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Alcalá de Henares, Spain / Galina Filipuk, Alberto Lastra, S�lawomir Michalik, editors.

Description: Providence, Rhode Island : American Mathematical Society, [2023] | Series: Con-
temporary mathematics, 0271-4132 ; volume 782 | Includes bibliographical references.

Identifiers: LCCN 2022032611 | ISBN 9781470466046 (paperback) | ISBN 9781470472092 (ebook)
Subjects: LCSH: Differential equations–Congresses. | Difference equations–Congresses. | AMS:

Functions of a complex variable – Entire and meromorphic functions, and related topics –
Distribution of values, Nevanlinna theory. | Ordinary differential equations – General theory
– Geometric methods in differential equations. | Ordinary differential equations – Qualitative
theory – Transformation and reduction of equations and systems, normal forms. | Ordinary
differential equations – Asymptotic theory – Asymptotic expansions. | Ordinary differential
equations – Differential equations in the complex domain – Stokes phenomena and connection
problems (linear and nonlinear). | Partial differential equations – General topics – Uniqueness
problems: global uniqueness, local uniqueness, non-uniqueness. | Partial differential equations
– Representations of solutions – Series solutions. | Partial differential equations – General
higher-order equations and systems – Initial value problems for linear higher-order equations. |
Dynamical systems and ergodic theory – Finite-dimensional Hamiltonian, Lagrangian, contact,
and nonholonomic systems – Perturbations, normal forms, small divisors, KAM theory, Arnold
diffusion. | Difference and functional equations – Difference equations – Difference equations,
scaling (q-differences).

Classification: LCC QA370 .V57 2021 | DDC 515/.35–dc23/eng20230106
LC record available at https://lccn.loc.gov/2022032611
Contemporary Mathematics ISSN: 0271-4132 (print); ISSN: 1098-3627 (online)

DOI: https://doi.org/10.1090/conm/782

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

c© 2023 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at https://www.ams.org/

10 9 8 7 6 5 4 3 2 1 23 22 21 20 19 18

https://doi.org/10.1090/conm/782
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/


Contents

Normal forms of a polynomial ODE
Alexander D. Bruno 1

Computation of homological equations for Hamiltonian normal form
Alexander B. Batkhin 7

A note on value distribution of solutions of certain second order ODEs
Ewa Ciechanowicz 21

Relations between different Hamiltonian forms of the third Painlevé equation
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Preface

The book presents the state of the art in the study of functional equations in the
complex domain, including differential equations, difference equations, q-difference
equations, moment-differential equations, partial differential equations, etc. For
this reason, the title of the volume contains the word “diff.” aiming to embrace
all of them together. The volume consists of selected peer-reviewed contributions
from the conference “Formal and Analytic Solutions of Diff. Equations on the
Internet”, which was held online from June 28th to July 2nd, 2021. The editors
want to express sincere gratitude to all the participants of the conference who made
it possible to exchange scientific ideas and results, to examine different directions for
future research and to promote both new and existing collaborations of researchers
in these topics, despite the world pandemic situation. The virtual conference venue
was the School of Architecture of the University of Alcalá, located in the city center
of Alcalá de Henares (Spain).

The topics of the conference were:

• Ordinary differential equations in the complex domain. Formal and ana-
lytic solutions. Stokes multipliers.

• Formal and analytic solutions of partial differential equations.
• Formal and analytic solutions of difference equations (including q-difference
and differential-difference equations).

• Special functions (hypergeometric functions and others), orthogonal poly-
nomials, continuous and discrete Painlevé equations.

• Integrable systems.
• Holomorphic vector fields. Normal forms.
• Asymptotic expansions, Borel summability.

Scientific Committee consisted of Galina Filipuk (University of Warsaw, Poland),
Alberto Lastra (University of Alcalá, Spain), Stephane Malek (University of Lille,
France), Jorge Mozo-Fernández (University of Valladolid, Spain), Yasunori Okada
(Chiba University, Japan), Hidetoshi Tahara (Sophia University, Japan).

Organizing Committee consisted of Javier Jiménez-Garrido (University of Cantabria,
Spain), Alberto Lastra (University of Alcalá, Spain), Ignacio Miguel (University of
Valladolid, Spain), Andrew Pickering (Universidad Rey Juan Carlos, Spain).

This volume presents recent advances in the study of functional equations made
by experts in the field. A. D. Bruno considers normal forms of a polynomial ordi-
nary differential equation (ODE) and A. B. Batkhin studies the procedure of de-
riving homological equations of arbitrary order for the Hamiltonian normal form.
Hamiltonian systems are also considered from the summability point of view in
the contribution by M. Yoshino. E. Ciechanowicz deals with the so-called Painlevé
sigma equations from the Nevanlinna theory point of view. G. Filipuk, A. Ligȩza

vii



viii PREFACE

and A. Stokes focus on the third Painlevé equation and present relations between
different Hamiltonian forms of this equation. In the last years, one finds a growing
interest in the study of q-equations from the analytic and formal point of view.
The contribution by S. Sasaki, S. Takagi and K. Takemura is an example of this
direction. They consider the so-called q-Heun equation. The contribution by C.
Zhang concerns the positive powers of the q-analogs of Euler series, which is of
great interest and importance in the theory of summability of formal solutions to
functional equations. The contribution by H. Ogawara deals with the differential
transcendence of solutions for q-difference equation of Ramanujan function. Sys-
tems of difference equations coming from orthogonal polynomials are studied in the
work by Y. Chen, G. Filipuk and M. N. Rebocho. Singular perturbed equations are
also of interest in this volume. The work by T. Aoki and S. Uchida is an example
of this. They search for the structure of the Voros coefficients of the generalized
hypergeometric differential equation. T. Oshima studies Riemann-Liouville trans-
form of linear differential equations on the Riemann sphere. M. Cafasso and S.
Tarricone apply the Riemann-Hilbert problem technique to the Airy process. H.
Tahara considers a family of nonlinear singular second order partial differential
equations in the complex plane, determines uniqueness of solutions, and applies
this result to the analytic continuation of solutions. As mentioned above, the the-
ory of summability of formal solutions to functional equations is also considered in
this volume. We refer to the contribution by M. Suwińska on the study of moment
functional equations, and more precisely on moment integro-differential equations.
The volume concludes with the state of the art regarding such emerging functional
equations, in a work by A. Lastra, S. Michalik and M. Suwińska.

We hope that the present volume will be of interest not only for researchers
in this field of knowledge but also for graduate students who aim to acquire new
techniques and learn new results.

G. Filipuk
A. Lastra

S. Michalik
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Normal forms of a polynomial ODE

Alexander D. Bruno

Abstract. We consider an ordinary differential equation (ODE) of order n,
which is a polynomial of the independent variable x, the dependent variable
y and all its derivatives up to the order n. To such equation we put in cor-
respondence its Newton polygon. If the polygon has a vertex (v, 1) and cor-
responding truncated equation has eigenvalues λ1, . . . , λn, then there exists
such formal substitution y = z + ϕ(x), where ϕ(x) is a power series, that for

z = z′ = · · · = z(n) = 0 the transformed equation has only resonant terms
amxm, where m = v + λk ∈ Z. It is true near each of two points: x = 0 and
x = ∞.

1. Introduction

In the present paper we consider an ordinary differential equation

f
(
x, y, y′, . . . , y(n)

)
= 0,

where f is a polynomial of its arguments, x is the independent variable and y is
the dependent variable x, y ∈ C.

We first recall some notions of power geometry [1], [2]. We set X = (x, y). By
a differential monomial a(x, y) we mean the product of an ordinary monomial

(1.1) cxr1yr2
def
= cXR,

where c = const ∈ C, R = (r1, r2) ∈ R2, with finitely many derivatives of the form

(1.2) dly/dxl, l ∈ N.

A sum of differential monomials

(1.3) f(X) =
∑

ai(X)

is called a differential sum.
To every differential monomial a(X) one assigns its (vector) exponent Q(a) =

(q1, q2) ∈ R2 by the following rules. For a monomial of the form (1.1) let

Q
(
cXR

)
= R,

that is, Q (cxr1yr2) = (r1, r2); for a derivative of the form (1.2) let

Q
(
dly/dxl

)
= (−l, 1).

2020 Mathematics Subject Classification. Primary 34E05, 34A26; Secondary 34A25, 34C20.
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2 ALEXANDER D. BRUNO

When differential monomials are multiplied, their exponents are summed as vectors:

Q (a1a2) = Q (a1) +Q (a2) .

The set S(f) of exponents Q (ai) of all the differential monomials ai(X) in a dif-
ferential sum of the form (1.3) is called the support of the sum f(X). Obviously,
S(f) ∈ R2. We denote by fQ(X) the sum of the monomials ai(X) in (1.3) for which
Q (ai) = Q. Then the differential sum (1.3) can be represented in the form

f(X) =
∑

fQ(X) over Q ∈ S(f).

The closure Γ(f) of the convex hull of the support S(f) is referred to as the Newton
polygon of the sum f(X). The boundary ∂Γ(f) of the polygon Γ(f) consists of

vertices Γ
(0)
j and edges Γ

(1)
j . These objects are called (generalized) faces Γ

(d)
j ,

where the superscript indicates the dimension of the face and the subscript is the

index of the face. Corresponding to any face Γ
(d)
j are the related boundary subset

S
(d)
j = S(f) ∩ Γ

(d)
j of the set S and the truncated sum

(1.4) f̂
(d)
j (X) =

∑
ai(X) over Q (ai) ∈ S

(d)
j .

Let R2
∗ be the plane conjugate to the plane R2 so that the inner product

〈P,Q〉 def
= p1q1 + p2q2

is defined for any P = (p1, p2) ∈ R2
∗ and Q = (q1, q2) ∈ R2. Corresponding to any

face Γ
(d)
j in the plane R2

∗ is its normal cone,

U
(d)
j =

{
P :

〈P,Q〉 = 〈P,Q′〉 , Q,Q′ ∈ S
(d)
j

〈P,Q〉 > 〈P,Q′′〉 , Q′′ ∈ S(f)\S(d)
j

}
.

Let Nj be an outward normal vector to the edge Γ
(1)
j . The normal subspace N

(1)
j

of an edge Γ
(1)
j is the line passing through the origin P = 0 and the point P = Nj ,

and the normal cone is the ray of N
(1)
j that is directed outwards with respect to the

edge Γ
(1)
j of the polygon Γ(f), that is, is spanned by the vector Nj . For a vertex

Γ
(0)
j the corresponding normal subspace is N

(0)
j = R2

∗, and the normal cone U
(0)
j is

the open sector (angle) on R2
∗ with vertex at P = 0 which is bounded by the rays

that are the normal cones of the edges incident to Γ
(0)
j .

Thus, corresponding to any face Γ
(d)
j are the normal cone U

(d)
j in R2

∗ and the
truncated equation

(1.5) f̂
(d)
j (X) = 0.

Corresponding to a vertex Γ
(0)
j = {Q} is a truncated equation (1.5) with one-

point support Q and with d = 0. We set g(X)
def
= X−Qf̂

(0)
j (X). Then the solution

y = cxr of (1.5) satisfies the equation

g(X) = 0.

Substituting y = cxr into g(X), we see that g (x, cxr) does not depend on x and c
and so it is a polynomial in r, that is,

g (x, cxr) ≡ χ(r),
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where χ(r) is the characteristic polynomial of the differential sum f̂
(0)
j (X). Hence,

for a solution y = cxr of the equation (1.5) the exponent r is a root of the charac-
teristic equation

(1.6) χ(r)
def
= g (x, xr) = 0,

and the coefficient cr is arbitrary. Roots rj
def
= λj of the equation (1.6) are called

as eigenvalues of the differential sum f̂
(0)
j (X), corresponding to a vertex. If the

differential sum f̂
(0)
j (X) has order l, then the characteristic equation (1.6) has l

roots, 0 ≤ l ≤ n.

Theorem 1. Let

(1) f(X) be a polynomial in x, y, . . . , y(n);

(2) its Newton polygon Γ(f) have a vertex Γ
(0)
1 = (v, 1) at the left side of its

boundary ∂Γ;

(3) truncated differential sum f̂
(0)
1 (X) have eigenvalues λ1, . . . , λl, 0 ≤ l ≤ n;

(4) the most left point of the support S(f) in the axis q2 = 0 be (α, 0). Evi-
dently α ∈ Z.

Then there exists such power series ϕ(x) with integral increasing exponents, that
after substitution

(1.7) y = z + ϕ(x)

the transformed differential sum

(1.8) g(x, z) = f(x, z + ϕ(x))

for

(1.9) z = z′ = · · · = z(n) = 0

has only resonant terms bmxm, where

(1.10) m = v + λk ∈ Z

and m ≥ α.

So here the eigenvalue λk is resonant if α− v ≤ λk ∈ Z. Proof of Theorem 1 is
in Section 2.

Theorem 2. Let

(1) f
(
x, y, y′, . . . , y(n)

)
be a polynomial in x, y, y′, . . . , y(n);

(2) its Newton polygon Γ(f) have a vertex Γ
(0)
1 = (v, 1) at the right side of its

boundary ∂Γ;

(3) truncated differential sum f̂
(0)
j (X) have eigenvalues λ1, . . . , λl, 0 ≤ l ≤ n;

(4) the most right point of the support S(f) in the axis q2 = 0 be (β, 0).
Evidently β ∈ Z.

Then there exists such power series ϕ(x) with integral decreasing exponents, that
after substitution (1.7), the differential sum (1.8) for identities (1.9) has only res-
onant terms bmxm, where equality (1.10) is true, and m ≤ β.

So here the eigenvalue λk is resonant if β − v ≥ λk ∈ Z. Proof of Theorem 2 is
in Section 3. Equations g(x, z) = 0 for (1.8) in situations of Theorems 1 and 2 we
will call normal forms.
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In Section 4 we describe a method for computation of eigenvalues λk for a

simple power solution y = cxr of a truncated equation f̂
(d)
j (X) = 0, where either

d 
= 0 or d = 0, but its vertex Γ
(0)
j = (n,w) has w 
= 1.

Corollary 1. If the truncated sum f̂
(0)
j (X) has no integral eigenvalue λk ≥

α − v (for Theorem 1) or λk ≤ β − v (for Theorem 2), then the initial equation

f(X) = 0 has formal solution y = ϕ(x). If the truncated sum f̂
(0)
j (X) contains the

derivation y(n), then the series ϕ(x) converges according to Theorem 3.4 in [2].

Remark 1. If the truncated sum f̂
(0)
j (X) has integral eigenvalue λk ≥ α − v

(for Theorem 1) or λk ≤ β− v (for Theorem 2), then the initial equation f(X) = 0
has formal power-logarithmic (or Dulac) solution

y = crx
r +

∑
csx

s,

where cr and cs are polynomials in log x. It converges under the same condition,

that the truncated sum f̂
(0)
j (X) contains y(n) (see [3]).

2. Proof of Theorem 1

We will successively compute coeffitients cs = const of the series

(2.1) ϕ(x) =
+∞∑

s=α−v

csx
s

according to increase the exponent s. For each integral s ≥ α − v, we obtain the
following equation

(2.2) f̂
(0)
1 (x, csx

s) + bs+vx
s+v = 0,

where bs+v is a constant obtained as a result of previous computation. But

f̂
(0)
1 (x, csx

s) = csx
s+vχ(s), where χ(s) is the characteristic polynomial of the trun-

cated sum f̂
(0)
1 (X). So equation (2.2) has the form

csχ(s) + bs+v = 0.

If χ(s) 
= 0, then we put cs = −bs+v/χ(s) and eliminate the term bs+vx
s+v

from our equation. If χ(s) = 0, then we cannot exclude the term bs+vx
s+v by

such simple substitution. So the term bs+vx
s+v can be in the final equation. And

χ(s) = 0 only if s is an eigenvalue of the characteristic equation (1.6). The proof is
finished.

3. Proof of Theorem 2

Now we will successively compute constant coefficients cs of the series

(3.1) ϕ(x) =

−∞∑
s=β−v

csx
s

according to decrease exponents s. Then for each integral s ≤ β − v, we obtain
the equation (2.2), where constant coefficient bs+v was obtained during the previ-
ous computation. Further proof coincides with the proof of Theorem 1 after the
formula (2.2). The proof is finished.
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4. Eigenvalues of a simple power truncated solution

Consider a truncated equation

(4.1) f̂
(d)
j (X) = 0,

which is different from equation f̂
(0)
1 (X) considered in Theorems 1 and 2. Let it

have the normal cone U
(d)
j and a power solution

(4.2) y = crx
r, c = const ∈ C

with vector ω(1, r) ∈ U
(d)
j , where

ω =

{
−1 for the case x→ 0,

+1 for the case x→∞.

Then the change of variables

(4.3) y = crx
r + z

reduces the initial equation f(X) = 0 to the form

(4.4) f̃(x, z)
def
= f (x, cxr + z) = 0,

where f̃(x, z) is a differential sum such that all the points Q = (q1, q2) of its support

S(f̃) have a non-negative integral coordinate q2. One can apply to the equation
(4.4) the above manipulations (that is, calculation of the support, the polygon, the
truncation, and so on).

If the power solution (4.2) of the truncated equation (4.1) is simple, then the
equation (4.4) is of the form

(4.5) f̃(x, z)
def
= L(x)z + h(x, z) = 0,

where L(x) stands for a linear differential operator, the support S(Lz) consists of a
single point (v, 1) which is a vertex Γ̃

(0)
1 of the polygon Γ(f̃), every pointQ = (q1, q2)

of the support S(h) has a non-negative second coordinate (q2 ≥ 0), and there is no

point Q = (v, 1) for which the normal cone of the vertex Γ̃
(0)
1 contains a vector

P = (p1, p2) with p1ω > 0.
By analogy with the Fréchet derivative [4] which is well known in functional

analysis, we introduce for any differential sum f(x, y) a formal Fréchet derivative
(or, in other words, the first variation) δf(x, y)/δy, which has the following prop-
erties and is determined by them:

δ (cxq1yq2) /δy = cq2x
q1yq2−1,

δ
(
dly/dxl

)
/δy = dl/dxl,

δ(f + g)/δy = δf/δy + δg/δy,

δ(fg)/δy = (δf/δy)g + f(δg/δy).

In the exposition below we omit the adjective ’formal’ for brevity. By the second
property, the Fréchet derivative is a linear differential operator, that is, it has the
form

l∑
k=0

gk(x, y)
dk

dxk
,

where gk(x, y) are differential sums.
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Theorem 3 ([5],[6],[7]). Let the function (4.2) be a solution to the truncated

equation (4.1) with ω(1, r) ∈ U
(d)
j . Then the operator L(x) in the equation (4.5) is

(4.6) L(x) =
δf̂

(d)
j (x, y)

δy
on y = crx

r.

That is, it is equal to the first variation calculated on the solution (4.2). Moreover,

S(Lz) = (v, 1), where v = 〈Q1, (1, r)〉 − r with Q1 ∈ Γ
(d)
j .

Hence, after the substitution (4.3) the equation f(X) = 0 acquires the form
(4.5) if

L(x) 
≡ 0.

Let ν(k) be the characteristic polynomial of the differential sum L(x)z, that is,
ν(k) = x−v−kL(x)xk.

If ν(k) 
≡ 0, then the roots k1, . . . , ks, of the polynomial ν(k) are called eigenvalues
of the truncated solution (4.2).
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Computation of homological equations for Hamiltonian
normal form

Alexander B. Batkhin

Abstract. The procedure of deriving homological equations of arbitrary or-
der, which solutions are used in iterative procedure of normalization of a Hamil-
tonian in a neighborhood of an equilibrium position, is considered. A formula
for a homological equation of arbitrary order used in the method of normal-
ization by means of the Lie series is proposed. The normalization procedure
is applied to Hamiltonian of the Hill problem written in scaled regular vari-
ables. The resulting normal form of the Hill problem can be used to find sets
of analyticity of the normalizing transformation.

1. Introduction

Normal form (NF) of a system of ordinary differential equations (ODE) com-
puted near an invariant manifold (stationary point, periodic solution or invariant
torus) is rather powerful technique for investigation of local dynamics of the phase
flow in the vicinity of this invariant structure.

Even though the NF is a formal object it can be used for searching first integrals
of the system, families of periodic solutions, for studying integrability, stability and
bifurcations (see [5,7,30] for more details).

The special properties of Hamilton systems require specific algorithms for com-
putation their NF. The goal of the presented work is to provide a procedure for
constructing so called homological equation of any order, which is used in the mod-
ern normalization techniques.

Remark on notations.

• Boldface symbols like x,y,u,v denote column-vectors in n-dimensional
real Rn or complex Cn spaces.

• Boldface symbols like p,q denote vectors in n-dimensional integer lattice
Zn.

• |p| =
∑n

j=1 |pj | denotes vector norm.

• For x = (x1, . . . , xn)
T and p = (p1, . . . , pn)

T we denote the multi-index
power by xp ≡

∏n
j=1 x

pj

j and scalar product by 〈p,x〉 ≡
∑n

j=1 pjxj .

2020 Mathematics Subject Classification. Primary 34C20, 37J40.
Key words and phrases. Normal form, homological equation, Hamiltonian system, the Hill

problem, set of analyticity.

c©2023 American Mathematical Society

7

https://www.ams.org/conm/
https://doi.org/10.1090/conm/782/15718


8 A. B. BATKHIN

• Let A be a space of infinitely differentiable functions on R2n, then for a
pair of functions F,G ∈ A we denote a Poisson bracket by {F,G} ≡ F ∗G:

{F,G} ≡ 〈J gradG, gradF 〉 ,
where J is the symplectic unit.

• Notation F ∗ Gn, n > 1 means multiple left-associated Poisson bracket
with the following recurrent definition: F ∗Gn = F ∗Gn−1 ∗G.

2. Hamiltonian normal form

We consider an analytic Hamiltonian system

(2.1) ẋ =
∂H

∂y
, ẏ = −∂H

∂x

with n degrees of freedom near its stationary point

x = y = 0.

The Hamiltonian function H(x,y) is expanded into convergent power series

H(x,y) =
∑

Hpqx
pyq

with constant coefficients Hpq, p,q � 0, |p|+ |q| � 2.
Canonical transformations of coordinates x,y

(2.2) x = f(u,v), y = g(u,v),

preserve the Hamiltonian character of the initial system (2.1).
Let denote by z = (x,y) ∈ R2n the phase vector. Then the linear part of the

system (2.1) can be written in the form

ż = Bz, B =
1

2
J HessH|z=0 , J =

(
0n En

−En 0n

)
,

where J is symplectic unit matrix, En is identity matrix and HessH is Hessian
(second order partial derivatives) of function H.

Let λ1, . . . , λ2n be eigenvalues of the matrix B, which can be reordered in such
a way that λj+n = −λj , j = 1, . . . , n. Denote by λ = (λ1, . . . , λn)

T.
There exists [3, § 12, Theorem 12] a canonical formal transformation (2.2) in

the form of power series, which reduces the initial system (2.1) into its normal form

u̇ =
∂h

∂v
, v̇ = −∂h

∂u
,

defined by the normalized Hamiltonian h(u,v)

h(u,v) =
n∑

j=1

λjujvj +
∑

hpqu
pvq,

containing only resonant terms hpqu
pvq with

〈p− q,λ〉 = 0.

Here 0 � p,q ∈ Zn, |p|+ |q| � 2 and hpq are constant coefficients.
If matrix B is semi-simple, i. e. geometrical and algebraic multiplicities of the

eigenvalues λ are equal, then we have so called Birkhoff [2] or Cherry-Gustavson [11]
normal form.
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2.1. Methods of constructing canonical transformations. There exist
several methods for constructing canonical transformations

• Method of Jacobi generating functions (so called the Birkhoff method) [2,
11].

• Method of Lie series (so called the Deprit-Hori method) [9,15].
• Method of Poincare parametric generating function [21,22].
• Method of primitive functions [12].

Below we will describe in detail a variation of the Deprit-Hori method, called
the method of invariant normalization [29]. Although this method is not universal
in the sense that it applies only to nonzero simple (or semi-simple) eigenvalues, it is
quite efficient and its software implementation is much easier than the Deprit-Hori
method and, even more so, than the Birkhoff method.

The Deprit-Hori method uses an auxiliary Hamiltonian G(X,Y) called gener-
ating Hamiltonian, which define canonical system

(2.3)
∂X

∂τ
=

∂G

∂Y
,

∂Y

∂τ
= − ∂G

∂X

with initial conditions X(0) = x, Y(0) = y. Generating function G is presented in
the form of a series of a small parameter ε:

G(X,Y, ε) = εG1 + ε2G2 + · · · .
Let for τ = 1 new variables u,v are defined as the solution to the Cauchy

problem (2.3): u = X(1),v = Y(1). Transformation (x,y) → (u,v) of the phase
flow of the Hamiltonian system (2.1) is an univalent canonical transformation.

For small values of ε old variables x,y can be written as Lie series of the new
ones u,v:

x = u+ u ∗G+
1

2!
u ∗G2 +

1

3!
u ∗G3 + · · · ,

y = v + v ∗G+
1

2!
v ∗G2 +

1

3!
v ∗G3 + · · ·

New transformed Hamiltonian h is also related to the old oneH by the following
Lie series

h(u,v) = H(u,v) +H ∗G+
1

2!
H ∗G2 +

1

3!
H ∗G3 + · · ·

The procedure of nonlinear normalization of the real Hamiltonian H is more
convenient to perform, when it is written in complex form. In [5, Subsect. 1G] were
proposed such complex coordinates z that their complex conjugate values z̄ are
not their canonically conjugate, but these coordinates make possible to write down
universally quadratic NF for any sets of eigenvalues λ. Here we will use another
set of complex coordinates z, which complex conjugate values are simultaneously
canonically conjugate. Usually it is useful when the eigenvalues λj are either purely
imagine or real.

There exists a formal transformation Φ : (x,y) → (z, z̄) which transforms the
original Hamiltonian to the form

(2.4) h(z, z̄) =
∑

hpqz
pz̄q,

where p,q ∈ Zn and |p|+ |q| � 2.
The value of |p|+ |q| is called the order of the corresponding expansion term.
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Definition 1. The Hamiltonian function h(z, z̄) is called a complex normal
form for semi-simple case if

(1) its quadratic part h2 has the form h2 =
∑n

j=1 λjzj z̄j ,

(2) the expansion (2.4) contains only the terms

(2.5) hpqz
pz̄q,

which satisfy resonant condition

〈p− q,λ〉 = 0.

The terms (2.5) that have p = q are called secular, all others are called strong
resonant. The Hamiltonian NF always contains secular terms, but strongly resonant
terms are present if and only if the equation 〈p,λ〉 = 0 has nontrivial solutions.

2.2. Properties of the normal form. Here we give some useful properties
of the NF. For their proof see [30].

Property 1. If NF h is written in the form of power series h = h2 + f , where
h2 is the quadratic part, then h2 and f is commutable, i. e. h2 ∗ f = 0.

Property 2. If the quadratic part h2 of the Hamiltonian h = h2 + f is
normalized and the power series f consisting of the monomials of degree greater
than two commutes with it h2 ∗ f = 0, then the series f contains only resonant
terms.

Therefore, the condition h2 ∗ f ≡ 0 is a necessary and sufficient condition for
the normal form.

We consider below an important from practical point of view case, when all
eigenvalues λj are either real λj = γj ∈ R or pure imaginary λj = ıωj , ωj ∈ R.

3. Normalization by the method of Lie series

3.1. Outlook of the normalization procedure. Here we describe normal-
ization procedure.

• Firstly, the real Hamiltonian H(x,y) should be written in the complex
form H(z, z̄).

• One of the method of normalization is applied to H(z, z̄) up to the definite
order and we get it NF h(Z, Z̄), which contains only resonant terms.

• Finally, the obtained complex NF h(Z, Z̄) can be transformed into the
real NF h(X,Y).

Here we consider a Hamiltonian system, which stationary point (SP) coincides
with the origin. Applying scaling of the phase variables x → εx, y → εy and
independent variable t→ ε2t to its Hamiltonian H near the SP one can write it in
the form of power series in ε

H(x,y) = H0 + F = H0 +

∞∑
j=1

εjHj(x,y),

where H0 is quadratic (unperturbed) form and Hj is a homogeneous form of order
j + 2:

Hj =
∑

|p|+|q|=j+2

Hpqx
pyq.
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We are looking for the NF of the original Hamiltonian H as a power series

h(z, z̄) = h0 + f = h0 +
∞∑
j=1

εjhj(z, z̄), where h0 =
∑
j=1

λjzj z̄j

and homogeneous forms hj , j > 0, contain only resonant terms hpqz
pz̄q, |p|+ |q| =

j + 2, such that 〈λ,p− q〉 = 0.
Transformation from the initial Hamiltonian H to its NF h is provided by Lie

generator (generating function)G having form of a power series of a small parameter
ε: G =

∑
j=1 ε

jGj :

h = H +
∞∑
j=1

1

j!
H ∗Gj .

Lie generator G produces a near identical transformation, so we have h0 = H0

and then

(3.1) f = h0 ∗G+M, M = F +
∑
j=1

1

j!
H ∗Gj .

Using Property 1 and collecting terms in equation (3.1) with equal factors εj ,
j = 0, 1, 2, . . . one can rewrite it as the recurrent system of homological equations

(3.2) h0 ∗ fj = 0, fj = h0 ∗Gj +Mj , j = 1, 2, . . . ,

where the term Mj depends on Hk, Fk, Gk, k < j, obtained on the previous steps.
For small values of index j terms Mj are the following

(3.3)

M1 =F1, M2 = F2 + F1 ∗G1 +
1

2
H0 ∗G2

1,

M3 =F3 + F1 ∗G2 + F2 ∗G1 +
1

2
H0 ∗ (G1 ∗G2 +G2 ∗G1)+

+
1

2
F1 ∗G2

1 +
1

6
H0 ∗G3

1.

While index j increases the number NM of terms in Mj grows exponentially,
more precisely as NM = 2j − 1.

3.2. Solution of homological equations. There are two methods of solving
the homological equations (3.2)

• Algebraic method, which was independently developed by G. Hori [15] and
A. Deprit [9] and improved in subsequent works [10,16,17,19]. Homo-
logical equations are solved as a system of linear algebraic equations of
the coefficients of homogeneous forms fj and Gj . This method has no
restrictions on the structure of the quadratic part h0 and can be applied
in the case of multiple or zero eigenvalues as well. Nevertheless, because
of the large number of monomials, the order of the corresponding systems
grows rapidly.

• Method of invariant normalization, proposed by V.F. Zhuravlev [29,30].
This method can be considered as subsequent averaging of functions Mj

along the unperturbed solutions z(t,Z, Z̄) obtained from the unperturbed
system with Hamiltonian H0. It can be applied for the case of nonzero
eigenvalues. In the case of multiples eigenvalues, this method also works,
but requires a different scaling of the phase coordinates, which leads to



12 A. B. BATKHIN

the fact that the terms Hj(x,y) are no longer homogeneous forms (see
[8]).

Here we give a brief description of the method of invariant normalization. For
details see [29] or [30, Ch. 7].

Along the solutions z(t,Z, Z̄), z̄(t,Z, Z̄) to the unperturbed canonical system

(3.4) ż =
∂H0

∂z̄
, ˙̄z =

∂H0

∂z

we have the following identities:

• h0 ∗ fj = dfj/dt = 0 according to Property 1;
• h0 ∗Gj = dGj/dt.

So, homological equations can be rewritten in the form

(3.5)
dfj
dt

= 0, Mj = fj −
dGj

dt
, j = 1, 2, . . .

Substituting the solutions z(t,Z, Z̄), z̄(t,Z, Z̄) to the unperturbed system (3.4)
into the function Mj one gets function:

mj(t,Z, Z̄) = Mj(t,Z, Z̄).

According to equations (3.5) one obtains the following quadrature

(3.6)

∫ t

0

mj(t,Z, Z̄)dt = tfj(Z, Z̄) +Gj(Z, Z̄) + g(t).

Hence, on each step of the normalization procedure the next term of the NF
fj equals the coefficient at t, and the Lie generator term Gj equals the time-
independent term in (3.6).

When all the eigenvalues λ are simple and purely imagine or real it is not neces-
sary to integrate the left hand side of (3.6). All the functions Mj are homogeneous
polynomials in z, z̄, so after the substitution we get mj =

∑
k Cke

βkt + C0, where
βk is a non zero linear combination of the eigenvalues λj , j = 1, . . . , n and C0, Ck

are polynomials in new variables Z, Z̄. It follows from (3.6) that

fj = C0, Gj =
∑
k

Ck

βk
.

3.3. Simplification of homological equation. It is possible to reduce ap-
proximately in 4 times the number of terms in functions Mj , j = 2, 3, . . . . From the
first equation of (3.1) for each j = 2, 3, . . . one can get that h0 ∗Gj = fj−Mj . The
terms fj and Mj are computed on the previous steps and can be used in subsequent
ones:

h0 ∗G1 = f1 − F1 ⇒
1

2
H0 ∗G2

1 =
1

2
(f1 − F1) ∗G1.

Substituting this into M2 in (3.3) we get

M2 = F2 +
1

2
(F1 + f1) ∗G1.

So three Poisson brackets computations reduce to only one.
Let us introduce the following notations:

f+
j ≡ Fj + fj , f

−
j ≡ Fj − fj ,

H ∗Gk
j1···jk = H ∗Gk−1

j1···jk−1
∗Gjk .
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Here we give simplified expressions of the functions Mj for j = 3, 4, 5, 6. All
indices k1, k2, k3 ∈ N.

M3 =F3 +
1

2

∑
k1+k2=3

f+
k1
∗Gk2

+
1

12
f−
1 ∗G2

1,

M4 =F4 +
1

2

∑
k1+k2=4

f+
k1
∗Gk2

+
1

12

∑
k1+k2+k3=4

f−
k1
∗G2

k2k3
,

M5 =F5 +
1

2

∑
k1+k2=5

f+
k1
∗Gk2

+
1

12

∑
k1+k2+k3=5

f−
k1
∗G2

k2k3
− 1

720
f−
1 ∗G4

1,

M6 =F6 +
1

2

∑
k1+k2=6

f+
k1
∗Gk2

+
1

12

∑
k1+k2+k3=6

f−
k1
∗G2

k2k3
−

− 1

720

∑
k1+···+k4=6

f−
k1
∗G4

k2k3k4
.

According to the above formulas the author made an assumption about the
structure of the simplified homological equation. This assumption has not yet been
strictly proven, but it has been verified using an algorithm implemented in the
computer algebra system Maple for equations up to order 17.

Each subsequent term of the sequence {Mj} is obtained from the previous one
according to the following scheme:

(1) the term Fj from the expansion of the function H is given;

(2) the sum
1

2

∑
k1+k2=j f

+
k1
∗Gk2

is added;

(3) the previously written sums of multiples of Poisson brackets, composed
of terms f−

k and Gl, k, l < j, multiplied by the corresponding coefficient
αk are added. The multiplicity of Poisson brackets is always odd and
not exceeding j, and the sum of indices of these functions involved in the
calculation equals j.

More precise description of the simplified homological equations can be given
in terms of the integer partitions.

Definition 2. A partition ν(n) of a natural number n is any finite non-

decreasing sequence of natural numbers ν1, ν2, . . . , nuk such that
∑k

i=1 νi = n.
Each partition can be written in the form ν = [1n12n23n3 . . . ], where ni is the num-
ber of repetitions of term i in the partition; i.e.

∑
ini = n. Let denote by νk such

partition of n, which consists of exactly k terms.

Statement 1. For j > 2 function Mj is constructed in a such way:

• We take the term Fj and add the sum 1
2

∑j−1
k=1 f

+
k ∗Gj−k.

• For each k not greater than [j/2] we compute the set μ2k+1(j) of all per-
mutations of any partition ν2k+1(j), i.e. the set μ2k+1(j) contains the
tuple of 2k + 1 indices which sum is equal to j. For each such tuple
(i1, . . . , i2k+1) of indices one has to compute all the Poisson brackets of
form f−

i1
∗G2k

i2···i2k+1
.

• The sum all the computed above Poisson brackets is multiplied by the co-
efficient α2k. These coefficients (first of them are given in Table 1) are
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well known Bernoulli numbers B2k divided by factorial (2k)!:

α2k =
B2k

(2k)!
.

They can be computed with the help of generating function

g(ε) =
ε

2
+

ε

eε − 1
− 1.

• The final formula for Mj can be written in the following form

Mj = Fj +
1

2

j−1∑
k=1

f+
k ∗Gj−k +

[j/2]∑
k=1

α2k

∑
(i1,...,i2k+1)∈μj

2k+1

f−
i1
∗G2k

i2···i2k+1
.

Table 1. Coefficients αk

k 2 4 6 8 10 12

αk
1

12
− 1

720

1

30240
− 1

1209600

1

47900160
− 691

1307674368000

The main computational effort in obtaining the normal form is connected with
multiple computation of Poisson brackets of the functions f+

j , f−
j and Gj . In order

to optimize the computation when implementing the method, multilevel tables are
constructed. They are sequentially filled with the results of computed multiple Pois-
son brackets of previously defined functions. This makes it possible to significantly
reduce the computation time of the generator Gj from the homological equation.

Remark 1. Since the homologous equation is the basis of the Lie series nor-
malization method, its simplified form obtained in Statement 1 can also be used in
the Depri-Hori method.

Remark 2. It is evident that high order normalization of the Hamiltonian H is
only possible with computer algebra systems. For example, such software [30, Ch. 7]
was developed in CAS Wolfram Mathematica [28]. For computations given in Sec-
tion 4 the author implemented the described above algorithm in CAS Maplesoft

Maple (see, for example, [27]). Nevertheless, the invariant normalization method
described in this section can be implemented without any problems in other open
source CAS. For example, in SageMath [26], which essentially uses the SymPy sym-
bolic computation package [20], or Maxima [18].

4. Application to the Hill problem

4.1. Hill problem Hamiltonian. The Hill problem [14], which equations
describe satellite motion in the vicinity of the smaller of two massive bodies, has
the following Hamiltonian [1, S. 3]

(4.1) H(x,y) =
1

2

(
y21 + y22

)
+ x2y1 − x1y2 − x2

1 +
1

2
x2
2 −

1

r
,

where r =
√
x2
1 + x2

2, x = (x1, x2) is the coordinate vector, and y = (y1, y2) is the
canonically conjugate momentum vector.
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There is a canonical transformation, called the Levi-Civita regularization [25,
Ch. 4], which reduces the Hamiltonian (4.1) with a singularity at the origin into
polynomial form

(4.2)
H̃
(
q,p, h̃

)
=
h̃

4

(
q21 + q22

)
+

1

2

(
p21 + p22

)
+

1

2

(
q21 + q22

)
(q2p1 − q1p2)−

− 1

4

(
q21 + q22

) (
q41 − 4q21q

2
2 + q42

)
− 1

4
≡ 0.

Here the parameter h̃ = −H(x,y). Since the Hamiltonian H(x,y) does not depend

explicitly on time, the value −h̃ is the value of the generalized energy integral. It
is usually written in the form of the Jacobi constant

(4.3) C = 3x2
1 −

2

r
− ẋ2

1 − ẋ2
2 = 2h̃.

In the paper [24] the following transformation is suggested

q = 23/4|h̃|1/4Q, p = 21/4|h̃|3/4P, ν =

√
2/|h̃| τ,

defined for all values of h̃ 
= 0. It reduces the regularized Hamiltonian (4.2) into
the form

(4.4)
H(Q,P) =

δ

2

(
Q2

1 +Q2
2

)
+

1

2

(
P 2
1 + P 2

2

)
+ 2

(
Q2

1 +Q2
2

)
(Q2P1 −Q1P2)−

− 4
(
Q2

1 +Q2
2

) (
Q4

1 − 4Q2
1Q

2
2 +Q4

2

)
where δ = ±1. Here δ is chosen depending on the sign of the parameter h̃, namely
δ = sign h̃.

The structure of the function (4.4) is such that the origin of coordinates cor-
responds to the equilibrium point of the system of canonical equations defined by
the Hamiltonian H(Q,P). The quadratic part of H2 has already been reduced to
its normal form.

This allows us to apply the normalization algorithm described in Section 3 with-
out additional transformations, previously writing the function H in the complex
form.

From the point of view of applications of the Hill problem to problems of
satellite dynamics, the case when δ = 1 is more interesting, since it corresponds to
values of the Jacobi constant (4.3) C > 0. Exactly, such values of C correspond to
the motions of the natural satellites of the planets of the Solar System (see [13]).

Let us give a description of the Hill problem NF in regular variables Qj , Pj ,
j = 1, 2, for the case δ = 1, i.e., when the quadratic form H2 has two pairs of
semi-simple eigenvalues ±ı.

4.2. Normal form of the Hill problem near the origin. Here we intro-
duce the complex variables zj , z̄j , j = 1, 2, using the univalent canonical transfor-
mation

Qj =
1√
2ı

(zj − z̄j) , Pj =

√
ı

2
(zj + z̄j) , j = 1, 2.

To write the Hamiltonian function H in more compact form, let us introduce
the following notations:

(4.5) ρi = ziz̄i, i = 1, 2, h2 = ı(ρ1 + ρ2), g2 = z1z̄2 − z2z̄1.
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Then the Hamiltonian function (4.4) is written in the form H(z, z̄) = H2 +
H4 +H6, where

H2 =h2,

H4 =ı
(
(z1 − z̄1)

2 + (z2 − z̄2)
2
)
g2,

H6 =− ı

2

(
(z1 − z̄1)

2 + (z2 − z̄2)
2
)
×

×
(
(z1 − z̄1)

4 − 4(z1 − z̄1)
2(z2 − z̄2)

2 + (z2 − z̄2)
4
)
.

The procedure of invariant normalization of the Hamiltonian H was imple-
mented in the CAS Maple and is performed up to the 22th order inclusive.

The first terms of the normal form h up to the order 14 are the following:
(4.6)
h4 =− 2h2g2,

h6 =− 2h2

(
5h2

2 + 4g22 + 30ρ1ρ2
)
,

h8 =− 5h2g2
(
15h2

2 + 11g22 + 96ρ1ρ2
)
,

h10 =− h2

(
417h4

2 + 678g22h
2
2 + 445g42 + 4ρ1ρ2

(
3336h2

2 + 4668g22 + 7860ρ1ρ2
))

,

h12 =− h2g2
2

(
15955h4

2 + 13832g22h
2
2 + 7841g42+

+4ρ1ρ2
(
31873h2

2 + 24921g22 + 76140ρ1ρ2
))

,

h14 =− h2

24

(
848407h6

2 + 874685g62 + 2666775h4
2g

2
2 + 1725613h2

2g
4
2+

+ 16ρ1ρ2
(
546163h4

2 + 826144g42 + 1373271h2
2g

2
2+

+ 4ρ1ρ2 (476834h2
2 + 876771g22 + 619290ρ1ρ2))

)
,

h16 =− h2g2
360

(
387639075h6

2 + 126523557g62 + 529277675h4
2g

2
2 + 264089597h2

2g
4
2+

+ 8ρ1ρ2
(
510067595h4

2 + 277494642g42 + 553863605h2
2g

2
2+

+ 600ρ1ρ2 (2976121h2
2 + 2509718g22 + 3825180ρ1ρ2))

)
,

where in the expressions for ρ1, ρ2, h2 and g2 all initial coordinates zj , z̄j should be
replaced by the new ones Zj , Z̄j , j = 1, 2. The other found terms of the NF h are
rather cumbersome and are not given here.

The computed initial terms of the NF h expansion allow us to make some
assumptions about its structure.

Hypothesis 1. Normal form h of the regularized Hamiltonian (4.4) of the Hill
problem in the vicinity of the origin has the following properties.

(1) By virtue of the notation (4.5) the NF h is a function only of the values
ρj, j = 1, 2, and g2, i.e. h = h(ρ1, ρ2, g2).

(2) The terms of the expansion with numbers 4k, k � 1 consist only of strongly
resonant monomials, the terms with numbers 4k − 2 contain both secular
and strongly resonant monomials.

(3) All terms of the expansion starting from h4 are factorized into multipliers,
one of which is equal to h2.

(4) The terms of the expansion with numbers 4k, k � 2 are factorized into
three multipliers, one of which is g2 and the other is h2.
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(5) Each term of hk, and hence the whole NF h, is invariant with respect to
the permutation of ρ1 ↔ ρ2.

The computed NF of the Hill problem near the origin allows one to investigate
the dynamics of the original system in this region of the phase space. In particular,
one can use the NF to search for the so-called set of analyticity [4, Part II], [6], on
which the normalizing transform converges, and hence, solutions of the normalized
Hamiltonian system with Hamiltonian h will correspond to solutions of the original
system with Hamiltonian (4.1) or (4.4).

Remark 3. It is also possible to compute NF of the Hill problem for the case
δ = −1, i. e. when the quadratic form H2 has two pairs of semi-simple eigenvalues
±1. In this situation the complex variables zj , z̄j , j = 1, 2, are introduced by
canonical transformation

Qj =
1√
2
(zj − z̄j) , Pj =

√
1

2
(zj + z̄j) , j = 1, 2.

The computed NF coincides with the NF for the case δ = 1, given by (4.6), where
h2 = ρ1 + ρ2.

In this case it is not necessary to compute the set of analyticity, because ac-
cording to results of V.S. Samovol [23] there exists a smooth transformation that
reduces the obtained Hamiltonian system in the NF into equivalent linear system.

4.3. Computation of the set of analyticity A. Usually the normalizing
transformation diverges. However, the normal form of a Hamiltonian system allows
us to find sets in the phase space of the system on which convergence takes place.
The analysis of the convergence domains makes it possible to find families of periodic
and quasi-periodic solutions of the original system. Here we restrict ourselves to
computation of the set A.

Briefly recall the definition of the set A (for details, see [4, Part II], [6]). Let
a Hamiltonian system with n degrees of freedom be reduced to the normal form h
in the neighborhood of the equilibrium position coinciding with the origin of the
coordinates. Then the set A is an affine manifold in the phase space with normal
coordinates zj , z̄j , j = 1, . . . , n, given by the system of equations

(4.7)
∂h

∂zj
= λjaz̄j ,

∂h

∂z̄j
= λjazj , j = 1, . . . , n.

Here a is a free parameter.
Using the properties of the NF h of the regularized Hill problem formulated in

Hypothesis 1, let us compute some subvariety of the set A.
For the case of the Hill problem, i.e., for two degrees of freedom, taking into

account the item 3 of Hypothesis 1 and the relations (4.5), the system (4.7) is
rewritten as two subsystems. The first one has the form

∂h

z̄1∂z1
=

∂h

∂ρ1
+

∂h

∂g2

z̄2
z̄1

= ıa,(4.8a)

∂h

z1∂z̄1
=

∂h

∂ρ1
− ∂h

∂g2

z2
z1

= ıa,(4.8b)



18 A. B. BATKHIN

and the second one correspondingly takes the form:

∂h

z̄2∂z2
=

∂h

∂ρ2
+

∂h

∂g2

z̄1
z̄2

= ıa,(4.9a)

∂h

z2∂z̄2
=

∂h

∂ρ2
− ∂h

∂g2

z1
z2

= ıa.(4.9b)

From the equations of the system (4.8) or the system (4.9) we get the following
relation

∂h

∂g2
(z1z̄2 + z2z̄1) = 0,

from which it follows that either ∂h/∂g2 = 0 or

(4.10) z1z̄2 + z2z̄1 = 0.

The difference of equations (4.8a) and (4.9b) (or (4.8b) and (4.9a)) can be
represented as

(4.11)
∂h

∂ρ1
− ∂h

∂ρ2
+

∂h

∂g2
· ρ2 − ρ1

z̄1z2
= 0.

By virtue of the property 5 of Hypothesis 1 difference of partial derivatives ∂h/∂ρ1−
∂h/∂ρ2 can be factorized into multipliers, one of which is the difference ρ1−ρ2 or in
variables zj , z̄j we obtain equation z1z̄1−z2z̄2 = 0. The another multiplier of (4.11)
does not give any local roots.

The detail analysis of the case ∂h/∂g2 = 0 (not presented in this paper) does
not provide any roots of the systems (4.8) and (4.9). Therefore, we restrict ourselves
to analyzing the solutions of the system obtained from the conditions (4.10) and
ρ1 = ρ2: {

z1z̄1 − z2z̄2 = 0,

z1z̄2 + z2z̄1 = 0.

It is easy to get the equations z1
(
z̄21 + z̄22

)
= z2

(
z̄21 + z̄22

)
= 0. The root

z1 = z2 = 0 gives a trivial real solution. The second multiplier gives a pair of
solutions

z2 = +ız1, z̄2 = −ız̄1,(4.12)

z2 = −ız1, z̄2 = +ız̄1.(4.13)

Substituting the found solutions (4.12) and (4.13) respectively into the left-
hand side of equation (4.8a), and limiting the terms to the 6th order of ρ1, we get
the relation

ı∓ 8ρ1 + 36ıρ21 ± 320ρ31 − 2420ıρ41 ± 12576ρ51 + . . . = ıa.

Obviously, there is no real a satisfying the last equality. This means that there are
no periodic or quasi-periodic solutions on these components of the analyticity set
A.

Here we have an example of complex sets of analyticity, which intersect at the
real point. This situation corresponds to Figure 5 in Section 3.3 of [4, Part II].
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[12] Àlex Haro, An algorithm to generate canonical transformations: application to normal forms,
Phys. D 167 (2002), no. 3-4, 197–217, DOI 10.1016/S0167-2789(02)00459-1. MR1927473

[13] M. Hénon, Numerical exploration of the restricted problem. VI. Hill’s case: non-periodic
orbits, Astron. & Astr. (1970), no. 9, 24–36.

[14] G. W. Hill, Researches in the Lunar Theory, Amer. J. Math. 1 (1878), no. 3, 245–260, DOI
10.2307/2369313. MR1505166

[15] G. Hori, Theory of general perturbation with unspecified canonical variable, Publications of
the Astronomical Society of Japan 18 (1966), no. 4, 287–296.

[16] Ahmed Aly Kamel, Expansion formulae in canonical transformations depending on a small
parameter, Celestial Mech. 1 (1969/70), 190–199, DOI 10.1007/BF01228838. MR273870

[17] A. P. Markeev, Libration Points in Celestial Mechanics and Cosmodynamics, Nauka,
Moscow, 1978, (in Russian).

[18] Maxima, Maxima, a computer algebra system. version 5.45.1, 2021.
[19] William A. Mersman, A new algorithm for the Lie transformation, Celestial Mech. 3

(1970/71), no. 1, 81–89, DOI 10.1007/BF01230434. MR289107
[20] A. Meurer, Ch. P. Smith, M. Paprocki et al. SymPy: symbolic computing in Python, PeerJ

Computer Science 3 (2017), e103. DOI: 10.7717/peerj-cs.103x
[21] A. G. Petrov, Asymptotic methods for solving the Hamilton equations by the parametrization

of canonical transformations (Russian, with Russian summary), Differ. Uravn. 40 (2004),
no. 5, 626–638, 718, DOI 10.1023/B:DIEQ.0000043525.28771.28; English transl., Differ. Equ.
40 (2004), no. 5, 672–685. MR2162475

[22] A. G. Petrov, On the invariant normalization of nonautonomous Hamiltonian systems
(Russian, with Russian summary), Prikl. Mat. Mekh. 68 (2004), no. 3, 402–413, DOI
10.1016/S0021-8928(04)00049-8; English transl., J. Appl. Math. Mech. 68 (2004), no. 3, 357–
367. MR2092155

[23] V. S. Samovol, Linearization of a system of differential equations in the neighborhood of a
singular point (Russian), Dokl. Akad. Nauk SSSR 206 (1972), 545–548. MR0315202
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A note on value distribution of solutions of certain second
order ODEs

Ewa Ciechanowicz

Abstract. While value distribution of solutions of Painlevé equations P1−P6

has been thoroughly examined, so-called Painlevé sigma equations S1, S2 and
S4 are relatively less recognized. Various properties of S1, S2 and S4 can be
derived both from the form of the equations themselves and from their con-
nection through Hamiltonian systems with P1, P2 and P4, respectively. This
includes distribution of zeros, asymptotic form of the second main theorem and
behavior with respect to small target functions. Apart from usual Nevanlinna
functionals, also Petrenko’s function of deviation plays a role in the estimates.
Additionally, results concerning distribution of values are presented for the
modified third Painlevé equation in the final part of the paper.

1. Second order equations with meromorphic solutions

Although various second order equations have one or more meromorphic so-
lutions, this note concentrates on a group of equations with all local solutions
extending to a function meromorphic in the whole complex plane. It naturally
leads to Painlevé equations and associated with them sigma equations [4,14,15].

The first Painlevé equation P1

(1.1) f ′′ = 6f2 + z

can be represented as a Hamiltonian system with the Hamiltonian

(1.2) H1(p, q, z) =
1

2
p2 − 2q3 − zq and

{
q′ = p

p′ = 6q2 + z
,

where q fulfills P1. If we put σ1(z) := H1(p, q, z), then{
q = −σ′

1

p = −σ′′
1

,

and the function σ1 fulfills the second order equation S1

(1.3) (σ′′)2 + 4(σ′)3 + 2zσ′ − 2σ = 0.

Conversely, if σ solves S1, then q = −σ′, p = −σ′′ solve (1.2) [14].

2020 Mathematics Subject Classification. Primary 30D35; Secondary 34M05, 34M55.
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Let us now consider the Hamiltonian

H2(p, q, z) :=
1

2
p2 − (q2 +

1

2
z)p− (α+

1

2
)q,

where {
q′ = p− q2 − 1

2z

p′ = 2qp+ α+ 1
2

and α is a complex parameter. It connects the second Painlevé equation P2(α)

(1.4) f ′′ = 2f3 + zf + α,

with another second order equation from Painlevé list

ff ′′ =
1

2
(f ′)2 + 2f3 − zf2 − 1

2
(α+

1

2
)2,

referred to as P34. It means that if p is a solution of P2(α), then q is a solution of
P34(α). If we put σ2(z) := H2(p, q, z), then σ2 is a solution of the equation S2(α)

(1.5) (σ′′)2 + 4(σ′)3 + 2σ′(zσ′ − σ) =
1

4
(α+

1

2
)2

called the second Painlevé sigma equation. Moreover, if for a fixed α the function
σ solves S2, then

(1.6)

{
q = 4σ′′+2α+1

8σ′

p = −2σ′

are solutions of P2(α) and P34(α), respectively [15].
The fourth Painlevé equation P4(α, β) is given by

(1.7) f ′′ =
f ′2

2f
+

3f3

2
+ 4zf2 + 2(z2 − α)f +

β

f
,

where α, β are arbitrary complex parameters. If we represent P4 as a Hamiltonian
system with the Hamiltonian

H4(p, q, z) := 2qp2 − (q2 + 2zq + 2θ0)p+ θ∞q,

we get {
q′ = 4qp− q2 − 2zq − 2θ0

p′ = −2p2 + 2qp+ 2zp− θ∞
.

Thus, eliminating p in the system we obtain that q satisfies P4(α, β) with

α = 1− θ0 + 2θ∞, β = −2θ20,
and by eliminating q we obtain, that −2p satisfies P4(α, β) with

α = 2θ0 − θ∞ − 1, β = −2θ2∞.

The function σ4(z) := H4(p, q, z) satisfies the equation S4(θ0, θ∞)

(1.8) (σ′′)2 − 4(zσ′ − σ)2 + 4σ′(σ′ + 2θ0)(σ
′ + 2θ∞) = 0,

and conversely, if σ is a solution of S4, then

q =
σ′′ − 2zσ′ + 2σ

2(σ′ + 2θ∞)
, p =

σ′′ + 2zσ′ − 2σ

4(σ′ + 2θ0)

are solutions of the Hamiltonian system for P4 [15].
In this note we consider some of value distribution properties of transcendental

meromorphic functions solving S1, S2 or S4. In particular, we mention lack of
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exceptional values in the sense of Nevanlinna for solutions of S2, asymptotic form of
the second main theorem and behavior towards small target functions for solutions
of all the equations. In the last part of the paper we also discuss the existence of
exceptional and asymptotic values for solutions of the equation P̃3. by means of
applying the notion of Petrenko’s deviation.

2. Auxiliary results

We apply the standard notations of value distribution theory [8,13]. Thus

N(r, f) =

∫ r

0

(n(t, f)− n(0, f))
dt

t
+ n(0, f) log r

denotes the integrated counting function. Here n(r, f) counts the number of poles,
including multiplicity, in the disk of radius r. Similarly,

N(r, f) =

∫ r

0

(n(t, f)− n(0, f))
dt

t
+ n(0, f) log r

counts poles of f ignoring multiplicity. Moreover,

N(r, a, f) := N(r,
1

f − a
), N(r, a, f) := N(r,

1

f − a
) (a ∈ C)

count a-points with and without multiplicity respectively. We also put

N1(r, a, f) := N(r, a, f)−N(r, a, f).

Next,

m(r, f) = m(r,∞, f) :=
1

2π

∫ 2π

0

log+ |f(reiφ)|dφ, log+ x = max(0, log x),

is the mean proximity function and

m(r, a, f) := m(r,
1

f − a
)

denotes the mean proximity to a ∈ C. The function T (r, f) := m(r, f) +N(r, f) is
called the characteristic function of f We define (Nevanlinna) deficiency of f at a
value a ∈ C, by the formula

δ(a, f) = lim inf
r→∞

m(r, a, f)

T (r, f)
= 1− lim sup

r→∞

N(r, a, f)

T (r, f)
.

Let us also recall that the order and lower order of growth of a meromorphic function
f(z) are defined, respectively, as

�(f) := lim sup
r→∞

log T (r, f)

log r
, μ(f) := lim inf

r→∞

log T (r, f)

log r
.

We say that φ : (0,+∞)→ R is S(r, f) if

φ(r) = o(T (r, f)) (r →∞, r /∈ E),

where E is a set of finite linear measure.
We start with the following, slightly generalized, version of the lemma on the

logarithmic derivative.
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Lemma 2.1 ([7, Prop. B.5, p. 276]). For an arbitrary nonconstant meromorphic
function f(z), and for an arbitrary k ∈ N,

m(r,
f (k)

f
) = S(r, f).

In particular, if �(f) <∞,

m(r,
f (k)

f
) = O(log r).

The next result is helpful with establishing the asymptotic form of the second
main theorem.

Lemma 2.2 ([7, Lem. 11.1, p. 69]). Let f(z) be an arbitrary transcendental
meromorphic function satisfying

m(r, f ′) = O(log r) and m(r,
f

f ′ ) = O(log r), r →∞.

Then

m(r,
1

f
) +N(r,

1

f ′ ) = N(r, f ′) +O(log r), r →∞.

Let us bring up the well-known lemma of Clunie as formulated in [7, App.
B]. The lemma plays crucial role in discussing non-deficiency of most values for
meromorphic solutions of differential equations.

Lemma 2.3. Let f be a transcendental meromorphic function of finite order
such that

fp+1 = Q(z, f), p ∈ N,

where Q(z, u) is a polynomial in u and its derivatives with meromorphic coefficients
bμ (μ ∈ M). If the total degree of Q(z, u) as a polynomial in u and its derivatives
does not exceed p, then

m(r, f) = O(
∑
μ∈M

m(r, bμ)) +O(log r) (r →∞).

The quantity

β(a, f) = lim inf
r→∞

L(r, a, f)
T (r, f)

is called deviation of a meromorphic function with respect to a ∈ C, where

L(r, a, f) :=

⎧⎪⎨⎪⎩
max
|z|=r

log+ |f(z)| for a =∞,

max
|z|=r

log+
∣∣∣ 1
f(z)−a

∣∣∣ for a 
=∞.

If β(a, f) > 0 we say, that a is deficient in the sense of Petrenko. For all a ∈ C the
inequality

δ(a, f) ≤ β(a, f)

follows easily from the respective definitions. Thus for each value deficient in the
sense of Nevanlinna also β(a, f) > 0. For meromorphic functions of finite lower or-
der we have upper bounds of deviations similar to the deficiency relations following
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from the theorems of Nevanlinna. Indeed, it was proved by Petrenko in [16] that
for a function f of finite lower order μ,

β(a, f) ≤ B(μ) :=

{
πμ

sinπμ if μ ≤ 0.5 ,

πμ if μ > 0.5

and the set of deficient values in this sense is at most countable. The estimates are
sharp. In general, the sets of deficient values in the sense of Nevanlinna and in the
sense of Petrenko may differ even in case of functions of finite order and of regular
growth.

The following results concerning deviation are modified versions of the (gener-
alized) lemma on the logarithmic derivative and Clunie lemma [2,11].

Lemma 2.4. Let f be a meromorphic function. Then, possibly except for r in
a set of finite linear measure, for k = 1, 2, . . . we have

L
(
r,∞,

f (k)

f

)
= O(log(rT (r, f))) , (r →∞),

where f (k) means the k-th derivative of f .

Lemma 2.5. Let f be a transcendental meromorphic solution of

(2.1) fnP (z, f) = Q(z, f),

where n is a positive integer, P (z, f), Q(z, f) are polynomials in f and its deriva-
tives with meromorphic coefficients aν , bν , respectively, which are small with respect
to f in the sense that

L(r,∞, aν) = S(r, f), L(r,∞, bν) = S(r, f).

If the total degree d of Q(z, f) as a polynomial in f and its derivatives is d ≤ n,
then

L(r,∞, P (z, f)) = S(r, f).

3. Deficiencies of transcendental solutions of S2

It is an easy conclusion following from meromorphicity of solutions of P2 and
P34 that all local solutions of S2 can be extended to meromorphic functions in the
complex plane. As far as Nevanlinna deficiencies go, for a solution f of P2(α) with
α 
= 0, we have δ(a, f) = 0 for every value a. In case of P2(0), the same holds both
for all non-zero values and for the value zero, which has been recently shown by
Steinmetz [20].

Similarly, for a transcendental solution of P34(α) we have δ(a, f) = 0 for all
values if α 
= −1/2 and for all nonzero values if α = −1/2 [2]. In [21] Steinmetz
proved nondeficiency of zero also in the special case. It leads to the following result.

Theorem 3.1. For transcendental meromorphic solutions of S2(α) the equality
δ(a, σ) = 0 holds for all a ∈ C.

Proof. The proof of the statement for all values a in case α 
= −1/2 and for
all nonzero values in case α = −1/2 can be found in [1]. We conduct the proof for
α = −1/2 and a = 0. Let us then consider the equation

(σ′′)2 + 4(σ′)3 + 2σ′(zσ′ − σ) = 0.



26 EWA CIECHANOWICZ

It follows from equalities (1.6) that, in particular,

σ′ = −1

2
p,

where p is a solution of P34. This way we obtain

m

(
r,

1

σ

)
≤ m

(
r,
σ′

σ

)
+m

(
r,

1

σ′

)
≤ m

(
r,
σ′

σ

)
+m

(
r,
1

p

)
+O(1).

Recall that solutions of S2 are of finite order. This way it follows from Lemma 2.1
and Theorem 4 in [21] that there exists a sequence (rn) tending to infinity such
that

m(r,
1

σ
) ≤ m(r,

1

p
) +O(log r) = o(T (r, p)) +O(log r) = o(T (r, σ)) +O(log r)

holds for r = rn. It follows that δ(0, σ) = 0. �

4. Second main theorem for σ-equations

Let us now recall the second main theorem of Nevanlinna.

Theorem 4.1 ([13]). Let {ak}kν=1 be a finite set of pairwise distinct complex
numbers and let f be a meromorphic function. The inequality

m(r, f) +

k∑
ν=1

m(r, aν , f) ≤2T (r, f)− (N(r,
1

f ′ ) + 2N(r, f)−N(r, f ′))

+O(log T (r, f) + log r)

holds true for all r →∞, possibly except for r in a set E of finite linear measure.

It follows from properties of solutions of P1 that solutions of S1 are transcenden-
tal meromorphic functions of finite order and the equality δ(a, σ) = 0 holds for all
a ∈ C [1]. Similar behavior characterizes solutions of S2 and S4, with the exception
that for S4 zero can actually occur as an exceptional value of some solutions.

In case of both Painlevé main equations (see: [7, Ch. 3, §11]) and Painlevé
sigma equations the inequality in the second main theorem translates into an as-
ymptotic equality.

Theorem 4.2. Let σ be a solution of S1 or S2. Then the second main theorem
of Nevanlinna for σ has the form of asymptotic equality

N(r,
1

σ′ ) +N1(r, σ) = 2T (r, σ) +O(log r).

Proof. First, let σ denote a solution of S1. Since m(r, σ) = O(log r) [1],
it follows from Lemma 2.1 that also m(r, σ′) = O(log r). Moreover, S1 can be
presented in the form

σ

σ′ =
1

2

σ′′

σ′ · σ
′′ + 2(σ′)2 + z.

Applying simple properties of the mean proximity function and Lemma 2.1 we
obtain for r →∞,

m(r,
σ

σ′ ) ≤ m(r,
σ′′

σ′ ) +m(r, σ′′) + 2m(r, σ′) +O(log r)

≤ 3m(r, σ) + 2m(r,
σ′′

σ′ ) + 3m(r,
σ′

σ
) +O(log r) = O(log r).
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It follows that the conditions of Lemma 2.2 hold. Taking into consideration that
all the poles of solutions of S1 are simple, applying the first main theorem we get

N(r,
1

σ′ ) +N1(r, σ) = m(r, σ′) +N(r, σ′) +O(1) = N(r, σ′) +O(log r)

= 2N(r, σ) +O(log r) = 2T (r, σ) +O(log r).

Let now σ be a transcendental solution of S2(α). If α = − 1
2 the equation S2 can

be represented in the form

σ

σ′ =
1

2

(
σ′′

σ′

)2

+ 2σ′ + z.

Thus we get for r →∞,

m(r,
σ

σ′ ) ≤ 2m(r,
σ′′

σ′ )+m(r, σ′)+O(log r) ≤ 2m(r,
σ′′

σ′ )+m(r,
σ′

σ
)+m(r, σ)+O(log r).

As σ is of finite order and we know that m(r, σ) = O(log r) [1], it follows from
Lemma 2.1 that

m(r,
σ

σ′ ) = O(log r) (r →∞).

If α 
= − 1
2 , we differentiate which transforms S2 into

σ

σ′ =
σ

′′′

σ′ + σσ′ + z + 2.

Applying Lemma 2.1 and the fact that both

m(r, σ) = O(log r) and m(r, σ′) = O(log r)

we get

m(r,
σ

σ′ ) = O(log r) (r →∞)

also in this case. Let us recall that the poles of σ are simple, so N1(r, σ) = 0. As
the conditions of Lemma 2.2 are fulfilled, we have

N(r,
1

σ′ ) +N1(r, σ) = N(r, σ′) +O(log r)

= 2N(r, σ) +O(log r)

= 2T (r, σ) +O(log r).

�

Solutions of S4 also admit an asymptotic equality in the second main theorem.

Theorem 4.3. Let σ be a transcendental solution of S4. Then the second main
theorem of Nevanlinna for σ has the form of asymptotic equality

m(r,
1

σ
) +N(r,

1

σ′ ) +N1(r, σ) = 2T (r, σ) +O(log r).

Proof. Consider first the case θ0θ∞ = 0. Assume that θ∞ = 0. Then S4 has
the form

(σ′′)2 − 4(zσ′ − σ)2 + 4(σ′)2(σ′ + 2θ0) = 0,

which can be written as

σ

σ′ =
1

4
(
σ′′

σ
)2
σ′

σ
+ (

σ′

σ
)2σ + 2θ0

σ′

σ
+ 2z.
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Since m(r, σ) = O(log r) [1], applying Lemma 2.1 and simple properties of the mean
proximity function, we get

m(r,
σ

σ′ ) = O(log r), r →∞.

As the conditions of Lemma 2.2 are fulfilled, we obtain

m(r,
1

σ
) +N(r,

1

σ′ ) = N(r, σ′) +O(log r), r →∞.

The poles of σ are simple, so N1(r, σ) = 0. It follows that

m(r,
1

σ
) +N(r,

1

σ′ ) +N1(r, σ) = N(r, σ′) +O(log r)

= 2N(r, σ) +O(log r)

= 2T (r, σ) +O(log r).

Consider now the case θ0θ∞ 
= 0. Let σ(z) be a transcendental solution of (1.7).
Denote

G(z) := (σ′′)2 − 4(zσ′ − σ)2 + 4σ′(σ′ + 2θ0)(σ
′ + 2θ∞).

Differentiating twice we obtain

G′(z) = σ′′′ + 4[2(θ0 + θ∞)− z2]σ′ + 4zσ + 6(σ′)2 + 8θ0θ∞,

and

G′′(z) = σ(4) − 4zσ′ + 4[2(θ0 + θ∞)− z2]σ′′ + 4σ + 12σ′σ′′ = 0.

Computing zG′(z)−G′′(z) leads to the equation

zσ(4)−σ′′′−8(θ0+θ∞−z2)σ′+4[2(θ0+θ∞)−z2]zσ′′+12zσ′σ′′+6(σ′)2−8θ0θ∞ = 0.

This equation can be easily transformed into

σ

σ′ =
σ

θ0θ∞

(
z

8

σ(4)

σ′ −
1

8

σ′′′

σ′ + (θ0 + θ∞ − 4z2)z
σ′′

σ′ +
3

2
zσ′′ + z2 − θ0 − θ∞

)
+

3

4θ0θ∞
σ′σ′′.

Applying Lemma 2.1, the fact that m(r, σ) = O(log r) and simple properties of the
mean proximity function we obtain

m(r,
σ

σ′ ) = O(log r).

This way the conditions of Lemma 2.2 are fulfilled. As the poles of σ are simple,
we obtain

m(r,
1

σ
) +N(r,

1

σ′ ) +N1(r, σ) = N(r, σ′) +O(log r)

= 2N(r, σ) +O(log r)

= 2T (r, σ) +O(log r).

�
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5. Small targets of σ-equations

For meromorphic functions a, f , we say that a is small with respect to f if
T (r, a) = S(r, f). Meromorphic functions small with respect to a meromorphic
function f are sometimes called small targets of f [7, Ch.3, p.72]. Behavior of
solutions of P1, P2 and P4 towards small targets was described in [18,19]. Below
we present (partial) results for respective sigma equations

Theorem 5.1. Let σ(z) be a transcendental solution of S1, S2 or S4 and let
a(z) be a small target of σ(z). If a(z) does not solve S1, S2 or S4, respectively, then

m(r,
1

σ − a
) = S(r, σ) and δ(a, σ) = 0.

Proof. Let us first assume that σ(z) is a solution of S1 and that a(z) is a
small target of σ(z), which does not solve S1. In the equation S1 we substitute

u(z) :=
1

σ(z)− a(z)
.

Notice that a(z) is a small target of u(z). As

σ(z) =
1

u(z)
+ a(z),

we obtain the following differential equation of u with coefficients being polynomials
in a and its derivatives

A(z)u6 = 2u5 + [12(a′)2 + 2z]u4u′ + 2a′′u4u′′ − 4a′′u3(u′)2

− 12u2(u′)2 − u2(u′′)2 + 4u(u′)2u′′ − 4(u′)4 + 4(u′)3,

where

A(z) := (a′′)2 + 4(a′)3 + 2za′ − 2a.

