)
)
𝛼

=
(

f̃ ′
(EP)

(Ã)
)
𝛼

for all 𝛼 ∈ (0,1]. Therefore, in real applications, we prefer to take f̃ ′(†DT)(Ã) , which has
less fuzziness than any others.

6.5 Integrals of Fuzzy Functions

Two types of integrals of fuzzy functions will be studied. One considers the fuzzy functions
defined on a measurable set E, and the other one considers the fuzzified real-valued func-
tion defined on𝔉(ℝ). We can also apply this methodology to study fuzzy integral equations.

6.5.1 Lebesgue Integrals on a Measurable Set

Let f̃ ∶ E → 𝔉(ℝ) be a fuzzy function defined on a measure space (E, 𝜈). It is clear to see
that f̃ L

𝛼 ≤ f̃ U
𝛼 for all 𝛼 ∈ [0,1]. Suppose that f̃ L

𝛼 and f̃ U
𝛼 are Lebesgue-integrable on E. Then,

we can consider the following closed interval

M𝛼 =
[
∫E

f̃ L
𝛼(x)d𝜈,∫E

f̃ U
𝛼 (x)d𝜈

]
, (6.45)

which consists of two Lebesgue integrals. According to the expression in the decomposition
theorem, the Lebesgue integral is defined below.

Definition 6.5.1 Let f̃ ∶ E → 𝔉(ℝ) be a fuzzy function defined on a measure space (E, 𝜈).
We say that f̃ is fuzzy Lebesgue-integrable on E when the real-valued functions f̃ L

𝛼 and
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f̃ U
𝛼 are Lebesgue-integrable on E for all 𝛼 ∈ [0,1]. The membership function of the fuzzy

Lebesgue integral ∫E f̃ (x)d𝜈 is defined by

𝜉∫Ef̃ (x)d𝜈(r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(r),

where the closed interval M𝛼 is given in (6.45).

We are going to claim that the fuzzy Lebesgue integral ∫E f̃ (x)d𝜈 is a fuzzy interval and to
present its 𝛼-level sets.

Proposition 6.5.2 Let f̃ ∶ E → 𝔉(ℝ) be a fuzzy function defined on a measure space (E, 𝜈).
Suppose that f̃ is fuzzy Lebesgue-integrable on E. Then, the fuzzy Lebesgue integral ∫E f̃ (x)d𝜈
is a fuzzy interval with the 𝛼-level set given by(

∫E
f̃ (x)d𝜈

)
𝛼

=
[
∫E

f̃ L
𝛼(x)d𝜈,∫E

f̃ U
𝛼 (x)d𝜈

]
for 𝛼 ∈ [0,1].

Proof. We define two real-valued functions as follows

𝜂
L(𝛼) =

∫E
f̃ L
𝛼(x)d𝜈 and 𝜂

U (𝛼) =
∫E

f̃ U
𝛼 (x)d𝜈.

Given any fixed x ∈ E, since f̃ (x) is a fuzzy interval, it follows that f̃ L
𝛼(x) and f̃ U

𝛼 (x) are
left-continuous with respect to 𝛼; that is to say, for 𝛼 ∈ (0,1] and 𝛼n ↑ 𝛼, we have

f̃ L
𝛼n
(x) → f̃ L

𝛼(x) and f̃ U
𝛼n
(x) → f̃ U

𝛼 (x)

pointwise on E. When x ∈ E is fixed, we also see that f̃ L
𝛼(x) is increasing with respect to

𝛼 and f̃ U
𝛼 (x) is decreasing with respect to 𝛼. Using the Monotone Convergence Theorem for

Legesgue integrals, we have

𝜂
L(𝛼) =

∫E
f̃ L
𝛼(x)d𝜈 = lim

n→∞∫E
f̃ L
𝛼n
(x)d𝜈 = lim

n→∞
𝜂

L(𝛼n)

and

𝜂
U (𝛼) =

∫E
f̃ U
𝛼 (x)d𝜈 = lim

n→∞∫E
f̃ U
𝛼n
(x)d𝜈 = lim

n→∞
𝜂

U (𝛼n),

which say that the functions 𝜂L and 𝜂U are left-continuous on (0,1]. Theorem 5.5.1 says that
∫E f̃ (x)d𝜈 is a fuzzy interval with the 𝛼-level sets given by(

∫E
f̃ (x)d𝜈

)
𝛼

= M𝛼 =
[
∫E

f̃ L
𝛼(x)d𝜈,∫E

f̃ U
𝛼 (x)d𝜈

]
for 𝛼 ∈ (0,1] and the 0-level set given by(

∫E
f̃ (x)d𝜈

)
0
= cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

[
∫E

f̃ L
𝛼(x)d𝜈,∫E

f̃ U
𝛼 (x)d𝜈

])
.

Finally, we are going to claim

cl

( ⋃
0<𝛼≤1

[
∫E

f̃ L
𝛼(x)d𝜈,∫E

f̃ U
𝛼 (x)d𝜈

])
=
[
∫E

f̃ L
0 (x)d𝜈,∫E

f̃ U
0 (x)d𝜈

]
. (6.46)
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Given any fixed x ∈ E, we see that f̃ L
𝛼(x) and f̃ U

𝛼 (x) are right-continuous at 𝛼 = 0 by referring
to Proposition 2.3.4; that is to say, for 𝛼n ↓ 0, we have

f̃ L
𝛼n
(x) → f̃ L

0 (x) and f̃ U
𝛼n
(x) → f̃ U

0 (x)

pointwise on E. Using the Monotone Convergence Theorem for Legesgue integrals again, we
have

∫E
f̃ L

0 (x)d𝜈 = lim
n→∞∫E

f̃ L
𝛼n
(x)d𝜈 and

∫E
f̃ U

0 (x)d𝜈 = lim
n→∞∫E

f̃ U
𝛼n
(x)d𝜈. (6.47)

It is clear that, for 𝛼 < 𝛽, we have[
∫E

f̃ L
𝛽 (x)d𝜈,∫E

f̃ U
𝛽 (x)d𝜈

]
⊆

[
∫E

f̃ L
𝛼(x)d𝜈,∫E

f̃ U
𝛼 (x)d𝜈

]
. (6.48)

Using (6.47) and (6.48), we obtain (6.46). This completes the proof. ◾

6.5.2 Fuzzy Riemann Integrals Using the Expression in the Decomposition
Theorem

We are going to study the fuzzy Riemann integral using the expression in the decomposition
theorem. Let Ã and B̃ be two fuzzy intervals. We write

Ã ≼ B̃ when ÃU
𝛼 ≤ B̃L

𝛼 for all 𝛼 ∈ [0,1].

In order to propose the fuzzy Riemann integrals from Ã to B̃, we need to assume Ã ≼ B̃.

Definition 6.5.3 Let f ∶ ℝ → ℝ be a real-valued function. Given two fuzzy intervals Ã
and B̃ satisfying Ã ≼ B̃, we say that the (⋄DT)-fuzzy Riemann integral (⋄DT) ∫ B̃

Ã f (x)dx
exists when the real-valued function f is Riemann-integrable on the closed interval [ÃL

0 , B̃U
0 ],

where ÃL
0 is the left endpoint of the 0-level set Ã0 and B̃U

0 is the right endpoint of the
0-level set B̃0. The membership function of (⋄DT)-fuzzy Riemann integral (⋄DT) ∫ B̃

Ã f (x)dx
is defined as follows. We consider the function

F(a, b) =
∫

b

a
f (x)dx

defined on ℝ2. The membership function of (⋄DT) ∫ B̃
Ã f (x)dx is defined by

𝜉(⋄DT) ∫ B̃
Ã f (x)dx(r) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(r),

where

M𝛼 = F
(

Ã𝛼, B̃𝛼

)
=

{
∫

b

a
f (x)dx ∶ a ∈ Ã𝛼 and b ∈ B̃𝛼

}
(6.49)

for 𝛼 ∈ (0,1].

For Ã ≼ B̃ and 𝛼 ∈ (0,1], it is clear to see that

a ∈ Ã𝛼 and b ∈ B̃𝛼 imply a ≤ b,

which says that (6.49) is well defined. The (⋄DT)-fuzzy Riemann integral (⋄DT) ∫ B̃
Ã f (x)dx is

just a fuzzy set in ℝ. In order to make (⋄DT) ∫ B̃
Ã f (x)dx a fuzzy interval, we need the assump-

tion of continuity.
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Proposition 6.5.4 Let Ã and B̃ be two canonical fuzzy intervals satisfying Ã ≼ B̃, and let
f ∶ ℝ → ℝ be a real-valued function such that it is Riemann-integrable on the closed interval
[ÃL

0 , B̃U
0 ]. Suppose that the function

F(a, b) =
∫

b

a
f (x)dx

defined on ℝ2 is continuous. Then, given a family {M𝛼 ∶ 0 < 𝛼 ≤ 1} defined by

M𝛼 = F
(

Ã𝛼, B̃𝛼

)
=

{
∫

b

a
f (x)dx ∶ a ∈ Ã𝛼 and b ∈ B̃𝛼

}
,

the (⋄DT)-fuzzy Riemann integral (⋄DT) ∫ B̃
Ã f (x)dx is a fuzzy interval and its 𝛼-level sets are

bounded closed intervals given by(
(⋄DT)

∫

B̃

Ã
f (x)dx

)
𝛼

=
[

min
(a,b)∈Ã𝛼×B̃𝛼

F(a, b), min
(a,b)∈Ã𝛼×B̃𝛼

F(a, b)
]

=

[
min

(a,b)∈Ã𝛼×B̃𝛼
∫

b

a
f (x)dx, min

(a,b)∈Ã𝛼×B̃𝛼
∫

b

a
f (x)dx

]
for 𝛼 ∈ [0,1].

Proof. The desired results follow immediately from Theorem 6.2.6. ◾

Let Ã and B̃ be two fuzzy intervals. We write

Ã ≼ B̃ when ÃL
𝛼 ≤ B̃L

𝛼 and ÃU
𝛼 ≤ B̃U

𝛼 for all 𝛼 ∈ [0,1].

It is clear to see that

Ã ≼ B̃ implies Ã ≼ B̃.

In order to propose the other two types of fuzzy Riemann integrals from Ã to B̃, we can just
assume Ã ≼ B̃.

Definition 6.5.5 Let f ∶ ℝ → ℝ be a real-valued function. Given two fuzzy intervals Ã
and B̃ satisfying Ã ≼ B̃, we say that the (⋆DT)-fuzzy Riemann integral (⋆DT) ∫ B̃

Ã f (x)dx
exists when the real-valued function f is Riemann-integrable on the closed interval [ÃL

0 , B̃U
0 ].

The membership function of (⋆DT)-fuzzy Riemann integral (⋆DT) ∫ B̃
Ã f (x)dx is defined as

follows. Let

𝜁
L(𝛼) = min

{
∫

B̃L
𝛼

ÃL
𝛼

f (x)dx,
∫

B̃U
𝛼

ÃU
𝛼

f (x)dx

}
and

𝜁
U (𝛼) = max

{
∫

B̃L
𝛼

ÃL
𝛼

f (x)dx,
∫

B̃U
𝛼

ÃU
𝛼

f (x)dx

}
,

and let

M𝛼 =
⋃

𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
.
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The membership function of (⋆DT) ∫ B̃
Ã f (x)dx is defined by

𝜉(⋆DT) ∫ B̃
Ã f (x)dx(r) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(r).

We consider the function

F(a, b) =
∫

b

a
f (x)dx

defined on ℝ2. Then, we see that

M𝛼 =
⋃

𝛼≤𝛽≤1

[
min

{
F
(

ÃL
𝛽 , B̃L

𝛽

)
,F
(

ÃU
𝛽 , B̃U

𝛽

)}
max

{
F
(

ÃL
𝛽 , B̃L

𝛽

)
,F
(

ÃU
𝛽 , B̃U

𝛽

)}]
,

and that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. The (⋆DT)-fuzzy Riemann integral
(⋆DT) ∫ B̃

Ã f (x)dx is just a fuzzy set in ℝ. In order to make (⋆DT) ∫ B̃
Ã f (x)dx a fuzzy interval,

we need more assumptions, given below.

Proposition 6.5.6 Let Ã and B̃ be two fuzzy intervals satisfying Ã ≼ B̃, and let f ∶ ℝ → ℝ
be a real-valued function such that it is Riemann-integrable on the closed interval [ÃL

0 , B̃U
0 ].

Then, given a family {M𝛼 ∶ 0 < 𝛼 ≤ 1} defined by

M𝛼 =
⋃

𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
,

where

𝜁
L(𝛼) = min

{
F
(

ÃL
𝛼, B̃L

𝛼

)
,F
(

ÃU
𝛼 , B̃U

𝛼

)}
and 𝜁

U (𝛼) = max
{

F
(

ÃL
𝛼, B̃L

𝛼

)
,F
(

ÃU
𝛼 , B̃U

𝛼

)}
.

We also assume that 𝜁L is lower semi-continuous on [0,1] and 𝜁U
j is upper semi-continuous

on [0,1]. Then, the (⋆DT)-fuzzy Riemann integral (⋆DT) ∫ B̃
Ã f (x)dx is a fuzzy interval and its

𝛼-level sets are bounded closed intervals given by(
(⋆DT)

∫

B̃

Ã
f (x)dx

)
𝛼

=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=

[
min
𝛼≤𝛽≤1

min

{
∫

B̃L
𝛽

ÃL
𝛽

f (x)dx,
∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}
, max
𝛼≤𝛽≤1

max

{
∫

B̃L
𝛽

ÃL
𝛽

f (x)dx,
∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}]

=

[
min

{
min
𝛼≤𝛽≤1∫

B̃L
𝛽

ÃL
𝛽

f (x)dx, min
𝛼≤𝛽≤1∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}
,

max

{
max
𝛼≤𝛽≤1∫

B̃L
𝛽

ÃL
𝛽

f (x)dx, max
𝛼≤𝛽≤1∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}]
for 𝛼 ∈ [0,1].

Proof. The desired results follow immediately from Theorem 6.2.7. ◾

Definition 6.5.7 Let f ∶ ℝ → ℝ be a real-valued function. Given two fuzzy intervals Ã
and B̃ satisfying Ã ≼ B̃, we say that the (†DT)-fuzzy Riemann integral (†DT) ∫ B̃

Ã f (x)dx
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exists when the real-valued function f is Riemann-integrable on the closed interval [ÃL
0 , B̃U

0 ].
The membership function of (†DT)-fuzzy Riemann integral (†DT) ∫ B̃

Ã f (x)dx is defined as
follows. Let

𝜁
L(𝛼) = min

{
∫

B̃L
𝛼

ÃL
𝛼

f (x)dx,
∫

B̃U
𝛼

ÃU
𝛼

f (x)dx

}
and

𝜁
U (𝛼) = max

{
∫

B̃L
𝛼

ÃL
𝛼

f (x)dx,
∫

B̃U
𝛼

ÃU
𝛼

f (x)dx

}
,

and let

M𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)].

The membership function of (†DT) ∫ B̃
Ã f (x)dx is defined by

𝜉(†DT) ∫ B̃
Ã f (x)dx(r) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(r).

We consider the function

F(a, b) =
∫

b

a
f (x)dx

defined on ℝ2. Then, we see that

M𝛼 =
[
min

{
F
(

ÃL
𝛼, B̃L

𝛼

)
,F
(

ÃU
𝛼 , B̃U

𝛼

)}
max

{
F
(

ÃL
𝛼, B̃L

𝛼

)
,F
(

ÃU
𝛼 , B̃U

𝛼

)}]
and that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is not a nested family. The (†DT)-fuzzy Riemann integral
(†DT) ∫ B̃

Ã f (x)dx is just a fuzzy set in ℝ. In order to make (†DT) ∫ B̃
Ã f (x)dx a fuzzy interval,

we need more assumptions given below.

Proposition 6.5.8 Let Ã and B̃ be two canonical fuzzy intervals satisfying Ã ≼ B̃. Let f ∶
ℝ → ℝ be a real-valued function such that it is Riemann-integrable on the closed interval
[ÃL

0 , B̃U
0 ], and that the function

F(a, b) =
∫

b

a
f (x)dx

defined on ℝ2 is continuous. Then, given a family {M𝛼 ∶ 0 < 𝛼 ≤ 1} defined by

M𝛼 =
[
min

{
F
(

ÃL
𝛼, B̃L

𝛼

)
,F
(

ÃU
𝛼 , B̃U

𝛼

)}
max

{
F
(

ÃL
𝛼, B̃L

𝛼

)
,F
(

ÃU
𝛼 , B̃U

𝛼

)}]
,

the (†DT)-fuzzy Riemann integral (†DT) ∫ B̃
Ã f (x)dx is a fuzzy interval and its 𝛼-level sets are

bounded closed intervals given by(
(†DT)

∫

B̃

Ã
f (x)dx

)
𝛼

=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=

[
min
𝛼≤𝛽≤1

min

{
∫

B̃L
𝛽

ÃL
𝛽

f (x)dx,
∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}
,

max
𝛼≤𝛽≤1

max

{
∫

B̃L
𝛽

ÃL
𝛽

f (x)dx,
∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}]
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=

[
min

{
min
𝛼≤𝛽≤1∫

B̃L
𝛽

ÃL
𝛽

f (x)dx, min
𝛼≤𝛽≤1∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}
,

max

{
max
𝛼≤𝛽≤1∫

B̃L
𝛽

ÃL
𝛽

f (x)dx, max
𝛼≤𝛽≤1∫

B̃U
𝛽

ÃU
𝛽

f (x)dx

}]
for 𝛼 ∈ [0,1].

Proof. The desired results follow immediately from Theorem 6.2.10. ◾

6.5.3 Fuzzy Riemann Integrals Using the Extension Principle

Now, we are going to study the fuzzy Riemann integrals using the extension principle. Sup-
pose that Ã ≼ B̃. For 𝛼 ∈ [0,1], given any r ∈ ℝ, we define the set-valued functions

E𝛼(r) =

{
(a, b) ∈ ℝ2 ∶ r =

∫

b

a
f (x)dx for (a, b) ∈ Ã𝛼 × B̃𝛼

}
(6.50)

and

E(r) =
⋃

0≤𝛼≤1
E𝛼(r). (6.51)

For Ã ≼ B̃, recall that

a ∈ Ã𝛼 and b ∈ B̃𝛼 imply a ≤ b,

which says that (6.50) is well defined. The formal definition is given below

Definition 6.5.9 Let f ∶ ℝ → ℝ be a real-valued function. Given two fuzzy intervals Ã
and B̃ satisfying Ã ≼ B̃, we say that the (EP)-fuzzy Riemann integral (EP) ∫ B̃

Ã f (x)dx exists
when the real-valued function f is Riemann-integrable on the closed interval [ÃL

0 , B̃U
0 ]. We

define a set-valued function E given in (6.51). The membership function of (EP)-fuzzy Rie-
mann integral (EP) ∫ B̃

Ã f (x)dx is defined by

𝜉(EP) ∫ B̃
Ã f (x)dx(r) = sup

(a,b)∈E(r)
min

{
𝜉Ã(a), 𝜉B̃(b)

}
.

We notice that the 𝛼-level sets of (EP) ∫ B̃
Ã f (x)dx cannot be obtained from Theorem 4.1.2,

unless there exists a function F defined on ℝ2 satisfying

E(r) =
⋃

0≤𝛼≤1
E𝛼(r) =

{
(a, b) ∈ ℝ2 ∶ r = F(a, b)

}
.

It seems that we are not able to find such function F at this stage. In this case, the 𝛼-level
sets of (EP) ∫ B̃

Ã f (x)dx remains open, and its proof is left as an exercise for the reader.
Suppose that we define

F(a, b) =
∫

b

a
f (x)dx

on ℝ2 for a ≤ b. If a > b, then F(a, b) is interpreted as

F(a, b) =
∫

b

a
f (x)dx = −

∫

a

b
f (x)dx
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In this case, we can also define a set-valued function

E∗(r) =
{
(a, b) ∈ ℝ2 ∶ r = F(a, b)

}
=

{
(a, b) ∈ ℝ2 ∶ r =

∫

b

a
f (x)dx

}
.

Under these settings, we can define a so-called pseudo-fuzzy Riemann integral as follows.

Definition 6.5.10 Let f ∶ ℝ → ℝ be a real-valued function. Given two fuzzy intervals Ã
and B̃, we say that the (EP)-pseudo-fuzzy Riemann integral (⋆EP) ∫ B̃

Ã f (x)dx exists when
the real-valued function f is Riemann-integrable on the closed interval [ÃL

0 , B̃U
0 ]. The mem-

bership function of (⋆EP)-fuzzy Riemann integral (⋆EP) ∫ B̃
Ã f (x)dx is defined by

𝜉(⋆EP) ∫ B̃
Ã f (x)dx(r) = sup

(a,b)∈E∗(r)
min

{
𝜉Ã(a), 𝜉B̃(b)

}
= sup

{(a,b)∈ℝ2∶r=∫ b
a f (x)dx}

min
{
𝜉Ã(a), 𝜉B̃(b)

}
.

We notice that the (EP)-pseudo-fuzzy Riemann integral does not assume Ã ≼ B̃ or Ã ≼ B̃.
We also see that the (EP)-pseudo-fuzzy Riemann integral (⋆EP) ∫ B̃

Ã f (x)dx is a fuzzification
of function F. Suppose that the function F is continuous. Then, part (iii) of Theorem 4.1.2
is applicable to obtain the 𝛼-level sets of (⋆EP) ∫ B̃

Ã f (x)dx as follows(
(⋆EP)

∫

B̃

Ã
f (x)dx

)
𝛼

= F
(

Ã𝛼, B̃𝛼

)
=
{

F(a, b) ∶ a ∈ Ã𝛼 and b ∈ B̃𝛼

}
=
[

min
(a,b)∈Ã𝛼×B̃𝛼

F(a, b), max
(a,b)∈Ã𝛼×B̃𝛼

F(a, b)
]

=

[
min

(a,b)∈Ã𝛼×B̃𝛼
∫

b

a
f (x)dx, max

(a,b)∈Ã𝛼×B̃𝛼
∫

b

a
f (x)dx

]
(6.52)

for 𝛼 ∈ [0,1].
By referring to Proposition 6.5.4, we notice that(

(⋆EP)
∫

B̃

Ã
f (x)dx

)
𝛼

≠

(
(⋄DT)

∫

B̃

Ã
f (x)dx

)
𝛼

in general. The reason is that we may have a > b in (6.52). However, when we further
assume that Ã ≼ B̃, we have(

(⋆EP)
∫

B̃

Ã
f (x)dx

)
𝛼

=

(
(⋄DT)

∫

B̃

Ã
f (x)dx

)
𝛼

for all 𝛼 ∈ [0,1] under the assumptions of Proposition 6.5.4. The above results are summa-
rized in the following proposition.

Proposition 6.5.11 Let Ã and B̃ be two fuzzy intervals, and let f ∶ ℝ → ℝ be a real-valued
function such that it is Riemann-integrable on the closed interval [ÃL

0 , B̃U
0 ]. Suppose that the

function

F(a, b) =
∫

b

a
f (x)dx
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defined on ℝ2 is continuous. Then, the (EP)-pseudo-fuzzy Riemann integral (⋆EP) ∫ B̃
Ã f (x)dx

is a fuzzy interval and its 𝛼-level sets are bounded closed intervals given by(
(⋆EP)

∫

B̃

Ã
f (x)dx

)
𝛼

=
[

min
(a,b)∈Ã𝛼×B̃𝛼

F(a, b), min
(a,b)∈Ã𝛼×B̃𝛼

F(a, b)
]

=

[
min

(a,b)∈Ã𝛼×B̃𝛼
∫

b

a
f (x)dx, min

(a,b)∈Ã𝛼×B̃𝛼
∫

b

a
f (x)dx

]
for 𝛼 ∈ [0,1]. We further assume that Ã and B̃ are taken to be canonical fuzzy intervals satis-
fying Ã ≼ B̃. Then, we have

(⋆EP)
∫

B̃

Ã
f (x)dx = (⋄DT)

∫

B̃

Ã
f (x)dx.
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7

Arithmetics of Fuzzy Sets

Now, we want to introduce the arithmetic operations between fuzzy sets. Given any a, b ∈
ℝ, we see that

𝜒{a+b}(z) =

{
1 if z = a + b
0 if z ≠ a + b.

= sup
{(x,y)∶z=x+y}

min
{
𝜒{a}(x), 𝜒{b}(y)

}
.

In general, let ∘ be any binary operations+,−,×, ∕ between two real numbers a and b. Then,
we have

𝜒{a ∘ b}(z) =

{
1 if z = a ∘ b
0 if z ≠ a ∘ b.

= sup
{(x,y)∶z=x∘y}

min
{
𝜒{a}(x), 𝜒{b}(y)

}
, (7.1)

where b ≠ 0 when a∕b is considered.

7.1 Arithmetics of Fuzzy Sets in ℝ

Let ⊙ denote any one of the four basic arithmetic operations ⊕,⊖,⊗,⊘ between fuzzy sets
Ã and B̃ in ℝ with membership functions 𝜉Ã and 𝜉B̃, respectively. Then, according to (7.1),
the membership function of Ã ⊙ B̃ is defined by

𝜉Ã⊙B̃(z) = sup
{(x,y)∶z=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)} for all z ∈ ℝ (7.2)

by replacing the characteristic functions with the membership functions. More precisely,
for all z ∈ ℝ, we define

𝜉Ã⊕B̃(z) = sup
{(x,y)∶z=x+y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
;

𝜉Ã⊖B̃(z) = sup
{(x,y)∶z=x−y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
;

𝜉Ã⊗B̃(z) = sup
{(x,y)∶z=x∗y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
;

𝜉Ã⊘ B̃(z) = sup
{(x,y)∶z=x∕y,y≠0}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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For any 𝜆 ∈ ℝ, we define 𝜆Ã as 1̃{𝜆} ⊗ Ã. Therefore, we have

𝜉𝜆Ã(z) = 𝜉1̃{𝜆}⊗Ã(z) = sup
{(x,y)∶z=x∗y}

min
{
𝜉Ã(x), 1̃{𝜆}(y)

}
= sup

{x∶𝜆x=z}
𝜉Ã(x) =

⎧⎪⎨⎪⎩
𝜉Ã(z∕𝜆) if 𝜆 ≠ 0
sup
x∈ℝ

𝜉Ã(x) if 𝜆 = 0 = z.

For 𝜆 = 0 and z ≠ 0, we define 𝜉𝜆Ã(z) = 0. In other words, we have

𝜉𝜆Ã(z) =

⎧⎪⎪⎨⎪⎪⎩
𝜉Ã(z∕𝜆) if 𝜆 ≠ 0
sup
x∈ℝ

𝜉Ã(x) if 𝜆 = 0 = z,

0 if 𝜆 = 0 and z ≠ 0.

(7.3)

On the other hand, we also have

𝜉Ã⊕(−B̃)(z) = sup
{(x,y)∶x+y=z}

min
{
𝜉Ã(x), 𝜉−B̃(y)

}
= sup

{(x,y)∶x+y=z}
min

{
𝜉Ã(x), 𝜉B̃(−y)

}
(using (7.3))

= sup
{(x,y)∶x−y=z}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
= 𝜉Ã⊖B̃(z).

This shows that Ã ⊖ B̃ = Ã ⊕ (−B̃).

Theorem 7.1.1 Let Ã and B̃ be two fuzzy sets in ℝ with membership functions 𝜉Ã and 𝜉B̃,
respectively. Suppose that the arithmetic operations ⊙ ∈ {⊕,⊖,⊗} correspond to the opera-
tions ∘ ∈ {+,−, ∗}, respectively. Then, the following statements hold true.

(i) We have the following inclusions

(Ã ⊙ B̃)𝛼 ⊇ Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1].

(ii) Suppose that the membership functions 𝜉Ã and 𝜉B̃ are upper semi-continuous. Then,
we have

(Ã ⊙ B̃)𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1].

(iii) Suppose that the membership functions 𝜉Ã and 𝜉B̃ are upper semi-continuous, and that
the supports Ã0+ and B̃0+ are bounded. Then, we have

(Ã ⊙ B̃)𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1].

Proof. To prove part (i), for 𝛼 ∈ (0, 1] and z𝛼 ∈ Ã𝛼 ∘ B̃𝛼 , there exist x𝛼 ∈ Ã𝛼 and y𝛼 ∈ B̃𝛼

satisfying z𝛼 = x𝛼 ∘ y𝛼 for ∘ ∈ {+,−, ∗}, where 𝜉Ã(x𝛼) ≥ 𝛼 and 𝜉B̃(y𝛼) ≥ 𝛼. Therefore, we have

𝜉Ã⊙B̃(z𝛼) = sup
{(x,y)∶z𝛼=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)} ≥ min{𝜉Ã(x𝛼), 𝜉B̃(y𝛼)} ≥ 𝛼,

which says that z𝛼 ∈ (Ã ⊙ B̃)𝛼 . This shows the inclusion Ã𝛼 ∘ B̃𝛼 ⊆ (Ã ⊙ B̃)𝛼 for 𝛼 ∈ (0, 1].
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For 𝛼 = 0 and z0 ∈ Ã0 ∘ B̃0, there also exist x0 ∈ Ã0 and y0 ∈ B̃0 satisfying z0 = x0 ∘ y0
for ∘ ∈ {+,−, ∗}. Since

Ã0 = cl
(
{x ∈ ℝ ∶ 𝜉Ã(x) > 0}

)
and B̃0 = cl

(
{y ∈ ℝ ∶ 𝜉B̃(y) > 0}

)
,

there exist sequence {xn}∞n=1 in {x ∈ ℝ ∶ 𝜉Ã(x) > 0} and sequence {yn}∞n=1 in {y ∈ ℝ ∶
𝜉B̃(y) > 0} satisfying xn → x0 and yn → y0 as n → ∞. Let zn = xn ∘ yn. Then, we see that
zn → x0 ∘ y0 = z0, since the binary operation ∘ ∈ {+,−, ∗} can be regarded as a continuous
function h(x, y) = x ∘ y. We also have

𝜉Ã⊙B̃(zn) = sup
{(x,y)∶zn=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)} ≥ min{𝜉Ã(xn), 𝜉B̃(yn)} > 0,

which says that zn ∈ {z ∈ ℝ ∶ 𝜉Ã⊙B̃(z) > 0}. Since zn → z0, it means that

z0 ∈ cl
(
{z ∈ ℝ ∶ 𝜉Ã⊙B̃(z) > 0}

)
= (Ã ⊙ B̃)0.

This shows the inclusion Ã0 ∘ B̃0 ⊆ (Ã ⊙ B̃)0. Therefore, we conclude that

Ã𝛼 ∘ B̃𝛼 ⊆ (Ã ⊙ B̃)𝛼 for 𝛼 ∈ [0, 1].

To prove part (ii), in order to prove the other direction of inclusion, we further assume
that the membership functions 𝜉Ã and 𝜉B̃ are upper semi-continuous; that is, the nonempty
𝛼-level sets Ã𝛼 and B̃𝛼 are closed subsets of ℝ for all 𝛼 ∈ [0, 1]. Given any 𝛼 ∈ (0, 1] and
z𝛼 ∈ (Ã ⊙ B̃)𝛼 , we have

sup
{(x,y)∶z𝛼=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)} = 𝜉Ã⊙B̃(z𝛼) ≥ 𝛼. (7.4)

Since z𝛼 is finite, it is clear to see that

F ≡ {(x, y) ∶ z𝛼 = x ∘ y}

is a bounded subset of ℝ2. We also see that the function h(x, y) = x ∘ y is continuous on
ℝ2. Since the singleton {z𝛼} is a closed subset of ℝ, it follows that the inverse image
F = h−1({z𝛼}) of {z𝛼} is also a closed subset of ℝ2. This says that F is a closed and bounded
subset of ℝ2. Now, we want to show that the function

f (x, y) = min{𝜉Ã(x), 𝜉B̃(y)}

is upper semi-continuous, i.e. we want to show that

{(x, y) ∶ f (x, y) ≥ 𝛼}

is a closed subset of ℝ2 for any 𝛼 ∈ ℝ.

● For 𝛼 ∈ (0, 1], i.e. Ã𝛼 ≠ ∅ and B̃𝛼 ≠ ∅, we have

{(x, y) ∶ f (x, y) ≥ 𝛼} =
{
(x, y) ∶ 𝜉Ã(x) ≥ 𝛼 and 𝜉B̃(y) ≥ 𝛼

}
=
{
(x, y) ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
= Ã𝛼 × B̃𝛼,

which is a closed subset of ℝ2, since Ã𝛼 and B̃𝛼 are closed subsets of ℝ.
● If 𝛼 ≤ 0, then {(x, y) ∶ f (x, y) ≥ 𝛼} = ℝ2 is a closed subset of ℝ2.
● If 𝛼 > 1, then Ã𝛼 = ∅ and B̃𝛼 = ∅, which implies {(x, y) ∶ f (x, y) ≥ 𝛼} = ∅, which is also a

closed subset of ℝ2.
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Therefore, the function f (x, y) is indeed upper semi-continuous. By Proposition 1.4.4, the
function f assumes its maximum on F; that is, from (7.4), we have

max
(x,y)∈F

f (x, y) = max
{(x,y)∶z𝛼=x∘y}

f (x, y) = sup
{(x,y)∶z𝛼=x∘y}

f (x, y) ≥ 𝛼. (7.5)

In other words, there exists (x𝛼, y𝛼) ∈ F satisfying z𝛼 = x𝛼 ∘ y𝛼 and

min{𝜉Ã(x𝛼), 𝜉B̃(y𝛼)} = f (x𝛼, y𝛼) = max
(x,y)∈F

f (x, y) ≥ 𝛼,

i.e. 𝜉Ã(x𝛼) ≥ 𝛼 and 𝜉B̃(y𝛼) ≥ 𝛼. Therefore, we obtain x𝛼 ∈ Ã𝛼 and y𝛼 ∈ B̃𝛼 , which says that
z𝛼 ∈ Ã𝛼 ∘ B̃𝛼 , i.e. (Ã ⊙ B̃)𝛼 ⊆ Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1]. Using part (i), we obtain the desired
equalities.

To prove part (iii), for 𝛼 = 0 and

z0 ∈ (Ã ⊙ B̃)0 = cl
(
(Ã ⊙ B̃)0+

)
= cl

({
z ∈ ℝ ∶ 𝜉Ã⊙B̃(z) > 0

})
,

there exists a sequence {zn}∞n=1 in the set {z ∈ ℝ ∶ 𝜉Ã⊙B̃(z) > 0} satisfying zn → z0 as n → ∞.
Using the above same arguments by referring to (7.5), we also have

0 < 𝜉Ã⊙B̃(zn) = sup
{(x,y)∶zn=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)} = max
{(x,y)∶zn=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)}.

Therefore, there exist xn and yn satisfying zn = xn ∘ yn and

min{𝜉Ã(xn), 𝜉B̃(yn)} = max
{(x,y)∶zn=x∘y}

min{𝜉Ã(x), 𝜉B̃(y)} > 0,

i.e. 𝜉Ã(xn) > 0 and 𝜉B̃(yn) > 0. This shows that the sequences {xn}∞n=1 and {yn}∞n=1 are in the
supports Ã0+ and B̃0+, respectively. Since Ã0+ and B̃0+ are bounded, i.e. {xn}∞n=1 and {yn}∞n=1
are bounded sequences, there exist convergent subsequences {xnk

}∞k=1 and {ynk
}∞k=1 of

{xn}∞n=1 and {yn}∞n=1, respectively. In other words, we have xnk
→ x0 and ynk

→ y0 as k → ∞,
where x0 ∈ cl(Ã0+) = Ã0 and y0 ∈ cl(B̃0+) = B̃0. Let znk

= xnk
∘ ynk

. Then {znk
}∞k=1 is a

subsequence of {zn}∞n=1, i.e. znk
→ z0 as k → ∞. Since

z0 = lim
k→∞

znk
= lim

k→∞
(xnk

∘ ynk
) =

(
lim
k→∞

xnk

)
∘
(

lim
k→∞

ynk

)
= x0 ∘ y0,

which shows that z0 ∈ Ã0 ∘ B̃0. Therefore, we obtain the inclusion (Ã ⊙ B̃)0 ⊆ Ã0 ∘ B̃0. Using
parts (i) and (ii), we obtain the desired equalities. This completes the proof. ◾

7.1.1 Arithmetics of Fuzzy Intervals

Let Ã and B̃ be fuzzy intervals. Since the 𝛼-level sets of fuzzy intervals are closed intervals,
in order to discuss the 𝛼-level sets of arithmetic Ã ⊙ B̃ for ⊙ ∈ {⊕,⊖,⊗,⊘}, we need to
introduce the arithmetic operations between closed intervals.

Let ∘ denote any of the four arithmetic operations between closed intervals: addition +,
subtraction−, multiplication×, and division ∕. Then, the arithmetic operation between two
closed intervals [a, b] and [d, e] is defined by

[a, b] ∘ [d, e] = {x ∘ y ∶ a ≤ x ≤ b and d ≤ y ≤ e} .

The division [a, b]∕[d, e] of closed intervals should be read as

[a, b]∕[d, e] = {x∕y ∶ a ≤ x ≤ b and d ≤ y ≤ e with y ≠ 0} . (7.6)
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We can see that

[a, b] + [d, e] = [a + d, b + e],

[a, b] − [d, e] = [a − e, b − d],

[a, b] × [d, e] = [min{ad, ae, bd, be},max{ad, ae, bd, be}].

Suppose that 0 ∉ [d, e]. Then, we also have

[a, b]∕[d, e] = [a, b] ⋅ [1∕e.1∕d]

= [min{a∕d, a∕e, b∕d, b∕e},max{a∕d, a∕e, b∕d, b∕e}].

Suppose that 0 ∈ [d, e]. Then [a, b]∕[d, e] cannot be a closed interval, which just has the
form shown in (7.6).

Let 𝟎 = [0, 0] and 𝟏 = [1, 1]. Assume that A = [a1, a2],B = [b1, b2],C = [c1, c2] are closed
intervals. Arithmetic operations on closed intervals satisfy some useful properties as
follows:

● (Commutativity) A + B = B + A and A × B = B × A;
● (Associativity) (A + B) + C = A + (B + C) and (A × B) × C = A × (B × C);
● (Identity) A = 𝟎 + A = A + 𝟎 and A = 𝟏 × A = A × 𝟏;
● (Subdistributivity) A × (B + C) ⊆ A × B + A × C;
● (Distributivity) if bc ≥ 0 for every b ∈ B and c ∈ C, then

A × (B + C) = A × B + A × C;

furthermore, if A = [a, a], then

A × (B + C) = a × (B + C) = a × B + a × C = A × B + A × C;

● 0 ∈ A − A and 1 ∈ A∕A;
● if A ⊆ E and B ⊆ F, then A ∘B ⊆ E ∘F, where “∘” is any arithmetic operation.

Theorem 7.1.2 Let Ã and B̃ be two fuzzy intervals. Then, we have the following properties.

(i) Suppose that the binary operation ⊙ is any one of {⊕,⊖,⊗}. Then Ã ⊙ B̃ is a fuzzy
interval, and we have

(Ã ⊙ B̃)𝛼 = Ã𝛼 ∘ B̃𝛼 for any 𝛼 ∈ [0, 1]. (7.7)

More precisely, we have

(Ã ⊕ B̃)𝛼 =
[

ÃL
𝛼 + B̃L

𝛼, ÃU
𝛼 + B̃U

𝛼

]
,

(Ã ⊖ B̃)𝛼 =
[

ÃL
𝛼 − B̃U

𝛼 , ÃU
𝛼 − B̃L

𝛼

]
,

(Ã ⊗ B̃)𝛼 =
[
min

{
ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}
,

max
{

ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}]
for any 𝛼 ∈ [0, 1].

(ii) Suppose that the binary operation ⊙ is taken to be ⊘. Then, we have

(Ã ⊘ B̃)𝛼 =
{

x∕y ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼 with y ≠ 0
}

(7.8)
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for any 𝛼 ∈ [0, 1]. Moreover, we have

(Ã ⊘ B̃)𝛼 =

{
Ã𝛼∕B̃𝛼 if 0 ∉ B̃𝛼

ℝ if 0 ∈ B̃𝛼 ,
(7.9)

where

Ã𝛼∕B̃𝛼 =
[
min

{
ÃL
𝛼∕B̃L

𝛼, ÃL
𝛼∕B̃U

𝛼 , ÃU
𝛼 ∕B̃L

𝛼, ÃU
𝛼 ∕B̃U

𝛼

}
,

max
{

ÃL
𝛼∕B̃L

𝛼, ÃL
𝛼∕B̃U

𝛼 , ÃU
𝛼 ∕B̃L

𝛼, ÃU
𝛼 ∕B̃U

𝛼

}]
.

Suppose that B̃ is a positive or negative fuzzy interval (Definition 2.3.6) satisfying
0 ∉ B̃0. Then Ã ⊘ B̃ is a fuzzy interval and (Ã ⊘ B̃)𝛼 = Ã𝛼∕B̃𝛼 for any 𝛼 ∈ [0, 1], where
the 0-level sets are taken into account. Note that if there exists 𝛼̂ ∈ [0, 1] satisfying 0 ∈ B̃𝛼̂ ,
then Ã ⊘ B̃ is just a fuzzy set in ℝ with the 𝛼-level sets given in (7.8).

Proof. To prove part (i), the equality (7.7) follows immediately from part (iii) of
Theorem 7.1.1. Using Theorem 4.4.18, we see that Ã ⊙ B̃ is a fuzzy interval by considering
the fuzzification of crisp function f (x, y) = x ∘ y.

To prove part (ii), for any 𝛼 ∈ [0, 1], let

A𝛼 =
{

x∕y ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼 with y ≠ 0
}
.

Here B̃𝛼 is allowed to contain 0. For 𝛼 ∈ (0, 1] and z0 ∈ A𝛼 , there exist x0 ∈ Ã𝛼 and y0 ∈ B̃𝛼

satisfying z0 = x0∕y0, where 𝜉Ã(x0) ≥ 𝛼 and 𝜉B̃(y0) ≥ 𝛼. Therefore, we have

𝜉Ã⊘ B̃(z0) = sup
{(x,y)∶z0=x∕y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
≥ min

{
𝜉Ã(x0), 𝜉B̃(y0)

}
≥ 𝛼,

which says that z0 ∈ (Ã ⊘ B̃)𝛼 . This shows that A𝛼 ⊆ (Ã ⊘ B̃)𝛼 . Now, for 𝛼 = 0 and z0 ∈ A0,
there exist x0 ∈ Ã0 and y0 ∈ B̃0 satisfying z0 = x0∕y0. Since

Ã0 = cl
(
{x ∈ ℝ ∶ 𝜉Ã(x) > 0}

)
and B̃0 = cl

(
{y ∈ ℝ ∶ 𝜉B̃(y) > 0}

)
,

there exist sequence {xn}∞n=1 in {x ∈ ℝ ∶ 𝜉Ã(x) > 0} and sequence {yn}∞n=1 in {y ∈ ℝ ∶
𝜉B̃(y) > 0} satisfying xn → x0 and yn → y0 as n → ∞. Let zn = xn∕yn, where 𝜉Ã(xn) > 0 and
𝜉B̃(yn) > 0. Then, we see that zn → x0∕y0 = z0, since the binary operation “∕” is continuous.
We also have

𝜉Ã⊘ B̃(zn) = sup
{(x,y)∶zn=x∕y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
≥ min

{
𝜉Ã(xn), 𝜉B̃(yn)

}
> 0,

which says that zn ∈ {z ∈ ℝ ∶ 𝜉Ã⊘ B̃(z) > 0}. Therefore, we conclude that

z0 ∈ cl
(
{z ∈ ℝ ∶ 𝜉Ã⊘ B̃(z) > 0}

)
= (Ã ⊘ B̃)0.

This shows that A0 ⊆ (Ã ⊘ B̃)0. Therefore, we conclude that A𝛼 ⊆ (Ã ⊘ B̃)𝛼 for 𝛼 ∈ [0, 1].
On the other hand, for any 𝛼 ∈ (0, 1], assume z0 ∈ (Ã ⊘ B̃)𝛼 , i.e.

sup
{(x,y)∶z0=x∕y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
≥ 𝛼. (7.10)

We consider the function f ∶ ℝ × (ℝ∖{0}) → ℝ by f (x, y) = x∕y and the set F = {(x, y) ∶
z0 = x∕y}. Since |z0| < ∞, i.e. |x|, |y| < ∞, we see that F is a bounded subset ofℝ × (ℝ∖{0}).
Here ℝ∖{0} is endowed with a subspace topology of ℝ; that is, any open set in ℝ not con-
taining 0 is also an open subset of ℝ∖{0}. We can see that f is continuous on ℝ × (ℝ∖{0}).
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This also says that F = f −1({z0}) is a closed subset of ℝ × (ℝ∖{0}); that is, F is a closed
and bounded subset of ℝ × (ℝ∖{0}). By the definition of Ã ⊘ B̃, we see that the function
g(x, y) = min{𝜉Ã(x), 𝜉B̃(y)} is defined on ℝ × (ℝ∖{0}). We want to show that g is upper
semi-continuous, i.e. we want to show that {(x, y) ∶ g(x, y) ≥ 𝛼} is a closed subset of
ℝ × (ℝ∖{0}) for any 𝛼 ∈ (0, 1]. Now, we have

{(x, y) ∶ g(x, y) ≥ 𝛼} = {(x, y) ∶ min{𝜉Ã(x), 𝜉B̃(y)} ≥ 𝛼}

=
{
(x, y) ∶ 𝜉Ã(x) ≥ 𝛼 and 𝜉B̃(y) ≥ 𝛼

}
=
{
(x, y) ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
= Ã𝛼 × B̃𝛼,

where 0 ∉ B̃𝛼 = [B̃L
𝛼, B̃U

𝛼 ]. The complement of B̃𝛼 is given by{
(−∞, 0) ∪ (0, B̃L

𝛼) ∪ (B̃U
𝛼 ,∞) if B̃L

𝛼 > 0

(−∞, B̃L
𝛼) ∪ (B̃U

𝛼 , 0) ∪ (0,∞) if B̃U
𝛼 < 0,

which is an open subset of ℝ∖{0}. This shows that B̃𝛼 is also a closed subset of ℝ∖{0};
that is, Ã𝛼 × B̃𝛼 is also a closed subset of ℝ × (ℝ∖{0}). Therefore, the function g is indeed
upper semi-continuous. By Proposition 1.4.4, the function g assumes its maximum on F,
i.e.

max
{(x,y)∶z0=x∕y}

g(x, y) = sup
{(x,y)∶z0=x∕y}

g(x, y) ≥ 𝛼 (7.11)

by (7.10). In other words, there exists (x0, y0) ∈ F satisfying

g(x0, y0) = min{𝜉Ã(x0), 𝜉B̃(y0)} ≥ 𝛼,

i.e. 𝜉Ã(x0) ≥ 𝛼 and 𝜉B̃(y0) ≥ 𝛼, where z0 = x0∕y0. Therefore, we obtain x0 ∈ Ã𝛼 and y0 ∈ B̃𝛼 .
We conclude that z0 ∈ A𝛼 , i.e. (Ã ⊘ B̃)𝛼 ⊆ A𝛼 . Now, for 𝛼 = 0, we assume that z0 ∈
(Ã ⊘ B̃)0. Then, there exists sequence {zn}∞n=1 in {z ∈ ℝ ∶ 𝜉Ã⊘ B̃(z) > 0} satisfying zn → z0
as n → ∞. Using the same arguments above by referring to (7.11), we also have

0 < 𝜉Ã⊘ B̃(zn) = sup
{(x,y)∶zn=x∕y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
= max

{(x,y)∶zn=x∕y}
min

{
𝜉Ã(x), 𝜉B̃(y)

}
.

Therefore, the same arguments above also says that there exist xn and yn satisfying
zn = xn∕yn, 𝜉Ã(xn) > 0 and 𝜉B̃(yn) > 0. This shows that {xn}∞n=1 and {yn}∞n=1 are sequences
in the closed and bounded sets Ã0 and B̃0, respectively. Therefore, there exist convergent
subsequences {xnk

}∞k=1 and {ynk
}∞k=1 of {xn}∞n=1 and {yn}∞n=1, respectively. We also write

xnk
→ x0 and ynk

→ y0 as k → ∞, where x0 ∈ Ã0 and y0 ∈ B̃0. Let znk
= xnk

∕ynk
. Then, we

see that {znk
}∞k=1 is a subsequence of {zn}∞n=1, i.e. znk

→ z0 as k → ∞. Since

z0 = lim
k→∞

znk
= lim

k→∞
(xnk

∕ynk
) = x0∕y0,

i.e. z0 ∈ A0, which shows that (Ã ⊘ B̃)0 ⊆ A0. Therefore, we conclude that (Ã ⊘ B̃)𝛼 = A𝛼

for any 𝛼 ∈ [0, 1]. The formula (7.9) is also obvious.
Finally, we want to show that Ã ⊘ B̃ is indeed a fuzzy interval. We need to check the con-

ditions in Definition 2.3.1. Since Ã and B̃ are fuzzy intervals, there exists x∗ and y∗ satisfying
𝜉Ã(x∗) = 1 and 𝜉B̃(y∗) = 1. Let z∗ = x∗∕y∗. Then, we see that

𝜉Ã⊘ B̃(z∗) = sup
{(x,y)∶z∗=x∕y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
= 1.
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This proves the normality. Since Ã𝛼 and B̃𝛼 are closed intervals for all 𝛼 ∈ [0, 1], if 0 ∉ B̃𝛼 ,
then we see that

(Ã ⊘ B̃)𝛼 = A𝛼 = Ã𝛼∕B̃𝛼

is also a closed interval, i.e. a closed, bounded and convex set in ℝ. Suppose that B̃ is a pos-
itive or negative fuzzy interval satisfying 0 ∉ B̃0. Then 0 ∉ B̃𝛼 for all 𝛼 ∈ [0, 1]. In this case,
(Ã ⊘ B̃)𝛼 is a closed interval for each 𝛼 ∈ [0, 1]; that is, the membership function 𝜉Ã⊘ B̃ is
upper semi-continuous and quasi-concave. This shows that Ã ⊘ B̃ is indeed a fuzzy inter-
val, and the proof is complete. ◾

Let A and B be two closed, bounded and convex sets in ℝm. Suppose that there exists
a closed, bounded and convex set C in ℝm satisfying A = B + C. Then C is called the
Hukuhara difference of A and B. We also write C = A ⊖ B (see Banks and Jacobs [7]).
Inspired by this concept, we can also define the Hukuhara difference between two fuzzy
intervals. Let Ã and B̃ be two fuzzy intervals. Suppose that there exists a fuzzy interval
C̃ satisfying C̃ ⊕ B̃ = Ã (note that the fuzzy addition is commutative). Then C̃ is unique.
In this case, C̃ is called the Hukuhara difference of Ã and B̃ and is denoted by Ã⊖H B̃
(see Puri and Ralescu [89]). The following proposition is very useful for considering the
differentiation of a fuzzy function.

Proposition 7.1.3 Let Ã and B̃ be two fuzzy intervals. Then, we have the following
properties.

(i) Suppose that the Hukuhara difference C̃ = Ã⊖H B̃ exists. Then

C̃L
𝛼 = ÃL

𝛼 − B̃L
𝛼 and C̃U

𝛼 = ÃU
𝛼 − B̃U

𝛼

for all 𝛼 ∈ [0, 1].
(ii) Suppose that ÃL

𝛼 − B̃L
𝛼 ≤ ÃU

𝛼 − B̃U
𝛼 , ÃL

𝛼 − B̃L
𝛼 ≤ ÃL

𝛽 − B̃L
𝛽 and ÃU

𝛽 − B̃U
𝛽 ≤ ÃU

𝛼 − B̃U
𝛼 for

𝛼 < 𝛽. Then, the Hukuhara difference C̃ = Ã⊖H B̃ exists.

Proof. Part (i) follows immediately from part (i) of Theorem 7.1.2. To prove part (ii), let

A𝛼 = [ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼 ].

Then A𝛽 ⊆ A𝛼 for 𝛼 < 𝛽. By Proposition 2.3.4, we see that the functions

𝜂
L(𝛼) ≡ ÃL

𝛼 − B̃L
𝛼 and 𝜂

U (𝛼) ≡ ÃU
𝛼 − B̃U

𝛼

are left-continuous on (0, 1]. Therefore, we have
⋂∞

n=1 A𝛼n
= A𝛼 for 0 ≤ 𝛼n ↑ 𝛼.

Theorem 5.4.7 says that we can generate a fuzzy interval C̃ satisfying

C̃L
𝛼 = ÃL

𝛼 − B̃L
𝛼 and C̃U

𝛼 = ÃU
𝛼 − B̃U

𝛼 .

This completes the proof. ◾

Recall Example 2.2.4, the membership function of a trapezoidal fuzzy interval is given by

𝜉Ã(r) =

⎧⎪⎪⎨⎪⎪⎩

(r − aL)∕(a1 − aL) if aL ≤ r ≤ a1

1 if a1 < r ≤ a2

(aU − r)∕(aU − a2) if a2 < r ≤ aU

0 otherwise,
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which is denoted by Ã = (aL, a1, a2, aU ). We also have

ÃL
𝛼 = (1 − 𝛼)aL + 𝛼a1 and ÃU

𝛼 = (1 − 𝛼)aU + 𝛼a2, (7.12)

where Ã𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]
. Let Ã = (aL, a1, a2, aU ) and B̃ = (bL, b1, b2, bU ) be two trapezoidal

fuzzy intervals. We can show that Ã ⊕ B̃ is also a trapezoidal fuzzy interval. Moreover,
we have

Ã ⊕ B̃ = (aL + bL
, a1 + b1, a2 + b2, aU + bU ). (7.13)

Suppose that Ã = (aL, a1, a2, aU ) and B̃ = (bL, b1, b2, bU ) are two trapezoidal fuzzy
intervals. We write Ã ⪯ B̃ when aL ≤ bL, a1 ≤ b1, a2 ≤ b2 and aU ≤ bU . Then, we have the
following easy consequence.

Proposition 7.1.4 Suppose that Ã = (aL, a1, a2, aU ), B̃ = (bL, b1, b2, bU ), C̃ = (cL, c1, c2, cU ),
and D̃ = (dL, d1, d2, dU ) are trapezoidal fuzzy intervals. If Ã ⪯ C̃ and B̃ ⪯ D̃, then
Ã ⊕ B̃ ⪯ C̃ ⊕ D̃. This shows that the ordering “⪯” is compatible with the fuzzy addition.

Proof. From (7.13), we see that

Ã ⊕ B̃ = (aL + bL
, a1 + b1, a2 + b2, aU + bU )

and

C̃ ⊕ D̃ = (cL + dL
, c1 + d1, c2 + d2, cU + dU ).

The result follows from definition immediately. ◾

Proposition 7.1.5 Let Ã = (aL, a1, a2, aU ) and B̃ = (bL, b1, b2, bU ) be two trapezoidal fuzzy
intervals satisfying B̃ ⪯ Ã. Then m̃ax {Ã, B̃} = Ã.

Proof. From Example 4.1.4, we have(
m̃ax {Ã, B̃}

)L
𝛼
= max

{
ÃL
𝛼, B̃L

𝛼

}
and

(
m̃ax {Ã, B̃}

)U
𝛼
= max

{
ÃU
𝛼 , B̃U

𝛼

}
.

Therefore, from (7.12), we see that(
m̃ax {Ã, B̃}

)L
𝛼
= max

{
(1 − 𝛼)aL + 𝛼a1, (1 − 𝛼)bL + 𝛼b1

}
= (1 − 𝛼)aL + 𝛼a1 = ÃL

𝛼

and (
m̃ax {Ã, B̃}

)U
𝛼
= max

{
(1 − 𝛼)aU + 𝛼a2, (1 − 𝛼)bU + 𝛼b2

}
= (1 − 𝛼)aU + 𝛼a2 = ÃU

𝛼

since B̃ ≤ Ã. This completes the proof. ◾

Now, we also have the following easy and interesting consequence.

Corollary 7.1.6 Suppose that Ã and B̃ are two trapezoidal fuzzy intervals with the
same right and left spread values, respectively, i.e. Ã = (a1 − h, a1, a2, a2 + k) and
B̃ = (b1 − h, b1, b2, b2 + k) for some positive values h and k. If a1 ≥ b1 and a2 ≥ b2, then
m̃ax {Ã, B̃} = Ã.
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7.1.2 Arithmetics Using EP and DT

Let ∘ denote the arithmetics of real numbers with ∘ = +,−,× or ∕. We define a two-variable
real-valued function f ∶ ℝ2 → ℝ as

f (x, y) = x ∘ y,

where y ≠ 0 when ∘ is taken as the division ∕. Let Ã and B̃ be two fuzzy intervals. We can
use the fuzzified functions f̃ (EP) and f̃ (DT) defined in (6.1) and (6.8), respectively, to study
the different types of arithmetics between Ã and B̃.

● Based on the extension principle, the arithmetics of Ã and B̃ is given by

f̃ (EP)(Ã, B̃) = Ã⊙EP B̃. (7.14)

● Based on the expression in the decomposition theorem, the arithmetics of Ã and B̃ is
given by

f̃ (DT)(Ã, B̃) = Ã⊙DT B̃. (7.15)

More precisely, we can consider

f̃ (⋄DT)(Ã, B̃) = Ã ⊙
⋄
DT B̃ (7.16)

by referring to Subsection 6.2.1, consider

f̃ (⋆DT)(Ã, B̃) = Ã ⊙
⋆

DT B̃ (7.17)

by referring to Subsection 6.2.2, and consider

f̃ (†DT)(Ã, B̃) = Ã ⊙
†
DT B̃ (7.18)

by referring to Subsection 6.2.3.

We are gong to study the relationship among Ã⊙EP B̃, Ã ⊙⋄
DT B̃, Ã ⊙⋆

DT B̃, and Ã ⊙
†
DT B̃.

7.1.2.1 Addition of Fuzzy Intervals
Given any two fuzzy intervals Ã and B̃, according to (7.14) and (7.15) by considering the
function f (x, y) = x + y, we can obtain four additions of Ã and B̃ as follows

Ã⊕EP B̃, Ã ⊕
⋄
DT B̃, Ã ⊕

⋆

DT B̃, and Ã ⊕
†
DT B̃.

The membership function of Ã⊕EP B̃ is given by

𝜉Ã⊕EP B̃(z) = sup
{(x,y)∶z=x+y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
.

Suppose that we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
.

Then, by referring to Theorem 6.1.2, the 𝛼-level sets are given by(
Ã⊕EP B̃

)
𝛼
=
[

min
(x,y)∈Ã𝛼×B̃𝛼

f (x, y), max
(x,y)∈Ã𝛼×B̃𝛼

f (x, y)
]

=

[
min

(x,y)∈[ÃL
𝛼
,ÃU

𝛼
]×[B̃L

𝛼
,B̃U

𝛼
]
(x + y), max

(x,y)∈[ÃL
𝛼
,ÃU

𝛼
]×[B̃L

𝛼
,B̃U

𝛼
]
(x + y)

]
=
[

ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

]
(7.19)

for all 𝛼 ∈ [0, 1].
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By referring to Subsection 6.2.1, we take

M+
𝛼 =

{
x + y ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
=
[

ÃL
𝛼 + B̃L

𝛼, ÃU
𝛼 + B̃U

𝛼

]
to define Ã ⊕⋄

DT B̃. From Theorem 6.2.6, the 𝛼-level sets have the same form as (7.19) and
are given by(

Ã ⊕
⋄
DT B̃

)
𝛼
=
[

ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

]
for all 𝛼 ∈ [0, 1]. It means that, when we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
,

we have the following equivalence

Ã⊕EP B̃ = Ã ⊕
⋄
DT B̃. (7.20)

By referring to (6.18) and (6.19) in Subsection 6.2.2, we take

M+
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 ,

where M𝛽 is a bounded closed interval given by

M𝛽 =
[
min

{
ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

}
,max

{
ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

}]
=
[

ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

]
to define Ã ⊕⋆

DT B̃. This says that

M+
𝛼 =

⋃
𝛼≤𝛽≤1

[
ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

]
.

Let 𝜁L(𝛽) = AL
𝛽
+ BL

𝛽
and 𝜁U (𝛽) = AU

𝛽
+ BU

𝛽
. Proposition 2.3.4 say that 𝜁L is lower

semi-continuous on [0, 1] and 𝜁U is upper semi-continuous on [0, 1]. Then, for 𝛼 ∈ [0, 1],
we can obtain

M+
𝛼 =

⋃
𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
AL
𝛼 + BL

𝛼,AU
𝛼 + BU

𝛼

]
. (7.21)

From Theorem 6.2.7, the 𝛼-level sets are given by(
Ã ⊕

⋆

DT B̃
)
𝛼
= M+

𝛼 =
[
AL
𝛼 + BL

𝛼,AU
𝛼 + BU

𝛼

]
=
(

Ã ⊕
⋄
DT B̃

)
𝛼

for all 𝛼 ∈ [0, 1].
By referring to Subsection 6.2.3, we take

M+
𝛼 =

[
min

{
ÃL
𝛼 + B̃L

𝛼, ÃU
𝛼 + B̃U

𝛼

}
,max

{
ÃL
𝛼 + B̃L

𝛼, ÃU
𝛼 + B̃U

𝛼

}]
=
[

ÃL
𝛼 + B̃L

𝛼, ÃU
𝛼 + B̃U

𝛼

]
to define Ã ⊕

†
DT B̃. By referring to (7.21), we see that

Ã ⊕
⋄
DT B̃ = Ã ⊕

⋆

DT B̃ = Ã ⊕
†
DT B̃.
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In this case, we simply write Ã⊕DT B̃ and, based on the expression in the decomposition
theorem, its membership function is given by

𝜉Ã⊕DT B̃(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M+
𝛼

(z).

Suppose that we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
.

Theorem 6.3.1 says that

Ã⊕EP B̃ = Ã⊕DT B̃.

Without considering their equivalence, Theorem 6.3.7 says that Ã⊕EP B̃ is fuzzier than
Ã⊕DT B̃. In this case, we prefer to use Ã⊕DT B̃ in real applications by referring to
Remark 6.3.8.

7.1.2.2 Difference of Fuzzy Intervals
Given any two fuzzy intervals Ã and B̃, according to (7.14) and (7.15) by considering the
function f (x, y) = x − y, we can obtain four differences of Ã and B̃ as follows

Ã⊖EP B̃, Ã ⊖
⋄
DT B̃, Ã ⊖

⋆

DT B̃, and Ã ⊖
†
DT B̃.

The membership function of Ã⊖EP B̃ is given by

𝜉Ã⊖EP B̃(z) = sup
{(x,y)∶z=x−y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
.

Suppose that we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
.

Then, by referring to Theorem 6.1.2, the 𝛼-level sets are given by(
Ã⊖EP B̃

)
𝛼
=
[

min
(x,y)∈Ã𝛼×B̃𝛼

f (x, y), max
(x,y)∈Ã𝛼×B̃𝛼

f (x, y)
]

=

[
min

(x,y)∈[ÃL
𝛼
,ÃU

𝛼
]×[B̃L

𝛼
,B̃U

𝛼
]
(x − y), max

(x,y)∈[ÃL
𝛼
,ÃU

𝛼
]×[B̃L

𝛼
,B̃U

𝛼
]
(x − y)

]
=
[

ÃL
𝛽 − B̃U

𝛽 , ÃU
𝛽 − B̃L

𝛽

]
(7.22)

for all 𝛼 ∈ [0, 1].
By referring to Subsection 6.2.1, we take

M−
𝛼 =

{
x − y ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
=
[

ÃL
𝛼 − B̃U

𝛼 , ÃU
𝛼 − B̃L

𝛼

]
to define Ã ⊖⋄

DT B̃. From Theorem 6.2.6, the 𝛼-level sets have the same form as (7.22) and
are given by(

Ã ⊖
⋄
DT B̃

)
𝛼
=
[

ÃL
𝛽 − B̃U

𝛽 , ÃU
𝛽 − B̃L

𝛽

]
for all 𝛼 ∈ [0, 1]. It means that, when we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
,
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we have the following equivalence

Ã⊖EP B̃ = Ã ⊖
⋄
DT B̃.

By referring to (6.18) and (6.19) in Subsection 6.2.2, we take

M−
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 ,

where M𝛽 is a bounded closed interval given by

M𝛽 =
[
min

{
ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
,max

{
ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}]
to define Ã ⊖⋆

DT B̃. Let

𝜂
L(𝛽) = ÃL

𝛽 − B̃L
𝛽 and 𝜂

U (𝛽) = ÃU
𝛽 − B̃U

𝛽 .

Since the semi-continuities of ÃL
𝛼, B̃L

𝛼, ÃU
𝛼 and B̃U

𝛼 with respect to 𝛼 are not sufficient to guar-
antee the semi-continuities of 𝜂L and 𝜂U , we assume that Ã and B̃ are taken to be canonical
fuzzy intervals. In this case, the functions 𝜂L and 𝜂U are continuous on [0, 1]. Let

𝜁
L(𝛽) = min

{
𝜂

L(𝛽), 𝜂U (𝛽)
}

and 𝜁
U (𝛽) = max

{
𝜂

L(𝛽), 𝜂U (𝛽)
}
.

Then, the functions 𝜁L and 𝜁U are also continuous on [0, 1]. From Theorem 6.2.7, the 𝛼-level
sets are given by(

Ã ⊖
⋆

DT B̃
)
𝛼
= M−

𝛼 =
⋃

𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[

min
𝛼≤𝛽≤1

min
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}]
=
[

min
{

min
𝛼≤𝛽≤1

(
ÃL
𝛽 − B̃L

𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU
𝛽 − B̃U

𝛽

)}
,

max
{

max
𝛼≤𝛽≤1

(
ÃL
𝛽 − B̃L

𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU
𝛽 − B̃U

𝛽

)}]
for all 𝛼 ∈ [0, 1].

By referring to Subsection 6.2.3, we take

M−
𝛼 = M𝛼 =

[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
to define Ã ⊖

†
DT B̃. We assume that Ã and B̃ are taken to be canonical fuzzy intervals. From

part (ii) of Theorem 6.2.10, the 𝛼-level sets are given by(
Ã ⊖

†
DT B̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M−

𝛼 =
[

min
𝛼≤𝛽≤1

{
f
(

ÃL
𝛽 , B̃L

𝛽

)
, f
(

ÃU
𝛽 , B̃U

𝛽

)}
,

max
𝛼≤𝛽≤1

{
f
(

ÃL
𝛽 , B̃L

𝛽

)
, f
(

ÃU
𝛽 , B̃U

𝛽

)}]
=
[

min
𝛼≤𝛽≤1

min
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}]
=
[

min
{

min
𝛼≤𝛽≤1

(
ÃL
𝛽 − B̃L

𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU
𝛽 − B̃U

𝛽

)}
,

max
{

max
𝛼≤𝛽≤1

(
ÃL
𝛽 − B̃L

𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU
𝛽 − B̃U

𝛽

)}]



�

� �

�

224 7 Arithmetics of Fuzzy Sets

for all 𝛼 ∈ [0, 1]. Therefore, when Ã and B̃ are taken to be canonical fuzzy intervals, we have
the following equivalence

Ã ⊖
⋆

DT B̃ = Ã ⊖
†
DT B̃.

Without considering their equivalence, Theorem 6.3.7 says that Ã⊖EP B̃ is fuzzier
than Ã ⊖

†
DT B̃. In this case, we prefer to use Ã ⊖

†
DT B̃ in real applications by referring to

Remark 6.3.8.

7.1.2.3 Multiplication of Fuzzy Intervals
Given any two fuzzy intervals Ã and B̃, according to (7.14) and (7.15) by considering the
function f (x, y) = x ⋅ y, we can obtain four multiplications of Ã and B̃ as follows

Ã⊗EP B̃, Ã ⊗
⋄
DT B̃, Ã ⊗

⋆

DT B̃, and Ã ⊗
†
DT B̃.

The membership function of Ã⊗EP B̃ is given by

𝜉Ã⊗EP B̃(z) = sup
{(x,y)∶z=x⋅y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
.

Suppose that we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
.

Then, by referring to Theorem 6.1.2, the 𝛼-level sets are given by(
Ã⊗EP B̃

)
𝛼
=
[

min
(x,y)∈Ã𝛼×B̃𝛼

f (x, y), max
(x,y)∈Ã𝛼×B̃𝛼

f (x, y)
]

=

[
min

(x,y)∈[ÃL
𝛼
,ÃU

𝛼
]×[B̃L

𝛼
,B̃U

𝛼
]
x ⋅ y, max

(x,y)∈[ÃL
𝛼
,ÃU

𝛼
]×[B̃L

𝛼
,B̃U

𝛼
]
x ⋅ y

]
=
[
min

{
ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}
,max

{
ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}]
(7.23)

for all 𝛼 ∈ [0, 1].
By referring to Subsection 6.2.1, we take

M×
𝛼 =

{
x ⋅ y ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
=
[
min

{
ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}
,max

{
ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}]
to define Ã ⊗⋄

DT B̃. From Theorem 6.2.6, the 𝛼-level sets have the same form as (7.23) and
are given by(

Ã ⊗
⋄
DT B̃

)
𝛼
=
[
min

{
ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}
,

max
{

ÃL
𝛼B̃L

𝛼, ÃL
𝛼B̃U

𝛼 , ÃU
𝛼 B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}]
for all 𝛼 ∈ [0, 1]. It means that, when we take

𝔄
(
𝛼1, 𝛼2

)
= min

{
𝛼1, 𝛼2

}
,

we have the following equivalence

Ã⊗EP B̃ = Ã ⊗
⋄
DT B̃. (7.24)



�

� �

�

7.1 Arithmetics of Fuzzy Sets in ℝ 225

By referring to (6.18) and (6.19) in Subsection 6.2.2, we take

M×
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 ,

where M𝛽 is a bounded closed interval given by

M𝛽 =
[
min

{
ÃL
𝛽 B̃L

𝛽 , ÃU
𝛽 B̃U

𝛽

}
,max

{
ÃL
𝛽 B̃L

𝛽 , ÃU
𝛽 B̃U

𝛽

}]
to define Ã ⊗⋆

DT B̃. Let

𝜂
L(𝛽) = ÃL

𝛽 B̃L
𝛽 and 𝜂

U (𝛽) = ÃU
𝛽 B̃U

𝛽 .

We assume that Ã and B̃ are taken to be canonical fuzzy intervals. In this case, the functions
𝜂L and 𝜂U are continuous on [0, 1]. Let

𝜁
L(𝛽) = min

{
𝜂

L(𝛽), 𝜂U (𝛽)
}

and 𝜁
U (𝛽) = max

{
𝜂

L(𝛽), 𝜂U (𝛽)
}
.

Then, the functions 𝜁L and 𝜁U are also continuous on [0, 1]. From Theorem 6.2.7, the 𝛼-level
sets are given by(

Ã ⊗
⋆

DT B̃
)
𝛼
= M×

𝛼 =
⋃

𝛼≤𝛽≤1

[
𝜁

L(𝛽), 𝜁U (𝛽)
]
=
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[

min
𝛼≤𝛽≤1

min
{

ÃL
𝛽 B̃L

𝛽 , ÃU
𝛽 B̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
𝛽 B̃L

𝛽 , ÃU
𝛽 B̃U

𝛽

}]
=
[

min
{

min
𝛼≤𝛽≤1

(
ÃL
𝛽 B̃L

𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU
𝛽 B̃U

𝛽

)}
,

max
{

max
𝛼≤𝛽≤1

(
ÃL
𝛽 B̃L

𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU
𝛽 B̃U

𝛽

)}]
for all 𝛼 ∈ [0, 1].

By referring to Subsection 6.2.3, we take

M×
𝛼 = M𝛼 =

[
min

{
ÃL
𝛼B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}
,max

{
ÃL
𝛼B̃L

𝛼, ÃU
𝛼 B̃U

𝛼

}]
to define Ã ⊗

†
DT B̃. We assume that Ã and B̃ are taken to be canonical fuzzy intervals. From

part (ii) of Theorem 6.2.10, the 𝛼-level sets are given by(
Ã ⊗

†
DT B̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M×

𝛼

=
[

min
𝛼≤𝛽≤1

{
f
(

ÃL
𝛽 , B̃L

𝛽

)
, f
(

ÃU
𝛽 , B̃U

𝛽

)}
, max
𝛼≤𝛽≤1

{
f
(

ÃL
𝛽 , B̃L

𝛽

)
, f
(

ÃU
𝛽 , B̃U

𝛽

)}]
=
[

min
𝛼≤𝛽≤1

min
{

ÃL
𝛽 B̃L

𝛽 , ÃU
𝛽 B̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
𝛽 B̃L

𝛽 , ÃU
𝛽 B̃U

𝛽

}]
(7.25)

=
[

min
{

min
𝛼≤𝛽≤1

(
ÃL
𝛽 B̃L

𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU
𝛽 B̃U

𝛽

)}
,

max
{

max
𝛼≤𝛽≤1

(
ÃL
𝛽 B̃L

𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU
𝛽 B̃U

𝛽

)}]
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for all 𝛼 ∈ [0, 1]. Therefore, when Ã and B̃ are taken to be canonical fuzzy intervals, we have
the equivalence

Ã ⊗
⋆

DT B̃ = Ã ⊗
†
DT B̃. (7.26)

Without considering their equivalence, Theorem 6.3.7 says that Ã⊗EP B̃ is fuzzier
than Ã ⊗

†
DT B̃. In this case, we prefer to use Ã ⊗

†
DT B̃ in real applications by referring to

Remark 6.3.8.
Let x ∈ ℝ be a real number. Recall that the crisp number with value x is defined by

1{x}(r) =

{
1 r = x
0 r ≠ x.

Then, it is clear to see that 1{x} ∈ 𝔉(ℝ).

Example 7.1.7 Let Ã(1)
,… , Ã(n) be two fuzzy intervals. We can define a fuzzy function as

follows:

f̃ (𝐱) =
(

Ã(1)
⊗ 1{x1}

)
⊕ · · ·⊕

(
Ã(n)

⊗ 1{xn}

)
, (7.27)

where ⊗ can be taken as ⊗EP or ⊗DT , and ⊕ can be taken as ⊕EP or ⊕DT . From (7.23)
and (7.25), for i = 1,… ,n and 𝛼 ∈ [0, 1], we have(

Ã(i)
⊗EP 1{xi}

)
𝛼

=
[
min

{
ÃL

i𝛼xi, ÃU
i𝛼xi

}
,max

{
ÃL

i𝛼xi, ÃU
i𝛼xi

}]
=
⎧⎪⎨⎪⎩
[

ÃL
i𝛼xi, ÃU

i𝛼xi

]
if xi ≥ 0[

ÃU
i𝛼xi, ÃL

i𝛼xi

]
if xi < 0.

and (
Ã(i)

⊗DT1{xi}

)
𝛼

=
[

min
𝛼≤t≤1

min
{

ÃL
itxi, ÃU

it xi

}
,max
𝛼≤t≤1

max
{

ÃL
itxi, ÃU

it xi

}]

=
⎧⎪⎨⎪⎩
[

ÃL
i𝛼xi, ÃU

i𝛼xi

]
if xi ≥ 0[

ÃU
i𝛼xi, ÃL

i𝛼xi

]
if xi < 0.

Therefore, we obtain

Ã(i)
⊗EP 1{xi} = Ã(i)

⊗DT1{xi}

for all i = 1,… ,n. Since ⊕EP = ⊕DT , from (7.27), we have

f̃ L
𝛼(𝐱) =

n∑
i=1

min
{

ÃL
i𝛼xi, ÃU

i𝛼xi

}
and f̃ U

𝛼 (𝐱) =
n∑

i=1
max

{
ÃL

i𝛼xi, ÃU
i𝛼xi

}
.

Given any two fuzzy intervals Ã and B̃, according to (7.14) and (7.15) by considering the
function f (x, y) = x∕y for y ≠ 0, we can obtain four divisions of Ã and B̃ as follows

Ã⊘EP B̃, Ã ⊘
⋄
DT B̃, Ã ⊘

⋆

DT B̃, and Ã ⊘
†
DT B̃.

Their 𝛼-level sets can be similarly obtained by referring to the multiplication of fuzzy inter-
vals when we assume 0 ∉ B̃𝛼 for all 𝛼 ∈ [0, 1]. The details are left for the readers.
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7.2 Arithmetics of Fuzzy Vectors

Let Ã and B̃ be two fuzzy sets in ℝm. In this case, we can only consider Ã ⊕ B̃ and 𝜆Ã, where
𝜆 ∈ ℝ. Therefore, we obtain

𝜉Ã⊕B̃(z) = sup
{(x,y)∈ℝm×ℝm∶x+y=z}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
and

𝜉𝜆Ã(z) =

⎧⎪⎪⎨⎪⎪⎩
𝜉Ã(x∕𝜆) if 𝜆 ≠ 0
sup
x∈ℝm

𝜉Ã(x) if 𝜆 = 0 and z = 𝜃,

0 if 𝜆 = 0 and z ≠ 𝜃

(7.28)

by referring to (7.3), where 𝜃 is the zero vector of ℝm. We can also show that

Ã ⊖ B̃ = Ã ⊕ (−B̃).

