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Preface

The transition from the traditional commercial banking activities of lending and
borrowing, to the modern-day financial structure involving risky securities and
derivatives, has resulted in the necessity of active management of assets by qual-
ified professionals, both in terms of investment strategies and in terms of the
consequent risk management of these investments.

This book is a result of the first author’s (Siddhartha Pratim Chakrabarty)
teaching of an undergraduate elective on portfolio theory and performance analysis,
to the final-year students of the Bachelor of Technology (in Mathematics and
Computing) at the Indian Institute of Technology (IIT) Guwahati. During the period
of this course being offered for more than a decade, the necessity of a book
encompassing a wide spectrum of mathematical portfolio theory and analysis at an
introductory level was strongly felt. The goal was to develop a book which provides
a holistic insight into the topic at an undergraduate level. While the final-year
undergraduate students, who were taught this course at I[I'T Guwahati, had a strong
background in financial engineering and stochastic calculus, this book requires no
such prerequisites, for the intended audience. Accordingly, the book begins with
chapters on financial markets, basic probability theory, and pricing models, as a
prelude, before embarking on the discussion on portfolio theory. The emphasis at
the commencement is on the modern portfolio theory (or the mean-variance port-
folio theory) due to Harry Markowitz, followed by two chapters, one on utility
theory and the other on non-mean-variance portfolio theory.

The next two chapters are on topics typically not covered in an undergraduate text
on mathematical finance. The former is on optimal portfolios, both in discrete
and continuous time setup, via the dynamic programming principle, and the
Hamilton—Jacobi—Bellman equation, respectively, and the latter is on optimization
of bond portfolios, introduced to make the reader aware of the importance of
management of bond portfolios (contrary to the perception that bonds are “risk-free”
and hence require little or no active management). The concluding chapter deals with
a risk management technique, namely Value-at-Risk (VaR), which is playing a
progressively important role, especially in compliance with the capital requirements
under the Basel Accord. The second author (Ankur Kanaujiya), as a graduate student
at IIT Guwahati, has worked in the area of computational aspects of financial
derivatives, with a trading account as the underlying asset.



vi Preface

The first author acknowledges his students at IIT Guwahati (a group of highly
gifted young men and women) who have provided their feedback, on the course,
over the years. That has, in many ways, shaped the structure of the book. Finally, in
summary, the purpose of writing this introductory book is to achieve a textbook,
that the authors themselves would have like to have, as students of this
ever-evolving subject.

Guwabhati, India Siddhartha Pratim Chakrabarty
Rourkela, India Ankur Kanaujiya
October 2022
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Mechanisms of Financial Markets

The diversity and volume of trading in financial markets have seen a dynamic and
continuous evolution over the last few decades. In this introductory chapter, we
emphasize on three key components of market mechanism, namely the types of
markets, the players operating in these markets, and finally, the basic types of financial
instruments which are traded in such markets.

1.1 Types of Markets

At a global level, the financial markets can be subdivided into what are known as
local (or onshore) and what is known as Euromarkets. The two key characteristics of
onshore markets are the formal registration process and the requirements of main-
taining reserves, overseen by regulatory agencies and central banks, which leads to
implications, such as cost, liquidity, and taxation. In case of the latter, namely the
Euromarkets, both these characteristics, i.e., the registration process and the reserves
are beyond the jurisdiction of regulators and central banks.

The onshore markets can be classified as either being exchange traded or Over-the-
Counter (OTC) markets. For example, a derivatives (to be defined later in the chapter)
exchange is a market where standardized contracts (designed by the exchange) are
traded. Exchanges traditionally used what is known as the “open-outcry-system”,
with the traders physically meeting on the floor of the exchange, but have gradu-
ally moved on to the “electronic system”. Chicago Board of Trade (CBOT) and the
Chicago Mercantile Exchange (CME) are two early derivatives exchanges, set up in
1848 and 1919, respectively, to primarily trade in futures contracts (to be defined
later in the chapter). This was followed by the commencement of trading of call
and put options at the Chicago Board of Options Exchange (CBOE) in 1973 and
1977, respectively. In addition, there are numerous stock exchanges, which are ex-
changes dealing with the trading of equities. On the other hand, the OTC markets
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2 1 Mechanisms of Financial Markets

provide for an important (and more flexible) alternative to exchanges. In practice,
OTC markets are much larger than the exchange traded markets, in terms of the total
volume of trading. The OTC trading is carried out over an electronic network or
telephone and typically takes place between two financial institutions or between a
financial institution and one of its clients. While OTC markets have more flexibility,
in terms of negotiation of individualized contracts, such contracts, nevertheless, are
overseen by regulatory authorities, with the contract documentation being prepared
by professional associations. As already noted, the Euromarkets (with, of course,
no connection to Europe, in particular) provides for trading an instrument without
formal registration and less regulatory oversight. An example of this would be a
security traded without registration and called a bearer’s security.

1.2 Market Players

The functioning of markets involves several key players, such as traders, brokers,
risk managers, and analysts. Traders are individuals trading in financial instruments
and can be broadly classified into three categories, namely hedgers, speculators, and
arbitrageurs. Brokers provide an intermediary platform for the buyers and sellers
to carry out their trade, through a bid and ask process. The enhanced level of risk
resulting from the emergence of sophisticated financial instruments has led to the
involvement of risk managers, who assess the potential risk of a trade and whose
approval is required prior to carrying out such trades. Finally, analysts are researchers,
whose primary role is to carry out a detailed analysis of instruments and provide
advisory services, while having no role in the trading process itself.

1.3 Financial Instruments

In this section, we focus on the concept of financial instruments, with an emphasis
on the economic use of such instruments. Accordingly, we consider two very broad
categories of such instruments, namely securities and financial derivative contracts.
In the case of securities, we consider two basic securities, namely fixed income and
equities, with a particular emphasis on bonds and stocks, respectively, essentially as
a prelude to their extensive consideration for our subsequent discussion on portfolio
theory. In addition, we also elaborate on three key financial derivative contracts,
namely futures and forwards, options, and swaps, mainly from the perspective of
their financial mechanism.
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1.3.1 Bonds

A “bond” is a security, that is issued by a borrower (selling a bond) to the lender
(purchasing a bond), in lieu of a specified amount of borrowing (the bond price). The
bond confers the right to the lender (and a consequent obligation on the borrower) to
receive a single (or a series of) pre-specified payments at future pre-specified date(s).
The borrower or the “seller of the bond” is called the “debtor”, whereas the lender or
the “purchaser of the bond” is called the “creditor”. Accordingly, the debtor and the
creditor are called the “counterparty” of each other. In case a single payment is made
by the creditor to the debtor, then the bond is called a “zero-coupon bond”. However,
if the bond involves a series of payments, then it is called a “coupon bond”. The single
payment made in case of a zero-coupon bond is called the “par value”, “face value”,
“nominal value”, or “principal” (henceforth, in order to avoid any confusion, we will
make use of the term “par value”, in this context). The series of payments made to
the owner of a coupon bond are called “coupons”, with the final payment comprising
of the last coupon and the par value. The date on which the par value is paid, in case
of bonds, is called the “maturity” of the bond. Recall that the amount paid by the
purchaser of the bond to the seller of the bond is called the “bond price”. In case of
a bond, the difference between the bond price and the par value as a percentage of
the bond price is called the “interest rate”. In case of a coupon bond, the periodic
coupons (typically paid semi-annually) are usually a pre-specified percentage of the
par value and are called the “coupon rate”. In summary, the par value, the coupon
rate, and the maturity characterize the contract between the seller and the purchaser,
of the bond, and are referred to as the “bond indenture”.

In principle, a bond will represent risk-free security, in the sense that it offers
guaranteed future payment(s), that are known in advance, to the purchaser of the bond,
at the time of its purchase. However, if one looks beyond this aspect of guaranteed
payments being known in advance, bonds might actually involve several types of
risks. In the event that the issuer of the bond fails to meet the payment obligations to
the purchaser of the bond, then the issuer is said to have defaulted, resulting in loss
for the purchaser. This kind of risk faced by the bond owner is known as “credit” or
“default” risk. Also, the case of the rate of increase in the value of goods, being more
than the rate of return received from a bond, results in diminishing purchasing power
for the bond owner, resulting from what is known as the “inflation” risk. Finally,
given the fact that bonds can be liquid, it is possible that the bond owner may sell the
bond to someone, between the purchase date and the maturity of the bond, but end
up receiving an amount for the bond that is lower than what they had anticipated at
the time of purchase (this typically happens if the interest rate goes up). This kind
of risk arising from pre-mature (prior to maturity) liquidation of the bond is known
as the “liquidity” risk.
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1.3.2 Stocks

A (common) stock or equity is a security that bestows upon the shareholder, own-
ership shares of the company (or corporation) that has issued the stocks, and gives
the right to the proportion of any profits earned by the company, that it decides to
distribute among the shareholders (instead of reinvesting them in the company), the
proportional part of the company in the event of its closure, and consequent liquida-
tion. The shareholder of the (common) stock is entitled to one vote per (common)
stock during the voting on agendas placed in the company’s annual general meeting.
The profits that the company distributes to its (common) stockholders are referred
to as dividends, which (unlike coupons and par value, in case of bonds) are random
and are not known in advance. In fact, the randomness or uncertainty of dividends is
the primary distinguishing feature of (common) stocks, via-a-vis bonds. Like bonds,
stocks are liquid, i.e., the stockholder can sell the stock at any time. This could result
in a profit or loss (depending on whether the selling price is more than or less than the
purchase price) and is called capital gains or loss, respectively. Thus the return of a
(common) stock has two components, namely dividend yield and capital gains/loss.

In contrast, a (preferred) stock has features akin to that of a bond, in that, it
promises the owner a fixed amount of return on an yearly basis, in principle acts like
a perpetual bond, and comes with no voting privileges about the management of the
company. The company, at its discretion, may defer the dividend payments to pre-
ferred stockholders, and such payments are usually cumulative. However, dividends
must first be paid to the (preferred) shareholders, before any dividend payment is
made to the (common) shareholders. In the event of a bankruptcy and consequent lig-
uidation, the (preferred) stockholders get precedence over (common) shareholders,
in the payout of the recovered amount.

We end the narrative on equities (and by this we will refer to common stock in
this context) by discussing the concept of going long or short on a stock. Suppose
that an investor believes that a stock is overvalued, but is not in ownership of the
stock. Then the investor can take a position, driven by their belief, through a process
called short-selling. The concept of short-selling a stock involves the borrowing of
the stock from its owner, and then selling it in the market (short-selling), based on
the projection that the stock is overvalued and would see a fall in its price, which
then can be purchased by the short-seller and returned to the owner, an act that is
called “covering the short position”. In contrast, the act of purchasing and consequent
ownership of stock is called the long position in the stock.

1.3.3 Derivatives

Financial derivatives (as the name suggests) are financial instruments, whose value
depends on or is “derived” from the value of an underlying asset, such as prices of
bonds and stocks, interest rates, market indices. These are sometimes referred to as
“contingent claims”, since their payoff is dependent or “contingent” on the values
of the underlying assets. We will focus our discussion on three fundamental types of
financial derivatives, namely forwards and futures and options and swaps.
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1. Forwards and futures: A forward contract (or forwards) is an agreement between

two parties, to buy and sell an underlying asset, at a pre-specified future date,
for a pre-specified price. The pre-specified future date is called the “maturity”,
and the pre-specified price is called the “forward price”. This is in contrast to the
“spot-price”, which is the price at which the purchase of the underlying asset can
be made “on the spot”. The party in the forward contract, which agrees to buy the
underlying asset, is said to have the “long position”, whereas its counterparty,
which agrees to sell the asset, is said to have the “short position”. Forwards are
traded in OTC markets and are legally binding on both the parties.
Like a forward contract, a futures contract (or futures) is an agreement between
two parties, to buy and sell an underlying asset at a pre-specified future date
(maturity) for a pre-specified price (futures price). However, unlike forwards, the
futures are traded on exchanges, which specifies a standardized futures contract
and provides for a mechanism called marking-to-market, which is designed to
ensure that any default by one party of this legally binding futures contract does
not cause loss to the counterparty.

2. Options: Options are agreements, wherein one of the parties has the right (called
the holder of the option) to buy (sell), with the counterparty having the obligation
(called the writer of the option) to sell (buy), an underlying asset, on or before
a pre-specified future date (exercise time or expiration date or maturity) for a
pre-specified price (exercise price or strike price). Unlike forwards and futures,
options are only legally binding on one of the parties of the agreement. We now
look at the classification of options, from two perspectives, namely the party with
the legally binding position, and whether the option is exercised on or before the
expiration date.

Depending on the party on whom the option agreement is legally binding, we
can classify options as call and put options. A “call option” gives the holder of
the option, the right (but not the obligation) to buy the underlying asset for a
pre-specified maturity and expiration date. Accordingly, the obligation (but not
the right) to sell the underlying asset lies on the writer of the option, for which
the writer of the call option receives an upfront premium, known as the “price” of
the call option, from the holder of the call option. In an analogous manner, a “put
option” gives the holder of the option the right (but not the obligation) to sell
the underlying asset for a pre-specified maturity and expiration. Accordingly,
the obligation (but not the right) to sell the underlying asset lies on the writer of
the option, for which the writer of the put option receives an upfront premium,
known as the “price” of the put option, from the holder of the put option.
Another classification of options can be made on the basis of when the option
can be exercised. An option which can be exercised only at the expiration date is
called an European option. In contrast, an option, which allows for the flexibility
of being exercised at any time, on or before the expiration date is called an
American option. Clearly, the holder of an American option has greater flexibility
than the holder of an European option, which renders the price of an American
option to be more than that of an European option.



1 Mechanisms of Financial Markets

3. Swaps: A swapis an agreement between two parties to exchange cash flows in the
future. Two commonly used swaps are interest rate swaps and currency swaps.
An interest rate swap is an agreement in which the interest rates are swapped on
a “notional principal”, which is the same for both the parties. In such a swap,
typically, a fixed interest rate is exchanged or swapped for a floating interest rate
on a notional principal. Also, quite frequently, interest rates on bonds of different
currencies differ from each other, and this could lead to not only the exchange of
interest rates, but also the currencies. In case only interest rates are exchanged,
it is called “interest rate swaps”, but when the interest rate and currencies are
both exchanged, it is known as the “currency swaps”. Of course, the exchange
could involve market variables, other than interest rates and currencies. The
swap agreement will specify the dates on which the exchanges take place and
the mechanism of calculating them.
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Fundamentals of Probability Theory

The study of portfolio theory involves the prediction of future events, particularly
the estimation of future values of assets, which inherently is random in nature. Ac-
cordingly, given the different possible outcomes, this area is heavily reliant on tools
from probability theory. At the heart of this theory lies the concept of outcomes of
an experiment and the likelihood or probability of each of those outcomes. The set
of all possible outcomes is called the sample space, which may either be discrete, a
term which includes finite or countably infinite sample spaces, or continuous sample
spaces. Accordingly, we first discuss the probability theory for finite sample spaces
and then for general (countably infinite and continuous) sample spaces.

2.1 Finite Probability Space

Let us consider an experiment, whose finite sample space is denoted by S. If A is a
subset of the sample space S, then it is called an event. If A| and A, are two events in
S, then their union and intersection are also events, denoted by A; U A and A1 N Aj,
respectively. A1 U A, is an event whose outcomes lie in either A; or A, or both,
whereas A N Aj is an event whose outcomes lie in both A; and A,. The events A
and A, are said to be mutually exclusive, if A1 N Ay = ¢, where ¢ is the null event.
The event A€ is the complement of the event A which comprises of outcomes that
are not in A. If S is a finite sample space, then for each s; € S, the event AT = {s;}
is called an elementary event.

Definition 2.1.1 (Finite Probability Space). Let S be a finite sample space and let P
be a real-valued function defined on all the events in S, with P (called the probability
measure) satisfying the following properties:

(i) Forallevents A € S,0 <PP(A) < 1.
(ii) For the sample space S, P(S) = 1.
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(iii) Iftheevents Ay, Az, ..., A, aremutually exclusive,i.e., A;NA; = ¢pfori, j =

. . n n
1,2, ni %, then]P’(Ui:l Ai) =3 P
Then the pair (S, IP) is called a finite probability space.
The following are the consequence of the above definition:

(i) If ¢ is the null event, then P(¢) = 0.
(i) If A; € Ay, thenP(A)) < P(Ap).
(iii) For an event A, P(A®) =1 — P(A).

Definition 2.1.2 (Probability Mass Function). The probability mass function is a
real-valued function f : & — R defined as f(s;) = p;, where p; = P(AY). Note
that the set { p;|s; € S} is called the probability distribution.

It follows immediately that, P(A) = Z eAIP’(A;‘).
si

Definition 2.1.3 (Independence of Events). Theevents A, Ay, ..., A, are said to be
. . . m m
independent, if for all subcollection {A;,, Aj,, ..., A;, }, P (Uk:l A,-k> = l_[k:l
P(A;).

Definition 2.1.4 (Random Variable). Let (S, P) be a finite probability space. Then
a real-valued function X : § — R is called a random variable on the finite sample
space S.

Now, suppose that the random variable takes the discrete values {x1, x2, ..., xp},
then for each s; € S, the random variable X takes one of the values from
{x1,x2,...,xp}, that is X (s;) = x; for some k = 1,2, ..., m. Then the collec-
tion of all such s;, for which X (s;) = xi is the event {X = x;} = {5;|1 X (s;) = xx},
which is denoted as X ~!(x;). On the other hand, if X takes a continuous set of
values, then equivalently, we have {X < xx} = {s;|X (s;) < xi}, which is denoted as
X1 ((—o0, x¢)). This brings us again to the definition of the probability distribution,
but this time in the context of the random variable.

Definition 2.1.5 (Probability Distribution for a Random Variable). The probabil-
ity distribution or probability measure for the random variable X is defined as
Px ({xx}) = P({X = x¢}) oras Py ({xx}) = P({X < x¢}), for the discrete or con-
tinuous set of values taken by the random variable X, respectively.
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Definition 2.1.6 (Independence of Random Variable). The random variables X1, X»,
..., X, are said to be independent if their corresponding events denoted by X| =
x1, Xo = x2, ..., X, = x, areindependent, thatis, P (X| = x1, Xo = x2, ..., X, =
Xp) = H?:l P(X; = x;).

Definition 2.1.7 (Expectation). Let X be a random variable defined on the finite
probability space (S, P). Then the expectation (or expected value) of a random

variable X : S — Risdefined as, uxy =E(X) = E n X X (s;)P(s;). In particular, if
1=
X takes the values from {x{, x2, ..., x}, then uy = E(X) = E m 1x,-IP’(X = Xx;).
1=

Some of the properties of expectation are enumerated below:

1. If Xy, X», ..., X,, are random variables, and a;, a, ..., a, are constants, then,

E <Xn:a,~xi) = Xn:a,’E(X,‘).
i=1 i=1

2. If the function f : R — R is areal-valued function and X is a random variable,
then the composite function f(X) : & — R is also a random variable, whose
expectation is given by,

E(f(X) =) fXE)Psi) =Y fFO)PX = x)).

i=1 i=1

3. If X1, X3, ..., X, are independent random variables, then,
n n
E (Hxl) =[]Exn.
i=1 i=1

Definition 2.1.8 (Variance and Standard Deviation). Let X be arandom variable de-
fined on the finite probability space (S, P), with finite expected value px. Then the
variance of the random variable X is defined as, 0)2( =Var(X)=F [(X — /Lx)z].
Further the standard deviation of the random variable X is defined as, ox =
SD(X) = +/Var(X). Note that the standard deviation is the positive square root
of the variance.

Definition 2.1.9 (Covariance). Let X and Y be a random variable defined on the fi-
nite probability space (S, IP), with respective finite expected values py and py. Then,
the covariance of the random variable X and Y 1is defined as,
oxy = Cov(X,Y) = E[(X —ux) (Y — uy)l.
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Some of the properties of variance and covariance are enumerated below:
1. If X is a random variable, then,

(a) og = Var(X) = E(X?) — uy = E(X?) — (E(X))*.
(b) Fora € R, Var(aX) = a?Var(X).
(c) Fora € R, Var(X + a) = Var(X).

2. If X1, X2, ..., X, are independent random variables, and ay, az, ..., a, are
constants, then,

Var (iaiX,) = an:aiajCOV(X,’, Xj).
i=l1

i=1 j=1

3. If X and Y are random variables, then,

(a) Cov(X,Y)=E(XY)— E(X)E(Y).

(b) Cov(X,Y) = Cov(Y, X).

(¢) Cov(X, X) = o}.

(d) If X =ay or Y = ap or both, for a;, ay € R, then Cov(X, Y) =0.

(e) |Cov(X,Y)| < oxoy, with the equality holding if and only if, either X or
Y is constant, orif Y = a1 X + ap for ay, ap € R.

4. If X1, X2, ..., X, and Y are random variables then,

n n
Cov (ZaiX,-, Y) = ZaiCOV(Xi» Y).

i=1 i=1
5. It Xy, X5,...,X,and Yy, Ys, ..., Y, are random variables then,

n

Cov Xn:aiXi,iijj ZZiaibjCOV(X,',Yj).
i=1 j=1

i=1 j=I

Definition 2.1.10 (Correlation Coefficient). Let X and Y be a random variable de-
fined on the finite probability space (S, IP), with respective finite expected values
wx and py and respective finite non-zero variances 0)2( and a%. Then the correlation
Cov(X,Y)

O0x0y

coefficient of the random variable X and Y is defined as pxyy =

Some of the properties of correlation coefficient are enumerated below:

1. If X and Y are random variables then,

lox,yl <lor —1<pxy <1
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2. If px,y = £1,then3ay,ax € R, a; # 0, ax # 0, such that,
Y=g X+a.

Further, py y = —1 and 41 gives a; < 0 and a; > 0, respectively.
3. If X and Y are independent random variables, then,

ox,y =0.

4. The random variables X and Y are perfectly negatively correlated/perfectly pos-
itively correlated/uncorrelated of px y = —1/px,y = +1/px,y = 0.

Example 2.1.11 Consider a stock whose current price (at time t+ = 0) is 100. At
time ¢ = 1, the stock price is a random variable, which can take the values 90, 95,
100, and 105 with probabilities of 0.1, 0.2, 0.3, and 0.4, respectively. Determine the
expected value of the stock at time t = 1.

Here the random variable X (stock price at time r = 1) takes the values x; = 90,
x3 = 95, x3 = 100, and x4 = 105. The corresponding probabilities are p; = 0.1,
p2 =0.2, p3 = 0.3, and ps = 0.4. Hence,

4
E(X) = Zx,-pi =90 x0.1495x0.2+100 x 0.3+ 105 x 0.4 = 100.

i=1

Example 2.1.12 Let X and Y be two independent random variables with Var(X) =
8, Var(Y) = 11. Now, let Z = 3X + 2Y. Determine the standard deviation of the
random variable Z.

Here,
Var(Z) = Var(3X 4+ 2Y) = 9Var(X) +4Var(Y) =72 + 44 = 116.
Therefore, SD(Z) = /116 = 10.7703.

2.2 General Probability Space
We now move on to the discussion on general probability space.

Definition 2.2.1 (o-algebra). Let S be the non-empty sample space. A non-empty
collection A of subsets of S is called a o-algebra, if A satisfies the following prop-
erties:

(i) Se A
(i) If A € A, then A® € A.
o0
(iii) For a sequence A1, A, --- € A, U | Aie A
i=
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We are now in a position to define a measurable space and a probability space.

Definition 2.2.2 (Measurable Space). Let S # ¢ be a sample space with the o-
algebra A of subsets of S.
Then the ordered pair (S, A) is called a “measurable space”.

Definition 2.2.3 (Probability Space). Let S # ¢ be a sample space with the o-
algebra A of subsets of S and P be a real-valued function (probability measure)
defined on A, which satisfies the following properties:

(i) Forall A € A,0 <P(A) < 1.
(ii) For the sample space S, P(S) = 1.

(iii) Iftheevents A; € A, i = 1, 2, ... are mutually exclusive, then P (UOOI A,~> =
=
o0
D B

Then the ordered triplet (S, A, P) is called a “probability space”.

Definition 2.2.4 (Random Variable). Let (S, A) be a measurable space. A ran-
dom variable X : S — R is a real-valued function such that X~ '(—oc0, a] =
{s : X(s) < a} € A. The random variable is also referred to as a measurable func-
tion on (S, A).

Definition 2.2.5 (Probability Distribution Function). The probability distribution
function of the random variable X is the function Fy : R — [0, 1], defined by
Fx(s) = Fx ((—o0,s]) =Px (X <s), where Fx is non-decreasing, right-
continuous, and satisfies Y_ljmoo Fx(s) =0and lergO Fx(s) = 1.

Definition 2.2.6 (Probability Density Function). Let X be a continuous random
variable with probability distribution function Fy. Further, let there exists a non-
negative integrable real-valued function f : R — [0, co) such that

Fx(s) = / f(x)dx.

Then the function f is called the probability density function of X.

Definition 2.2.7 (Independence of Random Variable). The random variables
X1, X2, ..., X, are said to be independent if P (X1 < 51, X2 < s2,..., X <) =
[T P(X;i <s).

We now define the first and second moments in a general probability space.
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Definition 2.2.8 (Expectation). Let X be a continuous random variable with the
probability density function f. Then the expectation (or expected value) of the ran-

o0 o0
dom variable X isdefinedasuy = E(X) = f xf(x)dx,provided[ |x] f(x)dx

o0 —00
exists. If X is a discrete random variable which takes the values {xi, x7, ...}, then

EX) =) " xif(x).

Suppose that X is a continuous random variable defined on the probability

space (S, A,P) and g : R — R is a measurable function. Then the expectation
o

of the random variable g(X) is given by E (g(X)) = / g(x) f (x)dx, provided

—00
o
/ lg(x)| f (x)dx exists. If X is a discrete random variable, which takes the values
—00

{(x1,x2, ..}y then E[gCOT =Y~ g(xi) f (xp).

Definition 2.2.9 (Variance, Standard Deviation, and Covariance). Let X and Y be
continuous random variables on the probability space (S, A, IP). Then the variance
of X is defined as,

o = Var(X) = E [(X — ux)?].

Further, the standard deviation of the random variable X is defined as,

ox = SD(X) = /Var(X).

Finally, the covariance of the random variables X and Y is defined as,

Cov(X,Y) = E[(X — ux) (Y — py)] = E(XY) — E(X)E(Y).

Example 2.2.10 Let X be a continuous random variable with the probability density
function being given by,

k(2x —xz), 0<x <,
0, otherwise.

fx) = {
Determine the value of the constant k. Hence determine P (X > 0.5).

Since ffooo f(x)dx = 1, therefore,

: x31 3
/k(zx—xz)dx=1:>k | =1 k=",
3, 2
0

Therefore,
00 1
3 2 11
P(X>05) =] f(x)dx = 3 2x —x%)dx = 16
0.5 0.5
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Example 2.2.11 Let X be a continuous random variable with the probability density
function being given by,

3 2
s2x —x%), 0<x <1,
fx) = {2 .
0, otherwise.
Determine the variance of X.
Here,
00 1 1
3 32 4 5
E(X) = / xf(x)dx = 2 /x(2x —x%)dx = 3 |:§x% — %]0 =3
—00 0
T 3 [ 32 ST 9
E(X?) = 2rydr =2 [ R2@r—xDdr =2 | S| = 2
(X9) /xf(x)x 2/‘)c()c x“)dx 24x 5 20
5 0 0
Therefore,
Var(X) = E(X?) — (E(X))? = 2 B _ 0.059375
N 20 64 '

2.3 Two Important Distributions

2.3.1 The Binomial Distribution

We consider an experiment, where there are only two possible outcomes, namely
“success” or “failure”, with the probability of success being p and that of failure being
1 — p. Further, we consider the scenario where the experiment is repeated n times,
and the outcomes of this experiment are independent and identically distributed.
Then this experiment is known as the binomial experiment, with parameters n and
p. We then consider the random variable X to denote the number of successes in
the binomial experiment with parameters n and p. Now, for n = 1, the probability
mass function of X is given by P(X = 0) = 1 — p and P(X = 1) = p. Then the

probability of k success is given by P(X = k) = <Z ) Pk — p)rk.

Definition 2.3.1 (Binomial Distribution). Let n be a positive integerand 0 < p < 1
and let the sample space be S = {0, 1, 2, ..., n}. Then the binomial distribution is
a probability distribution on the sample space S, with the probability mass function

n

B(k;n, p) = (k

)p"(l — "k k=0,1,2,....n.
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This gives the probability of k success in #n trials of the binomial experiment with
the probability of success and failure, in each trial being, p and (1 — p), respec-
tively. Note thatif X ~ B(k; n, p), then E(X) = np and Var(X) = np(1 — p). Also

CELE W C)p"(l ' andBX =k + 1= LT =k

1—-pk+1

2.3.2 The Normal Distribution

If we were to consider a sample such as the height of individuals or marks earned
by students in a test and plot the histogram for the dataset, we observe that it turns
out to be bell-shaped. In fact, several real-life examples follow the pattern, with such
random variables exhibiting a symmetric bell-shaped curve, which motivates the
setup for what is known as the normal distribution.

Definition 2.3.2 (Normal Distribution). Let u be a real number, and let o be a
positive real number. Then the normal distribution is a distribution whose probability
density function is given by,

1 _a-w?

Nuot) =gz ™

Note that if X ~ N, then E(X) = u and Var(X) = 2. In case the
mean and variance are 0 and 1, respectively, then the distribution thus obtained is
called the standard normal distribution with the probability density function be-

ing Np1(x) =

1 x2
e~ 7. Finally, Ny o =u+0oNypy, ie., if X ~ N, then
b4

X_
z=2"H

"’NO,L
o

Example 2.3.3 1If four unbiased coins are tossed, then determine the probability of
getting at least two tails.

The probability of getting k tails in 4 tosses of the unbiased toss (getting a tail is a
1

success with p = 5) is,

A\ (0 Ryt
k) \2 2 S \k/\2) "
for k =0, 1, 2, 3, 4. Then the probability of getting at least two tails is,

A1 41T
P(kzz)z1—P(k=0)—P(k:1):1_<0)1_6_<1>1_6:1_6_



16 2 Fundamentals of Probability Theory

Example 2.3.4 If X ~ N, , then prove that
Pla <X <B)= N01<'3 ) N01< UM)’

where N is the cumulative normal distribution function.

Let k be a constant. Then,

P(X<k)=P<X_M<k_M>=P<Z<k_ ) N01<k M)
o o o o

Therefore,

Pa<X<pB)=PX<p)—PX<a)= N01</30 ) ./\f01< UM).

Example 2.3.5 1If X ~ B(k;n, p). Then prove that E(X) = np and Var(X) =
np(l — p).