By assumption, a(z) is not a solution of S1, so A(z) 
≡ 0. Moreover, from the fact
that a(z) is a small target of σ we conclude that the equality

T (r, A(z)−1) = S(r, σ) = S(r, u)

holds, which means that m(r, A(z)−1) = S(r, u). This way we obtain the equation

u6 = A(z)−1[2u5 + (12(a′)2 + 2z)u4u′ + 2a′′u4u′′ − 4a′′u3(u′)2

−12u2(u′)2 − u2(u′′)2 + 4u(u′)2u′′ − 4(u′)4 + 4(u′)3].

It means that the conditions of Lemma 2.3 are met with p = 5. It follows that

m(r, u) = S(r, u),

which is equivalent to

m(r,
1

σ − a
) = S(r, σ),

so δ(a, σ) = 0.
Let us now assume that σ(z) is a solution of S2 and that a(z) is a small target of

σ(z), which does not solve S2. Similarly as before, in the equation S2 we substitute

u(z) :=
1

σ(z)− a(z)
.
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This way we obtain the following differential equation of u with coefficients being
polynomials in a and its derivatives

u6 = B(z)−1[2a′u5 + (12(a′)2 + 4za′ − 2a)u4u′ + 2a′′u4u′′ − 4a′′u3(u′)2 − 2u3u′

− 2(z + 6)u2(u′)2 − u2(u′′)2 + 4u(u′)2u′′ − 4(u′)4 + 4(u′)3],

where B(z) := (a′′)2 + 4(a′)3 + 2z(a′)2 − 2aa′ − 1
4 (α + 1

2 )
2. By assumption, a(z)

is not a solution of S2, so B(z) 
≡ 0 and, similarly as in the previous case we may
arrive at the conclusion that the coefficients of the equation fulfill the conditions of
Lemma 2.3. It follows that

m(r, u) = S(r, u),

which is equivalent to

m(r,
1

σ − a
) = S(r, σ),

so δ(a, σ) = 0.
Let us finally assume that σ(z) is a solution of S4 and that a(z) is a small

target of σ(z), which does not solve S4. Again, in the equation S4 we substitute

u(z) :=
1

σ(z)− a(z)
.

This way we obtain the following differential equation of u with coefficients being
polynomials in a and its derivatives

u6 = C(z)−1[8(a− za′)u5 + 4[4θ0θ∞ + 3(a′)2 + 2za+ (4(θ0 + θ∞)− 2z2)a′]u4u′

+ 2a′′u4u′′ − 2a′′u3(u′)2 + 4u4 + 4[z2 − 3a′ − 2(θ0 + θ∞)]u2(u′)2

+ 8zu3u′ − u2(u′′)2 + 4u(u′)2u′′ − 4(u′)4 + 4(u′)3],

where

C(z) := (a′′)2 + 4[2(θ0 + θ∞)− z2](a′)2 + 8zaa′ − 4a2 + 4(a′)3 + 16θ0θ∞a′.

Since, by assumption, a(z) is not a solution of S4, so C(z) 
≡ 0 and, by a similar
reasoning as before, we conclude that

m(r,
1

σ − a
) = S(r, σ)

and δ(a, σ) = 0. �

We can also formulate another result concerning rational small targets of the
sigma equations in the following way.

Theorem 5.2. Let σ(z) be a transcendental solution of S1, S2 or S4 and let
a(z) be a rational function. If a(z) does not solve S1, S2 or S4, respectively, then
β(a, σ) = 0.

Proof. First, let us first assume that σ(z) is a solution of S1 and that a(z) is
a rational function. Then a(z) does not solve S1 since S1 does not have rational
solutions. As in the proof of Theorem 5.1 we substitute u(z) := (σ(z) − a(z))−1

and put A(z) := (a′′)2 + 4(a′)3 + 2za′ − 2a. We obtain the equation

A(z)u6 = 2u5 + [12(a′)2 + 2z]u4u′ + 2a′′u4u′′ − 4a′′u3(u′)2

− 12u2(u′)2 − u2(u′′)2 + 4u(u′)2u′′ − 4(u′)4 + 4(u′)3,
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which has rational coefficients. It means that the coefficients fulfill the conditions
of Lemma 2.5, which leads us to the conclusion that

L(r, u) = S(r, u),

which is equivalent to

L(r, 1

σ − a
) = S(r, σ),

so β(a, σ) = 0.
The proof of the remaining two cases can be conducted along the same lines

as in the proof of Theorem 5.1, with application of Lemma 2.5 instead of Lemma
2.3. �

Let us recall now the notions of an asymptotic value and an asymptotic spot.
A pair {a,Γ}, where a ∈ C and Γ is a continuous curve

Γ : z = z(t), 0 ≤ t <∞, z(t)→∞ for t→∞,

such that
lim

z→∞,z∈Γ
f(z) = lim

t→∞
f(z(t)) = a,

is called an asymptotic spot of f . Also a is called an asymptotic value of f . By
the Denjoy-Carleman-Ahlfors theorem [6], an entire function of finite lower order μ
cannot have more than max{[2μ], 1} different asymptotic spots. Similarly, a(z) is an
asymptotic function of f(z) if zero is an asymptotic value of f(z)−a(z). Estimates
of the possible number of asymptotic functions similar to Denjoy-Carleman Ahlfors
theorem have been formulated in attempt to prove so-called Denjoy conjecture (see:
[5]). The number of asymptotic values of an entire function of infinite lower order
or a meromorphic function even of finite order may be infinite.

If the function moves along the curve towards the value a with a fixed higher
speed, for instance comparable with characteristic T (r, f), we say that a is a strong
asymptotic value.

Definition 5.3 ([12]). We say that a ∈ C is an α0-strong asymptotic value of
a meromorphic function f , if there exists a continuous curve Γ : z = z(t), 0 ≤ t <
∞, z(t)→∞ as t→∞, such, that

lim inf
t→∞

log |f(z(t))− a|−1

T (|z(t)|, f) = α(a) ≥ α0 > 0, if a 
=∞;

lim inf
t→∞

log |f(z(t))|
T (|z(t)|, f) ≥ α0 > 0, if a =∞.

It is easy to notice that, if a is an α0-strong asymptotic value of f , then the
magnitude of Petrenko’s deviation

(5.1) β(a, f) ≥ α0.

It means that a is also a deficient value in the sense of Petrenko. Marchenko proved
that the number k of distinct α0-strong asymptotic spots of a meromorphic function
of finite lower order λ is finite and the inequality

k ≤
[
2B(λ)

α0

]
holds (see: [12]). The estimates of the number of strong asymptotic values of
solutions of P1, P2, P34, P4 and S1, S2, S4. were shown in [1]. It should be noticed
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that for certain solutions of P4 and S4 zero may in fact be strongly asymptotic.
Similarly to the notion of a strong asymptotic value we may formulate a definition
of a strong asymptotic function. The estimates of the number of strong asymptotic
functions of meromorphic functions can be found for example in [3].

The inequality (5.1) means that Theorem 5.2 leads to the following conclusion.

Corollary 5.4. Let σ(z) be a transcendental solution of S2 or S4 and let a(z)
be a rational function. Then, if a(z) does not solve S2 or S4, respectively, then a(z)
is not an α0-strong asymptotic function of σ for any value α0 > 0.

In case of the first Painlevé σ- equation we may formulate a slightly sharper
conclusion.

Corollary 5.5. Solutions of Painlevé σ-equation S1 do not have rational
strong asymptotic functions.

6. The third Painlevé equation

A modifed third Painlevé equation P̃3

(6.1) f ′′ =
(f ′)2

f
+ αf2 + γf3 + βez +

δe2z

f

has meromorphic solutions only [9]. Unlike previously mentioned equations, P̃3

has transcendental coefficients if (β, δ) 
= (0, 0). Therefore instead of focusing on
transcendental solutions in general we shall apply the notion of admissible solutions.
We say that f is an admissible solution of a differential equation if all the coefficients
of the equation are small with respect to f . In case of admissible solutions of
P̃3, in fact we get S(r, f) = O(r) without an exceptional set [7,10]. Nevanlinna

deficiencies of solutions of P̃3 were obtained by Shimomura in [17]. The following
result holds for Petrenko’s deviations.

Theorem 6.1. Let f be an admissible solution of P̃3(α, β, γ, δ) with (α, β) 
=
(0, 0) and (γ, δ) 
= (0, 0). For all values a in C we have

L(r, a, f) = S(r, f) (r →∞)

and β(a, f) = 0.

Proof. Let f be an admissible solution of P3. As

T (r, βez) ≤ r

π
+ log+ |β| and T (r, δe2z) ≤ 2r

π
+ log+ |δ|,

it means that, in general we have

O(r) = S(r, f).

Since

L(r,∞, βez) = r + log+ |β| and L(r,∞, δe2z) = 2r + log+ |δ|,
we can see that the coefficients of the equation (6.1) are small with respect to f
also in the sense mentioned in Lemma 2.5.

Let (α, γ) 
= (0, 0). and (β, δ) 
= (0, 0). Assume that γ 
= 0. The equation (6.1)
can be presented in the form

(−γ)f4 = αf3 + (f ′)2 − ff ′′ + βezf + δe2z.
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This way the conditions of Lemma 2.5 are fulfilled with n = 3. It follows that

L(r,∞, f) = S(r, f) (r →∞).

Let now γ = 0. Then the equation (6.1) can be written as

(−α)f3 = (f ′)2 − ff ′′ + βezf + δe2z,

and the conditions of Lemma 2.5 are fulfilled with n = 2. Again, it follows that

L(r,∞, f) = S(r, f) (r →∞).

Now for a fixed value a ∈ C we substitute f = 1
g + a. The equation (6.1) assumes

the form of an equation with respect to g

(6.2)

(αa3 + γa4 + βaez + δe2z)g4 = 2a(g′)2g − ag′′g2 + (g′)2 − g′′g − γ

− (α+ 4γa)g − (3αa+ 6γa2)g2

− (3αa2 + 4γa3 + βez)g3.

By the first theorem of Nevanlinna,

T (r, g) = T (r, f) +O(1),

so we can see that if f is an admissible solution of (6.1) then g is an admissible
solution of (6.2), also in the sense of Lemma 2.5. Applying again Lemma 2.5 we
obtain

L(r, a, f) = L(r,∞,
1

f − a
) = L(r,∞, g) = S(r, g) = S(r, f) (r →∞).

�

Corollary 6.2. If f is an admissible solution of P̃3(α, β, γ, δ) with (α, γ) 
=
(0, 0) and (β, δ) 
= (0, 0) then f has no strong asymptotic values in C.

Let us now consider the situation when one pair (α, γ) or (β, δ) of coefficients

of P̃3 equals (0, 0). It is easy to check, by a suitable substitution, that the pairs of
coefficients (α, γ) and (β, δ) in (6.1) have a symmetric role (see, for example [9]).
Let us then concentrate on the case (α, γ) = (0, 0). If f is an admissible solution

of P̃3(α, β, γ, δ) with (α, γ) = (0, 0) and (β, δ) 
= (0, 0), that is the equation

(6.3) ff ′′ = (f ′)2 + βezf + δe2z,

then for every value a ∈ C we have L(r, a, f) = S(r, f) and β(a, f) = 0.
Indeed, let f be an admissible solution of (6.3) and for a fixed value a ∈ C put

f = 1
g + a. The equation (6.3) transforms into an equation with respect to g:

(δe2z + βaez)g4 = 2a(g′)2g − ag′′g2 + (g′)2 − g′′g − βezg3.

Assume first that δ = 0. Since β and δ are not both zeros, Lemma 2.5 applies with
n = 3 if a 
= 0 and with n = 2 if a = 0. If, on the other hand, δ 
= 0 then the
conditions of Lemma 2.5 hold with n = 3. In all cases we obtain

L(r, a, f) = L(r,∞, g) = S(r, g) = S(r, f).

It follows that for every value a ∈ C there is β(a, f) = 0 and, as a result f has no
finite strong asymptotic values.
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Finally, notice that P̃3(0, 0, 0, 0), that is the equation

ff ′′ = (f ′)2

has a solution f(z) = ez. As β(∞, ez) = β(0, ez) = π, this solution has
two strong asymptotic values (α0 = π), each of them connected with one strong
asymptotic spot.
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Relations between different Hamiltonian forms of the third
Painlevé equation

Galina Filipuk, Adam Ligȩza, and Alexander Stokes

Abstract. In this paper we study different Hamiltonian systems with poly-
nomial and rational Hamiltonians associated with the generic third Painlevé
equation and present explicit birational transformations relating them.

1. Introduction

A standard form of the third Painlevé equation is

(1.1) PIII :
d2x

dt2
=

1

x

(
dx

dt

)2

− 1

t

dx

dt
+

1

t
(αx2 + β) + γx3 +

δ

x
,

where x is a function of t and α, β, γ, δ with γδ 
= 0 are arbitrary complex param-
eters. There exist in the literature multiple non-autonomous Hamiltonian systems
equivalent to PIII obtained from various viewpoints, but the relations between these
have not been fully established. In this paper we continue the program announced
in [DFLS], which aims to compare the different Hamiltonian systems associated
with each Painlevé equation and find explicit birational (or algebraic) transforma-
tions between them. We draw on a variety of methods, including the comparison of
linear systems from the isomonodromy approach as well as the method presented
in [DFLS], which uses tools from the geometric theory of Painlevé equations devel-
oped by Okamoto and Sakai [Ok1,Sak]. Obtaining such relations between different
Hamiltonian systems related to Painlevé equations is sometimes quite subtle, for
example for the fourth Painlevé equation studied in [DFLS] the relations are very
much non-trivial and the geometric method is more effective than a direct approach.
In this paper we consider the case of the third Painlevé equation, more specifically
the generic case where γδ 
= 0 as above, for which the relations between various
Hamiltonian systems turn out to be more straightforward and less interesting on
the level of the geometric theory, so we omit details and present only the birational
transformations themselves.

The Hamiltonians and the associated systems of differential equations equiv-
alent to PIII that we plan to compare in this paper are the Okamoto (polyno-
mial) Hamiltonian [Ok2,Ok3], the Kajiwara-Noumi-Yamada (KNY) Hamiltonian

[KNY], the Filipuk-Żo�la̧dek rational Hamiltonian [FZ] and two Hamiltonians ob-
tained from the isomonodromic deformation of linear systems: the Jimbo-Miwa

2020 Mathematics Subject Classification. Primary 34M55.

c©2023 American Mathematical Society

37

https://www.ams.org/conm/
https://doi.org/10.1090/conm/782/15720


38 GALINA FILIPUK, ADAM LIGȨZA, AND ALEXANDER STOKES

Hamiltonian [JM] and the Its-Prokhorov Hamiltonian [IP]. We discuss only the
Its-Prokhorov Hamiltonian since up to a function of t and scaling of parameters
they are the same.

2. Main results

In the papers [Ok2] and [Ok3], the third Painlevé equation appears as the
result of the monodromy preserving deformation of a scalar second order linear
differential equation (with coefficients that depend on t) with certain singularities
in the complex plane. The third Painlevé equation is obtained in the form of a
Hamiltonian system with polynomial Hamiltonian [Ok1,Ok2], given by

(2.1) HOk(f, g, t) =
1

t
(2f2g2 + (θ0 + θ∞)η∞tf − ((1 + 2θ0)f − 2η0t+ 2η∞tf2)g),

where f = f(t) and g = g(t), t is an independent variable, and θ0, θ∞, η0, η∞ are
complex constants. The corresponding Hamiltonian system is

(2.2)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
df

dt
=

∂HOk

∂g
=

4f2g − 2η∞tf2 − (1 + 2θ0)f + 2η0t

t
,

dg

dt
= −∂HOk

∂f
= −4fg2 − (1 + 2θ0 + 4η∞tf)g + η∞(θ0 + θ∞)t

t
.

Eliminating the function g from the system above, we obtain PIII for the function
f with parameters

(2.3) α = −4η∞θ∞, β = 4η0(1 + θ0), γ = 4η2∞, δ = −4η20 .

The KNY Hamiltonian [KNY, (8.237)] is given by

(2.4) HKNY(q, p, s) =
1

s
(p(p− 1)q2 + (a1 + a2)qp+ sp− a2q),

where q = q(s) and p = p(s), s is an independent variable and a1 and a2 are
complex constants. The corresponding Hamiltonian system is given by

(2.5)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
dq

ds
=

∂HKNY

∂p
=

q2p+ (p− 1)q2 + (a1 + a2)q + s

s
,

dp

ds
= −∂HKNY

∂q
= −2(p− 1)qp+ (a1 + a2)p− a2)s

s
.

The KNY Hamiltonian system is very convenient to use as a reference example for
the geometric approach, since [KNY] provides a comprehensive collection of rele-
vant data. However the relation to the third Painlevé equation is not as straight-
forward here as in the Okamoto case. According to [KNY], one needs to eliminate
first the variable p, then introduce the function x(t) by q(s) = tx(t) with s = t2

and then one obtains the third Painlevé equation for x(t) with parameters

(2.6) α = −4(a1 − a2), β = 4(1− a1 − a2), γ = 4, δ = −4.

The Filipuk-Żo�la̧dek (rational) Hamiltonian [FZ] is given by

(2.7) HFZ(x, y, t) =
x2y2

2t
− αx+

β

x
− γtx2

2
+

δt

2x2
,
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where x = x(t) and y = y(t), t is an independent variable and α, β, γ, δ are complex
constants. The corresponding Hamiltonian system is given by

(2.8)

⎧⎪⎪⎨⎪⎪⎩
dx

dt
=

∂HFZ

∂y
=

x2y

t
,

dy

dt
= −∂HFZ

∂x
= α− xy2

t
+

β

x2
+ γtx+

δt

x3
.

Eliminating the function y between these equations we immediately get the third
Painlevé equation for the function x, with parameters α, β, γ, δ.

In [IP], the authors obtained Hamiltonians related to the Painlevé equations
from the study of monodromy preserving deformations of 2×2 linear systems, with
the PIII case being

(2.9) HIP(f, g, t) =
1

t
(2f2g2+(2t−2tf2+(4θ∞−1)f)g−2tf(θ0+θ∞)+(θ2∞−θ20)).

The corresponding Hamiltonian system gives the third Painlevé equation for the
function f , with parameters α = 8θ0, β = 4 − 8θ∞, γ = −δ = 4. For the fourth
Painlevé equation, the corresponding Its-Prokhorov Hamiltonian was different from
that of Okamoto. However, in this case we see that if we take Okamoto’s Hamil-
tonian with η1 and η∞ equal to one, and set θIP∞ = −θOk

0 /2, θIP0 = −θOk
∞ /2, then up

to a function of t both Hamiltonians (and, hence, corresponding systems) coincide.
Hence, we are left with two nontrivial cases of relations between systems to es-

tablish: first between the rational Hamiltonian HFZ and the Okamoto Hamiltonian
HOk, and second between the rational Hamiltonian HFZ and the KNY Hamilton-
ian HKNY. In what follows we will present these, completing the picture of how
different Hamiltonian forms of PIII are related, as outlined in Figure 1.

Kajiwara-Noumi-Yamada

Okamoto

Its-Prokhorov

Jimbo-Miwa

Filipuk-Żo�la̧dek (rational)

trivial

trivial [KNY]
Theorem 2.2

Theorem 2.1

Figure 1. Relationships between different Hamiltonian forms of PIII

Theorem 2.1. Let x = x(t) and y = y(t) be solutions of the Filipuk-Żo�la̧dek
system (2.8) and f = f(t) and g = g(t) be solutions of the Okamoto system (2.2).
Under the identification of parameters as in (2.3), the following birational trans-
formation is valid:

(2.10) x = f, y =
4f2g − 2η∞tf2 − (2θ0 + 1)f + 2η0t

f2
,
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with inverse given explicitly by

(2.11) f = x, g =
x2y + 2η∞tx2 + (2θ0 + 1)x− 2η0t

4x2
.

We have the following equality of the 2-forms defining the non-autonomous Hamil-
tonian structures of the two systems, under the transformation above:

(2.12) dy ∧ dx− dHFZ ∧ dt = 4
(
dg ∧ df − dHOk ∧ dt

)
.

The Hamiltonian functions themselves are related modulo functions of t by

(2.13) HFZ(x, y, t) = 4HOk(f, g, t) + 2η∞f +
2η0
f

.

Theorem 2.2. Let q = q(s) and p = p(s), be solutions of the KNY system
(2.5) and x = x(t) and x = y(t) be solutions of system (2.8) with γ = −δ = 4.
Then with s = t2 the following birational transformation holds:

(2.14) q = tx, p =
2x2y + 4tx2 + (β − 2)x− 4t

8tx2
,

with parameters related according to

(2.15) α = −4(a1 − a2), β = 4(1− a1 − a2),

or, equivalently, a1 = (4−α−β)/8, a2 = (4+α−β)/8. The inverse transformation
is given by

(2.16) x =
q√
s
, y =

√
s(8pq2 − 4q2 − 2(1− 2a1 − 2a2)q + 4s)

2q2
.

We again have the 2-forms defining the non-autonomous Hamiltonian structures of
the systems equal under the identification above:

(2.17) dy ∧ dx− dHFZ ∧ dt = 4
(
dp ∧ dq − dHKNY ∧ ds

)
.

The Hamiltonian functions themselves are related modulo functions of t by

(2.18) HKNY(q, p, s) =
1

8t
HFZ(x, y, t) +

xy

8t2
− 1

2tx
.

Remark 2.3. Note that the exterior derivative in the 2-forms referred to in
both of these Theorems is on the 3-dimensional extended phase space so t and s
are treated as variables.

Both of the above transformations may be verified by direct calculation. The
transformations and relations between parameters may be obtained using the meth-
od presented in [DFLS], but the geometry of these systems and the calculations
establishing this are rather straightforward in this case so we omit them.

We make remarks at this point concerning the relation of our results to the
degenerate cases of the third Painlevé equation, in which the geometry of the as-

sociated surfaces change. The generic case where γ, δ 
= 0 has surface type D
(1)
6

according to Sakai’s classification [Sak], whereas if γ = 0, δ 
= 0 then the surface

type is D
(1)
7 . The KNY Hamiltonian in the D

(1)
7 case is

(2.19) K1 =
1

t
(q2p2 + q + pt+ a1qp),

which leads to the third Painlevé equation with parameters

(2.20) α = −8, β = −4(a1 − 1), γ = 0, δ = −4.
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If both γ = 0 and δ = 0, then the surface type is D
(1)
8 and the KNY Hamiltonian

further degenerates to

(2.21) K2 =
1

t
(q2p2 + qp+ q + t/q),

which gives the third Painlevé equation with parameters

(2.22) α = −β = −8, γ = δ = 0.

The change in geometry in these cases means that the birational transformations
given in Theorem 2.2 may cease to work. This is indeed the case, but we can make
adjustments to obtain transformations that are valid in these degenerate cases.

Proposition 2.4. The γ = 0, δ = −4 case of the Filipuk-Żo�la̧dek Hamiltonian

system (2.8) is equivalent to the KNY form of the D
(1)
7 third Painlevé equation with

Hamiltonian (2.19), under the birational transformation

(2.23) q = tx, p =
x2y − 2a1x+ x− 2t

4tx2
,

with parameters related according to (2.20).

Proposition 2.5. The γ = 0, δ = 0 case of the Filipuk-Żo�la̧dek Hamiltonian

system (2.8) is equivalent to the KNY form of the D
(1)
8 third Painlevé equation with

Hamiltonian (2.21), under the birational transformation

(2.24) q = tx, p =
xy − 1

4tx
,

with parameters related according to (2.22).
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Degeneration structure of the Voros coefficients of the
generalized hypergeometric differential equations with a

large parameter

Takashi Aoki and Shofu Uchida

1. Introduction

The notion of Voros coefficients plays an important role in studying the para-
metric Stokes phenomena, calculation of the monodromy and the relations between
Borel resummed WKB solutions and classical special functions [4,5,8,10,14,16,
18–20]. In the previous works of the first author and his collaborators [6,7], the
Voros coefficients for Gauss hypergeometric differential equation at the singular
point were given and used in order to study the relation between 2F1 and the WKB
solutions. Moreover, the Voros coefficients for NFN−1 at the origin and infinity are
given in [9].

In this article, the Voros coefficients of the generalized hypergeometric differ-
ential equations for pFq (p 
= q + 1) are defined and their explicit forms are given
at the origin and the infinity. Furthermore, we have the degeneration structure
of the Voros coefficients of the generalized hypergeometric differential equations
with a large parameter. The degeneration of the Voros coefficients and that of the
generalized hypergeometric differential equations are compatible.

2. WKB solutions

Let p and q be integers greater than or equal to 0 and N := max{p, q+1}. We
consider the following equation which contains the large parameter:

pPqψ = 0,(2.1)

where we set

pPq =

⎧⎪⎪⎨⎪⎪⎩
η−(q+1)

(∏q
j=1(ϑx + bj)

)
∂x − η−p (

∏p
i=1(ϑx + ai)) (p, q 
= 0),

η−(q+1)
(∏q

j=1(ϑx + bj)
)
∂x − 1 (p = 0),

η−1∂x − η−p (
∏p

i=1(ϑx + ai)) (q = 0),

(2.2)

ai = ai,0 + ai,1η (i = 1, 2, . . . , p) and bj = bj,0 + bj,1η (j = 1, 2, . . . , q). We call (2.1)
the generalized hypergeometric differential equation with the large parameter. The
differential operator (2.2) is a WKB type operator defined on C in the sence of
[1, Definition 2.1]. For an m-tuple c = (c1, c2, . . . , cm) of parameters, we denote by
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s	(c) the elementary symmetric polynomial of degree � of c1, c2, . . . , cm. If � > m
or � ≤ −1, we set s	(c) = 0. Let ξ denote the dual variable of x and ζ = ξ/η. The
total symbol σ(pPq)(x, ζ, η) (cf. [9]) is written in the form:

σ(pPq)(x, ζ, η)

=
N∑

k=1

⎛⎝ N∑
j=k

(
η−(q+1)

{
j − 1

k − 1

}
sq+1−j(bq)− η−p

{
j

k

}
sp−j(ap)x

)⎞⎠xk−1ηkζk

− η−p
sp(ap),

(2.3)

where ap = (a1, a2, . . . , ap) and bq = (b1, b2, . . . , bq). Then the principal symbol
σ0(pPq)(x, ζ) is witten in the form:

σ0(pPq)(x, ζ) =

N∑
k=1

(
sq+1−k(bq,1)− sp−k(ap,1)x

)
xk−1ζk − sp(ap,1),(2.4)

where ap,1 = (a1,1, a2,1, . . . , ap,1) and bq,1 = (b1,1, b2,1, . . . , bq,1). Let P(p,q) denote
the set

{(x∗, ζ∗) | σ0(pPq) (x∗, ζ∗) = ∂ζσ0(pPq) (x∗, ζ∗) = 0}.(2.5)

This set can be regarded as a subset of P2
C
. In the same way as in [9, Lemma

2.4], if p 
= q + 1, we can prove that #P(p,q) = p + q for generic ap,1 and bq,1.

Let P(p,q)
tp be the projection of (2.5) to the x-space. Assume that the singular

points of the equation (2.1) do not belong to P(p,q)
tp . We consider the Puiseux

expansion at � ∈ {0,∞} of each characteristic root. For the case of � = 0, we
substitute ζ =

∑∞
k=m ck/νx

k/ν into (2.4). Looking at the degree of the leading
term of (2.4) with respect to x, we can determine m and ν. Then the leading
coefficient cm/ν can be also determined. The coefficients of higher-order terms ck/ν
(k > m) are determined recursively. Similarly, we can find the Puiseux expansions
of the characterictic roots at x =∞.

Definition 2.1. We take local numbering of the characteristic roots of pPq as

follows: For the singular point �, the roots are denoted by ζ
(�)
m (m = 1, 2, . . . , N)

so that

(i) If p < q + 1,

ζ
(0)
	 = −b	,1

x
+O(1) (� = 1, 2, . . . , q),

ζ
(0)
q+1 =

a1,1a2,1 · · · ap,1
b1,1 · · · bq,1

+O(x),

ζ(∞)
m = −am,1

x
+O

(
1

x2

)
(p 
= 0, m = 1, 2, . . . , p),

ζ(∞)
m =

e
2π

√
−1

q−p+1 (m−p)

x1− 1
q−p+1

+O

(
1

x

)
(m = p+ 1, . . . , q + 1)

hold.



DEGENERATION STRUCTURE OF THE VOROS COEFFICIENTS 45

(ii) If q + 1 < p,

ζ
(0)
	 = −b	,1

x
+O(1) (q 
= 0, � = 1, 2, . . . , q),

ζ(0)m =
e

2π
√

−1
p−q−1 (m−q)

x1+ 1
p−q−1

+O

(
1

x

)
(m = q + 1, . . . , p− 1),

ζ(0)p =
a1,1a2,1 · · · ap,1
b1,1 · · · bq,1

+O(x),

ζ(∞)
m = −am,1

x
+O

(
1

x2

)
(m = 1, 2, . . . , p)

hold.

Taking suitable branch cuts connecting simple turning points, we can regard
this numbering is defined globally. The characterictic vareity Ch(pPq) can be

regarded as a compact Riemann surface Σ(p,q). There is a natural projection
π : Σ(p,q) → P1

C
, which is an N -covering map. By using the Riemann–Hurwitz

formula, the genus of Σ(p,q) equals 0.
A WKB solution ψ of (2.1) is a formal solution of the form

ψ = exp

(∫
Sdx

)
,(2.6)

S = ηS−1 + S0 + η−1S1 + · · · =
∞∑

	=−1

η−	S	(2.7)

(see [1, Definition 3.2]). The leading term of the equation Ri(pPq)(S) = 0 with
respect to η−1 determines S−1, where

Ri(pPq)(S) = exp

(
−
∫

Sdx

)
pPq exp

(∫
Sdx

)
.(2.8)

Therefore S−1 should satisfy σ0(pPq)(x, S−1) = 0. Hence we can take one of the
characteristic roots as S−1. The higher-order terms Sj (j = 0, 1, 2, . . . ) can be
determined recursively and uniquely outside the turning points if S−1 is chosen.
Thus obtained N formal solutions of Ri(pPq)(S) = 0 are denoted by S(�,m) (m = 1,
2, . . . , N) so that this numbering is consistent with Definition 2.1.

3. Factorization

We assume that there is a simple turning point x∗ of pPq with the characteristic
value ζ∗. Then σ0(pPq)(x, ζ) is uniquely decomposed holomorphically in the form

σ0(pPq)(x, ζ) = l(x, ζ)r(x, ζ),(3.1)

where r(x, ζ) is a Weierstrass polynomial of degree 2 in ζ with the center at (x∗, ζ∗)
and l(x∗, ζ∗) 
= 0. By the definition, r(x, ζ) has the form

r(x, ζ) = (ζ − ζ∗)
2 + f1(x) (ζ − ζ∗) + f2(x),(3.2)

where fj(x) vanishes at x = x∗ for j = 1, 2. We may assume ζ
(�)
j and ζ

(�)
k are the

roots of r(x, ζ) = 0. We set

pP̃q =
1

xN−1(sq+1−N (bq)− sp−N (ap)x)
pPq(3.3)
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Then σ(pP̃q)(x, ζ) becomes a monic polynomial with respect to ζ. It follows from
[1, Theorem 5.1] that there uniquely exist differential operators L and R of WKB
type near x∗ which satisfy

pP̃q = LR(3.4)

and

(i) The principal symbol σ0(R)(x, ζ) of R coincides with r(x, ζ).
(ii) For each j > 0, the coefficient σj(R)(x, ζ) of η−j of the symbol of R is of

degree at most one in ζ.
(iii) The principal symbol σ0(L)(x, ζ) of L does not vanish at (x∗, ζ∗).

Thus constructed operator R has the form

R = (η−1∂x)
2 +A(x, η)η−1∂x +B(x, η)(3.5)

with

A(x, η) = A0(x) +A1(x)η
−1 +A2(x)η

−2 + · · · ,(3.6)

B(x, η) = B0(x) +B1(x)η
−1 +B2(x)η

−2 + · · ·(3.7)

and L is an (N − 2)-th order operator

L =

N−2∑
k=0

Lk(x, η)(η
−1∂x)

k(3.8)

with

Lk(x, η) = Lk,0(x) + Lk,1(x)η
−1 + Lk,2(x)η

−2 + · · · .(3.9)

Relation (3.4) determines A, B and Lk (0 ≤ k ≤ N − 2), if we choose the leading
terms of them, which satisfy a system of algebraic equations. We consider a WKB
solution

φ = exp

(∫
Tdx

)
,(3.10)

T = ηT−1 + T0 + η−1T1 + · · · =
∞∑

	=−1

η−	T	(3.11)

of Rφ = 0. Here T is determined by the Riccati equation associated with this
equation:

Ri(R)(T ) = η−2(T 2 + T ′) +Aη−1T +B = 0.(3.12)

In the same way for p = q + 1, we have the following relation for N ≥ 3:

Ri(pP̃q)(S) =
N−2∑
k=0

η−k

k!
Ri
(
:∂k

ζ σ(L)(x, ζ):
)
(S)∂k

x Ri(R)(S).(3.13)

Thus S = T if S−1 = T−1.



DEGENERATION STRUCTURE OF THE VOROS COEFFICIENTS 47

4. Definition of the Voros coefficients

We assume

S
(�,j)
−1 = ζ

(�)
j =

−A0 +
√
A2

0 − 4B0

2
, S

(�,k)
−1 = ζ

(�)
k =

−A0 −
√
A2

0 − 4B0

2
(4.1)

for suitable choice of the branch of the square root. We set

S(�,j,k)
even =

1

2

(
S(�,j) + S(�,k)

)
, S

(�,j,k)
odd =

1

2

(
S(�,j) − S(�,k)

)
.(4.2)

Moreover, we denote S
(�,j,k)
odd,	 by the coefficient of η−	 of S

(�,j,k)
odd and set S

(�,j,k)
odd,≤0 =

ηS
(�,j,k)
odd,−1 + S

(�,j,k)
odd,0 .

Definition 4.1. The WKB solutions ψ
(τ)
± of (2.1) normalized at the turning

point τ of type (j, k) are defined by

ψ
(τ)
± =

1√
S
(�,j,k)
odd

exp

(
−1

2
η

∫ x

τ

Adx

)
exp

(
±
∫ x

τ

S
(�,j,k)
odd dx

)
.(4.3)

The WKB solutions ψ
(�)
± of (2.1) normalized at the singular point � are defined by

ψ
(�)
± =

1√
S
(�,j,k)
odd

exp

(
−1

2
η

∫ x

τ

Adx

)

exp

(
±
∫ x

�

(
S
(�,j,k)
odd − S

(�,j,k)
odd,≤0

)
dx±

∫ x

τ

S
(�,j,k)
odd,≤0dx

)
.

(4.4)

Definition 4.2. The Voros coefficient V
(j,k)
� at x = � of type (j, k) is defined

by

V (j,k)
� =

∫ τ

�

(
S
(�,j,k)
odd − S

(�,j,k)
odd,≤0

)
dx.(4.5)

The Voros coefficient relates two kinds of the normalization of WKB solutions
defined in the preceding subsection. We have the following formal relations:

ψ
(�)
± = exp

(
V (j,k)
�

)
ψ
(τ)
± .(4.6)

The Voros coefficient is rewritten as

V (j,k)
� =

1

2

∫
γ
(j,k)
�

(S − ηS−1 − S0) dx.(4.7)

Here we consider that S is defined on the Riemann surface Σ(p,q) of S−1 and γ
(j,k)
�

is a path on Σ(p,q) starting from the singular point � on the j-th sheet, going to
and detouring τ counterclockwise on the base space and back to the singular point

� on the k-th sheet. The Voros coefficients V
(j,k)
� depend on the equivalence class

of the path γ
(j,k)
� .
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k-th sheet

j-th sheet

τ

�

γ
(j,k)
�

Figure 1. The path γ
(j,k)
� .

5. Explicit forms of the Voros coefficients

Let κ1 and κ0 be linear homogeneous functions of a1,1, . . . , ap,1, b1,1, . . . , bq,1
and a1,0, . . . , ap,0, b1,0, . . . , bq,0, respectively. We set

B	(κ) =
B	(κ0)

κ	−1
1

(κ = κ0 + κ1η),(5.1)

where B	(κ0) denotes the �-th Bernoulli polynomial defined by

xexκ0

ex − 1
=

∞∑
	=0

B	(κ0)

�!
x	.(5.2)

The explicit forms of the Voros coefficients V
(j,k)
� (� = 0,∞) can be obtained by the

same method as in [9, Theorem 4.9]. More specifically, we can have the differential-
difference equations for the Voros coefficients by using the ladder operators. We
can solve them by using formal differential operators of infinite order.

Theorem 5.1. Let � be 0 or ∞. If there exists a simple turning point of type

(j, k) (j < k) of (2.1), then the Voros coefficients V
(j,k)
� are written in the form:

1

2

∞∑
	=2

(−1)	+1η1−	

�(�− 1)
V

(j,k)
�,	 ,(5.3)
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where

V
(j,k)
0,� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
1≤m≤q
m �=j

B�(bj − bm) +
∑

1≤m≤q

B�(bm)

+B�(bj − 1)−
∑

1≤i≤p

(B�(bj − ai) +B�(ai)) (k = q + 1),

∑
1≤m≤q
m �=j

B�(bj − bm)−
∑

1≤m≤q
m �=k

B�(bk − bm)−B�(bk − 1)

+B�(bj − 1)−
∑

1≤i≤p

(B�(bj − ai)−B�(bk − ai)) (k ≤ q),

V
(j,k)
∞,� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
1≤i≤p
i�=j

B�(ai − aj)−
∑

1≤i≤p
i�=k

B�(ai − ak)

+B�(aj)−B�(ak) +
∑

1≤m≤q

(B�(bm − ak)−B�(bm − aj)) (k ≤ p),

∑
1≤i≤p
i�=j

B�(ai − aj) +B�(aj)−
∑

1≤m≤q

B�(bm − aj) (k + 1 ≤ p ≤ q + 1)

for p < q + 1 and

V
(j,k)
0,� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑
1≤m≤q
m �=j

B�(bj − bm) +
∑

1≤m≤q

B�(bm)

+B�(bj − 1)−
∑

1≤i≤p

(B�(bj − ai) +B�(ai)) (j ≤ q, k = p),

∑
1≤m≤q

B�(bm)−
∑

1≤i≤p

B�(ai) (q + 1 ≤ j, k = p),

∑
1≤m≤q
m �=j

B�(bj − bm)−
∑

1≤m≤q
m �=k

B�(bk − bm)−B�(bk − 1)

+B�(bj − 1)−
∑

1≤i≤p

(B�(bj − ai)−B�(bk − ai)) (j ≤ q, k ≤ q),

0 (q + 1 ≤ j, q + 1 ≤ k ≤ p− 1),∑
1≤m≤q
m �=j

B�(bj − bm) +B�(bj − 1)−
∑

1≤i≤p

B�(bj − ai) (j ≤ q, q + 1 ≤ k ≤ p− 1),

−
∑

1≤m≤q
m �=k

B�(bk − bm)−B�(bk − 1) +
∑

1≤i≤p

B�(bk − ai) (q + 1 ≤ j, k ≤ q),

V
(j,k)
∞,� =

∑
1≤i≤p
i�=j

B�(ai − aj)−
∑

1≤i≤p
i�=k

B�(ai − ak)

+B�(aj)−B�(ak) +
∑

1≤m≤q

(B�(bm − ak)−B�(bm − aj))

for q + 1 < p.

We consider the Borel summability of V
(j,k)
� . We set

Ṽ (κ0, κ1) =
1

2

∞∑
	=2

(−1)	+1η1−	

�(�− 1)
B	 (κ) (κ = κ0 + κ1η).(5.4)

As we saw in the preceding theorem, V
(j,k)
� are expressed as a finite sum of the for-

mal series of the form Ṽ (κ0, κ1) for suitable choice of (κ0, κ1). Hence it is sufficient

to consider the Borel summability of Ṽ (κ0, κ1). Its summability is well known: the

formal series Ṽ (κ0, κ1) of η
−1 is Borel summable if Re(κ1) 
= 0 and the Borel sum
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of Ṽ (κ0, κ1) equals

(5.5)

1

2
log

(√
2π(κ1η)

κ0+κ1η− 1
2

eκ1ηΓ(κ0 + κ1η)

)
(Re(κ1) > 0),

1

2
log

(
(−κ1η)

κ0+κ1η− 1
2Γ (1− (κ0 + κ1η))√
2πeκ1η

)
(Re(κ1) < 0)

(see [7, Lemma 4.6]). This expression is obtained by the Binet formula ([11]).
Thus, we have

Corollary 5.2. Let � be 0 or ∞. Also let

D(κ1) = {(a1,1, . . . , ap,1, b1,1, . . . , bq,1) | Re(κ1) 
= 0},(5.6)

where κ1 is a linear homogeneous function of a1,1, . . . , ap,1, b1,1, . . . , bq,1. The

Voros coefficient V
(j,k)
� of type (j, k) (j < k) is Borel summable if (a1,1, . . . , ap,1,

b1,1, . . . , bq,1) belongs to D
(j,k)
� . Here we set

D
(j,k)
0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋂
1≤m≤q
m �=j

D(bj,1 − bm,1) ∩
⋂

1≤m≤q

D(bm,1)

∩
⋂

1≤i≤p

(D(bj,1 − ai,1) ∩D(ai,1)) (k = q + 1),

⋂
1≤m≤q
m �=j

D(bj,1 − bm,1) ∩
⋂

1≤m≤q
m �=k

D(bk,1 − bm,1) ∩D(bk,1)

∩D(bj,1) ∩
⋂

1≤i≤p

(
D(bj,1 − ai,1) ∩D(bk,1 − ai,1)

)
(k ≤ q),

D
(j,k)
∞ =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋂
1≤i≤p
i�=j

D(ai,1 − aj,1) ∩
⋂

1≤i≤p
i�=k

D(ai,1 − ak)

∩D(aj,1) ∩D(ak) ∩
⋂

1≤m≤q

(D(bm,1 − ak) ∩D(bm,1 − aj,1)) (k ≤ p),

⋂
1≤i≤p
i�=j

D(ai,1 − aj,1) ∩D(aj,1) ∩
⋂

1≤m≤q

D(bm,1 − aj,1) (k + 1 ≤ p ≤ q + 1)
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for p < q + 1 and

D
(j,k)
0 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⋂
1≤m≤q
m �=j

D(bj,1 − bm,1) ∩
⋂

1≤m≤q

D(bm,1)

∩
⋂

1≤i≤p

(D(bj,1 − ai,1) ∩D(ai,1)) (j ≤ q, k = p),

⋂
1≤m≤q

D(bm,1) ∩
⋂

1≤i≤p

D(ai,1) (q + 1 ≤ j, k = p),

⋂
1≤m≤q
m �=j

D(bj,1 − bm,1) ∩
⋂

1≤m≤q
m �=k

D(bk,1 − bm,1) ∩D(bk,1)

∩D(bj,1) ∩
⋂

1≤i≤p

(
D(bj,1 − ai,1) ∩D(bk,1 − ai,1)

)
(j ≤ q, k ≤ q),

Cp+q (q + 1 ≤ j, q + 1 ≤ k ≤ p− 1),

⋂
1≤m≤q
m �=j

D(bj,1 − bm,1) ∩D(bj,1) ∩
⋂

1≤i≤p

D(bj,1 − ai,1) (j ≤ q, q + 1 ≤ k ≤ p− 1),

⋂
1≤m≤q
m �=k

D(bk,1 − bm,1) ∩D(bk,1) ∩
⋂

1≤i≤p

D(bk,1 − ai,1) (q + 1 ≤ j, k ≤ q),

D
(j,k)
∞ =

⋂
1≤i≤p
i�=j

D(ai,1 − aj,1) ∩
⋂

1≤i≤p
i�=k

D(ai,1 − ak,1)

∩D(aj,1) ∩D(ak,1) ∩
⋂

1≤m≤q

(
D(bm,1 − ak,1) ∩D(bm,1 − aj,1)

)

for q + 1 < p.

We consider the degeneration structure of (2.1). Let RAd denotes the reduced
adjoint operator ([14,17]). Then we can show that the following relations hold by
a direct calculation:

(i) If p ≥ 1 and q ≥ 0,

lim
ap,1→∞

1

apη−1 pPq

(
ap

bq
;

x

apη−1
, ∂x

)
= p−1Pq

(
ap−1

bq
;x, ∂x

)
.(5.7)

(ii) If p ≥ 0 and q ≥ 1,

lim
bq,1→∞ pPq

(
ap

bq
; bqη

−1x, ∂x

)
= pPq−1

(
ap

bq−1
;x, ∂x

)
.(5.8)

(iii) If p ≥ 0 and q ≥ 1,

RAd(xap)pPq

(
ap

bq
;x, ∂x

)
= (−1)qq+1Pp−1

(
αq+1

βp−1
; (−1)p+q−1t, ∂t

)
,(5.9)

where t = 1
x , αi = ap − bi + 1 (1 ≤ i ≤ q), αq+1 = ap+1 and βj =

ap+1 − aj + 1 (1 ≤ j ≤ p− 1).
(iv) If N ≥ 2,

NPN−1

(
aN

bN−1
;x, ∂x

)
= η−1 RAd(∂−μ

x ) RAd(xλ)N−1PN−2

(
αN−1

βN−2
;x, ∂x

)
,

(5.10)
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where ai = αi − λ − μ (1 ≤ i ≤ N − 1), aN = 1 − μ, bj = βj − λ − μ
(1 ≤ j ≤ N − 2), bN−1 = 1 − λ − μ, αi = αi,0 + αi,1η (1 ≤ i ≤ N − 1),
βj = βj,0 + βj,1η (1 ≤ j ≤ N − 2), λ = λ0 + λ1η, and μ = μ0 + μ1η.

We write V
(j,k)
� (ap, bq) for the Voros coefficient at x = � of type (j, k) for (2.1).

Using Theorem 5.1 and [9, Theorem 3.9], we obtain

Corollary 5.3. Let � be 0 or∞. Also let V
(j,k)
� (ap, bq) be the Voros coefficient

for (2.1) at �. Then we have

lim
ap,1→∞

V (j,k)
� (ap, bq) = V (j,k)

� (ap−1, bq) (p ≤ q + 1),

lim
bq,1→∞

V (j,k)
� (ap, bq) = V (j,k)

� (ap, bq−1) (q + 1 ≤ p).

Corollary 5.4. Let p < q+1. We set αq+1 = (ap−b1+1, . . . , ap−bq+1, ap),
βp−1 = (ap − a1 + 1, . . . , ap − ap−1 + 1). Then we have

V
(j,k)
0 (ap, bq) = V (j,k)

∞ (αq+1,βp−1),

V (j,k)
∞ (ap, bq) = V

(σ̃(j),σ̃(k))
0 (αq+1,βp−1).

Here σ̃ is given by the following product of the adjacent transpositions:

σ̃ = (q q + 1)(q − 1 q) · · · (p p+ 1).(5.11)

Corollary 5.5. The following relations hold:

V
(j,k)
0 (aN , bN−1)

∣∣∣
μ=λ=0

= V
(j,k)
0 (αN−1,βN−2) (j, k 
= N − 1, N),(

V
(j,N−1)
0 (aN , bN−1)

∣∣∣
μ=0

) ∣∣∣
λ=0

= V
(j,N−1)
0 (αN−1,βN−2) (j 
= N − 1, N),(

V
(j,N)
0 (aN , bN−1)

∣∣∣
λ=0

) ∣∣∣
μ=0

= V
(j,N−1)
0 (αN−1,βN−2) (j 
= N − 1, N),

V (j,k)
∞ (aN , bN−1)

∣∣∣
μ=λ=0

= V (j,k)
∞ (αN−1,βN−2) (j, k 
= N).

Here we set ai = αi − λ − μ (1 ≤ i ≤ N − 1), aN = 1 − μ, bj = βj − λ − μ
(1 ≤ j ≤ N−2), bN−1 = 1−λ−μ, αi = αi,0+αi,1η (1 ≤ i ≤ N−1), βj = βj,0+βj,1η
(1 ≤ j ≤ N − 2), λ = λ0 + λ1η and μ = μ0 + μ1η.

Remark 5.6. Let resζ(f, g) be the resultant of f and g with respect ζ. By
using elementary operations of determinant (cf. [9]), we have

lim
ap,1→∞

(
(ap,1)

(N−1)2 resζ (σ0(pPq)(x, ζ), ∂ζσ0(pPq)(x, ζ))
∣∣∣
x→ x

ap,1

)
= resζ (σ0(p−1Pq)(x, ζ), ∂ζσ0(p−1Pq)(x, ζ)) (p ≥ 1, q ≥ 0),

(5.12)

lim
bq,1→∞

(
1

(bq,1)(N−1)2
resζ (σ0(pPq)(x, ζ), ∂ζσ0(pPq)(x, ζ))

∣∣∣
x→bq,1x

)
= resζ (σ0(pPq−1)(x, ζ), ∂ζσ0(pPq−1)(x, ζ)) (p ≥ 0, q ≥ 1).

(5.13)
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Furthermore, we obtain

resζ

(
σ0(NPN−1)(x, ζ), ∂ζσ0(NPN−1)(x, ζ)

)∣∣∣
μ=λ=0

= (−1)N−1x2N−1 (sN−1(αN−1,1))
2
resζ (σ0(N−1PN−2)(x, ζ), ∂ζσ0(N−1PN−2)(x, ζ))

(5.14)

for N ≥ 2. Here the parameters of (5.14) should be set the same as in Corollary
5.5.

Remark 5.7. If p 
= q + 1 and N = 3, we have

(i-reg) If p = 2, q = 2 and � = 0,

V
(1,2)
0,	 = −B	(b1 − a1)−B	(b1 − a2) +B	(b2 − a1) +B	(b2 − a2)

+B	(b1 − 1)−B	(b2 − 1) +B	(b1 − b2)−B	(b2 − b1),

V
(1,3)
0,	 = −B	(a1)−B	(a2)−B	(b1 − a1)−B	(b1 − a2)

+B	(b1 − 1) +B	(b1) +B	(b2) +B	(b1 − b2),

V
(2,3)
0,	 = −B	(a1)−B	(a2)−B	(b2 − a1)−B	(b2 − a2)

+B	(b2 − 1) +B	(b2) +B	(b1) +B	(b2 − b1).

(ii-reg) If p = 3, q = 1 and � =∞,

V
(1,2)
∞,	 = B	(a1)−B	(a2)−B	(b1 − a1) +B	(b1 − a2)

+B	(a3 − a1)−B	(a3 − a2) +B	(a2 − a1)−B	(a1 − a2),

V
(1,3)
∞,	 = B	(a1)−B	(a3)−B	(b1 − a1) +B	(b1 − a3)

+B	(a2 − a1)−B	(a2 − a3) +B	(a3 − a1)−B	(a1 − a3),

V
(2,3)
∞,	 = B	(a3)−B	(a1)−B	(b1 − a2) +B	(b1 − a3)

+B	(a1 − a2)−B	(a2 − a3) +B	(a3 − a2)−B	(a1 − a3).

(iii-reg) If p = 1, q = 2 and � = 0,

V
(1,2)
0,	 = B	(b1 − 1)−B	(b2 − 1) +B	(b1 − b2)−B	(b2 − b1)

−B	(b1 − a1) +B	(b2 − a1)−B	(b2 − a1) +B	(b1 − a2),

V
(1,3)
0,	 = −B	(a1)−B	(b1 − a1)

+B	(b1 − 1) +B	(b1) +B	(b2) +B	(b1 − b2),

V
(2,3)
0,	 = −B	(a1)−B	(b2 − a1)

+B	(b2 − 1) +B	(b2) +B	(b1) +B	(b2 − b1).
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(iv-reg) If p = 3, q = 0 and � =∞,

V
(1,2)
∞,	 = B	(a1)−B	(a2)

+B	(a3 − a1)−B	(a3 − a2) +B	(a2 − a1)−B	(a1 − a2),

V
(1,3)
∞,	 = B	(a1)−B	(a3)

+B	(a2 − a1)−B	(a2 − a3) +B	(a3 − a1)−B	(a1 − a3),

V
(2,3)
∞,	 = B	(a3)−B	(a1)

+B	(a1 − a2)−B	(a2 − a3) +B	(a3 − a2)−B	(a1 − a3).

(v-reg) If p = 0, q = 2 and � = 0,

V
(1,2)
0,	 = B	(b1 − 1)−B	(b2 − 1) +B	(b1 − b2)−B	(b2 − b1),

V
(1,3)
0,	 = B	(b1 − 1) +B	(b1) +B	(b2) +B	(b1 − b2),

V
(2,3)
0,	 = B	(b2 − 1) +B	(b2) +B	(b1) +B	(b2 − b1).

(i-irr) If p = 2, q = 2 and � =∞,

V
(1,2)
∞,	 = B	(a1)−B	(a2) +B	(a2 − a1)−B	(a1 − a2)

−B	(b1 − a1) +B	(b1 − a2)−B	(b2 − a1) +B	(b2 − a2),

V
(1,3)
∞,	 = B	(a1) +B	(a2 − a1)−B	(b1 − a1)−B	(b2 − a1),

V
(2,3)
∞,	 = B	(a2) +B	(a1 − a2)−B	(b1 − a2)−B	(b2 − a2).

(ii-irr) If p = 3, q = 1 and � = 0,

V
(1,2)
0,	 = B	(b1 − 1)−B	(b1 − a1)−B	(b1 − a2)−B	(b1 − a3),

V
(1,3)
0,	 = −B	(a1)−B	(a2)−B	(a3) +B	(b1)

+B	(b1 − 1)−B	(b1 − a1)−B	(b1 − a2)−B	(b1 − a3),

V
(2,3)
0,	 = −B	(a1)−B	(a2)−B	(a3) +B	(b1).

(iii-irr) If p = 1, q = 2 and � =∞,

V
(1,2)
∞,	 = B	(a1)−B	(b1 − a1)−B	(b2 − a1),

V
(1,3)
∞,	 = B	(a1)−B	(b1 − a1)−B	(b2 − a1),

V
(2,3)
∞,	 = 0.

(iv-irr) If p = 3, q = 0 and � = 0,

V
(1,2)
0,	 = 0,

V
(1,3)
0,	 = −B	(a1)−B	(a2)−B	(a3),

V
(2,3)
0,	 = −B	(a1)−B	(a2)−B	(a3).
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(v-irr) If p = 0, q = 2 and � =∞,

V
(1,2)
∞,	 = 0,

V
(1,3)
∞,	 = 0,

V
(2,3)
∞,	 = 0.
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Riemann-Liouville transform and linear differential
equations on the Riemann sphere

Toshio Oshima

Abstract. We study the Riemann-Liouville transformation of solutions to
linear differential equations on the Riemann sphere. The transformation corre-
sponds to the middle convolution of the equations. Under the transformation,
we examine the asymptotic behavior of the solutions at the singular points of
the equations. When the singular points are regular, we studied it in [O1] and
solved a connection problem for the general rigid Fuchsian equations. In this
paper we mainly study the case when some singular points are irregular.

1. Introduction

Classical special functions such as Gauss hypergeometric functions, Bessel func-
tions and Whittaker functions are solutions to linear differential equations on the
Riemann sphere and the analysis of the equations gives fundamental properties
of the special functions. Our purpose is to analyze solutions to linear differential
equations on the Riemann sphere as in the case of the classical special functions.

N. Katz [Kz] defined and studied the middle convolution and the addition of
local systems. They are invertible transformations keeping the index of rigidity of
the system. The index gives the number of accessory parameters which cannot be
determined by the local structure of the system. The corresponding transformations
of the solution are given by Riemann-Liouville integral and multiplication by a
function. The equation is called rigid if there is no accessory parameter.

Any rigid Fuchsian equation is reduced to and constructed from the trivial
equation u′ = 0 by successive applications of additions and middle convolutions,
which is proved by [Kz] for Fuchsian systems of the first order and by [O1] for scalar
higher order linear ordinary differential equations together with the definition of
the middle convolution of the equations. In this case the addition corresponds to
the multiplication by the function (x − c)λ and a study of the Riemann-Liouville
integral in [O1] gives a global information of the solution such as a connection
problem describing the relation between analytic continuations of local solutions.

We will generalize some results in [O1] when an equation has unramified ir-
regular singularities. In particular, we study the Riemann-Liouville integral of the
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solutions and clarify the change of the asymptotic behavior of the solutions under
the integral transform at the singular points. Note that the rigid single equation
without ramified irregular singularities is reduced to or constructed from the trivial
equation by successive applications of additions and middle convolutions (cf. [O6]).

These additions correspond to the multiplications by any functions φ such that φ′

φ

are rational functions.
Here we give some standard notation used in this paper. We mainly consider

functions of one variable x and then C[x], C(x), C�x� and W [x] are the space of
polynomials, the space of rational functions, the space of formal power series and
the ring of linear differential operators with polynomial coefficients, respectively.
Then W [x] is generated by x and d

dx with the relation d
dxx = x d

dx + 1. Moreover
we put W (x) := C(x)⊗W [x].

Let Cm(a, b) denote the space of functions f on the interval (a, b) ⊂ R such
that f (j) exist and define continuous functions on (a, b) for j = 0, . . . , m. The
space Cm(a, b] is similarly defined. We also use the notation

∂ = d
dx , ϑ = x∂,

Re z = a, Im z = b (z = a+ bi, a, b ∈ R),

Z>0 = {k ∈ Z | k > 0},
(λ)m = λ(λ+ 1) · · · (λ+m− 1) (λ ∈ C, m ∈ Z>0) and (λ)0 = 1,

mFk(α1, . . . , αm;β1, . . . , βk;x) =

∞∑
n=0

(α1)n · · · (αm)n
(β1)n . . . (βk)n(1)n

xn ∈ C�x�,

F (α,β; γ;x) = 2F1(α, β; γ;x).

Under this notation the addition Ad(φ) of the equation Pu = 0 corresponds to the

map u �→ φu and then x �→ x and ∂ �→ ∂− φ′

φ in W (x). And the middle convolution

mcμ with μ ∈ C corresponds to the map u �→ ∂−μu and then ϑ �→ ϑ−μ and ∂ �→ ∂
in W [x]. We can define Ad(∂−μ) in the ring C[∂−1]⊗W [x], which is isomorphic to
the ring W (x) by the correspondence (x, ∂) �→ (−∂, x).

In §2 Riemann-Liouville transform of a function u(x) is defined by a regular-
ization of the Riemann-Liouville integral

(Iμa u)(x) =
1

Γ(μ)

∫ x

a

u(t)(x− t)μ−1dt

and we examine its fundamental properties. In §3 we prove Theorem 3.1 and
Theorem 3.7 which describe the asymptotic of Riemann-Liouville transform Iμa u
of a function u(x) in terms of the asymptotic of u(x). Namely, when a and b are
singularities of u(x), we examine the asymptotic of (Iμa u)(x) when x→ a or x→ b.
We show that the equation Pu = 0 implies

(
mcμ(P )

)
(Iμa u) = 0 in §4. In §5 we

review the linear differential equations on the Riemann sphere. Important concepts
are characteristic exponents, a generalized Riemann scheme, index of rigidity and
middle convolution of the equation. In §6 we give some examples to understand
the results in this paper.

Using versal additions introduced in [O1, §2.3], we define and construct in
[O6] a versal unfolding of any rigid differential equation on P 1

C
whose irregular

singularities are unramified. Hence the equation is naturally realized as a confluent
limit of rigid Fuchsian equations and we can study the original equation by the
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Fuchsian equations and therefore in this paper we also consider regular singular
points in parallel. Moreover in [O5] we regard the singular points as new variables
and then the versal differential equation can be extended to a versal KZ equation
with several variables, which will be useful to study the confluence of singularities.

2. Definition of Riemann-Liouville transform

In this section we define Riemann-Liouville transform by a regularization of
Riemann-Liouville integral and show fundamental properties of the transform. We
will apply the transform to solutions to linear differential equations with irregular
singularities. Other regularizations are given in [O1, p.5] and [Ha, §2] mainly for
the purpose to study Fuchsian differential equations.

Definition 2.1. For μ ∈ C and a ∈ C the Riemann-Liouville transform (Euler
transformation) Iμa of a holomorphic function u(x) is defined by the complex integral

(2.1) (Iμ
a+eiθ00

u)(x) :=
1

Γ(μ)

∫ x

a

u(t)(x− t)μ−1dt =
1

Γ(μ)

∫ x

a+eiθ00

u(t)(x− t)μ−1dt

along a piecewise C1-path

L : [α, β] � t �→ L(t) ∈ C, L(α) = a, L(β) = x, θ0 = ArgL′(α),

α = t0 < t1 < · · · < tm = β and L|[tj−1,tj ] ∈ C1[tj−1, tj ] (j = 1, . . . ,m),

L(s) 
= L(t) for α ≤ s < t ≤ β.

(2.2)

Sometimes the above Iμ
a+eiθ00

will be denoted by Iμa and the resulting function

Iμa u will be denoted by Iμa (u). We assume that u(x) is holomorphic along the path
L(t) for t ∈ (α, β] and may have a singularity at the starting point a = L(α) of the
path. When u(x) is bounded along L and Reμ > 0, (Iμa u)(x) is naturally defined
and holomorphic in a neighborhood of L(t) for t ∈ (α, β].

•a ×
×
×

x

x t
Here (Iμa u)(L(t)) is defined by the path L|[α,t] and

the condition L(s) 
= L(t) for α ≤ s < t ≤ β is essential
which assures that (Iμa u)(x) is holomorphic along the
path L.

We also assume that L can be replaced by a piecewise linear path, namely,

(2.3) L(t) =
tj−t

tj−tj−1
L(tj−1) +

t−tj−1

tj−tj−1
L(tj) for t ∈ [tj−1, tj ] and j = 1, . . . ,m.

We will study the case that u(x) is a solution to a differential equation Pu = 0
with P ∈ W [x] and a is a singular point of the equation. In this case (2.3) can be
always assumed.

When a, x ∈ R and x < a, we may consider

(Ǐμa u)(x) =
1

Γ(μ)

∫ a

x

u(t)(t− x)μ−1dt,

which has a clear meaning.
If we use the path L satisfying ImL(t) ≥ 0 in the case a, x ∈ R, we have

(2.4) Ǐμa u = e−μπiIμa u,
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which follows from∫ x

a

u(t)(x− t)μ−1dt =

∫ x

a

u(t)
(
eπi(t− x)

)μ−1
dt

= eμπi
∫ a

x

u(t)(t− x)μ−1dt.
•a×

x
×t

For K > 0 we have

(Iμ
a+eiθ00

u)(Kx) = KμIμa
K +eiθ00

(
u(Kx)

)
.(2.5)

Example 2.2. First we consider a typical example:

u(x) = xλ(c− x)λ
′
e

C′
c−x−C

x (c > 0, λ, λ′, C, C ′ ∈ C),(2.6)

v(x) := (Iμ0 u)(x) =
1

Γ(μ)

∫ x

0

tλ(c− t)λ
′
e

C′
1−t−

C
t (x− t)μ−1dt.(2.7)

If Reμ > 0 and one of the conditions

(2.8) ReC > 0

or

(2.9) C = 0 and Reλ > −1
is valid, then (Iμ0 u)(x) is naturally defined for x ∈ [0, c) and gives a holomorphic

function on C \
(
(−∞, 0) ∪ [c,∞)

)
. By the argument in this section we see that

the condition Reμ > 0 can be removed and the condition for λ in (2.9) is replaced
by λ /∈ Z<0. In fact u(x) holomorphically depends on (λ, μ) ∈ (C \ Z<0)× C.

If the path L satisfies Re C
L′(α) > 0, we can define v(x). In particular if ReC <

0, we may take −L′(α) > 0 and v(x) is naturally a holomorphic function on C \(
(−∞, 0] ∪ [c,∞)

)
.

Since u′(x)
u(x) = a0(x)

a1(x)
with a0(x), a1(x) ∈ C[x], u(x) satisfies Pu = 0 with P =

a1(x)∂ − a0(x). Here

(2.10)
u′(x)

u(x)
=

λ

x
+

C

x2
− λ′

c− x
− C ′

(c− x)2
.

Then v = Iμ0 u satisfies a differential equation Qv = 0 with Q = mcμ(P ), where
mcμ(P ) is given by (4.2) and (4.1). If C = C ′ = 0, the differential equation Qu = 0
is reduced to Gauss hypergeometric equation and

(2.11) u(x) =
Γ(λ+ 1)

Γ(λ+ μ+ 1)
xλ+μF (−λ′, λ+ 1;μ+ 1;x),

which is obtained by an easy calculation (cf. [O1, (1.47)] and (3.4)).
If λ′ = C ′ = 0, it is reduced to Kummer’s equation by a simple transformation.

If CC ′ 
= 0, it is a confluence of Jordan-Pochhammer’s equation of order 4.
We will examine the asymptotics of (Iμ0 u)(x) for x → +0 and x → c − 0 and

x→∞. In fact we show general theorems, which give these asymptotics.

Now we return to study Iμa u in the general case. First we assume that u(x) is
bounded on the path L and Reμ > 0 and Reμ′ > 0. We will show

(2.12) Iμ
′

a ◦ Iμa u = Iμ+μ′

a u.
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Since (Iμ
′

a ◦ Iμa u)(x) and (Iμ+μ′

a u)(x) holomorphically depend on the variable x in
the path L, it is sufficient to prove (2.12) for x = L(t) for t ∈ [t0, t1]. Hence we
may assume that L(t) = t1−t

t1−t0
L(t0) +

t−t0
t1−t0

L(t1). By a change of the variable we
may moreover assume that a = 0 and x ∈ R>0. Then

(Iμ
′

0 ◦ Iμ0 u)(x) =
1

Γ(μ′)

∫ x

0

(x− t)μ
′−1
( 1

Γ(μ)

∫ t

0

u(s)(t− s)μ−1ds
)
dt

=
1

Γ(μ)Γ(μ′)

∫ x

0

u(s)

∫ x

s

(x− t)μ
′−1(t− s)μ−1dt ds,∫ x

s

(x− t)μ−1(t− s)μ
′−1dt =

∫ x−s

0

(x− s− t)μ
′−1tμ−1dt

= (x− s)μ+μ′−1

∫ 1

0

(1− t1)
μ′−1tμ−1

1 dt1 (t = (x− s)t1)

= (x− s)μ+μ′−1Γ(μ)Γ(μ
′)

Γ(μ+ μ′)

and therefore we have (2.1).
By the same reason as above we may assume a = 0 and x ∈ (0, c) with c > 0

and L = [0, x] to prove several relations satisfied by Iμa u.
Put Cm

0 [0, c) := {u ∈ Cm[0, c) | (∂ju)(0) = 0 (0 ≤ j ≤ m)} for m ∈ Z≥0. If
u ∈ Cm

0 [0, c) and Reμ > 0,∫ x

a

u(t)(x− t)μ−1dt =

∫ x

a

u(x− t)tμ−1dt

and Iμ0 (u) ∈ Cm
0 [0, c). Here we note that (Iμ0 u)(x) holomorphically depends on μ.

Suppose u ∈ C1
0 [0, c). Since

d
dt (u(t)(x− t)μ) = u′(t)(x− t)μ − μu(t)(x− t)μ−1

= u′(t)(x− t)μ − d
dx (u(t)(x− t)μ)

= xu′(t)(x− t)μ−1 − tu′(t)(x− t)μ−1 − μu(t)(x− t)μ−1

we have

Iμ0 (u) = Iμ+1
0 (u′) = ∂Iμ+1

0 (u)

for Reμ > 0 and

Iμ0 (ϑu) = (ϑ− μ)Iμ0 (u)(2.13)

for Reμ > 1.
Hence for u ∈ Cm

0 [0, c) with m ∈ Z≥0 we have

Iμ0 (u) = ∂mIμ+m
0 (u) = Iμ+m

0 (∂mu)(2.14)

and define Iμ0 (u) for Reμ > −m by this equality. In particular

I00 (u) = I10 (∂u) = u

for u ∈ C1
0 [0, c). If 0 < Reμ < m and u ∈ Cm

0 [0, c),

I−μ
0 Iμ0 (u) = Im−μ

0 ∂mIμ0 (u) = ∂mIm−μ
0 Iμ0 (u) = ∂mIm0 (u) = u,

Iμ0 I−μ
0 (u) = Iμ0 ◦ I

m−μ
0 (∂mu) = Im0 (∂mu) = u,
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namely, if |Reμ| < m and u ∈ Cm
0 [0, c), we have

(2.15) I−μ
0 ◦ Iμ0 (u) = I00 (u) = u.

Let k ∈ Z≥0. If Reλ > m and φ(x) ∈ C∞[0, c), then φ(x)xλ logk x ∈ Cm
0 [0, x)

and we may apply Iλ0 to u. In particular

(2.16) Iμ0 (x
λ) =

Γ(λ+ 1)

Γ(λ+ μ+ 1)
xλ+μ

if Reλ > −1 and Reμ > 0. Applying dk

dλk to the both side of the equation, we have

Iμ0 (x
λ logk x) =

k∑
j=0

(
k

j

)(
dk−j

dλk−j

Γ(λ+ 1)

Γ(λ+ μ+ 1)

)
xλ+μ logj x.(2.17)

For λ ∈ C \ Z<0 The right hand side of the above is holomorphic for (λ, μ) ∈
(C\Z<0)×C and we define Iμ0 (x

λ logk x) by this equality. Owing to this definition,

we have (2.13) and (2.14) for u(x) = xλ logk x if λ /∈ Z<0. Moreover we have (2.12)
and (2.15), namely,

(2.18) Iμ
′

0 ◦ Iμ0 (u) = Iμ+μ′

0 (u) and I00 (u) = u

for xλ logk x if λ /∈ Z<0 and λ+ μ /∈ Z<0.
We examine Iμ0 (u) for the solution u to a differential equation with a singularity

at the origin. If the origin is a regular singular point of the equation, the solutions

(2.19) u(x) =
k∑

j=0

φj(x)x
λ logj x

with λ ∈ C and suitable holomorphic functions φj(x) at the origin span a space of
the local solutions. We may assume that c is also a singular point and x ∈ (0, c)
are regular point. Then u(x) ∈ Cm

0 [0, c) if Reλ > m. For any given m ∈ Z>0,

u(x) in (2.19) is a finite sum of the functions Ci,jx
λ+i logj x with i ∈ Z≥0 and a

function in Cm
0 [0, c) and therefore if Reλ /∈ Z, Iμ0 (u) is naturally defined. As a

consequence, Iμ0 (x
τu(x)) is defined when Re τ and Reμ are sufficiently large and

Iμ0 (x
τu(x)) extends holomorphically for (τ, μ) ∈ {τ ∈ C | τ + λ /∈ Z<0} × C and

satisfies (2.13) and (2.14). Moreover if λ+ μ /∈ Z<0, we have (2.18). Thus we have
the following proposition.

Proposition 2.3. Suppose u(x) is of the form (2.19) with convergent series
φj(x) and λ ∈ C \ Z<0, Then Iμ0 (u) is naturally defined for any μ ∈ C and μ is a
holomorphic parameter of Iμ0 (u) and we have (2.13) and (2.14). Moreover we have
(2.18) if λ+ μ /∈ Z<0.