Proposition 7.2.1 Let Ã and B̃ be two fuzzy sets in ℝm, and let 𝜆 ∈ ℝ. Suppose that 𝜆 ≠ 0.
Then, we have

𝜆(Ã ⊕ B̃) = 𝜆Ã ⊕ 𝜆B̃.

Suppose that 𝜆 = 0 and z ≠ 𝜃. Then, we have

𝜉𝜆(Ã⊕B̃)(z) = 𝜉𝜆Ã⊕𝜆B̃(z) = 0.

Proof. For 𝜆 ≠ 0 and for all z ∈ ℝm, we have

𝜉𝜆(Ã⊕B̃)(z) = 𝜉Ã⊕B̃(z∕𝜆) = sup
{(x,y)∶x+y=z∕𝜆}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
and

𝜉𝜆Ã⊕𝜆B̃(z) = sup
{(x,y)∶x+y=z}

min
{
𝜉
𝜆A(x), 𝜉𝜆B(y)

}
= sup

{(x,y)∶x+y=z}
min

{
𝜉Ã(x∕𝜆), 𝜉B̃(y∕𝜆)

}
= sup

{(u,v)∶𝜆u+𝜆v=z}
min

{
𝜉Ã(u), 𝜉B̃(v)

}
.

Therefore, we obtain 𝜉𝜆(Ã⊕B̃)(z) = 𝜉𝜆Ã⊕𝜆B̃(z).
For 𝜆 = 0 and z ≠ 𝜃, we have 𝜉𝜆(Ã⊕B̃)(z) = 0 and

𝜉𝜆Ã⊕𝜆B̃(z) = sup
{(x,y)∶x+y=z}

min
{
𝜉
𝜆A(x), 𝜉𝜆B(y)

}
= 0,

since x and y cannot be the zero vector 𝜃 simultaneously. This completes the proof. ◾

Proposition 7.2.2 Let Ã be a fuzzy set in ℝm. For any 𝜆1, 𝜆2 ∈ ℝ, we have

𝜆1(𝜆2Ã) = (𝜆1𝜆2)Ã.

Proof. If 𝜆1 ≠ 0 and 𝜆2 ≠ 0, then

𝜉𝜆1(𝜆2Ã)(z) = 𝜉𝜆2Ã(z∕𝜆1) = 𝜉Ã(z∕𝜆1𝜆2) = 𝜉(𝜆1𝜆2)Ã(z)

for all z ∈ ℝm. Now, using (7.28), we consider the following cases.
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● For 𝜆1 = 0 = 𝜆2, we have

𝜉𝜆1(𝜆2Ã)(𝜃) = sup
z∈ℝm

𝜉𝜆2Ã(z) = sup
z∈ℝm

⎧⎪⎨⎪⎩
0 if z ≠ 𝜃

sup
x∈ℝm

𝜉Ã(x) if z = 𝜃

= sup
x∈ℝm

𝜉Ã(x) = 𝜉(𝜆1𝜆2)Ã(𝜃).

If z ≠ 𝜃, we immediately have 𝜉𝜆1(𝜆2Ã)(z) = 0 = 𝜉(𝜆1𝜆2)Ã(z).
● For 𝜆1 = 0 and 𝜆2 ≠ 0, we have

𝜉𝜆1(𝜆2Ã)(𝜃) = sup
z∈ℝm

𝜉𝜆2Ã(z) = sup
z∈ℝm

𝜉Ã(z∕𝜆2) = sup
x∈ℝm

𝜉Ã(x) = 𝜉(𝜆1𝜆2)Ã(𝜃).

If z ≠ 𝜃, we immediately have 𝜉𝜆1(𝜆2Ã)(z) = 0 = 𝜉(𝜆1𝜆2)Ã(z).
● For 𝜆1 ≠ 0 and 𝜆2 = 0, we have

𝜉𝜆1(𝜆2Ã)(𝜃) = 𝜉𝜆2Ã(𝜃∕𝜆1) = 𝜉𝜆2Ã(𝜃) = sup
x∈ℝm

𝜉Ã(x) = 𝜉(𝜆1𝜆2)Ã(𝜃).

If z ≠ 𝜃, since z∕𝜆1 ≠ 𝜃, we immediately have

𝜉𝜆1(𝜆2Ã)(z) = 𝜉𝜆2Ã(z∕𝜆1) = 0 = 𝜉(𝜆1𝜆2)Ã(z).

This completes the proof. ◾

Next, we are going to consider the fuzzy vectors in Definition 2.3.1.

Theorem 7.2.3 We have the following results.

(i) Suppose that Ã ∈ 𝔉(ℝm) and B̃ ∈ 𝔉(ℝm) are two fuzzy vectors in ℝm. Then Ã ⊕ B̃ is also
a fuzzy vector in ℝm satisfying

(Ã ⊕ B̃)𝛼 = Ã𝛼 + B̃𝛼

for any 𝛼 ∈ [0, 1].
(ii) Suppose that 𝜆̃ is a fuzzy interval, and that Ã is a fuzzy vector in ℝm. Then, we have(

𝜆̃ ⊗ Ã
)
𝛼
= 𝜆̃𝛼Ã𝛼

for any 𝛼 ∈ [0, 1]. We further assume that 𝜆̃ is taken to be a nonnegative or nonpositive
fuzzy interval. Then 𝜆̃ ⊗ Ã is also a fuzzy vector in ℝm.

(iii) Suppose that 𝜆 ∈ ℝ and Ã is a fuzzy vector in ℝm. Then 𝜆Ã = 1̃{𝜆} ⊗ Ã is also a fuzzy
vector in ℝm, where 1̃{𝜆} is a crisp number with value 𝜆.

Proof. We take the function f ∶ ℝm ×ℝm → ℝm by (x1, x2) → x1 + x2. Then, we see that
f is a continuous and onto crisp function under the assumption that ℝm is taken to be a
topological vector space. Applying Corollary 4.4.13, we see that

(Ã ⊕ B̃)𝛼 =
(

f̃ (Ã, B̃)
)
𝛼
= f (Ã𝛼, B̃𝛼) = Ã𝛼 + B̃𝛼

for all 𝛼 ∈ [0, 1]. For any convex subsets A1,A2 of ℝm, it is not hard to show that
f (A1,A2) = A1 + A2 is also a convex set in ℝm. Therefore, from Theorem 4.2.7, we conclude
that f̃ (Ã, B̃) = Ã ⊕ B̃ ∈ 𝔉(ℝm).
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We take the function f ∶ ℝ ×ℝm → ℝm by (𝜆, x) → 𝜆x. Then, we see that f is continuous
and onto crisp function under the assumption that ℝm is taken to be a topological vector
space. Applying Corollary 4.4.13, we obtain

(𝜆̃ ⊗ Ã)𝛼 = 𝜆̃𝛼Ã𝛼

for any 𝛼 ∈ [0, 1]. For the case of nonnegative fuzzy interval 𝜆̃, in order to claim
𝜆̃ ⊗ Ã ∈ 𝔉(ℝm) by applying Theorem 4.2.7 and Remark 2.3.7, we need to show that
f (A1,A2) is a convex set in ℝm for any convex subsets A1 and A2 of ℝ+ and ℝm, respectively.
We also see that

f (A1,A2) =
{
𝜆x ∶ 𝜆 ∈ A1 and x ∈ A2

}
=
⋃
𝜆∈A1

𝜆A2.

For y1, y2 ∈ f (A1,A2), there exist 𝜆1, 𝜆2 ∈ A1 and a1, a2 ∈ A2 satisfying y1 = 𝜆1a1 and
y2 = 𝜆2a2, where 𝜆1, 𝜆2 ∈ ℝ+. For any 𝛼 ∈ (0, 1), let 𝜆3 = 𝛼𝜆1 + (1 − 𝛼)𝜆2. Then, we see that
𝜆3 ∈ A1, since A1 is convex. Since A2 is also convex, a convex combination says that

𝛼𝜆1

𝜆3
a1 +

(1 − 𝛼)𝜆2

𝜆3
a2 ∈ A2.

Therefore, we obtain

𝛼y1 + (1 − 𝛼)y2 = 𝛼𝜆1a1 + (1 − 𝛼)𝜆2a2 ∈ 𝜆3A2 ⊆ f (A1,A2),

which says that f (A1,A2) is indeed a convex set in ℝm. For the case of nonpositive fuzzy
interval 𝜆̃, since −A2 is also a convex set in ℝm, we still can show that f (A1,A2) is a convex
set inℝm by using Remark 2.3.7 and the above arguments. Also, for the case of crisp number
𝜆̃ = 1̃{𝜆}, since the 𝛼-level sets (1̃{𝜆})𝛼 = {𝜆} are convex sets in ℝ for all 𝛼 ∈ [0, 1], the above
arguments can also show that 1̃{𝜆} ⊗ Ã ∈ 𝔉(ℝm). This completes the proof. ◾

In what follows, we shall consider the vectors of fuzzy sets in ℝ. The purpose is to study
the addition and difference of vectors of fuzzy sets. Suppose that the vectors 𝐀̃ and 𝐁̃ con-
sist of fuzzy sets in ℝ given by

𝐀̃ =
(

Ã(1)
,… , Ã(n)

)
and 𝐁̃ =

(
B̃(1)

,… , B̃(n)
)
,

where Ã(i) and B̃(i) are fuzzy sets inℝ for i = 1,… ,n. Then, we are going to study the addition
𝐀̃⊕ 𝐁̃ and the difference 𝐀̃⊖ 𝐁̃.

The addition Ã(i)
⊕ B̃(i) and the difference Ã(i)

⊖ B̃(i) regarding the components can be
realized as shown above. Let 𝜉Ã(i) and 𝜉B̃(i) be the membership functions of Ã(i) and B̃(i),
respectively, and let ⊙ denote any one of the arithmetic operations ⊕,⊖,⊗ between Ã(i)

and B̃(i). According to the extension principle, the membership function of Ã(i)
⊙ B̃(i) is

defined by

𝜉Ã(i)
⊙B̃(i) (z) = sup

{(x,y)∶z=x∘y}
min{𝜉Ã(i) (x), 𝜉B̃(i) (y)}

for all z ∈ ℝ, where the arithmetic operations ⊙ ∈ {⊕,⊖,⊗} correspond to the arithmetic
operations ∘ ∈ {+,−, ∗}. More generally, the membership function of Ã(i)

⊙𝔗B̃(i) is given by

𝜉Ã(i)
⊙𝔗B̃(i) (z) = sup

{(x,y)∶z=x∘y}
t(𝜉Ã(i) (x), 𝜉B̃(i) (y))
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for all z ∈ ℝ, where t is a t-norm. It is well known that the minimum function min is a
t-norm.

In this section, we are going to consider the general function rather than using t-norms.
In this case, the membership function of Ã(i)

⊙𝔄B̃(i) will be given by

𝜉Ã(i)
⊙𝔄B̃(i) (z) = sup

{(x,y)∶z=x∘y}
𝔄
(
𝜉Ã(i) (x), 𝜉B̃(i) (y)

)
(7.29)

for all z ∈ ℝ, where 𝔄 is a function from [0, 1] × [0, 1] into [0, 1] without satisfying some
required conditions.

According to the arithmetic operations (7.29), the addition 𝐀̃⊕𝔄 𝐁̃ and the difference
𝐀̃⊖𝔄 𝐁̃ can be naturally defined as

𝐀̃⊕𝔄 𝐁̃ =
(

Ã(1)
⊕𝔄B̃(1)

,… , Ã(n)
⊕𝔄B̃(n)

)
and

𝐀̃⊖𝔄 𝐁̃ =
(

Ã(1)
⊖𝔄B̃(1)

,… , Ã(n)
⊖𝔄B̃(n)

)
.

We can see that 𝐀̃⊕𝔄 𝐁̃ and 𝐀̃⊖𝔄 𝐁̃ are vectors of fuzzy sets. However, their membership
functions cannot be obtained directly from (7.29) regarding the components. The main pur-
pose of this section is to propose two methodologies to define the membership functions of
𝐀̃⊕𝔄 𝐁̃ and 𝐀̃⊖𝔄 𝐁̃.

7.2.1 Arithmetics Using the Extension Principle

Let 𝐱 = (x1,… , xn) and 𝐲 = (y1,… , yn) be two vectors in ℝm. Then, the arithmetics of vec-
tors 𝐱 and 𝐲 are given by

𝐱 + 𝐲 =
(

x1 + y1,… , xn + yn
)

and

𝐱 − 𝐲 =
(

x1 − y1,… , xn − yn
)
.

Let 𝐀̃ and 𝐁̃ be two vectors of fuzzy sets in ℝ given by

𝐀̃ =
(

Ã(1)
, Ã(2)

,… , Ã(n)
)

and 𝐁̃ =
(

B̃(1)
, B̃(2)

,… , B̃(n)
)
.

Based on the extension principle, we are going to study the arithmetics of 𝐀̃ and 𝐁̃ by con-
sidering the addition 𝐀̃⊕EP 𝐁̃ and the difference 𝐀̃⊖EP 𝐁̃. Given a function 𝔄 ∶ [0, 1]2n →

[0, 1], for each 𝐳 ∈ ℝm and for the operation ⊙ ∈ {⊕,⊖} corresponding to the operation
∘ ∈ {+,−}, the membership function of 𝐀̃⊙EP 𝐁̃ is given by

𝜉𝐀̃⊙EP 𝐁̃(𝐳) = sup
{(𝐱,𝐲)∶𝐳=𝐱∘𝐲}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1),… , 𝜉B̃(n) (yn)

)
. (7.30)

7.2.2 Arithmetics Using the Expression in the Decomposition Theorem

In what follows, we shall use the expression in the decomposition theorem presented
in Theorem 2.2.13 to study the arithmetics of vector of fuzzy intervals. Let 𝐀̃ and 𝐁̃ be
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two vectors of fuzzy intervals with components Ã(i) and B̃(i), respectively, for i = 1,… ,n.
Given 𝛼 ∈ [0, 1], the 𝛼-level sets of Ã(i) and B̃(i) are nonempty and denoted by

Ã(i)
𝛼 ≡

[
ÃL

i𝛼, ÃU
i𝛼

]
and B̃(i)

𝛼 ≡

[
B̃L

i𝛼, B̃U
i𝛼

]
.

For convenience, we write(
ÃL

1𝛼, ÃL
2𝛼,… , ÃL

n𝛼

)
= 𝐀̃L

𝛼 ∈ ℝm and
(

ÃU
1𝛼, ÃU

2𝛼,… , ÃU
n𝛼

)
= 𝐀̃U

𝛼 ∈ ℝm
. (7.31)

We also write

𝐀̃𝛼 = Ã(1)
𝛼 × · · · × Ã(n)

𝛼 =
[

ÃL
1𝛼, ÃU

1𝛼

]
× · · · ×

[
ÃL

n𝛼, ÃU
n𝛼

]
(7.32)

and

𝐁̃𝛼 = B̃(1)
𝛼 × · · · × B̃(n)

𝛼 =
[

B̃L
1𝛼, B̃U

1𝛼

]
× · · · ×

[
B̃L

n𝛼, B̃U
n𝛼

]
. (7.33)

In order to define the difference 𝐀̃⊖DT 𝐁̃, we consider the family {M−
𝛼 ∶ 0 < 𝛼 ≤ 1} that is

formed by applying the operation 𝐱 − 𝐲 to the 𝛼-level sets Ã(i)
𝛼 and B̃(i)

𝛼 for i = 1,… ,n, where
each M−

𝛼 is a subset of ℝm. We shall study three different families described below.

● By referring to Subsection 6.2.1, we take

M−
𝛼 = 𝐀̃𝛼 − 𝐁̃𝛼 =

{
𝐱 − 𝐲 ∶ 𝐱 ∈ 𝐀̃𝛼 and 𝐲 ∈ 𝐁̃𝛼

}
to define 𝐀̃⊖⋄

DT 𝐁̃.
● By referring to Subsection 6.2.2, we take

M−
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1−)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n−)
𝛽

)
,

where M(i−)
𝛽

are bounded closed intervals given by

M(i−)
𝛽

=
[
min

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}
,max

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}]
.

for i = 1,… ,n to define 𝐀̃⊖⋆

DT 𝐁̃.
● By referring to Subsection 6.2.3, we take

M−
𝛼 = M(1−)

𝛼 × · · · × M(n−)
𝛼 ,

where M(i−)
𝛼 are bounded closed intervals given by

M(i−)
𝛼 =

[
min

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}
,max

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}]
for i = 1,… ,n to define 𝐀̃⊖

†
DT 𝐁̃.

For ⊖DT ∈ {⊖⋄
DT , ⊖

⋆

DT , ⊖
†
DT}, based on the expression in the decomposition theorem, the

membership function of 𝐀̃⊖DT𝐁̃ is defined by

𝜉𝐀̃⊖DT 𝐁̃(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M−
𝛼

(𝐳), (7.34)

where M−
𝛼 can be any one of the above three cases.

Example 7.2.4 Continued from Example 2.2.4, we consider the following trapezoidal
fuzzy intervals

Ã(1) = (1, 2, 3, 4) and Ã(2) = (2, 3, 4, 5)
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and

B̃(1) = (4, 5, 6, 7) and B̃(2) = (3, 4, 5, 6).

From (7.12), we have

Ã(1)
𝛼 =

[
ÃL

1𝛼, ÃU
1𝛼

]
= [(1 − 𝛼) + 2𝛼, 4(1 − 𝛼) + 3𝛼] = [1 + 𝛼, 4 − 𝛼]

Ã(2)
𝛼 =

[
ÃL

2𝛼, ÃU
2𝛼

]
= [2(1 − 𝛼) + 3𝛼, 5(1 − 𝛼) + 4𝛼] = [2 + 𝛼, 5 − 𝛼]

B̃(1)
𝛼 =

[
B̃L

1𝛼, B̃U
1𝛼

]
= [4(1 − 𝛼) + 5𝛼, 7(1 − 𝛼) + 6𝛼] = [4 + 𝛼, 7 − 𝛼]

B̃(2)
𝛼 =

[
B̃L

2𝛼, B̃U
2𝛼

]
= [3(1 − 𝛼) + 4𝛼, 6(1 − 𝛼) + 5𝛼] = [3 + 𝛼, 6 − 𝛼] .

Therefore, we obtain

𝐀̃𝛼 = Ã(1)
𝛼 × Ã(2)

𝛼 =
[

ÃL
1𝛼, ÃU

1𝛼

]
×
[

ÃL
n𝛼, ÃU

n𝛼

]
= [1 + 𝛼, 4 − 𝛼] × [2 + 𝛼, 5 − 𝛼]

and

𝐁̃𝛼 = B̃(1)
𝛼 × B̃(2)

𝛼 =
[

B̃L
1𝛼, B̃U

1𝛼

]
×
[

B̃L
n𝛼, B̃U

n𝛼

]
= [4 + 𝛼, 7 − 𝛼] × [3 + 𝛼, 6 − 𝛼] .

We consider three families {M−
𝛼 ∶ 0 < 𝛼 ≤ 1} given below.

● We take

M−
𝛼 = 𝐀̃𝛼 − 𝐁̃𝛼 =

{
(x1, x2) − (y1, y2) ∶ (x1, x2) ∈ [1 + 𝛼, 4 − 𝛼] × [2 + 𝛼, 5 − 𝛼]

and (y1, y2) ∈ [4 + 𝛼, 7 − 𝛼] × [3 + 𝛼, 6 − 𝛼]
}

= [−6 + 2𝛼,−2𝛼] × [−4 + 2𝛼, 2 − 2𝛼]

for all 𝛼 ∈ (0, 1]. The membership function of 𝐀̃⊖⋄
DT 𝐁̃ is given by

𝜉𝐀̃⊖⋄
DT 𝐁̃

(z1, z2) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M−
𝛼

(z1, z2).

● We take

M−
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1−)
𝛽

)
×

( ⋃
𝛼≤𝛽≤1

M(2−)
𝛽

)
,

where M(1−)
𝛽

and M(2−)
𝛽

are bounded closed intervals given by

M(1−)
𝛽

=
[
min

{
ÃL

1𝛽 − B̃L
1𝛽 , ÃU

1𝛽 − B̃U
1𝛽

}
,max

{
ÃL

1𝛽 − B̃L
1𝛽 , ÃU

1𝛽 − B̃U
1𝛽

}]
= [min{(1 + 𝛽) − (4 + 𝛽), (4 − 𝛽) − (7 − 𝛽)} ,

max{(1 + 𝛽) − (4 + 𝛽), (4 − 𝛽) − (7 − 𝛽)}]

= [−3,−3] = {−3} ,

which says that M(1−)
𝛽

is the singleton {−3} for all 𝛽 ∈ [0, 1]. Similarly, we can obtain

M(2−)
𝛽

=
[
min

{
ÃL

2𝛽 − B̃L
2𝛽 , ÃU

2𝛽 − B̃U
2𝛽

}
,max

{
ÃL

1𝛽 − B̃L
1𝛽 , ÃU

2𝛽 − B̃U
2𝛽

}]
= {−1}

for all 𝛽 ∈ [0, 1]. Therefore, we obtain

M−
𝛼 = {−3} × {−1} = {(−3,−1)} (7.35)
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for all 𝛼 ∈ (0, 1], which is a singleton in ℝ2. The membership function of 𝐀̃⊖⋆

DT 𝐁̃ is
given by

𝜉𝐀̃⊖⋆

DT 𝐁̃
(z1, z2) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M−

𝛼

(z1, z2)

=

{
1 if (z1, z2) = (−3,−1)
0 otherwise.

● We take

M−
𝛼 = M(1−)

𝛼 × M(2−)
𝛼 ,

where M(1−)
𝛼 and M(2−)

𝛼 are bounded closed intervals given by

M(1−)
𝛼 =

[
min

{
ÃL

1𝛼 − B̃L
1𝛼, ÃU

1𝛼 − B̃U
1𝛼

}
,max

{
ÃL

1𝛼 − B̃L
1𝛼, ÃU

1𝛼 − B̃U
1𝛼

}]
= {−3}

and

M(2−)
𝛼 =

[
min

{
ÃL

2𝛼 − B̃L
2𝛼, ÃU

2𝛼 − B̃U
2𝛼

}
,max

{
ÃL

1𝛼 − B̃L
2𝛼, ÃU

2𝛼 − B̃U
2𝛼

}]
= {−1} .

Therefore, we obtain

M−
𝛼 = {−3} × {−1} = {(−3,−1)} (7.36)

for all 𝛼 ∈ (0, 1], which is a singleton in ℝ2. The membership function of 𝐀̃⊖
†
DT 𝐁̃ is

equal to membership function of 𝐀̃⊖⋆

DT 𝐁̃.

In order to define the addition 𝐀̃⊕DT 𝐁̃, we consider the family {M+
𝛼 ∶ 0 < 𝛼 ≤ 1} that is

formed by applying the operation 𝐱 + 𝐲 to the 𝛼-level sets Ã(i)
𝛼 and B̃(i)

𝛼 for i = 1,… ,n, where
each M+

𝛼 is a subset of ℝm. We shall study three different families described below.

● By referring to Subsection 6.2.1, we take

M+
𝛼 = 𝐀̃𝛼 + 𝐁̃𝛼 =

{
𝐱 + 𝐲 ∶ 𝐱 ∈ 𝐀̃𝛼 and 𝐲 ∈ 𝐁̃𝛼

}
to define 𝐀̃⊕⋄

DT 𝐁̃.
● By referring to Subsection 6.2.2, we take

M+
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1+)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n+)
𝛽

)
,

where M(i+)
𝛽

are bounded closed intervals given by

M(i+)
𝛽

=
[

aL
i𝛽 + bL

i𝛽 , aU
i𝛽 + bU

i𝛽

]
for i = 1,… ,n to define 𝐀̃⊕⋆

DT 𝐁̃.
● By referring to Subsection 6.2.3, we take

M+
𝛼 = M(1+)

𝛼 × · · · × M(n+)
𝛼 ,

where M(i+)
𝛼 are bounded closed intervals given by

M(i+)
𝛼 =

[
aL

i𝛼 + bL
i𝛼, aU

i𝛼 + bU
i𝛼
]

for i = 1,… ,n to define 𝐀̃⊕
†
DT 𝐁̃.
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For ⊕DT ∈ {⊕⋄
DT , ⊕

⋆

DT , ⊕
†
DT}, based on the expression in the decomposition theorem, the

membership function of 𝐀̃⊕DT 𝐁̃ is defined by

𝜉𝐀̃⊕DT 𝐁̃(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M+
𝛼

(𝐳), (7.37)

where M+
𝛼 can be any one of the above three cases.

Example 7.2.5 Continued from Examples 2.2.4 and 7.2.4, we consider three families
{M+

𝛼 ∶ 0 < 𝛼 ≤ 1} given below.

● We take

M+
𝛼 = 𝐀̃𝛼 + 𝐁̃𝛼 =

{
(x1, x2) + (y1, y2) ∶ (x1, x2) ∈ [1 + 𝛼, 4 − 𝛼] × [2 + 𝛼, 5 − 𝛼]

and (y1, y2) ∈ [4 + 𝛼, 7 − 𝛼] × [3 + 𝛼, 6 − 𝛼]
}

= [5 + 2𝛼, 11 − 2𝛼] × [5 + 2𝛼, 11 − 2𝛼]

for all 𝛼 ∈ (0, 1]. The membership function of 𝐀̃⊕⋄
DT 𝐁̃ is given by

𝜉𝐀̃⊕⋄
DT 𝐁̃

(z1, z2) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M+
𝛼

(z1, z2).

● We take

M+
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1+)
𝛽

)
×

( ⋃
𝛼≤𝛽≤1

M(2+)
𝛽

)
,

where M(1+)
𝛽

and M(2+)
𝛽

are bounded closed intervals given by

M(1+)
𝛽

=
[

aL
1𝛽 + bL

1𝛽 , aU
1𝛽 + bU

1𝛽

]
= [(1 + 𝛽) + (4 + 𝛽), (4 − 𝛽) + (7 − 𝛽)]

= [5 + 2𝛽, 11 − 2𝛽]

for all 𝛽 ∈ [0, 1]. We also obtain

M(2+)
𝛽

=
[

aL
2𝛽 + bL

2𝛽 , aU
2𝛽 + bU

2𝛽

]
= [(2 + 𝛽) + (3 + 𝛽), (5 − 𝛽) + (6 − 𝛽)]

= [5 + 2𝛽, 11 − 2𝛽]

for all 𝛽 ∈ [0, 1]. Now, we have⋃
𝛼≤𝛽≤1

M(1+)
𝛽

=
⋃

𝛼≤𝛽≤1
[5 + 2𝛽, 11 − 2𝛽] = [5 + 2𝛼, 11 − 2𝛼]

and ⋃
𝛼≤𝛽≤1

M(2+)
𝛽

=
⋃

𝛼≤𝛽≤1
[5 + 2𝛽, 11 − 2𝛽] = [5 + 2𝛼, 11 − 2𝛼] .

Therefore, we obtain

M+
𝛼 = [5 + 2𝛼, 11 − 2𝛼] × [5 + 2𝛼, 11 − 2𝛼]

for all 𝛼 ∈ (0, 1]. The membership function of 𝐀̃⊕⋆

DT 𝐁̃ is equal to the membership func-
tion of 𝐀̃⊕⋄

DT 𝐁̃
● We take

M+
𝛼 = M(1+)

𝛼 × M(2+)
𝛼 ,
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where M(1+)
𝛼 and M(2+)

𝛼 are bounded closed intervals given by

M(1+)
𝛼 =

[
aL

1𝛼 + bL
1𝛼, aU

1𝛼 + bU
1𝛼
]
= [(1 + 𝛼) + (4 + 𝛼), (4 − 𝛼) + (7 − 𝛼)]

= [5 + 2𝛼, 11 − 2𝛼]

and

M(2+)
𝛼 =

[
aL

2𝛼 + bL
2𝛼, aU

2𝛼 + bU
2𝛼
]
= [(2 + 𝛼) + (3 + 𝛼), (5 − 𝛼) + (6 − 𝛼)]

= [5 + 2𝛼, 11 − 2𝛼] .

Therefore, we obtain

M+
𝛼 = [5 + 2𝛼, 11 − 2𝛼] × [5 + 2𝛼, 11 − 2𝛼]

for all 𝛼 ∈ (0, 1]. The membership function of 𝐀̃⊕
†
DT 𝐁̃ is equal to membership function

of 𝐀̃⊕⋆

DT 𝐁̃.

In this example, we conclude that

𝐀̃⊕
⋄
DT 𝐁̃ = 𝐀̃⊕

⋆

DT 𝐁̃ = 𝐀̃⊕
†
DT 𝐁̃.

7.3 Difference of Vectors of Fuzzy Intervals

Let 𝐀̃ and 𝐁̃ be two vectors of fuzzy intervals with components Ã(i) and B̃(i), respectively,
for i = 1,… ,n. We are going to study the 𝛼-level set of 𝐀̃⊖EP 𝐁̃ that is obtained from the
extension principle, and the 𝛼-level sets of 𝐀̃⊖DT 𝐁̃ for ⊖DT ∈ {⊖⋄

DT , ⊖
⋆

DT , ⊖
†
DT} that are

obtained from the expression in the decomposition theorem.

7.3.1 𝜶-Level Sets of ̃𝐀⊖EP
̃𝐁

Given any function 𝔄 ∶ [0, 1]2n → [0, 1], recall that the membership function of the differ-
ence 𝐀̃⊖EP 𝐁̃ is defined by

𝜉𝐀̃⊖EP 𝐁̃(𝐳) = sup
{(𝐱,𝐲)∶𝐳=𝐱−𝐲}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1),… , 𝜉B̃(n) (yn)

)
for any 𝐳 ∈ ℝm. The 𝛼-level set (𝐀̃⊖EP 𝐁̃)𝛼 of 𝐀̃⊖EP 𝐁̃ for 𝛼 ∈ [0, 1] can be obtained by apply-
ing Theorem 4.4.15 to the difference 𝐀̃⊖EP 𝐁̃, which is shown below. For each 𝛼 ∈ (0, 1],
we have(

𝐀̃⊖EP 𝐁̃
)
𝛼
=
{
𝐱 − 𝐲 ∶ 𝔄

(
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

)
≥ 𝛼

}
(7.38)

=
{(

x1 − y1,… , xn − yn
)
∶

𝔄
(
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

)
≥ 𝛼

}
.

The 0-level set is given by(
𝐀̃⊖EP 𝐁̃

)
0 = 𝐀̃0 − 𝐁̃0 =

{
𝐱 − 𝐲 ∶ 𝐱 ∈ 𝐀̃0 and 𝐲 ∈ 𝐁̃0

}
.

Moreover, for each 𝛼 ∈ [0, 1], the 𝛼-level sets (𝐀̃⊖EP 𝐁̃)𝛼 are convex, closed, and bounded
subsets of ℝm.
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Now, the function 𝔄 ∶ [0, 1]2n → [0, 1] is given by

𝔄
(
𝛼1,… , 𝛼2n

)
= min

{
𝛼1,… , 𝛼2n

}
.

For each 𝛼 ∈ (0, 1], using (7.38), we have(
𝐀̃⊖EP 𝐁̃

)
𝛼
=
{
𝐱 − 𝐲 ∶ min

{
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

}
≥ 𝛼

}
=
{
𝐱 − 𝐲 ∶ 𝜉Ã(i) (xi) ≥ 𝛼 and 𝜉B̃(i) (yi) ≥ 𝛼 for each i = 1,… ,n

}
=
{(

x1 − y1,… , xn − yn
)
∶ xi ∈ Ã(i)

𝛼 ≡

[
ÃL

i𝛼, ÃU
i𝛼

]
and yi ∈ B̃(i)

𝛼 ≡

[
B̃L

i𝛼, B̃U
i𝛼

]
for each i = 1,… ,n

}
=
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 − B̃U
n𝛼, ÃU

n𝛼 − B̃L
n𝛼

]
. (7.39)

For the 0-level set, from (7.39) and (2.5), it is not difficult to show that(
𝐀̃⊖EP 𝐁̃

)
0 = cl

( ⋃
0<𝛼≤1

(
𝐀̃⊖EP 𝐁̃

)
𝛼

)
=
[

ÃL
10 − B̃U

10, ÃU
10 − B̃L

10

]
× · · · ×

[
ÃL

n0 − B̃U
n0, ÃU

n0 − B̃L
n0

]
.

Regarding the components Ã(i) and B̃(i), for 𝛼 ∈ [0, 1], we also have(
Ã(i)

⊖EP B̃(i)
)
𝛼

=
[

ÃL
i𝛼 − B̃U

i𝛼, ÃU
i𝛼 − B̃L

i𝛼

]
for i = 1,… ,n. (7.40)

Therefore, from (7.39) and (7.40), for 𝛼 ∈ [0, 1], we obtain(
𝐀̃⊖EP 𝐁̃

)
𝛼
=
(

Ã(1)
⊖EP B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊖EP B̃(n)

)
𝛼

.

The above results are summarized in the following theorem.

Theorem 7.3.1 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be any fuzzy intervals. Suppose that the
function 𝔄 ∶ [0, 1]2n → [0, 1] is given by

𝔄
(
𝛼1,… , 𝛼2n

)
= min

{
𝛼1,… , 𝛼2n

}
.

For each 𝛼 ∈ [0, 1], we have(
Ã(i)

⊖EP B̃(i)
)
𝛼

=
[

ÃL
i𝛼 − B̃U

i𝛼, ÃU
i𝛼 − B̃L

i𝛼

]
and (

𝐀̃⊖EP 𝐁̃
)
𝛼
=
(

Ã(1)
⊖EP B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊖EP B̃(n)

)
𝛼

.

Example 7.3.2 Continued from Examples 2.2.4 and 7.2.4, Theorem 7.3.1 says that(
Ã(1)

⊖EP B̃(1)
)
𝛼

=
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
= [(1 + 𝛼) − (7 − 𝛼), (4 − 𝛼) − (4 + 𝛼)] = [−6 + 2𝛼,−2𝛼]

and (
Ã(2)

⊖EP B̃(2)
)
𝛼

=
[

ÃL
2𝛼 − B̃U

2𝛼, ÃU
2𝛼 − B̃L

2𝛼

]
= [(2 + 𝛼) − (6 − 𝛼), (5 − 𝛼) − (3 + 𝛼)] = [−4 + 2𝛼, 2 − 2𝛼]
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and (
𝐀̃⊖EP 𝐁̃

)
𝛼
=
(

Ã(1)
⊖EP B̃(1)

)
𝛼

×
(

Ã(2)
⊖EP B̃(2)

)
𝛼

= [−6 + 2𝛼,−2𝛼] × [−4 + 2𝛼, 2 − 2𝛼]

for 𝛼 ∈ [0, 1].

7.3.2 𝜶-Level Sets of ̃𝐀⊖
⋄
DT

̃𝐁

Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. By referring to Subsection 6.2.1, the
family {M−

𝛼 ∶ 𝛼 ∈ (0, 1]} is given by M−
𝛼 = 𝐀̃𝛼 − 𝐁̃𝛼 . For 𝛼 ∈ (0, 1], we have

M−
𝛼 = 𝐀̃𝛼 − 𝐁̃𝛼 =

{
𝐱 − 𝐲 ∶ 𝐱 ∈ 𝐀̃𝛼 and 𝐲 ∈ 𝐁̃𝛼

}
=
{(

x1 − y1,… , x1 − y1
)
∶ xi ∈ Ã(i)

𝛼 =
[

ÃL
i𝛼, ÃU

i𝛼

]
and

yi ∈ B̃(i)
𝛼 =

[
B̃L

i𝛼, B̃U
i𝛼

]
for i = 1,… ,n

}
=
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 − B̃U
n𝛼, ÃU

n𝛼 − B̃L
n𝛼

]
. (7.41)

Based on the expression in the decomposition theorem, the membership function of
𝐀̃⊖⋄

DT 𝐁̃ is given by

𝜉𝐀̃⊖⋄
DT 𝐁̃

(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M−
𝛼

(𝐳). (7.42)

The 𝛼-level sets (𝐀̃⊖⋄
DT 𝐁̃)𝛼 of 𝐀̃⊖⋄

DT 𝐁̃ for 𝛼 ∈ [0, 1] are presented below.

Proposition 7.3.3 We have(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼
= M−

𝛼 =
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 − B̃U
n𝛼, ÃU

n𝛼 − B̃L
n𝛼

]
for each 𝛼 ∈ [0, 1].

Proof. We first consider 𝛼 ∈ (0, 1]. Given any 𝐳 ∈ M−
𝛼 , we see that 𝜉𝐀̃⊖⋄

DT 𝐁̃
(𝐳) ≥ 𝛼 by (7.42).

Therefore, we obtain 𝐳 ∈ (𝐀̃⊖⋄
DT 𝐁̃)𝛼 , which proves the inclusion M−

𝛼 ⊆ (𝐀̃⊖⋄
DT 𝐁̃)𝛼 .

For proving the other direction of inclusion, it is clear to see that {M−
𝛼 ∶ 0 < 𝛼 ≤ 1} is a

nested family. Given any 𝐳 ∈ (𝐀̃⊖⋄
DT 𝐁̃)𝛼 , i.e. 𝜉𝐀̃⊖⋄

DT 𝐁̃
(𝐳) ≥ 𝛼, let 𝛼̂ = 𝜉𝐀̃⊖⋄

DT 𝐁̃
(𝐳). Assume that

𝛼̂ > 𝛼. Let 𝜖 = 𝛼̂ − 𝛼 > 0. According to the concept of supremum, there exists 𝛼0 satisfying
𝐳 ∈ M−

𝛼0
and 𝛼̂ − 𝜖 < 𝛼0, which implies 𝛼 < 𝛼0. This also says that 𝐳 ∈ M−

𝛼 , since M−
𝛼0
⊆ M−

𝛼

by the nestedness.
Now, we assume that 𝛼̂ = 𝛼. We can consider a sequence {𝛼s}∞s=1 satisfying 0 < 𝛼s ↑ 𝛼 with

𝛼 > 𝛼s for all s. Since Ã(i) and B̃(i) are fuzzy intervals for i = 1,… ,n, we have

Ã(i)
𝛼 =

∞⋂
s=1

Ã(i)
𝛼s

and B̃(i)
𝛼 =

∞⋂
s=1

B̃(i)
𝛼s

for i = 1,… ,n

by referring to Proposition 2.2.8. Since

𝐀̃𝛼 = Ã(1)
𝛼 × · · · × Ã(n)

𝛼 and 𝐁̃𝛼 = B̃(1)
𝛼 × · · · × B̃(n)

𝛼 ,
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we can obtain

𝐀̃𝛼 =
∞⋂

s=1
𝐀̃𝛼s

and 𝐁̃𝛼 =
∞⋂

s=1
𝐁̃𝛼s

,

Since M−
𝛼 = 𝐀̃𝛼 − 𝐁̃𝛼 , we conclude that

M−
𝛼 =

∞⋂
s=1

M−
𝛼s

for 0 < 𝛼s ↑ 𝛼 satisfying 𝛼 > 𝛼s for all s. (7.43)

Let 𝜖s = 𝛼 − 𝛼s > 0. According to the concept of supremum, there exists 𝛼0 satisfying
𝐳 ∈ M−

𝛼0
and 𝛼̂ − 𝜖s = 𝛼 − 𝜖s < 𝛼0, which implies 𝛼0 > 𝛼s. This also says that 𝐳 ∈ M−

𝛼s
by the

nestedness for all s. Therefore, we conclude that 𝐳 ∈
⋂∞

s=1 M−
𝛼s

. From (7.43), it follows that
𝐳 ∈ M−

𝛼 . Therefore, for 𝛼 ∈ (0, 1], we obtain(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼
=
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 − B̃U
n𝛼, ÃU

n𝛼 − B̃L
n𝛼

]
.

For the 0-level set, by referring to (2.5) and using the nestedness, it is not difficult to
show that(

𝐀̃⊖
⋄
DT 𝐁̃

)
0 = cl

( ⋃
0<𝛼≤1

(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼

)
=
[

ÃL
10 − B̃U

10, ÃU
10 − B̃L

10

]
× · · · ×

[
ÃL

n0 − B̃U
n0, ÃU

n0 − B̃L
n0

]
.

This completes the proof. ◾

Now, for i = 1,… ,n and for 𝛼 ∈ (0, 1], we take

M(i−)
𝛼 = Ã(i)

𝛼 − B̃(i)
𝛼 =

[
ÃL

i𝛼, ÃU
i𝛼

]
−
[

B̃L
i𝛼, B̃U

i𝛼

]
=
[

ÃL
i𝛼 − B̃U

i𝛼, ÃU
i𝛼 − B̃L

i𝛼

]
. (7.44)

From (7.41), we see that

M−
𝛼 = M(1−)

𝛼 × · · · × M(n−)
𝛼 ⊂ ℝm

.

Let Ã(i)
⊖⋄

DT B̃(i) be obtained using the expression in the decomposition theorem based on
the family {M(i−)

𝛼 ∶ 0 < 𝛼 ≤ 1} that is defined in (7.44). By referring to Proposition 7.3.3, we
can similarly obtain(

Ã(i)
⊖

⋄
DT B̃(i)

)
𝛼

= M(i−)
𝛼 =

[
ÃL

i𝛼 − B̃U
i𝛼, ÃU

i𝛼 − B̃L
i𝛼

]
for 𝛼 ∈ [0, 1] and i = 1,… ,n, which also implies(

𝐀̃⊖
⋄
DT 𝐁̃

)
𝛼
=
(

Ã(1)
⊖

⋄
DT B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊖

⋄
DT B̃(n)

)
𝛼

for each 𝛼 ∈ [0, 1]. The above results are summarized below.

Theorem 7.3.4 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. Suppose that the family
{M−

𝛼 ∶ 𝛼 ∈ (0, 1]} is given by M−
𝛼 = 𝐀̃𝛼 − 𝐁̃𝛼 . For each 𝛼 ∈ [0, 1], we have(

Ã(i)
⊖

⋄
DT B̃(i)

)
𝛼

=
[

ÃL
i𝛼 − B̃U

i𝛼, ÃU
i𝛼 − B̃L

i𝛼

]
and (

𝐀̃⊖
⋄
DT 𝐁̃

)
𝛼
=
(

Ã(1)
⊖

⋄
DT B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊖

⋄
DT B̃(n)

)
𝛼

.
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Example 7.3.5 Continued from Example 7.2.4, Theorem 7.3.4 says that(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼
=
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
×
[

ÃL
2𝛼 − B̃U

2𝛼, ÃU
2𝛼 − B̃L

2𝛼

]
= [−6 + 2𝛼,−2𝛼] × [−4 + 2𝛼, 2 − 2𝛼]

for 𝛼 ∈ [0, 1].

7.3.3 𝜶-Level Sets of ̃𝐀⊖
⋆

DT
̃𝐁

Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be any fuzzy intervals. By referring to Subsection 6.2.2,
the family {M−

𝛼 ∶ 0 < 𝛼 ≤ 1} is taken by

M−
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1−)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n−)
𝛽

)
, (7.45)

where M(i−)
𝛽

are bounded closed intervals given by

M(i−)
𝛽

=
[
min

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}
,max

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}]
for i = 1,… ,n. Based on the expression in the decomposition theorem, the membership
function of 𝐀̃⊖⋆

DT 𝐁̃ is given by

𝜉𝐀̃⊖⋆

DT 𝐁̃
(𝐳) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M−

𝛼

(𝐳). (7.46)

We are going to study the 𝛼-level sets (𝐀̃⊖⋆

DT 𝐁̃)𝛼 of 𝐀̃⊖⋆

DT 𝐁̃ for 𝛼 ∈ [0, 1].
For i = 1,… ,n, we write

N(i−)
𝛼 ≡

⋃
𝛼≤𝛽≤1

M(i−)
𝛽

.

It is clear to see that {N(i−)
𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. Using the nestedness, we can

show that

N(i−)
𝛼 =

∞⋂
s=1

N(i−)
𝛼s

for 0 < 𝛼s ↑ 𝛼 with 𝛼s < 𝛼 for all s. (7.47)

From (7.45), we also see that

M−
𝛼 = N(1−)

𝛼 × · · · × N(n−)
𝛼 .

Using (7.47), we can also obtain

M−
𝛼 =

∞⋂
s=1

M−
𝛼s

for 0 < 𝛼s ↑ 𝛼 with 𝛼s < 𝛼 for all s. (7.48)

By applying (7.48) to the argument in the proof of Proposition 7.3.3, we can obtain(
𝐀̃⊖

⋆

DT 𝐁̃
)
𝛼
= M−

𝛼 = N(1−)
𝛼 × · · · × N(n−)

𝛼

for any 𝛼 ∈ [0, 1].
Now, we consider the difference Ã(i)

⊖⋆

DT B̃(i) of components Ã(i) and B̃(i) for i = 1,… ,n.
Using the expression in the decomposition theorem, the membership function of Ã(i)

⊖⋆

DT
B̃(i) is defined by

𝜉Ã(i)
⊖⋆

DT B̃(i) (𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒N(i−)
𝛼

(𝐳).
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We shall also study the 𝛼-level sets (Ã(i)
⊖⋆

DT B̃(i))𝛼 of Ã(i)
⊖⋆

DT B̃(i) for 𝛼 ∈ [0, 1]. Using the
argument in the proof of Proposition 7.3.3 again, we can obtain(

Ã(i)
⊖

⋆

DT B̃(i)
)
𝛼

= N(i−)
𝛼

for any 𝛼 ∈ [0, 1].
In order to obtain the compact form of the 𝛼-level sets, we assume that Ã(1)

,… , Ã(n) and
B̃(1)

,… , B̃(n) are taken to be canonical fuzzy intervals. Let

𝜁
L
i (𝛽) = min

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}
and 𝜁

U
i (𝛽) = max

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}
.

Then M(i−)
𝛽

= [𝜁L
i (𝛽), 𝜁

U
i (𝛽)]. We also see that 𝜁L

i and 𝜁U
i are continuous functions on [0, 1].

Then, for 𝛼 ∈ (0, 1], we can obtain

N(i−)
𝛼 =

⋃
𝛼≤𝛽≤1

M(i−)
𝛽

=
⋃

𝛼≤𝛽≤1

[
𝜁

L
i (𝛽), 𝜁

U
i (𝛽)

]
(7.49)

=
[

min
𝛼≤𝛽≤1

𝜁
L
i (𝛽), max

𝛼≤𝛽≤1
𝜁

U
i (𝛽)

]
=
[

min
𝛼≤𝛽≤1

min
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}]
.

The above results are summarized below.

Theorem 7.3.6 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be any fuzzy intervals. Suppose that the
family {M−

𝛼 ∶ 𝛼 ∈ (0, 1]} is taken by

M−
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1−)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n−)
𝛽

)
,

where M(i−)
𝛽

are bounded closed intervals given by

M(i−)
𝛽

=
[
min

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}
,max

{
ÃL

i𝛽 − B̃L
i𝛽 , ÃU

i𝛽 − B̃U
i𝛽

}]
for i = 1,… ,n. For each 𝛼 ∈ [0, 1], we have(

Ã(i)
⊖

⋆

DT B̃(i)
)
𝛼

=
⋃

𝛼≤𝛽≤1
M(i−)

𝛽

and (
𝐀̃⊖

⋆

DT 𝐁̃
)
𝛼
=
(

Ã(1)
⊖

⋆

DT B̃(1)
)
𝛼

× · · · ×
(

Ã(n)
⊖

⋆

DT B̃(n)
)
𝛼

.

We further ssume that Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) are taken to be canonical fuzzy intervals.
Then, for i = 1,… ,n, we have⋃

𝛼≤𝛽≤1
M(i−)

𝛽
=
[

min
𝛼≤𝛽≤1

min
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}]
=
[

min
{

min
𝛼≤𝛽≤1

(
ÃL

i𝛽 − B̃L
i𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU

i𝛽 − B̃U
i𝛽

)}
,

max
{

max
𝛼≤𝛽≤1

(
ÃL

i𝛽 − B̃L
i𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU

i𝛽 − B̃U
i𝛽

)}]
,

which are bounded closed intervals.
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Example 7.3.7 Continued from Example 7.2.4 by referring to (7.35), Theorem 7.3.6
says that(

𝐀̃⊖
⋆

DT 𝐁̃
)
𝛼
= M−

𝛼 = {(−3,−1)}

for 𝛼 ∈ [0, 1].

7.3.4 𝜶-Level Sets of ̃𝐀⊖
†
DT

̃𝐁

Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be any fuzzy intervals. By referring to Subsection 6.2.3,
the family {M−

𝛼 ∶ 0 < 𝛼 ≤ 1} is given by

M−
𝛼 = M(1−)

𝛼 × · · · × M(n−)
𝛼 ,

where M(i−)
𝛼 are bounded closed intervals given by

M(i−)
𝛼 =

[
min

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}
,max

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}]
for i = 1,… ,n. Based on the expression in the decomposition theorem, the membership
functions of 𝐀̃⊖

†
DT 𝐁̃ and Ã(i)

⊖
†
DT B̃(i) for i = 1,… ,n are given by

𝜉𝐀̃⊖†
DT 𝐁̃

(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M−
𝛼

(𝐳) (7.50)

for any 𝐳 ∈ ℝm and

𝜉Ã(i)
⊖

†
DT B̃(i) (z) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M(i−)

𝛼

(z)

for any z ∈ ℝ, respectively. We are going to study the 𝛼-level sets (𝐀̃⊖
†
DT 𝐁̃)𝛼 of 𝐀̃⊖

†
DT 𝐁̃ for

𝛼 ∈ [0, 1], and the 𝛼-level sets (Ã(i)
⊖

†
DT B̃(i))𝛼 of Ã(i)

⊖
†
DT B̃(i) for 𝛼 ∈ [0, 1].

Now, we assume that Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) are taken to be canonical fuzzy inter-
vals. We are going to claim(

𝐀̃⊖
†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M−

𝛽
for 𝛼 ∈ (0, 1]. (7.51)

Let

𝜁
L
i (𝛼) = min

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}
and 𝜁

U
i (𝛼) = max

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}
.

Then M(i−)
𝛼 = [𝜁L

i (𝛼), 𝜁
U
i (𝛼)]. We also see that 𝜁L

i and 𝜁U
i are continuous functions on [0, 1].

Using Propositions 1.3.9 and 1.3.10, given any fixed 𝐱 = (x1,… , xn) ∈ ℝm, the following
functions

𝜁(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(𝐱) and 𝜁i(𝛼) = 𝛼 ⋅ 𝜒M(i−)

𝛼

(xi).

are upper semi-continuous on [0, 1] for i = 1,… ,n.
Suppose that 𝐳 ∈ (𝐀̃⊖

†
DT 𝐁̃)𝛼 and 𝐳 ∉ M−

𝛽
for all 𝛽 satisfying 𝛽 ≥ 𝛼. Then 𝛽 ⋅ 𝜒M−

𝛽

(𝐳) < 𝛼

for all 𝛽 ∈ [0, 1]. Since 𝜁(𝛽) = 𝛽 ⋅ 𝜒M−
𝛽

(𝐳) is upper semi-continuous on [0, 1] as described
above, the supremum of the function 𝜁 is attained by Proposition 1.4.4. This says that

0 < 𝜉𝐀̃⊖†
DT 𝐁̃

(𝐳) = sup
𝛽∈[0,1]

𝜁(𝛽) = sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒M−
𝛽

(𝐳) = max
𝛽∈[0,1]

𝛽 ⋅ 𝜒M−
𝛽

(𝐳) = 𝛽
∗ ⋅ 𝜒M𝛽∗

(𝐳) < 𝛼
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for some 𝛽∗ ∈ [0, 1] with 𝛽∗ ≠ 0, which violates 𝐳 ∈ (𝐀̃⊖
†
DT 𝐁̃)𝛼 . Therefore, there exists 𝛽0

satisfying 𝛽0 ≥ 𝛼 and 𝐳 ∈ M−
𝛽0

, which shows the following inclusion(
𝐀̃⊖

†
DT 𝐁̃

)
𝛼

⊆
⋃

𝛼≤𝛽≤1
M−

𝛽
.

On the other hand, the following inclusion⋃
𝛼≤𝛽≤1

M−
𝛽
⊆

{
𝐳 ∈ ℝm ∶ sup

𝛽∈[0,1]
𝛽 ⋅ 𝜒M−

𝛽

(𝐳) ≥ 𝛼

}
= {𝐳 ∈ ℝm ∶ 𝜉𝐀̃⊖†

DT 𝐁̃
(𝐳) ≥ 𝛼} = (𝐀̃⊖

†
DT 𝐁̃)𝛼

is obvious. This shows (7.51). We can similarly obtain(
Ã(i)

⊖
†
DT B̃(i)

)
𝛼

=
⋃

𝛼≤𝛽≤1}
M(i−)

𝛽
for 𝛼 ∈ (0, 1].

The above results are summarized below.

Theorem 7.3.8 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be canonical fuzzy intervals. Suppose
that the family {M𝛼 ∶ 𝛼 ∈ (0, 1]} is given by

M−
𝛼 = M(1−)

𝛼 × · · · × M(n−)
𝛼 ,

where M(i−)
𝛼 are bounded closed intervals given by

M(i−)
𝛼 =

[
min

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}
,max

{
ÃL

i𝛼 − B̃L
i𝛼, ÃU

i𝛼 − B̃U
i𝛼

}]
for i = 1,… ,n.

(i) For each 𝛼 ∈ (0, 1], we have(
Ã(i)

⊖
†
DT B̃(i)

)
𝛼

=
⋃

𝛼≤𝛽≤1
M(i−)

𝛽

and the 0-level set(
Ã(i)

⊖
†
DT B̃(i)

)
0
= cl

( ⋃
0<𝛼≤1

(
Ã(i)

⊖
†
DT B̃(i)

)
𝛼

)
.

Moreover, for i = 1,… ,n, we have⋃
𝛼≤𝛽≤1

M(i−)
𝛽

=
[

min
𝛼≤𝛽≤1

min
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}]
=
[

min
{

min
𝛼≤𝛽≤1

(
ÃL

i𝛽 − B̃L
i𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU

i𝛽 − B̃U
i𝛽

)}
,

max
{

max
𝛼≤𝛽≤1

(
ÃL

i𝛽 − B̃L
i𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU

i𝛽 − B̃U
i𝛽

)}]
,

which are bounded closed intervals.
(ii) For each 𝛼 ∈ (0, 1], we have(

𝐀̃⊖
†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M−

𝛽
=
⋃

𝛼≤𝛽≤1

(
M(1−)

𝛽
× · · · × M(n−)

𝛽

)
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and the 0-level set(
𝐀̃⊖

†
DT 𝐁̃

)
0
= cl

( ⋃
0<𝛼≤1

(
𝐀̃⊖

†
DT 𝐁̃

)
𝛼

)
.

Remark 7.3.9 We notice that(
𝐀̃⊖

†
DT 𝐁̃

)
𝛼

≠

(
Ã(1)

⊖
†
DT B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊖

†
DT B̃(n)

)
𝛼

for each 𝛼 ∈ [0, 1]

in general.

Example 7.3.10 Continued from Example 7.2.4 by referring to (7.36), we have
M−

𝛼 = {(−3,−1)}. Part (i) of Theorem 7.3.8 says that(
𝐀̃⊖

†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M−

𝛽
=
⋃

𝛼≤𝛽≤1
{(−3,−1)} = {(−3,−1)}

for 𝛼 ∈ [0, 1].

7.3.5 The Equivalences and Fuzziness

Next, we are going to present the equivalence between 𝐀̃⊖EP 𝐁̃ and 𝐀̃⊖⋄
DT 𝐁̃ in

Theorems 7.3.1 and 7.3.4, respectively.

Theorem 7.3.11 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. Suppose that 𝐀̃⊖EP 𝐁̃
and 𝐀̃⊖⋄

DT 𝐁̃ are obtained from Theorems 7.3.1 and 7.3.4, respectively. Then, we have

𝐀̃⊖EP 𝐁̃ = 𝐀̃⊖
⋄
DT 𝐁̃.

Moreover, for 𝛼 ∈ [0, 1], we have(
𝐀̃⊖EP 𝐁̃

)
𝛼
=
(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼

=
[

ÃL
1𝛼 − B̃U

1𝛼, ÃU
1𝛼 − B̃L

1𝛼

]
× · · · ×

[
ÃL

n𝛼 − B̃U
n𝛼, ÃU

n𝛼 − B̃L
n𝛼

]
. (7.52)

Proof. The equality (7.52) follows immediately from Theorems 7.3.1 and 7.3.4, which also
says that 𝐀̃⊖EP 𝐁̃ = 𝐀̃⊖⋄

DT 𝐁̃. This completes the proof. ◾

We are not able to study the equivalences among 𝐀̃⊖EP 𝐁̃, 𝐀̃⊖⋆

DT 𝐁̃, and 𝐀̃⊖
†
DT 𝐁̃.

However, we can study their fuzziness by considering their 𝛼-level sets. Recall Defini-
tion 6.3.4, we say that Ã is fuzzier than B̃ when B̃𝛼 ⊆ Ã𝛼 for all 𝛼 ∈ (0, 1].

Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be canonical fuzzy intervals, and let 𝐀̃⊖⋆

DT 𝐁̃ and
𝐀̃⊖

†
DT 𝐁̃ be obtained from Theorems 7.3.6 and 7.3.8, respectively. For each 𝛼 ∈ (0, 1],

we have(
𝐀̃⊖

†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1

(
M(1−)

𝛽
× · · · × M(n−)

𝛽

)
and (

𝐀̃⊖
⋆

DT 𝐁̃
)
𝛼
=

( ⋃
𝛼≤𝛽≤1

M(1−)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n−)
𝛽

)
.
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Since the following inclusion⋃
𝛼≤𝛽≤1

(
M(1−)

𝛽
× · · · × M(n−)

𝛽

)
⊆

( ⋃
𝛼≤𝛽≤1

M(1−)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n−)
𝛽

)
is obvious, it follows that(

𝐀̃⊖
†
DT 𝐁̃

)
𝛼

⊆
(
𝐀̃⊖

⋆

DT 𝐁̃
)
𝛼

for each 𝛼 ∈ (0, 1],

which says that 𝐀̃⊖⋆

DT 𝐁̃ is fuzzier than 𝐀̃⊖
†
DT 𝐁̃.

On the other hand, from Theorems 7.3.11 and 7.3.6, for each 𝛼 ∈ (0, 1], we also have⋃
𝛼≤𝛽≤1

M(i−)
𝛽

=
[

min
𝛼≤𝛽≤1

min
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
i𝛽 − B̃L

i𝛽 , ÃU
i𝛽 − B̃U

i𝛽

}]
⊆

[
min
𝛼≤𝛽≤1

(
ÃL

i𝛽 − B̃U
i𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU

i𝛽 − B̃L
i𝛽

)]
⊆

[
ÃL

i𝛼 − B̃U
i𝛼, ÃU

i𝛼 − B̃L
i𝛼

]
.

It follows that(
𝐀̃⊖

⋆

DT 𝐁̃
)
𝛼
⊆
(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼

for each 𝛼 ∈ (0, 1],

which says that 𝐀̃⊖⋄
DT 𝐁̃ is fuzzier than 𝐀̃⊖⋆

DT 𝐁̃. The above results are summarized below.

Theorem 7.3.12 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be canonical fuzzy intervals. Suppose
that 𝐀̃⊖EP 𝐁̃, 𝐀̃⊖⋄

DT 𝐁̃, 𝐀̃⊖⋆

DT 𝐁̃ and 𝐀̃⊖
†
DT 𝐁̃ are obtained from Theorems 7.3.1, 7.3.4, 7.3.6

and 7.3.8, respectively. Then(
𝐀̃⊖

†
DT 𝐁̃

)
𝛼

⊆
(
𝐀̃⊖

⋆

DT 𝐁̃
)
𝛼
⊆
(
𝐀̃⊖

⋄
DT 𝐁̃

)
𝛼
=
(
𝐀̃⊖EP 𝐁̃

)
𝛼

for each 𝛼 ∈ [0, 1]. In other words, 𝐀̃⊖⋆

DT 𝐁̃ is fuzzier than 𝐀̃⊖
†
DT 𝐁̃, and 𝐀̃⊖⋄

DT 𝐁̃ is
fuzzier than 𝐀̃⊖⋆

DT 𝐁̃.

Theorem 7.3.12 says that, when Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) are taken to be canonical
fuzzy intervals, we may prefer to pick 𝐀̃⊖

†
DT 𝐁̃, which has less fuzziness in applications.

7.4 Addition of Vectors of Fuzzy Intervals

Let 𝐀̃ and 𝐁̃ be two vectors of fuzzy intervals with components Ã(i) and B̃(i), respectively,
for i = 1,… ,n. We are going to study the 𝛼-level set of 𝐀̃⊕EP 𝐁̃, which is obtained from the
extension principle, and the 𝛼-level sets of 𝐀̃⊕DT 𝐁̃ for ⊕DT ∈ {⊕⋄

DT , ⊕
⋆

DT , ⊕
†
DT} that are

obtained from the expression in the decomposition theorem.

7.4.1 𝜶-Level Sets of ̃𝐀⊕EP
̃𝐁

Given any function 𝔄 ∶ [0, 1]2n → [0, 1], the membership function of addition 𝐀̃⊕EP 𝐁̃ is
defined by

𝜉𝐀̃⊕EP 𝐁̃(𝐳) = sup
{(𝐱,𝐲)∶𝐳=𝐱+𝐲}

𝔄
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1),… , 𝜉B̃(n) (yn)

)
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for any 𝐳 ∈ ℝm. The 𝛼-level set (𝐀̃⊕EP 𝐁̃)𝛼 of 𝐀̃⊕EP 𝐁̃ for 𝛼 ∈ [0, 1] can be obtained by apply-
ing Theorem 4.4.15 to the addition 𝐀̃⊕EP 𝐁̃, which is shown below. For each 𝛼 ∈ (0, 1],
we have(

𝐀̃⊕EP 𝐁̃
)
𝛼
=
{
𝐱 + 𝐲 ∶ 𝔄

(
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

)
≥ 𝛼

}
(7.53)

=
{(

x1 + y1,… , xn + yn
)
∶

𝔄
(
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

)
≥ 𝛼

}
.

The 0-level set is given by(
𝐀̃⊕EP 𝐁̃

)
0 = 𝐀̃0 + 𝐁̃0 =

{
𝐱 + 𝐲 ∶ 𝐱 ∈ 𝐀̃0 and 𝐲 ∈ 𝐁̃0

}
.

Moreover, for each 𝛼 ∈ [0, 1], the 𝛼-level sets (𝐀̃⊕EP 𝐁̃)𝛼 are convex, closed, and bounded
subsets of ℝm.

Suppose the function 𝔄 ∶ [0, 1]2n → [0, 1] is given by

𝔄
(
𝛼1,… , 𝛼2n

)
= min

{
𝛼1,… , 𝛼2n

}
.

For each 𝛼 ∈ (0, 1], using (7.53), we have(
𝐀̃⊕EP 𝐁̃

)
𝛼
=
{
𝐱 + 𝐲 ∶ min

{
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

}
≥ 𝛼

}
=
{
𝐱 + 𝐲 ∶ 𝜉Ã(i) (xi) ≥ 𝛼 and 𝜉B̃(i) (yi) ≥ 𝛼 for each i = 1,… ,n

}
=
{(

x1 + y1,… , xn + yn
)
∶ xi ∈ Ã(i)

𝛼 ≡

[
ÃL

i𝛼, ÃU
i𝛼

]
and yi ∈ B̃(i)

𝛼 ≡

[
B̃L

i𝛼, B̃U
i𝛼

]
for each i = 1,… ,n

}
=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
. (7.54)

For the 0-level set, from (7.54) and (2.5), it is not difficult to show that(
𝐀̃⊕EP 𝐁̃

)
0 = cl

( ⋃
0<𝛼≤1

(
𝐀̃⊕EP 𝐁̃

)
𝛼

)
=
[

ÃL
10 + B̃L

10, ÃU
10 + B̃U

10

]
× · · · ×

[
ÃL

n0 + B̃L
n0, ÃU

n0 + B̃U
n0

]
.

Regarding the components Ã(i) and B̃(i), for each 𝛼 ∈ [0, 1], we also have(
Ã(i)

⊕EP B̃(i)
)
𝛼

=
[

ÃL
i𝛼 + B̃L

i𝛼, ÃU
i𝛼 + B̃U

i𝛼

]
for i = 1,… ,n. (7.55)

Therefore, from (7.54) and (7.55), for 𝛼 ∈ [0, 1], we obtain(
𝐀̃⊕EP 𝐁̃

)
𝛼
=
(

Ã(1)
⊕EP B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊕EP B̃(n)

)
𝛼

.

The above results are summarized in the following theorem.

Theorem 7.4.1 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. Suppose that the
function 𝔄 ∶ [0, 1]2n → [0, 1] is given by

𝔄
(
𝛼1,… , 𝛼2n

)
= min

{
𝛼1,… , 𝛼2n

}
.

For each 𝛼 ∈ [0, 1], we have(
Ã(i)

⊕EP B̃(i)
)
𝛼

=
[

ÃL
i𝛼 + B̃L

i𝛼, ÃU
i𝛼 + B̃U

i𝛼

]
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and (
𝐀̃⊕EP 𝐁̃

)
𝛼
=
(

Ã(1)
⊕EP B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊕EP B̃(n)

)
𝛼

.

Example 7.4.2 Continued from Examples 2.2.4 and 7.2.4, Theorem 7.4.1 says that(
Ã(1)

⊕EP B̃(1)
)
𝛼

=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
= [(1 + 𝛼) + (4 + 𝛼), (4 − 𝛼) + (7 − 𝛼)] = [5 + 2𝛼, 11 − 2𝛼]

and (
Ã(2)

⊕EP B̃(2)
)
𝛼

=
[

ÃL
2𝛼 + B̃L

2𝛼, ÃU
2𝛼 + B̃U

2𝛼

]
= [(2 + 𝛼) + (3 + 𝛼), (5 − 𝛼) + (6 − 𝛼)] = [5 + 2𝛼, 11 − 2𝛼]

and (
𝐀̃⊕EP 𝐁̃

)
𝛼
=
(

Ã(1)
⊕EP B̃(1)

)
𝛼

×
(

Ã(2)
⊕EP B̃(2)

)
𝛼

= [5 + 2𝛼, 11 − 2𝛼] × [5 + 2𝛼, 11 − 2𝛼]

for 𝛼 ∈ [0, 1] = [0, 1].

7.4.2 𝜶-Level Sets of ̃𝐀⊕DT
̃𝐁

Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. By referring to Subsection 6.2.1, the
family {M+

𝛼 ∶ 𝛼 ∈ (0, 1]} is given by M+
𝛼 = 𝐀̃𝛼 + 𝐁̃𝛼 . For any 𝛼 ∈ (0, 1], we have

M+
𝛼 = 𝐀̃𝛼 + 𝐁̃𝛼 =

{
𝐱 + 𝐲 ∶ 𝐱 ∈ 𝐀̃𝛼 and 𝐲 ∈ 𝐁̃𝛼

}
=
{(

x1 + y1,… , x1 + y1
)
∶ xi ∈ Ã(i)

𝛼 =
[

ÃL
i𝛼, ÃU

i𝛼

]
and yi ∈ B̃(i)

𝛼 =
[

B̃L
i𝛼, B̃U

i𝛼

]
for i = 1,… ,n

}
=
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
. (7.56)

Based on the expression in the decomposition theorem, the membership function of
𝐀̃⊕⋄

DT 𝐁̃ is given by

𝜉𝐀̃⊕⋄
DT 𝐁̃

(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M+
𝛼

(𝐳). (7.57)

Using the similar argument in the proof of Proposition 7.3.3, we can obtain the 𝛼-level sets
(𝐀̃⊕⋄

DT 𝐁̃)𝛼 of 𝐀̃⊕⋄
DT 𝐁̃ given by(

𝐀̃⊕
⋄
DT 𝐁̃

)
𝛼
= M+

𝛼 =
[

ÃL
1𝛼 + B̃L

1𝛼, ÃU
1𝛼 + B̃U

1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
for 𝛼 ∈ [0, 1].

Now, for i = 1,… ,n and for 𝛼 ∈ (0, 1], we take

M(i+)
𝛼 = Ã(i)

𝛼 + B̃(i)
𝛼 =

[
ÃL

i𝛼, ÃU
i𝛼

]
+
[

B̃L
i𝛼, B̃U

i𝛼

]
=
[

ÃL
i𝛼 + B̃L

i𝛼, ÃU
i𝛼 + B̃U

i𝛼

]
. (7.58)

Then, for 𝛼 ∈ [0, 1], from (7.56), we see that

M+
𝛼 = M(1+)

𝛼 × · · · × M(n+)
𝛼 ⊂ ℝm

.
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Let Ã(i)
⊕⋄

DT B̃(i) be obtained using the expression in the decomposition theorem based on
the family {M(i+)

𝛼 ∶ 0 < 𝛼 ≤ 1} that is defined in (7.58). For 𝛼 ∈ [0, 1], we can similarly
obtain (

Ã(i)
⊕

⋄
DT B̃(i)

)
𝛼

= M(i+)
𝛼 =

[
ÃL

i𝛼 + B̃L
i𝛼, ÃU

i𝛼 + B̃U
i𝛼

]
for i = 1,… ,n,

which also implies(
𝐀̃⊕

⋄
DT 𝐁̃

)
𝛼
=
(

Ã(1)
⊕

⋄
DT B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊕

⋄
DT B̃(n)

)
𝛼

.

The above results are summarized below.

Theorem 7.4.3 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. Suppose that the
family {M+

𝛼 ∶ 𝛼 ∈ (0, 1]} is given by M+
𝛼 = 𝐀̃𝛼 + 𝐁̃𝛼 . Then, the following statements hold true.

(i) For each 𝛼 ∈ [0, 1], we have(
Ã(i)

⊕
⋄
DT B̃(i)

)
𝛼

=
[

ÃL
i𝛼 + B̃L

i𝛼, ÃU
i𝛼 + B̃U

i𝛼

]
and (

𝐀̃⊕
⋄
DT 𝐁̃

)
𝛼
=
(

Ã(1)
⊕

⋄
DT B̃(1)

)
𝛼

× · · · ×
(

Ã(n)
⊕

⋄
DT B̃(n)

)
𝛼

.

(ii) Suppose that the function 𝔄 ∶ [0, 1]2n → [0, 1] is given by

𝔄
(
𝛼1,… , 𝛼2n

)
= min

{
𝛼1,… , 𝛼2n

}
.

Then, we have

𝐀̃⊕
⋄
DT 𝐁̃ = 𝐀̃⊕EP 𝐁̃,

where 𝐀̃⊕EP 𝐁̃ is obtained from Theorem 7.4.1.

By referring to Subsection 6.2.2, the family {M+
𝛼 ∶ 0 < 𝛼 ≤ 1} is given by

M+
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1+)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n+)
𝛽

)
,

where M(i+)
𝛽

are bounded closed intervals given by

M(i+)
𝛽

=
[
min

{
ÃL

i𝛽 + B̃L
i𝛽 , ÃU

i𝛽 + B̃U
i𝛽

}
,max

{
ÃL

i𝛽 + B̃L
i𝛽 , ÃU

i𝛽 + B̃U
i𝛽

}]
=
[
AL

i𝛼 + BL
i𝛼,AU

i𝛼 + BU
i𝛼
]

for i = 1,… ,n. Based on the expression in the decomposition theorem, the membership
function of 𝐀̃⊕⋆

DT 𝐁̃ is given by

𝜉𝐀̃⊕⋆

DT 𝐁̃
(𝐳) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M+

𝛼

(𝐳).

Then, we have the following results.

Theorem 7.4.4 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be fuzzy intervals. Suppose that the
family {M𝛼 ∶ 𝛼 ∈ (0, 1]} is given by

M+
𝛼 =

( ⋃
𝛼≤𝛽≤1

M(1+)
𝛽

)
× · · · ×

( ⋃
𝛼≤𝛽≤1

M(n+)
𝛽

)
, (7.59)
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where M(i+)
𝛽

are bounded closed intervals given by

M(i+)
𝛽

=
[

aL
i𝛽 + bL

i𝛽 , aU
i𝛽 + bU

i𝛽

]
for i = 1,… ,n. Then

𝐀̃⊕
⋆

DT 𝐁̃ = 𝐀̃⊕
⋄
DT 𝐁̃.

Proof. Let 𝜁L
i (𝛽) = aL

i𝛽 + bL
i𝛽 and 𝜁U

i (𝛽) = aU
i𝛽 + bU

i𝛽 . Then M(i)
𝛽

= [𝜁L
i (𝛽), 𝜁

U
i (𝛽)]. Proposition

2.3.4 say that 𝜁L
i is lower semi-continuous on [0, 1] and 𝜁U

i is upper semi-continuous on
[0, 1]. Then, for 𝛼 ∈ (0, 1], we can obtain⋃

𝛼≤𝛽≤1
M(i+)

𝛽
=
[

min
𝛼≤𝛽≤1

𝜁
L
i (𝛽), max

𝛼≤𝛽≤1
𝜁

U
i (𝛽)

]
=
[

min
𝛼≤𝛽≤1

(
aL

i𝛽 + bL
i𝛽

)
, max
𝛼≤𝛽≤1

(
aU

i𝛽 + bU
i𝛽

)]
=
[
aL

i𝛼 + bL
i𝛼, aU

i𝛼 + bU
i𝛼
]
= M(i)

𝛼 .

Therefore, by referring to (7.59), we have

M+
𝛼 =

[
ÃL

1𝛼 + B̃L
1𝛼, ÃU

1𝛼 + B̃U
1𝛼

]
× · · · ×

[
ÃL

n𝛼 + B̃L
n𝛼, ÃU

n𝛼 + B̃U
n𝛼

]
,

which is the same as (7.56). Therefore, we obtain

𝐀̃⊕
⋆

DT 𝐁̃ = 𝐀̃⊕
⋄
DT 𝐁̃.

This completes the proof. ◾

By referring to Subsection 6.2.3, the family {M+
𝛼 ∶ 0 < 𝛼 ≤ 1} is given by

M+
𝛼 = M(1+)

𝛼 × · · · × M(n+)
𝛼 ,

where M(i+)
𝛼 are bounded closed intervals given by

M(i+)
𝛼 =

[
min

{
ÃL

i𝛼 + B̃L
i𝛼, ÃU

i𝛼 + B̃U
i𝛼

}
,max

{
ÃL

i𝛼 + B̃L
i𝛼, ÃU

i𝛼 + B̃U
i𝛼

}]
=
[
AL

i𝛼 + BL
i𝛼,AU

i𝛼 + BU
i𝛼
]

for i = 1,… ,n. Based on the expression in the decomposition theorem, the membership
functions of 𝐀̃⊕

†
DT 𝐁̃ is given by

𝜉𝐀̃⊕†
DT 𝐁̃

(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M+
𝛼

(𝐳)

for any 𝐳 ∈ ℝm. However, in this case, we need to consider canonical fuzzy intervals rather
than fuzzy intervals.

Theorem 7.4.5 Let Ã(1)
,… , Ã(n) and B̃(1)

,… , B̃(n) be canonical fuzzy intervals. Suppose
that the family {M𝛼 ∶ 𝛼 ∈ (0, 1]} is given by

M+
𝛼 = M(1+)

𝛼 × · · · × M(n+)
𝛼 ,

where M(i+)
𝛼 are bounded closed intervals given by

M(i+)
𝛼 =

[
AL

i𝛼 + BL
i𝛼,AU

i𝛼 + BU
i𝛼
]
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for i = 1,… ,n. Then, we have

𝐀̃⊕
†
DT 𝐁̃ = 𝐀̃⊕

⋆

DT 𝐁̃ = 𝐀̃⊕
⋄
DT 𝐁̃.

Proof. For each i = 1,… ,n, it is clear to see that⋃
𝛼≤𝛽≤1

M(i+)
𝛽

=
[
AL

i𝛼 + BL
i𝛼,AU

i𝛼 + BU
i𝛼
]
= M(i+)

𝛼 .

For each 𝛼 ∈ (0, 1], using the similar argument of Theorem 7.3.8, we can obtain(
𝐀̃⊕

†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M+

𝛽
=
⋃

𝛼≤𝛽≤1

(
M(1+)

𝛽
× · · · × M(n+)

𝛽

)
⋃

𝛼≤𝛽≤1

([
AL

1𝛽 + BL
1𝛽 ,AU

1𝛽 + BU
1𝛽

]
× · · · ×

[
AL

n𝛽 + BL
n𝛽 ,AU

n𝛽 + BU
n𝛽

])
=
[
AL

1𝛼 + BL
1𝛼,AU

1𝛼 + BU
1𝛼
]
× · · · ×

[
AL

n𝛼 + BL
n𝛼,AU

n𝛼 + BU
n𝛼
]

=
(
𝐀̃⊕

⋆

DT 𝐁̃
)
𝛼
=
(
𝐀̃⊕

⋄
DT 𝐁̃

)
𝛼
=
(
𝐀̃⊕EP 𝐁̃

)
𝛼
.

