C ONTEMPORARY

MATHEMATICS

/82

Recent Trends in Formal and
Analytic Solutions of Diff.
Equations

Virtual Conference

Formal and Analytic Solutions of Diff. Equations
June 28-July 2, 2021

University of Alcald, Alcald de Henares, Spain

Galina Filipuk
Alberto Lastra
Stawomir Michalik
Editors

AMERICAN

® ,00
3.: A MS MATHEMATICAL

SOCIETY




Recent Trends in Formal and
Analytic Solutions of Diff.
Equations






C ONTEMPORARY
IMATHEMATICS

782

Recent Trends in Formal and
Analytic Solutions of Diff.
Equations

Virtual Conference

Formal and Analytic Solutions of Diff. Equations
June 28-July 2, 2021

University of Alcald, Alcald de Henares, Spain

Galina Filipuk
Alberto Lastra
Stawomir Michalik
Editors

AMERICAN

0,000
§° A MS MATHEMATICAL

SOCIETY



EDITORIAL COMMITTEE
Michael Loss, Managing Editor
John Etnyre Angela Gibney Catherine Yan

2020 Mathematics Subject Classification. Primary 30D35, 34A26, 34C20, 34E05, 34M40,
35A02, 35C10, 35G10, 37J40, 38A13.

Library of Congress Cataloging-in-Publication Data

Names: Virtual Conference on Formal and Analytic Solutions of Diff. Equations (2021: Alcald
de Henares, Spain), author. | Filipuk, Galina, editor. | Lastra, Alberto, editor. | Michalik,
Stawomir, editor.

Title: Recent trends in formal and analytic solutions of diff. equations: Virtual conference on
formal and analytic solutions of diff. equations, June 28-July 2, 2021, University of Alcala,
Alcald de Henares, Spain / Galina Filipuk, Alberto Lastra, Stawomir Michalik, editors.

Description: Providence, Rhode Island : American Mathematical Society, [2023] | Series: Con-
temporary mathematics, 0271-4132 ; volume 782 | Includes bibliographical references.

Identifiers: LCCN 2022032611 | ISBN 9781470466046 (paperback) | ISBN 9781470472092 (ebook)

Subjects: LCSH: Differential equations—Congresses. | Difference equations—Congresses. | AMS:
Functions of a complex variable — Entire and meromorphic functions, and related topics —
Distribution of values, Nevanlinna theory. | Ordinary differential equations — General theory
— Geometric methods in differential equations. | Ordinary differential equations — Qualitative
theory — Transformation and reduction of equations and systems, normal forms. | Ordinary
differential equations — Asymptotic theory — Asymptotic expansions. | Ordinary differential
equations — Differential equations in the complex domain — Stokes phenomena and connection
problems (linear and nonlinear). | Partial differential equations — General topics — Uniqueness
problems: global uniqueness, local uniqueness, non-uniqueness. | Partial differential equations
— Representations of solutions — Series solutions. | Partial differential equations — General
higher-order equations and systems — Initial value problems for linear higher-order equations. |
Dynamical systems and ergodic theory — Finite-dimensional Hamiltonian, Lagrangian, contact,
and nonholonomic systems — Perturbations, normal forms, small divisors, KAM theory, Arnold
diffusion. | Difference and functional equations — Difference equations — Difference equations,
scaling (g-differences).

Classification: LCC QA370 .V57 2021 | DDC 515/.35-dc23/eng20230106

LC record available at https://lccn.loc.gov/2022032611

Contemporary Mathematics ISSN: 0271-4132 (print); ISSN: 1098-3627 (online)

DOI: https://doi.org/10.1090/conm/782

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

(© 2023 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights

except those granted to the United States Government.
Printed in the United States of America.

The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.
Visit the AMS home page at https://www.ams.org/

10987654321 2322212019 18


https://doi.org/10.1090/conm/782
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/

Contents

Normal forms of a polynomial ODE
ALEXANDER D. BRUNO m

Computation of homological equations for Hamiltonian normal form
ALEXANDER B. BATKHIN @

A note on value distribution of solutions of certain second order ODEs
Ewa CIECHANOWICZ m]

Relations between different Hamiltonian forms of the third Painlevé equation
GALINA FILIPUK, ADAM LI1GEZA, and ALEXANDER STOKES 37

Degeneration structure of the Voros coefficients of the generalized
hypergeometric differential equations with a large parameter

TAKASHI AOKI and SHOFU UCHIDA 43
Riemann-Liouville transform and linear differential equations on the Riemann
sphere

TosHIo OSHIMA oy

The Riemann-Hilbert approach to the generating function of the higher order
Airy point processes
MATTIA CAFASSO and SOFIA TARRICONE 93]

A system of nonlinear difference equations for recurrence relation coefficients
of a modified Jacobi weight
YANG CHEN, GALINA FILIPUK, and MARIA DAS NEVES REBOCHO 11

g-Heun equation and initial-value space of g-Painlevé equation
SHOKO SASAKI, SHUN TAKAGI, and KOUICHI TAKEMURA 119

Differential transcendence of solutions for g-difference equation of Ramanujan
function
HIROSHI OGAWARA 143

On the positive powers of g-analogs of Euler series
CHANGGUI ZHANG 155

Summability of formal solutions for a family of linear moment
integro-differential equations
MARIA SUWINSKA 167



vi CONTENTS

Uniqueness of the solution of some nonlinear singular partial differential
equations of the second order
HIDETOSHI TAHARA 193

Solution with movable singular points of some Hamiltonian system
MASAFUMI Y OSHINO 207]

Some notes on moment partial differential equations. Application to fractional
functional equations
ALBERTO LASTRA, SEAWOMIR MICHALIK, and MARIA SUWINSKA 219]



Preface

The book presents the state of the art in the study of functional equations in the
complex domain, including differential equations, difference equations, ¢-difference
equations, moment-differential equations, partial differential equations, etc. For
this reason, the title of the volume contains the word “diff.” aiming to embrace
all of them together. The volume consists of selected peer-reviewed contributions
from the conference “Formal and Analytic Solutions of Diff. Equations on the
Internet”, which was held online from June 28th to July 2nd, 2021. The editors
want to express sincere gratitude to all the participants of the conference who made
it possible to exchange scientific ideas and results, to examine different directions for
future research and to promote both new and existing collaborations of researchers
in these topics, despite the world pandemic situation. The virtual conference venue
was the School of Architecture of the University of Alcald, located in the city center
of Alcala de Henares (Spain).

The topics of the conference were:

e Ordinary differential equations in the complex domain. Formal and ana-
lytic solutions. Stokes multipliers.

e Formal and analytic solutions of partial differential equations.

e Formal and analytic solutions of difference equations (including g¢-difference
and differential-difference equations).

e Special functions (hypergeometric functions and others), orthogonal poly-
nomials, continuous and discrete Painlevé equations.

e Integrable systems.

e Holomorphic vector fields. Normal forms.

e Asymptotic expansions, Borel summability.

Scientific Committee consisted of Galina Filipuk (University of Warsaw, Poland),
Alberto Lastra (University of Alcald, Spain), Stephane Malek (University of Lille,
France), Jorge Mozo-Ferndndez (University of Valladolid, Spain), Yasunori Okada
(Chiba University, Japan), Hidetoshi Tahara (Sophia University, Japan).

Organizing Committee consisted of Javier Jiménez-Garrido (University of Cantabria,
Spain), Alberto Lastra (University of Alcald, Spain), Ignacio Miguel (University of
Valladolid, Spain), Andrew Pickering (Universidad Rey Juan Carlos, Spain).

This volume presents recent advances in the study of functional equations made
by experts in the field. A. D. Bruno considers normal forms of a polynomial ordi-
nary differential equation (ODE) and A. B. Batkhin studies the procedure of de-
riving homological equations of arbitrary order for the Hamiltonian normal form.
Hamiltonian systems are also considered from the summability point of view in
the contribution by M. Yoshino. E. Ciechanowicz deals with the so-called Painlevé
sigma equations from the Nevanlinna theory point of view. G. Filipuk, A. Ligeza

vii
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and A. Stokes focus on the third Painlevé equation and present relations between
different Hamiltonian forms of this equation. In the last years, one finds a growing
interest in the study of g-equations from the analytic and formal point of view.
The contribution by S. Sasaki, S. Takagi and K. Takemura is an example of this
direction. They consider the so-called ¢-Heun equation. The contribution by C.
Zhang concerns the positive powers of the g-analogs of Euler series, which is of
great interest and importance in the theory of summability of formal solutions to
functional equations. The contribution by H. Ogawara deals with the differential
transcendence of solutions for g-difference equation of Ramanujan function. Sys-
tems of difference equations coming from orthogonal polynomials are studied in the
work by Y. Chen, G. Filipuk and M. N. Rebocho. Singular perturbed equations are
also of interest in this volume. The work by T. Aoki and S. Uchida is an example
of this. They search for the structure of the Voros coefficients of the generalized
hypergeometric differential equation. T. Oshima studies Riemann-Liouville trans-
form of linear differential equations on the Riemann sphere. M. Cafasso and S.
Tarricone apply the Riemann-Hilbert problem technique to the Airy process. H.
Tahara considers a family of nonlinear singular second order partial differential
equations in the complex plane, determines uniqueness of solutions, and applies
this result to the analytic continuation of solutions. As mentioned above, the the-
ory of summability of formal solutions to functional equations is also considered in
this volume. We refer to the contribution by M. Suwinska on the study of moment
functional equations, and more precisely on moment integro-differential equations.
The volume concludes with the state of the art regarding such emerging functional
equations, in a work by A. Lastra, S. Michalik and M. Suwinska.

We hope that the present volume will be of interest not only for researchers
in this field of knowledge but also for graduate students who aim to acquire new
techniques and learn new results.

G. Filipuk
A. Lastra
S. Michalik
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Normal forms of a polynomial ODE

Alexander D. Bruno

ABSTRACT. We consider an ordinary differential equation (ODE) of order n,
which is a polynomial of the independent variable x, the dependent variable
y and all its derivatives up to the order n. To such equation we put in cor-
respondence its Newton polygon. If the polygon has a vertex (v,1) and cor-
responding truncated equation has eigenvalues A1, ..., A\p, then there exists
such formal substitution y = z + ¢(z), where p(z) is a power series, that for
z =12 =-... = 2™ = 0 the transformed equation has only resonant terms
amx"™, where m = v+ A\ € Z. It is true near each of two points: z = 0 and
T = 00.

1. Introduction

In the present paper we consider an ordinary differential equation

f <x7y7y/7" '7y(n)) = 07

where f is a polynomial of its arguments, = is the independent variable and y is
the dependent variable x,y € C.

We first recall some notions of power geometry [1], [2]. We set X = (z,y). By
a differential monomial a(x,y) we mean the product of an ordinary monomial

(1.1) cxy"? L &
where ¢ = const € C, R = (r1,72) € R?, with finitely many derivatives of the form
(1.2) d'y/da', 1€N.

A sum of differential monomials
(1.3) FX) =) ai(X)

is called a differential sum.
To every differential monomial a(X) one assigns its (vector) exponent Q(a) =
(q1,q2) € R? by the following rules. For a monomial of the form (L) let

Q (cX®) =R,
that is, @ (cx™y"?) = (r1,72); for a derivative of the form ([2) let
Q (d'y/da') = (—1,1).

2020 Mathematics Subject Classification. Primary 34E05, 34A26; Secondary 34A25, 34C20.
Key words and phrases. ordinary differential equation, resonant term, normal form.
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2 ALEXANDER D. BRUNO

When differential monomials are multiplied, their exponents are summed as vectors:

Q (araz) = Q (a1) + Q (az) .

The set S(f) of exponents Q (a;) of all the differential monomials a;(X) in a dif-
ferential sum of the form ([3]) is called the support of the sum f(X). Obviously,
S(f) € R%. We denote by fg(X) the sum of the monomials a;(X) in (I3) for which
Q (a;) = Q. Then the differential sum ([[3]) can be represented in the form

F(X) =Y fo(X) over QeS(f)

The closure T'(f) of the convex hull of the support S(f) is referred to as the Newton

polygon of the sum f(X). The boundary OI'(f) of the polygon I'(f) consists of
vertices I‘;O) and edges I‘g-l). These objects are called (generalized) faces I‘;d),
where the superscript indicates the dimension of the face and the subscript is the

index of the face. Corresponding to any face F§-d) are the related boundary subset

Sg-d) =S(f)n Fg.d) of the set S and the truncated sum

(1.4) f;d)(X) = Zai(X) over Q(a;) € Sg.d),

Let R? be the plane conjugate to the plane R? so that the inner product

def
(P,Q) = piq1 + page
is defined for any P = (p1,p2) € R? and Q = (g1, ¢2) € R?. Corresponding to any
face F;d) in the plane R? is its normal cone,

vo_[p. PQ=(PQ), QQes?
’ (P,Q)> (P,Q"), Q"eS(MH\S}"
(1) (1)
J J
1) . . . . )
of an edge I‘g- ) is the line passing thr)ough the origin P = 0 and the point P = Nj,

Let N; be an outward normal vector to the edge I';"’. The normal subspace N

and the normal cone is the ray of Ng-l that is directed outwards with respect to the

edge F§.1) of the polygon I'(f), that is, is spanned by the vector N;. For a vertex

F§0) the corresponding normal subspace is N;O)

the open sector (angle) on R? with vertex at P = 0 which is bounded by the rays
(0)
P

Thus, corresponding to any face I‘g-d) are the normal cone U;d) in R? and the
truncated equation

2(d
(1.5) £9x) =o.
Corresponding to a vertex F§0) = {Q} is a truncated equation (5] with one-
def X_Qf;o)(X). Then the solution

= R2, and the normal cone U;O) is

that are the normal cones of the edges incident to I'

point support @ and with d = 0. We set g(X) =
y = cz” of (LX) satisfies the equation

g(X)=0.

Substituting y = ca” into g(X), we see that g (x,cz") does not depend on z and ¢
and so it is a polynomial in 7, that is,

g (@, cx”) = x(r),
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where x(r) is the characteristic polynomial of the differential sum f;o)(X ). Hence,
for a solution y = cz” of the equation (0] the exponent r is a root of the charac-
teristic equation

def
(1.6) x(r) = g(z,2") =0,
and the coefficient ¢, is arbitrary. Roots r; def A; of the equation (L6) are called
as eigenvalues of the differential sum f;o) (X), corresponding to a vertex. If the

differential sum f;o)(X ) has order [, then the characteristic equation (LG) has !
roots, 0 <1 < n.

THEOREM 1. Let
(1) f(X) be a polynomial in x, y, ..., y™;

(2) its Newton polygon T'(f) have a vertex Fgo) = (v,1) at the left side of its
boundary OT';

(3) truncated differential sum ffo)(X) have eigenvalues A1, ..., A\;, 0 <1 <mn;
(4) the most left point of the support S(f) in the axis g2 = 0 be (a,0). Ewvi-
dently o € Z.

Then there exists such power series ¢(x) with integral increasing exponents, that
after substitution

(1.7) y=2z+p()

the transformed differential sum

(1.8) 9(@,2) = fl@, 2+ p()
for

(1.9) s= = ... =M —
has only resonant terms b,,x™, where

(1.10) m=v+ A, €Z
and m > «.

So here the eigenvalue Ay is resonant if « — v < A\, € Z. Proof of Theorem [l is
in Section

THEOREM 2. Let
1 z,y,y ..., y"™) be a polynomial in x, y, v/, ..., y™;
Y,y Y Y Y,y Y
2) its Newton polygon I’ have a vertez T(®) = v, 1) at the right side of its
Yg 1 g
boundary OI';
3) truncated differential sum f© (X) have etgenvalues A1, ..., A\, 0 <1 <n;
J
(4) the most right point of the support S(f) in the azis g2 = 0 be (5,0).
Evidently g € Z.
Then there exists such power series @(x) with integral decreasing exponents, that

after substitution (L), the differential sum (L) for identities (L9) has only res-
onant terms by, x™, where equality [LIQ) is true, and m < f.

So here the eigenvalue A is resonant if S —v > A\ € Z. Proof of Theorem [l is
in Section Bl Equations g(z, z) = 0 for (L8] in situations of Theorems [I] and 2] we
will call normal forms.
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In Section E] we describe a method for computation of eigenvalues Ay for a
simple power solution y = cz” of a truncated equation f;d) (X) = 0, where either

d # 0 or d =0, but its vertex F§O) = (n,w) has w # 1.

COROLLARY 1. If the truncated sum fJ(O)(X) has no integral eigenvalue A\ >
a —v (for Theorem ) or \y < 8 — v (for Theorem B), then the initial equation
f(X) =0 has formal solution y = p(x). If the truncated sum f}o) (X) contains the

derivation y™ , then the series p(x) converges according to Theorem 3.4 in |2].

REMARK 1. If the truncated sum f}o) (X) has integral eigenvalue Ay > o — v
(for Theorem[]) or Ay < 8 —wv (for Theorem [2), then the initial equation f(X) =0
has formal power-logarithmic (or Dulac) solution

T S
Yy=cx +§ Cs,

where ¢, and ¢, are polynomials in logx. It converges under the same condition,
that the truncated sum f;o) (X) contains y™) (see [3]).

2. Proof of Theorem [1]

We will successively compute coeffitients ¢ = const of the series

+o00
(2.1) o(x) = Z csz’

S=o—v

according to increase the exponent s. For each integral s > a — v, we obtain the
following equation

(2.2) FO (2, ¢,2%) + byppa™ =0,
where bs4, is a constant obtained as a result of previous computation. But

]@1(0) (z,csx®) = csx5TVx(s), where x(s) is the characteristic polynomial of the trun-
cated sum fl(o) (X). So equation (Z2)) has the form

csx(8) + bsyy = 0.
If x(s) # 0, then we put cs = —bs1,/x(s) and eliminate the term bgy,z51Y
from our equation. If x(s) = 0, then we cannot exclude the term bsy,z°T" by
such simple substitution. So the term by y,25% can be in the final equation. And

X(s) = 0 only if s is an eigenvalue of the characteristic equation (L@). The proof is
finished.

3. Proof of Theorem

Now we will successively compute constant coefficients ¢, of the series

— 00
(3.1) o(z) = Z csx®
s=p—-v
according to decrease exponents s. Then for each integral s < g — v, we obtain
the equation (22)), where constant coefficient b4, was obtained during the previ-
ous computation. Further proof coincides with the proof of Theorem [ after the
formula ([2:2). The proof is finished.
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4. Eigenvalues of a simple power truncated solution
Consider a truncated equation
(4.1) A7) =0,
which is different from equation fl(o) (X) considered in Theorems [Il and @I Let it
have the normal cone U;d) and a power solution
(4.2) y=ca", c=const €C
with vector w(l,r) € Ug-d), where

_J—1 for the case x — 0,
]| +1 for the case z — 0o.

Then the change of variables

(4.3) y=cx" +z
reduces the initial equation f(X) =0 to the form
(4.4) f(z, 2) Lt ¥ (z,ca” +2) =0,

where f(x, z) is a differential sum such that all the points @ = (g1, ¢2) of its support
S( f) have a non-negative integral coordinate gz. One can apply to the equation
([#4) the above manipulations (that is, calculation of the support, the polygon, the
truncation, and so on).

If the power solution ([2) of the truncated equation (1)) is simple, then the

equation (@A) is of the form
(4.5) f(z, 2) Lef L(z)z+ h(x,z) =0,

where £(z) stands for a linear differential operator, the support S(£z) consists of a
single point (v, 1) which is a vertex fg‘” of the polygon F(f), every point @ = (g1, q2)
of the support S(h) has a non-negative second coordinate (g > 0), and there is no
point @ = (v,1) for which the normal cone of the vertex fgo) contains a vector
P = (p1,p2) with prw > 0.

By analogy with the Fréchet derivative [4] which is well known in functional
analysis, we introduce for any differential sum f(z,y) a formal Fréchet derivative
(or, in other words, the first variation) d f(x,y)/dy, which has the following prop-
erties and is determined by them:

§ (ca™y®) [0y = cqua®y™ ",
§ (d'y/da') /oy = d' /da',
5(f +9)/0y =0f/0y +dg/y,
(f9)/dy = (6 /0y)g + f(dg/0y).
In the exposition below we omit the adjective 'formal’ for brevity. By the second
property, the Fréchet derivative is a linear differential operator, that is, it has the
form

l
dk
> " gk, y) o
k=0

where gy (z,y) are differential sums.
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THEOREM 3 ([5],[6],[7]). Let the function [@2)) be a solution to the truncated
equation [@I) with w(1,r) € Ugd), Then the operator L(x) in the equation (3] is

A(d
0 (@,y) on v egh
- 5y y_ T .

That is, it is equal to the first variation calculated on the solution ([@2l). Moreover,
S(Lz) = (v,1), where v ={(Q1,(1,7)) —r with Q1 € F§d).

Hence, after the substitution (@3] the equation f(X) = 0 acquires the form

@3) i

(4.6) L(x)

L(z) £0.
Let v(k) be the characteristic polynomial of the differential sum £(z)z, that is,

v(k) = 27" L(x)".

If v(k) £ 0, then the roots ki, ..., ks, of the polynomial v(k) are called eigenvalues
of the truncated solution ([L2).
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Computation of homological equations for Hamiltonian
normal form

Alexander B. Batkhin

ABSTRACT. The procedure of deriving homological equations of arbitrary or-
der, which solutions are used in iterative procedure of normalization of a Hamil-
tonian in a neighborhood of an equilibrium position, is considered. A formula
for a homological equation of arbitrary order used in the method of normal-
ization by means of the Lie series is proposed. The normalization procedure
is applied to Hamiltonian of the Hill problem written in scaled regular vari-
ables. The resulting normal form of the Hill problem can be used to find sets
of analyticity of the normalizing transformation.

1. Introduction

Normal form (NF) of a system of ordinary differential equations (ODE) com-
puted near an invariant manifold (stationary point, periodic solution or invariant
torus) is rather powerful technique for investigation of local dynamics of the phase
flow in the vicinity of this invariant structure.

Even though the NF is a formal object it can be used for searching first integrals
of the system, families of periodic solutions, for studying integrability, stability and
bifurcations (see [BL[7L[80] for more details).

The special properties of Hamilton systems require specific algorithms for com-
putation their NF. The goal of the presented work is to provide a procedure for
constructing so called homological equation of any order, which is used in the mod-
ern normalization techniques.

Remark on notations.

e Boldface symbols like x,y,u, v denote column-vectors in n-dimensional
real R™ or complex C" spaces.

e Boldface symbols like p, q denote vectors in n-dimensional integer lattice
z".

e |p|= Z?Zl |p;| denotes vector norm.

e For x = (#1,...,2,)" and p = (p1,...,pn)" we denote the multi-index

power by xP = H?Zl x?j and scalar product by (p,x) = Z;’:l DT

2020 Mathematics Subject Classification. Primary 34C20, 37J40.
Key words and phrases. Normal form, homological equation, Hamiltonian system, the Hill
problem, set of analyticity.
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8 A. B. BATKHIN

e Let 2 be a space of infinitely differentiable functions on R?", then for a
pair of functions F, G € 2 we denote a Poisson bracket by {F,G} = F G-

{F,G} = (Jgrad G, grad F) ,

where J is the symplectic unit.
e Notation F' * G, n > 1 means multiple left-associated Poisson bracket
with the following recurrent definition: F x G" = F « G" 1 x G.

2. Hamiltonian normal form

We consider an analytic Hamiltonian system
_OH . OH

Toy YT Tox

with n degrees of freedom near its stationary point

(2.1) X

x=y=0.

The Hamiltonian function H(x,y) is expanded into convergent power series
H(x,y) = Z HpqxPy?

with constant coefficients Hpq, P,q = 0, |p| + || = 2.
Canonical transformations of coordinates x,y

(2.2) x=f(u,v), y=g(uv),

preserve the Hamiltonian character of the initial system (21I).
Let denote by z = (x,y) € R?" the phase vector. Then the linear part of the
system (2.1 can be written in the form

T n
z=DBz, B= % JHessH|,_,, J= <—0E" §n> ,
where J is symplectic unit matrix, E™ is identity matrix and Hess H is Hessian
(second order partial derivatives) of function H.
Let A1, ..., Ao, be eigenvalues of the matrix B, which can be reordered in such
a way that \j 1, = —\;, j =1, ..., n. Denote by A = (A1,...,\n)T.
There exists [3, § 12, Theorem 12] a canonical formal transformation ([2.2]) in
the form of power series, which reduces the initial system (21I) into its normal form

. Oh . oh
u= — VvV =

ov’ ~ou’

defined by the normalized Hamiltonian h(u,v)
h(u,v) = Z Ajuiv; + Z hpquPva,
j=1

containing only resonant terms hpquPve with
(P—q,A)=0.

Here 0 < p,q € Z", |p| +|q| > 2 and hpq are constant coefficients.

If matrix B is semi-simple, i.e. geometrical and algebraic multiplicities of the
eigenvalues A are equal, then we have so called Birkhoff [2] or Cherry-Gustavson [11]
normal form.
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2.1. Methods of constructing canonical transformations. There exist
several methods for constructing canonical transformations

e Method of Jacobi generating functions (so called the Birkhoff method) [2]
11].

e Method of Lie series (so called the Deprit-Hori method) [9L[15].

e Method of Poincare parametric generating function [211[22].

e Method of primitive functions [12].

