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Foreword
What a ride.

Who could have known what a ride it was going to be.

Back in 2017, when I talked with this bright young man about his Master
thesis, it seemed like an easy task: Replicate the method I used in my
PhD thesis in the field of problem solving and transfer it to problem
posing to characterize problem-posing processes. The result was one of
the best Master theses I had supervised, but we quickly realized that
our work was not finished, but had just started. Fortunately, that bright
young man continued to do research on mathematical problem posing
by starting a PhD project. But instead of immediately returning to
the analyses of problem-posing processes, the terminology had to be
addressed as this field of research is still developing and in need of proper
definitions. The results were not one, but two review articles. Review
articles are hard to publish; in the first tries, they both got rejected, and
rejected again, discouraging our endeavors. But eventually, they both
got published in very good journals. Then, the empirical work continued
with innovative methods and results that finally led to another two
articles—with ups and downs in the revision processes—being published
in very prestigious journals. These four articles, together with others
texts, form the basis of the PhD thesis in front of the readers. Watch
out for the author of this thesis—I am convinced that Lukas’ ideas will
continue to shake up research on mathematical problem posing.

What a ride, indeed.

What a joyride!

Cologne in August of 2022,
Prof. Dr. Benjamin Rott
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Abstract

Mathematical problem posing as the substantive formulation of mathe-
matical problems is an activity that lies at the heart of mathematics. In
recent years, research in mathematics education has endeavored to gain
insights into problem posing—conceptually as well as empirically. In
problem-posing research, there has been a focus on analyzing products,
that is, the posed problems. Insights into the processes that lead to
these products, however, have so far been lacking. Within four journal
articles, summarized in this cumulative dissertation, the author attempts
to contribute to the understanding of problem-posing processes through
conceptual considerations and empirical investigations. The conceptual
part consists of a conducted systematic literature review to investigate
problem-posing situations and problem-posing activities. The studies in
the empirical part deal with the analyses of problem-posing processes of
pre-service mathematics teachers from a macroscopic and microscopic
perspective. The aim is to develop coherent and meaningful concep-
tual perspectives for analyzing empirical observations of problem-posing
processes.
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Part I

Introduction



Motivation 1
“The mathematical experience of the student is incomplete
if he never had an opportunity to solve a problem invented
by himself.” (Pólya, 1957, p. 68)

In his seminal work on mathematical problem solving, Pólya emphasizes
the importance of the experience of solving one’s own problems. In
mathematics education research, the activity of finding and formulating
a problem is called problem posing.

This thesis focuses on the process of problem posing. The aim is
to contribute to the understanding of this process through conceptual
considerations and empirical investigations. This introduction, therefore,
(1) argues for the necessity of conceptual work in the research field of
problem posing as well as (2) motivates the focus on problem-posing
processes in our empirical analyses.

Early conceptual work on problem posing can be found especially in
the 1980s and 1990s. Their focus was on the development of purposeful
problem-posing strategies (Brown & Walter, 1983; Kilpatrick, 1987),
the description of different activities and cognitive processes that are
referred to as problem posing (Silver, 1994), the relationship to related
constructs such as mathematical creativity and problem solving (Silver,
1994; Silver, 1997), or the categorization of problem-posing situations
(Stoyanova & Ellerton, 1996). These seminal conceptual considerations
were followed by a cascade of empirical studies based on them. These
studies investigated students’ and prospective teachers’ procedures and

3

© The Author(s), under exclusive license to 
Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2022
L. Baumanns, Mathematical Problem Posing, Kölner Beiträge zur 
Didaktik der Mathematik, https://doi.org/10.1007/978-3-658-39917-7_1

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-658-39917-7_1&domain=pdf


difficulties in posing problem (English, 1998; Silver et al., 1996), cross-
national differences in the relationship between problem-posing and
problem-solving abilities (Cai & Hwang, 2002), or the relationship
between problem posing and mathematical creativity (Yuan & Sriraman,
2011; Leung, 1997).

With this plethora of empirical studies, it seems that the diversity of
research questions pursued and empirical results obtained within these
studies outweighs the existing theoretical and conceptual frameworks
available for the analysis of the respective data. About 20 years after
his seminal article on problem posing in 1994, Silver (2013) reflects:

“At this time, I think our compilation of empirical evidence
regarding mathematical problem posing has far outstripped
our available theoretical tools to analyze and interpret the
evidence.” (p. 160)

The present thesis is, among other things, concerned with the develop-
ment of such conceptual tools for analyses in the field of problem posing.
The focus is in particular on the analysis of problem-posing processes.
We want to concretize what we mean by problem-posing processes by
looking at processes and products in mathematics education in general
and in the field of problem posing in particular.

In mathematics education research in general, there is a long history
of analyzing products and/or processes. Products are static states and
results of a (learning) process. With regard to problem posing, the
products are understood to be problems that have arisen as a result of
a problem-posing process. The mathematical problem-posing process is
defined as a purposeful activity of posing and formulating a problem in
the field of mathematics. While products are often more accessible for
analysis, the construction of new knowledge emerges in the process. As
Freudenthal (1991) states, “the use of and the emphasis on processes is a

4 Chapter 1



didactical principle. Indeed, didactics itself is concerned with processes”
(p. 87, emphases in original).

In problem-posing research, we see a lot of methodical work on analyzing
problem-posing products (Bicer et al., 2020; Bonotto, 2013; Leung,
1993a; Singer et al., 2017; Van Harpen & Presmeg, 2013; Van Harpen &
Sriraman, 2013; Voica & Singer, 2013). Within these studies, problem-
posing products are mostly analyzed to determine participants’ problem-
posing abilities. There are many established frameworks to analyze
the products of problem-posing processes: Based on the proposal of
Silver (1997), some studies analyze the number, the diversity of ideas
used, and the originality in terms of rarity of posed problems (Bonotto,
2013; Van Harpen & Presmeg, 2013). This approach originates from
creativity research (Guilford, 1967; Torrance, 1974) and is also used
to capture mathematical creativity in the context of multiple solution
tasks in problem solving (Leikin & Lev, 2013). Another type of product
analysis can be found in Silver and Cai (1996). They categorize posed
problems first in terms of whether it is a mathematical problem or
not. Afterwards they categorize the mathematical problems in terms of
whether or not the mathematical question is ultimately solvable. Other
studies also use this framework for their analyses (Bonotto & Santo,
2015; Kwek, 2015; Xie & Masingila, 2017). Bonotto and Santo (2015)
adapted this framework by analyzing whether the posed problems are
plausible or have sufficient information to solve it.

Despite the importance of mathematical learning processes suggested
above, only a small number of studies investigate problem-posing pro-
cesses (Kontorovich & Koichu, 2016; Kontorovich et al., 2012; Kon-
torovich & Koichu, 2012; Leung, 1994; Pelczer & Gamboa, 2009;
Patáková, 2014). In these studies, individual problem-posing processes
are often described and analyzed. For example, Kontorovich and Koichu
(2016) had the opportunity to observe an expert problem poser for math-
ematics competitions such as the International Mathematical Olympiad
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pose problems. Although they are reticent to draw conclusions due
to the limited scope of the study, they identify certain mechanisms of
problem-posing experts. For example, the expert problem poser draws
new problems from a family of familiar problems. To date, however,
currently little research exists on the general and fundamental pro-
cesses that constitute the activity of problem posing (Cai et al., 2015).
This dissertation attempts to contribute to this field of research on
problem-posing processes. The detailed objectives of the conceptual con-
siderations and empirical investigations of this dissertation is outlined
in section 2 on the facing page.

Broken down, the overall objective of this PhD project is to better un-
derstand problem-posing processes. Thus, the general orientation of this
PhD project in mathematics education research is to better understand
an inherently mathematical activity. To situate this work generally, we
refer to Schoenfeld (2000). According to Schoenfeld (2000), mathematics
education research has – similar to mathematics research – two purposes:
(1) Pure mathematics education research aims at understanding the
nature of mathematical thinking, teaching, and learning. (2) Applied
mathematics education research aims at using these understandings
to improve mathematics instruction. The present work is located in
the tradition of purpose (1), pure mathematics education research. We
try to better understand the activity of problem posing by means of
content-related conceptual considerations as well as empirical-based
process observations. With this aim to analyze and better understand
mathematical activities as well as typical mathematical thinking pro-
cesses involved in problem posing, the present work is located in the
core of mathematics education research (Wittmann, 1995).

6 Chapter 1



Objectives 2
As problem posing still is a field which is in need of definition and con-
ceptual understanding (Silver, 2013; Singer et al., 2013), the main goal
of this contribution is to develop coherent and meaningful conceptual
frameworks that help organize empirical observations on problem-posing
processes (Shapira, 2011). The four publications contributing to mathe-
matics education research as part of this PhD project can be divided into
two parts: (1) a conceptual part consisting of two journal articles and (2)
an empirical part consisting of two journal articles. Their goals for the
general aim (i.e., contribute to the understanding of the problem-posing
process through conceptual considerations and empirical investigations)
are summarized in the following:

(1) Conceptual part:
Before dealing empirically with problem-posing processes, a system-
atic literature review was conducted to investigate problem-posing
situations and problem-posing activities.

Journal article 1:
Before we look at problem-posing activities reported in stud-
ies in high-ranked journals on mathematics education, we will
look at the initiators of such processes, namely problem-posing
situations. Article 1 is a review of 271 systematically collected
problem-posing situations. This review aims to uncover differ-
ences regarding the openness of various problem-posing situ-
ations. As problem-posing situations initiate problem-posing
activities, this review was a necessary preliminary step before
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taking a more detailed look at problem-posing activities in the
further course of this thesis.

Journal article 2:
Article 2 is a systematic review of problem-posing activities
reported in empirical studies in high-ranked journals on mathe-
matics education. We examine problem-posing activities initi-
ated by the open problem-posing situations conceptualized in
Article 1. Article 2 aims to characterize different problem-posing
activities based on three different dimensions.

(2) Empirical part:
Within two articles, the empirical part deals with the analysis of 32
problem-posing processes of pre-service mathematics teachers.

Journal article 3:
Article 3 reports the results of an empirical study of 32 problem-
posing processes of pre-service mathematics teachers who were
observed during problem posing. The aim of the study is
to develop a phase model for the macroscopic description of
problem-posing processes. We want to identify recurring and
distinguishable activities of pre-service teachers dealing with
problem-posing situations.

Journal article 4:
Within the macroscopic analyses of the study reported in Article
3, microscopic expressions have been observed that provide an
important contribution to the understanding of problem-posing
processes. These are expressions concerning the regulation of
the process at a metacognitive level. The aim of Article 4
is therefore to characterize problem-posing-specific aspects of
metacognitive behavior in problem-posing processes.

8 Chapter 2



Table 2.1 on the next page summarizes the journal articles that are part
of this publication-based dissertation. This table concisely summarizes
the contribution of each article.

In addition to these core articles of this publication-based dissertation,
three other publications of this work are noteworthy as part of this
project. Their contribution as well as their purpose in the context of
the present PhD project are outlined in the following:

• In a book chapter, problem posing is illustrated from a theory-
based subject-matter didactics perspective with four selected math-
ematical examples. The different mathematical natures of problem
posing are illuminated in mathematical terms, which could not
be addressed in the four core journal articles. Findings from this
chapter can be found in section 4.2 of the theoretical frame.

• A fifth journal article summarizes definitions of problem posing,
its relations to other constructs, and its implementation into
research and teaching settings. Thus, we extend the conceptual
approaches of the core journal articles of this PhD project with
a theoretical synthesis of problem-posing definitions, relations to
other constructs, and its methodical implementation.

• Within a practical article, findings from our conceptual and em-
pirical research are applied in the context of a teaching sequence
on the generalization of the Pythagorean theorem. The aim is
to show how the conceptual and empirical findings of the present
PhD project can be useful for implementation in school practice.

Table 2.2 on page 11 summarizes the contributions of these additional
publications related to this PhD project.
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Thesis Structure 3
The structure of the present work is illustrated in Figure 3.1 on page 15.

The main section begins with a theoretical frame. This theoretical frame
aims to situate the activity of problem posing in mathematical and
mathematics-educational terms. For this purpose, the theoretical frame
begins with a subject-matter didactics analysis of the mathematical
activity of problem posing. Problem posing is first illustrated with a
geometric example. Subsequently, problem posing is conceptually speci-
fied based on definitions and conceptions within mathematics education.
On this basis, four different problem-posing activities are then illus-
trated, each using a mathematical example. In this context, empirical
findings of these four mathematical problem-posing activities are also
summarized.

After this subject-matter didactics analysis, problem posing is subse-
quently located more generally within mathematics education. For this
purpose, the constructs of modelling, proving, problem solving, as well as
creativity and giftedness, which are related to problem posing, are con-
sidered. All these constructs are first defined and conceptualized, then
their connection to problem posing is highlighted, and finally empirical
findings on these connections are summarized.

The main body of the thesis contains four core journal articles. These ar-
ticles are, as described above, divided into a conceptual and an empirical
part. The conceptual part includes the systematic review of the problem-
posing situations as well as the systematic review of problem-posing
activities. The empirical part includes the macroscopic development

13
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of a phase model and the microscopic identification of metacognitive
behavior in problem-posing processes.

In a concluding outlook, the insights of the four journal articles are sum-
marized. Finally, interests of future research subsequent to this project
are summarized based on findings across all four journal articles.
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Theoretical frame



Advanced organizer

In the following sections we will approach the activity of problem posing.
To explain the structure of this section, let us use a metaphor: Imagine
problem posing is a house in a housing estate. The purpose of this chapter
is to learn about this house, its construction, foundation and rooms,
observe residents in it and scout the neighborhood. In other words:
We want to understand problem posing as a mathematical activity by
looking at the different faces of it, what empirical insights there is on it,
and what related constructs from mathematics education can help in
conceptualizing problem posing in the context of this thesis.

First, we will look at the house as a whole from the outside. So, we
will first look at problem posing on the basis of a specific example (see
chapter 4.1 on page 21). Then we want to look at the fundament on
which the house is built. So, we will deal with different definitions and
conceptualizations of problem posing within mathematics education
(see chapter 4.2 on page 35). Now that we have examined the house
in its general form, we want to have a look inside and walk into the
different rooms. This means that – based on the different definitions
and conceptualizations – we will look at different types of problem
posing. To do this, we look into each room separately, see what interior
is in it and what load bearing walls were drawn on the fundament. So,
in each case we look at the corresponding problem-posing type in a
mathematical miniature, as well as findings from empirical studies on
these problem-posing types (see chapter 4.2.1 to chapter 4.2.4).

Once the problem-posing house in detail, we will take a look at its
neighborhood. We want to look at three different houses in this neigh-

19



borhood, the modelling house, the proving house, the problem-solving
house, and the creativity & giftedness house. We look at all three houses
from the outside and describe the streets leading to our problem-posing
house. Thus, we want to draw conceptual connections between other
constructs of mathematics education that are close to problem posing
in their research tradition (see chapter 5 on page 67).

During this house tour and exploration of the neighborhood, we also
want to look at how people live in the problem-posing house, how they
behave in the different rooms, and what their path to the neighboring
houses looks like. In other words: We look more closely at trends in
empirical research on problem posing and summarize their findings.

Problem  
Posing Modelling Proving Problem 

Solving
Creativity &  
Giftedness

20



Problem posing from a
subject-matter didactics
perspective

4

4.1 Illustration with a geometric example

In this chapter, we will first consider problem posing using an illustrative
example from geometry. The starting point of this illustration is a
theorem from elementary geometry. Problem posing is used in this
chapter with two goals: (1) to prove the presented theorem and (2) to
generalize the presented theorem. Thereby we want to authentically
illustrate a typical mathematician’s activity, namely finding and varying
problems, i.e. problem posing.

The way to the theorem is through the following problem:

Initial problem 1:
Construct squares on each side of a parallelogram ABCD.
What figure is created when you connect the centers of these
squares?

A quick picture should help to grasp this problem.

21
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So, the centers M1, M2, M3, M4 of the constructed squares look like they
are vertices of a square themselves! As mathematicians, however, the
pure optics should not yet convince us. Let us formulate a theorem that
is to be proved.

Theorem 1:
Construct squares on each side of a parallelogram ABCD.
Their centers form a square.

M1M2M3M4 is a square if and only if all sides have the same length
and all angles are the same size which is 90◦. To show the equality of
these sizes, one approach would be to show the congruence of suitable
triangles. For this, we draw auxiliary lines. Since we have already drawn
the centers of the squares, let us use the center of the parallelogram P ,
which is the intersection point of the diagonals. We now connect P with
M1, M2, M3, and M4 to get four triangles PM1M2, PM2M3, PM3M4,
and PM4M1. Can we show the congruence of these triangles?
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P

To prove the congruence of these triangles, we want to show that |PM1| =
|PM3|. As P is the center of point symmetry of the parallelogram
ABCD, this will probably be true, but I cannot come up with a better
justification. And even if, the proof is still missing that also the interior
angles are 90◦. I am therefore following Pólya’s adive to pose a simpler
theorem where the solution is easier and hope that this will help me
proof theorem 1.

If our conjecture is correct that the centers of the squares over the sides
of a parallelogram are vertices of a square, then this should also be true
for a very special parallelogram, namely the square:

Theorem 2:
Construct squares on each side of a square ABCD. Their
centers form a square.

4.1 Illustration with a geometric example 23
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As expected, M1M2M3M4 looks like a square again. There are five
congruent squares in this drawing, thus, the lines M1M2, M2M3, M3M4,
and M4M1 go along the diagonals of the erected squares through the
vertices of the square ABCD. This simplification provides the triangles
AM1B, BM2C, CM3D, and DM4A. If we can now show that (1)
A ∈ M4M1, B ∈ M1M2, C ∈ M2M3, and D ∈ M3M4, (2) the triangles
AM1B, BM2C, CM3D, and DM4A are congruent, and (3) are right-
angled at their respective vertices Mi for i ∈ {1, 2, 3, 4} (then the
rhombus is a square).

(1) All five visible squares are congruent and are lined up like a
chessboard. Therefore, the connections of diagonally adjacent
squares lie on their diagonals and thus run through their vertices.

(2) We show exemplarily the congruence of AM1B and BM2C. The
remaining argumentations work analogously. |AB| = |BC| by
definition. As argued in (1), M1M2 lies on the diagonals of the
constructed squares of AB and BC. This can analogously be
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applied to M1M4 and M2M3. Thus, |�BAM1| = |�M1BA| =
|�M2BC| = |�BCM2| = 45◦. Thus, the triangles A ∈ M4M1

and B ∈ M1M2 coincide in one side as well as its adjacent angles.
They are therefore congruent. So, M1M2M3M4 is a rhombus.

(3) Since |�BAM1| = |�M1BA| = 45◦, |�BM1A| = 90◦. The same
applies for the other triangles BM2C, CM3D, and DM4A. The
rhombus M1M2M3M4 is, therefore, a square.

Now that we have proven theorem 2, let us look at theorem 1 again.
In the proof for theorem 2, the lines from the centers of constructed
squares to the vertices of ABCD helped us in finding suitable triangles
to examine congruence. So we now draw these lines as auxiliary lines in
our picture for theorem 1:

A

B

D

C

M1

M2

M3

M4

These new lines form four triangles, that is AM4M1, BM1M2, CM2M3,
and DM3M4, which share one side with our alleged square. We now
want to show that (1) these triangles are congruent (then M1M2M3M4 is
a rhombus) and that (2) |�M2M1M4| = |�M1M4M3| = |�M4M3M2| =
|�M3M2M1| = 90◦ (then the rhombus is a square).

4.1 Illustration with a geometric example 25



(1) We show exemplarily AM1M4 ∼= BM1M2. The other congru-
ences work analogously. Obviously, |AM1| = |BM1| and |AM4| =
|BM2|, because the lengths are half diagonals of identical or con-
gruent squares. Now for the enclosed angles:

|�M1AM4| = |�M1AB| + |�BAD| + |�DAM4|
= 45◦ + 180◦ − |�CBA| + 45◦ = 270◦ − |�CBA|
= 360◦ − 45◦ − |�CBA| − 45◦

= 360◦ − (|�M2BC| + |�CBA| + |�ABM1|)
= |�M2BM1|

Thus, AM1M4 and BM1M2 are congruent and, therefore, M1M2M3M4

is a rhombus.

(2) Since |�M2M1B| = |�M4M1A| and |�BM1A| = 90◦, also |�M2M1M4| =
90◦. The same applies to the other angles |�M1M4M3|, |�M4M3M2|,
and |�M3M2M1|. Therefore, M1M2M3M4 is a square!

Theorem 1 is actually the theorem by Thèbault-Yaglom (Yaglom, 1962,
p. 96). Let us reflect on that. We started with a problem that we
wanted to solve. In this case, the theorem by Thèbault-Yaglom was to
be proved. At first, we did not succeed in proving it. Therefore, we
specialized a condition of the theorem and thus posed a new problem.
This simplification provided us with a way to tackle the initial theorem
again and actually prove it. Problem posing has occurred here as helpful
for problem solving. We now want to consider problem posing as an
end in itself, and go deeper into the problem we have just solved.

Now what if we didn’t have a parallelogram as an initial figure, but a
trapezoid?
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Problem 2:
Construct squares on each side of a trapezoid ABCD. What
figure is created when you connect the centers of these
squares?

A B

D C

M1

M2

M3

M4

This actually does not look like a square, nor like another special
quadrilateral. So, how can we now obtain the square? For this, we must
probably change the constructed squares on the sides of the trapezoid
cleverly. A solution to the question of which quadrilaterals on the sides
of the trapezoid would have to be constructed is provided by Berendonk
(2019):

Theorem 3:
„If you erect squares on the two ‚nonparallel‘ sides of a
trapezoid and a rectangle on each of the two parallel sides,
such that its ‚height‘ is equal to the length of the opposite
side of the trapezoid, then the centers of the four erected
quadrangles will form the vertices of a square.“ (Berendonk,
2019)
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A B

D C

M1

M2

M3

M4

We will take a different path: For which quadrilaterals can we continue
to construct squares on its sides so that the centers of these squares make
a square again? What still works with the parallelogram fails with the
trapezoid. What changes from a parallelogram to a trapezoid? If you ap-
ply this relation to other quadrilaterals that are not parallelograms, you
find that it fails. Thus, the parallelogram is characterized by something
specific, which seems to be relevant for the property investigated here.
The parallelogram is the only point-symmetric quadrilateral. Maybe it
is connected with this. Let us consider a simpler figure to get a better
grasp of this relationship, namely the triangle:

Problem 3:
Construct equilateral triangles on each side of an equilateral
triangle ABC. What figure is created when you connect the
centers of these equilateral triangles?

More generally speaking, the center is the barycenter, so the center of
gravity.
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A B

C

M1

M2M3

So, this obviously works and we will refrain from providing proof at this
point. Now, what happens if we change triangle ABC by moving C

slightly so that an arbitrary triangle is formed?

Theorem 3:
Construct equilateral triangles on each side of any triangle
ABC. Their barycenters form an equilateral triangle.

A B

C

M1

M2

M3

Amazingly, M1M2M3 seems to remain an equilateral triangle! This
result is called Napoleon’s Theorem (first proven by Fischer (1863)).
We will prove this theorem by showing that |M1M3| = |M1M2| and
|�M2M1M3| = 60◦. This proof follows Smyth (2007).
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We rotate M1M3 around A clockwise by 30◦ and M1M3 around B

anticlockwise by 30◦. This results in M ′
1M ′

3 with M ′
1 ∈ AD and M ′

3 ∈
AC as well as M ′′

1 M ′
2 with M ′′

1 ∈ BD and M ′
2 ∈ BC. We can now apply

the intercept theorem and state that τ := |AM ′
1|

|AD| = |AM ′
3|

|AC| = |BM ′′
1 |

|BD| =
|BM ′

2|
|BC| . Due to similarity, there is also |M ′

1M ′
3| = τ · |CD| = |M ′′

1 M ′
2|

and M ′
1M ′

3 ‖ CD ‖ M ′′
1 M ′

2. Therefore, |M1M3| = |M1M3|. Due to the
twofold rotation of M1M3 and M1M3 by 30◦, |�M2M1M3| = 60◦.

A B

C

D

M1

M2

M3

M ′
1 M ′′

1

M ′
2

M ′
3

Now we are able to see a general pattern (see Table 4.1 on the next
page).

If we construct squares on the sides of a square, their centers form
a square. This remains invariant when the initial square becomes a
parallelogram. The same is true for triangles. If we construct equilateral
triangles on the sides of an equilateral triangle, their centers form an
equilateral triangle. This remains invariant if the initial triangle becomes
an arbitrary triangle. It remains to reason that this pattern will continue.
We will at this point assume without proof that if you erect regular n-
gons on each side of a regular n-gon, the barycenters form a regular n-gon.
For the initial square, this property remained when the initial square
becomes a parallelogram. It also remained when the initial equilateral
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Given initial n-gon Constructed n-gons
on each side

Vertices of barycen-
ters

Construct equilateral triangles on each side of an equilateral triangle ABC. Their
barycenters form an equilateral triangle.

Construct equilateral triangles on each side of any triangle ABC. Their barycen-
ters form an equilateral triangle.

Construct squares on each side of a square ABCD. Their barycenters form a
square.

Construct squares on each side of a parallelogram ABCD. Their barycenters
form a square.

...

Construct regular n-gons on each side of a regular n-gon. Their barycenters form
a regular n-gon.

What initial n-gon con-
tinues the previous pat-
tern so that the barycen-
ters form a regular n-
gon?

Tab. 4.1.: Relations between given initial regular n-gon, constructed regu-
lar n-gons on each side of the initial regular n-gon, and form of
barycenters of the constructed regular n-gons with regard to initial
problem 1.
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triangle becomes an arbitrary triangle. Maybe there is a transformation
from a square to a parallelogram or an equilateral triangle to an arbitrary
triangle for which the property (i.e. the barycenters of the constructed
regular n-gons of each side form a regular n-gon) is invariant. Which
transformation shapes a square into a parallelogram and an equilateral
triangle into an arbitrary triangle? Affine transformation, of course!
That means, assuming that our theorem continues for regular n-gons,
the form of the barycenters would have to remain invariant even for
affine images of regular n-gons. This leads us to the Napoleon-Barlotti
Theorem:

Theorem 4:
Construct regular n-gons on each side of an affine-regular n-
gon (i.e. affine image of a regular n-gon). Their barycenters
form a regular n-gon.

In the following figure, this theorem is shown as an example for n = 6,
an affine-regular hexagon ABCDEF 1.

A
B

C
D

E
F

M1 M2

M3

M4M5

M6

1 The affine-regular hexagon ABCDEF in the figure is created as follows: We take
a regular hexagon A′B′C′D′E′F ′ on the vertex A′B′ with A′ = (0, 0) and B′ =

(1, 0). The matrix underlying the affine transformation is M =
(

0, 8 0, 8
−0, 3 1, 1

)
. B,

for example, is created through the following calculation: B = A + M · (B − A) =

M · B =
(

0, 8 0, 8
−0, 3 1, 1

)
·
(

1
0

)
=

(
0.8

−0.3

)
. The same applies to A, C, D, E, and F .

32 Chapter 4



The barycenters actually appear to be vertices of a regular hexagon!
Due to the complexity of the proof, we will omit it here. We refer to
the work of Fisher et al. (1981).

Let us reflect again on what has happened in this journey. After proving
initial problem 1, we wanted to go deeper into it, so we started to vary
individual conditions of the theorem. To do this, we first changed a
parallelogram into a trapezoid. We found that the property that the
barycenters form a square did not persist. To restore this, we changed
another condition of the initial problem, namely the constructed squares
on the sides of the respective quadrilateral. With cleverly selected
rectangles, we were able to create a square here as well (Berendonk,
2019). However, we wanted to stay with the squares on the sides and see
for which quadrilaterals the property that the barycenters form a square
remains invariant. To understand this better, we specialized the theorem
again by considering regular triangles instead of regular quadrilaterals.
We found that when we construct equilateral triangles on each side of an
equilateral triangle, their barycenters form an equilateral triangle. And
even if the initial triangle is arbitrary, the barycenters of constructed
equilateral triangles on each side are vertices of an equilateral triangle.
By reflecting on the conditions we modified during problem posing, this
surprising finding helped identify a general pattern. The function that
transforms a regular triangle into an arbitrary triangle and a square
into a parallelogram is the affine transformation (e.g., shear or squeeze
transformation). Assuming that this finding proves true, we could
generalize the initial problem for all affine-regular n-gons. These latter
theorems remain unproven due to their complexity, but now offer the
opportunity for further exploration.

We hint at other paths that could have been taken in connection with
the modification of the initial theorem. In problem 2 we saw that for
the trapezoid the barycenters of the constructed squares on each side
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do not form a square.2 What if we now change the constructed figures
on each side – something we did not change in our main path above?
In general, we do not find a noteworthy insight for every trapezoid.
However, if we consider very specific quadrilaterals, namely inscribed
quadrilaterals, we get the following insight: Construct rectangles on
each side of an inscribed quadrilateral so that one side of the rectangle
coincides with one side of the inscribed quadrilateral and the other side
of the rectangle is exactly as long as the respective opposite side in
the inscribed quadrilateral. The barycenters of these rectangles form
another rectangle (see Vargyas, 2020).

A

B

C

D

M1

M2

M3

M4

One can also generalize the dimension of the theorem. If one constructs
cubes with congruent bases on each face of a cube, will the centers of
the constructed cubes eventually form an octahedron? As we can see,

2 In fact, the diagonals of the quadrilaterals in the case of the trapezoid in problem
2 intersect in a right angle. Further, the diagonals have the same length. Thus, the
quadrilateral is orthodiagonal and equidiagonal. Surprisingly, this applies to any
quadrilateral. This theorem is also known as van Aubel’s Theorem (Nishiyama,
2011).
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there are numerous possibilities to explore this theorem further. We
want to leave it here as an introduction and reflect on the activity of
problem posing.

The activity of problem posing, which is the focus of this work, had
at least two different functions here. In the beginning, problem posing
lead to a simpler theorem that was easier to tackle and helped solving
the original problem. Afterwards, problem posing served to gain a more
general insight into the relations of the geometric objects in the initial
problem. These are only two of numerous functions that problem posing
can fulfill. These functions do not only apply to the field of geometry.
Problem posing can be pursued, as we will see in the coming chapters,
in many areas of mathematics. In this section, we have practically
conceptualized these functions. In the following sections, we want to
define problem posing theoretically in a broader way.

4.2 Conceptions of problem posing – Four
mathematical miniatures

This section attempts to summarize definitions and conceptions of
problem posing and using these insights to illustrate problem-posing ac-
tivities through mathematical miniatures from a subject-matter didactic
perspective. This section has the following aims:

1. To identify problem-posing activities based on definitions and
concepts from mathematics education.

2. To present these identified problem-posing activities through se-
lected mathematical miniatures.

Larger sections of chapter 4.2 will be published in “Sarikaya, D., Heuer, K.,
Baumanns, L., & Rott, B. (Eds.) (2022). Problem Posing and Solving for
Mathematically Gifted and Interested Students – Best Practices, Research and
Enrichment. Springer.”

4.2 Conceptions of problem posing – Four mathematical
miniatures
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3. To summarize the results of empirical research within the identified
problem-posing activities.

Figure 4.1 summarizes the structure of this section: First, key defini-
tions and conceptions of problem posing from mathematics education
are summarized. From these definitions and conceptions, four different
problem-posing activities are elaborated based on the different goals
problem posers pursue: (1) Problem posing as generating new prob-
lems, (2) problem posing as reformulating a given problem for problem
solving, (3) problem posing as reformulating a given problem for investi-
gation, and (4) problem posing as constructing tasks for others. Each of
these problem-posing activities is first illustrated with a mathematical
miniature. Findings of empirical studies dealing with the respective
problem-posing activity are then summarized.

Problem posing as 
generating new problems

Mathematical miniature

Summarizing empirical research

Summarizing def initions and 
conceptions of problem posing

Problem posing as 
reformulating a given 
problem for problem solving

Mathematical miniature

Summarizing empirical research

Problem posing as 
reformulating a given 
problem for investigation

Mathematical miniature

Summarizing empirical research

Problem posing as 
constructing tasks  
for others

Mathematical miniature

Summarizing empirical research

1

2

3

4

Fig. 4.1.: Structure of this section

Posing questions has always been a central part of constructing new
knowledge for scientific progress but also for the individual learning
process. Already Einstein and Infeld (1938) state:
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“Galileo formulated the problem of determining the velocity
of light, but did not solve it. The formulation of a problem is
often more essential than its solution, which may be merely
a matter of mathematical or experimental skill. To raise
new questions, new possibilities, to regard old problems from
a new angle, requires creative imagination and marks real
advance in science.” (p. 95)

This can also be applied to mathematics in which posing problems in
itself represents a central value. Cantor (1867) already stated as the
third thesis of his dissertation: “In re mathematica ars proponendi
quaestionem pluris facienda est quam solvendi” (p. 26). This translates
as: In mathematics, the art of posing a question is of greater value
than solving it. We find similar statements from Lang (1989, p. 70),
Poincaré (1973, p. 246), or Hilbert (1900, p. 262) who also emphasize the
importance of posing problems in the field of mathematics. For example,
Erdős is considered to be one of the most prolific mathematicians who,
in addition to solving many problems, was also, and perhaps especially,
known for posing problems in various fields. Indeed, it were his problems
and not necessarily their solutions that opened up new areas of number
theory, discrete mathematics, and graph theory (Ramanujam, 2013). In
fact, he gave prize money for numerous problems, which was set higher
depending on the estimated difficulty.

In mathematics education research, posing problems has been mentioned
at least since dealing with problem solving. Problem posing in this
context is seen as a partial aspect of problem solving. In his short
dictionary of heuristics, Pólya (1957) describes at least two functions
of problem posing. On the one hand, he describes problem posing for
problem solving by varying the problem (pp. 209). Pólya gives several
examples of how varying a problem can help to solve it. Specifically,
as one example in this section of his seminal book How to solve it, he
solved the problem of constructing a trapezoid using only the four given

4.2 Conceptions of problem posing – Four mathematical
miniatures
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sides by posing two auxiliary problems through variation, making the
trapezoid first a triangle and finally a parallelogram. We also saw this
kind of problem posing in section 4.1 when we specialized initial problem
1 in order to prove it.

On the other hand, Pólya asks the question “Can you use the result,
or the method, for some other problem?” (pp. 64). With this, he
addresses that one should reap the fruits after solving a problem. In
this context, he describes three paths for new problems in terms of
their accessibility and interestingness. (1) Using the canonical variation
strategies generalization, specialization, analogy, decomposing, and
recombining, learners can get to new problems. However, these problems
are rarely accessible as they soon get too difficult. We observed that in
section 4.1 when especially the final generalization of the initial theorem
was too difficult to access as we could not use a previous idea in order to
prove the Napoleon-Barlotti Theorem. (2) It is also possible to pose new
problems, which can be solved using the same method that was used to
solve the initial problem. However, according to Pólya, these are rarely
interesting as there are no structural new insights. (3) What is difficult
is finding new problems that are accessible but remain interesting. Pólya
provides a few examples where this endeavor has been successful.

Schoenfeld takes up Pólya’s ideas in his seminal remarks on problem
solving (1985b, 1989, 1992). As he states, problem posing helps for
problem solving, identical to what we have already seen in Pólya (1957).
Schoenfeld suggests, in the context of problem solving, that if difficulties
arise, one should use modification to arrive at simpler problems (1985b,
pp. 102).

In mathematics education research, the focused investigation of problem
posing – and thus the terminological definition of this concept of activity
– began in the 1980s (Walter & Brown, 1977; Butts, 1980; Brown &
Walter, 1983; Ellerton, 1986; Kilpatrick, 1987). Butts (1980) pointed out
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that the way problems are posed significantly affects the problem solver’s
motivation to solve the problem, as well as his or her comprehension of
the key concepts underlying the problem. Of particular note is certainly
Brown and Walter’s well-known “What-If-Not” strategy (Brown &
Walter, 1983; Brown & Walter, 2005). This strategy involves going
through five stages:

Level 0 Choosing a Starting Point

Level 1 Listing Attributes

Level 2 What-If-Not-ing

Level 3 Question Asking or Problem Posing

Level 4 Analyzing the Problem

The starting point can be a problem, a theorem, or even any kind of
material (e.g., a geoboard, see section 4.2.1 on page 50) with no initial
problem or theorem. In Level 1, all attributes of the problem, theorem,
or material are listed, and in Level 2, all attributes are negated by asking
“what if not attribute x?”. In Level 3, the changes that resulted from
the negated attributes are formulated in a question. Finally, the posed
problems or theorems are reflected upon.

The Thèbault-Yaglom Theorem in section 4.1, although not explicitly
mentioned at the beginning, has been investigated in a very similar
way to the “What-If-Not” strategy. Figure 4.2 on page 42 graphically
illustrates this strategy using the example from section 4.1.

Level 0 As a starting point, we had the Thèbault-Yaglom Theorem.

Level 1 Following “What-If-Not” strategy, we can now list the at-
tributes of the theorem. In Figure 4.2, only some of many
possible attributes are listed.

4.2 Conceptions of problem posing – Four mathematical
miniatures
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(1) Initial figure is a parallelogram.

(2) On each side squares are constructed.

(3) Constructed figures on each side are identical.

(4) ...