This completes the proof. ◾

Example 7.4.6 Using Theorem 7.4.5 and Example 7.4.2, we see that(
𝐀̃⊕

⋄
DT 𝐁̃

)
𝛼
=
(
𝐀̃⊕

⋆

DT 𝐁̃
)
𝛼
=
(
𝐀̃⊕

†
DT 𝐁̃

)
𝛼

= [5 + 2𝛼, 11 − 2𝛼] × [5 + 2𝛼, 11 − 2𝛼]

for 𝛼 ∈ [0, 1].

7.5 Arithmetic Operations Using Compatibility
and Associativity

Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. We consider the operations ⊙i ∈ {⊕,⊖,⊗} for

i = 1,… ,n − 1. Given a function 𝔄n ∶ [0, 1]n → [0, 1] defined on the product set [0, 1]n,
the membership function of Ã = Ã(1)

⊙1 · · ·⊙n−1Ã(n) is defined by

𝜉Ã(z) = 𝜉Ã(1)
⊙1 ···⊙n−1Ã(n) (z) = sup

{(x1 ,…,xn)∶z=x1∘1 ···∘n−1xn}
𝔄n
(
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

)
, (7.60)

where the way of calculation Ã(1)
⊙1 · · ·⊙n−1Ã(n) for ⊙i ∈ {⊕,⊖,⊗} and i = 1,… ,n − 1 is

based on the way of calculation of x1 ∘1 · · · ∘n−1xn for ∘ i ∈ {+,−, ∗} and i = 1,… ,n − 1.
In order to emphasize that the expressions Ã(1)

⊙1 · · ·⊙n−1Ã(n) depends on the function 𝔄n,
we sometimes write it as

Ã(1)
⊙1 · · ·⊙n−1Ã(n)(𝔄n).

The case of ∘ = ÷ will not be considered, since the division of x∕y should be avoided when
y = 0, which will make the proofs more complicated. However, the case of ∘ = ÷ can be
similarly discussed according to the arguments of the case of ∘ = ∗ by carefully avoiding
division by zero. Therefore, the case of ∘ = ÷ is left for the readers.

When the function is given by

𝔄n(𝛼1,… , 𝛼n) = min
{
𝛼1,… , 𝛼n

}
,
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by referring to (7.60), we use the notation

Ã(1)
⊡1 · · ·⊡n−1Ã(n) (7.61)

and its membership function is given by

𝜉Ã(1)
⊡1···⊡n−1Ã(n) (z) = sup

{(x1 ,…, xn)∶z=x1∘1···∘n−1xn}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn)

}
, (7.62)

where ⊡i ∈ {⊞,⊟,⊠} for i = 1,… ,n − 1.
For the purpose of considering the priority of calculations, we can insert parentheses

in the expression Ã(1)
⊙1 · · ·⊙n−1Ã(n). The membership functions regarding the expression

including parentheses are defined to be the same form of (7.60) in which the parentheses
in the expression x1 ∘1 · · · ∘n−1xn correspond to those of Ã(1)

⊙1 · · ·⊙n−1Ã(n). The following
example presents the form of inserting parentheses.

Example 7.5.1 Let Ã(1)
,… , Ã(7) be fuzzy sets in ℝ. The membership functions of

B̃ ≡ Ã(1)
⊗

(
Ã(2)

⊕ Ã(3)
)
⊖

(
Ã(4)

⊗

(
Ã(5)

⊕ Ã(6)
⊖ Ã(7)

))
and

C̃ ≡ Ã(1)
⊗ Ã(2)

⊕ Ã(3)
⊖ Ã(4)

⊗ Ã(5)
⊕ Ã(6)

⊖ Ã(7)

are given by

𝜉B̃(z) = sup
{(x1 ,…, x7)∶z=x1∗(x2+x3)−(x4∗(x5+x6−x7))}

𝔄7
(
𝜉Ã(1) (x1),… , 𝜉Ã(7) (x7)

)
and

𝜉C̃(z) = sup
{(x1 ,…, x7)∶z=x1∗x2+x3−x4∗x5+x6−x7}

𝔄7
(
𝜉Ã(1) (x1),… , 𝜉Ã(7) (x7)

)
,

respectively. We see that B̃ ≠ C̃. Since

x1 ∗ x2 + x3 − x4 ∗ x5 + x6 − x7 =
(

x1 ∗ x2
)
+ x3 −

(
x4 ∗ x5

)
+ x6 − x7,

it follows that

C̃ =
(

Ã(1)
⊗ Ã(2)

)
⊕ Ã(3)

⊖

(
Ã(4)

⊗ Ã(5)
)
⊕ Ã(6)

⊖ Ã(7)
.

7.5.1 Compatibility

Now, we are going to study the compatibility with the arithmetic operations of 𝛼-level sets.
Let A1,… ,An be the subsets of ℝ. We write

A1 ∘1 · · · ∘n−1An =
{

x1 ∘1 · · · ∘n−1xn ∶ xi ∈ Ai for i = 1,… ,n
}
,

where the arithmetic operations ∘ i ∈ {+,−, ∗} for i = 1,… ,n − 1. Let Ã = Ã(1)
⊙1 · · ·

⊙n−1Ã(n) be defined in (7.60). We propose the concept of compatibility below.

Definition 7.5.2 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. We consider the arithmetic oper-

ations ⊙i ∈ {⊕,⊖,⊗} that correspond to the arithmetic operations ∘ i ∈ {+,−, ∗} for
i = 1,… ,n − 1.
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● We say that the function 𝔄n ∶ [0, 1]n → [0, 1] is compatible with arithmetic opera-
tions of 𝛼-level sets when(

Ã(1)
⊙1 · · ·⊙n−1Ã(n)

)
𝛼

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 for all 𝛼 ∈ (0, 1].

● We say that the function 𝔄n ∶ [0, 1]n → [0, 1] is strongly compatible with arithmetic
operations of 𝛼-level sets when(

Ã(1)
⊙1 · · ·⊙n−1Ã(n)

)
𝛼

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 for all 𝛼 ∈ [0, 1].

Note that the strong compatibility includes the case of 𝛼 = 0. We are going to present
the sufficient conditions to guarantee the compatibility with the arithmetic operations of
𝛼-level sets.

Theorem 7.5.3 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Suppose that the arithmetic operations

⊙i ∈ {⊕,⊖,⊗} correspond to the arithmetic operations ∘ i ∈ {+,−, ∗} for i = 1,… ,n − 1.
Then, we have the following properties.

(i) Suppose that, for any 𝛼 ∈ (0, 1], the function 𝔄n satisfies the following condition:

𝛼i ≥ 𝛼 for all i = 1,… ,n imply 𝔄n(𝛼1,… , 𝛼n) ≥ 𝛼. (7.63)

Then, we have the following inclusion

Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 ⊆

(
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)
𝛼

for each 𝛼 ∈ [0, 1].
(ii) Suppose that the membership functions of Ã(i) are upper semi-continuous for all

i = 1,… ,n, and that the function 𝔄n satisfies the following conditions: for any 𝛼 ∈ (0, 1],

𝔄n(𝛼1,… , 𝛼n) ≥ 𝛼 if and only if 𝛼i ≥ 𝛼 for all i = 1,… ,n. (7.64)

Then

𝔄n
(
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
(7.65)

and (
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)
𝛼

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 (7.66)

for each 𝛼 ∈ (0, 1]. We further assume that the supports Ã(i)
0+ are bounded for all

i = 1,… ,n. Then, regarding the 0-level sets, we have(
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)

0
= Ã(1)

0 ∘1 · · · ∘n−1Ã(n)
0 . (7.67)

Proof. To prove part (i), for 𝛼 ∈ (0, 1] and z𝛼 ∈ Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 , there exist x(i)𝛼 ∈ Ã(i)
𝛼

for i = 1,… ,n satisfying z𝛼 = x(1)𝛼 ∘1 · · · ∘n−1x(n)𝛼 , where 𝜉Ã(i) (x(i)𝛼 ) ≥ 𝛼 for i = 1,… ,n. Then,
we have

𝜉Ã(1)
⊙1···⊙n−1Ã(n) (z𝛼) = sup

{(a1 ,…,an)∶z𝛼=a1∘1 ···∘n−1an}
𝔄n
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
≥ 𝔄n

(
𝜉Ã(1) (x(1)𝛼 ),… , 𝜉Ã(n) (x(n)𝛼 )

)
≥ 𝛼 (using the assumption (7.63) of 𝔄n),
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which says that z𝛼 ∈ (Ã(1)
⊙1 · · ·⊙n−1Ã(n))𝛼 . This shows the inclusion

Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 ⊆

(
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)
𝛼

for each 𝛼 ∈ (0, 1].
Now, for 𝛼 = 0 and z0 ∈ Ã(1)

0 ∘1 · · · ∘n−1Ã(n)
0 , there also exist x(i)0 ∈ Ã(i)

0 for i = 1,… ,n
satisfying z0 = x(1)0 ∘1 · · · ∘n−1x(n)0 . Since

Ã(i)
0 = cl

(
{x ∈ ℝ ∶ 𝜉Ã(i) (x) > 0}

)
,

according to the concept of closure, there exists a sequence {x(i)m }∞m=1 in the set {x ∈ ℝ ∶
𝜉Ã(i) (x) > 0} satisfying x(i)m → x(i)0 as m → ∞ for i = 1,… ,n. Let zm = x(1)m ∘1 · · · ∘n−1x(n)m .
Then, we see that

zm → x(1)0 ∘1 · · · ∘n−1x(n)0 = z0 as m → ∞, (7.68)

since the binary operations ∘ i ∈ {+,−, ∗} for i = 1,… ,n can be regarded as continuous
functions. For any 𝛼i ∈ (0, 1], let 𝛼 = min{𝛼1,… , 𝛼n}. The assumption (7.63) of𝔄n says that

𝔄n(𝛼1,… , 𝛼n) ≥ 𝛼 > 0.

Therefore, the following statement holds true:

0 < 𝛼i ∈ [0, 1] for all i = 1,… ,n imply 𝔄n(𝛼1,… , 𝛼n) > 0. (7.69)

Now, we have

𝜉Ã(1)
⊙1···⊙n−1Ã(n) (zm) = sup

{(a1 ,…,an)∶zm=a1∘1 ···∘n−1an}
𝔄n
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
≥ 𝔄n

(
𝜉Ã(1) (x(1)m ),… , 𝜉Ã(n) (x(n)m )

)
> 0 (using (7.69)),

which says that

zm ∈ {z ∈ ℝ ∶ 𝜉Ã(1)
⊙1···⊙n−1Ã(n) (z) > 0}.

Since zm → z0 as m → ∞ from (7.68), it means that

z0 ∈ cl
(
{z ∈ ℝ ∶ 𝜉Ã(1)

⊙1 ···⊙n−1Ã(n) (z) > 0}
)
=
(

Ã(1)
⊙1 · · ·⊙n−1Ã(n)

)
0
.

Therefore, we obtain the inclusion

Ã(1)
0 ∘1 · · · ∘n−1Ã(n)

0 ⊆

(
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)

0
.

This proves the desired inclusion.
To prove part (ii), the equality (7.65) can be realized from Proposition 1.4.6. In order

to prove the other direction of inclusion, we further assume that the membership func-
tions of Ã(i) are upper semi-continuous for all i = 1,… ,n; that is, the nonempty 𝛼-level
sets Ã(i)

𝛼 are closed subsets of ℝ for all 𝛼 ∈ [0, 1] and i = 1,… ,n. Given any 𝛼 ∈ (0, 1] and
z𝛼 ∈ (Ã(1)

⊙1 · · ·⊙n−1Ã(n))𝛼 , we have

sup
{(a1 ,…,an)∶z𝛼=a1∘1···∘n−1an}

𝔄n
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
= 𝜉Ã(1)

⊙1···⊙n−1Ã(n) (z𝛼) ≥ 𝛼. (7.70)

Since z𝛼 is finite, it is clear to see that

F ≡
{
(a1,… , an) ∶ z𝛼 = a1 ∘1 · · · ∘n−1an

}
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is a bounded subset of ℝm. We also see that the function

𝜂(a1,… , an) = a1 ∘1 · · · ∘n−1an

is continuous on ℝm. Since the singleton {z𝛼} is a closed subset of ℝ, it follows that the
inverse image F = 𝜂−1({z𝛼}) of {z𝛼} is also a closed subset of ℝm by the continuity of 𝜂. This
says that F is a bounded and closed subset of ℝm. Now, we want to show that the function

f
(

a1,… , an
)
= 𝔄n

(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
is upper semi-continuous, i.e. we want to show that{(

a1,… , an
)
∶ f
(

a1,… , an
)
≥ 𝛼

}
is a closed subset of ℝm for any 𝛼 ∈ ℝ.

● If 𝛼 ≤ 0, then{(
a1,… , an

)
∶ f
(

a1,… , an
)
≥ 𝛼

}
= ℝm

is a closed subset of ℝm.
● If 𝛼 > 1, then{(

a1,… , an
)
∶ f
(

a1,… , an
)
≥ 𝛼

}
= ∅

is also a closed subset of ℝm.
● If 𝛼 ∈ (0, 1], then{(

a1,… , an
)
∶ f
(

a1,… , an
)
≥ 𝛼

}
=
{(

a1,… , an
)
∶ 𝔄n

(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
≥ 𝛼

}
=
{(

a1,… , an
)
∶ 𝜉Ã(i) (ai) ≥ 𝛼 for all i = 1,… ,n

}
(using (7.64))

=
{(

a1,… , an
)
∶ ai ∈ Ã(i)

𝛼 for all i = 1,… ,n
}
= Ã(1)

𝛼 × · · · × Ã(n)
𝛼 ,

which is a closed subset of ℝm, since Ã(i)
𝛼 are closed subsets of ℝ for all i = 1,… ,n.

Therefore, the function f (a1,… , an) is indeed upper semi-continuous. Proposition 1.4.4 says
that the function f assumes its maximum on F; that is, from (7.70), we have

max
(a1 ,…,an)∈F

f (a1,… , an) = max
{(a1 ,…,an)∶z𝛼=a1∘1 ···∘n−1an}

f (a1,… , an)

= sup
{(a1 ,…,an)∶z𝛼=a1∘1 ···∘n−1an}

f (a1,… , an) ≥ 𝛼. (7.71)

In other words, there exists (a∗
1,… , a∗

n) ∈ F satisfying z𝛼 = a∗
1 ∘1 · · · ∘n−1a∗

n and

𝔄n
(
𝜉Ã(1) (a∗

1),… , 𝜉Ã(n) (a∗
n)
)
= f

(
a∗

1,… , a∗
n
)
= max

(a1 ,…,an)∈F
f (a1,… , an) ≥ 𝛼.

Using assumption (7.64), we obtain 𝜉Ã(i) (a∗
i ) ≥ 𝛼, i.e. a∗

i ∈ Ã(i)
𝛼 for all i = 1,… ,n, which says

that z𝛼 ∈ Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 , i.e.(
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)
𝛼

⊆ Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 .

for all 𝛼 ∈ (0, 1]. Using part (i), we obtain the desired equality (7.66).
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For 𝛼 = 0, we further assume that the supports Ã(i)
0+ are bounded for all i = 1,… ,n.

Suppose that 𝔄n(𝛼1 … , 𝛼n) > 0 for 𝛼i ∈ [0, 1] and i = 1,… ,n. Since [0, 1] is an interval
beginning from 0, using the denseness of ℝ, there exists 𝛼 ∈ (0, 1] satisfying

𝔄n(𝛼1 … , 𝛼n) ≥ 𝛼 > 0.

From the assumption (7.64), the following statement holds true:

𝔄n(𝛼1 … , 𝛼n) > 0 for 𝛼i ∈ [0, 1] and i = 1,… ,n imply 𝛼i > 0 for all i = 1,… ,n.
(7.72)

Now, regarding the 0-level set, we have

z0 ∈
(

Ã(1)
⊙1 · · ·⊙n−1Ã(n)

)
0
= cl

((
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)

0+

)
= cl

({
z ∈ ℝ ∶ 𝜉Ã(1)

⊙1···⊙n−1Ã(n) (z) > 0
})

.

Therefore, there exists a sequence {zm}∞m=1 in the set {z ∈ ℝ ∶ 𝜉Ã(1)
⊙1···⊙n−1Ã(n) (z) > 0} satis-

fying zm → z0 as m → ∞. Using the same arguments above by referring to (7.71), we can
obtain

0 < 𝜉Ã(1)
⊙1···⊙n−1Ã(n) (zm) = sup

{(a1 ,…,an)∶zm=a1∘1···∘n−1an}
𝔄n
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
= max

{(a1 ,…,an)∶zm=a1∘1···∘n−1an}
𝔄n
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
.

Therefore, there exist a1m,… , anm satisfying zm = a1m ∘1 · · · ∘n−1anm and

𝔄n
(
𝜉Ã(1) (a1m),… , 𝜉Ã(n) (anm)

)
= max

{(a1 ,…,an)∶zm=a1∘1 ···∘n−1an}
𝔄n
(
𝜉Ã(1) (a1),… , 𝜉Ã(n) (an)

)
> 0.

Using assumption (7.72), we have 𝜉Ã(i) (aim) > 0 for all i = 1,… ,n. This shows that the
sequence {aim}∞m=1 is in the support Ã(i)

0+ for all i = 1,… ,n. Since each Ã(i)
0+ is bounded for

i = 1,… ,n, i.e. {aim}∞m=1 is a bounded sequence, there exists a convergent subsequence
{aimk

}∞k=1 of {aim}∞m=1. In other words, we have aimk
→ ai0 as k → ∞ for all i = 1,… ,n,

where ai0 ∈ cl(Ã(i)
0+) = Ã(i)

0 for all i = 1,… ,n. Let zmk
= a1mk

∘1 · · · ∘n−1anmk
. Then {zmk

}∞k=1
is a subsequence of {zm}∞n=1, i.e. zmk

→ z0 as k → ∞. Since

z0 = lim
k→∞

zmk
= lim

k→∞

(
a1mk

∘1 · · · ∘n−1anmk

)
=
(

lim
k→∞

a1mk

)
∘1 · · · ∘n−1

(
lim
k→∞

anmk

)
= a10 ∘1 · · · ∘n−1an0,

which shows that

z0 ∈ Ã(1)
0 ∘1 · · · ∘n−1Ã(n)

0 .

Therefore, we obtain the inclusion(
Ã(1)

⊙1 · · ·⊙n−1Ã(n)
)

0
⊆ Ã(1)

0 ∘1 · · · ∘n−1Ã(n)
0 .

Using part (i), we obtain the desired equality (7.67). This completes the proof. ◾

By referring to (7.61), we have the following interesting results.

Theorem 7.5.4 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Consider the arithmetic oper-

ations ⊙i ∈ {⊕,⊖,⊗} correspond to the arithmetic operations ∘ i ∈ {+,−, ∗} for
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i = 1,… ,n − 1. Suppose that the function 𝔄n is taken to be the minimum function,
given by

𝔄n
(
𝛼1,… , 𝛼n

)
= min

{
𝛼1,… , 𝛼n

}
.

Then, we have the following properties.

(i) Suppose that the membership functions of Ã(i) are upper semi-continuous for all i =
1,… ,n. Then, the function 𝔄n is compatible with arithmetic operations of 𝛼-level sets;
that is,(

Ã(1)
⊡1 · · ·⊡n−1Ã(n)

)
𝛼

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 (7.73)

for all 𝛼 ∈ (0, 1].
(ii) Suppose that the membership functions of Ã(i) are upper semi-continuous, and that the

supports Ã(i)
0+ are bounded for all i = 1,… ,n. Then, the function 𝔄n is strongly compatible

with arithmetic operations of 𝛼-level sets; that is, the equality holds true for all 𝛼 ∈ [0, 1].

Proof. To prove part (i), the equality (7.73) follows from part (ii) of Theorem 7.5.3
immediately. Part (ii) follows from part (ii) of Theorem 7.5.3 and part (i) of this theorem.
This completes the proof. ◾

7.5.2 Associativity

In what follows, we are going to study the associativity regarding the arithmetic operations
of fuzzy sets in ℝ. Let Ã and B̃ be two fuzzy sets in ℝ. It is clear to see that if the function
𝔄2 ∶ [0, 1]2 → [0, 1] is commutative in the sense of

𝔄2(𝛼1, 𝛼2) = 𝔄2(𝛼2, 𝛼1),

then

Ã ⊙ B̃ = B̃ ⊙ Ã for ⊙ ∈ {⊕,⊗}.

Let C̃ be another fuzzy set in ℝ. Since the associativity does not necessarily hold true, we
see that

(Ã⊙1 B̃)⊙2C̃ ≠ Ã⊙1 (B̃⊙2 C̃)

in general for ⊙1, ⊙2 ∈ {⊕,⊖}. Therefore, we are going to present the sufficient conditions
to guarantee the associativity.

Proposition 7.5.5 Let Ã, B̃, C̃ be three fuzzy sets in ℝ. Suppose that the function 𝔄2 ∶
[0, 1]2 → [0, 1] satisfies the following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼, (7.74)

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative, i.e. 𝔄2(𝛼1, 𝛼2) ≠ 𝔄2(𝛼2, 𝛼1) in gen-
eral. Then, for the arithmetic operations ⊙1, ⊙2 ∈ {⊕,⊖,⊗}, the membership function of
(Ã⊙1 B̃)⊙2C̃ can be rewritten as the following simple form:

𝜉(Ã⊙1 B̃)⊙2C̃(z) = sup
{(d,c)∶z=d∘2c}

𝔄2

(
sup

{(a,b)∶d=a∘1b}
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
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= sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
(7.75)

= sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝜉C̃(c),𝔄2

(
𝜉Ã(a), 𝜉B̃(b)

))
,

where

𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
≠ 𝔄2

(
𝜉C̃(c),𝔄2

(
𝜉Ã(a), 𝜉B̃(b)

))
in general.

Proof. We first have the membership function of Ã⊙1 B̃ given by

𝜉Ã⊙1 B̃(d) = sup
{(a,b)∶d=a∘1b}

𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
.

Therefore, the membership function of (Ã⊙1 B̃)⊙2C̃ is given by

𝜉(Ã⊙1 B̃)⊙2C̃(z) = sup
{(d,c)∶z=d∘2c}

𝔄2

(
𝜉Ã⊙1 B̃(d), 𝜉C̃(c)

)
= sup

{(d,c)∶z=d∘2c}
𝔄2

(
sup

{(a,b)∶d=a∘1b}
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
.

Let r = 𝜉(Ã⊙1 B̃)⊙2C̃(z). Then

r ≥ 𝔄2

(
sup

{(a,b)∶d=a∘1b}
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
for all (d, c) satisfying z = d ∘2 c,

which says that, by using (7.74),

r ≥ 𝜉C̃(c) or r ≥ sup
{(a,b)∶d=a∘1b}

𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
for all (d, c) satisfying z = d ∘2 c.

Therefore, we obtain

r ≥ 𝜉C̃(c) or r ≥ 𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
for all (a, b, c) satisfying z = (a ∘1 b) ∘2 c,

i.e. by using (7.74) again,

r ≥ 𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
for all (a, b, c) satisfying z = (a ∘1 b) ∘2 c

and

r ≥ 𝔄2
(
𝜉C̃(c),𝔄2

(
𝜉Ã(a), 𝜉B̃(b)

))
for all (a, b, c) satisfying z = (a ∘1 b) ∘2 c,

which also say that

r ≥ sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
and

r ≥ sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝜉C̃(c),𝔄2

(
𝜉Ã(a), 𝜉B̃(b)

))
.

On the other hand, let

s = sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
.



�

� �

�

7.5 Arithmetic Operations Using Compatibility and Associativity 257

Then, we have

s ≥ 𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
for all (a, b, c) satisfying z = (a ∘1 b) ∘2 c,

which implies, by using (7.74),

s ≥ 𝜉C̃(c) or s ≥ 𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
for all (d, c) satisfying z = d ∘2 c and d = a ∘1 b.

Therefore, we obtain

s ≥ 𝜉C̃(c) or s ≥ sup
{(a,b)∶d=a∘1b}

𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
for all (d, c) satisfying z = d ∘2 c,

which also says that, by using (7.74) again,

s ≥ 𝔄2

(
sup

{(a,b)∶d=a∘1b}
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
for all (d, c) satisfying z = d ∘2 c.

This shows that

s ≥ sup
{(d,c)∶z=d∘2c}

𝔄2

(
sup

{(a,b)∶d=a∘1b}
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
= 𝜉(Ã⊙1 B̃)⊙2C̃(z).

We can similarly show that

sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝜉C̃(c),𝔄2

(
𝜉Ã(a), 𝜉B̃(b)

))
≥ 𝜉(Ã⊙1 B̃)⊙2C̃(z).

Therefore, we obtain the desired equalities. This completes the proof. ◾

Remark 7.5.6 In Proposition 7.5.5, although

𝔄2
(
𝔄2
(

Ã(a), B̃(b)
)
, C̃(c)

)
≠ 𝔄2

(
C̃(c),𝔄2

(
Ã(a), B̃(b)

))
in general, we always have the following equality

sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝔄2
(

Ã(a), B̃(b)
)
, C̃(c)

)
= sup

{(a,b,c)∶z=(a∘1b)∘2c}
𝔄2
(

C̃(c),𝔄2
(

Ã(a), B̃(b)
))

.

Proposition 7.5.7 Let Ã, B̃, C̃ be three fuzzy sets in ℝ. Suppose that the function 𝔄2 ∶
[0, 1]2 → [0, 1] satisfies the following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼, (7.76)

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative. Then, for the arithmetic operations
⊙1, ⊙2 ∈ {⊕,⊖,⊗}, the membership function of Ã⊙1 (B̃⊙2 C̃) can be rewritten as the follow-
ing simple form:

𝜉Ã⊙1 (B̃⊙2 C̃)(z) = sup
{(a,d)∶z=a∘1d}

𝔄2

(
𝜉Ã(a), sup

{(b,c)∶d=b∘2c}
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

))
= sup

{(a,b,c)∶z=a∘1(b∘2c)}
𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
(7.77)

= sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
, 𝜉Ã(a)

)
,
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where

𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
≠ 𝔄2

(
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
, 𝜉Ã(a)

)
in general.

Proof. Let r = 𝜉Ã⊙1 (B̃⊙2 C̃)(z). Then

r ≥ 𝔄2

(
𝜉Ã(a), sup

{(b,c)∶d=b∘2c}
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

))
for all (a, d) satisfying z = a ∘1 d,

which says that, by using (7.76),

r ≥ 𝜉Ã(a) or r ≥ sup
{(b,c)∶d=c∘2c}

𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
for all (a, d) satisfying z = a ∘1 d.

Therefore, we obtain

r ≥ 𝜉Ã(a) or r ≥ 𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
for all (a, b, c) satisfying z = a ∘1 (b ∘2 c),

i.e. by using (7.76) again,

r ≥ 𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
for all (a, b, c) satisfying z = a ∘1 (b ∘2 c)

and

r ≥ 𝔄2
(
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
, 𝜉Ã(a)

)
for all (a, b, c) satisfying z = a ∘1 (b ∘2 c),

which also say that

r ≥ sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
and

r ≥ sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
, 𝜉Ã(a)

)
.

On the other hand, let

s = sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
.

Then, we have

s ≥ 𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
for all (a, b, c) satisfying z = a ∘1 (b ∘2 c),

which implies, by using (7.76),

s ≥ 𝜉Ã(a) or s ≥ 𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
for all (a, d) satisfying z = a ∘1 d and d = b ∘1 c.

Therefore, we obtain

s ≥ 𝜉Ã(a) or s ≥ sup
{(b,c)∶d=b∘2c}

𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
for all (a, d) satisfying z = a ∘1 d,

which also says that, by using (7.76) again,

s ≥ 𝔄2

(
𝜉Ã(a), sup

{(b,c)∶d=b∘2c}
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

))
for all (a, d) satisfying z = a ∘1 d.
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This shows that

s ≥ sup
{(a,d)∶z=a∘1d}

𝔄2

(
𝜉Ã(a), sup

{(b,c)∶d=b∘2c}
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

))
= 𝜉Ã⊙1 (B̃⊙2 C̃)(z).

We can similarly show that

sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝔄2
(
𝜉B̃(b), 𝜉C̃(c)

)
, 𝜉Ã(a)

)
≥ 𝜉Ã⊙1 (B̃⊙2 C̃)(z).

Therefore, we obtain the desired equalities. This completes the proof. ◾

Proposition 7.5.8 Let Ã, B̃, C̃ be three fuzzy sets in ℝ. Suppose that the function 𝔄2 ∶
[0, 1]2 → [0, 1] satisfies the following conditions

𝔄2
(
𝔄2
(
𝛼1, 𝛼2

)
, 𝛼3
)
= 𝔄2

(
𝛼1,𝔄2

(
𝛼2, 𝛼3

))
(7.78)

and

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼, (7.79)

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative. Then, for ⊙1, ⊙2 ∈ {⊕,⊖}, we have

(Ã⊙1 B̃)⊙2C̃ = Ã⊙1 (B̃⊙2 C̃).

Proof. From Propositions 7.5.5 and 7.5.7, we have

𝜉(Ã⊙1 B̃)⊙2C̃(z) = sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
and

𝜉Ã⊙1 (B̃⊙2 C̃)(z) = sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
.

Since we consider the arithmetic operations ∘1 , ∘2 ∈ {+,−}, it follows that

(a ∘1 b) ∘2 c = a ∘1 (b ∘2 c).

Therefore, using (7.78), we complete the proof. ◾

We can also say that the function 𝔄2 is associative when the condition (7.78) is satis-
fied. Given any three fuzzy sets Ã, B̃, C̃ in ℝ, there are two ways to define the arithmetic
operations Ã⊙1 B̃⊙2 C̃ for ⊙1, ⊙2 ∈ {⊕,⊖}, which are given below.

● Using the function 𝔄2 twice, the arithmetic operations can be defined as

Ã∘ ≡ Ã⊙1 B̃⊙2 C̃ ≡
(

Ã⊙1 B̃
)
⊙2C̃,

whose membership function 𝜉Ã∘ has been studied in Propositions 7.5.5, 7.5.7 and 7.5.8.
● We directly consider a function 𝔄3 ∶ [0, 1]3 → [0, 1] rather than applying the function
𝔄2 ∶ [0, 1]2 → [0, 1] twice as presented above. In this case, the membership function of
arithmetic operations Ã†

≡ Ã⊙1 B̃⊙2 C̃ is given by

𝜉Ã† (z) = 𝜉Ã⊙1 B̃⊙2 C̃(z) = sup
{(x1 ,x2 ,x3)∶z=x1∘1x2∘2x3}

𝔄3
(
𝜉Ã(x1), 𝜉B̃(x2), 𝜉C̃(x3)

)
.
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It is clear to see that 𝜉Ã∘ ≠ 𝜉Ã† in general, since Ã∘ is obtained by using the function 𝔄2

twice and Ã† is obtained by directly using the function 𝔄3. Next, we shall present the equal-
ity Ã∘ = Ã† under some suitable settings. We recall that the notation Ã(1)

⊙1 · · ·⊙n−1Ã(n)(𝔄n)
means that the expression Ã(1)

⊙1 · · ·⊙n−1Ã(n) depends on the function 𝔄n, which can refer
to (7.60).

Proposition 7.5.9 Let Ã, B̃, C̃ be three fuzzy sets in ℝ. Suppose that the function
𝔄2 ∶ [0, 1]2 → [0, 1] satisfies the following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼,

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative. Based on the function 𝔄2, we define
the function 𝔄L

3 ∶ [0, 1]3 → [0, 1] as follows

𝔄L
3
(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄2

(
𝔄2
(
𝛼1, 𝛼2

)
, 𝛼3
)
. (7.80)

Then, we have the following properties.

(i) For ⊙1, ⊙2 ∈ {⊕,⊖}, based on the function 𝔄2, we define the arithmetic operations
(Ã⊙1 B̃)⊙2C̃ as described in Proposition 7.5.5. Based on the function 𝔄L

3 , we define the
membership functions of D̃L

≡ Ã⊙1 B̃⊙2 C̃(𝔄L
3 ) as

𝜉D̃L (z) = sup
{(a,b,c)∶z=a∘1b∘2c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
for ∘1 , ∘2 ∈ {+,−}.

Then, we have

(Ã⊙1 B̃)⊙2C̃ = Ã⊙1 B̃⊙2 C̃(𝔄L
3 ) = D̃L

.

(ii) For ⊙ ∈ {⊕,⊖}, based on the function 𝔄2, we define the arithmetic operations (Ã ⊗ B̃)
⊙ C̃ as described in Proposition 7.5.5. Based on the function𝔄L

3 , we define the membership
function of ẼL

≡ Ã ⊗ B̃ ⊙ C̃(𝔄L
3 ) as

𝜉ẼL (z) = sup
{(a,b,c)∶z=a∗b∘c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
for ∘ ∈ {+,−}.

Then, we have

(Ã ⊗ B̃)⊙ C̃ = Ã ⊗ B̃ ⊙ C̃(𝔄L
3 ) = ẼL

.

(iii) Based on the function 𝔄2, we define the arithmetic operations (Ã ⊗ B̃)⊗ C̃ as described
in Proposition 7.5.5. Based on the function 𝔄L

3 , we define the membership function of
F̃L

≡ Ã ⊗ B̃ ⊗ C̃(𝔄L
3 ) as

𝜉F̃L (z) = sup
{(a,b,c)∶z=a∗b∗c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
.

Then, we have

(Ã ⊗ B̃)⊗ C̃ = Ã ⊗ B̃ ⊗ C̃(𝔄L
3 ) = F̃L

.

Proof. To prove part (i), we have

𝜉(Ã⊙1 B̃)⊙2C̃(z) = sup
{(a,b,c)∶z=(a∘1b)∘2c}

𝔄2
(
𝔄2
(
𝜉Ã(a), 𝜉B̃(b)

)
, 𝜉C̃(c)

)
(uisng (7.75))
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= sup
{(a,b,c)∶z=a∘1b∘2c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
(uisng (7.80))

= 𝜉D̃L (z),

where

(a ∘1 b) ∘2 c = a ∘1 b ∘2 c = a ∘1 (b ∘2 c) = b ∘1 (a ∘2 c) = · · · etc.,

since the arithmetic operations ∘1 , ∘2 ∈ {+,−} for real numbers are commutative and
associative.

To prove part (ii), we also have

𝜉(Ã⊗B̃)⊙C̃(z) = sup
{(a,b,c)∶z=(a∗b)∘c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
(using the arguments of part (i))

= sup
{(a,b,c)∶z=a∗b∘c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
= 𝜉ẼL (z),

where the fact of (a ∗ b) ∘ c = a ∗ b ∘ c is used for ∘ ∈ {+,−}. We can similarly obtain part
(iii) by proving 𝜉(Ã⊗B̃)⊗C̃(z) = 𝜉F̃L (z). This completes the proof. ◾

Proposition 7.5.10 Let Ã, B̃, C̃ be three fuzzy sets in ℝ. Suppose that the function
𝔄2 ∶ [0, 1]2 → [0, 1] satisfies the following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼,

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative. Based on the function 𝔄2, we define
the function 𝔄R

3 ∶ [0, 1]3 → [0, 1] as follows

𝔄R
3
(
𝛼1, 𝛼2, 𝛼3

)
= 𝔄2

(
𝛼1,𝔄2

(
𝛼2, 𝛼3

))
. (7.81)

Then, we have the following properties.

(i) For ⊙1, ⊙2 ∈ {⊕,⊖}, based on the function 𝔄2, we define the arithmetic operations
Ã⊙1 (B̃⊙2 C̃) as described in Proposition 7.5.7. Based on the function 𝔄R

3 , we define the
membership functions of D̃R

≡ Ã⊙1 B̃⊙2 C̃(𝔄R
3 ) as

𝜉D̃R (z) = sup
{(a,b,c)∶z=a∘1b∘2c}

𝔄R
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
for ∘1 , ∘2 ∈ {+,−}.

Then, we have

Ã⊙1 (B̃⊙2 C̃) = Ã⊙1 B̃⊙2 C̃(𝔄R
3 ) = D̃R

.

(ii) For ⊙ ∈ {⊕,⊖}, based on the function 𝔄2, we define the arithmetic operations
Ã ⊙ (B̃ ⊗ C̃) as described in Proposition 7.5.7. Based on the function 𝔄R

3 , we define the
membership function of ẼR

≡ Ã ⊗ B̃ ⊙ C̃(𝔄R
3 ) as

𝜉ẼR (z) = sup
{(a,b,c)∶z=a∘b∗c}

𝔄R
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
for ∘ ∈ {+,−}.

Then, we have

Ã ⊙ (B̃ ⊗ C̃) = Ã ⊙ B̃ ⊗ C̃(𝔄R
3 ) = ẼR

.

(iii) Based on the function 𝔄2, we define the arithmetic operations Ã ⊗ (B̃ ⊗ C̃) as described
in Proposition 7.5.7. Based on the function 𝔄R

3 , we define the membership function of
F̃R

≡ Ã ⊗ B̃ ⊗ C̃(𝔄R
3 ) as

𝜉F̃R (z) = sup
{(a,b,c)∶z=a∗b∗c}

𝔄R
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
.
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Then,we have

Ã ⊗ (B̃ ⊗ C̃) = Ã ⊗ B̃ ⊗ C̃(𝔄R
3 ) = F̃R

.

Proof. To prove part (i), we have

𝜉Ã⊙1 (B̃⊙2 C̃)(z) = sup
{(a,b,c)∶z=a∘1(b∘2c)}

𝔄2
(
𝜉Ã(a),𝔄2

(
𝜉B̃(b), 𝜉C̃(c)

))
(uisng (7.77))

= sup
{(a,b,c)∶z=a∘1b∘2c}

𝔄R
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
(uisng (7.81))

= 𝜉D̃R (z).

We can similarly obtain

𝜉Ã⊗(B̃⊗C̃)(z) = 𝜉ẼR (z) and 𝜉Ã⊙(B̃⊗C̃)(z) = 𝜉F̃R (z)

by using the fact of a ∘ (b ∗ c) = a ∘ b ∗ c for ∘ ∈ {+,−}. This completes the proof. ◾

Recall that the function 𝔄2 is associative if and only if the conditions (7.80) and (7.81)
are identical. We also say that the functions 𝔄L

3 and 𝔄R
3 in Propositions 7.5.9 and 7.5.10 are

left-generated and right-generated by 𝔄2, respectively.

Proposition 7.5.11 Let Ã, B̃, C̃ be three fuzzy sets in ℝ. Suppose that the function
𝔄2 ∶ [0, 1]2 → [0, 1] satisfies the following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼,

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative. Let the functions 𝔄L
3 and 𝔄R

3 be
left-generated and right-generated by 𝔄2, respectively. Suppose that any one of the following
conditions is satisfied:

● the function 𝔄2 is associative;
● the function 𝔄2 is compatible with arithmetic operations of 𝛼-level sets.

Then, for ⊙1, ⊙2 ∈ {⊕,⊖}, we have

(Ã⊙1 B̃)⊙2C̃ = Ã⊙1 (B̃⊙2 C̃) = Ã⊙1 B̃⊙2 C̃(𝔄L
3 ) = Ã⊙1 B̃⊙2 C̃(𝔄R

3 ) (7.82)

and

(Ã ⊗ B̃)⊗ C̃ = Ã ⊗ (B̃ ⊗ C̃) = Ã ⊗ B̃ ⊗ C̃(𝔄L
3 ) = Ã ⊗ B̃ ⊗ C̃(𝔄R

3 ). (7.83)

In this case, we simply write

(Ã⊙1 B̃)⊙2C̃ = Ã⊙1 (B̃⊙2 C̃) = Ã⊙1 B̃⊙2 C̃

and

(Ã ⊗ B̃)⊗ C̃ = Ã ⊗ (B̃ ⊗ C̃) = Ã ⊗ B̃ ⊗ C̃.

Proof. Suppose that the function 𝔄2 is associative; that is, the conditions (7.80) and (7.81)
are identical. This says that 𝔄L

3 = 𝔄R
3 . Therefore, from Propositions 7.5.9 and 7.5.10, we

obtain the desired equalities (7.82) and (7.83).
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Now, we assume that 𝔄2 is compatible with arithmetic operations of 𝛼-level sets. Then,
for any 𝛼 ∈ (0, 1], we have(

Ã⊙1 B̃⊙2 C̃(𝔄L
3 )
)
𝛼
=
((

Ã⊙1 B̃
)
⊙2C̃

)
𝛼

(using Proposition 7.5.9)

=
(

Ã⊙1 B̃
)
𝛼
∘2 C̃𝛼 =

(
Ã𝛼 ∘1 B̃𝛼

)
∘2 C̃𝛼 (using compatibility for 𝔄2)

= Ã𝛼 ∘1
(

B̃𝛼 ∘2 C̃𝛼

)
= Ã𝛼 ∘1

(
B̃⊙2 C̃

)
𝛼
=
(

Ã⊙1
(

B̃⊙2 C̃
))

𝛼

=
(

Ã⊙1 B̃⊙2 C̃(𝔄R
3 )
)
𝛼

(using Proposition 7.5.10).

Therefore, we obtain the desired equalities (7.82). Finally, we can similarly prove the case
of operation ⊗. This completes the proof. ◾

We notice that Propositions 7.5.9, 7.5.10 and 7.5.11 can be inductively extended by con-
sidering more than three fuzzy sets in ℝ.

Remark 7.5.12 From Propositions 7.5.9 and 7.5.10, we have

Ã ⊗ B̃ ⊙ C̃(𝔄L
3 ) = (Ã ⊗ B̃)⊙ C̃ and Ã ⊙ B̃ ⊗ C̃(𝔄R

3 ) = Ã ⊙ (B̃ ⊗ C̃). (7.84)

Using the proofs of Propositions 7.5.9 and 7.5.10, we can also obtain the membership func-
tions of Ã ⊗ (B̃ ⊙ C̃) and (Ã ⊙ B̃)⊗ C̃, which are given by

𝜉Ã⊗(B̃⊙C̃)(z) = sup
{(a,b,c)∶z=a∗(b∘c)}

𝔄R
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
≠ sup

{(a,b,c)∶z=a∗b∘c}
𝔄R

3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
and

𝜉(Ã⊙B̃)⊗C̃(z) = sup
{(a,b,c)∶z=(a∘b)∗c}

𝔄L
3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
≠ sup

{(a,b,c)∶z=a∘b∗c}
𝔄L

3
(
𝜉Ã(a), 𝜉B̃(b), 𝜉C̃(c)

)
,

respectively, for ∘ ∈ {+,−}. Therefore, in general, we have

Ã ⊗ B̃ ⊙ C̃(𝔄L
3 ) ≠ Ã ⊗ (B̃ ⊙ C̃) and Ã ⊙ B̃ ⊗ C̃(𝔄R

3 ) ≠ (Ã ⊙ B̃)⊗ C̃. (7.85)

The expressions (7.84) and (7.85) say that the operation ⊗ has the highest priority for firstly
performing calculation.

Recall the left-generated function𝔄L
n and right-generated function𝔄R

n in Definition 3.4.1.
We present an example.

Example 7.5.13 Let Ã(1)
,… , Ã(7) be fuzzy sets in ℝ. Suppose that we take the function

𝔄2 as

𝔄2(𝛼1, 𝛼2) = min
{
𝛼1, 𝛼2

}
.

Then, it is clear to see 𝔄L
7 = 𝔄R

7 ≡ 𝔄7 that is given by

𝔄7(𝛼1,… , 𝛼7) = min
{
𝛼1,… , 𝛼7

}
.

According to Propositions 7.5.8–7.5.12, the membership functions of

B̃ ≡ Ã(1)
⊠

(
Ã(2)

⊞ Ã(3)
)
⊟

(
Ã(4)

⊠

(
Ã(5)

⊞ Ã(6)
⊟ Ã(7)

))
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and

C̃ ≡ Ã(1)
⊠ Ã(2)

⊞ Ã(3)
⊟ Ã(4)

⊠ Ã(5)
⊞ Ã(6)

⊟ Ã(7)

are given by

𝜉B̃(z) = sup
{(x1 ,…, x7)∶z=x1∗(x2+x3)−(x4∗(x5+x6−x7))}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(7) (x7)

}
and

𝜉C̃(z) = sup
{(x1 ,…, x7)∶z=x1∗x2+x3−x4∗x5+x6−x7}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(7) (x7)

}
,

respectively. We see that B̃ ≠ C̃ and

C̃ =
(

Ã(1)
⊠ Ã(2)

)
⊞ Ã(3)

⊟

(
Ã(4)

⊠ Ã(5)
)
⊞ Ã(6)

⊟ Ã(7)
.

Suppose that their membership functions are upper semi-continuous, and that their sup-
ports are bounded. Using Theorem 7.5.4, the 𝛼-level sets are given by

B̃𝛼 = Ã(1)
𝛼 ∗

(
Ã(2)
𝛼 + Ã(3)

𝛼

)
−
(

Ã(4)
𝛼 ∗

(
Ã(5)
𝛼 + Ã(6)

𝛼 − Ã(7)
𝛼

))
and

C̃𝛼 = Ã(1)
𝛼 ∗ Ã(2)

𝛼 + Ã(3)
𝛼 − Ã(4)

𝛼 ∗ Ã(5)
𝛼 + Ã(6)

𝛼 − Ã(7)
𝛼

=
(

Ã(1)
𝛼 ∗ Ã(2)

𝛼

)
+ Ã(3)

𝛼 −
(

Ã(4)
𝛼 ∗ Ã(5)

𝛼

)
+ Ã(6)

𝛼 − Ã(7)
𝛼

for all 𝛼 ∈ [0, 1].

7.5.3 Computational Procedure

The following example shows the way of general computational procedure for any arith-
metic expressions.

Example 7.5.14 Let Ã(1)
,… , Ã(10) be fuzzy sets in ℝ. Given a function 𝔄2 satisfying the

following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼, (7.86)

we assume that the functions 𝔄L
3 and 𝔄L

4 are left-generated by 𝔄2. In order to calculate the
following expression(

Ã(1)
⊖ Ã(2)

)
⊗

(
Ã(3)

⊖ Ã(4)
⊕ Ã(5)

)
⊖

(
Ã(6)

⊗

(
Ã(7)

⊕ Ã(8)
⊖ Ã(9)

⊖ Ã(10)
))

,

(7.87)

the computational procedure are presented below.

● Calculate B̃(1)
≡ Ã(1)

⊖ Ã(2) using the function 𝔄2. The membership function of B̃(1) is
given by

𝜉B̃(1) (z) = sup
{(x1 ,x2)∶z=x1−x2}

𝔄2
(
𝜉Ã(1) (x1), 𝜉Ã(2) (x2)

)
.
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● Calculate B̃(2)
≡ Ã(3)

⊖ Ã(4)
⊕ Ã(5) using the function 𝔄L

3 , which is left-generated by
𝔄2, i.e.

𝔄L
3 (𝛼1, 𝛼2, 𝛼3) = 𝔄2(𝔄2(𝛼1, 𝛼2), 𝛼3).

Using Proposition 7.5.9, the membership function of B̃(2) is given by

𝜉B̃(2) (z) = sup
{(x3 ,x4 ,x5)∶z=x3−x4+x5}

𝔄L
3
(
𝜉Ã(3) (x3), 𝜉Ã(4) (x4), 𝜉Ã(5) (x5)

)
= sup

{(x3 ,x4 ,x5)∶z=x3−x4+x5}
𝔄2
(
𝔄2
(
𝜉Ã(3) (x3), 𝜉Ã(4) (x4)

)
, 𝜉Ã(5) (x5)

)
.

● Calculate B̃(3)
≡ Ã(7)

⊕ Ã(8)
⊖ Ã(9)

⊖ Ã(10) using the function 𝔄L
4 , which is left-generated

by 𝔄2, i.e.

𝔄L
4
(
𝛼1, 𝛼2, 𝛼3, 𝛼4

)
= 𝔄2

(
𝔄2
(
𝔄2
(
𝛼1, 𝛼2

)
, 𝛼3
)
, 𝛼4
)
.

Using Proposition 7.5.9 repeatedly, the membership function of B̃(3) is given by

𝜉B̃(3) (z) = sup
{(x7 ,x8 ,x9 ,x10)∶z=x7+x8−x9−x10}

𝔄L
4
(
𝜉Ã(7) (x7), 𝜉Ã(8) (x8), 𝜉Ã(9) (x9), 𝜉Ã(10) (x10)

)
= sup

{(x7 ,x8 ,x9 ,x10)∶z=x7+x8−x9−x10}
𝔄2
(
𝔄2
(
𝔄2
(
𝜉Ã(7) (x7), 𝜉Ã(8) (x8)

)
, 𝜉Ã(9) (x9)

)
, 𝜉Ã(10) (x10)

)
.

● Calculate B̃(4)
≡ Ã(6)

⊗ B̃(3) using the function 𝔄2. The membership function of B̃(4) is
given by

𝜉B̃(4) (z) = sup
{(x6 ,b3)∶z=x6⋅b3}

𝔄2
(
𝜉Ã(6) (x6), 𝜉B̃(3) (b3)

)
.

● Finally, calculate B̃L = B̃(1)
⊗ B̃(2)

⊖ B̃(4) using the function 𝔄L
3 , which is left-generated by

𝔄2. Using Proposition 7.5.9, the membership function of B̃L is given by

𝜉B̃L (z) = sup
{(b1 ,b2 ,b4)∶z=b1⋅b2−b4}

𝔄L
3
(
𝜉B̃(1) (b1), 𝜉B̃(2) (b2), 𝜉B̃(4) (b4)

)
= sup

{(b1 ,b2 ,b4)∶z=b1⋅b2−b4}
𝔄2
(
𝔄2
(
𝜉B̃(1) (b1), 𝜉B̃(2) (b2)

)
, 𝜉B̃(4) (b4)

)
. (7.88)

We can see that the membership function of 𝜉B̃L is very complicated when the membership
functions of B̃(1)

, B̃(2)
, B̃(4) are substituted into it. By inductively using Propositions 7.5.5 and

7.5.9, we see that the membership function of B̃L can be rewritten as the following simple
form

𝜉B̃L (z) = sup
{(x1 ,…, x10)∶z=f (x1 ,…, x10)}

𝔄L
10
(
𝜉Ã(1) (x1),… , 𝜉Ã(10) (x10)

)
, (7.89)

where

f (x1,… , x10) =
(

x1 − x2
)
⋅
(

x3 − x4 + x5
)
−
(

x6 ⋅
(

x7 + x8 − x9 − x10
))

and 𝔄L
10 is left-generated by 𝔄2.

We can also assume that the functions 𝔄R
3 and 𝔄R

4 are right-generated by 𝔄2. Therefore,
using the above computational procedure, we can obtain the membership function of B̃R

that is also very complicated. Using Propositions 7.5.7 and 7.5.10, we can similarly calculate
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the arithmetic expression (7.87) to obtain B̃R, whose simple form of membership function
is given by

𝜉B̃R (z) = sup
{(x1 ,…, x10)∶z=f (x1 ,…, x10)}

𝔄R
10
(
𝜉Ã(1) (x1),… , 𝜉Ã(10) (x10)

)
, (7.90)

where the function f is the same as above and 𝔄R
10 is right-generated by 𝔄2. In general, we

see that B̃L
≠ B̃R. However, if the function 𝔄2 is associative, then B̃L = B̃R.

On the other hand, without assuming condition (7.86), we can calculate the arithmetic
expression (7.87) using the form (7.60) by directly defining a function 𝔄10 that is different
from 𝔄L

10 and 𝔄U
10.

Next, we want to calculate the following expression

Ã(1)
⊖ Ã(2)

⊗ Ã(3)
⊗ Ã(4)

⊕ Ã(5)
⊖ Ã(6)

⊗ Ã(7)
⊕ Ã(8)

⊗ Ã(9)
⊗ Ã(10)

.

Since the operation ⊗ has the highest priority for performing calculation, it means that we
equivalently calculate the following expression

Ã(1)
⊖

(
Ã(2)

⊗ Ã(3)
⊗ Ã(4)

)
⊕ Ã(5)

⊖

(
Ã(6)

⊗ Ã(7)
)
⊕

(
Ã(8)

⊗ Ã(9)
⊗ Ã(10)

)
. (7.91)

Based on the function 𝔄2, using Propositions 7.5.9 and 7.5.10, we can similarly use the
above computational procedure to calculate the expression (7.91) by separately considering
the appropriate aggregation functions 𝔄L

n or 𝔄R
n for n ≥ 3.

Next, we want to study compatibility for aggregation functions with arithmetic opera-
tions. Continued from Example 7.5.14, we provide a comprehensive example regarding the
compatibility with the arithmetic operations.

Example 7.5.15 Let Ã(1)
,… , Ã(10) be fuzzy sets in ℝ. Suppose that the function 𝔄2 satis-

fying condition (7.86) is compatible with arithmetic operations of 𝛼-level sets. This means
that, for ⊙ ∈ {⊕,⊖,⊗}, the membership function of Ã ⊙ B̃ is defined by using 𝔄2 and
satisfies(

Ã ⊙ B̃
)
𝛼
= Ã𝛼 ∘ B̃𝛼 for 𝛼 ∈ (0, 1],

where the operation ∘ ∈ {+,−,×}. Let us consider the arithmetic expression (7.87). We have
shown that the membership functions (7.88) and (7.89) are identical. We are going to claim
that the function 𝔄L

10 that is left-generated by 𝔄2 is also compatible with arithmetic opera-
tions of 𝛼-level sets. Now, we follow the steps of the computational procedure presented in
Example 7.5.14 to obtain the 𝛼-level sets of expression (7.87) for 𝛼 ∈ (0, 1].

● Since B̃(1)
≡ Ã(1)

⊖ Ã(2) uses the function 𝔄2, the compatibility of 𝔄2 says that

B̃(1)
𝛼 =

(
Ã(1)

⊖ Ã(2)
)
𝛼

= Ã(1)
𝛼 − Ã(2)

𝛼 for 𝛼 ∈ (0, 1].

● Since B̃(2)
≡ Ã(3)

⊖ Ã(4)
⊕ Ã(5) uses the function𝔄L

3 , Proposition 7.5.9 shows B̃(2) = (Ã(3)
⊖

Ã(4))⊕ Ã(5), which is obtained by using 𝔄2 twice. Then, the compatibility of 𝔄2 says that

B̃(2)
𝛼 =

(
Ã(3)

⊖ Ã(4)
⊕ Ã(5)

)
𝛼

=
((

Ã(3)
⊖ Ã(4)

)
⊕ Ã(5)

)
𝛼

=
(

Ã(3)
⊖ Ã(4)

)
𝛼

+ Ã(5)
𝛼 = Ã(3)

𝛼 − Ã(4)
𝛼 + Ã(5)

𝛼 for 𝛼 ∈ (0, 1].
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● Since B̃(3)
≡ Ã(7)

⊕ Ã(8)
⊖ Ã(9)

⊖ Ã(10) uses the function 𝔄L
4 , Repeatedly using

Proposition 7.5.9, we have

B̃(3) =
((

Ã(7)
⊕ Ã(8)

)
⊖ Ã(9)

)
⊖ Ã(10)

,

which is obtained by using 𝔄2 three times. Then, the compatibility of 𝔄2 says that

B̃(3)
𝛼 =

(
Ã(7)

⊕ Ã(8)
⊖ Ã(9)

⊖ Ã(10)
)
𝛼

=
(((

Ã(7)
⊕ Ã(8)

)
⊖ Ã(9)

)
⊖ Ã(10)

)
𝛼

=
((

Ã(7)
⊕ Ã(8)

)
⊖ Ã(9)

)
𝛼

− Ã(10)
𝛼 =

(
Ã(7)

⊕ Ã(8)
)
𝛼

− Ã(9)
𝛼 − Ã(10)

𝛼

= Ã(7)
𝛼 + Ã(8)

𝛼 − Ã(9)
𝛼 − Ã(10)

𝛼 for 𝛼 ∈ (0, 1].

● Since B̃(4)
≡ Ã(6)

⊗ B̃(3) uses the function 𝔄2, the compatibility of 𝔄2 says that

B̃(4)
𝛼 =

(
Ã(6)

⊗ B̃(3)
)
𝛼

= Ã(6)
𝛼 × B̃(3)

𝛼

= Ã(6)
𝛼 ×

(
Ã(7)
𝛼 + Ã(8)

𝛼 − Ã(9)
𝛼 − Ã(10)

𝛼

)
for 𝛼 ∈ (0, 1].

● Finally, since B̃L
≡ B̃(1)

⊗ B̃(2)
⊖ B̃(4) uses the function 𝔄L

3 , Proposition 7.5.9 shows
B̃L = (B̃(1)

⊗ B̃(2))⊖ B̃(4) that is obtained by using 𝔄2 twice. Then, the compatibility of 𝔄2
says that

B̃L
𝛼 =

(
B̃(1)

⊗ B̃(2)
⊖ B̃(4)

)
𝛼

=
((

B̃(1)
⊗ B̃(2)

)
⊖ B̃(4)

)
𝛼

=
(

B̃(1)
⊗ B̃(2)

)
𝛼

− B̃(4)
𝛼 = B̃(1)

𝛼 × B̃(2)
𝛼 − B̃(4)

𝛼

=
(

Ã(1)
𝛼 − Ã(2)

𝛼

)
×
(

Ã(3)
𝛼 − Ã(4)

𝛼 + Ã(5)
𝛼

)
−
(

Ã(6)
𝛼 ×

(
Ã(7)
𝛼 + Ã(8)

𝛼 − Ã(9)
𝛼 − Ã(10)

𝛼

))
(7.92)

for 𝛼 ∈ (0, 1].

We see that the expression (7.92) is the 𝛼-level set of membership function presented in
(7.88). Since the membership functions (7.88) and (7.89) are identical, we see that the𝛼-level
set presented in (7.92) is also the 𝛼-level set of membership function presented in (7.89).
This shows that the function 𝔄L

10, which is left-generated by 𝔄2 is compatible with arith-
metic operations of 𝛼-level sets.

Using the functions 𝔄R
3 and 𝔄R

4 that are right-generated by 𝔄2, we can similarly obtain
the 𝛼-level set B̃R

𝛼 of B̃R whose membership function is given in (7.90). Using the above com-
putational procedure, it is clear to see that B̃R

𝛼 = B̃L
𝛼 for all 𝛼 ∈ (0, 1], which says that B̃R =

B̃L. This equality can also be realized by inductively (repeatedly) using Proposition 7.5.11.
On the other hand, the function 𝔄R

10, which is right-generated by 𝔄2 is compatible with
arithmetic operations of 𝛼-level sets. Although we have B̃R = B̃L, by referring to (7.89) and
(7.90), 𝔄L

10 and 𝔄R
10 are not necessarily identical.

In general, let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Given a function 𝔄2 and arithmetic opera-

tions ⊙i ∈ {⊕,⊖,⊗} for i = 1,… ,n, we want to calculate the arithmetic expression

Ã(1)
⊙1 · · ·⊙n−1Ã(n)
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based on the functions 𝔄L
n and 𝔄R

n , which are left-generated and right-generated by
𝔄2, respectively, where the arithmetic expression can be implicitly assumed to include
parentheses. We also write

B̃L
≡ Ã(1)

⊙1 · · ·⊙n−1Ã(n)(𝔄L
n) and B̃R

≡ Ã(1)
⊙1 · · ·⊙n−1Ã(n)(𝔄R

n);

that is, B̃L and B̃R are obtained using 𝔄L
n and 𝔄R

n , respectively. Then, we have the following
interesting result

Theorem 7.5.16 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Suppose that the function 𝔄2 ∶

[0, 1]2 → [0, 1] satisfies the following condition

𝔄2(𝛼1, 𝛼2) ≤ 𝛼 if and only if 𝛼1 ≤ 𝛼 or 𝛼2 ≤ 𝛼,

where 𝛼 ∈ [0, 1] and 𝔄2 is not necessarily commutative. Let 𝔄L
n and 𝔄R

n be functions that
are left-generated and right-generated by 𝔄2, respectively. For the arithmetic operations
⊙i ∈ {⊕,⊖,⊗} for i = 1,… ,n, we write

B̃L
≡ Ã(1)

⊙1 · · ·⊙n−1Ã(n)(𝔄L
n) and B̃R

≡ Ã(1)
⊙1 · · ·⊙n−1Ã(n)(𝔄R

n),

where the parentheses are implicitly assumed to be included. Assume that 𝔄2 is compatible
with arithmetic operations of 𝛼-level sets. Then, the functions 𝔄L

n and 𝔄R
n are also compatible

with arithmetic operations of 𝛼-level sets. Moreover, we have B̃R = B̃L.

Proof. By referring to Example 7.5.15 and inductively using Proposition 7.5.11, we can
obtain the desired results. ◾

7.6 Binary Operations

Let Ã and B̃ be two fuzzy intervals. Suppose that the binary operation ⊙ is any one of
{⊕,⊖,⊗}. Theorem 7.1.2 says that Ã ⊙ B̃ is also a fuzzy interval satisfying

(Ã ⊙ B̃)𝛼 = Ã𝛼 ∘ B̃𝛼 for any 𝛼 ∈ [0, 1],

where the operation Ã ⊙ B̃ is based on the extension principle using a minimum function.
In general, given any two fuzzy sets Ã and B̃ in ℝ, without using the minimum

function, we want to study the operation Ã⊙𝔏 B̃ based on their 𝛼-level sets. In other words,
we want to study whether there exists a fuzzy set C̃ in ℝ satisfying

C̃𝛼 = Ã𝛼 ∘ B̃𝛼

for all 𝛼 ∈ [0, 1], where ∘ is a binary operation. When the existence of C̃ is guaranteed,
we write C̃ = Ã⊙𝔏 B̃. Some sufficient conditions are needed to guarantee the existence of
such C̃. When the existence of C̃ is guaranteed, according to the decomposition theorem
presented in Theorem 2.2.13, the membership function of C̃ = Ã⊙𝔏 B̃ is given by

𝜉C̃(z) = 𝜉Ã⊙𝔏 B̃(z) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã𝛼 ∘ B̃𝛼
(z) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒C̃𝛼

(z).

In what follows, we shall consider three types of binary operations between Ã and B̃.
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7.6.1 First Type of Binary Operation

In the first type of binary operation, we consider the binary operation⊙𝔏 between two fuzzy
sets Ã and B̃ inℝm and write Ã⊙𝔏 B̃. We also consider the binary operation ∘between 𝛼-level
sets Ã𝛼 and B̃𝛼 of Ã and B̃, respectively, and write Ã𝛼 ∘ B̃𝛼 . Suppose that there exists a fuzzy set
C̃ in ℝm satisfying C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1], where ∘ is a pre-defined binary operation.
Then, we define Ã⊙𝔏 B̃ = C̃. The first type of binary operation is defined as follows:

Ã⊙𝔏 B̃ = C̃ when C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.93)

In other words, the binary operation Ã⊙𝔏 B̃ is based on the pre-defined binary operation
Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1]. Some special cases of the binary operation Ã⊙𝔏 B̃ are presented
below.

● According to (7.93) by taking the binary operations ⊙𝔏 = ⊕𝔏 and ∘ = +, Puri and Ralescu
[92] and Diamond and Kloeden [21] considered the addition

Ã⊕𝔏 B̃ = C̃ when C̃𝛼 = Ã𝛼 + B̃𝛼 =
{

a + b ∶ a ∈ Ã𝛼 and b ∈ B̃𝛼

}
(7.94)

for each 𝛼 ∈ [0, 1]. This means that if there exists a fuzzy set C̃ satisfying C̃𝛼 = Ã𝛼 + B̃𝛼 for
all 𝛼 ∈ [0, 1], then we define Ã⊕𝔏 B̃ = C̃. It is well known that the existence of such fuzzy
set C̃ is always guaranteed.

● According to (7.93) by taking the binary operations ⊙𝔏 = ⊖𝔏 and ∘ = −, we consider the
difference

Ã⊖𝔏 B̃ = C̃ when C̃𝛼 = Ã𝛼 − B̃𝛼 =
{

a − b ∶ a ∈ Ã𝛼 and b ∈ B̃𝛼

}
(7.95)

for each 𝛼 ∈ [0, 1]. This means that if there exists a fuzzy set C̃ satisfying C̃𝛼 = Ã𝛼 − B̃𝛼 for
all 𝛼 ∈ [0, 1], then we define Ã⊖𝔏 B̃ = C̃. It is also well known that the existence of such
fuzzy set C̃ is always guaranteed.

● Let Ã and B̃ be two fuzzy intervals. Since the 𝛼-level sets Ã𝛼 and B̃𝛼 are bounded closed
intervals given by Ã𝛼 = [ÃL

𝛼, ÃU
𝛼 ] and B̃𝛼 = [B̃L

𝛼, B̃U
𝛼 ], respectively, for 𝛼 ∈ [0, 1], we define

the binary operation ∘ = ⊟H as

Ã𝛼 ⊟H B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
. (7.96)

According to (7.93), by taking ⊙𝔏 = ⊖H , we define the so-called Hausdorff difference
Ã⊖H B̃ between fuzzy intervals Ã and B̃ as

Ã⊖H B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟H B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.97)

This means that if there exists a fuzzy interval C̃ satisfying C̃𝛼 = Ã𝛼 ⊟H B̃𝛼 for all
𝛼 ∈ [0, 1], then we define Ã⊖H B̃ = C̃. The existence of such fuzzy interval C̃ will be
studied in this section.

● Bede and Stefanini [8] considered the so-called generalized difference C̃ (which is
called the type-I-generalized difference in this section) of fuzzy intervals Ã and B̃.
By referring to (7.96), we define the binary operation ∘ = ⊟G1

as

Ã𝛼 ⊟G1
B̃𝛼 = cl

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟H B̃𝛽

)
(7.98)

= cl

( ⋃
𝛼≤𝛽≤1

[
min

{
ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
,max

{
ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}])
. (7.99)



�

� �

�

270 7 Arithmetics of Fuzzy Sets

According to (7.93), the type-I-generalized difference is defined by

Ã⊖G1
B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟G1

B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.100)

This means that if there exists a fuzzy interval C̃ satisfying C̃𝛼 = Ã𝛼 ⊟G1
B̃𝛼 for all

𝛼 ∈ [0, 1], then we define Ã⊖G1
B̃ = C̃. The existence of such fuzzy interval C̃ is not

discussed in Bede and Stefanini [8]. In this section, we shall study the existence of such
fuzzy interval C̃ in a more general sense.

● Gomes and Barros [42] modified (7.98) to define another so-called generalized
difference C̃ (which is called the type-II-generalized difference in this section) of
fuzzy intervals Ã and B̃. The convex hull of a set A is denoted by conv(A). We define the
binary operation ∘ = ⊟G2

as follows

Ã𝛼 ⊟G2
B̃𝛼 = cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟H B̃𝛽

))
(7.101)

=
[

inf
𝛼≤𝛽≤1

min
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
, sup
𝛼≤𝛽≤1

max
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}]
. (7.102)

According to (7.93), the type-II-generalized difference is defined by

Ã⊖G2
B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟G2

B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.103)

This means that if there exists a fuzzy interval C̃ satisfying C̃𝛼 = Ã𝛼 ⊟G2
B̃𝛼 for all

𝛼 ∈ [0, 1], then we define Ã⊖G2
B̃ = C̃. The existence of such fuzzy interval C̃ was not

presented in Gomes and Barros [42]. In this section, we shall study the existence of such
fuzzy interval C̃ in a more general sense.

Example 7.6.1 We consider the triangular fuzzy number Ã = (aL, a, aU ) with member-
ship function given by

𝜉Ã(r) =

⎧⎪⎪⎨⎪⎪⎩

r − aL

a − aL if aL ≤ r ≤ a

aU − r
aU − a

if a < r ≤ aU

0 otherwise.

Then, the 𝛼-level set is given by

Ã𝛼 =
[
(1 − 𝛼) ⋅ aL + 𝛼 ⋅ a, (1 − 𝛼) ⋅ aU + 𝛼 ⋅ a

]
;

that is,

ÃL
𝛼 = (1 − 𝛼) ⋅ aL + 𝛼 ⋅ a and ÃU

𝛼 = (1 − 𝛼) ⋅ aU + 𝛼 ⋅ a.

Let B̃ = (bL, b, bU ) be another triangular fuzzy number. Then

ÃL
𝛼 − B̃L

𝛼 = (1 − 𝛼) ⋅ aL + 𝛼 ⋅ a − (1 − 𝛼) ⋅ bL − 𝛼 ⋅ b = (1 − 𝛼) ⋅
(

aL − bL) + 𝛼 ⋅ (a − b)

and

ÃU
𝛼 − B̃U

𝛼 = (1 − 𝛼) ⋅ aU + 𝛼 ⋅ a − (1 − 𝛼) ⋅ bU − 𝛼 ⋅ b

= (1 − 𝛼) ⋅
(

aU − bU) + 𝛼 ⋅ (a − b).

According to (7.99), we have the following cases.
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● Suppose that aL − bL ≤ aU − bU . Then, for each 𝛼 ∈ [0, 1],

Ã𝛼 ⊟G1
B̃𝛼

= cl

( ⋃
𝛽≤𝛽≤1

[
(1 − 𝛽) ⋅

(
aL − bL) + 𝛽 ⋅ (a − b), (1 − 𝛽) ⋅

(
aU − bU) + 𝛽 ⋅ (a − b)

])
.

● Suppose that aL − bL > aU − bU . Then, for each 𝛼 ∈ [0, 1],

Ã𝛼 ⊟G1
B̃𝛼

= cl

( ⋃
𝛼≤𝛽≤1

[
(1 − 𝛽) ⋅

(
aU − bU) + 𝛽 ⋅ (a − b), (1 − 𝛽) ⋅

(
aL − bL) + 𝛽 ⋅ (a − b)

])
.

According to (7.102), we have the following cases.

● Suppose that aL − bL ≤ aU − bU . Then, for each 𝛼 ∈ [0, 1],

Ã𝛼 ⊟G2
B̃𝛼 =

[
inf
𝛼≤𝛽≤1

(
(1 − 𝛽) ⋅

(
aL − bL) + 𝛽 ⋅ (a − b)

)
,

sup
𝛼≤𝛽≤1

(
(1 − 𝛽) ⋅

(
aU − bU)) + 𝛽 ⋅ (a − b)

]
.

● Suppose that aL − bL > aU − bU . Then, for each 𝛼 ∈ [0, 1],

Ã𝛼 ⊟G2
B̃𝛼 =

[
inf
𝛼≤𝛽≤1

(
(1 − 𝛽) ⋅

(
aU − bU) + 𝛽 ⋅ (a − b)

)
,

sup
𝛼≤𝛽≤1

(
(1 − 𝛽) ⋅

(
aL − bL)) + 𝛽 ⋅ (a − b)

]
.

This example will be continued in the subsequent examples.

The existence of fuzzy set C̃ in ℝm presented in (7.93) should be verified as follows. Sup-
pose that such fuzzy set C̃ in ℝm exists. Then, according to the decomposition theorem
presented in Theorem 2.2.13, the membership function 𝜉C̃ can be expressed as

𝜉C̃(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒C̃𝛼

(x). (7.104)

According to (7.93), we must have

C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1]. (7.105)

Therefore, the fuzzy set C̃ in ℝm exists if and only if the membership function of C̃ shown
in (7.104) and its 𝛼-level set C̃𝛼 shown in (7.105) are consistent. More precisely, the fuzzy
set C̃ in ℝm exists if and only if the following equalities are satisfied:

C̃0 = cl
({

x ∶ 𝜉C̃(x) > 0
})

= cl
({

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃𝛼
(x) > 0

})
= Ã0 ∘ B̃0 (7.106)

and

C̃𝛼 =
{

x ∶ 𝜉C̃(x) ≥ 𝛼
}
=
{

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃𝛼
(x) ≥ 𝛼

}
= Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1].

(7.107)
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In this section, we shall investigate the sufficient conditions to guarantee the equalities
(7.106) and (7.107), which presents the existence of the binary operation Ã⊙𝔏 B̃.

Let us go back to check the generalized differences Ã⊖G1
B̃ and Ã⊖G2

B̃ presented in
(7.100) and (7.103), which were proposed by Bede and Stefanini [8] and Gomes and
Barros [42], respectively. The important issue is to know the membership functions of
Ã⊖G1

B̃ and Ã⊖G2
B̃. However, these researchers did not present the precise expressions of

the membership functions of Ã⊖G1
B̃ and Ã⊖G2

B̃. Therefore, the existence of such fuzzy
intervals was not studied by them.

Suppose that the generalized differences Ã⊖G1
B̃ = C̃(1) and Ã⊖G2

B̃ = C̃(2) exist. Then,
from (7.100) and (7.103), the 𝛼-level sets C̃(1)

𝛼 and C̃(2)
𝛼 of C̃(1) and C̃(2) are, respectively,

given by

C̃(1)
𝛼 = Ã𝛼 ⊟G1

B̃𝛼 and C̃(2)
𝛼 = Ã𝛼 ⊟G2

B̃𝛼. (7.108)

According to the decomposition theorem presented in Theorem 2.2.13, the membership
functions 𝜉C̃(1) and 𝜉C̃(2) of the type-I-generalized difference and type-II-generalized differ-
ence, respectively, can be expressed as

𝜉C̃(1) (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃(1)
𝛼

(x) and 𝜉C̃(2) (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃(2)
𝛼

(x).

According to the equalities (7.106) and (7.107), we consider the following two cases.

● The type-I-generalized difference C̃(1) exists if and only if the following equalities are
satisfied: by referring to (7.108)

C̃(1)
0 = cl

({
x ∶ 𝜉C̃(1) (x) > 0

})
= cl

({
x ∶ sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒C̃(1) (x) > 0

})
= Ã0 ⊟G1

B̃0 (7.109)

and

C̃(1)
𝛼 =

{
x ∶ 𝜉C̃(1) (x) ≥ 𝛼

}
=
{

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃(1) (x) ≥ 𝛼

}
= Ã𝛼 ⊟G1

B̃𝛼 for all 𝛼 ∈ (0, 1]. (7.110)

● The type-II-generalized difference C̃(2) exists if and only if the following equalities are
satisfied: by referring to (7.108) again

C̃(2)
0 = cl

({
x ∶ 𝜉C̃(2) (x) > 0

})
= cl

({
x ∶ sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒C̃(2) (x) > 0

})
= Ã0 ⊟G2

B̃0 (7.111)

and

C̃(2)
𝛼 =

{
x ∶ 𝜉C̃(2) (x) ≥ 𝛼

}
=
{

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃(2) (x) ≥ 𝛼

}
= Ã𝛼 ⊟G2

B̃𝛼 for all 𝛼 ∈ (0, 1]. (7.112)

The equalities (7.109)–(7.112) were not mentioned and studied by Bede and Stefanini [8]
and Gomes and Barros [42]. In this section, we shall investigate the sufficient conditions to
guarantee the equalities (7.109)-(7.112), which means to guarantee the existence of gener-
alized differences.
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On the other hand, according to the decomposition theorem, the membership function
𝜉C̃ of the Hausdorff difference C̃ = Ã⊖H B̃ presented in (7.97) can also be expressed as

𝜉C̃(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃𝛼
(x).

Therefore, the Hausdorff difference C̃ exists if and only if

C̃𝛼 = cl
({

x ∶ 𝜉C̃(x) > 0
})

= cl
({

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃𝛼
(x) > 0

})
= Ã0 ⊟H B̃0 (7.113)

and

C̃𝛼 =
{

x ∶ 𝜉C̃(x) ≥ 𝛼
}
=
{

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃𝛼
(x) ≥ 𝛼

}
= Ã𝛼 ⊟H B̃𝛼 for all 𝛼 ∈ (0, 1].

(7.114)

In this section, we shall also investigate the sufficient conditions to guarantee the equalities
(7.113) and (7.114), which also means to guarantee the existence of the Hausdorff difference
Ã⊖H B̃.

7.6.2 Second Type of Binary Operation

As we mentioned before, the 0-level set is defined by (2.4). Otherwise, the 0-level set is
defined to be the whole set ℝm. That is to say, the definitions of 0-level sets are different.
In order to avoid these conflicts, we are going to propose a second type of binary operation
without considering the 0-level sets Ã0 and B̃0.

Suppose that there exists a fuzzy set C̃∗ in ℝm satisfying C̃∗
𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1],

where 𝛼 = 0 is not included. The second type of binary operation is defined as follows:

Ã ⊙
∗
𝔏 B̃ = C̃∗ when C̃∗

𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ (0, 1]. (7.115)

According to the decomposition theorem, the membership function 𝜉C̃∗ can be expressed as

𝜉C̃∗ (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃∗
𝛼

(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒C̃∗
𝛼

(x). (7.116)

Therefore, the fuzzy set C̃∗ in ℝm exists if and only if

C̃∗
𝛼 =

{
x ∶ 𝜉C̃∗ (x) ≥ 𝛼

}
=
{

x ∶ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒C̃∗
𝛼

(x) ≥ 𝛼

}
= Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1],

(7.117)

where 𝛼 = 0 is not included.

Example 7.6.2 Continued from Example 7.6.1, we can consider Ã𝛼 ⊟G1
B̃𝛼 and Ã𝛼 ⊟G2

B̃𝛼

for each 𝛼 ∈ (0, 1], where 𝛼 = 0 is not included. The purpose is to find a fuzzy set C̃∗ satisfy-
ing C̃∗

𝛼 = Ã𝛼 ⊟G1
B̃𝛼 for all 𝛼 ∈ (0, 1]. If this fuzzy set C̃∗ exists, then we define Ã ⊖∗

G1
B̃ = C̃∗

and, according to the decomposition theorem, its membership function is given by

𝜉Ã⊖∗
G1

B̃(x) = 𝜉C̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒C̃∗
𝛼

(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼 ⊟G1 B̃𝛼
(x).