If the origin is an unramified irregular singular point of the equation, the local
solutions u(x) with the asymptotic expansion

u(x) ∼
k∑

j=0

φj(x)x
λ logj x · exp(− C1

xm1
− C2

xm2
− · · · − CK

xmK
) for x→ eiθ00,

φj ∈ C�x�, Cj ∈ C and mj ∈ Z with m1 > m2 > · · · > mK > 0

(2.20)

span the space of the local solutions. Here the condition x→ eiθ00 means that

(2.21) Vθ0,ε,r := {seiθ ∈ C | 0 < s < r, |θ − θ0| ≤ ε} � x→ 0
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for suitable ε > 0 and r > 0. Namely if φj(x) = aj,0 + aj,1x+ aj,2 + · · · , then
lim

r→+0
sup

x∈Vθ0,ε,r

|EN (x)x−N | = 0 for N ∈ Z≥0, where

EN (x) = u(x)x−λ exp
(

C1

xm1
+ C2

xm2
+ · · ·+ CK

xmK

)
−

N∑
ν=0

k∑
j=0

aj,νv
i logj x.

We define exp(− C1

xm1
− C2

xm2
− · · · − CK

xmK
) = 1 when K = 0. We note that ∂mu

satisfies a similar asymptotic which is obtained by applying ∂m to the right hand
side of (2.20).

Moreover we note that if the origin is a ramified singular point, it changes

into an unramified singular point under a new coordinate y = x
1
q with a suitable

q ∈ Z>0.

Theorem 2.4. Put θ0 = ArgL′(α) for the path (2.2) of the integration (2.1)
to define Iμ0 u. Suppose u(x) has the asymptotic (2.20) with the condition

(2.22) K = 0 and λ ∈ C \ Z<0

or

(2.23) ReC1e
−im1θ0 > 0.

Then Iμ0 (u) is defined for any μ ∈ C and μ is a holomorphic parameter of Iμ0 (u)
and we have (2.13) and (2.14).

If the condition (2.22) together with λ+μ /∈ Z<0 is valid or the condition (2.23)
is valid, (2.18) holds for any μ′ ∈ C.

Proof. We may assume that x = L(t) with t ∈ [t0, t1] and L(s) = s−α
t1−αL(t1)

for s ∈ [α, t1]. Then under the new coordinate y = e−iθ0x we may assume L|[α,t0]
equals [0, c] with c > 0. Then the theorem is clear by the argument we have
done. �

Remark 2.5. i) Suppose K = 0 in Theorem 2.4. Put ũ = xλ̃−λu. It

follows from (2.17) that 1
Γ(λ̃+1)

Iμ0 ũ is well defined and holomorphic for (λ̃, μ) ∈ C2.

In this interpretation 1
Γ(λ+1)I

μ
0 u is well-defined even if λ ∈ Z<0.

ii) Since

I−n
a (u) = ∂nI00 (u) = ∂nu,

we sometimes denote Iμa by ∂−μ.

Definition 2.6. We define a Riemann-Liouville integral Ĩμ
eiθ0∞ of u(x) by the

complex integral

(Ĩμ
eiθ0∞u)(x) :=

1

Γ(μ)

∫ ∞

x

u(t)(t− x)μ−1dt =
1

Γ(μ)

∫ eiθ0∞

x

u(t)(t− x)μ−1dt

along a path

L : [α,∞) � t �→ L(t) ∈ C, L(α) = x, lim
t→∞

|L(t)| =∞, lim
t→∞

ArgL(t) = θ0,

α = t0 < t1 < t2 < · · · < tm, L|[tj−1,tj ] ∈ C1[tj−1, tj ] (j = 1, . . . ,m),

L|[tm,∞) ∈ C1[tm,∞), L(s) 
= L(t) (α ≤ s < t).

Here u(x) is holomorphic along L. For simplicity, we may denote Iμ
eiθ0∞ by I∞a .
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Suppose u(x) has an asymptotic

(2.24) u(x) ∼
k∑

j=0

φj(
1
x )x

−λ logj x · exp(−C1x
m1 − · · · − Ckx

mK ) for x→ eiθ0∞.

Here mj ∈ Z, φj ∈ C�x� and m1 > m2 > · · · > mK > 0 and the condition
x→ eiθ0∞ is defined by 1

x → e−iθ00. Since∫ ∞

x

u(t)(t− x)μ−1dt =

∫ 1
x

0

u( 1s )(
1
s −

1
1
x

)μ−1 ds
s2

= xμ−1

∫ 1
x

0

s−μ−1u( 1s )(
1
x − s)μ−1ds,

we have

(2.25) (Ĩμ
eiθ0∞u)(x) = xμ−1 ·

(
Iμ
e−iθ00

x−μ−1u( 1x )
)
( 1x ).

In particular

Ĩμ∞(x−λ) = xμ−1
(
(Iμ0 x

λ−μ−1)
∣∣
x	→ 1

x

)
= xμ−1Γ(λ− μ)

Γ(λ)
x1−λ =

Γ(λ− μ)

Γ(λ)
x−λ+μ.

Hence if

(2.26) K = 0 and λ− μ /∈ Z≤0

or

(2.27) ReC1e
imθ0 > 0

is valid, Iμ
eiθ0∞u is defined and satisfies (2.13) and (2.14). Moreover we have (2.18)

if the condition λ + μ + μ′ /∈ Z≤0 and (2.26) are valid or the condition (2.27) is
valid. In the same way we have

(2.28) (Iμc u)(x) = xμ−1 ·
(
Ĩμ1

c

x−μ−1u( 1x )
)
( 1x )

for x > 1, which is useful to examine the asymptotic of (Iμc u)(x) for x→∞.

Remark 2.7 (Cf. [O1, p.5]). Let Pu = 0 be a differential equation with
P ∈ W [x] and u1, . . . , un be linearly independent solutions to the equation in
a neighborhood of a point x0 = εeiArg x. Here ε with 0 < ε� 1 and n is the order
of P and x 
= 0 and we suppose that tx is not the singular point of the equation
for t ∈ (0, 1). Then we define

(Îμ0 u)(x) =
1

Γ(μ)(1− e2πiμ)

∫ +x,+0,−x,−0

u(t)(t− x)μ−1dt

by the integration along the Pochhammer cycle L1+C1+L2+C2+L3+C3+L4+C4

•× × ×0 x0
x c

L1

L3

L2

L4

C1

C2 C3

C4
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We can define for any μ ∈ C by the analytic continuation to μ ∈ Z<0.
The analytic continuation along the path [0, 2π] � t→ x0e

iθt induces transfor-
mations u(x) �→ u1(x) := u(e2πix) and u �→ uA. Here A ∈ GL(n,C) is called the
local monodromy matrix. This integration is used by [DR] to define a transforma-
tion of solutions to Fuchsian systems.

If (Iμ0 u)(x) =
∫ x

0
u(t)(t− x)μ−1dt is naturally defined, then

Îμ0 u = Iμ0 u− Iμ0 u
1 and Îμ0 u = (Iμ0 u)(1−A).

For example,

Îμ0 x
λ =

(1− e2πiλ)Γ(λ+ 1)

Γ(λ+ μ+ 1)
xλ+μ.

Suppose u(x) is a solution to the equation Pu = 0 with P ∈ W [x]. We may
assume that the path has no intersection with the disc Dε := {x ∈ C | |x| < ε}.
Then the above integration is defined even if there are several singular points of the
equation in Dε, which will be useful to examine the confluence of singular points.
The monodromy around a circle enclosing several singular points is discussed in
[O4].

3. Asymtotic of Riemann-Liouville integral

In this section we examine the asymptotic of holomorphic functions at singular
points under the Riemann-Liouville transform so that the result can be applied to
solutions to linear differential equations.

Theorem 3.1. Assume a holomorphic function u(x) has an asymptotic

(3.1) u(x) ∼
k∑

j=0

φj(x)x
λ logj x · exp(− C1

xm1
− C2

xm2
− · · · − CK

xmK
) for x→ eiθ00

with φj ∈ C�x�, θ0 ∈ R, k, K ∈ Z≥0, λ, Cj ∈ C, mj ∈ Z and m1 > m2 > · · · >
mK > 0. Here x→ eiθ00 means e−iθ0x→ +0.

To define v(x) = (Iμ0 u)(x) by (2.1) we moreover assume the condition (2.22)

K = 0 and λ /∈ Z<0

or the condition (2.23)

ReC1e
−m1θ0 > 0 (θ0 := ArgL′(α)).

i) Then v(x) has the asymptotic

(3.2) v(x) ∼
k∑

j=0

ψj(x)x
λ0 logj x · exp

(
− C1

xm1
− C2

xm2
− · · · − CK

xmK

)
for x→ eiθ00.

Here ψj ∈ C�x� and λ0 ∈ C. Fix k0 ∈ Z satisfying φj(0) = 0 for k0 < j ≤ k and
−1 ≤ k0 ≤ k. Then ψj(0) = 0 for k0 < j ≤ k.

Case I. Assume (2.22). Then

λ0 = λ+ μ, ψk0
(0) =

Γ(λ+ 1)

Γ(λ+ μ+ 1)
φk0

(0).(3.3)

Moreover if k = 0 and φ0(x) = a0 + a1x+ a2x+ · · · , then

ψ0 =
Γ(λ+ 1)

Γ(λ+ μ+ 1)

(
a0 +

(λ+ 1)1a1
(λ+ μ+ 1)1

x+
(λ+ 1)2a2
(λ+ μ+ 1)2

x2 + · · ·
)
.(3.4)
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If φj are convergent power series and u(x) equals the right hand side of (3.1), then
ψj are convergent power series and v(x) equals the right hand side of (3.2).

Case II. Assume (2.23). Then

λ0 = λ+ (m1 + 1)μ and ψk0
(0) = (m1C1)

−m1μφk0
(0).(3.5)

Let c ∈ C and L be a piecewise C1-path which satisfies

L : [α, β] � t→ C with L(α) = 0 and L(β) = c.

For x = L(t) with α ≤ t < β we define Iμ0 (u)(x) by the path L|[α,t]. We examine
u(x) and (Iμ0 u)(x) when x = L(t) is close to c, namely, t is close to β. We define
Arg

(
L(s2) − L(s1)

)
with α ≤ s1 < s2 ≤ β, θ0 = ArgL′(α), θ1 = ArgL′(β) and

(c− x)λ so that they are compatible.
We note that L(s1) 
= L(s2) but L(α) may equal L(β). Assume

u(x) =
(
a′ + o(1)

)
(c− x)λ

′
exp
(

C′
1

(c−x)m
′
1
+ · · ·+ CK′

(c−x)
m′

K′

)
for x→ c− eiθ10.

Here a′, C ′
j ∈ C, mj ∈ Z and m′

0 > m′
1 > · · · > m′

K′ > 0.

Case III. Assume K ′ = 0 and Re(λ′ + μ) < 0. If L(α) = L(β) and K = 0, we
moreover assume Reλ > Reλ′. Then

v(x) =
Γ(−λ′ − μ)

Γ(−λ′)

(
a′ + o(1)

)
(c− x)λ

′+μ for x→ c− eiθ10.

Case IV. Assume ReC ′
1e

−im′
1θ1 > 0. Then

v(x) = (m′
1C

′
1)

−m′
1μ
(
a′ + o(1)

)
(c− x)λ+(m′

0+1)μ exp
(

C′
1

(c−x)m
′
1
+ · · ·+ CK′

(c−x)
m′

K′

)
.

For s0 ∈ (α, β) we put x0 = L(s0) and define v0(x) = (Iμx0
u)(x) by the path

L|[x0,t] with x = L(t). Then the asymptotic of v0(x) is same as that of v(x) given
in Case III and Case IV.

Case V. Assume K ′ = 0 and Re(λ′ + μ) > 0 or ReC1e
−im′

1θ1 < 0. If L(α) =
L(β) and K = 0, we moreover assume Re(λ+ μ) > 0. Then

v(x) =
1

Γ(μ)

∫ c−eiθ10

eiθ00

u(t)(c− t)μ−1dt+ o(1) for x→ c− eiθ10.

Remark 3.2. Under the assumption in Theorem 3.1 Case III, we have (Ǐcu)(x) =
Γ(λ′+1)

Γ(λ′+μ+1) (a
′ + o(c− x))(c− x)λ

′+μ and therefore

Iμ0 (u) =
sin(λ′ + μ)

sinλ′ Ǐμc (u) + o
(
(c− x)λ

′+μ
)
for x→ c− eiθ10.

Note that the connection coefficient between the Riemann-Liouville transforms of
a function is written by trigonometric functions. This is commonly true because
we can construct local solutions by successive applications of the transforms. See
the examples (6.9) and (6.18).

Proof of Theorem 3.1. Since Iμ0 (u) = Iμ+m
0 (∂mu) with m ∈ Z≥0, we may

assume Reμ > 0 to prove the theorem.
First suppose K = 0 and λ /∈ Z. Then the statement ii) follows from the value

Tμ
a,b(u)(1) in [O1, Lemma 12.2] and the statement i) follows from (2.16) and the

fact that Iμ0 (u) ∈ Cm
0 (0, 1) if u ∈ Cm

0 (0, 1).
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The statement i) in the theorem follows from [O6, Lemma 5.1]. We will show
the statement Case IV in the theorem. The proof of other statements are easier.

Put C ′
1 = C, m′

1 = m, mj = m′
j and K ′ = K for simplicity. Suppose ReC > 0.

Let φ ∈ C[0, 1]. Then

I(x) :=

∫ x

0

(1− t)λe
C

(1−t)m
+

C2
(1−t)m2 +···+ CK

(1−t)mK (x− t)μ−1φ(t)dt

= xμ

∫ 1

0

(1− xs)λe
C

(1−xs)m
+

C2
(1−xs)m2 +···

(1− s)μ−1φ(xs)ds (t = xs)

= xμ

∫ 1

0

(1− x+ xs1)
λe

C
(1−x+xs1)m

+
C2

(1−x+xs1)m2 +···
sμ−1
1 φ(x− xs1)ds1

(s1 = 1− s)

= xμ(1− x)λ
∫ 1

0

(1 +
xs1
1− x

)λe
C

(1−x)m(1+
xs1
1−x

)m
+

C2

(1−x)m2 (1+
xs1
1−x

)m2
+···

· sμ−1
1 φ(x− xs1)ds1

= xμ(1− x)λ+μ

∫ 1
1−x

0

(1 + xs2)
λe

C
(1−x)m(1+xs2)m

+
C2

(1−x)m2 (1+xs2)m2 +···

· sμ−1
2 φ

(
x− x(1− x)s2

)
ds2 (s1 = (1− x)s2)

= xμ(1− x)λ+μe
C

(1−x)m
+

C2
(1−x)m2 +···

∫ 1
1−x

0

(1 + xs2)
λsμ−1

2

· e
C

(1−x)m ( 1
(1+xs2)m −1)+

C2
(1−x)m2 ( 1

(1+xs2)m2 −1)+···
φ
(
x− x(1− x)s2

)
ds2

(s2 = (1− x)ms3)

= xμ(1− x)λ+(m+1)μe
C

(1−x)m
+

C2
(1−x)m2 +···

·
∫ 1

(1−x)m+1

0

(
1 + x(1− x)ms3

)λ
sμ−1
3 e−f(x,(1−x)ms3)φ

(
x− x(1− x)m+1s3

)
ds3

with

f(x, t) :=
C

(1− x)m

(
1− 1

(1 + xt)m

)
+

C2

(1− x)m2

(
1− 1

(1 + xt)m2

)
+ · · · .

Suppose 1 ≤ s2 ≤ 1
1−x ,

1
2 < x < 1 and m > 0. Then xs2 > 1

2 and

1− ( 23 )
m < 1− 1

(1 + xs2)m
< 1.

Hence putting M = max0≤t≤1 |φ(t)| and A = 1
1−x , we have

lim
x→1−0

∣∣∣∫ 1
1−x

1

(1 + xs2)
λe

C
(1−x)m

( 1
(1+xs2)m

−1)+
C2

(1−x)m2 ( 1
(1+xs2)m2 −1)+···

·
(

s2
(1− x)m

)μ−1

v
(
x− x(1− x)s2

) ds2
(1− x)m

∣∣∣
≤ lim

A→+∞
(A− 1)(1 +A)|λ|A(m+1)|μ|+mMe−ReC(1− 2m

3m )Am+|C1|Am−1+··· = 0.
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Suppose 0 ≤ s2 = (1− x)ms3 ≤ 1, 1
2 < x < 1, 0 < m2 < m and t > 0. Then

(1 + xs2)
m − 1

(1− x)m(1 + xs2)m
≥ mxs2

2m+1(1− x)m
=

mxs3
2m+1

≥ ms3
2m+2

,

1
(1−x)m2

(
1− 1

(1+t)m2

)
1

(1−x)m

(
1− 1

(1+t)m

) = (1− x)m−m2
(1 + t)m − (1 + t)m−m2

(1 + t)m − 1

< (1− x)m−m2
x→1−0−−−−−→ 0.

Hence there exists δ > 0 such that

|e−f(x,(1−x)ms3)| ≤ e−ReC
ms3

2m+3 for 0 ≤ s3 ≤ 1
(1−x)m and 1− δ < x < 1.

Since

lim
x→1−0

( C

(1− x)m

(
1− 1

(1 + x(1− x)ms3)m

)
+

C2

(1− x)m2

(
1− 1

(1 + x(1− x)ms3)m2

)
+ · · ·

)
= mCs3,

Lebesgue’s dominated convergence theorem proves

lim
x→1−0

∫ 1

(1−x)m+1

0

(
1 + x(1− x)ms3

)λ
sμ−1
3 e−f(x,(1−x)ms3)φ

(
x− x(1− x)m+1s3

)
ds3

= lim
x→1−0

∫ 1
(1−x)m

0

(
1 + x(1− x)ms3

)λ
sμ−1
3 e−f(x,(1−x)ms3)φ

(
x− x(1− x)m+1s3

)
ds3

=

∫ ∞

0

sμ−1
3 e−mCs3φ(1)ds3 = (mC)−μ

∫ ∞

0

sμ−1e−sφ(1)ds = (mC)−μΓ(μ)φ(1),

which implies

I(x)

Γ(μ)
= (mC)−μ

(
φ(1) + o(1)

)
(1− x)λ+(m+1)μe

C
(1−x)m

+
C2

(1−x)m2 +···
for x→ 1− 0.

In the general case, we may assume that the path L is of the form (2.2) and
(2.3). We may moreover assume that x = L(t) with t ∈ [tm−1, tm). Since we may
assume |(Iμa u)(x) − (IμL(tm−1u)

(x)| is bounded for x → c − eiθ10, we have only to

examine the asymptotic (IμL(tm−1)
u)(x) when x → c − eiθ10. Hence we have the

statement Case IV from the estimate we have just proved. �

Remark 3.3. i) The condition Re(λ′ + μ) < 0 or ReC1e
−im′

0θ1 > 0 is
essential for the claim ii) in the theorem, which assures that limx→c−eiθ10 |u(x)| =
∞.

ii) If Re(λ′ + μ) > 0 and λ /∈ Z<0,(
Iμ0 x

λ(1− x)λ
′)
(1) =

1

Γ(μ)

∫ 1

0

xλ(1− x)λ
′+μ−1dx =

Γ(λ+ 1)Γ(λ′ + μ)

Γ(μ)Γ(λ+ λ′ + μ+ 1)
.

Example 3.4. Let u(x) and v(x) be the functions given in Example 2.2.
When C = 0, the series expansion of the function (3.4) in the theorem is

obtained by that of the holomorphic function (1 − x)λ
′
exp(− C′

1−x ) at the origin.

Hence if C = C ′ = 0, the series expansion

(1− x)λ
′
=

∞∑
n=0

(−λ′)n
n!

xn
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shows

v(x) = Iμ0
(
xλ(1− x)λ

′)
=

Γ(λ+ 1)

Γ(λ+ μ+ 1)
xλ+μ

∞∑
n=0

(λ+ 1)n(−λ′)n
(λ+ μ+ 1)nn!

xn

=
Γ(λ+ 1)

Γ(λ+ μ+ 1)
xλ+μF (λ+ 1,−λ′;λ+ μ+ 1;x).

If ReC > 0,

lim
x→+0

v(x)x−λ−2μe
C
x = C−μ.

If C ′ = 0 and Re(λ′ + μ) < 0,

lim
x→1−0

v(x)(1− x)−λ′−μ =
Γ(−λ′ − μ)

Γ(−λ′)
.

If ReC ′ > 0,

lim
x→1−0

v(x)(1− x)−λ′−2μe−
C′
1−x = (C ′)

−μ
.

Example 3.5. Here we give another example of the claim i) in the theorem.
Assume ReC > 0 and λ′ = C ′ = 0 in Example 2.2. Then v(x) is

(Iμ0 x
λe−

C
x )(x) =

1

Γ(μ)

∫ x

0

tλ+1e−
C
t (x− t)μ−1 dt

t

=
1

Γ(μ)

∫ ∞

1

xλ+1s−λ−1
1 e−C

s1
x xμ−1( s1−1

s1
)μ−1 ds1

s1
(t = x

s1
)

=
1

Γ(μ)
xλ+μ

∫ ∞

1

s−λ−μ−1
1 (s1 − 1)μ−1e−

Cs1
x ds1

=
1

Γ(μ)
xλ+μe−

c
x

∫ ∞

0

sμ1 (s1 + 1)−λ−μ−1e−
c
x s1 ds1

s1

=
1

Γ(μ)
xλ+2μe−

C
x

∫ ∞

0

sμ2 (1 + xs2)
−λ−μ−1e−Cs2 ds2

s2
(s1 = xs2)

=
1

Γ(μ)
xλ+2μe−

C
x

∫ ∞

0

∞∑
n=0

(−x)nsμ+n
2

(λ+ μ+ 1)n
n!

e−Cs2 ds2
s2

=
C−μ

Γ(μ)
xλ+2μe−

c
x

∫ ∞

0

∞∑
n=0

(− x
C )n

(λ+ μ+ 1)n
n!

sμ+ne−s ds
s(

s = Cs2,

∫ ∞

0

sμ+ne−s ds
s = Γ(μ+ n)

)
∼ C−μxλ+2μe−

c
x

( ∞∑
n=0

(μ)n(λ+ μ+ 1)n
n!

(− x
C )n

)
(x→ +0)

= C−μxλ+2μe−
c
x 2F0(μ, λ+ μ+ 1;− x

C ).

Example 3.6. We give an example related the singular point ∞.

Ĩμ∞(xλ) = xμ−1
(
Iμ0 x

−μ−1−λ |x	→ 1
x

)
= xμ−1(Γ(−λ−μ)

Γ(−λ) x−1−λ |x	→ 1
x
)

=
Γ(−λ− μ)

Γ(−λ) xλ+μ (x→ +∞, λ+ μ /∈ Z≥0).
(3.6)
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We give other examples on the asymptotic when x→∞. Owing to (2.25), we have

Ĩμ∞(xλe−x) =
1

Γ(μ)

∫ ∞

x

tλ+1e−t(t− x)μ−1 dt
t

=
1

Γ(μ)

∫ ∞

1

xλ+μtλe−xt(t− 1)μ−1dt

=
xλ+μe−x

Γ(μ)

∫ ∞

0

(t+ 1)λe−xttμ−1dt

=
xλe−x

Γ(μ)

∫ ∞

0

(1 + t
x )

λe−ttμ−1dt

=
xλe−x

Γ(μ)

∫ ∞

0

∞∑
n=0

(−λ)n
n!

(− t
x )

ne−ttμ−1dt,

Ĩμ∞(xλe−x) ∼ xλe−x
∞∑

n=0

(−λ)n(μ)n
n!

(−x)−n

= xλe−x
2F0(−λ, μ;− 1

x ) (x→ +∞).

(3.7)

This is also obtained from Example 3.5 and the relation (2.28).
If ReC1 > 0, then

Ĩμ+∞(xλ exp(−C1x
m1 − · · · )) = xμ−1

(
Iμ+0(x

−μ−1x−λ exp(− C1

xm1
− · · · ) |x→ 1

x

)
= xμ−1

(
(m1C1)

−μ
(
1 + o(1)

)
x−λ−μ−1+(m1+1)μ exp(− C1

xm1
− · · · ) (x→ +0) |x→ 1

x

)
=
(
1 + o(1)

)
(m1C1)

−μxλ−(m1−1)μ exp(−C1x
m1 − · · · ) (x→ +∞).

In general we have the following theorem by Theorem 3.1 and the equalities
(2.25) and (2.28).

Theorem 3.7. Assume u(x) has an asymptotic

u(x) ∼
k∑

j=0

φj(
1
x )x

−λ logj 1
x · exp(−C1x

m1 − C2x
m2 − · · · − CKxmK )

for x→ eiθ0∞

(3.8)

with φj ∈ C�x�, λ, Cj ∈ C, θ0 ∈ R, mj ∈ Z and m1 > m2 > · · · > mK > 0.

i) To define v(x) = (Ĩμ
eiθ0∞u)(x) we assume (2.26) or (2.27). Then v(x) has

the asymptotic

v(x) ∼
k∑

j=0

ψj(
1
x )x

−λ0 logj 1
x · exp

(
−C1x

m1 − C2x
m2 − · · · − CKxmK

)
for x→ eiθ0∞.

(3.9)

Here ψj ∈ C�x� and λ0 ∈ C. Fix k0 ∈ Z satisfying φj(0) = 0 for k0 < j ≤ k and
−1 ≤ k0 ≤ k. Then ψj(0) = 0 for k0 < j ≤ k.

Case I. Assume (2.22). Then

λ0 = λ− μ, ψk0
(0) =

Γ(λ− μ)

Γ(λ)
φk0

(0).(3.10)
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Moreover if k = 0 and φ0(x) = a0 + a1x+ a2x+ · · · , then

ψ0(
1
x ) =

Γ(λ− μ)

Γ(λ)

(
a0 +

(λ− μ)1a1
(λ)1

x−1 +
(λ− μ)2a2

(λ)2
x−2 + · · ·

)
.(3.11)

If φj are convergent power series and u(x) equals the right hand side of (3.8), then
ψj are convergent power series and v(x) equals the right hand side of (3.9).

Case II. Assume (2.23). Then

λ0 = λ− (m1 − 1)μ, ψk0
(0) = (m1C1)

−m1μφk0
(0).(3.12)

ii) Let c ∈ C and L be a piecewise C1-path which satisfies

L : [α,∞] � t→ C with L(α) = c and lim
t→∞

ArgL′(t) = θ0.

For x = L(t) with t ∈ (α,∞), we assume that w(x) = (Iμc u)(x) is defined by the
path L|[α,t].

Case III. Assume K = 0 and Reλ < 1. Then

w(x) =
Γ(1− λ)

Γ(1− λ+ μ)

(
a+ o(1)

)
x−λ+μ for x→ eiθ0∞.

Case IV. Assume ReC1e
−im1θ0 < 0. Then

w(x) = (−m1C1)
−m1μ

(
a+ o(1)

)
x−λ−(m1−1)μ exp

(
−C1x

m1 − · · · − CKxmK
)

for x→ eiθ0∞.

Remark 3.8. Suppose k = 0 and m1 = K = 1 in Theorem 3.7. Owing to
Example 3.6, we have

φ0(x) = a0 + a1x+ · · · , ψ0(x) = b0 + b1x+ · · ·

bj =

j∑
ν=0

aj−ν
(μ)ν(λ+ μ+ 1 + j − ν)ν

(−C)νν!
=

j∑
ν=0

aj−ν
(μ)ν(−λ− μ− j − 1)ν

Cνν!
.

4. Middle convolution of a differential operator

In this section we study the differential equation satisfied by the Riemann-
Liouville transform of a solution to a linear differential equation on P 1

C
. The result-

ing equation is the middle convolution of the original equation.
For P ∈W [x] we put

(4.1) ∂KP = ∂K
∑

ai,jx
i∂j =

∑
i,j

ci,j∂
iϑj

Here we choose K ∈ Z≥0 so that K ≥ i − j for any (i, j) with ai,j 
= 0. Then for
μ ∈ C we define the middle convolution mcμ(P ) by

(4.2) mcμ(P ) = ∂−N
∑
i,j

ci,j∂
i(ϑ− μ)j ∈W [x].

Here N ∈ Z≥0 is taken to be maximal so that
∑

i,j ci,j∂
i(ϑ − μ)j ∈ ∂NW [x] for

P 
= 0. It is clear that mcμ(P ) does not depend on the choice of K. Note that

(4.3) mcμ′ ◦mcμ(P ) = mcμ+μ′(P ) and mc−μ ◦mcμ(P ) = P

if P /∈ ∂W [x].
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Remark 4.1. For P ∈ W (x) we define mcμ(P ) = mcμ(φP ) with φ ∈ C(x) so
that φ 
= 0, φP ∈W [x] and degx φP is minimal. In [O1, 1.1] we define the map R
of W (x) to W [x] by RP = φP .

Theorem 4.2. Let P ∈ W [x] and u(x) be a solution to Pu = 0 with the
asymptotic expansion (2.20). If mj ∈ Z>0 and

(4.4) λ /∈ Z and λ+ μ /∈ Z

or

(4.5) ReC1e
−im1θ0 > 0

in (2.20), then

(4.6) mcμ(P )(Iμ0 u) = 0.

Proof. Let Q ∈ W [x]. Then Qu has an asymptotic expansion of the form

(2.20) by changing λ and φ̂(x) by λ0 and φ̂0(x). Here λ0 = λ + μ /∈ Z if (4.4) is
not valid. Under the notation (4.1) and (4.2)

0 = Iμ0 (∂
KPu) = Iμ0 (

∑
ci,j∂

iϑju) =
∑

ci,j∂
i(ϑ− μ)Iμ0 (u) = ∂Nmcμ(P )Iμ0 (u).

Put u0 = mcμ(P )Iμ0 (u). The equation ∂Nu0 = 0 means u0 ∈ C[x]. On the other
hand, Theorem 3.1 implies

u0 ∼ e−
C1

xm1 −···− CK
xmK

∑
xλ0φj(x) log

j x (x→ eiθ00)

and therefore u0 = 0. �

Remark 4.3. i) In the above theorem the condition Pu = 0 implies that
mcμ(P )Iμ0 (u) is a polynomial or 0 even without the condition λ + μ /∈ Z, which
follows from the above proof.

ii) Note that ∂(x2∂ + 1)u = 0 with u(x) = 1 + e
1
x . Then (x2∂ + 1)u 
= 0 and

u(x) ∼ e
1
x for x→ +0 and u(x) ∼ 1 for x→ −0.

We define

W0[x]∂
μ := W [x]⊗ C[∂−1]⊗ ∂μ,

∂μ′
∂μ′

= ∂μ+μ′
and ∂μx = x∂μ + μ∂μ−1.

Then

W0[x]∂
μ′ ×W0[x]∂

μ � (P ′, P ) �→ P ′P ∈W [x]0∂
μ+μ′

and the map

Ad(∂μ) : W0[x] � P �→ ∂μP∂−μ ∈W0[x]

defines an endomorphism of the ring W0[x]. Then mcμ(P ) = ∂N ′−μP∂μ. Here N ′

is a minimal integer so that ∂N ′−μP∂μ ∈W [x].

Remark 4.4. Replacing ∂−μ by Iμa , W0[x]∂
−μ acts on a local singular solution

u(x) of a differential equation. Then the following calculation is valid.

(4.7) Pu = 0 ⇒ P∂μ∂−μu = 0 ⇒ (∂N ′−μP∂μ)(∂−μu) = 0 ⇒ mcμ(P )Iμa u = 0.
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Example 4.5. We calculate the equation Pv = 0 satisfied by v(x) = (Iμ0 u)(x)

with u(x) = xλe−
C
x , ReC > 0 and x > 0, which is the function in Example 2.2

with λ′ = C ′ = 0. Namely, v(x) = 1
Γ(μ)

∫ x

0
tλe−

C
t (x − t)μ−1dt satisfies Pv = 0.

Since
u′(x)

u(x)
=

λ

x
+

C

x2
=

λx+ C

x2
,

we have

P = mcμ Ad
(
xλe−

C
x

)
∂

= mcμ
(
x2∂ − (λx+ C)

)
= mcμ

(
∂x2∂ − ∂(λx+ C)

)
= mcμ

(
∂x(x∂ − λ)− C∂

)
= mcμ

(
(ϑ+ 1)(ϑ− λ)− C∂

)
= (ϑ+ 1− μ)(ϑ− λ− μ)− C∂

= ϑ2 − (λ+ 2μ− 1)ϑ+ (μ+ λ)(μ− 1)− C∂

= x2∂2 + x∂ − (λ− 2μ− 1)x∂ + (μ+ λ)(μ− 1)− C∂

= x2∂2 −
(
C + (2μ− λ− 2)x

)
∂ + (μ+ λ)(μ− 1).

Remark 4.6. To calculate mcμ the following formula is useful

xn∂n = ϑ(ϑ− 1) · · · (ϑ− n+ 1),

∂nxn = (ϑ+ 1)(ϑ+ 2) · · · (ϑ+ n),

∂mϑn = (ϑ+m)n∂m,

ϑ2 = x2∂2 + x∂, ϑ3 = x3∂3 + 3x2∂2 + x∂,

ϑ4 = x4∂4 + 6x3∂3 + 7x2∂2 + x∂.

(4.8)

This is easily checked by the action to the function xλ which is an eigenvector to
the operator ϑ. Calculations of mcμ(P ), Ad(φ)(P ) and other related operations in
W (x) are realized by a computer program in [O7].

5. Differential equation on P 1
C

In this section we review the Riemann scheme and the spectral type and the
middle convolution mcμ of a linear differential equation

(5.1) Pu = 0

on P 1
C
. See [O6] for the details.

Hereafter in this paper we assume that any singularity of the equation (5.1)
is a regular singularity or an unramified irregular singularity. We will define a
generalized Riemann scheme, which we denote by GRS in this paper, and a spectral
type as in the case of Fuchsian differential equations defined by [O1].

Put

λ(x) = λ0 + λ1x
r1 + · · ·+ λmxrm (0 < r1 < · · · < rm).

Here λj ∈ C. We define the characteristic function eλ(x) with the exponent λ(x)
by

eλ(x) := x−λ0 exp
(
−λ1

xr1

r1
− · · · − λm

xrm

rm

)
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and put ěλ(x) := eλ(
1
x ) = xλ0 exp

(
− λ1

r1xr1
− · · · − λm

rmxrm

)
. Then(

ϑ+ λ(x)
)
eλ(x) = 0, Ad

(
eλ(x)

)
ϑ = ϑ+ λ(x), eλ(x)eλ(x) = eλ+λ(x),(

ϑ− λ( 1x )
)
ěλ(x) = 0, Ad

(
ěλ(x)

)
ϑ = ϑ− λ( 1x ).

Definition 5.1. Let x = c be a singularity of the equation (5.1). For a polyno-
mial λ ∈ C[x] and a positive integer m the equation has a generalized characteristic
exponent [λ](m) if the equation has formal solutions

uν(y) = ěλ+ν(y) + ψν(y)ěλ+m(y) (ν = 0, . . . ,m− 1)

with ψν ∈ C�x�(∞) and

C�x�(∞) =
∞⊕
j=0

C�x� logj x.

When m = 1, [λ](1) is called a characteristic exponent of the equation and may be
simply denoted by λ.

Here y is given by

(5.2) y =

{
x− c (c 
=∞),
1
x (c =∞)

with c = cj .
A generalized Riemann scheme, GRS in short, is the table

(5.3)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x = c0 =∞ · · · x = cp
[λ0,1](m0,1) · · · [λp,1](mp,1)

...
...

...
[λ0,n1

](m0,n1
) · · · [λp,np

](mp,np )

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .

Here

n = mj,1 + · · ·+mj,nj
(j = 0, . . . , p)

are (p + 1) tuples of partitions of n. The Riemann scheme corresponding to (5.3)
is given by putting

(5.4) [λ](m) :=

⎛⎜⎜⎝
λ

λ+ 1
...

λ+m− 1

⎞⎟⎟⎠ and [λ]m :=

⎛⎜⎜⎝
λ
λ
...
λ

⎞⎟⎟⎠ ∈ C[x]m.

Suppose

(5.5) λj,ν′ − λj,ν /∈
{
0, 1, . . . ,mj,ν − 1

}
(1 ≤ ν < ν′ ≤ nj , j = 0, . . . , p).

Then we define that P has GRS (5.3) if [λj,ν ](mj,ν) (ν = 1, . . . , nj) are generalized
characteristic exponents at x = cj for j = 0, . . . , p. (See the definition of GRS in
[O1] when (5.5) is not valid.)

Remark 5.2. Suppose

(5.6) deg(λj,ν − λj,ν′) > 0 or λj,ν − λj,ν′ /∈ Z (1 ≤ ν < ν′ ≤ nj , j = 0, . . . , p).

Then P has GRS (5.3) if and only if P has the Riemann scheme corresponding
to (5.3) and (5.1) has linearly independent solutions of the form ψ(y)ěλ(y) with
ψ(x) ∈ C�x�, namely, they have not any log y term.
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Remark 5.3. In [O1] we use the notation{
x = c (r1) · · · (rm)
λ0 λ1 · · · λm

}
for

{
x = c

λ0 + λ1x
r1 + · · ·+ λmxrm

}
,

which implies the existence of a solution u(x) ∼ x−λ0 exp(−λ1

r1
xr1 − · · · − λm

rm
xrm)

for x→∞ when c =∞.

Let
{
[λj,1](mj,1), . . . , [λj,nj

](mj,nj
)

}
be the set of generalized exponents of P at

the singular point cj . Then n = mj,1 + · · ·+mj,nj
be a partition of n = ordP . For

r ∈ Z≥0 we define equivalence relations ∼
j,r

between the elements of In := {1, . . . , n}
as follows. For i ∈ In, we put νj,i ∈ {1, . . . , nj} by

mj,1 + · · ·+mj,νj,i−1 < i ≤ mj,1 + · · ·+mj,νj,i

and define

(5.7) i ∼
j,r

i′ ⇐⇒
{
νj,i = νj,i′ (r = 0),

deg
(
λj,νj,i

(x)− λj,νj,i′ (x)
)
< r (r ≥ 1).

Let nj,r be the number of equivalence classes under ∼
j,r

and let Rj be the Poincaré

rank of P at the singular point cj . Then

nj,0 = nj ≥ nj,1 ≥ · · · ≥ nj,Rj
≥ nj,Rj+1 = 1.

By a suitable permutation of the indices ν ∈ {1, . . . , nj} of mj,ν we may assume

i ≤ i′′ ≤ i′, i ∼
j,r

i′ ⇒ i ∼
j,r

i′′.

Let

(5.8) n = m
(r)
j,1 + · · ·+m

(r)
j,nj,r

be the corresponding partition of n such that m
(0)
j,ν = mj,ν and for ν = 1, . . . , nj,r

(5.9) I
(r)
j,ν := {ν ∈ Z≥0 | m(r)

j,1 + · · ·+m
(r)
j,ν−1 < ν ≤ m

(r)
j,1 + · · ·+m

(r)
j,ν}

give the equivalence classes under ∼
j,r
. Note that {I(r)j,ν | ν = 1, . . . , nj,r} is a refine-

ment of {I(r+1)
j,ν | ν = 1, . . . , nj,r+1}. Then we define that the (R0+ · · ·+Rp+p+1)

tuples of partitions m =
(
m

(r)
j

)
r=0,...,Rj

j=0,...,p

=
(
m

(r)
j,ν

)
ν=1,...,nj,r

r=0,...,Rj

j=0,...,p

of n is the spectral type

of P and that of GRS (5.3). Then the number of full parameters of GRS (5.3) with

the spectral type
(
m

(r)
j,ν

)
ν=1,...,nj,r

r=0,...,Rj

j=0,...,p

equals R =
∑p

j=0

∑Rj

r=0 nj,r − 1. Here we note

that we always impose the Fuchs-Hukuhara relation on GRS.
As in the case of Fuchsian differential equation, this spectral type is expressed

by writing the numbers m
(r)
j,ν . The numbers are separated by “,” indicating different

singular points and by “|” indicating different levels of the equivalence relations:

m
(0)
0,1m

(0)
0,2 · · ·m

(0)
0,n0,0

| · · · |m(R1)
0,1 · · ·m(R1)

0,n0,R1
,m

(0)
1,1 · · · , · · ·m(Rp)

p,np,Rp
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The index of the rigidity of GRS (5.3) is defined by that of the tuples of the

partitions
(
m

(r)
j,ν

)
(cf. [O3,O1]):

idx{λm} := idxm = idx
(
m

(r)
j,ν

)
= 2n2 −

p∑
j=0

Rj∑
r=0

(
n2 −

nj,r∑
ν=1

(
m

(r)
j,ν

)2)

= 2n2 −
p∑

j=0

(
n2 −

nj∑
ν=1

m2
j,ν

)

−
p∑

j=0

nj∑
ν=1

nj∑
ν′=1

mj,νmj,ν′ deg
(
λj,ν(x)− λj,ν′(x)

)
.

(5.10)

Put ordm = mj,1 + · · · + mj,nj
= n. As in the Fuchsian case (cf. [O1, Defini-

tion 4.17]), the Fuchs-Hukuhara relation is given by

(5.11)

p∑
j=0

nj∑
ν=1

mj,νλj,ν(0) = ordm− 1
2 idxm.

The generalized Riemann scheme of mcμ(P ) is given by the following theorem.

Theorem 5.4 ([O1, Theorem 5.2], [Hi, Theorem 3.2]). Suppose P ∈ W [x]
has the generalized Riemann scheme

{
[λj,ν ](mj,ν)

}
ν=1,...,nj

j=0,...,p
given in (5.3) and it is

irreducible in W (x). We may assume λj,1 = 0 for j = 1, . . . , p and μ = λ0,1 − 1.
Here some mj,1 are allowed to be zero. If {λj,ν} and μ are generic (cf. [O1,Hi])
under this assumption, mcμ(P ) has GRS

{
[λ′

j,ν ](m′
j,ν)

}
ν=1,...,nj

j=0,...,p
given by

d(m) := 2n−
p∑

j=0

Rj∑
r=0

(
n−m

(r)
j,1

)
,

m′
j,ν = mj,ν − δν,1 · d(m) (1 ≤ ν ≤ nj , 0 ≤ j ≤ p),

λ′
j,0 = δj,0 · (1− μ) (j = 0, . . . , p),

λ′
j,ν = λj,ν +

(
(−1)δj,0 + deg λj,ν

)
· μ (1 ≤ ν ≤ nj , 0 ≤ j ≤ p)

and the index of rigidity and the irreducibility of P are kept under mcμ.

Remark 5.5. The above equality λ′
j,ν = λj,ν +

(
(−1)δj,0 + deg λj,ν

)
· μ was

wrongly written as λ′
j,ν = λj,ν + (−1)δj,0

(
1 + deg λj,ν

)
· μ in [O6, Theorem 5.3],

which should be corrected as above. Similarly the equalities in [O6, Remark 5.2]
should be

Iμx
λ =

Γ(λ+ 1)

Γ(λ+ μ+ 1)
xλ+μ (x > 0),

1

Γ(μ)

∫ ∞eiθ0

x

u(t)(t− x)μ−1dt =
( k∑
ν=0

c′νx
−ν + o(x−k)

)
x−λ−(m0−1)μ exp

(
−

K∑
j=1

Cjx
mj

)
(V ′

θ0,θ1,L � x→∞).

Remark 5.6. We can construct a differential equation with GRS (5.3) in the
following way.

We may assume mj,1 ≥ mj,ν for ν = 1, . . . , nj and j = 0, . . . , p. Suppose
the equation Pu = 0 has this GRS. We apply suitable additions to this equation so
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that the resulting GRS satisfies λj,1 = 0 for j = 1, . . . , p and deg λ0,1 = 0. Then
we apply mcλ1,0−1 to this resulting equation. If the GRS is rigid, namely, the index
of rigidity equals 2, then the order of the equation decreases by the application of
this middle convolution (cf. [O6, Remark 5.4 ii)]). Repeating this procedure, we
finally get the trivial equation u′ = 0. Inverting this procedure, we can construct
the differential equation Pu = 0 with a given rigid GRS together with an integral
representation of solutions to the equation.

There exist 345 Fuchsian spectral types with order up to 8, which are listed in
[O1, 13.2.3]. Hence the rigid spectral types allowing unramified singularities are
easily obtained up to order 8. For example, the spectral type 421, 43, 43, 52 in the
list corresponds to the following 5 spectral types with irregular singularities

421|43, 43, 52 421, 43|43, 52 412|52, 43, 43 412|52, 43|43 421|43|43, 52.

The following is an example of the reduction of spectral types.

412|52, 43, 43 −3−−→ 112|22, 13, 13 � 211|22, 31, 31 −2−−→ 11|2, 11, 11

� 11, 11, 11 (Gauss)
−1−−→ 1, 1, 1 (trivial)

The arrow −→ represents a middle convolution and � represents an addition. This
reduction gives a representation of a solution by a triple integral by means of the
inverse of the above procedure. The number −3 above the first arrow indicates
−d(m) = 3 + 2 + 3 + 3− 2 · 7. In general there are several way of the reduction of
a given GRS. Then we have different integral representations of the local solution.
See the last example in this paper.

6. Examples

In this last section we give simple examples to explain our results. The argu-
ments in this section will work in the general case.

6.1. Gauss hypergeometric family. Gauss hypergeometric equation and
its confluence are most fundamental and instructive. We examine them according
to their spectral types.

Case 1. 11, 11, 11

We may assume that the singular points of the equation with the spectral
type 11, 11, 11 are 0, 1 and ∞ by a fractional linear transformation. Then the
corresponding GRS is

H2 :

⎧⎨⎩
x = 0 1 ∞
λ0,1 λ1,1 λ2,1

λ0,2 λ1,2 λ2,2

⎫⎬⎭ (the Fuchs-Hukuhara relation:
∑

λi,j = 1)

and the equation with this GRS is uniquely determined since the spectral type
is rigid. Here λj,ν are complex parameters. Note that there are symmetries
given by λi,ν ↔ λi,3−ν for i ∈ {0, 1, 2} and ν ∈ {1, 2}. Another symmetry
(λ0,1, λ0,2)↔ (λ1,1, λ1,2) is induced from a fractional linear transformation. There
are six symmetries of this type.
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Let uj,λj,ν
(x) be the local solution characterized by

uj,λj,ν
(x) = fj(x)

λj,νφj,ν(x), fj(x) =

{
x (j = 0)

1− x (j = 1)
,

φj,ν(x) are holomorphic at x = j and φj,ν(j) = 1 for j = 0, 1 and ν = 1, 2.

Then we have

u0,λ0,2
(x) =

2∑
ν=1

c(0 : λ0,2 � 1 : λ1,ν)u1,λ1,ν
(x) (x ∈ (0, 1))

Here the connection coefficients c(0 : λ0,2 � 1 : λ1,ν) holomorphically depend on
λj,ν when λj,1 − λj,2 /∈ Z for j = 0, 1. They are determined by Theorem 3.1 as
follows.

A local solution corresponding to the exponent λ0,2 is given by

v(x) = xλ̃(1− x)λ̃
′
Iμ0
(
xλ(1− x)λ

′)
.

Corresponding transformation of the GRS{
x = 0 1 ∞
λ λ′ −λ− λ′

}
∂−μ

−−−→

⎧⎨⎩
x = 0 1 ∞
0 0 1− μ

λ+ μ λ′ + μ −λ− λ′ − μ

⎫⎬⎭ ×xλ̃(1−x)λ̃
′

−−−−−−−−→

⎧⎨⎩
x = 0 1 ∞

λ̃ = λ0,1 λ̃′ = λ1,1 1− μ− λ̃− λ̃′ = λ2,1

λ+ μ+ λ̃ = λ0,2 λ′ + μ+ λ̃′ = λ1,2 −λ− λ′ − μ− λ̃− λ̃′ = λ2,2

⎫⎬⎭
(6.1)

follows from Theorem 5.4 (cf. [O1, (1.8)]).
Theorem 3.1 Case I and Case III imply

v(x) =
Γ(λ+ 1)

Γ(λ+ μ+ 1)
u0,λ0,2

(x) = Cu1,λ1,1
(x) +

Γ(−λ′ − μ)

Γ(−λ′)
u1,λ1,2

(x)(6.2)

with C ∈ C and therefore we have

c(0 : λ0,2 � 1 : λ1,2) =
Γ(λ+ μ+ 1) · Γ(−λ′ − μ)

Γ(λ+ 1) · Γ(−λ′)

=
Γ(λ0,2 − λ0,1 + 1) · Γ(λ1,1 − λ1,2)

Γ(λ0,2 + λ1,1 + λ2,1) · Γ(λ0,2 + λ1,1 + λ2,2)
.

By the symmetry λ1,1 ↔ λ1,2 we have

u0,λ0,2
=

2∑
ν=1

Γ(λ0,2 − λ0,1 + 1) · Γ(λ1,3−ν − λ1,ν)

Γ(λ0,2 + λ1,3−ν + λ2,1) · Γ(λ0,2 + λ1,3−ν + λ2,1)
u1,λ1,ν

.(6.3)

Here we note that C ∈ C is given by Remark 3.3 ii), which corresponds to Theo-
rem 3.1 Case V. Applying symmetries given by fractional linear transformation, we
have other connection relations, which are given in [O2, §7 and (9.15)] in a unified
form.

Remark 6.1. i) Here the poles of Γ(λ0,2 − λ0,1 + 1) correspond to the
existence of logarithmic term of the local solution u0,λ0,2

and the poles of Γ(λ1,1 −
λ1,2) correspond to the existence of logarithmic term of the local solution at x = 1
with the exponent λ1,2. The poles of the numerator correspond to the fact that
the local solution u0,λ0,2

satisfies a differential equation of the first order whose
characteristic exponent at x = 1 equals λ1,1. This fact holds in general for the
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connection coefficients of rigid Fuchsian differential equations (cf. [O1, Chapter
12]).

ii) The symmetries induced by λj,1 ↔ λj,2 for j = 1, 2 and x �→ x
x−1 give 8

different Riemann-Liouville integral expression of the solution corresponding to the
exponent λ0,2.

iii) The condition for the irreducibility is give by

λ0,1 + λ1,i + λ2,j /∈ Z (i = 1, 2 and j = 1, 2).

Equation (3.4) in Theorem 3.1 gives the series expansion of Iμ0
(
xλ(1− x)λ

′)
in

Example 3.4, which shows

F (α, β, γ;x) =
Γ(β)

Γ(γ)
xγ−1Iγ−β

0

(
x1−β(1− x)−α

)
.

Then the GRS of F (α, β, γ;x) equals⎧⎨⎩
x = 0 1 ∞
0 0 α ;x

1− γ γ − α− β β

⎫⎬⎭ .

Owing to Theorem 4.2, we get Gauss hypergeometric equation. See [O1, Exam-
ple 1.8 i)] for the calculation and related results. Moreover [WW, Chapter XIV]
gives fundamental results related to Gauss hypergeometric function and [O2] gives
an elementary approach to Gauss hypergeometric function without an integration.

Case 2. 11|11, 11

We may assume that the singular points of the equation with the spectral type
11|11, 11 are ∞ and 0 and moreover ∞ is an irregular singular point. Then the
corresponding GRS equals⎧⎨⎩

x = 0 ∞
λ0,1 λ1,1 + αx
λ0,2 λ1,2 + βx

⎫⎬⎭ (α 
= β,
∑
j,ν

λj,ν = 1).

We may moreover assume GRS equals⎧⎨⎩
x = 0 ∞
1
2 −m k − x

2
1
2 +m −k + x

2

⎫⎬⎭(6.4)

by the transformations x �→ cx and Ad(xλeλ
′x) with suitable c, λ, λ′, m, k ∈ C.

We can construct the equation with this GRS and its solution by the operations,
namely, additions and a middle convolution by the transformation of GRS{

x = 0 ∞
0 0

}
xλe−x

−−−−→
{
x = 0 ∞
λ x− λ

}
∂−μ

−−−→

⎧⎨⎩
x = 0 ∞
0 1− μ

λ+ μ −λ+ x

⎫⎬⎭
×(x−λ+μ−1

2 e
x
2 )−−−−−−−−−−→

⎧⎨⎩
x = 0 ∞

1
2 −

λ+μ
2

λ−μ+1
2 − x

2
1
2 + λ+μ

2 −λ−μ+1
2 + x

2

⎫⎬⎭ ,

λ = m+ k − 1
2 , μ = m− k − 1

2 , m = λ+μ+1
2 , k = λ−μ

2 .
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Then the local solution v(x) at∞ corresponding to the exponent x
2 −k has the

asymptotic v(x) ∼ xke−
x
2 for x→ +∞ is the Whittaker function Wk,m(x). In fact

(cf. [WW, CHAPTER XVI]),

Wk,m(x) :=
xke−

x
2

Γ(m+ 1
2 − k)

∫ ∞

0

tm−k−1
2 e−t(1 + t

x )
m+k−1

2 dt

=
x−m+

1
2 e−

x
2

Γ(m+ 1
2 − k)

∫ ∞

0

tm−k−1
2 e−t(x+ t)m+k−1

2 dt

=
x−m+

1
2 e

x
2

Γ(m+ 1
2 − k)

∫ ∞

x

(s− x)m−k−1
2 e−ssm+k−1

2 ds

= x−m+
1
2 e

x
2 Ĩ

m−k+
1
2

+∞ (xm+k−1
2 e−x)

≈ xke−
x
2 (x→ +∞).

Here ≈ means the ratio of the both sides of the equation takes the value 1 at the
limit and this asymptotic follows from Theorem 3.7 Case I. More precisely, (3.7)
shows

(6.5) Wk,m(x) ∼ xke−
x
2 2F0(

1
2 −m− k, 1

2 +m− k;− 1
x ) for x→ +∞.

It is clear that
∫∞
x

in the above last integration may be replaced by
∫ eiθ0∞
x

if

|θ0| < π
2 . Put θ0 = Arg x. Suppose |x| > 1 and π

2 < |θ0| < 3π
2 . Put L = L1+C+L2.

Here L1 is the linear path from eiθ0∞ to eiθ0 , C is the path [0, 1] � t �→ ei(1−t)θ0

and L2 is the path from 1 to +∞. We define Ĩμ+∞ by a part of the path L.

× •x

eiθ0∞

×

•x L1

eiθ0∞

Then Theorem 3.7 Case IV implies the asymptotic Wk,m(x) ≈ xke−
x
2 for x→

eiθ0∞. Thus we have

(6.6) Wk,m(x) ≈ xke−
x
2 for x→ eiθ0∞ with |θ0| < 3π

2 and |θ0| 
= π
2 .

Here it is known that the condition |θ0| 
= π
2 is not necessary (cf. [Hu2]).

Moreover Theorem 3.1 Case III implies

Wk,m(x) ≈ Γ(−λ− μ)

Γ(−λ) x
1
2+m =

Γ(−2m)

Γ( 12 −m− k)
x
1
2+m (Re(λ+ μ) < 0, x→ +0).
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Since

Ad(x
1
2−me

x
2 )mcm+k+ 1

2
Ad(xm+k− 1

2 e−x)∂

= Ad(x
1
2−me

x
2 )mcm+k+ 1

2

(
∂ − m+k− 1

2

x + 1
)

= Ad(x
1
2−me

x
2 )mcm−k+ 1

2

(
∂(x∂ − (m+ k − 1

2 ) + x)
)

= Ad(x
1
2−me

x
2 )mcm−k+ 1

2

(
∂x(∂ + 1)− (m+ k − 1

2 )∂)
)

= Ad(x
1
2−me

x
2 )
(
(∂x− (m− k + 1

2 ))(∂ + 1)− (m+ k − 1
2 )∂
)

= Ad(x
1
2−me

x
2 )
(
x∂2 + (x− 2m+ 1)∂ + k −m+ 1

2

)
= x(∂ −

1
2−m

x − 1
2 )

2 + (x− 2m+ 1)(∂ −
1
2−m

x − 1
2 ) + k −m+ 1

2

= x∂2 − x
4 + k +

1
4−m2

x ,

Wk,m(x) is a solution to the Whittaker equation

(6.7) u′′ =
(1
4
− k

x
−

1
4 −m2

x2

)
u.

Another local solution Mk,m(x) given in [WW, CHAPTER XVI] corresponding to
the exponent m+ 1

2 at 0 is obtained by the integral

∫ 1

0

tm−k+
1
2 (1− t)m+k−1

2 extdt =

∫ 1

0

(1− s)m−k−1
2 sm+k−1

2 ex(1−s)ds

= ex
∫ 1

0

(1− s)m−k−1
2 sm+k+

1
2 e−xs ds

s

= ex
∫ x

0

(1− s
x )

m−k−1
2 ( sx )

m+k+
1
2 e−s ds

s

= x−2mex
∫ x

0

(x− s)m−k−1
2 sm+k−1

2 e−sds

= x−2mexΓ(m− k + 1
2 )I

m−k+
1
2

0 (xm+k−1
2 e−x)
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and then

Mk,m(x) :=
xm+

1
2 e−

x
2 Γ(2m+ 1)

Γ( 12 +m− k)Γ( 12 +m+ k)

∫ 1

0

tm−k+
1
2 (1− t)m+k−1

2 extdt

=
x−m+

1
2 e

x
2 Γ(2m+ 1)

Γ(m+ k + 1
2 )

I
m−k+

1
2

0 (xm+k−1
2 e−x)

=
x−m+

1
2 e

x
2 Γ(2m+ 1)

Γ(m+ k + 1
2 )

I
m−k+

1
2

0

∞∑
n=0

xm+k−1
2+n (−1)nxn

n!

=
x−m+

1
2 e

x
2 Γ(2m+ 1)

Γ(m+ k + 1
2 )

∞∑
n=0

Γ(m+ k + 1
2 + n)(−1)n

Γ(2m+ n+ 1)n!
x2m+n

= xm+
1
2 e

x
2

∞∑
n=0

(m+ k + 1
2 )n

(2m+ 1)nn!
(−x)n

= xm+
1
2 e

x
2 1F1(m+ k + 1

2 ; 2m+ 1;−x).

By the symmetry m↔ −m of GRS (6.4), Mk,−m(x) is a solution to (6.7) and

(6.8) Wk,m(x) = Wk,−m(x) =
Γ(−2m)

Γ( 12 −m− k)
Mk,m(x) +

Γ(2m)

Γ( 12 +m− k)
Mk,−m(x).

Hence we have

Ĩ
m−k+

1
2

+∞ (xm+k−1
2 e−x) =

Γ(−2m)Γ(2m+ 1)

Γ( 12 −m− k)Γ( 12 +m+ k)
I
m−k+

1
2

0 (xm+k−1
2 ex)

+
Γ(2m)Γ(−2m+ 1)

Γ( 12 +m− k)Γ( 12 −m+ k)
I
−m−k+

1
2

0 (x−m+k−1
2 e−x)

=
sin(m+ k − 1

2 )π

sin 2mπ
I
m−k+

1
2

0 (xm+k−1
2 e−x)

+
sin(m− k + 1

2 )π

sin 2mπ
I
−m−k+

1
2

0 (x−m+k−1
2 e−x).

(6.9)

Note that GRS (6.4) has the coordinate symmetry⎧⎨⎩
x = 0 ∞
1
2 −m k − x

2 ;x
1
2 +m −k + x

2

⎫⎬⎭ =

⎧⎨⎩
x = 0 ∞
1
2 −m k + x

2 ;−x
1
2 +m −k − x

2

⎫⎬⎭(6.10)

corresponding to (x, k) �→ (−x,−k). Hence

(6.11) M−k,m(e±πix) = e±(m+ 1
2 )πiMk,m(x)

and W−k,m(e±πix) are solutions to (6.7). Note that

W−k,m(x) ≈ x−ke−
x
2 for x→ eiθ0∞ with |θ0| < 3

2π.
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Then we have

W−k,m(e±πix) =
Γ(−2m)

Γ( 12 −m+ k)
M−k,m(e±πix) +

Γ(2m)

Γ( 12 +m+ k)
M−k,−m(e±πix)

=
Γ(−2m)e±( 1

2+m)πi

Γ( 12 −m+ k)
Mk,m(x) +

Γ(2m)e±( 1
2−m)πi

Γ( 12 +m+ k)
Mk,−m(x),

≈ e∓kπix−ke
x
2 for x→ ei(θ0∓π)∞ with |θ0| < 3

2π.

(6.12)

Theorem 3.7 Case IV shows

Mk,m(x) =
x−m+

1
2 e

x
2 Γ(2m+ 1)

Γ(m+ k + 1
2 )

I
m−k+

1
2

0 (xm+k−1
2 e−x)

≈ Γ(2m+ 1)

Γ(m+ k + 1
2 )

e∓(m−k+ 1
2 )πixke−

x
2 for x→ e∓πi∞

(6.13)

and

(6.14) Mk,m(x) =
Γ(2m+ 1)e∓(m−k+ 1

2 )πi

Γ(m+ k + 1
2 )

Wk,m(x) + C±W−k,m(e±πix)

with C± ∈ C and |Arg x ± π
2 | < π, which is determined by the asymptotic of

Mk,m(x) for x→ +∞. Namely, (6.11), (6.13) and (6.12) imply

Mk,m(x) = e∓(m+ 1
2 )πiM−k,m(e±πix) ≈ Γ(2m+ 1)

Γ(m− k + 1
2 )

x−ke
x
2 (x→ +∞),

C± =
Γ(2m+ 1)e±kπi

Γ(m− k + 1
2 )

.(6.15)

On the other hand, we can also get (6.14) by (6.8) and (6.12).
Equation (6.7) is irreducible if and only if

(6.16) m± k + 1
2 /∈ Z.

This is proved as follows. First we note that the reducibility is a closed condi-
tion. If m±k+ 1

2 ∈ Z, the relations (6.8) and (6.12) imply the reducibility because
of the vanishing of one of the connection coefficients.

If the equation is reducible, there exists a solution u(x) satisfies an equation

of the first order. Then u(x) ∼ Cx
1
2−m or Cx

1
2+m with C 
= 0 for x → +0 and

u(x) ∼ C ′xke−
x
2 or C ′x−ke

x
2 with C ′ 
= 0 for x → +∞. For an example, suppose

u(x) ∼ Cx
1
2−m for x → +0 and u(x) ∼ C ′xke−

x
2 for x → +∞. Since u(x) has no

singularity in C \ {0}, the Fuchs-Hukuhara relation for the differential equation of
the first order implies d := m+ k− 1

2 ∈ Z≥0 and u(x) = C ′Wk,m(x). Note that the
equation satisfied by u(x) may have apparent singularities. Then d is a number of

zeros of u(x) on C \ {0} and xm− 1
2 e

x
2 u(x) corresponds a Laguerre polynomial of

degree d under a certain normalization.
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Case 3. 11|11|11. There is only one singular point and we may assume that it
is ∞.

{
x =∞
ax2 + bx

}
mc−μ−−−→

⎧⎨⎩
x =∞
1 + μ

ax2 + bx− μ

⎫⎬⎭→
⎧⎪⎨⎪⎩

x =∞
−x2

2 +m+ 1
2

x2

2 −m+ 1
2

⎫⎪⎬⎪⎭ , μ = m− 1
2 .(6.17)

The above last transformation is obtained by a transformation x �→ C1x+ C0 and

Ad(e
x2

4 ) with a = 1, b = 0 and μ = m− 1
2 . Note that the normalized solution u(x)

corresponding to the exponent x2

2 −m+ 1
2 has the asymptotic u(x) ∼ x−m− 1

2 e−
x2

2

for x→ +∞. Then

u(x) = e
x2

4 Ĩ−μ
+∞(e−

x2

2 ) =
e

x2

4

Γ(μ)

∫ ∞

x

e−
t2

2 (t− x)−μ−1dt

=
e

x2

4

Γ(μ)

∫ ∞

0

e−
(s+x)2

2 s−μ−1dt (s = t− x)

=
e−

x2

4

Γ(μ)

∫ ∞

0

e−
t2

2 −txt−μ−1dt (s �→ t)

= Dμ(x),

Dμ(x) ≈ xμe−
x2

4 for x→ +∞ (cf. Theorem 3.7 Case IV.

Here the parabolic cylinder function Dμ(x) is a solution to the Weber equation
Pu = 0, where

P = Ad(x
x2

4 )mc−μ Ad(e−
x2

2 )∂

= Ad(x
x2

4 )mc−μ(∂ + x)

= Ad(x
x2

4 )mc−μ(∂
2 + x∂ + 1)

= Ad(x
x2

4 )(∂2 + x∂ + μ+ 1)

= (∂ − x
2 )

2 + x(∂ − x
2 ) + μ+ 1

= ∂2 + 1
2 + μ− x2

4 .

Note that Dμ(x) = Dμ(−x) and D−μ−1(ix) is another solution to the equation.

It follows from GRS (6.17) that
√
xDμ(

√
2x) satisfies the Whittaker equation

and the asymptotic for x→ +∞ shows

Dμ(x) = 2
μ
2 + 1

4 x− 1
2Wμ

2 ,−
1
4
(x

2

2 ).

The condition for the irreducibility is

μ = m− 1
2 /∈ Z.

Note that e−
x2

4 Dμ(x) is the Hermite polynomial of degree μ for μ ∈ Z≥0.

Versal unfolding (Gauss hypergeometric family)
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The versal equation Pu = 0 of Gauss hypergeometric family is given in [O1,
Example 2.5], which is

P = mcμ ◦Ad
(
exp
(
−
∫

λ1dx

1− c1x
−
∫

λ2xdx

(1− c1x)(1− c2x)

))
∂

= mcμ
(
∂ +

λ1

1− c1x
+

λ2x

(1− c1x)(1− c2x)

)
= mcμ

(
∂(1− c1x)(1− c2x)∂ + ∂(λ1(1− c2x) + λ2x)

)
=
(
(1− c1x)∂ + c1(μ− 1)

)(
(1− c2x)∂ + c2μ

)
+ λ1∂ + (λ2 − λ1c2)(x∂ + 1− μ)

= (1− c1x)(1− c2x)∂
2

+
(
(c1 + c2)(μ− 1) + λ1 +

(
2c1c2(1− μ) + λ2 − λ1c2)x

)
∂

+ (μ− 1)(c1c2μ+ λ1c2 − λ2)

and a solution is given by

Iμc exp
(
−
∫

λ1dx

1− c1x
−
∫

λ2xdx

(1− c1x)(1− c2x)

)
= Iμc

(
(1− c1x)

λ1
c1

+
λ2

c1(c1−c2) (1− c2x)
λ2

c2(c2−c1)
)
.

Here c = 1
c1

or 1
c2

or ∞. If c1c2(c1 − c2) 
= 0, the corresponding GRS is⎧⎨⎩
x = 1

c1
1
c2

∞
0 0 1− μ

λ1

c1
+ λ2

c1(c1−c2)
+ μ λ2

c2(c2−c1)
+ μ −λ1

c1
+ λ2

c1c2
− μ

⎫⎬⎭ .

Since (
λ2

c2(c2−c1)
+ μ

)
+
(
−λ1

c1
+ λ2

c1c2
− μ

)
= −λ1

c1
+ λ2

c1(c2−c1)

and

lim
c2→0

c2
(

λ2

c2(c2−c1)
+ μ

)
= −λ2

c1
and lim

c2→0
(1− c2x)

− K
c2 = eKx,

we have ⎧⎨⎩
x = 1

c1
∞

0 1− μ
λ1

c1
+ λ2

c21
+ μ −λ2

c1
x− λ1

c1
− λ2

c21

⎫⎬⎭ (c1 
= c2 = 0),

which is also obtained by

λ1

1−c1x
+ λ2x

1−c1x
= λ1

1−c1x
+ λ2

c1(1−c1x)
− λ2

c1
.

6.2. Hypergeometric family. The spectral type of the generalized hyperge-

ometric function nFn−1(α1, . . . , αn;β1, . . . , βn−1;x) is

n︷ ︸︸ ︷
1 · · · 1, (n− 1)1,

n︷ ︸︸ ︷
1 · · · 1 and it

is explained in [O1, 13.4].
We examine a confluence of the generalized hypergeometric function 3F2 with

the following spectral type:
111|21, 111
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The corresponding GRS is realized by

{
x =∞ 0
x− λ λ

}
mcμ−−−→

⎧⎨⎩
x =∞ 0
1− μ 0
x− λ λ+ μ

⎫⎬⎭ Ad(xλ′
)−−−−−→

⎧⎨⎩
x =∞ 0

1− μ− λ′ λ′

x− λ− λ′ λ+ μ+ λ′

⎫⎬⎭
mcμ′−−−→

⎧⎪⎪⎨⎪⎪⎩
x =∞ x = 0

1− μ′ = 1− λ1,1 + λ0,1 0
1− μ− λ′ − μ′ = 1− λ1,2 + λ0,1 λ′ + μ′ = λ0,2 − λ0,1

x− λ− λ′ = x− λ1,3 + λ0,1 λ+ μ+ λ′ + μ′ = λ0,3 − λ0,1

⎫⎪⎪⎬⎪⎪⎭
with μ = λ1,2 − λ0,2, μ′ = λ1,1 − λ0,1, λ = λ0,3 − λ1,2, λ′ = λ0,2 − λ1,1,

λ0,1 + λ0,2 + λ0,3 = λ1,1 + λ1,2 + λ1.3.

Solutions to the corresponding equation are given by

u∞(x) = Ĩμ
′

+∞xλ′
Ĩμ+∞(xλe−x)

∼ Ĩμ
′

∞xλ+λ′
∞∑
n=1

(−λ)n(μ)n(−1)n
n!

x−ne−x

∼
( ∞∑
m=0

∞∑
n=0

(−λ− λ′ + n)m(−λ)n(μ′)m(μ)n
m!n!

(−x)−m−n
)
xλ+λ′

e−x

=
( ∞∑
m=0

∞∑
n=0

(λ0,1 − λ1,3)m+n(λ1,2 − λ0,3)n(λ1,1 − λ0,1)m(λ1,2 − λ0,2)n
(λ0,1 − λ1,3)nm!n!

× (− 1
x )

m+n
)
xλ1,3−λ0,1e−x ≈ xλ1,3−λ0,1e−x (x→ +∞),

u∞(x) ≈ Γ(−λ− μ) · Γ(−λ− λ′ − μ− μ′)

Γ(−λ) · Γ(−λ− λ′ − μ)
xλ+λ′+μ+μ′

=
Γ(λ0,2 − λ0,3) · Γ(λ0,1 − λ0,3)

Γ(λ1,2 − λ0,3) · Γ(λ1,1 − λ0,3)
xλ0,3−λ0,1 (x→ +0

if Re(λ0,3 − λ0,2) < 0 and Re(λ0,3 − λ0,1) < 0),

u0(x) := Iμ
′

0 xλ′
Iμ0 (x

λe−x) =
1

Γ(μ) · Γ(μ′)

∫ x

0

tλ
′
(x− t)μ

′
∫ t

0

sλe−s(t− s)μ ds
s

dt
t

= Iμ
′

0 xλ′
∞∑

n=0

(−1)nΓ(λ+ 1 + n)

Γ(λ+ μ+ 1 + n)n!
xλ+μ+n

=
∞∑

n=0

(−1)nΓ(λ+ 1 + n) · Γ(λ+ λ′ + μ+ 1 + n)

Γ(λ+ μ+ 1 + n) · Γ(λ+ λ′ + μ+ μ′ + 1 + n)
xλ+λ′+μ+μ′+n

=
Γ(λ0,3 − λ1,2 + 1) · Γ(λ0,3 − λ1,1 + 1)

Γ(λ0,3 − λ0,2 + 1) · Γ(λ0,3 − λ0,1 + 1)
xλ0,3−λ0,1

× 2F2(λ0,3 − λ1,2 + 1, λ0,3 − λ1,1 + 1;λ0,3 − λ0,2 + 1, λ0,3 − λ0,1 + 1;−x).