Level 2 For What-If-Not-ing, we concentrated on attribute (1) and
asked, what if the initial figure would not be a parallelogram?
To prove the initial theorem, we even considered a special case
first and asked what would happen if the initial figure was not
a parallelogram but a square? In the course of section 4.1, we
tried to generalize the initial theorem by asking, what if the
initial figure was an equilateral triangle, an arbitrary triangle,
a regular n-gon or even an affine-regular n-gon. In Figure 4.2,
the next level is deepened for the question (∼ 1)2: What if the
initial figure were a trapezoid?

Level 3 If we now have a trapezoid as the initial figure, we can ask,
for example, (∼ 1)2a whether the barycenters of the squares
constructed on the sides of the trapezoid still form a square.
As we have seen, this is not the case. Therefore the question
follows, (∼ 1)2b how the figures constructed on the trapezoid
sides must be changed so that the barycenters make a square
again.

Level 4 If we now try to analyze these questions and answer those,
we notice that we need to make further changes to other
attributes from the list from Level 1. We have found that if
we want a trapezoid as the initial figure to continue to have
the barycenters of the figures constructed on its sides be a
square, (∼ 2) not only squares and (∼ 3) no identical figures
must be chosen. Instead, squares had to be constructed on
the nonparallel sides of a trapezoid and rectangles had to be
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constructed on the parallel sides of a trapezoid, so that the
heights of the rectangles equals the length of the opposite side
of the trapezoid.

In Germany, Schupp (2002) takes up the idea by Brown and Walter. He
proposes 24 task variation strategies by means of which students can
pursue the activity of task variation in a regulated way. Among these
strategies we find analogize, generalize, specialize, but also something
like sensemaking, reverse, or iterate.

In subsequent years, researchers in mathematics education have at-
tempted to bring order and structure to this newly conceptualized field.
Over the years, different definitions of problem posing have emerged.
Table 4.2 on page 43 summarizes some of these widely cited defini-
tions. These definitions always refer to activities of posing problems in
the field of mathematics.3 Problem refers in this context to all tasks
on the spectrum between routine task and non-routine problem. By
non-routine problems, in contrast to routine tasks, we mean tasks for
which no procedure for a solution is known and strategies for a solution
have to be found and applied (Schoenfeld, 1985b). Article 1 (chapter 6,
Rethinking problem-posing situations: A review) takes a nuanced look
at this spectrum between routine tasks and non-routine problems in the
context of problem posing.

The definition of Silver (1994) includes two different activities: Generat-
ing and reformulating. According to Silver (1994), problem posing can
occur before, during, or after problem solving. Problem posing occurs
before problem solving when the goal is not the solution of a problem
but the creation of a new problem. This refers to the generation of a new
problem. Problem posing occurs during problem solving when someone
is stuck in a problem-solving process and tries to make that problem
3 There is also research in the area of posing researchable questions in mathematics

education (Cai & Mamlok-Naaman, 2020; Schoenfeld, 2020), but this is a different
field of research.

4.2 Conceptions of problem posing – Four mathematical
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more accessible by reformulating it. We have seen this kind of problem
posing in the beginning of section 4.1 when we had no idea for proving
theorem 1 and reformulated it to make it easier. Problem posing can also
occur after problem solving. This refers to the activity of investigating
a given problem to get more generalized insights into it. This was also
carried out in section 4.1 when we posed generalized theorems with
regard to the theorem by Thèbault-Yaglom and reached a quite general
conjecture due to productive problem posing. Both problem posing
during and after problem solving refers to the reformulation of a given
problem.

Source Conception

Silver (1994) “Problem posing refers to both the generation of
new problems and the re-formulation, of given
problems.” (p. 19)

Stoyanova and Eller-
ton (1996)

“[M]athematical problem posing will be defined as
the process by which, on the basis of mathematical
experience, students construct personal interpreta-
tions of concrete situations and formulate them as
meaningful mathematical problems.” (p. 518)

Klinshtern et al.
(2015)

“[P]roblem posing means an accomplishment that
consists of constructing a problem that satisfies the
following three conditions: (a) it somehow differs
from the problems that appear in the resources
available to the teacher; (b) it has not been ap-
proached by the students; and (c) it can be used in
order to fulfill teaching needs that otherwise could
be difficult to fulfill.” (p. 463)

Cai and Hwang
(2020)

“By problem posing in mathematics education, we
refer to several related types of activity that entail
or support teachers and students formulating (or
reformulating) and expressing a problem or task
based on a particular context (which we refer to as
the problem context or problem situation).” (p.2)

Tab. 4.2.: Problem-posing definitions

4.2 Conceptions of problem posing – Four mathematical
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Stoyanova and Ellerton (1996) provide a more student-oriented defi-
nition (see Table 4.2 on the previous page). This definition is based
on individual mathematical experiences and defines problem posing
as a process of interpreting concrete situations. A situation is a not
well-structured problem in the sense that the goal cannot be determined
by all given elements and relationships (Stoyanova, 1997, p. 5). Stoy-
anova and Ellerton (1996) distinguish between free, semi-structured,
and structured problem-posing situations, depending on their degree of
given information (see Table 4.3 on the facing page). Free situations
provoke the activity of posing problems out of a given, naturalistic, or
constructed situation without any restrictions. In semi-structured situa-
tions, posers are invited to explore the structure of an open situation by
using mathematical knowledge, skills, and concepts of previous mathe-
matical experiences. In structured situations, people are asked to pose
further problems based on a specific problem, for example by varying its
conditions. Article 1 (chapter 6, Rethinking problem-posing situations:
A review) focuses in depth on such problem-posing situations used in
studies within a systematic review. Referring to the conceptualization
by Koichu (2020), the problem-posing situations in table 4.3 on the
next page can be seen as didactical, i.e. problem posing is a goal by
itself and is explicitly demanded. Besides that, problem posing can be
evoked a-didactically as an implicit goal. This applies, for example, for
open-ended or inquiry-based problem-solving environments (Cifarelli &
Cai, 2005; da Ponte & Henriques, 2013; Leikin & Elgrably, 2020). The
investigation conducted in section 4.1 was therefore also of an a-didactic
nature.

Klinshtern et al. (2015) provide a more teacher-oriented definition. Their
definition is the result of a study on what teachers mean by posing
problems. For this reason, this definition also includes something like
an educational goal of the posed problem.
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Situation

Free Think of two problems on percents by yourself. Write
them down clearly and show solution strategies and an-
swers for both. The first problem should be an easy
problem and the second problem should be a difficult one.
You are totally free to design your problems. Fire away!
(Heuvel-Panhuizen et al., 1995)

Semi-
structured

Mr. Miller drew four of the figures in a pattern as shown
below.

For his students’ homework, he wanted to make up some
problems according to this pattern. Help Mr. Miller by
writing as many problems as you can in the space below.
(Cai, 1998)

Structured [A] sheep is grazing in a square field with side length
L. The sheep is tied at the point ( L

2 , 0), and the rope
attached to the sheep has a length R as shown in [the
figure below].

In this figure, A represents the area of the sector where
the sheep may graze. Let r = R

L
be the ratio of the rope

length to field side length, and let f = A
L2 represent the

fraction of the total area, which is accessible for the sheep.
Obtain f corresponding to one or more values for r.
Reformulate the problem in an inverse manner for task
enrichment purposes.
(cf. Martinez-Luaces et al., 2019a)

Tab. 4.3.: Free, semi-structured, and structured problem-posing situations
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Cai and Hwang (2020) integrate student and teacher perspectives with
their definition. Their conceptualization also includes, in broad terms,
the distinction between generating and reformulating in Silver’s (1994)
definition, as well as the openness of the problem situation inherent in
Stoyanova and Ellerton’s (1996) definition. Cai and Hwang (2020) specify
mathematical problem posing separately for students and teachers as
specific intellectual activities:

“For students, we define MPP [mathematical problem pos-
ing] as consisting of the following specific intellectual activ-
ities: (a) Students pose mathematical problems based on
given problem situations which may include mathematical
expressions or diagrams, and (b) students pose problems by
changing (i.e., reformulating) existing problems.

For teachers, we define MPP as consisting of the following
specific intellectual activities: (a) Teachers themselves pose
mathematical problems based on given problem situations
which may include mathematical expressions or diagrams,
(b) teachers predict the kinds of problems that students can
pose based on given problem situations, (c) teachers pose
problems by changing existing problems, (d) teachers gener-
ate mathematical problem-posing situations for students to
pose problems, and (e) teachers pose mathematical problems
for students to solve.” (p. 3)

With this, Cai and Hwang (2020) make an attempt to represent a
wide range of different types of problem posing within the educational
field. For students, this leads to the activities of (a) generating and
(b) reformulating as described by Silver (1994). Cai and Hwang (2020)
also assign these two activities to teachers (in this second definition,
generating is labeled as (a) and reformulating is labeled as (c)). In
the educational context, according to Cai and Hwang (2020), problem
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posing for teachers also involves (b) predicting possible problems that
students might pose in a given problem-posing situation. This may be
due to the fact that when teachers, for example, encourage students to
pose problems in class, they are pursuing a certain educational goal, the
achievement of which they can anticipate in part by predicting possible
posed problems. Moreover, such anticipation helps to be prepared for
the versatility of students’ posed problems. Cai and Hwang (2020)
also describe a type of meta problem posing (d). Teachers also design
problem-posing situations for students, that is mathematical contexts
that encourage problem posing (Stoyanova, 1997). Lastly, problem
posing for teachers involves posing tasks of any kind for students (e).

The articles in Part III are based on the definitions of Silver (1994)
and Stoyanova and Ellerton (1996) (see table 4.2 on page 43). Both
definitions denote largely equivalent activities. Depending on the study,
one of the two definitions were used. The study which will be presented
in article 1 (chapter 6, Rethinking problem-posing situations: A review)
focuses on problem-posing situations. For this reason, the definition of
Stoyanova and Ellerton (1996) is used, in which the interpretation of
such situation is an integral part of problem posing. The study which
will be presented in article 2 (chapter 7, Developing a framework for
characterising problem-posing activities: A review) focuses on problem-
posing activities. For this reason, the definition of Silver (1994) is used,
as its differentiation between generating and reformulating helped to
characterize different problem-posing activities. The studies which will
be presented in articles 3 (chapter 8, The process of problem posing:
Development of a descriptive process model of problem posing) and 4
(chapter 8, The process of problem posing: Development of a descriptive
process model of problem posing) emphasize the equivalence of different
definitions and integrate the definitions into an overarching problem-
posing understanding.
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In the following, we want to cover different perspectives on the activity of
problem posing to get a more accurate picture of it. In this context, we
want to use the goals pursued by the respective problem-posing activity
as a criterion for differentiation. In the following, we want to cover
different perspectives on the activity of problem posing. In this context,
we want to use the goals pursued by the respective problem-posing
activity as a criterion for differentiation. General educational goals
related to the activity of problem posing are, among other things, to
give an authentic idea of what doing mathematics is and to give students
a positive self-concept (Schupp, 2002). In this context, however, by
goals we do not mean overarching educational goals, but rather focused
goals of individual problem-posing sequences. In the following, we will
go into more detail about what is meant by this.

To specify what goals we are talking about, we make use of Silver’s
(1994) conceptualization described earlier, which says problem posing
can take place as the generation of new and reformulation of given prob-
lems before, during, and after problem solving. In problem posing before
problem solving, the goal is to create a new problem. During problem
solving, problem posing aims at making a problem more accessible for a
solution. In problem posing after problem solving, the goal is to get a
more general insight into a mathematical field or to expand the scope of
the mathematical content. We want to bring another education-related
perspective to problem posing. We already saw this perspective in
the conceptions by Klinshtern et al. (2015) and Cai and Hwang (2020).
Problem posing can be done not only for oneself, but also for others, that
is teachers pose problems for pupils, lecturers for students, or expert
problem posers for the contestants of mathematics competitions. This
kind of problem posing aims at achieving an educational goal. The goal
is to stimulate the construction of new knowledge concerning a mathe-
matical content through appropriately posed problems. These structural
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considerations gave rise to the following list of different perspectives on
problem posing, which is discussed in the following sections:

1. Problem posing as generating new problems

2. Problem posing as reformulating a given problem for problem
solving

3. Problem posing as reformulating a given problem for investigation

4. Problem posing as constructing tasks for others

In each section, the corresponding problem-posing activity will first be
shown as an example in the form of a mathematical miniature. Then it
will be located more generally in the research field by presenting studies
that investigate the specific problem-posing activity. The four presented
perspectives are by no means separable from one another.

The aim of these four sections is to present a broad spectrum of different
problem-posing activities that are conducive for understanding the
articles that follow in Part III. Article 1 (see chapter 6, Rethinking
problem-posing situations: A review) is devoted to the diversity of
problem-posing situations. In the following sections, examples are
used to indicate the diversity of problem-posing situations. Article
2 (see chapter 7, Developing a framework for characterising problem-
posing activities: A review) is devoted to the diversity of problem-posing
activities. The problem-posing activities described in the following
sections are examined in more detail and conceptually distinguished
within this article. The two empirical studies presented in Articles 3 (see
chapter 8, The process of problem posing: Development of a descriptive
process model of problem posing) and 4 (see chapter 9, Identifying
metacognitive behavior in problem-posing processes. Development of a
framework and a proof of concept), in particular, elicited problem posing
as reformulation among participants. Therefore, sections 4.2.2 and 4.2.3
prepare understanding the empirical studies conducted in articles 3 and
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4. Since Articles 3 and 4 are empirical and research related, we will take
the opportunity to focus on problem posing in its mathematical side in
the coming sections.

4.2.1 Problem posing as generating new problems

Mathematical miniature

To describe the free activity of generating new problems as problem
posing, we take a situation where no initial problem is given. Instead,
we take an arbitrary material, in this case a 5 × 5 geoboard (see also
Brown & Walter, 2005).

Geoboard
Pose problems for the following 5 × 5 geoboard.

Numerous questions can now be asked about this geoboard. We would
like to develop a few ideas in the following. We do not want to pursue a
detailed solution to the problems in every case, as the focus is rather on
the process of posing. Let us assume that the horizontal and vertical
distance of the points has the dimensionless length 1. If you now connect
different points on the geoboard, you will find different lengths. Of
course all lengths range from 1 to 4. If you connect two diagonally lying
points, the length can be determined with the Pythagorean theorem
as

√
12 + 12 =

√
2. This suggests the question of how many different

lengths you can find on the geoboard.
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If you connect any two points on the geoboard by a straight
line, you will find different lengths. How many different
lengths can you find?

Now that we have dealt with different lengths on the geoboard, another
obvious question arises because of the square shape of the board. We
find different squares on the geoboard. Of course a 1 × 1 square or
the big 4 × 4 square. But what about other, perhaps non-integer side
lengths? Let us first formulate a question about this:

What is the total number of squares that you can find when
connecting dots on a 5 × 5 geoboard?

We first look at the squares whose sides are parallel to the edge of the
geoboard. We find one 4 × 4 square, four 3 × 3 squares, nine 2 × 2
square, and sixteen 1 × 1 square. These quantities are obviously the
square numbers. In addition, we find one square with side length 2

√
2,

two squares with side length
√

10, eight squares with side length
√

5,
and nine squares with side length

√
2. So, in total, there are 50 different

squares on a 5 × 5 geoboard.

1 square 4 squares 9 squares 16 squares

1 square 2 squares 8 squares 9 squares
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So how can we be sure that we have found all the squares? And if we
can answer that, will we be able to generalize these thoughts? Can we
identify structures that allow us to determine the number of different
squares on a n × n geoboard? But with such considerations, we are
at Problem posing as reformulating a given problem for investigation
(section 4.2.3) which we want to consider in more detail later.

Now we have dealt more intensively with squares, but what about
triangles? Right-angled or isosceles triangles can be found quickly. An
equilateral triangle is not so easy to find. So this problem could be
formulated:

Are there equilateral triangles on a 5 × 5 geoboard?

Now we have posed numerous problems where the dots have been
connected. One can quickly find lines within the 5 × 5 geoboard that
do not meet any point. What does this look like when you extend the
geoboard to a n × n geoboard or even a ∞ × ∞ geoboard? In this
context, there are at least two problems that could be investigated:

Can I find a line on an unbounded ∞ × ∞ geoboard that
does not intersect any of the points? Can I find a line that
intersects only a finite number of points?

Summarizing empirical research

According to Stoyanova and Ellerton (1996), the given situation of the
geoboard without a given initial task can be called free. Some studies
use semi-structured problem-posing situations or focus the activity of
problem posing as generating new problems. For example, Cai and
Hwang (2002) asked participants to pose an easy, medium, and hard
problem on a specific dot pattern. They investigated the problem-posing
performance of Chinese and US sixth-grade students and compared
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it to their problem-solving performance. They found a stronger link
between problem-posing and problem-solving performance in Chinese
students than in US students. Bonotto (2013, see also Bonotto & Santo,
2015) chose a contextualized input. She investigates the potential of
so-called artifacts (i.e. real-life objects like restaurant menus, adver-
tisements, or TV guides) to stimulate critical and creative thinking.
Bonotto (2013) investigated the relationship between problem-posing
and problem-solving activities in 18 primary students and also assessed
the use of these artifacts as a semi-structured situation. She concludes
that these artifacts from the real world are an appropriate stimulus
for problem-posing activities. However, the complexity of the specific
artifact, its constraints, and variables should be analyzed before im-
plementing it into the classroom. Silver et al. (1996) had participants
exploring a billiard context in their study (see Table 6.6 on page 113,
Situation 11) which has also been frequently used in subsequent studies
(Kontorovich et al., 2012; Koichu & Kontorovich, 2013). In this context,
Koichu and Kontorovich (2013), for example, found that in two suc-
cessful problem-posing processes when the posers are asked to pose an
interesting problem, they also have their own interest in mind. Problem
posing then initially consists of searching for an interesting mathematical
phenomenon within the given semi-structured situation. In her study,
Behrens (2018) uses digital tools to ask 10th and 11th-grade students
to pose problems about integer functions. She found that while these
students are able to pose such problems, the full potential of the digital
tools was not used.
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4.2.2 Problem posing as reformulating a given problem for
problem solving

Mathematical miniature

As we pointed out above, Pólya (1957) and Schoenfeld (1985b), although
they never used the term problem posing explicitly, wrote extensively
about modifying a problem for solving. Both have in common that for
solving a problem they propose to pose a simpler problem. Pólya (1957)
describes this in the Devising a plan phase. With (Schoenfeld, 1985b),
this takes place in the Exploration phase. Let’s look at an example
problem for this.

Example problem
In how many paths can the words PROBLEM POSING be
read in the figure below?

P
R R

O O O
B B B B

L L L L L
E E E E E E

M M M M M M M
P P P P P P

O O O O O
S S S S

I I I
N N

G

So we are looking for the number of paths leading from the first P to the
last G in this figure. The number of paths to read the words PROBLEM
POSING does not seem easy to count. For this reason, we modify the
task (Pólya, 1957; Schoenfeld, 1985b) and solve a structurally similar,
but a simpler task. Let us consider the word PROBL first.
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Consider an arbitrary letter in the figure. How many differ-
ent paths originating at the top (P) lead to this letter?

We will now use the third letter L in the third row to answer this
modified task.

P
R R

O O O
B B

L

To get from the P to on of the R’s in the second row of the figure, I
obviously have exactly one option in each case. For the O’s that are on
the very outside of this figure also remain only one option. The O in
the middle, however, has two possibilities. From the P, I can go to the
right or to the left, and then come to the middle. If I want to go to one
of the B’s in the line below, I have three choices. Either I go over one of
the outer O’s or I go one of the two paths over the middle O for I have
two options. So slowly a pattern reveals itself. We modify the figure
slightly by abstracting it. Instead of the letters, we fill the squares with
the number of paths leading from the top to this point.

1
1 1

1 2 1
3 3

6

If we look at this figure, we find that any number other than 1 is the
sum of the two adjacent numbers above it. But why is that? As an
example, consider again the B in the figure above. If we want to reach
B, starting from P, we have to pass through one of the two neighboring
O’s above it. Once we have reached one of the two O’s, there is only
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one way to get to B from there. So: The total number of ways from
P to B is the sum of ways to the two adjacent O’s above. Behind this
reasoning, of course, there is a general structure that we can also apply
to the example problem. To do this, we again replace the letters of the
words PROBLEM POSING with numbers representing the number of
paths that can be walked to this point. The numbers now result from
the structure found, namely the sum of the two numbers above.

1
1 1

1 2 1
1 3 3 1

1 4 6 4 1
1 5 10 10 5 1

1 6 15 20 15 6 1
7 21 35 35 21 7

28 56 70 56 28
84 126 126 84

210 252 210
462 462

924

Thus, there are 924 paths to read the words PROBLEM POSING in
the respective figure. Of course, the interested reader should notice
that this structure is a segment of Pascal’s triangle. In this exploration,
we started with a problem that we could not solve at first. We have
made it a structurally similar but simpler problem by modification. We
were able to solve it by recognizing a pattern. This pattern could be
transferred to the initial problem because of the structural equality so
that we could solve this problem as well. So we did problem posing as
reformulating for problem solving.

Summarizing empirical research

When we look at research on problem posing for problem solving, concep-
tual work stands out the most. The work of Pólya (1957) and Schoenfeld
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(1985b) has already been referred to in this context. In fact, Duncker
(1945, pp. 8–9) already pointed out that, for him, problem solving can
be conceptualized as productive reformulating of a given initial problem.
With regard to empirical research on problem posing as reformulating
a given problem for problem solving, we see that in Xie and Masingila
(2017) problem posing is quite explicitly intended to be used as a heuris-
tic for solving a problem. They state that “especially posing easier
problems than the original one, enhances participants’ understanding of
the structure of the given problem and further contributed to problem
solving” (p. 108). Cifarelli and Sevim (2015) investigate how problem
posing contributes to solvers’ problem-solving activity and conclude that
problem posing should be emphasized by teachers as it is an integral
part of problem solving.

4.2.3 Problem posing as reformulating a given problem for
investigation

Mathematical miniature

In section 4.1, we first proved the theorem by Thèbault-Yaglom. Sub-
sequently, this theorem was modified by varying selected conditions in
order to obtain more general insights. This is already a suitable example
of posing as reformulating given problems for investigation. However,
we want to illustrate this kind of problem posing with a further example
from number theory (cf. Ziegenbalg, 2014).

Sum of consecutive numbers
In how many different ways can you express 15 as the sum
of consecutive numbers?

We first consider a possible solution to this task. We notice that we
can express 15 as 7 + 8. Furthermore, let us first express 15 as a sum
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of equal summands. For this purpose it helps to look at the prime
factorization or the divisors of 15. Besides 1, 15 is divisible by 3, 5, and
15. So, we can express 15 as 3 · 5 = 5 + 5 + 5, 5 · 3 = 3 + 3 + 3 + 3 + 3,
and 15 · 1 = 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1.
We can cleverly rearrange within these sums, so for example in the sum
5 + 5 + 5, we decrease the first summand by 1 and increase the last one
by 1, so that the sum remains constant. This leads to 3 + 4 + 5 which
is a sum of consecutive numbers. The following figure illustrates this
process with figured numbers.

→

For 3 + 3 + 3 + 3 + 3 we proceed analogously. The middle 3 remains, the
second summand we decrease by 1, the fourth summand we increase by
1. The first summand we decrease by 2, the fifth summand we increase
by 2. This leads to the sum 1 + 2 + 3 + 4 + 5. Also for the sum of 1’s,
we proceed like that, leading to (−6) + (−5) + (−4) + (−3) + (−2) +
(−1) + 0 + 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8. The negative integers cancel
each other out and the sum 7 + 8 remains. This leads to:

15 = 4 + 5 + 6

= 1 + 2 + 3 + 4 + 5

= 7 + 8

There do not seem to be any other solutions. Interestingly, there seems
to be a relationship between the number of divisors and the number of
ways to express a number as the sum of consecutive numbers. 15 has
three divisors not equal to 1 and can be expressed in three ways by the
sum of consecutive numbers. Let us now begin to get to a more general
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insight in the sense of investigating through reformulating this initial
problem. For that, we pose a similar problem in which we consider
a different number which we want to express as a sum of consecutive
numbers with the same approach:

In how many different ways can you express 20 as the sum
of consecutive numbers?

20 is, besides 1, divisible by 2, 4, 5, 10, and 20. So, we can express 20 as
10+10, 5+5+5+5, 4+4+4+4+4, 2+2+2+2+2+2+2+2+2+2,
and 1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1.
If we now want to make the same rearrangement as with the above sums
of the number 15, we find that we do not succeed in every case. 10 + 10
cannot be rearranged in such a way, since we have an even number of
summands, with which we cannot rearrange with constant sum. The
same applies for the sum 5+5+5+5, 2+2+2+2+2+2+2+2+2+2,
and 1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1+1.
Only in the case of 4 + 4 + 4 + 4 + 4 can we perform our procedure and
arrive at the only solution of expressing 20 as the sum of consecutive
numbers:

20 = 2 + 3 + 4 + 5 + 6

This means that not only the number of divisors plays a role, but also
their parity. The number 15 has three odd divisors grater than 1, and
consequently it can be written as a sum of consecutive numbers in three
different ways. The number 20 has only one odd divisor above 1 and
therefore one expression as the sum of consecutive numbers. If this
pattern continues, there should be no expression as a sum of consecutive
numbers for numbers that have only even divisors, for example, 16 = 24.
So let’s pose the next problem:
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In how many different ways can you express 16 as the sum
of consecutive numbers?

16 has, besides 1, the divisors 2, 4, 8, and 16 which leads to the sums
8 + 8, 4 + 4 + 4 + 4, 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2, and 1 + 1 + 1 + 1 + 1 +
1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1 + 1. According to our expectation,
these sums cannot be cleverly rearrange, so that a sum of consecutive
numbers results.

Our assumption is now solidified and we can state: Any natural number
can be represented as a sum of consecutive numbers in as many ways
as it has odd divisors > 1. This is actually called Sylvester’s Theorem
after the British mathematician James Joseph Sylvester.

Summarizing empirical research

This adjacency of problem posing and problem solving suggested in this
section is also explored in the context of an open problem situation by
Cifarelli and Cai (2005). They observed two students solving a problem
related to billiard (similar to situation 11 in Table 6.6 on page 113) and
found that problem posing and problem solving were always intertwined.
They state that “problem posing and solving appeared to evolve simul-
taneously, each informing and serving as a catalyst for the other as
solution activity progressed” (p. 321). They made similar observations
in a later study (Cifarelli & Sevim, 2015). da Ponte and Henriques
(2013) examine the problem-posing process in investigation tasks among
university students and found that problem posing and problem solving
complement each other in generalizing or specifying conjectures to obtain
more general knowledge about the mathematics contents. Voica and
Singer (2013) analyzed the products of 42 students with above-average
mathematical abilities modifying a given initial problem. They found
evidence of links between the quality of the students’ posed problems
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and their cognitive flexibility. Martinez-Luaces et al. (2019b) also used
a structured situation to encourage prospective teachers to enrich an
initial problem by modifying it (see Table 4.3 on page 45). They found
out that the prospective teachers have been very creative in the refor-
mulation of the given problem as well as the enrichment of the problem
itself. However, some of the participants trivialized the initial problem.
As Martinez-Luaces et al. (2019a) states, this should not be criticized as
these trivializations sometimes provide further insights into the problem
itself.

4.2.4 Problem posing as constructing tasks for others

Mathematical miniature

In this section, we will look at what problem posing can look like when
you do it for others rather than for yourself. As an example, we use a
specific topic from number theory. A typical task in number theory is
to determine all divisors of a number. Using the prime factorization
of a natural number n > 1, one can arrange the divisors of n in a
Hasse diagram representing the divisibility relation in the divisor set
Tn. Textbooks on elementary number theory often have exercises that
involve Hasse diagrams (Padberg, 2008). In a Hasse diagram, there is
a connection from t1 ∈ Tn to t2 ∈ Tn if and only if t1 | t2, t1 < t2 and
there is no s ∈ Tn with t1 | s and s | t2. In the following figure, the
Hasse diagrams are given for 8 = 24 and 12 = 22 · 3.
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1

2

4

8

1

3 2

6

12

4

As a hypothetical lecturer in a number theory course, I now want
students to use the Hasse diagrams to represent the divisors of a number
in a structured way. To understand the structure of Hasse diagrams,
students should first draw divisor sets of certain numbers and their
corresponding Hasse diagrams. To make the Hasse diagrams different
from each other, I choose the task so that the number of prime factors of
the numbers differs. This applies, for example, to the numbers 81 = 34,
104 = 23 · 13, and 350 = 2 · 52 · 7. Therefore, I first pose the following
task for the students:

Determine the divisor sets of the numbers 81, 104, and 350.
Draw the corresponding Hasse diagrams.

This leads to the following solution:

1

3

9

27

81

1

13 2

26

52

4

8

104

1

2
7

14

5

10
35

70

25

50
175

350
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It now occurs to us that for a number with four prime factors (e.g.,
9828 = 22 · 33 · 7 · 13), we would have to draw a four-dimensional Hasse
diagram. How could this look like? Students could come across this
insight with the following task:

Try to draw the Hasse diagram of the number 9828. Why is
this difficult? Can you generalize these thoughts?

Now, to encourage a more flexible use of Hasse diagrams, I reverse the
previous task on one side and generalize it4:

Describe the set of all numbers whose
Hasse diagrams have the following form:

From left to right, this leads to the following statements

• All numbers n ∈ N whose prime factorization is of the form n = p3

with any prime p.

• All numbers n ∈ N whose prime factorization is of the form
n = p2

1 · p2
2 with any primes p1, p2.

• All numbers n ∈ N whose prime factorization is of the form
n = p1 · p2

2 · p3
3 with any primes p1, p2, p3.

4 Note that two strategies of task variation according to Schupp (2002) were used
here, namely invert and generalize.
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From the Hasse diagrams we get the following relation: A natural
number n with the prime factorization n = pn1

1 · pn2
2 · . . . · pnk

k has
(n1 + 1)(n2 + 1) · . . . · (nk + 1) divisors. Accordingly, the number of
divisors can be read directly from the prime factorization. This should
also find its way into a posed task to the students.

The Hasse diagram shows all divisors of a specific number.
How does this help you to determine the number of divisors
of 8128512?

Because 8128512 = 211 · 34 · 72 it follows that 8128512 has (11 + 1) · (4 +
1) · (2 + 1) = 180 divisors.

These considerations show us that there is a relation between the number
of divisors and the number of different prime factors of a number. This
can also be used for a task, that could be posed at the end:

Show that there is no natural number with exactly 20 divisors
and exactly 4 prime divisors.

To justify, let k be a natural number with exactly 4 prime divisors, that
is, a prime factorization of the form k = pn1

1 · pn2
2 · pn3

3 · pn4
4 . Now if k is

to have exactly 20 divisors, (n1 + 1)(n2 + 1)(n3 + 1)(n4 + 1) = 20 must
be true. 20 has the prime factorization 20 = 22 · 5. Thus, the number
20 cannot be a product of four integers greater than one. This leads
to a contradiction, which shows that there is no natural number with
exactly 20 divisors.

Summarizing empirical research

Looking at research done on problem posing as constructing tasks for oth-
ers, we see several studies that investigate in- or pre-service teachers that
are asked to pose problems for their students based on a specific given
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task or content. In this context, problem posing fulfills an educational
goal because, for example, teachers want to achieve a certain learning
goal with the students using tasks posed by the teacher (cf. Cruz, 2006).
Problem posing can also be a diagnostic tool, because thoughtful posed
problems can reveal students’ definitions and misconceptions (Chen
et al., 2011; Tichá & Hošpesová, 2013). For example, Nicol and Crespo
(2006) have found that two preservice teachers in their study expanded
the mathematical content of the selected textbook tasks to make them
more complex. The preservice teachers were also asked to collect tasks
for teaching based on the available textbooks. In this context, they
indicated a preference for self-posed problems.

Textbook authors also need to set numerous tasks of different kinds
(e.g., exercises, contextualized tasks, proving tasks) on different topics.
This constructing tasks for others also includes, of course, the creation
of tasks for mathematics competitions (Poulos, 2017; Kontorovich, 2020;
Kontorovich & Koichu, 2016; Sharygin, 2001). For example, Kontorovich
and Koichu (2016) observed an expert problem poser posing problems
for mathematics competition. They have found that the expert problem
poser draws new problems from a family of familiar problems. Moreover,
the expert problem poser was concerned that the solution is perceived as
novel and surprising not only to potential solvers but also to himself.
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Problem posing and its
connection to related
constructs in mathematics
education

5

Now that we have established problem posing as an activity unto itself,
we would like to locate problem posing in general in its neighborhood
among adjacent activities and constructs. In particular, we want to look
at three activities or constructs:

1. Modelling: In mathematical modeling, real-world situations are
mathematized. Since asking questions arises in a very natural way
within modelling, problem posing can also be conceptualized as
modeling.

2. Proving: In section 4.1 on page 21, we saw how closely problem
posing and proving are intertwined in the context of the theorem by
Thèbault-Yaglom. In this chapter, we want to further differentiate
this connection.

3. Problem Solving: The proximity between problem posing and
problem solving has already been suggested above. We want to
take the opportunity to highlight different perspectives between
the relationship between problem posing and problem solving.

4. Creativity and giftedness: Like problem solving, problem
posing is often associated with creativity and giftedness. We
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will conclude this theoretical section by situating problem posing
within mathematical creativity and giftedness research as well as
within general creativity and giftedness research.

Figure 5.1 summarizes the structure of this section.

1

4

Modelling

Connections to related 
constructs in mathematics 

education

Creativity & Giftedness

3

2

Problem posing as a subset of problem solving

Problem solving as a subset of problem posing

Problem posing and problem solving as complementary

Problem solving

Problem posing through proving

Proving through problem posingProving

Fig. 5.1.: Structure of this section

5.1 Modelling

Mathematical modeling includes several activities by means of which
real-world problems are translated into the world of mathematics in
order to deal with it using the tools of mathematics. According to Blum
and Leiß (2007), these activities are understanding a real-world problem,
and simplifying it to a real-world model. Subsequently, this model is
mathematized. The resulting mathematical model is then worked on.
Finally, the results are interpreted, validated and exposed. The modelling
cycle according to Blum and Leiß (2007) is illustrated in figure 5.2 on
the next page.

The perspective of seeing problem posing as modeling is rarely taken
(Papadopoulos et al., 2022). Bonotto (2010) writes based on the problem-
posing definition by Stoyanova and Ellerton (1996; see Table 4.2 on
page 43): “This process is similar to situations to be mathematised,
which students have encountered or will encounter outside school.” (p.
402) English et al. (2005) take a similar perspective, but reverse it. They
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Fig. 5.2.: Modelling cycle according to Blum and Leiß (2007)

highlight the extent to which modelling is an activity consisting of
problem posing and problem solving. More specifically, English (2020)
says:

“Modeling problems naturally encourage problem posing
as students work collaboratively in model generation. Nu-
merous problems, questions, issues, conflicts, revisions, and
resolutions arise as students develop, assess, and prepare to
communicate their models to their peers”

Also, Greer (1992) describes problem posing as an activity of “trans-
lating from the natural language representation of a problem to the
mathematical-language representation of the model” (p. 285). Still-
man (2015) says that problem posing in a real-world situation occurs
when a problem is formulated in such a way that it can be subjected
to mathematical analysis. Thus, there are numerous situations in the
surrounding world that can be transformed into a solvable problem.

Regarding a connection between problem posing and modeling, Hart-
mann et al. (2021) state that students are capable of posing modeling
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problems. However, many problems were also posed by students in their
study that did not meet the set criteria for modeling tasks. Recently,
Fukushima (2021) emphasizes the role of generating questions for en-
hancing mathematical modeling competencies through an introspective
method. He emphasizes that the role of problem posing in modeling
needs to be further elaborated in future studies.

5.2 Proving

Proving is at the center of mathematical activity and is often emphasized
as a unique feature of mathematics that distinguishes it from other
(natural) sciences. Perspectives on proofs are as diverse as the proofs
themselves. With his Elements, Euclid has significantly shaped the
image of proofs in mathematics. He proves his theorems by means of a
few definitions, postulates, and axioms. With this ideal of mathematics,
which is still influential today, proofs can be seen as the justification
of a theorem from axioms of a theory by means of deductive reasoning
(Meschkowski, 1990).

There are several typical proof procedures that are outlined in the
following:

• Direct proof: Taking premises (A) or theorems (A1, . . . , An)
that have already been proven to be true and deriving, by logical
deduction, from them the proposition (B) to be proved.
A ⇒ A1 ⇒ A2 ⇒ . . . ⇒ An ⇒ B

• Proof by contradiction: Show that a contradiction arises if the
proposition to be proved (B) were false.
(¬B ⇒ �) ⇒ B

• Proof by contrapositive: Instead of the statement of the form
“A implies B”, the logically equivalent statement “not B implies
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not A” is proved.
¬B ⇒ ¬A ⇔ A ⇒ B

• Pigeonhole principle: If n + 1 objects are distributed over n

drawers, at least one drawer contains at least two objects.

• Induction: If a statement A is to be proved for all natural
numbers N greater than or equal to a certain starting value n0,
show the statement applies for the starting element and then
conclude that if the statement holds for a number n ∈ N, it also
holds for n + 1. Then the statement holds for all n ∈ N≥n0 .
A(n0) ∧

(
A(n) ⇒ A(n + 1)

)
⇒ ∀n ∈ N≥n0 : A(n).