Below we will describe in detail a variation of the Deprit-Hori method, called
the method of invariant normalization [29]. Although this method is not universal
in the sense that it applies only to nonzero simple (or semi-simple) eigenvalues, it is
quite efficient and its software implementation is much easier than the Deprit-Hori
method and, even more so, than the Birkhoff method.

The Deprit-Hori method uses an auxiliary Hamiltonian G(X,Y) called gener-
ating Hamiltonian, which define canonical system

oxX oG 9Y  0G

or Y oar X

with initial conditions X(0) = x, Y(0) = y. Generating function G is presented in
the form of a series of a small parameter e:

G(X,Y,e) =G+ Gy +--- .

Let for 7 = 1 new variables u,v are defined as the solution to the Cauchy
problem [23): u = X(1),v = Y(1). Transformation (x,y) — (u,v) of the phase
flow of the Hamiltonian system (2J) is an univalent canonical transformation.

For small values of ¢ old variables x,y can be written as Lie series of the new
ones u, v:

(2.3)

1 1
x:u+u*G+§u*G2+§u*G3+...,

1 1
y:v—f—v*G—l—av*Gz—l—?v*GS—i—---
New transformed Hamiltonian h is also related to the old one H by the following
Lie series

1 1
h(u,v):H(u,v)+H*G+§H*G2+gH*G?’—km

The procedure of nonlinear normalization of the real Hamiltonian H is more
convenient to perform, when it is written in complex form. In [5] Subsect. 1G] were
proposed such complex coordinates z that their complex conjugate values z are
not their canonically conjugate, but these coordinates make possible to write down
universally quadratic NF for any sets of eigenvalues A. Here we will use another
set of complex coordinates z, which complex conjugate values are simultaneously
canonically conjugate. Usually it is useful when the eigenvalues A; are either purely
imagine or real.

There exists a formal transformation ® : (x,y) — (2z,z) which transforms the
original Hamiltonian to the form

(2.4) h(z,2) =)  hpqzP2?,

where p,q € Z" and |p| + |q] > 2.
The value of |p| + |q| is called the order of the corresponding expansion term.
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DEFINITION 1. The Hamiltonian function h(z,z) is called a complex normal
form for semi-simple case if
(1) its quadratic part hg has the form hg = 7| Ajz;Zj,
(2) the expansion (24 contains only the terms

(2.5) hpqzPz4,
which satisfy resonant condition
(p—q,A) =0.

The terms (Z3) that have p = q are called secular, all others are called strong
resonant. The Hamiltonian NF always contains secular terms, but strongly resonant
terms are present if and only if the equation (p,A) = 0 has nontrivial solutions.

2.2. Properties of the normal form. Here we give some useful properties
of the NF. For their proof see [30].

PROPERTY 1. If NF h is written in the form of power series h = ho + f, where
ho is the quadratic part, then ho and f is commutable, i. e. hg * f = 0.

PROPERTY 2. If the quadratic part hg of the Hamiltonian h = hg + f is
normalized and the power series f consisting of the monomials of degree greater
than two commutes with it hg * f = 0, then the series f contains only resonant
terms.

Therefore, the condition hg * f = 0 is a necessary and sufficient condition for
the normal form.

We consider below an important from practical point of view case, when all
eigenvalues \; are either real A; = v; € R or pure imaginary \; = w;, w; € R.

3. Normalization by the method of Lie series

3.1. Outlook of the normalization procedure. Here we describe normal-
ization procedure.

e Firstly, the real Hamiltonian H(x,y) should be written in the complex
form H(z,Zz).

e One of the method of normalization is applied to H(z,z) up to the definite
order and we get it NF h(Z, Z), which contains only resonant terms.

e Finally, the obtained complex NF h(Z,Z) can be transformed into the
real NF h(X,Y).

Here we consider a Hamiltonian system, which stationary point (SP) coincides
with the origin. Applying scaling of the phase variables x — ex, y — ey and
independent variable t — €2t to its Hamiltonian H near the SP one can write it in
the form of power series in ¢

H(x,y)= H' + F = H+ 3/ Hy(x,y),
j=1
where H? is quadratic (unperturbed) form and H. j is a homogeneous form of order
7+ 2:

— P4
H; = Z HpgxPy.
Ip|+lal=5+2
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We are looking for the NF' of the original Hamiltonian H as a power series

h(z,z) = h° + f = h® + Zsjhj(z, z), where h® = Z \jziZ
j=1 j=1
and homogeneous forms h;, j > 0, contain only resonant terms hpqzPz9, |p|+|q| =
j + 2, such that (\,p —q) = 0.

Transformation from the initial Hamiltonian H to its NF h is provided by Lie

generator (generating function) G having form of a power series of a small parameter
e G=3,_,¢G;:

=1
_ il J
h=H+) —H*G.
j=1
Lie generator G produces a near identical transformation, so we have h® = H°
and then

1 .
(3.1) F=msG+M, M=F+Y —HxG.
=
Using Property [[ and collecting terms in equation (3.I)) with equal factors &7,
j=0,1,2,...0ne can rewrite it as the recurrent system of homological equations
(3.2) ROxf=0, fi=h"«Gj+M;, j=12...,

where the term M; depends on Hy, Fj, Gy, k < j, obtained on the previous steps.
For small values of index j terms M; are the following

1
M, =F\, My,=F,+F «Gqy+ §H0*G§,
1
(3.3) Ms =F3 + F; %Gy + Fy %G1 + 5HO % (Gy * Gy + Ga x G1)+

1 1
While index j increases the number Njs of terms in M; grows exponentially,

more precisely as Nj; = 27 — 1.

3.2. Solution of homological equations. There are two methods of solving
the homological equations (3.2))

o Algebraic method, which was independently developed by G. Hori [15] and
A. Deprit [9] and improved in subsequent works [10,[16]17,19]. Homo-
logical equations are solved as a system of linear algebraic equations of
the coefficients of homogeneous forms f; and G;. This method has no
restrictions on the structure of the quadratic part h° and can be applied
in the case of multiple or zero eigenvalues as well. Nevertheless, because
of the large number of monomials, the order of the corresponding systems
grows rapidly.

e Method of invariant normalization, proposed by V.F. Zhuravlev [29[30].
This method can be considered as subsequent averaging of functions M;
along the unperturbed solutions z(t, Z, Z) obtained from the unperturbed
system with Hamiltonian H®. It can be applied for the case of nonzero
eigenvalues. In the case of multiples eigenvalues, this method also works,
but requires a different scaling of the phase coordinates, which leads to
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the fact that the terms H;(x,y) are no longer homogeneous forms (see
[8]).-
Here we give a brief description of the method of invariant normalization. For
details see [29] or [30, Ch. 7]. B
Along the solutions z(t,Z,Z), z(t,Z,Z) to the unperturbed canonical system
OH° . OH°

7 =

0z’ 0z

(3.4) 7=

we have the following identities:
e h9x f; = dfj/dt = 0 according to Property [I}
e W9 xG; =dG,/dt.
So, homological equations can be rewritten in the form
df; G
i Mi=f —
dt o Mi=dim g
Substituting the solutions z(t, Z, Z), #(t, Z, Z) to the unperturbed system (3.4])
into the function M; one gets function:
m;(t,Z,Z) = M;(t,Z,Z).

According to equations (B3] one obtains the following quadrature

(3.5) j=12,...

(36) /Ot m; (t, Z, Z)dlf = tfj(Z, Z) + Gj(Z, Z) + g(t).

Hence, on each step of the normalization procedure the next term of the NF
fj equals the coefficient at ¢, and the Lie generator term G; equals the time-
independent term in (B.6]).

When all the eigenvalues A are simple and purely imagine or real it is not neces-
sary to integrate the left hand side of ([3.0]). All the functions M, are homogeneous
polynomials in z,z, so after the substitution we get m; = ", CrePrt + Cy, where
B is a non zero linear combination of the eigenvalues A;, j =1, ..., n and Cy, Cj,
are polynomials in new variables Z, Z. It follows from (3.6) that

Ck
B

3.3. Simplification of homological equation. It is possible to reduce ap-
proximately in 4 times the number of terms in functions M;, j = 2, 3, .... From the
first equation of (BI]) for each j = 2, 3, ...one can get that h°+G; = f; — M;. The
terms f; and M; are computed on the previous steps and can be used in subsequent
ones:

1 1
h,O*Gl:fl—F1:>§HO*G%:§(]C1—F1)*G1.
Substituting this into M in (B3) we get
1
M2:F2+5(F1+f1)*G1~

So three Poisson brackets computations reduce to only one.
Let us introduce the following notations:

S =E+ 10 =F -1
H * G% = HxGk! * G, .

J1Jk JiJk—1
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Here we give simplified expressions of the functions M; for j = 3,4,5,6. All
indices k1, ko, k3 € N.

1 . 1.,
Ms=Fs+5 Y. S xGh, + 5/t * G,
k1+ko=3

1 1
_ + — 2
Mi=Fi+5 3 fisGutss S furGh,
k1+ko=4 ki1+kot+ks=4

1 1 1

— + ~ % G2 ~x Gt

Ms =Fs + 5 > B Gy + 5 > T % Glary = g 1 %G1,
k1+ko=5 ki1+ko+ks=5

1 1 _
M62F6+§ Z f’jl*GkQ—'_ﬁ Z fkl*Gl%2k3_

k1+k2=6 k1+ko+kz=6
1
— 4
70 E Ty * Glghaky -
ki+---+ks=6

According to the above formulas the author made an assumption about the
structure of the simplified homological equation. This assumption has not yet been
strictly proven, but it has been verified using an algorithm implemented in the
computer algebra system Maple for equations up to order 17.

Each subsequent term of the sequence {M;} is obtained from the previous one
according to the following scheme:

(1) the term F} from the expansion of the function H is given;
1 .
(2) the sum ) Dk tha=j f,j'l * Gy, is added;
(3) the previously written sums of multiples of Poisson brackets, composed
of terms f, and Gy, k,l < j, multiplied by the corresponding coefficient
ay are added. The multiplicity of Poisson brackets is always odd and

not exceeding j, and the sum of indices of these functions involved in the
calculation equals j.

More precise description of the simplified homological equations can be given
in terms of the integer partitions.

DEFINITION 2. A partition v(n) of a natural number n is any finite non-
decreasing sequence of natural numbers vy, vo, ..., nug such that Zle Vi = n.
Each partition can be written in the form v = [1"12"23" .. .], where n; is the num-
ber of repetitions of term ¢ in the partition; i.e. Y in; = n. Let denote by v such
partition of n, which consists of exactly k& terms.

STATEMENT 1. For j > 2 function M; is constructed in a such way:

o We take the term F; and add the sum %Zi;ll b Gy

e For each k not greater than [j/2] we compute the set pop41(j) of all per-
mutations of any partition vopy1(j), i.e. the set pog+1(j) contains the
tuple of 2k + 1 indices which sum is equal to j. For each such tuple

(i1, ... i2k4+1) of indices one has to compute all the Poisson brackets of
- 2k
Jorm [ x Gh,_ii%“.

e The sum all the computed above Poisson brackets is multiplied by the co-
efficient aar,. These coefficients (first of them are given in Table [1l) are
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well known Bernoulli numbers Bogy, divided by factorial (2k)!:

g = 2
(2k)!
They can be computed with the help of generating function
g(s):§+eEE_1 -1
o The final formula for M; can be written in the following form
1 Jj—1 [3/2]
M; = F; + §Zflj*G]7k+ Zagk Z f; *G?zklzwrl
k=1 k=1

(415eesi2k41) €Yy 44

TABLE 1. Coefficients ay,

k| 2 4 6 8 10 12
N 1 1 1 o1 1 _ 691
M2 720 | 30240 1209600 | 47900160 1307674368000

The main computational effort in obtaining the normal form is connected with
multiple computation of Poisson brackets of the functions f;‘, f; and G;. In order
to optimize the computation when implementing the method, multilevel tables are
constructed. They are sequentially filled with the results of computed multiple Pois-
son brackets of previously defined functions. This makes it possible to significantly
reduce the computation time of the generator G; from the homological equation.

REMARK 1. Since the homologous equation is the basis of the Lie series nor-
malization method, its simplified form obtained in Statement [I] can also be used in
the Depri-Hori method.

REMARK 2. It is evident that high order normalization of the Hamiltonian H is
only possible with computer algebra systems. For example, such software [30], Ch. 7]
was developed in CAS Wolfram Mathematica [28]. For computations given in Sec-
tion M the author implemented the described above algorithm in CAS Maplesoft
Maple (see, for example, [27]). Nevertheless, the invariant normalization method
described in this section can be implemented without any problems in other open
source CAS. For example, in SageMath [26], which essentially uses the SymPy sym-
bolic computation package [20], or Maxima [1§].

4. Application to the Hill problem

4.1. Hill problem Hamiltonian. The Hill problem [14], which equations
describe satellite motion in the vicinity of the smaller of two massive bodies, has
the following Hamiltonian [I], S. 3]

1 1 1
(4.1) H(x,y) = 5(nyry%)+I2y1—xly2—$%+§x§—;v
where r = \/2? + 23, x = (21, 72) is the coordinate vector, and y = (y1,y2) is the
canonically conjugate momentum vector.
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There is a canonical transformation, called the Levi-Civita regularization [25]
Ch. 4], which reduces the Hamiltonian ({1l with a singularity at the origin into
polynomial form

~ ~ h 1 1
) H(a.p.h) =7 (2 +a3) + 5 (0 +03) + 5 (62 +3) (@p1 — aupa)—
: 1 1
-7 (@ +a6) (0 —44d; + 2) — 7 =0

Here the parameter h = —H(x,y). Since the Hamiltonian H(x,y) does not depend
explicitly on time, the value —h is the value of the generalized energy integral. It
is usually written in the form of the Jacobi constant

2 -
(4.3) C =322 = —i? —i2 = 2h.
r
In the paper [24] the following transformation is suggested

a=240"4Q, p=2"Y4nPP, v =1/2/|h|T,

defined for all values of h # 0. It reduces the regularized Hamiltonian ([E32) into
the form

HIQP) =3 (QF+Q3) + 3 (P2 + ) +2(@3 +@3) (@uPi — Qi) -
—4(Q1 +@3) (Q1 - 4Q1Q3 + @3)

where § = +1. Here § is chosen depending on the sign of the parameter h, namely
8§ = sign h.

The structure of the function (A is such that the origin of coordinates cor-
responds to the equilibrium point of the system of canonical equations defined by
the Hamiltonian H(Q,P). The quadratic part of H5 has already been reduced to
its normal form.

This allows us to apply the normalization algorithm described in Section Bl with-
out additional transformations, previously writing the function 4 in the complex
form.

From the point of view of applications of the Hill problem to problems of
satellite dynamics, the case when 6 = 1 is more interesting, since it corresponds to
values of the Jacobi constant ({3 C' > 0. Exactly, such values of C' correspond to
the motions of the natural satellites of the planets of the Solar System (see [13]).

Let us give a description of the Hill problem NF in regular variables Q;, P,
j = 1,2, for the case 6 = 1, i.e., when the quadratic form #s has two pairs of
semi-simple eigenvalues +1.

(4.4)

4.2. Normal form of the Hill problem near the origin. Here we intro-
duce the complex variables z;,Z;, j = 1,2, using the univalent canonical transfor-

mation
1 _ 1 _ .

To write the Hamiltonian function H in more compact form, let us introduce
the following notations:

(4.5) pi = ZiZi, 1 = 1,2, hy=1(p1+p2), g2 = 2172 — 2271
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Then the Hamiltonian function (£4) is written in the form H(z,z) = Ha +
Ha + Hg, where

Ho =ho,
Ha=1((z1 — 21)* + (22 — 22)?) g2,
He = — - ((z1 — z1)% 4 (20 — 52)2) X

2
X ((z1—21)" =421 — 21)% (22 — 22) + (22 — 22)*) -

The procedure of invariant normalization of the Hamiltonian H was imple-
mented in the CAS Maple and is performed up to the 22th order inclusive.
The first terms of the normal form A up to the order 14 are the following:
(4.6)
hy = — 2hag,

he = — 2hy (5h3 + 495 + 30p1p2) ,
hs = — 5hago (15h3 + 11g5 + 96p1p2)
hio = — ha (417h3 + 678g5h3 + 44595 + 4p1 p2 (3336h3 + 466893 + 7860p1p2)) ,

h
his = — 2792 (15955h4 + 1383292h2 + T841g4+

+4p1p2 (318733 + 2492193 + 76140p1p2) ) ,

ho
has = — 5 (848407h + 8T468595 + 2666775h3g3 + 1725613h393 +

+ 16p1p2 (546163h3 + 82614493 + 1373271h3g3+
+ 4p1po (AT6834R3 + 87677192 + 619290p1p2))) ,

hzgz
360
+ 8p1p2 (510067595h5 + 27749464295 + 553863605h3 95 +

+600p1 pa (297612102 + 250971842 + 3825180p1p2))) ,

hig =

(387639075hS + 126523557¢5 + 529277675h393 + 264089597h3 g3+

where in the expressions for pi, p2, ho and go all initial coordinates z;, Z; should be
replaced by the new ones Z;, Zj, 7 = 1,2. The other found terms of the NF h are
rather cumbersome and are not given here.

The computed initial terms of the NF h expansion allow us to make some
assumptions about its structure.

HyPOTHESIS 1. Normal form h of the regularized Hamiltonian [£4) of the Hill
problem in the vicinity of the origin has the following properties.

(1) By virtue of the notation (&3l the NF h is a function only of the values
Py .7 = 1; 27 and g2, i.e. h= h(Pl,P2a92)-

(2) The terms of the expansion with numbers 4k, k > 1 consist only of strongly
resonant monomials, the terms with numbers 4k — 2 contain both secular
and strongly resonant monomials.

(3) All terms of the expansion starting from hy are factorized into multipliers,
one of which is equal to ho.

(4) The terms of the expansion with numbers 4k, k > 2 are factorized into
three multipliers, one of which is go and the other is hs.
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(5) Fach term of hy, and hence the whole NF' h, is invariant with respect to
the permutation of p1 <> pa.

The computed NF of the Hill problem near the origin allows one to investigate
the dynamics of the original system in this region of the phase space. In particular,
one can use the NF to search for the so-called set of analyticity [4l, Part I1], [6], on
which the normalizing transform converges, and hence, solutions of the normalized
Hamiltonian system with Hamiltonian h will correspond to solutions of the original
system with Hamiltonian (41]) or (£.4).

REMARK 3. It is also possible to compute NF of the Hill problem for the case
0 = —1, i. e. when the quadratic form Hs has two pairs of semi-simple eigenvalues
+1. In this situation the complex variables z;,z;, j = 1,2, are introduced by
canonical transformation

1 _ 1 _ .
Qj:ﬁ(zj_zj)v sz\/;(szrzj), j=12

The computed NF coincides with the NF for the case § = 1, given by (8], where
ha = p1 + pa.

In this case it is not necessary to compute the set of analyticity, because ac-
cording to results of V.S.Samovol [23] there exists a smooth transformation that
reduces the obtained Hamiltonian system in the NF into equivalent linear system.

4.3. Computation of the set of analyticity .A. Usually the normalizing
transformation diverges. However, the normal form of a Hamiltonian system allows
us to find sets in the phase space of the system on which convergence takes place.
The analysis of the convergence domains makes it possible to find families of periodic
and quasi-periodic solutions of the original system. Here we restrict ourselves to
computation of the set A.

Briefly recall the definition of the set A (for details, see [4, Part II], [6]). Let
a Hamiltonian system with n degrees of freedom be reduced to the normal form h
in the neighborhood of the equilibrium position coinciding with the origin of the
coordinates. Then the set A is an affine manifold in the phase space with normal

coordinates zj,%;, j =1, ..., n, given by the system of equations
oh oh

4.7 — = \jaz;, —— = A\;az; i=1,...,n.

( ) 8Zj jazZj, 8% jazZ5, ] , N

Here a is a free parameter.

Using the properties of the NF h of the regularized Hill problem formulated in
Hypothesis Il let us compute some subvariety of the set A.

For the case of the Hill problem, i.e., for two degrees of freedom, taking into
account the item Bl of Hypothesis [l and the relations ([@3]), the system (@) is
rewritten as two subsystems. The first one has the form

oh  oh  oh 5
z210z1 Opr 092 %1
Oh Oh Oh 2o
21021 Opr Og2 =1

(4.8a)

=1a,

(4.8b)
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and the second one correspondingly takes the form:

o _on  ons
22029 8p2 892 29

o _onoha
22079 8p2 892 29

(4.9a)

=1a,

(4.9b)

=1a.
From the equations of the system (48] or the system (4.9) we get the following
relation

99 (2122 + 2221) = 0,

from which it follows that either Oh/dgs = 0 or
(4.10) 2129 + 2921 = 0.
The difference of equations ([#S8a)) and (£9D) (or (£8h) and @Ja)) can be

represented as

(4.11) @_@_’_@.Pz—m

=0.
Op1  Ops  0ga  Z129

By virtue of the property Blof Hypothesis[Il difference of partial derivatives Oh/9p1 —
Oh/0pa can be factorized into multipliers, one of which is the difference p; — p2 or in
variables z;, Z; we obtain equation z; 21 — 2222 = 0. The another multiplier of &1
does not give any local roots.

The detail analysis of the case Oh/9g2 = 0 (not presented in this paper) does
not provide any roots of the systems ([@38)) and ([@3). Therefore, we restrict ourselves
to analyzing the solutions of the system obtained from the conditions ([@I0) and
p1 = p2:

z171 — 22%Z2 = 0,
{2122 + 2921 = 0.

It is easy to get the equations zy (27 +23) = 2 (2 +25) = 0. The root
z1 = 29 = 0 gives a trivial real solution. The second multiplier gives a pair of
solutions

(412) Z9 = +121, 2o = —121,
(413) 2o = —121, 29 = +127.

Substituting the found solutions ({12 and (LI3) respectively into the left-
hand side of equation (£8al), and limiting the terms to the 6th order of p;, we get
the relation

1F 8p1 + 361p% £ 32003 — 24201p7 £ 125765 + ... = 1a.

Obviously, there is no real a satisfying the last equality. This means that there are
no periodic or quasi-periodic solutions on these components of the analyticity set
A.

Here we have an example of complex sets of analyticity, which intersect at the
real point. This situation corresponds to Figure 5 in Section 3.3 of [4], Part II].
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A note on value distribution of solutions of certain second
order ODEs

Ewa Ciechanowicz

ABSTRACT. While value distribution of solutions of Painlevé equations P; — Pg
has been thoroughly examined, so-called Painlevé sigma equations S1,S2 and
Sy are relatively less recognized. Various properties of Si, Sg and S can be
derived both from the form of the equations themselves and from their con-
nection through Hamiltonian systems with Pi, P> and Py, respectively. This
includes distribution of zeros, asymptotic form of the second main theorem and
behavior with respect to small target functions. Apart from usual Nevanlinna
functionals, also Petrenko’s function of deviation plays a role in the estimates.
Additionally, results concerning distribution of values are presented for the
modified third Painlevé equation in the final part of the paper.

1. Second order equations with meromorphic solutions

Although various second order equations have one or more meromorphic so-
lutions, this note concentrates on a group of equations with all local solutions
extending to a function meromorphic in the whole complex plane. It naturally
leads to Painlevé equations and associated with them sigma equations [4}[14L15].

The first Painlevé equation Py

(1.1) " =6f2+z
can be represented as a Hamiltonian system with the Hamiltonian

¢ =p

1
1.2 Hi(p,q,2)==p*—2¢° — =z and
(1.2) 1(psq,2) = 5p° —2¢° — 2q b — 6 4 2

2
where ¢ fulfills P;. If we put o1(z) := Hy(p, g, 2), then

_ /
qg=—0

i 1
p=—0q

)

and the function oy fulfills the second order equation S
(1.3) (0")? 4+ 4(0") + 220" — 20 = 0.
Conversely, if o solves Sy, then ¢ = —¢’, p = —¢” solve ([2)) [14].
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Let us now consider the Hamiltonian

1 1 1
Hs(p,q,2) = §p2 —(¢*+ 52— (a+3)g

— 2 1
¢=p—q¢ -3z
P =2qp+a+ts;

where

and « is a complex parameter. It connects the second Painlevé equation Ps(a)
(1.4) f"=2f+z2f +a,
with another second order equation from Painlevé list
1 1 1

[ = §(f/)2+2f3 —2f% - 5(04"' 5)27
referred to as Psy. It means that if p is a solution of Py(«), then ¢ is a solution of
Psy(). If we put o9(z) := Ha(p, q, 2), then o9 is a solution of the equation Ss(a)

1 1

(1.5) (0”2 4+ 4(0")? + 207 (20" — o) = Z(a + 5)2
called the second Painlevé sigma equation. Moreover, if for a fixed a the function
o solves Sy, then

q= 40" +2a+1
(1.6) 8o
p=—20

are solutions of Py(a) and Pss(a), respectively [15].
The fourth Painlevé equation Py(c, 3) is given by

2 3
(1.7) f”:];—f %+4zf2+2(z2—a)f+§,
where «, (§ are arbitrary complex parameters. If we represent P4 as a Hamiltonian
system with the Hamiltonian
Ha(p,q,2) = 2qp° — (¢° + 22q + 260)p + O,
we get
¢ =4qp — ¢* — 22q — 20,
p' = —2p? +2qp + 22p — O
Thus, eliminating p in the system we obtain that g satisfies Py(«, 8) with
a=1-0y+ 20, B =—202,
and by eliminating ¢ we obtain, that —2p satisfies Py(a, 8) with
a=20)—0s — 1, B=—202.
The function o4(z) := Hy(p, q, z) satisfies the equation Sy (6o, 0 )

(1.8) (0" —4(z0" — 0)? + 40’ (0! + 20p) (0" + 205) = 0,
and conversely, if o is a solution of Sy, then
o — 220"+ 20 o’ +2z0" — 20
1= 0 +200) 0 PT Taor+200)

are solutions of the Hamiltonian system for P, [15].
In this note we consider some of value distribution properties of transcendental
meromorphic functions solving Sy, Se or Sy. In particular, we mention lack of
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exceptional values in the sense of Nevanlinna for solutions of So, asymptotic form of
the second main theorem and behavior towards small target functions for solutions
of all the equations. In the last part of the paper we also discuss the existence of
exceptional and asymptotic values for solutions of the equation Ps. by means of
applying the notion of Petrenko’s deviation.