Here we remark that the connection coefficient of the solution u∞(x) to the local
solution u0(x) at the origin equals

(6.18)
sin(λ0,2 − λ0,3)π · sin(λ0,1 − λ0,3)π

sin(λ1,2 − λ0,3)π · sin(λ1,1 − λ0,3)π
.
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Applying Ad(xλ0,1) to our GRS, it changes into

(6.19)

⎧⎪⎪⎨⎪⎪⎩
x =∞ x = 0
1− λ1,1 λ0,1

1− λ1,2 λ0,2

x− λ1,3 λ0,3

⎫⎪⎪⎬⎪⎪⎭ with λ0,1 + λ0,2 + λ0,3 = λ1,1 + λ1,2 + λ1,3.

Then we have obtained the normalized connection coefficients

(6.20) c(∞ : x− λ1,3 � 0 : λ0,3) =
Γ(λ0,2 − λ0,3) · Γ(λ0,1 − λ0,3)

Γ(λ1,2 − λ0,3) · Γ(λ1,1 − λ0,3)
.

The poles of the denominator of the connection coefficient implies that u∞,x−λ1,3

satisfies a differential equation of the second order.
To get a solution corresponding to another exponent at ∞, we consider the

procedure{
x =∞ 0
x− λ λ

}
mcμ−−−→

⎧⎨⎩
x =∞ 0
1− μ 0
x− λ λ+ μ

⎫⎬⎭ Ad(xλ′
ex)−−−−−−→

⎧⎨⎩
x =∞ x = 0

−x+ 1− μ− λ′ λ′

−λ− λ′ λ+ μ+ λ′

⎫⎬⎭
mcμ′−−−→

⎧⎪⎪⎨⎪⎪⎩
x =∞ x = 0
1− μ′ 0

−x+ 1− μ− λ′ − μ′ λ′ + μ′

−λ− λ′ − μ′ λ+ μ+ λ′ + μ′

⎫⎪⎪⎬⎪⎪⎭
Ad(xλ0,1 )−−−−−−→

x	→−x−−−−→

⎧⎪⎪⎨⎪⎪⎩
x =∞ x = 0

1− μ′ − λ0,1 = 1− λ1,1 λ0,1

x+ 1− μ− λ′ − μ′ − λ0,1 = x− λ1,3 λ′ + μ′ + λ0,1 = λ0,2

−λ− λ′ − μ′ − λ0,1 = 1− λ1,2 λ+ μ+ λ′ + μ′ + λ0,1 = λ0,3

⎫⎪⎪⎬⎪⎪⎭
and put

ũ∞(x) := Ĩμ
′

+∞xλ′
exĨμ+∞(xλe−x)

∼ Ĩμ
′

+∞
(
xλ+λ′

2F0(−λ, μ;− 1
x )
)

(x→ +∞)

∼ Γ(−λ− λ′ − μ′)

Γ(−λ− λ′)
xλ+λ′+μ′

3F1(−λ, μ,−λ− λ′ − μ′;−λ− λ′;− 1
x )

(x→ +∞),

ũ∞(x) ≈ Γ(−λ− μ) · Γ(−λ− λ′ − μ− μ′)

Γ(−λ) · Γ(−λ− λ′ − μ)
xλ+λ′+μ+μ′

(x→ +0, Re(λ+ μ) < 0,

Re(λ+ λ′ + μ+ μ′) < 0).

Thus we have

c(−∞ : 1− λ1,2 � 0 : λ0,3)

= eλ0,3πi
Γ(λ1,1 − λ1,2 + 1) · Γ(λ0,2 − λ0,3) · Γ(λ0,1 − λ0,3)

Γ(λ0,1 − λ1,2 + 1) · Γ(λ0,2 − λ1,2 + 1) · Γ(λ1,1 − λ0,3)

(6.21)

and

3F1(−λ,−λ− λ′ − μ′, μ;−λ− λ′;− 1
x )

= 3F1(λ0,1 − λ1,2 + 1, λ0,2 − λ1,2 + 1, λ0,3 − λ1,2 + 1;λ1,2 − λ1,1 + 1;− 1
x ).
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Here the local solution u−∞,1−λ1,2
at −∞ is given by

u−∞,1−λ1,2
(x) :=

Γ(−λ− λ′)

Γ(−λ− λ′ − μ)
(eπix)λ0,1 ũ∞(eπix)

≈ (eπix)λ1,2−1 for x→ e−πi∞
(6.22)

which is uniquely characterized by this asymptotic and then

(6.23) u−∞,1−λ1,2
=

3∑
ν=1

c(−∞ : 1− λ1,2 � 0 : λ0,ν)u0,λ0,ν
.

If λ0,ν − λ1,2 + 1 ∈ Z≤0, u−∞,1−λ1,2
satisfies a differential equation of the first

order for ν = 1, 2, 3. If λ1,1−λ0,ν ∈ Z≤0, u−∞,1−λ1,2
satisfies a differential equation

of the second order for ν = 1, 2, 3.
By the symmetry of GRS (6.19) with respect to the exponents λ0,ν for ν =

1, 2, 3 and the exponents 1 − λ1,ν for ν = 1, 2, we have normalized 3 solutions
corresponding to the 3 exponents at each singular point and the connection relation
between the singular points 0 and ∞.

The above procedure is valid for the spectral type

n︷ ︸︸ ︷
1 · · · 1 |(n− 1)1,

n︷ ︸︸ ︷
1 · · · 1.

Namely, applying Ad(xλ′′
)mcμ′′ to (6.19) several times with various (λ′′, μ′′), we

get ⎧⎨⎩
x =∞ x = 0

1− λ1,ν (1 ≤ ν < n) λ0,ν (1 ≤ ν ≤ n)
x− λ1,n

⎫⎬⎭ ( n∑
ν=1

λ0,ν =

n∑
ν=1

λ1,ν

)
,

which is symmetric with respect to the parameters in {λ0,ν | 1 ≤ ν ≤ n} and the
parameters in {λ1,ν | 1 ≤ ν < n}. The local solutions are given by

u0,λ0,n
= xλ0,ν

n−1Fn−1(λ0,n − λ1,ν (1 ≤ ν < n) ; λ0,n − λ0,ν (1 ≤ ν < n) ; x),

u∞,1−λ1,1
= (eπix)λ1,1−1

nFn−2(λ0,ν − λ1,1 + 1 (1 ≤ ν ≤ n) ;

λ1,1 − λ1,ν (1 < ν < n) ; − 1
eπix ) (x→ e−πi∞),

u∞,x−λ1,n
= xλ0,1 Ĩλ1,1−λ0,1

∞ xλ0,2−λ1,1 Ĩλ1,2−λ0,2
∞ xλ0,3−λ1,2 · · ·

· · · Ĩλ1,n−1−λ0,n−1
∞ (xλ0,n−λ1,n−1e−x)

≈ xλ1,ne−x (x→ +∞)

and the connection coefficients are

c(−∞ : 1− λ1,1 � 0 : λ0,n) = eλ0,nπi

×
∏

1<ν<n Γ(λ1,ν − λ1,1 + 1) ·
∏

1≤ν<n Γ(λ0,ν − λ0,n)∏
1<ν<n Γ(λ1,ν − λ0,n) ·

∏
1≤ν<n Γ(λ0,ν − λ1,1 + 1)

,

c(∞ : x− λ1,n � 0 : λ0,n) =

∏
1≤ν<n Γ(λ0,ν − λ0,n)∏
1≤ν<n Γ(λ1,ν − λ0,n)

.
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6.3. Jordan Pochhammer family. The spectral type of Jordan-Pochhammer
equation is

(p− 1)1, (p− 1)1, · · · , (p− 1)1︸ ︷︷ ︸
p+1blocks

(p = 2 ⇒ Gauss)

Integral representation of the solution u(x) of the corresponding versal equation
is given by

u(x) = Iμc (φ),(6.24)

φ(x) = exp
(
−
∫ p∑

k=1

λkx
k−1

(1− c1x)(1− c2x) · · · (1− ckx)

)

=

p∏
j=1

(1− cjx)
∑p

k=j

λj
cj

∏
j≤ν≤k, ν �=j(cj−cν ) (ci 
= cj 
= 0 for i 
= j).

(6.25)

The GRS of the equation is⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x =∞ x = 1

cj
(j = 1, . . . , p)

[1− μ](p−1) [0](p−1)
p∑

k=1

(−1)kλk∏k
ν=1 cν

− μ

p∑
k=j

λk

cj
∏

1≤ν≤k,ν �=j(cj − cν)
+ μ

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(ci 
= cj 
= 0 for i 
= j),

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x =∞

[1− μ](p−1)
p∑

k=1

λkx
k + (p− 1)μ

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (c1 = · · · = cp = 0).

Suppose λp = 1 and c1 = · · · = cp = 0. In view of Remark 4.6 the corresponding
equation Pu = 0 is given by

P = mcμ
(
∂ +

p∑
k=1

λkx
k−1
)

= mcμ
(
∂p +

p∑
k=1

∂p−1λkx
k−1
)

= mcμ
(
∂p +

p∑
k=1

λk(ϑ+ p− 1)(ϑ+ p− 2) · · · (ϑ+ p− k + 1)∂p−k
)

= ∂p +

p∑
k=1

λk(ϑ− μ+ p− 1)(ϑ− μ+ p− 2) · · · (ϑ− μ+ p− k + 1)∂p−k

and we have its solutions

um(x) =
1

Γ(μ)

∫ e
2mπ

p
i∞

x

e−
∑p

k=1 λk
tk

k (t− x)μ−1dt

≈ x−(p−1)μe−
xp

p (x→ e
2mπ

p i∞)

for m = 0, . . . , p− 1.
We consider the spectral type 21|21, 21, 21.
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21|21, 21, 21 −2−−→ 1|1, 1, 1⎧⎨⎩
x =∞ 0 y

[1− λ3](2) [0](2) [0](2)
αx+ λ2 λ0 λ1

⎫⎬⎭ (α 
= 0, λ0 + λ1 + λ2 = 2λ3)

mc−λ3−−−−→
{

x =∞ 0 y
αx+ λ2 λ0 − λ3 λ1 − λ3

}
.

We can consider another reduction.
21|21, 21, 21 � 21|21, 21, 12 −1−−→ 11|11, 11, 2 � 11|11, 11 −1−−→ 1, 1, 1⎧⎨⎩

x =∞ 0 y
[1− λ3](2) [0](2) [0](2)
αx+ λ2 λ0 λ1

⎫⎬⎭ (λ0 + λ1 + λ2 = 2λ3)

Ad
(
(y−x)−λ1

)
−−−−−−−−−−→

⎧⎨⎩
x =∞ 0 y

[1 + λ1 − λ3](2) [0](2) [−λ1](2)
αx+ λ1 + λ2 λ0 0

⎫⎬⎭
mcλ1−λ3−−−−−−→

⎧⎨⎩
x =∞ 0 y

1− λ1 + λ3 0 [−λ3](2)
αx+ λ1 + λ2 λ0 + λ1 − λ3

⎫⎬⎭
Ad(y−x)λ3

−−−−−−−→

⎧⎨⎩
x =∞ 0
1− λ1 0

αx+ λ1 + λ2 − λ3 λ0 + λ1 − λ3

⎫⎬⎭
mc−λ1−−−−→

{
x =∞ 0

αx+ λ1 + λ2 − λ3 λ0 − λ3

}
.

Then the normalized local solution u0,λ0
corresponding to the exponent λ0 is given

by

u0,λ0
=

Γ(λ0 + 1)

Γ(λ0 − λ3 + 1)
Iλ3
0

(
xλ0−λ3(1− x

y )
λ1−λ3e−αx

)
=

Γ(λ0 + 1)

Γ(λ0 − λ3 + 1)
Iλ3−λ1
0

(
(1− x

y )
−λ3Iλ1

0

(
xλ0−λ3e−αx

))
.

Here |y| > |x| > 0.

Remark 6.2. i) Iλ1
0

(
xλ0−λ3e−αx

)
is expressed by using the Whittaker func-

tion Mk,m(x).
ii) If α = 0, the equation is reducible.
iii) We remark that the function u0,λ0

(x, y) satisfies a confluent KZ equation
with the variables x and y which is given in [O5, Example 7.6] with (x0, x1, x2) =
(x, y, 0) and a = 0. We will discuss such equations in another paper. The equation is
a confluence of Appell’s F1. Note that the coordinate transformation (x, y) �→ (x, xy )

is an automorphism of confluent KZ equations of this type (cf. [O3, §6]).
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The Riemann-Hilbert approach to the generating function of
the higher order Airy point processes

Mattia Cafasso and Sofia Tarricone

Abstract. We prove a Tracy-Widom type formula for the generating function
of occupancy numbers on several disjoint intervals of the higher order Airy
point processes. The formula is related to a new vector-valued Painlevé II
hierarchy we define, together with its Lax pair.

1. Introduction

Let us consider the higher order Airy functions

(1.1) Ain(x) :=
1

π

∫ ∞

0

cos

(
y2n+1

2n+ 1
+ xy

)
dy, x ∈ R, n ∈ N,

and the associated kernels

(1.2) Kn(x, y) :=

∫ ∞

0

Ain(x+ z) Ain(y + z)dz.

It is easy to prove, using standard arguments in the theory of point processes
(Theorem 3 in [14]) that the kernels Kn, for any n ≥ 1, define a determinantal
point process whose correlation functions are given by the standard formula

ρ	;n(x1, . . . , x	) := det

(
Kn(xi, xj)

)	

i,j=1

� ≥ 1,

see Appendix A in [6]. The importance of these point processes stems from ap-
plications to statistical physics and combinatorics. Indeed, they are associated to
new universality classes generalizing the KPZ one (case n = 1). These universal-
ity classes describe both the limiting behavior of the momenta of non–interacting
fermions trapped in an anharmonic potential [13] and the one of multicritical ran-
dom partitions [4,10,11].

Let us denote with

ζ
(n)
1 > ζ

(n)
2 > ζ

(n)
3 > . . . > ζ

(n)
j > . . .
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the (random) points in the process, fix a collection {Aj , j = 1, . . . , k} of intervals
of the form

Aj = (xj , xj−1), with +∞ =: x0 > x1 > . . . > xk > −∞

and some real constants α1, . . . , αk such that αj ∈ [0, 1] for all j. We will denote

#
(n)
Aj

:= #{ζ(n)	 |ζ(n)	 ∈ Aj , � ≥ 0}

the random variable counting the number of points contained in the interval Aj ,
often called the occupancy number of Aj . We are interested in studying the gen-
erating function of the occupancy numbers for the above mentioned Aj , i.e. the
function

(1.3) Fn(�x, �α) = Fn(x1, . . . , xk;α1, . . . , αk) := E

⎡⎣ k∏
j=1

(1− αj)
#

(n)
Aj

⎤⎦ ,

whose derivatives give the joint probability law of k given particles in the process.
More precisely, given 1 ≤ m1 < . . . < mk,
(1.4)

P

⎛⎝ k⋂
j=1

(
ζ(n)mj

< xj

)⎞⎠ =
∑ (−1)j1+...jk

j1!j2! . . . jk!

∂j1+j2+...+jk

∂αj1
1 ∂αj2

2 . . . ∂αjk
k

Fn(�x, �α)
∣∣∣
�α=(1,...,1)

,

where the sum is taken over all indices j1, . . . , jk satisfying the conditions

j1 < m1, j1 + j2 < m2, · · · ,
k∑

	=1

j	 < mk.

(see for instance [2]). We also anticipate that Fn(�x, �α) can be expressed as a
Fredholm determinant, see (2.1) below and [14, Theorem 2]. This characterization
is the first step needed in order to obtain the main result of this paper: a Tracy–
Widom formula for Fn(�x, �α), relating the latter to a vector–valued version of the
Painlevé II hierarchy we are going to define. Our formula generalizes both the one
obtained by Claeys and Doeraene [7] for the case n = 1 and arbitrary k ≥ 1, and
the one obtained by one of the authors, Claeys and Girotti for arbitrary n ≥ 1 and
k = 1 [6].

In order to state precisely our result, we need to introduce some (vector–valued)
differential polynomials which will be used to define our hierarchy of equations. We
will work with the ring

R := C[u1, . . . , uk, Du1, . . . , Duk, D
2u1, . . .D

2uk, . . .]

generated by k functions uj : R � t �→ uj(t), j = 1, . . . , k and its derivatives, and
denote with D−1 the left–inverse of the derivation, such that D−1Dv = v for all v
in Im(D). Given �v, �w ∈ Rk, let us define

< �v, �w >:= �v� �w ∈ R, {�v, �w} := �v �w� + �w�v� ∈ Mat(k,R),

[�v, �w] := �v �w� − �w�v� ∈ Mat(k,R).

We will also denote �u := (u1, . . . , uk)
� ∈ Rk and with D(R) = Im(D) the set of to-

tal derivatives of any differential polynomials in R. Analogously for D(Mat(k,R)).
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Definition 1.1. Suppose that �v ∈ Rk is such that

< �u,�v >∈ D(R) and {�u,�v} ∈ D(Mat(k,R)).

We define
L�u
+�v := iD�v − i

(
D−1{�u,�v}

)
�u− 2i

(
D−1 < �u,�v >

)
�u.

Analogously, for any �v such that [�u,�v] ∈ D(Mat(k,R)), we define

L�u
−�v := iD�v + i

(
D−1[�u,�v]

)
�u.

Theorem 1.2. Let Fn(�x, �α) defined as in (1.3) with αj 
= αj+1 for all j ≤ k−1,
and αk+1 ≡ 0. Then

(1.5) Fn(�x, �α) = exp

(
−
∫ ∞

0

t < �u(t), �u(t) > dt

)
,

where �u(t) = �u(n, �x+t, �α) satisfies the following (vector-valued) ordinary differential
equation

(1.6)
(
L�u
+L�u

−

)n
�u(t) = − diag

(
x1 + t, . . . , xk + t

)
�u(t)

and have the following behavior at +∞

(1.7) �u(n, �x+ t, �α) =

(√
αj − αj+1 Ain(t+ xj)(1 + o(1))

)
j=1,...,k

.

Moreover, if αj+1 < αj then uj(n, �x+t, �α) is real-valued for real t. If αj+1 > αj,
then uj(n, �x+ t, �α) is purely imaginary for real t.

Remark 1.3. We will call the collection of equations in (1.6) the vector valued
PII hierarchy. Their formulation, from an algebraic point of view, is completely
analogous to the one we previously introduced, in collaboration with Thomas Both-
ner [5], for the integro-differential Painlevé II hierarchy, see also [12]. Note, how-
ever, that the results contained in this article cannot be deduced from the ones in
[5], because of the assumption of smoothness for the weight function w, see Section
1.3 in loc.cit.

Remark 1.4. We write down explicitly the first two members of the hierarchy
(1.6), using the shorthand notation �̇u = D�u to denote the derivative of �u. For n = 1,
in order to write down equation (1.6), we compute (omitting the dependence on t)(

L�u
+L�u

−

)
�u = L�u

+

(
L�u
−�u
)
= L�u

+

(
i�̇u
)
= −�̈u+D−1D(�u�u�)�u+ 2D−1D

(
�u��u

2

)
�u

= −�̈u+ 2�u�u��u.

Thus, equation (1.6) for n = 1 reads as
(1.8)

�̈u = 2�u�u��u+ diag
(
x1 + t, . . . , xk + t

)
�u i.e.

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ü1 = 2u1

∑k
j=1 u

2
j + (t+ x1)u1

ü2 = 2u2

∑k
j=1 u

2
j + (t+ x2)u2

...

ük = 2uk

∑k
j=1 u

2
j + (t+ xk)uk

that coincide indeed with the coupled system of Painlevé II equations introduced
in [7]. For n = 2, equation (1.6) is

(1.9)
....
�u = 4�̈u�u��u+ 8�̇u�̇u��u+ 6�u�u��̈u+ 2u�̇u��̇u− 6�u(�u��u)2 − (t+ �x)�u
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which is indeed a vector-valued version of the second member of the Painlevé II
hierarchy, see e.g. equation (1.6) in [6].

Remark 1.5. The composition of the two operators L�u
± that appears in the

definition of the hierarchy (1.6) should be intended as the vector-valued analogue of
the recursion operator used in [1] to define the higher order Painlevé II equations.
These operators are also very similar to the operators used in [15] to define the
vector-valued Schrödinger hierarchy.

The paper is organised as follows: in Section 2 we prove that the generating
function Fn(�x+t, �α) is equal to the Fredholm determinant of an integrable operator
of IIKS type [9]. As a byproduct, we formulate and use the Riemann-Hilbert
problem 2.3 to compute the logarithmic derivative of Fn(�x + t, �α) with respect to
t, and this concludes Section 2. In Section 3 we associate to the Riemann-Hilbert
problem 2.3 a Lax pair for the vector-valued Painlevé II hierarchy (1.6). Section 4
concludes, collecting all the previous results, the proof of Theorem 1.2.

2. Fn(�x, �α) and the associated Riemann-Hilbert problem

It is well known (see for instance [14]) that the generating function Fn(�x, �α)
defined in (1.3) can be expressed as a Fredholm determinant. More precisely,

(2.1) Fn(�x, �α) = det

⎛⎝I−
k∑

j=1

αjKn|Aj

⎞⎠ ,

where Kn is the integral operator associated to the kernel (1.2) and, for any Borel
subset B ⊆ R, Kn|B indicates the restriction of Kn to B. For our purposes, it is
convenient to recall a different representation of the kernel Kn written in (1.2) as
a double contour integral. In what follows, let us denote

(2.2) ψn(λ; t) :=
λ2n+1

2n+ 1
+ λt.

It is easy to show (see for instance [5]) that, for any real t,

(2.3) Ain(t) =
1

2π

∫
Γ+

exp
(
iψn(t;λ)

)
dλ =

1

2π

∫
Γ−

exp
(
− iψn(t;λ)

)
dλ,

where Γ+ is any smooth contour oriented from ∞eia to ∞eib with a ∈
(

2nπ
2n+1 , π

)
and b ∈ (0, π

2n+1 ) (see Fig. 1), and Γ− its reflection with respect to the real axis.

Actually, one can take (2.3) as an alternative definition of Ain (or, rather, of its
analytical continuation). Then, combining (1.2) with (2.3), one proves [5,6]

Lemma 2.1. The kernel defined in (1.2) admits the double–contour integral
representation

(2.4) Kn(x, y) =
i

(2π)2

∫
Γ+

dλ

∫
Γ−

dμ
ei(ψn(λ;x)−ψn(μ;y))

λ− μ
.



THE RH APPROACH TO HIGHER ORDER AIRY POINT PROCESSES 97

π
2n+1

2nπ
2n+1

Γ+

Figure 1. These are possible choices for the curve Γ+ appearing
the integral representation of the Airy function Ain.

We now define two vector–valued functions1 fn, gn : Γ −→ Rk+1, with Γ :=
Γ+ ∪ Γ−:

(2.5)

fn(λ) :=
1

2π

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ε−
i
2ψn(λ;0)χΓ−(λ)

√
α1 − α2ε

i
2ψn(λ;2t+2x1)χΓ+

(λ)
...

√
αk − αk+1ε

i
2ψn(λ;2t+2xk)χΓ+

(λ)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

gn(λ) :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ε
i
2ψn(λ;0)χΓ+

(λ)

√
α1 − α2ε

− i
2ψn(λ;2t+2x1)χΓ−(λ)

...

√
αk − αk+1ε

− i
2ψn(λ;2t+2xk)χΓ−(λ)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and denote with Ln : L2(Γ) −→ L2(Γ) the associated integral operator with inte-
grable (in the sense of [9]) kernel defined by the equation

(2.6) (λ− μ)Ln(λ, μ) = f�
n (λ)gn(μ).

The following proposition is a generalization of Proposition 2.1 in [6] (see also
[3] for the case n = 1 and k arbitrary).

Proposition 2.2. The generating function Fn(�x+ t, �α) coincide with the Fred-
holm determinant of the integrable operator Ln, i.e.

(2.7) det(I− Ln) = Fn(�x+ t, �α).

1The notation we used in (2.5) reflects the fact that it will be convenient, in the sequel, to
think about fn, gn as functions taking values in R⊕ Rk
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Proof. From the very definition of Ln, using the natural polarization of
L2(Γ) � L2(Γ+)⊕ L2(Γ−), we can write in block form

I− Ln =

⎛⎜⎝ I −Fn

−
k∑

j=1

(αj − αj+1)Gn;xj
I

⎞⎟⎠
where Fn : L2(Γ+) −→ L2(Γ−), Gn;xj

: L2(Γ−) −→ L2(Γ+), j = 1, · · · , k and
Fn,Gn;xj

have kernels given by

(μ− λ)Fn(μ, λ) =
1

2π
e

i
2 (ψn(λ;0)−ψn(μ;0))χΓ−(μ)χΓ+(λ),

(ξ − μ)Gn;xj
(ξ, μ) =

1

2π
e

i
2 (ψn(ξ;2t+2xj)−ψn(μ;2t+2xj))χΓ+(ξ)χΓ−(μ).

We consider the two corresponding operators Fn,Gn;xj
extended to the whole space

L2(Γ) = L2(Γ+)⊕L2(Γ−), acting trivially on the respective orthogonal component.
We first notice that both the operators Fn,Gn;xj

are Hilbert-Schmidt on the whole
space. Indeed:

(2.8)
∥∥Fn

∥∥2
2
=

1

(2π)2

∫
Γ+

|dλ|
∫
Γ−

|dμ|e
−I(ψn(λ;0)−ψn(μ;0))

|μ− λ|2 < +∞

and also

(2.9)
∥∥Gn;xj

∥∥2
2
=

1

(2π)2

∫
Γ−

|dμ|
∫
Γ+

|dξ|e
−I(ψn(ξ;2t+2xj)−ψn(μ;2t+2xj))

|ξ − μ|2 < +∞.

Moreover, they are both trace-class, since they both can be obtained as composition
of Hilbert-Schmidt operators. To see that, we consider a new contour Γ0 := R+ ε,
not intersecting neither Γ+ nor Γ−. We start by the case of Gn;xj

. We define the
following two operators

(2.10)

B(1)
n;xj

: L2(Γ−)→ L2(Γ0), with kernel B(1)
n;xj

(ζ, μ) =
e−

i
2ψn(μ;2xj+2t)

(ζ − μ)

B(2)
n;xj

: L2(Γ0)→ L2(Γ+), with kernel B(2)
n;xj

(λ, ζ) =
e

i
2ψn(λ;2xj+2t)

2π(ζ − λ)
.

Their composition gives B
(2)
n;xj ◦ B

(1)
n;xj = Gn;xj

and, since they are both Hilbert-
Schmidt, Gn;xj

is trace-class. The case Fn is treated similarly using the two oper-
ators

(2.11)

C(1)
n : L2(Γ+)→ L2(Γ0) with kernel C(1)

n (λ, μ) =
e−

i
2ψn(μ;0)

(μ− λ)

C(2)
n : L2(Γ0)→ L2(Γ−) with kernel C(2)

n (ζ, λ) =
e

i
2ψn(ζ;0)

2π(λ− ζ)
.



THE RH APPROACH TO HIGHER ORDER AIRY POINT PROCESSES 99

This means, in particular, that the Fredholm determinants det(I−Ln) and det(I−
Gn;xj

) are well defined, and moreover det(I−Gn;xj
) ≡ 1. Hence,

det(I− Ln) = det(I−Gn;xj
) det(I− Ln)

= det

⎛⎜⎝
⎛⎜⎝I −Fn

0 −
k∑

j=1

(αj − αj+1)Gn;xj
◦ Fn

⎞⎟⎠
⎞⎟⎠

= det

⎛⎝I−
k∑

j=1

(αj − αj+1)Gn;xj
◦ Fn

⎞⎠ ,

where the equality between the first and the second line is easily proven using
the block representation of Ln and Gn;xj

induced by the polarization L2(Γ) �
L2(Γ+)⊕ L2(Γ−).

Notice that each factor Gn;xj
◦ Fn : L2(Γ+) −→ L2(Γ+) has kernel equal to

(Gn;xj
◦ Fn)(ξ, λ) =

1

(2π)2
e

i
2

(
ψn(ξ;2t+2xj)+ψn(λ;0)

) ∫
Γ−

e−iψn(μ;t+xj)

(ξ − μ)(μ− λ)
dμ.

We now conjugate Gn;xj
◦Fn by the multiplication operator Pn with kernel Pn(λ, μ)

= e−
i
2ψn(λ,0)δ(λ− μ) so to obtain

(Pn ◦Gn;xj
◦ Fn ◦ P−1

n )(ξ, λ) =
1

(2π)2
ei(t+xj)ξ

∫
Γ−

ei(ψn(λ;0)−ψn(μ,xj+t)

(ξ − μ)(μ− λ)
dμ.

Next we observe that, in the double-contour integral representation (2.4) of Kn, one
can deform the contour Γ+ into R. Using this property and conjugating once more
with the standard Fourier transform (i.e. with the integral operator with kernel
F(x, ξ) = 1√

2π
e−ixξ) we finally obtain(

F ◦ Pn ◦Gn;xj
◦ Fn ◦ P−1

n ◦ F−1
)
(x, y)(2.12)

=
1

(2π)2

∫
R

dξ√
2π

ei(t+xj−x)ξ

∫
Γ−

dμ

∫
R

dλ√
2π

ei(ψn(λ;0)−ψn(μ,xj+t)

(ξ − μ)(μ− λ)
eiλy(2.13)

=

{
i

(2π)2

∫
Γ−

dμ
∫
R
dλ ei(ψn(λ;y)−ψn(μ,x))

λ−μ if x ≥ t+ xj

0 if x < t+ xj

,(2.14)

where the latter equality is obtained deforming the outer contour R toward +∞e±πi

(depending on the sign of t+ xj − x) and taking a residue. Since the conjugations
we performed do not change the value of the Fredholm determinant, we find

det(I− Ln) = det

⎛⎝I−
k∑

j=1

(αj − αj+1)Kn|[xj+t,∞)

⎞⎠ ,

and this latter is equal to Fn(�x+ t, �α) because of (2.1). �

As Ln is of integrable type, in the sense of [9], it is naturally associated to a
Riemann-Hilbert problem we are going to define, and whose jumps are given by the
k + 1 dimensional matrix JY (λ) := 1k+1 − 2πifn(λ)g

�
n (λ) for λ ∈ Γ.
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Riemann-Hilbert Problem 2.3. Find a sectionally–analytic function Y (•;n,
�x+ t, �α) : C/Γ −→ GL(k + 1,C) such that

a) Y has continuous boundary values Y± as λ ∈ Γ is approached from the left
(+) or right (−) side, and they are related by

Y+(λ) = Y−(λ)

⎛⎜⎜⎝
1 −iΘ�

n (−λ; �x+ t, �α)χΓ−(λ)

−iΘn(λ; �x+ t, �α)χΓ+
(λ) 1k

⎞⎟⎟⎠ ,

where Θn(λ; �x+ t, �α) is the (column) vector

Θn(λ; �x+ t, �α) :=
(√

αj − αj+1e
iψn(λ;t+xj)

)k
j=1

.

b) There exists a matrix Y1 = Y1(n, �x+ t, �α), independent of λ, such that Y
satisfies

(2.15) Y (λ) = 1k+1 + Y1λ
−1 +O(λ−2), λ→∞.

We record in the following remark some symmetries that will be useful in the
sequel.

Remark 2.4. The jump matrix JY (λ;n, �x + t, �α) ≡ JY (λ) of the Riemann-
Hilbert problem 2.3 satisfies the following two symmetries:

J−�
Y (−λ) = D1JY (λ)D1 JY (λ) = D2JY (−λ)D2,

where D1 := diag(1,−1 . . . ,−1) and D2 := diag(1, c1, . . . , ck) with cj := − sgn(αj−
αj+1). Consequently, the unique solution Y to the Riemann-Hilbert problem sat-
isfies the symmetry relations

(2.16) D1Y
�(−λ)D1 = Y −1(λ), D2Y (λ)D2 = Y (λ).

In particular, using the expansion of the function Y at λ → ∞ together with the
symmetries above, we obtain that

(2.17) Y1 =

⎛⎜⎜⎝
−δ �u�

�u Δ

⎞⎟⎟⎠
where the entry uj , j = 1, . . . , k of �u = �u(n, �x + t, �α) is real if αj − αj+1 > 0 and
purely imaginary if αj − αj+1 < 0. Moreover, since detY ≡ 1, we also have that
δ = Tr(Δ).

Remark 2.5. The jump matrix JY (λ;n, �x+ t, �α) ≡ JY (λ) can be factorized as

(2.18) JY (λ) = exp(M)JY (0) exp(−M)

with M ≡M(λ;n, �x+ t, �α) := diag(M0,M1, . . . ,Mk),

(2.19) M0 := − i

k + 1

k∑
j=1

ψn(λ; t+xj), M	 := M0+ iψn(λ;x	+ t), � = 1, . . . , k.

Note that the matrix JY (0) does not depend on �x, t or n.
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Proposition 2.6. The unique solution Y of the Riemann–Hilbert problem 2.3
is related to the Fredholm determinant Fn(�x; �α) via the formula

(2.20)
∂

∂t
lnFn(�x+ t, �α) = i(Y1)1,1.

Proof. As we proved that Fn(�x+t, �α) is the Fredholm determinant associated
to the integrable kernel Ln defined in (2.6), the following general formula, proven
in [3, Theorem 3.2], relates Fn(�x+ t, �α) to the (unique) solution of the Riemann–
Hilbert problem 2.3:

(2.21)
∂

∂t
lnF (�x+ t, �α) =

∫
Γ

Tr

(
Y −1
− (λ)Y ′

−(λ)
∂

∂t
JY (λ)J

−1
Y (λ)

)
dλ

2πi
,

where the symbol ′ denotes the derivative w.r.t. the complex parameter λ. Thanks
to the factorization of the jump matrix JY (λ) given in (2.18) and the nature of the
contour Γ = Γ+ ∪ Γ−, the integral in the right hand side is computed as a formal
residue at infinity. Indeed, we start noticing that

(2.22)

∫
Γ+∪Γ−

Tr

(
Y

−1
− (λ)Y

′
−(λ)

∂

∂t
JY (λ)J

−1
Y (λ)

)
dλ

2πi
=

∫
Γ+∪Γ−

Tr

(
Y −1
− (λ)Y ′

−(λ)

(
∂

∂t
M(λ) − JY (λ)

∂

∂t
M(λ)J−1

Y (λ)

))
dλ

2πi
=

∫
Γ+∪Γ−

Tr

(
Y −1
− (λ)Y ′

−(λ)
∂

∂t
M(λ)

)
dλ

2πi
−

∫
Γ+∪Γ−

Tr

(
Y −1
+ (λ)Y ′

+(λ)
∂

∂t
M(λ)

)
dλ

2πi

+

∫
Γ+∪Γ−

Tr

(
J−1
Y (λ)J′

Y (λ)
∂

∂t
M(λ)

)
dλ

2πi︸ ︷︷ ︸
(♠)

=

− lim
R→+∞

∫
CR

Tr

(
Y −1(λ)Y ′(λ)

∂

∂t
M(λ)

)
dλ

2πi
.

In the last passage we used that the term denoted with (♠) is zero (as we will see
in a moment) and we rewrote the two remaining terms by deforming the contour
Γ+∪Γ− into a circle CR centered in zero and of increasing radius R. Indeed, (♠) is
zero because of the form of the jump matrix JY and the fact that M(λ) is diagonal
(we are computing the trace of a strictly lower/upper triangular matrix). Finally,
using the asymptotic expansion of Y at infinity combined with

∂M

∂t
=

iλ

k + 1
diag(−k, 1, . . . , 1),

we explicitly compute

− lim
R→+∞

∫
CR

Tr

(
Y −1(λ)Y ′(λ)

∂

∂t
M(λ)

)
dλ

2πi
= i(Y1)1,1.

�

This result will be used in the last section to relate Fn(�x+t, �α) to a distinguished
solution of the vector–valued PII hierarchy, whose Lax pair is given in the following
section.
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3. A Lax pair associated to a vector valued PII hierarchy

We now introduce a new matrix Ψ(λ) = Ψ(λ;n, �x + t, �α) solving a Riemann-
Hilbert problem with constant jumps. More specifically, let

T (1)(λ;n, �x+ t) := diag
(
1, eiψn(λ;x1+t), · · · , eiψn(λ;xk+t)

)
,(3.1)

T (2)(λ;n, �x+ t) := e−
i

k+1

∑k
j=1 ψn(λ;xj+t)1k+1(3.2)

and T (λ) ≡ T (λ;n, �x+ t) := T (1)(λ;n, �x+ t)T (2)(λ;n, �x+ t). We define

(3.3) Ψ(λ;n, �x+ t, �α) := Y (λ;n, �x+ t, �α)T (λ;n, �x+ t).

It is easy to prove that this latter satisfies the following Riemann–Hilbert problem.

Riemann-Hilbert Problem 3.1. Find a sectionally–analytic function Ψ :
C/Γ −→ GL(k + 1,C) such that

a) Ψ has continuous boundary values Ψ± as λ ∈ Γ is approached from the
left (+) or right (−) side, and they are related by

(3.4) Ψ+(λ) = Ψ−(λ)

⎛⎜⎜⎜⎜⎜⎜⎝

1 −iΘ̂�χΓ−(λ)

−iΘ̂χΓ+
(λ) 1k

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where Θ̂ := Θ(λ;n, �x+ t, �α)|λ=0 is the (column) vector

(3.5) Θ̂ :=
(√

αj − αj+1

)k
j=1

.

b) Ψ has the following asymptotic behavior

(3.6) Ψ(λ) =
(
1+ Y1λ

−1 +O(λ−2)
)
T (λ), as λ→∞.

The properties of the function Ψ(λ) listed above are then used to prove the
following proposition.

Proposition 3.2. There exist two matrices A(λ) ≡ A(λ;n, �x+t, �α) and B(λ) ≡
B(λ;n, �x+ t, �α), polynomial in λ, such that

(3.7)

⎧⎪⎨⎪⎩
∂
∂λΨ(λ) = A(λ)Ψ(λ),

∂
∂tΨ(λ) = B(λ)Ψ(λ).

Moreover,

(3.8) B(λ) =

⎛⎜⎜⎜⎜⎜⎝
− ik

k + 1
λ −i�u�

i�u
iλ

k + 1
1k

⎞⎟⎟⎟⎟⎟⎠
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and

(3.9) A(λ) =

2n∑
j=0

Ajλ
2n−j + Â2n,

with

(3.10) A0 =
i

k + 1
diag (−k, 1, . . . , 1) ,

(3.11) Â2n =
i

k + 1
diag

⎛⎝−kt− k∑
j=1

xj , t+ kx1 −
∑
j �=1

xj , . . . , t+ kxk −
∑
j �=k

xj

⎞⎠ .

and �u as in (2.17).

Proof. For both equations the proof follows from applying Liouville theorem
and using straightforward computations. For the first equation, we define

A(λ) :=
∂

∂λ
Ψ(λ) (Ψ(λ))−1 .

The matrix-valued function A(λ) is analytic for every λ ∈ C \ Γ. Moreover, for
λ ∈ Γ we have that A+(λ) = A−(λ), thanks to the fact that Ψ(λ) has constant
jump condition along Γ. Thus A(λ) is entire and behaves like a polynomial in λ
of degree 2n at ∞. By Liouville theorem, we conclude that A(λ) is a polynomial
of degree 2n in λ. Using the asymptotic condition written in equation (2.15), we
can then compute explicitely the leading coefficient and the constant coefficient of
A(λ) as in (3.10), (3.11). For the second equation, in an analogue way we define

B(λ) :=
∂

∂t
Ψ(λ) (Ψ(λ))−1 .

Using the same reasoning, we conclude that B(λ) is a polynomial in λ of degree 1
and we compute its coefficients as in (3.8). �

Now, we show that the system (3.7) is the Lax pair for the vector-valued
Painlevé II hierarchy (1.6). For any j = 0, . . . , 2n, we will denote with a11j , a12j , a21j ,

a22j the block-entries of Aj (and the same for Â2n). Hence, a11j will be a scalar,

a12j , a21j will be, respectively, a row and a column vector, and a22j a square matrix
of size k. We will now study the compatibility condition

(3.12) A(λ)B(λ)−B(λ)A(λ) =
∂B

∂λ
(λ)− ∂A

∂t
(λ).

The following two Lemmas are the analogue, for the vector–valued case, of Lemma
5.4 and 5.5 in [5] and the tecnique used in their proofs is inspired by the one used
in [15]. The dependence of the variable �u and {aikj } on n, t, �x, �α will not be made
explicit in the following formulas. We will denote with a dot the derivative with
respect to t, as this will be the only dynamical variable (the other variables will be
considered as parameters).

Lemma 3.3. The compatibility condition of the Lax pair (3.7) is equivalent to
the system of equations

(3.13) a121 = −i�u�, a211 = i�u,
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(3.14)⎧⎪⎨⎪⎩
ȧ11j = −i(�u�a21j + a12j �u), ȧ12j = −i(a12j+1 + �u�a22j − a11j �u�)

ȧ22j = i(�ua12j + a21j �u�), ȧ21j = i(a21j+1 + a11j �u− a22j �u)

, j = 1, . . . , 2n− 1

(3.15)

⎧⎪⎨⎪⎩
ȧ112n = −i(�u�a212n + a122n�u), ȧ122n = −i(�u�a222n − a112n�u

� + i�u�mt,�x)

ȧ222n = i(�ua122n + a212n�u
�), ȧ212n = i(a112n�u− a222n�u− imt,�x�u),

where mt,�x := diag(x+ t1, . . . , x+ tk).

Proof. The proof follows by direct computation, exploiting the polynomiality
of the matrices A(λ), B(λ) in λ. In particular, equation (3.13) corresponds to the
term associated to the monomial λ2n in the compatibility condition (3.12). Then
system (3.14) corresponds, for every j = 1, . . . , 2n− 1, to the monomial λ2n−j and,
finally, (3.15) corresponds to λ0. �

From equations (3.13), (3.14), and the first two equations of (3.15) we can
derive some symmetries for the entries of Aj for j = 1, . . . , 2n. In particular,

∂

∂t
Tr(a22j ) = Tr(ȧ22j ) = iTr(�ua12j + a21j �u�) = iTr(�ua12j ) + iTr(a21j �u�)

= ia12j �u+ i�u�a21j = −ȧ11j .

Thus we conclude that

(3.16) −Tr(a22j ) = a11j , j = 1 . . . , 2n,

up to constant of integration. This constant is actually zero. This can be proven
observing that limt→∞ a22j = limt→∞ a11j = 0. Indeed, both of them are polynomials
in the entries of the matrix elements of Yi, i ≥ 1, and Yi → 0 for t → +∞,
which is easily proven using the small norm theorem (see Section 4 below and, in
particular, the proof of Proposition 4.1). Moreover, we can also deduce the following
symmetries:

(3.17) a21j = (−1)j(a12j )�, a22j = (−1)j(a22j )� ∀j = 1, . . . , 2n.

This is proved by induction over j using the equations appearing in the Lemma 3.3.

Lemma 3.4. For every � = 2, . . . , 2n

(3.18) a11	 = −i
	−1∑
j=1

(
a11j a11	−j + a12j a21	−j

)
and a22	 = i

	−1∑
j=1

(
a22j a22	−j + a21j a12	−j

)
.

Proof. Thanks to equation (3.16), we only need to prove the formula for a22	 .
Consider the matrix

C := A2 =

⎛⎜⎜⎜⎜⎝
− k2

(k+1)2 0

0� − 1k

(k + 1)2

⎞⎟⎟⎟⎟⎠λ4n +
4n∑
	=1

λ4n−	C	,
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where C	 =
∑	

j=0 AjA	−j for � = 1, . . . , 2n−1 and C2n =
∑2n

j=0 AjA2n−j+A0Â2n+

Â2nA0 (these are the only coefficients we are going to use in the proof). We can
write C	, for every value of �, in the usual block-form

C	 :=

⎛⎜⎜⎝
c11	 c12	

c21	 c22	

⎞⎟⎟⎠ ,

and, in particular, each block-entry can be written in terms of the block entries of
the matrix A
(3.19)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

c11	 =
∑	

j=0

(
a11j a11	−j + a12j a21	−j

)
+ 2a110 â112nδ	,2n

c22	 =
∑	

j=0

(
a21j a12	−j + a22j a22	−j

)
+ (a220 â222n + â222na

22
0 )δ	,2n

c12	 =
∑	

j=0

(
a11j a12	−j + a12j a22	−j

)
c21	 =

∑	
j=0

(
a21j a11	−j + a22j a21	−j

) � = 1, . . . , 2n.

From the compatibility condition (3.12), we deduce the following equation for the
matrix C

(3.20)
∂C

∂t
(λ) = B(λ)C(λ)− C(λ)B(λ) +

∂B

∂λ
(λ)A(λ) +A(λ)

∂B

∂λ
(λ).

In particular, by looking at the coefficients of the powers λm with m = 4n, . . . , 2n
in equation (3.20), we obtain the following system of difference and differential
equations for the block entries of each coefficient C	

(3.21)

⎧⎪⎨⎪⎩
ċ11	 = −i(�u�c21	 + c12	 �u) + 2(a110 )2δ	,2n, ċ12	 = −i(c12	+1 + �u�c22	 − c11	 �u�)

ċ22	 = i(�uc12	 + c21	 �u�) + 2(a220 )2δ	,2n, ċ21	 = i(c21	+1 + c11	 �u− c22	 �u)

with � = 1, . . . , 2n. Note that this is almost the same system satisfied by the matrix
elements of A, see (3.14). In particular, the equations giving the entries (1, 2), (2, 1)
in (3.14) and (3.21) are exactly the same, while for the entries (2, 2), (1, 1) the two
sets of equations differ just for � = 2n.

Now, by using the equations above, we first prove that the entries of C	, for
� = 1, . . . , 2n are multiple of the ones of A	, by induction over �. Keeping in mind
that the coefficient C0 is explicitely written in the definition of the matrix C, we
start by computing C1:
(3.22)

c121 = i
1− k

k + 1
a121 , c211 = i

1− k

k + 1
a211 , c111 = 0 = i

1− k

k + 1
a111 , c221 = 0k = i

1− k

k + 1
a221 .

We suppose now that the equation above holds for � and we prove than it holds for
� + 1 too, by using the equations (3.21) together with equations (3.13), (3.14). In
particular, from the third equation in the system (3.21) we recover c12	+1 as

(3.23) c12	+1 = iċ12	 − �u�c22	 + c11	 �u� = i
1− k

k + 1

(
iȧ12	+1 − �u�a22	 + a11	 �u�)

=a12
	+1

,

using the induction hypothesis and the equation for a12	+1 in (3.14). The same

procedure can be applied for the block entry c21	+1, to get the analogue result. Now,
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for the diagonal entries, we use instead the first two equations in the system (3.21)
and obtain

(3.24) ċ22	+1 = i
(
�uc12	+1 + c21	+1�u

�) = i
1− k

k + 1
i
(
�ua12	+1 + a21	+1�u

�)
=ȧ22

	+1

.

Thus we conclude that c22	+1 = i 1−k
k+1a

22
	+1 (from the equation above, this is true up to

a constant of integration, that can be fixed to zero thanks to equations (3.19)). The
same can be done for c11	+1. Thus the proportionality relation between the block
entries of type (1, 2) or (2, 1) of A	 and of C	 is proved for � = 1 . . . , 2n− 1, while
for the diagonal block entries it holds for � = 1 . . . , 2n− 2. For � = 2n− 1 we have
for the diagonal block entries

(3.25) ċ222n = i
1− k

k + 1
ȧ222n + 2(a220 )2,

and an analogue relation for a112n. Now, by using the first two equations in the
system (3.19) for c22	 , we deduce the following chain
(3.26)

i
1− k

k + 1
a22	 = c22	 =

	−1∑
j=1

(
a21j a12	−j + a22j a22	−j

)
+ a210 a12	 + a220 a22	 + a21	 a120 + a22	 a220

=i 2
k+1a

22
	

for � = 1, . . . , 2n − 1, from which the statement for a22	 is directly obtained. For
the case � = 2n the chain obtained by replacing the equation (3.19) for c222n is the
following one

(3.27) i
1− k

k + 1
ȧ222n + 2(a220 )2 = ċ222n =

d

dt

⎛⎝ 	∑
j=0

(
a21j a12	−j + a22j a22	−j

)⎞⎠+ 2(a220 )2.

Thus, by simplifying both sides the term 2
(
a220
)2

and then integrating, the formula

for a222n is obtained as for the previous values of �. �

Combining the two lemmas 3.3 and 3.4, we are able to express all the coefficients
of the Lax matrix A(λ) in function of the vector �u and its derivatives.

Proposition 3.5. The entries of the matrix A(λ) are differential polynomials
on u, given recursively by the formulas

(3.28) a211 = i�u, a221 = 0,

(3.29)

a21j+1 = −iȧ21j −a11j �u+a22j �u, a22j+1 = i

j∑
	=1

(
a22	 a22j+1−	+a21	 a12j+1−	

)
, j = 1, . . . , 2n

together with (3.16) and (3.17).

Moreover, using (3.29) together with (3.15) and the definition of the operators
L�u
±, we prove that the vectors a21j , j = 1, . . . , 2n satisfy the recursion

(3.30) a212j+1 = −L�u
+a

21
2j , a212j = −L�u

−a
21
2j−1, j = 1, . . . , n− 1,

while a212n satisfies the differential equation

(3.31) −L�u
+a

21
2n = −imt,�x�u.
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Hence, we proved recursively that �u, as defined in (2.17), satisfies the equation
(1.6). Moreover, the entries of �u are real/purely imaginary depending on the sign
of (αj+1−αj), as already observed in Remark 2.4. We are now left with the proofs
of the equations (1.5) and (1.7).

4. The logarithmic derivative of Fn(�x, �α)

In this last section we finish the proof of Theorem 1.2 giving the relation be-
tween Fn(�x, �α) and a particular solution �u of the vector-valued Painlevé II hierarchy.
The main ingredient is the first logarithmic derivative of the Fredholm determinant
Fn(�x+ t, �α), computed at the end of Section 2.

Proposition 4.1. The distribution Fn defined in (1.3) satisfies the equation

(4.1)
∂2

∂t2
lnFn(�x+ t, �α) = − < �u(t), �u(t) >

and its integrated version

(4.2) Fn(�x, �α) = exp

(
−
∫ ∞

0

t < �u(t), �u(t) > dt

)
,

where �u(t) = �u(n, �x+t, �α) satisfies the following (vector-valued) ordinary differential
equation

(4.3) (L�u
+L�u

−)
n�u(t) = − diag(x1 + t, . . . , xk + t)�u(t)

and have the following behavior at +∞

(4.4) �u(n, �x+ t, �α) =

(√
αj − αj+1 Ain(t+ xj)

(
1 + o(1)

))
j=1,...,k

.

Proof. We start computing the λ−1–term in the asymptotic expansion of
(∂tΨ)Ψ−1 for λ→∞, where Ψ is the solution of the Riemann-Hilbert problem 3.1
with constant jump condition. The (1, 1)–entry of this term, which is equal to zero
because B(λ) is polynomial in λ, leads to

∂

∂t
(Y1)11 − i�u��u = 0

and this equation, together with (2.20), gives (4.1).
We describe now the boundary behavior of �u for t→ +∞. We start by proving

that the jump matrix JY (λ) of the Riemann–Hilbert problem 2.3, for t → +∞,
behaves like the identity matrix, so that the small norm theorem can be applied.
We consider a rescaled complex variable w defined through the equation λ = wt

1
2n ,

so that the entries (1, j + 1) and (j + 1, 1) of JY (λ) for j = 1, . . . , k are rewritten
respectively as
(4.5)

− i (Θ(�x+ t, �α,−λ))j χ−(λ) = −
√

αj − αj+1ε
−it

2n+1
2n

(
1

2n+1
w2n+1+(1+

xj
t

)w
)
χΓ−

(
wt

1
2n

)
,

− i (Θ(�x+ t, �α, λ))j χ+(λ) = −
√

αj − αj+1ε
it

2n+1
2n

(
1

2n+1
w2n+1+(1+

xj
t

)w
)
χΓ+

(
wt

1
2n

)
.

Note that the quantity dj := 1+
xj

t is bounded in the regime t→∞ for any fixed

xj , as it converges to 1. Thus we can modify the curves Γ− and Γ+ into Γ̃− and
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Γ̃+ (as done in [6, Section 3]) so that
(4.6)

I

(
w2n+1

2n+ 1
+ djw

)
< 0, for w ∈ Γ̃− and I

(
w2n+1

2n+ 1
+ djw

)
> 0, for w ∈ Γ̃+.

In this way we obtain

(4.7)
∥∥JY (wt 1

2n )− 1k+1

∥∥
∞ =

√
αj − αj+1 sup

w∈Γ̃∓

ε
±t

2n+1
2n I

(
w2n+1

2n+1 +djw
)
→ 0.

for t→ +∞ and any fixed xj ∈ R. Moreover, also
∥∥JY (wt 1

2n )− 1k+1

∥∥
2
→ 0 as

JY (wt
1
2n ) = 1k+1 +O

(
w−2e−Ct

2n+1
2

)
for a suitable constant C > 0 and uniformly on the contours. Thus, the rescaled
function X(w) := Y

(
wt

1
2n

)
, thanks to the Riemann-Hilbert problem 2.3, satisfies

the following conditions:

– it is analytic on C \ Γ̃− ∪ Γ̃+;
– it admits continuous boundary values X± while approaching from the left

or from the right of the curves Γ̃− ∪ Γ̃+ and they are related through

X+(w) = X−(w)JY
(
wt

1
2n

)
for all w along the curves;

– for |w| → ∞ it behaves like the identity matrix, i.e. X(w) ∼ 1k+1 +∑
j≥1

Xj

wj .

Note that, in particular, X1 = t−
1
2nY1 (we will use it in a moment). Moreover, by

applying the small norm theorem (see for instance Theorem 5.1.5 in [8]) we can
conclude that X(w) ∼ 1k+1 for t → +∞ and fixed finite xj and, in particular,
Yj → 0 for t→ +∞ (we already used this result in Section 3).

On the other hand, because of its properties described above, X satisfies the
integral equation

(4.8) X(w) = 1k+1 −
∫
Γ̃+∪Γ̃−

X−(v)
fn(vt

1
2n )g�n (vt

1
2n )

v − w
dv.

Expanding the right hand side for w →∞ we find

(4.9) X1 =

∫
Γ̃+∪Γ̃−

X−(v)fn(vt
1
2n )g�n (vt

1
2n )dv,

and thus we can conclude that, for t→ +∞ and fixed xj ,

uj(t; �x, �α) = (Y1)1,j+1 = t
1
2n (X1)1,j+1 ∼

√
αj − αj+1

2πi

∫
Γ+

ε
i
(

z2n+1

2n+1 +(t+xj)z
)
dz

=
√
αj − αj+1Ain(t+ xj)

for any j = 1, . . . , k, where in the last two equalities we used the small norm theorem
and the integral representation of the n-th Airy function. Finally, the equation (4.2)
is obtained integrating twice (4.1), and checking that one can set the integration
constants equal to zero because of the asymptotic behavior of �u as t→ +∞. �
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system of coupled Painlevé II equations, Stud. Appl. Math. 140 (2018), no. 4, 403–437, DOI
10.1111/sapm.12209. MR3798331

[8] Alexander R. Its, Large N asymptotics in random matrices: the Riemann-Hilbert approach,
Randommatrices, random processes and integrable systems, CRM Ser. Math. Phys., Springer,
New York, 2011, pp. 351–413, DOI 10.1007/978-1-4419-9514-8 5. MR2858439

[9] A. R. Its, A. G. Izergin, V. E. Korepin, and N. A. Slavnov, Differential equations for quantum
correlation functions, Proceedings of the Conference on Yang-Baxter Equations, Conformal
Invariance and Integrability in Statistical Mechanics and Field Theory, Internat. J. Modern
Phys. B 4 (1990), no. 5, 1003–1037, DOI 10.1142/S0217979290000504. MR1064758

[10] Taro Kimura and Ali Zahabi, Unitary matrix models and random partitions: univer-
sality and multi-criticality, J. High Energy Phys. 7 (2021), Paper No. 100, 46, DOI
10.1007/jhep07(2021)100. MR4316997

[11] Taro Kimura and Ali Zahabi, Universal edge scaling in random partitions, Lett. Math. Phys.
111 (2021), no. 2, Paper No. 48, 16, DOI 10.1007/s11005-021-01389-y. MR4244925
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A system of nonlinear difference equations for recurrence
relation coefficients of a modified Jacobi weight

Yang Chen, Galina Filipuk, and Maria das Neves Rebocho

Abstract. In this paper we study one modification of the Jacobi weight. We
show that the coefficients in the three term recurrence relation for polynomials
orthogonal with respect to this weight satisfy a complicated system of nonlinear
difference equations.

1. Introduction

In recent years there has been a lot of interest to study various generalizatons
of classical weights and to find nonlinear difference equations for the recurrence
coefficients. In some cases it was also possible to show the connection of the recur-
rence coefficients to the solutions of the Painlevé equations (see numerous references
in [VA2018]). In [CFR2019] the modifed Laguerre weight w(x) = xαe−xe−s/x,
α > −1, s > 0, x > 0 was studied and a relation to the solutions of the third
Painlevé equation was established. In [MLC2018] another variation was studied:

w(x) = e−x2−t/x2

on x ∈ R, t > 0. The Jacobi-type modifications of the weight
were recently studied in [MC2020,MC2021]. The weights were respectively

w(x) = (1− x2)αe−t/x2

, x ∈ [−1, 1], α > 0, t ≥ 0 and w(x) = (1− x2)αe−t/(1−x2),
x ∈ [−1, 1], α > 0, t ≥ 0. In this paper we study the weight (1.2) and show
that the discrete system for the recurrence coefficients is very cumbersome. It is
quite unlikely that the theree-term recurrence coefficients have any connection to
the Painlevé equations. The number of variables in the discrete system is large
and an elimination of some of them would lead to even more complicated difference
equations.

It is well-known [C1978,S1975] that a sequence {Pn(x)}n≥0 of monic orthog-
onal polynomials of degree n in x satisfies a three-term recurrence relation. The
three-term recurrence relation is given by

(1.1) xPn(x) = Pn+1(x) + αnPn(x) + βnPn−1(x) , n = 0, 1, . . .
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with initial conditions P0(x) = 1, P−1(x) = 0. The recurrence coefficients of
{Pn}n≥0, αn and βn, satisfy αn ∈ R, n = 0, 1, . . . , and βn > 0, n = 1, 2, . . . .

In recent years there has been a considerable interest to derive nonlinear dif-
ference equations for the recurrence coefficients of orthogonal polynomials (e.g.,
[CG12015,CG22015] and the references therein). For certain weights (see, for
instance, [CC2015,CI2010,M1995]) the recurrence coefficients are related to
the solutions of either discrete or differential Painlevé equation (as functions of a
parameter in the weight).

In this paper we derive a system of nonlinear difference equations satisfied by
the recurrence coefficients of a two parameter family of polynomials orthogonal
with respect to the weight

(1.2) w(x) = w(x; s, t) = e−s/x−t/x2

(1− x)α ,

where 0 < x < 1, α > 0, s, t > 0. The orthogonality relation with respect to the
weight function w(x; s, t) defined in (1.2) is given by

(1.3)

∫ 1

0

Pn(x)Pm(x)w(x; s, t)dx = hnδn,m n, m = 0, 1, . . . .

The polynomials Pn and the constants hn depend on s, t, but, to simplify the
notation, we omit this dependence for brevity.

Note that the weight (1.2) can be represented as w(x; s, t) = w0(x)e
−s/x−t/x2

,
where w0(x) = (1 − x)α is a (particular case of) the Jacobi weight. Various de-
formations of the Jacobi weights have been extensively studied in, for example,
[BCE2010,CD2010] (see other references therein).

For the purposes of the present paper we remark that (1.2) is a member of
the so-called semi-classical class, as it satisfies a homogeneous differential equation
with polynomial coefficients [M1995]. In this case, we have Aw′ = Cw, where

(1.4) A(x) = x3(x− 1) , C(x) = αx3 + sx2 + (2t− s)x− 2t ,

equivalently, we have the first order nonhomogeneous differential equation for the
corresponding Stieltjes function (see [M1991])

(1.5) AS′ = CS +D ,

with D being a polynomial depending on A, C.
The main tools to be used rely on results within the theory of semi-classical

orthogonal polynomials, namely, differential systems [M1995,M1991] for the poly-
nomials and the ladder operator approach [CI1997]. Let us emphasize that, in the
account of the results from [BPR2013], the method for deriving the difference
equations for αn, βn can be extended to the more general class of orthogonal poly-
nomials whose Stieltjes function satisfies the Riccati equation of the form

(1.6) A(x)S′(x) = B(x)S(x)2 + C(x)S(x) +D(x),

where A, B, C, D are polynomials of degrees 4, 4, 3, 2, respectively, and D depends
on A, B and C. These are members of the so-called Laguerre-Hahn class two
[M1991].

The reminder of the paper is organized as follows. In Section 2 we show the
linear systems for orthogonal polynomials, to be used in the derivation of the differ-
ence equations for the recurrence coefficients. In Section 3 we show the difference
equations involving αn, βn, together with some comments on the extension to the
Laguerre-Hahn class.
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2. Linear systems for orthogonal polynomials and compatibility
conditions

In this section we briefly recall necessary formulas (see [FR2016] and the
references therein). We shall use the notation ′ = d/dx.

The sequence of monic associated polynomials of the first kind, denoted by

{P (1)
n }n≥0, satisfies a three term recurrence relation similar to (1.1):

(2.1) P (1)
n (x) = (x− αn)P

(1)
n−1(x)− βnP

(1)
n−2(x) , n = 1, 2, . . .

with P
(1)
−1 (x) = 0, P

(1)
0 (x) = 1.

The recurrence relations (1.1) and (2.1) can be written in the matrix form

(2.2) Yn = AnYn−1 , Yn =

[
Pn+1 P

(1)
n

Pn P
(1)
n−1

]
, An =

[
x− αn −βn

1 0

]
, n ≥ 1 ,

with initial conditions Y0 =

[
x− α0 −β0

1 0

]
. The matrix An is known as the

transfer matrix.

Theorem 2.1 (see [BPR2013]). Let S be a Stieltjes function, let {Yn}n≥0 be
the corresponding sequence defined in (2.2), and let αn, βn be the coefficients in the
recurrence relation. The following statements are equivalent:

(a) S satisfies the following Riccati equation with polynomial coefficients

AS′ = BS2 + CS +D ;

t̄em Yn satisfies the matrix Sylvester equation

(2.3) AY ′
n = BnYn − YnC , n ≥ 0 ,

where

Bn =

[
ln Θn

−Θn−1/βn ln−1 + (x− αn)Θn−1/βn

]
, C =

[
C/2 −D
B −C/2

]
with ln,Θn polynomials of uniformly bounded degrees, satisfying the initial condi-
tions
(2.4)
Θ−1 = D , Θ0 = A+(x−α0)(C/2− l0)+B , l−1 = C/2 , l0 = −C/2− (x−α0)D ;

(b) the transfer matrix An =

[
x− αn −βn

1 0

]
satisfies the matrix Sylvester equa-

tion

(2.5) AA′
n = BnAn −AnBn−1 , n ≥ 1 .

Furthermore, we have [BPR2013, Corollary 1]

trBn = 0 , n ≥ 0 ,(2.6)

detBn = detB0 + A

n∑
k=1

Θk−1

βk
, n ≥ 1 ,(2.7)

with detB0 = D(A+B)− (C/2)2.
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From entries (1, 1) and (1, 2) of Eq. (2.5) we find two non-trivial equations,
respectively:

A = (x− αn)(ln − ln−1) + Θn − βn
Θn−2

βn−1
,(2.8)

ln + (x− αn)
Θn−1

βn
= ln−2 + (x− αn−1)

Θn−2

βn−1
.(2.9)

Note that, after some basic computations, (2.8) implies (2.7) and (2.9) implies (2.6).
One of the key ingredients in the sequel is the differential system (2.3). This is

the matrix form of the so-called structure relations [Di1988]

A
(
P (1)
n

)′
= DPn+1 + (ln + C/2)P (1)

n +ΘnP
(1)
n−1 , n ≥ 0 ,(2.10)

AP ′
n+1 = (ln − C/2)Pn+1 −BP (1)

n +ΘnPn , n ≥ 0.(2.11)

3. Main results

We will use the following notation:

P (1)
n (x) = xn − ηnx

n−1 + νnx
n−2 + μ(1)

n xn−3 + · · ·+ P (1)
n (0),(3.1)

Pn+1(x) = xn+1 − (ηn + α0)x
n + (νn + α0ηn − β1)x

n−1(3.2)

+ μn+1x
n−2 + · · ·+ Pn+1(0) ,

where

(3.3) ηn =
n∑

k=1

αk , νn =
n∑

1≤i<j≤n

αiαj −
n∑

k=2

βk , n ≥ 1 .

In the lemma that follows we deduce the data to be used in the more gen-
eral setting, the Laguerre-Hahn class two case. Such a data will then be applied,
in Theorem 3.2, to deduce the system of difference equations for the recurrence
coefficients of the orthogonal polynomials related to the weight (1.2).

Lemma 3.1. Let S be a Stieltjes function satisfying AS′ = BS2 + CS +D, let
{Pn}n≥0 be the corresponding sequence of monic orthogonal polynomials, satisfying
the recurrence relation (1.1),

Pn+1(x) = (x− αn)Pn(x)− βnPn−1(x) , n = 0, 1, 2, . . . .

Set

A(x) = x3(x− 1) , B(x) = b4x
4 + b3x

3 + b2x
2 + b1x+ b0 ,

C(x) = c3x
3 + c2x

2 + c1x+ c0 , D(x) = d2x
2 + d1x+ d0 .

Then, the polynomials ln,Θn satisfy deg(ln) = 3, deg(Θn) = 2. Using the notation

ln(x) = �n,3x
3 + �n,2x

2 + �n,1x+ �n,0 , Θn(x) = θn,2x
2 + θn,1x+ θn,0 ,
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then we have

�n,3 =
1

2
(2n− c3 − 2d2),

�n,2 =
1

2
(2ηn + 2d2α0 − 2d1 − c2 − 2n),

θn,2 =
1

2
(2d1α0 + 2d2β1 − 2ηn + 2η2n − 4νn − c1 − 2d0 − 2�n,1),

d2 = −(1 + b4 + c3),

d1 = 1− b3 − c2 − 2α0 − 2b4α0 − c3α0,

d0 = 2α0 − b2 − c1 − 2b3α0 − c2α0 − 3α2
0 − 3b4α

2
0 − c3α

2
0 − 3β1 − 2b4β1 − c3β1,

�n,0 =
1

2

(
2b1 + c0 − 6μn+1 − 2b4μn+1 + 2b4μ

(1)
n + 2b2α0 − 2α2

0

+2b3α
2
0 + 2α3

0 + 2b4α
3
0 − 4β1 + 2b3β1 + 6α0β1 + 4b4α0β1

+2b2ηn−1 + c1ηn−1 − 2�n,1ηn−1 − 2α0ηn−1 + 2b3α0ηn−1

+2α2
0ηn−1 + 2b4α

2
0ηn−1 + 4β1ηn−1 + 2b4β1ηn−1 − 2b2ηn

−c1ηn + 2�n,1ηn + 2α0ηn − 2b3α0ηn − 2α2
0ηn − b4α

2
0ηn

+2β1ηn − 2ηn−1ηn + 2ηn−1η
2
n − 2θn,1 + 4νn − 6α0νn

−2b4α0ηn − 4ηn−1νn − 2ηnνn) ,

μ(1)
n =

1

4 + 2b4 + c3
(4μn+1 − b1 − c0 + 2b4μn+1 + c3μn+1 − 2b2α0

−c1α0 + 3α2
0 − 3b3α

2
0 − c2α

2
0 − 4α3

0 − 4b4α
3
0 − c3α

3
0 + 3β1

−2b3β1 − c2β1 − 8α0β1 − 6b4α0β1 − 2c3α0β1 − 4β1ηn

−2b4β1ηn − c3β1ηn + 4α0νn + 2b4α0νn + c3α0νn) ,

�n,1 =
1

2

(
2b2 + c1 − 2α0 + 2b3α0 + 2α2

0 + 2b4α
2
0 + 4β1 + 3b4β1 + 2βn+1

+4(n+ 1)βn+1 + 4b4βn+1 + 2c3βn+1 − 2ηn + 2η2n − 4νn
)
,

θn,1 = −βn+1 (2b3 + c2 − 1− 2(n+ 1) + 2α0 + 2b4α0 + αn+1

+2(n+ 1)αn+1 + 2b4αn+1 + c3αn+1 + ηn + ηn+1) ,

θn,0 = −βn+1

(
2b2 + c1 − 2α0 + 2b3α0 + 2α2

0 + 2b4α
2
0 − αn+1

−2(n+ 1)αn+1 + 2b3αn+1 + c2αn+1 + 2α0αn+1

+2b4α0αn+1 + α2
n+1 + 2(n+ 1)α2

n+1 + 2b4α
2
n+1

+c3α
2
n+1 + 4β1 + 2b4β1 + βn+1 + 2(n+ 1)βn+1

+2b4βn+1 + c3βn+1 + 3βn+2 + 2(n+ 1)βn+2

+2b4βn+2 + c3βn+2 − ηn + αn+1ηn + η2n

−ηn+1 + αn+1ηn+1 + η2n+1 − 2νn − 2νn+1

)
.

Proof. Substituting (3.1) and (3.2) into (2.10), (2.11), (2.5) and (2.6), we
collect the coefficients at the highest powers of x and successively determine (in the
order as in the statement) the coefficients of D and of other unknown polynomials.
We also use ηn = αn + ηn−1. �
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To obtain a system of difference equations for the recurrence coefficients of the
orthogonal polynomials related to the weight (1.2) we will use equations (2.5) and
(2.6) with the polynomials ln,Θn defined in terms of the data (1.4).

Collecting the coefficients in x we have several equations from which we can
successively determine μn+1, μn and μn−1. The formulas are cumbersome and we
omit them. By substituting these relations, we obtain one of the nonlinear difference
equations which involves αn, βn, ηn and νn. The second equation can be obtained
by equating the quantities found before, for instance, μn and μn−1 with n replaced
by n+1. By substituting bj = 0, j = 0, . . . , 4, c3 = α, c2 = s, c1 = 2t−s, c0 = −2t,
we get the following result.