Proofs have different purposes. Hersh (1993) says, the purpose of proofs
in mathematics research is to convince, but in the classroom the purpose
of proofs is to explain. The following list collects several other and
further purposes of proofs (Hanna, 2000; de Villiers, 1990):

• verification (concerned with the truth of the statement)

• explanation (providing insight into why it is true)

• systematization (the organization of various results into a deductive
system of axioms, major concepts, and theorems)

• discovery (the discovery or invention of new results)

• communication (the transmission of mathematical knowledge)

• construction ( of an empirical theory)

• intellectual challenge (the self-realization/fulfillment derived from
contructing a proof)

• incorporation (of a well-known fact into a new framework and thus
viewing it from a fresh perspective)
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With regard to the relationship between problem posing and proving, we
do not intend to show conceptual similarities between the two activities
here. Instead, we want to emphasize two perspectives on how the two
activities complement each other: (1) problem posing through proving
and (2) proving through problem posing.

5.2.1 Proving through problem posing

In section 4.1 on page 21, a goal was to prove the theorem by Thèbault-
Yaglom. To achieve this goal, we first posed and proved a special case of
this theorem. This helped prove the original theorem. In this sense, we
have been doing problem posing as proving through. This aspect of the
interplay between problem posing and proving is similar to the interplay
between problem posing and problem solving. Problem posing can also
help in problem solving by posing a simpler problem, the solution of
which could help in solving the actual problem. This aspect will be
discussed in more detail in chapter 5.3 on the facing page.

5.2.2 Problem posing through proving

When one has proved a theorem, a subsequent theorem often arises
immediately, where one may be able to apply the findings of one proof
to the next. This is what occurred in section 4.1 on page 21, where
ideas for subsequent theorems emerged from the proof of the theorem
by Thèbault-Yaglom. In this sense, we did problem posing through
proving. However, the proofs in the theorem by Thèbault-Yaglom were
not structurally equivalent to the proofs of the generalizations.

Leikin and colleagues investigated problem posing through proving
(Leikin & Grossman, 2013; Leikin, 2015; Leikin & Elgrably, 2020). For
example, Leikin (2015) conceptualized the interwoven interplay between
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problem posing, proving, and investigation in the context of geome-
try and dynamic geometry environments in a study with prospective
secondary school mathematics teachers.

5.3 Problem Solving

In mathematics education, the term problem has for a long time had
different meanings depending on the context, which makes its use some-
times diffuse (Schoenfeld, 1992; Lester, 1980). Nowadays, the term
problem is understood as a certain type of task in which no procedure
for solving the task is known at the moment of dealing with it (Schoen-
feld, 1985b). Typical activities in mathematical problem solving are
therefore, for example, searching for and applying strategies. Among
the various conceptions describing the problem-solving process (Artzt
& Armour-Thomas, 1992; Fernandez et al., 1994; Mason et al., 2010;
Rott et al., 2021), those of Pólya (1957) (see figure 5.3 on the following
page) and Schoenfeld (1985b) (see figure 5.4 on the next page) will be
outlined.

In the model by Pólya (1957), in the first phase of understanding the
problem, students should be able to understand the wording of the
problem and repeat it with their own formulations. By asking adequate
questions about known and unknown information as well as the given
conditions of the problem, the teacher can support this understanding.
The second phase is about developing a plan. Pólya states that related
problems or dividing the actual problem into subproblems can help to
find the solution of the actual problem. In the third phase, the devised
plan is carried out. In the final look back phase, the solution path and
the plausibility of the solution are reviewed, further possible solutions
are sought, and the applicability of the solution path to other tasks is
considered.
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Fig. 5.3.: Pólya’s (1957) phase
model of problem-
solving processes

Given Problem
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Verification

Verified Solution

Fig. 5.4.: Schoenfeld’s (1985b) phase model of
problem-solving processes

The model by Schoenfeld (1985b) implicitly builds on the model by
Pólya (1957). After the first phase of analysis of the problem, which
largely resembles Pólya’s first phase, a plan is designed. This planning is
not understood as a separate box of the process, but as a superordinate
meta-process in which self-regulatory mechanisms take effect and the
problem-solver is supposed to keep track of his/her own activities. The
heuristic heart lies in the exploration, to which one arrives at when
difficulties arise. Under this Schoenfeld also includes task modifications
that are intended to favor problem solving. Then, analogously to
Pólya, follows the implementation of the designed plan and finally the
verification of the results.

For problem posing, the term problem is still used for any kind of task
along the spectrum between routine task and problem (Baumanns &
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Rott, 2021; Cai & Hwang, 2020). That problem posing and problem
solving are seen as similar or related activities is indicated, among other
things, by a edited book with the titles Posing and solving mathematical
problems. Advances and new perspectives (Felmer et al., 2016) as well as
a Special Issue in ZDM – Mathematics Education with the title Empirical
Research on Mathematical Problem Solving and Problem Posing Around
the World: Summing Up the State of the Art (Liljedahl & Cai, 2021).

With regard to the empirical relationship between problem posing and
the process of problem solving, we find a plenty of studies investigating
the relationship between problem-posing and problem-solving abilities
(Bonotto & Santo, 2015; Cai, 1998; Cai & Hwang, 2002; Abu-Elwan,
2002; Arıkan & Ünal, 2015; Chen et al., 2011; Chen et al., 2015; Christou,
Mousoulides, Pittalis, & Pitta-Pantazi, 2005; Kar et al., 2010; Kılıç, 2017;
Kopparla et al., 2018; Priest, 2009; Rosli et al., 2013; Rosli et al., 2015;
Sayed, 2002; Silver & Cai, 1996; Walter & Brown, 1977; Xie & Masingila,
2017). Broadly speaking, the finding of numerous studies is that there
is a strong relationship between problem-posing and problem-solving
abilities.

With regard to the conceptual relationship between problem posing and
the problem solving, Dickman (2014, p. 48) states that “[m]athematical
problem posing has always been intimately related to mathematical
problem solving”. Cai et al. (2015) even make the relationship between
problem-posing and problem-solving skills to one of the main open
research questions in problem-posing research. In fact, drawing on
Ruthven (2020), “it is hard to draw a clear line of demarcation between
them” (p. 6). With regard to the conceptual location of these two
activities, we want to adopt at least three perspectives taken within the
research literature: (1) problem posing as a subset of problem solving
(PP ⊆ PS) , (2) problem solving as a subset of problem posing (PS ⊆
PP ), and (3) problem posing and problem solving as complementary,
but different in nature (PP ∩ PS /∈ {∅, PP, PS}) (see figure 5.5).
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lem solving

5.3.1 Problem posing as a subset of problem solving

There is a widespread perspective that problem posing is a special case
of problem solving (Silver, 1995; Kontorovich et al., 2012; Arıkan &
Ünal, 2015). For example, Silver (1995) writes:

“The process of problem posing can be considered as a
problem-solving process in which the solution (that is, a
problem to be posed) is ill-defined, since there are many
problems that could be posed. Thus, mathematical problem
posing is itself a type of open problem.” (p. 69)

A similar perspective is taken by Pehkonen (1995), who conceptualizes
problem posing as a problem, for which the starting situation and
the goal situation are open. Problem variations, which we have also
identified as problem posing, is conceptualized by Pehkonen (1995) as
a problem in which either the starting situation or the goal situation
is open. For example, in the example from section 4.1 on page 21, the
starting point, that is the given theorem, on the one hand, is closed,
which means exactly explained. The goal situation, on the other hand,
is open as no path of exploration is specified.

Kontorovich et al. (2012) also take this perspective with regard to the
relationship between problem posing and problem solving:
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“[I]t is reasonable to consider problem posing as a special
case of problem solving. [. . .] [A] given state is a problem-
posing task, i.e., some set of conditions and instructions
from which problem-posing process is to begin. A goal state
is formulation of a new, at least for the posers, problem
that satisfies the requirements of the problem-posing task.
Finally, the methods of formulating new problems are, as a
rule, not known in advance to problem posers.” (p. 151)

In both the quote from Silver (1995) and Kontorovich et al. (2012),
problem posing itself is seen as an activity of problem solving. Another
perspective of this kind is that problem posing is part of the problem-
solving process. Fernandez et al. (1994) propose a phase model for
problem solving, closely related to the seminal work by Pólya (1957) (see
figure 5.6 on the following page). They arrange the four phases by Pólya
cyclically. As a transition between these phases, they describe managerial
processes, that is self-regulatory activities. Problem posing in this model
is entry or exit from problem solving. Thus, their model incorporates
parts of Silver’s (1994) problem-posing conception presented above,
namely that problem posing can take place before and after problem
solving. They do not consider problem posing during problem solving
as part of the “making a plan” phase. A very similar approach is taken
by Leung (2013) (see figure 5.7 on page 79). She also arranges the
Pólya’s phases cyclically. Problem posing, however, takes place instead
of understanding the problem. If one has posed a problem oneself,
understanding does not necessarily take place.

In the context of their study on problem posing within problem solving as
reformulation, Cifarelli and Sevim (2015) also summarize that “problem
posing has to be seen as integral to the problem-solving process and
needs to be emphasized by mathematics teachers at all levels accordingly”
(p. 192)
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Fig. 5.6.: Phase model for problem solving by Fernandez et al. (1994, p. 196)

This relation between problem posing and problem solving is closely
related to the activity of Problem posing as reformulating a given problem
for problem solving presented in section 4.2.2 on page 54.

5.3.2 Problem solving as a subset of problem posing

Much less often is the perspective taken that problem solving is a
subset of problem posing. Kilpatrick (2016) refers in this regard to
the statements of Duncker (1945) and Pólya (1957). We have already
pointed out that Duncker (1945, pp. 8–9) states, problem solving can be
conceptualized as productive reformulating of a given initial problem.
Pólya (1957) says in his seminal work on problem solving:

“We often have to try various modifications of the problem.
We have to vary, to restate, to transform it again and again
till we succeed eventually in finding something useful. We
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Fig. 5.7.: Phases in problem posing and problem solving by Leung (2013,
p. 105)

may learn by failure; there may be some good idea in an
unsuccessful trial, and we may arrive at a more successful
trial by modifying an unsuccessful one. What we attain after
various trials is very often ... a more accessible auxiliary
problem.” (p. 213)

Thus, both Duncker and Pólya recognize that successful problem solving
seems to necessarily involve reformulating. However, outside of these
conceptual descriptions and suggestions, we hardly find any empirical
studies (e.g., on problem solving) that take this perspective.

5.3.3 Problem posing and problem solving as complementary,
but different in nature

Finally, problem posing and problem solving can bee seen as related
mathematical activities that complement each other but are different
in nature (Dickman, 2014; Cifarelli & Sevim, 2015; Pelczer & Gamboa,
2009). Silver (1994) already separates problem posing and problem
solving as activities through his prominent conceptualization described
above. Davis (1985) also writes with regard to investigations in mathe-
matics that problem posing and problem solving are parallel activities

5.3 Problem Solving 79



that complement each other in investigations: “What typically happens
in a prolonged investigation is that problem formulation and problem
solution so hand in hand, each eliciting the other as the investigation
progresses” (Davis, 1985, p. 23).

This adjacency and complementarity of problem posing and problem
solving is also noted by Xie and Masingila (2017). On the one hand, they
say, problem posing contributes to problem solving. For example, as
we also have pointed out, they observed that participants use solutions
of simpler problems that they posed, for solving the actual problem.
On the other hand, they say that problem solving supports problem
posing. They observed that solving a problem helped the participants
posing new ones. As problem posing seems to be a quite unfamiliar
activity for most of their participants, solving problems first helped them
generating some ideas to get the problem posing started. Pelczer and
Gamboa (2009) justify separating problem posing and problem solving
from another with their empirical studies, in which they observed that
“sub-processes involved in the stages [of problem posing] are different and
the knowledge has to be applied in a distinct way” (p. 359) compared
to problem solving. Cifarelli and Sevim (2015) also investigated this
dynamic partnership of problem posing and problem solving. They
observed that the “coevolving processes of problem solving and posing”
(p. 190) helped of of their participants reaching from a low level of
generalization to higher levels that helped getting more general insights
into the specific mathematical content.

This relation between problem posing and problem solving is closely
related to the activity of Problem posing as reformulating a given problem
for investigation presented in section 4.2.3 on page 57.

The articles in Part III of this thesis follow the perspective presented in
this section, problem posing and problem solving are complementary,
but different in nature. It follows that aspects of past problem solving
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research are taken, but only as an impetus to examine the peculiarities
of the process of problem posing.

We have noted in this chapter that the proximity between problem
posing and problem solving seems to be so close, theoretically and
empirically, that, with recourse to the house metaphor at the beginning
of the Theoretical Frame, one could rather speak of semi-detached halves
of the same house for the problem-posing house and problem-solving
house.

5.4 Creativity and Giftedness

As we stated above, problem posing is often seen as an act of creation or
invention. For this reason, problem posing is often named together with
creativity in general and mathematical creativity specifically. We will
first have a look at the relation between problem posing and creativity
in general. Afterwards, we will go into more detail on the relationship
between problem posing and mathematical creativity in particular.

Psychological research on problem finding originates mostly on Wallas
(1926). Wallas (1926) provided a model of creative thinking consist-
ing of the stages preparation, incubation, illumination, and verification.
Preparation describes thoroughly understanding the problem, incuba-
tion means the unconscious or automatic approach solving a problem,
illumination ist the Aha! moment when internally generating an idea
after the unconscious incubation, and the final verification describes
approaches to determine whether the idea is purposeful. Wallas (1926)
makes more anecdotic reference to Hermann von Helmholtz and Henri
Poincaré with regard to these four phases of the creative process. As
Runco and Nemiro (1994) states, “[t]he preparation stage obviously par-
allels what is now usually called problem finding” (accentuation by the
author). Problem finding is the term, we often find in publications in the
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environment of psychological publications. Getzels and Csikszentmihalyi
(1975) build on Wallas’s ideas and investigated the relation between
problem-finding performance and quality of the final creative product
of art students (Getzels & Csikszentmihalyi, 1975; Csikszentmihalyi
& Getzels, 1971). They found out that there is a strong relationship
between specific problem-finding variables (e.g., exploration) before the
actual drawing and the overall aesthetic value and the originality of the
final drawings. Jay and Perkins (1997) identify problem posing – which
they refer to as problem finding – as a key aspect of creative thinking in
general.

With regard to mathematical creativity, Silver (1997) has laid the concep-
tual groundwork for numerous studies (Yuan & Sriraman, 2011; Gleich,
2019; Van Harpen & Sriraman, 2013; Singer & Voica, 2015; Nuha et al.,
2018; Bicer et al., 2020; Bonotto & Santo, 2015; Haylock, 1997; Leikin &
Elgrably, 2020; Leung, 1993b; Leung, 1997; Pelczer & Rodríguez, 2011;
Singer et al., 2011; Singer et al., 2017; Singer & Voica, 2017; Voica &
Singer, 2013; Yuan & Sriraman, 2011). Already in 1994, Silver wrote in
this regard: “Since problem posing has been embedded in the assessment
of creativity or mathematical talent, it is reasonable to assume that
there is some link between posing and creativity” (p. 21). As he states,
the connection between problem posing and creativity remais uncertain
to that point. In 1997, Silver considers Torrance’s (1974) categories of
fluency, flexibility, and originality for the assessment of problem-posing
products, which are the posed problems. In the context of problem pos-
ing, fluency refers to the number of posed problems, flexibility refers to
the diversity of posed problems (e.g., in terms of different mathematical
ideas or strategies to be applied), and originality refers to the rareness
of the posed problems compared within the solution space of a peer
group .

A review on the connection between problem posing and mathematical
creativity can be found in Joklitschke et al. (2019). They found only
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eleven articles in all databases of high-ranked journals on mathematics
education research investigating the connection between problem posing
and mathematical creativity. Furthermore, they identified three clusters
within these articles.

1. Articles in which problem-posing situations are used to foster
creativity (Haylock, 1997; Bonotto, 2013; Sriraman & Dickman,
2017). Sriraman and Dickman (2017), for example, use mathe-
matical pathologies, the Lakatosian heuristic, and problem-posing
activities to address students’ creativity.

2. Articles in which problem posing is used to identify and investigate
creativity via Guilford’s (1967) and Torrance’s (1974) framework
(Bonotto, 2013; Van Harpen & Presmeg, 2013; Van Harpen &
Sriraman, 2013; Leung, 1997). In general, these studies find that
problem posing is suitable for investigating the creative abilities of
participants. On the other hand, they find a correlation between
problem posing and creative abilities.

3. Articles in which other approaches are used to measure creativity
through problem posing (Voica & Singer, 2013; Singer et al., 2017).
These studies use organizational theory to investigate the rela-
tionship between cognitive flexibility and problem-posing abilities.
The participants’ abilities on how the posed problems are coherent
and consistent serves as a measure for this relationship.

Renzulli (2005; Renzulli & Reis, 2021) famously conceptualizes creativity
as a part of his seminal Three-Ring model for giftedness (see Figure 5.8
on the following page). He describes that giftedness is based on three
interacting clusters of traits, namely creativity, above-average ability,
and task commitment.

There are only few empirical studies that investigate the relationship
between problem posing and giftedness (Arıkan & Ünal, 2015; Pelczer,
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Fig. 5.8.: Three-Ring model of Giftedness by Renzulli (2005)

2008; Runco & Nemiro, 1994; Erdoğan & Gül, 2020). However, the ap-
proaches with regard to the chosen research methods and problem-posing
activities of these studies are too different to make a general tendency
regarding the relationship between problem posing and giftedness. It
can be concluded that research in this area may be necessary.
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Abstract: In research on mathematical problem posing, a broad
spectrum of different situations is used to induce the activity of
posing problems. This review aims at characterizing these so-
called problem-posing situations by conducting three consecutive
analyses: (1) By analyzing the openness of potential problem-
posing situations, the concept of ‚mathematical posing‘ is con-
cretized. (2) The problem-posing situations are assigned to the
categories free, semi-structured, and structured by Stoyanova and
Ellerton to illustrate the distribution of situations used in research.
(3) Finally, the initial problems of the structured problem-posing
situations are analyzed with regard to whether they are routine
or non-routine problems. These analyses are conducted on 271
potential problem-posing situations from 241 systematically gath-
ered articles on problem posing. The purpose of this review is to
provide a framework for the identification of differences between
problem-posing situations.

6.1 Introduction

In 1980, the mathematician Paul Halmos published an article about his
idea of “the heart of mathematics”. In the epilogue, he wrote: “I do
believe that problems are the heart of mathematics, and I hope that as
teachers, in the classroom [...] we will train our students to be better
problem-posers and problem-solvers than we are” (1980, p. 524). This
way, he highlighted two activities: problem solving and problem posing.
Both have been emphasized as important by mathematicians (Pólya,
1957; Cantor, 1966; Lang, 1989; Tao, 2006) and mathematics educators
(Brown & Walter, 1983; Schoenfeld, 1985b; Silver, 1994; English, 1997).
However, whereas the problem solving received a lot of attention in the
last decades of mathematics education research, especially since Pólya’s
(1957) and Schoenfeld’s (1985b) seminal works, problem posing “has
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not been a major focus in mainstream mathematics education research”
(Singer et al., 2013, p. 4). Problem posing is an important companion of
problem solving, it can encourage flexible thinking, improve problem-
solving skills, and sharpen learners’ understanding of mathematical
contents (English, 1997). In school contexts, especially Brown’s and
Walter’s (1983) approach forms a foundation for many teachers to initiate
rich problem-posing activities. Consequently, problem posing should be
given a relevant status in research of mathematics education.

Due to a lack of research on theoretical foundations, “the field of problem
posing is still very diverse and lacks definition and structure” (Singer
et al., 2013, p. 4). In order to structure this field, it, therefore, seems ad-
visable to review empirical studies and theoretical contributions dealing
with this topic. To underline one aspect in which we think the field lacks
definition and structure, we start our discussion with two inducements
to pose problems (see Table 6.1). In this article, these inducements
are called potential problem-posing situations; please note that the sup-
plement potential is added because all situations are examined in the
extent to which they induce problem posing. This article focuses on
these kind of analyses of potential problem-posing situations.

The situations in Table 6.1 were used in studies that investigate the
relationship between problem solving and problem posing (Cai & Hwang,
2002; Arıkan & Ünal, 2015). Cai and Hwang (2002) found a strong
link between problem solving (as the ability to successfully solve non-
routine problems, the participants’ use of strategies, and their solution’s
representation) and problem posing (as the ability to pose a variety of
problems that extend the initial problem). Similarly, Arıkan and Ünal
(2015) found a strong correlation (r = 0.76; p < 0.01) between problem
solving (as the ability in finding and producing multiple solutions) and
problem posing (as the ability to answer situations similar to Situation
2 in Table 6.1). However, a comparison of the potential problem-posing
situations reveals differences which we want to outline in the following.
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Situation
1 Mr. Miller drew the following figures in a pattern, as shown

below.

For his student’s homework, he wanted to make up three prob-
lems based on the above situation: an easy problem, a moderate
problem, and a difficult problem. These problems can be solved
using the information in the situation. Help Mr. Miller make
up three problems and write these problems in the space below.
(Cai & Hwang, 2002, p. 405)

2 Which one of the below problems can be matched with the
operation of 213 + 167 = 380?

A) Osman picked up 213 pieces of walnut. Recep picked up
167 more pieces of nuts more [sic] than Osman. What is
the total amount of the nuts that both Osman and Recep
picked up?

B) On Saturday, 213 and on Sunday 167 bottles of water
were sold in a market. What is the total number of bottles
of water that were sold at this market on these two days?

C) Erdem has 213 Turkish lira. His brother has 167 lira less
than that. What is the total amount of money that both
Erdem and his brother have?

(Arıkan & Ünal, 2015, p. 1410)

Tab. 6.1.: Potential problem-posing situations used to investigate the rela-
tionship between problem posing and problem solving.
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Cai and Hwang (2002; Situation 1 in Table 6.1) invite students to pose
at least three problems with varying degrees of difficulty for given dot
patterns. This can result in numerous different problems, some of which
will likely be non-routine problems, such as the following ones given
by Cai and Hwang: “How many white dots are there in the twentieth
figure?”, “How many more black dots are there in the tenth figure than
in the fifth figure?”, or “How many black dots are there in the first five
figures?” (2002, p. 413). Situation 2 from Arıkan and Ünal (2015; see
Table 6.1) is taken from a mathematics textbook for third-graders and
served as an infrastructure for their study. The situation provides a
defined calculation and three problems of which only answer B) applies
to the given calculation. Therefore, there is only one correct answer and
the situation does not encourage posing further problems.

Thus, although both studies come to a similar conclusion, we argue
that they do not refer to the same relationship because the situations’
characteristics may initiate divergent problem-posing activities. Such
differences between potential problem-posing situations motivated a
more in-depth investigation. Therefore, we conducted a document
analysis on potential problem-posing situations that are used in empirical
studies or as illustrative examples in theoretical contributions. The aim
of this article is to offer a new perspective on these potential problem-
posing situations that considers differences like the ones shown in Table
6.1. This perspective is developed by three consecutive analyses that
classify all potential problem-posing situations. The following section
describes the theoretical constructs needed for these three analyses.

6.2 Theoretical Background

To characterize potential problem-posing situations, current understand-
ings of problem posing are presented. Afterwards, problem posing is
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broken down into its etymological components, posing and problem,
which are defined and discussed individually.

6.2.1 What is problem posing?

There are two prominent definitions of the term problem posing, at
least one of which is used or referred to in the majority of the reviewed
research articles on the topic. The first one was proposed by Silver (1994,
p. 19), who describes problem posing as the generation of new problems
and reformulation of given problems which can occur before, during, or
after a problem-solving process. Posing before problem solving refers
to the generation of a new problem that is to be solved afterwards.
Posing a problem after problem solving refers to Pólya’s (1945) phase of
“Looking Back”. At last, posing a similar and simpler problem during
problem solving may help to find a solution as suggested in Pólya’s
“Devise a Plan”- or Schoenfeld’s (1985b) “Exploration”-phase. In each
of these cases, posing activities are intended at developing problems
that demand a solution. The second definition comes from Stoyanova
and Ellerton (1996, p. 518), who refer to problem posing as the “process
by which, on the basis of mathematical experience, students construct
personal interpretations of concrete situations and formulate them as
meaningful mathematical problems”.

Both definitions of problem posing can be applied to a wide spectrum
of situations. In this article, we adopt the definition of Stoyanova and
Ellerton (1996) as our underlying understanding, because it particularly
emphasizes the interplay between the problem poser and the problem-
posing situations. However, both definitions are not disjunctive, but
describe equivalent activities. Following Stoyanova (1997, p. 5), a
situation is a not well-structured problem in the sense that the goal
cannot be determined by all given elements and relationships. From
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this perspective, a problem-posing situation is a situation that includes
the activity of problem posing.

6.2.2 What is posing?

In the research literature on problem posing, the term posing has not
been examined in much detail. Therefore, we consulted dictionaries.
Cambridge Dictionary (2020) defines “to pose” as “to ask a question”.
We will refer to this understanding of posing as some of the situations
analyzed hereafter do not induce posing in this sense, i.e. there is
no question to be asked or the raised question is already solved (cf.
Situation 2 in Table 6.1).

6.2.3 What is a problem?

In mathematics education research, the term problem has been (and
still is being) used in a variety of meanings, leading to some difficulties
and misinterpretations in reading the research literature Schoenfeld
(1992, p. 337). While recent studies on mathematical problem solving
consistently investigate non-routine problems, the term problem in
problem posing still refers to any kind of mathematical task. Therefore,
we first conceptualise mathematical tasks in general, and then highlight
a perspective that will be used in this article to analyse problem-posing
situations.

A mathematical task is any kind of artifact that aims at focusing students’
attention on a specific mathematical idea (Stein et al., 1996). Different
attempts to conceptualise tasks (Newell & Simon, 1972; Wickelgren,
1974; Doyle, 1988) consistently identify three components that tasks
consist of: given expressions (initial state), goal expressions and desired
outcome (goal state), and operations that transform the initial state
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into the goal state (operators). Depending on the given information of
a task regarding these three components, different types of tasks can be
characterised. Table 6.2 summarizes different types of tasks.

Typs of tasks

In
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Examples of sources that
contain theoretical conceptu-
alisations and/or empirical
studies in the particular type
of task

(1) Worked task × × × Sweller and Cooper (1985);
Van Gog et al. (2006)

(2) Routine tasks × × – Díez and Moriyón (2004)

(3) Non-routine tasks × –
×/–

Multiple solution tasks
(Leikin & Lev, 2013) or
comparing use of strategies
(Posamentier & Krulik, 2008;
Koichu et al., 2007)

(4) Reversed tasks
×/–

– × Groetsch (2001)

(5) Open tasks
×/–

– – Open-ended problems
(Pehkonen, 1995; Cifarelli
& Cai, 2005), exploration
(Mason et al., 2010), or
problem posing (Silver, 1994;
Cai & Hwang, 2002)

Tab. 6.2.: Types of tasks with regard to the known (×) or unknown (–)
information concerning the initial state, the operators, and the
goal state (Bruder, 2000; Leuders, 2015)

For some of these types of tasks, like the (1) worked tasks or (2) routine
tasks, an individual may have “ready access to a solution schema”
(Schoenfeld, 1985b, p. 74), i.e. knows a procedure for transforming
the initial into the goal state. Solving these is a routine activity. For
others, like the (3) non-routine tasks or (5) open tasks, an individual
may have no access to a solution schema. Solving these tasks is a non-
routine activity that involves understanding the initial and goal state by
interpreting the problem’s situation mathematically (Lesh & Zawojekski,
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2007). Solving tasks is here conceptualised as an activity with varying
degrees of routineness. The term problem in problem posing also refers
to all types of tasks with differing degrees of routineness (Cai & Hwang,
2020; Baumanns & Rott, 2019). This understanding is used in this
article for the analysis and, therefore, should be given concrete terms.
We terminologically follow Pólya (1966) and specify the term problem
with the supplements routine and non-routine within this article.

Let us exemplify this difference: Integrating a polynomial function of
degree 53 can be a quite tedious computational activity for mathemati-
cians; however, since they know methods of integrating polynomials,
this is a routine problem for them. Otherwise, the problem to determine
the number of squares on a regular chessboard might be a non-routine
problem to some mathematicians, if the method of how to calculate this
number is currently unknown to them.

In most cases, the decision of whether a given problem is a routine or non-
routine problem is evident. Nevertheless, this attribution is specific to
individuals; a problem that is non-routine for one person can be routine
for another person who knows an apt solution scheme (Schoenfeld, 1989;
Rott, 2014). Thus, the demarcation between these categories may not
be sharp but the extreme cases are clearly recognizable (Pólya, 1966,
p. 126).

With regard to the question whether a problem-posing activity is itself
a problem-solving activity, different positions are taken within the
literature. While some researchers identify problem posing as a special
case of problem solving (Silver, 1995; Kontorovich et al., 2012; Arıkan
& Ünal, 2015), we, along with others, identify both as similar but
characteristically different activities (Pelczer & Gamboa, 2009; Dickman,
2014). However, we want to emphasize that the attributions of the
categories routine and non-routine problem relate exclusively to initial
or posed problems and not to the activity of the problem posing itself.
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6.2.4 Openness of problems

The above examples of routine and non-routine problems are closed in the
sense that they only have one correct answer (Becker & Shimada, 1997).
In comparison, problem-posing situations are mostly considered as open
(Pehkonen, 1995; Silver, 1995; Cifarelli & Cai, 2005) because there are
several possible answers to a problem-posing situation. To assess the
openness of the potential problem-posing situations, we refer to the five
task variables provided by the framework of Yeo (2017): goal, method,
task complexity, answer, and extension. Each of these is discussed with
regard to whether it is closed or open. Yeo (2017) suggests to use this
framework to assess the openness of problem-posing situations. The
variables answer and extension are particularly related to problem posing
and for the examined potential problem-posing situations, noteworthy
differences have been identified with regard to these variables. Therefore,
we outline and exemplify them in the following to use them in the further
analyses:

Answer: A problem has a closed answer if it is possible to determine
all correct answers, e.g. for the problem “Solve the quadratic equation
x2 + 2x − 3 = 0” (Yeo, 2017, p. 177) all solutions can be determined.
A problem has an open answer, if it is not possible to determine all
correct answers. Open answers are well-defined if it can objectively be
decided if they are correct or incorrect, e.g. for the problem “Power of
3 are 31, 32, 33, 34, . . . Investigate” (Yeo, 2017, p. 178) it can be stated
that the investigations are correct with regard to the powers of 3. Open
answers are ill-defined if the answer to a problem can be determined
as valid on a subjective level; e.g. the problem “Design a playground
for the school” (Yeo, 2017, p. 117) does not really have a correct or
incorrect answer.

Extension: If a problem cannot or should not be extended, e.g. because
extending a problem leads to new unrelated problems, it is considered to
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be closed. For example, the problem of designing a swimming pool is not
an extension of the problem of designing a playground, but a completely
new problem (Yeo, 2017, p. 186). If the extension leads to new related
problems that help to discover more underlying patterns or mathematical
structures, it is considered to be open. This openness can either be
subject-dependent if the problem itself does not explicitly have an
instruction to raise new problems and it depends on the subject whether
new problems are raised, e.g. for the problem to solve the quadratic
equation stated before. The openness can also be task-inherent if the
student is expected to extend the given problem, e.g. when investigating
the powers of 3 as in the problem above, students are expected to look for
further patterns related to the powers of 3 or even for other numbers.

6.2.5 Categorisations of problem-posing situations

As one of the most established categorizations, Stoyanova and Eller-
ton (1996) differentiate between free, semi-structured, and structured
problem-posing situations, depending on their degree of given informa-
tion. Free situations provoke the activity of posing problems out of a
given, naturalistic or constructed situation without any restrictions (see
Table 6.3, Situation 3). In semi-structured situations, posers are invited
to explore the structure of an open situation by using mathematical
knowledge, skills, and concepts of previous mathematical experiences.
Stoyanova (1997; 1999) further differentiates between semi-structured
situations which are based on a specific problem structure (see Table
6.3, Situation 4) and semi-structured situations which are based on a
specific solution structure (see Table 6.3, Situation 5). In structured
situations, people are asked to pose further problems based on a specific
problem, e.g. by varying its conditions. Structured situations are further
differentiated between situations which are based on a specific problem
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(see Table 6.3, Situation 6) and situations which are based on a specific
solution (see Table 6.3, Situation 7).

Based on the framework by Stoyanova and Ellerton (1996), Christou,
Mousoulides, Pittalis, Pitta-Pantazi, and Sriraman (2005, p. 151) postu-
late five categories of problem-posing situations: to pose (a) a problem in
general, (b) a problem with a given answer, (c) a problem that contains
certain information, (d) questions for a problem situation, and (e) a
problem that fits a given calculation.

Cai and Jiang (2017) used the classification by Christou, Mousoulides,
Pittalis, Pitta-Pantazi, and Sriraman (2005) to identify different types
of problem-posing situations in five textbook series. They came up with
four categories depending on what the problem requires students to do,
in relation to the information contained in the problem: (1) Posing a
problem that matches the given arithmetic operation(s), (2) posing vari-
ations of a question with similar mathematical relationship or structure,
(3) posing additional questions based on the given information and a
sample question, and (4) posing questions based on given information.

However, the characteristics of these categories differ: The activities
induced by the rather open situations in Table 6.3 aim at investigat-
ing patterns and structures of an underlying mathematical content by
exploring multiple mathematical pathways. Compared to that, inves-
tigating is not induced by some representatives of the categories by
Christou, Mousoulides, Pittalis, Pitta-Pantazi, and Sriraman (2005)
and Cai and Jiang (2017). For example, “Make up a word problem
orally for 14 + 8 =?” (Cai & Jiang, 2017, p. 1526) is a representative
of the category Posing a problem that matches the given arithmetic
operation(s). We argue that reacting to this in a way like “Anne has
14 and Ben 8 apples. How many do they have in total?” is only pro-
viding a context, but not posing a problem and should, therefore be
distinguished from the investigations induced by the situations in Table
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Category Situation
3 Free “Give an example of a problem which

can be solved by finding the Least Com-
mon Multiple of two or more integers”
(Stoyanova, 1997, p. 64)

4

Se
m

i-
st

ru
ct

ur
ed

Based on a
specific prob-
lem structure

“Consider the following infinite sequence
of digits: 123456789101112131415 . . .
999100010011002 . . .
Note that it is made by writing the base
ten counting numbers in order. Ask some
meaningful questions. Put them in a suit-
able order.” (Stoyanova, 1999, p. 32)

5 Based on a
specific solu-
tion structure

“Finish the problem situations below so
that the solution method implies the use
of permutation: Two girls and four boys
are standing in a line.” (Stoyanova, 1997,
p. 68)

6

St
ru

ct
ur

ed

Based on a
specific prob-
lem

“Consider the sequence 1, 2, 3, 4, 5, . . . N .
If N = 200, how many digits have been
used? Other questions?” (Stoyanova,
1999, p. 34)

7 Based on a
specific solu-
tion

“Find the sum of: 1 − 2 + 3 − 4 + 5 −
. . . + 999 − 1000. [Suggest similar prob-
lems and predict possible links between
this similarity and an expected solution
approach.]” (Stoyanova, 1999, p. 35)

Tab. 6.3.: Free, semi-structured, and structured problem-posing situations
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6.3. These noteworthy differences between these situations, which in
the literature are all referred to with the same term, indicate the need
for an in-depth analysis of potential problem-posing situations, which
leads to our research objective.

6.2.6 Research questions

Our aim is to propose a framework for the identification of differences
between situations. The following consecutive questions serve developing
this framework:

(1) What potential problem-posing situations induce the activity of
posing? How open are the potential problem-posing situations?

To answer these questions, we will refer to the presented understanding
of posing as well as Yeo’s (2017) framework regarding the openness of
problems?

(2) Referring to the posing situations resulting from question (1), how
well does the further categorization of those situations into free,
semi-structured and structured situations succeed?

Responding to this question, we will analyze the situations’ distribution
by trying to apply the framework by Stoyanova and Ellerton (1996),
distinguishing situations into free, semi-structured, and structured.

(3) Referring to the structured situations resulting from question (2),
to what extent can the initial problems of those situations be
assigned to the categories routine and non-routine problem?

This question is answered by analyzing the initial problems of structured
problem-posing situations with regard to whether they are routine or
non-routine problems. It is further discussed what influence the initial
problem may have on the posed problems.

100 Chapter 6



6.3 Design

To answer the research questions, we have systematically gathered
articles, adopting the guidelines for a systematic literature review by
Moher et al. (2009). With the situations of these articles, a document
analysis was conducted (Bowen, 2009) that aims at analyzing and
comparing potential problem-posing situations with the goal to identify
their characteristics which could be of interest to mathematics educators
and researchers on mathematics education.

6.3.1 Data sampling

We gathered articles on the topic of problem posing from four different
sources: (a) Top-ranked journals in mathematics education research, (b)
the Web of Science, (c) proceedings of the Conferences of the Interna-
tional Group for the Psychology of Mathematics Education (PME), and
(d) edited books on problem posing from the international mathematics
education community. We gathered both empirical studies as well as
theoretical articles.