2. Auxiliary results

We apply the standard notations of value distribution theory [8[13]. Thus

Nen = [ (nlt. ) = (0. )%+ n(0. ) 1ogr

denotes the integrated counting function. Here n(r, f) counts the number of poles,
including multiplicity, in the disk of radius r. Similarly,

N = [ (att, )~ w0, )% 70, ) logr

counts poles of f ignoring multiplicity. Moreover,

N(ra.f)i= N =), Niraf) =N =) (€ ©)

count a-points with and without multiplicity respectively. We also put
Ni(r,a, f) = N(r,a, f) = N(r,a, f).
Next,

1 271‘ .
mir, ) =mir00, )= - [ log™7(re)ldo, log" & = max(0,log ),
0

is the mean proximity function and
1
m(rv a, f) = m(r, m)

denotes the mean proximity to a € C. The function T'(r, f) := m(r, f) + N(r, f) is
called the characteristic function of f We define (Nevanlinna) deficiency of f at a
value a € C, by the formula

m(r, a, f) - N(r,a, f)
o(a, f)—hgr_l}ggf 0 ) 1—11£ILS£pW.

Let us also recall that the order and lower order of growth of a meromorphic function
f(z) are defined, respectively, as

o(f) = timsup 25 "F), u(f) = Jim inf 28 T F).
r—00 IOgT 00 logr

We say that ¢ : (0,+00) = R is S(r, f) if
¢(r) =o(T(r,f)) (r—o0,r¢E),

where F is a set of finite linear measure.
We start with the following, slightly generalized, version of the lemma on the
logarithmic derivative.
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LeMMA 2.1 ([7, Prop. B.5, p. 276]). For an arbitrary nonconstant meromorphic
function f(z), and for an arbitrary k € N,

m(r, &) =S(r, f).
f Y
In particular, if o(f) < oo,
f)
m(r, T) = O(logr).

The next result is helpful with establishing the asymptotic form of the second
main theorem.

LEMMA 2.2 ([7, Lem. 11.1, p. 69]). Let f(z) be an arbitrary transcendental
meromorphic function satisfying

f):O(logr), T — 00.

m(r, ') = O(logr) and m(r, 7
Then
m(r,%)—i—N(r,%) = N(r, f") + O(logr), r — 00.

Let us bring up the well-known lemma of Clunie as formulated in [7, App.
B|. The lemma plays crucial role in discussing non-deficiency of most values for
meromorphic solutions of differential equations.

LEMMA 2.3. Let f be a transcendental meromorphic function of finite order
such that
T =Q(= f), peN,

where Q(z,u) is a polynomial in u and its derivatives with meromorphic coefficients
by (u € M). If the total degree of Q(z,u) as a polynomial in w and its derivatives
does not exceed p, then

m(r, f) = O( Z m(r,b,)) + O(logr) (r — 00).
peM

The quantity

L a, f)
Bla, f) = hrlgg.}fw
is called deviation of a meromorphic function with respect to a € C, where
‘m‘ax log™t |f(2)] for a = oo,

L(r,a, f):=

max log™t ‘ﬁ for a # co.

|z|=
If B(a, f) > 0 we say, that a is deficient in the sense of Petrenko. For all a € C the
inequality

6(a, f) < Bla, f)
follows easily from the respective definitions. Thus for each value deficient in the

sense of Nevanlinna also S(a, f) > 0. For meromorphic functions of finite lower or-
der we have upper bounds of deviations similar to the deficiency relations following
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from the theorems of Nevanlinna. Indeed, it was proved by Petrenko in [16] that
for a function f of finite lower order u,

e if 4 < 0.5,
R sinp
Ba. f) < Bl {W o

and the set of deficient values in this sense is at most countable. The estimates are
sharp. In general, the sets of deficient values in the sense of Nevanlinna and in the
sense of Petrenko may differ even in case of functions of finite order and of regular
growth.

The following results concerning deviation are modified versions of the (gener-
alized) lemma on the logarithmic derivative and Clunie lemma [2,11].

LEMMA 2.4. Let f be a meromorphic function. Then, possibly except for r in
a set of finite linear measure, for k=1, 2, ... we have

f(k) _
L (7“,007 T) = O(log(rT'(r, f))) , (r — 00),

where f%) means the k-th derivative of f.

LEMMA 2.5. Let f be a transcendental meromorphic solution of

(21) fnp(zvf) :Q(Z7f),

where n is a positive integer, P(z, f), Q(z, f) are polynomials in f and its deriva-
tives with meromorphic coefficients a,, b, , respectively, which are small with respect
to f in the sense that

L(r,00,a,) = S(r, f), L(r,00,b,) = S(r, f).

If the total degree d of Q(z, f) as a polynomial in f and its derivatives is d < n,
then

L(r,00, P(z, f)) = S(r, ).

3. Deficiencies of transcendental solutions of S5

It is an easy conclusion following from meromorphicity of solutions of P, and
P34 that all local solutions of S, can be extended to meromorphic functions in the
complex plane. As far as Nevanlinna deficiencies go, for a solution f of Py(a) with
a # 0, we have 0(a, f) = 0 for every value a. In case of P»(0), the same holds both
for all non-zero values and for the value zero, which has been recently shown by
Steinmetz [20].

Similarly, for a transcendental solution of Pss(c) we have d(a, f) = 0 for all
values if & # —1/2 and for all nonzero values if & = —1/2 [2]. In [2I] Steinmetz
proved nondeficiency of zero also in the special case. It leads to the following result.

THEOREM 3.1. For transcendental meromorphic solutions of Sa(a) the equality
d(a,0) =0 holds for all a € C.

PRrROOF. The proof of the statement for all values a in case o # —1/2 and for
all nonzero values in case &« = —1/2 can be found in [I]. We conduct the proof for
a=—1/2 and a = 0. Let us then consider the equation

(6”2 +4(0")3 + 20" (20" — o) = 0.
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It follows from equalities (6] that, in particular,

o = L
= 2p7

where p is a solution of P34. This way we obtain

n(n DY <m(n D) o (r L) €m () o () o0

Recall that solutions of Sy are of finite order. This way it follows from Lemma 2.7
and Theorem 4 in [2I] that there exists a sequence (r,) tending to infinity such
that

m(r, ) < mr, })) +0(log ) = o(T(r,p)) + O(logr) = o(T(r,)) + O(log)

o
holds for r = r,,. It follows that §(0,0) = 0. O
4. Second main theorem for s-equations

Let us now recall the second main theorem of Nevanlinna.

TuEOREM 4.1 ([13]). Let {ai}f_, be a finite set of pairwise distinct complex
numbers and let f be a meromorphic function. The inequality

k
mlr. )+ 3o mira. f) <25, f) = (N ) + 2N(r, ) = NG 1)
+O(logT(r, f) +logr)

holds true for all 1 — oo, possibly except for r in a set E of finite linear measure.

v=1

It follows from properties of solutions of P; that solutions of S; are transcenden-
tal meromorphic functions of finite order and the equality d(a, o) = 0 holds for all
a € C [1]. Similar behavior characterizes solutions of Sa and Sy, with the exception
that for Sy zero can actually occur as an exceptional value of some solutions.

In case of both Painlevé main equations (see: [7, Ch. 3, §11]) and Painlevé
sigma equations the inequality in the second main theorem translates into an as-
ymptotic equality.

THEOREM 4.2. Let o be a solution of S1 or So. Then the second main theorem
of Nevanlinna for o has the form of asymptotic equality

N(r, %) + Ni(r,o0) =2T(r,0) + O(logr).

PROOF. First, let o denote a solution of S;. Since m(r,o) = O(logr) [,
it follows from Lemma 2] that also m(r,o’) = O(logr). Moreover, S; can be
presented in the form

o 1lod”
; = 57 . O'N + 2(0'/)2 + z.
Applying simple properties of the mean proximity function and Lemma 2.1 we
obtain for r — oo,
"

m(r, %) < m(r, %) +m(r,0") + 2m(r,a’) + O(log )

" /

< 3m(r,0) + 2m(r, =) + 3m(r, =) + O(log r) = O(log ).
g g
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It follows that the conditions of Lemma hold. Taking into consideration that
all the poles of solutions of S; are simple, applying the first main theorem we get

N(r, &) + Ni(r,0) =m(r,a’) + N(r,0’) + O(1) = N(r,0") + O(log )
=2N(r,0) + O(logr) = 2T(r,0) + O(logr).

Let now o be a transcendental solution of Sa(a). If o = —% the equation S can

be represented in the form
1 n\ 2

" 1" !/

m(r, %) < 2m(r, %)—f—m(r, a')+O0(logr) < 2m(r, 7)+m(r,

Thus we get for r — oo,

SER!

)+m(r,o)+O(logr).

~—

As o is of finite order and we know that m(r,0) = O(logr) [, it follows from

Lemma 2.7] that -
m(r, _/) = O(logr) (r — 00).
o

If a # —%, we differentiate which transforms Sy into

11

i:U—/Jraa’quJFQ.
g

O-/

Applying Lemma 2Tl and the fact that both
m(r,0) = O(logr) and  m(r,0") = O(logr)
we get
m(r, %) = O(logr) (r — o0)
also in this case. Let us recall that the poles of o are simple, so Nyi(r,0) = 0. As

the conditions of Lemma are fulfilled, we have
1

N(r, ?) + Ni(r,0) = N(r,0’) + O(logr)

=2N(r,0) + O(logr)
= 2T(r,0) + O(log r).
]

Solutions of Sy also admit an asymptotic equality in the second main theorem.

THEOREM 4.3. Let o be a transcendental solution of Sy. Then the second main
theorem of Nevanlinna for o has the form of asymptotic equality

1

m(r, ;) + N( 1 )+ Ni(r,0) =2T(r,0) + O(log ).

r,—
O.I

PROOF. Consider first the case 0pf,, = 0. Assume that 6., = 0. Then S, has
the form
(0" — 4(z0" — o) +4(c")? (0’ + 26,) = 0,
which can be written as
o 1 o,/l 20_/ ! /

— 2T 2% (T z
0’74(0) a+(0)0+2000+22'
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Since m(r,o) = O(logr) [1], applying Lemma 21 and simple properties of the mean
proximity function, we get

m(r, i/) = O(logr), r — 00.
o
As the conditions of Lemma are fulfilled, we obtain
1 1
m(r, =)+ N(r,=) = N(r,0") + O(logr), r — 00.
o o

The poles of o are simple, so N1(r,0) = 0. It follows that

m(r, é) + N(r, i) + Ni(r,0) = N(r,o’) + O(logr)
=2N(r,0) + O(logr)
= 2T(r,0) + O(logr).

Consider now the case 0pf # 0. Let o(z) be a transcendental solution of (L.
Denote

G(2) = (0")? — 4(z0’ — 0)? + 40’ (0" + 200) (0" + 20).
Differentiating twice we obtain
G'(2) = 0" +4[2(0p + 0s0) — 2%]0’ + 420 + 6(0")? + 800000,
and
G (2) = oW —dz0" +4[2(0p + 0s0) — 22]0” + 40 + 12070 = 0.
Computing zG’(z) — G"(z) leads to the equation
20 — 6" —8(0y+0s0 —22) 0" +4[2(00+ 00 ) — 22| 20" +1220" 0" +6(0")> — 80y = 0.

This equation can be easily transformed into

(4) 1" " 3
g g z0 g g
— = e = o+ (B0 + 00 — 42Dz — + =20” + 2% — 0y — O
o Bofm (8 p 80/+(0+ z)z0/+2za +z o

3 ! 1
—1—40090000 .

Applying Lemma [ZT] the fact that m(r,o) = O(logr) and simple properties of the
mean proximity function we obtain

m(r, g) = O(logr).

O-/

This way the conditions of Lemma are fulfilled. As the poles of o are simple,
we obtain

m(r, é) + N(r, %) + Ni(r,0) = N(r,o’) + O(log r)
=2N(r,0) + O(logr)
= 2T(r,0) + O(logr).
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5. Small targets of o-equations

For meromorphic functions a, f, we say that a is small with respect to f if
T(r,a) = S(r, f). Meromorphic functions small with respect to a meromorphic
function f are sometimes called small targets of f [7, Ch.3, p.72]. Behavior of
solutions of Py, P, and P, towards small targets was described in [I8,[19]. Below
we present (partial) results for respective sigma equations

THEOREM 5.1. Let o(z) be a transcendental solution of Sy, So or Sy and let
a(z) be a small target of o(2). If a(z) does not solve Sy, So or Sy, respectively, then
1

"o—a

)=S8(r,0) and 0(a,0) =0.

m(r

PROOF. Let us first assume that o(z) is a solution of S; and that a(z) is a
small target of o(z), which does not solve S7. In the equation S; we substitute

() i= = —
u(z) i= ————.
o(z) —a(z)
Notice that a(z) is a small target of u(z). As
1

o(z) = )
we obtain the following differential equation of v with coeflicients being polynomials
in a and its derivatives

+ a(z),

A(2)ub = 2u® + [12(a')? + 22]u'n + 20" utu” — 4a"u(u)?
_ 12“2(,“/)2 o u2(u//)2 +4u(u/)2u// o 4(’[1/)4 _’_4(ul)3,
where
A(z) == (a")? + 4(d")? + 22d" — 2a.

By assumption, a(z) is not a solution of Sy, so A(z) # 0. Moreover, from the fact
that a(z) is a small target of o we conclude that the equality

T(r,A(z)" ) = S(r,0) = S(r,u)
holds, which means that m(r, A(z)~!) = S(r,u). This way we obtain the equation
ub = A(2) 7120’ 4 (12(a’)? + 22)uto’ + 20" vt — 4a"u? (u')?
—12u%(uw')? — u?(u")? + du(u))?u” — 4(u') + 4(u')3).
It means that the conditions of Lemma [2.3] are met with p = 5. It follows that
m(r,u) = S(r,u),

which is equivalent to

)= S(r,o0),

m(r, p—

so d(a,o) =0.
Let us now assume that o(z) is a solution of Sy and that a(z) is a small target of
o(z), which does not solve So. Similarly as before, in the equation Sy we substitute
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This way we obtain the following differential equation of u with coefficients being
polynomials in a and its derivatives

uS = B(2) 7 2d'u® + (12(a’)? + 4zd’ — 2a)u*u’ + 2a" vt — 4a"u (u))? — 2u3u’
—2(z + 6)u’ () — w?(u")? + du(u')*u” — 4(u')* + 4(u)?],
where B(z) := (a”)? + 4(a/)® + 22(a’)? — 2ad’ — (o + 1)2. By assumption, a(z)
is not a solution of Ss, so B(z) # 0 and, similarly as in the previous case we may
arrive at the conclusion that the coefficients of the equation fulfill the conditions of
Lemma 2.3 It follows that
m(r,u) = S(r,u),

which is equivalent to
1

)
g —a

) = S(T,O’),

m(r

so d(a,0) =0.
Let us finally assume that o(z) is a solution of Sy and that a(z) is a small
target of o(z), which does not solve Sy. Again, in the equation S; we substitute

u(z) == 1

o(2) —a(z)’
This way we obtain the following differential equation of u with coefficients being
polynomials in a and its derivatives

uS = C(2) 7 8(a — za')u® + 4[4000.0 + 3(a’)* + 2za + (4(0p + o) — 22%)a’Jun
+ 2a"ut” — 2a"u (u')? + dut + 4[2% — 3d’ — 2(0p + o0 )|u*(u)?
+ 82wl — u?(u")? + du(w)?u" — 4(u')* + 4(u)?3),
where
C(2) = (a")? +4[2(00 + 0s) — 2°](a')? + 8zaa’ — 4a* + 4(a’)® + 160900’

Since, by assumption, a(z) is not a solution of Sy, so C(z) #Z 0 and, by a similar
reasoning as before, we conclude that

and d(a,0) = 0. O

We can also formulate another result concerning rational small targets of the
sigma equations in the following way.

THEOREM 5.2. Let o(z) be a transcendental solution of Sy, Sa or Sy and let
a(z) be a rational function. If a(z) does not solve Si, So or Si, respectively, then

B(a,0) = 0.
PROOF. First, let us first assume that o(z) is a solution of Sy and that a(z) is
a rational function. Then a(z) does not solve S; since S; does not have rational
solutions. As in the proof of Theorem [5.1] we substitute u(z) := (o(z) — a(z)) ™!
and put A(z) := (a”)? + 4(a’)® + 2za’ — 2a. We obtain the equation
A(2)u® = 2u° + [12(a))? 4 22]uts’ + 20" utu” — 4a"u? (u')?

—12u%(u))? — u?(u")? + du(u))?u" — 4(u)* + 4(u)3,
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which has rational coefficients. It means that the coefficients fulfill the conditions
of Lemma [2.5] which leads us to the conclusion that
L(r,u) = S(r,u),
which is equivalent to
1

)
g—a

L(r

)=8(r,0),

so B(a,0) = 0.

The proof of the remaining two cases can be conducted along the same lines
as in the proof of Theorem [B.1] with application of Lemma instead of Lemma
O

Let us recall now the notions of an asymptotic value and an asymptotic spot.
A pair {a,I'}, where a € C and T is a continuous curve

I': z2=2(t), 0 <t < o0, z(t) — oo for t — oo,

such that
lim _ f(z) = lim f(=(t)) = a.

z—00,z€l’

is called an asymptotic spot of f. Also a is called an asymptotic value of f. By
the Denjoy-Carleman-Ahlfors theorem [6], an entire function of finite lower order p
cannot have more than max{[2u], 1} different asymptotic spots. Similarly, a(z) is an
asymptotic function of f(z) if zero is an asymptotic value of f(z) —a(z). Estimates
of the possible number of asymptotic functions similar to Denjoy-Carleman Ahlfors
theorem have been formulated in attempt to prove so-called Denjoy conjecture (see:
[5]). The number of asymptotic values of an entire function of infinite lower order
or a meromorphic function even of finite order may be infinite.

If the function moves along the curve towards the value a with a fixed higher
speed, for instance comparable with characteristic T'(r, f), we say that a is a strong
asymptotic value.

DEFINITION 5.3 ([12]). We say that a € C is an ag-strong asymptotic value of
a meromorphic function f, if there exists a continuous curve I' : 2z = 2(¢), 0 <t <
00, z(t) — oo as t — oo, such, that

log | f(z(t) —al™"

=afa) > ay >0, if a# oo;

lim inf
tooo T([2(1)], f)
1 t
L dog|(=(1))
t=o0 T'(|2(t)], f)
It is easy to notice that, if a is an ag-strong asymptotic value of f, then the
magnitude of Petrenko’s deviation

(5.1) Bla, f) > ap.

It means that a is also a deficient value in the sense of Petrenko. Marchenko proved
that the number k of distinct ap-strong asymptotic spots of a meromorphic function
of finite lower order A is finite and the inequality

o< [0

&)

> agp >0, if a=o0.

holds (see: [12]). The estimates of the number of strong asymptotic values of
solutions of Py, Py, P34, Py and Sy, Sa, Sy4. were shown in [1I]. It should be noticed
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that for certain solutions of P, and Sy zero may in fact be strongly asymptotic.
Similarly to the notion of a strong asymptotic value we may formulate a definition
of a strong asymptotic function. The estimates of the number of strong asymptotic
functions of meromorphic functions can be found for example in [3].

The inequality (&.I]) means that Theorem [5:2]leads to the following conclusion.

COROLLARY 5.4. Let o(z) be a transcendental solution of So or Sy and let a(z)
be a rational function. Then, if a(z) does not solve So or Sy, respectively, then a(z)
is not an ag-strong asymptotic function of o for any value agy > 0.

In case of the first Painlevé o- equation we may formulate a slightly sharper
conclusion.

COROLLARY 5.5. Solutions of Painlevé o-equation S1 do mot have rational
strong asymptotic functions.

6. The third Painlevé equation
A modifed third Painlevé equation Ps

N2 2z
(6.1 =Y ap e+ X

f f
has meromorphic solutions only [9]. Unlike previously mentioned equations, Py
has transcendental coefficients if (5,0) # (0,0). Therefore instead of focusing on
transcendental solutions in general we shall apply the notion of admissible solutions.
We say that f is an admissible solution of a differential equation if all the coeflicients
of the equation are small with respect to f. In case of admissible solutions of
P, in fact we get S(r, f) = O(r) without an exceptional set [7,10]. Nevanlinna
deficiencies of solutions of Ps were obtained by Shimomura in [17]. The following
result holds for Petrenko’s deviations.

THEOREM 6.1. Let f be an admissible solution of Pg,(a,ﬁ,’y,é) with («, B) #
(0,0) and (vy,d) # (0,0). For all values a in C we have

L(ra, f) =50 f)  (r—o0)
and B(a, f) =0.

PROOF. Let f be an admissible solution of P3. As
2
T(r,Be*) < r +1log™ 8| and T(r,8e**) < il +log™ |6],
T T

it means that, in general we have

Since
L(r,00,Be*) = r +log™ | 8] and L(r,00,6e**) = 2r 4+ log™ |4],

we can see that the coefficients of the equation (6.1 are small with respect to f
also in the sense mentioned in Lemma

Let (o, ) # (0,0). and (8,9) # (0,0). Assume that v # 0. The equation (G.1])
can be presented in the form

(=) =af?+ (f))2 = ff" + Be* f + 6e**.
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This way the conditions of Lemma are fulfilled with n = 3. It follows that
L(r,oo, f)=S(r, f) (r — o00).
Let now v = 0. Then the equation (GI) can be written as
(—a)f? = (f')? = ff" + Be* f + de*,
and the conditions of Lemma are fulfilled with n = 2. Again, it follows that
L(r,o0, f)=S(r, f) (r — 00).

Now for a fixed value a € C we substitute f = é + a. The equation (6.1 assumes
the form of an equation with respect to g

(OLCL?) +"YCL4 —|—5£L€Z + 5622)g4 _ 2a(g/)29 _ ag//gQ + (g/)Q _g//g -

(6.2) — (a4 4va)g — (3aa + 6ya?)g?
— (3aa® + 4ya® + Be*)g.
By the first theorem of Nevanlinna,
T(r,g) = T(r /) + O(1),

so we can see that if f is an admissible solution of (6.1J) then g is an admissible
solution of (G.2)), also in the sense of Lemma Applying again Lemma we
obtain

L(rya, )= L(r, o0, L a) = L(r,00,9) = S(r,g) = S(r, f) (r — o).

f—
]

COROLLARY 6.2. If f is an admissible solution of Ps(a,f3,7,8) with (o, 7y) #

(0,0) and (B,6) # (0,0) then f has no strong asymptotic values in C.

Let us now consider the situation when one pair («, ) or (3,9) of coefficients
of Py equals (0,0). It is easy to check, by a suitable substitution, that the pairs of
coefficients (a, ) and (5,6) in (1) have a symmetric role (see, for example [9]).
Let us then concentrate on the case (a,v) = (0,0). If f is an admissible solution
of Ps(av, 8,7,6) with (a,~) = (0,0) and (3,8) # (0,0), that is the equation

(6.3) FI"= (') + Be* f + de*,

then for every value a € C we have L(r,a, f) = S(r, f) and S(a, f) = 0.
Indeed, let f be an admissible solution of ([6.3]) and for a fixed value a € C put
f= % + a. The equation (3] transforms into an equation with respect to g:

(5e2z + Baez)g4 _ 2a(g/)2g o ag//g2 + (g/)Q _ g//g o ﬂezg3.
Assume first that § = 0. Since 8 and § are not both zeros, Lemma [Z.5] applies with

n =31if a # 0 and with n = 2 if a = 0. If, on the other hand, § # 0 then the
conditions of Lemma hold with n = 3. In all cases we obtain

[’(Tva’f) :E(T’OO’Q)ZS(Tvg) :S(Tmf)

It follows that for every value a € C there is 8(a, f) = 0 and, as a result f has no
finite strong asymptotic values.
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Finally, notice that P3(0,0,0,0), that is the equation
fr=("?
has a solution f(z) = e*. As f(o0,e*) = p(0,e*) = m, this solution has

two strong asymptotic values (o = 7), each of them connected with one strong
asymptotic spot.
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Relations between different Hamiltonian forms of the third
Painlevé equation

Galina Filipuk, Adam Ligeza, and Alexander Stokes

ABSTRACT. In this paper we study different Hamiltonian systems with poly-
nomial and rational Hamiltonians associated with the generic third Painlevé
equation and present explicit birational transformations relating them.