Theorem 3.2. The recurrence coefficients αn, βn and their combinations ηn
and νn given by (3.3) for the weight (1.2) satisfy the following system of nonlinear
difference equations:

α2
n ((−α− 2n+ 1)βn + (α+ 2n+ 5)βn+1)− (α+ 2n+ 1)β2

n + α4
n − α3

n

−αn (βn (2α0 + (α+ 2n− 1)αn−1 + ηn−2 + ηn−1 − 2n+ s+ 1)−
βn+1 (2α0 + (α+ 2n+ 4)αn+1 − ηn−1 + ηn+1 − 2n+ s− 4))

+βn+1

(
(α+ 2n+ 5)βn+1 + (α+ 2n+ 5)βn+2 + (α+ 2n+ 3)α2

n+1

+(ηn−1 − 1) ηn−1 + (ηn+1 − 1) ηn+1 − 4νn−1

+αn+1 (2α0 + ηn−1 − 2ηn + ηn+1 − 2n+ s− 3)− s

+2 ((α0 − 1)α0 + 2β1 + t))− βn

(
(α+ 2n− 1)βn−1 + (α+ 2n− 1)α2

n−1 − 4βn+1

+(ηn−2 − 1) ηn−2 + (ηn−1 − 1) ηn−1 − 2νn−2 − 2νn−1

+αn−1 (2α0 + ηn−2 + ηn−1 − 2n+ s+ 1)− s+ 2 ((α0 − 1)α0 + 2β1 + t)) = 0,

−2α0βn − 2nαn−1βn − ααn−1βn + αn−1βn + 2α0βn+2 + 2nαn+2βn+2

+ααn+2βn+2 + 5αn+2βn+2 − (α+ 2n− 2)α3
n + (α+ 2n+ 6)α3

n+1 − βnηn−2

+βnηn−1 − 2βnηn − βn+1ηn + βn+2ηn + βn+1ηn+1 + βn+2ηn+2 + 2nβn − βn

−2βn+1 − 2nβn+2 − 5βn+2 + α2
n (−2α0 + 4ηn−1 − 2ηn + 2n− s− 1)

+α2
n+1 (2α0 + 2ηn − 2n+ s− 5)− sβn + sβn+2

+αn (−2 (α0 − 1)α0 − 4β1 − (α+ 2n) (2βn + βn+1)

−4αn+1ηn−1 − 2 (ηn − 1) ηn + 4νn−1 + s− 2t)

+αn+1 (2 (α0 − 1)α0 + 4β1 + (α+ 2n+ 7)βn+1

+(2α+ 4n+ 11)βn+2 + 4βn + 2 (ηn − 1) ηn − 4νn−1 − s+ 2t) = 0.

Remark 3.3. For the Laguerre-Hahn class, we first use the following data in
(1.6):

A(x) = x3(x− 1) , B(x) = b4x
4 + b3x

3 + b2x
2 + b1x+ b0 ,

C(x) = c3x
3 + c2x

2 + c1x+ c0 , D(x) = d2x
2 + d1x+ d0 .

Nevertheless, the calculations can be repeated for a general polynomial A(x) of
degree four. For the weight (1.2) we have B(x) = 0 and A and C as in (1.4). We
gave the final result (the nonlinear difference system) only for the particular case
(1.2). The general case is similar with more complicated formulas, which are long
enough to present in this paper.
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q-Heun equation and initial-value space of q-Painlevé
equation

Shoko Sasaki, Shun Takagi, and Kouichi Takemura

Abstract. We show that the q-Heun equation and its variants appear in
the linear q-difference equations associated to some q-Painlevé equations by
considering the blow-up associated to their initial-value spaces. We obtain the
firstly degenerated Ruijsenaars-van Diejen operator from the linear q-difference
equation associated to the q-Painlevé equation of type E8.

1. Introduction

The Painlevé transcendent is a transcendental solution of one of the six Painlevé
equations and it is potentially a member of prospective special functions. The sixth
Painlevé equation is a non-linear generalization of the hypergeometric equation,
and the hypergeometric equation is a standard form of the second order Fuchsian
differential equation with three singularities {0, 1,∞}. Heun’s differential equation
is a standard form of the second order Fuchsian differential equation with four
singularities {0, 1, t,∞}, and it is written as

d2y

dx2
+

(
γ

x
+

δ

x− 1
+

ε

x− t

)
dy

dx
+

αβx−B

x(x− 1)(x− t)
y = 0,

under the condition γ + δ+ ε = α+ β+1. The parameter B, which is independent
from the local exponents, is called the accessory parameter. It is known that Heun’s
differential equation is related with the sixth Painlevé equation (see [2], [12] and
references therein).

A q-difference analogue of Heun’s differential equation was given by Hahn [3] as
the generic second-order linear q-difference equation whose coefficients are quadratic
polynomials, and we may write it as

(x− h1q
1/2)(x− h2q

1/2)g(x/q) + l3l4(x− l1q
−1/2)(x− l2q

−1/2)g(qx)(1.1)

− {(l3 + l4)x
2 + Ex+ (l1l2l3l4h1h2)

1/2(h
1/2
3 + h

−1/2
3 )}g(x) = 0 .

There is one accessory parameter E in the q-Heun equation. Note that the q-Heun
equation was used to introduced the variants of the q-hypergeometric equation [4].
Several discrete Painlevé equations had been studied in the 1990’s. Sakai [10]
proposed a list of the second order discrete Painlevé equations. In Sakai’s list,
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each member of the q-difference Painlevé equation was labelled by the affine root
system from the symmetry. A relationship between the q-Heun equation and the

q-Painlevé equation of type D
(1)
5 (q-P (D

(1)
5 )) was pointed out in [13], and it was

called the q-Painlevé-Heun correspondence.
In this paper, we establish a further relationship between the q-Heun equation

and the q-Painlevé equation by using the initial-value space of the q-Painlevé equa-
tion. Namely we derive the q-Heun equation by considering the Lax pair and the
initial-value space.

Jimbo and Sakai [5] introduced a q-analogue of the sixth Painlevé equation
by considering the connection preserving deformation of certain q-linear difference
equations. It is essentially equivalent to a compatibility condition of a Lax pair,
and the Lax pair, which was reformulated by Kajiwara, Noumi and Yamada [6], is
written as

L1 =
{z(gν1 − 1)(gν2 − 1)

qg
− ν1ν2ν3ν4(g − ν5/κ2)(g − ν6/κ2)

fg

}
+

ν1ν2(z − qν3)(z − qν4)

q(qf − z)
(g − T−1

z ) +
(z − κ1/ν7)(z − κ1/ν8)

q(f − z)

(1
g
− Tz

)
,

L2 =
(
1− f

z

)
T + Tz −

1

g
.

Here Tz represents the transformation z → qz and T represents the time evolution.
The parameters are constrained by the relation κ2

1κ
2
2 = qν1ν2 . . . ν8. We use the

notation such as T (f) = f and T−1(g) = g. The time evolution of the parameters
is given by κ1 = κ1/q, κ2 = qκ2 and νi = νi (i = 1, 2, . . . , 8). It follows from
the compatibility condition for the Lax operators L1 and L2 (see [6]) that the
parameters f and g satisfies

ff = ν3ν4
(g − ν5/κ2)(g − ν6/κ2)

(g − 1/ν1)(g − 1/ν2)
, gg =

1

ν1ν2

(f − κ1/ν7)(f − κ1/ν8)

(f − ν3)(f − ν4)
.

This is the q-Painlevé equation essentially introduced by Jimbo and Sakai [5], which

we denote by q-P (D
(1)
5 ). The time evolution of the variable f is given by

(1.2) f = ν3ν4
(g − ν5/κ2)(g − ν6/κ2)

f(g − 1/ν1)(g − 1/ν2)

and the value f is indefinite in the case (f, g) = (0, ν5/κ2) because of the form 0/0
in the right hand side of Eq. (1.2). To resolve the indefiniteness, we consider the
blow-up at (f, g) = (0, ν5/κ2). Namely we set (f, g) = (f1, f1g1 + ν5/κ2). Then the
point (f, g) = (0, ν5/κ2) corresponds to the line f1 = 0, and we have

f =
ν3ν4g1(f1g1 + (ν5 − ν6)/κ2)

(f1g1 + ν5/κ2 − 1/ν1)(f1g1 + ν5/κ2 − 1/ν2)
.

Hence the indefiniteness is resolved. The indefiniteness may occur at the following
eight points;

Pi : (∞, 1/νi)i=1,2, (νi,∞)i=3,4, (0, νi/κ2)i=5,6, (κ1/νi, 0)i=7,8.

The space of initial values of q-P (D
(1)
5 ) is defined by blowing up eight points

P1, . . . , P8 of P1 × P1.
We now consider the blow-up at P5 (0, ν5/κ2) jointly with the q-difference

equation L1y(z) = 0, where L1 is one of the Lax pair. Note that the equation
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L1y(z) = 0 itself (see Eq. (2.1)) is different from the q-Heun equation in Eq. (1.1).
We substitute (f, g) = (f1, f1g1 + ν5/κ2) into the equation L1y(z) = 0 and set
f1 = 0. Then we have

(z − qν3)(z − qν4)y(z/q) +
1

ν1ν2

(
z − κ1

ν7

)(
z − κ1

ν8

)
y(qz)

−
[( 1

ν1
+

1

ν2

)
z2 +

{
qg1ν3ν4

(
1− ν6

ν5

)
− qν5(ν3 + ν4)

κ2
− κ1κ2(ν7 + ν8)

ν1ν2ν5ν7ν8

}
z

+
qκ1ν

1/2
3 ν4

1/2

ν11/2ν21/2ν71/2ν81/2

{(qν6
ν5

)1/2
+
(qν6
ν5

)−1/2}]
y(z) = 0

(see Eq. (2.4)). Thus we obtain the q-Heun equation with the accessory parameter
by considering the equation L1y(z) = 0 on the line f1 = 0, which is an exceptional
curve with respect to the blow-up at the point P5 on the ininial value space. We
can also obtain the q-Heun equation by the blow-up at Pi (i = 1, . . . , 8).

We establish similar results on the q-Painlevé equation of type E
(1)
6 , E

(1)
7 and

E
(1)
8 in this paper. The corresponding linear q-difference equations for the cases

E
(1)
6 and E

(1)
7 are the variants of q-Heun equation which were introduced in [14]

(see Eqs. (2.5), (2.8)). Note that q-Heun equation and the variants are also obtained
by degenerations of Ruijsenaars-van Diejen system [9,13,15]. The corresponding

linear q-difference equations for the case E
(1)
8 is the firstly degenerated Ruijsenaars-

van Diejen operator. Note that Noumi, Ruijsenaars and Yamada [8] obtained
the non-degenerate Ruijsenaars-van Diejen system from the Lax formalism of the

elliptic Painlevé equation e-P (E
(1)
8 ).

This paper is organized as follows. In section 2, we recall the q-Painlevé equa-

tions q-P (D
(1)
5 ), q-P (E

(1)
6 ) and q-P (E

(1)
7 ), their Lax pairs, and the corresponding

initial-value spaces by following the review by Kajiwara, Noumi and Yamada [6].
We consider restriction of the variables of initial-value spaces and obtain the q-Heun
equation and the variants. In section 3, we recall the q-Painlevé equation of type

E
(1)
8 by following Yamada [16], and obtain the firstly degenerated Ruijsenaars-van

Diejen operator by considering a suitable limit.

2. q-Painlevé equation, Lax pairs, initial-value space of q-Painlevé
equation and q-Heun equation

Lax pairs and the initial-value spaces for discrete Painlevé equations were re-
viewed by Kajiwara, Noumi and Yamada in [6]. We recall them for the q-Painlevé

equations of type D
(1)
5 , E

(1)
6 and E

(1)
7 , and we apply the procedure of the blow-

up associated with the the initial-value spaces to the linear q-difference equation
related to the Lax pairs.

Throughout this section, we assume that the parameters κ1, κ2, ν1, ν2, . . . , ν8
are non-zero and satisfy the relation κ2

1κ
2
2 = qν1ν2 . . . ν8.

2.1. The case D
(1)
5 . The q-Painlevé equation of type D

(1)
5 (q-P (D

(1)
5 )) was

given as

ff = ν3ν4
(g − ν5/κ2)(g − ν6/κ2)

(g − 1/ν1)(g − 1/ν2)
, gg =

1

ν1ν2

(f − κ1/ν7)(f − κ1/ν8)

(f − ν3)(f − ν4)
.



122 SHOKO SASAKI, SHUN TAKAGI, AND KOUICHI TAKEMURA

The space of initial condition for q-P (D
(1)
5 ) was realized by blowing up eight points

P1, . . . , P8 of P1 × P1, where

Pi : (∞, 1/νi)i=1,2, (νi,∞)i=3,4, (0, νi/κ2)i=5,6, (κ1/νi, 0)i=7,8

On the other hand, q-P (D
(1)
5 ) was realized by the compatibility condition for the

Lax pair L1 and L2, where

L1 =
{z(gν1 − 1)(gν2 − 1)

qg
− ν1ν2ν3ν4(g − ν5/κ2)(g − ν6/κ2)

fg

}
+

ν1ν2(z − qν3)(z − qν4)

q(qf − z)
(g − T−1

z ) +
(z − κ1/ν7)(z − κ1/ν8)

q(f − z)

(1
g
− Tz

)
L2 =

(
1− f

z

)
T + Tz −

1

g

We track the linear q-difference equation L1y(z) = 0, i. e.

{z(gν1 − 1)(gν2 − 1)

qg
− ν1ν2ν3ν4(g − ν5/κ2)(g − ν6/κ2)

fg

}
y(z)(2.1)

+
ν1ν2(z − qν3)(z − qν4)

q(qf − z)
(gy(z)− y(z/q))

+
(z − κ1/ν7)(z − κ1/ν8)

q(f − z)

(y(z)
g
− y(qz)

)
= 0,

on the process of the blow-up of the point Pi (i = 1, 2, . . . , 8) respectively, and we
investigate a relationship with the q-Heun equation

(z − h1q
1/2)(z − h2q

1/2)g(z/q) + l3l4(z − l1q
−1/2)(z − l2q

−1/2)g(qz)(2.2)

− {(l3 + l4)z
2 + Ez + (l1l2l3l4h1h2)

1/2(h
1/2
3 + h

−1/2
3 )}g(z) = 0.

The parameter E is called the accessory parameter. Note that details of the calcu-
lation in this subsection were performed in [11].

The points P5 : (0, ν5/κ2) and P6 : (0, ν6/κ2)

We realize the blow-up at (f, g) = (0, ν5/κ2) by setting (f, g) = (f1, f1g1 +
ν5/κ2). Then the point P5 : (0, ν5/κ2) corresponds to the line f1 = 0. By the
transformation (f, g) = (f1, f1g1 + ν5/κ2), the operator L1 is written as

L1 =
(ν1ν5 − κ2 + f1g1κ2ν1)(ν2ν5 − κ2 + f1g1κ2ν2)z

qκ2(f1g1κ2 + ν5)

− g1ν1ν2ν3ν4(f1g1κ2 + ν5 − ν6)

f1g1κ2 + ν5

+
ν1ν2(z − qν3)(z − qν4)(f1g1κ2 + ν5 − κ2T

−1
z )

qκ2(qf1 − z)

+
(ν7z − κ1)(ν8z − κ1)(κ2 − (f1g1κ2 + ν5)Tz)

q(f1g1κ2 + ν5)ν7ν8(f1 − z)
.
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We set f1 = 0 on the equation L1y(z) = 0. Then we have

ν1ν2(z − qν3)(z − qν4)y(z/q) +
(
z − κ1

ν7

)(
z − κ1

ν8

)
y(qz)

(2.3)

−
[
(ν1 + ν2)z

2 +
{
qg1ν1ν2ν3ν4

(
1− ν6

ν5

)
− qν1ν2ν5(ν3 + ν4)

κ2
− κ1κ2(ν7 + ν8)

ν5ν7ν8

}
z

+
q2ν1ν2ν3ν4ν5

κ2
+

κ1
2κ2

ν5ν7ν8

}]
y(z) = 0.

It follows from the relation κ2
1κ

2
2 = qν1ν2 . . . ν8 that Eq. (2.3) is written as

(z − qν3)(z − qν4)y(z/q) +
1

ν1ν2

(
z − κ1

ν7

)(
z − κ1

ν8

)
y(qz)(2.4)

−
[( 1

ν1
+

1

ν2

)
z2 +

{
qg1ν3ν4

(
1− ν6

ν5

)
− qν5(ν3 + ν4)

κ2
− κ1κ2(ν7 + ν8)

ν1ν2ν5ν7ν8

}
z

+
qκ1ν

1/2
3 ν4

1/2

ν11/2ν21/2ν71/2ν81/2

{(qν6
ν5

)1/2
+
(qν6
ν5

)−1/2}]
y(z) = 0.

We compare it with the q-Heun equation given in Eq. (2.2). Then we obtain the
following correspondence

h1 = q1/2ν3, h2 = q1/2ν4, h3 =
qν6
ν5

l1 =
q1/2κ1

ν7
, l2 =

q1/2κ1

ν8
, l3 =

1

ν1
, l4 =

1

ν2
.

We may regard the parameter g1 as an accessory parameter.
On the blow-up at the point P6 : (0, ν6/κ2), we obtain the q-Heun equation

where the parameters ν5 and ν6 are exchanged.
The points P7 : (κ1/ν7, 0) and P8 : (κ1/ν8, 0)

We realize the blow-up at (f, g) = (κ1/ν7, 0) by setting (f, g) = (f1g1 +
κ1/ν7, g1). Then the point P7 : (κ1/ν7, 0) corresponds to the line g1 = 0. By
the transformation (f, g) = (f1g1 + κ1/ν7, g1), the operator L1 is written as

L1 =
(g1ν1 − 1)(g1ν2 − 1)z

qg1
− ν1ν2ν3ν4(g1κ2 − ν5)(g1κ2 − ν6)ν7

g1κ2
2(κ1 + f1g1ν7)

+
ν1ν2ν7(z − qν3)(z − qν4)(g1 − T−1

z )

q(qκ1 + qf1g1ν7 − ν7z)
+

(ν7z − κ1)(ν8z − κ1)(1− g1Tz)

qg1ν8(κ1 + f1g1ν7 − ν7z)
.

We consider the equation L1y(z) = 0. It follows from the relation κ2
1κ

2
2 = qν1ν2 . . . ν8

that divergence as g1 → 0 in L1y(z) = 0 was avoided and we have

− ν1ν2ν7(z − qν3)(z − qν4)

q(qκ1 − ν7z)
y(z/q) +

ν8z − κ1

qν8
y(qz)

+
{ν1ν2ν3ν4ν7(ν5 + ν6)

κ2(κ1 − ν7z)
− κ1(ν1 + ν2)z

q(κ1 − ν7z)
− ν1ν2ν3ν4(ν5 + ν6)ν7

2z

κ1κ2(κ1 − ν7z)

+
f1ν7z

q(κ1 − ν7z)
− f1ν7

2z

qν8(κ1 − ν7z)
+

(ν1 + ν2)ν7z
2

q(κ1 − ν7z)

}
y(z) = 0
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by setting g1 = 0. To obtain the q-Heun equation, we transform the dependent
variable y(z) by setting u(z) = y(z)/(ν7z − κ1). Then it follows that

(z − qν3)(z − qν4)u(z/q) +
q2

ν1ν2

(
z − κ1

qν7

)(
z − κ1

ν8

)
u(qz)

−
[( q

ν1
+

q

ν2

)
z2 +

{ qf1
ν1ν2

(
1− ν7

ν8

)
− κ1q

ν7

( 1

ν1
+

1

ν2

)
− q2ν3ν4ν7(ν5 + ν6)

κ1κ2

}
z

+
q3/2κ1ν3

1/2ν4
1/2

ν11/2ν21/2ν71/2ν81/2

{(ν6
ν5

)1/2
+
(ν6
ν5

)−1/2}]
u(z) = 0.

We compare it with the q-Heun equation given in Eq. (2.2). Then we obtain the
following correspondence

h1 = q1/2ν3, h2 = q1/2ν4, h3 =
ν6
ν5

l1 =
κ1

q1/2ν7
, l2 =

q1/2κ1

ν8
, l3 =

q

ν1
, l4 =

q

ν2
.

We may regard f1 as an accessory parameter.
On the blow-up at the point P8 : (κ1/ν8, 0), we obtain the q-Heun equation

where the parameters ν7 and ν8 are exchanged.
The points P1 : (∞, 1/ν1) and P2 : (∞, 1/ν2)

We consider the blow-up at the point P1 : (∞, 1/ν1). Set (f, g) = (1/f0, g0).
Then the point (f, g) = (∞, 1/ν1) corresponds to the point (f0, g0) = (0, 1/ν1). We
realize the blow-up at (f0, g0) = (0, 1/ν1) by setting (f0, g0) = (f1, f1g1 + 1/ν1).
Then the point P1 : (∞, 1

ν1
) corresponds to the line f1 = 0. We substitute (f, g) =

(1/f0, g0) and (f0, g0) = (f1, f1g1 + 1/ν1) into the equation L1y(z) = 0. We set
f1 = 0. By applying the relation κ2

1κ
2
2 = qν1ν2 . . . ν8, we obtain

(z − qν3)(z − qν4)y(z/q) +
q

ν1ν2

(
z − κ1

ν7

)(
z − κ1

ν8

)
y(qz)

−
[( 1

ν1
+

q

ν2

)
z2 +

{
g1q
(
1− ν1

ν2

)
− q

ν1
(ν3 + ν4)−

κ1q

ν2

( 1

ν7
+

1

ν8

)}
z

+
(q3ν3ν4κ1

2

ν1ν2ν7ν8

)1/2{(ν6
ν5

)1/2
+
(ν6
ν5

)−1/2}]
y(z) = 0.

We compare it with the q-Heun equation given in Eq. (2.2). Then we obtain the
following correspondence

h1 = q1/2ν3, h2 = q1/2ν4, h3 =
ν6
ν5

l1 =
q1/2κ1

ν7
, l2 =

q1/2κ1

ν8
, l3 =

1

ν1
, l4 =

q

ν2
.

We may regard g1 as an accessory parameter.
On the blow-up at the point P2 : (∞, 1/ν2), we obtain the q-Heun equation

where the parameters ν1 and ν2 are exchanged.
The points P3 : (ν3,∞) and P4 : (ν4,∞)

We consider the blow-up at the point P3 : (ν3,∞). Set (f, g) = (f0, 1/g0). Then
the point (f, g) = (ν3,∞) corresponds to the point (f0, g0) = (ν3, 0). We realize the
blow-up at (f0, g0) = (ν3, 0) by setting (f0, g0) = (f1g1 + ν3, g1). Then the point
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P3 : (ν3,∞) corresponds to the line g1 = 0. We substitute (f, g) = (f0, 1/g0) and
(f0, g0) = (f1g1 + ν3, g1) into the equation L1y(z) = 0. Set g1 = 0. Then we have

ν1ν2(z − qν4)

q
y(z/q)− (ν7z − κ1)(ν8z − κ1)

qν7ν8(ν3 − z)
y(qz)

+
1

κ2q(qν3 − z)

[
q2ν1ν2ν3ν4(ν5 + ν6) + {qf1κ2ν1ν2(1− ν4/ν3)

− qκ2ν3(ν1 + ν2)− qν1ν2ν4(ν5 + ν6)}z + κ2(ν1 + ν2)z
2
]
y(z) = 0.

To obtain the q-Heun equation, we set u(z) = y(z)/(z − qν3). Then

(z − q2ν3)(z − qν4)u(z/q) +
q2

ν1ν2

(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

−
[
q
( 1

ν1
+

1

ν2

)
z2 + q2

{
f1

(
1− ν4

ν3

)
− ν3

( 1

ν1
+

1

ν2

)
− ν4

κ2
(ν5 + ν6)

}
z

+
q3ν3ν4ν5

1/2ν6
1/2

κ2

{(ν6
ν5

)1/2
+
(ν6
ν5

)−1/2}]
u(z) = 0.

We compare it with the q-Heun equation given in Eq. (2.2). Then we obtain the
following correspondence

h1 = q3/2ν3, h2 = q1/2ν4, h3 =
ν6
ν5

,

l1 =
q1/2κ1

ν7
, l2 =

q1/2κ1

ν8
, l3 =

q

ν1
, l4 =

q

ν2
.

We may regard f1 as an accessory parameter.
On the blow-up at the point P4 : (ν4,∞), we obtain the q-Heun equation where

the parameters ν3 and ν4 are exchanged.
The other cases related to the q-Heun equation
We can obtain the q-Heun equation by other restrictions of the parameters. We

substitute f = κ1/ν7 to the equation L1y(z) = 0. Then we have

(z − qν3)(z − qν4)y(z/q) +
1

ν1ν2

(
z − qκ1

ν7

)(
z − κ1

ν8

)
y(qz)−

[( 1

ν1
+

1

ν2

)
z2

+
{q(ν3ν7 − κ1)(ν4ν7 − κ1)

ν7κ1
g − κ1q

ν7

( 1

ν1
+

1

ν2

)
− qν3ν4ν7(ν5 + ν6)

κ1κ2

}
z

+
q3/2κ1ν3

1/2ν4
1/2

ν11/2ν21/2ν71/2ν81/2

{(ν6
ν5

)1/2
+
(ν6
ν5

)−1/2}]
y(z) = 0.

Hence we obtain the q-Heun equation, and we may regard g as an accessory parame-
ter. We have a similar result by substituting f = κ1/ν8 to the equation L1y(z) = 0.

We substitute f = ν3 to the equation L1y(z) = 0. Then we have

(z − ν3)(z − qν4)y(z/q) +
1

ν1ν2

(
z − κ1

ν7

)(
z − κ1

ν8

)
y(qz)

−
[( 1

ν1
+

1

ν2

)
z2 −

( (ν3ν7 − κ1)(ν4ν7 − κ1)

ν1ν2ν3ν7ν7

1

g
+

ν3
ν1

+
ν3
ν2

+
qν4ν5
κ2

+
qν4ν6
κ2

)
z

+
qν3ν4ν5

1/2ν6
1/2

κ2

{(ν6
ν5

)1/2
+
(ν6
ν5

)−1/2}]
y(z) = 0.
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Hence we obtain the q-Heun equation, and we may regard g as an accessory pa-
rameter. Note that this procedure was essentially considered in section 3.1 of [13].
We have a similar result by substituting f = ν4 to the equation L1y(z) = 0.

2.2. The case E
(1)
6 . The q-Painlevé equation of type E

(1)
6 (q-P (E

(1)
6 )) in [6]

was given as

(fg − 1)(fg − 1)

ff
=

(g − 1/ν1)(g − 1/ν2)(g − 1/ν3)(g − 1/ν4)

(g − ν5/κ2)(g − ν6/κ2)
,

(fg − 1)(fg − 1)

gg
=

(f − ν1)(f − ν2)(f − ν3)(f − ν4)

(f − κ1/ν7)(f − κ1/ν8)
.

The space of initial condition for q-P (E
(1)
6 ) was realized by blowing up eight points

P1, . . . , P8 of P1 × P1, where

Pi :
(
νi,

1

νi

)
i=1,2,3,4

,
(
0,

νi
κ2

)
i=5,6

,
(κ1

νi
, 0
)
i=7,8

.

On the other hand, q-P (E
(1)
6 ) was obtained by the compatibility condition for the

Lax operators L1 and L2, where

L1 =
z(gν1 − 1)(gν2 − 1)(gν3 − 1)(gν4 − 1)

g(fg − 1)(gz − q)
− (gκ2/ν5 − 1)(gκ2/ν6 − 1)κ2

1

qfgν7ν8

+
(ν1 − z/q)(ν2 − z/q)(ν3 − z/q)(ν4 − z/q)

f − z/q

{ g

1− gz/q
− T−1

z

}
+

(κ1/ν7 − z)(κ1/ν8 − z)

q(f − z)

{(1
g
− z
)
− Tz

}
,

L2 =
(
1− f

z

)
T + Tz −

(1
g
− z
)
.

We track the linear q-difference equation L1y(z) = 0 on the process of the blow-up
of the point Pi (i = 1, 2, . . . , 8) respectively, and we investigate a relationship with
the variant of the q-Heun equation of degree 3;

(z − h1q
1/2)(z − h2q

1/2)(z − h3q
1/2)g(z/q)(2.5)

+ (z − l1q
−1/2)(z − l2q

−1/2)(z − l3q
−1/2)g(qz)

+ {−(q1/2 + q−1/2)z3 + (h1 + h2 + h3 + l1 + l2 + l3)z
2

− Ez + (l1l2l3h1h2h3)
1/2(h

−1/2
4 + h

1/2
4 )}g(z) = 0 .

The variant of the q-Heun equation of degree 3 was introduced in [14], and it
has one accessory parameter E. The term h1 + h2 + h3 + l1 + l2 + l3 in the
coefficient of z2g(z) is specified by the condition that the singularity z = 0 is
apparent, which is a fundamental condition of the variant of the q-Heun equation
of degree 3. The variant of the q-Heun equation of degree 3 is the eigenfunction of
the thirdly degenerated Ruijsenaars-van Diejen operator [13] with the eigenvalue E
which corresponds to the accessory parameter, while the q-Heun equation is related
to the fourthly degenerated Ruijsenaars-van Diejen operator. Note that details of
the calculation in this subsection were performed in [11].

The points P5 : (0, ν5/κ2) and P6 : (0, ν6/κ2)

We realize the blow-up at (f, g) = (0, ν5/κ2) by setting (f, g) = (f1g1, g1 +
ν5/κ2). Then the point P5 : (0, ν5/κ2) corresponds to the line g1 = 0. We substitute
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(f, g) = (f1g1, g1 + ν5/κ2) into the equation L1y(z) = 0, and set g1 = 0. Then we
have

(κ1

ν7
− z
)(κ1

ν8
− z
)
y(qz) +

(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

q2
y(z/q)(2.6)

+
{
−κ2

1κ
2
2(ν5 − ν6)

f1ν25ν6ν7ν8
z +

(κ1

ν7
− z
)(κ1

ν8
− z
)
z − κ2(κ1/ν7 − z)(κ1/ν8 − z)

ν5

+
ν5(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

q(ν5z − qκ2)

− (ν1ν5 − κ2)(ν2ν5 − κ2)(ν3ν5 − κ2)(ν4ν5 − κ2)qz
2

κ2
2ν5(ν5z − qκ2)

}
y(z) = 0 .

To obtain a variant of the q-Heun equation, we apply gauge transformations. Set

(αx; q)∞ =

∞∏
i=0

(1− qiαx) = (1− αx)(1− qαx)(1− q2αx) · · ·

Proposition 2.1.

(i) If y(x) satisfies q−λa(x)g(x/q) + b(x)g(x) + qλc(x)g(qx) = 0, then the function
h(x) = xλy(x) satisfies a(x)g(x/q) + b(x)g(x) + c(x)g(qx) = 0.
(ii) If y(x) satisfies (1−αx)a(x)g(x/q)+b(x)g(x)+c(x)g(qx) = 0, then the function
u(x) = (αqx; q)∞y(x) satisfies a(x)g(x/q) + b(x)g(x) + (1− αqx)c(x)g(qx) = 0.

Proof. If h(x) = xλy(x), then y(qx) = q−λx−λh(qx) and y(x/q) = qλx−λh(x/q).
Hence the equation q−λa(x)h(x/q) + b(x)g(x) + qλc(x)h(qx) = 0 is rewritten as
a(x)y(x/q) + b(x)y(x) + c(x)y(qx) = 0 and we obtain (i).

We can obtain (ii) similarly, as shown in [7]. �

We apply a gauge transformation in Proposition 2.1 (ii) to Eq. (2.6). Then we
obtain

q1/2

ν1
(ν1 − z)

(κ1

ν7
− z
)(κ1

ν8
− z
)
ỹ(qz) +

ν1
q1/2

(qν2 − z)(qν3 − z)(qν4 − z)ỹ(z/q)

+ q1/2
{
−q2ν1ν2ν3ν4ν5

κ2
− κ2

1κ2

ν5ν7ν8
+
(qν1ν2ν3ν5

κ2
+

qν1ν2ν4ν5
κ2

+
qν1ν3ν4ν5

κ2

+
qν2ν3ν4ν5

κ2
− qν1ν2ν3ν4ν

2
5

κ2
2

+
κ1κ2

ν5ν7
+

κ1κ2

ν5ν8
+

κ2
1

ν7ν8
+

κ2
1κ

2
2

f1ν25ν7ν8
− κ2

1κ
2
2

f1ν5ν6ν7ν8

)
z

−
(
ν1 + ν2 + ν3 + ν4 +

κ1

ν7
+

κ1

ν8

)
z2 +

(
1 +

1

q

)
z3
}
ỹ(z) = 0 .
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By applying the relation κ2
1κ

2
2 = qν1ν2 . . . ν8 and a gauge transformation in Propo-

sition 2.1 (i), we have

(z − qν2)(z − qν3)(z − qν4)u(z/q) + (z − ν1)
(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

(2.7)

+
[
−(q1/2 + q−1/2)z3 + q1/2

(
ν1 + ν2 + ν3 + ν4 +

κ1

ν7
+

κ1

ν8

)
z2

− q3/2
{
ν1ν2ν3ν4

(ν6
ν5
− 1
)( 1

f1
+

ν25
κ2
2

)
+ ν1ν2ν3ν4

ν5
κ2

( 1

ν1
+

1

ν2
+

1

ν3
+

1

ν4

)
+

κ2

qν5

(κ1

ν7
+

κ1

ν8

)}
z +

(
q3

ν1ν2ν3ν4κ
2
1

ν7ν8

)1/2{(qν5
ν6

)1/2
+
(qν5
ν6

)−1/2}]
u(z) = 0 .

In fact, if y(z) is a solution of Eq. (2.6) and the parameter λ satisfies qλ = q1/2/ν1,
then the function u(z) = zλ(z/ν1; q)∞y(z) satisfies Eq. (2.7). We compare Eq. (2.7)
with the variant of the q-Heun equation of degree 3 given in Eq. (2.5). Then we
obtain the following correspondence

h1 = q1/2ν2, h2 = q1/2ν3, h3 = q1/2ν4, h4 =
qν5
ν6

,

l1 = q1/2ν1, l2 =
q1/2κ1

ν7
, l3 =

q1/2κ1

ν8
.

We may regard f1 as an accessory parameter.
On the blow-up at the point P6, we obtain the equation where the parameters

ν5 and ν6 are exchanged.
The points P7 : (κ1/ν7, 0) and P8 : (κ1/ν8, 0)

We realize the blow-up at (f, g) = (κ1/ν7, 0) by setting (f, g) = (f1g1 +
κ1/ν7, g1). Then the point P7 : (κ1/ν7, 0) corresponds to the line g1 = 0. We
substitute (f, g) = (f1g1 + κ1/ν7, g1) into the equation L1y(z) = 0, and set g1 = 0.
Then we have

z − κ1/ν8
q

y(qz) +
(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

q3(z − qκ1/ν7)
y(z/q)

+
[κ1

2q{−κ2(ν5 + ν6) + ν5ν6(1− ν8/ν7)z}
q2ν5ν6ν7ν8(z − κ1/ν7)

+
z{f1q(ν7 − ν8) + ν8z((q + 1)z − q(ν1 + ν2 + ν3 + ν4))}

q2ν8(z − κ1/ν7)

+
κ1z{κ2q(ν5 + ν6)ν7 + ν5ν6(−(qν7 + ν8)z + q(ν1 + ν2 + ν3 + ν4)ν8)}

q2ν5ν6ν7ν8(z − κ1/ν7)

]
y(z) = 0 .
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By setting ỹ(z) = y(z)/(z − κ1/ν7), we have

(z − κ1/ν8)(qz − κ1/ν7)

q
ỹ(qz) +

(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

q4
ỹ(z/q)

+
[κ1

2q{−κ2(ν5 + ν6) + ν5ν6(1− ν8/ν7)z}
q2ν5ν6ν7ν8

+
z{f1q(ν7 − ν8) + ν8z((q + 1)z − q(ν1 + ν2 + ν3 + ν4))}

q2ν8

+
κ1z{κ2q(ν5 + ν6)ν7 + ν5ν6(−(qν7 + ν8)z + q(ν1 + ν2 + ν3 + ν4)ν8)}

q2ν5ν6ν7ν8

]
ỹ(z) = 0 .

Let λ be the parameter such that qλ = q3/2/ν1. Then the function u(z) =
zλ(z/ν1; q)∞ỹ(z) satisfies

(z − qν2)(z − qν3)(z − qν4)u(z/q) + (z − ν1)
(
z − κ1

qν7

)(
z − κ1

ν8

)
u(qz)

+
[
−(q1/2 + q−1/2)z3 + q1/2

(
ν1 + ν2 + ν3 + ν4 +

κ1

qν7
+

κ1

ν8

)
z2

− q1/2
{(

f1 +
κ2
1

ν27

)(ν7
ν8
− 1
)
+

κ1

ν7
(ν1 + ν2 + ν3 + ν4) +

κ1

ν8

(κ2

ν5
+

κ2

ν6

)}
z

+
(q2κ2

1ν1ν2ν3ν4
ν7ν8

)1/2{(ν5
ν6

)1/2
+
(ν5
ν6

)−1/2}]
u(z) = 0 .

We compare it with the variant of the q-Heun equation of degree 3 given in Eq. (2.5).
Then we obtain the following correspondence

h1 = q1/2ν1, h2 = q1/2ν3, h3 = q1/2ν4, h4 =
ν5
ν6

,

l1 = q1/2ν1, l2 =
κ1

q1/2ν7
, l3 =

q1/2κ1

ν8
.

We may regard f1 as an accessory parameter.
On the blow-up at the point P8, we obtain the equation where the parameters

ν7 and ν8 are exchanged.
The points Pi : (νi, 1/νi) (i = 1, 2, 3, 4)

We realize the blow-up at (f, g) = (ν1, 1/ν1) by setting (f, g) = (f1g1+ ν1, g1+
1/ν1). Then the point P1 : (ν1, 1/ν1) corresponds to the line g1 = 0. We substitute
(f, g) = (f1g1 + ν1, g1 + 1/ν1) into the equation L1y(z) = 0, and set g1 = 0. Then
we have

(z − κ1/ν7)(z − κ1/ν8)

q(z − ν1)
y(qz) +

(z − qν2)(z − qν3)(z − qν4)

q3
y(z/q)

+
{
−κ2

1(1− κ2/(ν1ν5))(1− κ2/(ν1ν6))

qν7ν8
+

(z − κ1/ν7)(z − κ1/ν8)

q

+
ν1(ν2 − ν1)(ν3 − ν1)(ν4 − ν1)z

(f1 + ν21)(z − qν1)
− q(ν2 − z/q)(ν3 − z/q)(ν4 − z/q)

z − qν1

}
y(z) = 0 .
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Let λ be the parameter such that qλ = q1/2/ν1. Then the function u(z) =
zλ(z/ν1; q)∞y(z) satisfies

(z − qν2)(z − qν3)(z − qν4)u(z/q) + (z − qν1)
(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

+
[
−(q−1/2 + q1/2)z3 + q1/2

(
qν1 + ν2 + ν3 + ν4 +

κ1

ν7
+

κ1

ν8

)
z2

− q3/2
{ν1(ν2 − ν1)(ν3 − ν1)(ν4 − ν1)

f1 + ν21
+ ν1

(κ1

ν7
+

κ1

ν8

)
+ ν2ν3ν4

(
− 1

ν1
+

1

ν2
+

1

ν3
+

1

ν4
+

ν5
κ2

+
ν6
κ2

)}
z

+
(
q4

ν1ν2ν3ν4κ
2
1

ν7ν8

)1/2{(ν5
ν6

)1/2
+
(ν5
ν6

)−1/2}]
u(z) = 0 .

We compare it with the variant of the q-Heun equation of degree 3 given in Eq. (2.5).
Then we obtain the following correspondence

h1 = q1/2ν2, h2 = q1/2ν3 h3 = q1/2ν4, h4 =
ν5
ν6

,

l1 = q3/2ν1, l2 =
q1/2κ1

ν7
, l3 =

q1/2κ1

ν8
.

We may regard f1 as an accessory parameter.
On the blow-up at the point Pi (i = 2, 3, 4), we obtain the equation where the

parameters ν1 and νi are exchanged.
The other cases related to the variant of the q-Heun equation of degree three
We substitute f = κ1/ν7 to the equation L1y(z) = 0. Then we have

(z − qκ1/ν7)(z − κ1/ν8)y(qz) +
(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

q2
y(z/q)

+
[(

1 +
1

q

)
z3 −

(
ν1 + ν2 + ν3 + ν4 +

qκ1

ν7
+

κ1

ν8

)
z2

+ q
{ (1− ν1ν7/κ1)(1− ν2ν7/κ1)(1− ν3ν7/κ1)(1− ν4ν7/κ1)

(g − ν7/κ1)ν7/κ1
+

κ2
1

ν7ν8

+
ν1ν2ν3ν4ν7

κ1

(
− 1

ν1
− 1

ν2
− 1

ν3
− 1

ν4
+

ν5
κ2

+
ν6
κ2

+
ν7
κ1

)
+

∑
1≤i<j≤4

νiνj

}
z

− qκ2
1κ2(ν5 + ν6)

ν5ν6ν7ν8

}]
y(z) = 0 .

By applying a gauge transformation, we obtain the variant of the q-Heun equation
of degree 3, and we may regard g as an accessory parameter. We have a similar
result by substituting f = κ1/ν8 to the equation L1y(z) = 0.
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We substitute f = ν1 to the equation L1y(z) = 0. Then we have

q(z − κ1/ν7)(z − κ1/ν8)y(qz) +
(z − ν1)(z − qν2)(z − qν3)(z − qν4)

q
y(z/q)

+
[
(q + 1)z3 −

(
ν1 + qν2 + qν3 + qν4 +

qκ1

ν7
+

qκ1

ν8

)
z2

+ q
{−(ν1 − κ1/ν7)(ν1 − κ1/ν8)

gν1
+ ν1(ν2 + ν3 + ν4)

+
κ2
1

ν7ν8
+

κ2
1

ν1ν7ν8

(κ2

ν5
+

κ2

ν6

)}
z − q2ν1ν2ν3ν4(ν5 + ν6)

κ2

}]
y(z) = 0 .

By applying a gauge transformation, we obtain the variant of the q-Heun equation
of degree 3, and we may regard g as an accessory parameter. We have similar
results by substituting f = νi (i = 2, 3, 4) to the equation L1y(z) = 0.

2.3. The case E
(1)
7 . The q-Painlevé equation of type E

(1)
7 (q-P (E

(1)
7 )) in [6]

was given as

(fg − κ1/κ2)(fg − κ1/(qκ2))

(fg − 1)(fg − 1)
=

(g − ν5/κ2)(g − ν6/κ2)(g − ν7/κ2)(g − ν8/κ2)

(g − 1/ν1)(g − 1/ν2)(g − 1/ν3)(g − 1/ν4)
,

(fg − κ1/κ2)(fg − qκ1/κ2)

(fg − 1)(fg − 1)
=

(f − κ1/ν5)(f − κ1/ν6)(f − κ1/ν7)(f − κ1/ν8)

(f − ν1)(f − ν2)(f − ν3)(f − ν4)
.

The space of initial condition for q-P (E
(1)
7 ) was realized by blowing up eight points

P1, . . . , P8 of P1 × P1, where

Pi :
(
νi,

1

νi

)
i=1,2,3,4

,
(κ1

νi
,
νi
κ2

)
i=5,6,7,8

.

On the other hand, q-P (E
(1)
7 ) was obtained by the compatibility condition for the

Lax operators L1 and L2, where

L1 =
q(κ1 − κ2)(gκ2 − ν5)(gκ2 − ν6)(gκ2 − ν7)(gκ2 − ν8)

gκ1κ2
2(fgκ2 − κ1)(gκ2z − κ1)

− q(κ1 − κ2)(gν1 − 1)(gν2 − 1)(gν3 − 1)(gν4 − 1)

g(fg − 1)κ1ν1ν2ν3ν4(gz − q)

+
(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z){(gκ2z − κ1q)− κ1(gz − q)T−1

z }
qκ1ν1ν2ν3ν4(fq − z)z2(q − gz)

− q(κ1 − ν5z)(κ1 − ν6z)(κ1 − ν7z)(κ1 − ν8z){κ1(gz − 1)− (gκ2z − κ1)Tz}
κ4
1(f − z)z2(gκ2z − κ1)

,

L2 = (1− zgκ2/κ1)Tz − (1− zg) + z(z − f)gT .

We track the linear q-difference equation L1y(z) = 0 on the process of the blow-up
of the point Pi (i = 1, 2, . . . , 8) respectively, and we investigate a relationship with
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the variant of the q-Heun equation of degree 4;

(z − h1q
1/2)(z − h2q

1/2)(z − h3q
1/2)(z − h4q

1/2)g(z/q)

(2.8)

+ (z − l1q
−1/2)(z − l2q

−1/2)(z − l3q
−1/2)(z − l4q

−1/2)g(qz)

+
[
−(q1/2 + q−1/2)z4 + (h1 + h2 + h3 + h4 + l1 + l2 + l3 + l4)z

3 + Ez2

+ (h1h2h3h4l1l2l3l4)
1/2
{
(h−1

1 + h−1
2 + h−1

3 + h−1
4 + l−1

1 + l−1
2 + l−1

3 + l−1
4 )z

− (q1/2 + q−1/2)
}]

g(z) = 0 .

The variant of the q-Heun equation of degree 4 was introduced in [14], and it has
one accessory parameter E. The terms in the coefficients of z3g(z) and zg(z) are
specified by the condition that the singularities z = 0 and z = ∞ are apparent,
which is a fundamental condition of the variant of the q-Heun equation of degree
4. The variant of the q-Heun equation of degree 4 is the eigenfunction of the
secondly degenerated Ruijsenaars-van Diejen operator [13] with the eigenvalue E
which corresponds to the accessory parameter. Note that details of the calculation
in this subsection were performed in [11].

The points Pi : (νi, 1/νi) (i = 1, 2, 3, 4)

We realize the blow-up at (f, g) = (ν1, 1/ν1) by setting (f, g) = (f1g1+ ν1, g1+
1/ν1). Then the point P1 : (ν1, 1/ν1) corresponds to the line g1 = 0. We substitute
(f, g) = (f1g1 + ν1, g1 + 1/ν1) into the equation L1y(z) = 0, and set g1 = 0. Then
we have

q(κ1 − ν5z)(κ1 − ν6z)(κ1 − ν7z)(κ1 − ν8z)

κ4
1(ν1 − z)z2

y(qz)

+
(qν2 − z)(qν3 − z)(qν4 − z)

qν1ν2ν3ν4z2
y(z/q)

+
{
−q(κ1 − κ2)(ν1 − ν2)(ν1 − ν3)(ν1 − ν4)

κ1(f1 + ν21)ν2ν3ν4(qν1 − z)

+
q(κ2 − ν1ν5)(κ2 − ν1ν6)(κ2 − ν1ν7)(κ2 − ν1ν8)

κ1κ2
2ν

2
1(κ1ν1 − κ2z)

− (qν2 − z)(qν3 − z)(qν4 − z)(qκ1ν1 − κ2z)

κ1qν1ν2ν3ν4(qν1 − z)z2

− q(κ1 − ν5z)(κ1 − ν6z)(κ1 − ν7z)(κ1 − ν8z)

κ3
1z

2(κ1ν1 − κ2z)

}
y(z) = 0 .



q-HEUN EQUATION AND INITIAL-VALUE SPACE OF q-PAINLEVÉ EQUATION 133

Let λ be the parameter such that qλ = q3/2κ2/κ1. Then the function u(z) =
zλy(z)/(qν1 − z) satisfies(

z − κ1

ν5

)(
z − κ1

ν6

)(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

+ (z − q2ν1)(z − qν2)(z − qν3)(z − qν4)u(z/q)

+
[
−(q1/2 + q−1/2)z4 + q1/2

(
qν1 + ν2 + ν3 + ν4 +

κ1

ν5
+

κ1

ν6
+

κ1

ν7
+

κ1

ν8

)
z3

− q3/2
( K1

κ2(f1 + ν21)
+K2

)
z2 +

q3κ1ν1ν2ν3ν4
κ2

{
q−1/2

( 1

qν1
+

1

ν2
+

1

ν3
+

1

ν4

+
ν5
κ1

+
ν6
κ1

+
ν7
κ1

+
ν8
κ1

)
z − (q1/2 + q−1/2)

}]
u(z) = 0 ,

where

K1 = ν1(κ1 − κ2)(ν1 − ν2)(ν1 − ν3)(ν1 − ν4),

K2 = κ1ν1

(−ν1 + ν2 + ν3 + ν4
κ2

+
1

ν5
+

1

ν6
+

1

ν7
+

1

ν8

)
+ ν2ν3ν4

(
− 1

ν1
+

1

ν2
+

1

ν3
+

1

ν4
+

ν5 + ν6 + ν7 + ν8
κ2

)
.

Note that we used the relation κ2
1κ

2
2 = qν1ν2 . . . ν8.

We compare it with the variant of the q-Heun equation of degree 4 given in
Eq. (2.8). Then we obtain the following correspondence

h1 = q3/2ν1, h2 = q1/2ν2, h3 = q1/2ν3, h4 = q1/2ν4,

l1 =
q1/2κ1

ν5
, l2 =

q1/2κ1

ν6
, l3 =

q1/2κ1

ν7
, l4 =

q1/2κ1

ν8
.

We may regard f1 as an accessory parameter.
On the blow-up at the point Pi (i = 2, 3, 4), we obtain the equation where the

parameters ν1 and νi are exchanged.
The points Pi : (κ1/νi, νi/κ2) (i = 5, 6, 7, 8)

We realize the blow-up at (f, g) = (κ1/ν5, ν5/κ2) by setting (f, g) = (f1g1 +
κ1/ν5, g1+ν5/κ2). Then the point P5 : (κ1/ν5, ν5/κ2) corresponds to the line g1 = 0.
We substitute (f, g) = (f1g1+κ1/ν5, g1+ν5/κ2) into the equation L1y(z) = 0, and
set g1 = 0. Then we have

qν5(κ1 − ν6z)(κ1 − ν7z)(κ1 − ν8z)

κ4
1z

2
y(qz)

+
ν5(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

qν1ν2ν3ν4z2(qκ1 − ν5z)
y(z/q)

+
{
−q(κ1 − κ2)(ν5 − ν6)(ν5 − ν7)(ν5 − ν8)

κ1(κ1κ2 + f1ν25)(κ1 − ν5z)

− κ2ν5(qν1 − z)(qν2 − z)(qν3 − z)(qν4 − z)

qκ1ν1ν2ν3ν4z2(qκ2 − ν5z)

+
q(κ2 − ν1ν5)(κ2 − ν2ν5)(κ2 − ν3ν5)(κ2 − ν4ν5)

κ1κ2ν1ν2ν3ν4ν5(qκ2 − ν5z)

− qν5(κ2 − ν5z)(κ1 − ν6z)(κ1 − ν7z)(κ1 − ν8z)

κ3
1κ2z2(κ1 − ν5z)

}
y(z) = 0 .
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Let λ be the parameter such that qλ = q3/2κ2/κ1. Then the function u(z) =
zλy(z)/(κ1 − ν5z) satisfies

(z − qν1)(z − qν2)(z − qν3)(z − qν4)u(z/q)

+
(
z − κ1

qν5

)(
z − κ1

ν6

)(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

+
[
−(q1/2 + q−1/2)z4 + q1/2

(
ν1 + ν2 + ν3 + ν4 +

κ1

qν5
+

κ1

ν6
+

κ1

ν7
+

κ1

ν8

)
z3

− q1/2
( K1

κ2ν5(f1ν25 + κ1κ2)
+K2

)
z2 +

q2κ1ν1ν2ν3ν4
κ2

{
q−1/2

( 1

ν1
+

1

ν2
+

1

ν3
+

1

ν4

+
qν5
κ1

+
ν6
κ1

+
ν7
κ1

+
ν8
κ1

)
z − (q1/2 + q−1/2)

}]
u(z) = 0 ,

where

K1 = qν1ν2ν3ν4(κ1 − κ2)(ν5 − ν6)(ν5 − ν7)(ν5 − ν8),

K2 =
κ1κ2

ν5

(ν1 + ν2 + ν3 + ν4
κ2

− 1

ν5
+

1

ν6
+

1

ν7
+

1

ν8

)
+ qν1ν2ν3ν4

ν5
κ2

( 1

ν1
+

1

ν2
+

1

ν3
+

1

ν4
+
−ν5 + ν6 + ν7 + ν8

κ2

)
.

Note that we used the relation κ2
1κ

2
2 = qν1ν2 . . . ν8.

We compare it with the variant of the q-Heun equation of degree 4 given in
Eq. (2.8). Then we obtain the following correspondence

h1 = q1/2ν1, h2 = q1/2ν2, h3 = q1/2ν3, h4 = q1/2ν4,

l1 =
κ1

q1/2ν5
, l2 =

q1/2κ1

ν6
, l3 =

q1/2κ1

ν7
, l4 =

q1/2κ1

ν8
.

We may regard f1 as an accessory parameter.
On the blow-up at the point Pi (i = 6, 7, 8), we obtain the equation where the

parameters ν5 and νi are exchanged.
The other cases related to the variant of the q-Heun equation of degree four
We substitute f = ν1 to the equation L1y(z) = 0. Let λ be the parameter such

that qλ = q1/2κ2/κ1. Then the function u(z) = zλy(z) satisfies(
z − κ1

ν5

)(
z − κ1

ν6

)(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

+ (z − ν1)(z − qν2)(z − qν3)(z − qν4)u(z/q)

+
[
−(q1/2 + q−1/2)z4 + q1/2

(ν1
q

+ ν2 + ν3 + ν4 +
κ1

ν5
+

κ1

ν6
+

κ1

ν7
+

κ1

ν8

)
z3

− q1/2
( (ν1 − κ1/ν5)(ν1 − κ1/ν6)(ν1 − κ1/ν7)(ν1 − κ1/ν8)(κ1 − κ2)

ν21(gν1κ2 − κ1)
+K2

)
z2

+
q2κ1ν1ν2ν3ν4

κ2

{
q−1/2

( q

ν1
+

1

ν2
+

1

ν3
+

1

ν4
+

ν5
κ1

+
ν6
κ1

+
ν7
κ1

+
ν8
κ1

)
z

− (q1/2 + q−1/2)
}]

u(z) = 0 ,

where K2 is a value which does not depend on z nor g. Hence we obtain the
variant of the q-Heun equation of degree 4, and we may regard g as an accessory
parameter. We have similar results by substituting f = νi (i = 2, 3, 4) to the
equation L1y(z) = 0.
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We substitute f = κ1/ν5 to the equation L1y(z) = 0. Let λ be the parameter
such that qλ = q1/2κ2/κ1. Then we have

(z − qν1)(z − qν2)(z − qν3)(z − qν4)u(z/q)

+
(
z − qκ1

ν5

)(
z − κ1

ν6

)(
z − κ1

ν7

)(
z − κ1

ν8

)
u(qz)

+
[
−(q1/2 + q−1/2)z4 + q1/2

(
ν1 + ν2 + ν3 + ν4 +

qκ1

ν5
+

κ1

ν6
+

κ1

ν7
+

κ1

ν8

)
z3

− q3/2
( (κ1 − κ2)(κ1 − ν1ν5)(κ1 − ν1ν6)(κ1 − ν1ν7)(κ1 − ν1ν8)

κ2
1κ2ν5(ν5 − κ1g)

+K2

)
z2

+
q3κ1ν1ν2ν3ν4

κ2

{
q−1/2

( 1

ν1
+

1

ν2
+

1

ν3
+

1

ν4
+

ν5
qκ1

+
ν6
κ1

+
ν7
κ1

+
ν8
κ1

)
z

− (q1/2 + q−1/2)
}]

u(z) = 0 .

where K2 is a value which does not depend on z nor g. Hence we obtain the
variant of the q-Heun equation of degree 4, and we may regard g as an accessory
parameter. We have similar results by substituting f = κ1/νi (i = 6, 7, 8) to the
equation L1y(z) = 0.

3. On associated linear q-difference equation related with q-P (E
(1)
8 )

We review a Lax pair of the q-Painlevé equation of type E
(1)
8 (q-P (E

(1)
8 )) by

following Yamada [16]. Let u1, u2, . . . , u8, h1 and h2 be the non-zero parameters
which satisfy the condition h2

1h
2
2 = qu1u2 . . . u8. Set

U(z) =
8∏

i=1

(z − ui),

and define the quartic polynomials Pn(x) and Pd(x) by the condition(
z − h2

z

)
Pn

(
z +

h2

z

)
=

U(z)

z3
−
( z

h2

)3
U
(h2

z

)
,(3.1) (

z − h2

z

)
Pd

(
z +

h2

z

)
= z5U

(h2

z

)
−
(h2

z

)5
U(z).

Set

ψn(f1, f2; g) = (f1 − g)(f2 − g)−
(h1

q
− h2

)
(h1 − h2)

1

h2
,

ψd(f1, f2; g) =
( f1
h1

q − g

h2

)( f2
h1
− g

h2

)
−
( q

h1
− 1

h2

)( 1

h1
− 1

h2

)
h2,

V (f1, f2; g) = qψn(f1, f2; g)Pd(g)− h2
1h

4
2ψd(f1, f2; g)Pn(g),

f(u) = u+
h1

u
, g(u) = u+

h2

u
, f(u) = u+

h1

qu
, g(u) = u+

qh2

u
,

ϕ(f, g) = (f − g)
( f

h1
− g

h2

)
− (h1 − h2)

( 1

h1
− 1

h2

)
.
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A Lax pair for the q-Painlevé equation of type E
(1)
8 introduced in [16] is written as

L1 =
q5U(z/q)

(z2 − h1q2)(f − f(z/q))

[
T−1
z − g − g(qh1/z)

g − g(z/q)

]
+

z8U(h1/z)

h4
1(z

2 − h1)(f − f(z))

[
Tz −

g − g(z)

g − g(h1/z)

]
+

(h1 − h2)z
2(z2 − qh1)V (f(z/q), f ; g)

qh3
1h

3
2gϕ(f, g)(g − g(h1/z))(g − g(z/q))

,

L2 = (g − g(z/q))T−1
z − (g − g(qh1/z)) + (f − f(z/q))(h1/z − z/q2)T · T−1

z .

Here Tz represents the transformation z → qz and T represents the time evolution.

The q-Painlevé equation of type E
(1)
8 (q-P (E

(1)
8 )) for the variables f and g was

obtained by the compatibility condition for the operators L1 and L2 in [16], and

the expression of q-P (E
(1)
8 ) was also described there. It seems that the definitions

of the equation q-P (E
(1)
8 ) and the Lax pair in [6] is less explicit than those in [6],

and we use the definition in [16].
We pick up the q-difference equation L1y(z) = 0, i. e.

q5U(z/q)

(z2 − h1q2)(f − f(z/q))

[
y(z/q)− g − g(qh1/z)

g − g(z/q)
y(z)

]
(3.2)

+
z8U(h1/z)

h4
1(z

2 − h1)(f − f(z))

[
y(qz)− g − g(z)

g − g(h1/z)
y(z)

]
+

(h1 − h2)z
2(z2 − qh1)V (f(z/q), f ; g)

qh3
1h

3
2gϕ(f, g){g − g(h1/z)}{g − g(z/q)}y(z) = 0,

and consider a limit with respect to the parameters f and g. Namely, set

(3.3) f = f(u1+εc1) = u1+εc1+
h1

u1 + εc1
, g = g(u1+εc2) = u1+εc2+

h2

u1 + εc2

and consider the limit ε→ 0 in Eq. (3.2). Then

f − f(z) = − (z − u1)(u1z − h1)

u1z
+O(ε), g − g(z) = − (z − u1)(u1z − h2)

u1z
+O(ε)

as ε→ 0. We set

U7(z) =

8∏
i=2

(z − ui).

Then we have U(z) = (z − u1)U7(z). On the coefficients of y(z/q) and y(qz) in
Eq. (3.2), we have

q5U(z/q)

(z2 − h1q2)(f − f(z/q))
=

−q5u1zU7(z/q)

(z2 − h1q2)(u1z − qh1)
+O(ε),

z8U(h1/z)

h4
1(z

2 − h1)(f − f(z))
=

z8u1U7(h1/z)

h4
1(z

2 − h1)(z − u1)
+O(ε).

The limit of the coefficient of y(z) is more complicated. By applying a gauge
transformation for y(z) and calculating the limit of Eq. (3.2) as ε → 0, we obtain
the following lemma.
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Lemma 3.1. Set

(3.4) y(z) =
(z − qu1)(u1z − h1)

z
ỹ(z).

Write f and g as Eq. (3.3). Then Eq. (3.2) tends to

B−(z)ỹ(z/q) +B+(z)ỹ(qz) +B0(z)ỹ(z) =
(
C0

c2
c1 − c2

+ C ′
0

)
ỹ(z)(3.5)

as ε→ 0, where

B−(z) =
(z − q2u1)

q2h1z2(z2 − qh1)(z2 − q2h1)

8∏
j=2

(z − quj),

B+(z) =
q(qu1z − h1)

h5
1z

2(z2 − qh1)(z2 − h1)

8∏
j=2

(ujz − h1)

B0(z) =
−qz(h1/2

1 − qu1)

2h
7/2
1 (z − h

1/2
1 )(z − qh

1/2
1 )

8∏
j=2

(h
1/2
1 − uj)

+
qz(h

1/2
1 + qu1)

2h
1/2
1 (z + h

1/2
1 )(z + qh

1/2
1 )

8∏
j=2

(h
1/2
1 + uj)−

q3/2

h1
(u1u2u3u4u5u6u7u8)

1/2

·
[
(q + 1)

( z2

(qh1)2
+

1

z2

)
−
( z

qh1
+

1

z

){
q
u1

h1
+

1

qu1
+

8∑
j=2

(uj

h1
+

1

uj

)}]
,

C0 =
q(h2 − h1)

h2
1u1(h1 − u2

1)(h2 − u2
1)

8∏
j=2

(u1 − uj)

and C ′
0 is the constant which does not depend on z, c1 and c2.

Proof. As ε→ 0, we have

ϕ(f, g) = − (h1 − h2)(h1 − u2
1)(h2 − u2

1)(c1 − c2)

u3
1h1h2

ε+O(ε2),

ψn(f(z/q), f ; g) =
(h1 − h2)(u1z − qh2)(h2z − h1u1)

qh2u2
1z

+O(ε),

ψd(f(z/q), f ; g) = −
(h1 − h2)(u1z − qh2)(h2z − h1u1)

h2
1h

2
2z

+O(ε)

and

ψn(f(z/q), f ; g)

ψd(f(z/q), f ; g)
= −h2

1h2

qu2
1

(3.6)

+
h2
1h2

qu3
1

{h2(h1 − u2
1)(h2 + u2

1)(u1z − h1)(z − qu1)

u2
1(h1 − h2)(u1z − h2q)(h2z − h1u1)

(c1 − c2) + 2c2

}
ε+O(ε2).
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Set u = u1 + c2ε. Then g = u+ h2/u and it follows from Eq. (3.1) that

V (f(z/q), f ; g)

= qψn(f(z/q), f ; g)Pd(u+ h2/u)− h2
1h

4
2ψd(f(z/q), f ; g)Pn(h2, u+ h2/u)

= qψn(f(z/q), f ; g)
u3(u2 − u2

1)U(h2/u)

u− h2/u

+ qψn(f(z/q), f ; g)
u3u2

1U(h2/u)

u− h2/u
+ h2

1h2ψd(f(z/q), f ; g)
u3U(h2/u)

u− h2/u

− qψn(f(z/q), f ; g)
(h2/u)

5U(u)

u− h2/u
− h2

1h
4
2ψd(f(z/q), f ; g)

U(u)/u3

u− h2/u
.

We define the equivalence A(ε) � B(ε) by

lim
ε→0

A(ε)

B(ε)
= 1.

Then U(u) = U(u1 + εc2) � εc2U7(u1) and U(h2/u) � −(u1 − h2/u1)U7(h2/u1).
Hence

qψn(f(z/q), f ; g)
u3(u2 − u2

1)U(h2/u)

u− h2/u

� −2qu4
1U7(h2/u1)c2ψn(f(z/q), f ; g)ε � 2u2

1h
2
1h2c2U7(h2/u1)ψd(f(z/q), f ; g)ε.

It follows from Eq. (3.6) that

ψn(f(z/q), f ; g)q
u3u2

1U(h2/u)

u− h2/u
+ h2

1h2ψd(f(z/q), f ; g)
u3U(h2/u)

u− h2/u

� −ψd(f(z/q), f ; g)U7(h2/u1)

·
{h2

1h
2
2(h1 − u2

1)(h2 + u2
1)(u1z − h1)(z − qu1)

(h1 − h2)(u1z − h2q)(h2z − h1u1)
(c1 − c2) + 2h2

1h2u
2
1c2

}
ε.

Similarly, we have

− qψn(f(z/q), f ; g)
(h2/u)

5U(u)

u− h2/u
− h2

1h
4
2ψd(f(z/q), f ; g)

U(u)/u3

u− h2/u

� q
h2
1h2

qu2
1

(h2/u1)
5εc2

U7(u1)

u1 − h2/u1
ψd(f(z/q), f ; g)

− h2
1h

4
2

εc2
u3
1

U7(u1)

u1 − h2/u1
ψd(f(z/q), f ; g)

= −h2
1h

4
2(u1 + h2/u1)

u5
1

U7(u1)ψd(f(z/q), f ; g)c2ε.
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Thus

V (f(z/q), f ; g) � −h2
1h

4
2

u6
1

(h2 + u2
1)U7(u1)ψd(f(z/q), f ; g)c2ε

− ψd(f(z/q), f ; g)U7(h2/u1)
h2
1h

2
2(h1 − u2

1)(h2 + u2
1)(u1z − h1)(z − qu1)

(h1 − h2)(u1z − h2q)(h2z − h1u1)
(c1 − c2)ε

� h2
2(h1 − h2)(h2 + u2

1)(u1z − qh2)(h2z − h1u1)

u6
1z

U7(u1)c2ε

+
(h1 − u2

1)(h2 + u2
1)(u1z − h1)(z − qu1)

z
U7(h2/u1)(c1 − c2)ε.

On the other hand, we have

(h1 − h2)z
2(z2 − qh1)

qh3
1h

3
2gϕ(f, g)(g − g(h1/z))(g − g(z/q))

� −u6
1

ε(c1 − c2)h1h2
2

· z4(z2 − qh1)

(h2 + u2
1)(h1 − u2

1)(h2 − u2
1)(h2z − h1u1)(z − qu1)(u1z − h1)(u1z − h2q)

.

Therefore

(h1 − h2)z
2(z2 − qh1)V (f(z/q), f ; g)

qh3
1h

3
2gϕ(f, g)(g − g(h1/z))(g − g(z/q))

� − (h1 − h2)U7(u1)z
3(z2 − qh1)c2

h1(−u2
1 + h2)(−u2

1 + h1)(z − qu1)(u1z − h1)(c1 − c2)

− u6
1U7(h2/u1)z

3(z2 − qh1)

h1h2
2(−u2

1 + h2)(h2z − h1u1)(u1z − h2q)
.

By substituting it into Eq. (3.2), we have

−q5u1zU7(z/q)

(z2 − h1q2)(u1z − qh1)
y(z/q) +

q5u1zU7(z/q)

(z2 − h1q2)

(h2z − qh1u1)

h1(z − qu1)(u1z − h2q)
y(z)

+
z8u1U7(h1/z)

h4
1(z

2 − h1)(z − u1)
y(qz)− z8u1U7(h1/z)

h4
1(z

2 − h1)

h1(u1z − h2)

(h2z − h1u1)(u1z − h1)
y(z)

− (h1 − h2)U7(u1)z
3(z2 − qh1)c2

h1(h1 − u2
1)(h2 − u2

1)(z − qu1)(u1z − h1)(c1 − c2)
y(z)

− u6
1U7(h2/u1)z

3(z2 − qh1)

h1h2
2(h2 − u2

1)(h2z − h1u1)(u1z − h2q)
y(z) = 0.

Recall that the function ỹ(z) was defined in Eq. (3.4) and it follows that y(z/q) =
z−1q(z/q− qu1)(u1z/q−h1)ỹ(z/q) and y(qz) = z−1q−1(qz− qu1)(qu1z−h1)ỹ(qz).
Then we obtain

−q−3(z − q2u1)
∏8

j=2(z − quj)

z2(z2 − qh1)(z2 − h1q2)
ỹ(z/q)−

(qu1z − h1)
∏8

j=2(ujz − h1)

h4
1z

2(z2 − qh1)(z2 − h1)
ỹ(qz)(3.7)

+H(z)ỹ(z)−
(h1 − h2)c2

∏8
j=2(u1 − uj)

u1h1(h1 − u2
1)(h2 − u2

1)(c1 − c2)
ỹ(z) = 0,
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where

H(z) =
q5(h2z − qh1u1)(u1z − h1)U7(z/q)

h1z2(z2 − qh1)(z2 − q2h1)(u1z − h2q)

− z5(u1z − h2)(z − qu1)U7(h1/z)

h3
1(z

2 − qh1)(z2 − h1)(h2z − h1u1)
− u5

1U7(h2/u1)(z − qu1)(u1z − h1)

h1h2
2(h2 − u2

1)(h2z − h1u1)(u1z − qh2)
.

Since it is shown that the poles z = ±(qh1)
1/2, h1u1/h2, qh2/u1 of the function

H(z) are cancelled, we have

H(z) =
z(h

1/2
1 − qu1)(h

1/2
1 − u2)(h

1/2
1 − u3) · · · (h1/2

1 − u8)

2h
5/2
1 (z − h

1/2
1 )(z − qh

1/2
1 )

(3.8)

− z(h
1/2
1 + qu1)(h

1/2
1 + u2)(h

1/2
1 + u3) · · · (h1/2

1 + u8)

2h
5/2
1 (z + h

1/2
1 )(z + qh

1/2
1 )

+ h1h2(q + 1)(z2/(qh1)
2 + z−2)− (z/(qh1) + z−1)h2(qu1 + u2

+ u3 + · · ·+ u8 + h1/(qu1) + h1/u2 + h1/u3 + · · ·+ h1/u8) + C,

where C is a constant which does not depend on the variable z and the parameter c1
and c2. Recall that there is a relation h2

1h
2
2 = qu1u2u3u4u5u6u7u8. By substituting

Eq. (3.8) and h2 = (qu1u2u3u4u5u6u7u8)
1/2/h1 into Eq. (3.7), we obtain the lemma.

�

Set z = (qh1)
1/2x, ỹ(z) = u(x), u1 = q−1h

1/2
1 v1, u2 = h

1/2
1 v2, . . . , u8 = h

1/2
1 v8

and E = C0c2/(c1 − c2) + C ′
0 in Eq. (3.5). Then we have

∏8
j=1(x− q1/2vj)

qx2(x2 − 1)(x2 − q)
u(x/q) +

∏8
j=1(q

1/2vjx− 1)

qx2(x2 − 1)(qx2 − 1)
u(qx)(3.9)

+ B̃0(x)u(x) = Eu(x),

where

B̃0(x) =
−q1/2x

2(x− q−1/2)(x− q1/2)

8∏
j=1

(1− vj) +
q1/2x

2(x+ q−1/2)(x+ q1/2)

8∏
j=1

(1 + vj)

− (v1v2v3v4v5v6v7v8)
1/2
[
(q + 1)

(
x2 +

1

x2

)
− q1/2

(
x+

1

x

) 8∑
j=1

(
vj +

1

vj

)]
.