Similarly, we can also try to find a fuzzy set C̃∗ satisfying C̃∗
𝛼 = Ã𝛼 ⊟G2

B̃𝛼 for all 𝛼 ∈ (0, 1].
If this fuzzy number C̃∗ exists, then we define Ã ⊖∗

G2
B̃ = C̃∗ and its membership function

can also be obtained using the decomposition theorem.
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It is clear that the existence of Ã⊙𝔏 B̃ implies the existence of Ã ⊙∗
𝔏 B̃. The converse is not

necessarily true. However, we have the following interesting result.

Proposition 7.6.3 Suppose that the existence of Ã⊙𝔏 B̃ is guaranteed. Then

Ã⊙𝔏 B̃ = Ã ⊙
∗
𝔏 B̃

and

C̃0 = C̃∗
0 = cl

( ⋃
0<𝛼≤1

Ã𝛼 ∘ B̃𝛼

)
= Ã0 ∘ B̃0.

Proof. We first note that the existence of C̃ = Ã⊙𝔏 B̃ and C̃∗ = Ã ⊙∗
𝔏 B̃ are simultaneously

guaranteed. We also have{
x ∶ 𝜉C̃∗ (x) ≥ 𝛼

}
= C̃∗

𝛼 = Ã𝛼 ∘ B̃𝛼 = C̃𝛼 =
{

x ∶ 𝜉C̃(x) ≥ 𝛼
}

for all 𝛼 ∈ (0, 1]. The result follows from Proposition 1.4.8 immediately. ◾

Proposition 7.6.3 says that if Ã⊙𝔏 B̃ = C̃ exists then C̃ = C̃∗; that is, the first and second
type of binary operations are equivalent. In this case, it is convenient to consider the sec-
ond type of binary operation without considering the 0-level sets. However the sufficient
conditions regarding the existence of Ã⊙𝔏 B̃ = C̃ and Ã ⊙∗

𝔏 B̃ = C̃∗ can be different. There-
fore, we need to study them separately.

Example 7.6.4 Continued from Examples 7.6.1 and 7.6.2, if C̃ in Example 7.6.1 exists,
then Proposition 7.6.3 says that C̃ = C̃∗, where C̃∗ is given in Example 7.6.2. As a matter of
fact, the fuzzy set C̃ exists, which will be realized in the subsequent discussion.

The sufficient conditions for guaranteeing the existence of Ã ⊙∗
𝔏 B̃ and Ã⊙𝔏 B̃ will be

provided in the subsequent discussion. We shall also claim that the sufficient conditions for
guaranteeing the existence of Ã ⊙∗

𝔏 B̃ is weaker than that of Ã⊙𝔏 B̃, which will be presented
in Theorems 7.6.14 and 7.6.19 below, since the binary operation Ã ⊙∗

𝔏 B̃ does not include
the 0-level sets.

7.6.3 Third Type of Binary Operation

For the third type of binary operation, let

M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1],

where 𝛼 = 0 is not included. Using the expression in the decomposition theorem, we
consider the more general binary operation Ã⊙𝔊 B̃ in which the membership function is
defined by

𝜉Ã⊙𝔊 B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x), (7.118)

where M0 is not considered. It is clear that this general binary operation Ã⊙𝔊 B̃ always
exists.
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Given two fuzzy intervals Ã and B̃, by referring to (7.96), let

M𝛼 = Ã𝛼 ⊟H B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
for all 𝛼 ∈ (0, 1]. According to (7.118), we can define the so-called natural Hausdorff
difference Ã⊖NH B̃ with membership function given by

𝜉Ã⊖NH B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x). (7.119)

The natural Hausdorff difference Ã⊖NH B̃ always exists. However, the existence of the
Hausdorff difference Ã⊖H B̃ should be verified using (7.113) and (7.114).

Recall that the definitions of generalized differences Ã⊖G1
B̃ and Ã⊖G2

B̃ are also based on
(7.96). Therefore, their existence should be verified using (7.109) and (7.110), and (7.111)
and (7.112), respectively. In this chapter, we shall investigate the relationships among the
different types of differences Ã⊖G1

B̃, Ã⊖G2
B̃, Ã⊖H B̃, and Ã⊖NH B̃.

Example 7.6.5 Continued from Example 7.6.1, we can define any binary operation
M𝛼 = Ã𝛼 ⊟ B̃𝛼 for all 𝛼 ∈ (0, 1]. Then, we can consider the general difference Ã⊖G B̃
whose membership function is given by

𝜉Ã⊖G B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒Ã𝛼⊟B̃𝛼

(x).

This general difference Ã⊖G B̃ always exists. In particular, we define

M𝛼 = Ã𝛼 ⊟H B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
=
[
(1 − 𝛼) ⋅ min

{
aL − bL

, aU − bU} + 𝛼 ⋅ (a − b), (1 − 𝛼)

⋅max
{

aL − bL
, aU − bU} + 𝛼 ⋅ (a − b)

]
for all 𝛼 ∈ (0, 1]. Then, we can define the natural Hausdorff difference Ã⊖NH B̃ with
membership function given by (7.119), which always exists. We also notice that this family
{M𝛼 ∶ 0 < 𝛼 ≤ 1} is not nested.

Theorem 7.6.6 Let Ã and B̃ be any two fuzzy sets in ℝm, and let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all
𝛼 ∈ (0, 1], where 𝛼 = 0 is not included and ∘ denotes an arbitrary binary operation between
the 𝛼-level sets Ã𝛼 and B̃𝛼 . Suppose that, for any fixed x ∈ ℝm, the function 𝜁x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x)
is upper semi-continuous on [0, 1]. Then, the 𝛼-level set of Ã⊙𝔊 B̃ is given by(

Ã⊙𝔊 B̃
)
𝛼
=
⋃

𝛼≤𝛽≤1
M𝛽

for every 𝛼 ∈ (0, 1] and(
Ã⊙𝔊 B̃

)
0+ =

⋃
0<𝛼≤1

(
Ã⊙𝔊 B̃

)
𝛼
=
⋃

0<𝛼≤1
M𝛼.

Proof. By referring to (7.118), the result follows immediately from Theorem 5.4.9. ◾

Remark 7.6.7 Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1],
where 𝛼 = 0 is not included and ∘ denotes an arbitrary binary operation between the 𝛼-level
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sets Ã𝛼 and B̃𝛼 . For any 𝛼 ∈ (0, 1] and any increasing sequence {𝛼n}∞n=1 in (0, 1] with 𝛼n ↑ 𝛼,
Proposition 2.2.8 says that

∞⋂
n=1

Ã𝛼n
= A𝛼 and

∞⋂
n=1

B̃𝛼n
= B𝛼.

Let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1]. Then, the following inclusion
∞⋂

n=1
M𝛼n

⊆ M𝛼

is satisfied if and only if the following inclusion
∞⋂

n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆ Ã𝛼 ∘ B̃𝛼 =

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
is satisfied.

Theorem 7.6.8 Let Ã and B̃ be any two fuzzy sets in ℝm, let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1],
where 𝛼 = 0 is not included, and let ∘ denote an arbitrary binary operation between the 𝛼-level
sets Ã𝛼 and B̃𝛼 . Suppose that, for any 𝛼 ∈ (0, 1] and any increasing sequence {𝛼n}∞n=1 in (0, 1]
with 𝛼n ↑ 𝛼, the following inclusion is satisfied:

∞⋂
n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆ Ã𝛼 ∘ B̃𝛼 =

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
. (7.120)

Then, the 𝛼-level set of Ã⊙𝔊 B̃ is given by(
Ã⊙𝔊 B̃

)
𝛼
=
⋃

𝛼≤𝛽≤1
M𝛽

for every 𝛼 ∈ (0, 1] and(
Ã⊙𝔊 B̃

)
0+ =

⋃
0<𝛼≤1

(
Ã⊙𝔊 B̃

)
𝛼
=
⋃

0<𝛼≤1
M𝛼.

Proof. Since Ã𝛽 ⊆ Ã𝛼 and B̃𝛽 ⊆ B̃𝛼 for 𝛼 < 𝛽, it follows that M𝛽 ⊆ M𝛼 for 𝛼 < 𝛽. Therefore,
the result follows immediately from Theorem 7.6.6, Remark 7.6.7 and Proposition 5.2.5. ◾

Example 7.6.9 Continued from Example 7.6.5, we see that the natural Hausdorff differ-
ence Ã⊖NH B̃ always exists with membership function given in (7.119). Let

l𝛼 = (1 − 𝛼) ⋅ min
{

aL − bL
, aU − bU} + 𝛼 ⋅ (a − b)

and

u𝛼 = (1 − 𝛼) ⋅ max
{

aL − bL
, aU − bU} + 𝛼 ⋅ (a − b).

The family {M𝛼 ∶ 0 < 𝛼 ≤ 1} given by

M𝛼 = Ã𝛼 ⊟H B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
=
[
l𝛼,u𝛼

]
(7.121)
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is not nested. Given any 𝛼 ∈ (0, 1] and any increasing sequence {𝛼n}∞n=1 in (0, 1] with 𝛼n ↑ 𝛼,
it is clear to see

l𝛼n
→ l𝛼 and u𝛼n

→ u𝛼 as n → ∞.

Given x ∈ Ã𝛼n
⊟H B̃𝛼n

for all n, it means that l𝛼n
≤ x ≤ u𝛼n

for all n. By taking the limit as
n → ∞, we see that l𝛼 ≤ x ≤ u𝛼 , i.e. x ∈ Ã𝛼 ⊟H B̃𝛼 . This says that the inclusion (7.120) is
satisfied. Theorem 7.6.8 says that the 𝛼-level set of the natural Hausdorff difference Ã⊖NH B̃
is given by(

Ã⊖NH B̃
)
𝛼
=
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

Ã𝛼 ⊟H B̃𝛼 =
⋃

𝛼≤𝛽≤1

[
l𝛼,u𝛼

]
for 𝛼 ∈ (0, 1].

Recall that the binary operation Ã⊙𝔊 B̃ always exists. The binary operation Ã ⊙ B̃ can
only exist when (7.106) and (7.107) are satisfied, and the binary operation Ã ⊙∗ B̃ can only
exist when (7.117) is satisfied.

7.6.4 Existence and Equivalence

Recall that the binary operation Ã⊙𝔊 B̃ always exists. The binary operation Ã ⊙ B̃ can only
exist when (7.106) and (7.107) are satisfied, and the binary operation Ã⊙∗B̃ can only exist
when (7.117) is satisfied. The existence will be presented below.

Theorem 7.6.10 (Equivalence) Given any two fuzzy sets Ã and B̃ in ℝm, we have the fol-
lowing equivalences.

(i) Suppose that the binary operation Ã⊙𝔏 B̃ exists. Then, we have

Ã⊙𝔏 B̃ = Ã⊙𝔊 B̃.

(ii) Suppose that the binary operation Ã ⊙∗
𝔏 B̃ exists. Then, we have

Ã ⊙
∗
𝔏 B̃ = Ã⊙𝔊 B̃.

(iii) Suppose that the binary operation Ã⊙𝔏 B̃ and Ã ⊙∗
𝔏 B̃ both exist. Then

Ã⊙𝔏 B̃ = Ã ⊙
∗
𝔏 B̃ = Ã⊙𝔊 B̃.

Proof. To prove part (i), the existence of Ã⊙𝔏 B̃ says that (7.106) and (7.107) are satisfied.
Since

C̃𝛽 = M𝛽 = Ã𝛽 ∘ B̃𝛽 for all 𝛽 ∈ (0, 1],

from (7.104) and (7.118), it follows that{
x ∈ ℝm ∶ 𝜉Ã⊙𝔏 B̃(x) = sup

𝛽∈[0,1]
𝛽 ⋅ 𝜒C̃𝛽

(x) ≥ 𝛼

}
=
{

x ∈ ℝm ∶ 𝜉Ã⊙𝔊 B̃(x) = sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛼

}
.
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Using Proposition 1.4.8, we obtain the desired equality. To prove part (ii), since the existence
of Ã ⊙∗

𝔏 B̃ says that

C̃∗
𝛽 = M𝛽 = Ã𝛽 ∘ B̃𝛽 for all 𝛽 ∈ (0, 1],

from (7.116) and (7.118), we obtain the desired equality. Finally, part (iii) follows from
Proposition 7.6.3 immediately, and the proof is complete. ◾

Proposition 7.6.11 Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all
𝛼 ∈ (0, 1], where 𝛼 = 0 is not included and ∘ denotes an arbitrary binary operation between the
𝛼-level sets Ã𝛼 and B̃𝛼 . Suppose that the existence of Ã ⊙∗

𝔏 B̃ is guaranteed; that is, there exists
a fuzzy set C̃∗ in ℝm such that (7.117) is satisfied. Then {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family.

Proof. By definition, we have Ã ⊙∗
𝔏 B̃ = C̃∗. Since (7.117) is satisfied, we also have

M𝛼 = Ã𝛼 ∘ B̃𝛼 = C̃∗
𝛼

for all 𝛼 ∈ (0, 1]. Using (2.2), the proof is complete. ◾

Theorem 7.6.12 (Nonexistence for Ã ⊙∗
𝔏 B̃) Let Ã and B̃ be two fuzzy sets in ℝm, and let

M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1], where 𝛼 = 0 is not included and ∘ denotes an arbitrary binary
operation between the 𝛼-level sets Ã𝛼 and B̃𝛼 . Suppose that the family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is not
nested. Then, the binary operation Ã ⊙∗

𝔏 B̃ does not exist.

Proof. The result follows immediately from the contrapositive of Proposition 7.6.11. ◾

Example 7.6.13 Let Ã and B̃ be two fuzzy intervals in ℝ. By referring to (7.121), we define

M𝛼 = Ã𝛼 ⊟ B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
for 𝛼 ∈ (0, 1]. Then this family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is not nested in general. Therefore, using
Theorem 7.6.12, the difference Ã⊖∗B̃ does not exist. In other words, we cannot find a fuzzy
interval C̃∗ satisfying C̃∗

𝛼 = Ã𝛼 ⊟ B̃𝛼 for each 𝛼 ∈ (0, 1].

Theorem 7.6.14 (Existence for Ã ⊙∗
𝔏 B̃) Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 =

Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1], where 𝛼 = 0 is not included and ∘ denotes an arbitrary binary opera-
tion between the 𝛼-level sets Ã𝛼 and B̃𝛼 . Suppose that the following conditions are satisfied:

● {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family;
● for any fixed x ∈ ℝm, the function 𝜁x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on [0, 1].

Then, there exists a fuzzy set C̃∗ in ℝm with membership function defined by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) (7.122)

satisfying C̃∗
𝛼 = M𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ (0, 1] and

C̃∗
0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ∘ B̃𝛼

)
.
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This guarantees the existence of C̃∗ = Ã ⊙∗
𝔏 B̃. Moreover, we have

C̃∗ = Ã ⊙
∗
𝔏 B̃ = Ã⊙𝔊 B̃. (7.123)

Proof. Since {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family, we have the equality

M𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 for 𝛼 > 0.

From (7.118) and (7.122), we have

Ã𝛼 ∘ B̃𝛼 = M𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 = (Ã⊙𝔊 B̃)𝛼

(using Theorem 5.4.9)

= C̃∗
𝛼

for all 𝛼 ∈ (0, 1], which shows the existence of Ã ⊙∗
𝔏 B̃ = C̃∗ by referring to (7.117). In this

case, we also have C̃∗
𝛼 = (Ã ⊙∗

𝔏 B̃)𝛼 for all 𝛼 ∈ (0, 1]. The 0-level set C̃∗
0 is given by

C̃∗
0 = cl

(
{x ∈ ℝm ∶ 𝜉C̃∗ (x) > 0}

)
= cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ∘ B̃𝛼

)
.

Finally, using part (ii) of Theorem 7.6.10, we obtain

Ã ⊙
∗
𝔏 B̃ = Ã⊙𝔊 B̃,

and the proof is complete. ◾

Theorem 7.6.14 says that, given Ã and B̃, using the family {Ã𝛼 ∘ B̃𝛼 ∶ 0 < 𝛼 ≤ 1}, we can
generate a fuzzy set C̃∗ in ℝm with membership function given by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼 ∘ B̃𝛼
(x)

satisfying C̃∗
𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1]. In this case, we obtain the binary operation Ã ⊙∗

𝔏
B̃ = C̃∗. Moreover, we also have the equalities (7.123).

Remark 7.6.15 The second condition of Theorem 7.6.14 assumes that the function 𝜁x is
upper semi-continuous on [0, 1]. This condition can be replaced by the following inclusion

∞⋂
n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆ Ã𝛼 ∘ B̃𝛼 =

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
(7.124)

for 𝛼n ↑ 𝛼 in (0, 1]. This replacement can be realized by Remark 7.6.7 and Proposition 5.2.5.

Example 7.6.16 From Example 7.6.1, we defined M𝛼 = Ã𝛼 ⊟G2
B̃𝛼 for 𝛼 ∈ (0, 1]. Let

l𝛼 = inf
𝛼≤𝛽≤1

(
(1 − 𝛽) ⋅ min

{
aL − bL

, aU − bU} + 𝛽 ⋅ (a − b)
)

and

u𝛼 = sup
𝛼≤𝛽≤1

(
(1 − 𝛽) ⋅ max

{
aL − bL

, aU − bU} + 𝛽 ⋅ (a − b)
)
.
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Then

M𝛼 = Ã𝛼 ⊟G2
B̃𝛼 =

[
l𝛼,u𝛼

]
for all 𝛼 ∈ (0, 1].

It is obvious that l𝛼 is increasing with respect to 𝛼 on (0, 1] and u𝛼 is decreasing with
respect to 𝛼 on (0, 1], which says that this family {M𝛼 ∶ 0 < 𝛼 ≤ 1} is nested. Since the
functions involved in this example are all continuous, given any 𝛼 ∈ (0, 1] and any
increasing sequence {𝛼n}∞n=1 in (0, 1] with 𝛼n ↑ 𝛼, it is not hard to prove l𝛼n

→ l𝛼 and
u𝛼n

→ u𝛼 . For x ∈ Ã𝛼n
⊟G2

B̃𝛼n
for all n, it means that l𝛼n

≤ x ≤ u𝛼n
for all n. By taking the

limit as n → ∞, we see that l𝛼 ≤ x ≤ u𝛼 , i.e. x ∈ Ã𝛼 ⊟G2
B̃𝛼 . This says that the inclusion

(7.124) is satisfied. Using Theorem 7.6.14 and Remark 7.6.15, it follows that the difference
Ã𝛼⊖G2

B̃ = C̃∗ exists satisfying C̃∗
𝛼 = Ã𝛼 ⊟G2

B̃𝛼 for all 𝛼 ∈ (0, 1].

Proposition 7.6.17 Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all
𝛼 ∈ [0, 1], where ∘ denotes an arbitrary binary operation between the 𝛼-level sets Ã𝛼 and B̃𝛼 .
Suppose that the existence of Ã⊙𝔏 B̃ is guaranteed; that is, there exists a fuzzy set C̃ in ℝm

such that (7.106) and (7.107) are satisfied. Then {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} is a nested family.

Proof. By definition, we have Ã⊙𝔏 B̃ = C̃. Since (7.106) and (7.107) are satisfied, we also
have

M𝛼 = Ã𝛼 ∘ B̃𝛼 = C̃𝛼

for all 𝛼 ∈ [0, 1]. Using (2.2), the proof is complete. ◾

Theorem 7.6.18 (Nonexistence for Ã⊙𝔏 B̃) Let Ã and B̃ be two fuzzy sets in ℝm, and
let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1], where ∘ denotes an arbitrary binary operation between
the 𝛼-level sets Ã𝛼 and B̃𝛼 . Suppose that the family {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} is not nested. Then, the
binary operation Ã⊙𝔏 B̃ does not exist.

Proof. The result follows immediately from the contrapositive of Proposition 7.6.17. ◾

Theorem 7.6.19 (Existence for Ã⊙𝔏 B̃) Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 =
Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1], where ∘ denotes an arbitrary binary operation between the 𝛼-level sets
Ã𝛼 and B̃𝛼 . Suppose that the following conditions are satisfied:

● {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} is a nested family;
● for any fixed x ∈ ℝm, the function 𝜁x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous on [0, 1];
● the following equality is satisfied:

cl

( ⋃
0<𝛼≤1

Ã𝛼 ∘ B̃𝛼

)
= Ã0 ∘ B̃0. (7.125)

Then, there exists a fuzzy set C̃ in ℝm with membership function defined by

𝜉C̃(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(x) (7.126)

satisfying

C̃𝛼 = M𝛼 = Ã𝛼 ∘ B̃𝛼
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for each 𝛼 ∈ [0, 1]. This guarantees the existence of C̃ = Ã⊙𝔏 B̃. Moreover, the existence of
Ã ⊙∗

𝔏 B̃ is also guaranteed and we have

C̃ = Ã⊙𝔏 B̃ = Ã ⊙
∗
𝔏 B̃ = Ã⊙𝔊 B̃. (7.127)

Proof. The existence of Ã ⊙∗
𝔏 B̃ is guaranteed immediately from Theorem 7.6.14. We also

have the equality

M𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 for 𝛼 > 0

by the nestedness. From (7.118) and (7.126), using Theorem 5.4.9, we have

Ã𝛼 ∘ B̃𝛼 = M𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 = (Ã⊙𝔊 B̃)𝛼 = C̃𝛼

for all 𝛼 ∈ (0, 1]. For 𝛼 = 0, using the equality (7.125), we have

C̃0 = cl
(
{x ∈ ℝm ∶ 𝜉C̃(x) > 0}

)
= cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ∘ B̃𝛼

)
= Ã0 ∘ B̃0 = M0.

This shows the existence of Ã⊙𝔏 B̃ by referring to (7.106) and (7.107). Finally, using part
(iii) of Theorem 7.6.10, the proof is complete. ◾

Remark 7.6.20 We see that Theorem 7.6.19 considers the 0-level sets Ã0 and B̃0 by defin-
ing M0 = Ã0 ∘ B̃0. However, Theorem 7.6.14 does not consider the set M0. In other words, if
M0 is not taken into account, then we can just discuss the existence of Ã ⊙∗

𝔏 B̃ as shown in
Theorem 7.6.14, and we cannot discuss the existence of Ã⊙𝔏 B̃ as shown in Theorem 7.6.19.

Example 7.6.21 Continued from Example 7.6.16, we defined M𝛼 = Ã𝛼 ⊟G2
B̃𝛼 for 𝛼 ∈

[0, 1], where 𝛼 = 0 is included by defining

l0 = inf
0≤𝛽≤1

(
(1 − 𝛽) ⋅ min

{
aL − bL

, aU − bU} + 𝛽 ⋅ (a − b)
)

and

u0 = sup
0≤𝛽≤1

(
(1 − 𝛽) ⋅ max

{
aL − bL

, aU − bU} + 𝛽 ⋅ (a − b)
)
.

Then

M𝛼 = Ã𝛼 ⊟G2
B̃𝛼 =

[
l𝛼,u𝛼

]
for all 𝛼 ∈ [0, 1].

It is obvious that this family {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} is nested. In order to use Theorem 7.6.19,
from the argument of Example 7.6.16, it remains to check the equality (7.125), which means
to check

cl

( ⋃
0<𝛼≤1

M𝛼

)
= M0, i.e. cl

( ⋃
0<𝛼≤1

[
l𝛼,u𝛼

])
=
[
l0,u0

]
. (7.128)

Since l𝛼 is increasing with respect to 𝛼 on [0, 1] and u𝛼 is decreasing with respect to 𝛼 on
[0, 1], it follows that the limits

lim
𝛼→0

l𝛼 = sup
0<𝛼≤1

l𝛼 and lim
𝛼→0

u𝛼 = inf
0<𝛼≤1

u𝛼
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exist. Therefore, we obtain

cl

( ⋃
0<𝛼≤1

[
l𝛼,u𝛼

])
=
[
lim
𝛼→0

l𝛼, lim
𝛼→0

u𝛼

]
=
[

sup
0<𝛼≤1

l𝛼, inf
0<𝛼≤1

u𝛼

]
.

Given a sequence 𝛼n ↓ 0 for each 𝛼n ∈ (0, 1], it is not hard to prove l𝛼n
→ l0 and u𝛼n

→ u0 as
n → ∞. This shows that the equality (7.128) is satisfied. Therefore Theorem 7.6.19 says that
the difference Ã⊖G2

B̃ = C̃ exists, satisfying

C̃𝛼 = Ã𝛼 ⊟G2
B̃𝛼 for all 𝛼 ∈ [0, 1],

which includes 0.

7.6.5 Equivalent Arithmetic Operations on Fuzzy Sets in ℝ

Let Ã and B̃ be two fuzzy sets in ℝ. Up to now, we have presented four ways to define the
arithmetics of fuzzy sets in ℝ, which are summarized below.

● The conventional way of defining the arithmetic Ã ⊙ B̃ is according to the extension prin-
ciple given by

𝜉Ã⊙B̃(z) = sup
{(x,y)∶z=x∘y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
.

● The general arithmetic Ã⊙𝔄 B̃ using the function 𝔄 is given by

𝜉Ã⊙𝔄 B̃(z) = sup
{(x,y)∶z=x∘y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
.

● The arithmetic Ã⊙𝔏 B̃ is according to (7.93) based on the 𝛼-level sets.
● The general arithmetic Ã⊙𝔊 B̃ according to (7.118) is based on the 𝛼-level sets by consid-

ering M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1].

We are going to provide some suitable conditions to demonstrate their equivalences. We first
present an example to demonstrate the above four arithmetics by considering addition.

Example 7.6.22 We consider the triangular fuzzy number Ã = (aL, a, aU ) with member-
ship function given by

𝜉Ã(r) =
⎧⎪⎨⎪⎩
(r − aL)∕(a − aL) if aL ≤ r ≤ a
(aU − r)∕(aU − a) if a < r ≤ aU

0 otherwise.

The 𝛼-level set of Ã is a bounded closed interval given by

Ã𝛼 =
[
(1 − 𝛼)aL + 𝛼a, (1 − 𝛼)aU + 𝛼a

]
.

Let Ã = (aL, a, aU ) and B̃ = (bL, b, bU ) be two triangular fuzzy numbers. The four different
additions of Ã and B̃ are given below.

● It is well known that

Ã ⊕ B̃ = (aL, a, aU )⊕ (bL, b, bU ) = (aL + bL, a + b, aU + bU ).
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● Given a function 𝔄 ∶ [0, 1] × [0, 1] → [0, 1], the membership function of Ã⊕𝔄 B̃ is
given by

𝜉Ã⊕𝔄 B̃(z) = sup
{(x,y)∶z=x+y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
.

● Regarding the 𝛼-level sets, we have

M𝛼 = Ã𝛼 + B̃𝛼

=
[
(1 − 𝛼)aL + 𝛼a, (1 − 𝛼)aU + 𝛼a

]
+
[
(1 − 𝛼)bL + 𝛼b, (1 − 𝛼)bU + 𝛼b

]
=
[
(1 − 𝛼)(aL + bL) + 𝛼(a + b), (1 − 𝛼)(aU + bU ) + 𝛼(a + b)

]
.

The membership function of Ã⊕𝔊 B̃ is given by

𝜉Ã⊕𝔊 B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x).

● We have

Ã𝛼 + B̃𝛼 =
[
(1 − 𝛼)(aL + bL) + 𝛼(a + b), (1 − 𝛼)(aU + bU ) + 𝛼(a + b)

]
.

There exists a triangular fuzzy number

C̃ = (aL + bL, a + b, aU + bU )

satisfying (7.94), i.e.

C̃𝛼 = Ã𝛼 + B̃𝛼

for all 𝛼 ∈ [0, 1], which says that

Ã⊕𝔏 B̃ = C̃ = (aL + bL, a + b, aU + bU ).

In other words, we also have

Ã⊕𝔏 B̃ = Ã ⊕ B̃.

Theorem 7.6.23 Let Ã and B̃ be two fuzzy sets in ℝ. For ∘ ∈ {+,−,×}, suppose that the
following conditions are satisfied.

● Ã0 ∘ B̃0 is a closed subset of ℝ for the arithmetics of 0-level sets Ã0 and B̃0.
● For any increasing and convergent sequence {𝛼n}∞n=1 in [0, 1], the following inclusion is

satisfied:
∞⋂

n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
. (7.129)

Then, there exists a fuzzy set C̃ in ℝ with membership function defined by

𝜉C̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒M𝛼
(x) (7.130)

satisfying C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ [0, 1]. This guarantees the existence of C̃ = Ã⊙𝔏 B̃ for
⊙ ∈ {⊕,⊖,⊗}. Moreover, we have

C̃ = Ã⊙𝔏 B̃ = Ã⊙𝔊 B̃.
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Proof. We define M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1]. Since Ã𝛽 ⊆ Ã𝛼 and B̃𝛽 ⊆ B̃𝛼 for 𝛼, 𝛽 ∈ [0, 1]
with 𝛼 < 𝛽, we have M𝛽 ⊆ M𝛼 for 𝛼, 𝛽 ∈ [0, 1] with 𝛼 < 𝛽. In particular, we have M𝛼 ⊆ M0
for all 𝛼 ∈ (0, 1], i.e.

cl(M0+) = cl

( ⋃
𝛼∈(0,1]

M𝛼

)
⊆ cl(M0) = M0, (7.131)

since M0 = Ã0 ∘ B̃0 is a closed subset of ℝ by the assumption. For 𝛼n ↑ 𝛼 with 𝛼 ∈ (0, 1] and
{𝛼n}∞n=1 ⊂ [0, 1], from Proposition 2.2.8, we have the following inclusion

M𝛼 = Ã𝛼 ∘ B̃𝛼 =

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
⊆

∞⋂
n=1

(
Ã𝛼n

∘ B̃𝛼n

)
=

∞⋂
n=1

M𝛼n
.

Using the assumption (7.129), we have M𝛼 =
⋂∞

n=1 M𝛼n
for 𝛼n ↑ 𝛼, where 𝛼 ∈ (0, 1] and

{𝛼n}∞n=1 ⊂ [0, 1]. Next, we are going to claim M0 ⊆ cl(M0+). Given any x ∈ M0, we have
x = a ∘ b for some

a ∈ Ã0 = cl

( ⋃
𝛼∈(0,1]

Ã𝛼

)
and b ∈ B̃0 = cl

( ⋃
𝛼∈(0,1]

B̃𝛼

)
.

Therefore, using the concept of closure, there exist two sequences {an}∞n=1 and {bn}∞n=1 that
converge to a and b, respectively, and

{an}∞n=1 ⊂
⋃

𝛼∈(0,1]
Ã𝛼 and {bn}∞n=1 ⊂

⋃
𝛼∈(0,1]

B̃𝛼.

Let xn = an ∘ bn. Then, we see that the sequence {xn}∞n=1 is convergent given by

x = lim
n→∞

xn = lim
n→∞

an ∘ bn = a ∘ b.

Now, we have an ∈ Ã𝛼n
and bn ∈ B̃𝛽n

for some 𝛼n and 𝛽n in (0, 1]. Let 𝛾n = min{𝛼n, 𝛽n}, since
the family of 𝛼-level sets of a fuzzy set is nested, we have

xn = an ∘ bn ∈ Ã𝛼n
∘ B̃𝛽n

⊆ Ã𝛾n
∘ B̃𝛾n

⊂
⋃

𝛼∈(0,1]

(
Ã𝛼 ∘ B̃𝛼

)
,

which says that

x ∈ cl

( ⋃
𝛼∈(0,1]

(
Ã𝛼 ∘ B̃𝛼

))
= cl

( ⋃
𝛼∈(0,1]

M𝛼

)
= cl(M0+)

by referring to (7.131). Therefore, we indeed have the inclusion M0 ⊆ cl(M0+). Using
(7.131), we obtain M0 = cl(M0+). We consider the membership function in (7.130).
Theorem 5.4.7 says that C̃𝛼 = M𝛼 for all 𝛼 ∈ (0, 1] and

C̃0 = cl

( ⋃
𝛼∈(0,1]

M𝛼

)
= cl(M0+) = M0.

Therefore, we obtain C̃𝛼 = M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1], which shows the existence of
C̃ = Ã⊙𝔏 B̃. From (7.118), we also see that

𝜉C̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = 𝜉Ã⊙𝔊 B̃(x).

This completes the proof. ◾
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Proposition 7.6.24 Let Ã and B̃ be two fuzzy sets in ℝ. For ⊙ ∈ {⊕,⊖,⊗}, the following
statements hold true.

(i) We have(
Ã ⊙ B̃

)
𝛼
⊆
(

Ã⊙𝔊 B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

(ii) Suppose that the function 𝔄 ∶ [0, 1] × [0, 1] → [0, 1] satisfies the following condition.
For each 𝛼 ∈ (0, 1],

𝔄(𝛼1, 𝛼2) ≥ 𝛼 implies 𝛼1 ≥ 𝛼 and 𝛼2 ≥ 𝛼. (7.132)

Then, we have(
Ã⊙𝔄 B̃

)
𝛼
⊆
(

Ã⊙𝔊 B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

Proof. We first prove part (ii). For 𝛼 ∈ (0, 1], given any z ∈ (Ã⊙𝔄 B̃)𝛼 , we have

r = 𝜉Ã⊙𝔄 B̃(z) = sup
{(x,y)∶z=x∘y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
≥ 𝛼.

By the definition of supremum, given any 𝜖 > 0, there exists (x∗, y∗) satisfying z = x∗ ∘ y∗
and

𝔄
(
𝜉Ã(x∗), 𝜉B̃(y∗)

)
> r − 𝜖,

which implies

𝜉Ã(x∗) ≥ r − 𝜖 and 𝜉B̃(y∗) ≥ r − 𝜖

by the assumption (7.132). This says that

x∗ ∈ Ãr−𝜖 and y∗ ∈ B̃r−𝜖.

Let M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ [0, 1]. Then, we obtain

z = x∗ ∘ y∗ ∈ Ãr−𝜖 ∘ B̃r−𝜖 = Mr−𝜖,

which implies

𝜉Ã⊙𝔊 B̃(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(z) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒M𝛼

(z) ≥ r − 𝜖.

Since 𝜖 can be any positive number, we must have

𝜉Ã⊙𝔊 B̃(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(z) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒M𝛼

(z) ≥ r ≥ 𝛼,

which shows that z ∈ (Ã⊙𝔊 B̃)𝛼 . Therefore, we obtain(
Ã⊙𝔄 B̃

)
𝛼
⊆ (Ã⊙𝔊 B̃)𝛼 for all 𝛼 ∈ (0, 1].

Now, we also have(
Ã⊙𝔄 B̃

)
0 = cl

( ⋃
0<𝛼≤1

(
Ã⊙𝔄 B̃

)
𝛼

)
⊆ cl

( ⋃
0<𝛼≤1

(
Ã⊙𝔊 B̃

)
𝛼

)
=
(

Ã⊙𝔊 B̃
)

0.

Part (i) can be similarly obtained from part (ii), since Ã ⊙ B̃ = Ã⊙𝔄 B̃ when 𝔄(x, y) =
min{x, y}. This completes the proof. ◾
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Proposition 7.6.25 Let Ã and B̃ be two fuzzy sets in ℝ. For ∘ ∈ {+,−,×}, let M𝛼 = Ã𝛼 ∘ B̃𝛼

for all 𝛼 ∈ [0, 1]. Suppose that, given any fixed x ∈ ℝm, the function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(x) is upper

semi-continuous on [0, 1]. Then, for ⊙ ∈ {⊕,⊖,⊗}, the following statements hold true.

(i) We have(
Ã⊙𝔊 B̃

)
𝛼
⊆
(

Ã ⊙ B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

(ii) Suppose that, for each 𝛼 ∈ (0, 1],

𝛼1 ≥ 𝛼 and 𝛼2 ≥ 𝛼 imply 𝔄(𝛼1, 𝛼2) ≥ 𝛼.

Then, we have(
Ã⊙𝔊 B̃

)
𝛼
⊆
(

Ã⊙𝔄 B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

Proof. It suffices to prove part (ii). For any fixed 𝛽 ∈ (0, 1], if z ∈ (Ã⊙𝔊 B̃)𝛽 , then we have

sup
𝛼∈[0,1]

𝜂z(𝛼) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(z) ≥ 𝛽. (7.133)

Suppose that z ∉ M𝛼 for all 𝛼 ≥ 𝛽. Then, we have

sup
𝛼∈[0,1]

𝜂z(𝛼) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(z) ≤ 𝛽. (7.134)

Suppose that (7.134) holds true for the case of equality. According to the upper
semi-continuity of 𝜂z(𝛼), the supremum 𝛽 in (7.134) is attained by some 𝛼 in [0, 1],
which contradicts z ∉ M𝛼 for all 𝛼 ≥ 𝛽. Therefore, we must have

sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(z) < 𝛽,

which also contradicts (7.133). Therefore, there exists 𝛼0 ≥ 𝛽 satisfying z ∈ M𝛼0
. This also

says that z = x ∘ y with x ∈ Ã𝛼0
and y ∈ B̃𝛼0

, i.e.

𝜉Ã(x) ≥ 𝛼0 and 𝜉B̃(y) ≥ 𝛼0,

which imply

𝔄(𝜉Ã(x), 𝜉B̃(y)) ≥ 𝛼0

by the assumption of 𝔄. Therefore, we obtain

𝜉Ã⊙𝔄 B̃(z) = sup
{(x,y)∶z=x∘y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
≥ 𝛼0 ≥ 𝛽,

which shows that z ∈ (Ã⊙𝔄 B̃)𝛽 , i.e.(
Ã⊙𝔊 B̃

)
𝛼
⊆
(

Ã⊙𝔄 B̃
)
𝛼

for all 𝛼 ∈ (0, 1].

Now, we also have(
Ã⊙𝔊 B̃

)
0 = cl

( ⋃
0<𝛼≤1

(
Ã⊙𝔊 B̃

)
𝛼

)
⊆ cl

( ⋃
0<𝛼≤1

(
Ã⊙𝔄 B̃

)
𝛼

)
=
(

Ã⊙𝔄 B̃
)

0.

Part (i) can be similarly obtained from part (ii), since Ã ⊙ B̃ = Ã⊙𝔄 B̃ when 𝔄(x, y) =
min{x, y}. This completes the proof. ◾
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Theorem 7.6.26 Let Ã and B̃ be two fuzzy sets in ℝ. For ∘ ∈ {+,−,×}, let M𝛼 = Ã𝛼 ∘ B̃𝛼 for
all 𝛼 ∈ [0, 1]. Suppose that, given any fixed x ∈ ℝm, the function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper
semi-continuous on [0, 1]. Then, for ⊙ ∈ {⊕,⊖,⊗}, we have

Ã⊙𝔊 B̃ = Ã ⊙ B̃.

Proof. The results follow immediately from Proposition 2.2.15, part (i) of Proposi-
tion 7.6.24 and part (i) of Proposition 7.6.25. ◾

We remark that Theorem 7.6.26 can also be obtained using part (ii) of Proposition 7.6.24
and part (ii) of Proposition 7.6.25 by taking

𝔄(𝛼1, 𝛼2) = min{𝛼1, 𝛼2}.

The reason is as follows. From Proposition 1.4.6, when

𝔄(𝛼1, 𝛼2) ≥ 𝛼 if and only if 𝛼1 ≥ 𝛼 and 𝛼2 ≥ 𝛼,

we must have

𝔄(𝛼1, 𝛼2) = min{𝛼1, 𝛼2}.

Lemma 7.6.27 Let Ã and B̃ be two fuzzy sets in ℝ. For ∘ ∈ {+,−,×}, let M𝛼 = Ã𝛼 ∘ B̃𝛼 for
all 𝛼 ∈ [0, 1]. Suppose that, for any increasing and convergent sequence {𝛼n}∞n=1 in [0, 1], the
following inclusion is satisfied:

∞⋂
n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
.

Then, given any x ∈ ℝm, the following set

Fr =
{
𝛼 ∈ [0, 1] ∶ 𝛼 ⋅ 𝜒M𝛼

(x) ≥ r
}

is closed for each r ∈ [0, 1]; that is, the function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(x) is upper semi-continuous

on [0, 1].

Proof. If r = 0, then F0 = [0, 1] is closed. Therefore, we assume that r ∈ (0, 1]. For each
𝛼 ∈ cl(Fr), since r > 0, we have 𝛼 > 0. According to the concept of closure, there exists a
sequence {𝛼n}∞n=1 satisfying 𝛼n → 𝛼 and 𝛼n ∈ Fr for all n, i.e. 𝛼n ≥ r and x ∈ M𝛼n

for all n.
We consider the following two cases.

● Suppose that 𝛼n ↓ 𝛼, i.e. 𝛼 ≤ 𝛼n for all n. Then, we have x ∈ M𝛼 , since M𝛼n
⊆ M𝛼 for all n

by part (i) of Proposition 2.2.8. This says that 𝛼 ∈ Fr , since 𝛼 = limn𝛼n ≥ r.
● Suppose that 𝛼n ↑ 𝛼. Then, using Proposition 2.2.8 and the assumption, we have

∞⋂
n=1

M𝛼n
=

∞⋂
n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆

∞⋂
n=1

Ã𝛼n
∘

∞⋂
n=1

B̃𝛼n
= Ã𝛼 ∘ B̃𝛼 = M𝛼.

Since x ∈ M𝛼n
for all n, it follows that x ∈ M𝛼 . This says that 𝛼 ∈ Fr , since

𝛼 = lim
n

𝛼n ≥ r.
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Therefore, we conclude that cl(Fr) ⊆ Fr , which means that Fr is closed, and the proof is
complete. ◾

Lemma 7.6.28 Let Ã and B̃ be two fuzzy sets in ℝ such that the 𝛼-level sets Ã𝛼 and B̃𝛼 are
closed and bounded subsets ofℝ for all 𝛼 ∈ [0, 1]. Then, for ∘ ∈ {+,−,×}, given any increasing
and convergent sequence {𝛼n}∞n=1 in [0, 1], we have the following inclusion

∞⋂
n=1

(
Ã𝛼n

∘ B̃𝛼n

)
⊆

( ∞⋂
n=1

Ã𝛼n

)
∘

( ∞⋂
n=1

B̃𝛼n

)
.

Proof. Given any x ∈
⋂∞

n=1(Ã𝛼n
∘ B̃𝛼n

), for each n ∈ ℕ, we have x = y𝛼n
∘ z𝛼n

for some y𝛼n
∈

Ã𝛼n
⊆ Ã0 and z𝛼n

∈ B̃𝛼n
⊆ B̃0. For convenience, we simply write y𝛼n

≡ yn and z𝛼n
≡ zn. Since

we the sequences {yn}∞n=1 and {zn}∞n=1 are bounded, there exists a convergent subsequence
{yni

}∞i=1 of {yn}∞n=1 which converges to some y. Now, we consider the subsequence {zni
}∞i=1

of {zn}∞n=1. There also exists a convergent subsequence {znij
}∞j=1 of {zni

}∞i=1 which converges
to some z. This says that the subsequences {ynij

}∞j=1 and {znij
}∞j=1 converge to y and z, respec-

tively. Then, the sequence {x = ynij
∘ znij

}∞j=1 converges to y ∘ z. The uniqueness of the limit
says that x = y ∘ z.

Now, we are going to claim that y ∈
⋂∞

n=1 Ã𝛼n
and z ∈

⋂∞
n=1 B̃𝛼n

. Suppose that there exists
𝛼m satisfying y ∉ Ã𝛼m

. Since yn ∈ Ã𝛼n
for all n and the family {Ã𝛼n

} is nested, it follows that

{ym, ym+1, ym+2,…} ⊆ Ã𝛼m
.

Since {ym, ym+1, ym+2,…} is a subset of the sequence {yn}∞n=1, and the subsequence {ynij
}∞j=1

converges to y, there is also a subsequence {ymij
}∞j=1 of {ym, ym+1, ym+2,… , }, where mij

≥

m, which converges to y. Since Ã𝛼m
is closed, we have y ∈ Ã𝛼m

, which contradicts y ∉ Ã𝛼m
.

Therefore, we must have y ∈ Ã𝛼n
for all 𝛼n, i.e. y ∈

⋂∞
n=1 Ã𝛼n

. We can similarly show that
z ∈

⋂∞
n=1 B̃𝛼n

. This completes the proof. ◾

Theorem 7.6.29 Let Ã and B̃ be two fuzzy sets in ℝ such that the 𝛼-level sets Ã𝛼 and B̃𝛼

are closed and bounded subsets of ℝ for all 𝛼 ∈ [0, 1]. Then, for ⊙ ∈ {⊕,⊖,⊗}, the following
statements hold true.

(i) For ∘ ∈ {+,−,×}, there exists a fuzzy set C̃ in ℝ with membership function defined by

𝜉C̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒M𝛼
(x)

satisfying C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ [0, 1]. This guarantees the existence of C̃ = Ã⊙𝔏 B̃.
Moreover, we have

C̃ = Ã⊙𝔏 B̃ = Ã⊙𝔊 B̃.

(ii) We have

Ã⊙𝔏 B̃ = Ã⊙𝔊 B̃ = Ã ⊙ B̃

satisfying(
Ã⊙𝔏 B̃

)
𝛼
=
(

Ã⊙𝔊 B̃
)
𝛼
=
(

Ã ⊙ B̃
)
𝛼
= Ã𝛼 ∘ B̃𝛼

for all 𝛼 ∈ [0, 1].
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Proof. To prove part (i), we first claim that Ã0 ∘ B̃0 is a closed subset of ℝ. Given any
convergent sequence {xn}∞n=1 in Ã0 ∘ B̃0, we can write xn = an ∘ bn for some an ∈ Ã0 and
bn ∈ B̃0. Since Ã0 and B̃0 are closed and bounded subsets of ℝ, there exist two subsequences
{ani

}∞i=1 and {bni
}∞i=1 of {an}∞n=1 and {bn}∞n=1, respectively, that converge to some a ∈ Ã0

and b ∈ B̃0, respectively. Therefore, it follows that the sequence {xn}∞n=1 converges to
a ∘ b ∈ Ã0 ∘ B̃0, which shows that Ã0 ∘ B̃0 is a closed subset of ℝ. Using Lemma 7.6.28
and Theorem 7.6.23, we obtain part (i). Using Lemmas 7.6.27 and 7.6.28, part (ii) can
be obtained immediately by combining part (i) and Theorem 7.6.26. This completes
the proof. ◾

7.6.6 Equivalent Additions of Fuzzy Sets in ℝm

Regarding the m-dimensional Euclidean spaceℝm, we can only consider the vector addition
and scalar multiplication in ℝm. Let Ã and B̃ be two fuzzy sets in ℝm. We consider four ways
to define the addition of fuzzy sets in ℝm as follows.

● The conventional way of defining the addition Ã ⊕ B̃ is according to the extension prin-
ciple given by

𝜉Ã⊕B̃(z) = sup
{(x,y)∶z=x+y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
.

● The general addition Ã⊕𝔄 B̃ using the function 𝔄 is defined by

𝜉Ã⊕𝔄 B̃(z) = sup
{(x,y)∶z=x∘y}

𝔄
(
𝜉Ã(x), 𝜉B̃(y)

)
.

● The addition Ã⊕𝔏 B̃ according to (7.94) is based on the 𝛼-level sets.
● The general addition Ã⊕𝔊 B̃ is according to (7.118) based on the 𝛼-level sets by consid-

ering M𝛼 = Ã𝛼 + B̃𝛼 for all 𝛼 ∈ (0, 1].

We are going to provide some suitable conditions to demonstrate their equivalences. Let
X be a subset of m-dimensional Euclidean space ℝm. Recall that

x ∈ cl(X) if and only if Nx ∩ X ≠ ∅

for any neighborhood Nx of x.

Theorem 7.6.30 Let Ã and B̃ be two fuzzy sets in ℝm. Suppose that the following conditions
are satisfied.

● The addition Ã0 + B̃0 of the 0-level sets Ã0 and B̃0 is a closed subset of ℝm.
● For any increasing and convergent sequence {𝛼n}∞n=1 in [0, 1], the following inclusion is sat-

isfied:
∞⋂

n=1

(
Ã𝛼n

+ B̃𝛼n

)
⊆

∞⋂
n=1

Ã𝛼n
+

∞⋂
n=1

B̃𝛼n
. (7.135)

Then, there exists a fuzzy set C̃ in U with membership function defined by

𝜉C̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒M𝛼
(x)
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satisfying C̃𝛼 = Ã𝛼 + B̃𝛼 for each𝛼 ∈ [0, 1]. This guarantees the existence of C̃ = Ã⊕𝔏 B̃. More-
over, we have

C̃ = Ã⊕𝔏 B̃ = Ã⊕𝔊 B̃.

Proof. We define M𝛼 = Ã𝛼 + B̃𝛼 for all 𝛼 ∈ [0, 1]. Since Ã𝛽 ⊆ Ã𝛼 and B̃𝛽 ⊆ B̃𝛼 for 𝛼, 𝛽 ∈
[0, 1] with 𝛼 < 𝛽, we have M𝛽 ⊆ M𝛼 for 𝛼, 𝛽 ∈ [0, 1] with 𝛼 < 𝛽. In particular, we have M𝛼 ⊆

M0 for all 𝛼 ∈ (0, 1], i.e.

cl(M0+) = cl

( ⋃
𝛼∈(0,1]

M𝛼

)
⊆ cl(M0) = M0, (7.136)

since M0 = Ã0 ∘ B̃0 is a closed subset of ℝm by the assumption. For 𝛼n ↑ 𝛼 with 𝛼 ∈ (0, 1] and
{𝛼n}∞n=1 ⊂ [0, 1], from Proposition 2.2.8, we have the following inclusion

M𝛼 = Ã𝛼 + B̃𝛼 =
∞⋂

n=1
Ã𝛼n

+
∞⋂

n=1
B̃𝛼n

⊆

∞⋂
n=1

(
Ã𝛼n

+ B̃𝛼n

)
=

∞⋂
n=1

M𝛼n
.

Using the condition (7.135), we have M𝛼 =
⋂∞

n=1 M𝛼n
for 𝛼n ↑ 𝛼, where 𝛼 ∈ (0, 1] and

{𝛼n}∞n=1 ⊂ [0, 1]. Next, we are going to claim M0 ⊆ cl(M0+). For x = y + z ∈ M0, we are
going to show that, given any neighborhood Nx of x,

Nx

⋂( ⋃
𝛼∈(0,1]

(
Ã𝛼 + B̃𝛼

))
≠ ∅, (7.137)

where

y ∈ cl

( ⋃
𝛼∈(0,1]

Ã𝛼

)
and z ∈ cl

( ⋃
𝛼∈(0,1]

B̃𝛼

)
.

Since Nx − x is a neighborhood of zero vector 𝜃, there exists another neighborhood V of 𝜃
satisfying

V + V ⊆ Nx − x, i.e. (V + y) + (V + z) ⊆ Nx.

Since V + y is a neighborhood of y, and

y ∈ cl

( ⋃
𝛼∈(0,1]

Ã𝛼

)
i.e. (V + y) ∩

( ⋃
𝛼∈(0,1]

Ã𝛼

)
≠ ∅,

there exists y0 ∈ V + y and y0 ∈ Ã𝛼0
for some 𝛼0 > 0. Similarly, since V + z is a neighbor-

hood of z, and

z ∈ cl

( ⋃
𝛼∈(0,1]

B̃𝛼

)
,

there exists z0 ∈ V + z and z0 ∈ B̃𝛽0
for some 𝛽0 > 0. We immediately have

y0 + z0 ∈ (V + y) + (V + z) ⊆ Nx.

Let 𝛼∗ = min{𝛼0, 𝛽0} > 0. Since 0 < 𝛼∗ ≤ 𝛼0 and 0 < 𝛼∗ ≤ 𝛽0, we have y0 ∈ Ã𝛼0
⊆ Ã𝛼∗ and

z0 ∈ B̃𝛽0
⊆ B̃𝛼∗ , which says that

y0 + z0 ∈
⋃

𝛼∈(0,1]
(Ã𝛼 + B̃𝛼),
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and proves (7.137), i.e. x ∈ cl(M0+). Therefore, we indeed have the inclusion M0 ⊆ cl(M0+).
Using (7.136), we obtain M0 = cl(M0+). We consider the membership function

𝜉C̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒M𝛼
(x).

Theorem 5.4.7 says that C̃𝛼 = M𝛼 for all 𝛼 ∈ (0, 1] and

C̃0 = cl

( ⋃
𝛼∈(0,1]

M𝛼

)
= cl(M0+) = M0.

Therefore, we obtain C̃𝛼 = M𝛼 = Ã𝛼 + B̃𝛼 for all 𝛼 ∈ [0, 1], which shows the existence of
C̃ = Ã⊕𝔏 B̃. From (7.118), we also see that

𝜉C̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = 𝜉Ã⊕𝔊 B̃(x).

This completes the proof. ◾

Remark 7.6.31 We have the following observations.

● Let {𝛼n}∞n=1 be any increasing and convergent sequence in [0, 1]. Suppose that the inclu-
sion (7.135) holds true. Then, we have

∞⋂
n=1

(
Ã𝛼n

+ B̃𝛼n

)
=

∞⋂
n=1

Ã𝛼n
+

∞⋂
n=1

B̃𝛼n
,

since the inclusion
∞⋂

n=1
Ã𝛼n

+
∞⋂

n=1
B̃𝛼n

⊆

∞⋂
n=1

(
Ã𝛼n

+ B̃𝛼n

)
is always true. Indeed, we have

∞⋂
n=1

Ã𝛼n
⊆ Ã𝛼n

and
∞⋂

n=1
B̃𝛼n

⊆ B̃𝛼n
,

which imply the desired equality.
● It is well known that if E is a closed subset of ℝm and F is a closed and bounded subset of
ℝm, then E + F is a closed subset of ℝm by Kelley and Namioka [55]. Therefore, if either
the 0-level set Ã0 or the 0-level set B̃0 is closed and bounded, then we have that Ã0 + B̃0 is
closed, i.e. the first condition in Theorem 7.6.30 is satisfied.

Proposition 7.6.32 Let Ã and B̃ be two fuzzy sets inℝm. The following statements hold true.

(i) We have(
Ã ⊕ B̃

)
𝛼
⊆
(

Ã⊕𝔊 B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

(ii) Suppose that the function 𝔄 ∶ [0, 1] × [0, 1] → [0, 1] satisfies the following condition. For
each 𝛼 ∈ (0, 1],

𝔄(𝛼1, 𝛼2) > 𝛼 implies 𝛼1 ≥ 𝛼 and 𝛼2 ≥ 𝛼.

Then, we have(
Ã⊕𝔄 B̃

)
𝛼
⊆
(

Ã⊕𝔊 B̃
)
𝛼

for all 𝛼 ∈ [0, 1].
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Proof. The arguments in the proof of Proposition 7.6.24 are still valid when the operation⊙

is replaced by the addition ⊕. ◾

Proposition 7.6.33 Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 = Ã𝛼 + B̃𝛼 for all
𝛼 ∈ [0, 1]. Suppose that, given any fixed x ∈ ℝm, the function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper
semi-continuous on [0, 1]. Then, the following statements hold true.

(i) We have(
Ã⊕𝔊 B̃

)
𝛼
⊆
(

Ã ⊕ B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

(ii) Suppose that, for each 𝛼 ∈ (0, 1],

𝛼1 ≥ 𝛼 and 𝛼2 ≥ 𝛼 imply 𝔄(𝛼1, 𝛼2) ≥ 𝛼.

Then, we have(
Ã⊕𝔊 B̃

)
𝛼
⊆
(

Ã⊕𝔄 B̃
)
𝛼

for all 𝛼 ∈ [0, 1].

Proof. The arguments in the proof of Proposition 7.6.25 are still valid when the operation⊙

is replaced by the addition ⊕. ◾

Theorem 7.6.34 Let Ã and B̃ be two fuzzy sets inℝm, and let M𝛼 = Ã𝛼 + B̃𝛼 for all 𝛼 ∈ [0, 1].
Suppose that, given any fixed x ∈ ℝm, the function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) is upper semi-continuous
on [0, 1]. Then, we have

Ã⊕𝔊 B̃ = Ã ⊕ B̃.

Proof. The result follows immediately from Proposition 2.2.15, part (i) of Proposi-
tion 7.6.32, and part (i) of Proposition 7.6.33. ◾

Theorem 7.6.34 is too general to be used in a real-world situation, since the assumption
for the upper semi-continuity of function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) on [0, 1] may not be easy to
check. Now, we are going to provide some useful sufficient conditions to guarantee the
upper semi-continuity of function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼

(x) on [0, 1].

Lemma 7.6.35 Let Ã and B̃ be two fuzzy sets in ℝm, and let M𝛼 = Ã𝛼 + B̃𝛼 for all 𝛼 ∈ [0, 1].
Suppose that, for any increasing and convergent sequence {𝛼n}∞n=1 in [0, 1], the following
inclusion is satisfied:

∞⋂
n=1

(
Ã𝛼n

+ B̃𝛼n

)
⊆

∞⋂
n=1

Ã𝛼n
+

∞⋂
n=1

B̃𝛼n
. (7.138)

Then, given any x ∈ ℝm, the following set

Fr =
{
𝛼 ∈ [0, 1] ∶ 𝛼 ⋅ 𝜒M𝛼

(x) ≥ r
}

is closed for each r ∈ [0, 1]; that is, the function 𝜂x(𝛼) = 𝛼 ⋅ 𝜒M𝛼
(x) is upper semi-continuous

on [0, 1].



�

� �

�

7.6 Binary Operations 293

Proof. The arguments in the proof of Lemma 7.6.27 are still valid when the operation ∘ is
replaced by the addition +. ◾

Let {xn}∞n=1 be a sequence in ℝm. Recall that the sequence {xn}∞n=1 converges to x if and
only if, given any neighborhood Nx of x, there is an integer m satisfying xn ∈ N for all n ≥ m.

Lemma 7.6.36 Let Ã and B̃ be two fuzzy sets in ℝm. Suppose that Ã𝛼 and B̃𝛼 are closed
and bounded in ℝm for all 𝛼 ∈ [0, 1]. Then, for any increasing and convergent sequence
{𝛼n}∞n=1 in [0, 1], we have the following inclusion

∞⋂
n=1

(
Ã𝛼n

+ B̃𝛼n

)
⊆

∞⋂
n=1

Ã𝛼n
+

∞⋂
n=1

B̃𝛼n
.

Proof. Given any x ∈
⋂∞

n=1(Ã𝛼n
+ B̃𝛼n

), for each n ∈ ℕ, we have x = y𝛼n
+ z𝛼n

for some
y𝛼n

∈ Ã𝛼n
⊆ Ã0 and z𝛼n

∈ B̃𝛼n
⊆ B̃0. For convenience, we simply write y𝛼n

≡ yn and z𝛼n
≡ zn.

Since the 0-level sets Ã0 and B̃0 are bounded, it says that the bounded sequences {yn}∞n=1
and {zn}∞n=1 have convergent subsequences. Let {yni

}∞i=1 be a subsequence of {yn}∞n=1 that
converges to y. Using the same indices, we consider the subsequence {zni

}∞i=1 of {zn}∞n=1.
Therefore, there also exists a subsequence {znij

}∞j=1 of {zni
}∞i=1 that converges to z. This also

says that the subsequences {ynij
}∞j=1 and {znij

}∞j=1 converge to y and z, respectively.
Now, we are going to claim that the subsequence {ynij

+ znij
}∞j=1 converges to y + z. Let

N be any neighborhood of y + z. Then, we see that N − y − z is a neighborhood of the zero
vector 𝜃. Therefore, there exists another neighborhood V of 𝜃 satisfying

V + V ⊆ N − y − z, i.e. V + V + y + z ⊆ N.

Since V + y and V + z are the neighborhoods of y and z, respectively, by the convergence,
there exist integers m0 and m1 satisfying ynij

∈ V + y for nij
≥ m0 and znij

∈ V + z for
nij

≥ m1. Let m = max {m0,m1}. We obtain

ynij
+ znij

∈ V + V + y + z ⊆ N for nij
≥ m,

which implies ynij
+ znij

∈ N for nij
≥ m. Therefore, we conclude that the subsequence

{ynij
+ znij

}∞j=1 converges to y + z. The uniqueness of the limit says that x = y + z. Finally,
using the same argument in the proof of Lemma 7.6.28, we can show that y ∈

⋂∞
n=1 Ã𝛼n

and z ∈
⋂∞

n=1 B̃𝛼n
. This completes the proof. ◾

Theorem 7.6.37 Let Ã and B̃ be two fuzzy sets in ℝm. Suppose that Ã𝛼 and B̃𝛼 are closed
and bounded in ℝm for all 𝛼 ∈ [0, 1]. Then, we have

Ã⊕𝔏 B̃ = Ã⊕𝔊 B̃ = Ã ⊕ B̃

satisfying(
Ã⊕𝔏 B̃

)
𝛼
=
(

Ã⊕𝔊 B̃
)
𝛼
=
(

Ã ⊕ B̃
)
𝛼
= Ã𝛼 + B̃𝛼

for all 𝛼 ∈ [0, 1].

Proof. Since the 0-level sets Ã0 and B̃0 are closed, from Remark 7.6.31, it follows that
Ã0 + B̃0 is also closed. Using Lemmas 7.6.35 and 7.6.36, the results can be obtained imme-
diately by combining Theorems 7.6.30 and 7.6.34. ◾
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7.7 Hausdorff Differences

The difference of fuzzy intervals can be used to define the differentiation of fuzzy functions.
Let A and B be any two nonempty sets inℝm. The Hausdorff metric of A and B is defined by

dH(A,B) = max
{

sup
a∈A

inf
b∈B

∥ a − b ∥, sup
b∈B

inf
a∈A

∥ a − b ∥
}

,

where a = (a1,… , an) and b = (b1,… , bn) with the norm

∥ a − b ∥=
√

(a1 − b1)2 + · · · + (an − bn)2.

Given two fuzzy sets Ã and B̃ in ℝ, inspired by the form of Hausdorff metric, we shall
propose many types of Hausdorff differences between Ã and B̃ without considering a norm.

7.7.1 Fair Hausdorff Difference

Let Ã and B̃ be two fuzzy sets in ℝ. The 𝛼-level sets Ã𝛼 and B̃𝛼 are not necessarily bounded
closed intervals. For each 𝛼 ∈ [0, 1], we define

dH

(
Ã𝛼, B̃𝛼

)
= min

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
(7.139)

and

d̄H
(

Ã𝛼, B̃𝛼

)
= max

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
. (7.140)

We also see that

sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b) = sup
a∈Ã𝛼

[
a + inf

b∈B̃𝛼

(−b)

]
= sup

a∈Ã𝛼

a + inf
b∈B̃𝛼

(−b) = sup
a∈Ã𝛼

a − sup
b∈B̃𝛼

b (7.141)

and

sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b) = sup
b∈B̃𝛼

[(
inf
a∈Ã𝛼

a

)
− b

]
= sup

b∈B̃𝛼

(−b) + inf
a∈Ã𝛼

a = inf
a∈Ã𝛼

a − inf
b∈B̃𝛼

b. (7.142)

Based on dH(Ã𝛼, B̃𝛼) and d̄H(Ã𝛼, B̃𝛼) shown in (7.139) and (7.140), respectively, we define

Ã𝛼 ⊟FH B̃𝛼 =
[
dH

(
Ã𝛼, B̃𝛼

)
, d̄H

(
Ã𝛼, B̃𝛼

)]
(7.143)

to be a bounded closed interval for each 𝛼 ∈ [0, 1]. The family

{M𝛼 ≡ Ã𝛼 ⊟FH B̃𝛼 ∶ 0 ≤ 𝛼 ≤ 1}

is not necessarily nested. According to the binary operation presented in (7.93), the fair
Hausdorff difference between Ã and B̃ is defined by

Ã⊖FH B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟FH B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.144)

However, the existence of such C̃ is not guaranteed.
Without considering the 0-level sets Ã0 and B̃0, according to the binary operation pre-

sented in (7.115), the fair *-Hausdorff difference between Ã and B̃ is defined by

Ã⊖FH∗ B̃ = C̃∗ when C̃∗
𝛼 = Ã𝛼 ⊟FH B̃𝛼 for all 𝛼 ∈ (0, 1]. (7.145)
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Also, the existence of such C̃∗ is not guaranteed. The sufficient conditions for guaranteeing
the existence of Ã⊖FH∗ B̃ are weaker than those of Ã⊖FH B̃ by referring to Theorems 7.6.14
and 7.6.19. Proposition 7.6.3 also says that if the existence of Ã⊖FH∗ B̃ and Ã⊖FH B̃ are
guaranteed, then Ã⊖FH∗ B̃ = Ã⊖FH B̃.

According to the binary operation presented in (7.118), we can define the corresponding
generalized fair Hausdorff difference between Ã and B̃, which will always exist, as fol-
lows. Let M𝛼 = Ã𝛼 ⊟FH B̃𝛼 be given in (7.143) for all 𝛼 ∈ (0, 1]. Using (7.118), we consider
the generalized fair Hausdorff difference Ã⊖GFH B̃ with membership function defined by

𝜉Ã⊖GFH B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x). (7.146)

This says that Ã⊖GFH B̃ always exists.

Example 7.7.1 Let Ã and B̃ be two fuzzy intervals. Then

Ã𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]
and B̃𝛼 =

[
B̃L
𝛼, B̃U

𝛼

]
.

According to (7.141) and (7.142), we have

sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b) = ÃU
𝛼 − B̃U

𝛼 and sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b) = ÃL
𝛼 − B̃L

𝛼. (7.147)

Let us recall the Hausdorff difference defined in (7.97). According to (7.143) and (7.96), it
follows that

Ã𝛼 ⊟FH B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
= Ã𝛼 ⊟H B̃𝛼.

(7.148)

Therefore, we obtain

Ã⊖FH B̃ = Ã⊖H B̃,

which says that the Hausdorff difference defined in (7.97) is a special case of the fair Hasu-
dorff difference defined in (7.144).

Now, we study the existence of fair Hausdorff difference by considering

M𝛼 = Ã𝛼 ⊟FH B̃𝛼 =
[
dH

(
Ã𝛼, B̃𝛼

)
, d̄H

(
Ã𝛼, B̃𝛼

)]
=

[
min

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
,

max

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}]
for all 𝛼 ∈ (0, 1] by referring to (7.139), (7.140) and (7.143). We see that the family
{M𝛼 ∶ 0 < 𝛼 ≤ 1} is not necessarily nested.

Let Ã and B̃ be two fuzzy sets in ℝ. For convenience, we also define

l(𝛼) ≡ min

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
(7.149)
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and

u(𝛼) ≡ max

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
(7.150)

for 𝛼 ∈ [0, 1].

Lemma 7.7.2 Let Ã and B̃ be two fuzzy sets in ℝ. Then, the functions l and u defined in
(7.149) and (7.150), respectively, are right-continuous at 0.

Proof. Using the denseness of ℝ, there exists a sequence {𝛼n}∞n=1 in (0, 1] satisfying 𝛼n ↓ 0
and 𝛼n > 0 for all n. Using Proposition 2.2.8, we have

Ã0+ =
∞⋃

n=1
Ã𝛼n

and B̃0+ =
∞⋃

n=1
B̃𝛼n

.

Since Ã0 = cl(Ã0+) and B̃0 = cl(B̃0+), from Propositions 1.2.10 and 1.2.7, we have

lim
n→∞

sup
a∈Ã𝛼n

inf
b∈B̃𝛼n

(a − b) = sup
a∈Ã0+

inf
b∈B̃0+

(a − b) = sup
a∈Ã0

inf
b∈B̃0

(a − b)

and

lim
n→∞

sup
b∈B̃𝛼n

inf
a∈Ã𝛼n

(a − b) = sup
b∈B̃0+

inf
a∈Ã0+

(a − b) = sup
b∈B̃0

inf
a∈Ã0

(a − b),

which shows that

l(𝛼n) → l(0) and u(𝛼n) → u(0) as n → ∞.

This completes the proof. ◾

Theorem 7.7.3 (Existence for Ã⊖FH∗ B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let M𝛼 =
Ã𝛼 ⊟FH B̃𝛼 for all 𝛼 ∈ (0, 1]. Suppose that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. Then, there
exists a fuzzy set C̃∗ in ℝ with membership function defined by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x)

satisfying

C̃∗
𝛼 = M𝛼 = Ã𝛼 ⊟FH B̃𝛼 for each 𝛼 ∈ (0, 1]

and

C̃∗
0 = M0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ⊟FH B̃𝛼

)
.

This guarantees the existence of C̃∗ = Ã⊖FH∗ B̃. Moreover, we have

C̃∗ = Ã⊖FH∗ B̃ = Ã⊖GFH B̃.

Proof. From Theorem 7.6.14 and Lemma 7.6.35, it suffices to prove the inclusion (7.138).
Given an increasing and convergent sequence {𝛼n}∞n=1 in [0, 1] with 𝛼n ↑ 𝛼, we write

Ã𝛼n
= An and B̃𝛼n

= Bn
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and

Ã𝛼 = A and B̃𝛼 = B.

Part (ii) of Proposition 2.2.8 says that
∞⋂

n=1
An = A and

∞⋂
n=1

Bn = B.

For x ∈
⋂∞

n=1 M𝛼n
, it follows that

min

{
sup
a∈An

inf
b∈Bn

(a − b), sup
b∈Bn

inf
a∈An

(a − b)

}
≤ x

≤ max

{
sup
a∈An

inf
b∈Bn

(a − b), sup
b∈Bn

inf
a∈An

(a − b)

}
for all n. By taking limit on each side and using Proposition 1.2.9, we obtain

min
{

sup
a∈A

inf
b∈B

(a − b), sup
b∈B

inf
a∈A

(a − b)
}

≤ x

≤ max
{

sup
a∈A

inf
b∈B

(a − b), sup
b∈B

inf
a∈A

(a − b)
}

,

i.e. x ∈ M𝛼 , which proves the inclusion (7.138). Using Theorem 7.6.14 and Lemma 7.6.35,
we complete the proof. ◾

Theorem 7.7.4 (Existence for Ã⊖FH B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let M𝛼 =
Ã𝛼 ⊟FH B̃𝛼 for all 𝛼 ∈ [0, 1]. Suppose that the following conditions are satisfied:

● {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} is a nested family;
● the following equality is satisfied:

cl

( ⋃
0<𝛼≤1

Ã𝛼 ⊟FH B̃𝛼

)
= Ã0 ⊟FH B̃0. (7.151)

Then, there exists a fuzzy set C̃ in ℝ with membership function defined by

𝜉C̃(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(x)

satisfying

C̃𝛼 = M𝛼 = Ã𝛼 ⊟FH B̃𝛼 for each 𝛼 ∈ [0, 1].

This guarantees the existence of C̃ = Ã⊖FH B̃. Moreover, the existence of C̃ = Ã⊖FH∗ B̃ is also
guaranteed and we have

C̃ = Ã⊖FH B̃ = Ã⊖FH∗ B̃ = Ã⊖GFH B̃.

Proof. By applying Theorem 7.6.19 to the argument of the proof of Theorem 7.7.3, we can
obtain the desired results. ◾
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Example 7.7.5 Continued from Example 7.6.1 by considering the triangular fuzzy num-
bers, from (7.148) in Example 7.7.1, we have

Ã𝛼 ⊟FH B̃𝛼 =
[
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}]
.

We define

l(𝛼) = (1 − 𝛼) ⋅ min
{

aL − bL
, aU − bU} + 𝛼 ⋅ (a − b)

and

u(𝛼) = (1 − 𝛼) ⋅ max
{

aL − bL
, aU − bU} + 𝛼 ⋅ (a − b)

on [0, 1]. Then

M𝛼 = Ã𝛼 ⊟FH B̃𝛼 = Ã𝛼 ⊟H B̃𝛼 =
[
l(𝛼),u(𝛼)

]
.

Considering the derivatives of functions l and u, if

l′(𝛼) = a − b − min
{

aL − bL
, aU − bU} ≥ 0

and

u′(𝛼) = a − b − max
{

aL − bL
, aU − bU} ≤ 0,

then l is an increasing function and u is a decreasing function. In other words, if

min
{

aL − bL
, aU − bU} ≤ a − b ≤ max

{
aL − bL

, aU − bU}
, (7.152)

then {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} is a nested family. Now, we assume that the inequalities (7.152) are
satisfied. In order to use Theorem 7.7.4, it remains to check the equality (7.151), which
means to check

cl

( ⋃
0<𝛼≤1

M𝛼

)
= M0, i.e. cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
=
[
l0,u0

]
. (7.153)

Since l is increasing and u is decreasing on [0, 1], it follows that the limits

lim
𝛼→0

l(𝛼) = sup
0<𝛼≤1

l(𝛼) and lim
𝛼→0

u(𝛼) = inf
0<𝛼≤1

u(𝛼)

exist. Therefore, we obtain

cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
=
[
lim
𝛼→0

l(𝛼), lim
𝛼→0

u(𝛼)
]
=
[

sup
0<𝛼≤1

l(𝛼), inf
0<𝛼≤1

u(𝛼)
]
.

Given a sequence 𝛼n ↓ 0 for each 𝛼n ∈ (0, 1], it is not hard to prove

l(𝛼n) → l(0) and u(𝛼n) → u(0) as n → ∞.

This shows that the equality (7.153) is satisfied. Therefore, Theorem 7.7.4 says that the fair
Hausdorff difference Ã⊖FH B̃ = C̃ exists satisfying

C̃𝛼 = Ã𝛼 ⊟HF B̃𝛼 for all 𝛼 ∈ [0, 1].

In other words, given any two triangular fuzzy numbers

Ã = (aL
, a, aU ) and B̃ = (bL

, b, bU ),

if the inequalities (7.152) are satisfied, then the fair Hausdorff difference Ã⊖FH B̃ exists.
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We say that the triangular fuzzy number Ã = (aL, a, aU ) is symmetric when

a − aL = aU − a.

We are going to claim that if Ã and B̃ are symmetric triangular fuzzy numbers, then the
inequalities (7.152) hold true. Now, we have

a − aL = aU − a ≡ ka and b − bL = bU − b ≡ kb.

Let k = ka − kb. Then

a − b = aL − bL + k = aU − bU − k.

We consider the following cases.

● Suppose that k ≥ 0. Then aL − bL ≤ aU − bU . Therefore, we obtain

min
{

aL − bL
, aU − bU} = aL − bL = a − b − k ≤ a − b

≤ a − b + k = aU − bU = max
{

aL − bL
, aU − bU}

.

● Suppose that k < 0. Then aL − bL ≥ aU − bU . Therefore, we obtain

min
{

aL − bL
, aU − bU} = aU − bU = a − b + k ≤ a − b

≤ a − b − k = aL − bL = max
{

aL − bL
, aU − bU}

.

The above cases conclude that the inequalities (7.152) are satisfied. In other words, if Ã
and B̃ are symmetric triangular fuzzy numbers, then the fair Hausdorff difference Ã⊖FH B̃
always exists.

7.7.2 Composite Hausdorff Difference

Let Ã and B̃ be two fuzzy sets in ℝ. We shall propose a new difference that extends the
so-called type-I-generalized difference proposed by Bede and Stefanini [8] in (7.98). Accord-
ing to (7.143), we define

Ã𝛼 ⊟CH B̃𝛼 = cl

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

)
(7.154)

= cl

( ⋃
𝛼≤𝛽≤1

[
min

{
sup
a∈Ã𝛽

inf
b∈B̃𝛽

(a − b), sup
b∈B̃𝛽

inf
a∈Ã𝛽

(a − b)

}
,

max

{
sup
a∈Ã𝛽

inf
b∈B̃𝛽

(a − b), sup
b∈B̃𝛽

inf
a∈Ã𝛽

(a − b)

}])
. (7.155)

It is clear to see that the family

{M𝛼 ≡ Ã𝛼 ⊟CH B̃𝛼 ∶ 0 ≤ 𝛼 ≤ 1}

is automatically nested. According to the binary operation in (7.93), the composite
Hausdorff difference between Ã and B̃ is defined by

Ã⊖CH B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟CH B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.156)

However, the existence of such C̃ is not guaranteed.
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Without considering the 0-level sets Ã0 and B̃0, according to the binary operation in
(7.115), the composite *-Hausdorff difference between Ã and B̃ is defined by

Ã ⊖
∗
CH B̃ = C̃∗ when C̃∗

𝛼 = Ã𝛼 ⊟CH B̃𝛼 for all 𝛼 ∈ (0, 1]. (7.157)

The existence of such C̃∗ is also not guaranteed. The sufficient conditions for guaranteeing
the existence of Ã ⊖∗

CH B̃ are weaker than those of Ã⊖CH B̃ by referring to Theorems 7.6.14
and 7.6.19. Proposition 7.6.3 also says that if the existence of Ã ⊖∗

CH B̃ and Ã⊖CH B̃ are
guaranteed, then we have

Ã ⊖
∗
CH B̃ = Ã⊖CH B̃.