1. Introduction

A standard form of the third Painlevé equation is

Pz 1 [(dz\?> 1ldz 1 )

e (E) “ra T Tt

where z is a function of ¢ and «, 3, v, § with 44 # 0 are arbitrary complex param-
eters. There exist in the literature multiple non-autonomous Hamiltonian systems
equivalent to Pyr; obtained from various viewpoints, but the relations between these
have not been fully established. In this paper we continue the program announced
in [DFLS], which aims to compare the different Hamiltonian systems associated
with each Painlevé equation and find explicit birational (or algebraic) transforma-
tions between them. We draw on a variety of methods, including the comparison of
linear systems from the isomonodromy approach as well as the method presented
in [DFLS], which uses tools from the geometric theory of Painlevé equations devel-
oped by Okamoto and Sakai [Ok1l[Sak]. Obtaining such relations between different
Hamiltonian systems related to Painlevé equations is sometimes quite subtle, for
example for the fourth Painlevé equation studied in [DFLS] the relations are very
much non-trivial and the geometric method is more effective than a direct approach.
In this paper we consider the case of the third Painlevé equation, more specifically
the generic case where 7§ # 0 as above, for which the relations between various
Hamiltonian systems turn out to be more straightforward and less interesting on
the level of the geometric theory, so we omit details and present only the birational
transformations themselves.

The Hamiltonians and the associated systems of differential equations equiv-
alent to Ppyp that we plan to compare in this paper are the Okamoto (polyno-
mial) Hamiltonian [Ok2/[Ok3], the Kajiwara-Noumi-Yamada (KNY) Hamiltonian
[KNY], the Filipuk-Zoladek rational Hamiltonian [FZ] and two Hamiltonians ob-
tained from the isomonodromic deformation of linear systems: the Jimbo-Miwa
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Hamiltonian [JM] and the Its-Prokhorov Hamiltonian [IP]. We discuss only the
Its-Prokhorov Hamiltonian since up to a function of ¢ and scaling of parameters
they are the same.

2. Main results

In the papers [Ok2] and [Ok3|, the third Painlevé equation appears as the
result of the monodromy preserving deformation of a scalar second order linear
differential equation (with coefficients that depend on t) with certain singularities
in the complex plane. The third Painlevé equation is obtained in the form of a
Hamiltonian system with polynomial Hamiltonian [Ok1l[Ok2], given by

(2'1) HOk(.ﬂgvt) = %(2f292 + (90 + eoo)nootf - ((1 + 290)f - 2770t + 27]ootf2)g)7

where f = f(t) and g = g(t), t is an independent variable, and 6y, 0o, 10, Moo are
complex constants. The corresponding Hamiltonian system is

df _ OHO%  4f%g —2notf* — (14 260) f + 2not

dt dg t

22) o e
dg _ OH*  4fg* — (1+ 200 + 4noct f)g + 100 (B0 + O )t
a  of t ’

Eliminating the function g from the system above, we obtain Py for the function
f with parameters

(2.3) o= —4Nbs, B=4n0(1+0y), ~= 477507 0= —4778.
The KNY Hamiltonian [KNY] (8.237)] is given by
1
(2.4) H (g, p,5) = < (p(p = 1)¢* + (a1 + az)qp + 5p = azq),

where ¢ = ¢(s) and p = p(s), s is an independent variable and a; and ay are
complex constants. The corresponding Hamiltonian system is given by

@:aHKNY:q2p+(p—1)q2+(a1+a2)q+s

d ;
(2.5) 5 8pKNY s

@:_5‘H :_2(p—1)qp+(a1 + as)p — az2)s

The KNY Hamiltonian system is very convenient to use as a reference example for
the geometric approach, since [KNY] provides a comprehensive collection of rele-
vant data. However the relation to the third Painlevé equation is not as straight-
forward here as in the Okamoto case. According to [KINY], one needs to eliminate
first the variable p, then introduce the function z(t) by q(s) = tx(t) with s = 2
and then one obtains the third Painlevé equation for x(t) with parameters

(2.6) a=—4(a; —a2), B=41-a1—a2), y=4, §=—4.
The Filipuk-Zotadek (rational) Hamiltonian [EZ] is given by

2,2 2
Ty 8 ~tx ot
2.7 gz ) =7 — 2
(27) (rot) = 2 a4 5T 2
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where z = x(t) and y = y(t), t is an independent variable and «, 3, 7,  are complex
constants. The corresponding Hamiltonian system is given by

dr oH" B z%y
a oy  t’
d oH" zy? ot
d_gt/:_ 7 :a—%—l—%—l—”ytﬂ:—k;.
Eliminating the function y between these equations we immediately get the third
Painlevé equation for the function z, with parameters «, 3,7, d.

In [IP], the authors obtained Hamiltonians related to the Painlevé equations
from the study of monodromy preserving deformations of 2 x 2 linear systems, with
the Py case being

(2.9) HY(f,9,1) = %(2f292+<2t—2tf2+<49w—1)f)g—2tf<eo+eoo>+<9§o—93))-

The corresponding Hamiltonian system gives the third Painlevé equation for the
function f, with parameters o = 86y, S = 4 — 80, v = —6 = 4. For the fourth
Painlevé equation, the corresponding Its-Prokhorov Hamiltonian was different from
that of Okamoto. However, in this case we see that if we take Okamoto’s Hamil-
tonian with 77; and 7., equal to one, and set 01F = —9%/2, iF = —6Q% /2, then up
to a function of ¢ both Hamiltonians (and, hence, corresponding systems) coincide.

Hence, we are left with two nontrivial cases of relations between systems to es-
tablish: first between the rational Hamiltonian H"? and the Okamoto Hamiltonian
HOk, and second between the rational Hamiltonian H'% and the KNY Hamilton-
ian HNY In what follows we will present these, completing the picture of how
different Hamiltonian forms of Pyyp are related, as outlined in Figure [l

Th .
Okamoto corem 2.1 { Filipuk-Zotadek (rational) }

(2.8)

L) AN
trivial i RN . [KNY]
* T Theorem
[ Its-Prokhorov } AN R
£ N
trivial i Kajiwara-Noumi-Yamada }
Y

FIGURE 1. Relationships between different Hamiltonian forms of Py

THEOREM 2.1. Let x = x(t) and y = y(t) be solutions of the Filipuk-Zotydek
system (Z8) and f = f(t) and g = g(t) be solutions of the Okamoto system [22)).
Under the identification of parameters as in 23)), the following birational trans-
formation is valid:

4f2g — 2noct f2 — (200 + 1) f + 2not
f? ’

(2.10) x=f y=
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with inverse given explicitly by

2y + 2nta® + (200 + 1)x — 2not

N 422 '

We have the following equality of the 2-forms defining the non-autonomous Hamil-
tonian structures of the two systems, under the transformation above:

(2.11) f=u,

(2.12) dy/\dx—dHFZ/\dt:4(dg/\df—dHOk/\dt).

The Hamiltonian functions themselves are related modulo functions of t by
2

(2.13) B2 (e, 0) = AHON(f, g, 1) 4+ 20 + =

THEOREM 2.2. Let ¢ = q(s) and p = p(s), be solutions of the KNY system
@3) and x = x(t) and z = y(t) be solutions of system ) with v = —6 = 4.
Then with s = t> the following birational transformation holds:
22y + Atz + (B — 2)w — 4t

2.14 =t
(2.14) q=ta, Sia?

with parameters related according to
(2.15) a=—4(a; —az), B=4(1-a; —az),

or, equivalently, a1 = (4—a—)/8, as = (4+a—3)/8. The inverse transformation
is given by
8pq® — 4q® — 2(1 —2a; — 2 4
(2.16) o= 9= VP — A — 21— 201 — 200)q + 45)
Vs 2¢?
We again have the 2-forms defining the non-autonomous Hamiltonian structures of
the systems equal under the identification above:

(2.17) dy Ndz — dH"* Adt = 4 (dp A dg — dH*NY Ads) .

The Hamiltonian functions themselves are related modulo functions of t by
1 TY 1

2.18 HY = —H%z,y,t) + — — —.

(2.18) (0,p,8) = G H (w9, 8) + 25 — 5

REMARK 2.3. Note that the exterior derivative in the 2-forms referred to in
both of these Theorems is on the 3-dimensional extended phase space so ¢t and s
are treated as variables.

Both of the above transformations may be verified by direct calculation. The
transformations and relations between parameters may be obtained using the meth-
od presented in [DFLS], but the geometry of these systems and the calculations
establishing this are rather straightforward in this case so we omit them.

We make remarks at this point concerning the relation of our results to the
degenerate cases of the third Painlevé equation, in which the geometry of the as-
sociated surfaces change. The generic case where v,0 # 0 has surface type Dél)
according to Sakai’s classification [Sak], whereas if v = 0, § # 0 then the surface

type is Dgl). The KNY Hamiltonian in the Dgl) case is

1
(2.19) K1 = 2(¢°p" + g+ pt + aigp),

which leads to the third Painlevé equation with parameters
(2.20) a=-8, pf=-4(a —-1), v=0, 6=-4
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If both v = 0 and é = 0, then the surface type is Dél) and the KNY Hamiltonian
further degenerates to

1
(2.21) Kz = 2(@*p* +ap+q+1t/aq),
which gives the third Painlevé equation with parameters
(2.22) a=—-5=-8 ~y=0=0.

The change in geometry in these cases means that the birational transformations
given in Theorem may cease to work. This is indeed the case, but we can make
adjustments to obtain transformations that are valid in these degenerate cases.

PROPOSITION 2.4. They =0, § = —4 case of the Filipuk-Zolgdek Hamiltonian
system (28) is equivalent to the KNY form of the Dgl) third Painlevé equation with
Hamiltonian (Z19), under the birational transformation
_ 2%y — 2a17 + 1 — 2t

4tz? ’

(2.23) q=tz,
with parameters related according to ([220]).

ProroSITION 2.5. The v =0, § = 0 case of the Filipuk-Zotgdek Hamiltonian
system (28) is equivalent to the KNY form of the Dél) third Painlevé equation with
Hamiltonian (Z21)), under the birational transformation

zy —1
2.24 = tx, = )
(2.24) g=tr, p=—r-
with parameters related according to ([2.22)).
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Degeneration structure of the Voros coefficients of the
generalized hypergeometric differential equations with a
large parameter

Takashi Aoki and Shofu Uchida

1. Introduction

The notion of Voros coefficients plays an important role in studying the para-
metric Stokes phenomena, calculation of the monodromy and the relations between
Borel resummed WKB solutions and classical special functions [4[51[8,10L14]16]
18-20]. In the previous works of the first author and his collaborators [6L[7], the
Voros coefficients for Gauss hypergeometric differential equation at the singular
point were given and used in order to study the relation between o F; and the WKB
solutions. Moreover, the Voros coefficients for 5 F_1 at the origin and infinity are
given in [9].

In this article, the Voros coeflicients of the generalized hypergeometric differ-
ential equations for ,F, (p # g + 1) are defined and their explicit forms are given
at the origin and the infinity. Furthermore, we have the degeneration structure
of the Voros coefficients of the generalized hypergeometric differential equations
with a large parameter. The degeneration of the Voros coefficients and that of the
generalized hypergeometric differential equations are compatible.

2. WKB solutions

Let p and ¢ be integers greater than or equal to 0 and N := max{p,q+1}. We
consider the following equation which contains the large parameter:

(2~1) qu¢ =0,
where we set
OIS (00 +05) ) 00 — 7P ([T, (Y +ai))  (p,q #0),
(22)  pPy= 1y (1[0, (0 + b;)) B, — 1 (p=0).
R (| SRR ) (¢=0),

a; =a;0+a;1m(i=1,2,...,p)and b; =bjo+b;1n (j =1,2,...,q). We call 2]
the generalized hypergeometric differential equation with the large parameter. The
differential operator ([Z2]) is a WKB type operator defined on C in the sence of
[1, Definition 2.1]. For an m-tuple ¢ = (¢1,¢a, . . ., ¢yn) of parameters, we denote by
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s¢(c) the elementary symmetric polynomial of degree ¢ of ¢q, co, ..., ¢p. € >m
or £ < —1, we set s¢(c) = 0. Let £ denote the dual variable of z and ¢ = &/n. The
total symbol o (,P,)(x,(,n) (cf. [9]) is written in the form:

N [N .1 .
- Z Z (n—(q+1) {i_ . }5q+1j(bq) —yP {i}spj(ap)a?) ZF ek

where a, = (a1,a2,...,a,) and by, = (b1,b2,...,b,). Then the principal symbol
00(pPy)(z,¢) is witten in the form:

N

(2.4) oo(pPy) (2, () = Z (ﬁqulfk(bqyl) - 5pfk(ap,1)x)$k_1<k —sp(ap1),
k=1
where a,1 = (a1,1,02,1,...,ap1) and bg1 = (b1,1,b21,...,bq1). Let PP:9) denote
the set
(2.5) {(@, G) [ 00(pPy) (w4, C) = Oco0(pPy) (w4, (i) = 0F.

This set can be regarded as a subset of PZ. In the same way as in [9, Lemma
2.4], if p # q + 1, we can prove that #P®9 = p + ¢ for generic ap1 and bg 1.
Let Pt(g’q) be the projection of (23] to the z-space. Assume that the singular

points of the equation (1)) do not belong to Pt(g’q). We consider the Puiseux
expansion at o € {0,00} of each characteristic root. For the case of o = 0, we
substitute ¢ = Y22, ck/l,xk/” into ([Z4). Looking at the degree of the leading
term of (24 with respect to x, we can determine m and v. Then the leading
coefficient c,,,,, can be also determined. The coefficients of higher-order terms ¢/,
(k > m) are determined recursively. Similarly, we can find the Puiseux expansions
of the characterictic roots at x = oo.

DEFINITION 2.1. We take local numbering of the characteristic roots of , P, as

follows: For the singular point g, the roots are denoted by (,(,f) (m=1,2,..., N)
so that

() Ifp<q+1,

b
CEO):_%—FO(l) (621727“‘7(])7
(0) a1,1421° " Qp1
=——>= D 4 0O(x),
Cq+1 bi1--bga (@)
m 1
() eiiﬁ(m_p) 1
Cm = 1— 1 +O - (m:p+17’q+1)
x q—p+1 z

hold.
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(i) Ifg+1<p,

b
= on) (g0 0=12..0)

2w/ —1
C(O)—L(mq)+o(l> (m— 41 _1)
" 1‘1+p7<1171 xT 1 B ,
(0) _ 211021 " "Gp1 +O0(z
Cp big- by (),
m 1

hold.

Taking suitable branch cuts connecting simple turning points, we can regard
this numbering is defined globally. The characterictic vareity Ch(,FP,) can be
regarded as a compact Riemann surface X(»9). There is a natural projection
VSEED M CEU YN PL, which is an N-covering map. By using the Riemann-Hurwitz

formula, the genus of (%) equals 0.
A WKB solution ¢ of (ZT) is a formal solution of the form

2 o mo( [ ).

(2.7) S=nS1+So+n'Si+-=> n's,
=—1

(see [I Definition 3.2]). The leading term of the equation Ri(,F,)(S) = 0 with
respect to ! determines S_1, where

(2.8) Ri(,P,)(S) = exp (- / de) P, exp ( / de) .

Therefore S_; should satisfy o¢(,P,)(z,S5-1) = 0. Hence we can take one of the
characteristic roots as S_;. The higher-order terms S; (7 = 0, 1, 2, ...) can be
determined recursively and uniquely outside the turning points if S_; is chosen.
Thus obtained N formal solutions of Ri(,P,)(S) = 0 are denoted by S(@™ (m = 1,
2, ..., N) so that this numbering is consistent with Definition 21

3. Factorization

We assume that there is a simple turning point z, of , P, with the characteristic
value (. Then oo(,P,)(x,() is uniquely decomposed holomorphically in the form

(3'1) UO(qu)(xaC) = l(l‘,(:)r(l‘,(:),

where r(x, ) is a Weierstrass polynomial of degree 2 in ¢ with the center at (z., ()
and [(x., () # 0. By the definition, r(z, () has the form

(3:2) r(@,0) = (¢ = )’ + fi(@) (€ = ¢ + falw),
where f;(z) vanishes at © = z, for j = 1,2. We may assume CJ(Q) and (,(f) are the
roots of r(z,() = 0. We set

- 1

(3.3) rFa = N (sgr1-n(by) — sp-n(ap)z) "

ptaq
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Then a(ppq)(x, ¢) becomes a monic polynomial with respect to ¢. It follows from
[, Theorem 5.1] that there uniquely exist differential operators L and R of WKB
type near x, which satisfy

(3.4) oP,=LR

and

(i) The principal symbol oq(R)(z, () of R coincides with r(z, ().
(ii) For each j > 0, the coefficient o;(R)(z,¢) of n™7 of the symbol of R is of
degree at most one in (.
(iii) The principal symbol o¢(L)(x, () of L does not vanish at (2., (x).

Thus constructed operator R has the form
(3.5) R=(n""9.)" + A(z,n)n~"' 0, + B(z, )
with

A(z,n) = Ao(x) + Ar(@)n™! + As(a) 2 4+,
(3.7) B(z,m) = Bo(z) + By(x)n ™' + Ba(z)n ™2 + - -

and L is an (N — 2)-th order operator

N-2
(38) L= Luwmm o)t
k=0
with
(39) Lk(xa 77) = Lk,O(I) + Ll@l(«f)nil + Lkz(:l?)’l]iz + .-

Relation ([34) determines A, B and Li (0 < k < N — 2), if we choose the leading
terms of them, which satisfy a system of algebraic equations. We consider a WKB
solution

(3.10) ¢ = exp (/ sz> ,

(3.11) T=ngT1+To+n 'Ti+=> n'T
l=—1

of R¢p = 0. Here T is determined by the Riccati equation associated with this
equation:

(3.12) Ri(R)(T) =n"*(T*+T')+ An~'T + B=0.

In the same way for p = ¢+ 1, we have the following relation for N > 3:
n . :

(3.13) Z k— i (:0fa(L)(2,€):) (S)OF Ri(R)(S).

Thus S =T if Sfl = Tfl.
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4. Definition of the Voros coefficients

We assume
(41) 5@ =¢lo =~ V;‘% —4Bo  gem _ o _ Ao = \/QM
for suitable choice of the branch of the square root. We set
43)  stean = L (sen g sen),  stegh = 1 (sen - gen),

Moreover, we denote Séﬁ’dj’f) by the coefficient of n~¢ of S’C()g’dj’k) and set Sgghj’i)o =

2Jsk WJrk
nséﬁdj,—)l + Sc()ﬁio)-

DEFINITION 4.1. The WKB solutions 7,/1$) of 1) normalized at the turning
point 7 of type (7, k) are defined by

(4'3) wg) = W exp (_577/ Adm) exp (i/ S§§g7k)da:> .
odd 7 T

The WKB solutions TZ{Sf) of [2I) normalized at the singular point ¢ are defined by
p® =

1 1"
————exp (——77/ Adx)
[ glo.sk) 2°J;
(44) odd
exp (= [ (s34 - 582 o+ [ s(8ihar)
o T

DEFINITION 4.2. The Voros coefficient Vg(j’k) at © = p of type (j, k) is defined
by

(4.5) ViR = [ (s - 58, do.
o

The Voros coefficient relates two kinds of the normalization of WKB solutions
defined in the preceding subsection. We have the following formal relations:

(4.6) Y = exp (Vg(j’k)) v,
The Voros coefficient is rewritten as
, 1
(4.7) vow = 2 /(J (S nS1 — So)d.
Yo

Here we consider that S is defined on the Riemann surface ("9 of S_; and %(,j k)

is a path on X" starting from the singular point ¢ on the j-th sheet, going to
and detouring 7 counterclockwise on the base space and back to the singular point
o on the k-th sheet. The Voros coefficients VQ(J k) depend on the equivalence class

of the path ’yéj’k).
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k-th sheet

j-th sheet

FiGURE 1. The path véj’k).

5. Explicit forms of the Voros coefficients

Let 1 and kg be linear homogeneous functions of ay1, ..., ap1, b1,1, ..., bg1
and a1,0, ..., Gpo, b1,0, - - -, bg,0, Tespectively. We set
By (ko
(5.1) By(k) = e(—l) (k = Ko + K11),
K1

(5.2) ze™o i BZ(HO)xé.

The explicit forms of the Voros coeflicients Vg(j’k) (0 = 0,00) can be obtained by the
same method as in [9] Theorem 4.9]. More specifically, we can have the differential-
difference equations for the Voros coefficients by using the ladder operators. We
can solve them by using formal differential operators of infinite order.

THEOREM 5.1. Let ¢ be 0 or co. If there exists a simple turning point of type
(4, k) (4 < k) of 1)), then the Voros coefficients Vg(j’k) are written in the form:

1 oo (_1)€+1n1—€ (k)
(5.3) §;WVM :
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where
D> Bubj—bm)+ > Bilbm)
1<m<gq 1<m<q
m#j
+By(b; —1)— > (Be(bj — a;) + By(ay)) (k=q+1),
v kR _ 1<i<p
0.t > Bu(bj—bm)— > Bu(bx —bm) — Be(by — 1)
1<m<q 1<m<gq
+Bu(bj —1)— Y (Bulbj —ai) — Be(b, — as)) (k < q),
1<i<p
> Bulai—a;)— > Byai—ag)
1<i<p 1<i<p
i#£] £k
VIR + By(aj) = Be(ag) + > (Be(bm —ax) — Be(bm — a5)) (k <p),
’ 1<m<gq
> B(ai —a;j) + Be(aj)— > Bilbm—a;) (k+1<p<q+1)
1<i<p 1<m<q
]

forp<q+1 and

Z Bl(bj_b7n)+ Z Be(bm)
1<m<q 1<m<q
m#]
+By(b; —1)— Y (Bu(bj —ai) + Be(as)) (4 <q,k=p),
1<i<p
> Bilbm)— Y Bla) (¢+1<j5k=p),
1<m<q 1<i<p
> By(bj—bm)— Y Bu(bx —bm) — Be(by — 1)
; 1<m< 1<m<
Vot =4 mEr s
+Be(bj —1)— > (Belbj —a;) = Belby, —ai))  (j<a,k<q),
1<i<p
0 (¢+1<jqg+1<k<p-1),
> Bu(bj —bm)+B(bj—1)— > Belbj—a;) ((<qq+1<k<p-1),
1<m<gq 1<:i<p
m#j
> Bilbk—bm) = Be(by = 1)+ D> Bulby—ai) (a+1<j,k<q),
1<m<q 1<i<p
m#k
VED = 3 Bula-a) - X B
1<i<p 1<i:<p
i#5 £k
+ Bu(aj) = Be(ag) + Y (Be(bm — ax) — Be(bm — a;))
1<m<q
forq+1<p.

We consider the Borel summability of Vg(j ) We set

1S (—1)bHg—t
(5.4) V (Ko, k1) = =5 Z é — 1 By (k) (k = Ko + K17).
=2

As we saw in the preceding theorem, V(J ) are expressed as a finite sum of the for-
mal series of the form V (kg, #1) for suitable choice of (kq, #1). Hence it is sufficient
to consider the Borel summability of V(/{O, k1). Its summability is well known: the
formal series V (ko, k1) of ™! is Borel summable if Re(k;) # 0 and the Borel sum
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of V(ko, k1) equals

l108; (Vﬂ(,{m)ﬁoern%) (Re(x1) > 0),

2 e (ko + K1)
(5.5)

%1og <(_'€177)”°+”1"éf (1 — (ko + K17))

\/ﬂemn ) (Re(m) < O)

(see [7, Lemma 4.6]). This expression is obtained by the Binet formula ([II]).
Thus, we have

COROLLARY 5.2. Let o be 0 or oco. Also let

(56) D(Iil) = {((1171, ceeyQp 1, b1717 ey bq)l) ‘ Re(m) 7’5 0},

where k1 is a linear homogeneous function of a1, ..., ap1, b1, ..., bg1. The
Voros coefficient Vg(]’k) of type (4,k) (j < k) is Borel summable if (a11,...,ap1,
bi1,...,bq1) belongs to D(gj’k). Here we set

(N Dbj1—bmi)N (] D(bma)

1<m<gq 1<m<q
m#j
N () (D1 —ai1)NDlai)) (k=q+1),
1<i<p
DYH) —
() Dji—bm)N (] Db —bm,1) N D(bg1)
1<m<q 1<m<q
ﬂD(bjyl)ﬂ m (D(b]‘,l 7ai,1)ﬂD(bk71 70,2‘,1)) (kg q),
1<i<p
(\ D(ain—aji)n () D(ai —ax)
1<i<p 1<i<p
i£7 ik
ND(aj1) ND(ar)N () (Dbma —ax) N Dbma —aj1)) (k< p),
DUR — 1<m<q

m D(a;,1 —aj1) N D(aj1)N m D(bm,1 —aj,1) (k+1<p<q+1)
1<i<p 1<m<q
i#]
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forp<q+1 and
(N Dbj1—bm)N (] Dlbma)

1<m<q 1<m<q
Mt
N () (D1 —ain) N D(ai)) (i <a.k=0p),
1<i<p
() Dma)n () Dlain)  (¢+1<j.k=p),
1<m<gq 1<i<p
(N Dbj1—bm,1)N () Dbe,1 = bm1) N D(by1)
1<m<gq 1<m<q
D(jwk) — m#j m#k
0 ND(bj1) N m (D(bj1 —ai1) N Dbk —as1)) (G < g,k < q),
1<i<p

CPTe (q+1<jq+1<k<p-1),

() D1 —bm1)NDG1)N () Dbji—ain) (<gq+1<k<p-—1),
1<m<q 1<i<p

m#j

() D1 —bm1) N D) N () Dlbga—ain) (a+1<j4k<q),

1<m<gq 1<:i<p
m#k

D(Jk) m D(a11 aj,1)ﬂ ﬂ D(aiyl—ak’l)

1<i<p 1<i<p
i i#k
ND(aj1) N D(ag,) N () (D(bm,1 — ax,1) N D(bm,1 —aj1))
1<m<q
forq+1<p.