(a) We gathered articles from all eleven A*-, A-, and B-ranked journals
in mathematics education (as classified by Törner and Arzarello
(2012, p. 53)).1 In each of the journal’s databases, we searched in
all available years from its initiation up to 2019 with the search

1 Name of the journals and their founding year: Educational Studies in Mathematics
(from 1969), Journal for Research in Mathematics Education (from 1970), For the
Learning of Mathematics (from 1980), Journal of Mathematical Behavior (from
1980), Journal of Mathematics Teacher Education (from 1998), Mathematical
Thinking and Learning (from 1999), ZDM Mathematics Education (from 1997),
International Journal of Mathematical Education in Science and Technology
(from 1970), International Journal of Science and Mathematics Education (from
2003), Mathematics Education Research Journal (from 1989), and Research in
Mathematics Education (from 1999). These journals are identical to the eleven
top-ranked journals in mathematics education research from the opinion-based
study by Williams and Leatham (2017, p. 390).
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term “problem posing” which led to 686 articles. After that, only
those articles were extracted that have the term “problem posing”
in either their title, abstract, or keywords which lead to 74 articles
from these top-ranked journals.

(b) In the database Web of Science, we used the search term “problem
posing” for all available years from 1945 (which is as far back as the
database reaches) to 2019 in the title, abstract, or keywords within
selected categories on mathematics and its education. Excluding
the already considered articles from the A*-, A-, and B-ranked
journals, this led to another 91 articles.

(c) Moreover, we searched the proceedings of the Conferences of the
International Group for the Psychology of Mathematics Education
(PME) from the years 2000 to 2018 using the search term “problem
posing” in the title. The criterion of having the term “problem
posing” in the abstract or keywords of the article was omitted
because not every PME article offers an abstract and none offer
keywords. This led to 44 additional articles.

(d) Finally, we gathered all 26 articles of the book edited by Singer
et al. (2015) as well as 7 articles of the book edited by Felmer et al.
(2016) that have the term “problem posing” either in their title,
abstract, or keywords.

In total, 241 articles on problem posing have been reviewed which contain
271 situations (see Figure 6.1 on the next page). We are aware that some
of these articles deal with different aspects of the same studies and, thus,
some situations may occur multiple times. However, possible doublings
do not affect the central statements of the following analyses.

The potential problem-posing situations that are presented in the anal-
yses were not chosen because of their quality; we neither argue for
nor against them being suitable for research or practice. However, the
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situations are particularly appropriate for this analysis because the argu-
ments for the presented terminological classification can be adequately
demonstrated based on these situations. At last, we do not discuss the
conclusions of the reviewed research studies, which use the presented
situations with regard to the cognitive aspects of the process of problem
posing.

6.3.2 Data analysis

To pursue the research questions, a qualitatively driven mixed-methods
approach was used. The following three consecutive qualitative analyses
were conducted with all 271 potential problem-posing situations (see
Figure 6.2 on page 106):

(1) By distinguishing posing and non-posing situations, the first anal-
ysis aims at concretizing the concept of mathematical posing. For
that, we want to apply the presented definition of the term posing
as well as the problem variables answer and extension of the frame-
work by Yeo (2017) onto all potential problem-posing situations.
We want to develop characteristics that describe situations that
either do or do not induce a mathematical posing activity.

(2) For the second analysis, we consider only those situations which,
according to the understanding developed in the first analysis,
induce a posing activity. We want to assign these situations to the
three categories free, semi-structured, and structured by Stoyanova
and Ellerton (1996). The interrater agreement of this coding was
checked through a second rater. This rater also coded all situations
after a one-hour training. Calculating Cohen’s Kappa (Cohen,
1960) of this coding is intended to check the robustness of these
three categories and to illustrate the distribution and the spectrum
of situations used in research.
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(3) In a third analysis, we look exclusively at those situations that were
categorized as structured by both raters in the second analysis.
The initial problems of these situations are examined with regard
to Pólya’s (1966) distinction between routine and non-routine
problems. Free and semi-structured situations are not considered
for this analysis as they do not include initial problems that
can be examined. So far, research on problem posing has hardly
considered the initial problems of structured situations, although it
is assumed that the initial problem’s characteristics could influence
the problems posed.

After coding the situations using these analyses, the codes were evaluated
quantitatively in order to illustrate the distribution of the developed
categories.

6.4 Analysis 1: Is it posing?

For Analysis 1, all 271 potential problem-posing situations have been
examined with regard to whether they induce a posing activity at all.
Furthermore, from Yeo’s (2017) framework to characterize the openness
of mathematical problems, the variables answer and extension are used
to examine the openness of the potential problem-posing situations.
This analysis aims at concretizing the concept of mathematical posing.
This concretization is developed using the situations shown in Table 6.4
on page 107.

Situation 7 invites providing a context to a given calculation. The
pictures show either three bags with four candies or four bags with three
candies in each of them. For both pictures, the students are asked to
generate a partitive and a quotitive division scenario. For the first figure,
such a scenario could be: “Twelve candies are separated into three bags
so that each bag has four candies.”
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Potential problem-
posing situations

Analysis 1:
Is it posing?

Posing situations Non-posing
situations

Analysis 2:
Structured, semi-

structured, or free?

Structured
situation Free situation

Semi-
structured
situation

Analysis 3:
Routine or non-routine

initial problem?

Routine
initial problem

Non-routine
initial problem

Fig. 6.2.: Procedure of the three consecutive analyses
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In situation 8 by Silber and Cai (2017), students are invited to search
for the question to a given context and its answer. The sought-after
problem, however, is predefined: “How many miles did Jerome, Elliot,
and Arturo drive altogether?”

Situation
7

Generate one division scenario consistent with the given picture
and the numerical equation 12/3 =

Generate one division scenario consistent with the given picture
and the numerical equation 12/3 =
(Kinda, 2013, p. 193)

8 Jerome, Elliot, and Arturo took turns driving home from a trip.
Arturo drove 120 miles less than Elliot. Elliot drove twelve
times as many miles as Jerome. Jerome drove 50 miles. Write
a problem that has “1130 miles” as the answer.
(Silber & Cai, 2017, p. 168)

Tab. 6.4.: Potential problem-posing situations discussed regarding the term
posing.
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6.4.1 Discussion of Analysis 1: Mathematical problem posing

When providing a context that matches a given calculation or given
data, as in situation 7, no question arises which can be solved afterwards.
And even if someone poses a question to the given calculation, such as
“If you put 12 candies in 3 bags, how many candies are in each bag?” for
which the answer is already given in the figure, the focus of this problem
is on creating a suitable scenario rather than on posing a question. With
regard to the openness of this situation (cf. Yeo, 2017), the answer to
this situation is well-defined as it is possible to determine whether it is
correct or incorrect. Furthermore, the situation cannot be extended to
new related problems, e.g. by changing the numerical equation as well
as the picture. This does not lead to new problems that help to discover
more underlying patterns or mathematical structures, thus, it is closed
with regard to the possibility of extension. We refer to situations like this
one, in which a context rather than a problem is asked for, as context
providing problems. We find similar conceptualizations like context
providing problems by Christou, Mousoulides, Pittalis, Pitta-Pantazi,
and Sriraman (2005; posing a problem that fits a given calculation) or
Cai and Jiang (2017; posing a problem that matches the given arithmetic
operation(s)).

Reacting to situation 8 in an expected way leads to posing a problem.
However, since the situation offers a result and has an undefined question,
it can rather be referred to as a reversed problem. Such problems are
often used in school contexts as an educational tool (Bruder, 2000),
yet solving a reversed problem is not a posing activity. Instead, it
is the activity of reconstructing an implicitly existing question based
on a given solution. In addition, solving a reversed problem does not
lead to a problem that demands a solution because it has already been
solved. Thus, the answer to a reversed problem is closed because it
has a particular solution (Silber & Cai, 2017). Furthermore, reversed
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problems do not have an adequate possibility of extension that leads to
new problems and help to discover underlying patterns or mathematical
structures. Thus, they are also closed with regard to the possibility of
expansion. Nevertheless, the relevance of solving reversed problems as
a didactical instrument should not be denied. Again, we find similar
conceptualizations like reversed problems by Christou, Mousoulides,
Pittalis, Pitta-Pantazi, and Sriraman (2005; posing a problem with a
given answer) or Cai and Jiang (2017; posing variations of a question
with similar mathematical relationship or structure).

Based on these analyses and in addition to the presented understanding
of posing, we, therefore, specify the meaning of mathematical posing. As
mentioned before, Silver (1994, p. 19) states that posing activities can
occur before, during, or after problem solving. In each of these cases,
posing activities are intended at developing problems that demand a
solution. Therefore, we add to the concept of mathematical posing that
this activity aims at developing problems that demand a solution.

Both context providing problems and reversed problems have in common
that they have a solution for which it can be decided whether it is correct
or incorrect on an objective level. Thus, they are at least well-defined
with regard to the openness of the answer. In problem posing as a process
of interpreting concrete situations (Stoyanova & Ellerton, 1996, p. 518),
it is not expedient to refer to a posed question as correct or incorrect. It
may be reasonable to emphasize whether the posed problems are valid
on a subjective level which Yeo (2017) refers to as ill-defined answers.

Furthermore, context providing problems and reversed problems are
closed with regard to the possibility of extension. However, the purpose
of an extension is often to discover underlying patterns, mathematical
structures, or possible generalizations. Therefore, the possibility of
extension is added to the concept of mathematical posing. Most problem-
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posing situations have a task-inherent option of extension (e.g. Table
6.3).

Whether a given setting is either a non-posing or a posing situation can be
determined a priori by analyzing whether the particular characteristics
presented above apply. In total, of the 271 analyzed situations, 79
are context providing problems and 16 are reversed problems. Hence,
with the presented understanding of mathematical posing, 35.1 % of
the analyzed situations are not considered as mathematical posing
situations. We argue that this distinction between posing- and non-
posing activities contributes to the field of problem posing because
the analyses illustrate that both activities differ characteristically from
each other. As Ruthven (2020) said, asking students to solve modified
problems like reverse versions of standard problems may carry the risk
of a superficial interpretation of problem posing. Therefore, researchers
investigating the activity of problem posing should bear in mind what
activity they want to investigate. This should also be considered when
reviewing research results.

6.5 Analysis 2: Is it free, semi-structured, or
structured?

After identifying situations that do not induce posing activities in
Analysis 1, 176 situations remain that do induce mathematical posing
activities. These situations are now categorized using the framework by
Stoyanova and Ellerton (1996; see Table 6.3). Some of the situations
had been assigned to these categories within the articles they originated.
However, as not every situation had been categorized and not every
categorization had been explained, we (hereafter referred to as Rater
1) coded all situations, ignoring previous codings if they existed. For
assessing the interrater-agreement, an additional and independent rater
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(hereafter referred to as Rater 2) also categorized all situations. Rater 2
is an undergraduate student who deals with problem posing as part of a
thesis. Rater 2 was introduced to the coding by the authors in a one-hour
training session in which anchor examples of the individual analyses
were considered. After about 10 % of the situations had been coded, a
second training session was held to discuss and eliminate the doubtful
cases before the rest of the situations were coded. In our analyses, the
coding of Rater 1 is taken as the valid coding. This analysis aims at
providing information about the distribution of the named categories of
problem-posing situations in research.

Table 6.5 shows the agreement table for Analysis 2. In total, 32 of the
176 posing situations (∼18.1 %) were based on an initial problem and
were thus coded as structured situations, 96 (∼54.5 %) situations were
coded as semi-structured situations, and 48 (∼27.3 %) as free situations
by Rater 1. The interrater-agreement is excellent (Fleiss et al., 2003)
with a Cohen’s Kappa of κ = 0.79. However, there are noteworthy
differences between the agreement of the individual categories. Of the 32
situations that Rater 1 coded as structured, Rater 2 deviated in only one
case (∼3.1 %), for semi-structured situations, Rater 2 deviates in 7 of 96
situations (∼7.3 %), and for free situations even in 22 of 48 situations
(∼45.8 %). The latter deviations mainly concern the separation of free
and semi-structured problem-posing situations. As an example, the
following situation by Tichá and Hošpesová (2013) was coded as free by
Rater 1 and as semi-structured by Rater 2: “Pose three word problems
which include fractions 1/2 and 3/4. Solve the posed problems.”

6.5.1 Discussion of Analysis 2: Unstructured situations

Table 6.5 shows that, in contrast to structured situations, the coding
of free and semi-structured situations has a lower agreement. In the
consensual discussion of coding between the two raters, it was noticeable
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Rater 1
Free Semi-structured Structured Non-posing Total p

R
at

er
2 Free 26 5 0 0 31 0.11

Semi-structured 20 89 0 10 119 0.44
Structured 0 0 31 0 31 0.11
Non-posing 2 2 1 85 90 0.33
Total 48 96 32 95 271 1.0
p 0.18 0.35 0.12 0.35 1.0 0.79

Tab. 6.5.: Agreement table for coding all situations into free, semi-structured,
structured, and non-posing situations.

that the descriptions by Stoyanova and Ellerton (1996) did not allow a
clear attribution of the differently coded situations. In fact, even the
originators of this categorization were inconsistent in the assignment:
Stoyanova and Ellerton (1996, p. 523) exemplify semi-structured sit-
uations by a problem to ask students to pose problems related to a
right-angled triangle. In a later publication, Stoyanova (1997, p. 64)
categorizes the same situation as free.

As an example from the consensual discussion to strengthen our argument
that semi-structured and free situations are hard to tell apart, consider
the following problem-posing situation by Cai et al. (2015, p. 7): “Ann
has 34 marbles, Billy has 27 marbles, and Chris has 23 marbles. Write
and solve as many problems as you can that use this information.” On
the one hand, because of the limited information provided, it can be
coded as a free situation. On the other hand, the number of marbles
must be analyzed number-theoretically and within the given context in
order to pose meaningful problems; thus, it can also be justified that
this is a semi-structured situation.

We, therefore, propose that free and semi-structured situations should
not be understood as clearly distinguishable categories. Instead, rep-
resentatives of these categories should be placed on a spectrum of
unstructured situations. Unstructured situations refer to a spectrum of
situations with less restrictions (see Table 6.6, Situation 9) to situations
with extensive information (see Table 6.6, Situation 11). Structured
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Situation
9

U
ns

tr
uc

tu
re

d

[W]rite (or tell me about) a mathematics problem you
would like to solve.
(Lowrie, 2002, p. 91)

10 [Pose a problem to the following situation:] A piece of cake
is cut into 8 equal parts. Wah ate 4/8 piece[s], Ming ate
2/8 piece[s], Kong ate 2/8 piece[s].
(Leung, 2013, p. 108)

11 Imagine billiard ball Tables like the ones shown below.
Suppose a ball is shot at a 45◦ angle from the lower left
corner (A) of the Table. When the ball hits a side of the
Table, it bounces off at a 45◦ angle. In Table 1, the ball
travels on a 4 × 6 Table and ends up in pocket B, after 3
hits on the sides. In Table 2, the ball travels on a 2 × 4
Table and ends up in pocket B, after 1 hit on the side. In
each of the figures shown below, the ball hits the sides
several times and then eventually lands in a corner pocket.

Based on the given situation, pose as many interesting
mathematical problems as you can.
(Koichu & Kontorovich, 2013, p. 72)

Tab. 6.6.: Problem-posing situations on the spectrum of unstructured situa-
tions.

situations can clearly be separated from unstructured situations by the
initial problem that structured situations are based on. Combining the
categories free and semi-structured may in future prevent character-
istically identical situations from being categorized differently. This
different coding of indistinguishable situations may impede the inter-
pretation and comparison of study results, which our proposal aims to
prevent.
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6.6 Analysis 3: Is it a routine or a non-routine
problem?

In Analysis 2, 32 situations were coded as structured. We evaluated
the initial problems of these situations with regard to whether they are
routine or non-routine problems. Free and semi-structured situations are
not considered for this analysis as they do not include initial problems
that can be examined. For the situations in Table 6.7 on the facing
page, the shopping shelf in situation 12 comes along with three routine
problems for which simple addition and subtraction are needed. To
solve the initial problem of situation 13, the participants must apply
strategies since no known or obvious approach to solve the problem is
apparent, thus, it is a non-routine problem for them.

As stated earlier, it depends on the individual whether a problem is
a routine or a non-routine, but extreme cases are clearly recognizable.
Thus, since it is not possible to decide with certainty whether the initial
problems are routine or non-routine without observing the problem-
solving process, we refrained from coding them in this regard.

6.6.1 Discussion of Analysis 3: Routine and non-routine initial
problems

We argue that the initial problems of a structured situation might
influence the resulting problems in the subsequent problem posing with
regard to whether mainly routine or non-routine problems are posed.
This is relevant because posed problems usually are or should be solved
by the participants. Since the process of solving routine problems is
different from the process of solving non-routine problems (Rott, 2014),
it is advisable to consider which type of problem is to be emphasized by
the situation.
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Situation

12

St
ru

ct
ur

ed

(1) If we want to buy 5 volleyballs, how much do we need to
pay?

(2) If we bought three footballs, and paid the cashier 100
dollars, how much can we get for change?

(3) If I want to buy one badminton racket and 10 badminton
shuttlecocks, how much do I need to pay?

(4) Please pose two more questions and answer them.

(Jiang & Cai, 2014, p. 396)

13 For the figure [below], one mathematics problem we could ask
is: Given that the radius of the smallest circle is one unit, what
is the ratio of the area of the largest circle to the area of the
smallest circle?

1. Think about how to solve this problem. If you can not
[sic] solve this problem, try to come up with a plan or
some ideas you have.

2. Pose problems using constraint manipulation or goal
manipulation strategy according to the given figure, or
the problems you have posed, or any other ideas you
have.

3. Could you come up with some ideas or a plan to solve
the original problem? If you have solved the initial one,
try to solve the one you just posed.

(Xie & Masingila, 2017, p. 116)

Tab. 6.7.: Structured problem-posing situations with a routine (Situation 12)
and a non-routine problem (Situation 13) problem as an initial
problem.
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However, whether the initial problem is routine or non-routine is not
sufficient in order to anticipate the resulting problems of a subsequent
problem-posing activity. Even a routine problem can lead to posing
non-routine problems. Sullivan and Clarke (1991, p. 15), for example,
transformed the routine problem Round 5.77 to the nearest tenth into a
problem which is non-routine for most students: “Describe all numbers
that round to 5.8. [...] What is the largest [or smallest] possible
number?” The other way around, you can also pose routine problems
based on a structured situation with a non-routine initial problem.
Therefore, similar to the characterization of problems, it mainly depends
on the individual, whether routine problems or non-routine problems
are posed.

6.7 Conclusion

There are substantial differences between situations labeled as problem
posing in research publications. We strongly believe that a clarified
terminology opens up numerous advantages for a research area; as
Ruthven (2020, p. 6) said:

“[I]t seems that an increasingly diverse range of concerns are
finding a place under the banner of problem posing so that
the original sense of the term – as the substantive formulation
of mathematical problems – has been expanded to embrace
a spectrum of pedagogical considerations relating to task
design, classroom organization, lesson planning and teacher
questioning. There is a danger, then, of usage of the term
becoming so diffuse as to undermine its analytic power and
reduce it to a nebulous slogan.”

Therefore, we offer a framework to categorize problem-posing situations.
Referring to Ruthven, a well-defined understanding of problem posing
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serves to obtain the analytical power of the concept of problem posing.
However, due to the debatable nature of the topic, our aim is to stimulate
reflection and initiate discussion rather than to propose indisputable
answers. Table 6.8 summarizes the main points of the three analyses.

Figure 6.3 illustrates the quantitative distribution of the developed
framework. It is shown that about one-third of the situations analyzed
do not induce a posing activity in the presented understanding. It is
also noticeable that more than half of all situations were categorized as
unstructured (i.e. free or semi-structured) problem-posing situations.
The structured situations, thus, seem to be underrepresented in problem-
posing research. This may be critical with regard to the generalizability
of study results, since structured problem-posing situations may pro-
duce different results. It also shows that only a very small number of
situations were available for analysis 3. This identifies an important
area of problem-posing research that needs to be expanded. A limita-
tion of the present analyses is that they do not analyse the possibly
different activities resulting from the situations. Future studies could
deal with this desideratum. In the context of a study, for example, it
would be worthwhile examining structured situations with both routine
and non-routine problems and analysing the posed problems of the
participants with regard to whether they are routine or non-routine
problems. Furthermore, similar to problem-solving research, one could
investigate whether the process of posing routine problems is different
from that of posing non-routine problems.

Fig. 6.3.: Quantitative distribution of the situations categorised by the frame-
work.
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The analyses reveal the numerous pitfalls that can occur when selecting
problem-posing situations for research and practice. In the following,
the implications of the three analyses for research and practice will be
presented.

6.7.1 Implications for practice

Analysis 1 separates posing from non-posing situations using openness as
a criterion. For practice, we argue that using problem-posing situations
with a certain degree of openness conveys students a more authentic
picture of mathematics (Silver, 1995). In our opinion, non-posing situa-
tions fulfill another, and no less substantial, educational function. The
proposal resulting from analysis 2 to consider unstructured situations
with varying degrees of restrictions, puts the focus for teachers on how
many restrictions they want to provide for their students in problem-
posing situations. Analysis 3 is of interest for teachers to consider in
advance what type of problems they want their students to pose or to
analyze the emerging problems. This does make a difference because
problem posing is usually accompanied by problem solving and solving
routine problems is different from solving non-routine problems.

6.7.2 Implications for research

Analysis 1 can support researchers in identifying different potential
problem-posing situations with regard to their openness. For example,
research results from the area of problem posing can be interpreted
more specifically: Consider the studies from Cai and Hwang (2002;
Situation 1 in Table 6.1) and Arıkan and Ünal (2015; Situation 2 in
Table 6.1) in the introduction. The framework introduced here can
be used to describe the differences of these studies precisely. Cai and
Hwang (2002) use an unstructured problem-posing situation. Arıkan
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and Ünal (2015) use reversed problems which – based on this framework
– are not considered to induce problem-posing activities. Therefore, we
argue that it is unproductive to merge these studies when reviewing the
current state of research on the relationship between or the influence
of problem posing and problem solving because the situations – and
thus the activities they provoke – differ considerably in their degree of
openness. Also, the criteria for mathematical posing situations provide
researchers with a descriptive framework that they can use to classify
and justify the selection of situations in their studies.

In Analysis 2, all situations that had not been omitted as non-posing
situations in Analysis 1 were further categorized into an adaption of
the established categories by Stoyanova and Ellerton (1996). Because
we encountered difficulties in distinguishing free and semi-structured
problem-posing situations, we proposed that these categories should not
be understood as clearly distinguishable, but rather should be placed
on a spectrum of unstructured situations that have a different degree of
predetermined information. For research, this reduces the chance of an
incorrect use of the categories free and semi-structured situations.

In Analysis 3, a closer look is taken at all situations that had been
identified as structured in Analysis 2. It is considered whether the
initial problem of a structured problem-posing situations is routine or
non-routine which may influence the emerging problems of the problem-
posing activity. A similar assessment can be made for unstructured
situations: Some situations tend to cause routine problems, while others
may lead to non-routine problems (Baumanns & Rott, 2019). The
analysis of the emerged problems on the spectrum between routine and
non-routine problems has been almost completely absent within the
reviewed articles. In accordance with our argumentation, Arıkan (2019)
stressed the importance of considering the problem type for his studies
on problem posing.
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These analyses open up a new perspective on established definitions of
problem posing and, thus, focus on new aspects that have not yet been
considered in problem-posing research. As mentioned in the introduction,
the field of problem posing lacks definition and structure. This article’s
framework is an attempt to close this gap.
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Abstract: This article aims to develop a framework for the
characterisation of problem-posing activities. The framework
links three theoretical constructs from research on problem pos-
ing, problem solving, and psychology: (1) problem posing as an
activity of generating new or reformulating given problems, (2)
emerging tasks on the spectrum between routine and non-routine
problems, and (3) metacognitive behaviour in problem-posing pro-
cesses. These dimensions are first conceptualised theoretically.
Afterward, the application of these conceptualised dimensions
is demonstrated qualitatively using empirical studies on prob-
lem posing. Finally, the framework is applied to characterise
problem-posing activities within systematically gathered articles
from high-ranked journals on mathematics education to identify
focal points and under-represented activities in research on prob-
lem posing.

7.1 Introduction

Posing problems has been emphasised as an important mathematical ac-
tivity by mathematicians (Cantor, 1867; Hadamard, 1945; Halmos, 1980;
Lang, 1989) and mathematics educators (Brown & Walter, 2005; Cai
& Leikin, 2020; English, 1997; Lee, 2020; Silver, 1994) alike. Since the
1980s, because of its importance, researchers in the field of mathematics
education have an increasing interest in investigating the activity of
problem posing. As an important companion of problem solving, it can
encourage flexible thinking, improve problem-solving skills, and sharpen
learners’ understanding of mathematical contents (English, 1997). Be-
cause of that, problem posing is implemented in the Principles and
Standards for School Mathematics (NCTM, 2000). These standards
explicitly emphasise problem posing as a genuine mathematical activity
(p. 117) which, in combination with problem solving, leads to a more
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in-depth understanding of the mathematical contents as well as the
process of problem solving itself (p. 341).

However, “the field of problem posing is still very diverse and lacks
definition and structure” as it “has not been a major focus in mainstream
mathematics education research” (Singer et al., 2013, p. 4; see also Cai
et al., 2015). In particular, the term problem posing is used to cover
numerous activities that differ considerably from each other. This
versatility presents difficulties for those who want to better understand
problem posing. For this reason, almost 20 years after his seminal
contribution to problem posing in 1994, Silver (2013, p. 159) asked: “Is
the time ripe for the field to make sharper distinctions among the several
manifestations of mathematical problem posing as a phenomenon?” We
are convinced that the potential for this discussion exists and want
to illustrate the diversity of these manifestations of problem posing
referring to activities that may be initiated by the situations in Table
7.1 on the following page. In this article, the term activity is intended to
refer problem posing in general while manifestation refers to a specific
characterisation of this activity.

• In situation 1, pre-service primary teachers were asked to generate
problems with less restrictions (Tichá & Hošpesová, 2013). The
resulting tasks led from routine problems like “Eva has 1

2 cake,
Jirka has 3

4 cake. How much do they have together?” (p. 138) and
more difficult tasks like “ 1

2 kg tomatoes costs [sic] 20 CZK. How
much is 3

4 kg tomatoes?” (p. 138) to non-routine problems like
“There are 40 fish in the aquarium. Of it, 1

2 is red and 1
2 has a

large tail fin. How many specimens of fish are red and how many
have a large tail fin? [Are] there any red fish with a large tail fin in
the aquarium? If so, how many specimens are there?” (cf. p. 140
f.) However, some of the participants were not aware of what to
consider when solving their interesting and substantial problems
since no evaluation of their posed problems took place (p. 140).
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Situation
1 Pose three word problems which include fractions 1

2 and 3
4 .

Solve the posed problems.
(Tichá & Hošpesová, 2013, p. 137)

2 For the figure [below], one mathematics problem we could ask
is: Given that the radius of the smallest circle is one unit, what
is the ratio of the area of the largest circle to the area of the
smallest circle?

1. Think about how to solve this problem. If you can not
[sic] solve this problem, try to come up with a plan or
some ideas you have.

2. Pose problems using constraint manipulation or goal ma-
nipulation strategy according to the given figure, or the
problems you have posed, or any other ideas you have.

3. Could you come up with some ideas or a plan to solve
the original problem? If you have solved the initial one,
try to solve the one you just posed.

(Xie & Masingila, 2017, p. 116)
3 Pose a new problem for a mathematics competition.

(cf. Kontorovich & Koichu, 2016)

Tab. 7.1.: Situations that initiate different manifestations of problem posing.

It was only through subsequent joint reflection that they became
aware of the complexity of their posed tasks.

• Situation 2 provides an initial non-routine problem, based on
which new problems are to be posed by varying its conditions
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(Xie & Masingila, 2017). In contrast to situation 1, in which new
problems are to be posed by generating tasks without a given
initial task, situation 2 focuses on the reformulation of a given
task. In this study, problem posing serves as a tool to generate an
idea to solve the non-routine initial problem. Thus, the posers are
already implicitly asked to evaluate their posed problems in terms
of whether they help solve the initial problem.

• Kontorovich and Koichu (2016) (Situation 3) had the chance to
observe an expert problem poser preparing tasks for mathematics
competitions. From the account of his process, it is apparent
that a high amount of evaluative or metacognitive behaviour was
involved in his search for non-routine problems. The analysis
revealed that new tasks were created through interplay of gener-
ation and reformulation – i.e. by retrieving existing knowledge
about mathematical content or known tasks that seem suitable
for the specific purpose or by modifying conditions of previously
generated tasks, respectively.

Each of these descriptions of problem-posing activities refers to the
following three dimensions, which will be discussed in this article:

(1) Problem posing as an activity involving the generation of new or
reformulation of given problems

(2) Problem posing as an activity involving the posing of routine or
non-routing problems

(3) Problem posing as an activity involving regulation of cognition as
metacognitive behaviour in problem posing

This article aims to develop a framework that serves to characterise
different manifestations of problem posing – as insinuated above – that
are characterised through these three dimensions. For this reason, the
three dimensions will first be theoretically conceptualised. Afterwards,

7.1 Introduction 127



the application of these conceptualised dimensions is demonstrated
qualitatively using empirical studies on problem posing. Finally, the
framework is applied quantitively to systematically gathered articles of
high-ranked journals on mathematics education to identify focal points
and under-represented areas in research on problem-posing activities.
This review is driven by the following research questions that structure
the analyses:

1. To what extent do the three conceptualised dimensions succeed in
characterising different manifestations of problem posing?

2. Which different manifestations of problem posing are represented
in high-quality journals on mathematical education?

3. Which focal points and gaps can be identified in research on
problem-posing activities?

7.2 What is problem posing?

Before the dimensions of the framework are conceptualised and applied
to the reviewed articles, the activity of problem posing is situated within
the existing literature.

7.2.1 Definition of problem posing

There are two widespread definitions of problem posing which are used
or referred to in a majority of research papers on the topic. The
first definition was proposed by Silver (1994, p. 19), who describes
problem posing as the generation of new problems and reformulation
of given problems. Both activities can occur before, during, or after a
problem-solving process. The second definition comes from Stoyanova
and Ellerton (1996, p. 518), who refer to problem posing as the “process
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by which, on the basis of mathematical experience, students construct
personal interpretations of concrete situations and formulate them as
meaningful mathematical problems.” In the following, we adopt the
definition of Silver (1994) because the proposed differentiation between
generating new and reformulating given problems conceptualises a broad
spectrum of problem-posing manifestations which will be considered in
the following.

Stoyanova and Ellerton (1996) differentiate problem-posing situations
between free, semi-structured, and structured problem-posing situations,
depending on their degree of structure. Free situations provoke the
activity of posing problems out of a given, naturalistic or constructed
situation without any restrictions (see Table 7.1 on page 126, Situation
3). In a semi-structured situation, the problem poser is invited to explore
the structure of an open situation by using mathematical knowledge,
skills, and concepts of previous mathematical experiences (see Table 7.8,
Situation 11). In structured situations, people are asked to pose further
problems based on a specific problem, e.g. by varying its conditions (see
Table 7.1 on page 126, Situation 2).

7.2.2 Non-posing activities

In empirical studies, there are some situations labelled as problem posing
(see Table 7.2 on the next page) that we do not consider as problem
posing and are excluded in this review (Baumanns & Rott, 2021). We
refer to these as non-posing activities.

Situation 4 invites providing a context to a given graph. This context
can be something like: “The cost of renting a bike is a $ 2 payment plus
$ 0.50 for each day you keep it.” (Cai et al., 2013, p. 65). We conclude
that this task does not necessarily lead to posing a problem that needs to
be solved afterward and, therefore, is not considered as problem-posing
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Situation
4 Use the graph below to answer the following questions.

Write an equation that will produce the above graph when x is
greater than or equal to zero. Write a real life situation that
could be represented by this graph. Be specific.
(Cai et al., 2013, p. 63)

5 Write a question to the following story so that the answer to
the problem is “75 pounds”.
“Jason had 150 pounds. His mother gave him some more. After
buying a book for 25 pounds he had 200 pounds”.
(Christou, Mousoulides, Pittalis, Pitta-Pantazi, & Sriraman,
2005, p. 152)

Tab. 7.2.: Situations that induce activities that are not considered as problem
posing in this article

activity within this paper. Also, situations in which participants are
asked to pose stories, e.g. to open number sentences involving both
positive and negative integers like 18+� = 5 or −5+� = 21 (Wessman-
Enzinger & Mooney, 2021), have a focus more on providing a context
than on posing problems.

In situation 5, students are invited to search for the question to a given
context and its answer. The sought-after task, however, is predefined:
“How many pounds did Jason get from his mother?” Therefore, after
the intended activity, no task can be worked on because its solution is
already given. Furthermore, because the situation offers a defined goal,
searching for the question that matches the predetermined situation and
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answer makes working on this situation equivalent to solving a reversed
task. These are characterized as mathematical tasks with a defined goal
and an undefined question (e.g. Bruder, 2000). Thus, in this article, the
activity of reconstructing an implicitly existing question on based on a
given solution is not considered as problem-posing activity.

We argue that this demarcation contributes to the further discussion on
problem posing because they do not apply to the presented understanding
of problem posing by Silver (1994). In situation 4, there is no problem
that is posed through generation or reformulation. Instead, a context
is to be provided. Situation 4 leads to a problem but since the answer
to this problem is already been given, the problem is not generated by
the means of Silver’s definition. Silver (1994, pp. 14–15) stated that
the generation of new problems occurs before or after a problem-solving
process. Before the question to situation 5 has been posed, there was no
problem-solving process and after the question is posed, there follows
no problem-solving process since the answer to the problem is already
given.

Furthermore, we argue the use of the term problem posing for activities
that differ significantly from each other has a negative effect on research
(Papadopoulos et al., 2022). The loose use of the term leads to a
concealment of the activity and impedes the interpretation of research
results. As Ruthven (2020) said:

“[I]t seems that an increasingly diverse range of concerns are
finding a place under the banner of problem posing so that
the original sense of the term – as the substantive formulation
of mathematical problems – has been expanded to embrace
a spectrum of pedagogical considerations relating to task
design, classroom organisation, lesson planning and teacher
questioning. There is a danger, then, of usage of the term
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becoming so diffuse as to undermine its analytic power and
reduce it to a nebulous slogan.”

Our demarcated understanding of problem posing serves to obtain its
analytical power.

7.3 The proposed framework

The proposed framework comprises three dimensions that are visualised
as a cube (see Figure 7.1 on the facing page). In the following sections,
these three dimensions are conceptualised to develop analytic tools for
assessing problem-posing activities.

7.3.1 Dimension 1: Generating and reformulating

As mentioned above, Silver (1994) states that problem posing refers
both to (1) the generation of new problems and (2) the reformulation of
a given problem.

(1) According to Silver (1994), the generation of new problems can
occur before or after a problem-solving process. Generating before
the problem-solving process refers to problem posing based on a
given situation in which the goal is the creation of a new problem
instead of solving it. Similar to free and semi-structured situations
(Stoyanova & Ellerton, 1996), this generation is based on an open
situation for which mathematical knowledge, skills, and concepts
from previous experiences have to be applied to pose problems.

(2) Reformulating given problems can occur during or after a problem-
solving process. Reformulation mostly refers to the process of
varying conditions of a given problem. Schoenfeld (1985b), for
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Fig. 7.1.: The proposed framework for assessing manifestations of problem
posing

example, suggests posing modified problems by replacing or varying
the conditions of a particular problem which is difficult to solve.
Posing a problem after problem solving refers to Pólya’s (1957)
phase of “Looking Back” or Brown and Walter’s (2005) What-
If-Not-strategy in which new and to be solved problems emerge
through variations of an initial problem’s conditions. In studies
on problem posing, this activity is mostly initiated by structured
situations (Stoyanova & Ellerton, 1996).
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In past research, these two significant perspectives on problem posing
have been used in studies to describe activities without specifying criteria
that enable distinct identification of both activities. In Table 7.3, more
objective criteria for the generation of new and reformulation of given
problems are proposed (cf. Baumanns & Rott, 2020).

Activity Criteria
Generation The process of posing a problem by constructing

(new) conditions to a (given or already posed)
problem or adding conditions to a free or semi-
structured problem-posing situation.

Reformulation The process of posing a problem by varying or
omitting single or multiple conditions of a (given
or already posed) problem.

Tab. 7.3.: Criteria to identify the activities of generating new and reformu-
lating given problems.

For clear identification of both activities, a list of the problem’s conditions
is first compiled in the sense of Brown and Walter’s (2005) What-If-Not-
strategy. The activity of varying or omitting one or more conditions of
this list is categorised as a reformulation. Constructing new conditions
to a problem or adding conditions to a free or semi-structured problem-
posing situation is categorised as a generation. This operationalisation
will be applied in the course of the article.