According to the binary operation in (7.118), we can define the corresponding general-
ized composite Hausdorff difference between Ã and B̃ that will always exist as follows.
Let M𝛼 = Ã𝛼 ⊟CH B̃𝛼 be given in (7.154) for all 𝛼 ∈ (0, 1]. Using (7.118), we consider the gen-
eralized composite Hausdorff difference Ã⊖GCH B̃ with membership function defined by

𝜉Ã⊖GCH B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x). (7.158)

This says that Ã⊖GCH B̃ always exists.

Example 7.7.6 Let Ã and B̃ be two fuzzy intervals. Then, according to (7.155) and (7.147),
we have

Ã𝛼 ⊟CH B̃𝛼 = cl

( ⋃
𝛼≤𝛽≤1

[
min

{
ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
,max

{
ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}])
,

which is also equal to Ã𝛼 ⊟G1
B̃𝛼 by referring to (7.99). Therefore, we obtain

Ã⊖CH B̃ = Ã⊖G1
B̃,

which means that the so-called type-I-generalized difference proposed by Bede and Ste-
fanini [8] in (7.100) is a special case of the composite Hausdorff difference.

Theorem 7.7.7 (Existence for Ã ⊖∗
CH B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let M𝛼 =

Ã𝛼 ⊟CH B̃𝛼 for all 𝛼 ∈ (0, 1]. Then, there exists a fuzzy set C̃∗ in ℝ with membership function
defined by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x),

satisfying

C̃∗
𝛼 = M𝛼 = Ã𝛼 ⊟CH B̃𝛼 for each 𝛼 ∈ (0, 1]

and

C̃∗
0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ⊟CH B̃𝛼

)
. (7.159)

This guarantees the existence of C̃∗ = Ã ⊖∗
CH B̃. Moreover, we have

C̃∗ = Ã ⊖
∗
CH B̃ = Ã⊖GCH B̃.
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Proof. From (7.154), we have

M𝛼 = Ã𝛼 ⊟CH B̃𝛼 = cl

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

)
for 0 < 𝛼 ≤ 1.

It is clear that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. We are going to check that the conditions
in Theorem 5.4.7 are satisfied. For any increasing and convergent sequence 𝛼n ↑ 𝛼, we want
to claim

⋂∞
n=1 M𝛼n

⊆ M𝛼 . From (7.155), we have

M𝛼 = Ã𝛼 ⊟CH B̃𝛼 = cl

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

)
= cl

( ⋃
𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

])
,

where the functions l and u are defined in (7.149) and (7.150), respectively. Let

C𝛼 =
⋃

𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

]
.

Then M𝛼 = cl(C𝛼). Using Proposition 1.2.9 and parts (i) and (ii) of Proposition 2.2.8, if 𝛽n ↑ 𝛽

as n → ∞, then

l(𝛽n) → l(𝛽) and u(𝛽n) → u(𝛽) as n → ∞. (7.160)

For x ∈ M𝛼n
, there exists a sequence {x(n)k }∞k=1 in C𝛼n

satisfying x(n)k → x as k → ∞. This also
says that, for each fixed k,

x(n)k ∈
[
l(𝛽n),u(𝛽n)

]
for some 𝛽n satisfying 0 ≤ 𝛼n ≤ 𝛽n ≤ 1.

Therefore, we obtain a bounded sequence {𝛽n}∞n=1. Since each bounded sequence has a
convergent subsequence, and each convergent sequence has an increasing and convergent
subsequence, it follows that there exists a subsequence {𝛽nr

}∞r=1 of {𝛽n}∞n=1 satisfying 𝛽nr
↑ 𝛽

as r → ∞. We also see that {x(nr )
k }∞r=1 is a bounded subsequence of {x(n)k }∞n=1 for each fixed k.

Therefore, there exists a convergent subsequence {x(nrs )
k }∞s=1 of {x(nr )

k }∞r=1 satisfying x(nrs )
k → xk

as s → ∞ for each fixed k. Then, we have

l(𝛽nrs
) ≤ x(nrs )

k ≤ u(𝛽nrs
) for 𝛼nrs

≤ 𝛽nrs
≤ 1.

By taking s → ∞, from (7.160), we obtain

l(𝛽) ≤ xk ≤ u(𝛽) for 𝛼 ≤ 𝛽 ≤ 1,

which says that the sequence {xk}∞k=1 is in C𝛼 . Since x(n)k → x as k → ∞ for each fixed n and
x(nrs )

k → xk as s → ∞ for each fixed k, it follows that

||xk − x|| ≤ |||xk − x(nrs )
k
||| + |||x(nrs )

k − x||| → 0 as s → ∞ and k → ∞,

which also says that xk → x as k → ∞. This shows that x ∈ cl(C𝛼) = M𝛼 . Therefore, we
obtain the desired inclusion

⋂∞
n=1 M𝛼n

⊆ M𝛼 . Using Theorem 5.4.7, we conclude that (7.157)
is satisfied, which also shows the existence of Ã ⊖∗

CH B̃ = C̃∗. Since C̃∗
𝛽 = M𝛽 for all 𝛽 ∈

(0, 1], from (7.158), it follows that{
x ∈ ℝ ∶ 𝜉Ã⊖∗

CH B̃(x) = sup
0<𝛽≤1

𝛽 ⋅ 𝜒C̃∗
𝛽

(x) ≥ 𝛼

}
=
{

x ∈ ℝ ∶ 𝜉Ã⊖GCH B̃(x) = sup
0<𝛽≤1

𝛽 ⋅ 𝜒M𝛽
(x) ≥ 𝛼

}
.
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Using Proposition 1.4.8, we obtain

𝜉Ã⊖∗
CH B̃(x) = 𝜉Ã⊖GCH B̃(x)

for all x ∈ ℝ, i.e. Ã ⊖∗
CH B̃ = Ã⊖GCH B̃. This completes the proof. ◾

The existence for Ã ⊖∗
CH B̃ as shown in Theorem 7.7.7 above does not consider the 0-level

set Ã0 and B̃0 as M0 = Ã0 ∘ B̃0. However, the existence for Ã⊖CH B̃ needs to consider M0 =
Ã0 ∘ B̃0, which will be shown below.

Lemma 7.7.8 The following inclusion holds true:

cl

( ⋃
0<𝛼≤1

A𝛼

)
⊆ cl

( ⋃
0<𝛼≤1

(
cl

( ⋃
𝛼≤𝛽≤1

A𝛽

)))
.

Proof. Suppose that

x ∈ cl

( ⋃
0<𝛼≤1

A𝛼

)
.

Then, there exists a sequence {xn}∞n=1 in
⋃

0<𝛼≤1A𝛼 satisfying xn → x as n → ∞. Now,
we have

xn ∈
⋃

0<𝛼≤1
A𝛼 ⊆

⋃
0<𝛼≤1

⋃
𝛼≤𝛽≤1

A𝛽 ⊆
⋃

0<𝛼≤1

(
cl

( ⋃
𝛼≤𝛽≤1

A𝛽

))
for all n,

which shows the desired inclusion, since xn → x as n → ∞. This completes the proof. ◾

Theorem 7.7.9 (Existence for Ã⊖CH B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let M𝛼 =
Ã𝛼 ⊟CH B̃𝛼 for all 𝛼 ∈ [0, 1]. Then, there exists a fuzzy set C̃ in ℝ with membership function
defined by

𝜉C̃(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(x)

satisfying

C̃𝛼 = M𝛼 = Ã𝛼 ⊟CH B̃𝛼 for each 𝛼 ∈ [0, 1].

This guarantees the existence of C̃ = Ã⊖CH B̃. Moreover, the existence of C̃ = Ã ⊖∗
CH B̃ is also

guaranteed, and we have

C̃ = Ã⊖CH B̃ = Ã ⊖
∗
CH B̃ = Ã⊖GCH B̃. (7.161)

Proof. From Theorem 7.7.7 by considering C̃∗ as C̃, we have

C̃0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
and C̃𝛼 = M𝛼 for 0 < 𝛼 ≤ 1. (7.162)

In order to claim the existence of C̃ = Ã⊖CH B̃, we are going to consider the 0-level sets.
Therefore, it remains to prove

C̃0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= M0,
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where

M0 = Ã0 ⊟CH B̃0 = cl

( ⋃
0≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

)
is a closed set. Since M𝛼 ⊆ M0 for all 𝛼 > 0, we have

⋃
0<𝛼≤1M𝛼 ⊆ M0, which implies

cl

( ⋃
0<𝛼≤1

M𝛼

)
⊆ cl

(
M0
)
= M0.

Next, we want to prove the other direction of inclusion. Let

l∗ = sup
0<𝛼≤1

l(𝛼) and u∗ = inf
0<𝛼≤1

u(𝛼).

For y ∈ (l(0),u(0)), we consider the following cases.

● Suppose that y < l∗. Then, there exists 𝜖 > 0 satisfying y + 𝜖 < l∗ by taking 𝜖 < l∗ − y.
According to the concept of supremum, there exists 𝛼∗

l ∈ (0, 1] satisfying l∗ − 𝜖 ≤ l(𝛼∗
l ).

Therefore, we obtain

l(0) < y < l∗ − 𝜖 ≤ l(𝛼∗
l ),

which says that l(0) < y < l(𝛼∗
l ) and 𝛼∗

l ≠ 0. Using Proposition 1.4.3, there exists
𝛼̄ ∈ (0, 𝛼∗

l ) satisfying y = l(𝛼̄). This says that y ∈ [l(𝛼̄),u(𝛼̄)] for 𝛼̄ > 0.
● Suppose that y > u∗. Then, there exists 𝜖 > 0 satisfying y − 𝜖 > u∗ by taking 𝜖 < y − u∗.

According to the concept of infimum, there exists 𝛼∗
u ∈ (0, 1] satisfying u∗ + 𝜖 ≥ u(𝛼∗

u).
Therefore, we obtain

u(0) > y > u∗ + 𝜖 ≥ u(𝛼∗
u),

which says that u(0) > y > u(𝛼∗
u) and 𝛼∗

u ≠ 0. Using Proposition 1.4.3, there exists
𝛼̄ ∈ (0, 𝛼∗

u) satisfying y = u(𝛼̄). This says that y ∈ [l(𝛼̄),u(𝛼̄)] for 𝛼̄ > 0.
● Suppose that l∗ ≤ y ≤ u∗. Since l∗ ≥ l(𝛼) and u∗ ≤ u(𝛼) for all 𝛼 ∈ (0, 1]. We can take some
𝛼̄ > 0 satisfying

l(𝛼̄) ≤ l∗ ≤ y ≤ u∗ ≤ u(𝛼̄).

This says that y ∈ [l(𝛼̄),u(𝛼̄)] for 𝛼̄ > 0.

The above cases imply that

(l(0),u(0)) ⊆
⋃

0<𝛼≤1

[
l(𝛼),u(𝛼)

]
. (7.163)

Suppose that x ∈ [l(0),u(0)]. Since [l(0),u(0)] = cl(l(0),u(0)), there exists a sequence {xn}∞n=1
in the open interval (l(0),u(0)) satisfying xn → x. From (7.163), we see that{

xn
}∞

n=1 ⊆
⋃

0<𝛼≤1

[
l(𝛼),u(𝛼)

]
,

which shows that

x ∈ cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
and [l(0),u(0)] ⊆ cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
. (7.164)
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Therefore, we obtain

M0 = cl

( ⋃
0≤𝛼≤1

Ã𝛼 ⊟FH B̃𝛼

)
= cl

( ⋃
0≤𝛼≤1

[
l(𝛼),u(𝛼)

])

= [l(0),u(0)]
⋃

cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
(using the fact of cl(A ∪ B) = cl(A) ∪ cl(B))

= cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
(using (7.164))

= cl

( ⋃
0<𝛼≤1

Ã𝛼 ⊟FH B̃𝛼

)
⊆ cl

( ⋃
0<𝛼≤1

(
cl

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

)))
(using Lemma 7.7.8)

= cl

( ⋃
0<𝛼≤1

M𝛼

)
(using (7.162)).

This shows C̃𝛼 = M𝛼 for all 0 ≤ 𝛼 ≤ 1 and the existence of C̃ = Ã⊖CH B̃. Using Proposi-
tion 1.4.8, we can also obtain the equalities (7.161) by referring to the proof of Theorem 7.7.7.
This completes the proof. ◾

Theorems 7.7.7 and 7.7.9 say that the composite Hausdorff differences Ã ⊖∗
CH B̃ and

Ã⊖CH B̃ always exist without needing any sufficient conditions. Moreover, the equalities
(7.161) says that the three differences Ã ⊖∗

CH B̃, Ã⊖CH B̃, and Ã⊖GCH B̃ are identical.

7.7.3 Complete Composite Hausdorff Difference

Let Ã and B̃ be two fuzzy sets in ℝ. We shall propose two new differences that extend the
so-called type-II-generalized difference proposed by Gomes and Barros [42] in (7.101) and
(7.102). According to (7.101), we define

Ã𝛼 ⊟CCH1
B̃𝛼 = cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

))
(7.165)

= cl

(
conv

( ⋃
𝛼≤𝛽≤1

[
min

{
sup
a∈Ã𝛽

inf
b∈B̃𝛽

(a − b), sup
b∈B̃𝛽

inf
a∈Ã𝛽

(a − b)

}
,

max

{
sup
a∈Ã𝛽

inf
b∈B̃𝛽

(a − b), sup
b∈B̃𝛽

inf
a∈Ã𝛽

(a − b)

}]))
. (7.166)

It is clear to see that the family

{M𝛼 ≡ Ã𝛼 ⊟CCH1
B̃𝛼 ∶ 0 ≤ 𝛼 ≤ 1}

is automatically nested. According to (7.102), we define

Ã𝛼 ⊟CCH2
B̃𝛼 =

[
inf
𝛼≤𝛽≤1

dH

(
Ã𝛽 , B̃𝛽

)
, sup
𝛼≤𝛽≤1

d̄H
(

Ã𝛽 , B̃𝛽

)]
(7.167)
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=

[
inf
𝛼≤𝛽≤1

min

{
sup
a∈Ã𝛽

inf
b∈B̃𝛽

(a − b), sup
b∈B̃𝛽

inf
a∈Ã𝛽

(a − b)

}
,

sup
𝛼≤𝛽≤1

max

{
sup
a∈Ã𝛽

inf
b∈B̃𝛽

(a − b), sup
b∈B̃𝛽

inf
a∈Ã𝛽

(a − b)

}]
. (7.168)

It is also clear to see that the family

{M𝛼 ≡ Ã𝛼 ⊟CCH2
B̃𝛼 ∶ 0 ≤ 𝛼 ≤ 1}

is automatically nested. In general, for any fuzzy sets Ã and B̃ in ℝ, the differences
Ã𝛼 ⊟CCH1

B̃𝛼 and Ã𝛼 ⊟CCH2
B̃𝛼 are not necessarily identical.

According to the binary operation in (7.93), the type-I-complete composite Hausdorff
difference between Ã and B̃ is defined by

Ã⊖CCH1
B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟CCH1

B̃𝛼 for each 𝛼 ∈ [0, 1] (7.169)

and the type-II-complete composite Hausdorff difference between Ã and B̃ is
defined by

Ã⊖CCH2
B̃ = C̃ when C̃𝛼 = Ã𝛼 ⊟CCH2

B̃𝛼 for each 𝛼 ∈ [0, 1]. (7.170)

However, the existence of such C̃ is not guaranteed.
Without considering the 0-level sets Ã0 and B̃0, according to the binary operation in

(7.115), the type-I-complete composite *-Hausdorff difference between Ã and B̃ is
defined by

Ã ⊖
∗
CCH1

B̃ = C̃∗ when C̃∗
𝛼 = Ã𝛼 ⊟CCH1

B̃𝛼 for all 𝛼 ∈ (0, 1], (7.171)

and the type-II-complete composite *-Hausdorff difference between Ã and B̃ is
defined by

Ã ⊖
∗
CCH2

B̃ = C̃∗ when C̃∗
𝛼 = Ã𝛼 ⊟CCH2

B̃𝛼 for all 𝛼 ∈ (0, 1]. (7.172)

The existence of such C̃ is also not guaranteed. The sufficient conditions for guaranteeing
the existence of Ã ⊖∗

CCH1
B̃ are weaker than those of Ã⊖CCH1

B̃, and sufficient conditions
for guaranteeing the existence of Ã ⊖∗

CCH2
B̃ are also weaker than those of Ã⊖CCH2

B̃ by
referring to Theorems 7.6.14 and 7.6.19. From Proposition 7.6.3, we also have the following
observations.

● Suppose that the existence of Ã ⊖∗
CCH1

B̃ and Ã⊖CCH1
B̃ are guaranteed. Then

Ã ⊖
∗
CCH1

B̃ = Ã⊖CCH1
B̃.

● Suppose that the existence of Ã ⊖∗
CCH2

B̃ and Ã⊖CCH2
B̃ are guaranteed. Then

Ã ⊖
∗
CCH2

B̃ = Ã⊖CCH2
B̃.

According to the binary operation in (7.118), we can define the corresponding generalized
Hausdorff difference between Ã and B̃, which will always exist, as follows.

● Let M𝛼 = Ã𝛼 ⊟CCH1
B̃𝛼 be given in (7.165) for all 𝛼 ∈ (0, 1]. Using (7.118), we consider

the generalized type-I-complete composite Hausdorff difference Ã⊖GCCH1
B̃ with

membership function defined by

𝜉Ã⊖GCCH1 B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x). (7.173)
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● Let M𝛼 = Ã𝛼 ⊟CCH2
B̃𝛼 be given in (7.167) for all 𝛼 ∈ (0, 1]. Using (7.118), we consider

the generalized type-II-complete composite Hausdorff difference Ã⊖GCCH2
B̃ with

membership function defined by

𝜉Ã⊖GCCH2 B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x). (7.174)

We see that Ã⊖GCCH1
B̃ and Ã⊖GCCH2

B̃ always exist.

Example 7.7.10 Let Ã and B̃ be two fuzzy intervals. Then, according to (7.165) and
(7.148), we have

Ã𝛼 ⊟CCH1
B̃𝛼 = cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

))
= cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟H B̃𝛽

))
.

According to (7.168) and (7.147), we also have

Ã𝛼 ⊟CCH2
B̃𝛼 =

[
inf
𝛼≤𝛽≤1

min
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}
, sup
𝛼≤𝛽≤1

max
{

ÃL
𝛽 − B̃L

𝛽 , ÃU
𝛽 − B̃U

𝛽

}]
.

Using (7.101) and (7.102), we obtain

Ã𝛼 ⊟CCH1
B̃𝛼 = Ã𝛼 ⊟CCH2

B̃𝛼 = Ã𝛼 ⊟G2
B̃𝛼.

Therefore, we obtain

Ã⊖CCH1
B̃ = Ã⊖CCH2

B̃ = Ã⊖G2
B̃, (7.175)

which means that the so-called type-II-generalized difference proposed by Gomes and
Barros [42] in (7.103) is a special case of the complete composite Hausdorff difference.

Now, we present the existence of type-I-complete composite Hausdorff difference.

Theorem 7.7.11 (Existence for Ã ⊖∗
CCH1

B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let
M𝛼 = Ã𝛼 ⊟CCH1

B̃𝛼 for all 𝛼 ∈ (0, 1]. Suppose that the function l defined in (7.149) is concave
on [0, 1] and the function u defined in (7.150) is convex on [0, 1]. Then, there exists a fuzzy set
C̃∗ in ℝ with membership function defined by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x),

satisfying

C̃∗
𝛼 = M𝛼 = Ã𝛼 ⊟CCH1

B̃𝛼 for each 𝛼 ∈ (0, 1]

and

C̃∗
0 = M0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ⊟CCH1
B̃𝛼

)
. (7.176)

This guarantees the existence of C̃∗ = Ã ⊖∗
CCH1

B̃. Moreover, we have

C̃∗ = Ã ⊖
∗
CCH1

B̃ = Ã⊖GCCH1
B̃. (7.177)

Proof. From (7.165), we have

M𝛼 = Ã𝛼 ⊟CCH1
B̃𝛼 = cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

))
for 0 < 𝛼 ≤ 1. (7.178)
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It is clear that {M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. We are going to check that the conditions
in Theorem 5.4.7 are satisfied. For any increasing and convergent sequence 𝛼n ↑ 𝛼, we want
to claim

⋂∞
n=1 M𝛼n

⊆ M𝛼 . From (7.166), we have

M𝛼 = Ã𝛼 ⊟CCH1
B̃𝛼 = cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

))

= cl

(
conv

( ⋃
𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

]))
,

where the functions l and u are defined in (7.149) and (7.150), respectively. Let

C𝛼 =
⋃

𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

]
.

Then M𝛼 = cl(conv(C𝛼)). Using Proposition 1.2.9 and parts (i) and (ii) of Proposition 2.2.8,
if 𝛽n ↑ 𝛽 as n → ∞, then

l(𝛽n) → l(𝛽) and u(𝛽n) → u(𝛽) (7.179)

as n → ∞. For x ∈ M𝛼n
, there exists a sequence {x(n)k }∞k=1 in conv(C𝛼n

) satisfying x(n)k → x as
k → ∞, where each x(n)k is a convex combination of elements in C𝛼n

, i.e.

x(n)k =
s(n)k∑

m=1
𝜆
(n)
mky(n)mk with

s(n)k∑
m=1

𝜆
(n)
mk = 1 and y(n)mk ∈

[
l
(
𝛽
(n)
mk

)
,u
(
𝛽
(n)
mk

)]
,

where 0 ≤ 𝜆
(n)
mk ≤ 1 and 𝛼n ≤ 𝛽

(n)
mk ≤ 1 for all m, n and k. We also see that

x(n)k ∈
⎡⎢⎢⎣

s(n)k∑
m=1

𝜆
(n)
mkl
(
𝛽
(n)
mk

)
,

s(n)k∑
m=1

𝜆
(n)
mku

(
𝛽
(n)
mk

)⎤⎥⎥⎦ . (7.180)

For each fixed k, we define

𝛽n =
s(n)k∑

m=1
𝜆
(n)
mk𝛽

(n)
mk.

It is clear that 𝛼n ≤ 𝛽n ≤ 1 by the fact of
∑s(n)k

m=1 𝜆
(n)
mk = 1. Since l is concave and u is convex,

we have
s(n)k∑

m=1
𝜆
(n)
mkl
(
𝛽
(n)
mk

)
≥ l
⎛⎜⎜⎝

s(n)k∑
m=1

𝜆
(n)
mk𝛽

(n)
mk

⎞⎟⎟⎠ = l(𝛽n)

and
s(n)k∑

m=1
𝜆
(n)
mku

(
𝛽
(n)
mk

)
≤ u

⎛⎜⎜⎝
s(n)k∑

m=1
𝜆
(n)
mk𝛽

(n)
mk

⎞⎟⎟⎠ = u(𝛽n).

For each fixed k, from (7.180), we see that x(n)k ∈ [l(𝛽n),u(𝛽n)] with 0 ≤ 𝛼n ≤ 𝛽n ≤ 1.
Therefore, we obtain a bounded sequence {𝛽n}∞n=1. It follows that there exists a convergent
subsequence {𝛽nr

}∞r=1 of {𝛽n}∞n=1 satisfying 𝛽nr
↑ 𝛽 as r → ∞. We also see that {x(nr)

k }∞r=1
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is a bounded subsequence of {x(n)k }∞k=1. Therefore, there exists a convergent subsequence
{x(nrs )

k }∞s=1 of {x(nr )
k }∞r=1 satisfying x(nrs )

k → xk as s → ∞. Then, we have

l(𝛽nrs
) ≤ x(nrs )

k ≤ u(𝛽nrs
) for 𝛼nrs

≤ 𝛽nrs
≤ 1.

By taking s → ∞, from (7.179), we obtain

l(𝛽) ≤ xk ≤ u(𝛽) for 𝛼 ≤ 𝛽 ≤ 1,

which says that the sequence {xk}∞k=1 is in C𝛼 ⊆ conv(C𝛼). Since

||xk − x|| ≤ |||xk − x(nrs )
k
||| + |||x(nrs )

k − x||| → 0 as s → ∞ and k → ∞,

it says that xk → x as k → ∞, which implies x ∈ cl(conv(C𝛼)) = M𝛼 . Therefore, we obtain
the desired inclusion

⋂∞
n=1 M𝛼n

⊆ M𝛼 . Using Theorem 5.4.7, we conclude that (7.171) is
satisfied, which also shows the existence of Ã ⊖∗

CCH1
B̃. Using Proposition 1.4.8, we can also

obtain the equalities (7.177) by referring to the proof of Theorem 7.7.7. This completes the
proof. ◾

Theorem 7.7.12 (Existence for Ã⊖CCH1
B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let

M𝛼 = Ã𝛼 ⊟CCH1
B̃𝛼 for all 𝛼 ∈ [0, 1]. Suppose that the following conditions are satisfied:

● the function l defined in (7.149) is concave on [0, 1] and the function u defined in (7.150) is
convex on [0, 1];

● the following inclusions hold true:

conv

( ⋃
0≤𝛼≤1

[
l(𝛼),u(𝛼)

])
⊆
[
l(0),u(0)

]⋃
conv

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
(7.181)

and

conv

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
⊆
⋃

0<𝛼≤1

(
cl

(
conv

( ⋃
𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

])))
. (7.182)

Then, there exists a fuzzy set C̃ in ℝ with membership function defined by

𝜉C̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x),

satisfying

C̃𝛼 = M𝛼 = Ã𝛼 ⊟CCH1
B̃𝛼 for each 𝛼 ∈ [0, 1].

This guarantees the existence of C̃ = Ã⊖CCH1
B̃. Moreover, the existence of C̃ = Ã ⊖∗

CCH1
B̃ is

also guaranteed, and we have

C̃ = Ã⊖CCH1
B̃ = Ã ⊖

∗
CCH1

B̃ = Ã⊖GCCH1
B̃. (7.183)

Proof. From Theorem 7.7.11 by considering C̃∗ as C̃, we have

C̃0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
and C̃𝛼 = M𝛼 for 0 < 𝛼 ≤ 1.
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In order to claim the existence of C̃ = Ã⊟CCH1
B̃, we are going to consider the 0-level sets.

Therefore, it remains to prove

C̃0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= M0,

where

M0 = Ã0 ⊟CCH1
B̃0 = cl

(
conv

( ⋃
0≤𝛾≤1

Ã𝛾 ⊟FH B̃𝛾

))
is a closed set. Since M𝛼 ⊆ M0 for all 𝛼 > 0, we have

⋃
0<𝛼≤1M𝛼 ⊆ M0, which implies

cl

( ⋃
0<𝛼≤1

M𝛼

)
⊆ cl

(
M0
)
= M0.

Next, we want to prove the other direction of inclusion. From (7.164), we have

[l(0),u(0)] ⊆ cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
⊆ cl

(
conv

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

]))
. (7.184)

Therefore, we obtain

M0 = cl

(
conv

( ⋃
0≤𝛼≤1

Ã𝛼 ⊟FH B̃𝛼

))
= cl

(
conv

( ⋃
0≤𝛼≤1

[
l(𝛼),u(𝛼)

]))

⊆ cl

([
l(0),u(0)

]⋃
conv

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

]))
(using (7.181))

= [l(0),u(0)]
⋃

cl

(
conv

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

]))
(using the fact that cl(A ∪ B) = cl(A) ∪ cl(B))

= cl

(
conv

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

]))
(using (7.184))

⊆ cl

( ⋃
0<𝛼≤1

(
cl

(
conv

( ⋃
𝛼≤𝛽≤1

[
l(𝛼),u(𝛼)

]))))
(using (7.182))

= cl

( ⋃
0<𝛼≤1

(
cl

(
conv

( ⋃
𝛼≤𝛽≤1

Ã𝛽 ⊟FH B̃𝛽

))))
= cl

( ⋃
0<𝛼≤1

M𝛼

)
(using (7.178)).

Therefore, we obtain C̃𝛼 = M𝛼 for all 0 ≤ 𝛼 ≤ 1. This shows the existence of C̃ = Ã⊖CCH1
B̃.

Using Proposition 1.4.8, we can also obtain the equalities (7.183) by referring to the proof
of Theorem 7.7.7. This completes the proof. ◾

Theorems 7.7.11 and 7.7.12 say that the existence of type-I complete composite Hausdorff
difference Ã ⊖∗

CCH1
B̃ and Ã⊖CCH1

B̃ need some mild sufficient conditions. Next, we can
show that the type-II complete composite Hausdorff difference Ã ⊖∗

CCH2
B̃ and Ã⊖CCH2

B̃
always exist without needing any sufficient conditions.
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Although Theorems 7.7.11 and 7.7.12 need some sufficient conditions to guarantee the
existence of Ã ⊖∗

CCH1
B̃ and Ã⊖CCH1

B̃ in general, it is still possible that, for some special
kinds of fuzzy sets Ã and B̃, the differences Ã ⊖∗

CCH1
B̃ and Ã⊖CCH1

B̃ always exist. For
example, suppose that we take Ã and B̃ as fuzzy intervals. Then

l(𝛼) ≡ min

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
= min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
and

u(𝛼) ≡ max

{
sup
a∈Ã𝛼

inf
b∈B̃𝛼

(a − b), sup
b∈B̃𝛼

inf
a∈Ã𝛼

(a − b)

}
= max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
.

Although the function l is not necessarily concave on [0, 1] and the function u is not neces-
sarily convex on [0, 1], the difference Ã⊖CCH1

B̃ still always exists. The reason is as follows.
From (7.175), we see that Ã⊖CCH1

B̃ = Ã⊖CCH2
B̃. As we mentioned above, we can show that

the type-II complete composite Hausdorff difference Ã⊖CCH2
B̃ always exists without need-

ing any sufficient conditions. This also means that the difference Ã⊖CCH1
B̃ always exists.

Next, we present the existence of type-II-complete composite Hausdorff differences.

Theorem 7.7.13 (Existence for Ã ⊖∗
CCH2

B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let
M𝛼 = Ã𝛼 ⊟CCH2

B̃𝛼 for all 𝛼 ∈ (0, 1]. Then, there exists a fuzzy set C̃∗ in ℝ with membership
function defined by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x),

satisfying

C̃∗
𝛼 = M𝛼 = Ã𝛼 ⊟CCH2

B̃𝛼 for each 𝛼 ∈ (0, 1]

and

C̃∗
0 = M0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

Ã𝛼 ⊟CCH2
B̃𝛼

)
. (7.185)

This guarantees the existence of C̃∗ = Ã ⊖∗
CCH2

B̃. Moreover, we have

C̃∗ = Ã ⊖
∗
CCH2

B̃ = Ã⊖GCCH2
B̃. (7.186)

Proof. From (7.167), we have

M𝛼 = Ã𝛼 ⊟CCH2
B̃𝛼 =

[
inf
𝛼≤𝛽≤1

l(𝛽), sup
𝛼≤𝛽≤1

u(𝛽)
]

for 0 < 𝛼 ≤ 1, (7.187)

where the functions l and u are defined in (7.149) and (7.150), respectively. It is clear that
{M𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family. We are going to check that the conditions in Theorem
5.4.7 are satisfied. For any increasing and convergent sequence 𝛼n ↑ 𝛼, we want to claim⋂∞

n=1 M𝛼n
⊆ M𝛼 . Let An = [𝛼n, 1] and A = [𝛼, 1]. Then An+1 ⊆ An. Suppose that x ∈ An for

all n. We have 𝛼n ≤ x ≤ 1 for all n, which implies 𝛼 ≤ x ≤ 1 by taking n → ∞. Therefore, we
obtain

⋂∞
n=1 An = A. Let

ln = inf
𝛼n≤𝛽≤1

l(𝛽) = inf
𝛽∈An

l(𝛽) and un = sup
𝛼n≤𝛽≤1

u(𝛽) = sup
𝛽∈An

u(𝛽).
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Proposition 1.2.3 says that

lim
n→∞

ln = inf
𝛽∈A

l(𝛽) = inf
𝛼≤𝛽≤1

l(𝛽) and lim
n→∞

un = sup
𝛽∈A

u(𝛽) = sup
𝛼≤𝛽≤1

u(𝛽). (7.188)

For x ∈
⋂∞

n=1 M𝛼n
, i.e. ln ≤ x ≤ un for all n, by taking n → ∞, from (7.188), we obtain

inf
𝛼≤𝛽≤1

l(𝛽) = lim
n→∞

ln ≤ x ≤ lim
n→∞

un = sup
𝛼≤𝛽≤1

u(𝛽),

which says that x ∈ M𝛼 . Therefore, we obtain the desired inclusion
⋂∞

n=1 M𝛼n
⊆ M𝛼 . Using

Theorem 5.4.7, we conclude that (7.172) is satisfied, which also shows the existence of
Ã ⊖∗

CCH2
B̃. Using Proposition 1.4.8, we can also obtain the equalities (7.186) by referring

to the proof of Theorem 7.7.7. This completes the proof. ◾

Theorem 7.7.14 (Existence for Ã⊖CCH2
B̃) Let Ã and B̃ be two fuzzy sets in ℝ, and let M𝛼 =

Ã𝛼 ⊟CCH2
B̃𝛼 for all 𝛼 ∈ [0, 1]. Then, there exists a fuzzy set C̃ in ℝ with membership function

defined by

𝜉C̃(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒M𝛼
(x) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M𝛼

(x),

satisfying

C̃𝛼 = M𝛼 = Ã𝛼 ⊟CCH2
B̃𝛼 for each 𝛼 ∈ [0, 1].

This guarantees the existence of C̃ = Ã⊖CCH2
B̃. Moreover, the existence of C̃ = Ã ⊖∗

CCH2
B̃ is

also guaranteed, and we have

C̃ = Ã⊖CCH2
B̃ = Ã ⊖

∗
CCH2

B̃ = Ã⊖GCCH2
B̃. (7.189)

Proof. From Theorem 7.7.13 by considering C̃∗ as C̃, we have

C̃0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
and C̃𝛼 = M𝛼 for 0 < 𝛼 ≤ 1.

In order to claim the existence of C̃ = Ã⊟CCH2
B̃, we are going to consider the 0-level sets.

Therefore, it remains to prove

C̃0 = cl

( ⋃
0<𝛼≤1

M𝛼

)
= M0,

where

M0 = Ã0 ⊟CCH2
B̃0 =

[
inf

0≤𝛽≤1
l(𝛽), sup

0≤𝛽≤1
u(𝛽)

]
is a closed set by referring to (7.167). Since M𝛼 ⊆ M0 for all 𝛼 > 0, we have

⋃
0<𝛼≤1M𝛼 ⊆ M0,

which implies

cl

( ⋃
0<𝛼≤1

M𝛼

)
⊆ cl

(
M0
)
= M0.

Next, we want to prove the other direction of inclusion. For

x ∈ M0 =
[

inf
0≤𝛽≤1

l(𝛽), sup
0≤𝛽≤1

u(𝛽)
]
= cl

(
inf

0≤𝛽≤1
l(𝛽), sup

0≤𝛽≤1
u(𝛽)

)
,
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there exists a sequence {xn}∞n=1 in the open interval(
inf

0≤𝛽≤1
l(𝛽), sup

0≤𝛽≤1
u(𝛽)

)
satisfying xn → x as n → ∞, i.e.

inf
0≤𝛽≤1

l(𝛽) < xn < sup
0≤𝛽≤1

u(𝛽) for all n.

Let

l∗ = inf
0<𝛽≤1

l(𝛽) and u∗ = sup
0<𝛽≤1

u(𝛽).

Then l∗ < xn < u∗ for all n. Now, for each fixed n, we consider the following cases.

● Let 𝜖n < xn − l∗. According to the concept of infimum, there exists 𝛽1 > 0 satisfying l∗ +
𝜖n > l(𝛽1). Therefore, we obtain l(𝛽1) < xn.

● Let 𝜖n < u∗ − xn. According to the concept of supremum, there exists 𝛽2 > 0 satisfying
u∗ − 𝜖n < u(𝛽2). Therefore, we obtain xn < u∗ − 𝜖 < u(𝛽2).

The above cases imply that there exists 𝛽1 > 0 and 𝛽2 > 0 satisfying l(𝛽1) < xn < u(𝛽2). Let
𝛽∗ = min{𝛽1, 𝛽2}. Then 𝛽∗ > 0. Since 𝛽∗ ≤ 𝛽1 ≤ 1 and 𝛽∗ ≤ 𝛽2 ≤ 1, it follows that

inf
𝛽∗≤𝛽≤1

l(𝛽) ≤ l(𝛽1) < xn < u(𝛽2) ≤ sup
𝛽∗≤𝛽≤1

u(𝛽),

which implies

xn ∈
⋃

0<𝛼≤1

[
inf
𝛼≤𝛽≤1

l(𝛽), sup
𝛼≤𝛽≤1

u(𝛽)
]

for all n.

This means that

x ∈ cl

( ⋃
0<𝛼≤1

[
inf
𝛼≤𝛽≤1

l(𝛽), sup
𝛼≤𝛽≤1

u(𝛽)
])

= cl

( ⋃
0<𝛼≤1

M𝛼

)
by referring to (7.187). Therefore, we obtain C̃𝛼 = M𝛼 for all 0 ≤ 𝛼 ≤ 1. This shows the exis-
tence of C̃ = Ã⊖CCH2

B̃. Using Proposition 1.4.8, we can also obtain the equalities (7.189) by
referring to the proof of Theorem 7.7.7. This completes the proof. ◾

Theorems 7.7.13 and 7.7.14 say that the type-II complete composite Hausdorff difference
Ã ⊖∗

CCH2
B̃ and Ã⊖CCH2

B̃ always exist. Moreover, the equalities (7.189) says that the three
differences Ã ⊖∗

CCH2
B̃, Ã⊖CCH2

B̃ and Ã⊖GCCH2
B̃ are identical.

7.8 Applications and Conclusions

In what follows, we present some simple applications to the gradual numbers proposed
by Dubois and Prade, and Fortin and Fargier [29, 37] and fuzzy linear systems studied by
Lodwick and Dubois [74].

7.8.1 Gradual Numbers

The concept of a gradual number was proposed by Dubois and Prade, and Fortin and Fargier
[29, 37]. Each gradual number r̂ corresponds to an assignment function r̂ ∶ (0, 1] → ℝ.
Given any two gradual numbers r̂1 and r̂2 with the corresponding assignment functions r̂1
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and r̂2
. Their difference r̂1 ⊖ r̂2 is also a gradual number with the corresponding assign-

ment function Ãr̂1⊖r̂2
defined by

r̂1⊖r̂2
(𝛼) = r̂1

(𝛼) −r̂2
(𝛼) for 𝛼 ∈ (0, 1]. (7.190)

Next, we are going to establish the relationship between the fair Hausdorff difference and
the difference of gradual numbers shown in (7.190).

Given any two fuzzy intervals Ã and B̃, we can generate two corresponding gradual num-
bers r̂1 and r̂2 with assignment functions defined by

r̂1
(𝛼) = 1

2

(
ÃL
𝛼 + ÃU

𝛼

)
and r̂2

(𝛼) = 1
2

(
B̃L
𝛼 + B̃U

𝛼

)
for 𝛼 ∈ (0, 1], (7.191)

where r̂1 and r̂2 are also called the gradual midpoint of Ã and B̃, respectively. Suppose
that the fair Hausdorff difference Ã⊖FH B̃ = C̃ or fair ∗-Hausdorff difference Ã⊖FH∗ B̃ = C̃∗

exists. Then, the fuzzy intervals C̃ and C̃∗ can also generate the corresponding gradual mid-
points r̂3 and r̂∗3 given by

r̂3
(𝛼) = 1

2

(
C̃L
𝛼 + C̃U

𝛼

)
and r̂∗3

(𝛼) = 1
2

(
C̃∗L
𝛼 + C̃∗U

𝛼

)
for 𝛼 ∈ (0, 1].

We are going to claim thatr̂3
= r̂1⊖r̂2

orr̂∗3
= r̂1⊖r̂2

by referring to (7.190). From (7.148)
in Example 7.7.1, we see that

C̃L
𝛼 = min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
and C̃L

𝛼 = max
{

ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
,

which says that, for each 𝛼 ∈ (0, 1]

r̂3
(𝛼) = 1

2

(
min

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

}
+ max

{
ÃL
𝛼 − B̃L

𝛼, ÃU
𝛼 − B̃U

𝛼

})
= 1

2

(
ÃL
𝛼 − B̃L

𝛼 + ÃU
𝛼 − B̃U

𝛼

)
= r̂1

(𝛼) −r̂2
(𝛼) (using (7.191)).

This shows that the corresponding gradual midpoint r̂3 of fair Hausdorff difference C̃ =
Ã⊖FH B̃ is equal to the difference r̂1 ⊖ r̂2 of the corresponding gradual midpoints r̂1 and r̂2 of
Ã and B̃. We can similarly obtainr̂∗3

= r̂1⊖r̂2
. Finally, for the existence of the fair Hausdorff

difference Ã⊖FH B̃ = C̃, refer to Example 7.7.5. In particular, if Ã and B̃ are symmetric tri-
angular fuzzy numbers, then the fair Hausdorff difference Ã⊖FH B̃ = C̃ always exists.

7.8.2 Fuzzy Linear Systems

Inspired by the form presented in (7.118), we can solve the fuzzy linear system as follows.
By referring to Example 7 in Lodwick and Dubois [74], two fuzzy intervals Ã and B̃ are
considered with the corresponding 𝛼-level sets

Ã𝛼 = [2 + 5𝛼, 12 − 5𝛼] and B̃𝛼 = [2 + 3𝛼, 12 − 3𝛼] .

In order to solve the fuzzy equation Ãx̃ = B̃, we consider solving the interval equations
Ã𝛼x = B̃𝛼 for all 𝛼 ∈ [0, 1]. Lodwick and Dubois [74] obtained the interval solution x(𝛼)

M𝛼 ≡ x(𝛼) =
[2 + 3𝛼

2 + 5𝛼
,

12 − 3𝛼
12 − 5𝛼

]
,

which depends on 𝛼. Unfortunately, this family {M𝛼 ∶ 𝛼 ∈ [0, 1]} is not nested. It means
that we cannot obtain a fuzzy solution x̃ genuinely from the family {M𝛼 ∶ 𝛼 ∈ [0, 1]}
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satisfying x̃𝛼 = M𝛼 for all 𝛼 ∈ [0, 1]. However, we can apply (7.118) to obtain a so-called
quasi-fuzzy solution x̃∗ with membership function defined by

𝜉x̃∗ (r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(r).

Using Theorem 7.6.8, the 𝛼-level set of x̃∗ is given by

x̃∗𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 =

⋃
𝛼≤𝛽≤1

[
2 + 3𝛽
2 + 5𝛽

,
12 − 3𝛽
12 − 5𝛽

]
≡
⋃

𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

]
,

for every 𝛼 ∈ (0, 1] and the 0-level set of x̃∗ is given by

x̃∗0 = cl
(

x̃∗0+
)
= cl

( ⋃
0<𝛼≤1

M𝛼

)
= cl

( ⋃
0<𝛼≤1

[2 + 3𝛼
2 + 5𝛼

,
12 − 3𝛼
12 − 5𝛼

])

= cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
.

Since the function l is decreasing and the function u is increasing on [0, 1], it follows that[
l(𝛼),u(𝛼)

]
⊆
[
l(𝛽),u(𝛽)

]
for 𝛽 > 𝛼. The continuities of the functions l and u say that the 𝛼-level set of x̃∗ is given by

x̃∗𝛼 =
⋃

𝛼≤𝛽≤1

[
l(𝛽),u(𝛽)

]
=
[
l(1),u(1)

]
=
[5

7
,

9
7

]
for 𝛼 ∈ (0, 1]

and the 0-level sets of x̃∗ is given by

x̃∗0 = cl

( ⋃
0<𝛼≤1

[
l(𝛼),u(𝛼)

])
= cl

([
l(1),u(1)

])
=
[5

7
,

9
7

]
.

Therefore, the membership function of x̃∗ is given by

𝜉x̃∗ (r) =

{
1 if r ∈ [ 5

7
,

9
7
]

0 otherwise.

In some sense, we can say that the quasi-fuzzy solution x̃∗ is in fact a closed interval [ 5
7
,

9
7
].

In general, we consider the fuzzy linear system Ã𝐱̃ = 𝐁̃, where Ã is an n × n matrix whose
entries are assumed to be fuzzy intervals and 𝐁̃ is an m-dimensional vector whose com-
ponents are also assumed to be fuzzy intervals. The purpose is to find an m-dimensional
vector

𝐱̃∗ =
(

x̃(1∗), x̃(2∗),… , x̃(n∗)
)

satisfying Ã𝐱̃∗ ≈ 𝐁̃. Referring to Lodwick and Dubois [74], we can first obtain the interval
solution

𝐱(𝛼) =
(

x1(𝛼), x2(𝛼),… , xn(𝛼)
)
≡

(
M(1)

𝛼 ,M(2)
𝛼 ,…M(n)

𝛼

)
by solving the interval linear system Ã𝛼𝐱 = 𝐁̃𝛼 , where each component xi(𝛼) is an interval
for i = 1,… ,n and 𝛼 ∈ (0, 1]. Now, using (7.118), we can obtain the quasi-fuzzy solution 𝐱̃∗
in which the membership function of each component x̃(i∗) is defined by

𝜉x̃(i∗) (r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M(i)
𝛼

(r) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒xi(𝛼)(r)

for i = 1,… ,n. The 𝛼-level sets of x̃(i∗) can be realized by referring to Theorem 7.6.8.
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7.8.3 Summary and Conclusion

Three types of binary operations between any two fuzzy sets Ã and B̃ in ℝm are proposed in
this chapter. The first type of binary operation is defined in (7.93), given by

Ã⊙𝔏 B̃ = C̃ if and only if C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ [0, 1].

The addition proposed by Puri and Ralescu [92] and the difference proposed by Bede and
Stefanini [8] and Gomes and Barros [42] are a special case of the first type binary operation.
On the other hand, the second type of binary operation is defined in (7.115), given by

Ã ⊙
∗
𝔏 B̃ = C̃∗ if and only if C̃∗

𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ (0, 1].

The only difference between the first type and second type of binary operations is that the
second type does not consider the 0-level set. The motivation for considering this kind of
situation is based on the topological structure of universal set ℝm. As we mentioned before,
when the universal set ℝm is endowed with a topology, its 0-level set is defined by (2.4).
Otherwise, its 0-level set is defined to be the whole set ℝm. In other words, the definitions of
0-level set are different. Therefore, we propose the second type of binary operation without
considering the 0-level sets Ã0 and B̃0 for the purpose of avoiding these conflicts regarding
the 0-level set. Theorem 7.6.10 presents the equivalence among these three types of binary
operations under the different assumptions.

Since the existence of Ã⊙𝔏 B̃ and Ã ⊙∗
𝔏 B̃ cannot be guaranteed, the sufficient conditions

are provided in this chapter to investigate their existence. Based on the expression in the
decomposition theorem, the third type of binary operation is proposed in (7.118), given by

𝜉Ã⊙𝔊 B̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M𝛼
(x) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒M𝛼

(x),

where M𝛼 = Ã𝛼 ∘ B̃𝛼 for all 𝛼 ∈ (0, 1]. We see that M0 is not needed in this binary operation,
which also resolves the conflicts mentioned above. The benefit of considering this general
binary operation Ã⊙𝔊 B̃ is that it always exists without needing any sufficient conditions
to guarantee its existence.

● Theorem 7.6.14 says that, given Ã and B̃, under some suitable conditions, we can con-
struct a fuzzy set C̃∗ in ℝm using the family {Ã𝛼 ∘ B̃𝛼 ∶ 0 < 𝛼 ≤ 1} in which M0 is not
included such that the membership function of C̃ is given by

𝜉C̃∗ (x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼 ∘ B̃𝛼
(x)

and satisfies C̃∗
𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ (0, 1]. Therefore, we obtain the second type of

binary operation Ã ⊙∗
𝔏 B̃ = C̃∗. In this case, we also have that the second and third types

of binary operation are equivalent by referring to the equalities (7.123).
● Theorem 7.6.19 says that, given Ã and B̃, under some suitable conditions that are stronger

than those of Theorem 7.6.14, we can construct a fuzzy set C̃ in ℝm using the family
{Ã𝛼 ∘ B̃𝛼 ∶ 0 ≤ 𝛼 ≤ 1} in which M0 is included such that the membership function of C̃ is
given by

𝜉C̃(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒Ã𝛼 ∘ B̃𝛼
(x) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒Ã𝛼 ∘ B̃𝛼

(x)

and satisfies C̃𝛼 = Ã𝛼 ∘ B̃𝛼 for each 𝛼 ∈ [0, 1]. Therefore, we obtain the first type of binary
operation Ã⊙𝔏 B̃ = C̃. In this case, we also have that all three types of binary operation
are equivalent by referring to the equalities (7.127).
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We also emphasize that, in Theorems 7.6.14 and 7.6.19, the existence of Ã ⊙∗
𝔏 B̃ and Ã⊙𝔏 B̃

need to assume the nested families {M𝛼 ∶ 0 < 𝛼 ≤ 1} or {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1}.
The difference of fuzzy intervals can be used to define the differentiation of fuzzy-valued

functions. In order to generalize the difference proposed by Bede and Stefanini [8] and
Gomes and Barros [42], we propose many types of Hausdorff differences. We need to men-
tion that the different types of Hausdorff differences are special cases of those three types of
binary operations. Therefore, their existence can follow from Theorems 7.6.14 and 7.6.19.

● The composite Hausdorff difference proposed in (7.156) and (7.157) generalizes the differ-
ence proposed by Bede and Stefanini [8]. The difference in (7.156) and (7.157) considers
the fuzzy sets in ℝ and differ by including or not including the 0-level sets. However, the
difference in Bede and Stefanini [8] considers the fuzzy intervals that are also fuzzy sets
in ℝ assuming some elegant conditions such that the 𝛼-level sets become the bounded
closed intervals. Theorems 7.7.7 and 7.7.9 say that the composite Hausdorff differences
Ã ⊖∗

CH B̃ and Ã⊖CH B̃ always exist. Moreover, the equalities (7.161) says that the three
differences Ã ⊖∗

CH B̃, Ã⊖CH B̃, and Ã⊖GCH B̃ are identical.
● According to (7.166) and (7.167), two types of complete composite Hausdorff differences

Ã⊖CCH1
B̃ and Ã⊖CCH2

B̃ are defined in (7.169) and (7.170), respectively. Without con-
sidering the 0-level sets, we also define another two types of differences Ã ⊖∗

CCH1
B̃ and

Ã ⊖∗
CCH2

B̃ in (7.171) and (7.172), respectively. These differences generalize the difference
proposed by Gomes and Barros [42]. In particular, suppose that the fuzzy sets Ã and B̃ are
taken to be the fuzzy intervals Ã and B̃. Then

Ã⊖CCH1
B̃ = Ã⊖CCH2

B̃ and Ã ⊖
∗
CCH1

B̃ = Ã ⊖
∗
CCH2

B̃,

which are the differences proposed by Gomes and Barros [42].
(a) Theorems 7.7.13 and 7.7.14 say that the type-II complete composite Hausdorff differ-

ence Ã ⊖∗
CCH2

B̃ and Ã⊖CCH2
B̃ always exist. Moreover, the equalities (7.189) says that

the three differences Ã ⊖∗
CCH2

B̃, Ã⊖CCH2
B̃, and Ã⊖GCCH2

B̃ are identical.
(b) Theorem 7.7.11 says that the existence of type-I complete composite Hausdorff dif-

ference Ã ⊖∗
CCH1

B̃ and Ã⊖CCH1
B̃ need to assume that the function l defined in (7.149)

is concave on [0, 1] and the function u defined in (7.150) is convex on [0, 1]. An
extra condition is also needed to guarantee the existence of Ã⊖CCH1

B̃ by referring
to Theorem 7.7.12.

● The families {M𝛼 ∶ 0 < 𝛼 ≤ 1} or {M𝛼 ∶ 0 ≤ 𝛼 ≤ 1} taken in Theorems 7.7.7-7.7.14 are
nested automatically. However, the families taken in Theorems 7.7.3 and 7.7.4 are not
necessarily nested. Therefore, the existence of fair Hausdorff differences Ã⊖FH∗ B̃ and
Ã⊖FH B̃ need to assume that the corresponding family is nested. An extra condition is
also needed to guarantee the existence of Ã⊖FH B̃ by referring to Theorem 7.7.4.

In this chapter, we introduce four types of Hausdorff differences between any two fuzzy
sets Ã and B̃ of ℝ. The composite Hausdorff difference Ã⊖CH B̃ and type-II complete com-
posite Hausdorff difference Ã⊖CCH2

B̃ always exist without needing any sufficient condition.
However, if Ã and B̃ are taken to be the fuzzy intervals Ã and B̃, then the type-I complete
composite Hausdorff difference Ã⊖CCH1

B̃ always exists satisfying Ã⊖CCH1
B̃ = Ã⊖CCH2

B̃.
Finally, Example 7.7.5 says that if Ã and B̃ are taken to be the symmetric triangular fuzzy
numbers, then the fair Hausdorff difference Ã⊖FH B̃ also always exists. Therefore, the suf-
ficient conditions provided in this chapter are reasonable for applications of differences
between any two fuzzy intervals
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8

Inner Product of Fuzzy Vectors

A fuzzy interval inℝ is a fuzzy set inℝ such that its 𝛼-level sets are bounded closed intervals.
The purpose of this chapter is to study the inner product of vectors of fuzzy intervals using
the extension principle and the expression in the decomposition theorem. Since the fuzzy
linear optimization problems and fuzzy linear systems can be formulated in terms of inner
product of fuzzy vectors, the results obtained in this chapter can be useful for studying the
fuzzy linear optimization problems and fuzzy linear systems.

There are two types of inner product that will be studied in this chapter. The first type of
inner product of fuzzy vectors is directly based on the inner product of vectors

𝐱 =
(

x1,… , xn
)

and 𝐲 =
(

y1,… , yn
)

given by the following expression

𝐱 • 𝐲 = x1y1 + · · · + xnyn,

where 𝐱 and 𝐲 are two vectors in ℝn. The extension principle and the expression in the
decomposition theorem will directly apply to the (conventional) inner product 𝐱 • 𝐲 given
above without considering the addition and multiplication of fuzzy intervals.

The second type of inner product of fuzzy vectors will be based on the addition and mul-
tiplication of fuzzy intervals by considering the following expression(

Ã(1)
⊗ B̃(1)

)
⊕ · · ·⊕

(
Ã(n)

⊗ B̃(n)
)
,

where Ã(i) and B̃(i) are fuzzy intervals in ℝ for i = 1,… ,n. The main issue of second type is
the addition and multiplication of fuzzy intervals. In this chapter, the addition and multi-
plication of fuzzy intervals will also be formulated based on the extension principle and the
expression in the decomposition theorem. Therefore, different combinations of using differ-
ent addition and multiplication will generate many different second type of inner product
of fuzzy vectors. Their relationship will be established. Moreover, the relationship between
the first type and second type of inner product will also be studied.

8.1 The First Type of Inner Product

Recall that the inner product of vectors 𝐱 and 𝐲 is given by

𝐱 • 𝐲 = x1y1 + · · · + xnyn,

where 𝐱 and 𝐲 are two vectors in ℝn.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Given any fuzzy intervals Ã(1)
,… ,Ã(n) and B̃(1)

,… , B̃(n) in ℝ, for each 𝛼 ∈ [0,1], the
𝛼-level sets of Ã(i) and B̃(i) are denoted by

Ã(i)
𝛼 ≡

[
ÃL

i𝛼,ÃU
i𝛼

]
and B̃(i)

𝛼 ≡

[
B̃L

i𝛼, B̃U
i𝛼

]
.

We also recall the notations in (7.31), (7.32), and (7.33).
Let 𝐀̃ and 𝐁̃ be two vectors of fuzzy intervals in ℝ given by

𝐀̃ =
(

Ã(1)
,Ã(2)

,… ,Ã(n)
)

and 𝐁̃ =
(

B̃(1)
, B̃(2)

,… , B̃(n)
)
. (8.1)

We shall study the inner product 𝐀̃ ⊛EP 𝐁̃using the extension principle, and the inner prod-
uct 𝐀̃ ⊛DT 𝐁̃ using the expression in the decomposition theorem.

8.1.1 Using the Extension Principle

Given two vectors 𝐀̃ and 𝐁̃ of fuzzy intervals in (8.1), the membership function of 𝐀̃ ⊛EP 𝐁̃
is defined by

𝜉𝐀̃ ⊛EP 𝐁̃(z) = sup
{(𝐱,𝐲)∶z=𝐱•𝐲}

min
{
𝜉Ã(1) (x1),… , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1),… , 𝜉B̃(n) (yn)

}
(8.2)

for each z ∈ ℝ. The 𝛼-level set (𝐀̃ ⊛EP 𝐁̃)𝛼 of 𝐀̃ ⊛EP 𝐁̃ for 𝛼 ∈ [0,1] can be obtained by
applying Proposition 4.4.15 to the inner product 𝐀̃ ⊛EP 𝐁̃, which is shown below. For each
𝛼 ∈ (0,1], we have(

𝐀̃ ⊛EP 𝐁̃
)
𝛼
=

{
𝐱 • 𝐲 ∶ min

{
𝜉Ã(1) (x1), · · · , 𝜉Ã(n) (xn), 𝜉B̃(1) (y1), · · · , 𝜉B̃(n) (yn)

}
≥ 𝛼

}
=

{
𝐱 • 𝐲 ∶ 𝜉Ã(i) (xi) ≥ 𝛼 and 𝜉B̃(i) (yi) ≥ 𝛼 for each i = 1,… ,n

}
=

{
x1y1 + · · · + xnyn ∶ xi ∈ Ã(i)

𝛼 ≡

[
ÃL

i𝛼,ÃU
i𝛼

]
and yi ∈ B̃(i)

𝛼 ≡

[
B̃L

i𝛼, B̃U
i𝛼

]
for each i = 1,… ,n

}
=

[
min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
, max
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)]
, (8.3)

where 𝐀̃𝛼 and 𝐁̃𝛼 are given in (7.32) and (7.33). From (8.3), since the objective functions are
separable, we see that

min
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
=

n∑
i=1

(
min

(xi ,yi)∈[Ã
L
i𝛼 ,Ã

U
i𝛼 ]×[B̃

L
i𝛼 ,B̃

U
i𝛼 ]

xiyi

)

=
n∑

i=1

(
min

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
and

max
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
=

n∑
i=1

(
max

(xi ,yi)∈[Ã
L
i𝛼 ,Ã

U
i𝛼 ]×[B̃

L
i𝛼 ,B̃

U
i𝛼 ]

xiyi

)

=
n∑

i=1

(
max

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
.
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Now, we assume that Ã(i) and B̃(i) are taken to be the canonical fuzzy intervals in Defini-
tion 2.3.3 for i = 1,… ,n. For the 0-level set, from (8.3) and (2.5), using the nestedness and
the continuities regarding the canonical fuzzy intervals, we have(

𝐀̃ ⊛EP 𝐁̃
)

0 = cl

( ⋃
0<𝛼≤1

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼

)
=

[
min

(𝐱,𝐲)∈(𝐀̃0 ,𝐁̃0)

(
x1y1 + · · · + xnyn

)
, max
(𝐱,𝐲)∈(𝐀̃0 ,𝐁̃0)

(
x1y1 + · · · + xnyn

)]
=

[ n∑
i=1

(
min

(xi ,yi)∈[Ã
L
i0,Ã

U
i0]×[B̃

L
i0,B̃

U
i0]

xiyi

)
,

n∑
i=1

(
max

(xi ,yi)∈[Ã
L
i0,Ã

U
i0]×[B̃

L
i0,B̃

U
i0]

xiyi

)]

=

[ n∑
i=1

(
min

{
ÃL

i0B̃L
i0,ÃL

i0B̃U
i0,ÃU

i0B̃L
i0,ÃU

i0B̃U
i0

})
,

n∑
i=1

(
max

{
ÃL

i0B̃L
i0,ÃL

i0B̃U
i0,ÃU

i0B̃L
i0,ÃU

i0B̃U
i0

})]
.

Recall that a fuzzy interval Ã is nonnegative when ÃL
𝛼 ≥ 0 for each 𝛼 ∈ [0,1]. Suppose

that Ã(1)
,… ,Ã(n) and B̃(1)

,… , B̃(n) are taken to be nonnegative fuzzy intervals. Then(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

[
ÃL

1𝛼B̃L
1𝛼 + · · · + ÃL

n𝛼B̃L
n𝛼,ÃU

1𝛼B̃U
1𝛼 + · · · + ÃU

n𝛼B̃U
n𝛼

]
.

The above results are summarized in the following theorem.

Theorem 8.1.1 Let Ã(1)
,… ,Ã(n) and B̃(1)

,… , B̃(n) be any fuzzy intervals. Then, the 𝛼-level
sets of 𝐀̃ ⊛EP 𝐁̃ are given by(

𝐀̃ ⊛EP 𝐁̃
)
𝛼
=

[
min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲, max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲

]
=

[ n∑
i=1

(
min

(xi ,yi)∈[Ã
L
i𝛼 ,Ã

U
i𝛼 ]×[B̃

L
i𝛼 ,B̃

U
i𝛼 ]

xiyi

)
,

n∑
i=1

(
max

(xi ,yi)∈[Ã
L
i𝛼 ,Ã

U
i𝛼 ]×[B̃

L
i𝛼 ,B̃

U
i𝛼 ]

xiyi

)]

=

[ n∑
i=1

(
min

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
,

n∑
i=1

(
max

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})]
for 𝛼 ∈ (0,1], and the 0-level set is given by(

𝐀̃ ⊛EP 𝐁̃
)

0 = cl

( ⋃
0<𝛼≤1

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼

)
.

where 𝐀̃𝛼 and 𝐁̃𝛼 are given in (7.32) and (7.33). Suppose that Ã(1)
,… ,Ã(n) and B̃(1)

,… , B̃(n)

are taken to be nonnegative fuzzy intervals. Then(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

[
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

]
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for 𝛼 ∈ (0,1], where 𝐀̃L
𝛼 , 𝐀̃U

𝛼 , 𝐁̃L
𝛼 and 𝐁̃U

𝛼 are given in (7.31). We further assume that
Ã(1)

,… ,Ã(n) and B̃(1)
,… , B̃(n) are taken to be canonical fuzzy intervals. Then, the 0-level set

is given by(
𝐀̃ ⊛EP 𝐁̃

)
0 =

[ n∑
i=1

(
min

{
ÃL

i0B̃L
i0,ÃL

i0B̃U
i0,ÃU

i0B̃L
i0,ÃU

i0B̃U
i0

})
,

n∑
i=1

(
max

{
ÃL

i0B̃L
i0,ÃL

i0B̃U
i0,ÃU

i0B̃L
i0,ÃU

i0B̃U
i0

})]
.

Example 8.1.2 Continued from Examples 2.2.4 and 7.2.4, from (7.12), we have

Ã(1)
𝛼 =

[
ÃL

1𝛼,ÃU
1𝛼

]
= [(1 − 𝛼) + 2𝛼, 4(1 − 𝛼) + 3𝛼] = [1 + 𝛼, 4 − 𝛼]

Ã(2)
𝛼 =

[
ÃL

2𝛼,ÃU
2𝛼

]
= [2(1 − 𝛼) + 3𝛼, 5(1 − 𝛼) + 4𝛼] = [2 + 𝛼, 5 − 𝛼]

B̃(1)
𝛼 =

[
B̃L

1𝛼, B̃U
1𝛼

]
= [4(1 − 𝛼) + 5𝛼, 7(1 − 𝛼) + 6𝛼] = [4 + 𝛼, 7 − 𝛼]

B̃(2)
𝛼 =

[
B̃L

2𝛼, B̃U
2𝛼

]
= [3(1 − 𝛼) + 4𝛼, 6(1 − 𝛼) + 5𝛼] = [3 + 𝛼, 6 − 𝛼] .

Now, we obtain

min
{

ÃL
1𝛼B̃L

1𝛼,ÃL
1𝛼B̃U

1𝛼,ÃU
1𝛼B̃L

1𝛼,ÃU
1𝛼B̃U

1𝛼

}
+ min

{
ÃL

2𝛼B̃L
1𝛼,ÃL

2𝛼B̃U
2𝛼,ÃU

2𝛼B̃L
2𝛼,ÃU

2𝛼B̃U
2𝛼

}
= (1 + 𝛼)(4 + 𝛼) + (2 + 𝛼)(3 + 𝛼) = 10 + 10𝛼 + 𝛼

2

and

max
{

ÃL
1𝛼B̃L

1𝛼,ÃL
1𝛼B̃U

1𝛼,ÃU
1𝛼B̃L

1𝛼,ÃU
1𝛼B̃U

1𝛼

}
+ max

{
ÃL

2𝛼B̃L
1𝛼,ÃL

2𝛼B̃U
2𝛼,ÃU

2𝛼B̃L
2𝛼,ÃU

2𝛼B̃U
2𝛼

}
= (4 − 𝛼)(7 − 𝛼) + (5 − 𝛼)(6 − 𝛼) = 58 − 22𝛼 + 2𝛼2

.

Therefore, Theorem 8.1.1 says that(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 2𝛼2]

for 𝛼 ∈ [0,1].

Example 8.1.3 Continued from Example 8.1.2, we can consider the triangular fuzzy
number that is a special case of trapezoidal fuzzy interval by taking a1 = a2. More precisely,
the membership function is given by

𝜉Ã(r) =

⎧⎪⎪⎨⎪⎪⎩
(r − aL)∕(a − aL) if aL ≤ r ≤ a
1 if r = a
(aU − r)∕(aU − a) if a < r ≤ aU

0 otherwise,

which is denoted by Ã = (aL, a, aU ). For 𝛼 ∈ [0,1], the 𝛼-level set Ã𝛼 =
[

ÃL
𝛼,ÃU

𝛼

]
is given by

ÃL
𝛼 = (1 − 𝛼)aL + 𝛼a and ÃU

𝛼 = (1 − 𝛼)aU + 𝛼a. (8.4)

Now, we consider the following numerical triangular fuzzy numbers

Ã(1) = (−1, 1, 3), Ã(2) = (−2,−1, 2) and Ã(3) = (01, 3)
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and

B̃(1) = (−10, 3), B̃(2) = (−2,−1, 1) and B̃(3) = (−1, 1, 3).

From (8.4), we also have

Ã(1)
𝛼 =

[
ÃL

1𝛼,ÃU
1𝛼

]
= [−(1 − 𝛼) + 𝛼, 3(1 − 𝛼) + 𝛼] = [2𝛼 − 1, 3 − 2𝛼]

Ã(2)
𝛼 =

[
ÃL

2𝛼,ÃU
2𝛼

]
= [−2(1 − 𝛼) − 𝛼, 2(1 − 𝛼) − 𝛼] = [−2 + 𝛼, 2 − 3𝛼]

Ã(3)
𝛼 =

[
ÃL

3𝛼,ÃU
3𝛼

]
= [𝛼, 3(1 − 𝛼) + 𝛼] = [𝛼, 3 − 2𝛼]

B̃(1)
𝛼 =

[
B̃L

1𝛼, B̃U
1𝛼

]
= [−(1 − 𝛼), 3(1 − 𝛼)] = [𝛼 − 1, 3 − 3𝛼]

B̃(2)
𝛼 =

[
B̃L

2𝛼, B̃U
2𝛼

]
= [−2(1 − 𝛼) − 𝛼, (1 − 𝛼) − 𝛼] = [−2 + 𝛼, 1 − 2𝛼]

B̃(3)
𝛼 =

[
B̃L

3𝛼, B̃U
3𝛼

]
= [−(1 − 𝛼) + 𝛼, 3(1 − 𝛼) + 𝛼] = [2𝛼 − 1, 3 − 2𝛼] .

Now, we obtain

min
{

ÃL
1𝛼B̃L

1𝛼,ÃL
1𝛼B̃U

1𝛼,ÃU
1𝛼B̃L

1𝛼,ÃU
1𝛼B̃U

1𝛼

}
=

{
(𝛼 − 1)(3 − 2𝛼) if 𝛼 ≥ 0.5
min {(𝛼 − 1)(3 − 2𝛼), (2𝛼 − 1)(3 − 3𝛼)} if 𝛼 < 0.5

=
{
(𝛼 − 1)(3 − 2𝛼) if 𝛼 ≥ 0.5
(𝛼 − 1)(3 − 2𝛼) if 𝛼 < 0.5

}
= (𝛼 − 1)(3 − 2𝛼)

min
{

ÃL
2𝛼B̃L

2𝛼,ÃL
2𝛼B̃U

2𝛼,ÃU
2𝛼B̃L

2𝛼,ÃU
2𝛼B̃U

2𝛼

}
=

{
(2 − 3𝛼)(1 − 2𝛼) if 𝛼 ≥ 2∕3
(−2 + 𝛼)(2 − 3𝛼) if 𝛼 < 2∕3

min
{

ÃL
3𝛼B̃L

3𝛼,ÃL
3𝛼B̃U

3𝛼,ÃU
3𝛼B̃L

3𝛼,ÃU
3𝛼B̃U

3𝛼

}
=

{
𝛼(2𝛼 − 1) if 𝛼 ≥ 0.5
(2𝛼 − 1)(3 − 2𝛼) if 𝛼 < 0.5

and

max
{

ÃL
1𝛼B̃L

1𝛼,ÃL
1𝛼B̃U

1𝛼,ÃU
1𝛼B̃L

1𝛼,ÃU
1𝛼B̃U

1𝛼

}
=

{
(3 − 2𝛼)(3 − 3𝛼) if 𝛼 ≥ 0.5
max {(2𝛼 − 1)(𝛼 − 1), (3 − 2𝛼)(3 − 3𝛼)} if 𝛼 < 0.5

=
{
(3 − 2𝛼)(3 − 3𝛼) if 𝛼 ≥ 0.5
(3 − 2𝛼)(3 − 3𝛼) if 𝛼 < 0.5

}
= (3 − 2𝛼)(3 − 3𝛼)

max
{

ÃL
2𝛼B̃L

2𝛼,ÃL
2𝛼B̃U

2𝛼,ÃU
2𝛼B̃L

2𝛼,ÃU
2𝛼B̃U

2𝛼

}
= (−2 + 𝛼)2

max
{

ÃL
3𝛼B̃L

3𝛼,ÃL
3𝛼B̃U

3𝛼,ÃU
3𝛼B̃L

3𝛼,ÃU
3𝛼B̃U

3𝛼

}
= (3 − 2𝛼)2

.

In particular, for 𝛼 ≥ 2∕3, we have
3∑

i=1

(
min

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
= (𝛼 − 1)(3 − 2𝛼) + (2 − 3𝛼)(1 − 2𝛼) + 𝛼(2𝛼 − 1) = 6𝛼2 − 3𝛼 − 1

and
3∑

i=1

(
max

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
= (3 − 2𝛼)(3 − 3𝛼) + (−2 + 𝛼)2 + (3 − 2𝛼)2 = 11𝛼2 − 31𝛼 + 22
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Therefore, Theorem 8.1.1 says that(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

[
6𝛼2 − 3𝛼 − 1, 11𝛼2 − 31𝛼 + 22

]
for 𝛼 ≥ 2∕3. We can similarly consider the cases of 0.5 ≤ 𝛼 < 2∕3 and 0 ≤ 𝛼 < 0.5.

8.1.2 Using the Expression in the Decomposition Theorem

Let Ã(i) and B̃(i) be fuzzy intervals for i = 1,… ,n. Now, we are going to use the expression
in the decomposition theorem to define three different inner products by considering three
different families.

● We consider the family {M•
𝛼 ∶ 0 < 𝛼 ≤ 1} by taking

M•
𝛼 = 𝐀̃𝛼 • 𝐁̃𝛼 =

{
𝐱 • 𝐲 ∶ 𝐱 ∈ 𝐀̃𝛼 and 𝐲 ∈ 𝐁̃𝛼

}
(8.5)

to define the inner product 𝐀̃⊛⋄
DT 𝐁̃, where 𝐀̃𝛼 and 𝐁̃𝛼 are given in (7.32) and (7.33).

● Let M𝛽 be bounded closed intervals given by

M𝛽 =
[
min

{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
,max

{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
,

where 𝐀̃L
𝛼 , 𝐀̃U

𝛼 , 𝐁̃L
𝛼 and 𝐁̃U

𝛼 are given in (7.31). We consider the family {M•
𝛼 ∶ 0 < 𝛼 ≤ 1}

by taking

M•
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 , (8.6)

to define the inner product 𝐀̃⊛⋆

DT 𝐁̃.
● We consider the family {M•

𝛼 ∶ 0 < 𝛼 ≤ 1} by directly taking

M•
𝛼 =

[
min

{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}
,max

{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}]
(8.7)

to define the inner product 𝐀̃⊛
†
DT 𝐁̃.

Using the expression in the decomposition theorem, for⊛DT ∈ {⊛⋄
DT , ⊛

⋆

DT , ⊛
†
DT}, the mem-

bership function of 𝐀̃ ⊛DT 𝐁̃ is defined by

𝜉𝐀̃ ⊛DT 𝐁̃(𝐳) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M•
𝛼

(𝐳), (8.8)

where M•
𝛼 corresponds to the above three cases (8.5), (8.6) and (8.7). In what follows, we

shall separately study those three different families {M•
𝛼 ∶ 0 < 𝛼 ≤ 1} given in (8.5), (8.6),

and (8.7).

Example 8.1.4 Continued from Examples 2.2.4 and 7.2.4, we consider three families
{M•

𝛼 ∶ 0 < 𝛼 ≤ 1} given below.

● We take

M•
𝛼 = 𝐀̃𝛼 • 𝐁̃𝛼

=
{
(x1, x2) • (y1, y2) ∶ (x1, x2) ∈ [1 + 𝛼, 4 − 𝛼] × [2 + 𝛼, 5 − 𝛼]

and (y1, y2) ∈ [4 + 𝛼, 7 − 𝛼] × [3 + 𝛼, 6 − 𝛼]
}

=
{

x1y1 + x2y2 ∶ (x1, x2) ∈ [1 + 𝛼, 4 − 𝛼] × [2 + 𝛼, 5 − 𝛼]

and (y1, y2) ∈ [4 + 𝛼, 7 − 𝛼] × [3 + 𝛼, 6 − 𝛼]
}

= [(1 + 𝛼)(4 + 𝛼), (4 − 𝛼)(7 − 𝛼)] + [(2 + 𝛼)(3 + 𝛼), (5 − 𝛼)(6 − 𝛼)]

=
[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 𝛼

2]
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for all 𝛼 ∈ (0,1]. The membership function of 𝐀̃⊛⋄
DT 𝐁̃ is given by

𝜉𝐀̃⊛⋄
DT 𝐁̃

(z1, z2) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M•
𝛼

(z1, z2).

● We take

M•
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 ,

where M𝛽 is a bounded closed interval given by

M𝛽 =
[
min

{
ÃL

1𝛽 B̃L
1𝛽 + ÃL

2𝛽 B̃L
2𝛽 ,ÃU

1𝛽 B̃U
1𝛽 + ÃU

2𝛽 B̃U
2𝛽

}
,

max
{

ÃL
1𝛽 B̃L

1𝛽 + ÃL
2𝛽 B̃L

2𝛽 ,ÃU
1𝛽 B̃U

1𝛽 + ÃU
2𝛽 B̃U

2𝛽

}]
= [min {(1 + 𝛽)(4 + 𝛽) + (2 + 𝛽)(3 + 𝛽), (4 − 𝛽)(7 − 𝛽) + (5 − 𝛽)(6 − 𝛽)} ,

max {(1 + 𝛽)(4 + 𝛽) + (2 + 𝛽)(3 + 𝛽), (4 − 𝛽)(7 − 𝛽) + (5 − 𝛽)(6 − 𝛽)}]

=
[
min

{
10 + 10𝛽 + 𝛽

2
, 58 − 22𝛽 + 𝛽

2}
,

max
{

10 + 10𝛽 + 𝛽
2
, 58 − 22𝛽 + 𝛽

2}]
=

[
10 + 10𝛽 + 𝛽

2
, 58 − 22𝛽 + 𝛽

2]
for all 𝛽 ∈ (0,1]. Therefore, we obtain

M•
𝛼 =

⋃
𝛼≤𝛽≤1

M𝛽 =
⋃

𝛼≤𝛽≤1

[
10 + 10𝛽 + 𝛽

2
, 58 − 22𝛽 + 𝛽

2]
=

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 𝛼

2]
.

The membership function of 𝐀̃⊛⋆

DT 𝐁̃ is equal to the membership function of 𝐀̃⊛⋄
DT 𝐁̃.

● We take

M•
𝛼 =

[
min

{
ÃL

1𝛼B̃L
1𝛼 + ÃL

2𝛼B̃L
2𝛼,ÃU

1𝛼B̃U
1𝛼 + ÃU

2𝛼B̃U
2𝛼

}
,

max
{

ÃL
1𝛼B̃L

1𝛼 + ÃL
2𝛼B̃L

2𝛼,ÃU
1𝛼B̃U

1𝛼 + ÃU
2𝛼B̃U

2𝛼

}]
.

Then, we obtain

M•
𝛼 =

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 𝛼

2]
.