We consider the degeneration structure of ([27I]). Let RAd denotes the reduced
adjoint operator ([I4L[17]). Then we can show that the following relations hold by
a direct calculation:

(i) fp>1and g >0,

1
(5.7) lim ——) P (ap; L 8w> =p-1Fy (ai_l;x,&a) :
q

b 1’
ap,1—00 Ay q ap?

(ii) f p>0and ¢ > 1,

(5.8) bqlllgloo 2Py <b 7bqnlx,agc> =,P,1 <bq1;x,3x> .

(iii) fp>0and g > 1,
(5.9) RAd(z%),P, (“F;x,am> = (=1)%1P, 4 (aqﬂ (— 1)P+q—1t,at>,
bq IBP 1

where t = %, o =ap,—bi+1 (1 <i<ygq), ag1 = ap+1 and 35 =
apr1 —a; +1(1<j<p—1).
(iv) N > 2,
(5.10)

NPyt <b?VN1;x,8x) — ' RAd(9;") RA(2*) y 1 Py 2 (‘;x;xax) ,
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where a; = a;, —A—p (1 <i<N-1),an=1—-pbj=0—-A—pn
(1<j<N-2),by1=1-A—p s =a0+ain(l<i<N-1),
B = B0+ B (1<j<N=2), X=X+ A\in, and p = po + p111.
We write Vg(j’k)(ap, b,) for the Voros coefficient at x = o of type (j, k) for (2.
Using Theorem 511 and [9, Theorem 3.9], we obtain

COROLLARY 5.3. Let g be 0 oroo. Also let Vg(j’k)(ap7 b,) be the Voros coefficient
for @10 at o. Then we have

lim Vg(j”‘f)(ap7 b,) = V(j’k)(ap—17 by) p<q+1),

ap,1—+00 @
b lligoo Ve(j’k)(ap, by) = Vg(j’k)(ap’ by-1) (g+1<p).

COROLLARY 5.4. Letp < g+1. We set agy1 = (ap—b1+1,...,a,—bg+1,a,),
Bp-1=(ap—a1+1,...,ap, —ap—1 +1). Then we have
Vo' (@, by) = VI (@11, Byp-),
VM (ay,be) = Vi (@gi1, Bp).

Here G is given by the following product of the adjacent transpositions:

(5.11) G=(qq+1)(g—1q)--(pp+1).

COROLLARY 5.5. The following relations hold:

Vi an byon)| =V (e Bys) Gk £ N - 1LN),
(Vo(j’N_l)(anle)’ 0) ‘A 0 Vo V(an_1,By-2) (j# N —1,N),
wm0) r
(v (anby-n)| )| =V V(ano1By) (AN - L),
A=0/ lp=0
Vg’k)(aN,bNﬂ)’ = VI (an-1,Bn-2) (J:k # N).

Here we set a; = a; —A—p (1 <i< N—-1),ay =1—p, b =8 —A—p
(I1<j<N=2), b1 =1-A—p, o =ajota;1n (1 <i < N-1), 85 = Bjo+8;,1m
(1<j<N-=2),A=X+ Ay and p = pio + p17.

REMARK 5.6. Let res¢(f,g) be the resultant of f and g with respect (. By
using elementary operations of determinant (cf. [9]), we have

(5.12)
o m <(ap,1)(N_1)2 res¢ (00(pFg) (%, €); Dca0(p Py) (2, ) L , )
= resc (00(p-1F) (2, C)ﬁcoo(p—lpq)(%zpj; (p>1,420),
(5.13)
p, (W res¢ (00(p ) (2, €), co0(pPg) (7, C)) w_>bq,11>

= res¢ (00(pFPy-1)(,€), o0 (pPy-1)(x,¢))  (p=0,9>1).
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Furthermore, we obtain

(5.14)
resc (o0(n Py-1)(#,0). dcoaln Pr-1)(@.0))

(_1)N71x2N71 (

pn=A=0
5N—1(aN—1,1))2 res¢ (o0(N—1Pn—2)(%,(),0co0(nN-1Pn—_2)(x,())

for N > 2. Here the parameters of (5.14) should be set the same as in Corollary

REMARK 5.7. If p#£ ¢+ 1 and N = 3, we have

(i-reg) If p=2,9 =2 and o =0,

Voy? = —By(by — ar) — By(by — az) + By(bz — a1) + By(bs — a»)
+ By(by — 1) — By(ba — 1) + By(by — ba) — Be(bz — b1),
‘/0(71/3) = —By(a1) — By(az) — Be(by — a1) — By(b1 — a2)
+ By(by — 1) + By(b1) + Be(b2) + Be(b1 — b2),
Vo(jﬁ) = —By(a1) — By(az) — By(b2 — a1) — By(by — a2)
+ By(by — 1) + By(b2) + Be(b1) + Be(b2 — b1).

(ii-reg) If p=3,g=1and o = 0

V8P = By(ar) — Bi(az) — By(bi — a1) + By(by — as

+ By(as — a1) — By(az — az) + By(az

VY = By(ar) — Bilas) — By(by — a1) + By(by
+ By(az — a1) — By( (

V(2’3) = Bz(ag) (al) Bz(b1 (12) + Be(bl
) — (

00,f

+ Bg(al ao B((ag — ag) + By(as —as) — Bg(al — ag).

(iii-reg) fp=1,g =2 and p =0,

Vyy? = By(by — 1) — By(ba — 1) + By(by — by) — By(bs — b1)

— By(b1 — a1) + By(bs — a1) — By(by — a1) + By(by — az),
VyyY = =Bu(a1) — By(by — a1)

+ By(by — 1) + By(by) + By(by) + By(by — by),
Vi7? = =Bui(a1) = Bu(bs — a)

+ By(by — 1) + By(ba) + By(b1) + By(by — by).
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(iv-reg) If p=3,g=0and p = o0

VY = Bi(a) - Bi(az)
+ By(az — a1) — Be(as — a2) + Be(az — a1) — By(a1 — ag),

V3D = By(ar) — By(as)

00,l
—l—Bg(CLQ—CLl) Bg(ag—a3)+Bg(a3—a1)—Bg(a1 —a3),
VEY = By(as) - Bi(ar)
+ Bg(al ag) Bg(a2 — ag) + Bz(ag — a2) — B[(al — ag).

(V-I'eg) pr = O7q =2 and 0= 0,
Vyy? = By(by — 1) — By(by — 1) + By(by — by) — By(bz — by),
Vir™ = Be(br = 1) + Bu(br) + Be(ba) + Be(br — ba),

0,0

Vo(j’g) = By(by — 1) + By(ba) + By(b1) + By(by — b1).

(i-irr) If p=2,g=2and p = ©
Vo(olf) By(a1) — By(az) + By(az — a1) — By(a1 — as)
- Bf(bl - Cll) + B((bl - ag) - Bg(bg — al) + Bg(bg - ag),
V:Ejf)) = By(a1) + By(as — a1) — Be(by — a1) — Be(b2 — a1),
Vo(f, ) = By(as) + Be(ay — as) — By(by — as) — By(by — as).

(ii-irr) If p=3,¢ =1 and o =0,

Vo(f) By(by — 1) = By(by — a1) — Be(b1 — a2) — By(by — as),

Var®? = —Bu(a) - By(az) — Be(as) + By(b)
+ By(by — 1) — By(by — a1) — By(bi — a2) — Be(b1 — as),

V%% = —By(a1) - Be(as) — By(as) + Bu(by).

(iii-irr) If p=1,¢ =2 and ¢ = o0
(1,2) _
Vo = Bi(ar) = Be(b1 — a1) — Be(b2 — an),

VD = By(ar) — Bi(by — a1) — By(bz — a1),
(2,3)
Vv =0.

00,l
(iv-irr) If p=3,¢=0and o =0,
Ve =0,
(1,3) _
Vo' = —Bu(a1) — Be(az) — By(as),
Voy” = ~By(a) — By(az) — By(as).
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(v-irr) If p=0,¢ = 2 and p = oo,
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Riemann-Liouville transform and linear differential
equations on the Riemann sphere

Toshio Oshima

ABSTRACT. We study the Riemann-Liouville transformation of solutions to
linear differential equations on the Riemann sphere. The transformation corre-
sponds to the middle convolution of the equations. Under the transformation,
we examine the asymptotic behavior of the solutions at the singular points of
the equations. When the singular points are regular, we studied it in [O1] and
solved a connection problem for the general rigid Fuchsian equations. In this
paper we mainly study the case when some singular points are irregular.

1. Introduction

Classical special functions such as Gauss hypergeometric functions, Bessel func-
tions and Whittaker functions are solutions to linear differential equations on the
Riemann sphere and the analysis of the equations gives fundamental properties
of the special functions. Our purpose is to analyze solutions to linear differential
equations on the Riemann sphere as in the case of the classical special functions.

N. Katz [Kz|] defined and studied the middle convolution and the addition of
local systems. They are invertible transformations keeping the index of rigidity of
the system. The index gives the number of accessory parameters which cannot be
determined by the local structure of the system. The corresponding transformations
of the solution are given by Riemann-Liouville integral and multiplication by a
function. The equation is called rigid if there is no accessory parameter.

Any rigid Fuchsian equation is reduced to and constructed from the trivial
equation u' = 0 by successive applications of additions and middle convolutions,
which is proved by [Kz| for Fuchsian systems of the first order and by [O1] for scalar
higher order linear ordinary differential equations together with the definition of
the middle convolution of the equations. In this case the addition corresponds to
the multiplication by the function (z — ¢)* and a study of the Riemann-Liouville
integral in [O1] gives a global information of the solution such as a connection
problem describing the relation between analytic continuations of local solutions.

We will generalize some results in [O1] when an equation has unramified ir-
regular singularities. In particular, we study the Riemann-Liouville integral of the
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solutions and clarify the change of the asymptotic behavior of the solutions under
the integral transform at the singular points. Note that the rigid single equation
without ramified irregular singularities is reduced to or constructed from the trivial
equation by successive applications of additions and middle convolutions (cf. [O6]).
These additions correspond to the multiplications by any functions ¢ such that %
are rational functions.

Here we give some standard notation used in this paper. We mainly consider
functions of one variable x and then Cz], C(z), C[z] and W [x] are the space of
polynomials, the space of rational functions, the space of formal power series and
the ring of linear differential operators with polynomial coefficients, respectively.
Then W(z] is generated by = and -L with the relation “z = z-L + 1. Moreover
we put W(z) := C(x) @ W|z].

Let C™(a,b) denote the space of functions f on the interval (a,b) C R such
that fU) exist and define continuous functions on (a,b) for j = 0, ..., m. The
space C™(a, b] is similarly defined. We also use the notation

0= %, 9 = x0,

Rez=a, Imz=0 (z=a+1b, a,beR),
Zso={k€Z]|k>0},
MNm=AA+1)---(A+m—-1) (AeC,meZsp) and (A\)g =1,

(al)n - (am)n

ﬂl)n s (Bk)n(l)n

ka(alu'"7am;ﬁ17"'76k;$):Z( xne(c[[x]L
n=0

F(a,B;v;z) = oF1 (v, Bs ;s ).

Under this notation the addition Ad(¢) of the equation Pu = 0 corresponds to the
map u +— ¢u and then x — z and 0 — 0 — % in W(z). And the middle convolution
mc,, with p € C corresponds to the map u +— 07#u and then ¥ +— ¥ —p and 0 — 0
in W{z]. We can define Ad(07#) in the ring C[0~!] ® W(z], which is isomorphic to
the ring W (x) by the correspondence (z,0) — (-0, x).

In §2 Riemann-Liouville transform of a function u(z) is defined by a regular-
ization of the Riemann-Liouville integral

I — L / ’ _ )l

(Itu)(x) T /. w(t)(x —t)F dt
and we examine its fundamental properties. In 3] we prove Theorem B.I] and
Theorem [37] which describe the asymptotic of Riemann-Liouville transform I#u
of a function u(x) in terms of the asymptotic of u(x). Namely, when a and b are
singularities of u(x), we examine the asymptotic of (I/u)(x) when z — a or x — b.
We show that the equation Pu = 0 implies (mc,(P))([#u) = 0 in @ In §5 we
review the linear differential equations on the Riemann sphere. Important concepts
are characteristic exponents, a generalized Riemann scheme, index of rigidity and
middle convolution of the equation. In §6] we give some examples to understand
the results in this paper.

Using versal additions introduced in [O1l, §2.3], we define and construct in
[O6] a versal unfolding of any rigid differential equation on P} whose irregular
singularities are unramified. Hence the equation is naturally realized as a confluent
limit of rigid Fuchsian equations and we can study the original equation by the
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Fuchsian equations and therefore in this paper we also consider regular singular
points in parallel. Moreover in [O5] we regard the singular points as new variables
and then the versal differential equation can be extended to a versal KZ equation
with several variables, which will be useful to study the confluence of singularities.

2. Definition of Riemann-Liouville transform

In this section we define Riemann-Liouville transform by a regularization of
Riemann-Liouville integral and show fundamental properties of the transform. We
will apply the transform to solutions to linear differential equations with irregular
singularities. Other regularizations are given in [O1l p.5] and [Hal §2] mainly for
the purpose to study Fuchsian differential equations.

DEFINITION 2.1. For p € C and a € C the Riemann-Liouville transform (Euler
transformation) I* of a holomorphic function u(z) is defined by the complex integral

(2.1) (Ig_i_ewoou)(x) = ﬁ /azu(t)(x — )y dt = ﬁ /aiew()ou(t)(x — )"t

along a piecewise C'-path
L:[a,p]2t— L(t)€C, Lla)=a, L(B) ==, 6y = Arg L' (a),

(22) a=tyg<t; <--- <tm:Band L|[tj,17tj] ECl[tj_l,tj} (j:l,...,m),
L(s) # L(t) fora<s<t<p.

Sometimes the above I 5 +ei%0 will be denoted by I¥ and the resulting function
Ity will be denoted by I*(u). We assume that u(x) is holomorphic along the path
L(t) for t € («, 8] and may have a singularity at the starting point a = L(«) of the
path. When u(z) is bounded along L and Rep > 0, (I#u)(x) is naturally defined
and holomorphic in a neighborhood of L(t) for ¢ € (o, §].

Here (14'u)(L(t)) is defined by the path L|, 4 and
the condition L(s) # L(t) for a < s <t < f is essential g
which assures that (I#u)(z) is holomorphic along the x :
path L.

We also assume that L can be replaced by a piecewise linear path, namely,

z t

t—t t—t; )
(2.3) L(t) = tjiTL(tjfl) + ﬁL(tj) fort e [tj_1,t;]and j=1,...,m.
We will study the case that u(z) is a solution to a differential equation Pu = 0
with P € Wz] and « is a singular point of the equation. In this case [23) can be
always assumed.
When a, z € R and = < a, we may consider

(Fhu)(@) = 5o

1 @ p—1
o / w(t)(t — 2)hdt,

which has a clear meaning.
If we use the path L satisfying Im L(¢t) > 0 in the case a, z € R, we have

(2.4) IHy = e M THy,
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which follows from

/:u(t)(a:—t)”_ldt _ /:u(t)(eﬂ(t—x))“‘ldt ) %‘

= e“m/ u(t)(t — x)“_ldt.
For K > 0 we have
(25) (15+8i900u)(K‘r) = KHI;+ei900(u(KI))'

ExaMPLE 2.2. First we consider a typical example:

(2.6) u(z) = 2 (¢ — ac)xecc—lw_% (c>0, \,N,C,C"e€C),

@7 o) = ([Ihu)() = ﬁ / TP e ) B S (o — e,
If Re u > 0 and one of the conditions

(2.8) ReC >0

or

(2.9) C=0and ReA > —1

is valid, then (I{'u)(z) is naturally defined for z € [0,¢) and gives a holomorphic
function on C\ ((—oo, 0) U [e, oo)) By the argument in this section we see that
the condition Re > 0 can be removed and the condition for A in ([2Z9)) is replaced
by A ¢ Z.o. In fact u(x) holomorphically depends on (A, u) € (C\ Z<p) x C.

If the path L satisfies Re % > 0, we can define v(x). In particular if Re C' <
0, we may take —L'(«) > 0 and v(z) is naturally a holomorphic function on C \
((—oo, o] u [c, oo))

Since L@ — 20) with ao(x), ai(z) € Clz], u(x) satisfies Pu = 0 with P =

u(z) ai(z)

a1(z)0 — ap(z). Here

(2.10)

Then v = I}ju satisfies a differential equation Qv = 0 with @ = mc,(P), where
mc,, (P) is given by [@2) and [J)). If C = C’" = 0, the differential equation Qu =0
is reduced to Gauss hypergeometric equation and

I'(A+1)
(2.11) u(z) = Tt D)
which is obtained by an easy calculation (cf. [01] (1.47)] and B.4).
If ' = C" =0, it is reduced to Kummer’s equation by a simple transformation.
If CC’ # 0, it is a confluence of Jordan-Pochhammer’s equation of order 4.
We will examine the asymptotics of (I{u)(z) for z — +0 and z — ¢ — 0 and
x — oo. In fact we show general theorems, which give these asymptotics.

ATPE(=N A+ 1+ 1;2),

Now we return to study [#u in the general case. First we assume that u(z) is
bounded on the path L and Rep > 0 and Re /> 0. We will show

(2.12) IF o Iy = [y,
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Since (I o I*u)(x) and (I*T# u)(z) holomorphically depend on the variable z in
the path L, it is sufficient to prove (ZI2)) for z = L(t) for ¢ € [to,t1]. Hence we
may assume that L(t) = ttll:t’; L(to) + tt;ttooL(tl). By a change of the variable we
may moreover assume that a =0 and z € R-y. Then

(I(/J/ o Iju)(x) = I‘(,lu’) /Ox(a? — 't (ﬁ /Ot u(s)(t — s)”_1d5>dt

_é ”uS ma:— W1y _ gyl <
_Fm)r(w)/o ()/S< £yt — s)Pdt ds,

/ (z — )" Nt — s)* ~ldt = / (z—s—t)" Lt
s 0

1
:(x—s)’”'“/_l/ (1=t 1ty (t= (z - s)t)
0

_ (.’IJ _ S)u-l—p'—lr(u)r(:u’,)
L(p+p')
and therefore we have ([2.1]).
By the same reason as above we may assume a = 0 and = € (0,¢) with ¢ > 0
and L = [0, z] to prove several relations satisfied by I u.
Put C7'[0,¢) := {u € C™[0,¢) | (7u)(0) =0 (0<j <m)} for m € Z>g. If
u € CJ"[0,¢) and Re pu > 0,

/j u(t)(xz — ) tdt = /; u(z — t)thLdt

and I} (u) € C{[0, ¢). Here we note that (I}'u)(z) holomorphically depends on p.
Suppose u € C3[0,¢). Since
G () (@ =) = ' (t)(x = )" — pu(t)(z — )"
=/ (t)(z — )" — L (u(t)(z —1)")
=au' (t)(z — )" —td () (x — )" — pu(t)(z — )"t
we have
1§ (u) = 1§ (') = 015 (u)
for Repu > 0 and

(2.13) T 0w) = (9 — )T )
for Rep > 1.
Hence for v € C§*[0, ¢) with m € Z>( we have
(2.14) I (u) = 0™ I (u) = I8 (0™u)

and define I} (u) for Re u > —m by this equality. In particular
1§ (u) = Ig (Ou) = u
for u € C3[0,¢). If 0 < Rep < m and u € CF*[0, c),
I I ) = I () = 0P I 11 () = 0™ I () = v,
IV 1" () = I o 15" H(0™u) = I (0™u) = u,
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namely, if | Re | < m and u € CJ[0, ¢), we have
(2.15) Ig" o Il (u) = I8 (u) = u.
Let k € Zso. If ReA > m and ¢(z) € C°[0,¢), then ¢(z)z* log" z € CF[0, z)
and we may apply I3 to u. In particular
(2.16) Il (2 = F(I;(i;:i)l)x“ﬂ
if ReA > —1 and Re u > 0. Applying % to the both side of the equation, we have

k .
K\ [ d*7 T(A+1) .
2.17 I#(2* log" :E:()( : )H/ﬂﬂ.
(217) o (" log"x) 2 \j) N = T+ + 1) vooe

For A € C\ Z<o The right hand side of the above is holomorphic for (A, u) €
(C\Zo) x C and we define I/ (z* log" ) by this equality. Owing to this definition,
we have (ZI3) and @) for u(z) = 2 log" z if A ¢ Zo. Moreover we have ([Z.12)
and (Z13)), namely,

(2.18) I{)‘/ oIl (u) = I(’)””/ (u) and IQ(u) = u

for 22 logh = if A ¢ Zeoand A+ p ¢ Zp.
We examine I/ (u) for the solution u to a differential equation with a singularity
at the origin. If the origin is a regular singular point of the equation, the solutions

k
(2.19) u(z) = Z ¢j(x)x* log! =
=0

with A € C and suitable holomorphic functions ¢;(z) at the origin span a space of
the local solutions. We may assume that ¢ is also a singular point and = € (0, ¢)
are regular point. Then u(z) € C{'[0,¢) if ReX > m. For any given m € Zsy,
u(x) in ZIJ) is a finite sum of the functions C; j2*"log x with i € Zsg and a
function in CJ'[0,c¢) and therefore if Re A ¢ Z, I/'(u) is naturally defined. As a
consequence, I} (x7u(z)) is defined when Re7 and Rep are sufficiently large and
I (z7u(x)) extends holomorphically for (7,u) € {r € C | 74+ X ¢ Z.o} x C and
satisfies (2I3) and [2I4). Moreover if A + p ¢ Z o, we have ([2I8)). Thus we have
the following proposition.

PROPOSITION 2.3. Suppose u(x) is of the form (ZI9) with convergent series
dj(x) and X € C\ Z<o, Then I} (u) is naturally defined for any p € C and p is a
holomorphic parameter of I} (u) and we have 213) and (ZI4). Moreover we have
ZI8) if A+ p & Z<o.

If the origin is an unramified irregular singular point of the equation, the local
solutions u(x) with the asymptotic expansion

k
Mgl 1 Cy Cx 6o
u(x) ~ ()t log! x-exp(—2- — 22 — - — —=E_) for z — €'"°0,
220) @ JZO%( )z* log” & - exp( )
¢; € C[z], C; € Cand m; € Z with mq >mg > --->mg >0
span the space of the local solutions. Here the condition = — €*%°0 means that

(2.21) Voger =15 €Cl0<s<r |0 =0 <e}>2—0
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for suitable e > 0 and r > 0. Namely if ¢;(z) = a; 0+ a; 12 +aj2 + - -, then

lim  sup |En(x)z" | =0for N € Z>q, where
r——+0 IGVBO,&T -

N k
En(z) = u(z)z™ exp(ﬁ?l + 19,32 +--F ﬁf}) - Z Zaj,yvi log’ z.
v=035=0

We define exp(—-S& — S2. — ... — Cx ) = 1 when K = 0. We note that §™u

K

satisfies a similar asymptotic which is obtained by applying 0™ to the right hand

side of ([2.20).

Moreover we note that if the origin is a ramified singular point, it changes

into an unramified singular point under a new coordinate y = 27 with a suitable
q€c Z>0.

THEOREM 2.4. Put 6y = Arg L' («) for the path 22) of the integration (21
to define Iu. Suppose u(x) has the asymptotic [2.20)) with the condition

(2.22) K=0and A€ C\Z
or
(2.23) Re Cye~mifo > (.

Then I} (u) is defined for any p € C and p is a holomorphic parameter of I (u)
and we have (ZI3) and 2I4).

If the condition [Z22) together with A+ u ¢ Z«o is valid or the condition (223
is valid, (ZI8) holds for any p’ € C.