7.3.2 Dimension 2: Routine and non-routine problems

In mathematics education research, the term problem has been (and still
is being) used in a variety of meanings, leading to some difficulties and
misinterpretations of the research literature (Schoenfeld, 1992, p. 337).
On the one hand, the term problem is used for any kind of mathematical
task without differentiation; and on the other hand, the term is used
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exclusively for non-routine tasks. In this paper, we use the terms problem
and task synonymously. Yet, following Pólya (1966), we specify their
meanings with the supplements routine and non-routine. A problem
is a routine problem “if one has ready access to a solution schema”
(Schoenfeld, 1985b, p. 74) and a non-routine problem if the individual
has no access to a solution schema for a problem. This difference should
be exemplified. Integrating a polynomial function of degree 53 can be a
tedious computational activity for a mathematician; however, since he or
she knows the method of how to integrate a polynomial, this activity is
a routine problem for him or her. Otherwise, the problem to determine
the number of all squares on a regular chessboard (including squares
larger than 1×1) might be a non-routine problem to this mathematician,
if the method of how to calculate this number is currently unknown to
him/her.

Pólya (1966) emphasises that the ability to distinguish between routine
and non-routine problems is important for teachers and researchers. He
underlines this with the (certainly not undisputed) statement that “the
routine problem has practically no chance, to contribute to the mental
development of the student” (p. 126) compared to a non-routine prob-
lem. In addition, studies indicated that different beliefs, sub-processes,
and heuristics are involved when solving a non-routine problem com-
pared to working on a routine problem (Rott, 2012), which makes this
differentiation reasonable for researchers.

In most cases, the decision of whether a given problem is a routine prob-
lem or a non-routine problem is evident. Nevertheless, this attribution
is specific to the individual; a problem which is a non-routine problem
for one person can be a routine problem for another person who knows
a solution scheme for this problem Schoenfeld (cf. 1989). Observing a
problem-solving process helps to identify with greater certainty whether
a particular task is a non-routine problem for a person. Thus, the demar-
cation between these categories may not be sharp but the extreme cases
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are clearly recognisable (Pólya, 1966, p. 126). Following this thought,
in this article problems are, therefore, identified as representatives on a
spectrum between routine and non-routine problems with regard to a
specific individual or participants in the respective studies.

7.3.3 Dimension 3: Metacognitive behaviour

According to Flavell (1979), metacognition describes “knowledge and
cognition about cognitive phenomena” (p. 906), which roughly means
thinking about thinking. Based on this understanding and taking a
broadly constructivist view of cognition, two facets of metacognition are
identified: (1) knowledge about cognition (Cross & Paris, 1988; Kuhn
& Dean, 2004; Pintrich, 2002) and (2) regulation of cognition (Schraw
& Moshman, 1995; Whitebread et al., 2009).

Knowledge about cognition includes rather declarative knowledge of
strategy, task, and person (Pintrich, 2002). Strategic knowledge refers
to knowledge about strategies, e.g. when solving problems, and when
to apply them. Knowledge of tasks refers to knowing about different
degrees of difficulty of tasks and different strategies required to solve
them. The person’s knowledge includes knowledge about one’s own
strengths and weaknesses e.g. in problem solving.

Regulation of cognition refers to processes that coordinate cognition.
This includes processes of planning, monitoring, and evaluation (Schraw
& Moshman, 1995). Planning refers to the identification and selection
of appropriate strategies or resources concerning the current endeavour.
Monitoring refers to the attention and awareness of the comprehension
concerning the current endeavour. Evaluating refers to the assessment of
the processes and products of one’s learning. As this article investigates
activities rather than declarative knowledge, the facet of regulation of
cognition will be focused upon.
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For research on problem solving, Schoenfeld (1987) already emphasises
the activity of control or self-regulation as the ability to keep track of
what someone is doing when solving problems. Building on that, several
studies investigate the relationship between metacognitive behaviour and
successful problem solving (Lester et al., 1989; Artzt & Armour-Thomas,
1992; Desoete et al., 2001; Kim et al., 2013).

Theoretical considerations on problem posing implicitly contain some
aspects of metacognition and metacognitive regulation in particular
(Pelczer & Gamboa, 2009; Kontorovich et al., 2012), yet metacognition
is rarely explicitly addressed. For example, Voica et al. (2020) found
metacognitive behaviour in their study with students as they were
able to analyse and reflect on their own posed problems and thinking
processes.

Table 7.4 on the following page provides a not-exhaustive list of char-
acteristics that are intended to identify the metacognitive behaviour
of regulation of cognition, i.e. planning, monitoring, and evaluating
within problem posing. These characteristics are taken from Schraw and
Moshman’s (1995) descriptions as well as the process-related problem-
posing research by Pelczer and Gamboa (2009), and Baumanns and Rott
(2020) since the cognitive processes described therein involve metacogni-
tive behaviour while posing problems. In this article, these aspects of
metacognitive behaviour will be applied to studies on problem posing.

7.4 Procedure of the literature review

Adopting the guidelines for a systematic literature review by Moher
et al. (2009), we systematically gathered articles from all eleven English-
language A*-, A-, and B-ranked journals in mathematics education as
classified by Törner and Arzarello (2012). These journals are identical to
the eleven top-ranked journals in mathematics education research from
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Regulation of
cognition

Description of behaviour

Planning • Focus on a starting point of the problem-
posing situation to generate new problems

• Capturing the conditions and identifying
the restrictions of the given problem-posing
situation

• Reflect necessary knowledge

• Express general procedure for problem pos-
ing

Monitoring • Controlling the general procedure for prob-
lem posing

• Controlling the notation or representation
of the posed problems

• Assessing consequences on the problem’s
structure through the modified or new con-
structed conditions

Evaluating • Assessing and reflecting on the characteris-
tics of the posed problems (e.g. if it is a
routine or a non-routine problem, is it ap-
propriate for a specific target group, is it
solvable, interesting, well-defined, etc.)

• Reflect on possible modifications of the
posed problems

Tab. 7.4.: Identification criteria for regulation of cognition as metacognitive
behaviour in problem posing.
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the opinion-based study by Williams and Leatham (2017, p. 390). As
Williams and Leatham (2017) found out, excluding self-citations, about
80 % of the citations in journals on mathematics educations account to
the A*- and A-ranked journals. Therefore, they seem to be perceived by
a broad audience and to have a great impact on mathematics education
research.

In each of the journals’ databases, we searched in all available years from
the journal’s initiation to 2019 with the search term problem posing
which led to 686 articles. Keywords that refer to similar activities, e.g.
question asking (Mason, 2000), problem finding (Jay & Perkins, 1997), or
problem formulating (Kilpatrick, 1987), were excluded since this review
serves to demonstrate the broad spectrum of manifestations that can
be found when searching exclusively for problem posing as the probably
most prominent keyword in research on this activity. Moreover and to
our knowledge of the literature, including further keywords would not
change the central statements of the article. At the time the review
was conducted, 2020 had not yet been completed. Nevertheless, we
wanted to include a central additional source from 2020 in the review:
all ten articles from the recently published special issue in Educational
Studies in Mathematics on affects in mathematical problem posing (Cai
& Leikin, 2020). These articles were included, because the studies on
affects often contained questions that encouraged participants to reflect
on their posed problems and the process in general at a metacognitive
level (e.g. Bicer et al., 2020), but also because of the influence of ESM
articles in our community.1

From all these sources, only those articles were extracted that had the
term problem posing in either their title, abstract, or keywords which led
to 84 articles. From the remaining articles, those that did not report on
problem-posing activities from participants within an empirical study

1 A list of all 47 included articles that were part of the review can be found in
appendix A.1 on page 277.
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A*-, A-, and B-ranked Journals
Search term: “problem posing”

All available years to 2019

686 articles

Screening for relevance

696 articles

Full-text assessment

84 articles

612 articles excluded that do not have „problem posing“ 
either in their title, abstract, or keywords

18 articles excluded that do not report about activities in 
empirical studies on problem posing

8 articles excluded that examine only non-posing activities

11 articles excluded that provide insuf f icient information to 
assess the framework’s dimensions

Identification

Screening

Eligibility

Studies included 

47 articles
Included

Studies that provide 
information on all 
three dimensions 

30 articles

Studies that provide 
information on one or 

two of the three 
dimensions 

17 articles

ESM Special Issue (2020) on 
A ect in Mathematical Problem 

Posing 

10 articles

Fig. 7.2.: Flowchart of the systematic process of gathering literature

(e.g. because they discuss problem-posing heuristics from a superordinate
subject-matter perspective like Sriraman and Dickman (2017)) were
excluded, as the framework was developed for the characterisation of
activities. Studies that only examined non-posing activities (as defined
and described in section 7.2.2 on page 129) were not included in the
review as they induce activities that are characteristically different from
posing problems. For the remaining articles, we finally coded those
articles that provide sufficient information for an assessment of the
framework’s three dimensions.

The 47 included articles were coded by the authors. It should be
made clear that this coding does not allow us to make unambiguous
statements about the manifestations within the reviewed studies as they
rarely address the dimensions in detail or provide extensive data material
on them. Therefore, our coding is only intended to provide the reader
with an overview of studies that contain information on the respective
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dimensions and their manifestations. Although all three dimensions
are to be understood as a spectrum, the articles in the review were
coded dichotomously, i.e. generating or reformulating, posing routine
or non-routine problems, high or low metacognitive behaviour. This
means that we have investigated whether the problem-posing activity of
a respective study involves one or both characteristics of each dimension.
The dichotomous coding is due to the small number of articles. A
more differentiated gradation would, in our opinion, have diluted the
results.

For dimension 1, the situations were analysed: unstructured situations
are more likely related to generating new problems, structured situations
due to the given initial task are more likely related to reformulation.
In addition, the processes were considered if, for example, participants
first generated a problem and modified it afterwards. In this case, a
study was assigned to both characteristics of dimension 1. English
(1997), for example, reports that in the problem-posing programme
in her study, participants initially discussed important mathematical
ideas and “how new problems might be generated from these ideas” (p.
191). Afterwards, they “modified components within given problems to
create new problems” (p. 192). So, information on both generating and
reformulating is seen within her study and, thus, both characteristics
of dimension 1 were coded. This double coding is also possible for the
other two dimensions.

For the second dimension, we examined whether the articles provided
information about whether posing routine or non-routine problems (for
the poser) were the focus of the study. Van Harpen and Presmeg (2013),
for example, examined the posed problems with regard to their triviality
as to whether they are routine or non-routine problems. Since both task
types were common, both characteristics of dimension 2 were coded for
this article.
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Since nearly none of the reviewed articles explicitly addressed metacog-
nition, we primarily analysed the indications provided by the method-
ological approach of the studies concerning metacognitive behaviour.
Cankoy (2014), for example, encourages his participants in his inter-
locked problem posing cycle to discuss aspects as sufficiency, quality, or
need for modification of the posed problems. Furthermore, we paid at-
tention to general comments on metacognitive behaviour or the absence
of it such as the “problems are posed without solving beforehand or
deeply understanding the mathematics” or the participants “indicate un-
awareness of the mathematical potential and scope of [their] problem[s]”
(Crespo, 2003, p. 251). Since the article by Crespo, in addition to these
statements, also contains information on more reflective behaviour of
the participants, for this specific article, high and low metacognitive
behaviour was coded for this dimension.

In addition to the authors, a further independent rater coded 9 of the
47 articles (∼ 19.1 %) with regard to all three dimensions. For all three
dimensions, agreement was assessed using four codes: (1) information on
the first characteristic of the dimension (e.g. generation), (2) information
on the second characteristic of the dimension (e.g. reformulation),
(3) information on both characteristics of the dimension, or (4) no
information on the respective dimension. The inter-rater agreement is
substantial (Landis & Koch, 1977) with a Cohen’s Kappa of κ = 0.67.
Due to this agreement, the coding of the authors was used for the
quantitative evaluation of this review.

7.5 Qualitative application of the framework

In this section, we want to demonstrate the application of the three
conceptualised dimensions qualitatively on selected studies that are
particularly appropriate to illustrate the spectrum of each dimension.

142 Chapter 7



7.5.1 Dimension 1: Generating and reformulating

Voica and Singer (2013) provide a structured situation (following Stoy-
anova & Ellerton, 1996) in which fourth to sixth graders with above-
average mathematical attainment were asked to modify an initial prob-
lem (Table 7.5, Situation 6). The initial problem consists of (at least)
seven conditions: (1) square area, which (2) should be fully covered with
objects (in particular tiles), (3) there are tiles in two colours (in par-
ticular black and white), (4) the corner-tiles should be black, (5) black
tiles should be surrounded by white tiles, (6) the number of black tiles
should be maximal, and (7) 25 black tiles are given for the coverage.

Situation
6 A squared kitchen floor is to be covered with black and white

tiles. Tiles should be placed on the floor so that in each corner
is a black tile, there are only white tiles around each black tile,
and the number of black tiles has to be the biggest possible
(in the picture there are two examples of such coverage). How
many white tiles are needed if 25 black tiles are used?

(Voica & Singer, 2013, p. 269)

Tab. 7.5.: Structured problem-posing situation used by Voica and Singer
(2013)

Three problems (i–iii) that the participants posed are given in Table
7.6 on page 145. The problems (i) and (ii) may have a different context
(e.g. dance show instead of kitchen floor) but the problem’s general
structure has not changed. Yet, some conditions have been modified
or omitted. In problem (i), the 25 coloured tiles of condition (7) was
changed to 36 coloured tiles. In problem (ii), the square area of condition

7.5 Qualitative application of the framework 143



(1) was changed to a rectangular area and condition (7) was, similar
to problem (i), changed to 48 coloured tiles. Additionally, condition
(6) that the number of coloured tiles has to be maximal, was omitted.
Therefore, problems (i) and (ii) have emerged through reformulation.
Problem (iii), on the other hand, has emerged through generation
because of the construction of new conditions. Although some conditions
remained unchanged (e.g. conditions (1) and (2)), new conditions like
numbering the pattern of the black fields (consecutive-odd-even-even-
odd-consecutive. . .) were constructed. In summary, structured situations
can lead both to processes of generation and reformulation based on the
underlying understanding.

Not only structured but also semi-structured or free situations allow both
the activity of generating and reformulating. Imagine a poser generates
a problem by constructing conditions to a given semi-structured or free
situation without a given initial task. Afterward, because the poser
may find the posed problem is e.g. not very challenging, interesting, or
similar, he/she reformulates it by varying single or multiple conditions of
the posed problem. In addition, this example also illustrates that both
activities can occur with the same participant in the same situation.

As a transition to dimension 2, it should be mentioned at this point that
the posed problems presented above are presumably both routine and
non-routine problems. Therefore, regardless of the respective problem-
posing activity (i.e. generation or reformulation), both routine and
non-routine problems can occur.

7.5.2 Dimension 2: Routine and non-routine problems

The following examples illustrate that the emerging tasks of a problem-
posing situation can result on a spectrum between routine and non-
routine problems (cf. Baumanns & Rott, 2019). In Table 7.7 on page 146,
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Problems Conditions
{modified}
or [omit-
ted]

(i) On the square wall of the kitchen there are
green and blue tiles. They are arranged so that
each green piece is surrounded by blue pieces,
and the number of green tiles is the biggest
possible. The green pieces are in the corners.
How many tiles are blue, if 36 are green?

{7}

(ii) A dance show will take place in a rectangular
room. The dancers’ costumes will be of two
colors: purple and pink. Choreography was
made so that in every corner of the scene is one
dancer dressed in purple and the purple dancers
will be surrounded by only dancers dressed in
pink. How many dancers are dressed in pink,
if those dressed in purple are 48?

{1}, [6], {7}

(iii) We have the square next to here. We have to
cover it with black in this order: A1, A2,...,
A10, B1, B3,..., B9, B2, B4,..., B10, C2, C4,...,
C10, C1, C3,..., C9, D1, D2, D3,...

a) What is the 48th covered box?

b) When will the G7 box be covered?

Tab. 7.6.: Problems from participants to the structured situation in Table
7.5 on page 143.
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three problem-posing situations are shown to motivate this differentia-
tion. Situations 8 is semi-structured and both situation 9 and 10 are
structured situations in the sense of Stoyanova and Ellerton (1996).

Situation
8 Write a problem based on the following table whose solution

would require one addition and one subtraction:
Children Bank savings
John 340
Helen 120
Joanne 220
Andrew 110
George 280

(Christou, Mousoulides, Pittalis, Pitta-Pantazi, & Sriraman,
2005, p. 152)

9 The figure contains: the square ABCD, the circle inscribed
in this square, and the circular arc of centre A and radius
AB. Pose as many problems as possible related to this figure,
within the time-frame of the next three weeks. Write the posed
problems in the order in which they emerged from your mind, if
possible, and add a proof, or at least an indication of solving, for
each posed problem. Taking into account the above hypotheses
and notations, prove that 2 · EC = AC.

(Singer et al., 2017, p. 39)
10 Round 5.77 to the nearest tenth.

(Sullivan & Clarke, 1991, p. 15)

Tab. 7.7.: Problem-posing situations examined in the context of dimension 2
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Situation 8 provides a list of bank savings of five people and the re-
striction to pose a problem whose solution requires one addition and
one subtraction. This situation provokes posing tasks like: “Joanne and
Andrew combine their savings. How big is the difference between this
sum and John’s savings?” Tasks like that can be categorised as routine
problems for the participants of the study.

Situation 9 already contains an initial problem that is likely to be
non-routine for the participants of the study. In the study, it induced
the participants to pose tasks like the following ones: Let O be the
intersection of the diagonals of the square, F be the second intersection
of the full circle and the circle sector ABD, and S be the midpoint of
the segment AF . “Prove that OS = AO

2 . Prove that �CEO ≡ �CFO

and that CO is the bisector of angle ECF . Prove that the circle sector
OFE is πR2·m(�EOF )

1440 ” (Singer et al., 2017, p. 45). For most students,
these were non-routine problems that the figure provokes to pose.

Situation 10 demonstrates that even initial situations that include routine
problems can lead to problems on the whole spectrum between routine
and non-routine problems. The following four tasks (cf. Sullivan &
Clarke, 1991) can be posed to this situation and serve to demonstrate
that spectrum: “Round 5.77 to the next whole number”, “Which of the
following numbers round to 5.77: 5.764; 5.7649; 5.774; 5.7845”, “What
is the largest [or smallest] possible number that rounds to 5.8?”, and
“Describe all numbers that round to 5.8”.

If a certain type of task is to be provoked by the problem-posing situation,
such a request can be integrated into the situation’s text as, for example,
Leavy and Hourigan (2020) do: “Choose a class level (first to fourth
grade). Make a maths problem that would be a problem for those
children.” Whether the posed problems actually are routine or non-
routine problems the target group the problem is posed for (or the
poser him/herself) can only be assumed when there is a subsequent
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solving process. As already mentioned, it depends on the individual
whether a problem is a routine or a non-routine problem. Thus, this
assessment can be made with greater certainty, if the situation contains
an encouragement to solve the problem. Some studies already use a
request to solve the posed task (Xie & Masingila, 2017; Singer et al.,
2017).

The posed problems from the situations 8, 9, and 10 show that a similar
individual dependency can be drawn for problem posing as for problem
solving: Whether a problem-posing situation leads to routine or non-
routine problems depends on the respective poser and the purposes the
problems are posed for. A teacher who wants their students to train in
e.g. the addition of fractions, is likely to produce routine problems for
their students. A mathematician who tries to reach a higher level of
abstraction concerning a problem by generalising it (cf. Pólya, 1957) is
likely to pose non-routine problems for him- or herself.

The analysis of the emerged tasks on the spectrum between routine and
non-routine problems has been almost completely absent within the
reviewed articles. Only a few studies analyse this explicitly (Crespo,
2003; Van Harpen & Presmeg, 2013; Arıkan, 2019). Such differentiation
may be important for educators as well as for researchers in the field
of problem posing as the results of such activities differ with regard to
their purpose for the students’ learning process.

7.5.3 Dimension 3: Metacognitive behaviour

In order to identify the regulative activities of planning, monitoring,
and evaluating as metacognitive behaviour, some criteria from Table 7.4
on page 138 are applied to several turns of a transcript excerpt from
Kontorovich et al. (2012). This transcript is based on students working
on situation 11 from Table 7.8 on page 150.
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[1] Shay: I have an idea: if the dimensions of the table were
8 × 4, after how many hits the ball will enter into
pocket B?

[2] Jonny: You mean changing the table’s dimensions.
[3] Shay: Yes, and then finding the relationships [between the

dimensions of the table and the pocket the ball enters
into].

[4] Jonny: So let’s check this out.
[5] Sharon: Let’s start writing something.
[6] Jonny: We should make a bigger table.
[7] Sharon: I’ll do it. What size do you [the group] want?
[8] Jonny: We are given 4 × 6 and 2 × 4, so let’s make it 8 × 6.

[9] Sharon: Does everybody agree with 8 × 6? [Mark and Jonny
say “yes”]

[10] Sharon: 8 × 6 centimetres or squares?
[11] Mark: Squares.
[12] Sharon: Ok [Draws the 8 × 6 table]. What next?
[13] Mark: Place “A”, “B”, “C” and “D”
[14] Sharon: Where should I put each of them?
[15] Mark: In the same places as we got.
[16] Jonny [dictates, and Sharon writes]: If the ball made three

hits on the sides before entering the pocket in the
6 × 4 table, and the ball made only one hit on the
side in the 2 × 4 table, how many hits will be in the
8 × 6 table?

[17] Mark: And which pocket will the ball enter? Harry, what’s
your opinion: in which pocket it will end up? B?

[18] Jonny: But it’s not really a question. We need something
more interesting.

In turn 1, Shay chose the starting point of the relation between the
dimensions of the table and the number of hits the ball makes until
it will enter in pocket B. Jonny makes sure he has understood Shay’s
statement correctly and the group decides to focus its attention on this
context. This activity can be described as planning in terms of cognitive
regulation. In turn 8, Jonny refers to the table sizes given by the situation
to generate a meaningful modification. This can also be considered a
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planning activity. The enlargement of the table’s dimensions follows
from the given dimensions and is, therefore, a controlling procedure of
modification. This behaviour is thus interpreted as monitoring. After
the problem is posed in turn 16, Jonny evaluates it in turn 18, where
he remarks that it is not interesting enough. This can, therefore, be
referred to as evaluation.

In summary, the shown example serves as an illustration of the poten-
tial to identify metacognitive behaviour when posing problems. High
metacognitive behaviour refers to evidence of the criteria listed in Table
7.4 on page 138. Similarly, low metacognitive behaviour refers to the
absence of these criteria. The analysis of metacognitive behaviour in
problem posing may have a high potential for assessing the quality of
the process. An in-depth transcript analysis concerning metacognitive
behaviour could gain further insights into this topic.

Situation
11 Imagine billiard ball Tables like the ones shown below. Suppose

a ball is shot at a 45◦ angle from the lower left corner (A) of
the Table. When the ball hits a side of the Table, it bounces
off at a 45◦ angle. In Table 1, the ball travels on a 4 × 6 Table
and ends up in pocket B, after 3 hits on the sides. In Table
2, the ball travels on a 2 × 4 Table and ends up in pocket B,
after 1 hit on the side. In each of the figures shown below, the
ball hits the sides several times and then eventually lands in a
corner pocket.

Based on the given situation, pose as many interesting mathe-
matical problems as you can.
(Koichu & Kontorovich, 2013, p. 72)

Tab. 7.8.: Semi-structured situation used by Kontorovich et al. (2012)
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7.6 Quantitative application of the framework

Following this qualitative insight into the characteristics of the three
dimensions, in this section, we present a quantitative evaluation of all
articles included in the review. The dichotomous coding of the three
dimensions creates eight sub-areas within the framework. These sub-
areas are referred to as 3-tuples (Dim. 1, Dim. 2, Dim. 3) whereby
Dim. 1 is referred to as Gen or Ref (generation or reformulation), Dim.
2. is referred to as Rou or Non-Rou (posing routine problems or posing
non-routine problems), and Dim. 3 is referred to as Hi Met or Lo Met
(high metacognitive behaviour or low metacognitive behaviour).

Before conducting the quantitative evaluation, as an example, the article
by Martinez-Luaces et al. (2019a) is coded. Concerning dimension 1,
they investigate how prospective teachers pose inverse problems of
a given non-routine problem through reformulation. Although new
conditions are occasionally constructed, the basic structure of the initial
problem remains unaffected in the reported posed problems. Concerning
dimension 2, the problem-posing situation aims at enriching the given
non-routine problem and, in fact, the majority of the posed problems
were even more sophisticated non-routine problems for participants.
Nevertheless, the study also reports on a group that trivialises the initial
problem into a routine problem. Therefore, both characteristics of the
dimension were coded. Concerning dimension 3, the study indicates
that the participants show a high level of aptitude for the difficult task
to pose inverse problems. The numerous posed problems reported in
the study strongly support the impression that the participants were
able to regulate their cognitive process according to the task at hand.
In summary, this study was therefore classified in sub-areas (Ref, Rou,
Hi Met) and (Ref, Non-Rou, Hi Met) of the framework.

Figure 7.3 on the following page summarises the 30 articles with infor-
mation on all three dimensions in the form of a 3-dimensional heatmap.
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Since an article can also have information on both characteristics of
a dimension, they can also be in multiple sub-areas. However, there
are also 17 articles that do not provide information for all dimensions
and therefore cannot be placed within the heatmap (see Figure 7.2 on
page 140). The assignment of these articles is also given in the Appendix
A.2 on page 284. We note that only a small number of articles adequately
report on all three dimensions. Accordingly, the developed framework
offers a perspective on problem posing that has so far received little
attention in studies.
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Fig. 7.3.: 3-dimensional heatmap of problem-posing activities reported in
studies. The numbers indicate for the number of articles, in which
information about the respective part of the cube can be found. No
articles were coded as belonging into the only non-visible subarea
(Ref, Rou, Lo Met).
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The assignment reveals a certain gradient in the number of articles that
provide information on different problem-posing manifestations. No arti-
cle contained information on the manifestation located in sub-area (Ref,
Rou, Lo Met). Moving from this corner along the cube’s diagonal, the
number of articles that provide information on the manifestation located
in the corresponding sub-areas increases. As mentioned above, there
is little information in the articles about low metacognitive behaviour
((Gen, Rou, Lo Met), (Gen, Non-Rou, Lo Met), & (Ref, Non-Rou, Lo
Met)) as studies generally tend not to report too much on less rich
problem-posing processes that, thus, show low metacognitive behaviour.
Although problem posing is often related to problem solving (as solving
non-routine problems), numerous articles provide information on posing
routine problems with high metacognitive behaviour ((Gen, Rou, Hi
Met) & (Ref, Rou, Hi Met)). A noteworthy majority of articles provides
information on posing non-routine problems through generation and
reformulation with high metacognitive behaviour ((Gen, Non-Rou, Hi
Met) & (Ref, Non-Rou, Hi Met)). This indicates that the most frequent
information in the reviewed articles is about the activity that Ruthven
(2020, p. 6) describes as the “substantive formulation of mathematical
problems”.

7.7 Conclusion and discussion

This article highlighted the diversity of problem-posing activities and
argued the need for conceptual distinction. As Ruthven (2020, p. 6)
points out, there is a “need to develop a precise and powerful notion
of problem posing which can command acceptance not only amongst
problem posing experts but across the wider mathematics education com-
munity.” The framework developed in this paper attempts to approach
such a notion.
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Schoenfeld (2000, p. 646 sqq.) provides eight criteria for evaluating
empirical or theoretical work in mathematics education. These criteria
are used to discuss the potential and limitation the presented framework
offers as a contribution to research and practice on problem posing.
However, due to the debatable nature of the topic, we aim to stimulate
reflection and initiate discussion rather than to propose indisputable
answers. These criteria are (1) descriptive power, (2) explanatory power,
(3) scope, (4) predictive power, (5) rigour and specificity, (6) falsifiability,
(7) replicability, and (8) multiple sources of evidence.

This framework enables a precise description of the activities induced by
the situations in Table 7.1 on page 126 (Criterion 1). In the beginning,
these activities were only vaguely outlined. The participants from the
study by Tichá and Hošpesová (2013) posed new problems through
generation since no initial task was given whose conditions could be
modified. The tasks emerged along the entire spectrum between routine
and non-routine problems. However, since the participants did not reflect
on the tasks that emerged on their own, the respective problem-posing
manifestation is located in the sub-areas (Gen, Rou, Lo Met) and (Gen,
Non-Rou, Lo Met) (see Figure 7.4 on the facing page).

In the study by Xie and Masingila (2017), problem posing is used as a
tool for problem solving. Similarly, Pólya (1957) and Schoenfeld (1985b),
among others, also suggest posing a modified problem by replacing or
varying the conditions of the initial problem to generate a plan that helps
solving it. In this manifestation of problem posing, a better solvable
routine or non-routine problem is posed through reformulation on a high
level of metacognitive behaviour. Thus, this type of problem posing can
be localised by the sub-area (Ref, Rou, Hi Met) and (Ref, Non-Rou, Hi
Met) (see Figure 7.4 on the next page).

The expert problem poser in the study by Kontorovich and Koichu
(2016) posed new problems both through generation and reformulation.
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Fig. 7.4.: Localisation of problem-posing manifestations within the three
dimensions.

He aimed to pose non-routine problems for a mathematics competition.
As the observations of the study show, his problem-posing process is
highly reflective. This is why this problem-posing manifestation can be
localised by the sub-areas (Gen, Non-Rou, Hi Met) and (Ref, Non-Rou,
Hi Met) (see Figure 7.4).

The analyses have also shown to what extent the framework has explana-
tory power (Criterion 2). On the one hand, it explains the independence
of the process, i.e. the problem-posing activity in general (Dimension 1;
generating or reformulating), from the product, i.e. the posed problems
in a written form (Dimension 2; routine or non-routine problems), when
posing problems. On the other hand, metacognitive behaviour (Dimen-
sion 3; high or low metacognitive behaviour) fulfils an intermediary
function enabling the posers to assess the posed problems concerning
the previous process.

Furthermore, the theory developed herein connects three constructs
from problem posing (Dimension 1), problem solving (Dimension 2)
and psychology (Dimension 3) into one framework. The dimensions
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discussed therein cover a broad range of different phenomena that can be
characterised by the framework (Criterion 3). Dimension 3, in particular,
introduces an aspect into problem-posing research that has not yet been
considered in research on this activity. However, the assessment of
related activities, e.g. question asking, problem finding, or problem
formulating, is pending.

In addition, the specific construction of problem-posing situations based
on the framework enables the prediction of behaviour for both teachers in
school practice and researchers in their studies (Criterion 4). Situations
that already include whether new problems should be posed by genera-
tion or reformulation, or whether routine or non-routine problems should
be posed, allow a more specific prediction of problem-posing activities
of students in the classroom or participants in research studies.

For each dimension, the aim was to develop a selective operationali-
sation (Criterion 5). The reduction of the dimensions to a dichotomy
may be abandoned in future considerations as the interpretation of
the dimensions as spectra seems to be reasonable. In particular, the
framework provides more objective criteria for Silver’s (1994) seminal
differentiation between the generation of new and reformulation of given
problems (Dimension 1). Suggestions were made for the assessment of
posed problems through the instruction to solve the problems posed
(Dimension 2). Future studies on problem posing may inductively enrich
the criteria of metacognitive behaviour within problem posing (Dimen-
sion 3). Criteria 4 and 5 also enable the falsifiability of the proposed
framework (Criterion 6).

The satisfactory inter-rater agreement shows that different persons,
when appropriately trained, identify similar problem-posing manifes-
tation when reading articles (Criterion 7). Since few articles provide
deep insight into their data, a more comprehensive application of the
framework might better demonstrate its analytical power.
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The framework has been successfully applied to all problem-posing
studies within the dataset of this review and their very different method-
ological approaches. It seems worthwhile to examine the framework
from different sources. A subsequent stimulated recall interview with the
posers could provide further clarity about the framework’s descriptions,
explanations, and predictions (Criterion 8).

In practice, the developed problem-posing framework enables teachers
to trigger specific manifestations of the activity in class. This includes,
for example, the conscious decision of whether students should rather
pose routine problems for exercise or whether they should understand a
non-routine problem in greater depth through variation. For research,
the framework identifies further research questions: Do participants pose
more routine or non-routine problems to a given situation? Do they
get to them by reformulation or generation? To what extent is there a
connection between the process and the product? To what extent does
the analysis of metacognitive behaviour help to establish this relation-
ship? We believe that in particular, the consideration of metacognitive
behaviour in problem posing may be a central enrichment to the field to
assess the quality of problem posing and to better understand problem
posing in general.
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Abstract: The aim of this study is to develop a descriptive phase
model for problem-posing activities based on structured situations.
For this purpose, 32 task-based interviews with pre-service pri-
mary and secondary mathematics teachers working in pairs were
conducted who were given two structured problem-posing situ-
ations. Through an inductive-deductive category development,
five types of activities (situation analysis, variation, generation,
problem solving, evaluation) were identified. These activities were
coded in so-called episodes, allowing time-covering analyses of the
observed processes. Recurring transitions between these episodes
were observed by which a descriptive phase model was derived.
In addition, coding of the developed episode types was validated
for its interrater agreement.

8.1 Introduction

“In re mathematica ars proponendi quaestionem
pluris facienda est quam solvendi.” (Cantor, 1867, p. 26)

Transl.: In mathematics, the art of posing a question
is of greater value than solving it.

In his statement, Cantor emphasizes the importance of the ability to pose
substantial questions within mathematics. In fact, problem posing is
considered a central activity of mathematics (Hadamard, 1945; Halmos,
1980) and at the latest since the 1980s (Brown & Walter, 1983; Butts,
1980; Kilpatrick, 1987), it is being investigated with growing interest by
mathematics education researchers. Since the 1990s, it has been widely
used to identify or assess mathematical creativity and abilities (Silver,
1994; Silver, 1997; Singer & Voica, 2015; Van Harpen & Sriraman,
2013; Yuan & Sriraman, 2011). Silver (1997, p. 76) emphasizes that to
grasp such constructs, both products and processes of problem-posing
activities can be considered. However, a strong product orientation
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within research on problem posing is noticeable Bonotto (2013), Singer
et al. (2017), and Van Harpen and Sriraman (2013), that is studies
aiming to assess mathematical creativity, for example, often focus on
the posed problems rather than the processes that led to them. This
is noteworthy since processes are central to educational research. As
Freudenthal (1991) states:

“[T]he use of and the emphasis on processes is a didactical
principle. Indeed, didactics itself is concerned with processes.
Most educational research, however, and almost all of it
that is based on or related to empirical evidence, focuses
on states (or time sequences of states when education is to
be viewed as development). States are products of previous
processes. As a matter of fact, products of learning are more
easily accessible to observation and analysis than are learning
processes which, on the one hand, explains why researchers
prefer to deal with states (or sequences of states), and on
the other hand why much of this educational research is
didactically pointless.” (p. 87, emphases in original)

Although there are studies considering problem-posing processes (Head-
rick et al., 2020; da Ponte & Henriques, 2013), knowledge about general
knowledge about learners’ problem-posing processes remains limited
(Cai & Leikin, 2020). Only a few studies are dedicated to the devel-
opment of a phase model for problem posing (Cruz, 2006; Pelczer &
Gamboa, 2009). Those models still hold the potential for sufficient
generalization and validation. This knowledge could help to develop a
more sophisticated process-oriented perspective on problem posing. The
few studies that examine the general process of problem posing (Koichu
& Kontorovich, 2013; Patáková, 2014; Pelczer & Rodríguez, 2011) may
benefit from a validated phase model. Such a model may also be useful
for the effective educational use of problem posing in the classroom.
This study aims at developing a valid and reliable category system that
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allows analyzing problem-posing processes. These kinds of conceptual
frameworks play a central role in mathematics education research as
they enable a better understanding of thinking processes (Lester, 2005;
Schoenfeld, 2000).

8.2 Theoretical Background

8.2.1 Problem Posing

There are two widespread definitions of problem posing which are used or
referred to in most studies on the topic. As a first definition, Silver (1994,
p. 19) describes problem posing as the generation of new problems and
reformulation of given problems. Silver continues that both activities
can occur before, during, or after a problem-solving process. As a
second definition, Stoyanova and Ellerton (1996, p. 218) Stoyanova
and Ellerton (1996, p. 218) refer to problem posing as the “process
by which, on the basis of mathematical experience, students construct
personal interpretations of concrete situations and formulate them as
meaningful mathematical problems.” In the following, we adopt the
definition of Silver (1994) as the differentiation between the activities
of generation and reformulation is beneficial for identifying different
activities in problem-posing processes. However, both definitions are
not disjunctive or contradictory but describe equivalent activities.

In both definitions, the term problem is used for any kind of mathemat-
ical task whether it is a routine or a non-routine problem (Pólya, 1966).
For the former, “one has ready access to a solution schema” (Schoenfeld,
1985b, p. 74), and for the latter, one has no access to a solution schema.
Thus, problem posing can lead to any kind of task on the spectrum
between routine and non-routine problems (Baumanns & Rott, 2019;
Baumanns & Rott, 2021).
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Situation

1
un

st
ru

ct
ur

ed Pose a problem for a mathematics competition.
(cf. Kontorovich & Koichu, 2016)

2 Imagine billiard ball tables like the ones shown below. Suppose a
ball is shot at a 45◦ angle from the lower left corner (A) of the Table.
When the ball hits a side of the Table, it bounces off at a 45◦ angle.
In each of the examples shown below, the ball hits the sides several
times and then eventually lands in a corner pocket. In Example 1,
the ball travels on a 6-by-4 table and ends up in pocket D, after 3
hits on the sides. In Example 2, the ball travels on a 4-by-2 table and
ends up in pocket B, after 1 hit on the side.