Therefore, the membership function of 𝐀̃⊛
†
DT 𝐁̃ is equal to the membership function of

𝐀̃⊛⋄
DT 𝐁̃.

8.1.2.1 The Inner Product ̃𝐀⊛
⋄
DT

̃𝐁
We shall study the inner product 𝐀̃⊛⋄

DT 𝐁̃ considering the family given in (8.5). Given any
𝛼 ∈ (0,1], we have

M•
𝛼 = 𝐀̃𝛼 • 𝐁̃𝛼 =

{
𝐱 • 𝐲 ∶ 𝐱 ∈ 𝐀̃𝛼 and 𝐲 ∈ 𝐁̃𝛼

}
=

[
min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲, max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲

]
.

According to the expression in the decomposition theorem, the membership function of
𝐀̃⊛⋄

DT 𝐁̃ is defined by

𝜉𝐀̃⊛⋄
DT 𝐁̃

(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M•
𝛼

(z). (8.9)

We have the following interesting results.
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Theorem 8.1.5 Let Ã(i) and B̃(i) be canonical fuzzy intervals for i = 1,… ,n, and let the
family {M•

𝛼 ∶ 0 < 𝛼 ≤ 1}be taken by M•
𝛼 = 𝐀̃𝛼 • 𝐁̃𝛼 . Then, for 𝛼 ∈ [0,1], we have(

𝐀̃⊛
⋄
DT 𝐁̃

)
𝛼
=

[
min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲, max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲

]
.

When Ã(i) and B̃(i) are taken to be nonnegative canonical fuzzy intervals for i = 1,… ,n, we
simply have(

𝐀̃⊛
⋄
DT 𝐁̃

)
𝛼
=

[
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

]
.

Proof. It is clear to see that {M•
𝛼 ∶ 0 < 𝛼 ≤ 1}is a nested family in the sense of M•

𝛼 ⊆ M•
𝛽

for 𝛽 < 𝛼. Using the continuities regarding the canonical fuzzy intervals, we see that the
family {M•

𝛼 ∶ 0 < 𝛼 ≤ 1} will continuously shrink when 𝛼 increases on [0,1]. Therefore, for
𝛼 ∈ (0,1], we have

M•
𝛼 =

∞⋂
s=1

M•
𝛼k

(8.10)

for 0 < 𝛼k ↑ 𝛼 with 𝛼k ∈ [0,1] for all k.
Next, we are going to show that

M•
𝛼 = (𝐀̃⊛

⋄
DT 𝐁̃)𝛼 for 𝛼 ∈ [0,1].

Given 𝛼 ∈ (0,1] and any 𝐳 ∈ M•
𝛼 , the expression (8.9) says that 𝜉𝐀̃⊛⋄

DT 𝐁̃
(𝐳) ≥ 𝛼, which implies

𝐳 ∈ (𝐀̃⊛⋄
DT 𝐁̃)𝛼 and proves the inclusion M•

𝛼 ⊆ (𝐀̃⊛⋄
DT 𝐁̃)𝛼 . To prove the other direction

of inclusion, given any 𝐳 ∈ (𝐀̃⊛⋄
DT 𝐁̃)𝛼 , it means that 𝜉𝐀̃⊛⋄

DT 𝐁̃
(𝐳) ≥ 𝛼. Let 𝛼̂ = 𝜉𝐀̃⊛⋄

DT 𝐁̃
(𝐳). We

consider the following cases.

● Assume that 𝛼̂ > 𝛼. Let 𝜖 = 𝛼̂ − 𝛼 > 0. By referring to (8.9), the concept of supremum
says that there exists 𝛼0 ∈ [0,1] satisfying 𝐳 ∈ M•

𝛼0
and 𝛼̂ − 𝜖 < 𝛼0, which says that 𝛼 < 𝛼0.

Therefore, we obtain 𝐳 ∈ M•
𝛼 , since M•

𝛼0
⊆ M•

𝛼 by the nestedness.
● Assume that 𝛼̂ = 𝛼. Since [0,1] is an interval with left endpoint 0, for any 𝛼 ∈ (0,1], there

exists a sequence {𝛼k}∞k=1 in [0,1] satisfying 0 < 𝛼k ↑ 𝛼 with 𝛼k ∈ [0,1] for all k. Let 𝜖k =
𝛼 − 𝛼k > 0. By referring to (8.9), the concept of supremum says that there exists 𝛼0 ∈ [0,1]
satisfying 𝐳 ∈ M•

𝛼0
and 𝛼̂ − 𝜖k = 𝛼 − 𝜖k < 𝛼0, which implies 𝛼0 > 𝛼k ∈ [0,1]. The nested-

ness also says that 𝐳 ∈ M•
𝛼k

for all k, i.e. 𝐳 ∈
⋂∞

k=1 M•
𝛼k

. From (8.10), we obtain 𝐳 ∈ M•
𝛼 .

The above two cases conclude that (𝐀̃⊛⋄
DT 𝐁̃)𝛼 ⊆ M•

𝛼 . Therefore, we obtain the equality

M•
𝛼 = (𝐀̃⊛

⋄
DT 𝐁̃)𝛼 for 𝛼 ∈ (0,1].

For the 0-level set, we also have(
𝐀̃⊛

⋄
DT 𝐁̃

)
0 = cl

( ⋃
0<𝛼≤1}

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼

)
(referring to (2.5))

= cl

( ⋃
0<𝛼≤1

M•
𝛼

)
= M•

0 (using the nestedness and continuities in Definition 2.3.3).

This completes the proof. ◾
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Example 8.1.6 By referring to Example 8.1.2, Theorems 8.1.1 and 8.1.5 say that(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼
=

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 2𝛼2]

for 𝛼 ∈ [0,1]. By referring to Example 8.1.3, we also have(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼
=

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

[
6𝛼2 − 3𝛼 − 1,11𝛼2 − 31𝛼 + 22

]
for 𝛼 ≥ 2∕3.

8.1.2.2 The Inner Product ̃𝐀⊛
⋆

DT
̃𝐁

We shall study the inner product 𝐀̃⊛⋆

DT 𝐁̃ considering the family given in (8.6). According
to the expression in the decomposition theorem, the membership function of inner product
𝐀̃⊛⋆

DT 𝐁̃ is defined by

𝜉𝐀̃⊛⋆

DT 𝐁̃
(z) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M•

𝛼

(z). (8.11)

We have the following interesting results.

Theorem 8.1.7 Let Ã(i) and B̃(i) be canonical fuzzy intervals for i = 1,… ,n, and let the fam-
ily {M•

𝛼 ∶ 0 < 𝛼 ≤ 1}be given by

M•
𝛼 =

( ⋃
𝛼≤𝛽≤1

M𝛽

)
,

where M𝛽 is a bounded closed intervals given by

M𝛽 =
[
min

{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
,max

{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
.

Then, for 𝛼 ∈ [0,1], we have(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
= M•

𝛼

=
[

min
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
=

[
min

{
min
𝛼≤𝛽≤1

𝐀̃L
𝛽 • 𝐁̃

L
𝛽 , min

𝛼≤𝛽≤1
𝐀̃U

𝛽 • 𝐁̃U
𝛽

}
,

max
{

max
𝛼≤𝛽≤1

𝐀̃L
𝛽 • 𝐁̃

L
𝛽 , max

𝛼≤𝛽≤1
𝐀̃U

𝛽 • 𝐁̃U
𝛽

}]
. (8.12)

When Ã(i) and B̃(i) are taken to be nonnegative canonical fuzzy intervals for i = 1,… ,n, we
simply have(

𝐀̃⊛
⋆

DT 𝐁̃
)
𝛼
=

[
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

]
.

Proof. We are going to show that M•
𝛼 = (𝐀̃⊛⋆

DT 𝐁̃)𝛼 for 𝛼 ∈ [0,1]. By using (8.11) and the
proof of Theorem 8.1.5, we can similarly obtain the inclusion M•

𝛼 ⊆ (𝐀̃⊛⋆

DT 𝐁̃)𝛼 .
On the other hand, we can see that {M•

𝛼 ∶ 0 < 𝛼 ≤ 1} is a nested family in the sense of
M•

𝛼 ⊆ M•
𝛽

for 𝛽 < 𝛼. We define two functions 𝜁L and 𝜁U on [0,1] as follows:

𝜁
L(𝛽) = min

{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
and 𝜁

U (𝛽) = max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
.
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It is clear to see that the functions 𝜁L and 𝜁U are continuous on [0,1] by the continuities
regarding the canonical fuzzy intervals. We also see that M𝛽 = [𝜁L(𝛽), 𝜁U (𝛽)]. The con-
tinuities say that the family {M•

𝛼 ∶ 𝛼 ∈ [0,1] for 𝛼 > 0}will continuously shrink when 𝛼

increases on [0,1]. For 𝛼 ∈ (0,1], it follows that

M•
𝛼 =

∞⋂
k=1

M•
𝛼k

for 0 < 𝛼k ↑ 𝛼 with 𝛼k ∈ [0,1] for all k. Using the proof of Theorem 8.1.5, we can similarly
obtain the inclusion (𝐀̃⊛⋆

DT 𝐁̃)𝛼 ⊆ M•
𝛼 . Therefore, we have M•

𝛼 = (𝐀̃⊛⋆

DT 𝐁̃)𝛼 for 𝛼 ∈ (0,1].
Moreover, for 𝛼 ∈ (0,1], we have(

𝐀̃⊛
⋆

DT 𝐁̃
)
𝛼
= M•

𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 =

[
min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]

=
[

min
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
, max
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
.

For the 0-level set, we also have(
𝐀̃⊛

⋆

DT 𝐁̃
)

0 = cl

( ⋃
0<𝛼≤1

(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼

)
(referring to (2.5))

= cl

( ⋃
0<𝛼≤1

M•
𝛼

)
= cl

( ⋃
0<𝛼≤1

[
min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
])

=
[

min
{𝛽∈[0,1]∶𝛽≥0}

𝜁
L(𝛽), max

{𝛽∈[0,1]∶𝛽≥0}
𝜁

U (𝛽)
]

(using the nestedness and the continuities of functions 𝜁
L and 𝜁

U )

=
[

min
{𝛽∈[0,1]∶𝛽≥0}

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
, max
{𝛽∈[0,1]∶𝛽≥0}

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
.

Let 𝜂L(𝛽) = 𝐀̃L
𝛽 • 𝐁̃

L
𝛽 and 𝜂L(𝛽) = 𝐀̃U

𝛽 • 𝐁̃U
𝛽 . From the proof of Theorem 5.5.6, we have

min
𝛼≤𝛽≤1

min
{
𝜂

L(𝛽), 𝜂U (𝛽)
}
= min

{
min
𝛼≤𝛽≤1

𝜂
L(𝛽), min

𝛼≤𝛽≤1
𝜂

U (𝛽),
}

and

max
𝛼≤𝛽≤1

max
{
𝜂

L(𝛽), 𝜂U (𝛽)
}
= max

{
max
𝛼≤𝛽≤1

𝜂
L(𝛽), max

𝛼≤𝛽≤1
𝜂

U (𝛽),
}

.

Therefore, we obtain (8.12). This completes the proof. ◾

Example 8.1.8 Continued from Example 8.1.2, we can obtain

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
= 10 + 10𝛽 + 𝛽

2

and

max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
= 58 − 22𝛽 + 2𝛽2

.

Using (8.12), we have(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

[
min

{𝛽∈[0,0.8]∶𝛽≥𝛼}

(
10 + 10𝛽 + 𝛽

2)
, max
{𝛽∈[0,0.8]∶𝛽≥𝛼}

(
58 − 22𝛽 + 2𝛽2)]

=
[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 2𝛼2]

for 𝛼 ∈ [0,1].
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Example 8.1.9 Continued from Example 8.1.3, we obtain

min
𝛼≤𝛽≤1

(
ÃL

1𝛽 B̃L
1𝛽 + ÃL

2𝛽 B̃L
2𝛽 + ÃL

3𝛽 B̃L
3𝛽

)
= min

𝛼≤𝛽≤1

[
(2𝛽 − 1)(𝛽 − 1) + (𝛽 − 2)2 + 𝛽(2𝛽 − 1)

]
= min

𝛼≤𝛽≤1

(
5 − 8𝛽 + 5𝛽2)

=
{

5 − 8𝛼 + 5𝛼2 if 𝛼 ≥ 0.8
5 − 8 ⋅ 0.8 + 5 ⋅ 0.82 if 𝛼 < 0.8

=
{

5 − 8𝛼 + 5𝛼2 if 𝛼 ≥ 0.8
1.8 if 𝛼 < 0.8

and

min
𝛼≤𝛽≤1

(
ÃU

1𝛽 B̃U
1𝛽 + ÃU

2𝛽 B̃U
2𝛽 + ÃU

3𝛽 B̃U
3𝛽

)
= min

𝛼≤𝛽≤1

[
(3 − 2𝛽)(3 − 3𝛽) + (2 − 3𝛽)(1 − 2𝛽) + (3 − 2𝛽)2]

= min
𝛼≤𝛽≤1

(
20 − 34𝛽 + 16𝛽2) = 20 − 34 + 16 = 2.

Therefore, we have

min
{

min
𝛼≤𝛽≤1

(
ÃL

1𝛽 B̃L
1𝛽 + ÃL

2𝛽 B̃L
2𝛽 + ÃL

3𝛽 B̃L
3𝛽

)
, min
𝛼≤𝛽≤1

(
ÃU

1𝛽 B̃U
1𝛽 + ÃU

2𝛽 B̃U
2𝛽 + ÃU

3𝛽 B̃U
3𝛽

)}
=

{
min {2,5 − 8𝛼 + 5𝛼2} if 𝛼 ≥ 0.8
min {2, 1.8} if 𝛼 < 0.8

=
{

5 − 8𝛼 + 5𝛼2 if 𝛼 ≥ 0.8
1.8 if 𝛼 < 0.8

Now, we can also obtain

max
𝛼≤𝛽≤1

(
ÃL

1𝛽 B̃L
1𝛽 + ÃL

2𝛽 B̃L
2𝛽 + ÃL

3𝛽 B̃L
3𝛽

)
= max

𝛼≤𝛽≤1

(
5 − 8𝛽 + 5𝛽2)

=
{

5 − 8 + 5 if 𝛼 ≥ 0.8
5 − 8𝛼 + 5𝛼2 if 𝛼 < 0.8

=
{

2 if 𝛼 ≥ 0.8
5 − 8𝛼 + 5𝛼2 if 𝛼 < 0.8

and

max
𝛼≤𝛽≤1

(
ÃU

1𝛽 B̃U
1𝛽 + ÃU

2𝛽 B̃U
2𝛽 + ÃU

3𝛽 B̃U
3𝛽

)
= max

𝛼≤𝛽≤1

(
20 − 34𝛽 + 16𝛽2) = 20 − 34𝛼 + 16𝛼2

.

Therefore, we have

max
{

max
𝛼≤𝛽≤1

(
ÃL

1𝛽 B̃L
1𝛽 + ÃL

2𝛽 B̃L
2𝛽 + ÃL

3𝛽 B̃L
3𝛽

)
, max
𝛼≤𝛽≤1

(
ÃU

1𝛽 B̃U
1𝛽 + ÃU

2𝛽 B̃U
2𝛽 + ÃU

3𝛽 B̃U
3𝛽

)}
=

{
max{2,20 − 34𝛼 + 16𝛼2} if 𝛼 ≥ 0.8
max{5 − 8𝛼 + 5𝛼2, 20 − 34𝛼 + 16𝛼2} if 𝛼 < 0.8

=
{

20 − 34𝛼 + 16𝛼2 if 𝛼 ≥ 0.8
20 − 34𝛼 + 16𝛼2 if 𝛼 < 0.8

}
= 20 − 34𝛼 + 16𝛼2

.

Using (8.12), we obtain the 𝛼-level sets(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

{ [
5 − 8𝛼 + 5𝛼2, 20 − 34𝛼 + 16𝛼2] if 𝛼 ≥ 0.8[
1.8, 20 − 34𝛼 + 16𝛼2] if 𝛼 < 0.8.

8.1.2.3 The Inner Product ̃𝐀⊛
†
DT

̃𝐁
We shall study the inner product 𝐀̃⊛

†
DT 𝐁̃ considering the family given in (8.7). According

to the expression in the decomposition theorem, the membership function of inner product
𝐀̃⊛

†
DT 𝐁̃ is defined by

𝜉𝐀̃⊛†
DT 𝐁̃

(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M•
𝛼

(z). (8.13)
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Theorem 8.1.10 Let Ã(i) and B̃(i) be canonical fuzzy intervals for i = 1,… ,n. The family
{M𝛼 ∶ 0 < 𝛼 ≤ 1} is given by

M•
𝛼 =

[
min

{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}
,max

{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}]
.

Then, for 𝛼 ∈ [0,1], we have(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M•

𝛽

=
[

min
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
.

(8.14)

When Ã(i) and B̃(i) are taken to be nonnegative canonical fuzzy intervals for i = 1,… ,n,
we have(

𝐀̃⊛
†
DT 𝐁̃

)
𝛼

=
[
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

]
.

Proof. We are going to show(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

=
⋃

𝛼≤𝛽≤1
M•

𝛽
for 𝛼 ∈ (0,1]. (8.15)

Let

𝜁
L(𝛼) = min

𝛼≤𝛽≤1
min

{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
and 𝜁

U (𝛼) = max
𝛼≤𝛽≤1

max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
.

Then M•
𝛼 = [𝜁L(𝛼), 𝜁U (𝛼)]. The continuities regarding the canonical fuzzy intervals show

that the functions 𝜁L and 𝜁U are continuous on [0,1]. Using Proposition 1.3.9, given any
fixed x ∈ ℝ, the following function

𝜁(𝛼) =
{

0, if 𝛼 = 0
𝛼 ⋅ 𝜒M𝛼

(x), if 𝛼 ∈ (0,1]
is upper semi-continuous on [0,1].

For 𝛼 > 0, given any 𝐳 ∈ (𝐀̃⊛
†
DT 𝐁̃)𝛼 with 𝐳 ∉ M•

𝛽
for all 𝛽 ∈ [0,1] with 𝛽 ≥ 𝛼, we see that

𝛽 ⋅ 𝜒M•
𝛽

(𝐳) < 𝛼 for all 𝛽 ∈ [0,1]. Since [0,1] is a closed and bounded set and 𝜁(𝛽) = 𝛽 ⋅ 𝜒M•
𝛽

(𝐳)
is upper semi-continuous on [0,1] as described above, Proposition 1.4.4 says that the supre-
mum of the function 𝜁 is attained. Using (8.13), we have

𝜉𝐀̃⊛†
DT 𝐁̃

(𝐳) = sup
𝛽∈[0,1]

𝜁(𝛽) = sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒M•
𝛽

(𝐳) = max
𝛽∈[0,1]

𝛽 ⋅ 𝜒M•
𝛽

(𝐳) = 𝛽
∗ ⋅ 𝜒M𝛽∗

(𝐳) < 𝛼

for some 𝛽∗ ∈ [0,1], which shows that 𝐳 ∉ (𝐀̃⊛
†
DT 𝐁̃)𝛼 . This contradiction says that there

exists 𝛽0 ∈ [0,1] with 𝛽0 ≥ 𝛼 satisfying 𝐳 ∈ M•
𝛽0

. Therefore, we have the following inclusion(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

⊆
⋃

𝛼≤𝛽≤1
M•

𝛽
.

On the other hand, the following inclusion⋃
𝛼≤𝛽≤1

M•
𝛽
⊆

{
𝐳 ∈ ℝm ∶ sup

𝛽∈[0,1]
𝛽 ⋅ 𝜒M•

𝛽

(𝐳) ≥ 𝛼

}
=

{
𝐳 ∈ ℝm ∶ 𝜉𝐀̃⊛†

DT 𝐁̃
(𝐳) ≥ 𝛼

}
=

(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼
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is obvious. This shows the equality (8.15). Using the continuities regarding the canonical
fuzzy intervals, we can also obtain the equality (8.14).

For the 0-level set, we have(
𝐀̃⊛

†
DT 𝐁̃

)
0
= cl

⎛⎜⎜⎝
⋃

{𝛼∈[0,1](†DT)
⊛

∶𝛼>0}

(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

⎞⎟⎟⎠ (referring to (2.5))

=
[

min
{𝛽∈[0,1]∶𝛽≥0}

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
, max
{𝛽∈[0,1]∶𝛽≥0}

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
(using the nestedness, continuities and the equality (8.14)).

This completes the proof. ◾

Example 8.1.11 By referring to Example 8.1.8, Theorems 8.1.7 and 8.1.10 say that(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

=
(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 2𝛼2]

for 𝛼 ∈ [0, 0.8]. Moreover, we have
(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

= ∅ for 𝛼 ∉ [0, 0.8]. By referring to
Example 8.1.9, we also have(

𝐀̃⊛
†
DT 𝐁̃

)
𝛼

=
(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

{ [
5 − 8𝛼 + 5𝛼2, 20 − 34𝛼 + 16𝛼2] if 𝛼 ≥ 0.8[
1.8, 20 − 34𝛼 + 16𝛼2] if 𝛼 < 0.8.

8.1.3 The Equivalences and Fuzziness

The equivalences among 𝐀̃ ⊛EP 𝐁̃ and 𝐀̃ ⊛DT 𝐁̃ for ⊛DT ∈ {⊛⋄
DT , ⊛

⋆

DT , ⊛
†
DT} will be pre-

sented below.

Theorem 8.1.12 Let Ã(i) and B̃(i) be canonical fuzzy intervals for i = 1,… ,n. Suppose that
the different inner products 𝐀̃ ⊛EP 𝐁̃ and 𝐀̃⊛⋄

DT 𝐁̃ are obtained from Theorems 8.1.1 and
8.1.5, respectively. Then

𝐀̃ ⊛EP 𝐁̃ = 𝐀̃⊛
⋄
DT 𝐁̃.

Moreover, for 𝛼 ∈ [0,1], we have(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼
=

[
min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲, max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲

]
.

Theorem 8.1.13 Let Ã(i) and B̃(i) be canonical fuzzy intervals for i = 1,… ,n. Suppose that
the different inner products 𝐀̃⊛⋆

DT 𝐁̃ and 𝐀̃⊛
†
DT 𝐁̃ are obtained from Theorems 8.1.7 and

8.1.10, respectively. Then

𝐀̃⊛
⋆

DT 𝐁̃ = 𝐀̃⊛
†
DT 𝐁̃.

Moreover, for 𝛼 ∈ [0,1], we have(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

=
[

min
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
, max
𝛼≤𝛽≤1

max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}]
.
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Theorem 8.1.14 Let Ã(i) and B̃(i) be nonnegative canonical fuzzy intervals for i = 1,… ,n.
Suppose that the different inner products 𝐀̃ ⊛EP 𝐁̃, 𝐀̃⊛⋄

DT 𝐁̃, 𝐀̃⊛⋆

DT 𝐁̃ and 𝐀̃⊛
†
DT 𝐁̃ are

obtained from Theorems 8.1.1, 8.1.5, 8.1.7 and 8.1.10, respectively. Then

𝐀̃ ⊛EP 𝐁̃ = 𝐀̃⊛
⋄
DT 𝐁̃ = 𝐀̃⊛

⋆

DT 𝐁̃ = 𝐀̃⊛
†
DT 𝐁̃.

Moreover, for 𝛼 ∈ [0,1], we have(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

=
[
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

]
.

The equivalence between 𝐀̃⊛⋄
DT 𝐁̃ and 𝐀̃⊛⋆

DT 𝐁̃ cannot be guaranteed. However, based
on the 𝛼-level sets, we can compare their fuzziness by referring to Definition 6.3.4.

Theorem 8.1.15 Let Ã(i) and B̃(i) be canonical fuzzy intervals for i = 1,… ,n. Suppose
that 𝐀̃⊛⋄

DT 𝐁̃ and 𝐀̃⊛⋆

DT 𝐁̃ are obtained from Theorems 8.1.5 and 8.1.7, respectively. Then
𝐀̃⊛⋄

DT 𝐁̃ is fuzzier than 𝐀̃⊛⋆

DT 𝐁̃.

Proof. Given any 𝛼 ∈ (0,1], we see that

min
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

𝐱 • 𝐲 ≤ min
𝛼≤𝛽≤1

min
(𝐱,𝐲)∈(𝐀̃𝛽 ,𝐁̃𝛽 )

𝐱 • 𝐲 ≤ min
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
and

max
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

𝐱 • 𝐲 ≥ max
𝛼≤𝛽≤1

max
(𝐱,𝐲)∈(𝐀̃𝛽 ,𝐁̃𝛽 )

𝐱 • 𝐲 ≥ max
𝛼≤𝛽≤1

max
{
𝐀̃L

𝛽 • 𝐁̃
L
𝛽 , 𝐀̃

U
𝛽 • 𝐁̃U

𝛽

}
.

From Theorems 8.1.12 and 8.1.13, we obtain the following inclusion(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
⊆

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼

for 𝛼 ∈ (0,1].

This shows that 𝐀̃⊛⋄
DT 𝐁̃ is fuzzier than 𝐀̃⊛⋆

DT 𝐁̃, and the proof is complete. ◾

8.2 The Second Type of Inner Product

The first type of inner product is directly based on the inner product of real vectors. Now,
the second type of inner product will be based on the form of conventional inner product.
First of all, we recall the addition and multiplication of fuzzy intervals.

Let Ã and B̃ be two fuzzy intervals with membership functions 𝜉Ã and 𝜉B̃, respectively.
According to the extension principle, the membership function of multiplication Ã⊗EPB̃ is
defined by

𝜉Ã⊗EPB̃(z) = sup
{(x,y)∶z=x⋅y}

min
{
𝜉Ã(x), 𝜉B̃(y)

}
for each z ∈ ℝ.

Let C̃(1)
,… , C̃(n) be fuzzy intervals with membership functions 𝜉C̃(1) ,… , 𝜉C̃(n) , respectively.

According to the extension principle, the membership function of addition

C̃(1)
⊕EP · · ·⊕EPC̃(n)

is defined by

𝜉C̃(1)
⊕EP ···⊕EPC̃(n) (z) = sup

{(x1 ,…,xn)∶z=x1+···+xn}
min

{
𝜉C̃(1) (x1),… , 𝜉C̃(n) (xn)

}
(8.16)

for each z ∈ ℝ.
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By referring to (8.5), (8.6), and (8.7), we can define the multiplication of Ã and B̃
according to the expression in the decomposition theorem by considering three different
families

{M⊗

𝛼 ∶ 𝛼 ∈ [0,1] ∩ [0,1] with 𝛼 > 0}

as follows. We can also refer to Subsubsection 7.1.2.3.

● In order to define the multiplication Ã ⊗⋄
DT B̃, we take

M⊗

𝛼 = Ã𝛼 ⋅ B̃𝛼 =
{

xy ∶ x ∈ Ã𝛼 and y ∈ B̃𝛼

}
=

[
min

{
ÃL
𝛽 B̃L

𝛽 ,ÃL
𝛽 B̃U

𝛽 ,ÃU
𝛽 B̃L

𝛽 ,ÃU
𝛽 B̃U

𝛽

}
,max

{
ÃL
𝛽 B̃L

𝛽 ,ÃL
𝛽 B̃U

𝛽 ,ÃU
𝛽 B̃L

𝛽 ,ÃU
𝛽 B̃U

𝛽

}]
(8.17)

for 𝛼 ∈ (0,1].
● In order to define the multiplication Ã ⊗⋆

DT B̃, let M𝛽 be a closed interval given by

M𝛽 =
[
min

{
ÃL
𝛽 B̃L

𝛽 ,ÃU
𝛽 B̃U

𝛽

}
,max

{
ÃL
𝛽 B̃L

𝛽 ,ÃU
𝛽 B̃U

𝛽

}]
.

We take

M⊗

𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 (8.18)

for 𝛼 ∈ (0,1].
● In order to define the multiplication Ã ⊗

†
DT B̃, we take

M⊗

𝛼 =
[
min

{
ÃL
𝛼B̃L

𝛼,ÃU
𝛼 B̃U

𝛼

}
,max

{
ÃL
𝛼B̃L

𝛼,ÃU
𝛼 B̃U

𝛼

}]
(8.19)

for 𝛼 ∈ (0,1].

Since the multiplications ⊗EP and ⊗⋄
DT are equivalent by (7.24), it does not need to con-

sider the multiplication ⊗EP. Using the expression in the decomposition theorem, given
⊗DT ∈ {⊗⋄

DT , ⊗
⋆

DT , ⊗
†
DT}, the membership function of Ã⊗DTB̃ is defined by

𝜉Ã⊗DT B̃(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M⊗
𝛼
(z), (8.20)

where M⊗
𝛼 corresponds to the above three cases (8.17), (8.18), and (8.19).

We shall also define the addition of fuzzy intervals C̃(1)
,… , C̃(n) based on the expression

in the decomposition theorem by considering three different families {M⊕
𝛼 ∶ 0 < 𝛼 ≤ 1}

as follows. We can also refer to Subsubsection 7.1.2.1.

● In order to define the addition

C̃(1)
⊕

⋄
DT · · ·⊕⋄

DT C̃(n)
,

we take

M⊕

𝛼 = C̃(1)
𝛼 + · · · + C̃(n) (8.21)

=
{

x1 + · · · + xn ∶ xi ∈ C̃(i)
𝛼 for i = 1,… ,n

}
=

[
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

]
(8.22)

for 𝛼 ∈ (0,1], where C̃L
i𝛼 = (C̃(i))L

𝛼 and C̃U
i𝛼 = (C̃(i))U

𝛼 for i = 1,… ,n.
● In order to define the addition

C̃(1)
⊕

⋆

DT · · ·⊕⋆

DT C̃(n)
,
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let M𝛽 be a closed interval given by

M𝛽 =
[
min

{
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

}
,

max
{

C̃L
1𝛼 + · · · + C̃L

n𝛼, C̃U
1𝛼 + · · · + C̃U

n𝛼

}]
=

[
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

]
.

We take

M⊕

𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽 (8.23)

for 𝛼 ∈ (0,1]. It is clear to see that

M⊕

𝛼 =
⋃

𝛼≤𝛽≤1
M𝛽

=
⋃

𝛼≤𝛽≤1

[
C̃L

1𝛽 + · · · + C̃L
n𝛽 , C̃U

1𝛽 + · · · + C̃U
n𝛽

]
=

[
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

]
.

● In order to define the addition

C̃(1)
⊕

†
DT · · ·⊕†

DT C̃(n)
,

we take

M⊕

𝛼 =
[
min

{
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

}
,

max
{

C̃L
1𝛼 + · · · + C̃L

n𝛼, C̃U
1𝛼 + · · · + C̃U

n𝛼

}]
=

[
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

]
(8.24)

for 𝛼 ∈ (0,1].

Then, we see that

C̃(1)
⊕

⋄
DT · · ·⊕⋄

DT C̃(n) = C̃(1)
⊕

⋆

DT · · ·⊕⋆

DT C̃(n) = C̃(1)
⊕

†
DT · · ·⊕†

DT C̃(n)
.

In this case, we simply write

C̃(1)
⊕DT · · ·⊕DTC̃(n)

,

and its membership function is defined by

𝜉C̃(1)
⊕DT ···⊕DT C̃(n) (z) = sup

0<𝛼≤1
𝛼 ⋅ 𝜒M⊕

𝛼
(z). (8.25)

Since the additions ⊕EP and ⊕DT are equivalent by (7.20), it follows that

C̃(1)
⊕ET · · ·⊕ETC̃(n) = C̃(1)

⊕DT · · ·⊕DTC̃(n)
. (8.26)

In this case, we simply write

C̃(1)
⊕ · · ·⊕ C̃(n)

.

Now, we are in a position to define the second type of inner product of 𝐀̃ and 𝐁̃ as follows.
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Definition 8.2.1 Let Ã(k) and B̃(k) be fuzzy intervals for k = 1,… ,n. The inner product
between 𝐀̃ and 𝐁̃ is defined by

𝐀̃⊚ 𝐁̃ =
(

Ã(1)
⊗1B̃(1)

)
⊕ · · ·⊕

(
Ã(n)

⊗nB̃(n)
)
, (8.27)

where the multiplication

⊗j ∈ {⊗⋄
DT , ⊗

⋆

DT , ⊗
†
DT} for j = 1,… ,n. (8.28)

The inner product 𝐀̃⊚ 𝐁̃ depends on the choice of multiplication according to (8.28).
Therefore, it is completely different from the first type of inner product 𝐀̃⊛ 𝐁̃ for
⊛ ∈ {⊛EP, ⊛

⋄
DT , ⊛

⋆

DT , ⊛
†
DT}. We write

C̃(j) = Ã(j)
⊗jB̃

(j) for j = 1,… ,n.

Then, we have

𝐀̃⊚ 𝐁̃ = C̃(1)
⊕ · · ·⊕ C̃(n) (8.29)

and its membership function is given by

𝜉𝐀̃⊚𝐁̃(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M⊕
𝛼
(z)

= sup
{(x1 ,…,xn)∶z=x1+···+xn}

min
{
𝜉C̃(1) (x1),… , 𝜉C̃(n) (xn)

}
(8.30)

by referring to (8.25), (8.26) and (8.16).
The membership function 𝜉𝐀̃⊚𝐁̃ is in a very general situation, since the multipli-

cation ⊗j for j = 1,… ,n can be any operations in (8.28). However, we can use the
Decomposition Theorem 2.2.13 to rewrite the membership function 𝜉𝐀̃⊚𝐁̃ using its 𝛼-level
sets. Let (𝐀̃⊚ 𝐁̃)𝛼 be the 𝛼-level set of 𝐀̃⊚ 𝐁̃. According to the Decomposition Theorem
2.2.13, the membership function is given by

𝜉𝐀̃⊚𝐁̃(z) = max
0<𝛼≤1

𝛼 ⋅ 𝜒(𝐀̃⊚𝐁̃)𝛼 (z).

Therefore, the purpose is to study the 𝛼-level set (𝐀̃⊚ 𝐁̃)𝛼 in the subsequent discussion.

8.2.1 Using the Extension Principle

We shall present the 𝛼-level sets (𝐀̃ ⊚EP 𝐁̃)𝛼 . For any 𝛼 ∈ [0,1], from Theorem 7.1.2, we have

C̃(j)
𝛼 =

(
Ã(j)

⊗EPB̃(j)
)
𝛼

= Ã(j)
𝛼 ∗ B̃(j)

𝛼 =
[

ÃL
j𝛼,ÃU

j𝛼

]
∗
[

B̃L
j𝛼, B̃U

j𝛼

]
=

[
min

{
ÃL

j𝛼B̃L
j𝛼,ÃL

j𝛼B̃U
j𝛼,ÃU

j𝛼B̃L
j𝛼,ÃU

j𝛼B̃U
j𝛼

}
,max

{
ÃL

j𝛼B̃L
j𝛼,ÃL

j𝛼B̃U
j𝛼,ÃU

j𝛼B̃L
j𝛼,ÃU

j𝛼B̃U
j𝛼

}]
≡

[
C̃L

j𝛼, C̃U
j𝛼

]
. (8.31)

and (
𝐀̃ ⊚EP 𝐁̃

)
𝛼
= C̃(1)

𝛼 + · · · + C̃(n)
𝛼 =

[
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

]
(8.32)

≡

[(
𝐀̃ ⊚EP 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚EP 𝐁̃

)U
𝛼

]
, (8.33)
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where (
𝐀̃ ⊚EP 𝐁̃

)L
𝛼
=

n∑
j=1

C̃L
j𝛼 and

(
𝐀̃ ⊚EP 𝐁̃

)U
𝛼
=

n∑
j=1

C̃U
j𝛼. (8.34)

Therefore, we can calculate the 𝛼-level sets (𝐀̃ ⊚EP 𝐁̃)𝛼 according to the above formulas.

Example 8.2.2 Continued from Example 8.1.2, we first calculate C̃(1)
𝛼 and C̃(2)

𝛼 from (8.31).
For 𝛼 ∈ [0,1], we have

C̃L
1𝛼 = min

{
ÃL

1𝛼B̃L
1𝛼,ÃL

1𝛼B̃U
1𝛼,ÃU

1𝛼B̃L
1𝛼,ÃU

1𝛼B̃U
1𝛼

}
= (1 + 𝛼)(4 + 𝛼) = 4 + 5𝛼 + 𝛼

2

and

C̃L
2𝛼 = min

{
ÃL

2𝛼B̃L
2𝛼,ÃL

2𝛼B̃U
2𝛼,ÃU

2𝛼B̃L
2𝛼,ÃU

2𝛼B̃U
2𝛼

}
= (2 + 𝛼)(3 + 𝛼) = 6 + 5𝛼 + 𝛼

2
.

We can similarly obtain

C̃U
1𝛼 = max

{
ÃL

1𝛼B̃L
1𝛼,ÃL

1𝛼B̃U
1𝛼,ÃU

1𝛼B̃L
1𝛼,ÃU

1𝛼B̃U
1𝛼

}
= (4 − 𝛼)(7 − 𝛼) = 28 − 11𝛼 + 𝛼

2

and

C̃U
2𝛼 = max

{
ÃL

2𝛼B̃L
2𝛼,ÃL

2𝛼B̃U
2𝛼,ÃU

2𝛼B̃L
2𝛼,ÃU

2𝛼B̃U
2𝛼

}
= (5 − 𝛼)(6 − 𝛼) = 30 − 11𝛼 + 𝛼

2
.

From (8.33), we obtain(
𝐀̃ ⊚EP 𝐁̃

)
𝛼
=

[(
𝐀̃ ⊚EP 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚EP 𝐁̃

)U
𝛼

]
=

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 𝛼

2]
.

Example 8.2.3 Continued from Example 8.1.3, for 0.5 ≤ 𝛼 < 2∕3, we have(
𝐀̃ ⊚EP 𝐁̃

)L
𝛼
=

3∑
i=1

(
min

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
= (𝛼 − 1)(3 − 2𝛼) + (−2 + 𝛼)(2 − 3𝛼) + 𝛼(2𝛼 − 1) = −3𝛼2 + 12𝛼 − 7

and, for 0 ≤ 𝛼 < 0.5, we have
3∑

i=1

(
min

{
ÃL

i𝛼B̃L
i𝛼,ÃL

i𝛼B̃U
i𝛼,ÃU

i𝛼B̃L
i𝛼,ÃU

i𝛼B̃U
i𝛼

})
= (𝛼 − 1)(3 − 2𝛼) + (−2 + 𝛼)(2 − 3𝛼) + (2𝛼 − 1)(3 − 2𝛼) = −9𝛼2 + 21𝛼 − 10.

From (8.33), we obtain

(
𝐀̃ ⊚EP 𝐁̃

)
𝛼
=

⎧⎪⎨⎪⎩
[
6𝛼2 − 3𝛼 − 1, 11𝛼2 − 31𝛼 + 22

]
if 𝛼 ≥ 2∕3[

−3𝛼2 + 12𝛼 − 7, 11𝛼2 − 31𝛼 + 22
]

if 0.5 ≤ 𝛼 < 2∕3[
−9𝛼2 + 21𝛼 − 10, 11𝛼2 − 31𝛼 + 22

]
if 0 ≤ 𝛼 < 0.5

Let A,D,E be bounded closed intervals in ℝ. Then, we have the subdistributivity

A × (D + E) ⊆ A × D + A × E. (8.35)

We further assume that d ⋅ e ≥ 0 for every d ∈ D and e ∈ E. Then, we have the distributivity

A × (D + E) = A × D + A × E. (8.36)
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Let Ã and B̃ be fuzzy intervals. We write Ã ⊆ B̃ when their 𝛼-level sets satisfy the inclusion
Ã𝛼 ⊆ B̃𝛼 for all 𝛼 ∈ [0,1].

Proposition 8.2.4 Let Ã(j), D̃(j) and Ẽ(j) be fuzzy intervals for j = 1,… ,n.

(i) We have the following subdistributivity

𝐀̃ ⊚EP (𝐃̃ ⊕EP 𝐄̃) ⊆ (𝐀̃ ⊚EP 𝐃̃) ⊕EP (𝐀̃ ⊚EP 𝐄̃).

(ii) For each fixed j, suppose that D̃(j) and Ẽ(j) are simultaneously nonnegative or nonpositive.
Then, we have the following distributivity

𝐀̃ ⊚EP (𝐃̃ ⊕EP 𝐄̃) = (𝐀̃ ⊚EP 𝐃̃) ⊕EP (𝐀̃ ⊚EP 𝐄̃).

Proof. Let 𝐁̃ = 𝐃̃ ⊕EP 𝐄̃. Then, regarding the components for j = 1,… ,n, we have

B̃(j) = D̃(j)
⊕EPẼ(j) and B̃(j)

𝛼 = D̃(j)
𝛼 + Ẽ(j)

𝛼 for 𝛼 ∈ [0,1], (8.37)

where B̃(j)
𝛼 , D̃(j)

𝛼 and Ẽ(j)
𝛼 denote the 𝛼-level sets for 𝛼 ∈ [0,1]. From (8.31), we see that

C̃(j)
𝛼 = Ã(j)

𝛼 ∗ B̃(j)
𝛼 . (8.38)

Therefore, for 𝛼 ∈ [0,1], we obtain(
𝐀̃ ⊚EP (𝐃̃ ⊕EP 𝐄̃)

)
𝛼
=

(
𝐀̃ ⊚EP 𝐁̃

)
𝛼
= C̃(1)

𝛼 + · · · + C̃(n)
𝛼 (using (8.32))

= Ã(1)
𝛼 ∗

(
D̃(1)

𝛼 + Ẽ(1)
𝛼

)
+ · · · + Ã(n)

𝛼 ∗
(

D̃(n)
𝛼 + Ẽ(n)

𝛼

)
(using (8.37) and (8.38))

⊆

(
Ã(1)
𝛼 ∗ D̃(1)

𝛼 + Ã(1)
𝛼 ∗ Ẽ(1)

𝛼

)
+ · · · +

(
Ã(n)
𝛼 ∗ D̃(n)

𝛼 + Ã(n)
𝛼 ∗ Ẽ(n)

𝛼

)
(using (8.35))

=
(

Ã(1)
𝛼 ∗ D̃(1)

𝛼 + · · · + Ã(n)
𝛼 ∗ D̃(n)

𝛼

)
+

(
Ã(1)
𝛼 ∗ Ẽ(1)

𝛼 + · · · + Ã(n)
𝛼 ∗ Ẽ(n)

𝛼

)
= (𝐀̃ ⊚EP 𝐃̃)𝛼 + (𝐀̃ ⊚EP 𝐄̃)𝛼 =

(
(𝐀̃ ⊚EP 𝐃̃)⊕EP(𝐀̃ ⊚EP 𝐄̃)

)
𝛼
.

This proves part (i). Applying (8.36) to the above argument, we can similarly obtain part
(ii), and the proof is complete. ◾

8.2.2 Using the Expression in the Decomposition Theorem

Now, we can take ⊗j = ⊗DT ∈ {⊗⋄
DT , ⊗

⋆

DT , ⊗
†
DT} in (8.28) for all j = 1,… ,n. In this case, by

referring to (8.20), the membership functions of C̃(j) = Ã(j)
⊗DTB̃(j) are given by

𝜉C̃(j) (z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒
M

⊗j
𝛼

(z), (8.39)

for j = 1,… ,n. By referring to (8.30), the membership function of inner product (8.29) is
given by

𝜉𝐀̃ ⊚DT 𝐁̃(z) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒M⊕
𝛼
(z), (8.40)

where M⊕
𝛼 are given in (8.22), (8.23) or (8.24) with

C̃L
j𝛼 =

n∑
j=1

ÃL
j𝛼 +

n∑
j=1

B̃L
j𝛼 and C̃U

j𝛼 =
n∑

j=1
ÃU

j𝛼 +
n∑

j=1
B̃U

j𝛼.
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Now, we assume that Ã(k) and B̃(k) are taken to be canonical fuzzy intervals for k = 1,… ,n.
We shall present the 𝛼-level sets (𝐀̃ ⊚DT 𝐁̃)𝛼 . From (7.26), we see that

C̃(j) = Ã(j)
⊗

⋆

DT B̃(j) = Ã(j)
⊗

†
DT B̃(j)

.

Then, we can obtain two different kinds of 𝛼-level sets C̃(j)
𝛼 by referring to

Subsubsection 7.1.2.3.

● Suppose that we take ⊗j = ⊛⋄
DT for j = 1,… ,n. For any 𝛼 ∈ [0,1], we have

C̃(j)
𝛼 =

(
Ã(j)

⊗
⋄
DT B̃(j)

)
𝛼

=

[
min

(x,y)∈(Ã(j)
𝛼
,B̃(j)

𝛼
)
xy, max

(x,y)∈(Ã(j)
𝛼
,B̃(j)

𝛼
)
xy

]
(8.41)

=
[
min

{
ÃL

j𝛼B̃L
j𝛼,ÃL

j𝛼B̃U
j𝛼,ÃU

j𝛼B̃L
j𝛼,ÃU

j𝛼B̃U
j𝛼

}
,

max
{

ÃL
j𝛼B̃L

j𝛼,ÃL
j𝛼B̃U

j𝛼,ÃU
j𝛼B̃L

j𝛼,ÃU
j𝛼B̃U

j𝛼

}]
≡

[
C̃L

j𝛼, C̃U
j𝛼

]
.

● Suppose that we take ⊗j = ⊛⋆

DT = ⊛
†
DT for j = 1,… ,n. For any 𝛼 ∈ [0,1], we also have

C̃(j)
𝛼 =

(
Ã(j)

⊗
⋆

DT B̃(j)
)
𝛼

=
(

Ã(j)
⊗

†
DT B̃(j)

)
𝛼

(8.42)

=
[

min
𝛼≤𝛽≤1

min
{

ÃL
j𝛽 B̃L

j𝛽 ,ÃU
j𝛽 B̃U

j𝛽

}
, max
𝛼≤𝛽≤1

max
{

ÃL
j𝛽 B̃L

j𝛽 ,ÃU
j𝛽 B̃U

j𝛽

}]
(8.43)

=
[

min
{

min
𝛼≤𝛽≤1

ÃL
j𝛽 B̃L

j𝛽 , min
𝛼≤𝛽≤1

ÃU
j𝛽 B̃U

j𝛽

}
, max

{
max
𝛼≤𝛽≤1

ÃL
j𝛽 B̃L

j𝛽 , max
𝛼≤𝛽≤1

ÃU
j𝛽 B̃U

j𝛽

}]
(8.44)

≡

[
C̃L

j𝛼, C̃U
j𝛼

]
.

According to (8.29), for any 𝛼 ∈ [0,1], we have(
𝐀̃ ⊚DT 𝐁̃

)
𝛼
= C̃(1)

𝛼 + · · · + C̃(n)
𝛼 =

[
C̃L

1𝛼 + · · · + C̃L
n𝛼, C̃U

1𝛼 + · · · + C̃U
n𝛼

]
≡

[(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼

]
, (8.45)

where the 𝛼-level sets C̃(j)
𝛼 can be taken from (8.41) or (8.44) for j = 1,… ,n, and(

𝐀̃ ⊚DT 𝐁̃
)L
𝛼
=

n∑
j=1

C̃L
j𝛼 and

(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼
=

n∑
j=1

C̃U
j𝛼. (8.46)

Therefore, we can calculate two kinds of 𝛼-level sets (𝐀̃ ⊚DT 𝐁̃)𝛼 using (8.41) or (8.44) for
j = 1,… ,n.

Example 8.2.5 Continued from Example 8.1.2, suppose that we take⊗j = ⊛⋆

DT = ⊛
†
DT for

j = 1,… ,n. We first calculate C̃(1)
𝛼 and C̃(2)

𝛼 from (8.44). For 𝛼 ∈ [0,1], we have

C̃L
1𝛼 = min

{
min

{𝛽∈[0,0.8]∶𝛽≥𝛼}
ÃL

1𝛽 B̃L
1𝛽 , min

{𝛽∈[0,0.8]∶𝛽≥𝛼}
ÃU

1𝛽 B̃U
1𝛽

}
= min

{
ÃL

1𝛼B̃L
1𝛼,ÃU

1,0.8B̃U
1,0.8

}
= ÃL

1𝛼B̃L
1𝛼 = (1 + 𝛼)(4 + 𝛼) = 4 + 5𝛼 + 𝛼

2
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and

C̃L
2𝛼 = min

{
min

{𝛽∈[0,0.8]∶𝛽≥𝛼}
ÃL

2𝛽 B̃L
2𝛽 , min

{𝛽∈[0,0.8]∶𝛽≥𝛼}
ÃU

2𝛽 B̃U
2𝛽

}
= min

{
ÃL

2𝛼B̃L
2𝛼,ÃU

2,0.8B̃U
2,0.8

}
= ÃL

2𝛼B̃L
2𝛼 = (2 + 𝛼)(3 + 𝛼) = 6 + 5𝛼 + 𝛼

2
.

We can similarly obtain

C̃U
1𝛼 = (4 − 𝛼)(7 − 𝛼) = 28 − 11𝛼 + 𝛼

2

and

C̃U
2𝛼 = (5 − 𝛼)(6 − 𝛼) = 30 − 11𝛼 + 𝛼

2
.

From (8.45) and (8.46), we obtain(
𝐀̃ ⊚DT 𝐁̃

)
𝛼
=

[(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼

]
=

[
10 + 10𝛼 + 𝛼

2
, 58 − 22𝛼 + 𝛼

2]
.

Example 8.2.6 Continued from Example 8.1.3, suppose that we take ⊗j = ⊛⋆

DT = ⊛
†
DT

for j = 1,… ,n. We first calculate C̃(1)
𝛼 and C̃(2)

𝛼 from (8.43). Now, we have

C̃L
1𝛼 = min

𝛼≤𝛽≤1
min

{
ÃL

1𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
1𝛽

}
= min

𝛼≤𝛽≤1
min {(2𝛽 − 1)(𝛽 − 1), (3 − 2𝛽)(3 − 3𝛽)}

= min
𝛼≤𝛽≤1

(2𝛽 − 1)(𝛽 − 1) =
{

2𝛼2 − 3𝛼 + 1 if 𝛼 ≥ 0.75
2(0.75)2 − 3 ⋅ 0.75 + 1 if 𝛼 < 0.75

C̃U
1𝛼 = max

𝛼≤𝛽≤1
max

{
ÃL

1𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
1𝛽

}
= max

𝛼≤𝛽≤1
max {(2𝛽 − 1)(𝛽 − 1), (3 − 2𝛽)(3 − 3𝛽)}

= max
𝛼≤𝛽≤1

(3 − 2𝛽)(3 − 3𝛽) = 6𝛼2 − 15𝛼 + 9

C̃L
2𝛼 = min

𝛼≤𝛽≤1
min

{
ÃL

2𝛽 B̃L
2𝛽 ,ÃU

2𝛽 B̃U
2𝛽

}
= min

𝛼≤𝛽≤1
min

{
(𝛽 − 2)2

, (2 − 3𝛽)(1 − 2𝛽)
}

= min
𝛼≤𝛽≤1

(2 − 3𝛽)(1 − 2𝛽) =
{

6𝛼2 − 7𝛼 + 2 if 𝛼 ≥ 7∕12
6(7∕12)2 − 7(7∕12) + 2 if 𝛼 < 7∕12

C̃U
2𝛼 = max

𝛼≤𝛽≤1
max

{
ÃL

2𝛽 B̃L
2𝛽 ,ÃU

2𝛽 B̃U
2𝛽

}
= max

𝛼≤𝛽≤1
max

{
(𝛽 − 2)2

, (2 − 3𝛽)(1 − 2𝛽)
}

= max
𝛼≤𝛽≤1

(𝛽 − 2)2 = 𝛼
2 − 4𝛼 + 4

C̃L
3𝛼 = min

𝛼≤𝛽≤1
min

{
ÃL

3𝛽 B̃L
3𝛽 ,ÃU

3𝛽 B̃U
3𝛽

}
= min

𝛼≤𝛽≤1
min

{
𝛽(2𝛽 − 1), (3 − 2𝛽)2}

= min
𝛼≤𝛽≤1

𝛽(2𝛽 − 1) =
{

2𝛼2 − 𝛼 if 𝛼 ≥ 0.25
2(0.25)2 − 0.25 if 𝛼 < 0.25

C̃U
3𝛼 = max

𝛼≤𝛽≤1
max

{
ÃL

3𝛽 B̃L
3𝛽 ,ÃU

3𝛽 B̃U
3𝛽

}
= max

𝛼≤𝛽≤1
max

{
𝛽(2𝛽 − 1), (3 − 2𝛽)2}

= max
𝛼≤𝛽≤1

(3 − 2𝛽)2 = 4𝛼2 − 12𝛼 + 9

Using (8.46), for 𝛼 ∈ [0,1], we have(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼
=

(
6𝛼2 − 15𝛼 + 9

)
+

(
𝛼

2 − 4𝛼 + 4
)
+

(
4𝛼2 − 12𝛼 + 9

)
= 10𝛼2 − 31𝛼 + 22,
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and, for 𝛼 ∈ [0.75, 1], we have(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼
=

(
2𝛼2 − 3𝛼 + 1

)
+

(
6𝛼2 − 7𝛼 + 2

)
+

(
2𝛼2 − 𝛼

)
= 10𝛼2 − 11𝛼 + 3.

From (8.45), for 𝛼 ∈ [0.75, 1], we obtain(
𝐀̃ ⊚DT 𝐁̃

)
𝛼
=

[(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼

]
=

[
10𝛼2 − 11𝛼 + 3, 10𝛼2 − 31𝛼 + 22

]
.

For the cases of 𝛼 ∈ [7∕12, 0.75), 𝛼 ∈ [0.25, 7∕12) and 𝛼 ∈ [0, 0.25), we can similarly obtain
the 𝛼-level sets (𝐀̃ ⊚DT 𝐁̃)𝛼 .

8.2.3 Comparison of Fuzziness

By referring to Definition 6.3.4, we are gong to compare the fuzziness between the first type
of inner product 𝐀̃⊛ 𝐁̃ for⊛ ∈ {⊛EP, ⊛

⋄
DT , ⊛

⋆

DT , ⊛
†
DT} and the second type of inner product

𝐀̃⊚ 𝐁̃.

Theorem 8.2.7 Let Ã(k) and B̃(k) be canonical fuzzy intervals for k = 1,… ,n. Suppose that
the first type of inner products 𝐀̃ ⊛EP 𝐁̃ and 𝐀̃⊛⋄

DT 𝐁̃ are obtained from Theorems 8.1.1 and
8.1.5, respectively. Then, we have the following properties.

(i) Assume that the second type of inner product is given by

𝐀̃ ⊚EP 𝐁̃ =
(

Ã(1)
⊗EPB̃(1)

)
⊕ · · ·⊕

(
Ã(n)

⊗EPB̃(n)
)
. (8.47)

Then, the first type of inner products 𝐀̃ ⊛EP 𝐁̃ and 𝐀̃⊛⋄
DT 𝐁̃ are fuzzier than the second

type of inner product 𝐀̃ ⊚EP 𝐁̃ in the sense of(
𝐀̃ ⊚EP 𝐁̃

)
𝛼
⊆

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼

for 𝛼 ∈ [0,1].
(ii) Assume that the second type of inner product is given by

𝐀̃ ⊚DT 𝐁̃ =
(

Ã(1)
⊗

⋄
DT B̃(1)

)
⊕ · · ·⊕

(
Ã(n)

⊗
⋄
DT B̃(n)

)
. (8.48)

Then, the first type of inner products 𝐀̃ ⊛EP 𝐁̃ and 𝐀̃⊛⋄
DT 𝐁̃ are fuzzier than the second

type of inner product 𝐀̃⊚ 𝐁̃ in the sense of(
𝐀̃ ⊚DT 𝐁̃

)
𝛼
⊆

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼

for 𝛼 ∈ [0,1].

Proof. It is clear to see that

min
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
=

n∑
j=1

(
min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
xjyj

)
(8.49)

and

max
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
=

n∑
j=1

(
max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
xjyj

)
, (8.50)
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since their objective functions are separable. Now, we have

min
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

xjyj ≤ min
{

ÃL
j𝛼B̃L

j𝛼,ÃL
j𝛼B̃U

j𝛼,ÃU
j𝛼B̃L

j𝛼,ÃU
j𝛼B̃U

j𝛼

}
and

max
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

xjyj ≥ max
{

ÃL
j𝛼B̃L

j𝛼,ÃL
j𝛼B̃U

j𝛼,ÃU
j𝛼B̃L

j𝛼,ÃU
j𝛼B̃U

j𝛼

}
which imply, by referring (8.49) and (8.50),

min
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
≤

n∑
j=1

(
min

{
ÃL

j𝛼B̃L
j𝛼,ÃL

j𝛼B̃U
j𝛼,ÃU

j𝛼B̃L
j𝛼,ÃU

j𝛼B̃U
j𝛼

})
(8.51)

and

max
(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )

(
x1y1 + · · · + xnyn

)
≥

n∑
j=1

(
max

{
ÃL

j𝛼B̃L
j𝛼,ÃL

j𝛼B̃U
j𝛼,ÃU

j𝛼B̃L
j𝛼,ÃU

j𝛼B̃U
j𝛼

})
. (8.52)

To prove part (i), we obtain(
𝐀̃ ⊛EP 𝐁̃

)L
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)L
𝛼
= min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲 (using Theorem 8.1.12)

≤

(
Ã(1)

⊗EPB̃(1)
)L

𝛼

+ · · · +
(

Ã(n)
⊗EPB̃(n)

)L

𝛼

=
(
𝐀̃ ⊚EP 𝐁̃

)L
𝛼

(using (8.31), (8.34), (8.47) and (8.51)).

Using (8.52), we can similarly obtain(
𝐀̃ ⊛EP 𝐁̃

)U
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)U
𝛼
= max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲

≥

(
Ã(1)

⊗EPB̃(1)
)U

𝛼

+ · · · +
(

Ã(n)
⊗EPB̃(n)

)U

𝛼

=
(
𝐀̃ ⊚EP 𝐁̃

)U
𝛼
.

For 𝛼 ∈ [0,1], it follows that(
𝐀̃ ⊚EP 𝐁̃

)
𝛼
=

[(
𝐀̃ ⊚EP 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚EP 𝐁̃

)U
𝛼

]
(using (8.33))

⊆

[(
𝐀̃ ⊛EP 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊛EP 𝐁̃

)U
𝛼

]
=

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼
.

To prove part (ii), we obtain(
𝐀̃ ⊛EP 𝐁̃

)L
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)L
𝛼
= min

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲 (using Theorem 8.1.12)

≤

(
Ã(1)

⊗
⋄
DT B̃(1)

)L

𝛼

+ · · · +
(

Ã(n)
⊗

⋄
DT B̃(n)

)L

𝛼

=
(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼

(using (8.41), (8.46), (8.48), and (8.51)).

Using (8.52), we can similarly obtain(
𝐀̃ ⊛EP 𝐁̃

)U
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)U
𝛼
= max

(𝐱,𝐲)∈(𝐀̃𝛼 ,𝐁̃𝛼 )
𝐱 • 𝐲

≥

(
Ã(1)

⊗
⋄
DT B̃(1)

)U

𝛼

+ · · · +
(

Ã(n)
⊗

⋄
DT B̃(n)

)U

𝛼

=
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼
.

For 𝛼 ∈ [0,1], it follows that(
𝐀̃ ⊚DT 𝐁̃

)
𝛼
=

[(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼

]
(using (8.45))

⊆

[(
𝐀̃ ⊛EP 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊛EP 𝐁̃

)U
𝛼

]
=

(
𝐀̃ ⊛EP 𝐁̃

)
𝛼
=

(
𝐀̃⊛

⋄
DT 𝐁̃

)
𝛼
.

This completes the proof. ◾
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Theorem 8.2.8 Let Ã(k) and B̃(k) be canonical fuzzy intervals for k = 1,… ,n. Suppose that
the first type of inner products 𝐀̃⊛⋆

DT 𝐁̃ and 𝐀̃⊛
†
DT 𝐁̃ are obtained from Theorems 8.1.7 and

8.1.10, respectively. We also assume that the second type of inner product is given by

𝐀̃ ⊚DT 𝐁̃ =
(

Ã(1)
⊗

⋆

DT B̃(1)
)
⊕ · · ·⊕

(
Ã(n)

⊗
⋆

DT B̃(n)
)

(8.53)

or

𝐀̃ ⊚DT 𝐁̃ =
(

Ã(1)
⊗

†
DT B̃(1)

)
⊕ · · ·⊕

(
Ã(n)

⊗
†
DT B̃(n)

)
. (8.54)

Then, the second type of inner product 𝐀̃ ⊚DT 𝐁̃ is fuzzier than the first type of inner products
𝐀̃⊛⋆

DT 𝐁̃ and 𝐀̃⊛
†
DT 𝐁̃ in the sense of(

𝐀̃⊛
⋆

DT 𝐁̃
)
𝛼
=

(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

⊆
(
𝐀̃ ⊚DT 𝐁̃

)
𝛼

for 𝛼 ∈ [0,1].

Proof. Now, we have

ÃL
1𝛽 B̃L

1𝛽 + · · · + ÃL
n𝛽 B̃L

n𝛽 ≥ min
{

ÃL
1𝛽 B̃L

1𝛽 ,ÃU
1𝛽 B̃U

1𝛽

}
+ · · · + min

{
ÃL

n𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
n𝛽

}
and

ÃU
1𝛽 B̃U

1𝛽 + · · · + ÃU
n𝛽 B̃U

n𝛽 ≥ min
{

ÃL
1𝛽 B̃L

1𝛽 ,ÃU
1𝛽 B̃U

1𝛽

}
+ · · · + min

{
ÃL

n𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
n𝛽

}
,

which imply

min
{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}
= min

{
ÃL

1𝛽 B̃L
1𝛽 + · · · + ÃL

n𝛽 B̃L
n𝛽 ,ÃU

1𝛽 B̃U
1𝛽 + · · · + ÃU

n𝛽 B̃U
n𝛽

}
≥ min

{
ÃL

1𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
1𝛽

}
+ · · · + min

{
ÃL

n𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
n𝛽

}
. (8.55)

We can similarly obtain

max
{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}
≤ max

{
ÃL

1𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
1𝛽

}
+ · · · + max

{
ÃL

n𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
n𝛽

}
.

(8.56)

Therefore, we have(
𝐀̃⊛

⋆

DT 𝐁̃
)L
𝛼
=

(
𝐀̃⊛

†
DT 𝐁̃

)L

𝛼

= min
𝛼≤𝛽≤1

min
{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}
(using Theorem 8.1.13)

≥ min
𝛼≤𝛽≤1

[
min

{
ÃL

1𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
1𝛽

}
+ · · · + min

{
ÃL

n𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
n𝛽

}]
(using (8.55))

≥ min
𝛼≤𝛽≤1

min
{

ÃL
1𝛽 B̃L

1𝛽 ,ÃU
1𝛽 B̃U

1𝛽

}
+ · · · + min

𝛼≤𝛽≤1
min

{
ÃL

n𝛽 B̃L
1𝛽 ,ÃU

1𝛽 B̃U
n𝛽

}
=

(
Ã(1)

⊗
⋆

DT B̃(1)
)L

𝛼

+ · · · +
(

Ã(n)
⊗

⋆

DT B̃(n)
)L

𝛼

(using (8.42) and (8.44))

=
(

Ã(1)
⊗

†
DT B̃(1)

)L

𝛼

+ · · · +
(

Ã(n)
⊗

†
DT B̃(n)

)L

𝛼

=
(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼

(using (8.46), (8.53), and (8.54)).
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Using (8.56), we can similarly obtain(
𝐀̃⊛

⋆

DT 𝐁̃
)U
𝛼
=

(
𝐀̃⊛

†
DT 𝐁̃

)U

𝛼

= max
𝛼≤𝛽≤1

max
{
𝐀̃L

𝛼 • 𝐁̃
L
𝛼, 𝐀̃

U
𝛼 • 𝐁̃U

𝛼

}
≤

(
Ã(1)

⊗
⋆

DT B̃(1)
)U

𝛼

+ · · · +
(

Ã(n)
⊗

⋆

DT B̃(n)
)U

𝛼

=
(

Ã(1)
⊗

†
DT B̃(1)

)U

𝛼

+ · · · +
(

Ã(n)
⊗

†
DT B̃(n)

)U

𝛼

=
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼
.

For 𝛼 ∈ [0,1], it follows that(
𝐀̃⊛

†
DT 𝐁̃

)
𝛼

=
(
𝐀̃⊛

⋆

DT 𝐁̃
)
𝛼
=

[(
𝐀̃⊛

⋆

DT 𝐁̃
)L
𝛼
,
(
𝐀̃⊛

⋆

DT 𝐁̃
)U
𝛼

]
⊆

[(
𝐀̃ ⊚DT 𝐁̃

)L
𝛼
,
(
𝐀̃ ⊚DT 𝐁̃

)U
𝛼

]
=

(
𝐀̃ ⊚DT 𝐁̃

)
𝛼
.

This completes the proof. ◾

Two different types of inner product of fuzzy vectors have been completely studied in this
chapter. Also, each type of inner product will be established using the extension principle
and the expression in the decomposition theorem. In other words, we can establish four
different kinds of inner product.

● Regarding the first type of inner product, the inner product 𝐀̃ ⊛EP 𝐁̃ using the extension
principle has been established in (8.2). On the other hand, using the expression in the
decomposition theorem, three inner products 𝐀̃⊛⋄

DT 𝐁̃, 𝐀̃⊛⋆

DT 𝐁̃, and 𝐀̃⊛
†
DT 𝐁̃have been

establish in (8.9), (8.11), and (8.13), respectively, based on three different families of sets
in ℝ.

● Regarding the second type inner product, the inner product 𝐀̃ ⊚EP 𝐁̃ using the extension
principle has been established in (8.30). On the other hand, the inner products 𝐀̃ ⊚DT 𝐁̃
using the expression in the decomposition theorem has been established in (8.40) in
which three different families (8.22), (8.23), and (8.24) are implicitly considered.

The equivalences among these different inner products have also been investigated. For
the cases of non-equivalences, the relations regarding their fuzziness have also been estab-
lished. In a real-world situation, we prefer to take the inner product that has less fuzziness.

● Theorem 8.1.12 shows the equivalence

𝐀̃ ⊛EP 𝐁̃ = 𝐀̃⊛
⋄
DT 𝐁̃.

Theorem 8.1.13 shows the equivalence

𝐀̃⊛
⋆

DT 𝐁̃ = 𝐀̃⊛
†
DT 𝐁̃.

The equivalence between 𝐀̃⊛⋄
DT 𝐁̃ and 𝐀̃⊛⋆

DT 𝐁̃ cannot be established. Theorem 8.1.15
says that 𝐀̃⊛⋄

DT 𝐁̃ is fuzzier than 𝐀̃⊛⋆

DT 𝐁̃. In this case, we prefer to take 𝐀̃⊛⋆

DT 𝐁̃ rather
than 𝐀̃⊛⋄

DT 𝐁̃ because of the issue of fuzziness.
● Theorem 8.2.7 says that when the second type of inner product 𝐀̃ ⊚EP 𝐁̃ is given by

(8.47) or 𝐀̃ ⊚DT 𝐁̃ is given by (8.48), we prefer to take this second type of inner products
rather than the first type of inner product 𝐀̃ ⊛EP 𝐁̃ and 𝐀̃⊛⋄

DT 𝐁̃ because of the issue of
fuzziness.
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● Theorem 8.2.8 says that when the second type of inner product 𝐀̃ ⊚DT 𝐁̃ is given by (8.53)
or (8.54), we prefer to take the first type of inner products 𝐀̃⊛⋆

DT 𝐁̃ and 𝐀̃⊛
†
DT 𝐁̃ rather

than the second type of inner product 𝐀̃⊚ 𝐁̃ because of the issue of fuzziness.

Recall that a fuzzy interval Ã is nonnegative when ÃL
𝛼 and ÃU

𝛼 are nonnegative real
numbers for all 𝛼 ∈ [0,1], and a fuzzy interval Ã is nonpositive when ÃL

𝛼 and ÃU
𝛼 are

nonpositive real numbers for all 𝛼 ∈ [0,1]. The fuzzy interval that is neither nonnegative
nor nonpositive is called a mixed type of fuzzy interval, which means that its membership
function will be across the y-axis. The fuzzy intervals that are taken to be nonnegative or
nonpositive will simplify the calculation of inner product. For the case of mixed type of
fuzzy intervals, Examples 8.1.3, 8.1.9, 8.2.3, and 8.2.6 have demonstrated the essence of
calculation. In real-world applications, the fuzzy data can be strongly nonnegative or non-
positive, which says that the fuzzy intervals can be taken to be nonnegative or nonpositive.
The mixed type of fuzzy interval means that its corresponding fuzzy data is around zero.
When the concrete problem has less numbers of fuzzy data that are around zero, which
seems to frequently occur in real-world applications, the less numbers of corresponding
mixed type of fuzzy intervals can be taken. This situation will also simplify the calculation.

The potential application considering the inner product of fuzzy vectors is to solve the
fuzzy linear programming problem as shown below

(FLP) max
(

ã1 ⊗ x̃1
)
⊕

(
ã2 ⊗ x̃2

)
⊕ · · ·⊕

(
ãn ⊗ x̃n

)
subject to

(
b̃i1 ⊗ x̃1

)
⊕

(
b̃i2 ⊗ x̃2

)
⊕ · · ·⊕

(
b̃in ⊗ x̃n

)
≼ c̃i for i = 1,… ,m;

each x̃jis a nonnegative fuzzy interval for j = 1,… ,n,

where the coefficients ãj, b̃ij and c̃i for i = 1,… ,m and j = 1,… ,n are taken to be fuzzy
intervals. For most of the cases, those fuzzy intervals can be assumed to be nonneg-
ative, since the coefficients of linear programming problem frequently represent the
prices of items, budget of project, and benefit of corporation, which are always positive.
Considering nonnegative fuzzy intervals in fuzzy linear programming problem will
simplify the calculation of inner products of fuzzy vectors as explained above.
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9

Gradual Elements and Gradual Sets

Let A be a (crisp) subset of ℝm. The concept of an element in A is well known by writing
x ∈ A. Suppose that Ã is a fuzzy set in ℝm. The main focus of this chapter is to consider
the elements of fuzzy set Ã. The gradual elements will play the role to be regarded as the
elements of Ã.

The concepts of gradual elements and gradual sets were introduced by Dubois and Prade
[29, 30] and Fortin et al. [37], which were inspired by Goetschel [41] and Herencia and
Lamata [47]. The gradual element is a function from (0,1] into ℝm, and the gradual set is a
set-valued function from (0,1] into the hyperspace that consists of all sets in ℝm.

9.1 Gradual Elements and Gradual Sets

We denote by (ℝm) the collection of all subsets of ℝm, which is also called the power set
or hyperspace of ℝm.

Definition 9.1.1 The gradual element g in ℝm is defined to be an assignment function
g ∶ [0,1] → ℝm. If m = 1, then the gradual element is also called a gradual number. The
gradual set 𝔊 in ℝm is defined to be an assignment function 𝔊 ∶ [0,1] → (ℝm) such that
each 𝔊(𝛼) is a nonempty subset of ℝm for 𝛼 ∈ [0,1].

Definition 9.1.2 We say that the gradual set 𝔊 is nested when 𝔊(𝛼) ⊆ 𝔊(𝛽) for 𝛼, 𝛽 ∈
[0,1] with 𝛼 > 𝛽. We say that the gradual set G is strictly nested when 𝔊(𝛼) ⊂ 𝔊(𝛽) and
𝔊(𝛼) ≠ 𝔊(𝛽) for 𝛼, 𝛽 ∈ [0,1] with 𝛼 > 𝛽.

Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. We can generate a gradual set
𝔊Ã from Ã by defining the assignment function 𝔊Ã ∶ [0,1] → (ℝm) as 𝔊Ã(𝛼) = Ã𝛼 .

Example 9.1.3 Let Ã be a fuzzy set in ℝ with membership function given by

𝜉Ã(r) =

⎧⎪⎪⎨⎪⎪⎩
(r − aL)∕(a1 − aL) if aL ≤ r ≤ a1
1 if a1 < r ≤ a2
(aU − r)∕(aU − a2) if a2 < r ≤ aU

0 otherwise.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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For 𝛼 ∈ [0,1], the 𝛼-level set of Ã is a bounded closed interval denoted by Ã𝛼 = [ÃL
𝛼, ÃU

𝛼 ],
where

ÃL
𝛼 = (1 − 𝛼)aL + 𝛼a1 and ÃU

𝛼 = (1 − 𝛼)aU + 𝛼a2. (9.1)

Therefore, the gradual set 𝔊Ã ∶ [0,1] → (ℝ) generated from the fuzzy set Ã is given by

𝔊Ã(𝛼) =
[

ÃL
𝛼, ÃU

𝛼

]
=
[
(1 − 𝛼)aL + 𝛼a1, (1 − 𝛼)aU + 𝛼a2

]
for 𝛼 ∈ [0,1].

On the other hand, given a gradual set 𝔊 ∶ [0,1] → (ℝm), we can generate a fuzzy set
Ã𝔊 in ℝm by using the expression in the decomposition theorem. The membership function
of Ã𝔊 is then defined by

𝜉Ã𝔊 (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x). (9.2)

Example 9.1.4 Given a gradual set 𝔊 ∶ [0,1] → (ℝ) defined by

𝔊(𝛼) =
[
(1 − 𝛼)x1 + 𝛼x2, (1 − 𝛼)x3 + 𝛼x4

]
for 𝛼 ∈ [0,1], where x1 < x2 < x3 < x4. It is clear to see that the gradual set 𝔊 is strictly
nested. Then, we can generate a fuzzy set Ã𝔊 in ℝ with membership function given by

𝜉Ã𝔊 (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒[(1−𝛼)x1+𝛼x2 ,(1−𝛼)x3+𝛼x4](x).

In the subsequent discussion, we are going to claim that the 𝛼-level set Ã𝔊
𝛼 of Ã𝔊 is equal to

𝔊(𝛼), i.e. Ã𝔊
𝛼 = 𝔊(𝛼) for 𝛼 ∈ [0,1].

Let Λ be an index set that can be an uncountable set. We consider a family {g𝜆 ∶ 𝜆 ∈ Λ}
of gradual elements in ℝm. This family of gradual elements can generate a gradual set 𝔊 in
ℝm by

𝔊(𝛼) =
{

g𝜆(𝛼) ∶ 𝜆 ∈ Λ
}

for 𝛼 ∈ [0,1]. (9.3)

Based on this gradual set 𝔊 in ℝm, we can also generate a fuzzy set Ã𝔊 in ℝm with mem-
bership function defined in (9.2). In this case, we can also say that the family {g𝜆 ∶ 𝜆 ∈ Λ}
of gradual elements generates the fuzzy set Ã𝔊.

Example 9.1.5 We take the index set Λ = [0,1]. Let

f1(𝛼) = (1 − 𝛼)x1 + 𝛼x2 and f2(𝛼) = (1 − 𝛼)x3 + 𝛼x4

for 𝛼 ∈ [0,1], where x1 < x2 < x3 < x4. Then f1(𝛼) ≤ f2(𝛼) for all 𝛼 ∈ [0,1]. For 𝜆 ∈ Λ = [0,1],
we define g𝜆 ∶ [0,1] → ℝ by

g𝜆(𝛼) = 𝜆f1(𝛼) + (1 − 𝜆)f2(𝛼).

Then, we have a family {g𝜆 ∶ 𝜆 ∈ [0,1]} of gradual numbers. According to (9.3), we can
generate a gradual set 𝔊 ∶ [0,1] → (ℝ) given by

𝔊(𝛼) =
{

g𝜆(𝛼) ∶ 𝜆 ∈ [0,1]
}
=
[
f1(𝛼), f2(𝛼)

]
=
[
(1 − 𝛼)x1 + 𝛼x2, (1 − 𝛼)x3 + 𝛼x4

]
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that is a bounded closed interval for 𝛼 ∈ [0,1]. This gradual set 𝔊 is the same as the gradual
set in Example 9.1.4.

The gradual set 𝔊 is a set-valued function defined on [0,1] such that its function value
𝔊(𝛼) is a subset of ℝm for each 𝛼 ∈ [0,1]. According to the topic of set-valued analysis,
the selector (or selection function) of set-valued function 𝔊 is a single-valued function
g ∶ [0,1] → ℝm defined on [0,1] by g(𝛼) ∈ 𝔊(𝛼). In this case, we may write g ∈ 𝔊. It is clear
to see that the selector of gradual set 𝔊 (i.e. set-valued function 𝔊) is a gradual element in
ℝm. In some sense, we may say that the gradual set consists of gradual elements, which is
similar to say that the (usual) set consists of (usual) elements.

Given a subset A of ℝm, the concept of elements of A can be realized in the usual sense
by simply writing a ∈ A when a is assumed to be an element of A. For the fuzzy set Ã in
ℝm, we plan to consider the concept of element of Ã by also simply writing â ∈ Ã, where
the definition of â will be presented below.

Given a fuzzy set Ã in ℝm, we can generate a gradual set 𝔊Ã given by 𝔊Ã(𝛼) = Ã𝛼 .
Therefore, we have the selector â of 𝔊Ã given by

â(𝛼) ∈ 𝔊Ã(𝛼) = Ã𝛼 for 𝛼 ∈ [0,1].