Here,

n

- —1
E(X) = Zk(Z)p"(l —p) = Zn<’; ) 1)1)"(1 -p)"*
k=0

k=0

n
n—1 _ _
=an(k_ l)pk "= p) Tt =np.
k=1

Further,
E(Xz) — ikz(n>l7k(l _ p)n—k — ann:k<n — 1>pk_1(1 _ p)n—k
k k—1 ’
k=0 k=0
n n—1 B .
=an<k—1+1>(k_1)p’< 1 —p
k=0
" n—1\ ,_ ne 2o n—=1\ e
="P(Z(k—1><k_1>P" "(1-p) k+2<k—l>pk (1= p) k>,
k=0 k=0
_ o =2\ s k(=Y ok
—np<kZ=;(n l)p(k_z)p (1-p) +;<k_l>l7 (1-p) )
=np((n—1p+1.
Therefore,

Var(X) = E(X?) — (E(X))* = np(np — p+ 1) — (np)* = np(1 — p).
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2.4 Some Important Results

In this section, we discuss a few important results, from probability, some of which
we will need later,

Result 2.4.1 (Markov’s Inequality). Let X be a random variable which takes only
non-negative values. Then,

E(X
P(X >a) < fora > 0.

Result 2.4.2 (Chebyshev’s Inequalities). Let X be a random variable with the mean
and variance being p and o2, respectively. Then,

2
P(|X—u|za)§a—2f0ra>0.
a

Equivalently,
2

P(X —pl <a) = 1— 2 fora > 0.
a

Result 2.4.3 (The Weak Law of Large Number). Let X1, X2, X3, ... be a sequence
of independent and identically distributed (i.i.d) random variables. Let the identical
mean for each of these random variables be E(X;) = jt. Then, given € > 0,

P[ Xi+ X+ + Xy

n
Result 2.4.4 (The Central Limit Theorem). Let X1, X2, X3, ... be a sequence of in-
dependent and identically distributed (i.i.d) random variables. Let the identical mean

and variance for each of these random variables be E(X;) = u and Var(X;) = o2

Further let S, = Zn . X;. Then the distribution of S, for large n is approximately
1=

—

>e]—>0asn—>oo

normally distributed with E(S,) = nu and Var(S,) = no? (as n — 00). It follows

that P |:S”_—W < x:| ~P(Z < x), where Z ~ Ny 1 (asn — o0).

o/n '
Example 2.4.5 A life insurance company has 50,000 policy holders. Let X denote
the random variable for the yearly claim of policy holders, with mean of 520 and
standard deviation of 820. Determine the probability that the total yearly claim will
exceed 20 million.

Let X; be the yearly claim for the policy holder i. Then the total yearly claim for the

insurance company is X = 21.52’1000 X;. Obviously, the X;s are i.i.d. Therefore using

.. 50,000
the Central Limit Theorem, X = Z

- X is approximately normally distributed
1=
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with mean of 520 x 50,000 = 2.6 x 107 and standard deviation of 820+/30,000 =
1.83357 x 10°. Therefore,

. X -26x10"  2x 107 —2.6 x 107
IP’(X >2x 10 ) =P >
1.83357 x 10 1.83357 x 103

0.6 x 102
- X)) - 2.723) ~ 1
No. ( 1.83357 ) No.1(32.723)

2.5 Least Squares Estimation

Suppose that X is an input random variable, which takes the values xp, x2, ..., x,
and that Y is a output random variable which takes the values y1, yz, ..., yu, with y;
corresponding to x;, fori = 1, 2, ..., n. We then consider a simple linear regression
model (to fit the data points (x;, y;)) to be of the form,

Y=a+BX+e,

where «, B are constants and € is arandom error with mean 0. Now, the actual response
to the input variable x; is the output variable y; fori = 1, 2, ..., n. Accordingly, the
error resulting from the difference between the actual value and the value given by
the linear regression model is €; = y; — o — Bx;. This gives the sum of the squares

of this difference as,
n
=Y (i—a—px)’.
i=1

In order to obtain the best model, i.e., the best estimate of o and §, in terms of x; and
y;, we minimize the expected value of S E2. Differentiating E (S E?), with respect to
« and B, and setting equal to zero, we obtain

AE(SE?)
oa

=-2) i—a—px)=0=) yi=an+BY xi= E(Y)=a+pEX),

i=1 i=l1 i=l

and

8E(SE2) _ —ZZX,()’[ o —Bx;))=0= Zx,y, _OJZX, _|_,82x

= E(XY) = aE(X) + BE(X?).

. . Cov(X,Y)
Solving these two equations, we get 8 = V—(X) and ¢ = E(Y) — BE(X).
ar
Hence the best linear predictor is given by,

Cov(X, Y)} ECO 4+ [COV(X, Y)} Xt

Y =E) - [ v
ar(X) Var(X)
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Example 2.5.1 Let X and Y be random variables with the following tabulated values

X Y Probability
2 18 0.2
3 22 0.2
7 30 0.2
5 26 0.2
8 24 0.2

If we approximate Y using 8X + «, then determine the values of 8 and .

Here E(X) =5, E(Y) = 24. Also Cov(X, Y) = 6.8 and Var(X) = 5.2. Therefore,
Cov(X,Y) 6.8
=————"=— =1.3077.
Var(X) 52
Finally,

@ = E(Y)—BEX)=24—13077 x 5 = 17.4615.

2.6 Exercise

Exercise 2.1 Let X and Y be random variables on the finite probability space (S, P).
. EGBX+12Y)
If E(X) =2 and E(Y) = 3, then determine

———— . Further if X and Y are
EQ2X +3Y)
independent, then determine £(2X x 3Y).

Solution:
EQBX +2Y) . 3E(X)+2E(Y) _ 12

EQX +3Y) 2EX)+3E(Y) 13’
If X and Y are independent, then,

EQ2X x 3Y) = 6E(XY) = 6E(X)E(Y) = 36.

Exercise 2.2 If X and Y are independent random variable with the corresponding
values as tabulated below, then determine Var(3X + 2Y).

D¢ 1 2 3 4 5
Y 4 6 3 2 1
Probability 1 % 3 ! T

Solution: Here,

1
E(X)=§(1+2+3+4+5)=3

1 16
E(Y)=§(4+6+3+2+1)=?=3.2.
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X Y Probability X — E(X) Y —EY)
1 4 i -2 0.8

2 6 i -1 2.8
33 i 0 -0.2

4 2 i 1 -1.2

5 1 3 2 -22

Therefore,

Var(X) = E[(X — E(X))?] = é(4 +140+144) =2,
Var(Y) = E[(Y — E(Y))?] = é(o.g2 +2.82 4022 + (—1.2)% + (—2.2)%) = 2.96,
Cov(X,Y) = E[(X — E(X))(Y — E(Y))] = %(—1.6 —28+0—12-44)=-2.
Hence,

Var(3X + 2Y) = 9Var(X) + 4Var(Y) + 12Cov(X, Y) = 5.84.

Exercise 2.3 Let X be a continuous random variable with the probability density
function being given by,

ke 3, x >0,
X) = .
A {O, otherwise
Determine the value of k. Hence determine P(X > 3).
o
Solution: Since / f(x)dx = 1, therefore,
—0o0
w e—3x 0
/ke3xdx:1:>k[— } =1=k=3.
0
0

Therefore,
o0

P(X >3) = / F)dx = 3/6_3xdx =[]y =
3 3

Exercise 2.4 Let X be a continuous random variable with probability distribution
function being given by,

Fx(x) =

—_ W= O
= O =
w = O
IA
»

Vo IA A
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Determine

(i PO<X <2
() PQ <X <3)
(iii) P(Y < X), where Y = X3

Solution:
. 2 2
@) PO<X=<2)=F@2 - Fx0)=3-0=2.
(i1) P(2§X§3)=Fx(3)—FX(2)=1—%:%.
(i) P <X) =PX3<X) =PXX-DX+1D <0 =P0O<X<
D+ P(X <—1)=Fx(1) = Fx(0) + Fx(-) =1 -0+0=1

Exercise 2.5 If X ~ B(k; 5, 0.6), then determine P(X = k) fork =0, 1,2, 3,4, 5.
Solution: Firstly,

P(X =0)= (3) 0.6)°(1 —0.6)>~% = (0.4)°> = 0.01024.

—k
Now using the recursive relation, P(X =k + 1) = _p P(X = k), wehave,

l-pk+1
06 5-0

PX=1)= —— P(X =0) =0.0768,
1-060+1
06 5-1

P(X =2)= P(X =1) =0.2304,
1-061+1
06 5-2

P(X =3) = P(X =2) = 0.3456,
1-062+1
06 5-3

P(X =4) = P(X =3) =0.2592,
1-063+1
06 5—-4

PX=5)=—— P(X =4) = 0.07776.
1—0.64+1

Exercise 2.6 If X ~ N 4, then determine

i P(X > 1),
(i) P3 < X < 8).

Solution:

. X-2 2
i) PX>1=P(*= 4 T)
(i) P3 < X <8) =P (332

0.5987 = 0.3345.

P(z > 132)=P(Z > —0.25) = 0.5987.
<% <ST) P(0.25 < Z < 1.5) = 0.9332 —

—_
W

N
| |
[\S]
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Exercise 2.7 If the scores (out of 100) in a test are normally distributed with mean
of 55 and variance of 16, then determine the probability that a student will score
more than 70.

Solution: Let the random variable X denote the score of the student in the test. Then,

X—-55 70-55
]P’(X>70)=]P’< > ):IF’(Z>3.75)=0.001.

Exercise 2.8 Let X is random variable with mean 0.5 and variance 0.02273. Find
the approximate value of P (0.2 < X < 0.8).

Solution: Here, i = 0.5 and o = 4/0.02273 = 0.15. Therefore,

0.152
PO2<X <08 =P02-05<X-p=08-05=P(X—ul<03)21- =5 =07

Hence by the Chebychev’s Inequality, if we do not know the distribution of X, then
P (0.2 < X <0.8) is at least 0.75.

Exercise 2.9 The average temperature of a city in the first 10 days of a month are
given in the following table:

Day 1 2 3 4 5 6 7 8 9 10
Temperature °C 17 19 17 20 19 19 19 16 19 24

Find the least square regression line y = ax + b. Use this least square regression
line as the prediction model to estimate the likely temperature on the 17th day.

Solution:
Day(x;)  Temperature °C (y;) x;yi xi2
1 17 17 1
2 19 38 4
3 17 51 9
4 20 80 16
5 19 95 25
6 19 114 36
7 19 133 49
8 16 128 64
9 19 171 81
10 24 240 100
Here,

10

10 10 10
o xi=55) yi=189.) xiy=1067, ) x7 =385
i=1 i=1 i=1

i=1
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Then,

10 , 10 10
inyi—mzxiZYi 1 10 10
a— l=110 ’=‘10 S —033andb = o (Z vi—a Zm) = 17.06.
,leiz -1 (Z x,-) = -
=

i=1

Hence the regression line will be y = 0.33x 4 17.06. Now at x = 17, we have
y =033 x 17+ 17.06 = 22.67. So likely temperature on 17th day will be 22.67.
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Asset Pricing Models

In Chap. 1, we dwelled upon the aspects of financial derivatives, with the asset (typi-
cally arisky security, such as stock) being the driver of the pricing of the derivatives.
Accordingly, this explicit dependence on the random asset price movement needs to
be modeled, in order to achieve the valuation of the financial derivative it is driv-
ing. This chapter will deliberate upon a discrete time model (binomial model) and a
continuous time model (geometric Brownian motion (gBm) model), for asset price
movement. Before proceeding onto the description of asset pricing models, we will
briefly enumerate some of the basic notions about the time value of money, with an
emphasis on interest rates. Accordingly, we let S(0) be the investment made at time
t = 0. If uy denotes the simple interest rate for a single period, then the amount
accumulated at time ¢ = T is given by,

S(T) = SO+ Tpus).

On the other hand, if the investment of S(0) earns interest, on the interest, then this
introduces the concept of discrete compound interest rate, which we denote by .,
for a single period. Then the accumulated amount at time t = T is given by,

S(T) = SO + pe)’.

More generally, if the discrete compound interest rate is i, per period, with the
compounding happening m times per period, then an investment of S(0) at time
t = 0 accumulates to S(7') at time t+ = T and is given by,

S(T) = S(0) (1 ¥ %)mT .

Finally, if the interest is compounded at a continuous manner at rate (i +, per period
then,

_m_

omT . pexT
S(T) = lim S(0) (1+ He )l — 5(0) lim [(1+ He )“] = S(O)ete T,
m—00 m m— 00 m
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Here, .+ is called the continuously compounded interest rate. Until this point,
we have considered the investment period to be the same as one of the time points.
Suppose that an investor invests for a time period 7', and in addition a fraction of a
single time period, which we denote by T* i.e., for the period T = T + T*. Then
an investment of S(0) at time t = 0 grows to an amount of S(7T) at time 7', which in
the three cases become,

(1) Simple Interest:
S(T) = SO + usT) + SO s T* = SO)(1 + s T).
(ii) Discrete Compound Interest:
S(T) = SO + p)" (1 + pcT*)

(iii)) Continuously Compound Interest:

S(T) = S(0)ete Tene T — gnerT

Finally, we briefly mention the concept of present value and future value. Let P
and P, be amounts at time #; and #,, respectively, with ¢t < f (f2 — t; periods).
If us, e, and pe+ are the simple, discrete compound, and continuous compound

rate per period, then P, is future value of Pi, and P; is the present value of Ps, if

P, P,
2 P=—2andP1=

T S ARG
(1+5)

T respectively.

Example 3.0.1 An investor invests amounts of 1000, 1250, and 1500 at timest = 0,
t = 1, and t = 2, respectively, at a continuously compounded interest rate of 4%.
Then determine the value of the investment at time t = 3.

The value of the investments made at ¢+ = 0,¢ = 1, and ¢t = 2 till time ¢t = 3 is
given by 1000 x e0-04x(3=0) 1250 x 0-04xB=D and 1500 x e%04*3=2) Hence the
required value is given by 1000”12 4 1250¢%%8 + 1500¢*%* = 4042.8219.

3.1 The Binomial Model of Asset Pricing

In this section, we present a discrete time model for asset pricing. Let S(z) be the

stock price at times typ = 0, Az, 2A¢t, ..., NAt = ty, i.e., t takes the values t; =
IN — 1

iAt, i =0,1,...,N,with At = 22

attime r = t; as S(i),i = 0,1,2,..., N. Let us begin the description with a one
step model for asset price S(1), from S(0). The binomial model gives the value of
S(1), as the random variable,

. For the sake of brevity, we identify S(¢)

_ S(0)(1 + u), with probabilty p,

S = . .
S(@0)(1 +d), with probabilty 1 — p.
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This means that the model predicts, that from time #; to 1, the stock price can either
move up by a factor of (1 + u), or down by a factor of (1 + d), with the respective
probabilities of p and 1 — p. Note that, here the terms up and down have been used
in the sense of u > d, and that it is possible that S(0)(1 + d) may be greater than
S(0). The return variable between 7y and #1, then, is given by,

u, with probabilty p,

r(l) = . .
d, with probabilty (1 — p).

In general, the return variable between ;1 and ¢; is given by,

u, with probabilty p,

r(i) = . .
d, with probabilty (1 — p).

with (1 4+ u) and (1 + d) being the up and the down factor, respectively, between
time ;1 and f;. Then the stock price at time ¢y is a random variable, which takes
the values,

S(N) = SO)(1 + w1 + &)V,

N
with probability <k) KA +d)N ¥ k=0,1,..., N. This is the value of S(N)

(starting from S(0)), resulting from k upward, and N — k downward movement,
from time fg to ¢ty. While the discrete time models are amenable in terms of the
tractability of the mathematics used, they exhibit the disadvantage of limiting the
number of possible values that the asset price may take and the time points at which
this asset price movement takes place, which is out of sync with the continuous,
as well as high frequency trading, that is the norm in today’s financial markets.
Accordingly, we move toward an improved continuous time asset pricing model, as
a limiting case of a specifically chosen sequence of the binomial model.

Example 3.1.1 Consider a binomial model with S(0) = 100, u = 0.1, d = —0.1,
and p = % Determine the expected value of S(2).

The values of S(2) along with the respective probability are:

S(2) Probability

4
SO)1 +u)? =121 =3

SO +u)(1+d) =99 2p(1 — p) = g
SO +d)> =81 (1—p) = é

Hence the required expected value is,

4 4 1
E(S(2) =121 x § +99 x 5 +81 x 5 = 1067778,
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3.2 The gBm Model

Let us consider a bond, and a stock between times ¢ and ¢ + A¢, with N being the
number of time steps between 7y and ¢y . Let BN (¢) be the price of the bond at time
t. Then its value at time ¢ 4+ At is given by,

BV + a0 = (14+1) BV,

where ,u(N) is the riskfree rate. Further, let SV (r) be the price of the stock at time

t. Then its value at time ¢ + At is given by,
SN+ A =1 +rM@)s™ ),

where
rM () = M(Z ), w%th probab'%lty P,
d™ | with probabilty (1 — p),

with 14+2™) and 14+d™) being the up and the down factor, respectively. Note that this

entire setup is for a fixed N, and dWN) < M(fN) < u™ _ Now we consider a particular

1
case of p = — = (1 — p) (the proof without this condition is more involved, and

beyond the scope of this book). Now, while moving to continuous time limit (with
At — 0,i.e., N — 00), we get for the bond,
B(t) = €' B(0), with 1 + u{" = e"e*2,

Also, the log return of the random variable r M) (¢) is given by,

SNt + Ar)
(N) oy M) — 2
r™ @) =1n (1+r (z)) _1n< swe )
for,t =t;, =iAt,i =0,1,..., N — 1. Further,
(N)(t) In (1 + u(N)) , with probability p,
r =
! In (1+d™), with probability (1 — p).

Since rl(N) (t) are independent and identically distributed, therefore for t = i A¢,
My =rMean = =G - Dan =V G Ar).
LV Gan + MG = DA + -+ M ean + 1V an = M0, A,

where

SM (i Al
rl(N)(jAt,iAt)=1n< (AN}

SNI(jAr)

L EEN,ian) =i EGV(An),
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and
Var(ri™(0, i A1) = iVar (™ (Ar)),

using the i.i.d. property.
Now suppose E (rl(N) O, iAt)) = ut = pu(iAt) and Var (rl(N) O, iAt)) =o%t =

o2(i At), for some i € Rand o > 0.
Then,

i (M (An) = nian = u = éE (" an).
and

1
i Var (rl(N)(At)) —o(iAD) = 0 = A—tVar(rl(N)(At)).

The values of 1 and 0% are the mean and variance of the log return per unit time, an
interpretation that will become relevant later on. Now,

1 |
= EE(rl(N)(At)) = plt =3 [m (1 n u<N>) +1n (1 +d(N))] ,

and,

o= é (Var(rl(N)(At))) ,

1
= o’Ar = [ln(l +u™)y ZIn(1 + d(N))]

= o/Af = % (1n [1 + u(N)] —In [1 +d(N)]) .

2

Solving we get,
14+u®™ = epLAl‘-‘rU«/E

and
14+d™ = ep,At—a«/E.

We define a new random variable X, which takes the values 41 and —1 (with equal
probability) for k = 1,2, ..., N. Then,

S(N) (At) = S(O)e/LAtJrX;,l (T«/KZ‘

Now,

S(N)(iAt) _ S(O)emAHkgl Xy, oAt _ S(O)e“’”W(N)(I),

where

i
WM @) = WA = VAL (Z ka) )
k=1
Observe that W) (0) = 0. For the time window [0, fx],

(N) N
WM (ty) = JE(ZILI ka> = W\/,—](VIN) _ ij/lﬁka‘
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As N — 00, At — 0, then using the Central Limit Theorem, we obtain,
N
>
— — Nyp,1as N — oo.
k=1

This motivates the definition of a Wiener process which is a stochastic process (or a
collection of random variables W (¢)), with W(0) = 0, W () — W (s) ~ Ny, iz 0 =
s < tdistribution,and W (ty) —W(tn_1), Wlin_1)—W(tn_2), ..., W(t1) —W(1t9)
are independent. Coming back to,

SM (1) = §(O)ert oW 0,
as N — oo, this relation reduces to,
S(1) = S(0)e WO,

It can be shown that, this is equivalent to the SDE,
1
ds(t) = (u + 5&) St)dt + o St)dW (1).
If this SDE is of the form,
dS(t) =vS@t)dt + o St)dW(z),
then its solution is given by,

S(r) = S(O)e(v—%az)t-i-aW(t).

Example 3.2.1 For a gBm model, dS(t) = uS(t)dt + o S(t)dW (t), prove that
E(S(1)) = S(0)et.

For the gBm
St = S(O)e(u—%a2)t+aW(t).

Hence,

E[SH)]=E |:S(O)G<M%02>I+OW(1):|

= S(o)e(“’f“ )
—o0 V2Tto
= S(O)e(u_%02>l /oo 1 e_zalzr(x 02t)2+lo-2t
—oco A 2mto
_ s(pe(ne)r b0 / Tl bty
—oo A 2mto
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3.3 Exercise

Exercise 3.1 An investment of 1000 gives values of v; 4 and v . after 1 year, using
annual rate of 6% compounded monthly and annual rate of 6% compounded contin-
uously, respectively. Determine vy . — vy 4.

Solution: Here,

0.06\ '
via =1000(1+—>) =1061.67781,

1. = 1000e"%*! = 1061.83655.
Hence vy . — v1,4 = 0.15874.

Exercise 3.2 Consider a binomial model with $(0) = 100, u = 0.2,d = —0.1, and
1
p= > If M and m denote the maximum and minimum value of S(3), respectively,

then determine %

3
Solution: Since M = S(0)(1 + u)dandm = S0)(1 + d)3, therefore % = (}%)
= (2)* =237.

Exercise 3.3 Consider a binomial model with S(0) = 100, u = 0.15, d = —0.05,

3
and p = -. If K = 105, then determine the expected value of the random variable,
max (S(3) — K, 0).

Solution: The value of S(3) and max (S(3) — K, 0) along with the respective prob-
abilities are tabulated.

5(3) max (S(3) — K,0)  Probability
SO)(1 4 u)® = 152.0875 47.0875 P’ = g

SO)(1 +u)*(1 4+ d) = 125.6375 20.6375 3p*(l —p) = g
SO)(1 + u)(1 +d)? = 103.7875 0 3p(1 —p)? = ;14
S0)(1 +d)> = 85.7375 0 (1-p)3= %

Hence the required expected value is,

27 27
E[max (S(3) — K, 0)] = 47.0875 x — +20.6375 x - +0+0 = 28.5715.
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Exercise 3.4 Determine the stochastic differential equation (SDE) corresponding to
S(t) = S(0)e> 2V,

Solution: Here, © = 3 and o = 2. Therefore

ds(t) = (M + %az> St)dt + o St)dW (1)

1
= (3 +3 X 22> S(t)dt +2 S(t)dW (1)
=5S(t)dt +25@)dW(t).
Exercise 3.5 If S(¢) := S(O)e“’*ﬁwm, then determine E(S(3)).

Solution: Recall that E(S(z)) = S(0)e*. Therefore E(S(3)) = S(0)e>>*3
— 1808.04 x S(0).
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Mean-Variance Portfolio Theory

Given the huge array of investment alternatives available in a market, such as basic
securities and derivatives, the investors’ choice needs to be made simply by taking
into consideration only a limited number of such alternatives, to achieve an optimal
collection of such assets or the best possible portfolio. A portfolio is simply a col-
lection of a number of assets, and can be specified as a tuple of number of units of
each asset held by the investor, in the portfolio. The portfolio management process
involves the sequential steps of security analysis, portfolio analysis, and portfolio
selection. In the security analysis phase of this execution, the focus is on the predic-
tion of the returns on the securities, for a single time period into the future, known as
the holding period or the investment horizon. The portfolio analysis is an approach
based on three statistical inputs on the returns of the assets, being considered for
the portfolio, namely the expected rate of return, the variance (or equivalently the
standard deviation) of returns, and the covariance (or equivalently correlation coef-
ficient) between the returns of all pairs of assets in the portfolio. In the last stage of
the portfolio selection process, the goal is to choose the best portfolio from what is
known as the efficient frontier, and is based on the expected return and risk of the
portfolio, which are the two pillars of modern portfolio theory.

4.1 Return and Risk of a Portfolio

Atan intuitive level, the objective from the point of view of an investor would amount
to the maximization of the trade-off between the return and risk of a portfolio.
More specifically, the goal would be to maximize the expected return, while at
the same time, minimizing the risk. Accordingly, we begin our discussion with the
mathematical formulation of return and risk of a portfolio. Let us consider a portfolio
comprising of n assets. We consider a single period investment horizon, with the
beginning and the end of the investment horizon being time ¢t = 0 and t = 1,
respectively. Further, if the values of the i-th asset at time = 0 and time ¢t = 1 are
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denoted by v; ¢ and v; 1, respectively, then the return on the single period investment
for the i-th asset is given by,
Uil — Uio
’ vio

Now, if we consider a portfolio of n assets, with the number of the units of i-th asset
being N;,i =1, 2, ..., n, then the amount invested in the i-th asset at time = 0 is
N;v; 0, and accordingly the total amount invested in the portfolio, at time ¢ = 0 will
be Y""_; Nivj 0. This brings us to the definition of the weight of the i-th asset in the
portfolio being given by,
_ DNivio

Y Nivio
Here, the weight w; is the proportion of the total investment, that is made in the i-th
asset. Note that N; > 0 (= w; > 0) indicates along positionand N; < 0 (= w; < 0)
indicates a short position. In particular, if the asset is a stock, then w; < 0 indicates

Wi

1=
make an investment in N; units of the i-th asset at time + = 0 and hold on to the
investment until time ¢ = 1, in the portfolio, then, the value of the portfolio at time

. n n .
t =0andtimet = 1 are Z X Niv; o and Z | N;v; 1, respectively. Therefore,
1= 1=
the return on the portfolio (say P) during the investment horizon is given by,
iy Nivin = Y01 Nivio
Y iz1 Nivio

_ i [ N; (vi,1 — vi0)
~| i1 Nivio

[ Nirivio }
[ > i1 Nivio

no-
_ Nivio :|
izl _Zizl Nivio

n
a short-selling position on the i-th asset. Observe that Z w; = 1. Now, if we

rp

= Z wir;.
i=1
Thus the return of the portfolio is equal to the weighted sum of the returns of the
constituent assets of the portfolio. Since v; 1 is a random variable in case of a risky
asset, so the return on the portfolio, rp is also a random variable. Taking expectation
on both sides, and using the linearity property of expectation, we get the expected
return on the portfolio as,

n n n
uwp=E@p)=E Zwiri = ZwiE(ri) = Zwiui,

i=l1 i=1 i=1
where u; = E(r;) is the expected return on the i-th asset. Thus we get the result,
that,
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Result 4.1.1 (Expected Return of a Portfolio) If a portfolio P comprises of n assets,
with the return r; and weight w;, for the i-th asset, then the return of the portfolio P

is given by,
n
rp = E wir;.

i=1

Further the expected return of the portfolio P is given by,

up = E@rp) = ZwiE(ri) = Zwiﬂi-

i=1 i=1

The uncertainty associated with a risky asset is intricately linked to the variability
of its return from a reference point, the natural choice for which is the expected
return. Further, the greater the deviation of the return (random variable) from the
expected return, the more undesirable the investment choice is, and consequently,
the “dispersion” of the return variable from the expected value, can be viewed as
a manifestation of the risk associated with an investment in the asset. Accordingly,
this motivates the choice of the variance (or equivalently the standard deviation) of
return of an asset, as the measure of the risk associated with it. Thus, the variance of
the return of the i-th asset is defined as,

0,-2 =E[r, — Er))P = E[r; — wil*,
and its standard deviation is defined as,

o = \Jor = Elri — EGP = \JElr — i1

Recall that the return of a portfolio of n assets is given by,

n
rp = E wir;i.

i=1

Taking the variance on both the sides, we obtain,

n
01% = Var(rp) = Var (Z W; Fi

i=1

n n
= Z Z w;w;Cov(r;, 7})

i=1 j=1

n o n
= E E W;w;ojj

i=1 j=1

n n
= Z Z WiW;pijoioj,
i=1 j=1
Oij . .
where o;; = Cov(r;, r;) and p;; = —2 are the covariance and correlation of the
’ 0i0;j
returns of the i-th and the j-th asset.
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Result 4.1.2 (Risk of a Portfolio) If a portfolio P comprises of n assets with return
ri and weight w;, for the i-th asset, then the variance of return of the portfolio P is

given by,
n n n o n
2
Op = ZZwiwjoij = ZZwiwj,o,-jaiaj.

i=1 j=1 i=1 j=I

Further, the standard deviation of return of the portfolio P is given by,

n n

n n
Op =4/0p = WiW;ojj = Zwiwj,oijaioj.

i=1 j=1 i=1 j=1

Note that for a risky asset o; > 0.

4.2 Estimation of Expected Return, Variance and Covariance

The analysis of portfolio would require information about the weights and the es-
timation of expected return, variance, covariance, and correlation coefficient of the
returns of the assets. This latter set of estimation can be carried out based on the
historical data of return of the asset, that is, the random variable r; for the return
of the i-th asset is assumed to take the values of the historical returns with equal
likelihood. If there are K + 1 historical asset values (in which case there would be K
historical values of return, which are taken to be the values that the random variable

. o 1 . .
r; takes, with equal probability of —), then the expected return, variance, covariance

and correlation coefficient of the returns of the i-th and j-th asset are given by,

K
1 . S .
wi = X E rik, Where rij is the k-th historical return for the i-th asset,
k=1

S
o = T_1 ];("ik — )’

K

~ 1 . .

% = ¥ Z(rik — i) (rjx — 1j), and,
k=1

-~

~ _ 9

Pij 6\1 3]

Example 4.2.1 Consider a stock which is purchased for an amount of 100 and its
value after one year takes the following possible values, depending on the state of
the economy. Determine the expected return and variance of the returns (r;) of the
stock (in percentage).
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State Value Probability
Recession 85 0.2
Stagnation 100 0.4
Boom 110 0.4

The return table is as given below. Therefore, E (r;) = 0.2 x (—0.15) + 0.4 x (0)
+0.4 x 0.1 = 0.01 or 1%. Hence Var(r;) = (—0.15—0.01)> x 0.2+ (0 — 0.01)% x
0.4+ (0.1 — 0.01)% x 0.4 = 0.00836 or 0.836%.

State Value Return Probability
Recession 85 —0.15 0.2
Stagnation 110 0 0.4
Boom 110 0.1 0.4

Example 4.2.2 Suppose that we have a portfolio comprising of 20 stocks of asset a;
and 20 stocks of asset a», with the respective current prices being vs;(0) = 30 and
vs2(0) = 70. If the weights of a; and a5 (at time ¢ = 0) are w; and w», respectively,

. 3w
then determine the value of —1.

wy
At time 7 = 0 20 > 30 03. H 0.7. Theref
1me = w1 = = U.J5. ence wy = . ererore
» T 20 % 30+ 20 x 70 2
3w1_9
w2_7

4.3 The Mean-Variance Portfolio Analysis

We commence our discussion on the mean-variance portfolio analysis, an approach
due to Harry Markowitz, which is based on certain basic assumptions, namely

(1) Investors are driven only by the mean and variance of return of assets.

(2) Investors prefer higher mean to lower mean and lower variance to higher vari-
ance.