Look at the examples, think about the situation for tables of other
sizes, and write down any questions or problems that occur to you.
(Silver, Mamona-Downs, Leung, & Kenney, 1996, p. 297)

3

st
ru

ct
ur

ed

For the figure [below], one mathematics problem we could ask is:
Given that the radius of the smallest circle is one unit, what is the
ratio of the area of the largest circle to the area of the smallest circle?

1. Think about how to solve this problem. If you can not [sic]
solve this problem, try to come up with a plan or some ideas
you have.

2. Pose problems using constraint manipulation or goal manipu-
lation strategy according to the given figure, or the problems
you have posed, or any other ideas you have.

3. Could you come up with some ideas or a plan to solve the
original problem? If you have solved the initial one, try to
solve the one you just posed.

(Xie & Masingila, 2017, p. 116)

Tab. 8.1.: Unstructured and structured problem-posing situations
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Stoyanova and Ellerton (1996) distinguish between free, semi-structured,
and structured problem-posing situations depending on the degree of
structure. A situation is an ill-structured problem in the sense that
its goal cannot be determined by all given elements and relationships
(Stoyanova, 1997). Because this study focuses on structured situations
and Baumanns and Rott (2021) encountered difficulties in distinguishing
free and semi-structured situations, in this article, we distinguish between
unstructured and structured situations. Unstructured situations form a
spectrum of situations without an initial problem. The given information
of these situations reaches from nearly none (see Table 8.1, Situation 1) to
open situations with numerous given information, the structure of which
must be explored by using mathematical knowledge and mathematical
concepts (see Table 8.1, Situation 2). In structured situations, people are
asked to pose further problems based on a specific problem, for example
by varying its conditions (see Table 8.1, Situation 3). The phase model
developed in this article aims at describing problem-posing activities
that are induced by situations like those in Table 8.1. In particular, the
model is developed using structured situations.

8.2.2 Process of problem posing – State of research

Because products may be more accessible by analysis than processes
(Freudenthal, 1991), most problem-posing studies focus on posed prob-
lems (Bicer et al., 2020; Van Harpen & Presmeg, 2013; Yuan & Sriraman,
2011). However, consideration of the processes increases in recent studies
(Cai & Leikin, 2020; Crespo & Harper, 2020; Headrick et al., 2020; Koichu
& Kontorovich, 2013; Patáková, 2014; Pelczer & Rodríguez, 2011). da
Ponte and Henriques (2013), for example, examine the problem-posing
process in investigation tasks among university students and found
that problem posing and problem solving complement each other in
generalizing or specifying conjectures to obtain more general knowl-
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edge about the mathematics contents. Christou, Mousoulides, Pittalis,
Pitta-Pantazi, and Sriraman (2005) describe four thinking processes that
occur within problem posing, namely editing, selecting, comprehend-
ing/organizing, and translating quantitative information. They found
the most able students are characterized through editing and selecting
processes. However, compared to the present study, these activities do
not tend to describe problem-posing processes by phases. Instead, Chris-
tou, Mousoulides, Pittalis, Pitta-Pantazi, and Sriraman (2005) intend
to characterize thinking processes in problem posing. Cifarelli and Cai
(2005) include problem posing in their model to describe the structure
of mathematical exploration in open-ended problem situations. They
identify a recursive process in which reflection on problem’s solutions
serves as the source of new problems.

The studies cited above differ from the present study as follows: They de-
scribe and analyze only individual processes, they describe the problem-
posing process in terms of thinking processes rather than phases, or they
consider problem-posing processes as a sub-phase of a superordinate
process. However, there is a lack of studies that attempt to derive a
general, descriptive phase model of observed problem-posing processes
themselves from numerous processes. For problem-solving research, the
analysis of processes through phase models has been established at least
since Pólya’s (1957) and Schoenfeld’s (1985b) seminal works. While
their models are normative, which means they function as advice on how
to solve problems, newer empirical studies on the process of problem
solving develop and investigate descriptive models, which means they
portray how problems are actually solved by participants (Artzt &
Armour-Thomas, 1992; Rott et al., 2021; Yimer & Ellerton, 2010). This
study also focuses on descriptive models.

Some researchers interpret problem posing as a problem-solving activ-
ity (Arıkan & Ünal, 2015; Kontorovich et al., 2012; Silver, 1995) and
there are several established models of problem-solving processes (e.g.
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Mason et al., 1982; Pólya, 1957). Therefore, it is a reasonable question
whether a separate phase model for problem posing is needed. From the
observations of problem-solving and problem-posing activities within
the present study, we share the argument by Pelczer and Gamboa (2009)
that the cognitive processes involved in problem posing are of their
own nature and cannot be adequately described by the phase models of
problem solving. For problem posing, Cai et al. (2015) state, “there is
not yet a general problem-posing analogue to well-established general
frameworks for problem solving such as Polya’s (1957) four steps” (p.
14).

To find existing research on this topic, we conducted a systematic
literature review (Baumanns & Rott, 2021; Baumanns & Rott, 2022a).
This review encompassed articles from the high-ranked journals of
mathematics education, the Web of Science, PME proceedings, the 2013
and 2020 special issues in Educational Studies of Mathematics, the 2020
special issue in International Journal of Educational Research, and two
edited books on problem posing (Felmer et al., 2016; Singer et al., 2015)
From all reviewed articles, three were dedicated to the development of
general phases in problem posing similarly to the present study.

Cruz (2006) postulates a phase model based on a training program
for teachers (see Figure 8.1 on the next page). For this reason, this
phase model is preceded by educative needs and goals. Once a concrete
teaching goal has been set (1), the episode type of problem formulating
begins (2). This episode has a problem as its output which is then solved
(3). If it cannot be solved, the problem may have to be reformulated
(4). A solvable problem is further developed in the episode type problem
improving (5). The complexity of the problem is adapted to the learning
group and compared with the goal (6 and 7). If the comparison shows
that the problem is not suitable, either further changes are made to the
task (8) or the task is rejected as unsuitable.
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Fig. 8.1.: Phase model of problem posing by Cruz (2006)

Pelczer and Gamboa (2009) distinguish five phases – setup, transfor-
mation, formulation, evaluation, and final assessment – based on the
analysis of problem-posing processes in unstructured situations. The
setup includes the definition of the mathematical context of a situation
and the reflection on the knowledge needed to understand the situation.
This assessment serves as a starting point for the subsequent process.
During the transformation, the conditions of a problem are analyzed
and possibilities for modification are identified, reflected, and executed.
In the formulation, all activities related to the formulation of a task
are summarized. This includes the consideration of different possible
formulations of the problem as well as an evaluation of these formula-
tions. In the evaluation, a posed problem is assessed in terms of various
aspects, for example, whether it fulfills the initial conditions or further
modifications are needed. In the final assessment, the process of posing
a problem is reflected upon and the problem itself is evaluated, for
example in terms of difficulty and interest. In their study, Pelczer and
Gamboa (2009) compare experts’ and novices’ problem-posing processes,
identifying different trajectories, that is transitions between the stages.
While experts more often go through recursive processes, processes of
novices are more linear and often occur without transformation and
final assessment.

Koichu and Kontorovich (2013) developed four stages, observed in the
context of two successful problem-posing activities: (1) In the warming-
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up phase, typical problems spontaneously associated with the given
situation are posed that serve as a starting point. (2) In the phase
searching for an interesting mathematical phenomenon, participants
concentrate on selected aspects of the given task to identify interesting
aspects that can be used for forthcoming problems. (3) Since the
intention is to develop interesting problem formulations, in the phase
hiding the problem-posing process in the problem formulation, the posers
try to disguise to the potential solvers in which way the task was
created. (4) Finally, in the reviewing phase, the posers evaluate the
problems based on individual criteria such as the degree of difficulty or
appropriateness for a specific target group.

In general, Cruz’ (2006) phase model does not allow for sufficient general-
ization to processes of sample groups that do not pursue school learning
goals such as students or mathematicians. The model by Pelczer and
Gamboa (2009) has the potential to verify the validity by checking
objective coding. The stages by Koichu and Kontorovich (2013) are
developed on a small sample of two people and therefore need to be
tested for applicability to larger sample groups. All these potentials
will be addressed in this article. In addition, although the models pre-
sented have certain similarities, they also show numerous characteristic
differences. In comparison, phase models for problem solving (Artzt &
Armour-Thomas, 1992; Pólya, 1957; Rott et al., 2021; Schoenfeld, 1985b;
Yimer & Ellerton, 2010) share a very similar core structure. Thus, there
is a conceptual and empirical need for a generally applicable model for
problem-posing research.

The need for developing a phase model for problem posing is, furthermore,
based on our general observation that the quality of the posed problems
did not always match the quality of the observed activity. In our
opinion, it is therefore not enough to consider only the products when,
for example, problem posing is used to assess mathematical creativity.
Furthermore, developing a process-oriented framework serves as research
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for discussing and analyzing these processes (Fernandez et al., 1994,
p. 196).

8.2.3 Research questions

The research goal of this study is to develop a descriptive phase model
for the problem-posing activities based on structured situations. The
lack of phase models constitutes a desideratum from which the following
research questions emerge:

(1) Which recurring and distinguishable activities can be identified
when dealing with structured problem-posing situations?

(2) What is the general structure (i.e., sequence of distinguishable
activities) of the observed processes from which a descriptive phase
model may be derived?

The goal of these research questions is to develop a descriptive phase
model that allows analyzing problem-posing processes. To evaluate the
quality of this model, we draw on the criteria by Schoenfeld (2000) that
can be used for evaluating models in mathematics education. As this
type of coding is highly inferential (Rott et al., 2021; Schoenfeld, 1985b),
special emphasis is given to interrater agreement.

8.3 The study

8.3.1 Data collection

The present study is a generative study that aims to “generate new
observation categories and new elements of a theoretical model in the
form of descriptions of mental structures or processes that explain the
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data” (Clement, 2000, p. 557). For such studies, a less structured,
qualitative approach is appropriate that is open to unexpected findings
(Döring & Bortz, 2016, p. 192), such as task-based interviews. Task-
based interviews have particularly been used in problem-solving research
to gain insights into the cognitive processes of participants (Konrad, 2010,
p. 482). The interviews were conducted in pairs to create a more natural
communication situation and eliminate the constructed pressure to
produce something mathematical for the researcher (Schoenfeld, 1985a,
p. 178). Johnson and Johnson (1999) also underline that cooperative
learning groups such as pairs are “windows into students’ minds” (p. 213).
For this reason, the interviewer avoided intervening in the interaction
process.

The interviews were conducted with 64 pre-service primary and sec-
ondary mathematics teachers (PST). The PSTs worked in pairs on one
of two structured problem-posing situations, either (A) Nim game or (B)
Number pyramid, which are presented in Table 2. The participants were
informed that both problem solving and problem posing were central.
After the initial problem solving, both situations stated: “Based on this
task, pose as many mathematical tasks as possible.” This open and
restriction-free question should stimulate a creative process. A common
question of understanding from participants was, using the example of
situation (A), whether they should now pose further Nim games or were
also allowed to depart from them. This decision was left to the PSTs’
creativity.

In total, 15 processes of situation (A) and 17 processes of situation (B),
ranging from 9 to 25 minutes, have been recorded and analyzed. The
processes ended when no ideas for further problems emerged from the
participants. In total, 7h 46min of video material was recorded and ana-
lyzed. Thus, the processes had an average length of 14.5min. Four pairs
of PSTs each were in the same room under authentic university seminar
conditions. A camera was positioned opposite the pairs capturing all
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the participants’ actions. To accustom them to natural communication
in front of the camera, short puzzles were performed before problem
posing.

Situations
(1) Nim game

There are 20 stones on the table. Two
players A and B may alternately re-
move one or two stones from the ta-
ble. Whoever makes the last move wins.
Can player A, who starts, win safely?
Based on this task, pose as many math-
ematical tasks as possible. (cf. Schupp,
2002, p. 92)

(2) Number pyramid
In the following number pyramid,
which number is in 8th place from the
right in the 67th line? Based on this
task, pose as many mathematical tasks
as possible. (cf. Stoyanova, 1997, p. 70)

Tab. 8.2.: Structured problem-posing situations used in the study

8.3.2 Data evaluation

For data analysis, we adapted Schoenfeld’s (1985b) Verbal Protocol
Analysis, originally used to analyze problem-solving processes. This
method is an event-based sampling. Compared to time-based sampling,
the processes are not divided into fixed time segments (e.g., 30 seconds),
which are then coded. Instead, new codes are set when the participants’
behavior changes. This method has two steps: At first, the recorded
interviews are segmented into “macroscopic chunks of consistent behav-
ior” (Schoenfeld, 1985b, p. 292) that are called episodes in which “an
individual or a problem-solving group is engaged in one large task [.
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. .] or closely related body of tasks in the service of the same goal”
(Schoenfeld, 1985b, p. 292). In a second step, the episodes are then
characterized in terms of content.

To answer the first research question, verbal protocol analyses were
employed in terms of inductive category development (Mayring, 2014,
pp. 79–87), meaning that the episode types were developed data-derived.
The descriptions of the episode types were additionally concretized
in a theory-based manner. For that, the above-mentioned conceptual
and empirical findings of problem-posing research (Cruz, 2006; Pelczer
& Gamboa, 2009; Silver, 1994), as well as findings of research on
phase models in problem solving (Pólya, 1957; Schoenfeld, 1985b), were
used. This procedure aims at developing exclusive and exhaustive codes
(Cohen, 1960), that is episode types, that can be assigned to the observed
problem-posing processes.

To answer the second research question, recurring sequences of the
episode types were identified to develop a general phase model. Both
general sequences in the observed processes, as well as conceptual insights
about problem-posing activities in general, were considered. To analyze
the interrater agreement, an independent second coder was trained. At
first, the second coder was given the coding manual and a process to
code without further comment. For this first coding, cases of doubt
were discussed within two hours of training. After this training, the
second coder analyzed about 2h 23min of the total video material of 7h
46min which means 10 randomly chosen processes out of 32. Thus, the
second coder analyzed about 30.7% of the total video material. Finally,
cases of doubt of coding were discussed via consensual validation. These
codings were used to calculate the interrater agreement to the author’s
coding.

The interrater agreement was calculated with the EasyDIAg-algorithm
by Holle and Rein (2015). EasyDIAg provides an algorithm that converts
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two codes of an event-based sampling data set into an agreement table
from which Cohen’s Kappa (Cohen, 1960) is calculated through an
iterative proportional fitting algorithm. Furthermore, in contrast to the
classical Cohen’s kappa, EasyDIAg provides an interrater agreement
score for each value of a category. EasyDIAg considers raters’ agreement
on segmentation, categorization as well as the temporal overlap of the
raters’ annotations. This makes this algorithm particularly suitable for
assessing the interrater agreement of the event-based sampling data
set at hand. For the agreement, we used an overlap criterion of 60%
as suggested by Holle and Rein (2015). In the online supplement,
we provide an example analysis of a process that was coded by the
authors and the second rater followed by the calculation of the interrater
agreement in this manner.

8.4 Results

First, to retrace the inductive-deductive category development, the
problem-posing process of the Nim game by Theresa and Ugur will be
described in order to refer back to it when describing the developed
episode types. The individual episodes are described without labelling
them. The given periods indicate the minutes and seconds (mm:ss) of
the respective episodes. The recorded time starts with the first attempt
at posing problems after the initial problem has been solved. Compared
to other participants Theresa and Ugur get the solution of the Nim
game quickly and without assistance.

Episode 1 (00:00–00:49): Theresa and Ugur first read the task that
should initiate the problem posing. Ugur considers whether new tasks
should now be posed in relation to the solution strategy of working
backwards. Theresa considers whether the stones should be the focus of
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new tasks. Afterward, both reflect again on their solution strategy and
consider to what extent they can use it for new tasks.

Episode 2 (00:49–02:14): Then other games like Connect Four or Tic-
tac-toe, which may have a winning strategy similar to the Nim game,
are collected.

Episode 3 (02:14–05:50): Both participants want to figure out whether
there is a winning strategy for Tic-tac-toe. After about three minutes,
they assume that an optimal game always results in a draw. They return
to the Nim game and ponder whether Player B also has a chance to win
safely. They conclude that Player B can only win if Player A does not
make the first move according to the winning strategy.

Episode 4 (05:50–07:43): They pose the task of how many stones are
necessary for Player B to win safely. Afterward, the text of the task is
formulated. They also ask how many moves Player A needs in order to
win.

Episode 5 (07:43–09:03): The last-mentioned question of episode 4 is
solved and also generalized. Ugur says, you find the number of moves of
Player A by going from the number of stones to the next higher number
divisible by three, and then dividing this number by three.

Episode 6 (09:03–09:44): Ugur suggests increasing the number of stones
that can be removed from the table. Specifically, he suggests that one
to three stones can be removed. Meanwhile, Theresa writes down these
ideas.

Episode 7 (09:44–10:32): Theresa writes down the previously posed
problems without working on the content of the formulations.

Episode 8 (10:32–13:48): Both play the variation of the Nim game raised
in episode 6. They express that they want to develop a winning strategy
for this variation. They quickly realize that Player B can safely win
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the game since multiples of four are now winning numbers and the 20
stones that are on the table at the beginning are already divisible by
four. They validate this strategy afterward. At the last minute, the
newly posed variation is also evaluated as exciting.

Episode 9 (13:48–14:13): Ugur wants to generalize the game further
and poses the task of how to win when the players can remove one to n

stones. Theresa asks Ugur if his goal is a general formula.

Episode 10 (14:13–15:48): This task is then solved by Ugur by transfer-
ring the structure of the solution of the initial problem to the general-
ization. Ugur formulates that if you are allowed to remove one to n − 1
stones, the player who has the turn must bring the number of stones to
n by his turn to win safely.

Episode 11 (15:48–16:42): Subsequently, both work on a suitable formu-
lation for this generalized task.

Episode 12 (16:42–18:28): Theresa notes that solving the initial problem
is challenging and therefore suggests providing help for pupils. Theresa
suggests that it might help when the pupils first develop a winning
strategy for the simple case that the players can only remove one stone.
Ugur suggests further help cards which can be requested by the pupils
themselves if they get stuck.

Episode 13 (18:28–19:50): Theresa wants to focus on new tasks again.
They move away from the initial problem and use the stones to create
an iconic representation of the triangular numbers (1, 3, 6, . . .).
They formulate the task to find a general formula to calculate the n-th
triangular number.

Episode 14 (19:50–21:33): Theresa puts the stones in rows of three so
that the structure that leads to the winning strategy is more visible.
She evaluates this presentation by emphasizing the usefulness of this
method for extensions of the Nim game with more than 20 stones on
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the table. The process comes to an end as Theresa and Ugur, when
asked by the interviewer, agree not to generate any more ideas.

8.4.1 Category development of episode types in problem
posing

Using the described evaluation method, five episode categories were
developed which allow the observed processes to be described in a
time-covering manner. These episode categories are: Situation Analysis,
Variation, Generation, Problem Solving, and Evaluation. In the following,
the developed categories of episode types are described. The episodes of
the process by Theresa and Ugur (T&U) described above are assigned to
these episode types for a better comprehension of the episode types. In
addition, we provide further anchor examples in the online supplement.
Subsequently, indications are given for coding the individual categories.
Finally, the categories are discussed regarding the state of research.

Situation Analysis

Description. During the situation analysis, the posers capture single
or multiple conditions of the initial task. They usually recognize which
conditions are suitable and to what extent, to create a new task by
variation (changing or omitting single or multiple conditions) or genera-
tion (constructing single or multiple new conditions). In addition, the
subsequent investigation of the initial task’s solution is summarized in
this episode. This also includes the creation of clues or supporting tasks
that lead to the solution of the initial task.

In the process of T&U, episode 1 is coded as situation analysis as the
participants still reflect on their solution strategy. Also, episode 12 is
coded as situation analysis because both PSTs try to come up with
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ideas on how to support students with solving the initial problem. A
further example of other participants who capture the conditions of the
initial problem can be found in the online supplement.

Coding instructions. It is not always clear when the posers are engaged
in reading (see non-content-related episodes below) or have already
moved on to situation analysis. Simultaneous coding is possible here.
The creation of supporting tasks, which are supposed to assist in solving
the initial problem, is interpreted as an analytical examination of the
situation and is therefore coded as situation analysis.

Variation

Description. During variation, single or multiple conditions of the
initial task or a task previously posed in the process are changed or
omitted. No additional conditions are constructed. In addition, writ-
ing down and formulating the respective task is included under this
episode.

In the process of T&U, episodes 4, 6, 9, and 11 are coded as variation.
In episode 6, for example, Ugur varies one specific rule of the Nim game
and states that the players are now allowed to remove one to three stones
from the table. In episode 9, this is further generalized by variation.

Coding instructions. For the identification of variation, the What-If-
Not-strategy by Brown and Walter (2005) should be used. The first step
of this strategy is intended to extract the conditions of a problem. The
Nim game, for example, has at least the following five conditions: (1) 20
stones, (2) two players, (3) alternating moves, (4) one or two stones are
removed, and (5) whoever empties the table wins. This analysis should
be done before coding. Omitting or varying these analyzed conditions
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will be coded as variation. Also, omitting or varying conditions of a
previously posed problem is coded as variation.

Generation

Description. During generation, tasks are raised by constructing new
conditions to the given initial task or a task previously posed in the
process. Due to the possible change in the task structure, posers some-
times explain the new task. In addition, writing down and formulating
the respective task is summarized under this episode type. Also, free
associations, in which tasks similar to the initial task are reminded, are
coded as generation.

In the process of T&U, episodes 2 and 13 are coded as generation. In
episode 13, for example, they move further away from the Nim game
and use the stones to ask questions about dot patterns.

Coding instructions. The episode types variation and generation are
not always clearly distinguishable from each other. Although the coding
focuses on the activity of the poser and not on the emerged task, it can
help to examine the characteristics of a task resulting from variation
or generation. In the case of a varied task, the question or the solution
structure often remains unchanged. In the case of a generated task,
there is usually a fundamentally different task whose solution often
requires different strategies.

Problem Solving

Description. Problem solving describes the activity in which the posers
solve a task that they have previously posed. If a non-routine problem
has been posed, the respondents go through a shortened problem-solving
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process in which the phases of devising and carrying out the plan (Pólya,
1957) are the main focus. In some cases, the posers omit to carry out the
plan if the plan already provides sufficient information on the solvability
and complexity of the posed problem. If a routine problem has been
posed, the solution is usually not explained, since the method of solution
is known. However, longer phases of solving routine tasks are also coded
as problem solving.

In the process of T&U, episodes 3, 5, 8, and 10 are coded as problem
solving as the participants are engaged in solving their posed problems.

Coding instructions. Although solving a routine problem should be
differentiated from solving a non-routine problem, both activities are
labelled with the same code. However, the commentary of the coding
should specify whether an episode is an activity of solving a routine or
a non-routine problem.

Evaluation

Description. In the evaluation, the posers assess the posed tasks based
on individually defined criteria. In the processes observed, posers asked
whether the posed problem is solvable, well-defined, similar to the
initial task, appropriate for a specific target group, or interesting for
themselves to solve it. On the basis of this evaluation, the posed task is
then accepted or rejected.

In the process of T&U, episode 14 is coded as evaluation and in episode
8, there is a simultaneous coding of problem solving and evaluation. In
episode 8, for example, the participants are initially engaged in problem
solving. Towards the end of this episode, they both assess their posed
problem based on their interest in solving it.
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Coding instructions. Often, evaluative statements are made about
the course of an episode of problem solving, since the criteria for the
evaluation of a posed problem (e.g., solvability or interest) are based on
sufficient knowledge about the solution of the posed problem. In such
cases, the episode types of problem solving and evaluation cannot be
separated empirically, which is why simultaneous coding is permitted.
The criterion for this simultaneous coding is that during an episode of
problem solving an evaluative statement must come within a 30-second
window for a simultaneous coding to be made. For example, if at least
one evaluative statement falls during the first 30 seconds of a problem-
solving episode, both types of episodes are coded simultaneously. If at
least one evaluative statement also falls within the following 30 seconds of
problem solving, both episode types are again encoded simultaneously.

Non-content-related episode types

When participants, for example, ran out of ideas or became distracted
during the interview, they engage in the following non-content-related
activities. Such activities were also identified in descriptive models of
problem solving (Rott et al., 2021). In the process of T&U, episode 7
was coded as non-content-related episode.

Reading. The episode of reading consists of reading the situation text
as well as a shorter exchange about what has been read to make sure
that the text is understood. Since the participants have usually already
solved the initial task of the situation, the reading takes place rather in
between.

Writing. In the episode of writing, posers write down the text of a
problem they have already worked out orally. Also, the posers write
down the solution of a previously posed problem. Writing is only coded
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if no solution or problem formulation is being worked on in terms of
content (e.g., specify the problem text).

Organization. Organization includes all activities in which the poser is
working on the situation, but where no content-related work is apparent.
This includes, for example, the lengthy production of drawings.

Digression. The episode digression is encoded when the posers are not
engaged with the situation. This may include informal conversations
with the other person about topics that are not related to the task (e.g.,
weekend activities) or looking out of the window for a long time.

Other. All episodes that cannot be assigned to any other episode type
are coded as Other.

Discussion

To provide a theoretical justification of the data-driven episode types
of problem posing, we want to connect the five episode types with the
presented state of research on problem-posing phase models.

Situation Analysis. In Pelczer and Gamboa’s (2009) phase model,
we find aspects of Situation Analysis in their transformation stage.
One sub-process of this transformation stage is the analysis of the
problem’s characteristics. Terminologically, the episode name is based
on Schoenfeld’s (1985b) analysis, because we observed that, similar to
problem solving, posers identify what possibilities for problem posing
the given situations provide through their conditions.
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Variation. Pelczer and Gamboa (2009) have aspects of variation in
the stage of formulation in which a problem is written down and the
formulation is evaluated. Problem formulating can also be found in the
model by Cruz (2006). The principle of variation also plays a central role
in problem solving. Schoenfeld (1985b), for example, suggests posing
modified problems by replacing or varying the conditions of a particular
problem that is difficult to solve.

Generation. Koichu and Kontorovich (2013) consider spontaneously
associated problems related to a given problem-posing situation in their
model, yet this is only one aspect of the generation described above.
The distinction between variation and generation is theoretically already
conceptualized by Silver (1994). In empirical studies on problem posing,
there are so far no objective criteria that enable distinct identification
of both activities. The phase model at hand proposes criteria for this
distinction.

Problem Solving. Cruz (2006) explicitly mentions problem solving as
a stage in his problem-posing phase model. In the model by Pelczer and
Gamboa (2009), problem solving is implicit in the evaluation phase, in
which the posed problem is assessed and modified. This is presumably
done based on the solution of it.

Evaluation. The stage of evaluation in the phase model by Pelczer and
Gamboa (2009) shares the same name and has similar characteristics.
Cruz (2006) implicitly considers evaluation when the posers improve
the posed problem when they deem it not suitable for a specific learning
group. The activity of evaluation is closely related to the metacognitive
activity of the regulation of cognition (Flavell, 1979; Schraw & Moshman,
1995). In research on problem posing, there are hardly any studies that
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investigate metacognitive behavior, yet some frameworks implicitly
include aspects of it. Kontorovich et al. (2012), for example, consider
aptness by means of fitness, suitableness, and appropriateness of a posed
problem.

8.4.2 Derivation of a descriptive phase model for problem
posing

There is no predetermined order of episode types which means there can
be transitions from any episode type to any other. However, there is a
kind of “natural order” in which episode types appear in most processes
and in which transitions often occur. This has been indicated by the
order in which the episode types were presented in section 8.4.1 on
page 176. It was observed that first the conditions of a situation are
grasped (situation analysis), then new tasks are posed through variation
or generation, these tasks are solved in order to evaluate them based on
the solution. Of course, we did not observe exactly this order in every
process, but across the participants and the different problem-posing
situations, parts of this superordinate pattern were identified. Often
the situation analysis was observed at the beginning of the process and
at the end of a longer phase of variation. Also typical were frequent
changes between variation or generation and problem solving (sometimes
in combination with evaluation). Furthermore, problem posing was
identified as a cyclical activity. Several participants were observed
to revise or to further vary their previously posed problems. Figure
8.2 on the next page shows the T&U’s process following Schoenfeld’s
(1985b) illustrations of problem-solving processes. Several characteristic
transitions can be observed in this process. The vertical lines shown in
this figure indicate points in time when a new task (either by variation
or by generation) was posed.
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Fig. 8.2.: Example of a time-line chart of the problem-posing process Theresa
and Ugur following the illustrations by Schoenfeld (1985b)

From these theoretically justifiable as well as empirically observable
patterns in the sequence of episodes, the descriptive phase model shown
in Figure 8.3 on the facing page was derived. It contains all five content-
related episodes as a complete graph. All transitions indicated by arrows
can occur and have been observed empirically in the study. However, not
all episode types need to occur in a process. Several participants were
observed to revise or to further vary their previously posed problems. In
addition, in most cases, not only one but several problems are posed in
numerous cycles. The model reflects this observation through its cyclic
structure. The model is used to represent all these possible paths within
the problem-posing process.

To check the interrater agreement, 30.7% of the total video material of
7h 46min was coded by a second independent rater and combined into
an agreement table (see Table 8.3 on page 186) using the EasyDIAg-
algorithm (Holle & Rein, 2015). As explained in the results, the episode
types of problem solving and evaluation have empirically often been
observed simultaneously, which is why simultaneous coding was allowed.
We have, therefore, considered this simultaneous coding as a separate
category for the verification of interrater agreement. If the start or end
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Fig. 8.3.: Descriptive phase model for problem posing based on structured
situations

of a process was coded differently in time by the two raters, there are
unlinked events in the agreement which are coded as X. The entry X–X
in Table 8.3 on the following page can, therefore, not occur empirically.

With a Cohen’s Kappa of κ = .81 the interrater agreement is almost
perfect (Landis & Koch, 1977, p. 165). This high level of agreement is
particularly gratifying as the evaluation method is a highly subjective
and interpretative procedure, yet the developed categories are capable
of consistent coding. As anticipated, the biggest coding differences
are observed for the categories variation and generation as well as the
distinction between the categories of problem solving, problem solving
& evaluation, and evaluation. The Kappa calculated for the separate
categories are (with the abbreviations from Table 8.3 as index) κSA = .87,
κV = .83, κG = .72, κP S = .87, κP S/E = .73, κE = .49, and κO = .97

8.5 Discussion

This study aimed at developing a valid and reliable model to describe
and analyze problem-posing processes. Schoenfeld (2000) provides eight
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Rater 1
SA V G PS PS/E E O X Total p

SA 22 0 4 0 0 0 0 0 26 0.10
V 2 68 0 0 0 0 2 2 74 0.28
G 0 6 30 4 0 0 0 0 40 0.15
PS 0 0 0 32 2 0 0 0 34 0.13

PS/E 0 4 4 2 26 2 0 0 38 0.14
E 0 0 0 0 2 2 0 0 4 0.02
O 0 0 0 0 0 0 42 0 42 0.16

R
at

er
2

X 0 3 1 0 0 0 0 – 4 0.02
Total 24 81 39 38 30 4 44 2 262 1.0

p 0.09 0.31 0.15 0.14 0.11 0.02 0.17 0.01 1.0 0.81

Tab. 8.3.: Agreement table for all seven categories of episodes as determined
by EasyDIAg. The %overlap parameter was set to 60 %. (Abbrevi-
ations: SA = Situation Analysis, V = Variation, G = Generation,
PS = Problem Solving, PS/E = Problem Solving & Evaluation [si-
multaneous coding], E = Evaluation, O = Others, X = No Match).

criteria for evaluating models in mathematics education: (i) descriptive
power, (ii) explanatory power, (iii) scope, (iv) predictive power, (v) rigor
and specificity, (vi) falsifiability, (vii) replicability, and (viii) multiple
sources of evidence. Criteria (i), (iii), (v), and (vii) will be outlined to
discuss the potential and limitations of the presented framework.

Regarding research question (1), five content-related episode types –
situation analysis, variation, generation, problem solving, and evaluation
– were identified inductively which enable objective coding through their
operationalization. The episode types of the developed phase model
enable a specific descriptive perspective on all observed problem-posing
processes in the study in a time-covering manner. This description, we
argue, provides a better understanding of problem-posing processes in
general (i). Furthermore and with regard to research question (2), from
the observed processes, a general structure in terms of the sequence of the
episodes was identified from which we were able to derive a descriptive
process model for problem posing. The high interrater agreement attests
to the replicability of the model (vii). The participants of the study were
heterogeneous and ranged from PSTs in the first bachelor’s semester
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for primary school to PSTs in the 3rd master’s semester for high school.
Equally heterogeneous were the processes that could nevertheless be
analyzed by the developed model (iii). The detailed descriptions, coding
instructions, and theoretical classifications provide specificity to the
terms. In the online supplement, anchor examples serve for additional
specification (v).

The model developed here provides additional insights compared to
existing models (e.g. Cruz, 2006; Pelczer & Gamboa, 2009): It distin-
guishes the episode types variation and generation empirically which
Silver (1994) already conceptualized theoretically. Additionally, the
model encompasses non-content-related episodes for the description that
have also been identified in descriptive models of problem solving (Rott
et al., 2021).

The phase model can now be used to characterize, for example, different
degrees of quality of the problem-posing process which is still a recent
topic in problem-posing research and for which considering the products
and processes seems advisable (Kontorovich & Koichu, 2016; Patáková,
2014; Rosli et al., 2013; Singer et al., 2017). Thus, as in problem-solving
research (cf. Schoenfeld, 1985b) (cf. Schoenfeld, 1985b), a comparison
between experts and novices might be a fruitful approach to identify
different types of problem posers. Furthermore and following the process-
oriented research on problem solving (Rott et al., 2021), it would be
conceivable that the process of posing routine tasks proceeds differently
than the process of posing non-routine problems.

Finally, possible limitations to the generalizability of the developed
model will be addressed. In general, the model offers one possible
perspective on problem-posing processes. Depending on the selected
problem-posing situation, sample, or study design, it cannot be ruled out
that slightly different or even additional episode types may also occur.
We also find other perspectives on problem-posing processes in research
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(e.g. Headrick et al., 2020). This study considers two specific structured
situations with a non-routine initial problem. However, the developed
phase model has also been successfully applied to situations with routine
initial problems and other mathematical contents within bachelor and
master theses. With small changes, the model was also successfully
applied to processes based on unstructured situations in several master
theses. Moreover, this study has PSTs as a sample. The phase model
was successfully applied in bachelor and master theses to other sample
groups such as school students and teachers (iii). Therefore, there are
strong indications that support the generalizability of the phase model,
which could still be clarified in follow-up studies.
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Abstract: Insights into the process of mathematical problem
posing is a central concern in mathematics education research.
However, little is known about regulative or metacognitive behav-
iors that are essential to understanding this process. In this study,
we investigate metacognitive behavior in problem posing. We aim
at (1) identifying problem-posing-specific metacognitive behaviors
and (2) applying these identified metacognitive behaviors to il-
lustrate differences in problem-posing processes. For these aims,
we identified problem-posing-specific metacognitive behaviors of
planning, monitoring & control, and evaluating in task-based
interviews with primary and secondary pre-service teachers. As
a proof of concept, the identified behaviors are applied on two
selected transcript fragments to illustrate how a problem-posing-
specific framework of metacognitive behavior reveals differences
in problem-posing processes.

9.1 Introduction

In research on problem posing, analyzing the products, that is the posed
problems, plays an important role. One reason for this is that the ability
to pose problems is often assessed by the posed problems (Van Harpen
& Sriraman, 2013; Bonotto, 2013; Singer et al., 2017). However, in
our analyses of problem-posing processes, we found that the observable
quality of processes can differ, even though the same problems are posed,
as will be illustrated with two exemplary processes. One construct that
has made this difference within processes tangible for us is metacognitive
behavior.

At least since Flavell’s (1979) seminal work, metacognition has been a
central construct of research in psychology and is an established topic of
mathematics education research (Schneider & Artelt, 2010). In particu-
lar, research on problem solving has benefited from the consideration
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of metacognitive behavior in the past decades. There are numerous
characterizations of metacognitive behavior in problem solving (Garo-
falo & Lester, 1985; Schoenfeld, 1987; Artzt & Armour-Thomas, 1992;
Yimer & Ellerton, 2010) as well as studies on the connection between
metacognitive behavior and successful problem solving (Desoete et al.,
2001; Özsoy & Ataman, 2009; Rott, 2013; Kuzle, 2013).

Although problem-solving research has benefited greatly from this per-
spective, it is noteworthy that far less conceptual or empirical research
has been conducted in the related field of problem posing. A systematic
literature review in high-ranked mathematics education journals has
revealed that there are only a few studies that explicitly investigate
problem-posing-specific aspects of metacognitive behavior (Baumanns
& Rott, 2022a). For example, activities of reflection are observed where
problem posers consider solvability or the appropriateness of the posed
problem for a specific target group (Pelczer & Gamboa, 2009; Kon-
torovich et al., 2012). Further, there is a lack of a framework that
explicitly addresses the analysis of metacognitive behavior in problem-
posing processes. That is in particular striking as researchers often
note that the field of problem posing lacks conceptual insights into the
activity. Such insights would enable a better analysis and interpretation
of the activity itself (Van Harpen & Sriraman, 2013; Ellerton et al.,
2015; Ruthven, 2020). Similar to research on problem solving, is can be
assumed that the consideration and analysis of problem-posing-specific
aspects of metacognitive behavior may be a central enrichment to the
field. This can contribute to a better understanding of problem-posing
processes.