We also see that the selector â is a gradual element in ℝm. This gradual element â can be
regarded as an element of Ã by simply writing â ∈ Ã. The formal definition is given below.

Definition 9.1.6 Let Ã be a fuzzy set in ℝm.

● We say that an element â is in Ã when â is a gradual element in ℝm satisfying â(𝛼) ∈ Ã𝛼

for each 𝛼 ∈ [0,1]. In this case, we also write â ∈ Ã.
● We say that Â is a subset of fuzzy set Ã when Â is a collection of gradual elements such

that each â in Â satisfies â ∈ Ã. In this case, we also write Â ⊂ Ã.

Example 9.1.7 Consider the fuzzy set Ã given in Example 9.1.3. The 𝛼-level set is given by

Ã𝛼 =
[
(1 − 𝛼)aL + 𝛼a1, (1 − 𝛼)aU + 𝛼a2

]
≡

[
ÃL
𝛼, ÃU

𝛼

]
for 𝛼 ∈ [0,1]. We define the gradual number â ∶ [0,1] → ℝ by

â(𝛼) = (1 − 𝛼)aL + 𝛼a1 = ÃL
𝛼

for 𝛼 ∈ [0,1]. Then â ∈ Ã. In general, for 𝜆 ∈ [0,1], we define

â𝜆(𝛼) = 𝜆ÃL
𝛼 + (1 − 𝜆)ÃU

𝛼 .

Then â𝜆 ∈ Ã for 𝜆 ∈ [0,1].

Since â ∈ Ã is a gradual element in ℝm, this gradual element â can also be regarded as
a gradual set 𝔊 given by 𝔊(𝛼) = {â(𝛼)} that is a singleton for 𝛼 ∈ [0,1]. According to (9.2),
we can generate a fuzzy set ã in ℝm with membership function given by

𝜉ã(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒{â(𝛼)}(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒{â(𝛼)}(x)

=

{
0, if there is no 𝛼 ∈ (0,1] satisfying â(𝛼) = x

sup
{𝛼∈(0,1]∶â(𝛼)=x}

𝛼, otherwise.
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Therefore, the formal definition of membership function of element â ∈ Ã is given below.

Definition 9.1.8 Let Ã be a fuzzy set in ℝm. Given any gradual element â ∈ Ã, the mem-
bership function of its corresponding fuzzy set ã is defined by

𝜉ã(x) =

{
0, if there is no 𝛼 ∈ (0,1] satisfying â(𝛼) = x

sup
{𝛼∈(0,1]∶â(𝛼)=x}

𝛼, otherwise. (9.4)

In what follows, we are going to claim that Definition 9.1.6 is well defined. A fuzzy set
Ã in ℝm can be regarded as a family consisting of elements (i.e. gradual elements) in Ã.
Therefore, according to (9.3), this family Ã of gradual elements can generate a gradual set
𝔊 given by

𝔊(𝛼) =
{

â(𝛼) ∶ â ∈ Ã
}

for 𝛼 ∈ [0,1], (9.5)

Also, the fuzzy set Ã can generate another gradual set 𝔊Ã given by

𝔊Ã(𝛼) = Ã𝛼 for 𝛼 ∈ [0,1]. (9.6)

On the other hand, according to (9.2), the gradual set 𝔊 in (9.5) can also generate another
fuzzy set Ã𝔊 in ℝm. In order to claim the consistency of Definition 9.1.6, we need to show
𝔊(𝛼) = 𝔊Ã(𝛼) for all 𝛼 ∈ [0,1] and Ã𝔊 = Ã, which will be presented below.

Proposition 9.1.9 Let Ã be a fuzzy set in ℝm. Then, the following statements hold true.

(i) The gradual set 𝔊 generated by the family Ã of gradual elements satisfies

𝔊(𝛼) = Ã𝛼 = 𝔊Ã(𝛼) for each 𝛼 ∈ [0,1].

(ii) Let Ã𝔊 be a fuzzy set in ℝm generated by the gradual set 𝔊 in part (i). Then Ã𝔊 = Ã.

Proof. To prove part (i), according to (9.5) and the definition of â ∈ Ã, we see that
𝔊(𝛼) ⊆ Ã𝛼 for 𝛼 ∈ [0,1]. On the other hand, given any fixed 𝛼 ∈ [0,1] and any x ∈ Ã𝛼 , we
define a function â on [0,1] by

â(𝛽) =
{

x, if 𝛽 = 𝛼

y for some y ∈ Ã𝛽 , if 𝛽 ≠ 𝛼.

Then it is clear to see that â ∈ Ã. This shows that â(𝛼) = x ∈ 𝔊(𝛼), i.e. Ã𝛼 ⊆ 𝔊(𝛼). Therefore,
we obtain 𝔊(𝛼) = Ã𝛼 for 𝛼 ∈ [0,1].

To prove part (ii), from (9.2), the membership function of Ã𝔊 is given by

𝜉Ã𝔊 (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x).

Using part (i) of the Decomposition Theorem 2.2.13, the membership function of Ã can be
expressed as

𝜉Ã(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x).

Since 𝔊(𝛼) = Ã𝛼 for each 𝛼 ∈ [0,1] by part (i), we obtain Ã𝔊 = Ã by referring to their mem-
bership functions. This completes the proof. ◾
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Let Ã be a fuzzy interval. Its 𝛼-level sets are bounded closed intervals given by Ã𝛼 =
[ÃL

𝛼, ÃU
𝛼 ] for 𝛼 ∈ [0,1]. We can generate two gradual numbers l and u from [0,1] into ℝ

defined by l(𝛼) = ÃL
𝛼 and u(𝛼) = ÃU

𝛼 . In other words, each fuzzy interval Ã can be repre-
sented by a pair of gradual numbers (l,u). We can also generate a gradual interval ℑ ∶
[0,1] → (ℝ) defined by

ℑ(𝛼) = Ã𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]
=
[
l(𝛼),u(𝛼)

]
,

which also says that each fuzzy interval can be represented by a gradual interval ℑ.
Let Ã be a fuzzy interval represented by a pair of gradual numbers (l,u). Given a bounded

closed interval [a, b] in ℝ, an element r ∈ [a, b] means a ≤ r ≤ b. Now, the fuzzy interval Ã
can be regarded as a kind of gradual closed interval with the gradual number l as the left
endpoint and the gradual number u as the right endpoint of this gradual closed interval. By
mimicking the belongness r ∈ [a, b] in ℝ, Fortin et al. [37] consider the belongness g ∈ Ã
when g is a gradual number satisfying l ≤ g ≤ u, i.e. l(𝛼) ≤ g(𝛼) ≤ u(𝛼) for all 𝛼 ∈ [0,1]. This
belongness is consistent with Definition 9.1.6 in which g ∈ Ã means

g(𝛼) ∈ Ã𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]
=
[
l(𝛼),u(𝛼)

]
(9.7)

for each 𝛼 ∈ [0,1].

9.2 Fuzzification Using Gradual Numbers

Let f ∶ ℝm → ℝ be a real-valued function defined on ℝm. Given gradual numbers gi for
i = 1,… ,n, by referring to Fortin et al. [37] and Sanchez et al. [101], we can generate a
gradual number f (g1,… , gn) defined by

f
(

g1,… , gn
)
(𝛼) = f

(
g1(𝛼),… , gn(𝛼)

)
for 𝛼 ∈ [0,1].

Given any bounded closed intervals Ai = [aL
i , aU

i ] in ℝ for i = 1,… ,n, we can apply the
real-valued function f to the vector (A1,… ,An) of bounded closed intervals by defining

f
(

A1,… ,An
)
=
{

f
(

x1,… , xn
)
∶ xi ∈ Ai for i = 1,… ,n

}
=
{

f
(

x1,… , xn
)
∶ aL

i ≤ xi ≤ aU
i for i = 1,… ,n

}
. (9.8)

We see that f (A1,… ,An) is not necessarily a bounded closed interval.

Proposition 9.2.1 (Apostol [3]) We consider the function f ∶ (M1, d1) → (M2, d2) from the
metric space (M1, d1) into the metric space (M2, d2). Let X be a connected subset of M1. Suppose
that f is continuous on X. Then f (X) is a connected subset of M2.

Suppose that the real-valued function f ∶ ℝm → ℝ is continuous. Given any bounded
closed intervals Ai = [aL

i , aU
i ] in ℝ for i = 1,… ,n, since (A1,… ,An) is a connected subset of

ℝm, Proposition 9.2.1 says that f (A1,… ,An) is a connected subset of ℝ, which also means
that f (A1,… ,An) is a bounded interval in ℝ. Therefore, it could be a bounded open interval,
half-open interval, or closed interval in ℝ. The continuity of f also says that the supremum

aU ≡ sup f
(

A1,… ,An
)
= sup

{(x1 ,…,xn)∶aL
i ≤xi≤aU

i ,i=1,…,n}
f
(

x1,… , xn
)
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and the infimum

aL ≡ inf f
(

A1,… ,An
)
= inf

{(x1 ,…,xn)∶aL
i ≤xi≤aU

i ,i=1,…,n}
f
(

x1,… , xn
)

are attained. In other words, there exist (x∗1 ,… , x∗n) and (x∘1 ,… , x∘n) satisfying

aU = f
(

x∗1 ,… , x∗n
)

for aL
i ≤ x∗i ≤ aU

i and i = 1,… ,n

and

aL = f
(

x∘1 ,… , x∘n
)

for aL
i ≤ x∘i ≤ aU

i and i = 1,… ,n.

Therefore, we conclude that f (A1,… ,An) = [aL, aU ] is indeed a bounded closed interval
when f is assumed to be continuous.

According to (9.3), we can generate a gradual set 𝔊 defined by

𝔊(𝛼) =
{

f
(

g1,… , gn
)
(𝛼) ∶ gi ∈ Ã(i) for i = 1,… ,n

}
=
{

f
(

g1(𝛼),… , gn(𝛼)
)
∶ gi(𝛼) ∈ Ã(i)

𝛼 for i = 1,… ,n
}

= f
(

Ã(1)
𝛼 ,… , Ã(n)

𝛼

)
.

According to (9.2), we can generate a fuzzy set f̃ (Ã(1)
,… , Ã(n)) with membership function

given by

𝜉f̃ (Ã(1)
,…,Ã(n))(x) = sup

𝛼∈[0,1]
𝛼 ⋅ 𝜒𝔊(𝛼)(x),

which is a fuzzification of f using gradual numbers.

9.3 Elements and Subsets of Fuzzy Intervals

The functions 𝜂1 and 𝜂2 in Theorem 5.5.6 are now assumed to be continuous and be defined
on the whole unit interval [0,1]. Then, the functions

𝜁
L(𝛼) = min{𝜂1(𝛼), 𝜂2(𝛼)} and 𝜁

U (𝛼) = max{𝜂1(𝛼), 𝜂2(𝛼)}

are also continuous on [0,1]. Theorem 5.5.6 can be used to generate a fuzzy interval Ã such
that its 𝛼-level set is given by

Ã𝛼 = 𝔊(𝛼) =
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
. (9.9)

We define two functions l and u on [0,1] by

l(𝛼) = min
𝛼≤𝛽≤1

𝜁
L(𝛽) (9.10)

and

u(𝛼) = max
𝛼≤𝛽≤1

𝜁
U (𝛽). (9.11)

We can consider the elements of Ã by saying g ∈ Ã, where g is a gradual number satisfying

g(𝛼) ∈ Ã𝛼 =
[
l(𝛼),u(𝛼)

]
for 𝛼 ∈ [0,1].
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Given any fixed 𝜆 ∈ [0,1], we consider the gradual number

â𝜆(𝛼) = 𝜆l(𝛼) + (1 − 𝜆)u(𝛼) for 𝛼 ∈ [0,1]. (9.12)

Then, it is clear to see that

â𝜆(𝛼) ∈
[
l(𝛼),u(𝛼)

]
= Ã𝛼,

which says that each â𝜆 is an element of Ã for 𝜆 ∈ [0,1], i.e. â𝜆 ∈ Ã for all 𝜆 ∈ [0,1]. In other
words, we have{

â𝜆 ∶ â𝜆 = 𝜆l + (1 − 𝜆)u for 𝜆 ∈ [0,1]
}
⊂ Ã

by referring to Definition 9.1.6 for the concept of subset of fuzzy interval Ã.
According to Definition 9.1.8, the gradual numbers â𝜆 ∈ Ã for 𝜆 ∈ [0,1] can generate the

corresponding fuzzy sets ã𝜆 with membership function given by

𝜉ã𝜆
(x) =

{
0, if there is no 𝛼 ∈ (0,1] satisfying â𝜆(𝛼) = x

sup
{𝛼∈(0,1]∶â𝜆(𝛼)=x}

𝛼, otherwise.

Since 𝜂1 and 𝜂2 are continuous on [0,1], the functions l and u in (9.10) and (9.11), respec-
tively, are continuous on [0,1], which also says that each gradual number â𝜆 in (9.12) is
continuous on [0,1]. According to Theorem 5.5.4 by considering 𝜁L = 𝜁U = â𝜆, the 𝛼-level
set of ã𝜆 is given by(

ã𝜆

)
𝛼
= {x ∶ 𝜉â𝜆

(x)(x) ≥ 𝛼} =
{

x ∶ sup
0<𝛼≤1

𝛼 ⋅ 𝜒{â𝜆(𝛼)}(x) ≥ 𝛼

}
=
[

min
𝛼≤𝛽≤1

â𝜆(𝛽), max
𝛼≤𝛽≤1

â𝜆(𝛽)
]

=
[

min
𝛼≤𝛽≤1

(𝜆l(𝛽) + (1 − 𝜆)u(𝛽)) , max
𝛼≤𝛽≤1

(𝜆l(𝛽) + (1 − 𝜆)u(𝛽))
]

for 𝛼 ∈ [0,1].
From (9.10) and (9.11), we see that l is increasing and u is decreasing on [0,1]. Since l ≤ u,

for 𝛽 ≥ 𝛼, we have

𝜆l(𝛽) + (1 − 𝜆)u(𝛽) ≥ 𝜆l(𝛽) + (1 − 𝜆)l(𝛽) = l(𝛽) ≥ l(𝛼)

and
𝜆l(𝛽) + (1 − 𝜆)u(𝛽) ≤ 𝜆u(𝛽) + (1 − 𝜆)u(𝛽) = u(𝛽) ≤ u(𝛼),

which imply

min
𝛼≤𝛽≤1

(𝜆l(𝛽) + (1 − 𝜆)u(𝛽)) ≥ l(𝛼)

and
max
𝛼≤𝛽≤1

(𝜆l(𝛽) + (1 − 𝜆)u(𝛽)) ≤ u(𝛼).

Therefore, by referring to (9.9), we obtain the inclusion(
ã𝜆

)
𝛼
⊆ Ã𝛼 =

[
l(𝛼),u(𝛼)

]
for 𝛼 ∈ [0,1],

which also says that ã𝜆 has less fuzziness than that of Ã, since the 𝛼-level set of ã𝜆 is nar-
rower than the 𝛼-level set of Ã, which seems reasonable since â𝜆 is an element of Ã saying
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that its corresponding fuzzy set cannot be fuzzier than their family set. In other words, the
members should be more certain than the whole family. The above results are concluded
in the following theorem.

Theorem 9.3.1 Let 𝜂1 ∶ [0,1] → ℝ and 𝜂2 ∶ [0,1] → ℝ be two bounded and continuous
functions defined on [0,1], and let

𝜁
L(𝛼) = min{𝜂1(𝛼), 𝜂2(𝛼)} and 𝜁

U (𝛼) = max{𝜂1(𝛼), 𝜂2(𝛼)}.

We define a gradual set 𝔊 by the bounded closed interval

𝔊(𝛼) =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
min{𝜂1(𝛼), 𝜂2(𝛼)},max{𝜂1(𝛼), 𝜂2(𝛼)}

]
for 𝛼 ∈ [0,1]. Then, we can generate a fuzzy interval Ã in ℝ with membership function
defined by

𝜉Ã(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x),

satisfying

Ã𝛼 = 𝔊(𝛼) =
[

min
𝛼≤𝛽≤1

𝜁
L(𝛽), max

𝛼≤𝛽≤1
𝜁

U (𝛽)
]
.

Let l and u be two bounded functions defined on [0,1] as given in (9.10) and (9.11), respectively.
Given any fixed 𝜆 ∈ [0,1], the gradual number â𝜆 defined by

â𝜆(𝛼) = 𝜆l(𝛼) + (1 − 𝜆)u(𝛼) for 𝛼 ∈ [0,1]

is an element in Ã; that is, â𝜆 ∈ Ã for all𝜆 ∈ [0,1]. Let ã𝜆 be a fuzzy set generated by the gradual
number â𝜆. Then, the 𝛼-level sets of ã𝜆 are given by(

ã𝜆

)
𝛼
=
[

min
𝛼≤𝛽≤1

â𝜆(𝛽), max
𝛼≤𝛽≤1

â𝜆(𝛽)
]

=
[

min
𝛼≤𝛽≤1

(𝜆l(𝛽) + (1 − 𝜆)u(𝛽)) , max
𝛼≤𝛽≤1

(𝜆l(𝛽) + (1 − 𝜆)u(𝛽))
]

for 𝛼 ∈ [0,1], where ã𝜆 has less fuzziness than that of Ã in the sense of(
ã𝜆

)
𝛼
⊆ Ã𝛼 =

[
l(𝛼),u(𝛼)

]
for 𝛼 ∈ [0,1].

Example 9.3.2 Given any real numbers a1, a2, b1, b2 satisfying b1 < a1 < a2 < b2, we
define two bounded continuous functions 𝜂1 and 𝜂2 on [0,1] by

𝜂1(𝛼) = (1 − 𝛼)b1 + 𝛼a1 and 𝜂2(𝛼) = (1 − 𝛼)b2 + 𝛼a2.

Then, we have 𝜂1(𝛼) ≤ 𝜂2(𝛼) for all 𝛼 ∈ [0,1]. We also see that 𝜂1 is increasing and 𝜂2 is
decreasing on [0,1]. We also see that 𝜁L = 𝜂1 and 𝜁U = 𝜂2. Then, we define a gradual set 𝔊
by the bounded closed interval

𝔊(𝛼) =
[
𝜁

L(𝛼), 𝜁U (𝛼)
]
=
[
(1 − 𝛼)b1 + 𝛼a1, (1 − 𝛼)b2 + 𝛼a2

]
.

From (9.10) and (9.11), we have

l(𝛼) = min
𝛼≤𝛽≤1

𝜂1(𝛽) = 𝜂1(𝛼)
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and
u(𝛼) = max

𝛼≤𝛽≤1
𝜂2(𝛽) = 𝜂2(𝛼).

Then, we can generate a fuzzy interval Ã in ℝ with membership function defined by

𝜉Ã(x) = sup
0<𝛼≤1

𝛼 ⋅ 𝜒𝔊(𝛼)(x),

satisfying Ã𝛼 = [l(𝛼),u(𝛼)] for 𝛼 ∈ [0,1]. For any fixed 𝜆 ∈ [0,1], we define the gradual num-
ber â𝜆 by

â𝜆(𝛽) = 𝜆(1 − 𝛽)b1 + 𝜆𝛽a1 + (1 − 𝜆)(1 − 𝛽)b2 + (1 − 𝜆)𝛽a2 ≡ h𝛽 + k,

where

h = 𝜆
(

a1 − b1
)
+ (1 − 𝜆)

(
a2 − b2

)
and k = 𝜆b1 + b2 − 𝜆b2.

For 𝛼 ∈ [0,1], the 𝛼-level sets (ã𝜆)𝛼 of its corresponding fuzzy set ã𝜆 are given by(
ã𝜆

)
𝛼
=
[

min
𝛼≤𝛽≤1

â𝜆(𝛽), max
𝛼≤𝛽≤1

â𝜆(𝛽)
]
=
{[

h𝛼 + k, h + k
]

if h ≥ 0[
h + k, h𝛼 + k

]
if h < 0

=
[
min {h𝛼 + k, h + k} ,max {h𝛼 + k, h + k}

]
.

It is clear to see that (ã𝜆)𝛼 ⊆ Ã𝛼 for all 𝛼 ∈ [0,1].

9.4 Set Operations Using Gradual Elements

Let A and B be two (crisp) sets in ℝm. The intersection A ∩ B and union A ∪ B are given by

A ∩ B = {x ∶ x ∈ A and x ∈ B} and A ∪ B = {x ∶ x ∈ A or x ∈ B}.

Suppose now that Ã and B̃ are two fuzzy sets in ℝm. According to the belongness for fuzzy
sets in Definition 9.1.6, we shall try to explain the intersection Ã ∩ B̃ given by

Ã ∩ B̃ = {x̂ ∶ x̂ ∈ Ã and x̂ ∈ B̃}, (9.13)

and the union Ã ∪ B̃ given by

Ã ∪ B̃ = {x̂ ∶ x̂ ∈ Ã or x̂ ∈ B̃}. (9.14)

The relationship with the conventional intersection and union using the minimum and
maximum functions, respectively, will also be established.

9.4.1 Complement Set

Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. Recall that the complement of Ã
is denoted by Ãc with membership function defined by

𝜉Ãc (x) = 1 − 𝜉Ã(x).

The strong 𝛼-level set of Ã is given by

Ã𝛼+ =
{

x ∈ ℝm ∶ 𝜉Ã(x) > 𝛼
}
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for 𝛼 ∈ [0,1). We also recall that Ã0+ is the support of Ã. It is clear that Ã𝛼+ ⊆ Ã𝛼 for all
𝛼 ∈ (0,1]. Then, for 𝛼 ∈ (0,1], the 𝛼-level set of Ãc is given by

Ãc
𝛼 =

{
x ∈ ℝm ∶ 𝜉Ãc (x) ≥ 𝛼

}
=
{

x ∈ ℝm ∶ 1 − 𝜉Ã(x) ≥ 𝛼
}

=
{

x ∈ ℝm ∶ 𝜉Ã(x) ≤ 1 − 𝛼
}
= ℝm∖

{
x ∈ ℝm ∶ 𝜉Ã(x) > 1 − 𝛼

}
= ℝm∖Ã(1−𝛼)+ =

[
Ã(1−𝛼)+

]c
. (9.15)

We need to remark that (Ã𝛼)c means the complement set of the 𝛼-level set Ã𝛼 of Ã, which
is different from the 𝛼-level set Ãc

𝛼 of Ãc. Moreover, for 𝛼 < 𝛽, since Ã and Ãc are fuzzy sets
in ℝm, the nestedness says that

Ã𝛽+ ⊆ Ã𝛽 ⊆ Ã𝛼 and Ãc
𝛽+ ⊆ Ãc

𝛽 ⊆ Ãc
𝛼,

which also says that

(Ã𝛽+)c
⊇ (Ã𝛽)c

⊇ (Ã𝛼)c
. (9.16)

Next, we shall define the complement of Ã based on the gradual element.
Let Ã be a fuzzy set in ℝm with membership function 𝜉Ã. Inspired by (9.15), we consider

the following family of gradual elements

 =
{

â ∶ â(𝛼) ∈
[
Ã(1−𝛼)+

]c for all 𝛼 ∈ [0,1]
}
.

According to (9.3), this family can generate a gradual set 𝔊†c defined by

𝔊†c(𝛼) = {â(𝛼) ∶ â ∈ } =
{

â(𝛼) ∶ â(𝛼) ∈
[
Ã(1−𝛼)+

]c for all 𝛼 ∈ [0,1]
}
. (9.17)

According to (9.2), this gradual set 𝔊†c can also generate a fuzzy set Ã†c with membership
function given by

𝜉Ã†c (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊†c(𝛼)(x), (9.18)

where the fuzzy set Ã†c is defined to be a new type of complement of Ã. We are going to
claim Ã†c = Ãc, although Ã†c is based on the gradual element and gradual set, and Ãc is
based on the membership function.

Theorem 9.4.1 Let Ã be a fuzzy set in ℝm. Then, the gradual set 𝔊†c generated by the family
 of gradual elements satisfies

𝔊†c(𝛼) =
[
Ã(1−𝛼)+

]c = Ãc
𝛼 for each 𝛼 ∈ [0,1].

Moreover, we have Ã†c = Ãc.

Proof. According to (9.17), we see that𝔊†c(𝛼) ⊆ [Ã(1−𝛼)+]c for 𝛼 ∈ [0,1]. On the other hand,
given any fixed 𝛼 ∈ [0,1] and any x ∈ [Ã(1−𝛼)+]c, we define a function â on [0,1] by

â(𝛽) =
{

x, if 𝛽 = 𝛼

y for some y ∈ [Ã(1−𝛽)+]c, if 𝛽 ≠ 𝛼.

Then, it is clear to see that â ∈ . This shows that

â(𝛼) = x ∈ 𝔊†c(𝛼), i.e. [Ã(1−𝛼)+]c
⊆ 𝔊†c(𝛼).



�

� �

�

9.4 Set Operations Using Gradual Elements 353

Therefore, we obtain

𝔊†c(𝛼) = [Ã(1−𝛼)+]c for all 𝛼 ∈ [0,1].

Using (9.15), we obtain the following equalities

𝔊†c(𝛼) =
[
Ã(1−𝛼)+

]c = Ãc
𝛼 for all 𝛼 ∈ [0,1].

On the other hand, according to Theorem 2.2.13, the membership function of Ãc is
given by

𝜉Ãc (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ãc
𝛼

(x).

By referring to the membership function (9.18), since 𝔊†c(𝛼) = Ãc
𝛼 , it follows that Ã†c = Ãc.

This completes the proof. ◾

9.4.2 Intersection and Union

Let A1,… ,An be (crisp) sets in ℝm. Their intersection is given by

A1 ∩… ∩ An =
{

x ∈ ℝm ∶ x ∈ Ai for all i = 1,… ,n
}
.

Inspired by the above form, we are going to consider the intersection of fuzzy sets
Ã(1)

,… , Ã(n) in ℝm using gradual elements. Now, we consider the following family{
â ∶ â ∈ Ã(i) for all i = 1,… ,n

}
,

which consists of all common gradual elements from Ã(1)
,… , Ã(n). Then, this family can

generate a gradual set 𝔊∩ defined by

𝔊∩(𝛼) =
{

â(𝛼) ∶ â ∈ Ã(i) for all i = 1,… ,n
}

for 𝛼 ∈ [0,1]. (9.19)

The union of (crisp) subsets A1,… ,An of ℝm is given by

A1 ∪… ∪ An =
{

x ∈ ℝm ∶ x ∈ Ai for some i = 1,… ,n
}
.

We can also define the union of Ã(1)
,… , Ã(n) using gradual elements. Now, we consider the

following family{
â ∶ â ∈ Ã(i) for some i = 1,… ,n

}
,

which consists of all gradual elements taken from some Ã(1)
,… , Ã(n). Then, this family can

also generate a gradual set 𝔊∪ defined by

𝔊∪(𝛼) =
{

â(𝛼) ∶ â ∈ Ã(i) for some i = 1,… ,n
}

for 𝛼 ∈ [0,1]. (9.20)

By definition, it is clear to see that

â(𝛼) ∈ 𝔊∩(𝛼) implies â(𝛼) ∈ Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 for 𝛼 ∈ [0,1] (9.21)

and

â(𝛼) ∈ 𝔊∪(𝛼) implies â(𝛼) ∈ Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 for 𝛼 ∈ [0,1]. (9.22)
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Based on these two gradual sets 𝔊∩ and 𝔊∪, we can generate two fuzzy sets Ã∩ and Ã∪ in
ℝm with membership functions given by

𝜉Ã∩ (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊∩(𝛼)(x) and 𝜉Ã∪ (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊∪(𝛼)(x). (9.23)

In this case, we define the intersection and union of Ã(1)
,… , Ã(n) as

Ã(1) ∩ … ∩ Ã(n) = Ã∩ and Ã(1) ∪ … ∪ Ã(n) = Ã∪
,

where the membership functions of Ã∩ and Ã∪ are given in (9.23). This kind of intersection
and union is based on the concept of gradual elements in fuzzy sets.

Example 9.4.2 Let Ã(1) and Ã(2) be two fuzzy sets with membership functions given by

𝜉Ã(1) (x) =

⎧⎪⎪⎨⎪⎪⎩
x − 1 if 1 ≤ x ≤ 2
1 if 2 < x < 3
4 − x if 3 ≤ x ≤ 4
0 otherwise,

and 𝜉Ã(2) (x) =

⎧⎪⎪⎨⎪⎪⎩
x − 2 if 2 ≤ x ≤ 3
1 if 3 < x < 4
5 − x if 4 ≤ x ≤ 5
0 otherwise.

Then, the 𝛼-level sets of Ã(1) and Ã(2) are bounded closed intervals given by

Ã(1)
𝛼 = [1 + 𝛼, 4 − 𝛼] and Ã(2)

𝛼 = [2 + 𝛼, 5 − 𝛼] .

The gradual number â ∈ Ã(1) must satisfy â(𝛼) ∈ Ã(1)
𝛼 for each 𝛼 ∈ [0,1]. For example, if we

take

â(1)
1 (𝛼) = 1 + 𝛼 or â(1)

2 (𝛼) = 4 − 𝛼 for 𝛼 ∈ [0,1],

then â(1)
1 , â(1)

2 ∈ Ã(1). Also, if we take

â(2)
1 (𝛼) = 2 + 𝛼 or â(2)

2 (𝛼) = 5 − 𝛼 for 𝛼 ∈ [0,1],

then â(2)
1 , â(2)

2 ∈ Ã(2). Now, we consider two gradual sets given by

𝔊∩(𝛼) =
{

â(𝛼) ∶ â ∈ Ã(1) and â ∈ Ã(2)
}

for 𝛼 ∈ [0,1]

and

𝔊∪(𝛼) =
{

â(𝛼) ∶ â ∈ Ã(1) or â ∈ Ã(2)
}

for 𝛼 ∈ [0,1].

Then, it is clear to see that{
â(1)

2 (𝛼), â(2)
1 (𝛼)

}
⊂ 𝔊∩(𝛼) for 𝛼 ∈ [0,1]

and {
â(1)

1 (𝛼), â(1)
2 (𝛼), â(2)

1 (𝛼), â(2)
2 (𝛼)

}
⊂ 𝔊∪(𝛼) for 𝛼 ∈ [0,1].

In general, for 𝛼 ∈ [0,1], we have

𝔊∩(𝛼) =
{

â(𝛼) ∶ â ∈ Ã(1) and â ∈ Ã(2)
}

= {â(𝛼) ∶ 1 + 𝛼 ≤ â(𝛼) ≤ 4 − 𝛼 and 2 + 𝛼 ≤ â(𝛼) ≤ 5 − 𝛼}

= {â(𝛼) ∶ 2 + 𝛼 ≤ â(𝛼) ≤ 4 − 𝛼} = [2 + 𝛼, 4 − 𝛼] = Ã(1)
𝛼 ∩ Ã(2)

𝛼
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and

𝔊∪(𝛼) =
{

â(𝛼) ∶ â ∈ Ã(1) or â ∈ Ã(2)
}

= {â(𝛼) ∶ 1 + 𝛼 ≤ â(𝛼) ≤ 4 − 𝛼 or 2 + 𝛼 ≤ â(𝛼) ≤ 5 − 𝛼}

= {â(𝛼) ∶ 1 + 𝛼 ≤ â(𝛼) ≤ 5 − 𝛼} = [1 + 𝛼, 5 − 𝛼] = Ã(1)
𝛼 ∪ Ã(2)

𝛼 .

According to (9.23), the membership functions of Ã(1) ∩ Ã(2) and Ã(1) ∪ Ã(2) are given by

𝜉Ã(1)∩Ã(2) (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒[2+𝛼,4−𝛼](x) and 𝜉Ã(1)∪Ã(2) (x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒[1+𝛼,5−𝛼](x).

The 𝛼-level sets of Ã(1) ∩ Ã(2) and Ã(1) ∪ Ã(2) will be investigated in the subsequent
discussion.

Proposition 9.4.3 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm. Then, the following statements hold

true.

(i) We have

𝔊∪(𝛼) = Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 for all 𝛼 ∈ [0,1]

and

𝔊∪(𝛽) ⊆ 𝔊∪(𝛼) for 𝛽 > 𝛼.

(ii) Suppose that Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 ≠ ∅ for all 𝛼 ∈ [0,1]. Then, we have

𝔊∩(𝛼) = Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 for all 𝛼 ∈ [0,1]

and

𝔊∩(𝛽) ⊆ 𝔊∩(𝛼) for 𝛽 > 𝛼.

Proof. To prove part (i), for 𝛼 ∈ [0,1], the inclusion

𝔊∪(𝛼) ⊆ Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼

follows from (9.22). Now, given any fixed 𝛼 ∈ [0,1] and any x ∈ Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 , we have
x ∈ Ã(i)

𝛼 for some i = 1,… ,n. Then, we define a function â on [0,1] by

â(𝛽) =

{
x, if 𝛽 = 𝛼

y for some y ∈ Ã(i)
𝛽
, if 𝛽 ≠ 𝛼.

Then â ∈ Ã(i). Therefore, we obtain x = â(𝛼) ∈ Ã(i)
𝛼 with â ∈ Ã(i) for some i = 1,… ,n. This

says that x = â(𝛼) ∈ 𝔊∪(𝛼). Therefore, we obtain the inclusion

Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 ⊆ 𝔊∪(𝛼)

for all 𝛼 ∈ [0,1]. Using the nestedness of the 𝛼-level sets Ã(i)
𝛼 for i = 1,… ,n, it is clear to see

that the gradual set 𝔊∪ is also nested in the sense of 𝔊∪(𝛽) ⊆ 𝔊∪(𝛼) for 𝛽 > 𝛼.
To prove part (ii), for 𝛼 ∈ [0,1], the inclusion

𝔊∩(𝛼) ⊆ Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼
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follows from (9.21). Given any fixed 𝛼 ∈ [0,1] and any x ∈ Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 ≠ ∅, we have
x ∈ Ã(i)

𝛼 for all i = 1,… ,n. Then, we define a function â on [0,1] by

â(𝛽) =

{
x, if 𝛽 = 𝛼

y for some y ∈ Ã(1)
𝛽

∩… ∩ Ã(n)
𝛽

≠ ∅, if 𝛽 ≠ 𝛼.

Then â ∈ Ã(i) for all i = 1,… ,n. This says that x = â(𝛼) ∈ 𝔊∩(𝛼). Therefore, we obtain the
inclusion

Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 ⊆ 𝔊∩(𝛼)

for all 𝛼 ∈ [0,1]. This shows the desired equality. The nestedness of the gradual set 𝔊∩ can
be similarly realized, and the proof is complete. ◾

Now, we want to study the 𝛼-level sets of Ã(1) ∩ … ∩ Ã(n) and Ã(1) ∪ … ∪ Ã(n). Let Ã be a
fuzzy set in ℝm. Given any 𝛼 ∈ (0,1] and any increasing convergent sequence {𝛼m}∞m=1 in
[0,1] with 𝛼m > 0 for all m and 𝛼m ↑ 𝛼, part (i) of Proposition 2.2.8 says that

∞⋂
m=1

Ã𝛼m
= Ã𝛼, (9.24)

which will be used for the subsequent discussion.
We say that two fuzzy sets Ã and B̃ in ℝm are identical, written by Ã = B̃, if and only if

𝜉Ã = 𝜉B̃, i.e. 𝜉Ã(x) = 𝜉B̃(x) for all x ∈ ℝm.

Theorem 9.4.4 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm satisfying Ã(1)

𝛼 ∩… ∩ Ã(n)
𝛼 ≠ ∅ for all

𝛼 ∈ (0,1]. Then, the 𝛼-level set of Ã∩ = Ã(1) ∩ … ∩ Ã(n) is given by

Ã∩
𝛼 =

(
Ã(1) ∩ … ∩ Ã(n)

)
𝛼

= {x ∈ ℝm ∶ 𝜉Ã∩ (x) ≥ 𝛼} = 𝔊∩(𝛼) = Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼

(9.25)

for every 𝛼 ∈ (0,1], and

Ã∩
0+ =

(
Ã(1) ∩ … ∩ Ã(n)

)
0+

=
⋃

0<𝛼≤1

(
Ã(1) ∩ … ∩ Ã(n)

)
𝛼

=
⋃

0<𝛼≤1
𝔊∩(𝛼) =

⋃
0<𝛼≤1

Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 . (9.26)

Proof. Given any 𝛼 ∈ (0,1] and any increasing convergent sequence {𝛼m}∞m=1 in (0,1] with
𝛼m ↑ 𝛼, using (9.24), we have

∞⋂
m=1

(
Ã(1)
𝛼m

∩… ∩ Ã(n)
𝛼m

)
=

( ∞⋂
m=1

Ã(1)
𝛼m

)
∩… ∩

( ∞⋂
m=1

Ã(n)
𝛼m

)
= Ã(1)

𝛼 ∩… ∩ Ã(n)
𝛼 . (9.27)

From part (ii) of Proposition 9.4.3, we see that (9.27) is satisfied if and only if the following
equality is satisfied

∞⋂
m=1

𝔊∩(𝛼m) = 𝔊∩(𝛼). (9.28)
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We also have

𝔊∩(𝛽) ⊆ 𝔊∩(𝛼) for 𝛼, 𝛽 ∈ [0,1] with 𝛽 > 𝛼. (9.29)

Given any fixed x ∈ ℝm, we define the following set

F𝜌 =
{
𝛼 ∈ [0,1] ∶ 𝜉Ã∩ (x) = 𝛼 ⋅ 𝜒𝔊∩(𝛼)(x) ≥ 𝜌

}
.

We are going to claim that the set F𝜌 is closed for each 𝜌 ∈ ℝ. Given any 𝜌 ∈ (0,1], for each
𝛼 ∈ cl(F𝜌), the concept of closure says that there exists a sequence {𝛼m}∞m=1 in F𝜌 satisfying
𝛼m → 𝛼. Therefore, we have 𝛼m ∈ (0,1] with 𝛼m ≥ 𝜌 > 0 and x ∈ 𝔊∩(𝛼m) for all m, which
also says that 𝛼 > 0, since

𝛼 = lim
m→∞

𝛼m ≥ 𝜌 > 0.

Therefore, there exists a subsequence {𝛼mk
}∞k=1 of {𝛼m}∞m=1 satisfying 𝛼mk

↑ 𝛼 or 𝛼mk
↓ 𝛼 as

k → ∞.

● Suppose that 𝛼mk
↓ 𝛼. Then 𝛼mk

≥ 𝛼 for all k. This says that x ∈ 𝔊∩(𝛼mk
) ⊆ 𝔊∩(𝛼) by (9.29).

● Suppose that 𝛼mk
↑ 𝛼. Since 𝛼mk

∈ F𝜌 for each k, it follows that 𝛼 ∈ cl(F𝜌). Since
cl(F𝜌) ⊆ [0,1], it says that 𝛼 ∈ [0,1]. Since x ∈ 𝔊∩(𝛼mk

) for all k, using (9.28), it follows that
x ∈ 𝔊∩(𝛼).

Therefore, we conclude that x ∈ 𝔊∩(𝛼) for both cases. This also says that 𝛼 ⋅ 𝜒𝔊∩(𝛼)(x) ≥ 𝜌,
i.e. 𝛼 ∈ F𝜌. Therefore, we obtain the inclusion cl(F𝜌) ⊆ F𝜌, which means that F𝜌 is closed
for each 𝜌 ∈ (0,1]. Next, we are going to claim that, for any fixed x ∈ ℝm, the function

𝜂x(𝛼) = 𝛼 ⋅ 𝜒𝔊∩(𝛼)(x)

is upper semi-continuous on [0,1]. Equivalently, it can be shown that the set F𝜌 is closed for
each 𝜌 ∈ ℝ. We have shown that F𝜌 is closed for each 𝜌 ∈ (0,1]. If 𝜌 ∉ [0,1] then the empty
set F𝜌 = ∅ is closed. If 𝜌 = 0 then F𝜌 = [0,1] is also a closed set. This shows that the function
𝜂x is indeed upper semi-continuous on [0,1].

Given any fixed 𝛼 ∈ (0,1], suppose that x ∈ Ã∩
𝛼 . Now, we also assume that x ∉ 𝔊∩(𝛽) for

all 𝛽 ∈ [0,1] with 𝛼 ≤ 𝛽. We want to lead to a contradiction. Under this assumption, we see
that 𝛽 ⋅ 𝜒𝔊∩(𝛽)(x) < 𝛼 for all 𝛽 ∈ [0,1]. Since 𝜂x is upper semi-continuous on the closed and
bounded set [0,1], the supremum of function 𝜂x is attained by Proposition 1.4.4. This says
that

𝜉Ã∩ (x) = sup
𝛽∈[0,1]

𝜂x(𝛽) = sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒𝔊∩(𝛽)(x) = max
𝛽∈[0,1]

𝛽 ⋅ 𝜒𝔊∩(𝛽)(x) = 𝛽
∗ ⋅ 𝜒𝔊(𝛽∗)(x) < 𝛼

for some 𝛽∗ ∈ [0,1], which violates x ∈ Ã∩
𝛼 . Therefore, there exists 𝛽0 ∈ [0,1] satisfying

𝛽0 ≥ 𝛼 and x ∈ 𝔊∩(𝛽0) ⊆ 𝔊∩(𝛼)

by part (ii) of Proposition 9.4.3, which shows the inclusion Ã∩
𝛼 ⊆ 𝔊∩(𝛼). The following inclu-

sion is obvious

𝔊∩(𝛼) ⊆
{

x ∈ ℝ ∶ sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒𝔊∩(𝛽)(x) ≥ 𝛼

}
= {x ∈ ℝ ∶ 𝜉Ã∩ (x) ≥ 𝛼} = Ã∩

𝛼 .

Therefore, we obtain the desired equalities (9.25) and (9.26). This completes the proof. ◾
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Example 9.4.5 Continued from Example 9.4.2, Theorem 9.4.4 says that the 𝛼-level sets of
Ã(1) ∩ Ã(2) are given by(

Ã(1) ∩ Ã(2)
)
𝛼

= 𝔊∩(𝛼) = Ã(1)
𝛼 ∩ Ã(2)

𝛼 = [2 + 𝛼, 4 − 𝛼]

for 𝛼 ∈ (0,1].

Theorem 9.4.6 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm. Suppose that any one of the following

conditions is satisfied.

(a) For any fixed x ∈ ℝm, the function

𝜂x(𝛼) = 𝛼 ⋅ 𝜒𝔊∪(𝛼)(x)

is upper semi-continuous on [0,1].
(b) Given any 𝛼 ∈ (0,1] and any increasing convergent sequence {𝛼m}∞m=1 in (0,1]with 𝛼m ↑ 𝛼,

the following inclusion is satisfied
∞⋂

m=1

(
Ã(1)
𝛼m

∪… ∪ Ã(n)
𝛼m

)
⊆ Ã(1)

𝛼 ∪… ∪ Ã(n)
𝛼 . (9.30)

(c) Given any increasing sequence {𝛼m}∞m=1 in (0,1], the following inclusion is satisfied
∞⋂

m=1

(
Ã(1)
𝛼m

∪… ∪ Ã(n)
𝛼m

)
⊆

( ∞⋂
m=1

Ã(1)
𝛼m

)
∪… ∪

( ∞⋂
m=1

Ã(n)
𝛼m

)
.

Then, the 𝛼-level set of Ã∪ = Ã(1) ∪ … ∪ Ã(n) is given by

Ã∪
𝛼 =

(
Ã(1) ∪ … ∪ Ã(n)

)
𝛼

= {x ∈ ℝm ∶ 𝜉Ã∪ (x) ≥ 𝛼} = 𝔊∪(𝛼) = Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼

(9.31)

for every 𝛼 ∈ (0,1], and

Ã∪
0+ =

(
Ã(1) ∪ … ∪ Ã(n)

)
0+

=
⋃

0<𝛼≤1

(
Ã(1) ∪ … ∪ Ã(n)

)
𝛼

=
⋃

0<𝛼≤1
𝔊∪(𝛼) =

⋃
0<𝛼≤1

Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 . (9.32)

Proof. Suppose that condition (a) is satisfied. The arguments in the proof of Theorem 9.4.4
are still valid to obtain the desired equalities (9.31) and (9.32) by considering the upper
semi-continuity of 𝜂x.

Suppose that condition (b) is satisfied. From part (i) of Proposition 9.4.3, we see that the
inclusion (9.30) is satisfied if and only if the following inclusion is satisfied

∞⋂
m=1

𝔊∪(𝛼m) ⊆ 𝔊∪(𝛼). (9.33)

We also have 𝔊∪(𝛽) ⊆ 𝔊∪(𝛼) for 𝛼, 𝛽 ∈ [0,1]. From the proof of Theorem 9.4.4, when the
equality (9.28) is replaced by the following inclusion

∞⋂
m=1

𝔊∪(𝛼m) ⊆ 𝔊∪(𝛼), (9.34)
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the same results can still be obtained. Therefore, by changing the role of (9.28) with (9.34)
and using the arguments in the proof of Theorem 9.4.4, we can also show that the function
𝜂x is upper semi-continuous on [0,1]. Therefore, using condition (a), the desired results can
be obtained.

Suppose that condition (c) is satisfied. Then, from (9.24), it is clear to see that condition
(b) is satisfied. Therefore, we also have the desired results, and the proof is complete. ◾

Example 9.4.7 Continued from Example 9.4.2, we are going to apply Theorem 9.4.6 to
obtain the 𝛼-level sets of Ã(1) ∪ Ã(2). We shall check that the inclusion (9.30) in condition (b)
will be satisfied. For 𝛼m ↑ 𝛼, since Ã(1)

𝛼 ∪ Ã(2)
𝛼 = [1 + 𝛼, 5 − 𝛼], we need to claim the inclusion

∞⋂
m=1

[
1 + 𝛼m, 5 − 𝛼m

]
⊆ [1 + 𝛼, 5 − 𝛼] .

Given x satisfying 1 + 𝛼m ≤ x ≤ 5 − 𝛼m for all m = 1,2,…, by taking the limit as m → ∞,
we obtain 1 + 𝛼 ≤ x ≤ 5 − 𝛼, which proves the desired inclusion. Therefore, Theorem 9.4.6
says that(

Ã(1) ∪ Ã(2)
)
𝛼

= 𝔊∪(𝛼) = Ã(1)
𝛼 ∪ Ã(2)

𝛼 = [1 + 𝛼, 5 − 𝛼]

for 𝛼 ∈ (0,1].

By referring to (9.30), we notice that the following inclusion( ∞⋂
m=1

Ã(1)
𝛼m

)
∪… ∪

( ∞⋂
m=1

Ã(n)
𝛼m

)
⊆

∞⋂
m=1

(
Ã(1)
𝛼m

∪… ∪ Ã(n)
𝛼m

)
.

is satisfied automatically, which is the reversed direction of inclusion.

9.4.3 Associativity

Now, we are going to study the associativity. Let Ã, B̃, C̃ be fuzzy sets inℝm. In order to claim
the following equalities(

Ã ∪ B̃
)
∪ C̃ = Ã ∪

(
B̃ ∪ C̃

)
= Ã ∪ B̃ ∪ C̃,

some sufficient conditions are needed.

Proposition 9.4.8 Let Ã, B̃, C̃ be fuzzy sets in ℝm. Suppose that any one of the following
conditions is satisfied.

● For any fixed x ∈ ℝm, the functions

𝜂
(1)
x (𝛼) = 𝛼 ⋅ 𝜒Ã𝛼∪B̃𝛼

(x) and 𝜂
(2)
x (𝛼) = 𝛼 ⋅ 𝜒B̃𝛼∪C̃𝛼

(x)

are upper semi-continuous on [0,1].
● Given any 𝛼 ∈ (0,1] and any increasing convergent sequence {𝛼m}∞m=1 in (0,1] with 𝛼m ↑ 𝛼,

the following inclusions
∞⋂

m=1

(
Ã𝛼m

∪ B̃𝛼m

)
⊆ Ã𝛼 ∪ B̃𝛼 and

∞⋂
m=1

(
B̃𝛼m

∪ C̃𝛼m

)
⊆ B̃𝛼 ∪ C̃𝛼

are satisfied.
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● Given any increasing sequence {𝛼m}∞m=1 in (0,1], the following inclusions
∞⋂

m=1

(
Ã𝛼m

∪ B̃𝛼m

)
⊆

( ∞⋂
m=1

Ã𝛼m

)
∪

( ∞⋂
m=1

B̃𝛼m

)
and

∞⋂
m=1

(
B̃𝛼m

∪ C̃𝛼m

)
⊆

( ∞⋂
m=1

B̃𝛼m

)
∪

( ∞⋂
m=1

C̃𝛼m

)
are satisfied. Then, we have(

Ã ∪ B̃
)
∪ C̃ = Ã ∪

(
B̃ ∪ C̃

)
= Ã ∪ B̃ ∪ C̃.

Proof. Let D̃(1) = Ã ∪ B̃ and D̃(2) = B̃ ∪ C̃. Considering the function 𝜂
(1)
x and using

Theorem 9.4.6, we have

D̃(1)
𝛼 = Ã𝛼 ∪ B̃𝛼 for all 𝛼 ∈ (0,1]. (9.35)

Similarly, considering the function 𝜂
(2)
x , we also have

D̃(2)
𝛼 = B̃𝛼 ∪ C̃𝛼 for all 𝛼 ∈ (0,1]. (9.36)

Let Ẽ(1) = D̃(1) ∪ C̃ and Ẽ(2) = Ã ∪ D̃(2). Then, the membership functions of Ẽ(1) and Ẽ(2) are
given by

𝜉Ẽ(1) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒D̃(1)
𝛼
∪C̃𝛼

(x) (using (9.23) and part (i) of Proposition 9.4.3)

= sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒(Ã𝛼∪B̃𝛼 )∪C̃𝛼
(x) (using (9.35))

= sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∪B̃𝛼∪C̃𝛼
(x)

and

𝜉Ẽ(2) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∪D̃(2)
𝛼

(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∪(B̃𝛼∪C̃𝛼 )(x) (using (9.36))

= sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∪B̃𝛼∪C̃𝛼
(x).

Let Ẽ ≡ Ã ∪ B̃ ∪ C̃. Using (9.23) and part (i) of Proposition 9.4.3, we see that the membership
function of Ẽ is given by

𝜉Ẽ(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∪B̃𝛼∪C̃𝛼
(x).

Therefore, we obtain Ẽ(1) = Ẽ(2) = Ẽ. This completes the proof. ◾

Example 9.4.9 Continued from Example 9.4.2, let Ã(3) be another fuzzy set with mem-
bership function given by

𝜉Ã(3) (x) =

⎧⎪⎪⎨⎪⎪⎩
x − 3 if 3 ≤ x ≤ 4
1 if 4 < x < 5
6 − x if 5 ≤ x ≤ 6
0 otherwise.
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The 𝛼-level sets of Ã(3) are given by Ã(3)
𝛼 = [3 + 𝛼, 6 − 𝛼]. The second condition in Proposi-

tion 9.4.8 is satisfied, which can be realized from the similar argument in Example 9.4.7.
Therefore, Proposition 9.4.8 says that(

Ã(1) ∪ Ã(2)
)
∪ Ã(3) = Ã(1) ∪

(
Ã(2) ∪ Ã(3)

)
= Ã(1) ∪ Ã(2) ∪ Ã(3)

.

The membership function is given by

𝜉Ã(1)∪Ã(2)∪Ã(3) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒[1+𝛼,6−𝛼](x).

For guaranteeing the following equalities(
Ã ∩ B̃

)
∩ C̃ = Ã ∩

(
B̃ ∩ C̃

)
= Ã ∩ B̃ ∩ C̃,

we do not need any extra sufficient conditions.

Proposition 9.4.10 Let Ã, B̃, C̃ be fuzzy sets in ℝm satisfying Ã𝛼 ∩ B̃𝛼 ∩ C̃𝛼 ≠ ∅ for all 𝛼 ∈
[0,1]. Then, we have(

Ã ∩ B̃
)
∩ C̃ = Ã ∩

(
B̃ ∩ C̃

)
= Ã ∩ B̃ ∩ C̃. (9.37)

Proof. Let D̃(1) = Ã ∩ B̃ and D̃(2) = B̃ ∩ C̃. Using Theorem 9.4.4, we have

D̃(1)
𝛼 = Ã𝛼 ∩ B̃𝛼 and D̃(2)

𝛼 = B̃𝛼 ∩ C̃𝛼 for all 𝛼 ∈ (0,1].

Let Ẽ(1) = D̃(1) ∩ C̃ and Ẽ(2) = Ã ∩ D̃(2). Then, the membership functions of Ẽ(1) and Ẽ(2) are
given by

𝜉Ẽ(1) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒D̃(1)
𝛼
∩C̃𝛼

(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒(Ã𝛼∩B̃𝛼 )∩C̃𝛼
(x) = sup

𝛼∈(0,1]
𝛼 ⋅ 𝜒Ã𝛼∩B̃𝛼∩C̃𝛼

(x)

and

𝜉Ẽ(2) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∩D̃(2)
𝛼

(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∩(B̃𝛼∩C̃𝛼 )(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∩B̃𝛼∩C̃𝛼
(x).

Let Ẽ ≡ Ã ∩ B̃ ∩ C̃. Using (9.23) and part (ii) of Proposition 9.4.3, we see that the member-
ship function of Ẽ is given by

𝜉Ẽ(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã𝛼∩B̃𝛼∩C̃𝛼
(x).

Therefore, we obtain Ẽ(1) = Ẽ(2) = Ẽ. This completes the proof. ◾

Propositions 9.4.8 and 9.4.10 can be inductively extended by considering the fuzzy sets
Ã(1)

,… , Ã(n) in ℝm. Now, we want to consider the mixed set operations by including the
parentheses. For example, we consider the following expression

Ã ≡

((
Ã(1) ∩ Ã(2) ∩ Ã(3)

)
∪
(

Ã(4) ∩ Ã(5)
))

∩
(

Ã(6) ∪ Ã(7) ∪ Ã(8) ∪ Ã(9)
)
.

Let B̃(1)
≡ Ã(1) ∩ Ã(2) ∩ Ã(3), B̃(2)

≡ Ã(4) ∩ Ã(5), B̃(3)
≡ Ã(6) ∪ Ã(7) ∪ Ã(8) ∪ Ã(9), and B̃(4) =

B̃(1) ∪ B̃(2). Now, we perform the following operations.
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● Using (9.23) and part (ii) of Proposition 9.4.3, the membership function of B̃(1) is given by

𝜉B̃(1) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã(1)
𝛼
∩Ã(2)

𝛼
∩Ã(3)

𝛼

(x).

Suppose that the conditions in Theorem 9.4.4 are satisfied. Then

B̃(1)
𝛼 = Ã(1)

𝛼 ∩ Ã(2)
𝛼 ∩ Ã(3)

𝛼 for all 𝛼 ∈ (0,1].

● Using (9.23) and part (ii) of Proposition 9.4.3, the membership function of B̃(2) is given by

𝜉B̃(2) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã(4)
𝛼
∩Ã(5)

𝛼

(x).

Suppose that the conditions in Theorem 9.4.4 are satisfied. Then

B̃(2)
𝛼 = Ã(4)

𝛼 ∩ Ã(5)
𝛼 for all 𝛼 ∈ (0,1].

● Using (9.23) and part (i) of Proposition 9.4.3, the membership function of B̃(3) is given by

𝜉B̃(3) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã(6)
𝛼
∪Ã(7)

𝛼
∪Ã8

𝛼
∪Ã9

𝛼

(x).

Suppose that the conditions in Theorem 9.4.6 are satisfied. Then

B̃(3)
𝛼 = Ã(6)

𝛼 ∪ Ã(7)
𝛼 ∪ Ã(8)

𝛼 ∪ Ã(9)
𝛼 for all 𝛼 ∈ (0,1].

● Using (9.23) and part (i) of Proposition 9.4.3, the membership function of B̃(4) is given by

𝜉B̃(4) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒B̃(1)
𝛼
∪B̃(2)

𝛼

(x).

Suppose that the conditions regarding B̃(1) and B̃(2) in Theorem 9.4.6 are satisfied. Then

B̃(4)
𝛼 = B̃(1)

𝛼 ∪ B̃(2)
𝛼 for all 𝛼 ∈ (0,1].

● Finally, using (9.23) and part (ii) of Proposition 9.4.3, the membership function of Ã is
given by

𝜉Ã(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒B̃(4)
𝛼
∩B̃(5)

𝛼

(x).

Suppose that the conditions regarding B̃(4) and B̃(5) in Theorem 9.4.4 are satisfied. Then

Ã𝛼 = B̃(4)
𝛼 ∩ B̃(5)

𝛼 for all 𝛼 ∈ (0,1].

For 𝛼 ∈ (0,1], we define

𝔊𝛼 ≡

((
Ã(1)
𝛼 ∩ Ã(2)

𝛼 ∩ Ã(3)
𝛼

)
∪
(

Ã(4)
𝛼 ∩ Ã(5)

𝛼

))
∩
(

Ã(6)
𝛼 ∪ Ã(7)

𝛼 ∪ Ã(8)
𝛼 ∪ Ã(9)

𝛼

)
.

Then, the membership function of Ã is given by

𝜉Ã(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊𝛼
(x).

Now, we consider the following expression

Ã∘ ≡
((

Ã(1) ∩ Ã(2) ∩ Ã(3)
)
∪
(

Ã(4) ∩ Ã(5)
))

∩
(

Ã(6) ∪
(

Ã(7) ∪ Ã(8)
)
∪ Ã(9)

)
.

Then Ã ≠ Ã∘ in general. However, if the similar conditions regarding Ã(6)
, Ã(7)

, Ã(8)
, Ã(9) in

Proposition 9.4.8 are satisfied, then Ã = Ã∘.
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9.4.4 Equivalence with the Conventional Situation

Now, we are going to present the equivalence with the conventional set operations of fuzzy
sets in ℝm by referring to Definition 3.2.9.

Theorem 9.4.11 (Equivalence) Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm satisfying Ã(1)

𝛼 ∩… ∩
Ã(n)
𝛼 ≠ ∅ for all 𝛼 ∈ [0,1]. Suppose that the function u∩

n ∶ [0,1]n → [0,1] is both ⊆-compatible
and ⊇-compatible with set intersection. Then, we have

Ã(1) ∩ … ∩ Ã(n) = Ã(1)
⊓… ⊓ Ã(n)

. (9.38)

Proof. From part (ii) of Proposition 9.4.3 and Definition 3.2.9, we have

𝔊∩(𝛼) = Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 =
(

Ã(1)
⊓… ⊓ Ã(n)

)
𝛼

for all 𝛼 ∈ (0,1]. (9.39)

From (9.25) in Theorem 9.4.4 and (9.39), we obtain(
Ã(1)

⊓… ⊓ Ã(n)
)
𝛼

= 𝔊∩(𝛼) =
(

Ã(1) ∩ … ∩ Ã(n)
)
𝛼

for all 𝛼 ∈ (0,1]. (9.40)

Using (9.40) and Proposition 2.2.15, we obtain the equality (9.38). This completes the
proof. ◾

Theorem 9.4.12 (Equivalence) Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm satisfying Ã(1)

𝛼 ∩… ∩
Ã(n)
𝛼 ≠ ∅ for all 𝛼 ∈ [0,1]. Then, we have

Ã(1) ∩ … ∩ Ã(n) = Ã(1) ∧ … ∧ Ã(n)
.

Proof. From part (ii) of Proposition 9.4.3 and Proposition 3.2.2, we have

𝔊∩(𝛼) = Ã(1)
𝛼 ∩… ∩ Ã(n)

𝛼 =
(

Ã(1) ∧ … ∧ Ã(n)
)
𝛼

for all 𝛼 ∈ (0,1]. (9.41)

From (9.25) and (9.41), we obtain(
Ã(1) ∧ … ∧ Ã(n)

)
𝛼

= 𝔊∩(𝛼) =
(

Ã(1) ∩ … ∩ Ã(n)
)
𝛼

for all 𝛼 ∈ (0,1]. (9.42)

Using (9.42) and Proposition 2.2.15, the proof is complete. ◾

Theorem 9.4.13 (Equivalence) Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm. Suppose that the fol-

lowing conditions are satisfied.

● The aggregation function u∪
n ∶ [0,1]n → [0,1] is both ⊆-compatible and ⊇-compatible with

set union.
● Any one of the conditions (a), (b), and (c) in Theorem 9.4.6 is satisfied.

Then, we have

Ã(1) ∪ … ∪ Ã(n) = Ã(1)
⊔… ⊔ Ã(n)

. (9.43)

Proof. From part (i) of Proposition 9.4.3 and Definition 3.3.7, we have

𝔊∪(𝛼) = Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 =
(

Ã(1)
⊔… ⊔ Ã(n)

)
𝛼

for all 𝛼 ∈ (0,1]. (9.44)

From (9.31) in Theorem 9.4.6 and (9.44), we obtain(
Ã(1)

⊔… ⊔ Ã(n)
)
𝛼

= 𝔊∪(𝛼) =
(

Ã(1) ∪ … ∪ Ã(n)
)
𝛼

for all 𝛼 ∈ (0,1]. (9.45)

Using (9.45) and Proposition 2.2.15, we obtain the equality (9.43). This completes the proof.
◾
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Theorem 9.4.14 (Equivalence) Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝm. Suppose that any one

of the conditions (a), (b), and (c) in Theorem 9.4.6 is satisfied. Then, we have

Ã(1) ∪ … ∪ Ã(n) = Ã(1) ∨ … ∨ Ã(n)
.

Proof. From part (i) of Proposition 9.4.3 and Proposition 3.3.2, we have

𝔊∪(𝛼) = Ã(1)
𝛼 ∪… ∪ Ã(n)

𝛼 =
(

Ã(1) ∨ … ∨ Ã(n)
)
𝛼

for all 𝛼 ∈ (0,1]. (9.46)

From (9.31) and (9.46), we obtain(
Ã(1) ∨ … ∨ Ã(n)

)
𝛼

= 𝔊∪(𝛼) =
(

Ã(1) ∪ … ∪ Ã(n)
)
𝛼

for all 𝛼 ∈ (0,1]. (9.47)

Using (9.47) and Proposition 2.2.15, the proof is complete. ◾

9.5 Arithmetics Using Gradual Numbers

Let Ã and B̃ be two fuzzy sets in ℝ with membership function 𝜉Ã and 𝜉B̃, respectively.
According to Definition 9.1.6, for â ∈ Ã and b̂ ∈ B̃, the gradual numbers â and b̂ are
real-valued functions defined on [0,1] satisfying

â(𝛼) ∈ Ã𝛼 and b̂(𝛼) ∈ B̃𝛼 for 𝛼 ∈ [0,1].

The arithmetic â∘b̂ is defined by

(â∘b̂)(𝛼) = â(𝛼)∘b̂(𝛼)

for all 𝛼 ∈ [0,1], where ∘ is an arithmetic operation +,−,× or ∕ for real numbers. When
∘ = ∕ is taken, we need to assume that b̂(𝛼) ≠ 0 for each 𝛼. It is clear to see that â∘b̂ is also a
gradual number.

In the topic of set-valued analysis, given any two subsets A and B of ℝ, the arithmetic A∘B
is defined by

A∘B = {a∘b ∶ a ∈ A and b ∈ B} , (9.48)

where ∘ ∈ {+,−,×, ∕}. The division should avoid to divide by zero. We are going to fol-
low this similar concept to define the arithmetic operation Ã ⊚ B̃ of fuzzy sets Ã and B̃ for
⊚ ∈ {⊕∘, ⊖∘, ⊗∘, ⊘∘}. Consider the following family{

â∘b̂ ∶ â ∈ Ã and b̂ ∈ B̃
}
, (9.49)

which consists of gradual numbers, where the arithmetic operation ∘ ∈ {+,−,×, ∕} corre-
sponds to the arithmetic operation⊚ ∈ {⊕∘, ⊖∘, ⊗∘, ⊘∘}. Then, the above family (9.49) can
generate a gradual set 𝔊 given by

𝔊(𝛼) =
{

â(𝛼)∘b̂(𝛼) ∶ â ∈ Ã and b̂ ∈ B̃
}

for 𝛼 ∈ [0,1]. (9.50)

Using this gradual set and referring to (9.2), we can generate a fuzzy set C̃𝔊 in ℝ with mem-
bership function given by

𝜉C̃𝔊 (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x). (9.51)

In this case, we define Ã ⊚ B̃ = C̃𝔊.
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Given any two fuzzy sets Ã and B̃ in ℝ, by referring to (9.5), we can generate two gradual
sets 𝔄 and 𝔅 corresponding to Ã and B̃. More precisely, we have

𝔄(𝛼) =
{

â(𝛼) ∶ â ∈ Ã
}

and 𝔅(𝛼) =
{

b̂(𝛼) ∶ b̂ ∈ B̃
}

for 𝛼 ∈ [0,1]. (9.52)

Part (i) of Proposition 9.1.9 says that

𝔄(𝛼) = Ã𝛼 and 𝔅(𝛼) = B̃𝛼 for 𝛼 ∈ [0,1]. (9.53)

According to (9.48), (9.50), (9.52), and (9.53), we see that

𝔊(𝛼) = 𝔄(𝛼)∘𝔅(𝛼) = Ã𝛼∘B̃𝛼 for 𝛼 ∈ [0,1], (9.54)

From the basic properties of fuzzy sets, we have Ã𝛽 ⊆ Ã𝛼 and B̃𝛽 ⊆ B̃𝛼 for 𝛼, 𝛽 ∈ [0,1] with
𝛼 < 𝛽. Using the equalities (9.54), we obtain

𝔊(𝛽) ⊆ 𝔊(𝛼) for 𝛼, 𝛽 ∈ [0,1] with 𝛼 < 𝛽. (9.55)

This also says that the family {𝔊(𝛼) ∶ 𝛼 ∈ [0,1]} is nested.

Example 9.5.1 Consider the fuzzy set Ã in Example 9.1.3. Now, we consider another
fuzzy set B̃ in ℝ with membership function given by

𝜉B̃(r) =

⎧⎪⎪⎨⎪⎪⎩
(r − bL)∕(b1 − bL) if bL ≤ r ≤ b1
1 if b1 < r ≤ b2
(bU − r)∕(bU − b2) if b2 < r ≤ bU

0 otherwise.

According to (9.51), the membership functions of Ã ⊕∘ B̃ is given by

𝜉Ã ⊕∘ B̃(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x),

where

𝔊(𝛼) = Ã𝛼 + B̃𝛼

=
[
(1 − 𝛼)aL + 𝛼a1, (1 − 𝛼)aU + 𝛼a2

]
+
[
(1 − 𝛼)bL + 𝛼b1, (1 − 𝛼)bU + 𝛼b2

]
=
[
(1 − 𝛼)

(
aL + bL) + 𝛼

(
a1 + b1

)
, (1 − 𝛼)

(
aU + bU) + 𝛼

(
a2 + b2

)]
for 𝛼 ∈ [0,1] by referring to (9.54). It is not hard to see that the 𝛼-level set of Ã ⊕∘ B̃ is
given by(

Ã ⊕
∘ B̃

)
𝛼
= 𝔊(𝛼) = Ã𝛼 + B̃𝛼

for 𝛼 ∈ [0,1].

Now, given any fuzzy set Ã in ℝ, we want to study the meaning of −Ã and 1∕Ã. Consider
the following families{

−â ∶ â ∈ Ã
}

and
{

1∕â ∶ â ∈ Ã with â(𝛼) ≠ 0 for all 𝛼 ∈ [0,1]
}
, (9.56)

which consist of gradual numbers. Then, the above two families (9.56) can generate two
gradual sets 𝔊(−) and 𝔊(∕) defined by

𝔊(−)(𝛼) =
{
−â(𝛼) ∶ â ∈ Ã

}
and 𝔊(∕)(𝛼) =

{
1∕â(𝛼) ∶ â ∈ Ã

}
,
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respectively. Using these two gradual sets and referring to (9.2), we can generate two fuzzy
sets D̃𝔊(−)

and D̃𝔊(∕)
in ℝ with membership function given by

𝜉
D̃𝔊(−) (x) = sup

𝛼∈(0,1]
𝛼 ⋅ 𝜒𝔊(−)(𝛼)(x) and 𝜉

D̃𝔊(∕) (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊(∕)(𝛼)(x),

respectively. In this case, we define

−Ã = D̃𝔊(−)
and 1∕Ã = D̃𝔊(∕)

.

Since

−Ã𝛼 =
{
−x ∶ x ∈ Ã𝛼

}
and 1∕Ã𝛼 =

{
1∕x ∶ x ∈ Ã𝛼 with x ≠ 0

}
,

we can similarly obtain

𝔊(−)(𝛼) = −Ã𝛼 and 𝔊(∕)(𝛼) = 1∕Ã𝛼 for 𝛼 ∈ [0,1].

The following results can be obtained.

Proposition 9.5.2 Given any two fuzzy sets Ã and B̃ in ℝ, we have Ã ⊖∘ B̃ = Ã ⊕∘ (−B̃).
Suppose that 𝜉B̃(x) ≠ 0 for each x ∈ ℝ. Then, we have Ã ⊘∘ B̃ = Ã ⊗∘ (1∕B̃).

By referring to (9.50), for ∘ ∈ {+,×}, since

â(𝛼)∘b̂(𝛼) = b̂(𝛼)∘â(𝛼) for all 𝛼 ∈ [0,1],

it follows that the commutativity Ã ⊚ B̃ = B̃ ⊚ Ã holds true for⊚ ∈ {⊕∘, ⊗∘}. Using Propo-
sition 9.5.2, we see that

Ã ⊖
∘ B̃ = Ã ⊕

∘ (−B̃) = −B̃ ⊕
∘ Ã.

If 𝜉B̃(x) ≠ 0 for each x ∈ ℝ, then

Ã ⊘
∘ B̃ = Ã ⊗

∘ (1∕B̃) = (1∕B̃)⊗∘Ã.

Let C̃ be another fuzzy set in ℝ. For any ĉ ∈ C̃ and ∘1, ∘2 ∈ {+,−}, since the associativity(
â(𝛼)∘1b̂(𝛼)

)
∘2ĉ(𝛼) = â(𝛼)∘1

(
b̂(𝛼)∘2ĉ(𝛼)

)
holds true for all 𝛼 ∈ [0,1], it follows that the associativity(

Ã⊚1B̃
)
⊚2C̃ = Ã⊚1

(
B̃⊚2C̃

)
also holds true for ⊚1, ⊚2 ∈ {⊕∘, ⊖∘}, where the arithmetic operations ⊚1 and ⊚2 corre-
spond to the arithmetic operations ∘1 and ∘2. In this case, we can simply write(

Ã⊚1B̃
)
⊚2C̃ = Ã⊚1

(
B̃⊚2C̃

)
≡ Ã⊚1B̃⊚2C̃.

The associativity for ⊗∘ can be similarly realized as follows(
Ã ⊗

∘ B̃
)
⊗
∘C̃ = Ã⊗∘ (B̃ ⊗

∘ C̃
)
≡ Ã ⊗

∘ B̃ ⊗
∘ C̃.

In general, let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Consider the arithmetic operation

⊚i ∈ {⊕∘, ⊖∘, ⊗∘, ⊘∘} corresponding to the arithmetic operation ∘i ∈ {+,−,×, ∕} for
i = 1,… ,n − 1. Then, we can generate a gradual set 𝔊 defined by

𝔊(𝛼) =
{(

â1∘1 · · · ∘n−1ân
)
(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n

}
=
{

â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n
}
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for 𝛼 ∈ [0,1]. Using this gradual set and referring to (9.2), we can generate a fuzzy set Ã𝔊 in
ℝ with membership function given by

𝜉Ã𝔊 (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒𝔊(𝛼)(x). (9.57)

In this case, we define

Ã(1)
⊚1 · · ·⊚n−1Ã(n) = Ã𝔊

,

where the operations ⊗∘ and ⊘∘ corresponding to the operations × and ∕ have the highest
priority for performing arithmetic calculations.

By referring to (9.54) and (9.55), we also see that

𝔊(𝛼) = Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 for 𝛼 ∈ [0,1], (9.58)

and

𝔊(𝛽) ⊆ 𝔊(𝛼) for 𝛼, 𝛽 ∈ [0,1] with 𝛼 < 𝛽. (9.59)

This also says that the family {𝔊(𝛼) ∶ 𝛼 ∈ [0,1]} is nested.
Suppose that the parentheses are included in the expression Ã(1)

⊚1 · · ·⊚n−1Ã(n). Then,
the terms within the parentheses have the highest priority for performing arithmetic
calculations.

Example 9.5.3 Suppose that we want to calculate the following expression(
Ã(1)

⊖
∘Ã(2)

)
⊗
∘
(

Ã(3)
⊖
∘Ã(4)

⊕
∘Ã(5)

)
⊖
∘
(

Ã(6)
⊗
∘
(

Ã(7)
⊕
∘Ã(8)

⊖
∘Ã(9)

⊖
∘Ã(10)

))
.

(9.60)

Then, we can generate a gradual set 𝔊 defined by

𝔊(𝛼) =
{(

â1 − â2
)
∗
(

â3 − â4 + â5
)
−
(

â6 ∗
(

â7 + â8 − â9 − â10
))

(𝛼) ∶ âi ∈ Ã(i)

for i = 1,… , 10
}

=
(

Ã(1)
𝛼 − Ã(2)

𝛼

)
×
(

Ã(3)
𝛼 ⊖

∘Ã(4)
𝛼 ⊕

∘Ã(5)
𝛼

)
−
(

Ã(6)
𝛼 ×

(
Ã(7)
𝛼 + Ã(8)

𝛼 − Ã(9)
𝛼 − Ã(10)

𝛼

))
for 𝛼 ∈ [0,1]. The membership function of expression (9.60) is given in the form of (9.57).

Now, we want to study the 𝛼-level sets of the arithmetic expression Ã(1)
⊚1 · · ·⊚n−1Ã(n).

Theorem 9.5.4 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Suppose that, for any fixed x ∈ ℝ, the

function

𝜂x(𝛼) = 𝛼 ⋅ 𝜒𝔊(𝛼)(x)

is upper semi-continuous on [0,1]. Then, the 𝛼-level set of

Ã𝔊 = Ã(1)
⊚1 · · ·⊚n−1Ã(n)

is given by

Ã𝔊
𝛼 =

(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)
𝛼

= {x ∈ ℝ ∶ 𝜉Ã𝔊 (x) ≥ 𝛼}

= 𝔊(𝛼) =
{

â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n
}

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼
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for every 𝛼 ∈ (0,1], and

Ã𝔊
0+ =

(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)

0+
=

⋃
𝛼(0,1]

(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)
𝛼

=
⋃
𝛼(0,1]

𝔊(𝛼)

=
⋃
𝛼(0,1]

{
â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n

}
.

Proof. Given any fixed 0𝛼 ∈ (0,1], suppose that x ∈ Ã𝔊
𝛼 . Now, we also assume that x ∉

𝔊(𝛽) for all 𝛽 ∈ [0,1] with 𝛽 ≥ 𝛼. We want to lead to a contradiction. Under this assump-
tion, we see that 𝛽 ⋅ 𝜒𝔊(𝛽)(x) < 𝛼 for all 𝛽 ∈ [0,1]. Since 𝜂x is upper semi-continuous on the
closed interval [0,1] by the assumption, the supremum of function 𝜂x is attained by Propo-
sition 1.4.4. This says that

𝜉Ã𝔊 (x) = sup
𝛽∈[0,1]

𝜂x(𝛽) = sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒𝔊(𝛽)(x) = max
𝛽∈[0,1]

𝛽 ⋅ 𝜒𝔊(𝛽)(x) = 𝛽
∗ ⋅ 𝜒𝔊(𝛽∗)(x) < 𝛼

for some 𝛽∗ ∈ [0,1], which violates x ∈ Ã𝔊
𝛼 . Therefore, there exists 𝛽0 ∈ [0,1] with 𝛽0 ≥ 𝛼

satisfying x ∈ 𝔊(𝛽0) ⊆ 𝔊(𝛼) by (9.59), which shows the inclusion Ã𝔊
𝛼 ⊆ 𝔊(𝛼). The following

inclusion is obvious

𝔊(𝛼) ⊆
{

x ∈ ℝ ∶ sup
𝛽∈[0,1]

𝛽 ⋅ 𝜒𝔊(𝛽)(x) ≥ 𝛼

}
= {x ∈ ℝ ∶ 𝜉Ã𝔊 (x) ≥ 𝛼} = Ã𝔊

𝛼 .

Therefore, using (9.58), we obtain the desired equalities. This completes the proof. ◾

Without assuming the upper semi-continuity, we also have the following interesting
results.