(3) The information about mean, variance, and covariance, for all assets being con-
sidered for inclusion in the portfolio, is known.

We need two key definitions, required for this framework, namely the “opportunity
set or feasible set” and the “efficient frontier”.
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Definition 4.3.1 (Opportunity Set or Feasible Set) The opportunity set or feasible
set is the set of all portfolios that can be formed from n securities (including the
possibility of the portfolio comprising exclusively of one of the n securities). It
is also equivalently, defined as the set of all possible pairs (op, pp), of standard
deviation and expected return.

We begin the discussion of the opportunity set or feasible set with the case of a
two-asset portfolio. Let us consider a portfolio P of two risky assets, with the returns
being r; and ry, and the respective weights being w; and wj. Then the expected
return and risk of the portfolio P, are given by,

mwp = Wi + wauy,
and
o5 = wiof + wios + 2wiwaoyy,

respectively. So the opportunity set is the set of points (op, wp) as above, resulting
from all the paired values (w1, w), satisfying w; + wy = 1.

4.3.1 Minimum Variance Portfolio for Two Risky Assets

As a natural next step, we will now examine the approach to the minimization of the
risk of the two-asset portfolio, i.e., minimization of a%. We first consider the case
that both p1» = 1 and 01 = o2, do not hold simultaneously. Using wy = 1 — wy, we
obtain,

012) = w%alz + (1 - w1)2022 + 2w (1 — wy)oys.

Taking the derivative of af, with respect to w; and setting it equal to zero results in,

d“% 2 2
— =2wjo; —2(1 —wy)oy +2(1 —2wi)o;2 =0
dw1
= wj (012+022 —2612) —022+012 =0
0’22 — 012
= w] = 5 2 A4
of +o5 — 2012
Consequently,
0‘12 — 012
wy = 1-— w)] = 5 2 A -
of +o05 — 2012
Further,
dZUZ

dwg = 2012 + 2(722 —dopp = 2(012 + 022 —2012) = 2(012 + 022 — 20120102).
1

Since both p;» = 1 and o1 = 07 do not hold simultaneously, it can be seen that

2 2
(using p12 < 1), we have 5 > 0.
wy
Alternatively, if pjp = 1 and o1 = o7 hold simultaneously, then,

o% = w%alz + (1 - w1)2022 + 2w (1l — wy)oroo = [wiog + (1 — wl)az]z.
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In this case, the minimum value of crl% can be zero, provided,

o2
w101+(1—w1)02=0=>w1(01—02)+02:0=>w1=ﬁ,
2 — 01

and consequently
01 01
wy = — = .
02 — 0] 01 — 02

Theorem 4.3.2 (Minimum Variance Portfolio for Two Assets) Consider a portfolio
P, comprising of two assets with returns r; (i = 1, 2), standard deviation of returns
o; (i = 1,2), covariance of returns o1z, and correlation of returns p1y. Further
assume that the conditions p12 = 1 and o1 = 03 do not hold simultaneously. Then
the minimum variance portfolio is given by,

2 2
mvp 0y — 012 o —012

wy =5 da dwmvp ="
oy +05 — 2012 o +o05 — 2012
Further, in case both the conditions p12 = 1 and o1 = o9, hold simultaneously, then
the minimum variance portfolio is given by,

02 o1
u);"vp = ———and wlénvp = —.
02 — O] 01 — 02

Finally, the expected return for the minimum variance portfolio is given by,

__mup mup
Hp =wp TR+ w, U

4.3.2 Minimum Variance Portfolio for n Risky Assets

We now consider a portfolio of n risky assets with the return and weights of i-th asset
being r; and w; respectively. For the sake of brevity, we introduce the following vector
and matrix notation:

1. Weight vector: w = (w1 wy . n).

2. Unit vector: u = (1 1. 1)

3. Return vector: j = (m K2 .. ).

4. Covariance matrix: C = (o,]) Vi, j=1,2,...,n

Note that C is symmetric matrix (i.e., C' = C) and is positive semi-definite.

Then the expected return and variance of the portfolio P is given by up = uw'
and 0}2, = wCw'. Also the statutory condition Yo' yw; = 1 is represented as
uw ' = 1. Now the problem of minimization of the variance of portfolio P reduces

to determination of weight vector w which minimizes ‘712) = wCw' subject to

uw' = 1. This problem can no longer be dealt with the minimization approach

for a function of single variable, as was done in the case of a two-asset portfolio.
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Consequently, we then have to resort to the technique of Lagrange multiplier on the
following problem:
minos = wCw' subject touw' = 1.
Accordingly, we define the Lagrangian as,
F(w,A) = wCw ' + A (1 — uwT) .

Taking the partial derivative of F'(w, ) with respect to each w;,i = 1,2,...,n as
well as A, and setting them equal to zero, we obtain,

A
Cw' = EUT anduw' = 1.

Now,
A A A A
Cw' =Zu =>wC' =Zu=wC=Zu=w=-uC"! (since c' = C) .
2 2 2 2
Substituting this w in uw! =1, we get,
1

A T s s
“uC!') =1z ZucHhiu' =12 = ——.
u(zu ) :>2u( ) u :>2 aCTuT

Thus we have,

Theorem 4.3.3 (Minimum Variance Portfolio for n Assets) Consider a portfolio P,
comprising of n assets with the unit vector u, and the covariance matrix C. Then the
minimum variance portfolio is given by,

uCc!
uC-lu™’

Finally, the expected return for the minimum variance portfolio is given by,

WP —

mvp mop T
Wp = UW L

4.3.3 The Efficient Frontier for Portfolio of n Risky Assets

We now elaborate on the concept of “efficient frontier”. In the preceding discussion,
we determined the minimum variance portfolio, without imposing any specification
on the expected returns. However, it is possible that the minimum variance portfolio
results in a corresponding expected return that falls below the target return of the
investor. In order to accommodate this concern of the investor, the notion of efficient
frontier has to be introduced.



4.3 The Mean-Variance Portfolio Analysis 41

Definition 4.3.4 (Efficient Portfolio) An efficient portfolio is a feasible portfolio
which either has more return than every other portfolio with the same risk, or has
less risk than any other portfolio with the same return. The collection of efficient
portfolios is called the efficient frontier.

This means that the efficient portfolios are formed by portfolios satisfying either of
the following criteria:

(1) Among all the portfolios with identical o p, the portfolio with maximum pp.
(2) Among all the portfolios with identical w p, the portfolio with minimum op.

It will be observed graphically later on that it suffices to determine the weight of
portfolio satisfying one of the criterion 1 or 2. Accordingly, we will consider the
problem of minimization of op, or equivalently minimization of 0,2;, subject to the
given level of return up = uw', for a portfolio P of n assets. We define the
Lagrangian as,

G (W, A1, ) = wCw' + Al (1 — llWT) + A (,u,p — [LWT) .

Taking the partial derivative of G(w, A1, Ap) withrespecttoeachw; (i = 1,2, ..., n),
X1 and Ay, we obtain,

A A
Cw' = éu—r + ?Z[LT, uw' = land uw' = pp.
Now,
A A2 A A2 1
C=wC' =" u+ = =(=u+=pn)Cc.
w W 2u+2;/v=>w (2u+2u>

Substituting this w in uw' =1 and p,wT = up, we obtain,

A A T
u [(%u + éu) Cl] =1= C luhr, + (uCiluT) Ay =2,

and
Al A2 -1 T 1T -1, T
I 7114-7# C =pup= (uC 'u )/\1+<ILC 2 >)»2=2MP.

We now define, A| = uC";LT, Ay = u,C’luT, A3 = uC1uT, and Ay =
ArAsz — A%. Then the system of equations becomes
A3A1 + Ado =2 and A;r)q + Aody =2up.

Solving this system of linear equations in two unknowns A; and A,, we obtain,

Ay up
Ao AL L] Ay —App
= » ,

2 Ay A
Al Az
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and
‘MP Ay
)\.2_ 1 Az _A3,u,p—A]
T A Ay Ay
‘Al A3

Hence we get,

A A Ay — A A —A
W= <—lu+ —ZIL) c = (—2 mp) uC !+ <—3MP 1) [LC_I.

2 2 Ay Ay
Defining f; = &uC_1 - ﬂuc_l and f, = —ﬂuc_1 + ﬁ[LC_I we get
g 1= A4 A4 2 = A4 A4 > g

w="Ff+fHup.

Theorem 4.3.5 (The Efficient Frontier) Consider a portfolio of n assets, with unit
vector u, return vector L, and covariance matrix C. Then the efficient frontier (or
efficient portfolios) is given by,

w =11 +fHhup,
where f1 and £3 have already been defined in terms of u, u, and C.

The theorem essentially says that a portfolio wé/ on the efficient frontier is a linear
function of wp. Since f; and £, are same for all portfolio on the efficient frontier,
therefore the efficient portfolio for a given level of return wp follows immediately
from this linear relation. This means that as an investor, once the n assets have
been decided upon and the expected level of return ¢ p has been specified, then the
efficient portfolio for the investor results from the linear formula for the weights.
Further, it can be shown that any portfolio on the efficient frontier is equivalent to
investments in two efficient portfolios with unequal expected return. Let P; and P,
be two portfolios on the efficient frontier with the respective expected returns being
wp, and pp, (1p, # wp,). Let us construct a portfolio, P of Py and P, with the
respective weights being, o1 and o, where o + oy = 1. Then,

Wp = a1Wp, +aoWpp and rp = a(rp, + a2rp,.
Now we get,
wp =E@rp) =ajup, +azip,.
Also, since P and P, are efficient portfolios, therefore,
wp =f1+Hhup andwp, =f1 +Hup,.
Hence,
wp =a (fi +fap ) +az (i + foep,)
= fi(a; + a2) + 2 (a1p, +02p,)
=fi +fHhup.

This leads us to the following theorem.
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Theorem 4.3.6 (The Two Fund Separation Theorem) A portfolio on the efficient
frontier can be constructed using a linear combination of two portfolios on the
efficient frontier.

Let wp be a portfolio on the efficient frontier. Therefore, we can write
wp = f1 + foup, which results in the variance of this portfolio, on the efficient
frontier, being given by,

1

A; Ay
+—.
Aj

03 =wpCwp = (f1 + f2up) C (f1 + f2up)’ = " (/LP — E)

Thus we have obtained a relation between the variance, 0}2, and the expected return,
wp of the portfolio P on the efficient frontier. In order to explore this geometrically,
we consider two cases:

Case 1: We consider the (012,, wp) plane. Then the relation is of the form,

43 Al 2+ ! h 2 and
X =— - — — wherex = oz andy = up.
Ay y As As P Yy =up

1 A
This is a parabola with the vertex (A_ " ) as can be seen in Fig. 4.1.
3 A3

Case 2: We now consider the important case of the (op, up) plane. Then the relation
is of the form,

2 _ A3 Ay + 1 b d
X - — — where x =opand y =
A4 y A A P Yy =MKup.
Thisisah bola with th: t ( A) hich has th tot
is is a hyperbola wi e vertex which has the asymptotes
VA3 A3

Aj Ay
of up=—= —op, as can be seen in Fig. 4.2.

A3z Az

1 A
Note that the minimum variance portfolio is given by the point (— , —) ,
VA3 A3

in the (op, wp) plane.

Finally, we consider a portfolio P on the efficient frontier, with P* being a man-
aged portfolio. Then, the covariance between them is given by,

oppr = wpsCwp = (fi + forps) C (fi + foup)

_A3 Al A n 1
A\ )T Az’
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np

op
Fig.4.1 (a%, wup) diagram for Case 1
Hp
S op
\\
e A A
Hp A, A, op

Fig.4.2 (op, up) diagram for Case 2
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4.3.4 The Efficient Frontier for Portfolio of n Risky Assets and a
Riskfree Asset

We now consider a portfolio P of n risky assets, along with a riskfree asset. As before,
the return and weight of the j-th risky asset are denoted by r; and w, respectively.
Let the return and weight of the newly introduced riskfree asset be denoted by u ¢
and w ¢, respectively. Note that the w;’s considered here are different from the w;’s
considered for a portfolio of exclusively risky assets, since the weight wy has to
be now accommodated in the constraint. The expected return and variance of the
portfolio P are given by,
up = [LP*WPT +wruy,

and

(712) = W}M«CWP*T + w?afc + 2WP*TWf0p*f = Wps= CW—;*,

where P* indicates the collection of all the risky assets (but excluding the riskfree

asset) of the portfolio P*. Also we have the statutory constraint that wy = 1— w;* u.

Consequently, the determination of the efficient frontier, in this scenario, involves
the minimization of op or equivalently the minimization of a%, subject to a given
level of return,

WP = RpsWhe + i r(1 — Wha),

for the portfolio P* of the n risky assets, along with that of a riskfree asset. We define
the Lagrangian as,

G (Wpx, L) = w;*CwP* + A I:MP - /pr;* —ur(— w;*u)] .

Note that here we have taken only one Lagrangian multiplier, since there is only one
constraint. Taking the partial derivative of G (wp+, 1) with respect to each w; (j =
1,2,...,n), and A, we obtain,

2Cwps — A (mps — ppu) =0and jp = ppsWps + jr(1 — wp.u).
Now,

A
2CwWps = A (ps — pyu) = Wps = EC_I (mps — pyu).

Substituting wp+ in up = up*w;* +ur(l— w;*u), we obtain
A

5 (rpe = wpu)' C (wpe — ppu).

up =Hf+W;* (ﬂP* —Mfll) =ur+
We define,

A= ([LP* — ,bqu)T c! ([Lp* — /qu) =A) —2upAr+ ,bL?cA3.

Hence,
A A pup—uf
= A= - = ——.
up Mf+2 > 1

Therefore, we obtain,

A‘ —
Wps = EC_I (mpe = pyu) = <%) ™ (mps — psu).
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Consequently, wy = (1 — w;*u), and, we get,

1
wpe = —C~ ! (nps — i su) (%) +C 7 (ppr — pyu) (X) [p.

Defining

_ ® _ 1
g1 =—C" (kpe —pupu) (5F) andgr = €' (p — piu) (;) :
we get,
W =g +8&MUPp.
Thus we have the theorem:
Theorem 4.3.7 (The Efficient Frontier) Consider a portfolio P of n risky assets and

one riskfree asset, with the unit vector u, return vector L of risky assets, covariance
matrix C of risky assets. Then the efficient frontier is given by,

wW=g +8g/up,

where g1 and g, have already been defined in terms of u, up+, and C.

Let wp be a portfolio P on the efficient frontier. Then we can write,

Wpe = <M> ™ (mpe — pyu),

A
which results in the variance of this portfolio on the efficient frontier being given by
2
T Up — i
0p =WpCWps = (pe —ppu) C7' (pr — pryu) (Tf)

2
(e s\ (e =)
A A '
This gives us (since op must be non-negative),

or = _ (rp—ny)
VA

when up < uy,

that is,
MWp=pyfx \/Zap.

Thus the efficient frontier is a pair of straight line in the (op, 1 p), plane with the
slope(s) ++/A and intercept f» and can be seen in Fig. 4.3.

Example 4.3.8 Consider a portfolio of two assets a| and a with the expected returns
of w1 = 4% and pr = 6%, respectively. Further 01 = 6% and o2 = 8%, and the

assets are uncorrelated. If w?‘in and wlznin are the weights of a; and a; respectively,

at which the portfolio attains the minimum variance, then determine w‘f‘i" — wy"

What is the expected value of this portfolio.
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mp

A

MP:,Mf‘f'\/ZO'P

(0, py)

Vv

op

MP:Mf—\/ZO'P

Fig.4.3 Efficient frontier with a riskfree asset

Here,
min _ 012 — o012 B 012 . 0.062
W =" 2 ) 2 7 (0.06)2 0.08)2
of +05y —2012 of 4oy (0.06)+(0.08)
Therefore, w‘f‘i“ = 0.64. Hence, w‘l’ﬁ“ — w&“i“ = 0.64 — 0.36 = 0.28. Thus the ex-

pected value of the minimum variance portfolio is, wjw™ + powy™

=0.04 x 0.64 4 0.06 x 0.36 = 0.0472.

= 0.36.

Example 4.3.9 Consider two efficient portfolios P and P> with uwp, = 0.04 and
up, = 0.09.If o and (1 — ) are the weights of investment in P; and P», respectively,

then determine the value of , which achieves an overall expected return of 6%.

Let P denote the combined portfolios. Then by the Two-Fund theorem
o 0.6

= — =1.5.
l -« 04

wp = 0.04a +0.09(1 — ) = 0.06 = o = 0.6 =
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4.4 Capital Asset Pricing Model

The capital market theory is the backbone of what is known as the Capital Asset
Pricing Model (CAPM-pronounced “cap”-“M”. We begin with the following basic
underlying assumptions:

(1) Investors are assumed to make their investment decisions based only on the
mean-variance analysis of the terminal wealth, or the rate of returns.

(2) Investors are assumed to be risk-averse, who are driven by the goal of maxi-
mization of utility (to be defined later) of the terminal wealth, or the rate of
returns.

(3) All assets (including human capital) are assumed to be marketable, as well as
divisible (which means that fractional units of assets can be bought or sold).

(4) Itis assumed that there are no transaction costs and no tax considerations.

(5) The assumption is that there exists a riskfree rate, and all lending and borrowing
take place at the riskfree rate.

(6) There exists a perfect capital market scenario, wherein all information is assumed
to be transparently available, there is no margin requirements, and there is no
restrictions on transaction, including lending and borrowing, as well as short
selling.

(7) All investors are assumed to be operating over identical time horizons, with
homogeneous expectation, and identical opinion and perception, vis-a-vis the
estimation of expected return, variance, and covariance.

In this section, we deal with two important lines, namely the capital market line
(CML) and the security market line (SML) or CAPM.

4.4.1 Capital Market Line

Recall that for a portfolio comprising of only risky assets, the variance (or equiva-
lently, the standard deviation) is always positive. In contrast, the variance (or equiva-
lently, the standard deviation) for a riskfree asset is zero. We now consider a holding
(or along position) in a risky portfolio (or asset) and a riskfree asset. Let the weights
of risky portfolio (asset) and the riskfree asset be w; and wy = 1 — wy, respectively.
Then, the expected return of the resulting portfolio is given by,

up=wipr + (1 —wpuy.

Here, ;11 = E(ry) is the expected return of the risky portfolio (or asset), and i s is
the riskfree rate of return. The variance of the resulting portfolio is given by,

0123 = wlzal2 + (1 — w1)2 0]26 + 2wy (1 —wy) oy,
where 0’12 is the variance of the risky portfolio (or asset), o2 is the variance of
riskfree asset and o ¢ is the covariance of return of the risky portfolio (or asset) and
the riskfree rate. Since the riskfree rate is constant, therefore o% =0and oy =0.
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up

(O,Mf)i A

op

Fig.4.4 Capital market line (CML)

Consequently, 012, = w%olz. Taking the positive square root we obtain, op = w07,

C oy . op S .
which implies that w; = —. Substituting this value of w;, we get,
a1

op op M1 — M
up = —M1+<1 ——>Mf=>lLP =Mf+<—f>UP~
o1 o1 o1

This is a line in the (op, 1 p) plane, passing through the points (0,  r) and (o1, u1).
In other words, this equation constitutes a family of lines emanating from (0, u f),
as shown in Fig.4.4.

From the Figure, it can be observed that it is most desirable to invest in the
portfolio, where the slope of the family of lines is maximum, that is, the line joining
(0, p r) and the portfolio m (which is called the tangency portfolio or the market
portfolio), in which case the equation of this line becomes,

wp =pf+ (Lm MJ)GP’
Om
which is called the CML.

The weight of the market portfolio can be derived as follows: We maximize the
slope of all the lines in the family, subject to the sum of weights being equal to 1,
ie.,

[wp—fif W —
op wCw'

Maximize such that wu ' = 1.
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Accordingly, we define the Lagrangian,

.
w —
H(w,k)=u+k<l—qu).

vwCwT
Differentiating with respect to each w; (i = 1, 2, ..., n) and A, we obtain,
MwC:u—kapu:A:ﬂ.
GP op
Therefore we have,
Op
wp — -
= (—2 f)W= (n—ppu)c!
9p
. np —2Mf _ np —zﬂf wa! = (’L —Mfll) c'aT
9p Op
(n—psu)c!

Thus we have the following Theorem.

Theorem 4.4.1 (Weight of Market Portfolio) The weights of the market portfolio
are given by,

(n—psu)c!
(n—ppu)C—lu™

4.4.2 Security Market Line or CAPM

Consider a portfolio comprising of an investment in a risky asset, with weight w
and the remaining weight w,, = 1 — w/ being invested in the market portfolio.
The resulting portfolio, P’ comprises of the market portfolio assets, along with
excess demand for one risky asset. The expected return and standard deviation of the
portfolio P are,

Kp =Wyl + (11— wl/),U«m
1
5 1
O'P/ — <w1/20_12, + (1 _ w],) O~n21 +2w1/ (1 — wl/)U]/m)Z )

respectively. The slope in the (0,7, 14 pr) plane is given by,

dMP/
d,up/ dw,/ Ky — Km
=, = 2 2 XOpl-
dop P Wy, — (1 - wl/)om + (1 - 2w1/)01/m
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The slope for the portfolio P’ when it comprises exclusively of the market portfolio
is given by,

dupr _ (my = mm) opr
=T T _ -2
dop Oy = O

wl/:O
But this being the slope of the tangent line at m must be equal to the slope of the
CML, given by M. Therefore,

m

— Wy — U —
Mm — U f _ < 1 ";)O.P, = Ly =[5 + (/’Lm—zﬂf> Oy
Om Oy — Ok o

g,/
Recall that 8, = 1—2'" Therefore,
Gm
py =g+ (m —wg) By
In general, we get & = 5 + (um — ¢)B which is the SML or CAPM.

4.4.3 Pricing Aspects

We consider a risky asset during a single period. Suppose that the asset is purchased
attime ¢t = 0, for price pg, and its value at time ¢ = 1 is a random variable p;, whose
expected value is up, . Then, expected return on this asset is given by,

-1

M=E|:p1_p0:|zﬂ

Po Po

A low p is equivalent to a high pg, and vice versa. In equilibrium p = puys +
(tm — 1) B. Now, we consider two scenarios:

(1) If po is low, then p is higher than what is given by SML or CAPM, i.e., u© >
s+ (tm — 1ar) B

(2) If po is high, then u is lower than what is given by SML or CAPM, i.e., u <
w4 (m —my) B

Thus, we can surmise that, if ;© > w5 + (Mm —u f) B, then the asset is under priced
(poislow), andif u < s + (wm — wy) B, then the asset is overpriced (po is high).
Consequently, the price will go up or come down, respectively, until the CAPM
equilibrium of p = u s + (,um — U f) B is attained. In equilibrium,

K py Hp

__1: — = ’
Po g+t = 115) = po L+ pp + (m —y) B

which is a pricing equation for the initial price pg.
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4.4.4 Single Index Model

A very simple model for return of an asset is the return generating function, or the

single index model, given by,

ri = o + firm + €.

Here, r; is the return from the i-th asset and r,, is the return from a market index.
Further, o; and B; are constants, to be determined from the historical data and ¢; is
a random variable, known as the residual error. The single index model makes the

following assumptions:

(1) The expected value of the residual error is zero, i.e., E(€;) = 0.

(2) The residual error and the market return are independent of each other, i.e.,

Cov(e;, rm) = 0.

(3) The residual errors of two different assets i and j are independent, i.e.,

Cov(e;, €) = 0.

Let the variance of r,,, and €; be denoted by o,ﬁ and ‘752,-’ respectively. Now,

E(r)) = E(a; + Birm + €) = a; + Bi E(ry,), since E(e;) = 0.

and
Var(ri) = Var(a; + Birm + €i)
= Var(«;) + Var(B;ry,) + Var(e;) + Cov(a;, Birm)
+ Cov(ai, €) + Cov(Birm, €)
= 0+ B?Var(r,) + Var(e) +0+0+0
= ﬂizanzl + o¢;.
Also,

Cov(ri,rj) = E[(ri — E(ri))(rj — E(rj))]
= E[(Bi(rm — E(rm)) + €) (Bj(rm — E(rm)) + €;) ]
= E [BiBj(rm — E(rm))*] + E [Bi(rm — E(rm))€;]
+ E[Bj(rm — E(rm))€i| + E(ei€))
= BiBjoy +0+0-+0=p;Bjo..

Hence we have the theorem:
Theorem 4.4.2 For the single index model ri = o; + Biry, + €;, we have,

(i) E(ri) =o; + BiE(rm).
(ii) Var(ri) = ,3?0,%, + 026,-.
(iii) Cov(ri,rj) = ,Biﬁjonzlfori # J.



4.4 Capital Asset Pricing Model 53

If the random variable r; takes the values r;;, t = 1,2, ..., T and r,, takes the values
rme, t =1,2,..., T, then we have the estimates,

T T
1 1
E(r) = T E rir and E (ry,) = T E Tt -
=1 =1

Then the parameter estimates based on historical data are
3 _ iz (= EG) (o = Erm)
=
S0y i — EG)?
G = Eri) = BiE(rm),

T
~ 1 o
552,. =71 ; (rir — @ +ﬁirm))2~

A variation of the single index model results in the following single index model for
excessreturn’r; =r; — (i y.
i =0 + Bitm + €.
where 7, = r,, — pr and & = o; — (1 — B;). Accordingly,
EG) = & + B E(p) and Var(7) = plog + 0.

We now consider the single index model in the paradigm of a portfolio P com-
prising of n assets. Let r; be the return of the i-th asset which is modeled by
ri = o + Birm + €;, with the corresponding weight being w;. Then the return on
the portfolio is,

n n
rp = Zwm = Zwi(ai + Birm + €i)
—

i=1

n n n
=S+ (z w,-ﬁ,-) ot 3 i
i=1 i=1 i=1

=dp+ Pprm +€p,

n n n
where o), = Zi:ﬂl wia;, Bp = Zi:l w;Bi, and €, = Zi:l w;€;. Note that the
relation B, = Z 1 w; B; can be proved using the definitions of g; and 8. It can
i=
also be proved that E(r,) = ap + BpE(r;) and Var(rp) = ,31270,,21 + ozep. Hence
the risk of the portfolio given by Var(r,,) is decomposed into the systematic risk or

non-diversifiable risk, 8> pa and unsystematic or diversifiable risk 0 . This means
that one can potentially get rid of the diversifiable risk, by d1vers1fy1ng the portfolio.
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4.4.5 Multi-index Models

We now extend the single index model to a multi-index setup with K indices to have
the model for return of the asset as,

K
ri =a; + Zﬁiklk + €.
k=1
Here, o; and B, fork = 1,2, ..., K are constants, to be determined. As before, ¢;

is the residual error. The multi-index model makes the following assumptions:

(1) The expected value of the residual error is zero, i.e., E(€;) = 0.

(2) The residual error and the indices are independent of each other, i.e., Cov
(€i,Iy) =0fork=1,2,... K.

(3) The indices are independent of each other, i.e., Cov(l, ;) = 0V k,I =
1,2,...,K, k#1.

(4) The residual error of two different assets i and j are independent, i.e., Cov
(Ei, Ej) =0.

Let the variance of I and €; be denoted by akz and 0621_, respectively. In practice, the
indices may not be independent, but can be made independent of each other using a
methodology of orthogonalization. Accordingly, without loss of generality, we make
assumption that, Cov(l, ;) =0V k,1 =1,2,..., K, k # [. Now, we get,

K K
E(ri)=E (ai + Y Bk + ei) =a;+ Y BuwEL),
k=1 k=1
and

K
Var(r;) = Var (ai + Z BirIx + e,-)
k=1
K

K
= Var(e;) + Var (Z Bi 1k> + Var(e;) + Cov (ai, Z ,B,-klk>

k=1 k=1

K
+ Cov (a;, €) + Cov (Z Bik Ik, 61-)
k=1
K K
=0+> Biof+02+0+0+0=> Biof+02.
k=1 k=1
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Also,
Cov(ri,rj) =E [("i —E@r)(rj — E(”j))]

X K
=E [(Z Bir(Ix — E(Iy)) + 6,') (Z Bjx(Ik — E(Iy)) + ej>:|

k=1 k=1

K K
=E [Z BikBjk (I — E(Ik»z} +E [Z Bit (I — E(Ik»ej]

k=1 k=1

K
+E [Z Bkl — E(Ik»el} + E(ei€;)

k=1

K K
= Zﬁikﬁjkakz +0+0+0= Z,Bikﬁjkakz-
k=1 k=1
Hence we have the theorem,

K
Theorem 4.4.3 For the multi-index model rj = a; + Zk:l Bix I + €;,

(i) EGri) = a;i + Y0 Bix E(Ip).
(i) Var(r;) = Y, PAog + 2.
(iii) Cov(ri,r) = Y0 BikBjko}.

Example 4.4.4 In the CAPM framework, suppose that market return and risk (as
given by standard deviation of returns) are 7.75% and 12%, respectively, with the
riskfree rate being 4%. If you are willing to accept a risk of 15% on a managed
portfolio, then determine the expected return (in percentage) of this portfolio.

Here, w,, = 0.0775, 0,y = 0.12, uy = 0.04 and op = 0.15. Then

0.0775 — 0.04
Example 4.4.5 Consider an asset ; with o; = 10%, 0j,, = 0.576%, and 8%. De-
termine the diversifiable risk, as given by o, (in percentage).

i 0.00576
Here 8, = 01—21 = ——— = 0.9. Therefore,
o5 (0.08)2

0l =07 — Bioy, = 0.1 — 0.9% x 0.08% = 0.004816 => o, = 0.0694 or 6.94%.

Example 4.4.6 Consider an asset a; with puy = 5%, (t;uy = 8% and B; = 0.5.
Determine the value of u; (in percentage), for the asset to be correctly priced.

In order to be correctly priced, the asset has to satisfy SML. Therefore,
wi = 0.05 4+ (0.08 — 0.05) x 0.5 =0.065 or 6.5%.
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4.5 Arbitrage Pricing Theory

An alternative to CAPM is offered by what is known as the Arbitrage Pricing Theory
(APT). The APT is more realistic than CAPM, from the perspective that it does
not make the assumption of all investors making their decisions based on the mean-
variance framework, but rather that the investors are driven by the preference for
greater returns, over less returns. We begin our discussion on APT with a simple
case, where the returns on the i-th asset are modeled using a single index model
(without the residual error term) as,

ri=o; +pBil,

where [ is the index. The notion of APT here is to preclude the possibility of riskless
profit or arbitrage. We now consider two assets, namely i (already introduced) and
J, for which the model is r; = a; + B;1;. Further, we require that 8; # B; (else
the response of the asset returns to the index would be identical). Suppose that we
construct a portfolio P of the i-th and j-th asset, with the respective weights being
w; and w; = 1 — w;. Then the return of the portfolio P is given by,

rp = [wio; + (1 —wye;] + [w; B + (1 — w;)B;1.