We compare Eq. (3.9) with the firstly degenerated Ruijsenaars-van Diejen op-

erator Ã〈1〉(h; z) discussed in [13,15]. We explain Ã〈1〉(h; z). Let exp(±ia−∂z) be
the shift operator such that exp(±ia−∂z)f(z) = f(z±ia−). The firstly degenerated

Ruijsenaars-van Diejen operator Ã〈1〉(h; z) is given by

(3.10) Ã〈1〉(h; z) = Ṽ 〈1〉(h; z) exp(−ia−∂z) + W̃ 〈1〉(h; z) exp(ia−∂z) + U 〈1〉(h; z),
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where

Ṽ 〈1〉(h; z) =

∏8
n=1(1− e−2πize2πih̃ne−πa−)

e−2πa−e−4πiz(1− e−4πiz)(1− e−4πize−2πa−)
,

W̃ 〈1〉(h; z) =

∏8
n=1(1− e2πize2πih̃ne−πa−)

e−2πa−e4πiz(1− e4πiz)(1− e4πize−2πa−)
,

U 〈1〉(h; z) =

∏8
n=1(e

2πih̃n − 1)

2(1− e2πizeπa−)(1− e−2πizeπa−)
+

∏8
n=1(e

2πih̃n + 1)

2(1 + e2πizeπa−)(1 + e−2πizeπa−)

+ e−πa−

8∏
n=1

eπih̃n ·
[
(e2πiz + e−2πiz)

8∑
n=1

(e2πih̃n + e−2πih̃n)

− (eπa− + e−πa−)(e4πiz + e−4πiz)
]
.

Set x = e2πiz, q = e−2πa− and vn = e2πih̃n . Then we have exp(±ia−∂z)f(e2πiz) =
f(e2πi(z±ia−)) = f(q±1x). It follows from a straightforward calculation that the

equation Ã〈1〉(h; z)f(z) = Ef(z) is equivalent to Eq. (3.9). Therefore we obtain
the following theorem.

Theorem 3.2. The q-difference equation in Eq. (3.9), which was obtained from

the associated linear equation of the q-Painlevé equation of type E
(1)
8 , is equivalent

to the equation Ã〈1〉(h; z)f(z) = Ef(z), where Ã〈1〉(h; z) is the firstly degenerated
Ruijsenaars-van Diejen operator in Eq. (3.10) and E is an arbitrary complex num-
ber.
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[11] Shoko Sasaki, Lax pair of q-Painlevé equation and q-Heun equation (in Japanese), Master’s
thesis, 2021.

[12] Kouichi Takemura, Middle convolution and Heun’s equation, SIGMA Symmetry Integrability
Geom. Methods Appl. 5 (2009), Paper 040, 22, DOI 10.3842/SIGMA.2009.040. MR2506172

[13] Kouichi Takemura, Degenerations of Ruijsenaars–van Diejen operator and q-Painlevé equa-
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Differential transcendence of solutions for q-difference
equation of Ramanujan function

Hiroshi Ogawara

Abstract. No non-trivial solution for the second-order linear q-difference
equation of the Ramanujan function, one of q-analogues of the Airy function,
satisfies any algebraic differential equation over the rational function field.
Our proof is based on a criterion for differential transcendence of solutions for
difference Riccati equations, which is constructed by S. Nishioka.

1. Introduction

In this paper, we consider the following linear q-difference equation

(1.1) qxy(q2x)− y(qx) + y(x) = 0.

The equation (1.1) has a solution Aq(x) called the Ramanujan function,

(1.2) Aq(x) =
∞∑
n=0

qn
2

(q; q)n
(−x)n.

The Ramanujan function Aq(x) is introduced by S. Ramanujan and appeared in
the lost notebook [Ram88]. When x = −1,−q, we have the q-series

Aq(−1) = G(q) =
∞∑

n=0

qn
2

(q; q)n
, Aq(−q) = H(q) =

∞∑
n=0

qn
2+n

(q; q)n
,

which appear in the Rogers-Ramanujan identities.
M. E. H. Ismail and C. Zhang found Aq(x) is one of q-analogues of the Airy

function in a study of asymptotic behavior of the q-Hermite polynomial [Ism05,
IZ07]. Another q-analogue of the Airy function is the q-Airy function, which was
found by K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada as a special

solution of the q-Painlevé II equation of type A
(1)
6 or (A1 + A′

1)
(1) [KMN+04,

HKW06]. In [Mor14], T. Morita constructed the connection formula of (1.1)
between the fundamental system of solutions around x = 0 and that of solutions
around x = ∞ by using the q-Borel-Laplace resummation method. Morita also

2020 Mathematics Subject Classification. Primary 39A13; Secondary 12H10, 33D15.
Key words and phrases. Differential transcendence, Transcendental transcendence, Hyper-

transcendence, Ramanujan function, q-difference equation, Difference Riccati equation.
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gave the connection formula between the Ramanujan function Aq(x) and the q-
Airy function Aiq(x),

(1.3) Aq2

(
− q3

x2

)
=

1

(q,−1; q)∞

{
θq

(
x

q

)
Aiq(−x) + θq

(
−x

q

)
Aiq(x)

}
.

In [Nis18], S. Nishioka gave a criterion for differential transcendence of solu-
tions for difference Riccati equations and showed that no non-trivial solution for
the q-Airy equation satisfies any algebraic differential equation over the rational
function field. Although the Ramanujan function and the q-Airy equation have the
relation (1.3), we cannot obtain directly differential transcendence of Aq(x), for it
is not clear whether the sum of differentially transcendental functions is also dif-
ferentially transcendental. Thus we shall employ the criterion of Nishioka in order
to show differential transcendence of solutions for (1.1). First, we show transcen-
dence of solutions for iterated Riccati equations associated with (1.1) in a similar
method to the proof of transcendence of solutions for the q-Airy equation in [Nis17].
Then, according to the criterion of Nishioka, differential transcendence of solutions
for (1.1) is reduced to non-existence of rational solutions for the third-order linear
q-difference equation,

(1.4) −q6xh(q3x) + q2
(
1− q2x

)
h(q2x)− q

(
1− q2x

)
h(qx) + qxh(x) +

1

x
= 0.

We show (1.4) has no rational solution and hence obtain the following theorem.

Theorem 1.1. Let q ∈ C× be not a root of unity. Then no non-trivial solution
for (1.1) satisfies any algebraic differential equation over C(x).

In Section 2, we prepare notions of difference and differential fields. In order
to apply the criterion for differential transcendence of Nishioka, we shall trans-
form (1.1) into the difference Riccati equation of Tietze’s normal form in Section 3.
In Section 4, we show there exists no algebraic solution for iterated difference Ric-
cati equations associated with (1.1). Finally, we prove Theorem 1.1 in Section 5.
Furthermore, we show that the equation (1.1) is unsolvable by using the transcen-
dence of solutions.

2. Preliminaries

Throughout this paper, any field is of characteristic 0 and q ∈ C× not a root
of unity. A pair K = (K, τ ) is called a difference field if K is a field and τ is an iso-
morphism of K into itself, namely an injective endomorphism. The endomorphism
τ is called the transforming operator and K the underlying field. When difference
fields K = (K, τK) and L = (L, τL) satisfy K ⊂ L and τL|K = τK , we call L/K a
difference field extension. In this case, we say L is a difference overfield of K and
K is a difference subfield of L. For brevity, we often omit the subscripts L and K
from τ . We define a difference intermediate field in the proper way. Let K = (K, τ )
be a difference field and L = (L, τ ) a difference overfield of K. For a subset B ⊂ L,

the difference subfield
(
K
(⋃

i≥0 τ
i(B)

)
, τ
)
of L is denoted by K〈B〉L or by K〈B〉

for brevity. For a difference field K = (K, τ ), we define K(k) = (K, τk).
A triplet K = (K,D, τ ) is called a DTC field if the pair (K, τ ) is a difference

field and D is a derivation from K to itself, namely D(a + b) = D(a) +D(b) and
D(ab) = D(a)b+ aD(b) for a, b ∈ K. A DTC field L = (L,DL, τL) is called a DTC
overfield of a DTC field K = (K,DK , τK) and K a DTC subfield of L if K ⊂ L,
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τL|K = τK and DL|K = DK . In this case, L/K denotes the DTC field extension.
Let L/K be a DTC field extension and B a subset of L. The minimum DTC subfield
of L including K and B is denoted by K〈B〉L. For a DTC field extension L/K, we
say an element y ∈ L is differentially algebraic over K if the transcendence degree
of K(y,Dy,D2y, . . .)/K is finite.

For the rational function field C(x)/C, the place containing the irreducible
linear polynomial x − c is denoted by Pc. The discrete valuation associated with
Pc is denoted by vc.

We prepare the following proposition (see [Hen97, Lemma 10] or [Nis10,
Lemma 8]) for use in a proof in Section 4.

Proposition 2.1. Let C be an algebraically closed field and x a transcendental
element over C. Let q ∈ C× be not a root of unity. Put the difference field K =
(C(x), τ : f(x) �→ f(qx)). Suppose that L = (L, τ ) is a difference overfield of K
and L/C(x) is finite. Then there exists z ∈ L such that zn = x, L = C(z) and
τ (z) = q1/nz, where n is the degree of the extension L/C(x) and q1/n ∈ C× is
some n-th root of q.

3. Transformation into difference Riccati equation of Tietze’s normal
form

LetK = (K, τ ) be a difference field. We consider a second-order linear difference
equation

(3.1) τ2(y) + aτ (y) + by = 0, (a, b ∈ K).

Putting z = τ (y)/y, we obtain the following difference Riccati equation

(3.2) τ (z) =
−az − b

z
.

For a non-singular matrix A ∈ GL2(K), we define a linear fractional transformation
as

A ∗ z =
az + b

cz + d
, A =

(
a b
c d

)
.

We also define

Ai =

(
a(i) b(i)

c(i) d(i)

)
= (τ i−1A)(τ i−2A) · · · (τA)A, (i = 1, 2, . . .).

In this paper, Eq(A, i)/K denotes the equation over K,
τ i(y) = Ai ∗ y.

Then (3.2) is expressed as

τ (z) =

(
−a −b
1 0

)
∗ z.

If a difference Riccati equation is expressed as

τ (y) =

(
1 r
1 0

)
∗ y,

we say the equation is of Tietze’s normal form. Any difference Riccati equation
associated with (3.1) is transformed into either one of Tietze’s normal form or
the difference equation τ2(y) = y by linear fractional transformations (see [Nis18,
Proposition 4]).
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For the linear q-difference equation of the Ramanujan function (1.1), we set
g = τ (y)/y, where τ is the q-shift operator τ : f(x) �→ f(qx). Then we have the
following q-difference Riccati equation,

(3.3) τ (g) = A ∗ g, A =

(
1/qx −1/qx
1 0

)
.

We put

(3.4) P =

(
1 −1
1 0

)
, f = P ∗ g.

Then we have

(3.5) τ (f) = τ (P )AP−1 ∗ f, τ (P )AP−1 =
1

qx

(
1 −qx
1 0

)
.

Therefore the equation (1.1) is transformed into the q-difference Riccati equation
of Tietze’s normal form,

(3.6) τ (f) = B ∗ f, B =

(
1 −qx
1 0

)
.

For the matrix B, we define

(3.7) Bi =

(
α(i) β(i)

γ(i) δ(i)

)
=
(
τ i−1B

)(
τ i−2B

)
· · · (τB)B, (i = 1, 2, . . . , ).

When i = 1, 2, we have

B1 =

(
α(1) β(1)

γ(1) δ(1)

)
=

(
1 −qx
1 0

)
,

B2 =

(
α(2) β(2)

γ(2) δ(2)

)
=

(
1− q2x −qx

1 −qx

)
.

The definition of Bi implies Bi = (τBi−1)B = (τ i−1B)Bi−1. Then we obtain

(τBi−1)B =

(
τ (α(i−1)) + τ (β(i−1)) −qxτ (α(i−1))
τ (γ(i−1)) + τ (δ(i−1)) −qxτ (γ(i−1))

)
,

(τ i−1B)Bi−1 =

(
α(i−1) − qixγ(i−1) β(i−1) − qixδ(i−1)

α(i−1) β(i−1)

)
.

Hence we find the recurrence relations

α(i) = α(i−1) − qixγ(i−1) = α(i−1) − qixα(i−2) (i ≥ 3),

β(i) = −qxτ (α(i−1)),

γ(i) = α(i−1),

δ(i) = −qxτ (γ(i−1)) = β(i−1).

For brevity, we employ an equivalent relation of power series for their orders.
For a, b ∈ C�x� and n ∈ Z≥0, we define a ≡ b mod xn as a − b ∈ xnC�x�. When
ai,j ≡ bi,j mod xni,j for each entry ai,j of a matrix (ai,j)i,j ∈Mn(C�x�), we define
(ai,j)i,j ≡ (bi,j mod xni,j )i,j .

Proposition 3.1. For each i ∈ Z≥2,(
α(i) β(i)

γ(i) δ(i)

)
≡
(
1 mod x −qx mod x2

1 mod x −qx mod x2

)
.(3.8)
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Proof. The assertion holds true when i = 2. By induction on i, we have(
α(i) β(i)

γ(i) δ(i)

)
=

(
α(i−1) − qixγ(i−1) −qxτ (α(i−1))

α(i−1) β(i−1)

)
≡
(
1 mod x −qx mod x2

1 mod x −qx mod x2

)
.

�

4. Transcendence of solutions

In this section, let τ be the q-shift operator f(x) �→ f(qx) and K = (C(x), τ ).
We consider the k-th iterated q-difference Riccati equations,

Eq(B, k)/K : τk(f) = Bk ∗ f, (k = 1, 2, . . .).(4.1)

First, we shall show there exists no rational solution for Eq(B, 1)/K.

Proposition 4.1. Eq(B, 1)/K has no solution in C(x).

Proof. Assume that f ∈ C(x) is a solution for Eq(B, 1)/K, that is,

fτ (f) = f − qx.

We take relatively prime polynomials P,Q ∈ C[x] such that f = P/Q. Then we
have

(4.2) Pτ (P ) = Pτ (Q)− qxQτ (Q).

Since τ (P ) and τ (Q) are relatively prime, we find P | qxτ (Q) and τ (Q) | P . This
means degx Q ≤ degx P ≤ degx Q + 1. Putting n = degx Q, we have degx P =
n, n+ 1. It follows from (4.2) that

• if degx P = n, then 2n = max {2n, 2n+ 1} = 2n+ 1,
• if degx P = n+ 1, then 2n+ 2 ≤ max {2n+ 1, 2n+ 1} = 2n+ 1.

This is a contradiction. �

We extend the q-shift operator τ to the field of formal Laurent series C((x))
defined as τ

(∑
i cix

i
)
=
∑

i ciq
ixi.

Proposition 4.2. Let f (n) ∈ C((x)) be a solution for Eq(B, n)/K. Then
v0(f

(n)) is equal to either 0 or 1. Moreover, for each n ∈ Z≥1,

• Eq(B, n)/K has a unique solution f (n) in C((x)) satisfying v0(f
(n)) = 0,

• Eq(B, n)/K has a unique solution f (n) in C((x)) satisfying v0(f
(n)) = 1.

If v0(f
(1)) = v0(f

(2)) = · · · = v0(f
(n)) · · · , then f (1) = f (2) = · · · = f (n) = · · ·

holds.

Proof. Suppose that f =
∑∞

i=r fix
i is a solution for Eq(B, n)/K with fr 
= 0.

First, we show r is equal to either 0 or 1. The equation Eq(B, n)/K is written as

(4.3) τn(f)(γ(n)f + δ(n)) = α(n)f + β(n).
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By Proposition 3.1, we have

τn(f)(γ(n)f + δ(n))

=

( ∞∑
i=r

fiq
nixi

)(
(1 + · · · )

∞∑
i=r

fix
i +

{
0 (n = 1)

− qx+ · · · (n ≥ 2)

})
,

α(n)f + β(n) = (1 + · · · )
( ∞∑

i=r

fix
i

)
− qx+ · · · .

In the case r < 0, by comparing the coefficients of x2r, we have qnrf2
r = 0. Hence

fr must vanish, a contradiction. In the case r > 1, by comparing the coefficients of
x, we have 0 = −q, a contradiction. Hence r must be equal to either 0 or 1.

(Uniqueness and existence in the case r = 1) Suppose that v0(f) = 1. Com-
paring the coefficients of x in (4.3), we obtain f1 = q. For i ∈ Z≥2, each coefficient
fi is uniquely determined by f1, . . . , fi−1. Therefore we conclude f is a unique
solution satisfying v0(f) = 1.

(Uniqueness and existence in the case r = 0) Suppose that v0(f) = 0. Com-
paring the coefficients of the constant terms in (4.3), we obtain f2

0 = f0, and hence
f0 = 1. For i ∈ Z≥1, each coefficient fi is uniquely determined by f0, . . . , fi−1.
Therefore we conclude f is a unique solution satisfying v0(f) = 0.

(Identity) Suppose that the values v0(f
(n)) are same. Let f (n) be a solution for

Eq(B, n)/K. Then f (1) is also a solution to Eq(B, n)/K for each n ∈ Z≥1. From

the uniqueness, we obtain f (n) = f (1). �

Theorem 4.3. For each k ∈ Z≥1, Eq(Bk, 1)/K(k) has no algebraic solution
over C(x).

Proof. Assume that there exists k ∈ Z≥1 such that Eq(Bk, 1)/K(k) has an
algebraic solution f over C(x). Let L = (L, τk) be the difference overfield generated
by f and K(k), that is, L = K(k)〈f〉. Then f satisfies

τk(f) =
α(k)f + β(k)

γ(k)f + δ(k)
∈ C(x, f),

which implies the underlying field L is generated by only f , that is, L = C(x, f).
Since L/K is finite, it follows from Proposition 2.1 that there exists z ∈ L such that
L = C(z), zr = x, τk(z) = pz, where r = [L : C(x)] and p ∈ C× satisfies pr = qk.
Regarding f as a rational function of z, we can take relatively prime polynomials
P,Q ∈ C[z]× such that f = P/Q. Then we have

τk(P )

τk(Q)
=

α(k)P + β(k)Q

γ(k)P + δ(k)Q
.

Note that each entry of Bk is a polynomial in C[zr]. Since τk(P ) and τk(Q) are
relatively prime, there exists R ∈ C[z]× such that

R

(
τk(P )
τk(Q)

)
=

(
α(k) β(k)

γ(k) δ(k)

)(
P
Q

)
.

Here, we compute the determinant of Bk,

detBk =
(
τk−1 detB

)(
τk−2 detB

)
· · · (τ detB) detB

= qk(k+1)/2xk 
= 0.
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Then we obtain

(4.4)

(
P
Q

)
= q−k(k+1)/2 R

zrk

(
δ(k) −β(k)

−γ(k) α(k)

)(
τk(P )
τk(Q)

)
.

Let wc be the discrete valuation of C(z)/C associated with the place Pc containing
z − c. We find R has no zeros except z = 0. Indeed, if there exists c ∈ C× such
that wc(R) > 0, then it follows

wc(P ) = wc(R) + wc(δ
(k)τk(P )− β(k)τk(Q)) > 0,

wc(Q) = wc(R) + wc(−γ(k)τk(P ) + α(k)τk(Q)) > 0,

a contradiction. Hence R is written as the form R = czl for c ∈ C×, l ≥ 0. Then
the exponent l is not greater than rk. Indeed, if l > rk, then we have

w0(P ) = w0

(
R

zrk

)
+ w0(δ

(k)τk(P )− β(k)τk(Q)) > 0,

w0(Q) = w0

(
R

zrk

)
+ wc(−γ(k)τk(P ) + α(k)τk(Q)) > 0,

a contradiction. We rewrite (4.4) as

(4.5) zrk−l

(
P
Q

)
= cq−k(k+1)/2

(
δ(k) −β(k)

−γ(k) α(k)

)(
τk(P )
τk(Q)

)
.

Since P and Q are relatively prime, w0(P ) = 0 or w0(Q) = 0.
Expanding f ∈ C(z) as a Laurent series, we put f =

∑∞
i=m fiz

i ∈ C((z)) with
fm 
= 0. We shall show f ∈ C((x)) by contradiction. It is obvious in the case r = 1.
Assume that r ≥ 2 and f 
∈ C((x)). Then there exists an integer i such that fi 
= 0
and r � i. For ξ =

∑∞
i=m ξiz

i ∈ C((z))\C((x)), we define divr(ξ) as

divr(ξ) = min {i ∈ Z≥m | ξi 
= 0, r � i}.

Let us consider the two cases, l = rk and l < rk.
[Case l = rk] From Proposition 3.1 and (4.5), we obtain w0(P ) > 0 and

w0(Q) = 0. Then we have

w0(P ) = w0(δ
(k)τk(P )− β(k)τk(Q)) = w0(β

(k)τk(Q)) = r.

Hence w0(f) = w0(P/Q) = r holds. The Taylor expansion of f is written as
f =

∑
i≥r fiz

i with fr 
= 0. By Proposition 3.1, we put

α(k) = 1 + zrα̂(k)(zr), β(k) = −qzr + z2rβ̂(k)(zr),

γ(k) = 1 + zr γ̂(k)(zr), δ(k) =

{
0 (k = 1)

− qzr + z2r δ̂(k)(zr) (k ≥ 2)

}
,

where α̂(k)(zr), β̂(k)(zr), γ̂(k)(zr), δ̂(k)(zr) ∈ C[zr]. By assumption, we put

divr(f) = λr + μ(4.6)
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for 0 < μ < r and λ ≥ 1. Then we have

α(k)f + β(k) = (1 + zrα̂(k)(zr))(frz
r + · · ·+ fλrz

λr + fλr+μz
λr+μ + · · · )(4.7)

+ (−qzr + z2rβ̂(k)(zr)),

τk(f)(γ
(k)f + δ(k)) = (frq

kzr + · · ·+ fλrq
λkzλr + fλr+μp

λr+μzλr+μ + · · · )
(4.8)

×
(
(1 + zrγ̂(k)(zr))(frz

r + · · ·+ fλrz
λr + fλr+μz

λr+μ + · · · )

+

{
0 (k = 1)

− qzr + z2r δ̂(k)(zr) (k ≥ 2)

})
.

The equation (4.7) implies divr(α
(k)f + β(k)) = λr + μ. On the other hand, the

equation (4.8) implies divr(τk(f)(γ
(k)f + δ(k))) ≥ λr + μ + r. Hence, λr + μ ≥

λr + μ+ r, namely 0 ≥ r, a contradiction.
[Case l < rk] It follows from (4.5) that

zrk−lQ = cq−k(k+1)/2(−γ(k)τk(P ) + α(k)τk(Q)).

By Proposition 3.1, we have

0 ≡ −τk(P ) + τk(Q) mod z.

Hence we find the constant terms of both P and Q are the same value. Since P and
Q are relatively prime, the constant terms are non-zero, that is, w0(P ) = w0(Q) =
0. Then we write f for the form f =

∑∞
i=0 fiz

i with f0 = 1. Here, we shall show
fi = 0 for i = 1, 2, . . . , r − 1 by induction. We have

α(k)f + β(k) ≡ 1 + f1z mod z2,

τk(f)(γ
(k)f + δ(k)) ≡ (1 + f1pz)(1 + f1z) mod z2.

Comparing the coefficients of z, we obtain f1 = f1+ f1p, which implies f1 = 0. Let
h be an integer with 0 < h < r and suppose f1 = f2 = · · · = fh−1 = 0. Then we
have

α(k)f + β(k) ≡ 1 + fhz
h mod zh+1,

τk(f)(γ
(k)f + δ(k)) ≡ (1 + fhp

hzh)(1 + fhz
h) mod zh+1.

Comparing the coefficients of zh, we obtain fh = fh + fhp
h, which implies fh = 0.

By induction, we find f1 = f2 = · · · = fr−1 = 0.
By assumption, we put divr(f) = λr+μ for 0 < μ < r and λ ≥ 1. In particular,

it follows fλr+μ 
= 0. Then we have

α(k)f + β(k) = (1 + zrα̂(k)(zr))(1 + frz
r + · · ·+ fλrz

λr + fλr+μz
λr+μ +· · · )

+ (−qzr + z2rβ̂(k)(zr)),

τk(f)(γ
(k)f + δ(k)) = (1 + frq

kzr + · · ·+ fλrq
kλzλr + fλr+μp

λr+μzλr+μ +· · · )

×
(
(1 + zrγ̂(k)(zr))(1 + frz

r + · · ·+ fλrz
λr+fλr+μz

λr+μ+· · · )

+

{
0 (k = 1)

− qzr + z2r δ̂(k)(zr) (k ≥ 2)

})
.
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Comparing the coefficients of zλr+μ, we obtain fλr+μ = fλr+μ+fλr+μp
λr+μ, which

implies fλr+μ = 0, a contradiction.
Therefore f ∈ C((x)) holds true. It follows that C((zr))∩C(z) = C(zr) = C(x),

so we have f ∈ C(x). Since the order of f at x = 0 is equal to either 1 or 0,
it follows from Proposition 4.2 that f is a rational solution for Eq(B, 1)/K. This
contradicts Proposition 4.1. �

5. Differential transcendence of solutions

In order to show differential transcendence of solutions for (1.1), we apply the
following criterion of Nishioka to Eq(B, 1)/K.

Theorem 5.1 ([Nis18, Theorem 9]). Let F = (F,D0, τ0) be a DTC field with
D0τ0 = sτ0D0 for a certain s ∈ F× and F/K an algebraic function field of one
variable. Let

(5.1) A =

(
1 r
1 0

)
∈M2(F ), (r 
= 0, D0r 
= 0).

Suppose that there exists a place P of F/K such that vP (τ
i
0r) > 0 for all i ∈ Z≥0.

Additionally, suppose that for any i ∈ Z≥1, Eq(A, i)/(F, τ0) : τ i0(y) = Ai ∗ y has
no algebraic solution over F . Let U = (U,D, τ ) be a DTC overfield of F with
Dτ = sτD. If there exists a solution f ∈ U of Eq(A, 1)/(F, τ0) : τ0(y) = A ∗ y
which is differentially algebraic over F , then there exists g ∈ F such that
(5.2)

τ2(sr)τ (s)sτ3(g) + (τ (r) + 1)τ (s)sτ2(g)− (τ (r) + 1)sτ (g)− rg + sτ

(
D(r)

r

)
= 0.

Putting F = C(x), D0 = d/ dx , τ0 : f(x) �→ f(qx), s = q,K = C in Theo-
rem 5.1, we obtain immediately the following corollary of q-difference Riccati equa-
tions of Tietze’s normal form.

Corollary 5.2. Let

(5.3) A =

(
1 r
1 0

)
∈M2(C(x)), (r 
∈ C).

Suppose that there exists a place P of the rational function field C(x)/C such that
vP (r(q

ix)) > 0 for all i ∈ Z≥0. Additionally, suppose that for any i ∈ Z≥1,
Eq(A, i)/(C(x), τ0) : y(qix) = Ai ∗ y(x) has no algebraic solution over C(x). Let
U = (U,D, τ ) be a DTC overfield of F = (C(x), d/ dx , τ0) with Dτ = qτD. If
there exists a solution f ∈ U of Eq(A, 1)/(C(x), τ0) : y(qx) = A ∗ y(x) which is
differentially algebraic over C(x), then there exists g ∈ C(x) such that
(5.4)

q3r(q2x)g(q3x)+ q2(r(qx) + 1)g(q2x)− q(r(qx) + 1)g(qx)− r(x)g(x)+ q
r′(qx)

r(qx)
= 0.

Theorem 5.3. Let τ be the q-shift operator and F = (C(x), d/ dx , τ). Consider
the q-difference Riccati equation,

(5.5) τ (f) = B ∗ f, B =

(
1 −qx
1 0

)
.

Let U = (U,D, τ ) be a DTC overfield of F with Dτ = qτD. Then (5.5) has no
non-trivial differentially algebraic solution in U over C(x).
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Proof. Let v0 be the discrete valuation of C(x)/C at x = 0. Obviously, we
have v0(τ

i(−qx)) = v0(−qi+1x) > 0 for each i ∈ Z≥0. Recall that Eq(B,i)/(C(x), τ )
has no algebraic solution over C(x) for each i ∈ Z≥1 by Theorem 4.3. Assume that
there exists a solution in U to (5.5) which is differentially algebraic over C(x).
Corollary 5.2 implies that there exists h ∈ C(x) such that

(5.6) −q6xh(q3x) + q2
(
1− q2x

)
h(q2x)− q

(
1− q2x

)
h(qx) + qxh(x) +

1

x
= 0.

We write the rational function h as a Laurent series at x = 0,

h =

∞∑
i=m

hix
i, (hi ∈ C, hm 
= 0).

If m 
= −1, comparing the coefficients of xm yields

q2+2mhm − q1+mhm = 0.

Since q is not a root of unity, hm must vanish, a contradiction. Hence m = −1
holds. Comparing the coefficients of x−1 yields

h−1 − h−1 + 1 = 0,

which implies a contradiction. �
Proof of Theorem 1.1. Assume that there exists a non-trivial solution y for

(1.1) satisfying an algebraic differential equation over C(x). Let A and P be the
matrices defined by (3.3) and (3.4), respectively. Putting g(x) = y(qx)/y(x), we see
that g satisfies g(qx) = A∗g and g is differentially algebraic over C(x). Putting f =
P ∗ g, we find f is a solution for (5.5). Since f is a linear fractional transformation
of g, we find f is differentially algebraic over C(x). This is a contradiction by
Theorem 5.3. �

In addition, Theorem 4.3 suggests unsolvability of (1.1) with respect to q-
difference equations. In order to explain unsolvability of difference equations, we
quote generalized Liouvillian extensions from [Nis16], which are originated with
C. H. Franke [Fra63,Fra66].

Definition 5.4 ([Nis16, Definition 10]). Let N/K be a difference field exten-
sion of inversive difference fields and τ a transforming operator of N/K. We call
N/K a generalized Liouvillian extension if there exists a chain of inversive difference
fields,

K = K0 ⊂ K1 ⊂ · · · ⊂ Kn = N ,

such that for each i = 1, 2, . . . , n, Ki is the inversive closure of Ki−1

〈
e(i)
〉
, where

e(i) satisfies one of the following,

(i) e(i) is algebraic over Ki−1,
(ii) τ (e(i)) = e(i) + β for some β ∈ Ki−1,
(iii) τ (e(i)) = αe(i) for some α ∈ Ki−1.

For p ∈ Z≥1, we say N/K is a pLE if N (p)/K(p) is a generalized Liouvillian ex-
tension. We say a difference equation is unsolvable over K if no non-trivial solution
is contained in any pLE N/K.

Theorem 5.5. Let q ∈ C× be not a root of unity and K = (C(x), τ : f(x) �→
f(qx)). Then (1.1) is unsolvable over K. Moreover, for each non-trivial solution
y(x) to (1.1), y(x) and y(qx) are algebraic independent over any pLE N/K.
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Proof. The assertion is straightforwardly proved by Theorem 4.3 and [Nis16,
Corollary 15]. �
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On the positive powers of q-analogs of Euler series

Changgui Zhang

Abstract. The most simple and famous divergent power series coming from
ODE may be the so-called Euler series

∑
n≥0(−1)n n!xn+1, that, as well as all

its positive powers, is Borel-summable in any direction excepted the negative
real half-axis (see [2] or [7]). By considering a family of linear q-difference oper-
ators associated with a given first order non-homogenous q-difference equation,
it will be shown that the summability order of q-analoguous counterparties of

Euler series depends upon of the degree of power under consideration.

1. Introduction

It is well-known that, given any direction starting from the origin of the complex
plane, the set of all Borel-summable series in this direction forms a differential
algebra; see [7, Proposition 1.3.4.2] or [2, Theorem 36]. This is not the same for
the summability with respect to the power series solutions of q-difference equations.
Indeed, if q > 1 and

(1.1) Êq(x) =
∑
n≥0

(−1)nqn(n−1)/2xn ,

the divergent power series Êq(x) is Gq-summable of only one level but its square

Êq(x)
2 is Gq-summable of two levels; see [11, §4.3.8] and [8, Théorème 2.2.1].

The first purpose of this paper is to obtain a linear q-difference equation for every
positive power of the power series Êq(x). This will allow one to see the different
level of summability for each of these corresponding power series.

In what follows, let q be a given nonzero complex number, and let σq be the
associated q-difference operator defined by σqf(x) = f(qx). By direct computation,
one finds the series defined by (1.1) satisfies term by term the following linear q-
difference equation:

(1.2) (xσq + 1)y = 1 .

Now, write (1.2) into the form xσqy = 1 − y and then square both sides. As
(σqy)

2 = σq(y
2), one obtains that x2σq(y

2) − y2 = 1 − 2y. By using again (1.2),
one gets the following equation:

(xσq + 1)(x2σq − 1)(y2) = x+ 1− 2(xσq + 1)y ,
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what implies that

(1.3) (xσq + 1)(x2σq − 1)Êq(x)
2 = x− 1 .

We shall explain how to obtain a linear q-difference equation for Êq(x)
n. For

doing that, we shall start by recalling some non-commutative rings of q-difference
operators and then arrive at a n-th order such operator associated with any given n-
th power of a power series solution of some first order non-homogenous q-difference
equation. See Theorem 2.1 in § 2 and its generalisation stated in Theorem 4.3 in § 4.
Section 3 is reserved to the proofs of Theorem 2.1 and two related Lemmas. In the
last section, we shall apply, respectively, both Theorems 2.1 and 4.3 to the above-
mentioned power series Êq(x) and another q-analog Ê(x; q) of the classic Euler
series. At the end of the paper will be outlined some results about the summability
of both Êq(x) and Ê(x; q) when q > 1; see Theorem 5.3.

Throughout the present paper, we shall limit ourself to the q-summation method
studied in our previous works [11] and [8], by means of a q-Laplace integral involv-

ing the multivalued function elog
2 x/2 ln q. There exists another summation, using a

Jacobi theta function; see [10]. Comparing both summations can be seen as part
of Stokes analysis, and this would be interesting to find identities on the associated
special functions.

2. Notation and statements

As usual, we will denote by C{x} or C[[x]] the integral domain constituting of
the germs of holomorphic functions at x = 0 in the complex plane or that of the
power series of indeterminate x, respectively. Their respective corresponding field
of fractions will be denoted by C[x−1]{x} or C[x−1][[x]]. One has C{x} ⊂ C[[x]], as
well as C[x−1]{x} ⊂ C[x−1][[x]], in a natural way via the classic Taylor or Laurent
series.

Let R be one of the above-mentioned C-vector spaces C{x}, C[[x]], C[x−1]{x}
and C[x−1][[x]]. By replacing x with qx, the q-difference operator σq acts as an
automorphism over R. Let σk

q = σqk for any integer k; in particular, σ0
q is simply

the identity map on R. We will denote by R[σq] the set of the (linear) q-difference
operators whose coefficients belong to R, i.e. L ∈ R[σq] if L =

∑n
k=0 akσ

k
q , where

ak ∈ R. By identifying each element of R with the corresponding multiplication
map in R, the set R[σq] constitutes itself a non-commutative ring for the composi-
tion of operators. Given L1, L2 ∈ R[σq], we will write L1L2 in stead of L1 ◦ L2.

Furthermore, we will denote by ν0(f) ∈ Z ∪ {∞} the valuation of any given
element f of the field C[x−1][[x]] “at x = 0”. This means that (i) ν0(f) =∞ iff f is
the identically vanishing series, and (ii) ν0(f) = ν ∈ Z iff f ≡ c xν mod xν+1C[[x]]
for some nonzero complex number c.

Throughout the whole section, P will be some given nonzero power series belon-
ging to the field C[x−1][[x]]. Define the associated family of power series {Pn}n≥0

as follows: P0 = 0, P1 = P , and

(2.1) Pn =
n−1∑
k=0

(−xσq)
kP for n ≥ 2.
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By noticing that (−xσq)
kP = (−x)k qk(k−1)/2 σk

qP , it follows from (2.1) that, for
any pair (n, �) ∈ Z≥0 × Z>0,

Pn+	 − Pn =
n+	−1∑
k=n

(−x)k qk(k−1)/2 σk
qP

≡ (−1)n c qnν+n(n−1)/2xν+n mod xν+n+1 C[[x]] ,

where c 
= 0 and ν = ν0(P ) ∈ Z. This implies that

(2.2) Pm 
= Pn if m 
= n.

Given any positive integer n ≥ 1, let {LP
n,k}1≤k≤n ⊂

(
C[x−1][[x]]

)
[σq] be the

associated family of q-difference operators defined in the following manner:

LP
n,1 =

1

P1
(xnσq − (−1)n) = 1

P
(xnσq − (−1)n) ;(2.3)

LP
n,k+1 =

1

Pk+1

(
xn−kσq − (−1)n−k

)
LP
n,k, 1 ≤ k < n .(2.4)

Specifically, letting k = n, one gets the following form of the n-th order q-difference
operator LP

n,n ∈
(
C[x−1][[x]]

)
[σq]:

(2.5) LP
n,n =

1

Pn
(xσq + 1)

1

Pn−1

(
x2σq − 1

)
· · · 1

P1
(xnσq − (−1)n) .

Theorem 2.1. Let n be an integer ≥ 1, let P , f ∈ C[x−1][[x]] with P 
= 0, and
suppose that the following q-difference equation is satisfied:

(2.6) xσqf + f = P .

Then:

(2.7) LP
n,n(f

n) = (−1)n(n−1)/2 ,

where LP
n,n is the q-difference operator defined by (2.5).

Theorem 2.1 will be proved with the help of the following lemmas.

Lemma 2.2. Let (n, k) ∈ Z2 such that 1 ≤ k ≤ n, and let P , f be as in Theorem
2.1. For 0 ≤ j ≤ k, define Ak;j ∈ C[x−1][[x]] by

(2.8) Ak;j =
∏
	 �=j

0≤	≤k

(Pj − P	) .

One has:

(2.9) LP
n,k(f

n) = (−1)k(2n−k+1)/2
k∑

j=0

1

Ak;j
(f − Pj)

n
.

Lemma 2.3. Let n be a nonnegative integer, C an extension field of C, and
let (α0, α1, . . . , αn) ∈ Cn+1 such that αj 
= α	 for j 
= �. Define the (n + 1)-tuple
(a0, a1, . . . , an) ∈ Cn+1 as follows:

aj =
∏
	 �=j

0≤	≤n

(αj − α	)
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(a0 = 1 if n = 0). The following identity holds in the ring C[T ] of the polynomial
functions over C:

(2.10)
n∑

j=0

1

aj
(T − αj)

n = (−1)n .

3. Proofs

Proof of Lemma 2.2. To simplify the presentation, we will write Ln,k in-

stead of LP
n,k, and set εn,k = (−1)k(2n−k+1)/2. One has:

(3.1) εn;k+1 = (−1)n−k εn,k .

Let us proceed by induction on k. For k = 1, since P1 = P , one has:

εn,1 = (−1)n; A1;0 = −P , A1;1 = P .

Thus, (2.3) implies that

Ln,1(f
n) =

1

P
(xnσq(f

n)− (−1)nfn) .

At the same time, by considering (2.6), one gets that

xnσq(f
n) = (xσqf)

n = (P − f)n ;

In this way, it follows that

Ln,1(f
n) =

εn,1
P

((f − P )n − fn) ,

that is exactly what wanted in (2.9) for k = 1.
Now, suppose that equality (2.9) holds for some integer k between 1 and n− 1.

By using relation (2.4), one can express Ln,k+1(f
n) as follows:

(3.2) Ln,k+1(f
n) =

εn,k
Pk+1

k∑
j=0

(Bn,k;j − Cn,k;j) ,

where

(3.3) Bn,k;j = xn−kσq

(
1

Ak;j
(f − Pj)

n

)
and

(3.4) Cn,k;j =
(−1)n−k

Ak;j
(f − Pj)

n .

In view of (2.1), one finds that xσqPj = P − Pj+1, hence:

xσq(f − Pj) = xσqf − xσqPj = (P − f)− (P − Pj+1) = −(f − Pj+1).

Thus, it follows that

Bn,k;j =
(xσq(f − Pj))

n

xkσqAk;j
=

(−1)n
xkσqAk;j

(f − Pj+1)
n .

By using the expression of Ak;j given in (2.8), one has:

xkσqAk;j =
∏
	 �=j

0≤	≤k

(xσq(Pj − P	)) = (−1)k
∏
	 �=j

0≤	≤k

(Pj+1 − P	+1) .
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This is to say that

xkσqAk;j =
(−1)k
Pj+1

Ak+1,j+1 .

So, one can write (3.3) as follows:

(3.5) Bn,k;j =
(−1)n−kPj+1

Ak+1;j+1
(f − Pj+1)

n .

Rewrite (3.2) into the following form:

(3.6) Ln,k+1(f
n) =

εn,k
Pk+1

⎛⎝k−1∑
j=0

(Bn,k;j − Cn,k;j+1) +Bn,k;k − Cn,k;0

⎞⎠ .

Let j < k; one has:
Ak+1,j+1 = (Pj+1 − Pk+1)Ak,j+1.

Replace j by j + 1 in (3.4), and make use of (3.5). One gets that

Bn,k;j − Cn,k;j+1 =
(−1)n−kPk+1

Ak+1;j+1
(f − Pj+1)

n .

Furthermore, one sees that Ak+1;0 = −Pk+1Ak;0. By letting j = k and j = 0 in
(3.5) and (3.4) respectively, one has:

Bn,k;k =
(−1)n−kPk+1

Ak+1;k+1
(f − Pk+1)

n

and

Cn,k;0 = − (−1)n−kPk+1

Ak+1;0
(f − P0)

n .

Thus, in view of (3.1), equality (3.6) implies that

Ln,k+1(f
n) = εn,k+1

k+1∑
j=0

1

Ak+1;j
(f − Pj)

n ,

which corresponds to (2.9) in which k was replaced by k + 1. �

Proof of Lemma 2.3. We give here two proofs.

Proof by induction. If n = 0, as a0 = 1, equality (2.10) becomes evident.
Suppose that (2.10) holds for some index n ≥ 0, and consider an (n + 2)-uplet
(α0, . . . , αn+1) where, as before, αj 
= α	 if j 
= �. Set

P(T ) =
n+1∑
j=0

1

ãj
(T − αj)

n+1, ãj =
∏
	 �=j

0≤	≤n+1

(αj − α	).

Let k be an integer such that 0 ≤ k ≤ n+ 1. If one writes

ak;j =
∏

	 �=k,	 �=j
0≤	≤n+1

(αj − α	) ,

one has ak;j = ãj/(αj − αk) for j 
= k, what implies that

(3.7) P(αk) = −
∑
j �=k

0≤j≤n+1

1

ak;j
(αk − αj)

n.
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By applying the induction hypothesis to the (n+ 1)-uplet (α0,. . . ,αk−1, αk+1,. . .
alphan+1) appeared in the right hand side of (3.7), one obtains that P(αk) =
(−1)n+1. As P is a polynomial with degP ≤ n+1, one finds that P(T ) = (−1)n+1

identically.

Proof by Lagrange polynomials.
1 Let K = C(T ) be the field of the ra-

tional functions over C. Let X be a new indeterminate, and set

F (X) = (T −X)n, Λj(X) =
∏
	 �=j

0≤	≤n

(X − α	) .

By noticing that F (X) ∈ K[X] be such that degF = n < n + 1, the Lagrange
interpolation formula [3, Chap. IV, §2, p. 26] implies that

F (X) =
n∑

j=0

F (αj)

aj
Λj(X) .

And now one compares the coefficients of Xn for both sides of the above equality.
As that of Λj is equal to 1, one finds that

(−1)n =

n∑
j=0

F (αj)

aj
=

n∑
j=0

(T − αj)
n

aj
,

which is exactly the expected identity (2.10). �

End of the proof of Theorem 2.1. In view of Lemma 2.2, letting k = n
in (2.9) yields that

LP
n,n (f

n) = (−1)n(n+1)/2
n∑

j=0

1

An;j
(f − Pj)

n ,

where

An;j =
∏
	 �=j

0≤	≤n

(Pj − P	) .

By (2.2), one knows that Pj 
= P	 for j 
= �. Thus, by applying Lemma 2.3 with
C = C[x−1][[x]], X = f and αj = Pj , one gets that

n∑
j=0

1

An;j
(f − Pj)

n = (−1)n.

This permits to finish the proof of Theorem 2.1. �

4. One generalisation of Theorem 2.1

Instead of (2.6), let us consider the following slightly more general q-difference
equation:

(4.1) ασqy + y = β ,

1We would like to thank our friend and collaborator J. Sauloy for this elegant proof.
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where both α and β are nonzero power series belonging to the field C[x−1][[x]]. In
the same spirit as in (2.1), define the sequence {βn}n≥0 in C[x−1][[x]] as follows:

(4.2) β0 = 0; βn =

n−1∑
k=0

(−ασq)
k
β , n ≥ 1 .

Proposition 4.1. For any given positive integer n, the following conditions
are equivalent.

(1) βj 
= 0 for any positive integer j such that 0 < j ≤ n.
(2) βj 
= β	 for any couple of integers (j, �) such that 0 ≤ � < j ≤ n.

Proof. Indeed, by (4.2), it follows that

(4.3) βj − β	 =

j−1∑
k=	

(−ασq)
k β = (−ασq)

	βj−	 .

As α 
= 0, l’operator (−ασq) is an automorphism on the C-vector space C[x−1][[x]].
So, this is the same for its �-th power or iteration (−ασq)

	. This implies the
equivalence between the conditions stated in Proposition 4.1. �

Given a nonzero f ∈ C[x−1][[x]], one remembers that ν0(f) denotes the valua-
tion of f at x = 0, that is the lowest degree of the terms of f . By using (4.2), one
obtains that, for n > 0:

ν0(βn) =

{
ν0(β) if ν0(α) > 0;
(n− 1)ν0(α) + ν0(β) if ν0(α) < 0.

This gives the following statement for α, β ∈ C[x−1][[x]] \ {0}.

Remark 4.2. Both conditions considered in Proposition 4.1 are necessarily
fulfilled if ν0(α) 
= 0.

Theorem 4.3. Let n ∈ Z>0, and let α, β and f ∈ C[x−1][[x]]. Suppose that f
satisfies the q-difference equation in (4.1) and that βj 
= 0 for any positive integer
j such that 0 < j ≤ n. One has:

(4.4) Lα,β
n (fn) = (−1)n(n−1)/2 ,

where Lα,β
n is the n-th order q-difference operator defined by

(4.5) Lα,β
n =

1

βn
(ασq + 1)

1

βn−1

(
α2 σq − 1

)
· · · 1

β1
(αn σq − (−1)n) .

Proof. Replace (k, P ) with (n, β) in (2.8), and define:

An;j =
∏
	 �=j

0≤	≤n

(βj − β	) , 0 ≤ j ≤ n.

By taking into account Proposition 4.1, it follows that An;j 
= 0. Thus, one might
proceed in the same way as for the proof of Theorem 2.1. We omit the details. �
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5. About the summability of the powers of q-Euler series

Let us come back to the power series Êq(x) defined by (1.1), which satisfies
the q-difference equation stated in (1.2). Letting P = 1, Theorem 2.1 implies
immediately the following result.

Remark 5.1. Given any integer n ≥ 2, the n-th power Êq(x)
n satisifies the

following identity:

(5.1) (xσq + 1)
1

Pn−1

(
x2σq − 1

)
. . . (xnσq − (−1)n)Êq(x)

n = (−1)n(n−1)/2 Pn ,

where Pk = 1− x+ · · ·+ q(k−1)(k−2)(−x)k−1 for 1 ≤ k ≤ n.
In particular, when n = 2, as P2 = 1− x, (5.1) takes the form of (1.3).

Furthermore, it might be interesting to notice that, if q = 1, one has Ê1(x) =
1

1+x and, in this case, the above identity in (5.1) is simply equivalent to the following
elementary relation:

n∏
k=1

xk − (−1)k∑k−1
j=0 (−x)j

= (−1)n(n−1)/2 (x+ 1)n .

This observation related with the specific case of q = 1 may be also made for The-
orem 4.3, by assuming, for example, both α and β to belong to the field C[x−1]{x}
of the germs of meromorphic functions at x = 0 in C or to the sub-field C(x) of the
rational functions over C.

Our next remark goes to another q-analog of the following so-called Euler series:

(5.2) Ê(x) =
∑
n≥0

(−1)n n!xn+1 .

This power series is divergent for all x ∈ C \ {0} but Borel-summable in every
direction excepted R−. It satisfies the following first order ODE:

(5.3) (x δ + 1)y = x, δ = x∂x = x
d

dx
.

Letting Y = Ê(x)2, one can check that

(5.4) (x δ + 1− x) (x δ + 2)Y = 2x2.

Indeed, if y = Ê(x), one deduces from (5.3) that xδ(y2) = 2x y δy = 2y(x − y) =
2xy − 2y2. This means that (xδ + 2)(y2) = 2x y. Thus, applying again (5.3) yields
that (x δ + 1) 1

2x (x δ + 2) y2 = x. In this way, one gets (5.4), using the identity

(x δ+1) 1
2x = 1

2x (x δ+1−x) in the non-commutative ring C(x)[δ] of the differential
operators over C(x).

Besides, the correspondances n↔ 1−qn

1−q and n!↔ (1−q)···(1−qn)
(1−q)n suggest one to

consider the following q-analog of the Euler series:

(5.5) Ê(x; q) = x+
∑
n≥1

(−1)n (1− q) · · · (1− qn)

(1− q)n
xn+1.

This can be written in term of a basic hypergeometric series as follows:

Ê(x; q) = x 2φ1(q, q; 0; q,−
x

1− q
) = x 2φ0(q

−1, q−1;−; q−1,
x

1− q−1
).

See [6, (1.2.22), p. 4] for the general definition of rφs(. . . ; . . . ; q, z).
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Let δq =
σq−1
q−1 = xΔq, where Δq is defined in [1, p. 488, (10.2.3)]. By observing

that n = δxn

xn and 1−qn

1−q =
δqx

n

xn , a direct computation shows that Ê(x; q) satisfies

the q-analog of (5.3) as follows: (x δq + 1)y = x. If one writes

(5.6) α =
x

q − 1− x
, β = (q − 1)α ,

it follows from the above that

(5.7) (ασq + 1) Ê(x; q) = β .

Remark 5.2. Let α be as in (5.6). The following identity holds in the field
C[x−1][[x]]:

(5.8)

(
α δq +

1

q − 1− x

) (
α δq −

1

x
+

1

q − 1− x

)
Ê(x; q)2 = α (σqα− 1) .

Moreover, when q → 1, (5.8) is reduced into the following equivalent form of (5.4):

(5.9)

(
δ +

1

x

) (
δ +

2

x

)
Ê(x)2 = 2 .

To obtain (5.8), one can apply (4.2) for n = 1 and n = 2, where α and β are
defined by (5.6). This gives that

β1 = (q − 1)α, β2 = β − ασqβ = (q − 1)α (1− σqα) .

Thus, it follows from applying Theorem 4.3 to (5.7) that Ê(x; q)2 satisfies the
following q-difference equation:

(5.10) L
(
Ê(x; q)2

)
= α (σqα− 1) ,

where

(5.11) L =
1

(q − 1)2
(ασq + 1)

(
ασq −

1

α

)
.

By replacing σq with (q − 1)δq + 1 in (5.11), one gets that

L =

(
α δq +

1 + α

q − 1

) (
α δq +

α2 − 1

(q − 1)α

)
.

As α + 1 = q−1
q−1−x and α2 − 1 = (q−1)(2x−q+1)

(q−1−x)2 , one deduces immediately (5.8)

from (5.10). The limit equation form given in (5.9) can be obtained from (5.8) by
noticing both limits α→ −1 and δq → δ for q → 1.

In the rest of this paper, we will suppose that q > 1 even if, in most cases, the
hypothesis |q| > 1 may be really enough; see [9] and [10]. Let us recall some results
about the summability of power series solutions of q-difference equations. Given
any linear q-difference operator L of the following form:

L =

n∑
j=0

ajσ
j
q ∈ C{x}[σq] , a0an 
= 0 ,

one definies its associated Newton polygon NP(L) as being the convex hull of the
set {(j,m) : m ≥ ν0(aj)} in the strip [0, n]× [0,+∞). By following [8, (3.1.2)] and
[11, Proposition 5.14], one knows that, if NP(L) admits only integer slopes, saying
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κ1 ≤ κ2 ≤ · · · ≤ κn, then there exist ν ∈ Z, (h1, h2, . . . , hn) ∈ (1 + xC{x})n and

(c0, c1, . . . , cn) ∈ (C \ {0})n+1
such that

(5.12) L = c0 x
ν h1 (xκ1σq + c1) h2 (xκ2σq + c2) . . . hn (xκnσq + cn) .

Furthermore, let K+ = Z>0 ∩ {κj : 1 ≤ j ≤ n}, and define �k as follows:

(5.13) �k =

{
∅ if K+ = ∅
(k1, . . . , km) if K+ = {k	 : 1 ≤ � ≤ m} and k1 < · · · < km .

By considering [8, § 3.3.5], it follows that any power series f̂ ∈ C[[x]] such that

L(f̂) ∈ C{x} remains convergent or is Gq-summable of order �k = (k1, . . . , km) ∈
Zm
>0 depending on whether �k = ∅ or not.

Theorem 5.3. Given any integer n ≥ 2, the n-th power Êq(x)
n is Gq-summable

of order (1, 2, . . . , n). And this is the same for Ê(x; q)n.

Proof. This follows from taking into account (5.1) or applying Theorem 4.3
to (5.7) with the help of Remark 4.2. �

Applying [2, Theorem 36] or [7, Proposition 1.3.4.2] implies that every power

Ê(x)n of the Euler series is Borel-summable at the same level, contrarily to what

happens in the case of their respective q-analog Ê(x; q)n; see Theorem 5.3. Fur-

thermore, thanks to [4, Theorem 3.15], one knows that the Gq-sum of Ê(x; q) tends

toward the Borel-sum of Ê(x) when q → 1+. In our coming work [5], it would be

shown that, given one generic direction d and two power series f̂1 and f̂2 such that

Lj(f̂j) ∈ C{x} for some Lj ∈ C{x}[σq], where j = 1 or 2, the Gq-sum of f̂1f̂2 along

d is equal to the product of the Gq-sum of f̂1 along d with that of f̂2. In this way,
one would obtain that the Gq-sum of Êq(x)

n or Ê(x; q)n can be really expressed

as the n-th power of that of Êq(x) or Ê(x; q), respectively.
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with English and French summaries), Ann. Inst. Fourier (Grenoble) 49 (1999), no. 1, vi–vii,
x, 227–261. MR1688144
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Summability of formal solutions for a family of linear
moment integro-differential equations

Maria Suwińska

Abstract. A general family of linear moment integro-differential equations
with coefficients depending only on one variable is taken into consideration.
The results presented in this paper concern the summability of formal solutions
of such equations. Usual tools of the summability theory are utilized. The main
result is a direct generalization of existing conclusions in regards to standard
linear integro-differential equations.

1. Introduction

The main focus of this paper is to analyze the summability properties of a
family of generalized moment integro-differential equations given by(

1−
∑
i∈K

pi∑
q=0

aiq(z)∂
−i
m1,t∂

q
m2,z

)
u(t, z) = f̂(t, z),

where K ⊂ {1, 2, . . . , κ} is a nonempty, finite subset of indices, pi ≥ 0 for all i ∈ K,
the inhomogeneity f̂ is a formal power series in the variable (t, z) and all coefficients
aiq(z) are holomorphic on a certain neighborhood of the origin. The differentiation
and integration are given by moment operators.

Moment differentiation given by the formula

∂m,t

( ∞∑
n=0

un

m(n)
tn

)
=

∞∑
n=0

un+1

m(n)
tn,

with (m(n))n≥0 being a sequence of positive real numbers corresponding to a pair
of kernel functions, was first considered in [3] by W. Balser and M. Yoshino.
The family of operators created in this manner is very broad and includes, but
is by no means limited to, the standard differentiation of convergent power series

when (m(n))n≥0 = (n!)n≥0 and Caputo fractional derivative ∂
1/k
t for the sequence

(m(n))n≥0 = (Γ(1 + n
k ))n≥0.

This more general approach to differentiation caused an emergence of stud-
ies concerning the so called moment differential equations. In [8–10] S. Michalik
studied solutions of general Cauchy problems with constant coefficients and their
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summability. Additionally, results on the Gevrey order of formal solutions of mo-
ment partial differential equations, an issue connected to the problem of summa-
bility, have been published in [11,16].

An even more general approach on moment differentiation and the problems
mentioned above deals with the framework of strongly regular sequences, at the
same time further broadening the family of considered operators and the definition
of summability. For more information on this approach see [5–7].

Please note that the results presented in Section 5 are in fact a particular case
of the ones presented in [7]. In this paper we depart from the notion of the strongly
regular sequences for the sake of simplicity. It is nevertheless worth mentioning
that working in the framework of strongly regular sequences requires additional
assumptions regarding behavior of the anti-derivative. Very similar results con-
cerning standard partial differential equations also exist. The k-summability of the
formal solution of the heat equation has been studied by W. Balser and M. Loday-
Richaud in [2]. More general families of linear integro-differential equations have
been considered by P. Remy in [12–14].

2. Notation

By N we denote the set of all positive integers. Then N0 stands for the set
N ∪ {0}.

R stands for the Riemann surface of the logarithm.
For any r > 0 we denote by Dr an open disc of radius r and center at 0, i.e.,

Dr = {z ∈ C : |z| < r}. Similarly, a closed disc of radius r and center at 0 is
denoted by D̄r and defined as {z ∈ C : |z| ≤ r}.

For fixed d ∈ R, α > 0 and R > 0 an open sector of direction d, opening α and
radius R is defined as

Sd(α,R) =
{
z ∈ R : 0 < |z| < R, d− α

2
< arg z < d+

α

2

}
.

For a sector with an infinite radius we simply write Sd(α). If furthermore the
opening is not specified, we use notation Sd.

Analogously

S̄d(α,R) =
{
z ∈ R : 0 < |z| ≤ R, d− α

2
≤ arg z ≤ d+

α

2

}
.

defines a closed sector and we use notation S̄d(α) whenever the radius is not given.
Please note that in this case the radius cannot be infinite. Moreover, a closed sector
is not a closed subset of C, as it never contains the origin. It is however a closed
subset of R.

An open and connected set G ⊂ R is a sectorial region if G ⊂ Sd(α) for certain
d ∈ R and α > 0 and for every 0 < β < α there exists r > 0 such that S̄d(β, r) ⊂ G.
As is the case with sectors, we call α the opening of G and d its direction. We also
use notation Gd(α) to specify these two parameters.

For any fixed complex Banach space (E, ‖ · ‖E) we denote by O(U,E) the set of
all functions with values in E that are holomorphic on an open set U . For E = C we
use a simplified notation O(U). The set of all formal power series with coefficients
in E will be denoted by E[[z]].

For any sector Sd(α), f ∈ O(Sd(α),E) and k > 0 we will say that f(z) is of an
exponential growth no greater than k on Sd(α) for z → ∞ if for every 0 < β < α
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there exist constants C1, C2 > 0 such that ‖f(z)‖E ≤ C1e
C2|z|k for every z ∈ Sd(β).

The set of all such functions will be denoted by Ok(Sd(α),E).

Forf̂(z) =
∑∞

n=0 fnz
n ∈ E[[z]] we call a series with non-negative real coefficients

ĝ(z) =
∑∞

n=0 gnz
n a majorant of f̂ if ‖fn‖E ≤ gn for every n ≥ 0. We denote this

relation by f̂(z)� ĝ(z).

3. Moment functions and moment operators

3.1. Kernel functions and moment functions.

Definition 3.1. We call a pair of functions e, E kernel functions of order
k > 1

2 if the following conditions are met:

(1) e ∈ O
(
S0(

π
k )
)
, e(x) ∈ R+ for x ∈ R+ and for every ε > 0 there exist

constants A,B > 0 such that |e(z)| ≤ Ae−(|z|/B)k for z ∈ S0

(
π
k − ε

)
.

(2) There exists α > 0 such that for every direction θ ∈
(
− π

2k ,
π
2k

)
there exist

C, r > 0 satisfying

(3.1) |e(z)| ≤ C|z|α for every z ∈ S̃θ ⊂ S0

(π
k

)
, |z| < r.

(3) E ∈ Ok(C) and there exists β > 0 such that for every direction θ ∈(
π
2k , 2π − π

2k

)
there exist constants K,R > 0 satisfying

(3.2) |E(z)| ≤ K|z|−β for every z ∈ S̃θ ⊂ Sπ

(
2π − π

k

)
, |z| > R.

(4) Functions e and E are connected by a corresponding moment function m
of order s = 1

k given by the formula

m(u) :=

∫ ∞

0

xu−1e(x) dx

for all u satisfying $u ≥ 0. Then the kernel function E can be represented
as a power series of the form: E(z) =

∑∞
n=0

zn

m(n) for z ∈ C.

(5) Additionally we assume that m(0) = 1.

The aforementioned characterization of kernel functions is based for the most
part on the classic definition from [1]. However, more general conditions of inte-
grability at zero have been replaced with (3.1) and (3.2) as seen in [4], where the
authors use the term strong kernel functions. Moreover, let us note that, as seen
in [1], kernel functions of orders k ≤ 1

2 can also be defined. For the sake of brevity
these definitions will be omitted. For more details on the subject see [1].

Definition 3.2. Let e(z), E(z) be a pair of kernel functions of order k and let
m(u) be their corresponding moment function of order s = 1

k . Then we call the
sequence (m(n))n≥0 a moment sequence of order s.

The example below presents kernel functions and their corresponding moment
function that are used in the classical theory of summability.

Example 3.3.

• e(z) = kzke−zk

;
• m(u) = Γ(1 + u

k ),

• E(z) =
∑∞

j=0
zj

Γ(1+ j
k )

= E1/k(z), where E1/k denotes the Mittag-Leffler

function of index 1
k .
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As shown in [1], the set of all moment functions of positive orders is closed
with respect to multiplication.

Lemma 3.4. Let m1 and m2 be two moment functions of positive orders s1 and
s2, respectively. Then m1 ·m2 is a moment function of order s1 + s2. If moreover
we have s1 > s2 then m1

m2
is a moment function of order s1 − s2.

Further ahead we will rely on a property of moment sequences that connects all
of the moment sequences of the same positive order s with a sequence (Γs(n))n≥0 =
(Γ(1 + sn))n≥0, where Γ(z) denotes the Gamma function. For any given moment
sequence of order s > 0 there exist constants a,A > 0 such that

(3.3) anΓs(n) ≤ m(n) ≤ AnΓs(n) for every n ∈ N0.

For the proof of this fact please see Section 5.5 in [1].
We are also going to consider a class of moment sequences that was first defined

in [11]. It was later used in [16] and [7] as well.

Definition 3.5. For any given s > 0 we will say that (m(n))n≥0 is a regular
moment sequence of order s if it is a moment sequence of order s and moreover
there exist constants a,A > 0 satisfying

(3.4) a(n+ 1)s ≤ m(n+ 1)

m(n)
≤ A(n+ 1)s for every n ∈ N0.

We will denote the set of all regular moment sequences of order s by Ms.

Lemma 3.6. Regular moment sequences have the following properties:

(1) Let m1 ∈ Ms1 , m2 ∈ Ms2 . Then m1 · m2 ∈ Ms1+s2 . If we moreover
assume that s1 > s2 then m1

m2
∈Ms1−s2 .

(2) For any s > 0 the sequence Γs ∈Ms.

3.2. Moment operators. Let us now recall the definitions ofm-Borel andm-
Laplace operators and their formal analogues as well as a definition of m-differential
operator and its inverse. To this end first suppose that e(z), E(z) are kernel
functions of order k > 1

2 and m(u) is their corresponding moment function.

Definition 3.7. Let S = Sd(α) and f ∈ Ok(S,E). For any direction θ satis-
fying |d− θ| < α

2 we call an operator Le,d given by a formula

(3.5) (Le,df)(z) =

∫ eiθ∞

0

e
(u
z

)
f(u)

du

u

a m-Laplace transform in direction d.

From the fact that (3.5) is absolutely and locally uniformly convergent it follows
that we can integrate along an arbitrary direction θ so long as it is sufficiently close
to d.

Let us now consider a sectorial region Gd(α). We choose

θ ∈
(
d− α

2
+

π

2k
, d+

α

2
− π

2k

)
and ε, r > 0 in such a way that Sθ(

ε+π
k , r) ⊂ Gd(α). Then we denote a negatively

oriented path that is the border of Sθ(
ε+π
k , r) by γk(θ).

Now we can move on to the definition of m-Borel transform:
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Definition 3.8. For any f ∈ O(G,E) continuous at zero and u ∈ Sθ

(
ε
k

)
we

call an operator of the form

(3.6) (Be,θf)(u) = −
1

2πi

∫
γk(θ)

E
(u
z

)
f(z)

dz

z

a m-Borel transform in direction θ.
If we consider a family of operators {Be,θ}θ such that 2|θ− d| < α− k−1π then

this family defines a function Be,df holomorphic in the sector Sd(α − k−1π) such
that Be,df(z) ∈ Ok(Sd(α− k−1π),E).

For more details on the second part of the definition please consult Section 5.2
and Theorem 24 from [1].

Theorem 3.9. Suppose that d ∈ R, θ > 0 and k > 0. Moreover, let f ∈
Ok(Sd(θ),E). Let us define g(z) = Le,df(z) for z ∈ G(d, θ+k−1π). Then f ≡ Be,dg.

Please consult [1, Theorem 30] for a detailed proof of this fact. For a more
general version of the theorem above see [7, Theorem 1].

We can also easily define moment analogues of formal Laplace and Borel trans-
forms.

Definition 3.10. Let f̂(u) =
∑∞

n=0 fnu
n be a formal power series. Then we

define a formal m-Laplace transform as follows:

(L̂m,z f̂)(z) =

∞∑
n=0

fnm(n)zn.

Definition 3.11. A formal m-Borel transform is an operator B̂m,z : E[[z]] →
E[[z]] given by:

B̂m,z

( ∞∑
n=0

unz
n

)
:=

∞∑
n=0

un

m(n)
zn.

Let us now recall the definition of m-derivative and its inverse.

Definition 3.12. Let (m(n))n≥0 denote a moment sequence. We define a
m-differential operator ∂m,z : E[[z]]→ E[[z]] by the formula:

∂m,z

( ∞∑
n=0

un

m(n)
zn

)
:=

∞∑
n=0

un+1

m(n)
zn.

Definition 3.13. Let (m(n))n≥0 denote a moment sequence. Then we define

a m-integral operator ∂−1
m,t : E[[z]]→ E[[z]] by a formula:

∂−1
m,z

( ∞∑
n=0

un

m(n)
zn

)
:=

∞∑
n=1

un−1

m(n)
zn.

To describe a m-differential operator we can use integration of kernel functions.
This way we receive a formula that can be treated as an analogue of the standard
Cauchy Formula.

Lemma 3.14. Let f ∈ O(Dr,E) for a certain r > 0 and suppose that e(z), E(z)
are kernel functions of order k with m(u) denoting their corresponding moment
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function of order 1
k . Then for every |z| < ε < r and n ∈ N0 we get

(3.7) ∂n
m,zf(z) =

1

2πi

∫
∂Dε

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw

with θ ∈
(
− argw − π

2k , − argw + π
2k

)
.

Proof. Since f(z) is holomorphic on Dr, it can be expanded into a power
series as seen below:

f(z) =
∞∑
j=0

fjz
j =

∞∑
j=0

f (j)(0)

j!
zj .

Moreover, notice that

∂n
m,zf(z) =

∞∑
j=0

f(j+n)(0)
(j+n)! m(j + n)

m(j)
zj ,

for every n ∈ N, which means that ∂j
m,zf(0) =

f(j)(0)
j! m(j) for every j ∈ N0. Using

this fact and the Cauchy Formula we get

∂j
m,zf(0) =

m(j)

j!
· j!

2πi

∫
∂Dε

f(w)

wj+1
dw.

Let us now recall that

m(j) =

∫ ∞

0

xj−1e(x) dx for any j ∈ N.

Hence,

∂j
m,zf(0) =

1

2πi

∫
∂Dε

f(w)

wj+1

∫ ∞

0

xj−1e(x) dx dw,

which after the change of variable x = wζ gives us

∂j
m,zf(0) =

1

2πi

∫
∂Dε

f(w)

w

∫ e−i argw∞

0

ζj−1e(wζ) dζ dw

=
1

2πi

∫
∂Dε

f(w)

∫ e−i argw∞

0

ζj
e(wζ)

wζ
dζ dw.

Instead of θ = − argw we can use any given θ from
(
− argw − π

2k , − argw + π
2k

)
.

Then for z ∈ Dε we receive

f(z) =
∞∑
j=0

∂j
m,zf(0)

m(j)
zj =

1

2πi

∫
∂Dε

f(w)

∫ eiθ∞

0

ζj
e(wζ)

wζ

∞∑
j=0

zj

m(j)
dζ dw.

Seeing as E(z) =
∑∞

j=0
zj

m(j) , the formula takes the form

f(z) =
1

2πi

∫
∂Dε

f(w)

∫ eiθ∞

0

e(wζ)

wζ
E(zζ) dζ dw.

It is now enough to notice that ∂n
m,zE(zζ) = ζnE(zζ), which gives us

∂n
m,zf(z) =

1

2πi

∫
∂Dε

f(w)

∫ eiθ∞

0

e(wζ)

wζ
ζnE(zζ) dζ dw.

�
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Remark 3.15. Similarly to Theorem 3 from [6], Lemma 3.14 can be applied
in a more general case when f ∈ Ok(Sd(α)∪Dr,E) for any given k > 0, α ∈ R and
r > 0. More precisely, if f ∈ Ok(Sd(α) ∪Dr,E) then for a certain 0 < r̃ < r and
any 0 < β < α, n ∈ N0 and z ∈ Sd(β) ∪Dr̃ it follows that

(3.8) ∂n
m,zf(z) =

1

2πi

∫
γ

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw,

where θ ∈
(
− argw − π

2k , − argw + π
2k

)
and γ denotes the border of a set Sd(β0)∪

Dε for certain β < β0 < α and r̃ < ε < r.

Using both Lemma 3.14 and Remark 3.15 we can formulate a theorem charac-
terizing functions of exponential growth no greater than k. It is a special case of
a more general result given in [6] in Theorem 3 and the proof leans heavily on the
one that was presented there.

Theorem 3.16. Let us consider a pair of kernel functions e(z), E(z) and their
corresponding moment function m(u). Let (m(n))n≥0 be a moment sequence and
suppose that d ∈ R and α, k, r > 0 are given. Consider a function f ∈ Ok(Sd(α)∪
Dr,E). Then there exists 0 < r̃ < r such that for any 0 < β < α, z ∈ Sd(β) ∪Dr̃

and n ∈ N0 there exist A, B, C > 0 satisfying

(3.9) ‖∂n
m,zf(z)‖E ≤ ABnm(n)eC|z|k for n ∈ N0, z ∈ Sd(β) ∪Dr̃.