Based on this research desideratum, this article aims at (1) identifying
problem-posing-specific aspects of metacognitive behaviors in problem-
posing processes and (2) applying these identified metacognitive behav-
iors to illustrate differences in problem-posing processes.
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9.2 Theoretical Background

9.2.1 Problem Posing

Similar to problem solving, problem posing is considered to be a central
activity of mathematicians (Hadamard, 1945; Halmos, 1980; Lang,
1989). Already Pólya (1957) mentioned problem posing as a partial
activity in the context of problem solving. Despite this recognition by
mathematicians, for a long time, problem posing has received noticeably
less attention in mathematics education research than problem solving.
At the latest since the 1980s (Butts, 1980; Brown & Walter, 1983;
Kilpatrick, 1987), problem posing has been increasingly investigated. In
recent years, researchers from mathematics education have shown an
increasing interest in investigating and understanding problem posing
(Cai et al., 2015; Cai & Hwang, 2020; Cai & Leikin, 2020; Lee, 2020;
Silver, 2013). For example, problem posing has been widely used
to identify or assess mathematical creativity (Silver, 1997; Yuan &
Sriraman, 2011; Van Harpen & Sriraman, 2013; Singer & Voica, 2015;
Joklitschke et al., 2019).

There are numerous definitions of problem posing that conceptualize
more or less equivalent activities. Silver (1994) defines problem posing
as the generation of new problems and reformulation of given problems
which can occur before, during, or after a problem-solving process.
Stoyanova and Ellerton (1996, p. 218) refer to problem posing as the
“process by which, on the basis of mathematical experience, students
construct personal interpretations of concrete situations and formulate
them as meaningful mathematical problems”. Cai and Hwang (2020, p. 2)
subsume under problem posing “several related types of activity that
entail or support teachers and students formulating (or reformulating)
and expressing a problem or task based on a particular context”.
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Based on the categories by Stoyanova and Ellerton (1996), we distin-
guish between unstructured and structured problem-posing situations
depending on the degree of given information (Baumanns & Rott, 2021).
Unstructured situations are characterized by a given naturalistic or
constructed situation in which tasks can be posed without or with less
restrictions, for example “Consider the following infinite sequence of
digits: 123456789101112131415 . . . 999100010011002 . . . Note that it is
made by writing the base ten counting numbers in order. Ask some
meaningful questions. Put them in a suitable order” (Stoyanova, 1999,
p. 32). To pose meaningful questions, the structure of the situation
has to be explored using mathematical knowledge and concepts. In
structured situations, people are asked to pose further problems based on
a specific problem, for example by varying its conditions. As structured
situations are used in this study, examples can be seen in Table 9.2.

9.2.2 Metacognition

Going back all the way to Flavell (1979), who significantly influenced
early research on this topic, metacognition is described as “knowl-
edge and cognition about cognitive phenomena”, which roughly means
thinking about thinking. Based on this understanding, two facets of
metacognition are distinguished: (1) knowledge about cognition (Cross
& Paris, 1988; Pintrich, 2002; Kuhn & Dean, 2004) and (2) regulation
of cognition (Schraw & Moshman, 1995; Whitebread et al., 2009).

(1) Knowledge about cognition includes declarative knowledge of strat-
egy, task, and person (Pintrich, 2002). Strategic knowledge refers to
knowledge about strategies (e.g. when solving problems) and when
to apply them. Knowledge of tasks refers to knowing about different
degrees of difficulty of tasks and different strategies required to solve
them, for example. Person’s knowledge includes knowledge about one’s
own strengths and weaknesses (e.g. in problem solving).
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(2) Regulation of cognition refers to procedural knowledge with regard to
processes that coordinate cognition. This facet includes the activities of
planning, monitoring, control, and evaluating (Pintrich, 2000). Planning
refers to setting of a target goal concerning the current endeavor, the
activation of prior content knowledge, and activation of metacognitive
knowledge, for example knowledge about specific tasks and how to solve
them. Monitoring refers to metacognitive awareness and monitoring
of cognition, for example when verifying that one has understood the
current task. Control refers to the selection and adaption of strategies,
for example with the goal to solve a problem. Evaluating refers to
activities of reflecting and judging on one’s own performance and results
in form of an outcome. These activities are not completely distinct from
each other and there are different perspectives on their overlap. We follow
the perspective of Pintrich (2000), who states that control is mostly
conceptualized as dependent or at least highly similar to monitoring
(Pintrich, 2000, pp. 459–460). By that, we also follow the approach
of Cohors-Fresenborg and Kaune (2007) who summarize monitoring
and control under one category (see also Schraw and Moshman, 1995).
This is also consistent with past work by Pólya (1957), who indicated
roughly these three activities in problem solving even before the construct
metacognition was established (Cohors-Fresenborg et al., 2010).

There are attempts to identify the behavior of planning, monitoring
& control, and evaluating in learning contexts (Van der Stel et al.,
2010; Kaune, 2006). For example, Cohors-Fresenborg and Kaune (2007)
provide a category system for classifying teachers’ and students’ metacog-
nitive activities in class discussions. The main categories of planning,
monitoring & control (which they refer to as monitoring), and evaluating
(which they refer to as reflecting) are divided into several sub-categories
with different aspects. Table 9.1 on page 196 summarizes the codes for
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the main categories of planning, monitoring, and evaluating.1 These
codes are used to identify metacognitive behavior by teachers and stu-
dents through the analysis of verbal protocols of classroom interactions.
In addition to metacognitive behavior, Cohors-Fresenborg and Kaune
(2007) also consider (negative) discursivity in their coding scheme. Dis-
cursivity is understood as a culture in which the teacher as well as the
students always refer to each other’s expressions, work out differences
in approaches and regulate their own understanding. Because it is an
additional aspect besides metacognition, and it is specific for classroom
interactions which is not analyzed in the study at hand, the aspect of
discursivity will not be considered further. In the study at hand, the
focus is on the process of problem posing and, therefore, investigates reg-
ulation of cognition. In particular, we want to differentiate the activities
of planning, monitoring & control, and evaluating for problem posing
by adapting the approach by Cohors-Fresenborg and Kaune (2007).

Metacognition is often considered in conjunction with motivation and be-
liefs. Zimmerman and Moylan (2009) state that proactive self-regulation
depends on the presence of motivational beliefs. For example, the
metacognitive activity of planning depends highly on aspects like the
intrinsic interest into the current endeavor, self-efficacy perceptions, or
learning goal orientation. These aspects are deeply interwoven with
motivation. It follows that for a holistic view of learners’ effort, for ex-
ample in problem solving, metacognitive processes should be considered
in addition to motivational beliefs (Zimmerman & Moylan, 2009).

1 The current version of this coding manual can be found at https:
//www.mathematik.uni-osnabrueck.de/fileadmin/didaktik/Projekte_KM/
Kategoriensystem_EN.pdf.
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Planning Monitoring Reflection

P1 indication of a
focus of
attention, in
particular
with regard to
tools/methods
to be used or
(intermediate)
results or rep-
resentations to
be achieved

M1 controlling of a
subject-specific
activity

R1 analysis of
structure of a
subject-specific
expression

M2 controlling of
terminology/vo-
cabulary used for a
description/expla-
nation of a concept

R2 reflection on
concepts/analo-
gies/metaphors

M3 controlling of
notation/represen-
tation

R3 result of reflection
expressed by a
wilful use of a
(subject-specific)
representation

M4 controlling of the
validity or
adequacy of tools
and methods used,
in particular with
regard to a
planned approach
or a modelling
approach

R4 analysis of the
effectiveness and
application of
subject-specific
tools or method-
s/indication of a
tool needed to
achieve an
intended result

P2 planning
metacognitive
activities

M5 controlling of
(consistency of an)
argumentation/s-
tatement

R5 analysis of
argumenta-
tion/reasoning
with regard to
content-specific or
structural aspects

M6 controlling if the
results meet the
question

R6 reflection-based
assessment or
evaluation

M7 revealing a
misconception

R7 analysis of the
interplay between
representation and
conception

M8 self-monitoring

Tab. 9.1.: Main categories of planning, monitoring, and evaluating in the
category system for classifying teacher and students metacognitive
activities in class discussions by Cohors-Fresenborg and Kaune
(2007).
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9.2.3 Research on Metacognition in Mathematics Education

In mathematics education research, metacognition is of immense im-
portance (for an overview, see Schneider and Artelt, 2010). Assessing
metacognitive behavior is often used to investigate the mathematical
skills of participants (Mevarech & Fridkin, 2006; Van der Stel et al.,
2010). For example, Van der Stel et al. (2010) found out that the quality
of metacognitive behavior seems to be a predictor of the mathemati-
cal performance in the future by analyzing the regulation of cognition
in thinking-aloud protocols of second and third-year students. Most
prominently, metacognition is considered in problem-solving research.
Considerations on this are mainly based on the ideas of Pólya (1957).
Especially Schoenfeld (1985b; 1987; 1992) emphasizes the importance
of control or self-regulation in problem solving. He observed that even
when students have the content knowledge necessary to solve a problem,
a lack of ability to keep track of what they are doing, that is metacogni-
tive behavior, might lead to failure in solving a problem. His theoretical
and empirical analyses initiated numerous studies on metacognition in
mathematics education – including the present study.

Extensive discussion has been done on characterizing metacognitive
behavior in problem solving (Garofalo & Lester, 1985; Schoenfeld, 1985b;
Artzt & Armour-Thomas, 1992; Yimer & Ellerton, 2010). For example,
Artzt and Armour-Thomas (1992) and Schoenfeld (1985b) both identify
the analysis of the problem and planning the solution as predominantly
metacognitive behavior. In the analysis, selecting an appropriate way to
reformulate the given problem, for example in order to make it simpler,
is referred to as metacognitive behavior. The phase of planning is also
metacognitive by nature as it involves controlling and self-regulating
the solving process (Garofalo & Lester, 1985). Building on that, several
studies investigate the relationship between metacognitive activities
and successful problem solving and come to the result that successful
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problem solving is mostly associated with the presence of metacognitive
activities (Desoete et al., 2001; Özsoy & Ataman, 2009; Kim et al., 2013;
Kuzle, 2013).

9.2.4 Research on Metacognition in Problem Posing

Due to the relevance of considering metacognitive behavior in problem
solving, it can be assumed that the analysis of metacognitive behavior
could be similarly relevant in problem posing. However, the potential
in this area has not been sufficiently exploited to date. As some re-
searchers interpret problem posing as a problem-solving activity (Silver,
1995; Kontorovich et al., 2012) and since there are several established
frameworks of metacognitive behavior in problem solving as described
above, it is a reasonable question whether there is even a need for a
separate framework for metacognitive behavior in problem posing. We
follow the perspective of previous studies (Pelczer & Gamboa, 2009;
Cruz, 2006; Baumanns & Rott, 2022b) that argue, based on observations
of problem-posing processes, that there are characteristic differences
between problem-posing processes and problem-solving processes in
general. Therefore, also metacognitive processes involved in problem
posing differ from those in problem solving. Cognitive and metacognitive
processes involved in problem posing seem to be of their own nature
for which metacognitive frameworks for problem solving can only serve
as a stimulus. From this derives the interest addressed in this study
to investigate these problem-posing-specific aspects of metacognitive
behavior.

Problem posing includes different cognitive and metacognitive processes
(Christou, Mousoulides, Pittalis, Pitta-Pantazi, & Sriraman, 2005; Pel-
czer & Gamboa, 2009; Koichu & Kontorovich, 2013; Baumanns & Rott,
2022b) which are indicated in the following informally: Problem posers
analyze the given situation, examine which mathematical knowledge
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could be relevant for this, and possibly look for structures in the situa-
tion that may lead to an interesting problem. Then, problems are posed
and suitable representations of them are sought. The task may then be
solved and while solving, the posers may reflect on the difficulty of the
task, its appropriateness for an intended target group, or the general
interest in the solution. These activities are not limited to cognitive
processes, but may also contain metacognitive behavior. Cognitive be-
havior in problem posing is, for example, applying knowledge of previous
mathematical experiences to a given problem-posing situation to pose
a problem. Metacognitive behavior would be, for example, to attack
a problem in order to assess whether the problem is well-defined or
solvable at all.

Theoretical considerations on problem posing implicitly contain some
aspects of metacognition and metacognitive regulation in particular
(Pelczer & Gamboa, 2009; Kontorovich et al., 2012; Singer & Voica, 2015;
Carrillo & Cruz, 2016; Ghasempour et al., 2013), yet metacognition
is rarely explicitly addressed as the systematic literature review on
problem-posing studies by Baumanns and Rott (2022b) has revealed.
The following sections address the few studies that review has identified
that implicitly or explicitly address metacognitive behavior.

Voica et al. (2020) mention that they found metacognitive behavior
in their study with students as they were able to analyze and reflect
on their own posed problems and thinking processes which helped
them to become aware of their strenghts. Other studies have also
pointed to the lack of metacognitive activities from the participants
(Crespo, 2003; Tichá & Hošpesová, 2013). For example, Crespo (2003)
writes that four of her thirteen participants “posed [problems] without
solving beforehand or deeply understanding the mathematics” and
they “indicate unawareness of the mathematical potential and scope of
[their] problem[s]” (p. 251). Crespo (2003) identifies unawareness in
her participants in the sense of a lack of reflection. This can also be
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interpreted as a lack of metacognitive behavior. Erkan and Kar (2022)
were able to observe metacognitive factors in pre-service mathematics
teachers, but these factors varied depending on the problem-posing
situation. Their participants considered the strengths and weaknesses
of their mathematical knowledge in order to write mathematically valid
problems.

Pelczer and Gamboa (2009) as well as Kontorovich et al. (2012) specify
thoughts on reflection on the posed problems. In their descriptive
process model, Pelczer and Gamboa (2009) state that in the phase
of evaluation, expert problem posers assess their posed problems in
terms of various aspects, for example, whether further modifications
are needed. In the phase of final assessment, the process of posing a
problem is reflected upon and the problem itself is evaluated, for example
in terms of difficulty and one’s own interest in solving it. Similarly,
the framework for handling the complexity of problem-posing processes
in small groups by Kontorovich et al. (2012) integrates the facet of
individual considerations of aptness. Consideration of aptness includes,
for example, to what extent the problem poser is satisfied with the quality
of the posed problem or whether the posed problem is appropriate for a
specific group of solvers.

9.3 Research objectives

As the state of research has shown, metacognition has not been an
important factor in problem-posing research. Therefore, the aim of this
study is to offer a focused perspective on metacognitive behavior in
problem posing. This lack of conceptual and empirical insight constitutes
a desideratum which leads us to the following research objective:

(1) Development of a framework for identifying problem-posing-specific
aspects of metacognitive behavior (i.e. planning, monitoring &
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control, and evaluating) in pre-service teachers’ problem-posing
processes

As a second research objective, we pursue a proof of concept to identify
differences in problem-posing processes based on metacognition. The
problem-posing-specific metacognitive behaviors developed in research
objective (1) will be applied to selected transcript excerpts of two
problem-posing processes. This proof of concept is intended to show
to what extent the analysis of metacognitive behaviors in problem-
posing processes with the framework developed in (1) makes differences
regarding metacognitive behavior in problem-posing processes visible.

(2) Application of the framework developed in (1) as a proof of concept
to make differences regarding metacognitive behavior in problem-
posing processes visible

9.4 Methods

9.4.1 Research design for data collection

There are several ways to assess metacognitive behavior, for example
through interviews, stimulated recall, or eye-movement registration (for
an overview, see Veenman et al., 2006). A clear distinction exists between
off-line methods which are carried out before or after the current endeavor
(often via self-report questionnaires), and on-line methods which are
carried out during the current endeavor. As on-line methods seem to be
more predictive with regard to the learning performance (Veenman et al.,
2006), we chose the approach of video-based content analysis on problem-
posing processes of pairs of pre-service teacher students. This method is
based on the commonly used assumption that we can make interpretive
conclusions about participants’ cognition and metacognition from their
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verbal expressions working in small groups (Artzt & Armour-Thomas,
1997; Goos et al., 2002).

Situations
(1) Nim game

There are 20 stones on the table. Two
players A and B may alternately re-
move one or two stones from the ta-
ble. Whoever makes the last move wins.
Can player A, who starts, win safely?
Based on this task, pose as many math-
ematical tasks as possible. (cf. Schupp,
2002, p. 92)

(2) Number pyramid
In the following number pyramid,
which number is in 8th place from the
right in the 67th line? Based on this
task, pose as many mathematical tasks
as possible. (cf. Stoyanova, 1997, p. 70)

Tab. 9.2.: Structured problem-posing situations used in the study.

The interviews were conducted in pairs in the same room to create a
natural communication situation and eliminate the constructed pressure
to produce something mathematical for the researcher (Schoenfeld,
1985a, p. 178). Johnson and Johnson (1999) underline that cooperative
learning groups such as pairs are “windows into students’ minds” (p. 213).
For this reason, the interviewer avoided intervening in the interaction
process. The participants were asked to speak aloud at any time during
interview while posing new problems. The interviews were conducted
with 64 pre-service primary and secondary mathematics teachers. 16
students were in the first bachelor semester, 22 in the fifth bachelor
semester and 26 in the third master semester. The students worked in
pairs on one of two structured problem-posing situations, either (A) Nim
game or (B) Number pyramid (see Table 9.2). In total, 15 processes of
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situation (A) and 17 processes of situation (B) that range from 9 to 25
minutes with an average length of 14.5 min have been recorded. The
processes ended when no ideas for further problems emerged from the
participants. In total, 7h 46min of video material was recorded. Four
pairs of students each were in the same room under authentic university
seminar conditions. A camera was positioned opposite the pairs in order
to capture all of the participants’ actions. In order to accustom them
to a natural communication in front of the camera, short puzzles were
performed before solving the initial task and the consecutive problem
posing.

9.4.2 Data analysis – Assessment of metacognitive behavior

To answer research question (1), we conducted a qualitative content
analysis (Mayring, 2000). The main categories of the metacognitive
behavior of planning (P), monitoring & control (MC), and evaluating
(E) stem from theoretical considerations on regulation of cognition
presented above (Schraw & Moshman, 1995; Whitebread et al., 2009),
and more specifically from Cohors-Fresenborg’s and Kaune’s (2007; see
Table 9.1) considerations. Although this framework is developed for
analyzing classroom interaction, it has been used successfully in paired
problem-solving processes (Rott, 2014). However, because problem
posing is a mathematical activity of its own kind in our observations
(Baumanns & Rott, 2022b), a problem-posing-specific approach was
chosen for the present proof of concept. The individual problem-posing-
specific characteristics were obtained data-driven through an inductive
category development (Mayring, 2000). The category development
had four steps: 1. As the unit of analysis, the statements of the
participants on the videotaped problem-posing processes were used
for the category development. To identify the statements of planning,
monitoring & control, and evaluating, the 32 recorded problem-posing
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processes were analyzed as follows: For the category of planning, we
identified participants’ statements of setting a target goal for the current
problem-posing situation, activating prior mathematical knowledge that
helped posing new problems, or activating metacognitive knowledge in
form of knowledge on how to pose new problems in general. For the
category of monitoring & control, we identified participants’ statements
of awareness and monitoring of cognition as well as selecting and adapting
problem-posing strategies. For the category of evaluating, we identified
participants’ statements of assessing their problem-posing process or
their products, that is their posed problems (e.g., “This is a good
problem because it is not too difficult and it is novel compared to the
initial problem.”). 2. For each identified statement in step 1, a short
description was obtained (e.g., evaluation of the posed problem based on
specific characteristics). Similar descriptions within the main categories
planning, monitoring & control, and evaluating were then clustered into
subcategories. 3. Afterwards, the developed subcategories were revised
by reanalyzing seven problem-posing processes in which particularly
many and different metacognitive behaviors were observed and in which
participants expressed particularly many verbalizations regarding the
interpretation of metacognitive behavior. This reanalysis was used to
further refine the descriptions of the categories. 4. After the categories
were specified, all the video material was reviewed again in order to
draw attention to possible additional categories. No new categories were
found in this last step. The quality of the coding was ensured through
consensual validation in team discussions which is a common method of
ensuring scientific quality in qualitative research (Flick, 2007).

Only for answering research question (2), selected sections of the video-
taped problem-posing processes were transcribed. The framework de-
veloped in (1) is applied as a proof on concept in the second part of
the paper onto the transcripts of these selected sections of two problem-
posing processes. This proof of concept is intended to make differences
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regarding metacognitive behavior in problem-posing processes visible.
In the transcripts, the participants’ statements are reproduced verbatim.
Important actions of the participants are noted in parentheses for un-
derstanding the scene. Filler words that do not affect the content have
been removed for readability. For the analysis, the transcripts were first
read iteratively in order to obtain a rough understanding of the text and
to be able to better integrate finer sections of the text into the overall
context of the text. The codes developed in research question (1) are
then applied to the transcript. The coding of metacognitive behavior
of planning, monitoring & control, and evaluation are color-coded in
blue, red and yellow in the style of Kaune (2006; Cohors-Fresenborg
and Kaune, 2007) to illustrate the distribution of the main categories.
We want to emphasize that the analyses of metacognitive behavior were
not linked to the correctness of the (mathematical) content. With a
wrong argumentation, metacognitive behavior can be just as visible and
evaluated as with a correct argumentation.

9.5 Results

9.5.1 Development of a framework for identifying
problem-posing-specific aspects of metacognitive
behavior

We first want to establish the identified problem-posing-specific aspects of
metacognitive behavior of planning, monitoring & control, and evaluating.
To do that, the developed types of metacognitive behavior are described
and anchor examples of observed processes with regard to the Nim game
and Number pyramid (see Table 9.2) are presented.
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Planning

In Table 9.3 on the facing page, the categories of regulation of cognition
in terms of planning are presented. T1 and T2 each represent any
participants in the study. In Table 9.3, P1 refers to focussing on a
starting point of a given situation from which new problem can be
posed. This can be, for example, a certain condition, context or solution
structure of the given initial problem. Behavior P2 is reminiscent of the
well-known “What-if-not”-strategy (Brown & Walter, 2005), in which a
similar activity is suggested before the actual problem posing. Behavior
(P3) refers to activities in which participants have partly considered
what knowledge they or the potential solvers of a posed problem need
to have in order to be able to solve it. This behavior could have a
greater significance when confronted with unstructured situations in
which the necessary knowledge may not be obvious because no concrete
initial problem is given. In fact, the phase of setup in the mentioned
framework by Pelczer and Gamboa (2009) refers the reflection on the
knowledge needed to understand the situation. Their framework is
based on unstructured situations. Finally, participants named a general
procedure for the upcoming problem-posing process, e.g. first vary the
initial task in multiple ways, then solving the varied tasks (P4).

Monitoring

In Table 9.4 on page 209, the categories of regulation of cognition
in terms of monitoring are presented. MC1 follows on from P4 and
characterizes that metacognitive behavior in which participants control
the problem-posing process. This occurs, for example, by suggesting to
solve a posed problem first before focussing on another one. Controlling
the notation or representation of the posed problems (MC2) refers to, for
example, figures drawn to illustrate a problem or to the formulation of
the specific question so that it becomes understandable and precise. We

206 Chapter 9



Code Description Anchor example

P1 Focus on a starting
point of the
problem-posing
situation to
generate new
problems

(The participants chose one variation of the Nim
game at the very beginning of their problem-
posing process.)

T1 When you think about a new game, I’m think-
ing about when you’re allowed to remove one
to three stones.

T2 Yes or, if you, exactly, if you increase the
number of stones you are allowed to remove.

P2 Capturing the
conditions and
identifying the
restrictions of the
given
problem-posing
situation

(The participants are at the end of a longer period
of varying the Nim game and are now thinking
about what other conditions there are that could
be varied.)

T1 Are there any other possibilities, I mean vari-
ables that can be influenced in this? This
would really be the number of players, number
of stones, how many do you remove?

T2 Amount of steps.

T1 Exactly.

P3 Reflect necessary
knowledge

(The participants posed a variation of the Nim
game in which you are allowed to remove one
to three stones. Afterwards, they pose another
variation in which you can remove one to four
stones. Both recognize a pattern and reflect the
mathematical content.)

T1 Actually, [...] that would be a cool introduc-
tory assignment to me introducing modular
arithmetics.

T2 Yeah.

T1 A little bit at least, right? Or at least a more
advanced task.

P4 Express general
procedure for
problem posing

T1 Yes, now I can try to vary all sorts of things.
For example, I could vary the number of stones
at the beginning. [...] Change the number
of removable stones per turn or something.
Change the number of players. I have no idea
yet which of these things will be difficult to
say simply trivial.

Tab. 9.3.: Planning activities in problem-posing processes
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observed that participants made a modification to the initial problem
and analyzed the consequences that this modification had on the newly
created problem (MC3), for example for the solution structure or its
difficulty. The code MC4 was identified when participants analyzed the
mathematical structure of the given situation in order to get to a new
problem or analyzed the structure of a posed problem in order to be
able the characterize it, for example with regard to its solvability or
appropriateness.

Evaluating

In Table 9.5 on page 210, the categories of regulation of cognition
in terms of evaluating are presented. Assessing and reflecting on the
characteristics of a posed problem (E1) was seen when participants
posed a problem and got an idea about how to solve it. Then, they
often evaluated whether their posed problem is interesting, solvable,
or appropriate for a specific target group. This behavior was already
mentioned in previous studies on the problem-posing process (Pelczer
& Gamboa, 2009; Kontorovich et al., 2012; Baumanns & Rott, 2022b).
A reflection on modifications of the posed problems (E2) was observed
when the posed problem lacks a specific characteristic, for example it is
too easy or too difficult, it is not very interesting, or it is too similar to
the initial problem.

9.5.2 Proof of concept: The cases of Tino & Ulrich and
Valerie & Wenke

In this section, we will analyze two cases – one by Tino & Ulrich and the
other by Valerie & Wenke – with regard to the aspects of metacognitive
behavior that have been developed in the previous section. The aim
of this section to illustrate different degrees of metacognitive behavior
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Code Description Anchor example

MC1 Controlling the
general procedure
for problem posing

(The participants are relatively at the beginning
of their problem-posing process with regard to
the Number pyramid and initially pose several
variations. T1 asks whether the questions of the
initial task should be retained. T2 suggests as a
procedure first tasks with the same question are
posed and then further changes can be made.)

T1 Are we going to use the same ... question?

T2 Yes, then we can pose another task with a
different one afterwards.

MC2 Controlling the
notation or
representation of
the posed problems

T1 You could also make a pyramid like this and
then start with 5 in the next row. That this is
not always the row whose square number it is,
but that it is done in steps of 5, so that you
first have 5 numbers, then 10.

T2 This is not a pyramid, this is something like
this (shows the shape of the resulting figure
by sharp movements).

MC3 Assessing
consequences for
the problem’s
structure through
the modified or
new constructed
conditions

(The participants play the variation of the Nim
game in which the players are allowed to remove
1 or 3 stones from the table.)

T1 So, here I always win.

T2 Yes, you always win in this situation.

T1 Just in a different system.

T2 Yes, but the other way round, because now
the one who does not start always wins.

MC4 Controlling
mathematical
activities related to
a posed problem

T1 In which row is the second triplet of prime
numbers, or so?

T2 Well, there aren’t that many prime triplets,
are there?

T1 Aren’t there two? There are those right at
the beginning. 3, 5 and 7 and then there’s
another one somewhere. Wasn’t that 3... No,
it wasn’t.

T2 19, 21, 23. Oh no, 21 is not a prime number.

Tab. 9.4.: Monitoring & control activities in problem-posing processes

9.5 Results 209



Code Description Anchor example

E1 Assessing and
reflecting on the
characteristics of
the posed problems
(e.g. if it is
appropriate for a
specific target
group, solvable,
interesting,
well-defined, etc.)

(The participants posed the variation where the
stones are built up into a square pyramid with 42

stones at the bottom, then 32, then 22 and 11 at
the top. You can remove 1 or 2 pieces per turn
but only from one level.)

T1 But now you have to think, ok do you want ...
at the end there are 16 stones, do you want
to start in this layer or not? Then there are
9 stones above that, ok. Then you have to
decide, ok, if there are 9 stones, do you want
to start in this layer or not? But I think that’s
actually cool. Because then you still have to
think about the number of stones in each layer.
That’s actually a cool game, because you have
to apply the rules differently again.

T2 Yes. It’s really good.

T1 It’s good, right?

E2 Reflect on possible
modifications of
the posed problems

(T1 raises the modification that player A may
remove 1 to 3 and player B 1 to 2 pieces from
the table. They then play through this idea and
realize that player A can of course use the same
winning strategy. Oskar reflects this as player A
and proposes a modification on this basis.)

T2 (laughs) It’s cheeky to put them down like
that (and points to the triple packs that Oskar
divided the pieces into)

T1 (laughs) Yes, that’s why I mean that. It would
be more interesting if I could start and only
take two away. Or three or two, for example.

Tab. 9.5.: Evaluating activities in problem posing
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in two problem-posing processes that have a similar product. The
two selected fragments are identical in numerous features of the outer
structure: All four participants are pre-service high-school teachers in
their third semester of their master degree. In the analyzed fragments,
they work on posing new problems for the Nim game (see Table 9.2). In
the shown fragments, both pairs of participants pose the same problem,
namely the variation of the Nim game in which the players are allowed to
remove 2 or 3 stones from the table. The transcript analysis is conducted
to illustrate the different degree of metacognitive behavior between those
two processes in which a largely identical product is produced.

Tino & Ulrich – Analysis of the metacognitive behavior

The following excerpt from the process of Tino and Ulrich takes place in
the first half of their process. Beforehand, they already posed, solved and
analyzed several new variations of the Nim game such as: What if there
are 21 stones on the table in the beginning? What if you could remove
1, 2, or 3 stones from the table? What if you also get a winning point
if you have removed more stones from the table than your opponent?
Then they pose the problem that you are only allowed to remove 2 or
3 stones from the table. The development of this problem is shown in
the following transcribed excerpt that takes 3m 12s. For a better visual
assessment of the density of metacognitive behavior, in this transcript,
the codes for the metacognitive behavior are already set and marked in
color.

1 U: So and now we make a next variation namely you may
no longer take 1 to 3, but you may either take 2 stones
or 3 stones.

P1

2 T: What about the variation with number of stones is also
a victory factor?

3 U: Oh yes, we can do that too...
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4 T: At least we can notice for a moment, right?

5 U: ... But I would like to do that later, I would like to save
that for a little, so this is definitely also a variation.

P1

...

10 T: (referring back to the problem posed in Turn 1) So you
can’t just remove one tile, right? (writes down) Okay.

MC2

11 U: Here is a scenario; at 4 nobody wins (5 sec).

12 T: When I take 3.

13 U: Yes. This is a new game. I think it’s great, it’s already
very good. There are situations where nobody wins.
Yeah, it’s like at the game ....

MC3
& E1

14 T: Tic-tac-toe.

...

17 U: Yes, I can’t remember exactly. Already interesting! It
is already interesting.

E1

18 T: Yeah, it’s definitely interesting. E1

19 U: On 5...

20 T: The question is, the question is whether one still admits
that one also loses if one only has one stone left, but
one can no longer move.

E2

21 U: Yes, but I would not do that. E2

...

24 T: Because then you practically keep it up, right? The
winning strategy.

MC3

25 U: But I’d say it’s a little lame somehow. E1

26 T: Yes, of course, but just to think about how I can keep
this system up, it would probably be a possibility.

E2

27 U: Yes, that’s true. Then, exactly, then the system would
also be upright. But let’s move on to the next step.
Now, if you confront the other with 5, you win.

E2 &
MC1
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In turn 1, Ulrich poses a new variation, in which only 2 or 3 stones may
be removed from the table, as starting point. This new starting point
is derived from a previous task (1 to 3 pieces may be removed). Since
Ulrich sets a new focus for the upcoming problem-posing activity, this
statement is coded as planning (P1). After Tino has thrown in what
happened to one of the previous ideas, Ulrich refocuses on the problem
he just posed and says that the task Tino mentions can be dealt with
later. Therefore, this statement is coded as planning (P1).

In turn 10, Tino tries to find a formulation for the problem that was
posed in turn 1. He writes down this task as a negation that one may not
just remove one stone from the table. His thinking about the formulation
of the question represents a control of the notation or representation of
the problem and is therefore coded as monitoring & control (MC2).

Ulrich says that this change results in a “new game”. He probably
means a new kind of outcome of the game, where nobody wins. This
assessment of the consequences that their variation has for the Nim
game was coded as monitoring & control (MC3). Ulrich states that he
likes the consequences that follow from their variation since they are
different from the initial task. Therefore, this is coded as evaluation
(E1). In turn 18, Tino agrees with Ulrich’s positive evaluation of the
game.

Tino interjects in turn 20 whether they should modify the new game
due to this situation by adding that a player loses even if s/he can no
longer remove stones from the table. Ulrich says that he would not make
this change. In both statements, the participants consider to modify
the posed problem so that the game has a definite winner. Therefore,
statements related to that consideration is coded as evaluation (E2).

Tino states in turn 24 that this change would restore the original winning
strategy of the initial task. By that, he assesses the consequences of his

9.5 Results 213



slight modification and compares it to the initial task. Therefore, this
statement is coded as monitoring & control (MC3).

Ulrich does not seem to like this change, perhaps because it would bring
him too close to the initial task. In turn 13, he seemed to like this new
element very much. This statement is coded as evaluation (E1).

Tino reflects in turn 26 that one could modify the game with his sug-
gestion in order to maintain the original winning strategy of the initial
task. This is a reflection on their modification and, thus, is coded as
evaluation (E2).

Ulrich initially agrees with Tino’s previous assessment (E2). Then, he
focuses on a solution strategy of the modified game again and thinks
about the situation in which five stones lie on the table. With his
statement, he is controlling the process which is why this statement is
coded as monitoring & control (MC1).

30 T: Right. If I take 3...

31 U: Your goal is 5.

32 T: ... you have 2 to choose from. If I take 2, you have 3
to choose from.

33 U: Your goal is 5 and then it is exactly the same.

34 T: Yes.

35 U: Then you go .. it is a multiple of 5.

36 T: That means, what is the change now? Before it was a
multiple of 4, where you had lost. (referring back to a
previously posed problem where you can remove 1 to
3 stones)

MC3

37 U: Exactly, because because you always add the largest
plus the smallest. You could have maximum 3 and
minimum 1 and here the largest is 3 plus the smallest
is 2.

MC3

38 T: 2, yes. What if one could remove 3 or 4? P1
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In turn 36, Tino now assesses the changes in the solution strategy of the
new game against the background of the previously posed tasks. In the
next tudidacrn, Ulrich contrasts the solution strategy of the new game
against the background of the solution strategy of previous game and
tries to bring both together under one mathematical thought. As both
statements are reflections on the winning strategy of the new game and
how it is related to the previous game, they are coded as monitoring &
control (MC3).

Tino focuses on another variation that seems to result from the above
considerations. The background could be that Ulrich’s consideration in
Turn 37 is to be checked on a similar task. In that way, Tino sets a new
focus for the process which is why this statement is coded as planning
(P1).

Overall, it can be seen that Ulrich has a controlling influence on their
process (MC1). In both Turn 5 and Turn 27, he determines the direction
in which the process should continue. First, by specifying the focus of
the next considerations and then by wanting to better understand the
problem that they have posed. Tino’s behavior is characterized by the
fact that he wants to further modify the game that has been posed (E2)
so that the inevitable situation that has arisen can be avoided.

Valerie & Wenke – Analysis of the metacognitive behavior

The following excerpt from the process of Valerie and Wenke takes place
quite early in the process. Beforehand, they both analyzed the solution
to the initial problem and then asked themselves how they could now
come to new problems or what they could specifically vary about the
game in order to come to new problems. Afterwards, they pose the
variation that you may only remove 2 or 3 stones from the table. The
following excerpt takes 1m 28s and shows the creation of this problem.
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As in the section before, the codes for the metacognitive behavior are
already set and marked in color. The coding is commented on after the
transcript.

1 W: We can take 2 or 3 stones from it. P1

2 V: 2 or 3?

3 W: Mhmm.

4 V: And how many are there? (points to the pile of stones)

5 W: (laughs) I have not counted. I just took it. (Wenke
counts off 20 stones.) 20 are here already.

6 V: (counts down 12 stones.) 12.

7 W: (counts off 10 stones.) 32. 42.

8 V: Yes.

9 W: How many do we take? 30? MC2

10 V: Yes. (5 seconds) Do you want to be Player A this
time?

11 W: Yeah! (both start playing.) It would be terrific if
there was only one left now (laughs). Unfortunately I
can’t make a move then (laughs).