The source of risk in this model is the index /1, and hence in order to eliminate this,
we choose the coefficient of I; to be zero i.e.,

wif + (1= wipj = 0= wi = 2 ﬂf'ﬂ (Recall that B; # B;).
j — Pi

Then the return of the portfolio becomes,
aifj —a;pi
Bi—Bi
Now this return r, becomes a return, free from any risk (or randomness), and hence
by the no-arbitrage principle, it must equal the riskfree rate u y := A (say). Then,

aifj —a;pi
Bj — Bi
where k; is some constant. This shows that,

o = )\0—{—/3,']{1 al’ldOlj = )h0+131k1

rp = wid; + (11— w,’)otj =

aj—Ay o — Ao
=k = (B = B)ho =i — e = = = =2 =k
] 1

Hence in general,
ri =Xo+ Biki + Bili = E(ri) = Ao + Bi(ki + E(I1)) = E(ri) = Ao + Bir1,
where A1 := ki + E(I1). Recall that the CAPM is given by,
E@ri) —pp = Bi(E(rm) — 1y).

Accordingly, the CAPM is a particular case of the APT, with A = s and A =
E(rm) — 1 r. We now extend the APT to a general setup.
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Theorem 4.5.1 Consider n risky assets, with the return of the i-th asset being gov-
erned by the relation,

K
ri=ai+ Y Bl
k=1
fori =1,2,...,nandk = 1,2,..., K, with K < n. Here I} is the k-th factor.
Then there exists constant Ay, A1, . .., A, such that,
K
E(ri) =1%o+ Y Bukfori=12,....n.
k=1

This theorem can be proved under the following conditions:

n n
Z w; Bir = 0 and Z wiE(ri) = uy.
i=1 i=1
Example 4.5.2 Consider two assets a; and a; with

ri=o; +211 + I,
ri=o;+ 70 +40.

Determine the values of A1 and A2, with E(r;) = 10%, E(rj) = 12%, and py =
10%.

Here, Bi1 =2, Bi2 = 1, Bj1 =7, and B2 = 4. Therefore,

0.10 = 0.1 4+ 211 + Ag,
0.12 = 0.1 + 7A1 + 4A3.

Solving we get A1 = —0.02 and A, = 0.04.

4.6 Variations of CAPM

‘We now consider two variations of the CAPM.

4.6.1 Black’s Zero-Beta Model

The Black’s zero-beta model is a result of reconsideration of the assumptions about
the existence of a riskfree asset with a single riskfree rate, at which all the borrowing
and lending takes place. Accordingly, the riskfree asset is replaced by an asset or
portfolio, with the beta being zero, in the CAPM framework. Assuming that this
zero-beta portfolio lies on the efficient frontier, on which the market portfolio lies,
we create a portfolio P with weight s in the zero-beta portfolio, z, and the remaining
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weight (1 —s) in the market portfolio 7. Then the expected return and risk of portfolio
P are,
E(rp) =sE@rz) + (1 —$)E(rm).

1 1
op = (202 + (1 —5)%0p +25(1 — $)ogm)® = (%02 + (1 — 5)%02)?,

respectively. Then,
dE(rp)
do P

. E(rm) — E(r;)

s=0 Om

This line intersects w p axis at the point E(r;). Therefore,
E(rp) —E(r)) _ E(rm) — E(ry)

op Om

which implies,

E(rp) = E(ry) + (M> op.

Om

Now, we consider a portfolio made of a risky asset and market portfolio. Then the
(E(ri) — E(rm))om E(rm) — E(Vz))

slope of the point m is which is equal to (

Oim — 02 Om
This gives,
(E@ri) — E(rm))om _ (E(rm) - E(rz)>
Oim — 02 Om ’

which implies that,

E(ri) = E(rz) + ‘;—2 (E(rm) — E(r2)) = E(r2) + Bi (E(rm) — E(r2)).

m

4.6.2 Brennan’s After-Tax Model

The Brennans’s After-Tax Model takes into account the taxes on both the sources of
return on a risky asset, namely dividend yield and capital gains. Let r;; denotes the
return on the j-th asset being held by investor i. Further, let 7yy; and f.¢; be constants
denoting the tax rate on the dividend yield and the capital gain, respectively for
investor i. Then, the after-tax return, for investor i, on j-th risky security (with
dividend §;), and a riskfree asset are,

F =0 = ) = tg) + 851 = tay,), @.1)
W) = (1= tay,). 4.2)
This gives
FE =1 = 0 = 80 = teg) + 65 — ) (= tay)). (43)
Now

Var (i) = (1 = 1eg )%, (4.4)
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and
COV( o, r,g’)) = (1 — teg) 0. (4.5)

Let m* be the market like portfolio in this situation. In a market in equilibrium, we
have a CML like relation,

E(+@ M(a)
* f
E () =uf + —< ) — | Cov (ri. 1Y) 4.6)
Var ( )
Substituting (4.1)—(4.5) in (4.6) we get,
[EC) = ng][1 = teg;] = (8 — 1es) (tay; — teg;)

E( <a>) (@)
m 1 Mfl COV (r(a) (a)>
Var( (a)> m*i? Jl .

Dividing both sides by (1 — ;). we obtain
(@) (a)
tgy: — leg: E\r ) — 1y
[E(rj)—Mf]—(éj—Mf)< ly, Cgl) = <?;)l) fi Cov(rg*)i,r;i.’)).
—lcg; Var( )(1 _tcg,') ’

Let the absolute amount invested by investor i be denoted by W; and let
E (r (@ ) M(a)
m*i fi

+

0; = . Then we obtain,
Var( (“)) (1 = teg;)
W; W; tay: — teg:
ZLLEG) = ] = 25 (0 = mp) (=20 ) = w - Cov (i "),
9,‘ 9,‘ 1— tL‘gl' m*i ”
which when summed up, for all K investors, i.e, fori = 1,2, ..., K, gives,

K
W, tr: — b,
Z EG) - ny] - Z;{,’(%-M)(M)

i=1 i=1 — leg
K
(a) (a)
> Wi Cov (1 ri?)
i=1
K Wr(“)
=W Cov| =

=W Cov(rm, i),

where W is the value of the market portfolio. Define,
K
w B W; [(tay. — teg.
Bi= — o and By = ot [Z_, (dy—g)}
Zi:l % w P O 1 —teg;

Then,
[E(rj) —p]— B2[8; — uy] = BiCov (rm, ),
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which implies,

EG) —us]— B (5 — Erm) — 115] = Bo (3m —
g = D =] =B —wg) _ [EOm) =gl =B —pg) o
Cov (rm.rj) on

Substituting, we obtain,

E(rm) —pf) — B2 (8m — 1
( f)az 2 ( f):| Cov (rm, rj).

m

E(rj) =y + B2 (8; — puy) + [

which implies that,

E(rj) =+ B2 (8 —ny) + [(ECm) = pts) = B2 (3 — 11)] Bj-

Note that in general, 0 < fcg; < fgy; < 1. Also, if there are no taxes, i.e., frg; =0 =
tdy;» the above relation reduces to the SML or CAPM.

4.7 Portfolio Performance Analysis

We now present three single-parameter portfolio performance measure, due to
Sharpe, Treynor, and Jensen, driven by the consideration of both return and risk.

1. Sharpe’s ratio: Let iy and E(rp) be the riskfree return and expected return of
an actively managed portfolio P, respectively. Then, the excess return or risk
premium (additional expected return over the riskfree return, for the investor,
resulting from getting into the risky investment) is given by E (rp) — 1 ¢ . Further,
let op denote the risk for P. Then the Sharpe’s ratio is defined as,

_E@p)—ny
op ’

Sp

which is a single-index performance indicator that can be used to rank the de-
sirability of several actively managed portfolios. Graphically, Sp is the slope of
the straight line E(rp) = s + Spop inthe (op, E(rp)) plane.

2. Treynor’s ratio: In this case, the portfolio beta (8p) is taken as the measure of
systematic risk and (as specified earlier), is given by the weighted sum of the
betas of the constituent assets of the portfolio. Then the Treynor’s ratio is given
by,

_EGp)—ny

Br

and provides a measure of the desirability of actively managed portfolios.
3. Jensen’s Alpha: The expected return of a portfolio in the CAPM framework is
given by

Tp

E(rp) = ps+ [E(rn) — 1r] Bp.
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Jensen sought to estimate the performance of a portfolio in terms of excess return
achieved by the portfolio, over the return predicted by the CAPM, through the
introduction of Jensen’s Alpha,
ap = E(rp) — (us+ [E(rm) — yr] Bp).,
or equivalently,
E(rp)=ap+us+[E(rm) —ur]Bp.

Note that ap is a measure of disequilibrium.

We now carry out, a comparative perspective of Sharpe’s ratio, Treynor’s ratio,
and Jensen’s Alpha. Accordingly, we begin with the equation of Jensen’s Alpha,

E(rp) — g = ap +[E(m) — ps] Bp.
Dividing both sides by Sp, we obtain,

E(rp) —py ap
= PR TP L TEG) — s
Bp ﬂp+[ ) = 111

This shows that the Treynor’s ratio (Tp) is a linear transformation of Jensen’s Alpha

O p0,
(ap). Recall that Bp = w
Um

Tp

. In case of a well-diversified portfolio, we have,

ppm 2 1, which gives Bp ~ 2L, This results in,
Om
op
E(rp) — g ~ap+[E(rm) — ] —.
Om
Dividing both sides by op, we obtain,
_ E(rp) — g ~ 9P i E(rm) — g
op op Om ’

Sp

Thus, Sharpe’s ratio (Sp) is approximately a linear transformation of Jensen’s Alpha

(ap). Finally, for a well-diversified portfolio with Sp ~ G—P, we have,
Om

~ Erp)—ny _ E(p) — M o — Spoy.
Bp op

The Treynor’s ratio is approximately a linear transformation of the Sharpe’s ratio.

We conclude our discussion on portfolio performance analysis, through a discussion

on performance decomposition.

Tp

1. Fama’s Decomposition: This decomposition is driven by two components,
namely selectively and risk, motivated by the comparison of the performance of
an actively managed portfolio, with that of two benchmark portfolios from the
SML. Let the actively managed portfolio be denoted by P, with the correspond-
ing risk and systematic risk being op and Bp, respectively. We now take two
portfolios on the SML denoted Q and Q», satisfying the condition 8o, = Bp
and Bp, = op. Since Q1 is on the SML, therefore,

E(rg,) = iy + Bo, [E(rm) — is] (Bo, = Bp)-
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Also, since Q7 is on the SML, therefore,
E(er) =Wy +ﬂQ2 [E(rm) - H«f] (,3Q2 = O'p) .

Now, the performance of the portfolio P is decomposed into,

E(rp) — us = [E(rp) — E(ro)] +[E(ro) — 1r].

(A) Now, we consider first term (selectively),

E(rp) — E(rg,) = [E(rp) — E(rg,)| + [E(rg,) — E(rg))].
The term

E(rp) — E(rg,) = [E(rp) — s| —op [E(rm) — 5],

gives the net selectivity. Also the term

E(rg,) — E(rg,) = (op — Bp) (E(rm) — ity)

is the diversification term.
(B) Now, we consider the second term (risk). Let Py be the portfolio reflecting
the investor level of risk appetite. Then,

E(ro,) — s =[E(ro) — E(rp)] + [E(rp) — ns].

Here, the terms E(rp,) — E(rp,) and E(rp,) — iy represent the manager’s
risk and investor’s risk, respectively.

2. Brinson’s Model for Performance Decomposition: This model is based on
three stages of active portfolio management, namely investment policy, timing,
and asset picking. In order to assess the performance of the portfolio manager,
we consider an actively managed portfolio, denoted by P and a benchmark
portfolio, denoted by B. We consider K number of asset classes for both the
portfolios. Let wp, and r p; denote the weight and return, respectively of the i-th
class in the actively managed portfolio P. Similarly, let wp, and rg, denote the
weight and return, respectively of the i-th class in the benchmark portfolio B.
Then, the excess return is given by,

K K
rp —rp = E wPirP,'_ § wB,'rB,'9
i=1 i=1

which can be decomposed into,

K

K
rP*rB:Z(wPf —wg;) B, +Zw3i (rp; —rp;) +
i=1 i=1

-

(wp, —wg,) (rp; —75;) -
1

1

K
The first term E - (wp, — wp,) rp, represents the timing. The second term
=

K
E _ WB (rp, —rp,) represents the asset picking. Finally, the term
=

K
>~ | (wp, — wg,;) (rp, — rp,) is the interaction term between allocation and
i=

asset pricing.
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Example 4.7.1 Consider two risky assets @; and a; with i; = 6%, u; = 8%, g; =
0.12,8; = 0.18, and puy = 4%. If T; and T; are the Treynor ratios of a; and a;,
respectively, then determine |T; — T;|.

We have,
0.06 —0.04 0.08 —0.04

T, = 7)) =
0.12 0.18

= 0.0556.

Example 4.7.2 For a portfolio P, up = 8%, op = 17.5%, and i1y = 4%. Further
Wm = 8% and o, = 12%. If the Jensen’s Alpha ap = 1%, then determine the
Treynor’s ratio Tp and the Sharpe’s ratio Sp, for P.

For Jensen’s Alpha,
ip— s =ap+Bplum —url = 0.08—0.04 = 0.01 + fp[0.08 —0.04] = fp = 0.75.

Therefore,
_pp—py  0.08—0.04

Bp 0.5

Tp = 0.0533,

and
WP — M 0.08 — 0.04

op 0175

Sp = (.2286.

Example 4.7.3 Consider the performance of a managed portfolio P and benchmark
portfolio B as given in the table below. Determine the contribution of asset allocation
and security selection toward the excess return of P over B.

Class (i) Return (rp;)  Weight (wp,)
Stocks 9.20% 0.75
Bonds 3.10% 0.20
Cash 1.20% 0.05
Class (i) Return (rp;)  Weight (wp,;)
Stocks 7.30% 0.60
Bonds 2.80% 0.25
Cash 1.20% 0.15

The contribution of asset allocation is,
> (wp, — wg,)rp, = 0.00835 and 0.835%.

I
The contribution of securities selection is

> (rp, = rg)wp, = 0.01215 and 1.215%.
i
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4.8 Exercise
Exercise 4.1 Consider an asset a;, with the return r;, whose values under three dif-

ferent economic scenarios sy, s2, and s3 are tabulated below. Determine the variance
of returns Var(r;) (in percentage).

Scenario Return (r;) Probability

S1 8% 0.25
52 10% 0.50
53 12% 0.25

Solution: Here, E(r;) = 0.25 x 0.08 + 0.50 x 0.1 4+ 0.25 x 0.12 = 0.1 or 10%.
Therefore, Var(r;) = 0.25 x (0.08 — 0.1)> + 0.50 x (0.1 — 0.1)> + 0.25 x
(0.12 — 0.1)% = 0.002 or 0.2%.

Exercise 4.2 Consider a portfolio comprising of three assets a;,i = 1, 2, 3, with
weights w; = 0.5, wy, = 0.2, w3 = 0.3, expected returns @ = 6.8%, ur, =
5%, 3 = 4% and covariance matrix (in percentage)

10.58.37.2
8.3 9.6 6.6
7.2 6.68.4

Determine the expected return and variance of this portfolio.

Solution: The expected return is, 0.5 x 0.068 4+ 0.2 x 0.05 + 0.3 x 0.04 =
0.056 or 5.6%. Hence, the variance of returns is,

0.5% x 0.105 + 0.2% x 0.096 + 0.3% x 0.084
+2x05%x02x0.083+2x0.5x03x0.072+2 x0.2 x 0.3 x 0.066
— 0.0838 or 8.38%.

Exercise 4.3 The six historical prices of a stock are given by 100, 90, 85, 95, 105,
and 110. Estimate the expected return and variance of the stock return based on these
historical prices.

Solution: The returns are r; = —0.1,rp, = —0.0556,r3 = 0.1176,r4 = 0.1053,
1

r5 = 0.0476. Therefore the expected return is g(—O.l —0.05564+0.1176 +0.1053

+ 0.0476) = 0.02298. Hence the variance of returns is

1
S ((—=0.1 — 0.02298)* + (—0.0556 — 0.02298)* + (0.1176 — 0.02298)>
+ (0.1053 — 0.02298)* + (0.0476 — 0.02298)%) = 0.010893.
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Exercise 4.4 Consider a portfolio of two assets a; and ap with the expected return
u1 = 5% and py = 4%, respectively. Further o1 = 6% and 05 = 5% and the assets

are uncorrelated. If wﬁnin and w‘znin are the weights of a; and a; respectively, at which

min
the portfolio attains the minimum variance, then determine :nin . Hence determine
w;
the expected value of this portfolio.
Solution: Here
. o —o o? 0.062
pin = 12 : =0.59.
ol +0}—201, of+0f (0.06)2+ (0.05)?

, w™t0.59

Therefore, wi™" = 0.41. Hence, L_ — ~~ — 1.439. Finally, the expected value
wi'™ - 0.41

of the minimum variance portfolio is

w4+ wPi ) = 0.41 x 0.05 4 0.59 x 0.04 = 0.0441 or 4.41%.

Exercise 4.5 Consider two efficient portfolios, P; and P, with the respective

weights of
0.3 0.8
W=7 and wp = 02|

A new efficient portfolio P is created with weights « = 0.4 and (1 —«) = 0.6 being

assigned to Py and P, respectively. If P has the weight u = |:Zl:| , then determine
2

uip — uj.

Solution: By the Two-Fund Theorem

0.3 0.8 0.6
u=awy+ (I —a)wy =04 [0.7] + 0.6 [0'2:| = [0.4} .

Therefore u; — uy = 0.2.

Exercise 4.6 If 1, = 2uy and op = 1.50y,, with iy = 5%, then determine up
(in percentage).

Solution: From the CML, we get,

1.501m

o
wp = s+ (tm —uf)o—P =f+ (2mp—py) =250 =25 x 5% = 12.5%.
m

Om

Exercise 4.7 Consider the following data given in the table.
If the single index model is used with r; = o; + B; 7, + €;, then determine «; and
Bi using the least square approximation.
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Asset Return (r;) % Market Return (r,) %
12 8

13.2 10

6.8
3.8
10
9.2
8
9.4

AN L & &~ 3 O

Solution: Here,

1 T
E(r) = T Zrit
t=1

1
=3 (0.12 4+ 0.132 + 0.068 + 0.038 4 0.1 + 0.092 + 0.08 4 0.094) = 0.0905,

and
T

E(ry) = %Zrmt

=1
1
=3 (0.08 +0.1 +0.09 + 0.07 + 0.04 4 0.06 + 0.05 + 0.06) = 0.06875.

Then we have the following:

ri 'm ri — E(r;) Im — E(rm) (i — E@)(rm — E(rm))
0.12 0.08 0.0295 0.01125 0.000331875

0.132 0.10 0.0415 0.03125 0.001296875

0.068 0.09 —0.0225 0.02125 —0.000478125

0.038 0.07 —0.0525 0.00125 —0.000065625

0.10 0.04 0.0095 —0.02875 —0.000273125

0.092 0.06 0.0015 —0.00875 —0.000013125

0.08 0.05 —0.0105 —0.01875 0.000196875

0.094 0.06 0.0035 —0.00875 —0.000030625

B\. — %ZT:] (rir — E(rl)) (rme — E(rm))
l %ZIT=1 (rit_E(}"i))2

= 0.158978583,

and

& = E(r;) — B E(rm) = 0.0905 — 0.158978583 x 0.06875 = 0.079570222.
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Exercise 4.8 Consider a single period (+ = 0 to t = 1) asset pricing model whose

value at time ¢t = 1, can be either 110 or 90, each with probability of —. Further let

ny=5%,8 =0.2,and w,, = 9%. Then using CAPM, determine the correct value
of the asset at time ¢ = 0.

1 1
Solution: Here pp, = 3 x 110 + > x 90 =100, ur = 0.05, w,, = 0.09, and
B = 0.2. Therefore, the correct value of the asset at time ¢t = 0 is
WP, 100 100

T4 pf+ (um —pp)B 14+0.05+0.04x02  1.058

Po

Exercise 4.9 Consider a mutual fund F that invests 50% in an asset @; (with
wi = 10% and o; = 12%), and the remaining 50% in a riskfree asset (with
nr = 5%). If an investor borrows the riskfree asset and invests in F in order to
get return of 15%, then determine the standard deviation of the investment by the
mvestor.

Solution: Lelt P be the inlvestment in F and the riskfree asset. |
Now ur = 3 x 0.10 + 3 x 0.05 =0.075 or 7.5%, and o = 3 x 0.12 = 0.06 or
6%. Therefore,

np :wfuf+(17wjf)up =0.15=>wf X0.05+(lfwf) ><0.075=0.15=>Wf =73and(lfch)=4.

This means that we have weight —3 of riskfree asset, i.e., we have borrowed the
riskfree asset. Finally, op = 4 x 0.06 = 0.24 or 24%.

Exercise 4.10 Consider two assetsa; and aj, with u; = 6%, u; = 10%, o; = 18%.
Also let p,; = 11% and 0, = 20%. Let P be a portfolio comprising of a; and a;,

1
with equal weights. If Bp = > then determine o¢; (in percentage).

1 1 1
Solution: Here Sp = 3 x Bi + 3 x Bj = 3 = Bi + B; = 1. From the SML for g;

and a;, we get

0.06 — ps = (1—B;)(0.11 — ps)and 0.10 — juf = B;(0.11 — pus),

5
which gives ¢ = 0.05. Therefore, 8; = 3 Hence,

5\ 2
2 2 2 2 /
of =pjo, + 0p, = 0¢; = 612 - /3]26,,21 = \/04182 — (6) x 0.22 = 0.06799 or 6.799%.

Exercise 4.11 Consider two assets a; and a, with,

ri=a; + 11 + 21,
ri=a; +3 + b.
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Determine the values of A and A, with E(r;) = 18%, E(r;) = 12%, and
nr=12%.
Solution: Here ;1 = 1, Bi» = 2, 81 = 3, and B2 = 1. Therefore,
0.18 =0.12 + A1 + 22,
0.12 =0.12 4+ 3A; + 2.
Solving we get A1 = —0.012 and A, = 0.036.

Exercise 4.12 Consider two assets a; and a;, with,
ri =a; + 21 + I,
ri =o;+31 +40.

Derive the formula for E(r;) by determining Ao and Aj, with E(r;) = 15%,
E(rj) =20%,and uy = 10%.

Solution: Here 8;1 = 2, Bi2 = 1, Bx1 = 3, and Bi2 = 4. Therefore
0.15 = 0.1 4+ 211 + Ap,
0.20 = 0.1 4+ 341 +4x,.

Solving we get, A1 = 0.02 and X, = 0.01. Therefore, E(ry) = 0.1 + 0.028;
+ 0.01Bg2.

Exercise 4.13 For a portfolio P, up = 5% and op = 17%, with i y = 3%. Further,
Um = 8% and 0,, = 11%. If the Jensen’s Alpha ap = 1.5%, then determine the
Treynor’s ratio Tp and Sharpe’s ratio Sp, for P.

Solution: For the Jensen’s Alpha,

wp—is=ap+Bplum—usl= 0.05-0.03 =0.015+ Bp[0.08 —0.03] = Bp = 0.1.

Therefore,
_mP— M 0.05—-0.03 .

T —0.2,
P Br 0.1

and
WP — M 0.05 —0.03

op 0.17

=0.1176.

Sp
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Utility Theory

The history of utility functions can be traced back to Bernoulli, who sought to resolve
the St. Petersburg Paradox, which can be surmised as the “winner is the one who
ends with the most at death” which (as we will see later) translates to maximization
of the expected utility. Another perspective to this metaphor could arguably be the
position that “the winner is the one who spends the most by death”, which (as we
will see later) translates to the utility of spending or consumption.

5.1 Basics of Utility Functions

Definition 5.1.1 (Utility Function) A utility function is defined as a function or
mapping, from a set of consumption choices (or alternatives), or wealth level to real
numbers, called utils.

Before we delve into the utility theory, in the paradigm of portfolio optimization, we
lay down the basic axioms of utility theory.

(1) Given two alternatives /1 and I, an investor prefers I; to I if U(Iy) > U (lp),
prefers I to I1 if U (l2) > U (1), or is indifferent between /1 and I if U (1) =
U((DL).

(2) The choices are transitive, that is, if an investor prefers 11 to I (U (I1) > U (1))
and prefers I» to I3 (U(lz) > U(I3)), then by transitivity (resulting from
(U (1) > U(13))), they prefer I; to I3.

(3) If an investor is indifferent between /1 and I3 (U (I1) = U(I3)), then if they
prefer I1 to I, (U(I1) > U (1)), then they prefer I3 to I (U(13) > U(1y)).

@) IfU (1) > U(I) > U(13), then 3 an investment strategy such that,

p1U) + psU(I3) = U (D),

where p; and p3 are the respective probabilities of /1 and I3, occurring.
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(5) In an investment alternative /3 doesn’t affect /1 and I, then,
Ulh) >U(R) = U)+U3) > U(h) +U(L).

(6) Finally, in the context of the St. Petersburg Paradox, investors are driven by the
goal of maximization of expected utility, given by,

K
EW) =Y piU),
i=1
where p; is the probability of the ith investment alternative.

Example 5.1.2 Consider two investment opportunities A and B, for an investor with
utility function for wealth U (w) = w2,

Opportunity A: An investment of 100 pays 110 with probability % or pays 90 with
probability 1.

Opportunity B: An investment of 100 pays 105, for certain.

Then determine the value of the difference E(Ug(w)) — E(Ua(w)).

2 1
Here, the expected utilities are E(Uj(w)) = 3 X (110)2 + 3 X (90)2 =

10766.6667 and
E(Ug(w)) = (105)> = 11025. Hence E(Ug(w)) — E(Ua(w)) = 258.3333.

Example 5.1.3 Consider the following table of return distribution of three assets
ai, az, and az. If the utility function of returns is U(r) = r2, and we denote the

expected utility of return of asset a; by E(U;(r)) fori = 1, 2, 3, then determine the
EWU;(r)) + EWUz(r))

value of
E(U3(r))
Return Probability (a;) Probability (az) Probability (a3)
—5% 0.8 0.3 0
0% 0 0.2 0
5% 0.2 0.5 1.0

The values of the expected utilities are,
EUi(r)) = 0.8 x (—0.05)% + 0 x 0> + 0.2 x (0.05)%> = 0.0025,
E(Us(r)) = 0.3 x (—0.05)> + 0.2 x 0* + 0.5 x (0.05)> = 0.002,
EU3(r)) = 0 x (=0.05)> + 0 x 0% + 1 x (0.05)> = 0.0025.

0.0025 +0.002

Hence the required value is given by, 0.0025 =1.8.
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5.2 Risk Attitude of Investors

While in the context of financial engineering, the assumption is that an investor is risk
averse, we will however in this section delineate the three mutually exclusive, but
exhaustive categories of risk appetite of investors, namely risk-averse, risk-seeking,
and risk-neutral. In order to illustrate this, we consider two investment alternatives.

(1) Alternative /;: A riskless investment for a single period, with a return of rq

(deterministic). Then the expected utility for return on /; is given by,
EU(r1)) =U(r).
(2) Alternative I5: A risky investment for a single period with a return of 7, (random)
is given by,
ri — & with probability 3,
r1 + & with probability %

rh =

Then the expected utility for return on I; is given by,

1 1
EWU(r2)) = EU(H -8+ EU(rl + ).
Note that E(r;) = r1 = E(rp).

We now elaborate on the three kinds of risk appetites of investors:

1. Risk-averse Investor: A risk-averse investor is one whose utility function is
strictly increasing (U (w) > 0) and strictly concave (U (w) < 0). The question
this begets is what would the position of the investor be? Accordingly,

EU(r)) = U(r) = U(E(r2))

1 1
=U (5(71 -8+ E(rl +3)>

v

1 1
EU(rl -8+ EU(rl + 8) (since U is strictly concave)

= E(U(r2)).
This shows that the investor has the expected utility of I (riskfree) more than
the expected utility of I, (risky), which means that the investor is risk-averse.

2. Risk-seeking Investor: A risk-seeking investor is one whose utility function is
strictly increasing (U (w) > 0) and strictly convex (U (w) > 0). Accordingly,

EU(r) = U(r) = U(E(r2))

1 1
=U (§(V1 -8+ 5(”1 +5))

1 1
< EU(” —6) + EU(” + 8) (since U is strictly convex)

= E(U(r2)).
This shows that the investor has the expected utility of /> (risky) more than the
expected utility of /1 (riskfree), which means that the investor is risk-seeking.
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U(Ww) Risk-Seeking

Risk-Neutral

Risk-Averse

Fig.5.1 Attitude of investors

3. Risk-neutral Investor: A risk-neutral investor is one whose utility function is
strictly increasing (U (w) > 0) and is linear (U (w) = 0). Accordingly,

EU(r1)) = U(r) = U(E(r2))
1 1
U (5(71 T+ 50— 5))

1 1
EU(” -8+ EU(” + 8) (since U is linear)
= E(U(r)).
This shows that the investor has the expected utility of /; (riskfree) equal to the

expected utility of I (risky), which means that the investor is risk-neutral.

The three different forms of risk attitude of investors is illustrated in Fig.5.1.
We can also look at the risk appetite of investor in the mean-variance framework.
Accordingly, we take the Taylor series expansion of U (w) about E (w),

Uw) =U(Ew) + (w — E(w)))
’ ] "
=UEW) +U (Ew)w — Ew)) + U (Ew)(w — E(w))?

1
+ kX; EU“‘)(E(w))(w — E(w))X.
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In the Markowitz setup, the assumption is that investor’s assess an investment on the
basis of the first two moments, and all higher-order derivatives, U () (E(w)) =0, for
k =3,4,.... This results in (by taking expectation on both sides),

EWU)] = UEW) + 50" (Ew)Var(w)
Thus we have that,

%U”(E(w))Var(w) = E[Uw)] - U [EW)].
Thus for a risk-averse investor,

E[UW)]-U[Ew)] <0 < U (w) <0.
Similarly, for a risk-seeking investor,

E[Uw)]-U[Ew)]>0 < U (w) > 0.
And finally, for a risk-neutral investor,

E[UW)]—U[Ew)] =0 < U (w)=0.

These three inferences are consistent with the setup of the preceding enumerated
description of risk attitude of investors.

Example 5.2.1 Consider the following table of return distribution of three assets ay,
ay, and asz. Consider three investors A, B, and C with the respective utility function of
returns, Ua(r) = 2r —r2, Ug(r) = 2r,and U¢c(r) = 2r +r2. Calculate the expected
utility for the investor A, B, and C for each of the three assets and determine the
asset with the highest expected utility for each of the investors. Hence identify the
nature of risk attitude for each of the three investors.