Theorem 9.5.5 Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. Suppose that given any 𝛼 ∈ (0,1] and

any increasing convergent sequence {𝛼m}∞m=1 in (0,1] with 𝛼m ↑ 𝛼, the following inclusion is
satisfied

∞⋂
m=1

(
Ã(1)
𝛼m
∘1 · · · ∘n−1Ã(n)

𝛼m

)
⊆ Ã(1)

𝛼 ∘1 · · · ∘n−1Ã(n)
𝛼 . (9.61)

Then, the 𝛼-level set of

Ã𝔊 = Ã(1)
⊚1 · · ·⊚n−1Ã(n)

is given by

Ã𝔊
𝛼 =

(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)
𝛼

= 𝔊(𝛼)

=
{

â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n
}

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼

for every 𝛼 ∈ (0,1], and

Ã𝔊
0+ =

(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)

0+
=

⋃
𝛼(0,1]

𝔊(𝛼)

=
⋃
𝛼(0,1]

{
â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n

}
.
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Proof. Using the equalities (9.58), we see that the inclusion (9.61) is satisfied if and only if
the following inclusion is satisfied

∞⋂
m=1

𝔊(𝛼m) ⊆ 𝔊(𝛼). (9.62)

Given any fixed x ∈ ℝ, we define the following set

F𝜌 =
{
𝛼 ∈ [0,1] ∶ 𝛼 ⋅ 𝜒𝔊(𝛼)(x) ≥ 𝜌

}
.

which also says that F𝜌 ≠ ∅ for 𝜌 ≤ 1 and F𝜌 = ∅ for 𝜌 > 1 by referring to (9.57). Next, we are
going to prove cl(F𝜌) = F𝜌 for each 𝜌 ∈ (0,1]. Given any 𝛼 ∈ cl(F𝜌), there exists a sequence
{𝛼m}∞m=1 in F𝜌 satisfying 𝛼m → 𝛼. Therefore, we have 𝛼m ≥ 𝜌 > 0 and x ∈ 𝔊(𝛼m) for all m,
which also says that 𝛼 > 0, since

𝛼 = lim
m→∞

𝛼m ≥ 𝜌 > 0.

Therefore, there exists a subsequence {𝛼mk
}∞k=1 of {𝛼m}∞m=1 satisfying 𝛼mk

↑ 𝛼 or 𝛼mk
↓ 𝛼 as

k → ∞.

● Suppose that 𝛼mk
↓ 𝛼. Then 𝛼mk

≥ 𝛼 for all k. This says that x ∈ 𝔊(𝛼mk
) ⊆ 𝔊(𝛼) by (9.59).

● Suppose that 𝛼mk
↑ 𝛼. Since cl(F𝜌) ⊆ [0,1], it says that 𝛼 ∈ [0,1]. Since x ∈ 𝔊(𝛼mk

) for all
k, using (9.62), it follows that x ∈ 𝔊(𝛼).

Therefore, we conclude that x ∈ 𝔊(𝛼) for both cases. This also says that 𝛼 ⋅ 𝜒𝔊(𝛼)(x) ≥ 𝜌, i.e.
𝛼 ∈ F𝜌. Therefore, we obtain the inclusion cl(F𝜌) ⊆ F𝜌, which means that F𝜌 is a closed set
for each 𝜌 ∈ (0,1]. In order to apply Theorem 9.5.4, we need to show that the function 𝜂x
is upper semi-continuous on [0,1]. Equivalently, we claim that the set F𝜌 is closed for each
𝜌 ∈ ℝ. We consider the following cases.

● For each 𝜌 ∈ (0,1], the set F𝜌 is closed as shown above.
● For 𝜌 > 1, the set F𝜌 = ∅ is empty, which is also closed.
● For 𝜌 ≤ 0, the set F𝜌 = I∩ = [0,1] is closed.

We conclude that the function 𝜂x is indeed upper semi-continuous on [0,1]. Therefore,
the desired results follow from Theorem 9.5.4 immediately. ◾

Suppose that, for any increasing sequence {𝛼m}∞m=1 in (0,1], the following inclusion is
satisfied

∞⋂
m=1

(
Ã(1)
𝛼m
∘1 · · · ∘n−1Ã(n)

𝛼m

)
⊆

( ∞⋂
m=1

Ã(1)
𝛼m

)
∘1 · · · ∘n−1

( ∞⋂
m=1

Ã(n)
𝛼m

)
. (9.63)

We are going to claim that the inclusion (9.61) is satisfied if and only if the inclusion (9.63)
is satisfied. Indeed, according to the basic properties of fuzzy sets, given any 𝛼 ∈ (0,1] and
any increasing convergent sequence {𝛼m}∞m=1 in (0,1] with 𝛼m ↑ 𝛼, we have

∞⋂
m=1

Ã(i)
𝛼m

= Ã(i)
𝛼 , (9.64)

which says that the inclusion (9.61) is satisfied if and only if the inclusion (9.63) is satisfied.
Therefore, we can also obtain the interesting results from Theorem 9.5.5 when the inclusion
(9.63) is considered.
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Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ. We consider the arithmetic

Ã𝔊 = Ã(1)
⊚1 · · ·⊚n−1Ã(n)

using gradual numbers. By referring to (7.62), we also consider the arithmetic

Ã = Ã(1)
⊡1 · · ·⊡n−1Ã(n)

using the extension principle. Next, we are going to establish the equivalence between Ã𝔊

and Ã under some suitable conditions.

Theorem 9.5.6 (Equivalent Arithmetic Operations) Let Ã(1)
,… , Ã(n) be fuzzy sets in ℝ

such that the membership functions of Ã(1)
,… , Ã(n) are upper semi-continuous. Consider the

arithmetic operations ⊚i ∈ {⊕∘, ⊖∘, ⊗∘} and ⊡i ∈ {⊞,⊟,⊠} for i = 1,… ,n − 1. Let

Ã𝔊 = Ã(1)
⊚1 · · ·⊚n−1Ã(n) and Ã = Ã(1)

⊡1 · · ·⊡n−1Ã(n)
.

Then Ã𝔊 = Ã. Moreover, their 𝛼-level sets are given by

Ã𝔊
𝛼 = Ã𝛼 = Ã(1)

𝛼 ∘1 · · · ∘n−1Ã(n)
𝛼

=
{

â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n
}

for every 𝛼 ∈ [0,1].

Proof. Using part (i) of Theorem 7.5.4, we have

Ã𝛼 =
(

Ã(1)
⊡1 · · ·⊡n−1Ã(n)

)
𝛼

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 for all 𝛼 ∈ (0,1]. (9.65)

In order to apply Theorem 9.5.5, we are going to check that the inclusion (9.61) is satisfied.
Given any 𝛼 ∈ (0,1] and any increasing convergent sequence {𝛼m}∞m=1 in (0,1] with 𝛼m ↑ 𝛼,
according to the basic properties of fuzzy sets, we have

⋂∞
m=1 Ã𝛼m

= Ã𝛼 . Then, using (9.65),
we obtain

∞⋂
m=1

(
Ã(1)
𝛼m
∘1 · · · ∘n−1Ã(n)

𝛼m

)
=

∞⋂
m=1

(
Ã(1)

⊡1 · · ·⊡n−1Ã(n)
)
𝛼m

=
∞⋂

m=1
Ã𝛼m

= Ã𝛼

= Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 ,

which says that the inclusion (9.61) is satisfied. Therefore, using Theorem 9.5.5, we can
obtain

Ã𝔊
𝛼 = Ã(1)

𝛼 ∘1 · · · ∘n−1Ã(n)
𝛼

=
{

â1(𝛼)∘1 · · · ∘n−1ân(𝛼) ∶ âi ∈ Ã(i) for i = 1,… ,n
}

(9.66)

for every 𝛼 ∈ (0,1]. From (9.65) and (9.58), we have

𝔊(𝛼) = Ã(1)
𝛼 ∘1 · · · ∘n−1Ã(n)

𝛼 =
(

Ã(1)
⊡1 · · ·⊡n−1Ã(n)

)
𝛼

= Ã𝛼 for all 𝛼 ∈ (0,1]. (9.67)

From (9.66) and (9.67), we obtain(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)
𝛼

= 𝔊(𝛼) = Ã𝛼 =
(

Ã(1)
⊡1 · · ·⊡n−1Ã(n)

)
𝛼

for all 𝛼 ∈ (0,1]
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and (
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)

0
= cl

(
Ã(1)

⊚1 · · ·⊚n−1Ã(n)
)

0+
= cl

( ⋃
0<𝛼≤1

𝔊(𝛼)

)

= cl

( ⋃
0<𝛼≤1

Ã𝛼

)
= cl

({
x ∶ 𝜉Ã(x) > 0

})
= cl

(
Ã0+

)
= cl

(
Ã(1)

⊡1 · · ·⊡n−1Ã(n)
)

0+
=
(

Ã(1)
⊡1 · · ·⊡n−1Ã(n)

)
0
.

This completes the proof. ◾

When the arithmetic operations are taken to be ⊚i = ⊘∘ and ⊙i = ⊘ for some i, we need
to assume that the denominator is never to be zero. This situation will complicate the
proof of Theorem 9.5.6 for taking ⊚i = ⊘∘ and ⊙i = ⊘. Although the case ⊚i = ⊘∘ and
⊙i = ⊘ are not discussed here, it can still be similarly discussed by modifying the proof of
Theorem 9.5.6, and it is left for the readers
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10

Duality in Fuzzy Sets

The concept of 𝛼-level sets of fuzzy sets is an important tool to study the properties of fuzzy
sets and their applications. In this chapter, the 𝛼-level sets will treated as the upper 𝛼-level
sets. In other words, we are going to introduce a new concept of so-called lower 𝛼-level sets,
which can also be regarded as the dual concept of upper 𝛼-level sets.

10.1 Lower and Upper Level Sets

Let Ã be a fuzzy set in ℝn with membership function 𝜉Ã. For 𝛼 ∈ (0,1], the 𝛼-level set Ã𝛼 of
Ã that may be called the upper 𝛼-level set (or upper 𝛼-cut) of Ã is defined by

Ã𝛼 =
{

x ∈ ℝn ∶ 𝜉Ã(x) ≥ 𝛼
}
=
{

x ∈ Ã0 ∶ 𝜉Ã(x) ≥ 𝛼
}
.

Also, the strong 𝛼-level set (or upper strong 𝛼-level set) is defined by

Ã𝛼+ =
{

x ∈ ℝn ∶ 𝜉Ã(x) > 𝛼
}
=
{

x ∈ Ã0 ∶ 𝜉Ã(x) > 𝛼
}
. (10.1)

The 0-level set Ã0 is defined by Ã0 = cl(Ã0+). Now, the 0-level set Ã0 is also called the proper
domain of Ã, since the membership function 𝜉Ã vanishes outside Ã0, i.e. 𝜉Ã(x) = 0 for
x ∉ Ã0. Based on the concept of proper domain, we shall consider the so-called lower 𝛼-level
set (or lower 𝛼-cut) of Ã.

Definition 10.1.1 Let Ã be a fuzzy set in a universal set ℝn with proper domain Ã0.
For 𝛼 ∈ [0,1], the following set

𝛼Ã =
{

x ∈ Ã0 ∶ 𝜉Ã(x) ≤ 𝛼
}

is called the lower 𝛼-level set of Ã. For 𝛼 ∈ (0,1], we also define the strong lower 𝛼-level
set of Ã as

𝛼−Ã =
{

x ∈ Ã0 ∶ 𝜉Ã(x) < 𝛼
}
.

We notice that the lower 𝛼-level set 𝛼Ã is considered in the proper domain Ã0 rather than
the whole universal set ℝn. In general, it is clear to see that

𝛼Ã =
{

x ∈ Ã0 ∶ 𝜉Ã(x) ≤ 𝛼
}
≠
{

x ∈ ℝn ∶ 𝜉Ã(x) ≤ 𝛼
}
.

Next, we present some interesting observations. We first recall that the notation x ∈ A∖B
means x ∈ A and x ∉ B.

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Remark 10.1.2 Let Ã be a fuzzy set in ℝn. Then, we have the following observations.

● For any 𝛼 ∈ [0,1), using (10.1), we have

𝛼Ã = Ã0

⧹{
x ∈ Ã0 ∶ 𝜉Ã(x) > 𝛼

}
= Ã0

⧹{
x ∈ ℝn ∶ 𝜉Ã(x) > 𝛼

}
= Ã0∖Ã𝛼+.

● Given x ∈ 0Ã, we have x ∈ Ã0 and 𝜉Ã(x) = 0.
● For any 𝛼, 𝛽 ∈ [0,1] with 𝛼 < 𝛽, we have 𝛼Ã ⊆ 𝛽Ã.
● For 𝛼 ∈ (0,1], we have

Ã𝛼 =
{

x ∈ ℝn ∶ 𝜉Ã(x) ≥ 𝛼
}
=
{

x ∈ Ã0 ∶ 𝜉Ã(x) ≥ 𝛼
}

= Ã0

⧹{
x ∈ Ã0 ∶ 𝜉Ã(x) < 𝛼

}
= Ã0∖𝛼−Ã.

Proposition 10.1.3 Let Ã be a fuzzy set in ℝn. Then, we have the following properties.

(i) Suppose that 𝛼 ∈ [0,1) and {𝛼n}∞n=1 is a decreasing sequence in [0,1] satisfying 𝛼n ↓ 𝛼.
Then, we have

𝛼Ã =
∞⋂

n=1
𝛼n

Ã.

(ii) For 𝛼 ∈ (0,1], the following statements hold true.
● If 𝛼n ↑ 𝛼, then

∞⋃
n=1

𝛼n
Ã ⊆ 𝛼Ã and 𝛼−Ã ⊆

∞⋃
n=1

𝛼n−Ã ⊆

∞⋃
n=1

𝛼n
Ã.

● If 𝛼n ↑ 𝛼 with 𝛼n < 𝛼 for all n, then

𝛼−Ã =
∞⋃

n=1
𝛼n−Ã =

∞⋃
n=1

𝛼n
Ã.

(iii) For 𝛼 ∈ [0,1), we have

𝛼Ã =
⋂

𝛼<𝛽≤1
𝛽Ã =

⋂
𝛼≤𝛽≤1

𝛽Ã.

(iv) For 𝛼 ∈ (0,1], we have

𝛼−Ã =
⋃

0≤𝛽<𝛼
𝛽Ã.

Proof. To prove part (i), since 𝛼n ≥ 𝛼 for all n, we have 𝛼Ã ⊆ 𝛼n
Ã for all n, which implies

𝛼Ã ⊆

∞⋂
n=1

𝛼n
Ã.

On the other hand, for x ∈
⋂∞

n=1 𝛼n
Ã, we have 𝜉Ã(x) ≤ 𝛼n for all n, which implies

𝜉Ã(x) ≤ lim
n→∞

𝛼n = 𝛼.

Therefore, we conclude that x ∈ 𝛼Ã.
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To prove part (ii), given x ∈ 𝛼−Ã, we have 𝜉Ã(x) < 𝛼. Since 𝛼n ↑ 𝛼, given any 0 < 𝜖 ≤ 𝛼 −
𝜉Ã(x), there exists an integer N satisfying 0 < 𝛼 − 𝛼N < 𝜖, which says that 𝜉Ã(x) < 𝛼N , i.e.
x ∈

⋃∞
n=1 𝛼n−Ã. Therefore, we obtain the inclusion

𝛼−Ã ⊆

∞⋃
n=1

𝛼n−Ã.

On the other hand, since 𝛼n ↑ 𝛼, we have the following cases.

● If 𝛼n ≤ 𝛼 for all n, then 𝛼n
Ã ⊆ 𝛼Ã, which implies

∞⋃
n=1

𝛼n
Ã ⊆ 𝛼Ã.

● If 𝛼n < 𝛼 for all n, we see that x ∈ 𝛼n
Ã implies 𝜉Ã(x) ≤ 𝛼n < 𝛼, which says that 𝛼n

Ã ⊆ 𝛼−Ã
for all n. Therefore, we have

∞⋃
n=1

𝛼n
Ã ⊆ 𝛼−Ã.

Then, we obtain the desired equalities and inclusions.
To prove part (iii), for 1 ≥ 𝛽 > 𝛼 ≥ 0, we have 𝛼Ã ⊆ 𝛽Ã. Therefore, we have the inclusion

𝛼Ã ⊆
⋂

𝛽∈(𝛼,1]
𝛽Ã.

On the other hand, given any 𝜖 > 0, for

x ∈
⋂

𝛽∈(𝛼,1]
𝛽Ã,

we have x ∈ 𝛼+𝜖Ã, since 𝛼 + 𝜖 > 𝛼. This says that 𝜉Ã(x) ≤ 𝛼 + 𝜖, which also implies
𝜉Ã(x) ≤ 𝛼, since 𝜖 is an arbitrary positive number (i.e. we can take 𝜖 → 0). Therefore, we
conclude that x ∈ 𝛼Ã.

To prove part (iv), for 𝛽 < 𝛼, if x ∈ 𝛽Ã, i.e. 𝜉Ã(x) ≤ 𝛽 < 𝛼, then x ∈ 𝛼−Ã. Therefore, we
obtain 𝛽Ã ⊆ 𝛼−Ã, which implies the inclusion⋃

0≤𝛽<𝛼
𝛽Ã ⊆ 𝛼−Ã.

On the other hand, given any x ∈ 𝛼−Ã, we have 𝜉Ã(x) < 𝛼. By the denseness, there exists 𝛽0
satisfying

𝜉Ã(x) ≤ 𝛽0 < 𝛼, i.e. x ∈
⋃

0≤𝛽<𝛼
𝛽Ã.

Therefore, we obtain

𝛼−Ã ⊆
⋃

0≤𝛽<𝛼
𝛽Ã.

This shows the desired equality, and the proof is complete. ◾
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Example 10.1.4 Let Ã be a fuzzy interval. Then, the upper 𝛼-level set Ã𝛼 is a closed inter-
val given by Ã𝛼 = [ÃL

𝛼, ÃU
𝛼 ] for all 𝛼 ∈ [0,1]. From part (iv) of Proposition 2.2.8, for 𝛼 ∈ [0,1),

we have

Ã𝛼+ =
⋃

𝛼<𝛽≤1
Ã𝛽 =

⋃
𝛼<𝛽≤1

[
ÃL
𝛽 , ÃU

𝛽

]
.

Since Ã𝛼 ⊆ Ã𝛽 for 𝛽 < 𝛼, if we further assume that the endpoints ÃL
𝛼 and ÃU

𝛼 are continuous
functions with respect to 𝛼 on [0,1], then Ã𝛼+ = (ÃL

𝛼, ÃU
𝛼 ) is an open interval. In this case,

Remark 10.1.2 says that the lower 𝛼-level set 𝛼Ã is given by

𝛼Ã = Ã0∖Ã𝛼+ =
[

ÃL
0 , ÃU

0

]
∖
(

ÃL
𝛼, ÃU

𝛼

)
=
[

ÃL
0 , ÃL

𝛼

]
∪
[

ÃU
𝛼 , ÃU

0

]
,

which is also a closed subset of ℝ. This also says that the membership function 𝜉Ã of Ã is
lower semi-continuous. We also see that the lower 1-level set is

1Ã = Ã0 =
[

ÃL
0 , ÃU

0

]
.

Under the further assumptions, the membership function of Ã is continuous.

10.2 Dual Fuzzy Sets

Let Ã be a fuzzy set in ℝn with membership function 𝜉Ã. Recall that the membership func-
tion of complement fuzzy set of Ã is denoted and defined by

𝜉Ãc = 1 − 𝜉Ã,

which is also defined on ℝn. Since the 0-level set Ã0 is treated as the proper domain of Ã as
described above, we consider the restrict function 𝜉Ãc |Ã0

of 𝜉Ãc on Ã0 and define a function
𝜉Ã• ∶ Ã0 → [0,1] on Ã0 by

𝜉Ã• (x) = 𝜉Ãc |Ã0
(x) = 1 − 𝜉Ã(x) for x ∈ Ã0. (10.2)

Then, we use the notation Ã• to denote the dual fuzzy set of Ã. The membership function
of Ã• is given in (10.2), which is also called a dual membership function. We also notice
that 𝜉Ã• ≠ 𝜉Ãc , since their domains are different.

Remark 10.2.1 The relationship between the 𝛼-level sets of fuzzy set Ã and dual fuzzy
set Ã• are given below

● We have

Ã𝛼 =
{

x ∈ ℝn ∶ 𝜉Ã(x) ≥ 𝛼
}
=
{

x ∈ ℝn ∶ 𝜉Ã• (x) ≤ 1 − 𝛼
}
= 1−𝛼Ã•

.

● We have

𝛼Ã =
{

x ∈ ℝn ∶ 𝜉Ã(x) ≤ 𝛼
}
=
{

x ∈ ℝn ∶ 𝜉Ã• (x) ≥ 1 − 𝛼
}
= Ã•

1−𝛼.

● We have

Ã•
𝛼 =

{
x ∈ ℝn ∶ 𝜉Ã• (x) ≥ 𝛼

}
=
{

x ∈ ℝn ∶ 𝜉Ã(x) ≤ 1 − 𝛼
}
= 1−𝛼Ã.

● We have

𝛼Ã• =
{

x ∈ ℝn ∶ 𝜉Ã• (x) ≤ 𝛼
}
=
{

x ∈ ℝn ∶ 𝜉Ã(x) ≥ 1 − 𝛼
}
= Ã1−𝛼.
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Let (U, 𝜏U ) be a topological space, and let A be a set in ℝn. Then, the subset A can be
endowed with a topology 𝜏A such that (A, 𝜏A) is a topological subspace of (U, 𝜏U ). In other
words, the subset C of A is a 𝜏A-closed subset of A if and only if C = A ∩ D for some 𝜏U -closed
subset D of ℝn. In this case, we say that f ∶ (A, 𝜏A) → ℝ is upper semi-continuous on A
if and only if {x ∈ A ∶ f (x) ≥ 𝜆} is a 𝜏A-closed subset of A for all 𝜆 ∈ ℝ. We also see that
if f is upper semi-continuous on A then −f is lower semi-continuous on A, and if f is
lower semi-continuous on A then −f is upper semi-continuous on A. We have the following
observations.

● Suppose that Ã is a fuzzy set in ℝn such that its membership function 𝜉Ã is upper
semi-continuous on ℝn. Then 𝜉Ã is also upper semi-continuous on the proper domain
Ã0. Indeed, the set{

x ∈ Ã0 ∶ 𝜉Ã(x) ≥ 𝜆
}
= Ã0 ∩

{
x ∈ ℝn ∶ 𝜉Ã(x) ≥ 𝜆

}
is a 𝜏Ã0

-closed subset of Ã0.
● Suppose that Ã is a fuzzy set in ℝn such that its membership function 𝜉Ã is upper

semi-continuous on the proper domain Ã0. Then it is clear to see that the dual
membership function 𝜉Ã• = 1 − 𝜉Ã of Ã• is lower semi-continuous on Ã0.

Remark 10.2.2 Given Ã ∈ 𝔉(ℝm) by referring to Definition 2.3.1, the membership func-
tion 𝜉Ã is upper semi-continuous and quasi-concave on Ã0. It is also clear to see that the
membership function 𝜉Ã• of dual fuzzy set Ã• is lower semi-continuous and quasi-convex on
Ã0. This says that the lower 𝛼-level set 𝛼Ã• is a closed and convex subset of Ã0 for 𝛼 ∈ (0,1].

Example 10.2.3 Let Ã be a fuzzy interval with dual fuzzy set Ã•. Since the upper 0-level
set Ã0 is bounded and the lower 𝛼-level set 𝛼Ã• is a closed and convex subset of ℝ for
𝛼 ∈ (0,1] by Remark 10.2.2, it follows that 𝛼Ã• is also a bounded closed interval, and is
denoted by

𝛼Ã• =
[
𝛼Ã•L

, 𝛼Ã•U
]
.

Using Remark 10.2.1, we also have

𝛼Ã• = Ã1−𝛼 =
[

ÃL
1−𝛼, ÃU

1−𝛼

]
,

which says that

𝛼Ã•L = ÃL
1−𝛼 and 𝛼Ã•U = ÃU

1−𝛼.

From part (iv) of Proposition 10.1.3, for 𝛼 ∈ (0,1], we have

𝛼−Ã• =
⋃

0≤𝛽<𝛼
𝛽Ã• =

⋃
0≤𝛽<𝛼

[
𝛽Ã•L

, 𝛽Ã•U
]
.

We further assume that the endpoints 𝛽Ã•L and 𝛽Ã•U are continuous functions with respect
to 𝛽 on [0,1]. Since 𝛽Ã•

⊆ 𝛼Ã• for 𝛽 < 𝛼, we have

𝛼−Ã• =
(
𝛼Ã•L

, 𝛼Ã•U
)

is an open interval. In this case, from Remark 10.1.2, for 𝛼 ∈ (0,1], the upper 𝛼-level set Ã•
𝛼

is given by

Ã•
𝛼 = Ã•

0∖𝛼−Ã• =
[

Ã⋆L
0 , Ã⋆U

0

]
∖
(
𝛼Ã•L

, 𝛼Ã•U
)
=
[

ÃL
0 , 𝛼Ã•L

]
∪
[
𝛼Ã•U

, ÃU
0

]
,
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which is a closed subset of ℝ. This also says that the membership function of Ã• is upper
semi-continuous. Therefore, under the further assumptions, we conclude that the member-
ship functions of Ã• and Ã are continuous.

10.3 Dual Extension Principle

We consider the following onto crisp function

f ∶ ℝn1 × · · · ×ℝnp → ℝn
.

Let Ã(i) be a fuzzy set in ℝni with dual fuzzy set Ã(i•) for i = 1,… , p. Inspired by (4.14),
using the dual membership functions 𝜉Ã(i•) of Ã(i•) for i = 1,… , p, we define a new fuzzy set
f̃ •(Ã(1)

, Ã(2)
,… , Ã(n)) in ℝn with membership function given by

𝜉f̃ •(Ã(1)
,Ã(2)

,…,Ã(p))(y)

= inf
{𝐱∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (𝐱)}

max
{
𝜉Ã(1•) (x1),… , 𝜉Ã(n•) (xp)

}
. (10.3)

Then, we have

𝜉f̃ •(Ã(1)
,Ã(2)

,…,Ã(p))(y)

= inf
{𝐱∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (𝐱)}

max
{

1 − 𝜉Ã(1) (x1), · · · , 1 − 𝜉Ã(p) (xp)
}

= inf
{𝐱∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (𝐱)}

[
1 − min

{
𝜉Ã(1) (x1), · · · , 𝜉Ã(p) (xp)

}]
= 1 − sup

{𝐱∈Ã(1)
0 ×···×Ã(p)

0 ∶y=f (𝐱)}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
= 1 − sup

{𝐱∈ℝn1×···×ℝnp∶y=f (𝐱)}
min

{
𝜉Ã(1) (x1),… , 𝜉Ã(p) (xp)

}
= 1 − 𝜉f̃ (Ã(1)

,Ã(2)
,…,Ã(p))(y),

which implies

𝜉f̃ (Ã(1)
,Ã(2)

,…,Ã(p))(y) + 𝜉f̃ •(Ã(1)
,Ã(2)

,…,Ã(p))(y) = 1. (10.4)

The methodology for calculating formula (10.3) is then called the dual extension princi-
ple. This means that, instead of calculating formula (4.14), we can alternatively calculate
formula (10.3) and use the duality (10.4) to recover formula (4.14). In this case, we also say
that the fuzzy function f̃ • is dual-fuzzified from the crisp function f .

Let A be a set in ℝn. The characteristic function 𝜒A of A is defined to be

𝜒A(x) =
{

1 if x ∈ A
0 if x ∉ A.

Now, we define the so-called dual characteristic function 𝜒•
A of A as follows

𝜒
•
A(x) =

{
0 if x ∈ A
1 if x ∉ A.

(10.5)

It is clear to see that

𝜒A(x) + 𝜒
•
A(x) = 1 for each x ∈ ℝn

.
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Let Ã be a fuzzy set in ℝn. Recall that the (primal) decomposition theorem says that the
membership function 𝜉Ã can be expressed as

𝜉Ã(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒Ã𝛼
(x) = sup

𝛼∈(0,1]
𝛼 ⋅ 𝜒Ã𝛼

(x),

where 𝜒Ã𝛼
is the characteristic function of the 𝛼-level set Ã𝛼 . The (primal) decomposition

theorem says that the membership function can be expressed in terms of upper 𝛼-level sets.
In what follows, we are going to show that the membership function can also be expressed
in terms of lower 𝛼-level sets as the following form

𝜉Ã(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x) = sup

𝛼∈(𝜉Ã)
𝛼 ⋅ 𝜒•

𝛼 Ã(x),

where 𝜒•
𝛼 Ã

is the dual characteristic function of lower 𝛼-level set 𝛼Ã.

Theorem 10.3.1 (Dual Decomposition Theorem) Let Ã be a fuzzy set in ℝn with proper
domain Ã0. For x ∈ Ã0, the membership degree 𝜉Ã(x) can be expressed in terms of lower 𝛼-level
sets as follows

𝜉Ã(x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x) = max

𝛼∈(0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã(x) = max
𝛼∈(0,1]

𝛼 ⋅
[
1 − 𝜒

𝛼 Ã(x)
]
. (10.6)

Proof. Let 𝛼0 = 𝜉Ã(x). Suppose that 𝛼0 = 0. If x ∉ 𝛼Ã for some 𝛼 ∈ (0,1], then 𝜉Ã(x) > 𝛼 ≥ 0,
which contradicts 𝜉Ã(x) = 𝛼0 = 0. Therefore, we have x ∈ 𝛼Ã, i.e.𝜒

𝛼 Ã(x) = 1 for all 𝛼 ∈ (0,1],
which says that 𝛼 ⋅ 𝜒•

𝛼 Ã
(x) = 0 for all 𝛼 ∈ (0,1]. This shows that the equalities in (10.6) are

satisfied.
Now, we assume 𝛼0 > 0. Then x ∈ 𝛼0

Ã. For 𝛼 ∈ (0,1] with 𝛼 < 𝛼0, if x ∈ 𝛼Ã, then
𝜉Ã(x) ≤ 𝛼 < 𝛼0, which contradicts 𝛼0 = 𝜉Ã(x). Therefore, we have x ∉ 𝛼Ã, i.e. 𝜒•

𝛼 Ã
(x) = 1 for

𝛼 ∈ (0,1] with 𝛼 < 𝛼0. If 𝛼 ∈ (0,1] with 𝛼 ≥ 𝛼0, then x ∈ 𝛼0
Ã ⊆ 𝛼Ã, which says that x ∈ 𝛼Ã,

i.e. 𝜒•
𝛼 Ã
(x) = 0 for 𝛼 ≥ 𝛼0. Then, we obtain

sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x) = max

{
sup

{𝛼∈(0,1]∶𝛼<𝛼0}
𝛼 ⋅ 𝜒•

𝛼 Ã(x), sup
{𝛼∈(0,1]∶𝛼≥𝛼0}

𝛼 ⋅ 𝜒•
𝛼 Ã(x)

}

= max

{
sup

{𝛼∈(0,1]∶𝛼<𝛼0}
𝛼, 0

}
= max {𝛼0, 0} = 𝛼0 = 𝜉Ã(x).

Since 𝛼0 ∈ (0,1], the above supremum is attained. It means that

𝜉Ã(x) = max
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x).

This completes the proof. ◾

Remark 10.3.2 The decomposition theorem for dual fuzzy set Ã• based on the upper
𝛼-level sets of Ã• is given by

𝜉Ã• (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒Ã•
𝛼

(x).

According to Theorem 10.3.1, the dual decomposition theorem for Ã• based on the lower
𝛼-level sets of Ã• is given by

𝜉Ã• (x) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã• (x) = max

𝛼∈(0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã• (x) = max
𝛼∈(0,1]

𝛼 ⋅
[
1 − 𝜒

𝛼 Ã• (x)
]
.
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It is well known that the set of all rational numbersℚ is dense inℝ. This means that, given
any r ∈ ℝ, there exist two sequences {pn}∞n=1 and {qn}∞n=1 in the countable set ℚ satisfying
pn ↑ r and qn ↓ r as n → ∞.

Theorem 10.3.3 (Dual Decomposition Theorem) Let Ã be a fuzzy set in ℝn with proper
domain Ã0. For x ∈ Ã0, the membership degree 𝜉Ã(x) can be expressed in terms of lower 𝛼-level
sets as follows

𝜉Ã(x) = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x) = max

𝛼∈[0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã(x) = max
𝛼∈[0,1]

𝛼 ⋅
[
1 − 𝜒

𝛼 Ã(x)
]

(10.7)

= sup
𝛼∈ℚ∩(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x) = max

𝛼∈ℚ∩(0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã(x) = max
𝛼∈ℚ∩(0,1]

𝛼 ⋅
[
1 − 𝜒

𝛼 Ã(x)
]
. (10.8)

Proof. Using Theorem 10.3.1, we can obtain the equalities (10.7). To prove the equalities
(10.8), let 𝜉Ã(x) = 𝛼0. We first assume that 𝛼0 = 0. From the proof of Theorem 10.3.1, we
have x ∈ 𝛼Ã for all 𝛼 ∈ (0,1], which says that 𝛼 ⋅ 𝜒•

𝛼 Ã
(x) = 0 for all 𝛼 ∈ ℚ ∩ (0,1]. It follows

that

𝜉Ã(x) = 𝛼0 = 0 = sup
𝛼∈ℚ∩(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x).

Now, we assume that 0 < 𝛼0. Using (10.7), we have

0 < 𝜉Ã(x) = 𝛼0 = sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x) ≥ sup

𝛼∈ℚ∩(0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã(x). (10.9)

Since 𝛼0 > 0, from the proof of Theorem 10.3.1 we have x ∉ 𝛼Ã for 𝛼 ∈ (0,1] with 𝛼 < 𝛼0.
The denseness also says that there exists a sequence {𝛼n}∞n=1 in ℚ ∩ (0,1] satisfying 𝛼n ↑ 𝛼0
with 𝛼n < 𝛼0. It follows that x ∉ 𝛼n

Ã for all n. Let

Γ = {𝛼n}∞n=1 ⊂ ℚ ∩ (0,1].

Then, we have

𝜉Ã(x) = 𝛼0 = lim
n
𝛼n = sup

n
𝛼n = sup

n
𝛼n ⋅ 𝜒•

𝛼n Ã(x)

= sup
𝛼∈Γ

𝛼 ⋅ 𝜒•
𝛼 Ã(x) ≤ sup

𝛼∈ℚ∩(0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã(x). (10.10)

Combining (10.9) and (10.10), we obtain the equality

𝜉Ã(x) = sup
𝛼∈ℚ∩(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(x).

This completes the proof. ◾

10.4 Dual Arithmetics of Fuzzy Sets

Let ⊙ denote any one of the four basic arithmetic operations ⊕,⊖,⊗,⊘ between fuzzy sets
Ã and B̃ in ℝ. The membership function of Ã ⊙ B̃ is defined by

𝜉Ã⊙B̃(z) = sup
{(x,y)∈ℝ2∶z=x∘y}

min {𝜉Ã(x), 𝜉B̃(y)}
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for all z ∈ ℝ, where the operation ∘ ∈ {+,−,×, ∕}. Since the 0-level sets Ã0 and B̃0 are the
proper domain of Ã and B̃, respectively, i.e. 𝜉Ã(x) = 0 for x ∉ Ã0 and 𝜉B̃(x) = 0 for x ∉ B̃0,
we have

𝜉Ã⊙B̃(z) = sup
{(x,y)∈ℝ2∶z=x∘y}

min {𝜉Ã(x), 𝜉B̃(y)}

= sup
{(x,y)∈Ã0×B̃0∶z=x∘y}

min {𝜉Ã(x), 𝜉B̃(y)}. (10.11)

Inspired by the above expression (10.11), we define a new operation between Ã and B̃
using the dual membership functions as follows

𝜉Ã ⊙• B̃(z) = inf
{(x,y)∈Ã0×B̃0∶z=x∘y}

max {𝜉Ã• (x), 𝜉B̃• (y)}. (10.12)

We need to emphasize that

inf
{(x,y)∈Ã0×B̃0∶z=x∘y}

max {𝜉Ã• (x), 𝜉B̃• (y)} ≠ inf
{(x,y)∈ℝ2∶z=x∘y}

max {𝜉Ã• (x), 𝜉B̃• (y)}.

However, this operation Ã ⊙• B̃ is reasonable, since we consider the proper domains shown
in (10.11). Then, we have

𝜉Ã ⊙• B̃(z) = inf
{(x,y)∈Ã0×B̃0∶z=x∘y}

max {1 − 𝜉Ã(x), 1 − 𝜉B̃(y)}

= 1 − sup
{(x,y)∈Ã0×B̃0∶z=x∘y}

min {𝜉Ã(x), 𝜉B̃(y)}

= 1 − sup
{(x,y)∈ℝ2∶z=x∘y}

min {𝜉Ã(x), 𝜉B̃(y)}

= 1 − 𝜉Ã⊙B̃(z),

which implies

𝜉Ã⊙B̃(z) + 𝜉Ã ⊙•B̃(z) = 1. (10.13)

Therefore, we say that Ã ⊙• B̃ is the dual arithmetic of Ã ⊙ B̃. This means that, instead
of calculating Ã ⊙ B̃, we can alternatively calculate Ã ⊙• B̃ and use the duality (10.13) to
recover Ã ⊙ B̃. We are going to study the lower 𝛼-level sets of dual arithmetic Ã ⊙• B̃ and
establish the relationships between Ã ⊙ B̃ and Ã ⊙• B̃.

Theorem 10.4.1 Let Ã and B̃ be two fuzzy sets inℝwith the dual fuzzy sets Ã• and B̃•, respec-
tively. Let the arithmetic operations⊙ ∈ {⊕,⊖,⊗} correspond to the operations ∘ ∈ {+,−,×}.
Then, the following statements hold true.

(i) We have the following inclusion

(Ã ⊙ B̃)𝛼 ⊇ Ã𝛼∘B̃𝛼 = 1−𝛼Ã•∘1−𝛼B̃• for all 𝛼 ∈ [0,1].

(ii) Suppose that the membership functions of Ã and B̃ are upper semi-continuous. Then

(Ã ⊙ B̃)𝛼 = Ã𝛼∘B̃𝛼 = 1−𝛼Ã•∘1−𝛼B̃• for all 𝛼 ∈ (0,1].

(iii) Suppose that the membership functions of Ã and B̃ are upper semi-continuous, and that
the supports Ã0+ and B̃0+ are bounded. Then

(Ã ⊙ B̃)𝛼 = Ã𝛼∘B̃𝛼 = 1−𝛼Ã•∘1−𝛼B̃• for all 𝛼 ∈ [0,1].
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Proof. The results follow immediately from Theorem 7.1.1 and Remark 10.2.1. ◾

We do not consider the operation ⊘ in Theorem 10.4.1. The reasons is that the case of
zero denominator should be avoided. We also remark that the arguments in the proof of
Theorem 10.4.1 are still available for the operation⊘ by carefully excluding the zero denom-
inator. In order not to complicate the argument of Theorem 10.4.1, we omit the case of
operation ⊘.

Theorem 10.4.2 Let Ã and B̃ be two fuzzy sets in ℝ with the dual fuzzy sets Ã• and B̃•,
respectively. Let the dual arithmetic operations ⊙• ∈ {⊕•, ⊖•, ⊗•} correspond to the opera-
tions ∘ ∈ {+,−, ∗}. Then, the following statements hold true.

(i) We have the inclusion

𝛼(Ã ⊙
• B̃) ⊇ 𝛼Ã•∘𝛼B̃• = Ã1−𝛼∘B̃1−𝛼 for all 𝛼 ∈ [0,1].

(ii) Suppose that the membership functions of Ã and B̃ are upper semi-continuous on Ã0 and
B̃0, respectively. Then

𝛼(Ã ⊙
• B̃) = 𝛼Ã•∘𝛼B̃• = Ã1−𝛼∘B̃1−𝛼 for all 𝛼 ∈ [0,1].

Proof. To prove part (i), for 𝛼 ∈ [0,1] and z𝛼 ∈ 𝛼Ã•∘𝛼B̃, there exist x𝛼 ∈ 𝛼Ã• and y𝛼 ∈ 𝛼B̃•

satisfying z𝛼 = x𝛼∘y𝛼 for ∘ ∈ {+,−,×}, where

𝜉Ã• (x𝛼) ≤ 𝛼 and 𝜉B̃• (y𝛼) ≤ 𝛼.

Therefore, we have

𝜉Ã ⊙• B̃(z𝛼) = inf
{(x,y)∈Ã0∘B̃0∶z𝛼=x∘y}

max {𝜉Ã• (x), 𝜉B̃• (y)}

≤ max {𝜉Ã• (x𝛼), 𝜉B̃• (y𝛼)} ≤ 𝛼,

which says that z𝛼 ∈ 𝛼(Ã ⊙• B̃). This shows that the following inclusion

𝛼Ã•∘𝛼B̃•
⊆ 𝛼(Ã ⊙

• B̃) for 𝛼 ∈ [0,1].

To prove part (ii), in order to prove the other direction of inclusion, we further assume
that the membership functions 𝜉Ã and 𝜉B̃ of Ã and B̃ are upper semi-continuous on Ã0,
which imply that the dual membership functions 𝜉Ã• and 𝜉B̃• are lower semi-continuous
functions on Ã0; that is, the nonempty lower 𝛼-level sets 𝛼Ã• and 𝛼B̃• are 𝜏Ã0

-closed subsets
of Ã0 for all 𝛼 ∈ [0,1]. Given any z𝛼 ∈ 𝛼(Ã ⊙• B̃), we have

inf
{(x,y)∈Ã0∘B̃0∶z𝛼=x∘y}

max {𝜉Ã• (x), 𝜉B̃• (y)} = 𝜉Ã⊙•B̃(z𝛼) ≤ 𝛼. (10.14)

Since z𝛼 is finite, it is clear to see that

F ≡ {(x, y) ∈ Ã0∘B̃0 ∶ z𝛼 = x∘y}

is a bounded subset of Ã0∘B̃0. We also see that the function g(x, y) = x∘y is continuous on
Ã0∘B̃0. Since the singleton {z𝛼} is a closed subset of ℝ, it follows that the inverse image
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F = g−1({z𝛼}) of {z𝛼} is also a closed subset of Ã0∘B̃0. This says that F is a compact subset
of Ã0∘B̃0. Now, we want to show that the function

f (x, y) = max {𝜉Ã• (x), 𝜉B̃• (y)}

is lower semi-continuous on Ã0∘B̃0, i.e. we want to show that

{(x, y) ∈ Ã0∘B̃0 ∶ f (x, y) ≤ 𝛼}

is a closed subset of Ã0∘B̃0 for any 𝛼 ∈ ℝ.

● For 𝛼 ∈ [0,1], we have

{(x, y) ∈ Ã0∘B̃0 ∶ f (x, y) ≤ 𝛼} =
{
(x, y) ∈ Ã0∘B̃0 ∶ 𝜉Ã• (x) ≤ 𝛼 and 𝜉B̃• (y) ≤ 𝛼

}
=
{
(x, y) ∈ Ã0∘B̃0 ∶ x ∈ 𝛼Ã• and y ∈ 𝛼B̃•} = 𝛼Ã•∘𝛼B̃•

,

which is a closed subset of Ã0∘B̃0, since 𝛼Ã• and 𝛼B̃• are closed subsets of Ã0 and B̃0,
respectively.

● If 𝛼 ∉ [0,1], then {(x, y) ∈ Ã0∘B̃0 ∶ f (x, y) ≤ 𝛼} = ∅ is a closed subset of Ã0∘B̃0.

Therefore, the function f (x, y) is indeed lower semi-continuous on Ã0∘B̃0. By Proposi-
tion 1.4.4, the function f assumes its minimum on the closed and bounded subset F of
Ã0∘B̃0; that is, from (10.14), we have

min
(x,y)∈F

f (x, y) = min
{(x,y)∈Ã0∘B̃0∶z𝛼=x∘y}

f (x, y) = inf
{(x,y)∈Ã0∘B̃0∶z𝛼=x∘y}

f (x, y) ≤ 𝛼.

In other words, there exists (x𝛼, y𝛼) ∈ F satisfying z𝛼 = x𝛼∘y𝛼 and

max {𝜉Ã• (x𝛼), 𝜉B̃• (y𝛼)} = f (x𝛼, y𝛼) = min
(x,y)∈F

f (x, y) ≤ 𝛼,

i.e. 𝜉Ã• (x𝛼) ≤ 𝛼 and 𝜉B̃• (y𝛼) ≤ 𝛼. Therefore, we obtain x𝛼 ∈ 𝛼Ã• and y𝛼 ∈ 𝛼B̃•, which says that
z𝛼 ∈ 𝛼Ã•∘𝛼B̃•. Therefore, we obtain the following inclusion

𝛼(Ã ⊙
• B̃) ⊆ 𝛼Ã•∘𝛼B̃• for all 𝛼 ∈ [0,1].

This completes the proof. ◾

The related results regarding the mixed lower and upper 𝛼-level sets are presented below.
Recall that the 0-level set (Ã ⊙ B̃)0 is the proper domain of the membership function 𝜉Ã⊙B̃
of Ã ⊙ B̃.

Theorem 10.4.3 Let Ã and B̃ be two fuzzy sets in ℝ. Consider that the arithmetic opera-
tions⊙ ∈ {⊕,⊖,⊗} correspond to the operations ∘ ∈ {+,−,×}. Suppose that the membership
functions of Ã and B̃ are upper semi-continuous. Then, we have

1(Ã ⊙ B̃) = (Ã ⊙ B̃)0,

and, for 𝛼 ∈ [0,1), we have

𝛼(Ã ⊙ B̃) = (Ã ⊙ B̃)0

⧹ ⋃
𝛼<𝛽≤1

(Ã𝛽∘B̃𝛽)

=
⋃

𝛼<𝛽≤1

(
(Ã ⊙ B̃)0∖(Ã𝛽∘B̃𝛽)

)
. (10.15)
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We further assume that the supports Ã0+ and B̃0+ are bounded. Then, the above 0-level set
(Ã ⊙ B̃)0 can be replaced by Ã0∘B̃0.

Proof. For 𝛼 ∈ [0,1), we have

𝛼(Ã ⊙ B̃) = (Ã ⊙ B̃)0

⧹
(Ã ⊙ B̃)𝛼+ (using Remark 10.1.2)

= (Ã ⊙ B̃)0

⧹ ⋃
𝛼<𝛽≤1

(Ã ⊙ B̃)𝛽 (using Proposition 2.2.8)

= (Ã ⊙ B̃)0

⧹ ⋃
𝛼<𝛽≤1

(Ã𝛽∘B̃𝛽) (using Theorem 10.4.1).

This completes the proof. ◾

Theorem 10.4.4 Let Ã and B̃ be two fuzzy sets in ℝ with the dual fuzzy set Ã• and B̃•,
respectively. Consider the dual arithmetic operations ⊙• ∈ {⊕•, ⊖•, ⊗•} correspond to the
operations ∘ ∈ {+,−,×}. Suppose that the membership functions of Ã and B̃ are upper
semi-continuous on Ã0 and B̃0, respectively. Then, for 𝛼 ∈ (0,1], we have

(Ã ⊙
• B̃)𝛼 = (Ã ⊙

• B̃)0

⧹ ⋃
0≤𝛽<𝛼

(𝛽Ã•∘𝛽 B̃•)

=
⋃

0≤𝛽<𝛼

(
(Ã ⊙

• B̃)0∖(𝛽Ã•∘𝛽 B̃•)
)
. (10.16)

Proof. For 𝛼 ∈ (0,1], we have

(Ã ⊙
• B̃)𝛼 = (Ã ⊙

• B̃)0

⧹
𝛼−(Ã ⊙

• B̃) (using Remark 10.1.2)

= (Ã ⊙
• B̃)0

⧹ ⋃
0≤𝛽<𝛼

𝛽(Ã ⊙
• B̃) (using Proposition 10.1.3)

= (Ã ⊙
• B̃)0

⧹ ⋃
0≤𝛽<𝛼

(𝛽Ã•∘𝛽 B̃•) (using Theorem 10.4.2).

This completes the proof. ◾

Example 10.4.5 Let Ã and B̃ be two fuzzy intervals. Using Theorem 10.4.1, for 𝛼 ∈ [0,1],
the upper 𝛼-level set of Ã ⊙ B̃ is given by

(Ã ⊙ B̃)𝛼 = Ã𝛼∘B̃𝛼 =
[

ÃL
𝛼, ÃU

𝛼

]
∘
[

B̃L
𝛼, B̃U

𝛼

]
.

Now, we consider the lower 𝛼-level set of Ã ⊙ B̃. From Theorem 10.4.3, the lower 1-level set
of Ã ⊙ B̃ is given by

1(Ã ⊙ B̃) = Ã0 ⊙ B̃0 =
[

ÃL
0 , ÃU

0

]
∘
[

B̃L
0 , B̃U

0

]
.

For 𝛼 ∈ [0,1), we have

𝛼(Ã ⊙ B̃) = Ã0 ⊙ B̃0

⧹ ⋃
𝛼<𝛽≤1

(Ã𝛽∘B̃𝛽) = Ã0 ⊙ B̃0

⧹ ⋃
𝛼<𝛽≤1

([
ÃL
𝛽 , ÃU

𝛽

]
∘
[

B̃L
𝛽 , B̃U

𝛽

])
.

Suppose that we take ∘ = + and ⊙ = ⊕. Then, we have

1(Ã ⊕ B̃) = Ã0 + B̃0 =
[

ÃL
0 , ÃU

0

]
+
[

B̃L
0 , B̃U

0

]
=
[

ÃL
0 + B̃L

0 , ÃU
0 + B̃U

0

]
.
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For 𝛼 ∈ [0,1), we have

𝛼(Ã ⊕ B̃) =
[

ÃL
0 + B̃L

0 , ÃU
0 + B̃U

0

]⧹ ⋃
𝛼<𝛽≤1

[
ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

]
.

In order to obtain a more simplified form of 𝛼(Ã ⊕ B̃), we further assume that the end-
points ÃL

𝛼 , ÃU
𝛼 , B̃L

𝛼 and B̃U
𝛼 are continuous on [0,1]with respect to 𝛼. Therefore, the endpoints

ÃL
𝛽 + B̃L

𝛽 and ÃU
𝛽 + B̃U

𝛽 are continuous functions on [0,1] with respect to 𝛽. It follows that⋃
𝛼<𝛽≤1

[
ÃL
𝛽 + B̃L

𝛽 , ÃU
𝛽 + B̃U

𝛽

]
=
(

ÃL
𝛼 + B̃L

𝛼, ÃU
𝛼 + B̃U

𝛼

)
is an open interval. Therefore, for 𝛼 ∈ [0,1), we obtain

𝛼(Ã ⊕ B̃) =
[

ÃL
0 + B̃L

0 , ÃL
𝛼 + B̃L

𝛼

]
∪
[

ÃU
𝛼 + B̃U

𝛼 , ÃU
0 + B̃U

0

]
.

Example 10.4.6 Let Ã and B̃ be two fuzzy intervals with dual fuzzy set Ã• and B̃• in ℝ,
respectively. According to Example 10.2.3, the lower 𝛼-level sets of Ã• and B̃• are given by

𝛼Ã• =
[
𝛼Ã•L

, 𝛼Ã•U
]
=
[

ÃL
1−𝛼, ÃU

1−𝛼

]
and 𝛼B̃• =

[
𝛼B̃•L

, 𝛼Ã•U
]
=
[

B̃L
1−𝛼, B̃U

1−𝛼

]
.

Using part (iii) of Theorem 10.4.2, the lower 𝛼-level set of the dual arithmetic Ã ⊙• B̃ is
given by

𝛼(Ã ⊙
• B̃) = 𝛼Ã•∘𝛼B̃• =

[
𝛼Ã•L

, 𝛼Ã•U
]
∘
[
𝛼B̃•L

, 𝛼B̃•U
]
=
[

ÃL
1−𝛼, ÃU

1−𝛼

]
∘
[

B̃L
1−𝛼, B̃U

1−𝛼

]
.

Using Theorem 10.4.4, for 0 < 𝛼 ≤ 1, we have

(Ã ⊙
• B̃)𝛼 = (Ã ⊙

• B̃)0

⧹ ⋃
0≤𝛽<𝛼

(𝛽Ã•∘𝛽 B̃•)

= (Ã ⊙
• B̃)0

⧹ ⋃
0≤𝛽<𝛼

([
𝛽Ã•L

, 𝛽Ã•U
]
∘
[
𝛽 B̃•L

, 𝛽 B̃•U
])

= (Ã ⊙
• B̃)0

⧹ ⋃
0≤𝛽<𝛼

([
ÃL

1−𝛽 , ÃU
1−𝛽

]
∘
[

B̃L
1−𝛽 , B̃U

1−𝛽

])
.

For 0 < 𝛼 ≤ 1, we can similarly show that⋃
0≤𝛽<𝛼

([
𝛽Ã•L + 𝛽 B̃•L

, 𝛽Ã•U + 𝛽 B̃•U
])

=
(
𝛼Ã•L + 𝛼B̃•L

, 𝛼Ã•U + 𝛼B̃•U
)

=
(

ÃL
1−𝛼 + B̃L

1−𝛼, ÃU
1−𝛼 + B̃U

1−𝛼

)
is an open interval. Therefore, for 0 < 𝛼 ≤ 1, we obtain

(Ã ⊕
• B̃)𝛼 = (Ã ⊕

• B̃)0

⧹(
𝛼Ã•L + 𝛼B̃•L

, 𝛼Ã•U + 𝛼B̃•U
)

= (Ã ⊕
• B̃)0

⧹(
ÃL

1−𝛼 + B̃L
1−𝛼, ÃU

1−𝛼 + B̃U
1−𝛼

)
.

10.5 Representation Theorem for Dual-Fuzzified Function

Let Ã(i) be fuzzy sets in Ui with the corresponding dual fuzzy sets Ã(i•) for i = 1,… , p.
By referring to (10.3), the dual-fuzzified function f̃ •(Ã(1)

,… , Ã(p)) is obtained from the dual
extension principle.
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According to the Dual Decomposition Theorem 10.3.1, the membership function of
dual-fuzzified function Ã ≡ f̃ •(Ã(1)

,… , Ã(p)) is given by

𝜉f̃ •(Ã(1)
,…,Ã(p))(y) = 𝜉Ã(y)

= sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(y) = max

𝛼∈(0,1]
𝛼 ⋅ 𝜒•

𝛼 Ã(y) = max
𝛼∈(0,1]

𝛼 ⋅
[
1 − 𝜒

𝛼 Ã(y)
]
.

Next, we are going to obtain the representation for dual-fuzzified function as follows

𝜉f̃ •(Ã(1)
,…,Ã(p))(y) = sup

𝛼∈(0,1]
𝛼 ⋅ 𝜒•

f (𝛼 Ã(1•)
,··· ,𝛼 Ã(p•))

(y).

Some useful lemmas are needed below.

Lemma 10.5.1 Let Ã be a fuzzy set in ℝn with dual fuzzy set Ã•. For each fixed x ∈ Ã•
0 , let

𝛼0 ≡ sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã• (x). (10.17)

Then, we have x ∈ 𝛼Ã• for 𝛼 ∈ [0,1] with 𝛼 > 𝛼0 and x ∉ 𝛼Ã• for 𝛼 ∈ [0,1] with 𝛼 < 𝛼0.

Proof. Suppose that there exists 𝛼1 ∈ [0,1] satisfying 𝛼1 < 𝛼0 and x ∈ 𝛼1
Ã•. Then x ∈ 𝛼Ã•

for all 𝛼 ∈ [0,1] with 𝛼 > 𝛼1, since 𝛼Ã•
⊆ 𝛽Ã• for 𝛼, 𝛽 ∈ [0,1] with 𝛼 < 𝛽. This says that

sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã• (x) = sup

𝛼∈[0,1]
𝛼 ⋅

[
1 − 𝜒

𝛼 Ã• (x)
]
≤ 𝛼1 < 𝛼0,

which is a contradiction. Therefore, we conclude x ∉ 𝛼Ã• for 𝛼 ∈ [0,1] with 𝛼 < 𝛼0. On the
other hand, if there exists 𝛼2 ∈ [0,1] satisfying 𝛼2 > 𝛼0 and x ∉ 𝛼2

Ã•, we have

sup
𝛼∈[0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã• (x) = sup

𝛼∈[0,1]
𝛼 ⋅

[
1 − 𝜒

𝛼 Ã• (x)
]
≥ 𝛼2 > 𝛼0,

which is also a contradiction. Therefore, we conclude x ∈ 𝛼Ã• for 𝛼 ∈ [0,1] with 𝛼 > 𝛼0.
This completes the proof. ◾

Lemma 10.5.2 Let Ã(i) be fuzzy sets in ℝni with dual fuzzy sets Ã(i•) for i = 1,… , p. We have

sup
𝛼∈(0,1]

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
= max

1≤i≤p

{
sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(i•) (xi)

}
.

Proof. Let

𝛼i = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(i•) (xi) and 𝛼0 = max

1≤i≤p
𝛼i (10.18)

for i = 1,… , p. Given any 𝛼 ∈ [0,1] with 𝛼 > 𝛼0, we have 𝛼 ∈ [0,1] with 𝛼 > 𝛼i for all
i = 1,… , p. Lemma 10.5.1 says that xi ∈ 𝛼Ã(i•) for all i = 1,… , p. Therefore, we obtain

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
= max

1≤i≤p

{
𝛼 ⋅

[
1 − 𝜒

𝛼 Ã(i•) (xi)
]}

= 0.

Given any 𝛼 ∈ [0,1] with 𝛼 < 𝛼0, we have 𝛼 ∈ [0,1] with 𝛼 < 𝛼i for some i = 1,… , p.
Lemma 10.5.1 says that xi ∉ 𝛼Ã(i•) for some i = 1,… , p. Therefore, we obtain

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
= max

1≤i≤p

{
𝛼 ⋅

[
1 − 𝜒

𝛼 Ã(i•) (xi)
]}

= 𝛼.
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Then, we have

sup
𝛼∈(0,1]

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}

= max

{
sup

{𝛼∈[0,1]∶𝛼>𝛼0}
max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
, sup
{𝛼∈[0,1]∶𝛼<𝛼0}

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
,

max
1≤i≤p

{
𝛼0 ⋅ 𝜒

•
Ã(i•)
𝛼0

(xi)
}}

= max

{
0, sup

{𝛼∈[0,1]∶𝛼<𝛼0}
𝛼,max

1≤i≤p

{
𝛼0 ⋅ 𝜒

•
Ã(i•)
𝛼0

(xi)
}}

= max
{
𝛼0,max

1≤i≤p

{
𝛼0 ⋅ 𝜒

•
Ã(i•)
𝛼0

(xi)
}}

= 𝛼0,

which shows

sup
𝛼∈(0,1]

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
= 𝛼0 = max

1≤i≤p

{
sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(i•) (xi)

}
(10.19)

by using (10.18). From (10.17) and (10.18), we also have

𝛼i = sup
𝛼∈(𝜉Ã(i•) )

𝛼 ⋅ 𝜒•
𝛼 Ã(i•) (xi) and 𝛼0 = max

1≤i≤p

{
sup

𝛼∈(𝜉Ã(i•) )
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)

}
.

Using (10.19), we obtain the desired equalities, and the proof is complete. ◾

Given any sets Ai in ℝni for i = 1,… , p, it is not hard to obtain the following equalities

1 − 𝜒f (A1 ,…,Ap)(y) = 𝜒
•
f (A1 ,…,Ap)

(y)

= inf
{(x1 ,…,xp)∶y=f (x1 ,…,xp)}

max
{
𝜒
•
A1
(x1),… , 𝜒

•
Ap
(xp)

}
= inf

{(x1 ,…,xp)∶y=f (x1 ,…,xp)}
max

{
1 − 𝜒A1

(x1),… , 1 − 𝜒Ap
(xp)

}
= 1 − sup

{(x1 ,…,xp)∶y=f (x1 ,…,xp)}
min

{
𝜒A1

(x1),… , 𝜒Ap
(xp)

}
. (10.20)

We are in a position to establish the representation theorem for dual-fuzzified function
using the dual extension principle.

Theorem 10.5.3 (Representation Theorem) Let f ∶ ℝn1 × · · · ×ℝnp → ℝn be an onto
crisp function, and let f̃ • ∶  (ℝn1 ) × · · · (ℝnp ) →  (ℝn) be a fuzzy function extended from
f via the dual extension principle defined in (10.3). Given any fuzzy sets Ã(i) in ℝni with
dual fuzzy sets Ã(i•) for i = 1,… , p, the membership function of f̃ •(Ã(1)

, Ã(2)
,… , Ã(p)) can be

expressed as

𝜉f̃ •(Ã(1)
,…,Ã(p))(y) = sup

𝛼∈(0,1]
𝛼 ⋅ 𝜒•

f (𝛼 Ã(1•)
,··· ,𝛼 Ã(p•))

(y) = sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
f (Ã(1)

1−𝛼 ,··· ,Ã
(p)
1−𝛼 )

(y).
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Proof. By the definition of dual extension principle, we have

𝜉f̃ •(Ã(1)
,…,Ã(p))(y) = inf

{(x1 ,…,xp)∈Ã(1)
0 ×···×Ã(p)

0 ∶y=f (x1 ,…,xp)}
max
1≤i≤p

{
𝜉Ã(i•) (xi)

}
(using (10.3))

= inf
{(x1 ,…,xp)∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (x1 ,…,xp)}

max
1≤i≤p

{
sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
𝛼 Ã(i•) (xi)

}
(10.21)

(using Remark 10.3.2).

Given any 𝛼 ∈ [0,1], from 10.20, we have

𝜒
•
f (𝛼 Ã(1•)

,…,𝛼 Ã(p•))
(y) = inf

{(x1 ,…,xp)∈Ã(1)
0 ×···×Ã(p)

0 ∶y=f (x1 ,…,xp)}
max
1≤i≤p

{
𝜒
•
𝛼 Ã(i•) (xi)

}
. (10.22)

Therefore, we obtain

sup
𝛼∈(0,1]

𝛼 ⋅ 𝜒•
f (𝛼 Ã(1•)

,··· ,𝛼 Ã(p•))
(y)

= sup
𝛼∈(0,1]

𝛼 ⋅
⎛⎜⎜⎝ inf
{(x1 ,…,xp)∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (x1 ,…,xp)}

max
1≤i≤p

{
𝜒
•
𝛼 Ã(i•) (xi)

}⎞⎟⎟⎠ (using (10.22))

= sup
𝛼∈(0,1]

inf
{(x1 ,…,xp)∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (x1 ,…,xp)}

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}

(since 𝛼 ≥ 0)

= inf
{(x1 ,…,xp)∈Ã(1)

0 ×···×Ã(p)
0 ∶y=f (x1 ,…,xp)}

sup
𝛼∈(0,1]

max
1≤i≤p

{
𝛼 ⋅ 𝜒•

𝛼 Ã(i•) (xi)
}
. (10.23)

By applying Lemma 10.5.2 to (10.21) and (10.23), we obtain the desired equalities, where
𝛼Ã(i•) = Ã(i)

1−𝛼 for i = 1,… , p. This completes the proof. ◾
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Mathematical Notations

𝜉Ã: membership function of fuzzy set Ã
(𝜉Ã): range of membership function 𝜉Ã
Ã𝛼 = [ÃL

𝛼, ÃU
𝛼 ]: 𝛼-level set is a closed interval

sup S: supremum of S in Definition 1.1.2
inf S: infimum of S in Definition 1.1.2
lim sup

n→∞
an: limit superior of sequence {an}∞n=1 in (1.2)

lim inf
n→∞

an: limit inferior of sequence {an}∞n=1 in (1.3)

B(x; 𝜖): open ball (1.12)
cl(A): closure of A in Definition 1.2.5
𝜒A: characteristic function of set A in (1.14)
Ã𝛼 : 𝛼-level set of fuzzy set Ã in (2.1)
Ã𝛼+: strong 𝛼-level set of fuzzy set Ã in (2.7)
Ã0+: support of set A in (2.3)
𝔉(ℝm): the set of fuzzy sets satisfying conditions in Definition 2.3.1
1̃{p}: crisp vector with value p in (2.21)
Ã = (a1, a2, a3, a4)LR: LR-fuzzy interval in Definition 2.3.8
𝔉LR(ℝ): set of all LR-fuzzy interval in Definition 2.3.8
Ã ∧ B̃: intersection of fuzzy sets in Definitions 3.2.1 and 3.2.5
Ã ∨ B̃: union of fuzzy sets in Definitions 3.3.1 and 3.3.4
Tn: generalized t-norm in (3.9)
Sn: generalized s-norm in (3.27)
Ã(1)

⊓ ... ⊓ Ã(n) = ⊓n
i=1Ã(i): intersection of fuzzy sets in Definition 3.2.8

Ã(1)
⊔ ... ⊔ Ã(n) = ⊔n

i=1Ã(i): union of fuzzy sets in Definition 3.3.6
𝔄∩: aggregation function for intersection in Definition 3.2.8
𝔄∪: aggregation function for union in Definition 3.3.6
𝔄L

n and 𝔄R
n : aggregation functions in Definition 3.4.1

𝔄L
n: left-generated by 𝔄2 in Definition 3.4.1

𝔄R
n : right-generated by 𝔄2 in Definition 3.4.1

S• = {𝛼 ∈ S ∶ 𝜆(𝛼) > 0}: in (5.36)
A(𝜂)
𝛼 and A(𝜂)

𝛼+: in (5.4)
B(𝜆)
𝛼 and B(𝜆)

𝛼+: in (5.40) and (5.41), respectively
B(𝜂,𝜆)
𝛼 and B(𝜂,𝜆)

𝛼+ : in (5.62) and (5.63), respectively
Ã⋆ and Ã∘: generated by families in Theorem 5.3.1

Mathematical Foundations of Fuzzy Sets, First Edition. Hsien-Chung Wu.
© 2023 John Wiley & Sons Ltd. Published 2023 by John Wiley & Sons Ltd.
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Ã⟂: usual case in (5.22)
Ã⋄: generated by using one function in (5.35)
Ã⊤: generated by using two functions in (5.58)
Ã

𝜅

= B̃: permutably identical in Definition 5.6.1


(𝜅,𝜂)
= Ã: permutably identical in Definition 5.6.5

𝜉Ã ≑ 𝜅∘𝜉Ã⋆ : in Definition 5.6.11
𝐟 (EP): fuzzification using the extension principle in (6.1)
𝐟 (DT): fuzzification using the decomposition theorem in (6.8)

𝐟 (⋄DT): fuzzification in Subsection 6.2.1
𝐟 (⋆DT): fuzzification in Subsection 6.2.2
𝐟 (†DT): fuzzification in Subsection 6.2.3

𝐀̃ ⊕EP 𝐁̃: addition in (6.2)
f̃ ′(x∗): fuzzy derivative on open interval in Definition 6.4.1
f̃ ′

(EP)
(Ã): fuzzy derivative in Definition 6.4.3

f̃ ′
(⋄DT)

(Ã): fuzzy derivative in Definition 6.4.5
f̃ ′

(⋆DT)
(Ã): fuzzy derivative in Definition 6.4.7

f̃ ′
(†DT)

(Ã): fuzzy derivative in Definition 6.4.9
∫Ef̃ (x)d𝜈: fuzzy Lebesgue integral in Definition 6.5.1
(⋄DT) ∫ B̃

Ã f (x)dx: fuzzy Riemann integral in Definition 6.5.3
(⋆DT) ∫ B̃

Ã f (x)dx: fuzzy Riemann integral in Definition 6.5.5
(†DT) ∫ B̃

Ã f (x)dx: fuzzy Riemann integral in Definition 6.5.7
(EP) ∫ B̃

Ã f (x)dx: fuzzy Riemann integral in Definition 6.5.9
(⋆EP) ∫ B̃

Ã f (x)dx: pseudo-fuzzy Riemann integral in Definition 6.5.10
Ã ⊙ B̃: arithmetics using min in (7.2)
Ã ⊙EP B̃: arithmetics using the extension principle in (7.14)
𝐀̃ ⊙EP 𝐁̃: arithmetics using the extension principle in (7.30)
Ã ⊙DT B̃: arithmetics using the decomposition theorem in (7.15)

Ã ⊙⋄
DT B̃: arithmetics in (7.16)

Ã ⊙⋆

DT B̃: arithmetics in (7.17)
Ã ⊙

†
DT B̃: arithmetics in (7.18)

𝐀̃ ⊖DT 𝐁̃: difference using the decomposition theorem in (7.34)
𝐀̃⊖⋄

DT 𝐁̃: difference in (7.42)
𝐀̃⊖⋆

DT 𝐁̃: difference in (7.46)
𝐀̃⊖

†
DT 𝐁̃: difference in (7.50)

𝐀̃ ⊕DT 𝐁̃: addition using the decomposition theorem in (7.37)
Ã(1)

⊙1 · · ·⊙n−1Ã(n): arithmetics in (7.60)
Ã(1)

⊡1 · · ·⊡n−1Ã(n): arithmetics in (7.62)
Ã ⊙𝔏 B̃: binary operation in (7.93)
Ã ⊙∗

𝔏 B̃: binary operation in (7.115)
Ã ⊙𝔊 B̃: binary operation in (7.118)
Ã ⊕𝔏 B̃: addition in (7.94)
Ã ⊖𝔏 B̃: difference in (7.95)
Ã ⊖G1

B̃: type-I-generalized difference in (7.100)
Ã ⊖G2

B̃: type-II-generalized difference in (7.103)
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Ã ⊖H B̃: Hausdorff difference in (7.97)
Ã ⊖NH B̃: natural Hausdorff difference in (7.119)
Ã ⊖FH B̃: fair Hausdorff difference in (7.144)
Ã ⊖FH∗ B̃: fair *-Hausdorff difference in (7.145)
Ã ⊖GFH B̃: generalized fair Hausdorff difference in (7.146)
Ã ⊖CH B̃: composite Hausdorff difference in (7.156)
Ã ⊖∗

CH B̃: composite *-Hausdorff difference in (7.157)
Ã ⊖GCH B̃: generalized composite Hausdorff difference in (7.158)
Ã ⊖CCH1

B̃: type-I-complete composite Hausdorff difference in (7.169)
Ã ⊖CCH2

B̃: type-II-complete composite Hausdorff difference in (7.170)
Ã ⊖∗

CCH1
B̃: type-I-complete composite *-Hausdorff difference in (7.171)

Ã ⊖∗
CCH2

B̃: type-II-complete composite *-Hausdorff difference in (7.172)
Ã ⊖GCCH1

B̃: generalized type-I-complete composite Hausdorff difference in (7.173)
Ã ⊖GCCH2

B̃: generalized type-II-complete composite Hausdorff difference in (7.174)
𝐀̃ ⊛EP 𝐁̃: inner product using the extension principle in (8.2)
𝐀̃ ⊛DT 𝐁̃: inner product using the decomposition theorem in (8.8)

𝐀̃⊛⋄
DT 𝐁̃: inner product in in (8.9)

𝐀̃⊛⋆

DT 𝐁̃: inner product in in (8.11)
𝐀̃⊛

†
DT 𝐁̃: inner product in in (8.13)

𝐀̃ ⊚EP 𝐁̃: inner product using the extension principle in (8.32)
𝐀̃ ⊚DT 𝐁̃: inner product using the decomposition theorem in (8.40)
Ã𝔊: fuzzy set generated by gradual set in (9.2)
𝔊Ã: gradual set generated by fuzzy set in (9.6)
𝔊∩: gradual set for intersection in (9.19)
𝔊∪: gradual set for union in (9.20)
𝛼Ã: lower 𝛼-level set in Definition 10.1.1
𝛼−Ã: strong lower 𝛼-level set in Definition 10.1.1
Ã•: dual fuzzy set in (10.2)
f̃ •(Ã(1)

, Ã(2)
, ..., Ã(n)): dual extension principle in (10.3)

𝜒•
A: dual characteristic function in (10.5)

Ã ⊙• B̃: dual arithmetics in (10.12)
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Index

𝛼-Level set 24
lower 𝛼-level set 373
strong 𝛼-Level set 29
strong lower 𝛼-level set 373
upper 𝛼-level set 373

⊆-Compatible with set intersection 48
⊆-Compatible with set union 54
⊇-Compatible with set intersection 48
⊇-Compatible with set union 54
(†DT)-Fuzzy Riemann integral 206
(†DT)-Fuzzy derivative 200
(⋄DT)-Fuzzy Riemann integral 203
(⋄DT)-Fuzzy derivative 198
(⋆DT)-Fuzzy Riemann integral 205
(⋆DT)-Fuzzy derivative 199
(EP)-Fuzzy Riemann integral 207
(EP)-Fuzzy derivative 198
(EP)-Pseudo-fuzzy Riemann integral

208

a
Arithmetic operations

compatible 251
decomposition theorem 220
extension principle 220
fuzzy interval 215
fuzzy vector 227
minimum function 211
strongly compatible 251

Averaging operator 56

b
Bound

greatest upper bound 2

least upper bound 2
lower bound 1
upper bound 1

c
Canonical fuzzy interval 35
Cantor Intersection Theorem 20
Characteristic function 15

dual 379
Closure 8
Compatibility
⊆-compatible with set intersection 48
⊇-compatible with set intersection 48
arithmetic operations 251

Composite *-Hausdorff difference 300
Composite Hausdorff difference 299
Convex set 19
Crisp function 69
Crisp vector 34

d
Decomposition Theorem

dual 379
dual for ℚ 380
for ℚ 32

Decomposition theorem 31
Dual arithmetics 381
Dual characteristic function 379
Dual decomposition theorem 379
Dual extension principle 378
Dual fuzzification 378
Dual fuzzy set 376
Dual membership function 376
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e
Extension principle 69

dual 378
Euclidean space 71
generalized 92
product space 76
t-norm 85

f
Fair *-Hausdorff difference 295
Fair Hausdorff difference 294
Family

nested family 112
nested family with respect

to 𝜂 113
solid family 111
strictly nested family 112
strictly nested family with

respect to 𝜂 113
Fuzziness 191
Fuzzy derivative

(†DT)-fuzzy derivative 200
(⋄DT)-fuzzy derivative 198
(⋆DT)-fuzzy derivative 199
extension principle 198
open interval 197

Fuzzy function 69, 75
Fuzzy interval 34

canonical fuzzy interval 35
LR-fuzzy interval 38
standard fuzzy interval 35

Fuzzy Lebesgue integral 202
Fuzzy number 34
Fuzzy set 24

complement 44
convex fuzzy set 26
dual 376
element 345
Hukuhara difference 218
intersection

⊆-compatible 48
⊇-compatible 48
general function 48
minimum function 44
t-norm 46

negative fuzzy set 37

nonnegative fuzzy set 37
nonpositive fuzzy set 37
positive fuzzy set 37
support 25
union

⊆-compatible 54
⊇-compatible 54
maximum function 51
s-norm 52

Fuzzy vector 34

g
Generalized composite Hausdorff difference

300
Generalized difference

type-I 270
type-II 270

Generalized extension principle 92
Generalized fair Hausdorff difference

295
Generalized s-norm 53
Generalized t-norm 47
Generalized type-I-complete composite

Hausdorff difference 306
Generalized type-II-complete composite

Hausdorff difference 306
Generated function 58

left-generated 58
right-generated 58

Gradual element 343
Gradual number 343
Gradual set 343

nested 343
strictly nested 343

Greatest lower bound 2

h
Hausdorff difference 269

composite 299
composite *- 300
fair 294
fair *- 295
generalized composite 300
generalized fair 295
generalized type-I-complete composite

306
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generalized type-II-complete composite
306

natural 275
type-I-complete composite 305
type-I-complete composite *- 305
type-II-complete composite 305
type-II-complete composite *-

305
Hausdorff metric 294
Hukuhara difference 218

i
Identical family 163

permutably identical 163
Identical fuzzy set 160

identical ≑ 166
permutably identical 160

Indicator function 15
Infimum 2
Inner product

fuzzy interval 333
Integral

(†DT)-fuzzy Riemann integral 206
(⋄DT)-fuzzy Riemann integral 203
(⋆DT)-fuzzy Riemann integral 205
(EP)-fuzzy Riemann integral 207
(EP)-pseudo-fuzzy Riemann integral

208
fuzzy Lebesgue integral 202

l
Least upper bound 2
Left-generated function 58
Limit inferior 3
Limit superior 3
Linear function 82
Lower 𝛼-level set 373
Lower bound 1
Lower semi-continuity 11

m
Maximal element 1
Membership function 24

dual 376
Minimal element 1

n
Negative fuzzy set 37
Nested family 112

with respect to 𝜂 113
Nested gradual set 343
Nonnegative fuzzy set 37
Nonpositive fuzzy set 37

p
Positive fuzzy set 37
Proper domain 373

q
Quasi-concave function 19
Quasi-convex function 19

r
Representation Theorem 77

dual 387
Right-generated function 58

s
s-norm 52

generalized 53
Semi-continuity

Lower 11
upper 11

Solid family 111
Standard fuzzy interval 35
Strictly nested family 112

with respect to 𝜂 113
Strictly nested gradual set 343
Strong 𝛼-level set 29
Strong lower 𝛼-level set 373
Supremum 2
Symmetric triangular fuzzy numbers 299

t
t-norm 45

generalized 47
Triangular co-norm 52
Triangular norm 45
Type-I-complete composite *-Hausdorff

difference 305
Type-I-complete composite Hausdorff

difference 305
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Type-II-complete composite *-Hausdorff
difference 305

Type-II-complete composite Hausdorff
difference 305

u
Upper 𝛼-level set 373
Upper bound 1
Upper semi-continuity 11
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