MC3

12 V: (Giggles. Afterwards both continue playing).

13 W: That certainly does not work. (3 seconds) It will not
work (giggles).

14 V: (giggles)

15 W: Yes, but now you have taken especially so that it works
out, right? (laughs) I’m not stupid!

16 V: (laughs)

17 W: Yes, that doesn’t make much sense with 2 or 3. E1

18 V: No.

19 W: Okay, new idea. Now you can think of something. MC1

Wenke brings a new problem into the focus in turn 1. This set of a
new focus is coded as planning (P1). After counting how many stones
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they have on the table, Wenke asks in turn 9 how many stones to
use for the new game. This statement is interpreted as controlling
the representation of the posed problem, as the focus is already set in
the form of a new game and they now have to agree on a number of
stones at the beginning in order to be able to play the game (MC2).
Wenke notices in turn 11 that the change they have posed can cause a
situation in which one does not know who will win. This assessment of
the consequences of the new game through their modification is coded
as monitoring & control (MC3). In turn 17, Wenke says that their new
problem does not make sense because of this new situation in which
nobody wins. This statement is coded as evaluation since Wenke doesn’t
see much meaning in the new game where an undecidable situation can
occur (E1). Wenke obviously does not intend to pursue this problem
further in turn 19 and suggests that a new problem should be posed.
She has a steering effect on the process which is why this statement is
coded as monitoring & control (MC1).

Overall, in this process, Valerie and Wenke show noticeably insecuri-
ties. This can be seen through the numerous occurrences of laughter.
Nevertheless, they also show metacognitive behavior – although less
frequently than Tino and Ulrich. Like Tino and Ulrich, they realize
during the game that an inevitable situation could occur. In Turn 17,
Wenke also evaluates this, but they see this situation as a reason to
reject the posed game.
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9.6 Discussion

Research objective (1): Development of a framework for identifying
problem-posing-specific aspects of metacognitive behavior (i.e.
planning, monitoring & control, and evaluating) in pre-service
teachers’ problem-posing processes

Tables 9.3, 9.4, and 9.5 summarize the identified metacognitive activities.
In total, four planning activities, four monitoring & control activities,
and two evaluating activities were identified. Some of these activities
may be considered as cognitive, but being able to intentionally use these
kinds of cognitive behavior is a sign for metacognitive abilities. However,
when metacognitive behavior is mentioned here, it always means the
primarily metacognitive behavior in interaction with cognitive behavior.
For example, searching for a solution can be seen as cognitive behavior,
but considering the solution in order to get a better idea whether the
posed problem is, for example, solvable or appropriate for a specific target
group can be seen as metacognitive behavior. Most of the identified
activities are indeed problem-posing specific. However, there are also
activities (e.g., P3: Reflect necessary knowledge) that are not problem-
posing specific. Moreover, not all codes (i.e., subcategories) within
the superordinate categories of planning, monitoring & control, and
evaluating are separable from each other. However, a clear separation
between the superordinate categories should be recognizable.

We want to highlight parallels and differences between the category
system for classifying teacher and students metacognitive activities in
class discussions by Cohors-Fresenborg and Kaune (2007) (see Table
9.1) and our developed framework. The category P1 (indication of
a focus of attention, in particular with regard to tools/methods to be
used or (intermediate) results or representations to be achieved) in their
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system can be found in the categories P1 and P2 (see Table 9.3) in the
problem-posing-specific framework developed here. P2 is considered
separately as it is a central component of problem posing (Brown &
Walter, 2005; Baumanns & Rott, 2022b). P4 (express general procedure
for problem posing) corresponds to a specification for problem posing of
the category P2 in table 9.1. For monitoring & control, MC1 represents a
specification for problem posing of the category M8 and MC4 represents
a specification for problem posing of the category M1. Categories M2
and M3 were merges into the problem-posing-specific category M2 and
categories M4–M7 were merges into the problem-posing-specific category
M3. Finally, for evaluation, rather rough parallels can be drawn between
categories R1–R4 and E1 as well as R5–R7 and E2.

Research objective (2): Application of the framework developed in
(1) as a proof of concept to make differences regarding
metacognitive behavior in problem-posing processes visible

The analysis of metacognitive behavior in the problem-posing processes
of Tino and Ulrich as well as Valerie and Wenke revealed differences. Tino
and Ulrich’s process had a greater frequency and density of metacognitive
behavior compared to Valerie and Wenke’s process. However, the coding
does not allow for a statement about the depth of the metacognitive
behavior, that is how sophisticated the specific metacognitive behaviors
are. For example, in both processes the posed problem was evaluated
(E1 and/or E2). In the process by Valerie and Wenke, the evaluation
remains a single mention of futility in Turn 17 from which they discard
the problem. Tino and Ulrich take their thoughts further and relate
their evaluation to the new possible outcome of the game, which differs
from the initial task (Turn 13, 17, 18). They even reflect on whether
they want to restore similarity to the initial task by modifying it further
(Turns 20, 21, 26, and 27). In contrast to Valerie and Wenke, they do
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not discard the problem. From a quantitative perspective, the observed
processes do not claim to be representative. Therefore, a quantitative
counting on the frequency of the individually occurring metacognitive
behaviors would yield only insufficiently helpful new insights.

The perspective on the metacognitive behavior of both pairs reveals
differences between the processes. Since in the selected excerpts the
posed problems are rather identical, no differences would have been
attested by looking only at the products. It also matters that Tino and
Ulrich have a better understanding of the posed problem by suggesting
a solution strategy as well as their motivational beliefs. However, the
task did not explicitly ask for solving the posed problems. Tino’s and
Ulrich’s impetus to do so independently may attests motivational beliefs
that are certainly relevant in the context of metacognitive behavior.

9.7 Conclusion

The aim of the present explorative study was to investigate metacog-
nitive behavior in problem-posing processes, which has been widely
disregarded in problem-posing research. Analyses of 32 problem-posing
processes of pre-service teacher students were conducted to identify
metacognitive behaviors of planning, monitoring & control, and evalu-
ating. Tables 9.3, 9.4, and 9.5 summarize these inductively developed
categories of problem-posing-specific aspects of metacognitive behavior.
In addition, two transcript excerpts were analyzed using the previously
developed codes as a proof of concept to make differences regarding
metacognitive behavior in problem-posing processes visible. Although,
in both transcript excerpts, the product in terms of the posed problem is
almost identical, the metacognitive behavior, as the analysis has shown,
differs. The identified problem-posing-specific aspects of metacognitive
behaviors enabled the disclosure of these differences. In addition, the
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analyses have shown that the consideration of metacognitive behavior
allows a tentative assessment of the quality of the activity in general.
This assessment is a new perspective on problem-posing processes.

Limitations of this study lie especially in the method of analyzing
statements of pairs of students in a video-based content analysis to assess
metacognitive behavior. As Goos et al. (2002) pointed out “student-
student interactions could either help or hinder metacognitive decision
making during paired problem solving, depending on students’ flexibility
in sharing metacognitive roles” (p. 197). This approach can be enriched
in future studies by using stimulated recall interviews. Eye-tracking can
serve as a potential stimulus of such interviews. Individual interviews
with Thinking-Aloud approach was not used because Thinking Aloud,
unpracticed, can interfere with the natural flow of such processes and,
in particular, affects metacognitive activities (McKeown & Gentilucci,
2007), which could distort the analyses.

The framework developed in this study provides numerous opportunities
for follow-up research on problem posing. As this study is based on
problem-posing processes of student teachers, it would be of interest
to see if additional problem-posing-specific aspects of metacognitive
behaviors can be identified in a sample of, for example, pupils or expert
problem posers. A larger analysis could also address the question of
which metacognitive behaviors of planning, monitoring & control, and
evaluating are particularly prevalent. As in research on problem solving,
a comparison between metacognitive behaviors of experts and novices
could reveal whether metacognitive behavior related to successful prob-
lem posing or whether there are substantial differences in metacognitive
behavior in general. The data of this study was collected through
structured problem-posing situations. Future studies could address the
question of whether there are different metacognitive behaviors in un-
structured situations or whether there are significant differences in the
frequency of the different metacognitive behaviors between structured
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and unstructured problem-posing situations. Often, the ability to pose
problems is measured by analyzing the products of a problem-posing
process (Van Harpen & Sriraman, 2013; Bonotto, 2013; Singer et al.,
2017). The analysis of metacognitive behavior could be used to assess
the quality of problem posing on a process-oriented level. It is likely
that there is a strong correlation between the products and the processes
of problem posing. However, there may also be high quality processes
by means of metacognitive behavior, but whose products attest lower
quality because few and non-original problems were posed. Neglected in
this study was the metacognitive facet knowledge about cognition. The
importance of this facet of metacognition could also be the focus of fu-
ture studies. Furthermore, metacognitive processes should be considered
in addition to motivational beliefs (Zimmerman & Moylan, 2009). Those
beliefs could certainly enrich the comparison of the two processes. Tino
and Ulrich exhibit numerous behaviors indicative of their motivational
beliefs. Even before the analyzed extract, Tino and Ulrich have numer-
ous ideas about the Nim game. In turn 5 Ulrich shows that he would like
to deal with the different ideas one after the other, presumably in order
to do sufficient justice to all of them. Also, their numerous evaluative
statements regarding their ideas (13; 17, 18, 25) as well as thinking their
ideas further (20; 21; 26; 27) is an expression of intrinsic interest in
posing new problems. In Valerie’s and Wenke’s process, such behaviors
and especially the positive reference to the activity of problem posing
are largely absent. Their laughter rather speaks for a general insecurity
and a tendency towards low interest in problem posing. Future studies
could focus more on this interplay between metacognitive behavior and
motivational beliefs.

For teaching in school and university settings, these study’s findings
can be used to plan problem-posing activities in the classroom (cf.
Kontorovich et al., 2012). For example, students could be encouraged
to engage in metacognitive behavior during problem posing through
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appropriate construction of the problem-posing situation by the teacher.
The teacher could ask the students to solve their posed problems or they
could encourage reflection on the tasks by requiring students to pose
tasks of varying difficulty for their classmates.

This study provides a first, qualitative insight into metacognitive behav-
ior in problem posing. We hope that the perspective of metacognition
will stimulate further studies in the field of problem posing research to
gain further insights.
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Part IV

Discussion & Outlook



Advanced organizer

In conclusion, two things should be accomplished in this discussion.
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Fig. 9.1.: Venn diagram showing all
possible intersections be-
tween the four journal arti-
cles

1. Summary: Within each ar-
ticle, the discussion and con-
clusion summarized the re-
sults of the individual stud-
ies. Within this discussion
of the entire dissertation,
the findings of all four jour-
nal articles will be summa-
rized globally. We want to
refer to the objectives of this
PhD project as stated in
chapter 2 on page 7.

2. Potential for further re-
search: Each article also
highlighted the potential for
future research based on the findings of that specific article. We
also want to provide a more global outlook for this aspect in
this chapter. For the different connections between the journal
articles (see Figure 9.1), the potential for future research will be
highlighted. In figure 9.1 and also in chapter 11 on page 233,
these possible overlaps are indicated in the form of tuples. (1,2,3),
for example, represents elaborations on the potential for future
research with regard to the findings of journal articles 1, 2, and 3.
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Summary 10
In the following, the findings of the individual journal articles based on
the objectives set out in chapter 2 on page 7 are summarized.

(1) Conceptual part:
Systematic review of problem-posing situations and problem-posing
activities.

Journal article 1:
In the first journal article, we were able to use a framework by
Yeo (2017) to characterize 271 systematically collected problem-
posing situations from empirical studies in terms of certain
criteria of task openness. We have analyzed whether or not the
problem-posing situations have a defined answer and whether
or not they offer possibilities of extension. This enabled us
to identify characteristic differences between problem-posing
situations in terms of their openness and develop a concept
of mathematical problem posing. In addition, we have found
that Stoyanova and Ellerton’s (1996) established categories
of free and semi-structured for problem-posing situations can
only be coded with less agreement. We therefore proposed to
interpret free and semi-structured problem-posing situations
on a spectrum of unstructured situations. At last, we found
that the structured problem-posing situations differ in terms of
their initial tasks. Some of them have routine tasks, some have
problems as initial tasks.
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Journal article 2:
The second journal article was devoted to developing a frame-
work that can be used to characterize problem-posing activities
reported in empirical studies. We used three dimensions for this
characterization: (1) problem posing as an activity of generating
new or reformulating given problems, (2) emerging tasks on the
spectrum between routine and non-routine problems, and (3)
metacognitive behavior in problem-posing processes. For exam-
ple, within the systematic review, we found that little low-level
metacognitive activity within the problem-posing process has
been reported in empirical studies.

(2) Empirical part:
Macroscopic and microscopic analysis of 32 problem-posing processes
of pre-service mathematics teachers.

Journal article 3:
Journal article 3 bridges the conceptual part into the empirical
part. The aim of the study was to develop a phase model
for the macroscopic description of problem-posing processes.
We want to identify recurring and distinguishable activities
of 32 pairs of preservice teachers dealing with problem-posing
situations. We have found that problem-posing processes can be
described with five different phases: situation analysis, variation,
generation, problem solving, and evaluation. The distinction
between the episode types variation and generation has already
been elaborated in dimension (1) of journal article 2. The
episode type evaluation contains aspects of dimension (3) of
journal article 2.

Journal article 4:
Journal article 4 deals with self-regulatory or metacognitive
behavior within problem-posing processes. The result of this
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study is, at first, the identification of problem-posing specific
metacognitive aspects of planning, monitoring and control, and
evaluation. In addition, we used a case study to illustrate the
extent to which these identified metacognitive behaviors reveal
differences between problem-posing processes. Thus, this study
takes up dimension (3) of journal article 2 as well as the episode
type evaluation from journal article 3 in more depth.
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Potential for further
research

11
This chapter specifies future research areas that emerge from the findings,
across the four journal articles. The subheadings are given as tuples such
as (1,2,3) and denote future research based on, for example, the findings
of journal articles 1, 2, and 3 (see figure 9.1 on page 227). Especially
links between the conceptual and the empirical part of the present work
have to be emphasized in this context.

(1,2): In article 1, problem-posing situations were analyzed in terms
of how open they are, whether they are structured or unstructured, and
whether a non-routine problem or a routine problem is given. In article
2, a three-dimensional framework for analyzing problem-posing activities
reported on in empirical studies on problem posing was developed. This
model combines three dimensions: (1) problem posing as an activity
of generating new or reformulating given problems, (2) emerging tasks
on the spectrum between routine and non-routine problems, and (3)
metacognitive behavior in problem-posing processes. In conjunction
with the findings in Journal Article 1, one might ask the following
questions: Can the three-dimensional framework from article 2 be
used in non-posing situations? If so, what areas of this framework are
addressed the most? What areas of the three-dimensional framework
are addressed in empirical studies when only unstructured situations
are considered? Which areas of the three-dimensional framework are
addressed in empirical studies when only structured situations with
routine tasks or non-routine problems are considered?
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(1,3): Article 3 was devoted to the development of a descriptive phase
model based on open and structured problem-posing situations with
given non-routine problems. In future research projects, the findings
from articles 1 and 3 could be used to investigate whether the phase
model can also be applied to other situations. For example, can the
phase model be applied at all if the non-posing situations identified
in article 1 are used as initiators? Do the descriptions of the episode
types of the phase model change if unstructured instead of structured
problem-posing situations are used? Which differences can be seen in
the processes when a routine problem is used instead of a non-routine
problem in a structured problem-posing situation? First thoughts on
some of these questions have already been concretized by students in
the context of their master theses. However, intensive research still has
to follow.

(1,4): Article 4 highlighted problem-posing-specific aspects of metacog-
nitive behavior and its potential for identifying process-related differ-
ences. Combined with the findings from article 1, this raises similar ques-
tions to (1,3): Which problem-posing-specific aspects of metacognitive
behavior can be found in non-posing situations? Which problem-posing-
specific aspects of metacognitive behavior can be found in processes
based on unstructured problem-posing situations? Which ones can be
found when the initial task of structured situations is not a non-routine
problem but a routine problem?

(2,3): The framework in article 2 has been applied only to information
that can be obtained from articles of the respective studies. Dimension
(1) from the framework of article 2 is explored in more depth in article
3. Perhaps the insights from article 3 regarding distinguishing between
variation and generation can help in applying the framework from article
2 in empirical research.
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(2,4): Dimensions (3) from the framework of article 2 are explored in
more depth in article 4 of the present project. As in (2,3), it might be
investigated: Perhaps the insights from article 4 regarding the problem-
posing specific aspects of metacognitive behavior can help in applying
the framework from article 2 in empirical research.

(3,4): Future research could also address the link between the macro-
scopic view from article 3 and the microscopic analysis from article 4.
Schoenfeld (1985) has done something similar with problem solving. In
his analyses, he found that successful problem-solving processes mostly
involve self-regulatory – that is, metacognitive – behaviors. Do similar
statements possibly hold when combining the findings from articles 3
and 4? At what points in the process do metacognitive activities emerge?
Is this possibly related to the quality of the resulting products?

Furthermore, and following the work of Nowińska (2016), the macro-
scopic and microscopic analyses of the problem-posing processes could
be the basis for assessing the quality of the problem-posing activity.
Nowińska (2016) developed a two-stage evaluation system for assessing
metacognitive-discursive instructional quality in the classroom. Stage
one uses the category system for classifying teacher and students metacog-
nitive activities in class discussions by Cohors-Fresenborg and Kaune
(2007) presented in journal article 3 (see table 9.1 on page 196). Stage
two uses guiding questions based on seven high inference rating scales
to evaluate metacognitive-discursive instructional quality. A similar
approach could be used to evaluate the quality of problem-posing pro-
cesses. Assessing the quality of the problem-posing process is still a
recent topic in problem-posing research (Kontorovich & Koichu, 2016;
Patáková, 2014; Rosli et al., 2013; Singer et al., 2017). A process-oriented
approach on the future development of such guiding questions on the
quality of problem-posing processes after analyzing these processes with
the frameworks from journal articles 3 and 4 could help in exploring the
quality of problem posing itself.
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Anchor examples for the developed episode types

In addition to the examples of episode types listed in the article, in this
supplement, we provide further anchor examples. This should make
it easier for readers to understand the episode types and apply them
themselves. The anchor examples come from different processes on the
situation Nim game. In order to better situate the anchor examples in
their processes and to be able to form an unbiased picture of them, we
provide a complete interview narrative of the processes in which the
anchor examples are located before showing the coded anchor examples.
The anchor examples described below are taken from three different
processes. After each paragraph in these descriptions, we indicate the
amount of time spent on the paragraph described.

Interview narratives of the processes used to extract the
anchor examples

Xanthippe & Yasmin

Xanthippe and Yasmin use working backwards to find a winning strategy
for player A after a short time, i.e., 1:30 minutes. They realize that
player B has no chance of winning the Nim game when there are 6 stones
on the table. One by one, they increase the number of stones on the table.

287

© The Editor(s) (if applicable) and The Author(s), under exclusive license to 
Springer Fachmedien Wiesbaden GmbH, part of Springer Nature 2022
L. Baumanns, Mathematical Problem Posing, Kölner Beiträge zur 
Didaktik der Mathematik, https://doi.org/10.1007/978-3-658-39917-7



They realize that even with 12 stones, player B cannot win. Finally,
they work out the solution on their own. (Duration: 00:00–22:45)

After solving the problem, at the beginning of their problem-posing
process, they first increase the number of stones that are on the table.
Numbers 21 to 30 come up, and they agree on 25 and ask the question:
“How do the chances of winning behave with 25 stones?” They also ask
the same question for 30 and 50 stones. In doing so, they reflect that it
is good to also have a number with 30 that is part of the row of three.
(Duration: 22:45–23:56)

Then they change the number of stones that can be removed from the
table. Yasmin suggests that you can remove 1, 2, or 3 stones. Xanthippe
states that removing 2 or 3 stones could also be interesting. (Duration:
23:56–25:29)

Both then first think about a solution for the variation where you may
remove 1, 2, or 3 stones. They realize that the winning strategy here
remains similar, but the row of four is decisive. This idea is further
generalized for removing 1 to 4 stones. Subsequently, the previous
ideas are written down. In the process, they talk a lot about the exact
formulation of their tasks. (Duration: 25:29–27:40)

Xanthippe then introduces the idea of how the chance of winning changes
in a Nim game with 3, 4, or 5 players. The two do not pursue the solution
of this task any further. Yasmin suggests that you could also ask how
this game would behave with magnets without elaborating on this idea.
(Duration: 27:40–28:49)

Yasmin then reflects on what variables the Nim game contains, which
ones have already been changed, and which ones could be changed for
more variations. Xanthippe explains that she doesn’t know what else
could be changed and suggests that a story could be developed around
this game to help students solve the initial problem. These thoughts are

288 Appendix B



not elaborated on. Yasmin explains that they are finished. (Duration:
28:49–31:10)

Tino & Ulrich

Tino and Ulrich first work out a winning strategy for the Nim game.
Their heurism is to work backwards right at the beginning. They consider
that with 3 stones, player B has no more chance to win and they then
extend this idea to 6 stones. They thereafter generalize this idea for the
20 stones and formulate the solution afterward. After that, they move
on to problem posing on their own. (Duration: 00:00–07:45)

Ulrich suggests right at the beginning to pose simple variations of the
game, for example, if you increase the number of stones to 21. Ulrich
says, however, that it would be more exciting if they varied the number
of stones they are allowed to remove instead. He suggests the rule of
removing 1, 2, or 3 stones. Tino writes down the ideas and both also work
on the formulation of the respective tasks. (Duration: 07:45–09:31)

Then they play through the variation of removing 1, 2, or 3 stones.
When playing, they do not yet achieve sufficient certainty for a solution
strategy. They then work backwards; however, they still do not work out
a final solution, but then want to move on to other ideas for problems.
(Duration: 09:31–15:52)

They now expand the rules for winning the game by adding that you
must take the last stone and also have more stones removed from the
table after the last move. To work out a winning strategy for this
variation of the game, they play it again with this new rule. However,
after some time they turn back to the solution for removing 1, 2, or 3
stones. They reach a solution, and after their initial failure, evaluate it
positively for a math game if there is a safe winning strategy. (Duration:
15:52–24:32)
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After Ulrich briefly tries to further generalize a possible winning strategy
for the case where you are allowed to remove 1 to 4 stones, he suggests
another idea: you are only allowed to remove 2 or 3 stones from the table.
However, Tino first needs a longer time to write down the formulations
for the games posed so far. (Duration: 24:32–26:48)

Afterward, they notice that in the game where you are only allowed to
remove 2 or 3 stones, you can get to the point where no move is possible
because there is only 1 stone left on the table. They consider whether
such an outcome also leads to losing the game or whether this outcome
means a draw. Without coming to a mutual answer on this question,
they consider whether there is a safe winning strategy for this variation.
They are converging on a solution to this question, but do not come to a
completely satisfactory conclusion. They then consider what changes if
you are only allowed to remove 3 or 4 stones from the table. Afterward,
Tino again takes the opportunity to write down all the ideas collected
so far. (Duration: 26:48–34:18)

Ulrich expands the rules of the game and suggests that you get another
victory point if the number of stones you have removed from the table
in a round is divisible by three. They think through this idea by playing
a round of this game. Ulrich then moves further away from the Nim
game with his ideas, suggesting that each player starts with 10 stones
with which to build a square pyramid. Without posing a final problem
to this idea, the process ends. (Duration: 34:18–39:39)

Noam & Oskar

Noam and Oskar, when solving the problem, initially believe that it
could play a role in a winning strategy whether the number of stones
is even or odd. After some thought and help from the interviewer to
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work backwards, Noam and Oskar found the correct solution. (Duration:
00:00–19:00)

At the beginning of the subsequent problem-posing process, Noam and
Oskar first pose the more general problem of how many stones must be
on the table for player A to win safely. They express liking the problem
because it could help figuring out the winning strategy. Then they
pose the variation of the Nim game where you are allowed to remove
1, 2, or 3 stones from the table. After initial difficulties on solving this
variation, Noam expresses the idea that here the players have to get to
a number divisible by four to win for sure. They then generalize this
idea to the case where you are allowed to remove 1 to n stones from the
table. They test out their developed winning strategies by playing the
Nim game together with the corresponding modifications. (Duration:
19:00–24:52)

Then they increase the number of stones that are on the table. Specif-
ically, the number 100 is called, and later prime numbers such as 47.
Subsequently, the previous ideas are formulated as problems. Oskar
then asks Noam again why they thought parity would play a role in the
winning strategy when solving the task at the beginning. (Duration:
24:52–25:55)

Oskar stacks the stones to a tower (2 – 1 – 2 – 1 – ...) and adds as an
additional rule, you may only remove stones from one row. Noam brings
in an idea for an auxiliary task: You could simplify the game and ask
who wins if you are only allowed to remove one stone at a time. Then,
they both realize, divisibility by two, i.e. parity, plays the central role
in the winning strategy. (Duration: 25:55–27:33)

Then both change the rules to allow player A to remove a maximum of
3 stones and player B to remove a maximum of 2 stones from the table.
While playing this game, they realize that player A, as the starting
player with a winning strategy, may now enjoy only one more advantage.
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Therefore, they change this rule and ask themselves what happens if
player B is allowed to remove a maximum of 3 and player A a maximum
of 2 stones from the table. (Duration: 27:33–29:14)

They play through several rounds of this game. In the process, they
express in between whether they like the game. However, in the end,
they are not satisfied with this idea. (Duration: 29:14–32:33)

Oskar finally picks up the idea of stacking the stones that he had posed
earlier. This time he suggests stacking the stones in a square pyramid.
He again adopts the idea that you can only remove stones from one level
of the pyramid. They both note that this rule makes it necessary to
consider whether or not to start as a player at each level of the pyramid.
This new twist on the game appeals to both of them. Their trial ends
on this note. (Duration: 32:33–36:06)

Anchor examples

Situation Analysis

In the following anchor example, Xanthippe (X) and Yasmin (Y) are
at the end of a longer phase of variation within their problem-posing
process initiated by the Nim game. The following example arises in a
moment of lack of ideas, in which they consider which conditions of the
initial problem they have not yet varied.

Anchor example (Duration: 28:49–29:29)

X: Are there any other options? Well, variables that could really be
affected would really be the number of players, the number of stones,
how many you take away.

292 Appendix B



Y: The number of steps, exactly. The only thing you could do now is to
put it into another context, into another everyday context. So, the only
thing I can think of is to somehow make a story around it.

Variation

In the following example, Tino (T) and Ulrich (U) are at the very
beginning of their process. Tino instantaneously starts varying the
number of stones on the table in the Nim game. Then he varies the
condition that you may remove one or two stones from the table.

Anchor example (Duration: 07:54–08:35)

T: The first one we are going to ask now [...] is, we change the number
of stones. That is like an easy variation task in the textbook. Instead
of 20 we now have 21 stones. Can player A win? No, he can’t.

U: Exactly, then basically player B can win for sure. That essentially
turns the whole thing around [...].

T: And the next thing before we write it down, I would like to play it:
You can take 1, 2 or 3 stones. That makes the whole thing much more
exciting.

Generation

After Noam (N) and Oskar (O) run out of ideas for further variations
in the following anchor example, Noam constructs more conditions to
add to the Nim game. He stacks the given stones pyramidically. In the
lowest level there are 4x4 stones, above them 3x3, then 2x2 and finally
one stone on top. However, on your turn, you may only remove stones
from one level.
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Anchor example (Duration: 33:05–35:02)

O: (stacks the stones to a pyramid) Or I think it’s a really cool idea if
you have some kind of shape, like [...] Mahjong [...] where you [...] just
take the stones that are sort of exposed [...]. I think that’s not such a
stupid game. You can take up to 3 stones, but not stones from different
levels, so you can only take stones from one level. That means the first
move is fixed with one and the next move you can decide whether to
take one or two.

N: And who wins?

O: Whoever makes the last move.

Problem Solving

In the following anchor example, Tino and Ulrich solve a problem that
they posed in the example shown above for variation. The players of
the Nim game are allowed to remove 1, 2 or 3 stones. They mistakenly
think that they already have this variation under control for situations
where 4 or 7 pieces are on the table.

Anchor example (Duration: 21:23–22:30)

U: If the other player has 7 ... oh no, then he could take the 3.

T: Yes, that’s why I was confused why you came up with 7, because
before it was always a row of three [for standard Nim game], wasn’t it?
And now our guess was that this is the row of four. Now we just have
to test if it really works. So, if you still have 4 at the end, you have won
analogous to 3 [for standard Nim game], that means one move before
[...] if I still have 8 here, I have to lose [...].
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U: And that’s the case, because the other one . . . no matter what you
do, here 8 is what I believe.

T: Yes, it’s simply always the row of four, the maximum number of
stones you can move plus 1.

U: That would be a good thesis. And then player A would have lost in
any case, because there are 20 stones.

Evaluation

The expressions of the following anchor example directly follow the
generated idea developed above in the anchor example for generation in
Noam and Oskar’s process. There, evaluative statements can already
be found in partial sentences. In the following example, Oskar is more
specific in this respect.

Anchor example (Duration: 35:12–35:34)

O: But now you just have to think, ok would you like ... at the bottom
layer there are 16 stones, would you like to start there or not? Then
there are 9 stones above it, ok. Then you just have to decide ok, if
there are 9 stones, do you want to start there or not. But I think that’s
actually cool. Because then you still have to think about the number
of stones. That’s actually a cool game, because you have to apply the
rules differently.

N: Yes. It’s really good!
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Example of calculating interrater agreement

First, the process of Xerxes and Yuna is described. Like the process
in section 4 of the article, this process is already divided into episodes
without labelling them with the episode types. The description as well
as the division comes from the authors (Rater 1). In a later section,
the differences in coding to Rater 2 will be presented. After that, the
calculation of the interrater agreement using EasyDIAg is explained
(Holle & Rein, 2013).

Process description by Rater 1

Xerxes and Yuna have not been able to work out a correct solution to the
Nim game. They justify by working backwards that the game is decided
when there are three stones left on the table. They also formulate the
justified hypothesis that one player can react to the moves of the other
player. They believe that the probability of winning depends on the
parity of the number of stones that are on the table at the beginning.
However, the solution finally is given by the interviewer.

Episode 1 (00:00–00:33): At the beginning, Yuna varies the rule that
you remove stones and wants to create something where you add stones.
However, this idea is not further developed.

Episode 2 (00:33–01:10): Then Xerxes and Yuna analyze again the
winning strategy presented by the interviewer.

Episode 3 (01:10–02:27): As a new idea, Yuna suggests that players
must make sure that they have an odd number of stones at the end of
the game. Xerxes does not understand this idea at first. Yuna repeats
her idea.
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Episode 4 (02:27–04:04): Both try to understand the game with the
newly added rule by playing through it several times. For clarity, they
decide to play with eleven pieces. At first, Yuna expresses that the game
is not meaningful because player A always wins.

Episode 5 (04:04–04:49): Yuna suggests that one stone be added back
to the table after each turn. Xerxes notes that this would become an
endless game. Yuna then suggests the idea of removing only 2 or 3
stones or 1 or 3 stones from the table.

Episode 6 (04:49–05:28): Then Yuna writes down these and previous
ideas.

Episode 7 (05:28–07:04): The game, in which you may only remove 1
or 3 pieces from the table, is then played in a round with 20 starting
stones. They don’t actually finish the game. Instead, they consider
possible moves that could lead to victory. They subsequently express
uncertainty as to whether their game is predictable, so that one reaches
a sure winning strategy.

Episode 8 (07:04–08:00): They then pick up a previously developed idea
again. Their new game is that you can take away 1 or 2 stones, but
after each turn one stone is added.

Episode 9 (08:00–08:40): Again, they first make a general statement
that you believe that one player must always win. They concretize
their thoughts by making exemplary plays. In doing so, they realize, as
previously suspected, that it could then be an endless game.

Episode 10 (08:40–09:33): Yuna then continues to vary the condition of
the Nim game as to how many stones may be removed from the table.
She modifies this rule by using the Fibonacci sequence. One may first
remove only one stone from the table, then up to two, then up to three,
up to five, and so on. She further suggests that player A may always
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remove only an odd number of stones while player B may always remove
only an even number of stones.

Episode 11 (09:33–10:28): They both try to understand the last-
mentioned idea in more depth by discussing a possible scenario of
this game. However, Xerxes and Yuna do not work out a concrete
winning strategy.

Episode 12 (10:28–11:05): Yuna and Xerxes digress from the task at
hand. Yuna jokingly suggests that the task could be to throw the stones
into a basket.

Episode 13 (11:05–13:00): Yuna notes that all variations have now been
worked through. Yuna then arranges the stones in a 3x3 field. They
try to match the character of Tic-Tac-Toe and Connect Four with that
of the Nim game. However, they do not arrive at a new game that is
satisfactory to them, so they subsequently end the process.

Process coding by Rater 1

Yuna’s initial attempts in episode 1 to vary a rule of the game were
coded as variation. The subsequent exploration of the winning strategy
presented by the interviewer was coded as analysis. In episode 3, Yuna
adds a new condition. Accordingly, this episode was coded as a genera-
tion. The fact that Xerxes asks what exactly Yuna means by her added
condition reinforces the interpretation that new and different conditions
from the initial problem were added. In episode 4, they both pursue
problem solving. Yuna’s assessment that no meaningful problem has
emerged is followed by the joint coding of problem solving & evaluation.
Since in episode 4 a specific condition of the initial problem is again
modified by Yuna, this episode was coded as a variation. Episode 6 was
coded as non-content related episode writing. Although they do not
come to a satisfactory conclusion, Xerxes and Yuna engage in problem
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solving in Episode 7. In doing so, they evaluate that their problem is
probably not well-defined in the sense that one can work out a winning
strategy. Therefore, this episode was coded as problem solving & evalu-
ation. In episode 8, they pick up an idea from episode 1, where stones
are added back to the table. Analogous to episode 1, this episode is also
coded as a variation. Once again, they try to solve the problem judge
it as an endless game. This episode 9 was coded as problem solving &
evaluation. The two new games posed in episode 10 by Yuna emerge
from a variation as specific conditions of the Nim game are modified. In
Episode 11, Xerxes and Yuna focus on problem solving of the second
game they posed in the previous episode. In episode 12, it is noticeable
that their concentration is already waning because they are no longer
generating ideas. Their humorous suggestions were coded as non-content
related episode digression. Yuna’s goal in the last episode is to move
further away from the Nim game by incorporating ideas and rules from
other games. This rather superficial attempt was coded as generation.

Differences between the codings by rater 1 and rater 2

The differences between the coding of Rater 1 in the previous section and
that of Rater 2 are described below. The focus is on those differences
where the agreement table calculated by EasyDIAg produced entries
outside the main diagonal at an overlap parameter of 60% (see Table B.1
on page 301). Namely, these entries reduce the interrater agreement of
the coding manual used, as calculated in the present study. A graphical
comparison of both codings can be found in Figure B.1 on the following
page.

In the present process of Xerxes and Yuna, there are two time periods
where the codings of Rater 1 and Rater 2 differ. The first difference
concerns episode 8 of the coding of Rater 1. Rater 1 has coded a variation
here. Rater 2 coded problem solving & evaluation throughout, as in the
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Fig. B.1.: Comparison of the time-line charts of the problem-posing process
as coded by Rater 1 and Rater 2.

previous and subsequent episodes. Rater 2 justifies this with the fact
that the game Yuna posed in this time period was already formulated
in episode 1. The superordinate goal of this time period is still to solve
the problems that are posed and to evaluate them.

A second difference between the codings of Rater 1 and Rater 2 concerns
the end of the process. While Rater 1 codes the end of the process
at 13:00 min, Rater 2 sets it already at 12:25 min. In fact, in the
remaining 35 seconds that Rater 1 still coded as generation, there are
numerous behaviors, especially in Xerxes, that do not reveal any actual
content-related engagement with the Nim game. Yuna, on the other
hand, still seems to be mentally engaged with new games.

Calculating values for agreement table

From the presented coding of Rater 1 and the differences in the coding
of Rater 2, results the agreement table in Table B.1 on the next page
calculated by EasyDIAg. On the main diagonal are the matching codings.
The value of the number in the individual cells of the table results from
the number of set codes as well as their temporal expansion. In the
following, we will refer to entries of the table in which, for example,
Rater 1 coded Evaluation and Rater 2 coded Problem Solving as (E |
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PS). The differences described before can be found in the table in the
entries (V | PS/E) and (G | X). (V | PS/E) refers to the 56 seconds
time segment in which Rater 1 coded variation while Rater 2 coded
problem solving & evaluation. (G | X) refers to the last 25 seconds in
which Rater 1 coded generation while Rater 2 already coded the end of
the process. This table now results in a Cohen’s Kappa of κ = .84.

Rater 1
SA V G PS PS/E E O X Total p

SA 2 0 0 0 0 0 0 0 2 0.08
V 0 6 0 0 0 0 0 0 6 0.24
G 0 2 4 0 0 0 0 0 4 0.16
PS 0 0 0 2 0 0 0 0 2 0.08

PS/E 0 0 2 2 2 0 0 0 4 0.16
E 0 0 0 0 0 0 0 10 0 0.00
O 0 0 0 0 0 0 4 0 4 0.17

R
at

er
2

X 0 0 1 0 0 0 0 – 1 0.04
Total 2 8 5 2 2 0 4 0 23 1.0

p 0.08 0.32 0.20 0.08 0.08 0.00 0.17 0.00 1.00 0.84

Tab. B.1.: Agreement table for all seven categories of episodes as determined
by EasyDIAg. The %overlap parameter was set to 60%. (Abbrevi-
ations: SA = Situation Analysis, V = Variation, G = Generation,
PS = Problem Solving, PS/E = Problem Solving & Evaluation
[simultaneous coding], E = Evaluation, O = Others, X = No
Match)
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