Return Probability (a;) Probability (az) Probability (a3)
—5% 0.6 0.2 0

0% 0 0 0

5% 0.2 0.2 0

8% 0.2 0.6 1.0

The values of the expected utilities are:
EUa(r1)) = —0.0113, E(Ua(r2)) = 0.0912, E(Ua(r3)) = 0.1536,
E(Up(r1)) = —0.0080, E(Ug(r2)) = 0.0960, E(Ug(r3)) = 0.1600,
E(Uc(r1)) = —0.0047, E(Uc(r2)) = 0.1008, E(Uc(r3)) = 0.1664.
From the above table, we can see that highest expected utility for each investor is in

case of asset az. Also, we can say that investor A is risk-averse, B is risk-neutral,
and investor C is risk-seeking.
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5.3 More on Utility Theory

CLINTS

In this section, we introduce the notions of “marginal utility”, “certainty equivalent”,
“absolute-risk-aversion”, and “relative-risk-aversion”. Marginal utility is defined as
the additional utility, an investor derives from a small change of their wealth level.
Since it is reasonable to expect that an investor will desire more wealth than less
wealth, so the marginal utility of every investor is always positive, irrespective of
their risk attitude. Mathematically, this is given by U "(w) > 0. 1In case of risk-averse
(risk-seeking) investor, U ”(w) <0WU U(w) > (), which means that the marginal
utility is diminishing (increasing).

Given a certain wealth level, w, the “certainty equivalent” is a constant amount
of cash, C E(w), which makes the investor indifferent, between a risky investment
and CE = CE(w). Mathematically,

E[U(w)] =U(CE).
Accordingly, the risk premium is defined as,
Risk Premium := E(w) — CE(w).
We take the Taylor series expansion up to second-order terms, to obtain,
Uw)=UEw)+w— E(Ww))
~ U(EW) + (w — E@)U (Ew)) + %(w — Ew)*U" (Ew)).
Taking expectation on both sides, we obtain,
E[Uw)] = U(E(w)) + %Var(w)U”(E(w)).
Also,
E[Uw)]=U(CE)=U(E(w)+ CE — E(w))
~ U(Ew)) + (CE — Ew)U (E(w)).

Comparing the expressions for E (U (w)) we have,

1U" (Ew)) . . L[ U Ew)
E(w)—CE = —=—————Var(w) = RiskPremium = - | ——— [ Var(w).
2U (E(w)) 2 U (E(w))
The absolute-risk-aversion (ARA) due to Arrow and Pratt is given by
U//
Aw) =L@
U (w)

Finally we get the relative-risk-aversion (RRA) as,

UN(w):|

R(w) :=wA(w) = —w ;
(w) (w) [ U (w)
For a rational investor, we have already seen that U /(w) > 0and U ”(w) < 0. This
gives us that A (w) < 0 and R (w) = O, i.e., rational investors exhibit decreasing
ARA and constant RRA, respectively.
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We conclude with some example of common utility functions, as enumerated:

(1) Quadratic Utility: U(w) = ajw — azwz, a; > 0,a0 >0, w < ;_1' Hence
a»
U'(w) =a; —2aw > 0,U" (w) = —2a3 < 0, A’ (w) > 0 and R (w) > 0.
(2) Exponential Utility: U(w) = —e b1 by > 0. Hence U (w) = bje 1%
0,U (w) = —ble™® <0, A (w)=0and R (w) > 0.

/ 1 "
(3) Logarithmic Utility: U(w) = In(w). Hence U (w) = — > 0,U (w)
w

\

1 / /
—— <0,A(w) <0and R (w) =0.
w

(4) Power Utility: U(w) = w!™", 0 < y < 1. Hence U/(u)) =1-pw?7” >
0,U (w)=—y(1 —p)w ¥ <0,A (w) <0and R (w) =0.

Note that the logarithmic utility and the power utility are the ones which satisfy
all the four conditions of the risk-averse investor.

Example 5.3.1 Consider an investment opportunity, where an investment of 500,

either results in the gain being 100 with probability X or results in the loss being

1
100 with probability > If the utility function for the wealth is U (w) = In(w), then

determine the certainly equivalent (C E), and the risk premium.

1
An investment of 500 results in either 600 or 400 each with probability > Then the
expected utility is given by,

1 1
E(UWw)) = 3 In 600+E In400 = 6.1942 = In(CE) = CE = %1% = 489.8994.
Hence, risk premium is E(w) — CE = 500 — 489.8994 = 10.1006.

5.4 Exercise

Exercise 5.1 If an investor has the utility function for wealth U(w) = w?, (0 <
y < 1) and is indifferent between receiving 1728 and 512, with equal probabilities,
or 1000, with certainty, then determine the utility function explicitly.

1 1
Solution: The utilities of the first and second opportunity are 2 (1728)Y + 3 (512)”

and 10007, respectively. Since the investor is indifferent between these two oppor-
tunities, hence,

1 1 1
—(1728)Y + =(512)Y = 1000 =—.
2( ) +2( ) =y 3

o . . 1
Hence the explicit utility function is U(w) = w3.
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Exercise 5.2 Consider two investment opportunities A and B over a single period
(t=0tor=1).

Opportunity A: The invested money earns 0% interest rate per period.

Opportunity B: The invested money doubles or halves each with equal probabilities.
Now, if an amount of 30 is invested in opportunity A and an amount of 70 is invested
in opportunity B with the utility function of wealth being U (w) = /w, then deter-
mine the expected utility at time ¢ = 1.

Solution: In case of the invested money doubling in opportunity B, the total wealth
at time r = 1 is given by, 30 x 1 + 70 x 2 = 170. On the other hand, in case of
the money being halved in opportunity B, the total wealth at time ¢+ = 1 is given

by 30 x 1 + 70 x 5= 65. Hence the expected utility at time ¢ = 1 is given by,

1 1
z«/ 170 + 5\/65 = 10.5503.

Exercise 5.3 Consider an investment opportunity where an investment of 1000

results in either 1300 or 700, each with probability of 7 Now consider a risk-

averse, risk neutral, and risk-seeking investor with respective utilities of wealth
Uw) = —w?, Uw) = w, U(w) = w?. Determine the expected utilities of the
three investors.

Solution:

1 1

EU)(w) = —5(1300)2 - 5(700)2 = —1090000,
1 1

EUp)(w) = 5 x 1300 + 5 x 700 = 1000,

1 1
EUc)(w) = 5(1300)2 + 5(700)2 = 1090000.

Exercise 5.4 Consider an investment opportunity, where an investment of 100 gives

2
110 with probability 3 or 90 with probability 3 Consider two investors A and B

with respective utility of wealth U (w) = (w)%, and Ug(w) = In(w). Further the

respective CE are CE 4 and C Ep. Determine the ratio z
B

Solution: Here,
2 11 \?
CEj = 3(110)3 + 5(9())3 = 103.0352,

and
2 1
CEp =exp {§ In(110) + 3 ln(90)} = 102.8828.
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Therefore,
CE4

B

= 1.0015.

Exercise 5.5 Consider an investment opportunity, where an investment of 100 gives

2
105 with probability 3’ or 90 with probability 3 Consider two investors A and B

with respective utility of wealth U4 (w) = (w) 3 ,and Ug(w) = In(w). Further the re-
spective CE are C E 4 and C E g. Determine the which investor has less risk premium.

Solution: Here,
2 11 0\’
CEj = g(105)3 + g(9())3 = 99.8283,

and ) .
CEp =exp {5 In(105) + 3 1n(90)} = 99.7410.

Risk premium for investor A is 100 — 99.8283 = 0.1717, and the risk premium for
investor B is 100 — 99.7410 = 0.259. Clearly, the risk premium for investor B is
more than that of investor A.
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Non-Mean-Variance Portfolio Theory

The discussion on the Markowitz theory and the CAPM was based on the mean-
variance framework, wherein the assumption was that the assets follow a normal
distribution or that the investors prefer the mean-variance framework. However,
empirical analysis of stock market data gives the conclusion that asset returns are not
normally distributed. In fact, the distribution is not symmetric and is more peaked,
in addition to being leptokurtic, leading to alternative distributions being considered
to capture these characteristics of the empirical distribution. Accordingly, in this
chapter, we discuss several approaches to non-mean-variance portfolio analysis.

6.1 The Safety First Models

The Markowitz mean-variance approach to the selection of optimal portfolio is based
on the utility function, in terms of mean and variance, which means that the outcomes
were contingent on the choice of utility functions, and consequently a more objective
approach was needed. The safety first models were an alternative to the approach
of maximization of expected utility and were motivated by the goal of limiting
the possibility of undesirable outcomes in the return of assets. In this section, we
elaborate on the three Safety First Criterion. Let rp denote the return on portfolio
P, and let rp denote the “desired” level of return for an investor, that is, the investor
does not wish that rp falls below rp. Since rp is a random variable, the goal is to
keep the probability of rp falling below rp, to be as small as possible. Let o be
the acceptable level of this probability. Consequently, this can mathematically be
represented as,
P(rp <rp) <.
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6.1.1 Roy’s Safety First Criterion
The Roy’s Safety First Criterion is to minimize the probability of the portfolio return
falling below the desired level, i.e.,

Minimize P (rp < rp).

If we now relax the non-normal distribution condition, then,

P(rpgrD)zp(rP_‘”’<rD_’”’)=P<z<M),

op ap ap

where z ~ Ny 1. Then,

rp —
Minimize P (rp < rp) = Minimize P (z < D_,u;:) .
op

This is equivalent to,

Minimize (—rD — MP) = Maximize (—MP — rD) = Maximize Sp,
op op

taking rp = u r, where Sp is the Sharpe’s ratio. From Sharpe’s ratio, up = s +

Spop.Insummary, the Roy’s Safety First Criterion (in case of returns being assumed

to be normally distributed, and the desired level of return being the riskfree rate) is

equivalent to maximization of the slope Sp, of the straightline wp = g+ Spop,in

the (op, up)-plane, as shown in Fig. 6.1, with P4 being the most desired portfolio.

6.1.2 Kataoka's Safety First Criterion

Kataoka’s Safety First Criterion sets the objective of choosing the portfolio with
the desired return rp, to be as high as possible, among all portfolios, when the
probability of the return of the portfolio not exceeding rp is less than or equal to «.
Mathematically, this is given by,

Maximize rp such that P(rp < rp) < .

Again, if we relax the non-normal distribution condition, then,

rp — P
P(rp <rp) <a & ————— < —z4 <= rp < lp — 240P,
op
where z, is such that P(z > z4) = «. Now the condition of maximization of rp
reduces to

rp = WUp — Za0Pp.

Geometrically, the Kataoka’s Safety First Criterion (in case of the returns being
assumed to be normally distributed) is equivalent to the maximization of the intercept
rp of the line wp = rp + z40p in the (op, wp)-plane, as shown in Fig. 6.2, with Py
being the most desired portfolio.
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Bp

op

Fig.6.1 Maximization of Sharpe’s ratio Sp

6.1.3 Telser’s Safety First Criterion

Telser’s Safety First Criterion is based on the premise that investors want to maximize
their expected return, subject to the condition that the probability of the return of
the portfolio being less than or equal to desired return rp, does not exceed . More
specifically, this is given by,

Maximize pp such that P(rp < rp) < «.

If we relax the non-normal distribution condition, then,

rp — Up
P(rp <rp) <a < — )= < rp < Up — Zq0P
P
<< up=rp+zq0p.
Thus the Telser’s Safety First Criterion reduces to,
Maximize pp such that wp > rp + z40p.

Geometrically, the Telser’s Safety First Criterion (in case of the returns being assumed
to be normally distributed) reduces to the maximization of the expected return among
all the portfolios above the line up = rp + z4op (called Telser’s Ray) in the
(op, p)-plane, as shown in Fig. 6.3, with P4 being the most desired portfolio.
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Kp

’I“D4

T'Dsy

’I”D2

Dy

op

Fig.6.2 Maximization of rp for the line up = rp + z40p

Example 6.1.1 Consider the following table of returns. If rp = 4% and the returns
are normally distributed, then determine the preferred portfolio(s) using the Roy’s
Safety First Criterion.

Portfolio P; Portfolio Py Portfolio P3
wp 10% 12% 14%
op 9% 11% 13%

The values of “2—"2 for Py, P, and P; are 0.6667, 0.7273, and 0.7692,
op
respectively. Since portfolio P; has the highest value of u, hence it is the
op
most preferred one using Roy’s Safety First Criterion.

Example 6.1.2 Consider the following table of returns. If the returns are assumed
to be normally distributed, with &« = 0.05, then determine the preferred portfolio(s)
using Kataoka’s Safety First Criterion.
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Bp

ip =7Tp+ Zaop

D

op

Fig.6.3 Maximization of wp above the line up = rp + Zyop

Portfolio P; Portfolio P, Portfolio Ps3
wp 8% 10% 13%
op 11% 15% 19%

Since o = 0.05, therefore P(z > 1.645) = 0.05. Consequently, z, = 1.645.
Hence the rp for each of the three portfolio are,
rp, = 0.08 + (—1.645) x 0.11 = —0.10095,
rp, = 0.10 + (—1.645) x 0.15 = —0.14675,
rp, = 0.13 + (—1.645) x 0.19 = —0.18255.

Since P; has the largest value of rp, among the three, hence Pj is the most desired
portfolio using Kataoka’s Safety First Criterion.

Example 6.1.3 Consider three portfolio Py, P>, and P3 with the returns as tabulated
below. If the returns are assumed to be normally distributed with, « = 0.10 and
rp = 2%, then determine the preferred portfolio(s) using the Telser’s Safety First
Criterion.



84 6 Non-Mean-Variance Portfolio Theory

Portfolio P; Portfolio P, Portfolio P3
wp 8% 10% 12%
op 5% 8% 7%

Since ¢ = 0.10, therefore P(z > 1.282) = 0.10. Consequently, z, = 1.282.
Hence we check for wp > rp + z4op,i.e., up —rp — zq0p > 0.

nwp, —rp —zg0p, = —0.0041,
HpP, —ID — 200p, = —0.02256,
Mpy —FD —20q0p; = 0.01026.

Since P3 has the largest value among the three (and the only one to satisfy the
criterion), hence P; is the most desired portfolio using Telser’s Safety First Criterion.

6.2 Geometric Mean Return

Let us consider an investment of N periods, with the time points being i =
0,1,..., N. Let r; denote the return during the period [i — 1, i). Then, an amount
invested at i = 0 grows by the factor of (1 +r()(1+r2)...(1 +ry) attimei = N.
If 7 denotes the geometric mean return, then we have,

N N ¥
A+ =[Ja+rm) =76 = (H(l +r,-)> ~ 1.
i=1 i=1
Now, if we start with wealth wy, then the wealth at time N is given by
wy = wo(l +}7G)N.

This gives E(wy) = E [wo(l +7c)V ], which means that maximization of the
terminal wealth is equivalent to the maximization of the geometric mean. If the
investor has log utility, then,

E U] = E [In(wo(1 +76)™) |

= E [In(wp) + N In(1 +7¢g)]
= In(wp) + NE [In(1 +7¢)].

Since wo and N are constants, the maximization of expected utility of terminal wealth
is equivalent to maximization of expectation of In(1 + 7).

Example 6.2.1 A risky asset has five consecutive historical return of 8, 6, 7.5, 5.25,
and 6.3%. Then determine the GMR (in percentage)

(I 4+rg) = (1.08 x 1.06 x 1.075 x 1.0525 x 1.063)% = 1.066 = rg = 0.066.
Hence the GMR is 6.6%.
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6.3 Semi-variance and Semi-deviation

The usage of variance, or equivalently that of standard deviation, as a measure of risk
suffers from the shortcoming of penalizing even those scenarios where the portfolio
performance is better than a certain threshold, i.e., the cases of high returns. In
order to address this, and capture only those returns which are below a threshold, a
modified measure of risk, namely semi-variance or equivalently semi-deviation, was
formulated. Semi-variance is used to capture the dispersion of those return values,
which fall below a certain threshold. Let * denote this threshold return for a single
period. Then, the semi-variance of the i-th asset is defined as,

& = E [min(r; —r*, 0)],

which is the average of the square of those returns, which do not exceed the threshold
r*. Analogously, in the continuous setup, the semi-variance is defined as,

00 r*

5 = / [min(r; — r*, 0> £ r)dri = / (ri — P2 (r)dri,

where f(r;) is the probability density function of the random variable r;. Using
historical data of returns of the i-th asset, for T time periods, i.e., ri1, 7i2, . .., IiT,
the semi-variance can be estimated using,

T
— 1 . 2
o =~ T Z [mm(r,-, —r, O)] .
=1
Finally, the semi-deviation is defined as,
— —2

o, =4\0; .

Example 6.3.1 1f the returns r; are 10, 13,7, 12, and 11% with r* = 10%, then
determine the semi-variance of the returns (in percentage).

We have the following table. Therefore the semi-variance is given by,

ri ri—r min(r; — r*, 0)
10 0 0
13 3 0
7 -3 -3
12 2 0
11 1 0
=2 _ 10104194040 =18%.

5
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In order to analyze the semi-variance in the [o, E(7)]-plane, we consider (for
illustrative purpose) the quadratic utility,

2 ai
U@r) =air —apr (r<—).
2a;
Therefore
EWUM] = aE(r) — ;E(r?)
=mE@r) —ay[o” + (E(r)?]
= a1E(r) — a0” — ay(E(r))?
= fi(o, E(r)).
a B
Here i =ay —2a2E(r) > 0 and i = —2apyo0 < 0, which means that the
0E(r) do

expected utility as a function of E () and o is increasing and decreasing, respectively.
Now, considering the [?, E (r)]—plane, we propose the following quadratic utility
function,

U(r) = air —ay [min((r; — r*), O)]2 (az > 0).

Therefore,
EU(M] = aE(r) — aE [min((r; — r*), 0)]
=a1E(r) — a2§2
= L@ E()).
Here 8E(2r) =a; > 0and % = —2ay5 < 0, which shows that the expected utility

is an increasing function of E(r) and a decreasing function of . Now recall that,

for a portfolio P,
n n
MP=ZwiMi, Zwi=1-
i=1 i=1

Then the portfolio semi-variance is,

2
n
ﬁz = E [min(rp — r*, 0)]2 =E (min |:Z wir; — r¥, O:|>
i=1
Finally, the CML for the semi-variance is given by,
Mm — K =
up=pf+ [m:—f] op,

Om
and the corresponding SML is given by,

i = s+ [m—1r]Bi

where _
E' _Tim _ E [(r,- — r*Ymin(r, — r*, 0)]
E E [min(r, —r*,0)>

is what is known as the “downside beta”.
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6.4 Stochastic Dominance

We consider two portfolios Py and P,, with returns rp, and rp,, respectively, and
with identical initial investment. The portfolio Pj is said to dominate P if rp, > rp,,
at the terminal point, for all possible scenarios. However, in practice, this is unlikely
to be the case. We discuss in this section, the concepts of the first-, second-, and
third-order stochastic dominance. Recall that the cumulative distribution function
F (x) is defined as,

F(x)=P(X <x) = / f(t)dt.

Stochastic dominance makes use of the probability distribution in its entirety.

6.4.1 First-Order Stochastic Dominance

The first-order stochastic dominance (FSD) is used when the cumulative distribution
of return of a portfolio (or asset) P lies above the cumulative distribution of another
portfolio (or asset) P», in a certain range of return and vice-versa, i.e., P lies below
P, for certain other range of returns.

Definition 6.4.1 (FSD) Assuming that the investor has positive marginal utility, i.e.,
U’(r) > 0, portfolio Py dominates portfolio P> in FSD iff Fp,(r) < Fp,(r) Vr in
the range of return [, B], with Fp (r) < Fp,(r) for at least one r in the range of
return [a, B]. Here Fp, (r) and Fp,(r) are the cumulative distribution of the returns
of portfolio Py and portfolio P,, respectively.

Theorem 6.4.2 (FSD Theorem) Let the portfolios Py and P, have the returns rp,

and r p,, respectively. For an investor with positive marginal utility, i.e., U "(r) >0
and if portfolio Py dominates P, in FSD, then the expected utility of Py is not less than
the expected utility of P, i.e., E [Upl (r)] > E [Up2 (r)]. In other words, portfolio
P is preferred to portfolio Py, in the sense of FSD.

Proof We recall that the expected utility for P and P is defined for r € [«, ] as,
B B
E[Up(r)]= / U(r)dFp,(r) and E [Up,(r)] = / U(r)dFp,(r),

o o

where

Fp (r) = / fp()dr and Fp,(r) = / fp(0)dt,
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are the c.d.f. of returns on P; and P, respectively. Now,

E[Up ("] — E[Up, ()],
B

=/U(r)d[FP1 (r) = Fp,(r],

B
= [UO) [Fp () = Fp,]]E - / U'(r) [Fp,(r) — Fp,(r)] dr.

Note that Fp, () — Fp,(0) = 0—-0 = 0and Fp,(B) — Fp,(B) =1—-1 = 0.
Therefore,

B
E[Up (] - E[Up(] = - f U'(r) [Fp,(r) = Fpy(r)] = 0,

since U’ (r) > Ois given, and Fp, (r)— Fp,(r) < 0, due to FSD, with strict inequality
holding for at least one r € [«, 8]. Hence E [Up1 (r)] > FE [Upz(r)], ie., P is
preferred to P, by the investor. O

Corollary 6.4.3 The following are equivalent:

(i) Portfolio Py dominates portfolio P, in FSD.
(ii) Fp (r) < Fp,(r) Vr € [a, B], with strict inequality holding for at least one
r € [a, B].
(iii) Py is preferred to P, by an investor with positive marginal utility, i.e.,
E[Up (] = E[Up ()]

6.4.2 Second-Order Stochastic Dominance

The second-order stochastic dominance (SSD) is used when the cumulative distri-
bution of return of P; crossovers the cumulative distribution of return of P;.

Definition 6.4.4 (SSD) Assuming that the investor has positive marginal utility, i.e.,
U (r) > 0 and is risk-averse, i.e., U (r) < 0, portfolio P| dominates portfolio P>
in SSD iff

,

b
/ Fp,(x)dxff Fp,(x)dx Vr in the range of [a,B] of returns, with
o

o
r

[ Fp (x)dx < / Fp,(x)dx, for at least one r in the range of return [«, B].
o

o

Theorem 6.4.5 (SSD Theorem) For an investor with positive marginal utility, i.e.,
U (r) > 0 and risk-averse attitude, i.e., U (r) < 0, and portfolio P, dominates
portfolio Py in SSD, and expected return from Py and P, are equal, i.e., E(rp)) =
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E(rp,), then expected utility of Py is not less than the expected utility of P», i.e.,
E [UP1 (r)] > FE [UP2 (r)]. In other words, the portfolio P is preferred to P in the
sense of SSD.

Proof From the proof for FSD,

B
E[Up ()] - E[Up,(")] = — / U'(r) [Fp(r) = Fp,(r)] dr.

Now we consider the term,
B
_ / U'(r) [Fp,(r) — Fp,(r)] dr

o

B B
=|-U'w) / [Fp, (x) — Fp,(x)] dx

o

B r
+ / u'(r) / [Fp,(x) — Fpy(x)] dxdr

o

B
=0 [ [Fn00) = Frco0]ds

B r
+ / U’ / [Fp, (x) — Fp,(x)] dxdr.
o o
Now the integrand in the first term is,
B
/ [Fp,(x) — Fp,(x)]dx = E(rp)) — E(rp,) = 0.
o
Therefore,
B r
E[Up ("] - E[Up,()] = / U”(r)/[FP1 (x) — Fp,(x)] dxdr > 0,
o o
since U” (r) < 0and [ Fp,(x)dx < [ Fp,(x)dx, due to SSD, with strict inequality

holding for at least one r € [a, B]. Hence E [Up (r)] = E[Up,(r)], ie., Py is
preferred to P, by the investor. (I
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Corollary 6.4.6 The following are equivalent:

(i) Portfollo Py dominates portfolio P> in SSD.
(ii) Fp, (x)dx < / Fp,(x)dx Vr € [o, B, with strict inequality holding for at

least oner € [a, ,3a]

(iii) P is preferred to P, by an investor with positive marginal utility and risk-
averse attitude i.e., E [Up, (r)] = E [Up,(r)].

6.4.3 Third-Order Stochastic Dominance

The third-order stochastic dominance (TSD) is used when the accumulation of the
cumulative distribution of return of P; crossovers the accumulation of the cumulative
distribution of return of P;.

Definition 6.4.7 (TSD) Assuming that the investor have positive marginal utility, i.e.,
U (r) > 0, is risk-averse, i.e., U (r) > 0 and has decreasing ARA, i.e., U (r) > 0,
portfolio P) dominates portfolio P in TSD iff

r1 rn r rn
/ / Fp,(x)dxdry < / / Fp,(x)dxdry Vr in the range of [, B] of returns
with” °o

r1 rn " rn
/ / Fp, (x)dxdr; < / / Fp,(x)dxdr, for at least one r in the range of

o o o o

return (o, B].

Theorem 6.4.8 (TSD Theorem) For investor with positive marginal utility, i.e.,
U,(r) > 0, risk-averse attitude, i.e., U’ (r) < 0, decreasing ARA, u” (ry >0,
and portfolio Py dominates portfolio P> in TSD, and expected return of Py is greater
than or equal to that of P, i.e., E(rp) > E(rp,), then expected utility of Py is not
less than the expected utility of P, i.e., E [Up1 (r)] > FE [Up2 (r)]. In other words,
the portfolio Py is preferred to P, in the sense of TSD.

Proof From the proof for SSD,
E[Up ("]~ E[Up, ("]
B r
/ U'(r / [Fp,(x) — Fp, (x)] dxdr

o

U / / [Fp,(x) — Fp,(x)] dxdr

o o a

ron

B
_ / u”(r) / / [Fp,(x) — Fp,(x)] dxdridra.

o o



6.4 Stochastic Dominance 91

B
We now consider this term by term. For the first term, / [F p (x) — Fp, (x)] dx >0,
o

using E(rp;) > E(rp,) and U ! (r) > 0, by assumption. Hence the first term is non-
n n
negative. For the second term, / / [F p (x) — Fp, (x)] dxdridry < 0, using the
o o

TSD condition,and U (r) > 0, by assumption. Hence the second term is also greater
than or equal to zero. Therefore, E [Up, (r)] = E [Up,(r)], i.e., Py is preferred to
P> by the investor.

Example 6.4.9 Consider two companies A and B with the respective returns of r4
and rp. The values of r4 and rp along with their corresponding probabilities are
tabulated below. Then determine which of the two companies are preferred under
the SSD criterion.

ra rB Probability
5 4 i
6 6 i
7 8 i

The distribution of all possible return is tabulated below.
r r

Since [ Fa(r)dr < / FA(r)dr with strict inequality holding for the returns of
4,5, and 6(? hence the retu?n of company A dominates that of company B, in SSD.

Return (r) Fa(r) Fp(r) Fa(r)dr frFB(r)dr

W N == O RY—

(e BN B o) SO/ TN N
— == O
— PO W — | —
W DN Lol BLd oW —

Example 6.4.10 Consider two companies A and B with respective returns of r4 and
rp. The values of r4 and rp along with the corresponding probabilities are tabulated
below.

Then determine which of the two companies are preferred under the TSD criterion.
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Return Probability (A) Probability (B)
4 0.50 0.50
5 0.00 0.00
6 0.00 0.05
7 0.25 0.15
8 0.00 0.00
9 0.00 0.10
10 0.25 0.20

The cumulative distribution of all possible return is tabulated below.

r1 rn r1 rn
Since [ / Fa(r)dxdr, < [ / FA(r)dxdry with strict inequality hold-

ing for theareu;xrns of 6 and 7, henace tﬁe return of company A dominates that of
company B, in TSD.

r r rr rr

Return Fa(r) Fp(r) fFA(r)dr fFB(r)dr f]szA(r)dxdrg f]szB(r)dxdm
o o o o o o

4 0.50 0.50 0.50 0.50 0.50 0.50

5 0.50 0.50 1.00 1.00 1.50 1.50

6 0.50 0.55 1.50 1.55 3.00 3.05

7 0.75 0.70 2.25 2.25 5.25 5.30

8 0.75 0.70 3.00 2.95 8.25 8.25

9 0.75 0.80 3.75 3.75 12 12

10 1 1 4.75 4.75 16.75 16.75

Corollary 6.4.11 The following are equivalent:

(i) Portfolio P dominates portfolio P, in TSD.

ri n ri n
(ii) / / Fp, (x)dxdry < / Fp,(x)dxdry Vr € [, B], with the strict in-

equality holding for at least oner € [a, B].
(iii) P is preferred to Py by an investor with positive marginal utility, risk-averse
attitude and decreasing ARA, i.e., E [Upl (r)] > FE [U;u2 (r)].

6.5 Portfolio Performance Analysis

1. Sortino Ratio: Recall that the Sharpe ratio is given by the excess return over
standard deviation of returns. Having recognized that standard deviation penal-
izes also those returns, which are more than the expected return, we introduced
the concept of semi-variance. Accordingly, we now define the counterpart of the
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Sharpe ratio (using semi-deviation) to be the Sortino ratio, which is defined as,
s, = HP KD
oi
where w p is the desired return and a; is the semi-deviation.

2. Maximum Drawdown: The notion of maximum drawdown determines the extent
of how sustained are the losses to a portfolio. Let us consider a time window of
[0, T'], and a portfolio whose value at time ¢ is given by P(¢),t € [0, T]. Then
the maximum drawdown is defined as,

md(T) = omax, [m(z) — P(®)],

where m(f) = maxg<s<; P(s). Note that, m(¢) is the maximum value of the
portfolio in the interval [0, ¢].

6.6 Exercise

Exercise 6.1 Suppose that an investor has invested an amount of 1 million and
wishes to have 1.1 million after one year by investing in one of the two following
portfolios alternatives.

Portfolio P; Portfolio P>
uwp 11% 12%
op 15% 17%

Now, determine, which of the two portfolios Py and P, should the investor invest
in (assuming that the returns are normally distributed). Further, if we designate the
chosen portfolio as Q, then determine P(rg < rp).

Solution: Since the investor wishes to have a return of 10% (1 million growing

—r
Kp =D for P; and

op

to 1.1 million after one year), so rp = 10%. Therefore

1 2
P, are 15 and —. Since the latter is larger of the two, hence the portfolio P,
is preferred, using the Roy’s Safety First Criterion. Hence P, is Q. Therefore

2
P(ro <rp)=9® <_ﬁ> = 0.453.
Exercise 6.2 Consider four portfolios Py, P>, P3, and P4 with the tabulated returns.

Portfolio P; Portfolio P, Portfolio P3 Portfolio Py
uwp 8% 10% 12% 15%
op 5% 8% 7% 8%
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If the return are assumed to be normally distributed, witho = 0.10, then determine
which of these four portfolios achieve(s) the return level of at least 3%, and among
them, which is the most desirable, using the Kataoka’s Safety First Criterion.
Solution: Since « = 0.10, therefore P(z > 1.282) = 0.10. Consequently z, =
1.282. Hence the rp for each of the four portfolios is given by,

rp, = 0.08 + (—1.282) x 0.05 = 0.0159,
rp, = 0.1 + (—1.282) x 0.08 = —0.00256,
rpy; = 0.12 + (—1.282) x 0.07 = 0.03026,
rp, = 0.15 + (—1.282) x 0.08 = 0.04744.
Among the four portfolios, portfolios Pz and P4 achieve a return level of at least

3%, out of which P4 (which has the largest value of rp) is the most desirable using
Kataoka’s Safety First Criterion.

Exercise 6.3 Consider four portfolios P, P>, P3, and P4 with the returns as tabu-
lated below.