PrROOF. We may assume that x = L(t) with ¢ € [to,t:] and L(s) = 2=% L(t1)
for s € [a,t1]. Then under the new coordinate y = e~*%2 we may assume Lljato]

equals [0,¢] with ¢ > 0. Then the theorem is clear by the argument we have

done. ]
REMARK 2.5. i) Suppose K = 0 in Theorem 24 Put @ = zc:\_’\u. It
follows from (2.I7) that - ( ;+ 5 I{'1 is well defined and holomorphic for (A, u) € C2.
In this interpretation ﬁlg u is well-defined even if A € Z .
ii) Since

I7™(u) = 0" IQ (u) = 0",

a

we sometimes denote £ by 07+.

DEFINITION 2.6. We define a Riemann-Liouville integral féﬁe%o of u(z) by the
complex integral

1

(Tlnooct)(®) 1= 05 [y = () [ oo

(n
along a path
L:[a,00)>t— L(t) € C, L(a) ==, tlim |L(t)| = oo, tlim Arg L(t) = by,
—00 —00
a=1) <t <ty <- <tpy, L|[tj_1,tj] S Cl[tjfl,tj] (j=1,...,m),
Ll .00) € C'[tm,00), L(s) # L(t) (a<s<t).

Here u(x) is holomorphic along L. For simplicity, we may denote I 5,;9000 by I2°.
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Suppose u(z) has an asymptotic

k
(2.24) wu(z) ~ Z¢J “Mog? - exp(—Crz™ — - — Cpra™) for z — %00,
=0
Here m; € Z, ¢; € (C[[asﬂ and my > mo > --- > mg > 0 and the condition

x — %00 is defined by — e~ %0(). Since

/:o u(t)(t —z)"~tdt = /0_ ud)d - g

we have
(2.25) (7 ) () = L (Ié‘,wooaf“*lu(%» ().
In particular

fgo(l,f)\) _ I,ufl((l(/)ix)\f,ufl) ’ 1) _ l"uil 1_\(/\ - ,U')Ilf)\ o F()\ - ﬂ)xf)\Jr,u'

oy () ')
Hence if
(2.26) K=0and A —p ¢ Z<o
or
(2.27) Re Cre™% > 0

is valid, I’ u is defined and satisfies (ZI3)) and (ZI4). Moreover we have (ZIS)
if the condition A + w+p' & Z<o and (226) are valid or the condition ([2.27) is
valid. In the same way we have

(2.28) (I4u) (@) = =1 Tz (L)) (2)
for x > 1, which is useful to examine the asymptotic of (I#u)(x) for x — cc.

REMARK 2.7 (Cf. [O1] p.5]). Let Pu = 0 be a differential equation with
P € Wiz] and uq, ..., u, be linearly independent solutions to the equation in
a neighborhood of a point o = e’ 2™8%. Here € with 0 < € < 1 and n is the order

of P and = # 0 and we suppose that tz is not the singular point of the equation
for t € (0,1). Then we define

+z,+0,—z,—0

by the integration along the Pochhammer cycle L1 +C1+ Lo +Co+ L3+ Cs3+ Ls+Cy

X
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We can define for any p € C by the analytic continuation to p € Zq.

The analytic continuation along the path [0,27] > t — z0e®* induces transfor-
mations u(z) — ul(z) := u(e*™'z) and u — uA. Here A € GL(n,C) is called the
local monodromy matrix. This integration is used by [DR] to define a transforma-
tion of solutions to Fuchsian systems.

If (Ifu) fo )(t — x)*~1dt is naturally defined, then

I(’)‘u:I(’)‘u—Igul and [Fu = (Ifu)(1 - A).

For example,
fng _ (1 =P\ + 1):10’\"’“.
F(A+p+1)
Suppose u(z) is a solution to the equation Pu = 0 with P € W][z]. We may
assume that the path has no intersection with the disc D, := {z € C | |z| < €}.
Then the above integration is defined even if there are several singular points of the
equation in D,., which will be useful to examine the confluence of singular points.

The monodromy around a circle enclosing several singular points is discussed in
[O4].

3. Asymtotic of Riemann-Liouville integral

In this section we examine the asymptotic of holomorphic functions at singular
points under the Riemann-Liouville transform so that the result can be applied to
solutions to linear differential equations.

THEOREM 3.1. Assume a holomorphic function u(x) has an asymptotic

(3.1)  wu(x)~ Zqﬁj(:v):v)‘ log’ - exp(— Sk — S& — - — L) for z — €0

with (,ZSj S (C[[I]], 0p € R, k, K € Zzo, A, Cj e C, m; € Z and my > mo > -+ >
mg > 0. Here x — €90 means e~ %oz — 40.
To define v(z) = (Ifu)(z) by 1) we moreover assume the condition ([222))
K=0and \¢ Z-o
or the condition (2.23))
ReCre ™% >0 (6 := Arg L' ().
i) Then v(x) has the asymptotic

k

(3.2) wv(z)~ ij(x)x/\o log’ - exp(—m%1 — 95—32 ————— mcf; ) for & — €'%0.
j=0

Here v; € Clz] and Mo € C. Fiz kg € Z satisfying ¢;(0) =0 for ko < j < k and

1< ko <k. Then ;(0) =0 for ko < j < k.

CASE I. Assume (2.22). Then

T(A+1)

: Xo = A _ At .
(3.3) 0 + 1y Y (0) F()\+M+1)¢ko(0)
Moreover if k = 0 and ¢o(x) = ag + a1z + asx + - - -, then
F'(A+1) (A+1)1aq (A+1)2a2
3.4 - Y
(34) Yo F(/\+u+1)< DtprD Tt et )
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If ¢; are convergent power series and u(z) equals the right hand side of ([B.I]), then
1, are convergent power series and v(z) equals the right hand side of (B.2)).

CasEg II. Assume (Z23]). Then
(3.5) Ao = A+ (my + 1)p and ¢y, (0) = (m1Cr) ™"y, (0).
Let ¢ € C and L be a piecewise C'-path which satisfies
L:[a,f] >t — C with L(a) = 0 and L(B) = c.

For x = L(t) with a <t < 8 we define I§f(u)(z) by the path L[, . We examine
u(z) and (Ifu)(z) when o = L(t) is close to ¢, namely, ¢ is close to 3. We define
Arg(L(s2) — L(s1)) with o < 51 < 82 < 3, 6y = ArgL'(a), 61 = Arg L'(B) and
(c — x)* so that they are compatible.

We note that L(s1) # L(s2) but L(a) may equal L(3). Assume

u(z) = (a' +o(1))(c — z)" exp( - +---+%) for x — ¢ — e'10.

(c—z)™1 (c—z)" K
Here o/, C} € C, m; € Z and mgy > mj > -+ > mfe, > 0.
Cask III. Assume K’ =0 and Re(N + p) < 0. If L(a) = L(B) and K = 0, we
moreover assume Re A > Re \'. Then
L(=XN —p)
@) = —rwy

CASE IV. Assume Re Cfe~ 1% > 0. Then

(a4 0(1))(c— )Mt for 7 — ¢ — €10.

v(x) = (m)Cp) ™ (a' +o(1))(c— z)MHmotp exp( S T L)

(C_I)M/l (cfm)miK’

For 5o € (a, ) we put zo = L(sg) and define vo(z) = (I} u)(x) by the path
L|izys) with = L(t). Then the asymptotic of vy(z) is same as that of v(x) given
in Case [Tl and Case [Vl

CaSE V. Assume K’ = 0 and Re(\N + p) > 0 or ReCre™ "% < 0. If L(a) =
L(p) and K = 0, we moreover assume Re(A + ) > 0. Then

c—etf1

1 )
v(zr) = —— w(t)(c — ) rdt + o(1) for x — ¢ — €'910.
( ) F(N) /ei"oo ( )( ) ( )

REMARK 3.2. Under the assumption in Theorem B Case[Tl] we have (I.u)(z) =

%(a’ + o(c —z))(c — )+ and therefore

sin(\ + )
sin A/
Note that the connection coefficient between the Riemann-Liouville transforms of
a function is written by trigonometric functions. This is commonly true because
we can construct local solutions by successive applications of the transforms. See

the examples (69) and (EI8).

PROOF OF THEOREM [3l Since I¥(u) = I¥T™(8™u) with m € Zso, we may
assume Re > 0 to prove the theorem.

First suppose K = 0 and A ¢ Z. Then the statement ii) follows from the value
T, (u)(1) in [OI, Lemma 12.2] and the statement i) follows from (2I6) and the
fact that I{'(u) € C§*(0,1) if u € CJ*(0,1).

Il (u) = I*(u) + o((c — ;E)’\IJF”) for 2 — ¢ — 10.

c
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The statement i) in the theorem follows from [O6, Lemma 5.1]. We will show
the statement Case [[V]in the theorem. The proof of other statements are easier.

Put € = C, mj =m, mj = m) and K’ = K for simplicity. Suppose Re C' > 0.
Let ¢ € C[0,1]. Then

x C
I(z) == / (1 — £ e o T =i+ F e (4 _ )p (1) de
0

1 C
= x“/ (1- :cs)’\eﬁJrW*"(l — s p(xs)ds  (t = xs)
0

1
el C2
+ b _p—1
= x#/ (1 — 2 +asy) eTrte0™ Tt T g7 (1 — 2s1)dsy
0

(s1=1-135)

Co
(1—2)™2 (14+1=2L)m2

+ o+

A 1 TS1 N (- mlc TS ym
= 2(1 — z) / (1+ PheG-aT 0420
0 1—-2z

- sh L (x — w8y )dsy
1
= c
(1 - JU)/\HL/1 (1+ ng)Ae<1—w>""<cl+wsz>"" taom e T
0

: s’;_lcﬁ(x — (1 —x)s2)dsy  (s1=(1—1x)s2)

_¢c 4 Co .. [T-= _
= .’E“(]_ _ x)A+ue<1_m)m+(1ﬂ>mz + / (1 + x32)/\312‘ 1
0

: e(l—cw)"‘ (s 71”(1—%’”2 (™ 71)#.'(25(% —z(l- x)$2)d82
(s2=(1—2)"s3)

c Ca
_ I”(l _ :E))\+(m+1)ue(1,m)m+(1_$)m2 +

1
. /(1 ) (1 Fa(l— x)ms?))ksg_le—f(x,(l—x) Ss)(b(l‘ —z(1— x)m+153)d83
0
with

f“J%_ZT§%WZO"_u+zwm>+41fﬁﬁw<1_<P+;V”)+

Suppose 1 < sp < 12—, I <z <1and m > 0. Then zs; > 3 and

1
1-(3)" <l — < 1.
G <1=Gageym <

Hence putting M = maxo<;<1 |¢(t)| and A = - we have

1—x?

1
T—= c 1 _ Ca 1 —
lim ’ (1 + z85) e T (W™ ~ D a=aime (Grasgym D+
z—1-01 /4

() et

< Ahm (A _ 1)(1 + A)|)\\A(m+1)|,u|+mM€7RcC(1f%)Aer\Cl\AmflJr... —0.
—+0o0
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SupposeOSSQ:(l—x)ms;ggl,%<x<1,0<m2<mandt>0. Then

(14 2s9)™ —1 mass mass mss

(1 —z)m(1 + xs9)™ — 2mFL(1 — g)m T 9m41l = 9m42?

(I+6)™m—(14t)ym ™
(1+t)m—1

(1—915)m2 (1 o (1+1)m2)

=(1—-x)m ™

(171m)7” (1- (1+1t)”")

rz—1—-0

<(Q=-x)m ™ —/——0.
Hence there exists § > 0 such that

|eff(z>(171)mss)‘ < e~ ReOzds for 0 <353 < ﬁ and 1 -0 <z <1.

Since

i {a —Cx)m (1- 1+ 21 . x)ms;),)m)

(1 —C;)”” (1- 1+ —lx)m53)m2) o) =mOss,

Lebesgue’s dominated convergence theorem proves

_|_

1
aToa)ymTL m
zkllrlo 0(1 ) (1_’_1_(1_x)mSB)Asg—le—f(x,(l—x) 33)¢($—$(1—$)m+183)d83
1
T (a=aym _ m A p=1_—f(z,(1—z)™s3) _ _ m—+1 .
_nglrio ; (1+az(1—2)™s3) sh e ¢(z —x(1 — 2)™ ' s3)dss

_ /OO sg71e—m053¢(1)d83 _ (mC’)ﬂ‘ /OO 3“71675¢(1)d8 = (mC)f'U’F(,U')QS(]-)a
0 0

which implies
I _—Cc 4 Ca ..
% = (mC) *(¢(1) + o(1))(1 — x))‘Jr(m“)"e(l*Cz)m+(1—w§’”2 T for =10,
u
In the general case, we may assume that the path L is of the form ([22) and
([23). We may moreover assume that x = L(t) with ¢ € [t;,—1,%). Since we may
assume |([Hu)(x) — (Ig(t 71u)(x)| is bounded for z — ¢ — €10, we have only to
examine the asymptotic (If(t _1)u)(x) when 2 — ¢ — €10. Hence we have the
statement Case [[V] from the estimate we have just proved. ([l

REMARK 3.3. i) The condition Re(N + ) < 0 or ReCre™ 0% > 0 is
essential for the claim ii) in the theorem, which assures that lim,_,,_ e, |u(z)| =
0.

ii) If Re(A' + ) > 0 and A ¢ Zo,

Y L VR DR SRS & O o 91 N O )
F(”)/O — ! T(WTA+ XN +p+1)

EXAMPLE 3.4. Let u(x) and v(z) be the functions given in Example

When C' = 0, the series expansion of the function ([B.4]) in the theorem is

obtained by that of the holomorphic function (1 — ) exp(—-S-) at the origin.

1—z

(I 1= 2)") (1) =

Hence if C' = C’" = 0, the series expansion

(1 . .’L‘)X _ i (_)‘l)nxn
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shows
, T(A+1) (A4 D (=N
:IM A 1— A — N\ S Adp ~ s I ah
v(z) = If (2 (1 — 2)*) I‘()\—l—,u—i—l)x Zo ()\+M+1)nn!x
P()""l) Atp /
-\ FA+1, =)\ )\ 1;x).
DO s’ AL L)
If ReC >0,

lim v(:b);v_)‘_2”e% =C™H
r—+0

If C" =0 and Re(N + p) <0,
. _ X —u _
Iggniov(aj)(I x) B VESURE
If ReC’ > 0,

lim w(z)(1 —z) N ~2e 155 = (')

z—1—-0

EXAMPLE 3.5. Here we give another example of the claim i) in the theorem.
Assume ReC' > 0 and N = €’ =0 in Example Then v(z) is

c 1 z c
(I”x/\e_?)(g;) = _/ t/\+1e—7(x . t)u—lﬁ
’ (i) Jo ‘
= L /OO x/\-‘rlsf)\ 1 —Csml (I;“_l(sl_l)ﬂ_ldi (t _ i)
F(,U’) 1 1 51 S1 s1
Lo+ /OO A—pe1 -7
frnd €T 14 B (S _ 1) dsl
[(p) 1 51
L /OO i “A—p—1_—2sd
YR e 1 K zs1ds1
Ty, ST e
L aiop,-¢ /Oo I “A—p—1_—Csz d
= — 7z e = sh(1+ xso) polemCoadsy (s1 = 2s0)
L'(p) o 2
oo OO
= e € [ g O D e
I(p) o = n! 2
¢ A2p 77/ m >\+,UJ+1)7L H+n *Sds
= —X e _x et n
I'(w) Z ¢) n!

oo
(s = (s, / st ds = [(p+ n))
0

~ O~ M$A+2u6*i(i (WnA+p+1), (_%)n) (z — +0)

< n!
= C_H,’E)\+2M€_%2F0(,U/7>\ +pu+ 1 _%)

ExXAMPLE 3.6. We give an example related the singular point oc.
= _ 1 =\ -
(@) = e (I ) = e (AT T )
(3.6) _ DA ) g

ey (x = 400, A+ p ¢ Z>o).
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We give other examples on the asymptotic when z — co. Owing to ([2.23]), we have

I (zhe™) = ﬁ /:’ Pt (f gyt
= ﬁ /1Oo GNP e (- )Ry
B % /ooo(t+ DYe=ten Lt
- x; e; /000(1 + et
- SEIj(eu)m ooo,; (_73)”(—@”6*%“*%,
I8 (e ) ~ ate i (—A)n'(u)n(_x)_n
(3.7) 2

=ate 3 Fo(—A, i —2)  (z = +oo).

This is also obtained from Example B and the relation ([2:28]).
If ReC7 > 0, then

jioo(l)\ exp(—Crz™ —--.)) = xu—l(IiO(x—u—lx—k exp(—ﬁh —) |QH%)
= Y (m Cy) (L o(1))a I D (G ) (2 +0) |, 1)
=(1+ 0(1))(m101)7“x)‘7(m171)“ exp(—Crz™ — ) (z = +00).

In general we have the following theorem by Theorem Bl and the equalities
225) and [2.28)).
THEOREM 3.7. Assume u(x) has an asymptotic
k: .
u(x) ~ quj(%)x*)‘ log’ 1 - exp(—Cia"™ — Coa™ — - — Cga™X)
(38) =
for x — ¢ 00
with@ E(C[[ZZ?]], A, Cj e€C, 6y eR, m; € Z and my > mg > - >mg > 0.

i) To define v(z) = (ffi%oou)(x) we assume (2Z26) or Z27). Then v(x) has
the asymptotic

k
(3.9) v(x) ~ ij(%)x_/\o log’ L exp(—Clxml —Cox™ — . — C’K:E"”‘)
. =

for & — % 0.

Here ¢; € Clz] and X\g € C. Fiz ko € Z satisfying ¢;(0) = 0 for kg < j < k and
—1<ko<k. Then ¢,;(0) =0 for ko <j <k.

CaAsE I. Assume (222). Then

(3.10) do= A= ia(0) = S, 0)
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Moreover if k = 0 and ¢o(z) = ag + a1 + azz + - - -, then

(3.11) %(l) = F(li\(;)u) (ao + (& Z)\/Qlalx_l + (A z/\l)iizﬂbx_z 4+ - )

If ¢; are convergent power series and u(x) equals the right hand side of ([B.8]), then
1; are convergent power series and v(z) equals the right hand side of (B3]).

Cask II. Assume ([Z.23]). Then
(3.12) Ao =A—(m1—1D)p, Vi (0) = (maCr) ™"y, (0).
ii) Let c € C and L be a piecewise C'-path which satisfies
L:[a,00] 5t — C with L(a) = ¢ and Jim Arg L' (t) = 6y.

For x = L(t) with t € (a,00), we assume that w(x) = (IHu)(x) is defined by the
path Ll 4.

CASE III. Assume K =0 and Re X < 1. Then

w(z) = %(a + o(l))x*)‘ﬂ‘ for z — %00
CASE IV. Assume Re Cie~™1% < (. Then
w(z) = (—miCy) "™ (a + o(l))x_’\_(ml_l)“ exp(—Ciz™ — - — Cga™x)
for 2 — €00

REMARK 3.8. Suppose k¥ = 0 and m; = K = 1 in Theorem B.71 Owing to
Example [3.6] we have

¢0(l’):a0+@11’+"'7 ¢0(I):bo+b1x+'“
)\+,u+1+j—l/ “A—pu—j-1),
Z (—C) ! Zaﬂ v cvol '

4. Middle convolution of a differential operator

In this section we study the differential equation satisfied by the Riemann-
Liouville transform of a solution to a linear differential equation on P}. The result-
ing equation is the middle convolution of the original equation.

For P € W{z] we put

(4.1) P =053 "a; ;20" =" ¢; ;0"

Here we choose K € Z>q so that K > i — j for any (i, j) with a; ; # 0. Then for
i € C we define the middle convolution mCM(P) by

(4.2) mc, (P) =0~ NZCU I e Wizl

Here N € Z>o is taken to be maximal so that >, ; ;. ;019 — p)? € ONW/z] for
P # 0. It is clear that mc,(P) does not depend on the choice of K. Note that

(4.3) mc, o me,(P) = me, 4, (P) and mc_,, omc,(P) =P
if P ¢ OW|z].
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REMARK 4.1. For P € W(z) we define mc, (P) = mc,(¢P) with ¢ € C(z) so
that ¢ # 0, P € W{z] and deg, P is minimal. In [OI], 1.1] we define the map R
of W(x) to W[z] by RP = ¢P.

THEOREM 4.2. Let P € W{z] and u(z) be a solution to Pu = 0 with the
asymptotic expansion (Z20). If m; € Zso and

(4.4) ANe¢Z and \+pu ¢ 7Z
or

(4.5) Re Cre ™m0 >
in (220), then

(4.6) me,, (P)(If'u) = 0.

ProoF. Let Q € Wiz|. Then Qu has an asymptotic expansion of the form

(Z20) by changing A and ¢(x) by Ao and ¢o(z). Here Ao = A + p ¢ Z if (@) is
not valid. Under the notation (1)) and ([#2)

0=I4(0"Pu) = I} (D cij0"Wu) =Y ¢ ;0'(9 — p)If (u) = 0N me, (P) I} (u).

Put ug = mc, (P)I} (u). The equation 0N ug = 0 means uy € Clz]. On the other
hand, Theorem [3.1] implies

Cq

Ug ~ e~ T T e Zx’\"(b Ylogl z  (x — €'00)
and therefore ug = 0. O
REMARK 4.3. i) In the above theorem the condition Pu = 0 implies that

mc,,(P)I}(u) is a polynomial or 0 even without the condition A\ + u ¢ Z, which
follows from the above proof.

ii) Note that d(z20 + 1)u = 0 with u(z) = 1+ e¥. Then (220 4+ 1)u # 0 and
u(zx) ~ ex for £ — 40 and u(z) ~ 1 for z — —0.

We define
Wolz]o" :== W[z] ® C[0~'] ® 0",
oM o = 9Pt and Otg = pOM + pdt .
Then
Wo[2]0" x Wo[z]0* 5 (P, P) — P'P € Wlz]od"
and the map

Ad(8") : Wolz] 3 P — 9" PO~ € Wola]

defines an endomorphism of the ring Woy[z]. Then mc,(P) = N ~#Po*. Here N’
is a minimal integer so that &N ~#Por € Wz].

REMARK 4.4. Replacing 0~* by I¥, Wy[z]0~* acts on a local singular solution
u(zx) of a differential equation. Then the following calculation is valid.

(4.7) Pu=0 = P30 " u=0 = (Y FPO") (0 "u) =0 = me,(P)I[Fu = 0.
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EXAMPLE 4.5. We calculate the equation Pv = 0 satisfied by v(z) = (I§'u)(x)
with u(z) = 2*¢~%, ReC > 0 and z > 0, which is the function in Example
with A = ¢’ = 0. Namely, v(z) = ﬁ fow tre= % (x — t)*ldt satisfies Pv = 0.
Since

u'(z) A+C_)\x+C

)

uw(x) =z a2 x2
we have
P =mc, Ad(x’\e*%)a
=mc, (2°0 — (A\z + C))
= mc,, (02°0 — d(A\z + C))
= mc, (9z(zd — X) — C0)
=mc, ((9+1)(9— \) — CI)
=W4+1-—p)W@—A—pu)—C0
=92~ (A +2u— D)9+ (u+N)(p—1)—C3
=220 + 20 — (A —2u— D20+ (u+\)(u—1) — CO
=220 — (C+ (2u—A—2)2)0+ (u+ A\)(n— 1).
REMARK 4.6. To calculate mc,, the following formula is useful
2" =9 —-1)--- (9 —n+1),
O"z" =W+ 1) +2) - (9+n),
(4.8) oMY = (Y +m)"om,
92 = 220% + 20, 9® = 230 + 3220 + 20,
9 = 210" + 62303 + 72207 + 20.
This is easily checked by the action to the function z* which is an eigenvector to

the operator ¥. Calculations of mc,(P), Ad(¢)(P) and other related operations in
W (x) are realized by a computer program in [O7].

5. Differential equation on Pé

In this section we review the Riemann scheme and the spectral type and the
middle convolution mc, of a linear differential equation

(5.1) Pu=0

on PZ. See [O6] for the details.
Hereafter in this paper we assume that any singularity of the equation (B.])
is a regular singularity or an unramified irregular singularity. We will define a
generalized Riemann scheme, which we denote by GRS in this paper, and a spectral
type as in the case of Fuchsian differential equations defined by [O1].
Put
AMz) =X+ 2™ 4+ F Apx’™ (0<r < - < 7py).