Proof. From Remark 3.15 it follows that

(3.10) ∂n
m,zf(z) =

1

2πi

∫
γ(z)

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw

for a certain θ ∈
(
− argw − π

2k , − argw + π
2k

)
and a path γ that depends on the

choice of z. Let us now consider an integral∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ,

where θ is as given above, z belongs to a certain neighborhood of the origin and
w satisfies |w| = ε for ε > 0 that depends on z. After using a change of variable
ζ = seiθ with s ∈ (0,+∞) we receive∣∣∣∣∣
∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ

∣∣∣∣∣ ≤ 1

ε

∫ ∞

0

sn−1|E(zseiθ)e(wseiθ)| ds

≤ C1C3

ε

∫ ∞

0

sn−1 exp

(
C2s

k|z|k − εksk

Ck
4

)
ds

for certain constants C1, C2, C3, C4 > 0.

Let now |z| ≤ r̃ = ε

(2C2)
1
k C4

. Then exp
(
C2s

k|z|k − εksk

Ck
4

)
≤ exp

(
− εksk

2Ck
4

)
and∣∣∣∣∣

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ

∣∣∣∣∣ ≤ C1C3

ε

∫ ∞

0

sn−1 exp

(
−εksk

2Ck
4

)
ds

=
C1C32

n
k Cn

4

εn+1k

∫ ∞

0

ξ
n
k −1 exp (−ξ) dξ(3.11)

=
C1C32

n
k Cn

4

εn+1k
Γ
(n
k

)
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Figure 1. Path γ(z).

From (3.3) it follows that

(3.12)

∣∣∣∣∣
∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ

∣∣∣∣∣ ≤ A0B
n
0m(n)

and moreover

(3.13) ‖∂n
m,zf(z)‖E ≤ sup

|w|=ε

‖f(w)‖EA0B
n
0m(n) ≤ Ã0B̃

n
0m(n)eC0|z|k

for z ∈ D̄r̃.
In the case when z 
∈ D̄r̃ let us consider 0 < β < α and a sector Sd(β). Then

the integration path γ takes a shape as seen on Figure 1.
Let β0 be such that 0 < β < β0 < α and let R(z) = C4(2C2)

1
k |z|. We consider

a positively oriented path γ(z) = γ(R) = γ1 + γ2(R) + γ3(R) + γ4(R), where

• γ1 is an arc connecting εei(d+
β0
2 ) and εei(d−

β0
2 ),

• γ2(R) is a segment from εei(d−
β0
2 ) to Rei(d−

β0
2 ),

• γ3(R) is an arc connecting points Rei(d−
β0
2 ) and Rei(d+

β0
2 ),

• γ4(R) is a segment from Rei(d+
β0
2 ) to εei(d+

β0
2 ).

On every part of γ(R) we are going to compute a separate estimate of the integral∫ eiθ∞
0

ζnE(zζ) e(wζ)
wζ dζ.

For w ∈ γ1 notice that(
− arg(w)− π

2k
, − arg(w) +

π

2k

)
∩
(
− arg(z) +

π

2k
, − arg(z) + 2π − π

2k

)

= ∅
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and we can choose a direction θ from this set. After applying substitution ζ = seiθ

and using a procedure similar to the one used before we can write∫ ∞

0

sn−1|E(zseiθ)| |e(wse
iθ)|

ε
ds =

∫ M
|z|

0

sn−1|E(zseiθ)| |e(wse
iθ)|

ε
ds+

+

∫ ∞

M
|z|

sn−1|E(zseiθ)| |e(wse
iθ)|

ε
ds

for a certain fixed M > 0. Then∫ M
|z|

0

sn−1|E(zseiθ)| |e(wse
iθ)|

ε
ds ≤ sup

y∈D̄M

|E(y)|ε−1C3

∫ M
|z|

0

sn−1 exp

(
−εksk

Ck
4

)
ds.

Like in the previous case, we can bound the last integral using A1B
n
1m(n).

Moreover from Definition 3.1 it follows that∫ ∞

M
|z|

sn−1|E(zseiθ)| |e(wse
iθ)|

ε
ds ≤

∫ ∞

M
|z|

sn−1 K

(s|z|)β
|e(wseiθ)|

ε
ds

≤ K

εMβ

∫ ∞

M
|z|

sn−1|e(wseiθ)| ds.

The last integral can be bounded from above by A2B
n
2m(n) exp(C2|z|k). Hence,

(3.14)

∥∥∥∥∥ 1

2πi

∫
γ1

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw

∥∥∥∥∥
E

≤ Ã1B̃
n
1m(n)eC̃1|z|k

for certain constants Ã1, B̃1, C̃1 > 0.
For w ∈ γ2(R) we can choose θ from the same set of directions. We use

substitution [ε, R] � ρ �→ ρei(d−
β0
2 ) and the parametrization from the previous case

to arrive at∣∣∣∣∣
∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ

∣∣∣∣∣ ≤
∫ ∞

0

sn−1|E(zseiθ)| |e(ρse
i(θ+d−β0

2 ))|
ρ

ds.

Analogously to the previous case, this integral can be bounded from above by
A3B

n
3m(n). Then we receive

(3.15)

∥∥∥∥∥ 1

2πi

∫
γ2(R)

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw

∥∥∥∥∥
E

≤ 1

2π
sup

w∈γ2(R)

‖f(w)‖EA3B
n
3m(n)R ≤ Ã2B̃

n
2m(n)eC̃2|z|k

for certain positive constants Ã2, B̃2, C̃2. For γ4(R) identical reasoning can be
followed to arrive at

(3.16)

∥∥∥∥∥ 1

2πi

∫
γ4(R)

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw

∥∥∥∥∥
E

≤ Ã3B̃
n
3m(n)eC̃3|z|k

for Ã3, B̃3, C̃3 > 0.
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For w ∈ γ3(R) we use the previous parametrization as well as substitution[
d− β0

2 , d+ β0

2

]
� t �→ Reit. The direction θ ∈

(
− arg(w)− π

2k , − arg(w) + π
2k

)
can be chosen arbitrarily. Then∣∣∣∣∣

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ

∣∣∣∣∣ ≤
∫ ∞

0

sn−1|E(zseiθ)| |e(Rsei(θ+t))|
R

ds

=
1

R

∫ ∞

0

sn−1|E(zseiθ)e(Rsei(θ+t))| ds.

Notice that |w| = R(z) and so a condition analogous to (3.11) is met. Hence,

(3.17)

∥∥∥∥∥ 1

2πi

∫
γ3(R)

f(w)

∫ eiθ∞

0

ζnE(zζ)
e(wζ)

wζ
dζ dw

∥∥∥∥∥
E

≤ Ã4B̃
n
4m(n)eC̃4|z|k

for certain positive Ã4, B̃4, C̃4.
Combining results from (3.14), (3.15), (3.16) and (3.17) concludes the proof. �

The following lemma describes the connection between m-derivative and m-
moment transform.

Lemma 3.17. Let m1, m2 be moment sequences. Then operators B̂m2,t, ∂m1,t

satisfy

B̂m2,t∂m1,tû = ∂m1m2,tB̂m2,tû

for every formal power series û.

Proof. Let û(t) =
∑∞

n=0 unt
n. Then

B̂m2,t∂m1,tû(t) = B̂m2,t

∞∑
n=0

un+1m1(n+ 1)

m1(n)
tn =

∞∑
n=0

un+1m1(n+ 1)

m1(n)m2(n)
tn.

On the other hand,

∂m1m2,tB̂m2,tû(t) = ∂m1m2,t

∞∑
n=0

un

m2(n)
tn =

∞∑
n=0

un+1m1(n+ 1)

m1(n)m2(n)
tn.

�

4. The problem of k-summability

The main focus of this section is the concept of k-summability in the framework
of moment sequences and operators. To this end basic facts and definitions related
to the topic will be presented.

Definition 4.1. Suppose that G is a sectorial region and s > 0. Let f ∈
O(G,E). We call a formal power series f̂(z) =

∑∞
n=0 fnz

n ∈ E[[z]] an asymptotic
expansion of order s > 0 of f on G if for every closed sector S̄ ⊂ G there exist
constants C,K > 0 such that

|z|−N

∥∥∥∥∥f(z)−
N−1∑
n=0

fnz
n

∥∥∥∥∥
E

≤ CKNΓs(N) for every N ∈ N, z ∈ S̄.

This relation will be denoted by f ∼=s f̂ .
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Definition 4.2. Let f̂ be a formal power series with coefficients from a given

Banach space E. Moreover, assume that k > 0 and d ∈ R. Then we say that f̂ is
k-summable in the direction d if there exist α > π

k , a sectorial region G = Gd(α)

and a function f ∈ O(G,E) such that f̂ is an asymptotic expansion of Gevrey

order 1
k of f on G. We call f the k-sum of f̂ in direction d and denote this fact by

f(z) = (Sk,df̂)(z).
The set of all series k-summable in direction d will be denoted by E{z}k,d.
Note that from Watson’s Lemma it follows that the k-sum of any power series

in a given direction d, if it exists, is uniquely determined. For more details on
Watson’s Lemma and its proof see Section 4.7 of [1].

Definition 4.3. Let (m(n))n≥0 be a moment sequence of order s > 0. A formal

power series f̂(z) ∈ E[[z]] is said to be of a Gevrey order s if there exists r > 0 such

that B̂m,z f̂ ∈ O(Dr,E). The set of all such formal power series will be denoted by
E[[z]]s.

Theorem 4.4. Let f̂(z) ∈ E[[z]]1/k and suppose that ĝ(z) = B̂m,z f̂(z) for a

certain moment sequence (m(n))n≥0 of order 1
k . Let g(z) denote its sum. Then

f̂(z) is k-summable in direction d ∈ R if and only if there exists a sector Sd(ε),
with sufficiently small ε > 0, such that g(z) can be continued analytically to Sd(ε)
and its continuation there is of exponential growth no greater than k.

The theorem above is a direct consequence of the properties of the Laplace
transform. More details can be found in [1], in Section 6.1 and Chapter 5.

Analogously to the way it has been done in Definition 13 from [7], we can define
m-derivative of a sum of a formal power series.

Definition 4.5. Let E be an arbitrary Banach space and let us consider a mo-

ment sequence (m(n))n≥0 of order
1
k as well as a formal power series f̂(z) ∈ E{z}k,d

for some direction d ∈ R. Moreover let f(z) denote a k-sum of f̂(z). Then we define

the m-derivative of f(z) as ∂m,zf(z) = g(z), where g(z) = Sk,d

(
∂m,z f̂(z)

)
.

Theorem 4.6. For fixed k > 0 and d ∈ R the set E{z}k,d is a differential
algebra closed under the operator ∂m,z.

The result above is a conclusion from [15, Proposition 6.20.] and [6, Corollary
1]. A more general formulation can be found in [7, Proposition 1].

Lemma 4.7. Let k, s > 0 and (m(n))n≥0 be a moment sequence of order s.

If f̂(z) ∈ Ek,d{z} and its k-sum is denoted by f(z) then the formal power series

∂−1
m,z f̂(z) is also k-summable in direction d and its k-sum F (z) satisfies:

∂m,zF (z) = f(z).

Proof. To execute the proof of this lemma we use the Caputo fractional de-
rivative. Assume for the moment that (m(n)))n≥0 = (Γ(1 + sn))n≥0. The m-
differential operator ∂m,z is connected to the aforementioned fractional derivative
∂s
z as follows:

(∂m,z f̂)(z
s) = ∂s

z(f̂(z
s)).

Hence,

∂−s
z zsn =

Γ(1 + sn)

Γ(1 + sn+ s)
zsn+s.



178 MARIA SUWIŃSKA

As mentioned in [7, Proposition 5], the same property holds for the Riemann-
Liouville fractional integral given by

Is0+ :=
1

Γ(s)

∫ z

0

f(t)(z − t)s−1 dt.

Let us fix a sector S ⊂ G. We aim to find a boundary for

(4.1)

∥∥∥∥∥ 1

Γ(s)

∫ z

0

f(ts)(z − t)s−1 dt−
N−1∑
n=1

fn−1

Γ(1 + sn)
zsn

∥∥∥∥∥
E

for any sector S ⊂ G and integer N ≥ 2. To this end first let us note that

zsnB (s, sn− s+ 1) =

∫ z

0

(z − t)s−1tsn−s dt,

where B (s, sn− s+ 1) = Γ(s)Γ(1+sn−s)
Γ(1+sn) denotes the Beta function. From this it

follows that (4.1) takes form:

(4.2)

∥∥∥∥∥∥ 1

Γ(s)

∫ z

0

t−sN+s
(
f(ts)−

∑N−1
n=1

fn−1

Γ(1+sn−s) t
sn−s

)
t−sN+s(z − t)1−s

dt

∥∥∥∥∥∥
E

.

We know that f̂(z) ∼= 1
k
f(z). As such∥∥∥∥∥t−sN+s

(
f(ts)−

N−1∑
n=1

fn−1

Γ(1 + sn− s)
tsn−s

)∥∥∥∥∥
E

≤ CKN−1Γ

(
1 +

N − 1

k

)
for certain positive constants C, K. Moreover, after the change of variable t = zξ
we receive ∫ z

0

ts(N−1)(z − t)s−1 dt = zsN
∫ 1

0

ξs(N−1)(1− ξ)s−1 dξ.

The last integral defines the Beta function B (s, 1 + sN − s) = Γ(s)Γ(1+sN−s)
Γ(1+sN) .

From this and the properties of the Gamma function the formula (4.2) can be
bounded from above by

CKN−1Γ

(
1 +

N − 1

k

)
|z|sN Γ(s)Γ(1 + sN − s)

Γ(1 + sN)
≤ C̃K̃NΓ

(
1 +

N

k

)
|z|sN .

To show that the thesis holds for any moment sequence of order s, it suffices

to define a moment sequence of order 0 with terms given by m̃(n) = Γ(1+sn)
m(n) for

every n ≥ 0. Then, if f̂(z) =
∑∞

n=0
fn

m(n)z
n, it is enough to consider a formal power

series B̂m̃,z f̂(z) instead. �

We can now proceed to define an anti-derivative for a sum of a formal power
series.

Definition 4.8. Let us consider a Banach space E and a moment sequence

(m(n))n≥0 of order 1
k as well as a formal power series f̂(z) ∈ E{z}k,d for some

direction d ∈ R. Suppose that f(z) denotes the k-sum of f̂(z). Then we define the

m-anti-derivative of f(z) as ∂−1
m,zf(z) = g(z), where g(z) = Sk,d(∂

−1
m,z f̂(z)).
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It is worth mentioning that the definition given above is correct due to Lemma
4.7. Please note that it does not need to be correct in a more general framework
of strongly regular sequences. See [7] for more details on the issue. In the cited
paper thesis of Lemma 4.7 is referred to as Assumption (A) and does not need to
be satisfied in some cases.

Lemma 4.9. Let f̂(z) ∈ E{z}k,d for certain k > 0, d ∈ R and let f(z) =

Sk,d(f̂(z)) on a sectorial region Gd(α), where α > π
k . Then for every closed sector

S̄ ⊂ Gd(α) there exist positive constants A, B such that

‖∂n
m,zf(z)‖E ≤ ABnm(n)Γ

(
1 +

n

k

)
for any z ∈ S̄, n ∈ N0.

Proof. From the definition of k-summability and Lemma 3.17 we receive

∂n
m,zf(z) = Le,d(B̂Γ1/k,z∂

n
m,z f̂(z)) = Le,d(∂

n
mΓ1/k,z

B̂Γ1/k,z f̂(z)).

for any n ∈ N0 and certain kernel function e(z) of order k. Moreover, function

B̂Γ1/k,z f̂(z) is of an exponential growth no greater than k on Sd(δ)∪Dr for certain
δ, r > 0. Therefore, we can apply Theorem 3.16 to this function and the moment
sequence

(
m(n)Γ

(
1 + n

k

))
n≥0

. For any closed sector S̄ ⊂ G we receive

‖∂n
mΓ1/k,z

B̂Γ1/k,z f̂(z)‖E ≤ A1B
n
1m(n)Γ

(
1 +

n

k

)
eC1|z|k

for certain fixed constants A1, B1, C1 > 0 and for every z ∈ S̄.

Let g(z) = B̂Γ1/k,z f̂(z). Then ∂n
m,zf(z) = Le,dg(z). To reach the conclusion it

is enough to find a boundary of the integral
∫ eiτ∞
0

e
(
u
z

)
g(u)duu for any direction τ

sufficiently close to d, which can be done in a way analogous to the one presented
in proof of Theorem 3.16. �

5. Summability of formal solutions for linear moment
integro-differential equation

5.1. Banach spaces of holomorphic functions. Let 0 < r̃ < r. By
(E, ‖ · ‖E) we are henceforth going to denote the space of all functions holomor-
phic on a disc D̄ = D̄r ⊂ C with the norm defined as∥∥∥∥∥

∞∑
n=0

fnz
n

∥∥∥∥∥
r̃

=

∞∑
n=0

|fn| |z|n, z ∈ D̄, |z| = r̃.

Lemma 5.1. Suppose that f, g ∈ E, f(z) =
∑∞

n=0 fnz
n and g(z) =

∑∞
n=0 gnz

n.
Then

‖f(z)g(z)‖r̃ ≤ ‖f(z)‖r̃‖g(z)‖r̃ for z ∈ D̄, |z| = r̃ < r.

Proof. For any fixed r̃ < r it is enough to notice that

‖f(z)g(z)‖r̃ ≤
∞∑

n=0

n∑
k=0

|fkgn−k||z|n = ‖f(z)‖r̃‖g(z)‖r̃.

�

We will call (an)n≥0 a logarithmically convex sequence if inequality a2n ≤
an−1an+1 holds for every n ∈ N.
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Lemma 5.2. Let m be a moment function such that the moment sequence
(m(n))n≥0 is logarithmically convex. Moreover suppose that f ∈ O

(
D̄
)
. If there

exist C <∞ and n ∈ N0 satisfying

(5.1) ‖f(z)‖r̃ ≤ C
|z|n
m(n)

for every z ∈ D̄, |z| = r̃

then we have

(5.2) ‖∂−k
m,zf(z)‖r̃ ≤ C

|z|n+k

m(n+ k)
for every k ∈ N0 and z ∈ D̄, |z| = r̃.

Proof. Let us note that from (5.1) it follows that f = O(zn). Hence, we
can write f(z) =

∑∞
j=n fjz

j for every z ∈ D̄. Let us define a function g(z) =∑∞
j=0 |fj+n|m(n)zj . Using (5.1) we conclude that

‖g(z)‖r̃ =
m(n)

|z|n ‖f(z)‖r̃ ≤ C.

Moreover, f(z)� |z|n
m(n)g(z). Hence we get

∂−k
m,zf(z) =

∞∑
j=n+k

m(j − k)

m(j)
fj−kz

j =
zn+k

m(n+ k)

∞∑
j=0

m(j + n)m(n+ k)

m(j + n+ k)
fj+nz

j .

We can use an equivalent definition of logarithmic convexity to write that

m(n)

m(n+ 1)
≤ m(n− 1)

m(n)
for every n ≥ 1.

In particular, after using the inequality above j times we receive

m(j + n)

m(j + n+ k)
≤ m(j + n− 1)

m(j + n+ k − 1)
≤ m(j + n− 2)

m(j + n+ k − 2)
≤ . . . ≤ m(n)

m(n+ k)
.

Hence, it follows that
m(j + n)m(n+ k)

m(j + n+ k)
≤ m(n).

Using this inequality and the connection between f and g, we arrive at

∂−k
m,zf(z)�

zn+k

m(n+ k)

∞∑
j=0

m(n)|fj+n|zj =
zn+k

m(n+ k)
g(z).

Hence,

‖∂−k
m,zf(z)‖r̃ ≤

|z|n+k

m(n+ k)
‖g(z)‖r̃ ≤

|z|n+k

m(n+ k)
C,

which concludes the proof. �

It is easy to see that Lemma 5.2 can be expanded to a finite sum of holomorphic
functions.

Lemma 5.3. Suppose that f(z) = f1(z)+ . . .+ fp(z) with fj ∈ O(D̄) for j = 1,
. . . , p and that

‖fj(z)‖r̃ ≤ Cj
|z|nj

m(nj)
for every z ∈ D̄, |z| = r̃, j = 1, . . . , p.



SUMMABILITY OF LINEAR MOMENT INTEGRO-DIFFERENTIAL EQUATIONS 181

Moreover, assume that {m(n)}n≥0 is a logarithmically convex moment sequence.
Then we receive

‖∂−k
m,zf(z)‖r̃ ≤

p∑
j=1

Cj
|z|nj+k

m(nj + k)
for every k ∈ N0, z ∈ D̄, |z| = r̃.

5.2. The Newton polygon. The Newton polygon, introduced in [18], has
been used to estimate the Gevrey order of formal solutions for standard partial dif-
ferential equations. Since then it has been utilized, sometimes in a slightly modified
form, as a tool for geometric representation of various types of partial differential
equations (see for example [17]). The standard definition of a Newton polygon was
then further generalized for use in the case of moment partial differential equations
with constant coefficients in [8] and with variable coefficients in [11] and [16].

Let us now recall a general definition of the Newton polygon.
Consider moment functions m1,m2 of orders s1, s2, respectively, t ∈ C and

z ∈ CN and a linear moment differential operator defined by the formula:

(5.3) P (t, z, ∂m1,t, ∂m2,z) =
∑

(σ,j,α)∈Σ×J×A

aσ,j,α(z)t
σ∂j

m1,t∂
α
m2,z,

where J ⊂ N0, A ⊂ NN
0 are finite and Σ ⊂ N0. Then for the operator (5.3) the

Newton polygon is defined as follows:

Definition 5.4. The Newton polygon for an operator P given by (5.3) as a set

(5.4) N (P ) = conv

⎧⎨⎩ ⋃
(σ,j,α)∈Σ×J×A

Δ(s1j + s2α, σ − j)

⎫⎬⎭
with Δ(a, b) =

{
(x, y) ∈ R2 |x ≤ a, y ≥ b

}
and convF denoting a convex hull of a

given set F .

5.3. The main problem. As mentioned before, the following section contains
a special case of results presented in [7]. We are restricting ourselves to operators
defined in Section 2, whereas in the aforementioned paper more general moment
differentiation is considered.

Let us consider a moment integro-differential operator of the form:

(5.5)

(
1−

∑
i∈K

pi∑
q=0

aiq(z)∂
−i
m1,t∂

q
m2,z

)
u(t, z) = f̂(t, z),

where K ⊂ {1, . . . , κ} ⊂ N for a certain integer κ ≥ 1, K 
= ∅, pi ≥ 0 for every i ∈ K
andm1, m2 are regular moment sequences of positive orders s1, s2, respectively. We
moreover assume that m2 is logarithmically convex. Furthermore, let us suppose
that all aiq(z) and

1
aκpκ (z) are holomorphic for all z ∈ Dr, r < 1.

We further assume that the Newton polygon for

P (∂m1,t, ∂m2,z) = 1−
∑
i∈K

pi∑
q=0

aiq(z)∂
−i
m1,t∂

q
m2,z

contains exactly one non-horizontal segment, as seen in Figure 2. The slope of this
segment, denoted by k, is given by the formula

(5.6)
1

k
=

s2pκ − s1κ

κ
=

s2pκ
κ

− s1.
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Figure 2. The Newton polygon for operator P .

Remark 5.5. Notice that for any fixed i ∈ K we have q ≤ pi ≤ pκ and moreover
pi = pκ if and only if i = κ. Furthermore, inequality pi

i ≤
pκ

κ holds for every i ∈ K.

Proof. The first part of the thesis follows directly from the definition of the
operator P . To prove the last inequality, first let us fix i ∈ K. Then

s2pi − s1i

i
≤ s2pκ − s1κ

κ
.

Hence, s2κpi − s1κi ≤ s2ipκ − s1κi, from which it follows that κpi ≤ ipκ. �

Lemma 5.6. Equation (5.5) admits a unique formal solution û(t, z).

Proof. Let f̂(t, z) =
∑∞

n=0 fn(t)z
n and aiq(z) =

∑∞
n=0 aiq,nz

n for every i ∈
K, 0 ≤ q ≤ pi. Moreover, let fn(t) ∈ C[[t]] for every n ∈ N0. Fix û(t, z) =∑∞

n=0 un(t)
zn

m2(n)
such that un(t) ∈ C[[t]] for every n ∈ N0. After substituting û, f̂

and aiq in (5.5), we receive:

(5.7)
un(t)

m2(n)
=
∑
i∈K

pi∑
q=0

n∑
p=0

aiq,p
∂−i
m1,tun−p+q(t)

m2(n− p)
+ fn(t).

Let us introduce the following notation:

Qκ = {0, 1, . . . , pκ − 1} and Qi = {0, 1, . . . , pi} for i < κ.

From (5.7) it follows that

aκpκ,0∂
−κ
m1,tun+pκ

(t) = un(t)− fn(t)m2(n)−
n∑

p=1

aκpκ,p∂
−κ
m1,tun−p+pκ

(t)
m2(n)

m2(n− p)

−
∑
i∈K

∑
q∈Qi

n∑
p=0

aiq,p∂
−i
m1,tun−p+q(t)

m2(n)

m2(n− p)
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for every n ≥ 0. Note that, since aκpκ,0 
= 0, the formula above describes every
coefficient un(t) uniquely as long as u0(t), u1(t), . . . , upκ−1(t) are known. �

Under all the assumptions introduced at the beginning of this section, the
following theorem holds true:

Theorem 5.7. Let us consider equation (5.5) and let k be given by (5.6).

Moreover, suppose that f̂(t, z) ∈ E[[t]] and ∂q
m2,zû(t, 0) for 0 ≤ q ≤ pκ − 1 are

k-summable in direction d ∈ R. Then the formal solution û(t, z) of (5.5) is also
k-summable in direction d.

Note that it is enough to assume the k-summability of ∂q
m2,zû(t, 0) for every

0 ≤ q ≤ pκ− 1 in light of Lemma 4.7. It is however worth mentioning that it is not
so if we consider more general cases with moment sequences derived from strongly
regular sequences like in [6,7].

Consider z ∈ D̄r for a certain sufficiently small r > 0. For v̂(t, z) = ∂pκ
m2,zû(t, z)

we receive the following formula:

û(t, z) =

pκ−1∑
n=0

un(t)z
n + ∂−pk

m2,z v̂(t, z).

Next let us substitute v̂ with v̂(t, z) = ∂κ
m1,tŵ(t, z) for a certain ŵ(t, z). Then (5.5)

takes form⎛⎝1− bκpκ
(z)∂κ

m1,t∂
−pκ
m2,z +

∑
i∈K

∑
q∈Qi

biq(z)∂
κ−i
m1,t∂

q−pκ
m2,z

⎞⎠ ŵ(t, z) = ĝ(t, z)

for

biq(z) =

{
1

aκpκ (z) for i = κ, q = pκ
aiq(z)
aκpκ (z) otherwise

and

ĝ(t, z) =
1

aκpκ
(z)

(
pκ−1∑
n=0

un(t)z
n −

∑
i∈K

pi∑
q=0

pκ−1∑
n=0

aiq(z)∂
−i
m1,t∂

q
m2,zun(t)z

n − f̂(t, z)

)
,

which is k-summable under the assumptions from Theorem 5.7. Let g(t, z) denote
the k-sum of ĝ(t, z) in direction d holomorphic for t from a certain sectorial region
G = Gd(α), with α > π

k , and z ∈ D̄r. Note that assumptions concerning aiq(z)
guarantee the holomorphy of all biq(z).

Notation B = maxi,q maxr̃≤r ‖biq(z)‖r̃ will be used alongside the symbols in-
troduced in Lemma 5.6 in the following calculations for the sake of clarity.

We can now use the classical fixed point method that has been utilized many
times previously, for example in [2] and [12]. To this end first let us write ŵ(t, z) =∑

p≥0 ŵp(t, z) with ŵ0(t, z) = ĝ(t, z) and all the other coefficients given by a recur-
sive formula:

ŵp+1(t, z) =

⎛⎝bκpκ
(z)∂κ

m1,t∂
−pκ
m2,z +

∑
i∈K

∑
q∈Qi

biq(z)∂
κ−i
m1,t∂

q−pκ
m2,z

⎞⎠ ŵp(t, z) for p ≥ 0.
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Analogously we define w(t, z) =
∑

p≥0 wp(t, z) with w0(t, z) = g(t, z) and the sub-
sequent coefficients given by

wp+1(t, z) =

⎛⎝bκpκ
(z)∂κ

m1,t∂
−pκ
m2,z +

∑
i∈K

∑
q∈Qi

biq(z)∂
κ−i
m1,t∂

q−pκ
m2,z

⎞⎠wp(t, z) for p ≥ 0.

Seeing as w0(t, z) ∈ O(G × D̄r), observe that also wp(t, z) ∈ O(G× D̄r) for every
p ≥ 1. Moreover, ŵp(t, z) is an asymptotic expansion of wp(t, z) with respect to t
for every p ≥ 0. Hence, wp(t, z) is a k-sum of ŵp(t, z) for every p ≥ 0.

Let us also notice that for every p ≥ 1 functions wp(t, z) can be bounded from
above using Lemma 5.3. Indeed, w1(t, z) can be described as a sum of holomorphic
functions of the form biq(z)∂

κ−i
m1,t∂

q−pκ
m2,z w0(t, z). More precisely, using the recursive

formula we arrive at

w1(t, z) = bκpκ
(z)∂κ

m1,t∂
−pκ
m2,zw0(t, z)−

∑
i∈K

∑
q∈Qi

biq(z)∂
κ−i
m1,t∂

q−pκ
m2,z w0(t, z).

It is now possible to bound the norm of any m-derivative of w0(t, z) with respect
to t as follows:

‖∂n
m1,tw0(t, z)‖r̃ ≤ CKnm1(n)Γ

(
1 +

n

k

) |z|0
m2(0)

for n ∈ N0, z ∈ D̄, |z| = r̃, t ∈ G.

From this fact and Lemma 5.2 we conclude that∥∥biq(z)∂κ−i
m1,t∂

q−pκ
m2,z w0(t, z)

∥∥
r̃
≤ BC ′K ′κ−im1(κ− i)Γ

(
1 +

κ− i

k

)
|z|pκ−q

m2(pκ − q)
,

for |z| = r̃ and t ∈ G.
Hence,

‖w1(t, z)‖r̃ ≤
∑

i∈K∪{0}

∑
q∈Qi

‖biq(z)∂κ−i
m1,t∂

q−pκ
m2,z w0(t, z)‖r̃

≤
∑

i∈K∪{0}

∑
q∈Qi

BC ′K ′κ−im1(κ− i)Γ

(
1 +

κ− i

k

)
|z|pκ−q

m2(pκ − q)

and

‖∂n
m1,t

w1(t, z)‖r̃ ≤
∑

i∈K∪{0}

∑
q∈Qi

BCKn+κ−im1(n+ κ− i)Γ

(
1 +

n+ κ− i

k

)

· |z|pκ−q

m2(pκ − q)
.

Analogous procedure can be repeated for every p ≥ 2.
To conclude the proof of Theorem 5.7 two more technical Lemmas are required.

Please note that they are modified versions of properties described at length in [13].

Lemma 5.8. Let z ∈ D (0, r), where r < 1. Then there exist positive constants
C,K,B′ such that

(5.8)
∥∥∂n

m1,twp(t, z)
∥∥
r̃
≤ B′pCKn+κpm1(n+ κp)Γ

(
1 +

n+ κp

k

)
Pp(|z|)
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for every n ∈ N0, r̃ = |z|. By Pp(z) we denote a polynomial{
P0(z) = 1

Pp+1(z) =
[
∂−pκ
m2,z +

∑
i∈K′

∑
q∈Qi

ps2pκ
κ

(pκp)!
s2

(pκp+pi)!s2
∂q−pκ
m2,z

]
Pp(z) for p ≥ 0.

Proof. Inequality (5.8) holds true for p = 0. Let us then suppose that it holds
true for a fixed p ≥ 0. Let Q0 = {0}. Using this notation we can write∥∥∂n

m1,twp+1(t, z)
∥∥
r̃
≤ B′pCKn+κp+κB

·
∑

i∈K∪{0}

∑
q∈Qi

K−im1(n+ κ− i+ κp)Γ

(
1 +

n+ κ− i+ κp

k

)
∂q−pκ
m2,z (Pp)(|z|).

Notice that Γ
(
1 + n

k

)
is a regular moment function of order 1

k , and so for
certain constants 0 < a, A <∞ we have

a(n+ 1)
1
k ≤

Γ
(
1 + n+1

k

)
Γ
(
1 + n

k

) ≤ A(n+ 1)
1
k for every n ∈ N0.

Using this fact we arrive at

m1(n+ κ− i+ κp)Γ

(
1 +

n+ κ− i+ κp

k

)
≤ a−i

1 a−i∏i
l=1 (n+ κ− i+ κp+ l)

s2pκ
κ

m1(n+ κ+ κp)Γ

(
1 +

n+ κ+ κp

k

)
.

Hence, for K ≥ 1
aa1

, we receive

(5.9)
∥∥∂n

m1,twp+1(t, z)
∥∥
r̃
≤ B′pCKn+κp+κBm1(n+ κ+ κp)Γ

(
1 +

n+ κ+ κp

k

)
·
∑

i∈K∪{0}

∑
q∈Qi

1∏i
l=1 (n+ κ− i+ κp+ l)

s2pκ
κ

∂q−pκ
m2,z

(Pp)(|z|).

Moreover, let us note that

i∏
l=1

(n+ κ− i+ κp+ l)
s2pκ

κ ≥
i∏

l=1

(κp+ l)
s2pκ

κ =

[
(κp+ i)!

(κp)!

] s2pκ
κ

.

We can proceed to further bound the right-hand side of (5.9) as follows:∥∥∂n
m1,twp+1(t, z)

∥∥
r̃
≤ B′pCKn+κp+κBm1(n+ κ+ κp)Γ

(
1 +

n+ κ+ κp

k

)
·
∑

i∈K∪{0}

∑
q∈Qi

[
(κp)!

(κp+ i)!

] s2pκ
κ

∂q−pκ
m2,z (Pp)(|z|).

Let us introduce notation K′ = {i ∈ K : pi ≥ 1}. Then

∑
i∈K∪{0}

∑
q∈Qi

[
(κp)!

(κp+ i)!

] s2pκ
κ

≤

⎡⎣(1 + κ)∂−pκ
m2,z +

∑
i∈K′

∑
q∈Qi

[
(κp)!

(κp+ i)!

] s2pκ
κ

⎤⎦
≤ (1 + κ)

⎡⎣∂−pκ
m2,z +

∑
i∈K′

∑
q∈Qi

[
(κp)!

(κp+ i)!

] s2pκ
κ

⎤⎦ .
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Moreover, after applying Remark 5.5 we receive

(κp)!
pκ
κ (pκp+ pi)!

(κp+ i)!
pκ
κ (pκp)!

=
(pκp+ pi) . . . (pκp+ 1)

(κp+ i)
pκ
κ . . . (κp+ 1)

pκ
κ

=

(
pκ

κ

)pi
∏pi

σ=1

(
κp+ κσ

pκ

)
(κp+ i)

pκ
κ . . . (κp+ 1)

pκ
κ

≤
(pκ
κ

)pi (κp+ κ)pi

(κp+ 1)
pκ
κ i
≤
(pκ
κ

)pi (κp+ κ)pi

(κp+ 1)
pi

≤
(pκ
κ

)pκ
(
1 +

κ− 1

1

)pi

≤ ppκ
κ .

Using the estimations above, we arrive at:

(5.10)∥∥∂n
m1,twp+1(t, z)

∥∥
r̃
≤ B′pCKn+κp+κB(1+κ)m1(n+κ+κp)Γ

(
1 +

n+ κ+ κp

k

)

·

⎡⎣∂−pκ
m2,z +

∑
i∈K′

∑
q∈Qi

ps2pκ
κ

(pκp)!
s2

(pκp+ pi)!s2
∂q−pκ
m2,z

⎤⎦ (Pp) (|z|).

Hence, it is enough to put B′ ≥ B(1 + κ) to finish the proof. �
Lemma 5.9. Let 0 < r < 1. There exists F > 0 such that

(5.11) Pp(|z|) ≤ F p |z|p
m2(pκp)

.

for every z ∈ Dr and p ∈ N0.

Proof. Inequality (5.11) is of course true for p = 0. Let us then fix p ∈ N.
Then Pp(z) takes the form⎛⎝∂−pκ

m2,z +
∑
i∈K′

∑
q∈Qi

ps2pκ
κ

(pκp− pκ)!
s2

(pκp− pκ + pi)!s2
∂q−pκ
m2,z

⎞⎠ . . .

. . .

⎛⎝∂−pκ
m2,z +

∑
i∈K′

∑
q∈Qi

ps2pκ
κ

1

pi!s2
∂q−pκ
m2,z

⎞⎠ (P0) (z).

We can simplify the formula above to arrive at

Pp(z) =

⎡⎣∂−pκp
m2,z +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

ps2jpκ
κ

·
j∏

s=1

(pκ(ls − 1))!s2

(pκ(ls − 1) + pis)!
s2
∂
qi1+···+qij−pκp
m2,z

]
P0(z).

We further estimate Pp(|z|) as follows:

Pp(|z|) ≤
|z|pκp

m2(pκp)
+

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

ps2jpκ
κ

·
j∏

s=1

(pκ(ls − 1))!s2

(pκ(ls − 1) + pis)!
s2

|z|pκp−(qi1+···+qij )

m2

(
pκp−

(
qi1 + · · ·+ qij

)) .
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From Remark 5.5 it follows that pi < pκ for i < κ. Hence,

pκp−
(
qi1 + · · ·+ qij

)
≥ pκp−

(
pi1 + · · ·+ pij

)
≥ pκp− (pκ − 1) p = p.

Seeing as |z| < r < 1, we further receive:

Pp(|z|) =

⎛⎝1 +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

ps2jpκ
κ

·
j∏

s=1

(pκ(ls − 1))!s2

(pκ(ls − 1) + pis)!
s2

m2 (pκp)

m2

(
pκp−

(
qi1 + · · ·+ qij

))) |z|p
m2(pκp)

.

Let us also note that by (3.3) there exists a constant A2 satisfying

m2 (pκp)

m2

(
pκp−

(
qi1 + · · ·+ qij

)) ≤ A
qi1+···+qij
2

(pκp)!
s2(

pκp−
(
qi1 + · · ·+ qij

))
!s2

≤ Apκp
2

(pκp)!
s2(

pκ (p− j) + (pκ − qi1) + · · ·+
(
pκ − qij

))
!s2

.

After applying a notation

αs =

{
1 for is = κ

pκ − pis for is < κ

with s = 1, 2, . . . , j, we receive

(pκp)!
s2(

pκ (p− j) + (pκ − qi1) + · · ·+
(
pκ − qij

))
!s2

≤ (pκp)!
s2

(pκ (p− j))!s2

j∏
s=1

αs∏
σ=1

1

(α1 + . . .+ αs−1 + σ)s2
.

At the same time we also have

j∏
s=1

(pκ(ls − 1))!s2

(pκ(ls − 1) + pis)!
s2

=

j∏
s=1

pis∏
σ=1

1

(pκ(ls − 1) + σ) s2

≤
j∏

s=1

pis∏
σ=1

1

(pκ(s− 1) + σ) s2
=

1

(pκj)!s2

j∏
s=1

Bs,

where

Bs =

{
1 for is = κ∏αs

σ=1 (pκ (s− 1) + pis + σ)s2 for is < κ
.

Using both properties listed above, we arrive at

j∏
s=1

(pκ(ls − 1))!s2

(pκ(ls − 1) + pis)!
s2

m2 (pκp)

m2

(
pκp−

(
qi1 + · · ·+ qij

))
≤ (pκp)!

s2

(pκ (p− j))!s2
Apκp

2

(pκj)!s2

j∏
s=1

[
Bs

αs∏
σ=1

1

(α1 + . . .+ αs−1 + σ)
s2

]
.
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For is = κ inequality

Bs

αs∏
σ=1

1

(α1 + . . .+ αs−1 + σ)s2
=

1

(α1 + . . .+ αs−1 + 1)s2
≤ 1.

holds. For is < κ we have

Bs

αs∏
σ=1

1

(α1 + . . .+ αs−1 + σ)s2
=

αs∏
σ=1

(pκ (s− 1) + pis + σ)s2

(α1 + . . .+ αs−1 + σ)s2

=

αs∏
σ=1

(α1 + . . .+ αs−1 + pκ (s− 1) + pis + σ − α1 − . . .− αs−1)
s2

(α1 + . . .+ αs−1 + σ)s2
.

Hence,

Bs

αs∏
σ=1

1

(α1 + . . .+ αs−1 + σ)
s2 =

αs∏
σ=1

(
1 +

pκ (s− 1) + pis − α1 − . . .− αs−1

α1 + . . .+ αs−1 + σ

)s2

≤
αs∏
σ=1

(
1 +

pκs

s

)s2
≤ (1 + pκ)

s2(pκ−pis ) .

Using the estimations above, we finally arrive at

j∏
s=1

(pκ(ls − 1))!s2

(pκ(ls − 1) + pis)!
s2

m2 (pκp)

m2

(
pκp−

(
qi1 + · · ·+ qij

))
≤ Apκp

2

(
pκp

pκj

)s2 j∏
s=1

(1 + pκ)
s2(pκ−pis ) ,

and so

Pp(|z|) ≤

⎛⎝1 +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

ps2jpκ
κ Apκp

2

·
(
pκp

pκj

)s2 j∏
s=1

(1 + pκ)
s2(pκ−pis )

)
|z|p

m2(pκp)
≤

≤

⎛⎝1 +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

ps2jpκ
κ Apκp

2

· 2s2pκp (1 + pκ)
s2(pκj−pi1

−···−pij
)
) |z|p
m2(pκp)

≤

≤
(
ps2pκ
κ Apκ

2 2s2pκ (1 + pκ)
s2(pκ−1)

)p
·

⎛⎝1 +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

1

⎞⎠ |z|p
m2(pκp)

.

All that remains is to find an upper bound for

1 +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

1.
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To this end first let us notice that |K′j | ≤ κj and |Qi| ≤ pκ for every i ∈ K′. Thus
we conclude that

1 +

p∑
j=1

∑
1≤l1<l2<···<lj≤p

∑
(i1,...,ij)∈K′j

∑
qi1∈Qi1

,...,qij∈Qij

1

≤ 1 +

p∑
j=1

(
p

j

)
κjpjκ = (1 + κpκ)

p
.

From the last inequality it follows that

Pp(|z|) ≤
(
ps2pκ
κ Apκ

2 2s2pκ (1 + pκ)
s2(pκ−1) (1 + κpκ)

)p |z|p
m2(pκp)

.

�

It is now possible to conduct the proof of Theorem 5.7.

Proof of Theorem 5.7. Using previously proven lemmas we arrive at∥∥∂n
m1,twp(t, z)

∥∥
r̃
≤ B′pCKn+κpm1(n+ κp)Γ

(
1 +

n+ κp

k

)
F p |z|p

m2(pκp)

for every p ∈ N0, n ∈ N0, r̃ = |z|. Hence,∑
p≥0

∥∥∂n
m1,twp(t, z)

∥∥
r̃
≤ CKnm1(n)Γ

(
1 +

n

k

)∑
p≥0

B′pKκp

·
m1(n+ κp)Γ

(
1 + n+κp

k

)
m1(n)Γ

(
1 + n

k

)
m2(pκp)

F p|z|p.

To find a boundary for

m1(n+ κp)Γ
(
1 + n+κp

k

)
m1(n)Γ

(
1 + n

k

)
m2(pκp)

let us note that

m1(n+ κp)Γ
(
1 + n+κp

k

)
m1(n)Γ

(
1 + n

k

)
m2(pκp)

∼ (n+ κp)!
s2pκ

κ

n!
s2pκ

κ (κp)!
s2pκ

κ

≤
(
n+ κp

n

) s2pκ
κ

.

Hence, there exists a constant Ã > 0 satisfying

(5.12)
m1(n+ κp)Γ

(
1 + n+κp

k

)
m1(n)Γ

(
1 + n

k

)
m2(pκp)

≤ Ãn+κp.

Thus,

(5.13)
∑
p≥0

∥∥∂n
m1,twp(t, z)

∥∥
r̃
≤ CKnÃnm1(n)Γ

(
1 +

n

k

)∑
p≥0

(
B′KκÃκF |z|

)p
.

Let us take ρ = min
{
r, (B′KκÃκF )−1

}
. Then for every z ∈ Dρ the last sum on

the right-hand side of (5.13) is finite. Moreover, there exists a constant L > 0 such
that ∑

p≥0

(
B′KκÃκF |z|

)p
≤ L for |z| < ρ.
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Hence, we receive∑
p≥0

∥∥∂n
m1,twp(t, z)

∥∥
r̃
≤ CLKnÃnm1(n)Γ

(
1 +

n

k

)
for z ∈ Dρ, |z| = r̃.

If we now put C̃ = CL and K̃ = KÃ then for every n ∈ N0 it follows that

(5.14)
∥∥∂n

m1,tw(t, z)
∥∥
r̃
≤ C̃K̃nm1(n)Γ

(
1 +

n

k

)
for z ∈ Dρ, |z| = r̃.

To conclude the proof of Theorem 5.7 it remains to show that w(t, z) is the
k-sum of ŵ(t, z) in direction d. To this end let us fix a kernel function e(z) of order
k and its corresponding moment function me(u). Seeing as for any p ≥ 0 we have

wp(t, z) = Le,dB̂me,tŵp(t, z), we conclude that w(t, z) =
∑

p≥0 Le,dB̂me,tŵp(t, z).

From (5.14), for n = 0, it follows that w(t, z) is holomorphic for t ∈ G and z ∈ D̃ρ.
Moreover, the limit limG�t→0 ∂

n
m1,tw(t, z) exists for every z ∈ Dρ, so a Taylor

series at t0 = 0 exists for w(t, z) for every such z. As reference, see for example,
[2] or [12]. Using this observation, Definitions 3.8 and 4.2, and Theorem 4.4, we
further conclude that Be,dw(t, z) ∈ O(G × D̄ρ) and it moreover is of exponential
growth no greater than k on G (see Theorem 3.9). Furthermore, from (5.14) and

the previous observations about individual ŵp(t, z)’s we conclude that B̂me,tŵp(t, z)
are uniformly convergent power series for all p ≥ 0. Hence, we may write

Be,dw(t, z) = Be,d

∑
p≥0

Le,dB̂me,tŵp(t, z) = Be,dLe,d

∑
p≥0

B̂me,tŵp(t, z) = B̂me,tŵ(t, z).

Seeing as w(t, z) is of exponential growth no greater than k, we conclude that ŵ(t, z)
is k-summable in direction d with w(t, z) being its k-sum. k-summability of û(t, z)
follows from the fact that

û(t, z) =

pκ−1∑
n=0

un(t)z
n + ∂−pκ

m2,z∂
κ
m1,tŵ(t, z).

�

It is easy to prove the converse theorem as well, which leads to the main result
of this paper. It is an analogue of the results presented in [2] and [13] for standard
partial differential equations. A more general case is touched on in [7].

Theorem 5.10. Let us consider equation (5.5) with all previous assumptions.
Then the following conditions are equivalent:

(1) f̂(t, z) ∈ E[[t]] and un(t) ∈ C[[t]] for 0 ≤ n ≤ pκ − 1 are k-summable in
direction d ∈ R.

(2) The formal solution û(t, z) ∈ E[[t]] of (5.5) is k-summable in direction d

and its k-sum u(t, z) is an analytic solution of (5.5) with f̂(t, z) substituted
with its k-sum f(t, z).

Proof. Implication (2) =⇒ (1) is obvious.
The second implication for the most part has been proven with Theorem 5.7.

To conclude the proof, let us consider a mapping

t �→ u(t, z)−
∑
i∈K

pi∑
q=0

aiq(z)∂
−i
m1,t∂

q
m2,z

u(t, z)− f(t, z).
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The asymptotic expansion of such a mapping in a sectorial region G = Gd(α),
where α > π

k , is given by a null series. From Watson’s Lemma it follows that this
mapping has to be constant and equal to 0. �

6. Possible generalizations and open problems

As seen in [6] and [7], the problem described in this paper can be further gener-
alized to include a broader scope of differential operators. To this end it suffices to
utilize the theory of strongly regular sequences. In this case some results demand
the additional assumptions about the m-differential operator and its inverse.

As for now, it remains to be seen whether the results from [13] for linear
integro-differential equations with coefficients dependent on both t and z variables
can be extended to similar moment differential equations. The main issue is the
fact that we don’t have an analogue of the Leibniz product rule for moment dif-
ferential operators. Because of this fact the reasoning from [13] cannot be directly
generalized.

Many other problems concerning moment differential equations still remain
open. It is as of yet unknown, whether the classical results concerning multisumma-
bility seen for example in [10] and [17] can be further generalized. We similarly lack
results in regards to behavior of solutions of nonlinear moment partial differential
equations.
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[2] Werner Balser and Michèle Loday-Richaud, Summability of solutions of the heat equation
with inhomogeneous thermal conductivity in two variables, Adv. Dyn. Syst. Appl. 4 (2009),
no. 2, 159–177. MR2599531

[3] Werner Balser and Masafumi Yoshino, Gevrey order of formal power series solutions of
inhomogeneous partial differential equations with constant coefficients, Funkcial. Ekvac. 53
(2010), no. 3, 411–434, DOI 10.1619/fesi.53.411. MR2761091
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some generalized moment partial differential equations, J. Math. Anal. Appl. 500 (2021),
no. 1, Paper No. 125094, 18, DOI 10.1016/j.jmaa.2021.125094. MR4224842

[6] Alberto Lastra, S�lawomir Michalik, and Maria Suwińska, Summability of formal solutions
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Uniqueness of the solution of some nonlinear singular partial
differential equations of the second order

Hidetoshi Tahara

Abstract. In this paper, we consider a nonlinear singular second order partial
differential equation of the form

(
t
∂

∂t

)2
u = F

(
t, x,

{(
t
∂

∂t

)i( ∂

∂x

)α
u
}
i+|α|≤2,i<2

)

in the complex domain. If F (t, x, z) (with z = {zi,α}i+|α|≤2,i<2) is a holomor-

phic function satisfying F (0, x, 0) ≡ 0 and (∂F/∂zi,α)(0, x, 0) ≡ 0 (if |α| > 0),
then this equation is called a nonlinear Fuchsian type partial differential equa-
tion in t. Under a very weak assumption, we show the uniqueness of the
solution. The result is applied to the problem of analytic continuation of local
holomorphic solutions of this equation.

1. Introduction

To study the uniqueness of the solution is one of the most fundamental problems
in the theory of partial differential equations. In this paper, we consider the case
of nonlinear singular partial differential equations (1.1) given below.

Let m ∈ N∗ (= {1, 2, . . .}). Let (t, x) = (t, x1, . . . , xn) ∈ Ct × Cn
x be a complex

variable and let z = {zi,α}i+|α|≤m,i<m ∈ CN be also a complex variable, where
we used the notations: i ∈ N (= {0, 1, 2, . . .}), α = (α1, . . . , αn) ∈ Nn, |α| =
α1 + · · · + αn, and N = #{(i, α) ∈ N × Nn ; i + |α| ≤ m, i < m}. We write
(∂/∂x)α = (∂/∂x1)

α1 · · · (∂/∂xn)
αn .

Let F (t, x, z) be a function in a neighborhood Δ of the origin of Ct×Cn
x ×CN

z .
Set Δ0 = Δ∩{t = 0, z = 0}. In this paper, we consider a nonlinear singular partial
differential equation

(1.1)
(
t
∂

∂t

)m
u = F

(
t, x,

{(
t
∂

∂t

)i( ∂

∂x

)α
u
}
i+|α|≤m,i<m

)
(in the germ sense at (0, 0) ∈ Ct × Cn

x) under the following assumptions:

A1) F (t, x, z) is a holomorphic function in Δ.
A2) F (0, x, 0) ≡ 0 in Δ0.
A3) (∂F/∂zi,α)(0, x, 0) ≡ 0 in Δ0, if |α| > 0.
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Then, (1.1) is called a nonlinear Fuchsian type partial differential equation with
respect to t, and the roots λ1(x), . . . , λm(x) of

λm −
∑
i<m

(∂F/∂zi,0)(0, x, 0)λ
i = 0

are called the characteristic exponents of (1.1).
Equations of this type were first studied by Gérard-Tahara [3,4], and then by

Tahara-Yamazawa [7]. The most fundamental result on (1.1) is:

Theorem 1 (Gérard-Tahara [3]). Suppose that λi(0) 
∈ N∗ holds for i = 1,
. . . , m. Then, the equation (1.1) has a unique holomorphic solution u0(t, x) in a
neighborhood of (0, 0) ∈ Ct × Cn

x satisfying u0(0, x) ≡ 0.

In this paper, we consider the uniqueness of the solution of (1.1) under the
assumption

(1.2) Reλi(0) < 0, i = 1, . . . ,m.

We denote by R(Ct \ {0}) the universal covering space of Ct \ {0}. For a nonempty
open interval I = (θ1, θ2) and r > 0 we write SI = {t ∈ R(C\{0}) ; θ1 < arg t < θ2}
and SI(r) = {t ∈ SI ; 0 < |t| < r}. For R > 0 we write DR = {x ∈ Cn ; |x| < R},
where |x| = max1≤j≤n |xj |.

We know:

(1) (Gérard-Tahara [3]). If (1.2) is satisfied, and if u(t, x) is a holomorphic
solution of (1.1) on SI(r0)×DR0

(for some nonempty open interval I, r0 > 0 and
R0 > 0) satisfying

(1.3) sup
x∈DR0

|u(t, x)| = O(|t|a) (as SI � t −→ 0)

for some a > 0, we have u(t, x) = u0(t, x) on SI(r)×DR for some r > 0 and R > 0.
(2) In Tahara [5], this condition (1.3) was weakened to the following one: there

is an ε > 0 such that

sup
x∈DR0

|u(t, x)| = O
( 1

| log t|ε
)

(as SI � t −→ 0).

(3) After that, the author has been trying to prove the following conjecture as
a working hypothesis.

Conjecture. Suppose (1.2). If u(t, x) is a holomorphic solution of (1.1) on
SI(r0)×DR0

(for some nonempty open interval I, r0 > 0 and R0 > 0) satisfying

sup
x∈DR0

|u(t, x)| = o(1) (as SI � t −→ 0),

we have u(t, x) = u0(t, x) on SI(r)×DR for some r > 0 and R > 0.

The purpose of this paper is to show that the above conjecture is true in the
case m = 2. The case m = 1 has already been proved in Tahara [6] by a method
similar to the Cauchy’s characteristics method. In this paper, we will modify its
argument so that it works also in the case m = 2. Since the argument here works
only in the case m = 2, the above conjecture is still open in the case m ≥ 3.
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2. Main result

From now, we consider the case m = 2. Our equation is

(2.1)
(
t
∂

∂t

)2
u = F

(
t, x,

{(
t
∂

∂t

)i( ∂

∂x

)α
u
}
i+|α|≤2,i<2

)
.

Let λ1(x), λ2(x) be the characteristic exponents of (2.1). We suppose the conditions
A1), A2), A3) and

(2.2) Reλi(0) < 0, i = 1, 2.

The following result is the main theorem of this paper.

Theorem 2. Let u(t, x) be a holomorphic solution of (2.1) on SI(r0) × DR0

for some nonempty open interval I, r0 > 0 and R0 > 0. If u(t, x) satisfies

(2.3) lim
R→+0

[
lim

r→+0

( 1

R4
sup

SI(r)×DR

|u(t, x)|
)]

= 0,

we have u(t, x) = u0(t, x) on SI(σ)×Dδ for some σ > 0 and δ > 0, where u0(t, x)
is the unique holomorphic solution in Theorem 1.

If

(2.4) sup
x∈DR

|u(t, x)| = o(1), (as SI � t −→ 0)

holds for some R > 0 we have (2.3), and so we have

Corollary 1. If u(t, x) satisfies (2.4), we have u(t, x) = u0(t, x) on SI(σ)×Dδ

for some σ > 0 and δ > 0.

This proves the conjecture posed in §1 in the case m = 2.

Remark. (1) If Reλ1(0) > 0 or Reλ2(0) > 0 holds, we have many solu-
tions satisfying (2.4) and so the uniqueness of the solution is not valid. See [3,7].

(2) In the case Reλ1(0) = 0 or Reλ2(0) = 0, we have the following counter
example: the equation(

t
∂

∂t

)2
u = −

(
t
∂

∂t

)
u+

(∂u
∂x

)2
+ 8u

(∂2u

∂x2

)2
has a trivial solution u(t, x) ≡ 0 and a nontrivial solution

u(t, x) =
−x2

4 log t

which satisfies (2.4). In this case, the characteristic exponents are 0 and −1.
(3) The following example shows that the condition (2.3) will be reasonable:

the equation (
t
∂

∂t

)2
u = −3

(
t
∂

∂t

)
u− 2u+

(∂2u

∂x2

)2
has a trivial solution u(t, x) ≡ 0 and a nontrivial solution u = x4/72. We note that
for u = x4/72 we have

lim
R→+0

[
lim

r→+0

( 1

R4
sup

SI(r)×DR

|u(t, x)|
)]

=
1

72
.

In this case, the characteristic exponents are −1 and −2.
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3. Some preparatory discussion

Before the proof of Theorem 2, let us present some preparatory discussion. Let
u(t, x) be a holomorphic solution of (2.1) on SI(σ

∗
0) × DR∗

0
(for some nonempty

open interval I, σ∗
0 > 0 and R∗

0 > 0) satisfying the condition (2.3). For simplicity,
we set

Λ = {(i, α) ∈ N× Nn ; i+ |α| ≤ 2, i < 2},
N = #Λ (the cardinal of Λ),

z = {zi,α}(i,α)∈Λ and z′ = {z0,α}|α|=2.

For ν = {νi,α}(i,α)∈Λ ∈ NN we write

|ν| =
∑

(i,α)∈Λ

νi,α, zν =
∏

(i,α)∈Λ

(zi,α)
νi,α .

Suppose the conditions A1), A2), A3): then F (t, x, z) is a holomorphic function in
a neighborhood of the origin of Ct × Cn

x × CN
z having the expansion of the form

F (t, x, z) = a(x)t+ β∗
0(x)z0,0 + β∗

1(x)z1,0 +R(t, x, z)

with

R(t, x, z) =
∑

i+|ν|≥2

γ∗
i,ν(x)t

izν .

Step 1. We set w(t, x) = u(t, x)− u0(t, x). Then, we have

(3.1) lim
R→+0

[
lim

r→+0

( 1

R4
sup

SI(r)×DR

|w(t, x)|
)]

= 0,

and w(t, x) is a holomorphic solution of the equation

(3.2)
(
t
∂

∂t

)2
w = H

(
t, x,

{(
t
∂

∂t

)i( ∂

∂x

)α
w
}
(i,α)∈Λ

)
on SI(σ

∗
0)×DR∗

0
, where

H(t, x, z) =F
(
t, x, z + {u0,i,α(t, x)}(i,α)∈Λ

)
− F

(
t, x, {u0,i,α(t, x)}(i,α)∈Λ

)
under the notation u0,i,α(t, x) = (t∂/∂t)i(∂/∂x)αu0(t, x) ((i, α) ∈ Λ). It is easy to
see that H(t, x, z) can be expressed in the form

H(t, x, z) =β∗
0(x)z0,0 + β∗

1(x)z1,0 + t
∑

(i,α)∈Λ

a∗i,α(t, x, z)zi,α

+
∑

(i,α)∈Λ,|α|≤1

b∗i,α(x, z)zi,α +
∑

|α|=|β|=2

c∗α,β(x, z
′)z0,αz0,β

for some holomorphic functions β∗
i (x) (i = 0, 1), a∗i,α(t, x, z) ((i, α) ∈ Λ), b∗i,α(x, z)

((i, α) ∈ Λ, |α| ≤ 1), and c∗α,β(x, z
′) (|α| = |β| = 2) in a common neighborhood of

(0, 0, 0) ∈ Ct × Cn
x × CN

z satisfying b∗i,α(x, 0) ≡ 0 ((i, α) ∈ Λ, |α| ≤ 1). In addition,

we see that the roots of λ2 − β∗
1(x)λ− β∗

0(x) = 0 are just the same as λ1(x), λ2(x).
From now, we consider the equation (3.2). Our purpose is to show that

w(t, x) ≡ 0 holds on SI(σ)×Dδ for some σ > 0 and δ > 0.
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Step 2. We set Θ0 = 1 and

Θ1 =
(
t
∂

∂t
− λ1(0)

)
,

Θ2 =
(
t
∂

∂t
− λ2(0)

)(
t
∂

∂t
− λ1(0)

)
.

We write Dw = {Di,αw}(i,α)∈Λ and D′w = {D0,αw}|α|=2 with

Di,αw = Θi

( ∂

∂x

)α
w, (i, α) ∈ Λ.

Then, (3.2) is expressed in the form

Θ2w = β0(x)w + β1(x)Θ1w + t
∑

(i,α)∈Λ

ai,α(t, x,Dw)Θi

( ∂

∂x

)α
w(3.3)

+
∑

(i,α)∈Λ,|α|≤1

bi,α(x,Dw)Θi

( ∂

∂x

)α
w

+
∑

|α|=|β|=2

cα,β(x,D
′w)
[( ∂

∂x

)α
w
]
×
[( ∂

∂x

)β
w
]

for some holomorphic functions βi(x) (i = 0, 1), ai,α(t, x, z) ((i, α) ∈ Λ), bi,α(x, z)
((i, α) ∈ Λ, |α| ≤ 1) and cα,β(x, z

′) (|α| = |β| = 2) in a common neighborhood
of (0, 0, 0) ∈ Ct × Cn

x × CN
z satisfying βi(0) = 0 (i = 0, 1) and bi,α(x, 0) ≡ 0

((i, α) ∈ Λ, |α| ≤ 1).

Step 3. By a rotation, we may suppose that 0 ∈ I holds: then we have
(0, σ∗

0) ⊂ SI(σ
∗
0). From now, we consider the equation (3.3) only on (0, σ∗

0)×DR∗
0
.

By (3.1) and Nagumo type lemma in a sector (for example, see Lemma 4.2 in [1])
we have the condition

(3.4) lim
R→+0

[
lim

σ→+0

( 1

R4
sup

(0,σ]×DR

∣∣∣(t ∂
∂t

)i
w(t, x)

∣∣∣)] = 0, i = 0, 1, 2.

For a formal power series f(t, x) =
∑

|α|≥0 fα(t)x
α in x with coefficients in

C0((0, T )) we write

‖f(t)‖ρ =
∑
|α|≥0

|fα(t)|
α!

|α|!ρ
|α|

(which is a formal power series in ρ with coefficients in C0((0, T ))). When ‖f(t)‖ρ
converges, we regard it as a function in (t, ρ). We can easily see:

‖f(t)g(t)‖ρ � ‖f(t)‖ρ‖g(t)‖ρ,
‖(∂/∂xj)f(t)‖ρ � (∂/∂ρ)‖f(t)‖ρ, j = 1, . . . , n.

where
∑

i≥0 aiρ
i �

∑
i≥0 biρ

i means that |ai| ≤ bi holds for all i ≥ 0. For a

holomorphic function f(t, x, z) =
∑

i+|ν|≥0 fi,ν(x)t
izν we write

‖f‖ρ(t, z) =
∑

i+|ν|≥0

‖fi,ν‖ρtizν .

By (3.4) we have
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Lemma 1. Under the above situation, for i = 0, 1, 2 we have

(3.5) lim
σ→+0

(
sup

(0,σ]×[0,R]

∥∥∥(t ∂
∂t

)i
w(t)

∥∥∥
ρ

)
= o(R4) (as R −→ +0).

Step 4. Set J = {(i, j) ∈ N2 ; i+ j ≤ 2, i < 2}: actually, we have

J = {(0, 0), (1, 0), (0, 1), (1, 1), (0, 2)}.

For (i, j) ∈ J we set

φ0,0(t, ρ) =

∫ t

0

(τ
t

)−Reλ1(0)

‖Θ1w(τ )‖ρ
dτ

τ
,

φ1,0(t, ρ) =

∫ t

0

(τ
t

)−Reλ2(0)

‖Θ2w(τ )‖ρ
dτ

τ
,

φ0,1(t, ρ) =
∂

∂ρ
φ0,0(t, ρ),

φ1,1(t, ρ) =
∂

∂ρ
φ1,0(t, ρ),

φ0,2(t, ρ) =
∂

∂ρ
φ0,1(t, ρ) =

( ∂

∂ρ

)2
φ0,0(t, ρ).

By making σ∗
0 > 0 and R∗

0 > 0 smaller if necessary, we may suppose that φi,j(t, ρ)
((i, j) ∈ J) are convergent on (0, σ∗

0 ]× [0, R∗
0]. By (3.5) we have

Lemma 2. (1) For any (i, j) ∈ J we have

lim
σ→+0

(
sup

(0,σ]×[0,R]

φi,j(t, ρ)
)
= o(R4−j) (as R −→ +0).

(2) For any ε > 0 we can find σ > 0 and R > 0 such that |φi,j(t, ρ)| ≤ ε holds
on (0, σ]× [0, R] for any (i, j) ∈ J .

Step 5. By (2.2) we can take an h > 0 such that

Reλi(0) < −2h, i = 1, 2.

Lemma 3. (1) For any (i, α) ∈ Λ we have

‖Di,αw(t)‖ρ =
∥∥∥Θi

( ∂

∂x

)α
w(t)

∥∥∥
ρ
� φi,|α|(t, ρ) on (0, σ∗

0 ].

(2) We set Φ = (φi,|α|(t, ρ) ; (i, α) ∈ Λ) and Φ′ = (φ0,|α|(t, ρ) ; |α| = 2): we
have (

t
∂

∂t
+ 2h

)
φ0,0(t, ρ)� φ1,0(t, ρ),(

t
∂

∂t
+ 2h

)
φ1,0(t, ρ)

� ‖β0‖ρφ0,0(t, ρ) + ‖β1‖ρφ1,0(t, ρ) + t
∑

(i,α)∈Λ

‖ai,α‖ρ(t,Φ)φi,|α|(t, ρ)

+
∑

(i,α)∈Λ,|α|≤1

‖bi,α‖ρ(Φ)φi,|α|(t, ρ) +
∑

|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2(t, ρ))
2

on (0, σ∗
0 ].
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(3) By taking R∗
0 > 0 a smaller one if necessary, we may assume that ‖βi‖ρ

(i = 0, 1), ‖ai,α‖ρ(t, z) ((i, α) ∈ Λ), ‖bi,α‖ρ(z) ((i, α) ∈ Λ, |α| ≤ 1) and ‖cα,β‖ρ(z′)
are convergent on (0, σ∗

0 ]× [0, R∗
0]×DL (where DL = {z ∈ CN ; |zi,α| < L ((i, α) ∈

Λ)}) for some L > 0. In addition, we have

‖βi‖ρ ≤ Hiρ on [0, R∗
0], i = 0, 1,

‖bi,α‖ρ(z) ≤ Bi,α|z| on [0, R∗
0]×DL, (i, α) ∈ Λ, |α| ≤ 1

for some constants Hi > 0 (i = 0, 1) and Bi,α > 0 ((i, α) ∈ Λ, |α| ≤ 1), where
|z| =

∑
(i,α)∈Λ |zi,α|.

(4) For any (i, α) ∈ Λ with |α| ≤ 1 we have

lim
σ→+0

(
sup

(0,σ]×[0,R]

∂‖bi,α‖ρ(Φ)
∂ρ

)
= o(R) (as R −→ +0).

Proof. Let us show (1). Since(
t
∂

∂t
− λi+1(0)

)
Θiw = (Θi+1w)(t, x), i = 0, 1

hold, by integrating this we have

Θiw(t, x) =

∫ t

0

(τ
t

)−λi+1(0)

(Θi+1w)(τ, x)
dτ

τ

and so by taking the norm

‖Θiw(t)‖ρ �
∫ t

0

(τ
t

)−Reλi+1(0)

‖Θi+1w(τ )‖ρ
dτ

τ
= φi,0(t, ρ), i = 0, 1.

Hence, for any (i, α) ∈ Λ we have∥∥∥Θi

( ∂

∂x

)α
w(t)

∥∥∥
ρ
�
( ∂

∂ρ

)|α|
‖Θiw(t)‖ρ �

( ∂

∂ρ

)|α|
φi,0(t, ρ) = φi,|α|(t, ρ).

Let us show (2). We have(
t
∂

∂t
+ 2h

)
φ0,0(t, ρ)�

(
t
∂

∂t
+ Reλ1(0)

)
φ0,0(t, ρ)

= ‖Θ1w(τ )‖ρ � φ1,0(t, ρ) on (0, σ∗
0 ].

This proves the first inequality of (2). Since(
t
∂

∂t
+ 2h

)
φ1,0(t, ρ)�

(
t
∂

∂t
+Reλ2(0)

)
φ1,0(t, ρ) = ‖Θ2w(τ )‖ρ,

by applying (3.3) and by using (1) we can easily see the second inequality of (2).
The condition (3) is clear. Since ‖bj,α‖ρ(Φ) ≤ Bj,α|Φ| ((j, α) ∈ Λ) hold, by (1) of
Lemma 2 we have

lim
σ→+0

(
sup

(0,σ]×[0,R]

‖bi,α‖ρ(Φ)
)
= o(R2) (as R −→ +0).

This leads us to the condition (4). �

Step 6. Let ε0,0 > 0, ε1,0 = 1, ε0,1 > 0, ε1,1 > 0 and 0 < κ < 1. We set

q(t, ρ) =ε0,0φ0,0(t, ρ) + φ1,0(t, ρ) + tκφ0,2(t, ρ)

+ ε0,1φ0,1(t, ρ) + ε1,1φ1,1(t, ρ) + (φ0,2(t, ρ))
3/2.
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Lemma 4. We have the following inequality:

(3.6)
(
t
∂

∂t
+ 2h

)
q ≤ A(t, ρ) q +B(t, ρ)

∂

∂ρ
q

on (0, σ∗
0 ]× [0, R∗

0], where

A(t, ρ) = ε0,0 +
( 1

ε0,0
‖β0‖ρ + ‖β1‖ρ

)
+

∑
(i,α)∈Λ,|α|≤1

1

εi,|α|
× t ‖ai,α‖ρ(t,Φ) +

∑
|α|=2

t1−κ‖a0,α‖ρ(t,Φ)

+
∑

(i,α)∈Λ,|α|≤1

1

εi,|α|
× ‖bi,α‖ρ(Φ) +

∑
|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2)
1/2

+ κ+
ε0,1
ε1,1

+ ε1,1

( 1

ε0,0

∂‖β0‖ρ
∂ρ

+
∂‖β1‖ρ
∂ρ

)
+ ε1,1

(‖β0‖ρ
ε0,1

+
‖β1‖ρ
ε1,1

)
+

∑
(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× t
∂‖ai,α‖ρ(t,Φ)

∂ρ

+ ε1,1
∑
|α|=2

t1−κ ∂‖a0,α‖ρ(t,Φ)
∂ρ

+
∑

(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× ∂‖bi,α‖ρ(Φ)
∂ρ

+ ε1,1
∑

|α|=|β|=2

∂‖cα,β‖ρ(Φ′)

∂ρ
(φ0,2)

1/2,

B(t, ρ) =
tκ

ε1,1
+

∑
(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× t ‖ai,α‖ρ(t,Φ)

+ ε1,1
∑
|α|=2

t1−κ‖a0,α‖ρ(t,Φ) +
∑

(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× ‖bi,α‖ρ(Φ)

+
4ε1,1
3

∑
|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2)
1/2 +

3

2ε1,1
(φ0,2)

1/2.