Portfolio P; Portfolio P, Portfolio P3 Portfolio Py
uwp 10% 12% 15% 12%
op 6% 9% 10% 7%

If the return are assumed to be normally distributed with @ = 0.05 and rp = 2%,
then determine the preferred portfolio(s) using the Telser’s Safety First Criterion.
Solution: Since o = 0.05, therefore P(z > 1.645) = 0.05. Consequently, z, =
1.645. Hence we check for wp > rp + zoop,i.e., up —rp — zq0p > 0.

Hp, —FID — Z2oq0p = —0.0187,
Mmp, —ID —200p, = —004805,
Wpy —rp — 2g0p; = —0.0345,
Hpy —ID — 200pP; = —0.01515.

Since none of the four portfolios satisfy the criterion, hence none of them are desir-
able, using Telser’s Safety First Criterion.

Exercise 6.4 A risky asset has five consecutive historical return of 8, 8.2, 7.5, 5.25,
and 6.3%. Then determine ratio of the GMR (in percentage) to the average return
(in percentage)
Solution: Here,

(14rg) = (1.08 x 1.082 x 1.075 x 1.0525 x 1.063)% = 1.0704 = rg = 0.0704.

Therefore the GMR is 7.04%. Also,

0.08 +0.082 + 0.075 + 0.0525 4 0.063
Tavg = ki ki 5 i + = 0.0705.
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Therefore the average return is 7.05%.

) .. 1.04
Hence the required ratio is 705 = 0.999.

Exercise 6.5 Consider an asset a;, with 8; = 0.8 and E = 0.6, with E(r,;,) = 8%
and p = 5%.If ER and E R; are the excess return over the riskfree rate in the usual
CML and semi-variance CML setup, respectively, then ER — E R; (in percentage)
equals.

Solution: Here,

ER— ER; = [E(rm) — 115] x [,3,- _ E] = (0.08 — 0.05) x (0.8 — 0.6) = 0.006.
Hence the required difference is 0.6%.

Exercise 6.6 Consider two companies A and B, with the respective returns of 74 and

rp. The values of 74 and rp along with the corresponding probabilities are tabulated
below.

ra rB Probability
9 8 3
i
10 10 ?
12 11 %
13 13 i

Then determine which of these two companies are preferred under the FSD cri-
terion.

Solution: The cumulative distribution of all possible return is tabulated below.

Return Fa(r) Fp(r)
8 0 l
9 1 i
10 2 2
- ! !
- ! !
4 4
13 1 1

Since F4(r) < Fp(r) with strict inequality holding for the returns of 8 and 11,
hence the return of company A dominates that of company B, in FSD.
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Optimal Portfolio Strategies

In this chapter, we consider optimization approaches in investment decisions, both
in the discrete time and the continuous time setup, making use of the Dynamic
Programming Principle and the Hamilton-Jacobi-Bellman equation, respectively.

7.1 Discrete Time Optimization

The Dynamic Programming Principle is a well-established technique of decompos-
ing a complex optimization problem, into a sequence of more tractable, simpler
subproblems, and is based on the Principle of Optimality, due to Richard Bellman.
The “Principle of Optimality” states that, the optimal solution of a problem is a
combination of the optimal solutions to its subproblems. In this section, we use
the Dynamic Programming Principle approach, to solve the portfolio optimization
problem, in the paradigm of maximization of the expected utility, from the terminal
wealth, as well the consumption. This motivates three possible presentations of the
objective functional, as enumerated below, for which we denote the wealth and the
consumption at time ¢, by X (¢) and c(¢), respectively, for the investment horizon of
[0, T].

1. Maximization of the expected utility from the terminal wealth, given by,

max E[U(X(T))],

where U (+) is the utility function for the terminal wealth.
2. Maximization of the expected utility from consumption, given by,

T
max E [Z d Uo(c(t)):| ,

t=0

where Up(+) is the utility function for the consumption, and d is a discount factor
0O <d<1).
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3. Maximization of the expected utility from the consumption and the terminal
wealth, given by,

T
max E |:Z d Uo(c(t)) + Uy (X(T))j| ,

t=0

where Uy, Uy, and d have already been defined.

The optimization problem enumerated above is subject to the constraint dynamics,
driven by the structure of and the restrictions on, the portfolio that is being sought
to be optimized. We consider the tractable problem of maximization of the expected
utility from terminal wealth.

Let the portfolio being considered comprise of ¢ units of a bond and {n; }iK= | units
of K stocks, with the price of the bond at time ¢ being B(¢) := So(¢) (for notional
brevity) and the price of the i-th stock at time ¢ being S;(¢),i = 1,2,..., K. Let
n = (ng,n,...,ng) be the tuple of all feasible portfolios, and the objective is
to determine the optimal n that results in the expected utility from terminal wealth
being maximized. Now, the constraint, called the self-financing condition, needs to
be imposed. This means that if an amount of x is available for investment, then,

K
> niSi(t) = x, attime t = 0.
i=0
In case of consumption of c(¢) at times ¢t = 0, 1,2, ..., T — 1, the self-financing

condition becomes,

K
Y onSi0) = x =,

i=0

where the newly introduced notation n l@ denotes the number of units of the i-th asset
purchased at time ¢ and held till time 7 + 1. Note that the consumption at time t = T,
is simply the terminal wealth.

The model for the bond price and the binomial model for stock price dynamics
have already been given in Chap. 3 and will be used to model the dynamics of
evolution of the value, X (¢), of the portfolio.

For the purpose of motivating the relevance of the Dynamic Programming Prin-
ciple in the discrete time portfolio optimization problem, we first consider a sin-
gle period optimization, using the method of Lagrange Multipliers, on the lines of
mean-variance portfolio optimization, but with the objective being maximization of
expected utility from the terminal wealth, instead of minimization of the variance
of the portfolio (as was the case in the mean-variance portfolio optimization). The
optimization problem for a single period is given by,

K
sup E[U (X (1))] subject to Z n; S; (0) = x.
n i=0
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K

This gives X (1) = Z Onl-Sl-(l). Accordingly, we define the Lagrangian for the
1=

problem as,

K K
F(n,A) = E |:U (ZniSi(l))i| + A |:x — ZniSi(O)] )
i1=0

i=0
We differentiate F(n, 1) with respect to eachn;,i =0, 1,2, ..., K and set it equal
to zero, to obtain,

E [U’(X*(l))s,-(l)] =280, i =0,1,..., K,

where X*(1) is the optimal terminal wealth, and,

K
> niSi(0) = x.
i=0

These two equations give a system of K + 2 equations, in K + 2 unknowns, which
have to be solved for n and X. In order to determine A, we note that,

So(1) = So(O)(A + pyp),
which gives,
E[U' XS0 + )| = 2500) = & = E [U' (XA + 2]
Thus, fori =0, 1, ... K, we get,
Si (0)
[U'X*)A +pp)]
which has to be solved for n, making use of the binomial model, for S;(1). As is
evident, the approach of Lagrange multipliers being extended for a multi-period
optimization problem is computationally cumbersome, which leads to the adoption

of Dynamic Programming Principle, so as to tackle the problem. In order to set forth
the Dynamic Programming Principle, we introduce the following notations:

n() = (ng), ngt), e, n%)) ,
where nf[) is the number of units of the i-th asset purchased at time ¢ and held till
time ¢t + 1, i.e., in the interval [¢,¢ + 1) fortr =0,1,..., T — 1 and
nJ = {n(])vn(] + 1)5 cee 7n(T - 1)} )

which is the vector notation for the sequence of portfolios from time j to time T,
i.e., [j, T'). Further, let the optimal strategy in the interval [z, ¢ + 1) be denoted by,

0 (1) = (nf(0), @), ..., nk(@).

E[U' o apsm] = .

The vector,

n; = [n*(j),n*(j +1),...,0%(T — 1]

is the sequence of optimal portfolios from time j to time 7, i.e., in the interval
[j, T). For the problem under consideration, of maximizing the expected utility
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from terminal wealth, the goal is to determine the optimal sequence of portfolio ng
from time O to time T, i.e., [0, T), using the Dynamic Programming Principle as
elaborated below:

Let us consider the problem of determining n*(¢), in the time interval [¢, t + 1),
with the wealth level at time ¢ being X (#) = x. Let the value function be defined by,

v(t, x) = max E; ¢ [Ul (XM (T))] :
n(r)

This expression manifests in the expected utility Uj (-) of the terminal wealth X (T'),
with the optimal portfolio ny,; from time # + 1 to T already determined, to be
maximized over all feasible portfolio n(z), held on the interval [z, ¢t + 1), with an
available amount of x. This can now be expressed as the Dynamic Programming

Principle in the form the following theorem

Theorem 7.1.1 (Dynamic Programming Principle) Let the value function be defined
as,

v(t, x) := sup Eyx [v(t £ 1, X0 4 1))] ,
n(r)
where n(t) is an admissible portfolio strategy for [t,t + 1), subject to v(T, x) =
Ui (T, x).

Here x is used as a generic variable for the wealth level at the time ¢ given in the
argument of v. It is easily observed that the Dynamic Programming Principle for a
multi-period setup, reduces to the problem of a series of single period optimization
problems, which is now easily handled, without resorting to the approach of Lagrange
multipliers.

We now illustrate this, with two examples, for the two utility function identified
(in Chap. 5) for risk-averse investors, namely the log utility and the power utility.

Example 7.1.2 Let us consider a portfolio comprising of a stock and a bond. If
the investor has the utility U;(x) = log(x), then determine the optimal investment
strategy using the DPP.

We now apply the Dynamic Programming Principle, starting with v(T, x) =
Ui (x) = log(x). By the backward approach of the Dynamic Programming Principle,
we will determine v(7 — 1, x). Accordingly at time t = T — 1, we let the wealth
be X (T — 1) = x, and the stock price be S(T — 1) = s. Let the number of stocks
invested in, by the investor, be n. This means that an amount of ns is invested in
the stock and the remaining amount of x — ns is invested in the bond, both at time
t = T — 1. By the binomial model, the value of the stock at time 7 — 1, which is s,
can either become su with probability p, or sd with probability g = 1 — p, at time
T . Note that, here, we have the up and down factors of 1 and d, respectively, instead
of (1 +u) and (1 +d), used in Chap. 3, for brevity. At the same time, the amount of
x —ns, invested in the bond at time 7 — 1, grows to (x —ns)(1+u y), at time 7', with
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w r being the riskfree rate for a single period. This means that X (T') can either take
the value of nsu + (x —ns)(1 4 r), with probability p, or nsd + (x —ns)(1+pu r),
with probability g. Applying the Dynamic Programming Principle between times
T — 1 and T, we obtain,

(T = 1,x) = max Er— x [log(X (T))]
= max [p x log(nsu + (x —ns)(1 + puys)) + g x log(nsd + (x — ns)(1 + py))]

= max [p x log(nsit +x(1 + py)) + g x log(nsd + x(1 + ps))],

whereu = u — (1 + ) and d=d—(1+pun 7). Now differentiating the argument,
with respect to n and setting equal to zero, we obtain,
Wt n's (L4 up)l( 4 py) — pu—qd]
P ud
where w7 is the optimal weight for the stock investment at time 7 — 1 and held upto

time 7', which is independent of both X (7' — 1) = x and S(T — 1) = s.
Consequently, substituting the value of n*, we obtain,

d—u u—d
(T —1,x) = log(x) + plog [(1 +upp (d)} + gqlog [(1 +ur)q (uﬂ

= log(x) + ¢" 7",

3

where the constant CI(T_I) depends only on the model parameters, namely p, g, u, d,
and u . In the next step we take,

v(T —2,x) = max Er_s, [log(X(T — )],

with v(T — 1, x) =log(x) + C I(T_l). A similar argument will again result in the
same n* in the interval [T — 2, T — 1), and consequently v(7 — 2, x) = log(x) +
CZ(T_Z), for some parameter dependent only constant CI(T_z). Thus, the optimal
portfolio expression is identical for each subinterval for an investor, with log utility.

Example 7.1.3 In this example, all the assumption and the question are the same as
given in Example 7.1.2, except the utility function of Uy (x) = x' 77, with0 < y < 1.

In this case, applying the Dynamic Programming Principle, between times 7 — 1
and T, we obtain,

o(T = 1,x) = max Er . [(X(T)' )]
= max |:[7 X (nsu + (x —ns)(1 + ,uf))l_y +g x (nsd + (x —ns)(1 + Mf))l_y]

= max |:p x (nsu +x(1 +M/))17V +qg x (nsd +x(1+ pL/))l*V],
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where u = u — (1 + ) and d=d—(+ u ). Now differentiating the argument
with respect to n, and setting equal to zero, we obtain,

s _(bppk =D <_ﬁ>y

wy = — —
X d—«ku pu

where wj is the optimal weight for the stock investment at time 7 — 1 and held
up to time 7', which is independent of both X(T — 1) = x and S(T — 1) = s.
Consequently, substituting the value of n*, we obtain,

_ -y
o(T —1,x) = p [ﬁx (M) +x(1 +uf)]

d—«xu
_ [+ —1 =y
+gq |:dx <%> + x(1 +,bLf):|
d—«ku
_ CéT_l)xl_V,

where the constant CéT_l) depends only on the model parameter, namely p, g, u, d,
and p ¢. In the next step, we take,

o(T = 2,x) = max Er ., [(X(T = 1) 7],

withv(T —1,x) = Ce(T_l)xl_y. A similar argument again results in the same n* in
the interval [T —2, T — 1), and consequently v(T — 2, x) = C(ET*Z)xl*V, for some
parameter dependent only on constant C LET_Z). Thus the optimal portfolio expression
is identical for each sub interval for an investor, with power utility.

Example 7.1.4 Consider a portfolio of a stock and a bond with parameter S(0) =
100, u =1.1,d =08, uy = 5%, p = %, q = %.Determine the optimal investment
strategy after two time periods, on an investment of 500, with the utility functions
being:

1) Uij(x) = In(x).
(i) Up(x) = /x

(i) The optimal weight w7} does not depend on the x and s and is given by,
n's (L4 up)((d+py) — pu—qd)

x ud ’
Now,# =u—(1+pus)=11-(140.05 =0.05andd =d — (1 +puy) =
0.8 — (1 +0.05) = —0.25. Hence,

. (1+0.05((1+0.05) — 22 — %8
wl -
0.05 x (—0.25)

wi =

=—4.2.
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1
(i) Given U;(x) = /x = xlf% =y = > The optimal weight w} does not de-

pend on the x and s and is given by,
1

, ot (I4+up—1) ( qa)y
Wy =——=——=_—,Kk=|—"—= .

X d —«xu pu
Now,u =u— (1 +puy) =1.1—-(1+0.05 = 0.05, E:d—(1+uf) =
0.8 — (1 +0.05) = —0.25 and ¥ = 6.25. Hence,
(140.05)(6.25-1)

025625 x005 %

w, =

*
1

7.2 Continuous Time Optimization

The Dynamic Programming Principle introduced for multi-period portfolio opti-
mization can be extended for the continuous time setup via what is known as the
Hamilton-Jacobi-Bellman (HJB) partial differential equation (PDE), which has es-
tablished itself beyond just the realm of portfolio optimization.

We consider the HIB PDE approach for the portfolio optimization problem in the
paradigm of maximization of the expected utility from the terminal wealth (with the
inclusion of consumption being addressed in Sect. 7.3).

We consider a simple portfolio of one bond and one stock. The model for the
bond price dynamics and the gBm model for stock prices have already been given in
Chap. 3 and will be used to model the dynamics of evolution of the value of X (¢) of
the portfolio. The bond price and the stock price B(¢) and S(¢), respectively, at time
t in the continuous time setup follow the equations,

dB(t) = s B(t)dt,
and
dS(t) = uS@)dt + o S(H)dW(z).
Let the amount of X (¢) be available for investment at time ¢ (with X (0) = x > 0),
with an amount of m(¢) being invested in the stock and the remaining amount of

X (1) — m(t) being invested in the bond, at time 7. We now drop the argument ¢ for
brevity.

m —-m .
Then we can purchase — number of stocks, and number of bonds, at time

t. We now consider a change in the portfolio value, dX () in a small time interval
dt. Then,

X —m
dB

m
dX (1) = dS +

ds X dB

m(udt +odW(t)) + (X —m)u pdt
(X +m(p — pyp)ldt +modW ().
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Given an admissible portfolio or feasible portfolio m(¢), we define,
G(t, x;m) = E; x[U(X"(T))].

Then, the objective of maximization of the expected utility of terminal wealth man-
ifests into the determination of the value function, defined as,

v(t, x) := sup E; [Up (X" (T))] = supG(z, x; m),
m m
with m(t) = m(t, X" (¢)) being considered as a feedback type control. We now
introduce the following proposition as a prelude to a “sketch” of the proof of HIB

PDE (whose formal derivation is beyond the scope of this book).

Proposition 7.2.1 The function G(t, x; m), where m(t) = m(t, X" (t)) (and assum-

3G 3?
ing the existence of —, —g and —g and under several conditions) satisfies the
at’ dx 0x2
PDE,
3G G 19%6 , ,
— 4+ = X — =0.
ot o (X +mu—pp)+5-—=mo

Proof A “sketch” of the proof goes as follows.
Application of the Ito’s Lemma on G(¢, x; m) = G(¢, x™) gives,

9 9 19%G
dg = —gdt + zngX + 7—((1 X)? + —(dX)(dt) + 7—(dz)2 + Higher Order Terms.

Using the dynamics of dX (¢) and ignoring terms 0((dr)?/?) and 0 ((dr)?), along
with (dW)? & dr and (dW) = +/dt, we obtain,

3G . 0G 102G, 5 , G
dg = |:——|—8—(,qu+m(u Mf))+§8_2( o ) dt—l—amadW(z‘).
Now, integrating G with the initial condition of X (f) = x, from ¢ to T', we obtain
G(T, X" (T))
= U (X'"(T))
2

G g 19°Gg
=g<t,x)+/{d—+(,—(wX+mw wp) + 5o 2]d +/—madw
t

Taking conditional expectation on both the sides and rearranging,

G  0G

13%g
G(t. x) = E; x[UI(X"(T)] = Ey [/ [3— o (X b mu =) + 5 5= 0m 02)] dy:| .

Note that in this setup we assumed that the expectation can be brought under integral
sign in the last term, and the integral with dW is zero (dW ~ N(0, dt), since
E(dW) = 0). Also recall that,

G(t, x) = E; x[U (X" (T)].
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This results in,

3G 9G 192G 5 ,
E — 4+ — X dy | =0.
'x /[8y+ax(uf +m(u — uf))+282(m0) y
Assuming the condition that the argument of the expectation is zero, followed by the
integrand being zero, results in the equation stated in the proposition.

Theorem 7.2.2 Recall the value function v(t, x) := sup G(t, x; m), where G has

m
already been defined. Then taking the supremum of the PDE in the above Proposition,
we get the HIB PDE as,
2,2 a°v av

9 w1
ov ov 2o
az+slflp[(“ pphmas tgme az}ﬂ”xax

Note that if the optimal investment in the stock m*(t) = m™(z, X" (¢)) is of the
feedback form, then the supremum can be obtained by differentiating the argument,
with respect to m, and setting it equal to zero, to obtain,

dv 2821) o= g—; de—;’
(n— Mf)a—+mag—0:>m(fx) (T 2 5

9°v
dx? ax

W=
o

where P := is the risk premium (Recall Shape Ratio). Also, the second

2

a°v
derivative of the argument of the supremum is ol — 932’

v is a convex function (which can be proved). Substituting the optimal m* (¢, x) in
the HIB PDE, we get,
2
v P2(2)

ot 2 %
9x2

which is negative, provided

ov
+foa =0, v(T,x) =Ui(x).

Example 7.2.3 Let us consider a portfolio comprising of a stock and a bond. If the
investor has the log utility U (x) = log(x), then determine the optimal investment
strategy using the HJB PDE.

Here U;(x) = log(x). In order to solve for v(¢, x) in the HIB PDE, we assume that
v(t, x) = log(x) + ¢;(T — t). Note that this choice is motivated by a combination of
the utility function log(x) and the natural condition v(7, x) = log(x) being satisfied
att = T, leading to the term 7 — ¢. Then,

v dv 1 821) 1 3%v

, — = — and — = —— (Note that — < 0).
Bt lax xa ax2 xz(oe a3x2<)

P2
Substituting in the HIB PDE, we get¢; = s + - Therefore,

P2
v(t, x) = log(x) + <Mf + —) (T —1).
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W= g
0'2

Then m*(¢, x) = (

W= Iy
—

)x. Thus the optimal weight of the stock is w] =

o

Example 7.2.4 Let us consider a portfolio comprising of a stock and a bond. If the
investor has the power utility U1 (x) = x!=7,0 < y < 1, then determine the optimal
investment strategy using the HIB PDE.

We assume that v(7, x) = f(£)x!~7. Then,

3 , 3 a2 02
2= foxt, % = f()(1 — y)x~7 and ﬁ — —f()y (1 — y)x~7~! (Note that ax—; <0).

ar
Substituting in the HIB PDE, we get,
, P?
f@+ (5 + Mf) f@OA—-y)=0. (7.1)

and v(T,x) = U(x) = f(T) = 1. Now solving this equation, with f(T) = 1, we
get,

(5 +ns)a-n—n

ft)y=e

Therefore,

P2
v(t, x) = e(WJr“f)(l_w(T_t)xl_y.

Then m*(t, x) = (M—_zllf> f. Thus the optimal weight of the stock is w} =
o 14

W— g
0'2)/ ’

7.3 Continuous Time Optimization with Consumption

We now consider the HIB PDE with the objective of maximization of expected
utility from terminal wealth, as well as consumption. The continuous consumption
process is given by c(t), with the cumulative consumption, from time O to ¢ being
t
c(t) = / c(y)dy. Consequently, the dynamics of the portfolio value X (¢), with
0
consumption is given by,
dX(t) = [ X +m(u — py) —cldt + modW(z).
The objective function after inclusion of consumption now becomes the determina-
tion of the value function,
T
vt x) = sup Ev | [ Un(edy + 01X (1)

m,c
0
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The resulting HIB PDE, with consumption, is then given by,

2—: + illllc) (((u —puf)m—c) g—z + %mzozg + Uo(c)> + fog—z =0,
with v(7, x) = Uj(x). As before, the optimal investment in the stock is given by,
v
m*(t, x) = —;;ﬁ.
9x2

In order to determine the optimal consumption, we differentiate the argument with
respect to ¢, and set it equal to zero, to obtain,

80 U’ _O * _ U/ -1 81) Xm*’("*
—54— 0(c) =0=c"(t) = (Uy) a(t’ ®) -

Again, note that the second derivative of the argument with respect to c is U(; (),
which is negative for a risk-averse investor.

Example 7.3.1 Let us consider a portfolio comprising of a stock and bond. If the
investor has the log utility Up(x) = log(x) = Uj(x) for both consumption and
terminal wealth, then determine the optimal consumption strategy using the HIB
PDE.

For the optimal consumption strategy

N1 81) * ok P g_v
(1) = (UO) (—(t,X'” % (z))) and m* (1, x) = —— X
ax o 9%
ax2
Substituting ¢* and m* in the HIB equation with consumption, we get,
dv N [ IS L . dv
— - —c*)—+= — + U, — =0,
at+<((“ wp)m 6)8x+2(m)o oz T U0(e) ) +upx——
which reduces to,
2
v P2(%) v, 0v
— A — — " 4 Up(c*) = 0. 7.2
o T2 o TNy TC gy T U 7:2)

ax2

/ 1 / 1
Since Up(x) =log(x) = Uy(x) = — = (UO)_I(x) = —, then the above equation
X X
can be written as,
v P2 (vy)?

ot 2 Uyy

v log(vy) — 1 = 0
+ prx— —log(vy) —1=0,
Hf 3 8(Vx

withv(T, x) = log(x). Now, assuming v(¢, x) = f(¢)+g(¢) log(x) to be the solution
of the above PDE, we get,

, , P2
f@®+g () logx) — 7g(t) +urg(t) —log(g(?)) +log(x) =1 =0,
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which implies,

, P2 ,
<f ) — Tg(t) +urg(t) —log(g(®)) — 1) +log(x)(g (¢) +1) =0.

which gives,
/ P2 /
f@ - Tg(t) +urg(t) —log(gr)) —1=0and g (t) +1=0.

The terminal condition in this case becomes,
o(T, %) = log(x) = f(T) + g(T) log(x) = log(x) = f(T) = 1 and g(T) = 1.
Now solving g/ (#)+ 1 =0with g(T) = 1, we get,
gt)y=T—t+1= v, x)= f(@t)+ (T —t+ 1)log(x).
Hence,
1 _ X
ve(t,x) T —1+1"

We have not solved for f(t), since it is not required in the determination of c*(¢).

c*@) =

Example 7.3.2 Let us consider a portfolio comprising of a stock and bond. If the
investor has the power utility Up(x) = X7 =u; (x),0 < y < 1forboth consump-
tion and terminal wealth, then determine the optimal consumption strategy using the
HJB PDE.

Recall that the HIB PDE in this case is,

2
dv  P? (g—ﬁ) v « 0V
A A — —*— + Up(c*) = 0.
or 2 o Ty ¢ gy T U0
9x2
. 1— / 1 — y N 1 — )/ 1/}/
Since Up(x) = x" 7Y = Uyx) = — = Uy~ x0)=|(—— , then the
X X
above equation can be written as,
2
v Pr( v 1—y\ Y 1=\ =17y
___(3)26) +fo__ y vx+ y :0,
ot 2 g_g 7 0x Uy Uy
X

with v(T, x) = x'=7. Now, assuming v(z, x) = f(r) + g(t)x' ™7, to be the solution
of above the PDE, we get,

2
O+ 0x7 + %g(r)(l =)' g (L= )gx' T (g TR =0,

which implies,
2

fo+ (g’(r) + (% + f> (1= y)g(n) + y(g(r))”‘”“”) 27 =o0.



7.4 Exercise 109

This gives,
' ) P?
f @) =0andg )+ (7 + uf) (1= g®) +y ¥ <o,
The terminal condition, in this case, becomes,
W(T,x) =x""" = f(T)+g(M)x"V =x'"Y = f(T)=0and g(T) = 1.
Now on solving f/(t) = 0 with f(T) =0, we get f(r) =0.

o p? _ .

Now solving, g (f) + (7 + w) (1—9)g®) +y ()Y~ = 0withg(T) =
1, we get,

_A(t_ylog(AXy)JrAT) 14 A(,JrVlog(Aw;(ﬁ}i)]J;ATfATy)W,l) 4

y —¢ 4 y —e ¥
gy =1- X ;
A (A(y = 1))
where
P2
A=|— .
(5+m)

Hence,

. B 1—y 1/)/_ 1—y 1/y
Cm_( vx> _<1+<1—y>g<r>x—y) '

7.4 Exercise

Exercise 7.1 Consider a single period binomial model setup for a stock, with param-
2 1

eters S(0) = 100,u = 1.2,d = 0.9, p = 3 q= 3 and py = 5%. If an investor

starts with an amount of 500, then (using the method of Lagrange multiplier) de-

termine the optimal number of stocks, which maximizes the expected utility of the
wealth after one time period, for the following utility functions:

(i) Ui(x) = e,
(i) U1(x) = Jx.

Solution

Let the portfolio being considered comprise of ¢ units of the bond and 7 units the
stock, with price of the bond and the stock at time ¢ being B(¢) and S(¢), respectively.
If an amount of x is available for investment at time ¢t = 0, the the self-financing
condition reduces to,

noB(0) +n;S0) = x,
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with the optimization problem for a single period being given by,
sup E[U1(X(1)],

no,ni

where X (1) = noB(1) +n15(1) = noB(0)(1 + py) +n1S(1). Accordingly, we de-
fine the Lagrangian for the problem as,

F(no,n1, A) = E[Uy (noBO)(1 + pf) +n1S(1))] + A [x — ngB(0) — n1S(0)].
Differentiating with respect to ng and n1, and setting equal to zero, we get,
piU; (noBO)(1 + 1 1) + n1uS(0)) + qdU, (noBO)(1 + 11 7) + n1dS(0)) = 0.
Since noB(0) = x — n15(0), we get,
paU; (x(1 + pg) +maS(©0)) +qdUy (x(1 + pup) +mdS©) =0.  (7.3)
(i) Since U;(x) = —e ¥ = Ui x) = 3e ¥, therefore from Eq. (7.3), we have,
_ _ 1 d
pﬁeSnl(u_E)S(O) =+ qd = 0 = ny = — ln —q—_ .
3(u — d)S(0)

Hence,

1 1 1
nt = In(=)=——In@)=-0.0077.
3(0.15+0.15)100  \ 2 90

/ 1
(i) Since U;(x) = V/x = U(x) = T, therefore from Eq. (7.3), we have,
X

_ _ 1+ 22 — g?d
PP (21 + i) +m1dSO) = g2 (x(1+ ) +myaS©O)) = np = A r)pre —g7d)

(u—d) S©)

Hence,
« 500 x 1.05x 0.15 x 0.05
ny = =0.13125.
100(0.15 + 0.15)

Exercise 7.2 Derive the optimal portfolio using Dynamic Programming Principle
for Uj(x) = —e 2% b, > 0.

Solution

We apply the Dynamic Programming Principle, starting with v(T', x) = U;(x) = —
efb'x, b1 > 0, in order to determine v(7 — 1, x). Accordingly, let X(T — 1) = x
and S(T — 1) = s, with the number of stocks invested in being n. This means that
an amount of ns is invested in the stock and the remaining amount of x — ns being
invested in the bond. Applying the Dynamic Programming Principle between times
T —1and T, we obtain,

o(T —1,x) = max E7—1 » [—e*"l’“”]
n

— max [_p x e b1 E=ns) () g s e—b1(nsd+(x—ns)(1+uf))]
n

—bi(nsu+x(1+uy))

—gx efbl(ns3+x(l+,uf)):| )

=max[—pxe
n
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Now differentiating the argument, with respect to n, and setting equal to zero, we
obtain,

p x e 1O (py 4 g 5 e 1 s UH1) (57) = 0 = —byns (#—d)=In <_qd) .
pu
Therefore,
1 d
n*=— —1In _92
bis (u - d) pu
Finally,

. Nt 1 qd
wl = — = - = 11'1 -1,
X bix (u—d) pu

where w{ is the optimal weight for the stock investment at time T — 1 and held up to
time T', which is independent of S(7T — 1) = s. Consequently, substituting the value
of n*, we obtain,

—br(n*sitx(14p) _ oy o=b1 (0 sd+x(1+iy))

(T —1,x)=—pxe
— C(T—l)e—blx(l“‘ﬂf)’

q

where the constant C'7~1 depends only on the model parameters, namely p, g, u,
and d. In the next step, we take,

W(T —2,x) =max Er_ . [_e—bl(X(T—l)):I ’
n
with
W(T — 1, x) = CT=De=bix(tiy)

A similar argument will again result in the same n* in the interval [T — 2, T — 1),
and consequently

(T —2,x) = C(T—Z)e—blx(l'ﬂlf)’

for some parameter dependent only, constant C"=2 Thus the optimal portfolio
expression is identical for each subinterval for an investor with exponential utility.