Here A\; € C. We define the characteristic function ey(x) with the exponent A(z)
by

ex(x) =z~ exp(— o= Am ”T:)
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and put éy(z) :

(0 + Ax))ea(z) =0, Ad(ex(x))d =09+ A(@), ex(@)ex(z) = expr(),
(ﬁ—A(%))é,\(x) =0, Ad(é,\(:z:))ﬁ:ﬁ—)\(%).
DEFINITION 5.1. Let & = ¢ be a singularity of the equation (5.1]). For a polyno-

mial A € C[z] and a positive integer m the equation has a generalized characteristic
exponent [\](m, if the equation has formal solutions

uy(Y) = extu(y) + Yo (Y)érim(y) (v =0,....,m—1)
with v, € C[z] (o) and

Clz](o0) = @C[[;v]] log? z.
j=0
When m = 1, [A](1) is called a characteristic exponent of the equation and may be
simply denoted by A.
Here y is given by

(5.2) y=

L (e=oo)

{x—c (c # o),

with ¢ = ¢;.
A generalized Riemann scheme, GRS in short, is the table

T =cy= 00 cee T =cp
(53) [/\0,1]'(7710,1) . '. . P‘Pﬂ}.(mp,l)

[A07n1](m0,n1) T [/\p,np}(mp,np)
Here

n:mjyl—l—'--—i—mj,nj (j:(),...,p)
are (p+ 1) tuples of partitions of n. The Riemann scheme corresponding to (53]
is given by putting

A A
A+1 A
(5.4) Am) == . and [N, == | . | € Clz]™.
Ad+m—1 A
Suppose

(5.5) N —XNjw € {0,1,...,m;, =1} (1<v<v' <nj, j=0,...,p).

Then we define that P has GRS (B.3) if [Aj.](m,,) (¥ =1, ..., n;) are generalized
characteristic exponents at = ¢; for j =0, ..., p. (See the definition of GRS in
[O1] when (B3) is not valid.)

REMARK 5.2. Suppose
(5.6) deg(N\j, —Aju)>0o0r N, =N ¢Z (1<v<v <nj j=0,...,p).

Then P has GRS (B3) if and only if P has the Riemann scheme corresponding
to (B3) and (BEI) has linearly independent solutions of the form 1 (y)éy(y) with
P(z) € C[z], namely, they have not any logy term.
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REMARK 5.3. In [O1] we use the notation

z=c (r1) - (rm) for r=c
)\0 )\1 cee )\m )\0 + )\1£L‘7‘1 + -+ )\ml'rm ’

. . . . . A\ A A il
which implies the existence of a solution u(z) ~ 7" exp(—{ta™ — -« — Zmgln)
for x — oo when ¢ = co.

Let {[Aji](m,1)s-- > [N, l(m,...) } be the set of generalized exponents of P at
’ B
the singular point ¢;. Then n = m; 1 +---+m;,, be a partition of n = ord P. For
r € Z>o we define equivalence relations ~ between the elements of I,, := {1,...,n}
gr
as follows. For i € I,,, we put v;; € {1,...,n;} by

mj;l + -+ mj,Vj,ifl <1 S mj,l + -4 mj,l/]‘,i
and define
Vji = Vjir (r=0),
deg(Nj,, () = Aj, () <7 (r=>1)

Let n;, be the number of equivalence classes under ~ and let R; be the Poincaré
g

(5.7) i~i = {
2,7
rank of P at the singular point ¢;. Then
nj0 =M 2 Nj1 > 2 NG R, > NjR 41 = L.
By a suitable permutation of the indices v € {1,...,n;} of m;, we may assume

g . . o
1< <tv,1~T = 1~

Jir Jir
Let

(5.8) n=m{l 4+ +ml)

be the corresponding partition of n such that m(o) =m;, and forv=1,..., n;,
(5.9) j( ={veZs| m —|— —|—m§rg 1 <v< m(r) ot mgzz}

give the equivalence classes under o Note that {I |v=1,...,n;j,} is a refine-
ment of {I;;H |v=1,...,n;,4+1}. Then we define that the (Rg+---+R,+p+1)

tuples of partitions m = (mg-r))r:O’__A’Rj = (m(r)),, 1,...n;, of nis the spectral type
§=0,....p 707 ,RJ

of P and that of GRS (53). Then the number of full parameters of GRS (B3) with

the spectral type (mgrg)yzlm equals R = Z?:o Zfio n;, — 1. Here we note

sy B

that we always impose thé F(‘){l..c.}f;—Hukuhara relation on GRS.

As in the case of Fuchsian differential equation, this spectral type is expressed
by writing the numbers m§ "), The numbers are separated by “,” indicating different
singular points and by “|” indicating different levels of the equlvalence relations:

(0),_(0) (0) (R1) (R1) (0) . (Rp)
My 1Mp 2 Mg g ol |m0,1 Mg g, T My
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The index of the rigidity of GRS (5.3]) is defined by that of the tuples of the

partitions (mgru)) (ctf. [O3lI01]):
p R njr
s = s = () =20~ 33 (s - 3 ")
§=0r=0 v=1
p vy
(5:10) =20t =} (= 3w )
7=0 v=1

poniomy
= Y myumy, deg (A (x) = A (@)
j=0v=1pv/=1
Put ordm = mj; + - +mj,, = n. As in the Fuchsian case (cf. [O1] Defini-
tion 4.17)), the Fuchs-Hukuhara relation is given by

p Ny
(5.11) szﬂ"”)‘j”’(o) =ordm — Lidxm.

j=0v=1
The generalized Riemann scheme of mc,, (P) is given by the following theorem.

THEOREM 5.4 ([O1 Theorem 5.2], [Hi, Theorem 3.2]). Suppose P € Wx]

has the generalized Riemann scheme {[Xj ] (m, ) v=1,...n; given in B3) and it is
J=0,...,p
irreducible in W (xz). We may assume \j1 =0 forj=1, ..., p and p = X1 — 1.

Here some mj 1 are allowed to be zero. If {\;,} and p are generic (cf. [O1LHi])
under this assumption, mc,(P) has GRS {P‘;',u](m’- )}Vzl,,,,m] given by
P §=0,...,

p
p By
dm) =20 - 33 (- i),
§=0r=0
m;’,yzmj,l/_(su,l'd(m) (].SI/STLj, OSJSP),
Nio =100 (1—p) (G=0,...,p),
Njw = N + ((=1)% +deg Aj,) - 1 (1<v<n;, 0<j<p)

and the index of rigidity and the irreducibility of P are kept under mc,,.

REMARK 5.5. The above equality ., = \;, + ((—1)5%0 + deg /\j,,,) - [t was
wrongly written as X, = X;, + (=1)%°(1 + deg);,) - i in [O6, Theorem 5.3],
which should be corrected as above. Similarly the equalities in [O6, Remark 5.2]
should be

A PA+1) 4,

I =
W I‘()\—i—u—l—l)x (x> 0),
1 ooetfo k K
— u(t)(t — )P tdt = a7V +o(z™F) )z A Mo D exp (=Y Cya™
) e era= (3 @) (-3 )

(‘/9/07917L S5T — OO)

REMARK 5.6. We can construct a differential equation with GRS (53)) in the
following way.

We may assume mj; > m;, for v =1, ..., n; and j =0, ..., p. Suppose
the equation Pu = 0 has this GRS. We apply suitable additions to this equation so
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that the resulting GRS satisfies A;; = 0 for j =1, ..., p and degAo,; = 0. Then
we apply mcy, ,—1 to this resulting equation. If the GRS is rigid, namely, the index
of rigidity equals 2, then the order of the equation decreases by the application of
this middle convolution (cf. [O6 Remark 5.4 ii)]). Repeating this procedure, we
finally get the trivial equation ' = 0. Inverting this procedure, we can construct
the differential equation Pu = 0 with a given rigid GRS together with an integral
representation of solutions to the equation.

There exist 345 Fuchsian spectral types with order up to 8, which are listed in
[O1] 13.2.3]. Hence the rigid spectral types allowing unramified singularities are
easily obtained up to order 8. For example, the spectral type 421,43,43,52 in the
list corresponds to the following 5 spectral types with irregular singularities

421|43,43,52 421,43[43,52 412|52,43,43 412|52,4343 421|43]43, 52.
The following is an example of the reduction of spectral types.

412]52, 43,43 =2 112[22,13, 13 ~ 211|22, 31,31 =3 11]2, 11,11
~» 11,11, 11 (Gauss) —> 1,1, 1 (trivial)

The arrow — represents a middle convolution and ~ represents an addition. This
reduction gives a representation of a solution by a triple integral by means of the
inverse of the above procedure. The number —3 above the first arrow indicates
—d(m) =342+43+3—2-7. In general there are several way of the reduction of
a given GRS. Then we have different integral representations of the local solution.
See the last example in this paper.

6. Examples

In this last section we give simple examples to explain our results. The argu-
ments in this section will work in the general case.

6.1. Gauss hypergeometric family. Gauss hypergeometric equation and
its confluence are most fundamental and instructive. We examine them according
to their spectral types.

Case 1. 11,11,11

We may assume that the singular points of the equation with the spectral
type 11,11,11 are 0, 1 and oo by a fractional linear transformation. Then the
corresponding GRS is

z=0 1 00
Hy:< X1 A A2a (the Fuchs-Hukuhara relation: Z)‘i’j =1)
Aoz A2 A2

and the equation with this GRS is uniquely determined since the spectral type
is rigid. Here \;, are complex parameters. Note that there are symmetries
given by X, <> Ais—, for i € {0,1,2} and v € {1,2}. Another symmetry
(Ao,15,20,2) < (A1,1,A1,2) is induced from a fractional linear transformation. There
are six symmetries of this type.
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Let uj x,,(x) be the local solution characterized by

: x (=0
uj7)\j,1/ ((E) = fj (x))‘bvqu’y(x), f](.’I]) = . )
l—z (j=1)
¢ (x) are holomorphic at = j and ¢, ,(j) =1 for j =0,1 and v =1, 2.

Then we have
2

Uoxg o () = D c(0: Xog ~ 15 A )uia,, () (z€(0,1))

v=1
Here the connection coefficients ¢(0 : Ag,2 ~» 1 : A1) holomorphically depend on
Ajv when Aj1 — Aj2 ¢ Z for j =0, 1. They are determined by Theorem [31] as
follows.
A local solution corresponding to the exponent A¢ o is given by

v(z) = x:\(l — x)S‘II(’f (z (1 - :v)x).

Corresponding transformation of the GRS

_ » =0 1 0 [
r=0 1 00 a xz™ (1—z)
{ AN —A—X} BT 0 L-n ’
= Adp N+p —A=XN—p
6.1
(6.1) x:~0 1~ 0
/\:/\0,1 /\/2/\1)1 1—/,6—/\—)\/:/\2,1

Abp+d=Xda NAHp+N=Xao “A-N—-p—-A=X=DX\,

follows from Theorem B4 (cf. [O1] (1.8)]).

Theorem [3.1] Case [l and Case [[TI] imply
T'(A+1 (=N —
(62)  v(o) = o (2) = Cu g, ) + H

(=)

m Ul,Am(x)

with C' € C and therefore we have
FTA+pu+1)-T(=N—p)
PA+1)-T(=N)
T(Xo2 —Ao1+1)-T'(A11— A1 2)
F(Xo2+ A1+ A21) - T(Ao2+ A1+ Aa2) '
By the symmetry Aj 1 <+ A1 2 we have

2
F'(Xo2 =X+ 1) - T'(M\i3—p— A1)

6.3 = 2 70 ’ ’ .

(6.3) 020, Vz::l P(Ao2 +A13—0 +A21) - T(Ao2 + A1 30 + >\2,1)UI’)\1’"

C(O : )\()’2 ~1: )\1’2) =

Here we note that C € C is given by Remark B3 ii), which corresponds to Theo-
rem [3.11 Case[Vl Applying symmetries given by fractional linear transformation, we
have other connection relations, which are given in [O2] §7 and (9.15)] in a unified
form.

REMARK 6.1. i) Here the poles of I'(A\g2 — Ao1 + 1) correspond to the
existence of logarithmic term of the local solution ug »,, and the poles of IO
A1,2) correspond to the existence of logarithmic term of the local solution at x =1
with the exponent A; 5. The poles of the numerator correspond to the fact that
the local solution ug,,, satisfies a differential equation of the first order whose
characteristic exponent at = 1 equals A1,1. This fact holds in general for the
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connection coefficients of rigid Fuchsian differential equations (cf. [O1l Chapter

12]).

ii) The symmetries induced by Aj1 <+ Aj2 for j = 1,2 and z — %5 give 8
different Riemann-Liouville integral expression of the solution corresponding to the
exponent \p .

iii) The condition for the irreducibility is give by
)\0’1 + )\1’1‘ + )\Q’j ¢ 7 (Z = 1, 2 and j = 1, 2)

’

Equation (34) in Theorem Bl gives the series expansion of I}y (z*(1 — )" ) in
Example [3.4] which shows

Fﬁ%ﬁfww)==%%%w7Ug_ﬁﬁﬁﬁﬂ—nw“)

Then the GRS of F(a, 8,7; ) equals
z=0 1 00
0 0 a sz
-y y—a—-p f
Owing to Theorem 2] we get Gauss hypergeometric equation. See [O1l, Exam-
ple 1.8 )] for the calculation and related results. Moreover [WW,, Chapter XIV]

gives fundamental results related to Gauss hypergeometric function and [O2] gives
an elementary approach to Gauss hypergeometric function without an integration.

CAsE 2. 11]11,11

We may assume that the singular points of the equation with the spectral type
11]11,11 are oo and 0 and moreover oo is an irregular singular point. Then the
corresponding GRS equals

x=0 00
/\0,1 /\1,1 + ax (Oé 7& R Z)\j,y = 1)
X2 A+ Bz Jw

We may moreover assume GRS equals

z=0 o)
(6.4) %—m —-z
5+tm —k+%

by the transformations x — cx and Ad(x/\e/\/””) with suitable ¢, A\, X', m, k € C.
We can construct the equation with this GRS and its solution by the operations,
namely, additions and a middle convolution by the transformation of GRS

rz=0 00
=0 oo| 2z [x=0 00 oM
— — 0 1—p

00 ArA Ap —Ata
Catael g z=0 00
X (z 2 e2) 1 Ap A—p+1 z
—————7 3§27 2 2
1, 2F A=p+l
7t 2# 5 + 926
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Then the local solution v(z) at co corresponding to the exponent 3 —k has the
asymptotic v(z) ~ 2¥e~% for x — +oo is the Whittaker function W ,,, (). In fact
(cf. [WW| CHAPTER XVTJ),

k oo
rve 2 m k:—l m—i—k—l
Wi.m t 2 14 2dt
)= T ) (1+4)
m+§ % [e'e] 1 1
_ =z 1e / 7R3 o (g 4 )R D g
F(m—|—§—k‘) 0
1 =z
+5,.5 o'}
__Z "T2e2 / (S—I)m k—ze s m+k—2ds
L(m+ 3 —k)

Here ~ means the ratio of the both sides of the equation takes the value 1 at the
limit and this asymptotic follows from Theorem B.7] Case [l More precisely, (31)
shows

(6.5) Wim(z) ~abe  20Fy (3 —m —k, 2 +m —k;—1)  for 2 — +o0.

oo .
if

It is clear that [ ° in the above last integration may be replaced by [
00| < Z. Put 6y = Argz. Suppose |z| > 1and T < [6p| < 2F. Put L = L +C+Lo.
Here L1 is the linear path from e oo to e, C is the path 0,1] 3 ¢ s ei17D)0
and Ls is the path from 1 to +o0o0. We define fiw by a part of the path L.

190 00

X
W
X

Then Theorem [3.7] Case [[V] implies the asymptotic Wy, () ~ xFe~3 for z —
%00, Thus we have

(6.6) Wim(z) ~ 2¥e™2 for @ — e oo with |0| < 2 and |6p| # Z.

Here it is known that the condition |fy| # 5 is not necessary (cf. [Hu2]).
Moreover Theorem [B.1] Case [IIl implies

D(=A—p) 1 (-2 1
Wi () ~ Mﬂm — &mﬁm (Re(A+ p) <0, x — +0).

T(—\) T(I—m—k)
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Since

1 x
Ad(z27"e?)me,, gy 1 Ad(a:””'k_%e_”)a

mtk—1
€T

+1)

)~ (m+ k- $)2)
(O —(m—k+ 3 ))(8—1—1) (m—l—k‘—%)@)
)

2+ (z—2m+1)0+k—m+1)

—a(@ - L2 (g —2m 1) - 2 - Y b k—m+ L

x

Wi.m () is a solution to the Whittaker equation

Another local solution My, ,,,(x) given in [WW|, CHAPTER XVI]| corresponding to
the exponent m + % at 0 is obtained by the integral
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and then

1z
" 2720 (2m 4 1)

My m =
bm(®) T +m—krE +m+k

1 1 1
) / tmfk+§(1 o t)m+k7§extdt
0

1 z
" 2e2T(2m + 1) m—kti
L(m+k+3) 0

( m-Hc——e z)

1z
" 2e2T(2m 4 1
L(m+k+3)

n!

) rreh S ki (17"
n=0

)TL
x2m+n

x m+2e2I‘ 2m+ 1) i (m+k+3+n)(—
L(m+k+3) — 2m+n—|— 1)n!

1, X (m+k+3)
_ m+2 z 2/M  \n
‘ 627;0 (2m—|—1)nn!( ?)

l x
=a2""2e2 Fi(m+k+ 3;2m+ 1;—x).

By the symmetry m <> —m of GRS (&.4]), My, . (z) is a solution to (67) and

(68) Win(#) = We-n(0) = 1 o5 Masn(2) + ey M)
Hence we have
(6.9)

j-TookJrz( m+k_§e o) = L(—2m)T'(2m + 1) m— k+2( m+k_%e‘”)

I -m-RTE+m+k)°
L(2m)T(=2m + 1)
I(S+m—-kr@E-m+k)°

—m— k+2( —m+k—%67m)

_ Sin(m' + k — 5)77[(1)’n—/€+§( m+k_§6 z)
sin 2mm
: 1 1
sm(m. —k+ 5)71'[07mfk+§ ($,m+k7%e_w)'
sin 2mm

Note that GRS (6.4) has the coordinate symmetry

z=0 00 z=0 00
(6.10) %—m -2 zy= %_m T —
5+m —k+35 s+m —k—3%
corresponding to (z, k) — (—z, —k). Hence
(6.11) M_p (€5 z) = XD L ()

and W_y, ,,(e*™z) are solutions to (B1). Note that

W_pm(x) = z7%e 2 for  — e 00 with |6] < %w.
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Then we have
(6.12)

; I'(—2m)
W_ m +7i —
I‘(—Zm)ei(%“”)” I‘(Qm)ei(%*m)m‘
= T Mk,m(l') =+ 1

I'(z —m+k) L'(3 +m+k)

~eTRmipTkes for z — e %F oo with |0g| < 3.

r'(2m)

+7i
—— M s _ (e
F(% +m+k) ko= )

M,kvm(eim‘x) +

Mk,fm(x)a

Theorem B.7 Case [Vl shows

1 z
e " 2e2l(2m+ 1) m—kt3

1
0 (merkiieim)

Mk,m(ft) = 1
o _L@m+1) o F(m—kt$)mi ko~
1
F(m + k + 5)

. 4
2 forz — eT™ o0

and

L(2m + 1)eF(m—k+)mi
L(m+k+3)

(614) Mk,m(l') = Wk,m(l') + CiW,kvm(eim‘x)

with Cx € C and |Argx £ §| < 7, which is determined by the asymptotic of

My, () for  — 400. Namely, (611]), (6€I3) and ([612) imply

rem+1)
L(m—k+3)

x
2

Mk,m(l') — €¥(m+%)”M,k,m(eimx) ~ e (:L‘ . +OO),

['(2m 4 1)e®Fr
Lim—k+3)

On the other hand, we can also get (G.I4]) by (68) and ([GI2)).
Equation ([@7) is irreducible if and only if

(6.15) Cy =

(6.16) mtk+3¢Z

This is proved as follows. First we note that the reducibility is a closed condi-
tion. If m+k+ § € Z, the relations (6.8) and (GI2) imply the reducibility because
of the vanishing of one of the connection coefficients.

If the equation is reducible, there exists a solution u(x) satisfies an equation

1 1
of the first order. Then u(x) ~ Cz2~"™ or Cz2 ™™ with C' # 0 for x — +0 and
u(z) ~ C'z%e™2 or C'z%e2 with C’ # 0 for + — +oo. For an example, suppose

u(zx) ~ Cx%_m for z — 40 and u(z) ~ C'z%e™ 7 for & — +oo. Since u(z) has no
singularity in C\ {0}, the Fuchs-Hukuhara relation for the differential equation of
the first order implies d := m+k — 3 € Z>o and u(z) = C'Wjn(z). Note that the
equation satisfied by u(z) may have apparent singularities. Then d is a number of
zeros of u(z) on C\ {0} and 2™ ze%u(z) corresponds a Laguerre polynomial of
degree d under a certain normalization.
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CASE 3. 11|11|11. There is only one singular point and we may assume that it
is o0.

T =00
(6.17) {372_00}&) 1+p S-S +m+; , p=m-— 1.
azr® + bz 9 5
ax® +bxr — %—m—l—%

The above last transformation is obtained by a transformation x — Cyx + Cy and
w?
Ad(eT) witha =1, b= 0 and p = m — 5. Note that the normalized solution u(z)

22
corresponding to the exponent % —m+ 3 has the asymptotic u(z) ~ M re T
for x — 4+00. Then

['(p)
22 I~
e 4 (s+=z) _ 1
= e H dt s=t—=x
() /0 ( )
—_z_ o0 2
= l/ e TR (s t)
F(H) 0

z2
D, (z) ~ zte™ T for x — +00 (cf. Theorem B.7] Case [V]

Here the parabolic cylinder function D, (x) is a solution to the Weber equation
Pu = 0, where

x

d(zT)(* + 20+ pu+1)
(0=3)+2(0=35)+n+1
=P +i+p-—z.

(a

= Ad(z'T)
Ad(x%)m W(0% + 20+ 1)
=Ad(z'1)

Note that D, (z) = D,(—x) and D_,_;(iz) is another solution to the equation.

It follows from GRS (6I7) that \/zD,(v2z) satisfies the Whittaker equation
and the asymptotic for £ — +oo shows

M

Dy(x) =255z 2 W, (%),

The condition for the irreducibility is

m2
Note that e~ D, (z) is the Hermite polynomial of degree p for pu € Z>.

Versal unfolding (Gauss hypergeometric family)
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The versal equation Pu = 0 of Gauss hypergeometric family is given in [O1]
Example 2.5], which is

A dx Aoxdx

P =mc, o0 Ad(exp(— / m - / A= )1 — (323:)))6

A Ao
1- lclx + (1- clx)Q(l - cz:c))
=mc, (9(1 — c12)(1 — c22)0 + O( M1 (1 — o) + Aoz))
=(1=caz)d+c(p—1))((1 = c2m)d+ cop) + X0+ (M2 — Aie2)(zd + 1 — p)
=(1—c12)(1 — c)0?

+ ((e1 +e2) (= 1) + A1+ (2c1¢2(1 = p) + A2 — Mic2)z) 0

+ (g —D(creapn + Arca — o)

=mc, (8 +

and a solution is given by

I exp(—/ Adx _ / Aoxdr )
1—cx (1=c12)(1 — o)

= 18 ((1 = e12) B A (1 — cp) T ).

Here ¢ = é or % or co. If ¢iea(er — ¢a) # 0, the corresponding GRS is

1 1

== = 00
(&3] c2
0 0 1—p
A A A A A
C_ll + 61(012702) +hu 62(022*01) +u _0_11 + 61§2 K
Since
A A A A A
(e tW (o T ah — W=t t ot
and
: A DN . -£ K
Clzlgo Cz(—CQ(C;Cl) +u) =-2 and cl;go(l —cow) 2 = el7,
we have
r=<1 9
c1
A 2 A 1—)\# A (e1 7 2 =0),
Mydap -Mz-boy
which is also obtained by
A A A A A
1—(,}1w + 1—2(sz - 1—0111 + 01(1—2011) - 0_12

6.2. Hypergeometric family. The spectral type of the generalized hyperge-
n n

—— ——
ometric function ,, F—1(aq,...,an; 81, .., Bn_1;2)is 1---1,(n—1)1,1---1 and it
is explained in [O1] 13.4].

We examine a confluence of the generalized hypergeometric function 3Fy with
the following spectral type:
111)21,111
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The corresponding GRS is realized by

. 0 T =00 0 Ad(a T =00 0
{x__io A} e A -y S RV N
& - =\ A+p T=A=N A4+pu+XN
T =00 z=0
mey/ L=y =1=A1+ Ao 0
1—M—A/—MI:1—)\1’2+)\0’1 )\/+M/:)\O,2_)\O,1

l‘—)\—)\/za?—/\lﬁ-i-/\o)l /\+,U+)\/+M/=/\0,3—/\0)1
with p=A2—Xo2, H=A1—Xo1, A=NXoz— A2, N =Xo2— A1,

Aot F o2+ Aoz = A1+ Ao+ A

Solutions to the corresponding equation are given by

- (Z Z (—/\ -\ + n)m(_)\)n(/j)m(/’é)n (_x)—m—n>x)\+)\/e—:c

— (i i ()\0,1 - >\1,3)m+n()\1,2 - )\073)n()‘171 — /\071)7”(/\172 — )\0’2)"
- — ()\0’1 - )\1’3)nm'n'

0n=0
>< %)m+n) A1,3— o, 1e 2 g3 TAL T (113 — —|—OO),
N D(—=A—p) T(=A=XN—p—p) AN+t
uoo(z) ~ ( )\) ( IV /1*) z

T'(Xo2 = 203)  T(Ao1 = A03) nyaoros
— 2 2 ! > X ’ xr — +0
I'(A2 = Ao3) - T(A,1 — Ao3) (
if Re(>\013 — )\072) < 0 and Re(>\013 — )\011) < 0),

U _u/\'M e~ %) — 1 x)\/x_ w tsz\e—s _ g)nds dt

/ —1)"I'A+1+n)
= J# A ( A p+n
0¥ ZF()\—FM—FI—Fn)n!x

Z DMTA+14+n) - TA+ XN +pu+14n) ANt 4
1“>\+u+1+n) FA+N+p+p' +14+n)

_ F()\073 — )\172 —+ 1) . F()\073 — )\171 + 1)‘2)\013_&)’1

I'(Xo3 — Aoz +1) - T'(Aoz — Aot +1)
X 9Fo(Mos— A2+ 1, 03— A1+ 1X03— Ao2+1, A3 — A1 +1;—x).