Proof. By the definition of q(t, ρ) we have

(3.7) φi,j ≤
1

εi,j
q (i, j = 0, 1), φ0,2 ≤ q2/3, tκφ0,2 ≤ q

on (0, σ∗
0 ]× [0, R∗

0]. Since

∂

∂ρ
q =ε0,0

∂

∂ρ
φ0,0 +

∂

∂ρ
φ1,0 + tκ

∂

∂ρ
φ0,2

+ ε0,1
∂

∂ρ
φ0,1 + ε1,1

∂

∂ρ
φ1,1 +

3

2
(φ0,2)

1/2 ∂

∂ρ
φ0,2

we have also

∂

∂ρ
φi,j ≤

1

εi,j

∂

∂ρ
q (i, j = 0, 1),

(φ0,2)
1/2 ∂

∂ρ
φ0,2 ≤

2

3

∂

∂ρ
q, tκ

∂

∂ρ
φ0,2 ≤

∂

∂ρ
q

(3.8)

on (0, σ∗
0 ]× [0, R∗

0]. By using these inequality, let us do a calculation.
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1) About ε0,0φ0,0(t, ρ), by (2) of Lemma 3 and (3.7) we have(
t
∂

∂t
+ 2h

)
(ε0,0φ0,0)� ε0,0φ1,0 ≤ ε0,0q.

2) About φ1,0, by (2) of Lemma 3 and (3.7) we have(
t
∂

∂t
+ 2h

)
φ1,0

� ‖β0‖ρφ0,0 + ‖β1‖ρφ1,0 + t
∑

(i,α)∈Λ

‖ai,α‖ρ(t,Φ)φi,|α|

+
∑

(i,α)∈Λ,|α|≤1

‖bi,α‖ρ(Φ)φi,|α| +
∑

|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2)
2

≤
( 1

ε0,0
‖β0‖ρ + ‖β1‖ρ

)
q

+
∑

(i,α)∈Λ,|α|≤1

1

εi,|α|
t ‖ai,α‖ρ(t,Φ) q + t1−κ

∑
|α|=2

‖a0,α‖ρ(t,Φ)q

+
∑

(i,α)∈Λ,|α|≤1

1

εi,|α|
‖bi,α‖ρ(Φ) q +

∑
|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2)
1/2q.

3) Let us consider tκφ0,2(t, ρ). Since (∂/∂ρ)φ1,1 � (1/ε1,1)(∂/∂ρ)q holds, we
have(

t
∂

∂t
+ 2h

)
φ0,2 =

( ∂

∂ρ

)2(
t
∂

∂t
+ 2h

)
φ0,0 �

( ∂

∂ρ

)2
φ1,0 =

∂

∂ρ
φ1,1 ≤

1

ε1,1

∂

∂ρ
q

and so (
t
∂

∂t
+ 2h

)
tκφ0,2 = tκ

(
t
∂

∂t
+ 2h

)
φ0,2 + κtκφ0,2 ≤

tκ

ε1,1

∂

∂ρ
q + κq.

4) About ε0,1φ0,1(t, ρ), we have(
t
∂

∂t
+ 2h

)
(ε0,1φ0,1) = ε0,1

∂

∂ρ

(
t
∂

∂t
+ 2h

)
φ0,0

� ε0,1
∂

∂ρ
φ1,0 = ε0,1φ1,1 ≤

ε0,1
ε1,1

q.

5) About ε1,1φ1,1(t, ρ), by (2) of Lemma 3 we have(
t
∂

∂t
+ 2h

)
(ε1,1φ1,1) = ε1,1

∂

∂ρ

(
t
∂

∂t
+ 2h

)
φ1,0

� ε1,1
∂

∂ρ

[
‖β0‖ρφ0,0 + ‖β1‖ρφ1,0 + t

∑
(i,α)∈Λ

‖ai,α‖ρ(t,Φ)φi,|α|

+
∑

(i,α)∈Λ,|α|≤1

‖bi,α‖ρ(Φ)φi,|α| +
∑

|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2)
2

]
.
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By calculating the right side of the above formula and then by using (3.7) and (3.8)
we have(

t
∂

∂t
+ 2h

)
(ε1,1φ1,1)

≤ ε1,1

( 1

ε0,0

∂‖β0‖ρ
∂ρ

+
∂‖β1‖ρ
∂ρ

)
q + ε1,1

(‖β0‖ρ
ε0,1

+
‖β1‖ρ
ε1,1

)
q

+
∑

(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× t
∂‖ai,α‖ρ(t,Φ)

∂ρ
× q

+
∑

(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× t‖ai,α‖ρ(t,Φ)
∂

∂ρ
q

+ ε1,1t
1−κ

∑
|α|=2

∂‖a0,α‖ρ(t,Φ)
∂ρ

q + ε1,1t
1−κ

∑
|α|=2

‖a0,α‖ρ(t,Φ)
∂

∂ρ
q

+
∑

(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× ∂‖bi,α‖ρ(Φ)
∂ρ

q +
∑

(i,α)∈Λ,|α|≤1

ε1,1
εi,|α|

× ‖bi,α‖ρ(Φ)
∂

∂ρ
q

+ ε1,1
∑

|α|=|β|=2

∂‖cα,β‖ρ(Φ′)

∂ρ
(φ0,2)

1/2q

+
4ε1,1
3

∑
|α|=|β|=2

‖cα,β‖ρ(Φ′)(φ0,2)
1/2 ∂

∂ρ
q.

6) Let us consider (φ0,2)
3/2. Since(

t
∂

∂t
+ 2h

)
φ0,2 =

∂

∂ρ

(
t
∂

∂t
+ 2h

)
φ0,1 �

∂

∂ρ
φ1,1 ≤

1

ε1,1

∂

∂ρ
q

we have (
t
∂

∂t
+ 2h

)
(φ0,2)

3/2 =
3

2
(φ0,2)

1/2t
∂

∂t
φ0,2 + 2h(φ0,2)

3/2

≤ 3

2
(φ0,1)

1/2
(
t
∂

∂t
+ 2h

)
φ0,2 ≤

3

2ε1,1
(φ0,2)

1/2 ∂

∂ρ
q.

7) Thus, by taking the summation from 1) to 6) we have the result (3.6). �
Step 7. Let us estimate A(t, ρ) and B(t, ρ). We have

Lemma 5. By taking ε0,0 > 0, ε0,1 > 0, ε1,1 > 0, 0 < κ < 1/2, σ0 > 0 and
R0 > 0 suitably, we have

A(t, ρ) ≤ h,(3.9)

B(t, ρ) ≤ C1t
κ + C2q + C3q

2/3 + C4q
1/3(3.10)

on (0, σ0]× [0, R0] for some Ci > 0 (i = 1, 2, 3, 4).

Proof. 1) First, we take ε0,0 so that 0 < ε0,0 ≤ h/4.
2) Since ε0,0 is a fixed constant, by taking ε1,1 > 0 sufficiently small we have

the condition

ε1,1

( 1

ε0,0

∂‖β0‖ρ
∂ρ

+
∂‖β1‖ρ
∂ρ

)
≤ h

4
on (0, σ∗

0 ]× [0, R∗
0].

3) Thirdly, we take κ > 0 and ε0,1 > 0 so that κ+ ε0,1/ε1,1 ≤ h/4.
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4) Now, εi,|α| > 0 ((i, α) ∈ Λ, |α| ≤ 1) are fixed. Since ‖βi‖ρ ≤ Hiρ (i = 0, 1)
and ‖bi,α‖ρ(Φ) ≤ Bi,α|Φ| ((i, α) ∈ Λ, |α| ≤ 1) are known (by (3) of Lemma 3), by
the conditions (2) of Lemma 2 and (4) of Lemma 3 we can take σ0 > 0 and R0 > 0
suitably sufficiently small so that the condition (3.9) is valid on (0, σ0]× [0, R0].

5) Since 0 < κ < 1/2 is supposed, we have t = O(tκ) and t1−κ = O(tκ). Hence,
by the condition ‖bi,α‖ρ(Φ) ≤ Bi,α|Φ| we have

B(t, ρ) ≤ K1t
κ +K2|Φ|+K3(φ0,2)

1/2

for some Ki > 0 (i = 1, 2, 3). By applying (3.7) to this estimate we have the
condition (3.10). �

4. Proof of Theorem 2

In order to prove Theorem 2, it is enough to show

Proposition 1. Under the situation in section 3, there are σ > 0 and δ > 0
such that q(t, ρ) = 0 holds on (0, σ]× [0, δ).

Proof. Let us show this, step by step.

Step 1. By Lemmas 4 and 5 we have(
t
∂

∂t
+ h
)
q ≤ B(t, ρ)

∂

∂ρ
q,(4.1)

B(t, ρ) ≤ C1t
κ + C2q + C3q

2/3 + C4q
1/3(4.2)

on (0, σ0]× [0, R0]. For σ > 0 and R > 0 we set

r = sup
(0,σ]×[0,R]

q(t, ρ).

By (1) of Lemma 2 and the definition of q(t, ρ) we have

lim
σ→+0

r = o(R3) (as R −→ +0).

This shows

Lemma 6. By taking σ > 0 and R > 0 sufficiently small, we have the condition

C1

κ
σκ +

C2

h
r +

3C3

2h
r2/3 +

3C4

h
r1/3 <

R

2
on (0, σ]× [0, R].

Step 2. Let σ > 0 and R > 0 be as in Lemma 6. Take any t0 ∈ (0, σ] and
ξ ∈ (0, R); for a while we fix them.

Let us consider the equation

(4.3)
dρ

dt
= −B(t, ρ)

t
, ρ(t0) = ξ

in the region (0, t0]×(0, R). Since B(t, ρ)/t is a continuous function on (0, t0]×(0, R)
we have a local solution (not necessarily unique). We take a maximally extended
solution ρ(t) and we denote by (tξ, t0] the interval of existence of this maximally
extended solution. Set

q∗(t) = q(t, ρ(t)), tξ < t ≤ t0.

Lemma 7. Under the above situation, we have the following inequality for any
(t1, τ ) satisfying tξ < t1 < τ ≤ t0:

(4.4) q∗(τ ) ≤
( t1
τ

)h
q∗(t1).
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Proof. By (4.1) we have(
t
d

dt
+ h

)
q∗(t) =

(
t
∂

∂t
+ h

)
q(t, ρ)

∣∣∣
ρ=ρ(t)

+
∂q

∂ρ
(t, ρ(t))× t

dρ(t)

dt

≤
[
B(t, ρ)

∂q

∂ρ
+

∂q

∂ρ

(
−B(t, ρ)

)]∣∣∣
ρ=ρ(t)

= 0,

that is, (
t
d

dt
+ h
)
q∗(t) ≤ 0 on (tξ, t0].

Since this is equivalent to

d

dt
(thq∗(t)) ≤ 0 on (tξ, t0],

by integrating this from t1 to τ we have τhq∗(τ ) ≤ t1
hq∗(t1). This proves (4.4). �

Step 3. By (4.2) and Lemma 7 we have

Lemma 8. Under the above situation, we have the following inequalities for any
t1 satisfying tξ < t1 < t0:

(4.5) ξ ≤ ρ(t1) ≤ ξ +
C1

κ
(t0

κ − t1
κ) +

C2

h
r +

3C3

2h
r2/3 +

3C4

h
r1/3.

Proof. Let tξ < t1 < t0. By (4.3) we have

ρ(t1) = ξ +

∫ t0

t1

B(τ, ρ(τ ))
dτ

τ
.

Since B(t, ρ) ≥ 0 we have ρ(t1) ≥ ξ. Since q(τ, ρ(τ )) = q∗(τ ), by (4.2) and (4.4) we
have

B(τ, ρ(τ ))

≤ C1τ
κ + C2q

∗(τ ) + C3(q
∗(τ ))2/3 + C4(q

∗(τ ))1/3

≤ C1τ
κ + C2

( t1
τ

)h
q∗(t1) + C3

( t1
τ

)2h/3
q∗(t1)

2/3 + C4

( t1
τ

)h/3
q∗(t1)

1/3

≤ C1τ
κ + C2

( t1
τ

)h
r + C3

( t1
τ

)2h/3
r2/3 + C4

( t1
τ

)h/3
r1/3

for t1 < τ ≤ t0, and so

ρ(t1) ≤ ξ +

∫ t0

t1

(
C1τ

κ + C2

( t1
τ

)h
r(4.6)

+ C3

( t1
τ

)2h/3
r2/3 + C4

( t1
τ

)h/3
r1/3

)dτ
τ
.

Since ∫ t0

t1

( t1
τ

)a dτ
τ

=
1

a

(
1− t1

a

t0
a

)
≤ 1

a

holds for any a > 0, by applying this to (4.6) we have (4.5). �

Corollary 2. If ξ ∈ (0, R/2) we have tξ = 0.
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Proof. Let ξ ∈ (0, R/2). Let us show that the condition tξ > 0 leads us to a
contradiction.

Suppose that tξ > 0 holds. Then, by Lemmas 6 and 8 we have

0 < ξ ≤ ρ(t1) ≤ ξ +
C1

κ
σκ +

C2

h
r +

3C3

2h
r2/3 +

3C4

h
r1/3 = R1 < R

for any t1 satisfying tξ < t1 < t0. Since K = {ρ ∈ (0, R) ; ξ ≤ ρ ≤ R1} is a compact
subset of (0, R) and since ρ(t1) ∈ K holds for any t1 ∈ (tξ, t0], by a general theory of
ordinary differential equations (for example, by Theorem 4.1 in [2]) we can extend
ρ(t) to (tξ − δ, t0] for some δ > 0. This contradicts the assumption that (tξ, t0] is
the interval of existence of a maximally extended solution ρ(t). �

Step 4. Since tξ = 0, by (4.4) with τ = t0 we have

0 ≤ q∗(t0) ≤
( t1
t0

)h
q∗(t1) ≤

( t1
t0

)h
r

for any 0 < t1 < t0. Since r > 0 is independent of t1, by letting t1 −→ 0 we have
q∗(t0) = 0. Since q∗(t0) = q(t0, ξ) we have q(t0, ρ) = 0 for any ρ ∈ (0, R/2). By
the continuity we have q(t0, ρ) = 0 for any ρ ∈ [0, R/2). Since t0 ∈ (0, σ] is taken
arbitrarily we have q(t, ρ) = 0 on (0, σ]× [0, R/2).

This completes the proof of Proposition 1. �

5. Application

As an application of Theorem 2, we have

Theorem 3 (Analytic continuation). Let u(t, x) be a holomorphic solution of
(2.1) on SI(r0) ×DR0

for some nonempty open interval I, r0 > 0 and R0 > 0. If
u(t, x) satisfies (2.3), u(t, x) can be continued holomorphically up to a neighborhood
of (0, 0) ∈ Ct × Cn

x.
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dérivées partielles singulières non linéaires (French), Publ. Res. Inst. Math. Sci. 29 (1993),
no. 1, 121–151, DOI 10.2977/prims/1195167545. MR1208031

[4] Raymond Gérard and Hidetoshi Tahara, Singular nonlinear partial differential equations, As-
pects of Mathematics, Friedr. Vieweg & Sohn, Braunschweig, 1996, DOI 10.1007/978-3-322-
80284-2. MR1757086

[5] Hidetoshi Tahara, Uniqueness of the solution of non-linear singular partial differential equa-
tions, J. Math. Soc. Japan 48 (1996), no. 4, 729–744, DOI 10.2969/jmsj/04840729. MR1404820

[6] Hidetoshi Tahara, Uniqueness of the solution of nonlinear singular first order partial differen-
tial equations, J. Math. Soc. Japan 72 (2020), no. 4, 1259–1282, DOI 10.2969/jmsj/82788278.
MR4165932

[7] Hidetoshi Tahara and Hiroshi Yamazawa, Structure of solutions of nonlinear partial differen-
tial equations of Gérard-Tahara type, Publ. Res. Inst. Math. Sci. 41 (2005), no. 2, 339–373.
MR2138028

Sophia University, Tokyo 102-8554, Japan

Current address: Yatsu 3-1-21-403, Narashino-shi, Chiba 275-0026, Japan
Email address: h-tahara@sophia.ac.jp

https://www.ams.org/mathscinet-getitem?mr=3238327
https://www.ams.org/mathscinet-getitem?mr=0069338
https://www.ams.org/mathscinet-getitem?mr=1208031
https://www.ams.org/mathscinet-getitem?mr=1757086
https://www.ams.org/mathscinet-getitem?mr=1404820
https://www.ams.org/mathscinet-getitem?mr=4165932
https://www.ams.org/mathscinet-getitem?mr=2138028




Contemporary Mathematics
Volume 782, 2023
https://doi.org/10.1090/conm/782/15730

Solution with movable singular points of some Hamiltonian
system

Masafumi Yoshino

Abstract. This paper studies the movable singular points of a solution of the
Hamiltonian system with the Hamiltonian H := H0 + H1. Here H0 is inte-
grable and the Hamiltonian system of H0 has a singular solution v, while H1

is a perturbation. A singular solution for H is given as F (v) for some trans-
formation F being defined in the domain of the phase space which contains
the orbit of v tending to the infinity. The map F is given by the homology
equation via the global Borel summability.

1. Introduction

Let (q2, p2) be the variable in C2. Let H0 be a polynomial of q2 and p2. Let
H1 be an entire function of q2 and p2 analytic in q1 in the domain U1 ⊂ C. Define
H := H0(q2, p2) +H1(q1, q2, p2). Consider the Hamiltonian system

(1.1)
dq2
dq1

=
∂H

∂p2
,
dp2
dq1

= −∂H

∂q2
.

By the movable singular point of (1.1) we mean the singular point of a solution of
the initial value problem of (1.1) which does not appear in (1.1) and that depends
on an initial value. (cf. [FH]). This paper studies the movable singular points of a
solution of (1.1).

Assume that the Hamiltonian system for H0 has a solution v with a movable
singular point. To construct a singular solution of (1.1) we transform the Hamilton-
ian vector field of H0 to that of H. The transformation is given by the first order
system of partial differential equations, a homology equation. We construct the
transformation as a formal power series in a certain variable. Then, by taking the
global Borel sum, we obtain a diffeomorphism on some domain of the phase space
containing the orbit of v about the singular point. (cf. [KT] for a Painlevé equa-
tion). The transformation is closely related with the symplectic transformation.
(cf. Remark 3.7).
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This paper is organized as follows. In §2 we state the main result. In §3 we
show the solvability of the homology equation via the global Borel summability. In
§4 we consider the reduced Hamiltonian system. In §5 we prove the main theorem.
In §6 we give examples related to the generalized Emden-Fowler equation. In §7 we
show the solvability of the reduced homology equation via the Borel summability.
In the appendix we state the properties of the global Borel summability of a formal
series solution of the reduced system of the homology equation in the domain of a
phase space.

2. Statement of result

Let (q, p) be the variable in C2n. Set q = (q1, . . . , qn) and p = (q1, . . . , pn). Let
H ≡ H(q, p) be an entire function of q and p. Consider the Hamiltonian system

(2.1)
dqj
dz

=
∂H

∂pj
,
dpj
dz

= −∂H

∂qj
, j = 1, 2, . . . , n.

Let a function F be given. Define the Hamiltonian vector field χF by

(2.2) χF :=

n∑
j=1

(
∂F

∂pj

∂

∂qj
− ∂F

∂qj

∂

∂pj

)
.

The Poisson bracket of functions F and G is defined by {F,G} := χFG. We say that
a function F is the first integral of χH if χHF = 0. We say that the Hamiltonian
system is integrable if there exist n first integrals φj in involution, {φi, φj} = 0
such that φj ’s are almost everywhere functionally independent.

In what follows we consider Hamiltonian systems with n = 2. Let i > j ≥ 1 be
integers. Define

(2.3) H0 := λq2p2 + qi2p
j
2,

where λ 
= 0 is a constant. Let H1 ≡ H1(q1, q2, p2) be an entire function of q2 and
p2 analytic in q1 ∈ Ω2 for some domain Ω2 ⊂ C containing the origin. Assume that
the Taylor expansion of H1 at the origin q2 = 0, p2 = 0 vanishes up to order 1.
Define H by H := H0 +H1. Let K0 > 0, ε0 > 0 and r0 > 0 be constants. Define
Σ0 by

Σ0 :={(q2, p2)| q−1
2 = αr, p2 = βr, |α| < ε0, |β| < ε0,(2.4)

0 < r < r0, |q−1
2 | ≤ K0, |p2| ≤ K0}.

We assume

(2.5)
∂2H

∂p22
(q1, q2, p2) 
= 0, ∀q1 ∈ Ω2, ∀(q2, p2) ∈ Σ0.

Set ν = i− j. Consider

∂H

∂u4
(v1, u3, u4) =0,(2.6)

∂H

∂u3
(v1, u3, u4) =0.(2.7)

We assume

(A.1) The domain Ω2 contains the segment [0, 2πi
λν ]. (2.6) and (2.7) have a solution

(u3, u4) = (w0(v1), w̃0(v1)) holomorphic in v1 ∈ Ω2 and w0 
≡ 0, w̃0 
≡ 0.
(A.2) w0(0) = w0(

2πi
λν ) = 0, w̃0(0) = w̃0(

2πi
λν ) = 0.
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Then we have

Theorem 2.1. Assume that the conditions (2.5), (A.1) and (A.2) are satisfied.
Moreover, suppose that j = 1 in (2.3). Then there exist δ0 > 0, K1 > 0 and a
neighborhood Ω1(⊂ Ω2) of [0,

2πi
λν ] such that, if

(2.8) sup
q1∈Ω2,|q2|≤K1,|p2|≤K1

(|w0(q1)|+ |w̃0(q1)|+ |H1(q1, q2, p2)|) < δ0,

then (1.1) has a solution (q2, p2) having at least two movable singular points in Ω1.

3. Homology equation

Let x = (q̃1, p̃1, q̃2, p̃2) and y = (q1, p1, q2, p2) be the variables. Write x =
(x1, . . . , x4) and y = (y1, . . . , y4), for simplicity. Let H0 be given by (2.3). Let H1

be given in Theorem 2.1. Consider p1 + H(q1, q2, p2), where H = H0 + H1. We
transform χp1+H0

to χp1+H by x = u(y), u = (u1, . . . , u4).
For φ ≡ φ(q1, q2, p2), define

(3.1) X0 := χp1+λq2p2
Y := χφ =

∑
j

uj
∂

∂yj
.

The component vector of X0 with respect to the basis ∂/∂q1, ∂/∂p1, ∂/∂q2, ∂/∂p2
is given by (1, 0, λq2,−λp2) =: Λ(y). Set

(3.2) f(x) := H(q̃1, q̃2, p̃2)− λq̃2p̃2,

(f is independent of x2 = p̃1) and define

(3.3) R := χf , S := χqi2p
j
2
.

Let r(x) and s(y) be the component vectors of R and S, respectively. The first and
the second components of s(y) vanish. The term r(x) = Λ(u(y))) is independent of
x2. We have

Lemma 3.1. Let u = u(y) satisfy

(3.4) Λ(y)∇u+ s(y)∇u = r(u) + Λ(u),

such that (∇u)−1 exists. Then, x = u(y) transforms (Λ(y) + s(y)) ∂
∂y to (Λ(x) +

r(x)) ∂
∂x . Here ∇u is the nambla of u with respect to (y1, . . . , y4) and Λ(u) =

(1, 0, λu3,−λu4).

Remark 3.2. (3.4) is referred as a homology equation.

Proof.

(Λ(x) + r(x))
∂

∂x
= (Λ(u) + r(u))(∇u)−1 ∂

∂y
= (Λ(y) + s(y))

∂

∂y
.

�

Deduction of the homology equation. Consider the third row of (3.4). Set
w = u3, u = (u1, · · · , u4). By Λ(y) = (1, 0, λq2,−λp2) we have

(3.5)
∂w

∂q1
+ δw − iqi−1

2 pj2
∂w

∂p2
+ jqi2p

j−1
2

∂w

∂q2
− λw −R(u) = 0,

where δ = λ(q2
∂

∂q2
− p2

∂
∂p2

) and R(u) = (∂f/∂p̃2)(u).
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We consider the first order terms of the left-hand side of (3.5) except for the
first term. They are given by the Hamiltonian vector field of H0. By taking t as
the time variable we write it as the system of ordinary differential equations

(3.6) q̇2 = λq2 + jqi2p
j−1
2 , ṗ2 = −λp2 − ipj2q

i−1
2 .

Set ν = i− j. By the change of the unknown functions

(3.7) q2 = 1/r, p2 = rv,

we have

(3.8) v̇ = −νr−νvj , ṙ = −λr − jvj−1r1−ν .

Because λq2p2 + qi2p
j
2 is the first integral of (3.6), there exists a constant c1 such

that λq2p2+qi2p
j
2 = c1. Then, by (3.7) we have λv+vj/rν = c1. By (3.8) we obtain

v̇ − λνv + c1ν = 0, from which we have

(3.9) v = c1λ
−1 + c2e

λνt,

where c2 is a constant.
By (3.8) and v̇ − λνv + c1ν = 0 we write (3.5) in the form

(3.10)
∂w

∂q1
+ ν(λv − c1)

∂w

∂v
− (λr + jvj−1r1−ν)

∂w

∂r
− λw −R3(u) = 0,

where R3(u) is the third component of R(u).
Consider the curve (q1, v(q1)) in the (q1, v)- space, where v(q1) is given by (3.9).

Then the vector field ∂
∂q1

+ν(λv−c1) ∂
∂v is written as the vector filed ∂

∂q̃1
with respect

to the new time variable q̃1 given by the curve. If there is no fear of confusion we
write the new time variable by q1 instead of q̃1 and write the corresponding vector
field by ∂

∂q1
. Then, by inserting the relation into (3.10) and by multiplying the

equation with rν−1 we obtain

(3.11) rν−1 ∂w

∂q̃1
− (λrν + jvj−1)

∂w

∂r
− rν−1(λw +R3(u)) = 0.

Define

(3.12) h = −jvj−1.

Set c0 = h−1. Then we have

h

(
rν−1c0

∂u3

∂q̃1
+ (1− λc0r

ν)
∂u3

∂r

)
− rν−1 (λu3 +R3(u)) = 0,(3.13)

where u = (u1, 0, u3, u4). Similarly, w = u4 satisfies

h

(
rν−1c0

∂u4

∂q̃1
+ (1− λc0r

ν)
∂u4

∂r

)
+ rν−1 (λu4 −R4(u)) = 0,(3.14)

where R4(u) is the fourth component of R(u).
We consider the solvability of the reduced homology equation. Consider the

equation of u1. We have

Lemma 3.3. u1 is given by

(3.15) u1 = −ũ1 −
2

λν
log(1− λc0r

ν), ũ1 =
q1
2

+
1

2λν
log(νλv − c1ν).
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Proof. Because the first component of r(u) vanishes, we replace λw +R(u)
in (3.13) with 1. Then the first coumn of (3.4) gives the equation of u1 =: w

rν−1c0
∂w

∂q̃1
+ (1− λc0r

ν)
∂w

∂r
− rν−1c0 = 0,

from which the assertion follows. �
In u1 we set −c1ν = 1. Then we have ũ1 = q1/2 when v = 0. Insert u1 into

R3(u) and R4(u), respectively. We assume

(A.1)’ 1−λc0r
ν 
= 0 for every r ∈ U0. U0 is a bounded set in the universal covering

space of the logarithm, log(1− λc0r
ν).

Let I0 := [0, 2πiλν ]. Then the solvability of (3.13)-(3.14) follows from the next theo-
rem.

Theorem 3.4. Assume that the conditions (A.1)’, (A.1) and (A.2) are satis-
fied. Then there exist δ0 > 0, L0 > 0, K1 > 0, h0 > 0, 0 < h1 < h0, a neighborhood
Ω1 of I0, a neighborhood U1 of v(I0) and a sector S0 in h-variable with vertex at the
origin such that, if the conditions h1 < |h| < h0, h ∈ S0 and (2.8) hold, then (3.13)-
(3.14) has an analytic solution, (u3, u4) when (q1, v, r) ∈ Ω1×U1× (U0∩{r| |c0r| <
L0}).

Theorem 3.4 follows from Theorem 7.1 which follows.

Remark 3.5. We can choose h0 in Theorem 3.4 arbitrarily large.

Consider the solvability of (3.4). Note that u2 is given by the integration of the
second equation of (3.4) if we know u3 and u4. By the analytic change of variables
and the reduction argument it is sufficient to consider the solvability of the reduced
homology equation (3.13) - (3.14). By Theorem 3.4 we have

Theorem 3.6. Let p
(0)
1 ∈ C be given. Assume that the conditions (A.1)’, (A.1)

and (A.2) are satisfied. Then there exist δ0 > 0, L0 > 0, K1 > 0, δ1 > 0, h0 > 0,
0 < h1 < h0, a neighborhood Ω1 of I0, a neighborhood U1 of v(I0) and a sector S0

in h-variable with vertex at the origin such that, if the conditions h1 < |h| < h0,
h ∈ S0, |c0 + 1| < δ0 and (2.8) are satisfied, then (3.4) has an analytic solution, u

when (q1, v, r) ∈ Ω1 × U1 × (U0 ∩ {r| |c0r| < L0}), |p1 − p
(0)
1 | < δ1.

We note that, in the application, we use Theorem 3.6 when c0 = h−1 = −1.
Since we can take h0 sufficiently large, h also satisfies |h| < h0.

Remark 3.7. Let u = (u1, . . . , u4) be the solution of the homology equation
(3.4). We show that (u3, u4) is the pull-back of a certain symplectic transformation
if (2.5) holds. Especially, this implies that (∇u)−1 exists. In order to see this,
divide (3.13) with sν−1. Consider the characteristic equation corresponding to the
resultant equation

(3.16)
dq1
1

=
c0s

ν−1ds

1− λc0sν
.

Let t be the independent variable of the solution of (3.16). Then we have

(3.17)
du3

dt
=

dq1
dt

∂u3

∂q1
+

ds

dt

∂u3

∂s
=

∂u3

∂q1
+

1− λc0s
ν

c0sν−1

∂u3

∂s
.

Multiply (3.13) with s1−ν and substitute (3.17). Make the same calculation as
for u4 with (3.13) replaced by (3.14). The reduced system of equations is the
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Hamiltonian system with the Hamiltonian λq̃2p̃2 + f = H. Let (u3, u4) be the
solution with the initial value (u3, u4) = (ξ, η) at t = 0. By Hamilton-Jacobi’s
theory the map (ξ, η) �→ (u3, u4) is symplectic if the non degeneracy condition
(∂u3/∂η)(t, ξ, η) 
= 0 holds. Changing the coordinate from (t, ξ, η) to (q1, q2, p2), u3

and u4 give the transformation in Lemma 3.1.
By (2.5) we choose s ∈ Ω1, |ξ| < K0, |η| < K0 such that (∂R3/∂u4)(s, ξ, η) =

∂2H/∂p22 
= 0. Then we verify (∂u3/∂η)(s, ξ, η) 
= 0. Since (u3, u4) is the solution
of the Hamiltonian system, it holds that u3 = ξ + ũ3, ũ3 = O(t) and u4 = η + ũ4,
ũ4 = O(t) as t → 0. Here ξ (resp. η) is the initial value of u3 (resp. u4). On the
other hand, since they are equal to the Borel sum (cf. Theorems 7.1 and 3.4 which
follow) we have

(3.18) u3 = u
(0)
3 + v3, v3 = O(h), u4 = u

(0)
4 + v4, v4 = O(h),

for h in (3.12). u
(0)
3 and u

(0)
4 are the analytic solution of the equation (cf. (7.6))

(3.19) λu
(0)
3 +R3(u1, u

(0)
3 , u

(0)
4 ) = 0.

Differentiating (3.19) with respect to η we have

(3.20) λ
∂u

(0)
3

∂η
+

∂R3

∂u3
(u1, u

(0)
3 , u

(0)
4 )

∂u
(0)
3

∂η
+

∂R3

∂u4
(u1, u

(0)
3 , u

(0)
4 )

∂u
(0)
4

∂η
= 0.

We have that |u(0)
3 − ξ| and |u(0)

4 − η| are arbitrarily small if h is sufficiently small.

Then we have (∂R3/∂u4)(u1, u
(0)
3 , u

(0)
4 ) 
= 0 by assumption. Since ∂R3/∂u3 is

small, it follows from (3.20) that ∂u
(0)
3 /∂η 
= 0. To show the assertion by (3.18) we

prove that (∂v3/∂η) is sufficiently small. Indeed, the smallness follows (2.8).

4. Study of reduced equation

Let H0 be given by (2.3). Consider the Hamiltonian system with Hamiltonian
p1 +H0 given by (3.6). Set ν = i − j. By the change of unknown functions (3.7),
we obtain (3.8). Then we have

Lemma 4.1. The solution of (3.6) is given by (3.7), (3.9) and r =
(
−νvj/v̇

)1/ν
.

The solution (q2, p2) of (3.6) has infinitely many movable poles (resp. branch
points) at the point given by v = c1λ

−1 + c2e
λνt = 0 if ν = 1 (resp. ν ≥ 2).

As t tends to the singular point from some sector, q2 tends to infinity while p2
tends to zero.

5. Proof of Theorem 2.1

Proof. The proof consists of three steps.

Step 1. Consider χp1+H0
. By Lemma 4.1 the Hamiltonian system of H0 has

a solution (q2, p2) given by

(5.1) q2 = 1/r, p2 = rv, v = v(t) = c1/λ+ c2e
λνt, r = (−νvj/v̇)1/ν ,

where v̇ = dv/dt and t = q1. By Lemma 4.1 q2 is singular at the point t0 such that
v(t0) = 0. Hence t0 is given by

(5.2) eλνt0 = −c1/(λc2), t0 = (λν)−1 log(−c1/(c2λ)), v̇(t0) = −νc1.
Let c1 
= 0 and c2 
= 0 such that −c1/(c2λ) is in a small neighborhood of 1. Fix
the branch of the logarithm such that t0 is in a sufficiently small neighborhood of
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the origin. Then q2 has the singular points t0 and t0 + 2πi(λν)−1 =: t1 in some
neighborhoods of the origin and 2πi(λν)−1, respectively. Let ε0 > 0 be a small
constant. Define the path C0 by C0 = {t| λνt = λνt0+ iθ, ε0 ≤ θ ≤ 2π− ε0}. Then
(5.1) is analytically continued in some neighborhood of C0. By replacing Ω1 with
a smaller one, if necessary, we assume that (5.1) is analytically continued in Ω1.

Step 2. Suppose that the conditions of Theorem 3.6 are satisfied. Then the
homology equation (3.4) is solvable. By Lemma 3.1, (2.5) and Remark 3.7, χp1+H

is the pull back of χp1+H0
. Hence we have a solution of the Hamiltonian system of

H in Ω1. By (A.2) the diffeomorphism preserves the infinity at the points q1 = 0
and q1 = 2πi/(λν). Since the flow of χp1+H0

goes to infinity at the singular points,
the solution of the Hamiltonian system of p1 +H has the singular points in some
neighborhood of q1 = 0 and q1 = 2πi/(λν), respectively. Hence, we verify the
conditions |c0 + 1| < δ0, |c0r| < L0, r ∈ U0, h1 < |h| < h0 and h ∈ S0 in
Theorem 3.6.

Step 3. We set j = 1 and ν = 1. By (5.1) we have

(5.3) r =
v

λc2eλt
=

1

λ

(
c1

λc2eλt
+ 1

)
.

Since c1/λc2 is close to −1 and t = q1 moves on the bounded set, there exists K1

such that |λr| ≤ K1. Hence, by (5.3) we have

(5.4) |v| ≤ |λ||c2eλt||r| ≤ K1|c2eλt| ≤ K1|c1|K2,

for some constant K2 independent of t. Hence |v| is uniformly bounded in t. If we
make the symplectic transformation q2 �→ εq2, p2 �→ ε−1p2 for small ε > 0, then we
see that r is replaced by εr, while v is unchanged. Hence we may assume that q−1

2

and p2 are sufficiently small.
In view of Step 1 we see that q−1

2 and p2 are given by r and rv, respectively. By
(5.1) the orbit (q−1

2 , p2) = (r, rv) of χp1+H0
stays in Σ0 for t in some neighborhood

of the path of analytic continuation. Let h be in some small neighborhood of −1.
Then we have |c0r| < L0 and r ∈ U0 since U0 contains some neighborhood of the
origin. In order to show h ∈ S0 we choose the bisecting direction of S0 such that
−1 ∈ S0. The condition |h| < h0 follows from Remark 3.5 since h0 can be chosen
arbitrarily large. �

6. Example

Example 6.1. Consider the generalized Emden-Fowler equation

(6.1)
d2v

dt2
+A(t)

dv

dt
+ v2 = 0, t ∈ C,

where A(t) is given by

(6.2) A(t) =
1

t
+ t.

Set v = wu with w = exp(−2−1
∫ t

A(x)dx. Then u satisfies

(6.3)
d2u

dt2
− (A2 + 2A′)u

4
+ exp

(
−1

2

∫ t

A

)
u2 = 0.
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Set q := u and p := ut, and write (6.3) in the Hamiltonian system with Hamil-
tonian

(6.4) H :=
1

2

(
p2 − A2 + 2A′

4
q2
)
+ exp

(
−2−1

∫ t

A

)
q3

3
.

By a simple calculation we have

−A2 + 2A′

4
=

1

4t2
− t2

4
− 1, −2−1

∫ t

A = t−1/2 exp(−t2/4).

Let t0 ∈ C, t0 
= 0. Write

H =
1

2

(
p2 +

(
1

4t20
− t20

4
− 1

)
q2
)
− 1

2

(
1

4t20
− t20

4

)
q2(6.5)

+
1

2

(
1

4t2
− t2

4

)
q2 + t−1/2 exp(−t2/4)q

3

3
.

We take the linear change of variables (q, p) �→ (q2, p2) such that

(6.6)
1

2

(
p2 +

(
1

4t20
− t20

4
− 1

)
q2
)

= λq2p2, q = c1q2 + c2p2,

for some nonzero constants λ, c1 and c2. By (6.5) we have

(6.7) H = λq2p2 +B1(t)(c1q2 + c2p2)
2 + B2(t)

(c1q2 + c2p2)
3

3
,

where

B1(t) =
1

8

(
1

t2
− t2 − 1

t20
+ t20

)
, B2(t) = t−1/2 exp(−t2/4).

Set q2 = u3, p2 = u4 and t = v1. Then (2.6) and (2.7) are given, respectively,
by

λu3 +B1(v1)2c2(c1u3 + c2u4) + B2(v1)c2(c1u3 + c2u4)
2 = 0,(6.8)

λu4 +B1(v1)2c1(c1u3 + c2u4) + B2(v1)c1(c1u3 + c2u4)
2 = 0.(6.9)

By subtraction we have c1u3 = c2u4. Eliminate u4 from (6.8). Since u3 
= 0 we
obtain

(6.10) λ+ 4c1c2B1(v1) + 4c21c2B2(v1)u3 = 0.

Hence u3 is holomorphic if v1 
= 0. As for the zero of u3, we consider λ +
4c1c2B1(v1) = 0. It is the algebraic equation of v21 of degree 2. Choose a pair
of zero points in the v1-plane which are not symmetric about the origin. By a
suitable translation and a linear change of variables in t we may assume that they
are given by 0 and 2πi/(λν). Hence u3 is holomorphic in some small neighborhood
of the segment joining 0 and 2πi/(λν), which proves (A.1) and (A.2).

The condition (2.5) holds if B1(t) 
= 0 and (q2, p2) is sufficiently small. The
above argument is applicable to the equation

(6.11)
d2w

dz2
=

N∑
n=1

bn(z)w
n,

where N ≥ 2 is an integer and bn(z)’s are analytic in some domain Ω1 ⊂ C.
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7. Borel summability

7.1. Definition. Let Ω1, U0 and U1 be the domain in C. Consider the formal
power series of h

(7.1) v(q1, v, r, h) =
∞∑

n=1

vn(q1, v, r)h
n,

where vn(q1, v, r) is holomorphic in the domain (q1, v, r) ∈ D0 ≡ Ω1 × U1 × U0.
Define the formal Borel transform B by

(7.2) B(v)(q1, v, r, y) :=
∞∑

n=1

vn(q1, v, r)

(n− 1)!
yn−1,

where y is a dual variable of h.
Denote the set of nonnegative real numbers by R+. Let dist(z,R+e

iξ) be the
distance from z to R+e

iξ. For θ > 0 and a real number ξ, define

(7.3) E(ξ, θ) :=
{
z ∈ C

∣∣dist(z,R+e
iξ) < 2−1θ

}
.

Define the sector with the bisecting direction ξ ∈ R and the opening θ > 0 by
{z ∈ C \ 0 | | arg z − ξ| < θ/2}.

We say that v(q1, v, r, h) is (fine) Borel summable in the direction ξ if there
exists θ > 0 such that B(v)(q1, v, r, y) converges when (q1, v, r) ∈ D0 and y is
in some neighborhood of y = 0, and B(v)(q1, v, r, y) is analytically continued to
D0 × E(ξ, θ) with exponential type of order 1 in y ∈ E(ξ, θ) for (q1, v, r) ∈ D0.
Namely, there exist K0 > 0 and K2 > 0 such that

|B(v)(q1, v, r, y)| ≤ K0e
K2|y|, y ∈ E(ξ, θ), (q1, v, r) ∈ D0.

For simplicity, we denote the analytic continuation with the same notation. The
Borel sum of v(q1, v, r, h), V (q1, v, r, h) is given by the Laplace transform

(7.4) V (q1, v, r, h) :=

∫ ∞eiξ

0

e−yh−1

B(v)(q1, v, r, y)dy.

7.2. Construction of formal solution. We assume (A.1)’ and (A.1). Let
q1 ∈ Ω1 and v ∈ U1. Let L0 > 0 be given. Let r satisfy |c0r| ≤ L0. Substitute u1

into (3.13) and (3.14). Construct a formal solution of (3.13) - (3.14), (u3, u4) in
the form

(7.5) u3 =
∞∑

n=0

wn(q1, v, r)h
n, u4 =

∞∑
n=0

w̃n(q1, v, r)h
n.

Here w0 and w̃0 are determined, respectively, by

(7.6) λw0 +R3(u1, w0, w̃0) = 0, λw̃0 −R4(u1, w0, w̃0) = 0.

w0 (resp. w̃0) is a holomorphic funtion of (q1, v, r) ∈ D0 by assumption. Then we
determine wn and w̃n, inductively. Note that there is a division by rν−1 in each
step when we determine wn.

We prove that wn’s (n ≥ 1) are holomorphic functions of rν at the origin.
Consider w1. Multiply (3.13) with r. We calculate w1 by dividing the next quantity
with rν

(7.7) rνc0
∂w0

∂q̃1
+ (1− λc0r

ν)r
∂w0

∂r
,
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and by inverting the bounded quantity appearing from λ+∇R3 (resp. λ−∇R4).
We note that (7.7) is equal to rν times some holomorphic function. Indeed, since
w0 is analytic in u1, (3.15) implies that r ∂w0

∂r is divisable by rν . It follows that w1

is analytic in rν .
Next, we consider w2. Similarly, we investigate r ∂w1

∂r . Since r ∂
∂r (1−λc0r

ν)−1 is

divisable by rν , r ∂w1

∂r has the same property. Hence w2 is analytic in rν . Inductively,
we see that wn’s are analytic in rν .

Concerning the estimate of wn, we can easily show that there exist constants
K1 > 0 and ρ > 0 independent of n such that |wn| ≤ K1ρ

nn! by Nagumo’s lemma.

7.3. Summability. We have

Theorem 7.1. Assume that the conditions (A.1)’, (A.1) and (A.2) are satis-
fied. Then there exist δ0 > 0, a neighborhood of I0, Ω1 ⊂ Ω2, a neighborhood U1 of
v(I0), K1 > 0, and L0 > 0 such that, if (2.8) holds, then (7.5) of (3.13) - (3.14) is
Borel summable in the direction 0 for (q1, v, r) ∈ Ω1 × U1 × (U0 ∩ {r| |c0r| < L0}).

Theorem 7.1 is proved by the same argument as in [Y2]. We give the sketch of
the proof in the appendix.

Appendix A. Global Borel summability

A.1. Basic properties. Convolution. For 0 < θ < π, set Ω := E(π, θ).
Define H(Ω) as the set of holomorphic functions in Ω. For c > 0, define Hc(Ω) as
the set of h ∈ H(Ω) such that there exists K ≥ 0 for which

(A.1) |h(z)| ≤ Kec|Re z|(1 + |z|)−2 for all z ∈ Ω.

Clearly, Hc(Ω) is the Banach space with the norm ‖h‖Ω,c := supz∈Ω |h(z)|(1 +

|z|)2e−c|Re z|. Define the convolution f ∗ g of f, g ∈ Hc(Ω) by (f ∗ g)(z) :=
∫ z

0
f(z−

t)g(t)dt =
∫ z

0
f(t)g(z − t)dt.

Let D be a domain in (q1, v, r) ∈ C3 and let θ > 0. Set Ω := E(0, θ). Let
H(D,Ω) be the set of all holomorphic functions in (q1, v, r) ∈ D, y ∈ Ω. For c > 0
let Hc(D,Ω) denote the set of those f ≡ f(q1, r, y) ∈ H(D,Ω) such that there exists
K ≥ 0 satisfying

(A.2) sup
(q1,v,r)∈D

|f(q1, v, r, y)| ≤ Kec|Re y|(1 + |y|)−2 for all y ∈ Ω.

Define u3 =: w0 + v3, u4 =: w̃0 + v4, where v3 = O(h) and v4 = O(h). Set
v3 = v (resp. v4 = ṽ) and w = w0 + v (resp. w̃ = w̃0 + ṽ). Let v̂ := B(v)(q1, v, r, y)
be the formal Borel transform of v, where y is the dual variable of h. Substitute
u3 = w0 + v3 and u4 = w̃0 + v4 into (3.13) and cancel the constant term, h0 = 1.
Divide the equation with h and apply the formal Borel transform to both sides of
the equation. Define

R̃3 = R3(u1, u3, u4)−R3(u1, w0, w̃0)− h

(
c0

∂w0

∂q̃1
+ r1−ν(1− λc0r

ν)
∂w0

∂r

)
.

Because the Borel transform maps the multiplication h−1 to ∂/∂y, we have

(A.3) rν−1c0
∂v̂

∂q̃1
+ (1− λc0r

ν)
∂v̂

∂r
− rν−1 ∂

∂y

(
λv̂ + R̃∗

3(u1, û3, û4)
)
= 0.
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Here R̃∗
3 is given by replacing the product in R̃3 with the convolution product.

Similarly, if w̃ = u4, then we have the equation of ˆ̃v, for some R̃∗
4,

(A.4) rν−1c0
∂ ˆ̃v

∂q̃1
+ (1− λc0r

ν)
∂ ˆ̃v

∂r
+ rν−1 ∂

∂y

(
λˆ̃v − R̃∗

4(u1, û3, û4)
)
= 0.

There exists a neighborhood y = 0, W such that B(v) and B(ṽ) are analytic
in (q1, v, r, y) ∈ Ω1 × U1 × Ω0 ×W and that they give the unique analytic solution

of the system (A.3) - (A.4). Assume q
(0)
1 = 0, for simplicity. Theorem 7.1 follows

from the next theorem.

Theorem A.1. Assume that the conditions (A.1)’, (A.1) and (A.2) are sat-
isfied. Let c > 0. Then, for every L0 > 0 there exist a neighborhood of I0,
Ω1 ⊂ Ω2, a neighborhood of v(I0), K1 > 0, E(0, θ) =: Ω and δ0 such that, if
(2.8) holds, then (A.3) - (A.4) has a solution (û3, û4) in Hc(D,Ω) × Hc(D,Ω),
where D = Ω1 × U1 × (Ω0 ∩ {r| |c0r| < L0}).

A.2. Preparation of lemmas. Define R := (R3,R4). Let ∇R be the Jacobi
matrix with respect to (u3, u4). Denote by diag(λ,−λ) the diagonal matrix with

diagonal components given, respectively, by λ,−λ. Let λ(u1) and λ̃(u1) be the
first and second element of diagonal part of diag(λ,−λ) + ∇R(u1, w0(0), w̃0(0)),
respectively. Consider

(A.5) Lŵ ≡ rν−1c0
∂ŵ

∂q̃1
+ (1− λc0r

ν)
∂ŵ

∂r
− rν−1λ(u1)

∂ŵ

∂y
= rν−1ĝ,

where ĝ ∈ Hc(D,Ω). Similarly, we define L̃ by replacing λ(u1) with λ̃(u1) in (A.5).
We consider the case q̃1 = q1, for the sake of simplicity. In order to solve (A.5)

we use the method of characteristics. Consider

(A.6)
dq1

rν−1c0
=

dr

1− λc0rν
=

dy

−rν−1λ(u1)
.

By integrating (A.6) we have q1 = q
(0)
1 − (λν)−1 log (1 − λc0r

ν), where q
(0)
1 is a

constant. Substitute q1 into (A.6) and solve (A.6) with respect to y. We have

(A.7) y = y0 − Φ(r), Φ(r) :=
1

c0

∫ σ

0

λ(s− q
(0)
1 )ds, σ = − 1

λν
log(1− λc0r

ν),

where y0 = y(0) ∈ Ω is the initial value of y = y(r) at r = 0. We have

Lemma A.2. Suppose that r0 satisfies 1 − λc0r
ν
0 
= 0. Assume that λ(u1) is

analytic at u1 = −q(0)1 . Then there exists a curve γr0 on C passing through r0 such
that ImΦ is constant on γr0 , where Φ is given by (A.7).

Lemma A.3. Assume that λ(u1) is analytic at u1 = −q(0)1 . Suppose that r0
satisfies 1− λc0r

ν
0 
= 0. Let γr0 be given by Lemma A.2. For r ∈ γr0 , define

(A.8) P ĝ :=

∫ r

r0

ĝ(u1(s), s, y0 − Φ(s))
sν−1

1− λc0sν
ds, ĝ ∈ Hc(D,Ω),

where the integral is taken along γr0 . Then P ĝ satisfies (A.5). Especially, P ĝ is
analytic in r in some neighborhood of the origin r = 0.

Lemma A.4. Assume that λ(u1) is analytic at u1 = −q(0)1 . Suppose that r0
satisfies 1− λc0r

ν
0 
= 0. Let γr0 be given by Lemma A.2. Let r1 satisfy 1− λc0r

ν
1 =

0. Assume that there exist a neighborhood Wr1 of r1 and M1 > 0 such that, if
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γr0 ⊂ Wr1 , then M−1
1 ≤ |r1 − s||r1 − t|−1 ≤ M1 for every s, t ∈ γr0 . Then, there

exists a constant c1 ≥ 0 such that, for every ĝ ∈ H(D,Ω) we have

(A.9) ‖P ĝ‖c ≤ c1‖ĝ‖c,
∥∥∥∥ ∂

∂y
(P ĝ)

∥∥∥∥
c

≤ c1‖ĝ‖c.

Lemmas A.2, A.3 and A.4 are proved in [Y2]. Then the remaing argument of
the proof of Theorem 7.1 is a standard iteration. The argument is similar to the
one in [Y2].
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Some notes on moment partial differential equations.
Application to fractional functional equations

Alberto Lastra, S�lawomir Michalik, and Maria Suwińska

Abstract. The present work provides a brief description on the state of the

art regarding the theory of moment differential equations in the complex do-
main, and its applications to the study of fractional differential equations. All
results are stated without any proof, giving appropriate references where the
details can be found. We also describe how the theory can be particularized
to fractional differential equations and the scope of the results achieved.

1. Introduction

The present work provides a brief description on the state of the art regarding
the theory of moment differential equations in the complex domain, and its applica-
tions to the study of fractional differential equations. All results are stated without
any proof, giving appropriate references where the details can be found.

The study of formal solutions of moment functional equations, their summabil-
ity properties, and related results was firstly considered byW. Balser and M.Yoshino
in 2010, in [BY]. In that work the authors define the formal moment differential
operators on formal power series, generalizing the classical concept of formal dif-
ferentiation of power series. In the last years several results have been achieved in
the study of such functional equations, which are summarized and discussed in the
present work.

2. Recent results on the study of moment partial differential equations

2.1. Gevrey case. As mentioned above, the study of formal solutions of mo-
ment functional equations, their summability properties and related results were
firstly considered by W. Balser and M. Yoshino in 2010, in [BY]. In that work
the authors define the formal moment differential operators on formal power series,
generalizing the classical concept of formal differentiation of power series.
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This concept is applied to study the formal series solutions of moment partial
differential equations, in the form of an inhomogeneous moment partial differential
equation with constant coefficients. The existence of a formal solution (Proposition
2, [BY]) and Gevrey estimates for their coefficients (Theorem 1, [BY]) give a first
step in this theory.

Given a sequence of positive numbers m = (m(p))p≥0, the operator of moment
differentiation ∂m,z is defined for every element in C[[z]] by

∂m,z

⎛⎝∑
p≥0

ap
m(p)

zp

⎞⎠ =
∑
p≥0

ap+1

m(p)
zp.

This previous definition can be naturally extended to functions defined on a neigh-
borhood of the origin by means of their representation in the form of an infinite
series. However, this formal differentiation does not preserve convergence unless
some regularity property is assumed for the sequence m. Usually, the sequence m
is assumed to be a sequence of moments, i.e., a sequence defined by

(2.1) m(p) =

∫ ∞

0

tp−1e(t)dt,

for some kernel function for summability e. Here, the kernel function e of order k
(k > 1/2) is a holomorphic function on the infinity sector in the direction 0 and
opening π/k, such that e is exponentially flat of order k in this sector, e(z)/z is
integrable at the origin and e(x) > 0 for x > 0. The general moment summability
described by W. Balser in Chapter 6.5 [B] generalizes the classical Borel-Laplace
method by considering more general kernel functions and sequences than expo-
nentials and Gevrey sequences to provide the sum of a formal power series. As
W. Balser mentions in his book, such moment methods turn out to be equivalent
to the classical ones in the sense that they sum the same formal power series to the
same analytic functions.

As mentioned above, the first approach to the study of moment differential
equations is that by W. Balser and M. Yoshino in [BY]. This first approach is based
on the construction linked to a pair of kernel functions to summability, generalizing
the classical Borel and Laplace operators which are associated with sequences m =
(m(p))p≥0 which are equivalent to some Gevrey sequence. To be precise, there exist
α > 0 and C1, C2, A1, A2 > 0 such that

C1A
p
1p!

α ≤ m(p) ≤ C2A
p
2p!

α

for every p ∈ {0, 1, . . .}. We refer to such sequences as sequences of moments of
Gevrey order α.

Let m1 and m2 be two sequences of moments of Gevrey order k1 > 0 and

k2 > 0, resp. Let p(t, z) ∈ C[t, z] and f̂(t, z) ∈ C[[t, z]]. In Section 3 of [BY], the
authors consider the following moment partial differential equation

(2.2) P (∂m1,t, ∂m2,z)û(t, z) = f̂(t, z),

and study the set of formal solutions û(t, z) to (2.2) via a parametrization of the set
of solutions (see Proposition 2, [BY]). The notion of formal solutions to a moment
partial differential equation of the form (2.2) was clear. However, the study of

analyticity of solutions on domains such as polysectors in C2 with (0, 0), when f̂ is
a holomorphic function on the same domain was quite unclear, and some light was
put on it by considering Toeplitz operators which preserve summability properties
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and commute with products (see Section 4 in [BY]). Given a formal solution û(t, z)
of (2.2), Gevrey estimates of a formal solution of (2.2) is characterized in terms of

the Gevrey order of f̂ (Theorem 1, [BY]).
In 2013, S. Michalik gives an answer to the problem of analyticity when consid-

ering problems of the form (2.2), where constant coefficients are being considered, in
the work [M]. More precisely, S. Michalik considers the Cauchy problem consisting
of a moment partial differential equation (2.2) and initial data given by

(2.3) ∂j
m1,tu(0, z) = ϕj(z), j = 0, . . . , n− 1,

with n being the degree of P with respect to its first variable, and ϕj are assumed
to be holomorphic functions on some disc at the origin. The main results in this
work state the relationship between analytic continuation of the initial data and
convergence and analytic continuation of the formal solution. More precisely, mul-
tisummability of the formal solution of the main equation is characterized regarding
the growth properties of the analytic continuation of ϕj , for 0 ≤ j ≤ n − 1. In a

first step, S. Michalik considers an equation with f̂ ≡ 0, and splits the polynomial
P in terms of the roots of the characteristic equation P (λ, ξ) = 0 with respect to
its first variable. The formal solution can be written in terms of the formal solution
of Cauchy problems associated with equations of the form

(2.4) (∂m1,t − λα(∂m2,z))
βûα,β = 0,

for some α and β ≥ 1, and where (λ− λα(ξ))
β divides the characteristic equation.

After stating the Gevrey order of the formal solution of the main equation (see
Theorem 2, [M]), and the conditions for its convergence near the origin, he is able
in this latter case to characterize the exponential growth of the analytic solutions
(with respect to t) of (2.4) on infinite sectors with appropriate bisecting direction,
in terms of the exponential growth of the initial conditions (Theorem 3). Also, in
the case that the formal solutions of (2.4) are not convergent, a characterization to
summability along well-chosen directions of the formal solutions is provided in terms
of the exponential growth of the initial conditions (Theorem 4). The final results
(Theorem 5 and Theorem 6) put all the previous information together regarding
equation (2.4) in order to state multisummability of the formal solution to (2.2),
(2.3) along appropriate directions, provided exponential growth of the initial data.

The inhomogeneous case (f̂ 
= 0) is also considered. The form of the formal solution
(Theorem 7) together with the Gevrey estimates of the formal solution (Theorem
8) are stated. In this latter case, the Gevrey order of the solution is modified with

respect to the homogeneous framework whenever the Gevrey order of f̂ is large
enough. We also refer to [M2] for further study in the homogeneous situation,
while dropping the condition of the convergence of the initial data.

Further knowledge on the solutions to moment partial differential equations
with constant coefficients is provided in [MT], where the authors study multi-
summable normalized formal solutions to (2.2), (2.3) and describe Stokes and anti-
Stokes lines, jumps across Stokes lines and a maximal family of solutions. This
is possible by taking into account the jumps across the Stokes lines in terms of
hyperfunctions (see [K] for the details on this concept).

2.2. Some generalities. The construction of more general kernels via flat
functions in Carleman ultraholomorphic classes which admit a nonzero proximate
order is due to J. Sanz [S]. This novel development greatly enlarges the class of
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sequences m which can be considered as moments related to the kernel function
e in (2.1). The sequences considered in the previous bounds satisfy certain condi-
tions related to appropriate properties of the associated functional spaces, initially
studied in the real setting: closeness under product and composition is guaranteed
if the sequence is logarithmically convex (lc); the existence of functions within this
class and with a prescribed Taylor expansion at the origin is characterized via the
strong non-quasianalyticity condition (snc); it is also usual to consider sequences
under the moderate growth condition (mg). Some more details on properties of
the sequences and related spaces can be found in [KMR,R]. In these notes we will
assume that the initial sequence is strongly regular, i.e., satisfies (lc), (snc) and
(mg), starting from one. This concept was put forward by V. Thilliez [T]. Strongly
regular sequences appear in the structure of the formal and analytic solutions of
certain families of functional equations: Gevrey sequence of some positive order α,
(Γ(1 + αp))p≥0 is strongly related to fractional differentiation (see Section 3); 1+
level related to difference equations (see [I, I2], among others), etc.

It is worth mentioning that a branch of research is currently being performed
in the direct study of classes of holomorphic functions defined in a sector of the
Riemann surface of the logarithm whose derivatives satisfy certain bounds in terms
of a given sequence, the so-called Carleman ultraholomorphic classes of functions.
For more details on that topic we refer to the studies [JS,JSS,JSS2,JSS3] and
the references therein. Also, a detailed introduction on the topic of summability
analysis of formal power series can be found in [S2].

2.3. One example. As a motivating example, we illustrate the summability
procedure of the generalization of Euler equation (see Example 1.1.4, [L]) in the
context of moment differential equations, which resembles the classical procedure of
summability of Gevrey formal power series solutions to ordinary differential equa-
tions. Let us consider a sequence of moments m = (m(p))p≥0, which is associated
with a kernel function for summability e. We consider the moment differential
equation

(2.5) z∂m,z(zy(z)) + y(z) = z.

Observe that in the special case, when we take the corresponding sequence of mo-
ments (m(p))p≥0 = (Γ(1 + p))p≥0 and the kernel function e(z) = ze−z, we get the
classical Euler equation z∂z(zy(z)) + y(z) = z.

It is straightforward to check that the formal power series

ŷ(z) =
1

m(1)

∑
p≥0

(−1)pm(p+ 1)zp+1

is a formal solution to (2.5). A generalized Borel-Laplace procedure for summability
of formal power series can be applied. Indeed, one has that the generalized formal
Borel operator B̂m, defined for any formal power series by dividing each coefficient
by the corresponding moment, can be applied to ŷ to arrive at

B̂mŷ(z) =
−1
m(1)

∞∑
n=0

(−z)n+1 =
1

m(1)

z

1 + z
.
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The properties of the kernel function e (see [S], for example) allow to define a
Laplace-like transformation leading to a function

y(z) =
1

m(1)

∫ ∞(d)

0

u

1 + u
e(u/z)

du

u
,

valid for every direction d 
= π. The function y turns out to be a holomorphic
function defined on some sector of opening depending onm. The formal power series
ŷ represents y asymptotically. Moreover, the opening of the sector in which this
representation occurs guarantees uniqueness of the function y under this property
(from a generalization of Watson’s Lemma, see Corollary 4.12 in [S]). In addition
to this, y is an analytic solution of (2.5).

2.4. Some remarks on moment integro-differential equations. The
broader concept of generalized summability dealing with kernel functions associated
with strongly regular sequences was applied in Section 7 [S2], where the previous
techniques are adapted to study the growth properties of the solutions to (2.4) (The-
orem 7.11, [S2]) and summability of the formal solutions to (2.2) along appropriate
directions (Theorem 7.15). See also Section 5 in [LMS] for further details. In this
direction, further results have been achieved on the development of a generalized
multisummability theory of formal power series concerning different (comparable
and nonequivalent) levels associated with ultraholomorphic classes in [JKLS].

We also remark on the existence of recent results regarding the appearance of
functions in ultraholomorphic classes in the framework of the study of singularly
perturbed linear partial differential equations in the complex domain of the form

L(t, z, ∂t, ∂z, ε)u(t, z, ε) = 0,

where L is a linear differential operator, polynomial in all its variables but in (z, ε),
where ε is assumed to be a small complex perturbation parameter. The coefficients
of L regarding such variables are assumed to be holomorphic functions near the ori-
gin in z, with coefficients being the sums of formal power series in the perturbation
parameter ε, which are related to the generalized summability procedure described
in [LMS], based on the construction of flat functions for generalized summability
previously developed in [S].

The knowledge of the behavior of the solutions to linear moment partial differ-
ential equations with constant coefficients was enlarged in [M3], where sufficient
conditions for the convergence, analytic continuation, and also for the summability

of the formal solution are determined in terms of f̂(t, z) in (2.2). Summability is
performed with respect to each of the variables and also in both variables. In [MS],
a step forward is taken by considering moment partial differential equations of the
form

(2.6) P (t, ∂m1,t, ∂m2,z)û(t, z) = f̂(t, z),

under initial data (2.3), where P is a polynomial in its second and third variables,
with coefficients being holomorphic functions on some neighborhood of the origin
(or formal power series of some Gevrey order). Newton polygon and formal norm
techniques are applied in order to provide with Gevrey estimates for the formal so-
lution of the problem which depend on the divergence of the coefficients, the forcing

term f̂ , and/or the initial data. The results are described in terms of the general-
ized summability developed in [B], whereas in [LMSu] the generalized kernels for
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summability developed in [S] are being considered, after the choice of adequate mo-
ment formal norms and formal power series adapted to the problem. In this work,
both the coefficients and the forcing term satisfy general bounds associated with
strongly regular sequences, leading to a formal solution in powers of t with coeffi-
cients being holomorphic functions on a common polydisc, and satisfying bounds
determined by the first positive slope of the Newton polygon associated with the
equation, and also to the previous strongly regular sequence. The result is stated in
terms of a finite number of variables z, and the two-dimensional case, i.e., z stand-
ing for just one component, allows to weaken the conditions of the strongly regular
sequence. On the other hand, the multidimensional case, under the assumption
of constant coefficients and certain technical restrictions on the sequence involved,
allows to get to an analogous result as before. The estimates of formal solutions to
moment partial differential equations with variable coefficients of the form

(2.7) P (t, z, ∂m1,t, ∂m2,z)û(t, z) = f̂(t, z),

is successfully studied in [Su] in the case of moment differentiation in the sense
considered by Balser and Yoshino explained above. Regarding the problem (2.6),
M. Suwińska is able to deal with coefficients not only depending on t variable, but
also on the spatial variables z under certain assumption on the Newton polygon
associated with the equation, and the Gevrey order of the formal solution to (2.7).
The main tool in this generalization is the use of Nagumo-type norms in order to ob-
tain Gevrey bounds for the formal solution in the shape of the previous works listed
above (Theorem 1, [Su]). The work [Re] considers partial differential equations of
a similar nature as those described above.

After the achievement of Gevrey and more general estimates for the formal
solutions to the moment partial differential equations under consideration, it is
a natural question to consider whether such formal solutions can be summed up
following a summability technique such as a Borel-Laplace like procedure. More
precisely, the next step taken in the theory was to determine summability prop-
erties for the equations in (2.6). For this purpose a deeper knowledge of the mo-
ment differential operator is needed, broadening the spaces of functions to which
it can be applied successfully. An integral representation of moment differentiation
(Theorem 3, [LMSu2]) is provided, determining exponential-like bounds for the
subsequent moment derivatives of functions in ultraholomorphic classes. As a di-
rect consequence, the space of summable formal power series along a direction with
respect to some strongly regular sequence admitting a nonzero proximate order
turns out to be closed under moment differentiation. Therefore, the definition of
moment derivatives of the generalized sum of a formal power series can be defined
as the generalized sum along that same direction of the formal moment derivative
of the initial formal power series. As an application of this result, the summability
properties of the formal solutions to the moment partial differential equation

(∂k
m1,t − a(z)∂p

m2,z)u(t, z) = f̂(t, z),

under holomorphic Cauchy data near the origin are studied. Here a(z) is also
holomorphic on some neighborhood of the origin. A second result in that work
(Theorem 4) states that summability of the formal solution with respect to t variable

along certain direction is equivalent to summability of f̂ (with respect to t) and
the summability of the first terms of the formal solutions, written in powers of z.
Further results making use of the previous property have been achieved in [LMSu3]
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when dealing with moment integro-differential equations of the form

(1−
∑
i,q

ai,q(z)∂
−i
m1,t∂

q
m2,z)u(t, z) = f̂(t, z),

with a finite sum, and holomorphic coefficients near the origin. The initial condi-
tions associated with this moment functional equations are assumed to be holomor-
phic functions on some neighborhood of the origin. The natural definition of the
operator ∂−1

m,z is determined by its action on formal power series by

∂−1
m,z

⎛⎝∑
p≥0

ap
m(p)

zp

⎞⎠ =
∑
p≥0

ap
m(p+ 1)

zp+1.

The consideration of appropriate norms defined on holomorphic functions near the
origin, together with Newton polygon techniques, under certain properties linking
the moment sequences m1 and m2 and under one slope in the Newton polygon one
has that (Theorem 4.1, [LMSu3]) the formal solution is summable with respect

to some positive sequence along certain direction d ∈ R whenever f̂ and the first
terms in the formal solution with respect to z are summable with respect to the
same sequence along that same direction. The converse is only true (Theorem 4.2)
under further assumptions on the sequence, which apply in the examples appearing
in applications to fractional differential equations. The work is developed in terms
of the approach in [S]. In this same proceedings volume an interested reader will find
the version of this result in the framework of the kernel functions considered in [B].
We also refer to the work by P. Remy [Re2] in the study of integro-differential
equations of a similar nature as those considered.

3. A focus on the fractional differential equations

The main application of moment functional equations might be that particular-
ized to fractional differential equations and fractional integro-differential equations.

The moment sequence is then given by Gamma function m = (Γ(1 + p
k ))p≥0

for some fixed k > 0. The kernel functions associated with this sequence are given
by e(z) = 1

αz
1
α exp(−z 1

α ) and E(z) =
∑

p≥0
zp

Γ(1+αz) with α = 1/k. Here, moment

differentiation is quite related to Caputo 1/k−fractional derivative ∂
1/k
z as follows.

For every α ∈ Q+ the fractional derivative of order α is defined on formal power
series in zα by

(3.1) ∂α
z

⎛⎝∑
p≥0

ap
Γ(1 + αp)

zαp

⎞⎠ =
∑
p≥0

ap+1

Γ(1 + αp)
zαp.

Recently, Caputo derivatives [G], asymptotic periodic solutions of evolution
equations [RWF], or stability properties [A], or numerical studies [Bh,F] have been
done regarding these kind of derivation operators. We also refer to the book [Ba].

This operator coincides with the classical derivative for α = 1. If α = 1/k, then
the operator is known as Caputo fractional derivative for 1/k−analytic functions
(see [KST]). The aforementioned relation of the previous operator with moment
differentiation is given by the equality

(∂mf̂)(z1/k) = ∂1/k
z (f̂(z1/k)),
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with m being the moment sequence m = (Γ(1 + p
k ))p≥0. The formal α-integral

operator, naturally defined from (3.1) coincides with Riemann-Liouville fractional
integral

(3.2) Iα0+f(z) :=
1

Γ(α)

∫ z

0

f(t)dt

(z − t)1−α
.

We refer to [GL,Ki,Ki2,O] for further details on fractional calculus. In this case,
the assumptions made on the sequences considered are satisfied and the equivalence
mentioned in the last paragraph of the previous section holds. The equivalence
result for summability regarding integro-differential equations holds in both, the
Gevrey moment settings (see the contribution by M. Suwińska in this same volume)
and also in the strongly regular settings. All the previous results mentioned in that
section can be particularized in this situation.
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Lie Groups, Number Theory, and Vertex Algebras, 2021

767 Moshe Jarden and Tony Shaska, Editors, Abelian Varieties and Number Theory,
2021

766 Paola Comparin, Eduardo Esteves, Herbert Lange, Sebastián Reyes-Carocca,
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