Exercise 7.3 Derive the optimal portfolio using Dynamic Programming Principle
a
for Uj(x) = ajx — a2x2 witha; > 0,a; > 0,x < —1.
2an
Solution
We apply the Dynamic Programming Principle, starting with v(T, x) = Uj(x) =
aix — apx?, in order to determine v(T — 1, x). Accordingly, let X(T — 1) = x
and S(T — 1) = s, with the number of stocks invested in being »n. This means that
an amount of ns is invested in the stock with the remaining amount x — ns being
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invested in the bond. Applying the Dynamic Programming Principle between times
T — 1 and T, we obtain,

o(T = 1,x) = max Er_1 [al(X(T)) - az(X(T))z]
= max [pal(nsu + (= ns)(1+ 1)) — paz(nsu + (x — ns)(1 + pp))>
+ gay(nsd + (x —ns)(1 + puyr)) — gaz(nsd + (x —ns)(1 + Mf))z}
= max [pal(nsﬁ+ x(1+ 11p)) — pay(nsii + x(1 + 1))
+ qay(nsd + x(1 + ) — qaz(nsd + x(1 + uf))z] .

Now differentiating the argument, with respect to n and setting equal to zero, we
obtain,

as (pﬁ—l— qg) —2apspu(nsu +x(1 4+ puy)) — 2a2sq3(nsg+x(1 +u)) =0
= ai (l’ﬁ+ qa —2ap (Pﬁ+ qE)x(l + uy) — 2azns (pﬁz + q32> =0.
Therefore,
(pu + qg) (a1 — 2a0x(1 4 pyp))
2ass (pﬁ2 + qc_lz)

Further,
N n*s (pﬂ—i—qg) (a1 —2apx(1 +Mf))

wl == — ;) N
X 2apx (pu +qd )

where w is the optimal weight for the stock investment at time T — 1 and held up to
time T, which is independent of S(7T — 1) = s. Consequently, substituting the value
of n*, we obtain,

O(T = 1,%) = [pay (s + (1 + 1) — paz(n™sii + x(1 + i)
+ gai(n*sd +x(1+ py)) — gaz(n*sd + x(1 + ps))?],
— A(T—l) + B(T—l)x + C(T_l)x2,

where the constants A7~ BT=D and C(T—D depend only on the model param-
eters, namely p, g, u, d, and p r. In the next step, we take,

W(T —2,x) =max Er_ox [a1 X(T — 1) — ax(X(T — 1))?],
n
with (T — 1,x) = AT"D 4 BTy 4 ¢T=Dy2 A similar argument will again
results in the same »n* in the interval [T — 2, T — 1), and consequently,
o(T —2,x) = AT72 4 BTy 4 cT=22,

for some parameter dependent only, constant A(T_Z), B(T_Z), and C7=2_ Thus the
optimal portfolio expression is identical for each subinterval for an investor with
quadratic utility.
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Exercise 7.4 Determine one period optimal portfolio for the parameters u = 1.1,

1
d=0.8,u=5%, p=—-,q = -, using Dynamic Programming Principle in case of

3 3
Ui (x) = log(x).

Solution
From Example 7.1.2, the optimal weight for the stock investment at time 7 — 1 and
held up to time T is given by,

= L) [+ ) = pu—qd]
! ud
Accordingly, since u = 1.1,d = 0.8, and u y = 0.05, so we have,

U=u—(1+ps)=11-105=005andd =d — (1 + py) = 0.8 — 1.05 = —0.25.

Therefore,

105 x (1.05 — L1 — L8

—0.05 x 0.25

*

wl = = _12.6.

Exercise 7.5 Solve the HIB PDE for an investor with Uy (x) = —e D1 for b1 > 0.

Solution
Here U;(x) = —e21*, b, > 0. In order to solve for v(z, x) in the HIB PDE, we
assume that v(z, x) = — f()e ?'*. Then,

ov , _ v B 9%v _

5 =/ e bix, 5o =bif e b1¥ and T3 = b f(r)e 1.
Substituting in the HIB PDE we get,

/ P2 , PZ

—f e 4+ Tf(t)e*””‘ +upxbi fe =0= —f (1) + S O+ pyxbif©)=0.

Therefore,
2
£ = Cee(%+ufxbl)l.

Using v(T,x) = Ui(x) = f(T) = 1. Now determining the value of ¢, with
f(T) =1, we get,

P2 p2
£t = e—(T-Hfohl)(T—t) o (. x) = _e—[(T-Hfobl)(T—t)-i-blx}.
Exercise 7.6 Solve the HIB PDE for an investor with U (x) = ajx — a2x2, a; > 0,

ai
>0,x < —.
a) X 2a2
Solution

Here U (x) = ajx — azxz. In order to solve for v(¢, x) in the above HIB PDE, we
assume that v(z, x) = A®#) + B(t)x + C(¢)x2. Then,
v v 2

’ I ’ 8
Lo A0 +B 0x+C0x2 = = B(t) +2C(1)x, and —s = 2C(1).
ot dx ax2
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Substituting in the HIB PDE we get,

2
AB)+B@t)x+C (t)x2 — 2C0 (B(t) + 2C(z)x)2 + ur(B(t) +2C(t)x) =0.
. . o 1 5 / P2B2(1)
Setting the coefficients of x", x', and x~ equal to zero, we get, A (¢) — T(t)—i—

1rB(t) =0, B(t)—P?B@t)C(t)+2uu;C(t) =0, and C (t) — P’C(1) =0.
Using v(T,x) = Uj(x) = A(T) = 0,B(T) = aj, and C(T) = —ay, we can
solve for A(t), B(t), and C(¢), thereby obtaining the value of v(z, x).

Exercise 7.7 Solve the HJB PDE with consumption for an investor with
Up(x) = Ui (x) = —e 2% b > 0.

Solution
; —b1x ' —b1x '\—1 1 X
Since Up(x) = —e™ """ = Uy(x) = b1e™"" = (Uy)™ (x) = —b—ln o) then
1 1
the HIB PDE with consumption can be written as,
v P?(vy)? v vy Uy Uy
— - — —+—In|{—)——==0,
ot 2 Uyy +fo 0x + by by by

with v(T, x) = log(x). Now, assuming v(t, x) = f(t) — g(t)e_b”‘ as the solution
of the above PDE, we get,
, , P2
F0) =g O + g™ 4 bippxge + g (e (n(g(1) = bix)

— g™ =0,

which implies
: p?
e (-g N+ Tg(t) + b1 pxg(t) +g(@) (In(g (1)) — bix) — g(t)>

+ () =0.

Therefore,
, , P2
f@=0and —g () + Tg(t) +bipyrxg(t) + g(t) (n(g@)) — bix) — g(1).

The terminal conditions in this case will become,
(T, x) = —bie " = £(T) — g(T)e ¥ = —pjeb1*
= f(T)=0and g(T) = b;.
Now solving f (r) = 0 with f(T) = 0, we get,
f()=0=v(t,x) = —g(t)e "*,

Hence,

1 v 1
%k _ X - _ —blx
c(t) = _bl In <_b1> _bl In <g(t)e ) ,
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where g(¢) is the solution of

: p?
=8 () + —-8(0) + b yxg(t) + g(1) (Ing (1)) — brx) — g(r) with ¢(T) = 1.

Exercise 7.8 Solve the HJB PDE with consumption for an investor with
Up(x) =In(x) and U; =x'77, 0 <y < 1.

Solution | |

Since Up(x) = In(x) = Uy(x) = — = (Uy)~' (x) = —, then the HIB PDE with
X X

consumption can be written as,

v P*(n)?

ot 2 Uyy

ov
— —1 —-1=0,
+fo8x og(vy)

with v(T, x) = x'77. Now, assuming v(t, x) = f(t) + g(t)x'~7 as solution of the
above PDE, we get,

’ ’ P2 1—
fo+gnx"™ + 7g(z>Tyx“V + 181 —y)x'T —log(g(t)(1 — y)x™V) =1 =0.

Therefore
£ —log(g((1 —y)x™7) =1 =0,
and
, P2
g+ 1 —-vyp) <2— + Mf) g®)=0.
Y

The terminal conditions in this case will become,
(T, x) =x""7 = f(T)+g(M)x"7 =x'"7 = f(T)=0and g(T) = 1.

Now solving

gO+A—y) (;; + uf> g(®) =0with g(T) =1,
we get,
) = PG00},
Hence,
c*(t) = 1 1 — ! xye*(lfy)<%%+w)(T—z)'

v gMA—y)xr  1—y
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Exercise 7.9 Solve both the HIB PDE and the HJB PDE with consumption, for an
investor with Up(x) = In(x), U; = x!77,0 < y < 1, having the model parameters
§(0) =100, uy = 5%, and 0 = 15%.

Solution
For HIB PDE, from Example 7.2.4, the optimal weight of the stock is,

W — WKy _ u —0.05

! oy 225y
For HJB PDE with consumption, from the previous exercise, the optimal consump-
tion is

P2
C*(t) = i = 1 — 1 xye_(l_y)<w+0.05)(T—t).

v g —y)xr 11—y
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Bond Portfolio Optimization

The identification of bonds as a risk-free asset must be viewed in the context of the
deterministic or known nature of its return, provided the ownership of the bond is
held onto, until the maturity of the bond. Having said so, any decision to liquidate a
bond, prior to its maturity, has a ramification on the price of the bond, as a result of
the movement of interest rate, subsequent to the purchase of the bond. This, in turn,
is a consequence of the volatility in the interest rate, prevailing in the market, which
impacts not only the price, but also the re-investment strategies. These have resulted
in money managers being involved in the active management of bond portfolios, in
terms of both modeling future interest rates and devising immunization strategies,
to immunize the bond portfolios from the volatility in interest rates.

8.1 Basics of Interest Rates

We begin with the concepts of spot interest rates and forward interest rates. Accord-
ingly, we consider an investment from the current time of 7 up to time 7. The interest
rate prevailing at time ¢, for the period from 7 to T, is known as the spot rate, with
h = T — t being called the horizon of the investor. If at time 0, the interest rate is
decided for the period of # to T (0 < t < T), then this interest rate is called the
forward rate from 7 to T. However, for the discussion under consideration, we will
consider the horizon % and the corresponding spot rate at 7. If B(¢) is the bond price
at time ¢, and B(T) is the face value or the par value of the bond at time 7', then the
spot rate w7 for the horizon h = T — ¢, is given by the relations, as enumerated
below, for each of the following cases:

(i) h is less than or equal to a year:
B(T) = B®) [1 + pe,7 (T = 1)].
(ii) & is more than a year and is an integer:

B(T) = B)(1 + )T .
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(iii) A is more than a year and is a fraction:

B(T) = BOY( + )T (1 + pur.70),

where T —t =T —t + t, with T =1 being the integer part of 7 — ¢, and 7
being the fractional part of T — ¢.

If u? 18 the forward rate for interest between time ¢ and T, but decided at time 0,
then,

1
(1+ MO,T)T] "

I+ o) A +pd )™ =0 +por)” = u? =[
' nr CT LA+ o)

8.2 Bond Pricing

Recall from Chap. 1, that there are predominantly two kinds of bonds, namely zero-
coupon bonds and coupon bonds.

We first consider a zero-coupon bond for the period [0, T], with the price of the
bond (at ¢+ = 0) being B(0), and the face value at maturity ¢+ = T, being B(T). If
wo,r is the spot rate for the time window [0, T'], then the price is of the bond is given
by,

B(T)
B0)= ——.
(1 + po,1)
In order to consider a coupon bond, we take the time points of t = 1, ..., T, with

the coupon payments at these time points being C(1), ..., C(T), with C(T) being
the sum of the last periodic coupon and the face value B(T). If 1 ; denotes the spot
rate for the period [0, t], then the price of this coupon bond is given by,

a

c()
BO) =) ——~
; (14 1o,4)'

As an illustration, we consider a particular case, where all the periodic coupons are
an identical amount of ¢, with the face value of B(7T'), and all the spot rates are
identical to u ¢. Then the price of the bond as a function of 1 r becomes,

T

B c BT) e B{T)
B, O = ; AT T, [ (1 +M.f')T:| A+t

We now make two observations:

() If T =0, then B, ;(0) = B(T), which means that the bond is trading at par.

c
(i1) In case of a perpetual bond, i.e., T — oo, we have BM(O) — M_
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Two fundamental concepts in the discourse on interest rates models are the yield to
maturity and the horizon rate of return. The yield to maturity or the internal rate of
return is the single rate of interest that renders the price of the bond to be the present
value of the coupons and the face value. If u? denotes the yield to maturity, then,

C(t)

BO = iy

Mﬂ

On the other hand, the horizon rate of return is motivated by the projection about
the future value of the bond, on the premise that the investor holds onto the bond for
her/his respective investment horizon. We denote the horizon rate of return as pup,
and if an investor invests an amount of B(0) with the intended investment horizon
of h, then the future value F'Vj, of the investment, at horizon 4, is given by,

FVj, = BO)(1 + )",

_(EWY
M‘(mm>_

Now, we need to recognize that the investment horizon 4 may be less than the
maturity 7, which means that the value of F'V}, as projected at time ¢ = 0 may
change over time, as the interest rate changes. Accordingly, the prediction of FV},
is not straightforward. In order to drive home the point, we consider an identical
interest for all lengths of time, at the time of purchase of the bond and denote it by
u. Suppose that, soon after the purchase of the bond, the interest rate changes to j,
and the investor sticks to her/his originally intended horizon of A.

The value of bond, resulting from the movement of the interest rate from u° to
i, results in the bond price being B/, (0). Then the future value is,

FVj, = B, (0)(1 4+ w'".

1
(BN
_(B@) (+m =1

We will revisit this at a later stage when deliberating on immunization conditions.

or equivalently,

Hence, we obtain,

Example 8.2.1 Consider a coupon bond with the face value of 100 and annual
coupons of 8, with the maturity being 10 years. If the annual compounding rate
of interest is 6%, then determine the price of the bond.

Here, B(10) = 100, ¢ =8, uy = 0.06, and T = 10. Then,

10

8 100
Bo.06(0) = ; To6r (g = 1147202
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8.3 Duration

Duration is a critical concept in the paradigm of bond portfolio management, both as
a measure of risk associated with a bond, and in the determination of immunization,
necessitated by the volatility in the interest rates.

Definition 8.3.1 The Duration D of a bond having price B is defined as,

tC(t)
D= (Z’ 1 (H—w)’)
-

Note that here C(¢) is the payment received at time ¢ by the bondholder and p ¢ is
the bond’s yield to maturity (we have dropped the superscript *, for convenience),
or u r may be defined as the common interest rate, applicable for all lengths of time.

The immediate natural question pertains to the rationale behind identifying Dura-
tion (defined above), as a measure of risk for the bond. This will be explained based
on the following result.

Result 8.3.2
l+pwpy dB
B d[,Lf ’

D =—

Proof Recall that the price of a bond is given by,
T

c()
b= Z (I+ ,uf)t'

Treating B as a function of u s, we differentiate B with ¢ (this makes sense, since
the goal is to ascertain the sensitivity of the bond price to the interest rate w r).
Therefore,

d—B—XT: (=DC()
diy = (4 pp)Ht
T

=1
dB 1 tC(t

= = T ST

duys Lty = A+ py)

_ ldp _ (XT:IC(I))
Bduy 1+Mf po I+ pp)t
1 dB 1
Eduf _1+Mf

1+Mf dB

D =— .
B d,l,Lf
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Observations:

(1) Now the above expression can be rewritten as,

dB

—-__B
D= d(1+py) °

I4pur

Thus D gives the percentage decrease (increase) in the bond price B, for percentage
increase (decrease) in 1 + ¢ (or equivalently w ).

(2) The above expression reiterates that the bond goes up, if the interest rate comes
down, and vice versa, since the Duration (by its definition) is always positive.

D
T4+ pp

Definition 8.3.3 The modified duration D,,, is defined as D,, =

dB
Consequently, 5= —Dpdupy.

We now discuss the relational properties of Duration with three factors, namely the
constant coupon rate, the yield, and the maturity.

(1) Duration as a function of the constant coupon rate, with the yield, and the maturity
remaining constant, can be obtained using following closed form of Duration,
that will be derived below. Recall that the Duration is,

1 - dB
po_ltnsdB
B duy
where
c n c n n c B(T)
Lhpy (A 4pp)? A+upt  A+upt
T

1 B(T)
= _—
LTy Tt

1 1
. T+up) (1 - (1+u_f>T> B(T)

1 T

c 1 B(T)
— 11— T 7
M (T4 pp) (T4 up)
This gives,

C

B BT 1

B(T) puy [ _(1+,U«f)Tj|+(1+Mf)T

5 st - ]
~ wy LB(T) A+up)T)  A+upT |
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@

Taking log on both sides we get,

log(—B ):—loguf—i—log[ ¢ (1— ! >+ ad }
B(T) B(T) A+ pupT A+upt |’

which upon differentiation with respect to u 7, gives,

B
dlog (m) _dlogB 1 dB
duy B duy ~ Bdu
1
__1 BT )T(1+uf)”‘ tampr (1+Mf)T+l( T)
18 _c _ 1 1%
! [B(T) (1 (1+,uf)T) + (l+/1,f)7:|
Therefore we get,
D__1+ude_1+L+T(Mf—ﬁ)—(l+uf) G
B d'uf Ky CT) ((1+Mf)T—1)+Mf' '

. . . . c .
From this expression, we see that if the coupon rate given by B(T) increases,

with the other quantities remaining fixed, then the numerator value decreases,
and the denominator value increases, concurrently resulting in the overall de-
crease in the Duration.

Thus in summary, the Duration decreases (increases) as the coupon rate in-
creases (decreases).

Note that this conclusion is based on the constant coupon and is arrived at by
deriving the closed form expression for the Duration.

The relationship between the Duration and the yield also requires the derivation

dD
of an expression for T as follows. We begin with the general expression for
WLy

f
Duration (treating B := B(jr)), as follows,

T

1 Z tC(1)
~ B(uy) p A+ uppt

Differentiating with respect to u , we obtain,

dD 1 T 2c0) tC(t) dB
= - B
|:§(1+Hf)t+l (Mf)+2(1

duy B3 (uy) + g dpy
B 2C@t) dB(uy) tC(t)
_ 1 Zt=1 (1+;,Lf)’ n (1 tu ) du s Zl‘ 1 (I+pp)t
(T+up) | By Bup) Bup |
T~—7T 2C@)
_ 1 2 T’ D2
(I+mus) | Blup)
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We now define,

C(t)
()

B(uy) '

T T
Then using the fact that Zt_l u(t) = 1 and Zt_l tu(t) = D, we get

u(t) =

r T
dD 1
=— thu(t)—Dz
duy I+ py e
1 r T
2 2 2
=— t2u(t) —2D* + D
1+Mf _; ]
1
=— Zt u(t)—ZDZtu(t)-i-DzZu(t)
1+Mf e
=— D)%u(t)
1
= — VD,
1+

T
where vp := Z (t — D)%u(t) is the variance of times of payments about the
Duration D, Wlth the weights being u(¢). Since u(¢t) > 0 and vp > 0, therefore

Thus we conclude that the Duration decreases (increases) as the yield increases
(decreases).

(3) In case of relationship between Duration and maturity, there does not exist a
clear single relationship, and accordingly, we enumerate some of the contingent
relationship.

(A) Since for a zero-coupon bond, the Duration is equal to maturity, hence the
Duration increases (decreases) as maturity increases (decreases)).

(B) In case of coupon bearing bonds, we refer to relation (8.1), where we
observe that as T — oo, the second expression tends to zero, since the nu-
merator and denominator, have T as affine function and exponential function,
respectively. Hence as T — oo, D — 1 + —.

Kt
(C) In case of coupon bearing bonds, with coupon rates greater than or equal to

the yield, we get that an increase in maturity results, in an increase in Duration,
tending toward 1 + —.
m

(D) Finally in case of coupon bearing bonds, with coupon rates less than the
yield, it gives that an increase in maturity results in an initial increase in the
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Duration, until a maximum is reached, followed by a decrease tending toward

1
I+ —.
Ky

Example 8.3.4 Consider a coupon bond with the face value of 100 and annual
coupons of 8, with the maturity being 10 years. If the annual compounding rate
of interest is 6%, then determine the Duration and the modified Duration of the
bond.

From the previous Example (8.2.1), the Duration of the bond is given by,

10
1 8t 100 x 10
= — = 7.4450.
114.7202 |:; (1.06)! + (1.06)10i|
The modified Duration is given by,

D 7445
~l+py 106

= 7.0236.

8.4 Duration for a Bond Portfolio

We now consider a portfolio of bonds. Let the number of bonds in the portfolio be
n. The price of the i-th bond is given by B; (u r), and the number of units of the i-th
bond in the portfolio is given by N;. Then the value of the bond portfolio is given
by,

P(up) =Y NiBi(uy).
i=1

Differentiating both sides with respect to u ¢, we obtain,

APGL) _ 5y dBiy)

du s P duy

+ur

1
Now, we multiply both sides by — , to obtain,
P(uy)’

ltupdPuy) _ Z NiBi(us) <_ L+ pr dBi(u f))

P(uy) duy = Pluy) Bi(uy) duy

This gives,

Z N; B; (Mf)
P(ug)

lv
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where Dp and D; are the Duration of the bond portfolio, and the i-th bond, respec-
N;iBi(y)

P(ur)
invested in the i-th bond, and the denominator is the value of the portfolio, resulting
in the expression being the weight of the i-th bond in the portfolio and denoted by
wi, i.e.,

tively. Finally we consider the term . Here, the numerator is the amount

N; B;
w; = —— (Mf) with Zw, =1.
P(uy) =

Thus, we have,

n
D= Zw,-D,-,
i=1

which means that the Duration of a bond portfolio is the weighted sum of the Duration
of the constituent bonds (note that this is similar to the return of a portfolio of risky
assets).

2 1
Example 8.4.1 If we invest —-rd and —-rd of the total available amount in zero-

coupon bond of maturity 2 years and 3 years respectively, then determine the Duration
of the resulting portfolio of these two bonds.

[\

1
Here, wi = —, wp = 3 Dy =2 and D, = 3. Therefore,

[98]

2 1
Dp=§x2+§><3=2.3333.

8.5 Immunization Using Duration

The susceptibility of bond owners to interest rate movements can be viewed from
two perspectives. In case of bonds of shorter maturity or bonds with predetermined
coupons (not decided by reinvestment), a rise in interest rates results in losses for the
bond holder, due to fall in the bond prices. On the upside, the bond owner gains, in
the event of the interest rates going down. The second perspective of the risk stems
from the fact that in case of long-term bonds, where the coupons are reinvested, a
fall in interest rates means that the reinvestment has to be done at a lower rate. The
investor then is faced with the question of an appropriate horizon, to hedge against the
likely losses resulting from adverse interest movement, and this is achieved through
a process known as immunization. It turns out that if the horizon of the investor
matches the Duration of the bond, then the investor is immunized or hedged against
the consequences of parallel movement of interest rates.
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The immediate question that arises is about the scenario where the horizon of
the investor does not match with the Duration of the bonds that the investor intends
to purchase and the consequent immunization strategy that has to be adopted. This
is where the relation for the Duration of a portfolio comes into the picture, which
begets the immunization strategy of constructing a bond portfolio whose Duration
matches the horizon of the investor, which will now be derived in the form of the
following theorem.

Theorem 8.5.1 For a term structure which is horizontal (same interest rate for all
maturities), a bond of Duration D is immunized against any parallel movement of
the horizontal term structure, if the investor’s horizon h, equals D.

Proof Let h be the horizon of the investor. Then
Bup)(+pp)" = FVy = BO)(1 + un)".

_(EWY
“”‘(Bw)) -

In order to immunize, we need w; to be minimized, which is equivalent to mini-
mization of F'V},, or equivalently we minimize In F'Vj,. Note that,
InFVy=InB(ug)+hln(l+ py).
Differentiating In F'V, with respect to u ¢, and setting it equal to zero, we obtain,
dIn FV, d InB(us) +
_ = —— ]n /’L g
du g duy f L+ py
1 dB(uy) h

B(uy) duy L4+ py

Accordingly,

D h
= - +
I+up  14puy
h—D
L+ g

Therefore h = D, that is, the horizon is equal to the Duration. For minima, we now
determine the second derivative of In F'V}, with respect to 1 s as,
I FV, 1 dD
du? (L4 pp)? [_ duy
1 dD

Uty duy

1 1
(T+py) I+ py
vp

—— >0
(I +pyp)
This completes the second-order condition test.

(1+Mf)+D—h:|
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8.6 Convexity

It has been observed that the value of a bond as a function of interest rates is convex,
which motivates the notion of Convexity of the bond itself. So far, we have viewed the
susceptibility of bond prices to the interest rates, in terms of Duration. This leads us
to the investors’ dilemma, as to what would be a prudent choice between bonds, when
both have the same yield and identical Duration. The investor may be led to believe
that both these bonds bear identical interest rate risk. However, the examination of
the Convexity of these two bonds leads to a clear preferential criterion, which is
the focus of this section. The notation of Convexity of a curve relates to the rate of
change of the slope of the curve and is given by the second derivative.

Definition 8.6.1 The Convexity, C of a bond, whose price is B, is defined as,

C_l d (dB)_ldzB
_Bd;,Lf duy _Bd/,L?.

dB _y (—=)C (1)
diy &= A+ ppT

=1

Recall that,

Accordingly,

c_l@B_ 1 XT: 1+ DC@)
- Bd@ "~ B(1+puy)? — (A+up

It can be easily seen that the Convexity of a bond is positive, and has the dimension of
years?. We now reconcile the Convexity of a bond as an indicator of the sensitivity
of the bond price, to interest rate movements. Accordingly, we consider a small
change dB (from B(u ) to B(u ¢ + djtr)), resulting from a change du ¢ (from p ¢
to u ¢ + du r), in the interest rate. Using the Taylor series expansion, and retaining
up to second-order terms, we get,
dB 1
B B [
o L[ 4B, 1d°B Q)
~ 3 e, /Lf+2dM2f( w7,

1
= —Dpdis + 5C(duy)*.

B(uy+duyp) — B(uy)],

From this relation, it can be surmised that a higher Convexity is desirable for the
investor.
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8.7 Convexity for a Bond Portfolio

We consider a bond portfolio of # bonds with the price of i-th bond being B; (1 ).
If N; is the number of units of the i-th bond, then the value of the portfolio is given

by,

n
P(uyp) = NiBi(uy).
i=1
Taking the second derivative of P(u r), with respect to 1 ¢, and dividing by P (1 r),
we obtain,

I &EPuy) ~ Ni EBiuy) < (NiBiwp)\ 1 d*Bi(uy)
P——2—ZP——2—Z P B, p
(wp)  dp? (wp)  dp? (up) ) Bilwy)  du?

This implies that,

i=1 i=1

n
Cp = ZwiCi.
i=1

Here, Cp and C; are the Convexity of the bond portfolio and the i-th bond, respec-

N; B;
tively, with w; = M being the weight of the i-th bond in the bond portfolio.

P(ur)
Thus, we have

n
Cp= ZwiCi,
i=1

which (like Duration) gives that the Convexity of a bond portfolio is the weighted
sum of the Convexity of the constituent bonds of the portfolio.
We now conclude our discussion on Convexity by establishing its functional re-

. .. . . . . 1+ dB
lationship with Duration. Accordingly, starting with, D = —% T we ob-
i
tain,
B—(1+4updL 2
< Up )_dD _ Hf)au; | dB (I+pwuyp)d B
(I4+up))  duy B2 dus B duf’

This upon simplification reduces to,

1 dB 1+ d’B v
—(1+D)— 4 (H =2
B du

f B Jdud  l+py
dB dz_lzf
dur D d
Now substituting, h? M and s = C, we get,
B I+ py B

—D(1 + D) + (1 4+ up)*C = vp.
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Therefore, we get,

This relation reveals that the Convexity depends upon both variance of the times and
Duration.

Example 8.7.1 Consider a coupon bond with the face value of 100 and annual
coupons of 8, with the maturity being 10 years. If the annual compounding rate
of interest is 6%, determine its Convexity.

Form the earlier Example (8.2.1), the Convexity of the bond is given by,
10

1 |:Z8t(t+1) 100 x 10 x 11

C = = 65.1716.
114.7270 x (10.6)2 1060 T (1.06)10 }

t=1

8.8 Applications

In this section we consider a couple of applications of the concept of Duration.

1. The Reddington Problem: Let us consider the time points t = 1, ..., T. LetI(¢)
and a(t), be the liabilities and asset, of an entity attime t = 1, ..., T. Then the
present values of the liabilities and asset are,

T T
I(t a(t
l:Z—() [andazz—() 7
= (I +pnyp) = (I +pny)

respectively. Let the net value be n, = a —/, which is zero initially. The goal is to

ensure that the 7, is immune to charges in 1 y, which manifests mathematically

. .. dn
into the condition of —— = 0. Now,

duy
d Zthl(d(l)—l(f)) _ 1 Zf(l(f)—a(f))
du (14 pp)t (I +pp) = A4+pp)
1
= 1+Mf (Dll_Daa),

T

T
ti(t 1 ta(t 1
where D; = Z L —,and D, = Z L —, are the Du-
o et/ o )t/
ration of the liability and the asset, respectively.

dn, 1 a
=0= (Dyl — Dya) =0 =
duy I+py I+ py

since [ = a initially, which gives D; = D, i.e., the Duration of liabilities and

asset must be identical.

(Dy — Dg) =0,
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2. Duration Matching: Suppose that we have a bond with value B, of a certain
Duration D. The goal is the construction of a portfolio of bonds with the same
Duration D. Accordingly, let us consider the constructed bond portfolio with Ny
number of a bond with price B; and N> number of a bond with price B;. Since
we want to create a replicating bond portfolio, so,

N1By + N>B, = B.
Since the Duration of this bond portfolio D, therefore,
N1 B No By

wiDy +wyDy =D = TD] +

D>, = D.

Solving for N1 and N;, we get,

B ([ Dy—D B (D-D
N=—Z2—=)andN, = — [ ——1).
By \ D, — D By \ Dy — D

8.9 Exercise

Exercise 8.1 If the horizon is h = T — t = 1.7 years and the annual interest rate
is 5%, with the bond price at time ¢ being B(¢) = 98. Determine the bond price B(T).

Solution: Here, u; 7 = 0.05, ﬁ = 1 years and T = 0.7 years. Therefore,

B(T) =98 x (14 0.05)! (1 4 0.7 x 0.05) = 106.5015.

Exercise 8.2 If the value of a zero-coupon bond at time 7" = 2 is 100, with the
risk-free annual rate being 8%, then determine the price of the bond at time ¢ = 0.

Solution: Here, iy = 0.08 and B(2) = 100. Therefore,

Bo.og(0) = = 85.7339.

(1.08)2

Exercise 8.3 If D, = 4 and diu f = 5% then determine the decrease in the price of
a bond, currently selling at 100, and determine the value of the bond as a result of
the change in the yield.

dB
Solution: Since D, = 4 and du y = 0.05, therefore T =—Dy xduy=-02o0r

— 20%. This means that as a result of duu y = 5%, the bond price decreases by 20%
from 100 to 80.

Exercise 8.4 We create a bond portfolio of two zero-coupon bonds with maturity of
2 years and 4 years, respectively, so that the resulting bond portfolio has a Duration
of 3. If wy and w, are the respective weights of these two bonds, then determine the

w1
value of —.
w2
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Solution: Here, D; = 2 and D, = 4. Therefore Dp = wi X 2 + wp X 4 =
2w +4(1 — wy) = 3. Thus, w; = ~ = wy. Hence, — = 1.
2 w2

Exercise 8.5 Consider the coupon bond with the face value of 100 and annual

coupons of 8, with the maturity being 10 years and the annual compounding rate

. . dB dB i dB .
of interest being 6%. Let 5 and 5 denote the estimates of 5 using
C

only Duration and using both Duration and Convexity, respectively. Then tabulate

dB dB
the values of (—) and (—) fordus=1,2,3,4,and 5%.
B Jp B /¢ ’

Solution: From the previous examples, we have D,, = 7.0236 and C = 65.1716.

dB dB 1
Then, using the formulas (—) = —Dyduy and (—) =—Dpduys+ =
B )p ‘ B )¢ T2

C(duf)z, we have,

v (%), (5,

1% —0.0702 —0.0670
2% —0.1405 —0.1274
3% —0.2107 —0.1814
4% —0.2809 —0.2288
5% —0.3512 —0.2697

Exercise 8.6 Consider the coupon bond with the face value of 100 and annual coupon
of 6, with the maturity being 2 years, and annual compounding rate of interest is 4%.
Calculate the price, Duration, and Convexity of the bond.

Solution: Here, T = 2, B(2) = 100, ¢ = 6, and iy = 0.04. Therefore,

2

6 100
Bo.04(0) = ; Toay © (roay = 1037712

2
1 6t 100 x 2
D= = 1.9444.
103.7712 [[Z:; (1.04)! + (1.04)2:|

1 6t(t+1 100 x 2 x 3
C = Z ( ) + X & X
103.7712 x (1.04)2 (1.04)! (1.04)2

:| = 5.3418.
t=1
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Risk Management of Portfolios

In the course of our discussion on portfolio analysis, we have primarily identified
variance and semi-variance (or equivalently standard deviation and semi-deviation,
respectively) as measures of risk of an asset or a portfolio. While the choice of semi-
variance (equivalently semi-deviation) resolves the problem of penalizing “good”
returns (observed in case of variance), it however, from an investors’ point of view,
does not provide any indication of the bounds on the potential losses. Accordingly,
this brings into picture the concept of Value-at-Risk (VaR), designed to quantify
the losses at given confidence level for a given time horizon. An alternative and
more fullproof measure (than VaR) is the Conditional Value-at-Risk (CVaR) which
is amenable to indicating potentially extreme losses. Having said so, VaR is the most
widely accepted risk measure, used both by financial institutions and regulators,
especially in terms of the Basel banking regulations.

9.1 Value-at-Risk

From the perspective of the exposure of risk, a financial institution needs an assess-
ment of the extent to which its portfolio may experience losses in the future. Given
the enormously large number of market variables that can impact the risk profile of
the portfolio of a financial institution, a simpler and tractable metric of the bank’s
risk exposure in the immediate future (typically 1 day) for the entire trading portfolio
of the bank was needed to be presented to the top management. Accordingly, J.P.
Morgan devised, what came to be known as the 4:15 VaR report, through a simple
adaptation of the Markowitz framework. The enormous task of setting up a frame-
work of collating vast amounts of information to derive VaR was in place by 1993,
followed by VaR rapidly evolving as an important measure of market risk, in the
paradigm of the Basel regulations.
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a 1
VCLROHZ'

Fig.9.1 Probability distribution of returns

Definition 9.1.1 The VaR of an asset (or a portfolio) at a confidence level of 100(1 —
a)% (o« € (0, 1)) for 1-day horizon is that value of the loss after one day, which
will not be exceeded in case of 100(1 — )% of daily return distribution and may
exceed in case of at most 100a% of observations of the daily return distribution.
Formally, if r; is the daily return of an asset a;, then the 1-day VaR (denoted VaR, ;,
at 100(1 — @)% confidence level) is defined by

P(ri < VaRa’,‘) = «.

Graphically, this is presented in Fig. 9.1 and can now be rewritten as,
ri = Hi _ VaRg, —Mz‘> Y

P(ri <VaRy ;) =o <= P (

oj o;
— P <Z S M) =a,
o]
where, as before, u; and o; are the expected return and standard deviation, respec-
tively of the (daily) return of the asset ;. Let z,, be defined as the number that satisfies
P(z > z4) = a,ile., P(z < —z4) = a. Then,
VaRy,; — i

= —z¢ = VaRy,; = ui — 240;.
Oj

In case of the daily returns being normally distributed, zo. 05 = 1.645 and zp01 =
2.326, resulting in the 1-day VaR, at 95 and 99% confidence level, being VaRg o5, =
wi — 1.6450; and VaRg o1,; = u; — 2.3260;, respectively. Note that it is customary
to consider 1-day VaR at 95 and 99% confidence levels, which motivated the choices
of o’s, in the preceding narrative. Another customary horizon for calculation of VaR
is 10 days, which leads to the question of a T-day VaR. In case of the daily return
variables being independent and identically distributed, the T-day VaR is given by,

VaRZ;l- =wu; T — Zao’iﬁ.

Over a small horizon (such as the customary one of 1 day) the value of u; is much
smaller than o; (and also —z,0;) for the typical values of z, used, which renders the
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1-day and T'-day VaR tobe VaR, ; = —z,0; and VaRg,i = —z240iV/T = VaRa,,-\/T
(of course assuming that the daily returns are i.i.d). Now, since VaR, ; (and VaROT[)i)
are values of returns, their negative values would imply the value of loss. Reconciling
that VaR is designed to measure loss (negative of return), henceforth, we will take
the negative of the VaR as defined above, which results in VaR,; = z,0; and
VaRZ’l. = zq0iV/T = VaRa,i«/T . Furthermore, the VaR thus defined is in terms of
percentage (since it is derived from returns) and upon multiplication by the wealth
W; invested in asset a; gives the VaR in absolute terms of the currency. Thus, the
1-day VaR in absolute currency is given by,

VaRf;H- = z40i W;.

9.2 VaR of a Portfolio

Let us consider a portfolio P comprising of n assets whose return is given by
rp = Z:l_l w;r;. Then the portfolio variance is given by op = wCw', and ac-
cordingly, the percentage VaR of the portfolio is given by (assuming negligible u
compared to op),

VaRy p = zq0p W,
where W is the total value of the portfolio. Now,

VaR} p = (za0pW)*

n n
= zi Zwizo’iz +ZZZwiwj,0ijO'iO'j VV2
i=1

i=1i<j

n n
= Z (zaOiwi W)* +2 Z Z (zaoiwi W) (z40jw; W) pij

i=1 i=li<j
n n

< Z (za0i Wi)?* +2 Z Z (zaoi W) (zaaj Wj)
i=1 i=1i<j

n n
=> VaRl,+2) ) VaRy; VaRy,;
i=1

i=1i<j

n 2
= (Z VaRa,i) .
i=1
This gives,

n
VaR, p < ZVaRO,,,-.
i=1

Note that here W; = w; W is the absolute currency amount invested in asset a;.
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Example 9.2.1 Let daily return of asset a; be independent and identically normally
distributed, with the expected return and risk (as given by the standard deviation)
being 10% and 4%, respectively. Then determine the 1-day and 10-day VaR, at
confidence level 95% (without neglecting the expected return).

Here, u; = 0.1, 0; = 0.04, and a = 0.05. Hence z, = z0.05 = 1.645. Therefore,
VaR,; = i — z40; = 0.1 — 1.645 x 0.04 = 0.0342,
VaR?; = ;T — z40:v/T = 0.1 x 10 — 1.645 x 0.04 x +/10 = 0.7919.

9.3 Decomposition of VaR

A portfolio of a large financial institution is typically very diverse in nature and can
be classified in terms of asset classes, business units (within the financial institution),
and particular trades. Accordingly, it sometimes is prudent (especially from the point
of risk management) to determine the sensitivity of portfolio VaR to various factors,
such as marginal VaR, incremental VaR, and component VaR.

1. Marginal VaR: Suppose that the absolute currency amount invested in asset g;
of the portfolio P is W; (instead of a;, we can also consider an asset class). Then
the marginal VaR of asset a; is defined as,

d(VaRq, p)
ow;
In other words, the marginal VaR gives the sensitivity of the portfolio VaR to a

unit change (in absolute currency value) of the exposure to asset a;. If w; is the
weight of asset a;, in the portfolio P, then,

952 n n
a_wf-) = Zwio’iz +2 Z w;o;j = ZZU)/'GU
i

mVaRa,,- =

ij=1 j=1
J#

a(fp "
= 2O'p8—wi = Z;ijov(ri,rj)

80’p "
=>ap—8 = Cov ri,ijrj = Cov(rj, rp)

w;
i =1

aUP aO'p o;p

= O0p— =0ip=> = .

8w,~ 8w,- op

Let B; is the beta of asset a;, with respect to portfolio P. Again, neglecting
the expected return of the portfolio and the asset a;, vis-a-vis their standard
derivation counterpart, we get,
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0(zqop W)

a(w; W)

dop oip
= ZC(_ = ZOl_

awi op
VaRy p oip

mVaRa,i =

opW op

o;p 1
= VaR — | =
Ol,P (0[2)> W

Bi
= VaR, p (Wl s

. Incremental VaR: The incremental VaR is formulated so as to capture the effect
of the inclusion of an asset (or an asset class) to the original portfolio without
it, and it often plays a role when a trade is be considered, so as to asses the
additional risk as a result of doing do. Let P be a portfolio, and let the vector of
the new position be np resulting in the portfolio P = P + np. Then incremental
VaR is defined as

oiP
where f; = —-.
o

iVaRy np = VaRy, pinp — VaRg, p.

Note that the notation VaRy pynp is the VaR of the new portfolio P. If the
number of units of the asset g; in the vector np (the added assets portfolio) is
given by np; fori = 1,2, ..., m, then using Taylor series approximation, it can
be shown that,

m
iVaRynp & Y mVaRy; x npi,
i=1
provided that np; is sufficiently small.

. Component VaR: The component VaR of an asset @; gives the contribution of
the asset to the VaR of the portfolio P. The component VaR of asset a; measures
the change in the portfolio VaR, resulting from the removal of the asset a; from
the portfolio, and is given by

d(VaR
cVaR, ; = %Wi =mVaRy,; x W;.
i

Example 9.3.1 Consider a portfolio of value 1000, comprising of two assets, ¢; and
aj, with the respective weights being w; = 0.4 and w; = 0.6. Further, the risks
(as given by the standard deviation) of the two assets are given by o; = 6% and
0j = 5%, with the correlation coefficient of return of the assets being given by

pij = 0.25. Determine the 1-day VaR of the portfolio, at 95% confidence level.

Here, W = 1000, w; = 0.4, w; = 0.6, 0; = 0.06, 0; = 0.05, p;; = 0.25,
and @ = 0.05 = z4 = 1.645. Accordingly, the VaR of asset a; is zo0;W; =
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Zgoiw; W = 1.645 x 0.06 x 0.4 x 1000 = 39.48, and the VaR of asset a; is
200 Wi =z40;w;W = 1.645 x 0.05 x 0.6 x 1000 = 49.35. Also,

0123 = wizaiz + w?o} + 2w;o;w;o;jp;j
= (0.4)2(0.()6)2 + (0.6)2(0.05)2 +2(0.4)(0.06)(0.6)(0.05)(0.25) = 0.001836.
This implies, op = +/0.001836 = 0.0428, and hence the portfolio VaR is,

ZeopW = 1.645 x 0.0428 x 1000 = 70.406.

9.4 Methods for Computing VaR

This section covers some well-established approaches for computing VaR, primarily
used in the context of estimating the market risk exposure, which is a key component
in the process of capital requirement under Basel regulations.

9.4.1 Historical Simulation Approach

The historical simulation approach is a nonparametric method adopted to estimate
VaR. At the heart of this approach lies the technique of using past (historical) data
in order to generate scenarios for the future and estimate the VaR. The historical
data used pertains to the past data of market variables, impacting the portfolio, the
examples of which include interest rate, stock indices, exchange rates, etc.

Suppose that we have collected the data for 7 + 1 days (or time series data points),
which we designate as t = 0, 1, ..., T, with the corresponding value of the market
variable being denoted by vm,, t =0, 1, ..., T. If the current time point is T with
the corresponding value of the market variable being vmr, then the random variable
for the value of the market variable for the next time point is vm71. This random
variable takes the T possible values, using the relation,

vmra vmyg
— =" forr=1,2,...,T.
vmr vmy_1
which implies

v fort=1,2,...,T.

vmry41 =vmr X
vn—1

The T values of vm7 1 give its distribution, and the 100(1 — )% confidence level
VaR is determined to be the integer nearest to the «7 worst outcome from the
distribution of vm 1. Now, in order to extend this concept to a portfolio affected by
K market variables (such as K stock indices) we take into consideration the weights
for each, as w; for k = 1,2, ..., K. Further let W be the total amount invested in
the portfolio. This means that the absolute amount invested for k-th market variable
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is Wy = wiW, today (t = T). Let vm® forr =1,2,...,Tandk = 1,2,.... K
be the value of the k-th market variable at time ¢. Then,

(k)
R _ k), YTy
vmyl | =vmyp X =

This gives the market values of the portfolio projected at time t = T + 1 to be the
random variable.

K X K vm® K vm®
vmry] = va(Til = Zkaﬁ = <Z wk#> x W.
k=1 k=1 un;_y k=1 VM
This random variable vy takes T possible values, and the 100(1 — )% confi-
dence level VaR for the portfolio is determined to be integer nearest to the o7 worst
outcome from the distribution of vm 71, for the portfolio.

9.4.2 Delta-Gamma Method

The Delta-Gamma Method (also known as the variance—covariance method) is based
on the estimates of variance and covariance of the market variable. If v; is the value
of the asset a; and muvy is the value of the k-th market variable, then the change in
the value of the i-th asset corresponding to change dmuvy. in the k-th market variable
value is given by,

av;

dv; = Lox dmvr = A dmvy.
omuy

This can be written as,

d
dv; = (A x mug) ( mvk> ,
muy

%]
where A =

3 . Thus A x muy is the change in absolute currency terms of the
Mg

value of i-th asset, contingent on the percentage change in the market variable. This
gives the absolute currency VaR of the asset g; as,

VaRgf; = 2o (A X mug) oy,

. .. dm Vk
where o,,,, is the standard deviation of rmuv, =
mug

VaR is known as the Delta-Normal Method. The corresponding return VaR is given
by,

. This approach of estimating

mv
vaR®) =z, A (—"> G-
: v;
This approach is suitable in scenarios where the change in the market variable is
small. However, in the event of the change being relatively large, the Delta-Normal
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method exhibits error, which needs to be reduced by the introduction of second-order
terms, leading to the Delta-Gamma Method as follows:

A, 1 { 8%y 1
dv; = dmuy, + — (dmvk)2 <o~ Admug + —l"(dmvk)z,
dmuy 2

Bmvk
2.,
where I = ’2 is the Gamma. This can now be written as,
omuy
1 ) olmvk2
dv; = (Amvk) L F (muy)

1
= (Amuvg) rmpy, + = F (mvk) r2

muvy°

where 7,,,, is the return of the market varlable. Since the determination of the VaR in
this setup for the Delta-Gamma approach is somewhat difficult, this determination
in done for the special case of r,,,, being normally distributed with mean zero and
variance Uk , the “variance” of dv; being,

1
Var(dv;) = A% (mv)? o + 51“2 (mu)* o,
resulting in the VaR being,
1
2 4 2
1
var®) = |:A2 (mv"> 2+ -T2 (mv") a,j‘] .
’ Vk 2 VK

We now collate the VaR of the assets to obtain the VaR of the portfolio in both cases
as follows: For the sake of brevity we consider only one market factor, i.e., k = 1,
and drop the index k.

1. The Delta-Normal Method: Let vp denote the value of the portfolio on n assets.
Then,

(i @) [ dme? ~ (D)
dvp =Z<A mv ) —r :Z”i ri,
i=1

i=1

@) T
whereu D) A Dy ® andr~:dmv Letu®™’ = u(D) ul? ulD
= i 5 seenslip

and CE’I’)”) be the variance—covariance matrix of r;’s. Then the variance of dvp is
given by

Var(dvp) = u @ Cpy" u®™

1

T 2
. VaRy p = z4 (u(D)Hw C(D)mvu(D)mv) '
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1 .\ 2
2. The Delta-Gamma Method: For this approach we define u}c) = EFIZ (mv(’)> .

This gives (for the value of a portfolio P of n assets)

n
dvp = Z [uED)r,- + ufG)riz] .
i=1

Further, let uz”é’) = (ugG), uéG), ey usz))T and C (’é;”) be the variance—covariance

matrix of riz’s. Then the “variance” of the dvp is given by,

T T
Var(dvp) = u®™ C(D)mvll(D)mv + u@™ C(G)mvu(G)m”‘

1
. VaRg,p = 24 (“(D)mvTCm)m”u(D)mv + u(G)mUTC(mmv“(G)mv) -

9.4.3 Monte Carlo Simulation

A practical approach to estimation of VaR is (akin to many applications in Mathe-

matical Finance) the Monte Carlo simulation. The goal is the estimation of 1-day

VaR. This can be presented as an algorithm as follows:

1: procedure START

2:  The value vp of the portfolio today is determined.

3:  Generate sample values of changed dmvy from a multivariate distribution.

4:  Use the generate sample values in Step 3 for estimaton of each market
variable value for the next day.

5:  Use the value from Step 4 to value the estimate for the portfolio value of next
day.

6:  Subtract the portfolio value of Step 5 from the portfolio value of Step 2.

7:  Repeat Step 3 to 6 for a large number of times to determine the probability
distribution of AP.

8:  Calculate VaR contingent on the appropriate percentage of the distribution
from Step 7.

9: end procedure

Example 9.4.1 Let —20.05, —16.47, —8.04, —7.09, —6.89, —6.54, —6.11, —5.67,
—4.25, —4.01, —3.99, —3.43, —3.23, —2.67, and —2.03% be the 15 worst possible
distribution of the market values during a period of 1 year (241 days). What will be
largest worst possible distribution of the market value at 95% confidence level?

Here, T = 241 and @ = 0.05. Then «7 = 12.05, and accordingly the 12-th worst
distribution of the market value is —3.43%.
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Example 9.4.2 Letthe values of two assets a; and a; be 50 and 60, respectively, with
the current value and risk (as given by the variance) of market variable being 10, 000
and 25%, respectively. If the change in the absolute currency terms of the value of
asset a; and a;, with respect to the market variable are 2% and 3%, respectively,
then determine the return VaR of both the assets at 95% confidence level, using
Delta-Normal method.

Here @ = 0.05, zo = 1.645, v; = 50, v; = 60, my, = 10,000, A; = 0.02,
A; =0.03, and 0y, = 0.05. Therefore,

muy 1.645 x 0.02 x 10000 x 0.5
VaR,,; = 2o Ai | — Omy, = = 3.29,
’ v; 50
1.645 x 0.03 x 10000 x 0.5
VaRy, j = zaA; (w> Omy, = x 6>(<) X =4.1125.
vj

9.5 Determination of Volatility

The VaR, ; (absolutely currency VaR, ;) involves the term z,0; (zo0; W;). In both
cases, the z, is fixed for all assets and W; is known (since it is the amount invested
in asset a;). Accordingly, the volatility o; plays a vital role (among all the input
variables) in the determination of the VaR. Therefore, in this section, we elaborate
on some approaches to estimate the volatility.

1. Daily Volatility: Let or denote the daily volatility of a market variable estimated

at the end of the day T — 1. Let muv; be the value of the market variable at the
end of day ¢. Assuming that the market variable follows the gBm, we define the

log -returns as,
mv
Rm; :=1n < ! ) .
muvy—q

If we use the preceding T’ values of the market variable,i.e.,mv;_1,t =T, T —

1,...,T — T + 1, then the estimate of daily volatility is given by,
1 Z
or = Rmy_; — Tir)3,
T 1 Z( T—t — KUT)
=1
N  Q— . .
where ur = — Zt_l Rmy_, are both unbiased estimators of o7 and w7,

respectively. Recall that we had assumed (at the time of giving an expression
for VaR) that the expected return is much smaller than the standard deviation.
Further we change the return to

muvy — mvy—q
rmy; = —————
muvy—1
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and replace the unbiased estimator factor of T — 1, to a maximum likelihood
estimator factor of T to obtain,

2. Exponentially Weighted Moving Average (EWMA): We begin with a general
weight-based approach for estimation of volatility, based on the argument that
it would be more realistic to assign greater weight to more recent dataset. Ac-
cordingly, we have

!/
T
2 2
o7 = E Wrmy_,.
t=1

The weight w; is the weight assigned to the data from observation ¢ days ago.

T
Further w; > 0, w; < wy, fort > s and Zt_l w; = 1. A particular case of the
above is the EWMA, wherein B

wir1 = Awy for0 < A < 1.
It can be shown that the following recursive relation holds:
07 = Aoz + (1 —rm3_,.
This leads to,
2 _ 2 2 2
or = A [)LGT_z + (1 - k)rmT_z] + (1 = Mrmy_;
= (1 =) [rm}_y +army_ ]+ 10,

={1-2 [rszq + )\rszq + Azrsz%] + )»30%73

/.

T/
1= Z,\’—lrm%,, +aT a?_T
t=1
Since0 < A < 1, therefore for large T’ the second term (AT O’;_T,> isnegligible
compared to the first term, which leads to,
T/
o% = Z(l — k)kt_lrsz_t,
=1
which has the weight,
w, = (1 — )AL

The specified properties of w; can be verified easily.
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3. GARCH(1, 1) Model: The GARCH(1, 1) model is an extension of the EWMA
model in the sense of inclusion of the long-term variance rate, vary , and is given
by,

cr% =« rsz_l + B a%_l + y varg,

withao + 8+ y = 1 (choosinga =1 — A, 8 = X, and y = 0 reduces it to
EWMA). We now deal with the estimate of volatility as follows:

a% =ocrm2T_1 +/30%_1 + (1 —a—p) varg :>O'% — vary,

=« (rm%71 - VarL) + B (0%71 - varL) .

Now we consider the time point T + T/, which results in,

U%H —varp = «o (rszJr,f1 — varL) + B (0’72«4471 — VarL) .
Given the gap of ¢, the expected value of rsz 118 0'72- 4,1~ Hence,

E[of,, —var ] = (@ + B)E [0F,,_ — var,] = (a + p)'[of — var.].
Therefore,
E[o?,,] = var + (@ + B) [oF — var].

This relation gives a mechanism of forecast the volatility, on day T + ¢, based
on the information available at the end of day T — 1.

Example 9.5.1 The closing prices of a stock are 81.81, 83.07, 83.04, 81.01, 80.75,
81.47, 82.50, 81.95, 79.75, 80.25, and 80.08. Determine the daily volatility, using
return and as well as log-returns.

The returns and log-returns are as tabulated below:

Day Closing Price Returns (rm;) rm,2 Log-returns (Rm; — ;73)2
Rmy;
1 81.81 0.0154 0.2372 0.0153 0.3036
2 83.07 —0.0004 0.0001 —0.0004 0.0032
3 83.04 —0.0244 0.5976 —0.0247 0.5112
4 81.01 —0.0032 0.0103 —0.0032 0.0012
5 80.75 0.0089 0.0795 0.0089 0.1214
6 81.47 0.0126 0.1598 0.0126 0.2162
7 82.50 —0.0067 0.0444 —0.0067 0.0207
8 81.95 —0.0268 0.7207 —0.0272 0.6286
9 79.75 0.0063 0.0393 0.0063 0.0704
10 80.25 —0.0021 0.0045 —0.0021 0.000
11 80.08 — - — —

—0.0204 0.0019 —0.0214 0.0027
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Using returns, we obtain,

0.0019
o rm? = o =4/0.00019 = 0.0138.
1

ir = % é Rm, = —0.00214,
and
1 1
o7 = T ; (Rm; — i7)% = 5 % 0.0027 = V0.0003 = 0.0173.

Example 9.5.2 Suppose the returns on a stock for 6 days are 1, 1.4, —0.5, —0.8, 0.7,
and 1.2%. If A = 0.9, then estimate the volatility on the 7-th day.

Here,

6
of =Y (1= "lrmd_ = (1-09) [(0.9)5(0.01)2 + (0.9)*(0.014)% + (0.9)(—0.005)2
=1

+ (0.9)2(—0.008)2 + (0.9)(0.007)% + (0.012)2] = 0.000044581.

Therefore,

07 = +/0.000044581 = 0.0067.

9.6 Exercise

Exercise 9.1 Consider a portfolio P (comprising of three assets) with the expected
return and risk (as given by the standard deviation) being 1% and 9%, respectively.
The amount invested in the portfolio is 1000. Determine the loss to the portfolio, at
99% confidence level, under normal market conditions.

Solution: Here, W = 1000, 1« p=0.01, and op = 0.09. Also o = 0.01 and hence
Za = 20.01 = 2.326. Therefore,

VaRy, p = zgop W = 2.326 x 0.09 x 1000 = 209.34.

Exercise 9.2 Consider a portfolio of value 1000, comprising of two asset , ¢; and
aj, with the respective weights being w; = 0.4 and w; = 0.6. Further, the risks
(as given by the standard deviation) are given by 0; = 6% and o; = 5%, and the
correlation coefficient of return of the assets is given by p;; = 0.25. Determine the
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marginal VaR of each asset at 95% confidence level.

Solution: As seen in the previous Exercise, G% =0.001836 and therefore o p=0.0428.

do 2 do 2
Also ojp=op a—wi:wio’i +wjoiojpij = 0.00189 and ojp = O’Pa—wj =w;o;
o;p 0.00189 ojp
+w;o;ojp;j = 0.0018. Therefore, f; = ol_f, = 0.001836 = 1.0294and B; = O{_}%
0.0018
= ———— = (0.9804. Finally,
0.001836
VaRy, p = zo0p W = 1.645 x 0.0428 x 1000 = 70.406,
VaR i
mVaRy ; = L4RaP X Pi 475,
w
VaR i
mVaRy, ; = a+xﬂf = 0.069.

Exercise 9.3 Consider the portfolio in the previous Exercise and determine the com-
ponent VaR of both the assets at 95% confidence level .

Solution: From the previous Exercise, the marginal VaR of asseta; and a; are 0.0725
and 0.069, respectively. Therefore
cVaRa’,- = mVaRa,,'Wl- = mVaRa,,-w,-W =0.072 x 0.4 x 1000 = 29,
cVaRy, j = mVaRy jW; = mVaR, jw; W = 0.069 x 0.6 x 1000 = 41.4.

Exercise 9.4 Consider the portfolio in the previous Exercise and determine the in-
cremental VaR at 95% confidence level by adding an amount 100 of asset @; and
removing 100 of asset a;.

Solution: From the previous exercise, the marginal VaR of asset a; and a; are 0.0725
and 0.069, respectively. Therefore,

iVaRy ,p ~ mVaRy ; x 100 +mVaR, ; x (—100)
= 0.0725 x 100 — 0.069 x 100 = 0.35.

Exercise 9.5 Let —20.05, —16.74, —10.04, —9.09, —6.54, —5.67, —4.01, —3.23,
—2.67, and —2.03% are the 10 worst possible monthly returns for 10 years (120
months). Determine the largest loss during a month at a 95% confidence level.

Solution: Here, T = 120 and « = 0.05. Then «T = 6. Accordingly, the 6-th worst
monthly return is —5.67%.

Exercise 9.6 Let the value of assets a; and a; be 50 and 70, respectively, with the
market return being normally distributed, with mean 0 and variance 4, respectively.
If market variable is 200, then determine the VaR of each asset at 95% confidence
level, using the Delta-Gamma method, with A =40 and I" = 2.
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Solution: Here @ = 0.05 = z4 = 1.645, v; = 50, v; = 70, ox = 2, mvr = 200,
A =40, and I' = 2. Therefore,

_ ) 4 2
1
VaR() = 7 | A2 (@> of + T2 <@> ovi‘} = 7463.0,

2 4 :
v 1 v
vaR®), = z, | A2 (ﬂ) o2+ -T2 [ Z5) of | =53307.
’ vj 2 /vj

Exercise 9.7 Consider a portfolio P of two assets a; and ap, with the tabulated
parameters:

Asset aiD criG uiD ulG
(ai)

aj 0.1000 0.1134 20 40
a 0.1044 0.1230 30 50

If the covariance alDz = 0.0018 and ‘71G2 = 0.0011, then determine the VaR of
portfolio P at confidence level 95%, using the Delta-Gamma method.

Solution: Here, « = 0.05 and hence z, = 1.645. Therefore,

20 40 0.0100 0.0018 0.0128 0.0011
i3] -] cor- [R] o - R

50 0.0018 0.0109 0.0011 0.0151
Here,

u(D)mUTC(D)’””u(D)mU =15.97,
and

u<G>’”“Tc(G)m"u<G)”’” = 62.63.
Therefore,

1

T T 1
VaRa,P = 74 (u(D)mv C(D)mvu(p)mv + u(g)mv C(G)mvu(G)mv>
= 1.645 x /1597 4+ 62.63 = 1.645 x 8.8657 = 14.58.

Exercise 9.8 Consider a portfolio P of three asset ay, a, and a3, with the tabulated
parameters:

Determine the VaR of portfolio P at 95% confidence level using the Delta-Normal
method.
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Asset  o; Pair 0ij uP
(ai) (ai,aj)

ai 0.1000 (a1,a2) 0.0018 20
ay 0.1044 (az,a3) 0.0011 30
as 0.1411 (a3, a;) 0.0026 40

Solution: Here, o« = 0.05 and z, = 1.645. Therefore,

20 0.0100 0.0018 0.0026
u® =130 Cpy=|0.00180.0109 0.0011
40 0.0026 0.0011 0.0199

Hence,
1

T 2
VaRg,p = Za (u<D>m" C<D>’””u(D>’”“> = 1.645 x v/54.61 = 12.15.

Exercise 9.9 Suppose that the volatility using a GARCH(1, 1) model follows the
equation:

o2 = 0.00003 + 0.12rm?%_, + 0.7007_,.

If the estimated volatility and return on the (7' — 1) day are 1.2% and 2%, respectively,
then determine the estimated volatility on the 7 day. Further, calculate the volatility
per day.
Solution: Here« = 0.12, 8 =0.70theny =1 —a¢—=1-0.12—-0.70 = 0.18.
0.00003

013 = 0.0001667.
Therefore, the volatility per day is +/0.0001667 = 0.0129 or 1.29%. Hence, the
volatility on the T day is

o2 = 0.00003 + 0.12 x (0.02)% +0.70 x (0.012)? = 0.0001788.

Now y x vary = 0.00003 = var; =

Therefore, the estimated volatility on the 7" day is +/0.0001788 = 0.0134 or 1.34%.
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