Here we remark that the connection coefficient of the solution wus.(z) to the local
solution ug(x) at the origin equals

(6 18) Sin(>\012 — )\073)7'( . Sil’l()\OJ — )\073)7'(
’ Sin(/\l)g — /\0,3)7'(' . Sin()\m — )\073)71'
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Applying Ad(z*:1) to our GRS, it changes into

r=00 x=0
I1-XA11 Aot
1—=X2 Doz
T—A3 A3

(6.19) with )\071 + )\072 + )\073 = /\171 + /\172 + /\173.

Then we have obtained the normalized connection coefficients

(A2 — Ao,3) - T'(Ao,1 — Aoy3)

6.20 c(loo:z—A3~0:X3)= .
( ) ( 1,3 03) (A2 —Ao3) - T( A1 — Xo3)

The poles of the denominator of the connection coefficient implies that wee ., 4
satisfies a differential equation of the second order.

To get a solution corresponding to another exponent at oo, we consider the
procedure

B 0 Tr =00 0 Ad(a o T =00 z=0
{x__io A}m—% N I e Bt e Y
r -\ Ap A= N N4 N
T =00 z=0
mc,,/ 1-— ’uf 0 Ad(z?0.1)
_x_’_l_ﬂl_)\l_,u/ >\I+‘LL/ 7
_)‘_)‘/_MI )\+N+)\/+ﬂ/
T = 00 x=0
w—z L—p =X =1—Ai1 Ao,1
:Z?—l-l—,u,—)\/—[tl—)\()’l:l‘—)\l’:; /\/+,U/+)\O,1:)\O,2
—)\—)\/— /—)\071:1—)\172 )\+ﬂ+/\/+ﬂ/+/\071:)\073
and put
oo (1) 1= fjf;oxxexfioo(x)‘e*m)

~ I:’ﬁ/oo (:C’\"”\IQFO(—)\,M; —%)) (z — +00)
D(=A =N —p))
T TTEA—N)
(z = 400),
L(=A—p) D(=A-N —p— M/)I,\+A'+u+u’
DA (AN —p)
Re(A+ X + pu+ ') <0).

PR (X A = N A= =)

(x = +0, Re(A 4 u) < 0,

Uoo () =2

Thus we have
C(—OQ 1 - )\1’2 ~ 0 )\()’3)
T(A11—A12+1)-T(Ao2—Ao3) - T( Ao — Ao3)
(X1 —Ai2+1) - T(ho2— A2+ 1) - T'(Ai1 — Ao3)

(6.21) _ oo

and
sFL(=A =X =N = s =2 = X5 - 1)
=3F1(Mo1— A2+ Loz — A2+ 1L Aos— Aig+ 1 A0 — Ag +1;-1).
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Here the local solution %_so 1-,, at —oo is given by

AN
s e A Y e e

~ (e™x) 27! for 2 — e Moo

)‘Ovlﬂoo(e”x)

which is uniquely characterized by this asymptotic and then

3
(623) QL,OOJ,)\L2 = ZC(—OO 1 — )\112 ~ 0 . AO,V)UOJ\O,V'

v=1

If Mo,y —A12 +1 € Z<o, U—co,1-, , satisfies a differential equation of the first
order for v =1, 2, 3. If \1,1 —Ao,w € Z<o, U—oo,1-A, , satisfies a differential equation
of the second order for v =1, 2, 3.

By the symmetry of GRS (619) with respect to the exponents Ay, for v =
1, 2, 3 and the exponents 1 — Ay, for v = 1, 2, we have normalized 3 solutions
corresponding to the 3 exponents at each singular point and the connection relation
between the singular points 0 and oc.

The above procedure is valid for the spectral type

n n

—~ —~
1 T|(n—11,1---1.

Namely, applying Ad(J:X/)mcMu to ([E19) several times with various (A, "), we
get

T =00 =0 n n
I1-X, (1<v<n) Xy (1<v<n) (Z Aoy = Zx\l,u),
T— A v=1 v=1

which is symmetric with respect to the parameters in {Ag, | 1 < v < n} and the
parameters in {A\; , | 1 <v < n}. The local solutions are given by

U0 e = T 1 F1 (Mo — Ay (L<v <) 5 Ao —dow (1< v <n); 1),
Uso—x s = (€7 2)M L Fy oMoy — A +1 (1<v<n);

Mi—A (I<v<n); —==) (& — e™io0),

Uso,z— A x)\O,lfé\é,l_AO,lx)\OE_AI,I f;\ol,z—ko,zxko,s—)\l,z .

. f)\lm,—lf)\o,n—l(mko,n*)\lm,—lefz)
o0
~ pMne™® (x — +00)

and the connection coefficients are

)\oﬁnﬂ'i

% H1<u<nr()‘171’ - )‘171 + 1) ’ H1§u<n]‘—\(>‘071/ - >\O,n)
H1<u<n 1—‘()\1,1/ - )\O,n) : H1§V<n 1_‘(/\0,1/ - /\1,1 + 1),

H1<y<n ]‘—‘(AO v )\0 n)
(oo —Ap~0: X)) = = : .
H1§V<n F(Ala’] - )\0771)

c(—00:1=XA1~0: X)) =e€
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6.3. Jordan Pochhammer family. The spectral type of Jordan-Pochhammer
equation is
p-D1,p-1L,---,(p—11 (p=2 = Gauss)
p+1blocks
Integral representation of the solution u(x) of the corresponding versal equation
is given by

(6.24)  ux) = I'(¢)

p k=1

P

P P J
H (1 —cj)™*=7 cillisvsrovzitei=an) (ci #¢; #0 for i # j).

(6.25)

The GRS of the equation is

=00 =g (G=1...p)
(1= p]p-1) 0](p—1)
L k P (¢; #¢j #0 for i # j),
(_1) Ak Ak
Z k —H Z a1l (& =) +u
k=1 1ly=1¢ = 1 L li<u<k v v
T =00
(1 — u]p—
» (p—1) (1 = ey = 0)
Z )\kfﬂk +(p-1p
k=1
Suppose A, =1 and ¢; = -+ = ¢, = 0. In view of Remark the corresponding

equation Pu = 0 is given by

p
P =mc, (8 + Z )\k:vk_l)
k=1

p
=mc, (81’ + Z 8p_1)\kxk_1)
k=1

p
=me, (P + Y M@ +p-1)@+p—2)--- (W +p—k+1)0"")
k=1
14
=P+ M@ —p+p-1D)@—p+p-2)--- (0 —p+p—k+1)o"*
k=1

and we have its solutions

1 er = P tk
(@) = Fr [ S

o _ zP 2mm ;
~ g PR (2 eTh oo)

form=0,...,p—1.
We consider the spectral type 21|21, 21, 21.
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21/21,21,21 = 1]1,1,1

T =00 0 y
1- /\3](2) [0](2) [0](2) (#£0, Ao+ A1+ A2 =2)3)
az + A Ao A1

me_x, T = 00 0 Y
axr+Xa do—X3 AN —A3[°

We can consider another reduction.
21)21,21,21 ~ 21|21,21,12 ntN 11]11,11,2 ~» 11|11,11 ntN 1,1,1

T =00 0 Y
1-Xs]2 [0l [0]e (Ao 4+ A1+ A2 =2X3)
ar + )\2 )\0 )\1
. = 0
Ad((y—=z) A x o0 Y
M T+ A= Asley [Ol2) [=Mle
ar + A+ Ao Ao 0
mex. xr = 00 0 Y
18 1—X1 4+ A3 0 [—)\3](2)
ar+ A+ Ao+ A1 — A3
Ad(y—=z)*3 T=00 0
i it SN 1—X\ 0

ar+ A+ — A3 Ao+ AL — A3

mc_x; r =0 0
ar+ A +A—A3 Ag— A3
Then the normalized local solution ug », corresponding to the exponent \g is given
by
(Ao +1)
U0 Ao = Sy v o
(Ao —A3+1)

o F(/\O+1) A3—A1 T\—A3 TA1 Ao—Az ,—ax
a0 )

Here |y| > |z| > 0.

1—8\3 (x)\o—)\g (1 o %)kl—)qe—am)

REMARK 6.2. i) 18\1 (x/\o_’\?’e_ax) is expressed by using the Whittaker func-
tion My, (z).

ii) If & = 0, the equation is reducible.

ili) We remark that the function ug x,(x,y) satisfies a confluent KZ equation
with the variables z and y which is given in [O5] Example 7.6] with (2o, z1,22) =
(z,9,0) and a = 0. We will discuss such equations in another paper. The equation is
a confluence of Appell’s F;. Note that the coordinate transformation (z,y) — (z, %)
is an automorphism of confluent KZ equations of this type (cf. [O3] §6]).
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The Riemann-Hilbert approach to the generating function of
the higher order Airy point processes

Mattia Cafasso and Sofia Tarricone
ABSTRACT. We prove a Tracy-Widom type formula for the generating function
of occupancy numbers on several disjoint intervals of the higher order Airy

point processes. The formula is related to a new vector-valued Painlevé 11
hierarchy we define, together with its Lax pair.

1. Introduction

Let us consider the higher order Airy functions

A 1 o] y2n+1
1.1 i, == dy, R, N,
(1.1) in(x) 71'/0 cos(2n+1+xy) y, z€R, ne
and the associated kernels
(1.2) K, (z,y) = / Al (x4 2) Al, (y + 2)dz.

0

It is easy to prove, using standard arguments in the theory of point processes
(Theorem 3 in [14]) that the kernels K, for any n > 1, define a determinantal
point process whose correlation functions are given by the standard formula

¢

pen(T1, ..., x0) = det | Kp(xi, ;) >1,

i,j=1
see Appendix A in [6]. The importance of these point processes stems from ap-
plications to statistical physics and combinatorics. Indeed, they are associated to
new universality classes generalizing the KPZ one (case n = 1). These universal-
ity classes describe both the limiting behavior of the momenta of non-interacting
fermions trapped in an anharmonic potential [I3] and the one of multicritical ran-
dom partitions [4}[10L11].

Let us denote with

§”)>(2")>§3")>...>(J(-")>...
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the (random) points in the process, fix a collection {A4;,j = 1,...,k} of intervals
of the form

Aj = (zj,2j-1), with +oco=120>21>...> 2> —00

and some real constants o, ..., ay such that a; € [0,1] for all j. We will denote

#0 = (I € 45, 0> 0

the random variable counting the number of points contained in the interval A;,
often called the occupancy number of A;. We are interested in studying the gen-
erating function of the occupancy numbers for the above mentioned A;, i.e. the
function

k
- #4
(1.3) F.(%,d) = Fp(x1,...,x5;01,...,05) :=E H(l —ay)" |,
j=1
whose derivatives give the joint probability law of k£ given particles in the process.
More precisely, given 1 < my < ... < mg,

(1.4)
—1)Jrt-dk Ortizt.+ik
P (¢ <)) _y b o _F,(#,d) ,
R Jilga! . gkl 0ad 0ad? ... Dok G=(1,...,1)
where the sum is taken over all indices ji,..., ji satisfying the conditions
k
Ji<ma, g1 e <mayee, Y de < mp.
=1

(see for instance [2]). We also anticipate that F,(Z,&) can be expressed as a
Fredholm determinant, see (Z1]) below and [14] Theorem 2]. This characterization
is the first step needed in order to obtain the main result of this paper: a Tracy—
Widom formula for F,(Z, &), relating the latter to a vector—valued version of the
Painlevé II hierarchy we are going to define. Our formula generalizes both the one
obtained by Claeys and Doeraene [7] for the case n = 1 and arbitrary k& > 1, and
the one obtained by one of the authors, Claeys and Girotti for arbitrary n > 1 and
k=1 6.

In order to state precisely our result, we need to introduce some (vector—valued)
differential polynomials which will be used to define our hierarchy of equations. We
will work with the ring

R = Cluy,...,ug, Dus, ..., Duy, D*uy, ... D*uy, .. ]

generated by k functions u; : R 3 ¢+ u;(t), j =1,...,k and its derivatives, and
denote with D! the left-inverse of the derivation, such that D~'Dv = v for all v
in Im(D). Given @, € R, let us define

<O >=0"weR, {00} =00 +wv' €Mat(k,R),

[, W] := 0| — w5 € Mat(k, R).

We will also denote @ := (ug,...,u;)" € RF and with D(R) = Im(D) the set of to-
tal derivatives of any differential polynomials in R. Analogously for D(Mat(k, R)).
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DEFINITION 1.1. Suppose that ¥ € R¥ is such that
<4,U>€ D(R) and {u,v} € DMat(k,R)).
We define
LY7:=1Dv—i (D Ha, o)) a -2 (D' <@,0>)a
Analogously, for any ¥ such that [@, 0] € D(Mat(k,R)), we define
L%y :=1D7+1 (D[4, ]) a.

THEOREM 1.2. Let F,, (%, &) defined as in (L3) with a; # cj1 forall j < k—1,
and agy1 = 0. Then

(1.5) Fo (7, &) = exp (- /Ooot < @), dt) > dt) ,

where U(t) = u(n, Z+t, @) satisfies the following (vector-valued) ordinary differential
equation

(1.6) (cicr )”@(t) = —diag (21 +1,..., o + 1)a(t)

and have the following behavior at +oco

(1.7) a(n,Z+1t,a) <,/ — a1 Al (t+ 25)( 1—|—0(1))>
J=losk

Moreover, if aj 11 < o then u;(n, Z+t, &) is real-valued for realt. If oj11 > o,
then uj(n, £ +t,a) is purely imaginary for real t.

REMARK 1.3. We will call the collection of equations in (L)) the vector valued
PII hierarchy. Their formulation, from an algebraic point of view, is completely
analogous to the one we previously introduced, in collaboration with Thomas Both-
ner [5], for the integro-differential Painlevé II hierarchy, see also [12]. Note, how-
ever, that the results contained in this article cannot be deduced from the ones in
[5], because of the assumption of smoothness for the weight function w, see Section
1.3 in loc.cit.

REMARK 1.4. We write down explicitly the first two members of the hierarchy
(L6), using the shorthand notation @ = D to denote the derivative of 4. Forn =1,
in order to write down equation (6], we compute (omitting the dependence on t)

(cict)i=ci(cma) = £f (i) = ~i+ D' (@i )i+ 207" D ( q;“) i

= —ii + 2dd " 4.

Thus, equation (LG) for n = 1 reads as
(1.8)
i —21“2:;C 1u2+(t+:101)
. iy = 2us Z —|- (t + 1‘2)
ﬂ':QﬁﬂTﬁ—Fdiag(zl—|—t,...,xk—|—t)ﬁi.e. . =11
U = 2uyp Z?:l u? + (t + xk)uk
that coincide indeed with the coupled system of Painlevé II equations introduced
n [7]. For n = 2, equation (L8] is
(1.9) @ =4da ' @+ 8ii' @+ 6dd i + 2ui' i — 61(d' @)* — (t + T)a
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which is indeed a vector-valued version of the second member of the Painlevé II
hierarchy, see e.g. equation (1.6) in [6].

REMARK 1.5. The composition of the two operators Di that appears in the
definition of the hierarchy (L6) should be intended as the vector-valued analogue of
the recursion operator used in [I] to define the higher order Painlevé II equations.
These operators are also very similar to the operators used in [15] to define the
vector-valued Schrodinger hierarchy.

The paper is organised as follows: in Section [2] we prove that the generating
function F, (Z+t,a@) is equal to the Fredholm determinant of an integrable operator
of IIKS type [9]. As a byproduct, we formulate and use the Riemann-Hilbert
problem 23] to compute the logarithmic derivative of F,,(Z 4 t, &) with respect to
t, and this concludes Section 2l In Section [3] we associate to the Riemann-Hilbert
problem 23] a Lax pair for the vector-valued Painlevé II hierarchy (LE]). Section @
concludes, collecting all the previous results, the proof of Theorem

2. F,(Z,d) and the associated Riemann-Hilbert problem

It is well known (see for instance [14]) that the generating function F, (&, &)
defined in (L3]) can be expressed as a Fredholm determinant. More precisely,

(2.1) F,(Z,d) = det I—Zaj a4, |

where K,, is the integral operator associated to the kernel (I.2) and, for any Borel
subset B C R, K, p indicates the restriction of K,, to B. For our purposes, it is
convenient to recall a different representation of the kernel K,, written in (L2)) as
a double contour integral. In what follows, let us denote

/\2n+1

AE.
2n +1 +

(2.2) Gn(Xit) =

It is easy to show (see for instance [5]) that, for any real ¢,

. 1 . 1 .
(2.3) A, (t) = Dy /1‘+ exp (wn(t, /\))d/\ =5 /F_ exp ( — i, (L A))d)\,
2nm

where I'; is any smooth contour oriented from coe!® to coe!® with a € <2n g

and b € (0, 5,755 ) (see Fig. [)), and T'_ its reflection with respect to the real axis.
Actually, one can take ([2.3]) as an alternative definition of Ai, (or, rather, of its
analytical continuation). Then, combining ([L2)) with (Z3]), one proves [5.6]

")

LEMMA 2.1. The kernel defined in ([L2)) admits the double—contour integral
representation

ww Nz) =n(5y))
(2.4) Kn(z,y) @2 / / du :
7T ry

A—p
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F1GURE 1. These are possible choices for the curve I'; appearing
the integral representation of the Airy function Ai,.

We now define two vector-valued functiond] frsgn : T — RFFL with T :=
F+ ur'_:

ez (N0 y ())

fu(N) -

1 Van — agestn(N2t2w)y ()

Vg = Qe tr 22y ()
(2.5)

Fon OOy (N)

ga(V) 1= | VoL —agem 2O ()

Vak = Qe #0220y ()

and denote with L,, : L?(T'") — L?(T) the associated integral operator with inte-
grable (in the sense of [9]) kernel defined by the equation

(2.6) A =)L (A 1) = frl (N gn ().

The following proposition is a generalization of Proposition 2.1 in [6] (see also
[3] for the case n =1 and k arbitrary).

PROPOSITION 2.2. The generating function F,(Z+1t,d) coincide with the Fred-
holm determinant of the integrable operator L, i.e.

(2.7) det(I—Ly) = F\ (& +t, d).

1The notation we used in (23] reflects the fact that it will be convenient, in the sequel, to
think about fn,gn as functions taking values in R @ R¥
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PROOF. From the very definition of L,, using the natural polarization of
L3(T') ~ L?(T'y) @ L*(T'_), we can write in block form

I _F,
I-L, = k
"D (- a1)Gry, T
j=1

where F,, : L2(T'y) — L?*(T_), Gy, : L* () — L*(Ty), j =1,--- ,k and
Fy, Gpe; have kernels given by

B WnO=UnOy iy, (o,

¥ -

(=N Fp(p, A) =

(€ = W)Giz, (§ p) = 53 V(ST TGy, ()X (1)

We consider the two corresponding operators Fy,, G, extended to the whole space
L*(T') = L?>(T'y)® L?(T'_), acting trivially on the respective orthogonal component.
We first notice that both the operators F,,, G, are Hilbert-Schmidt on the whole
space. Indeed:

(2.8) H]F H2 1 / |d)\|/ d |e—3(wn(>\;0)—wn(u;0))
. . = — /,l, < +OO
2 @2 e, r = A2

and also

= I (Yn(§:2¢+2x5) —Pn (1;2t+22;))

2 1 e
(29  ||Gnall; = W/r \dM/F |d¢| e < +oo.
- +

Moreover, they are both trace-class, since they both can be obtained as composition
of Hilbert-Schmidt operators. To see that, we consider a new contour I'y := R + ¢,
not intersecting neither I'y nor I'_. We start by the case of G,,;. We define the
following two operators

=5 ¥n(p522;+2t)
IBS(l.)J_ : L*(I'_) — L*(Ty), with kernel BT(:;J (Cp) = e’ ’

(2.10) e
2) 2 2 ; 2) e ¥n(A;2z;+2t)
]B%n;xj : L°(To) — L*(T'y), with kernel Bn;xj()\,C) = —27T(< VI

Their composition gives ngc] o IBSS?E ; = Gpyz; and, since they are both Hilbert-

Schmidt, Gy, is trace-class. The case Iy, is treated similarly using the two oper-
ators

e~ 3 ¥n(1;0)
cW: L2(I}) — L*(Ty) with kernel CWM(\ p) = ———n—
(1= A)
(2.11) .
e5¥n(0)

(C,EIQ) : LQ(F()) — LZ(F_) with kernel Cff)((:, )\) = m
T\ —
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This means, in particular, that the Fredholm determinants det(I —L,,) and det(I —
Gnie;) are well defined, and moreover det(I — Gy,,;) = 1. Hence,
det(I - L) = det(I — Gy, ) det(I — L)
I -F,

k
= det
¢ 0 - Z(aj —a;j+1)Gnyz; o Fy
J=1

=det |I—- (aj —aj11)Gpz; oFy |,

.
—_

where the equality between the first and the second line is easily proven using
the block representation of L, and G, induced by the polarization L*(T) ~
L2(Ty) @ LA(T2).

Notice that each factor Gy, o Fy : L*(T'y) — L*(T'4) has kernel equal to

1 e~ in (pstta;)
2 (TS
(2m) ~(E=m)(p—=A)
We now conjugate Gy, oFF,, by the multiplication operator P,, with kernel P, (X, i)
= e 3¥n(AO§(\ — p) so to obtain

(an o Fn)(fa /\) = 6% (w”(£;2t+2xj)+w"(>\;0)) /

ei(wn(A;O)—wn(;t,xj-l-t)
==X

Next we observe that, in the double-contour integral representation (2.4]) of K,,, one
can deform the contour I'; into R. Using this property and conjugating once more
with the standard Fourier transform (i.e. with the integral operator with kernel
F(x,&) = \/%e*”:g) we finally obtain

1 .
1 i ;
(Po© G, 0 Fpo Py (E,N) = e (t+ )5/ dp.

(2.12) (foPnoGWjanopn o F~ )( Y)

(2 13) _ 1 1(t+wj—w / / d\ e Y (X;0) = (15 $J+t)ei/\y
' (2m)? v27r (€= (=2

i(Yn (Niy) —¥n (p,2))

(2.14) = @ oy ———— >ty
0 ifo<t+mz;

where the latter equality is obtained deforming the outer contour R toward 4ocoe®™
(depending on the sign of t + z; — ) and taking a residue. Since the conjugations
we performed do not change the value of the Fredholm determinant, we find

k
det(I—Ly,) =det [ T—> (aj — 1)Ky, 44,00) | »
j=1
and this latter is equal to Fy,(Z + ¢, &) because of [21]). O

As L, is of integrable type, in the sense of [9], it is naturally associated to a
Riemann-Hilbert problem we are going to define, and whose jumps are given by the
k + 1 dimensional matrix Jy (A) := 1x11 — 27ifa(N)g, (A) for A € T
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RIEMANN-HILBERT PROBLEM 2.3. Find a sectionally—analytic function'Y (e;n,
T+t,d):C/T — GL(k + 1,C) such that

a) Y has continuous boundary values Y1 as A € I' is approached from the left
(4) or right (—) side, and they are related by

1 | =0, (=X &+ t,d@)xr_(N)

—19n()\75+t707))(1“+ (A) 1k ’

where ©,(\; T+ t,a) is the (column) vector
Nk
On (N T+ t, @) = (me“""“m]))j:l.
b) There exists a matrix Y1 = Yi(n, Z + ¢, &), independent of A, such that' Y
satisfies

(2.15) Y(A) =11 + VI T+ O0VT2), A= oo

We record in the following remark some symmetries that will be useful in the
sequel.

REMARK 2.4. The jump matrix Jy (\;n,Z + t,&) = Jy(A) of the Riemann-
Hilbert problem [2.3] satisfies the following two symmetries:

Jy T (=\) = D1 Jy(\)Dy  Jy(N) = DaJy (=) Do,
where D; := diag(1,—1...,—1) and D, := diag(1,¢1,...,cx) with ¢; :== —sgn(a; —
a11). Consequently, the unique solution Y to the Riemann-Hilbert problem sat-
isfies the symmetry relations
(2.16) DiYT(=\N)D; =Y Y(\), DY(N)Dy =Y ().
In particular, using the expansion of the function Y at A — oo together with the
symmetries above, we obtain that

(2.17) Y, =

where the entry u;, j = 1,...,k of 4@ = t(n,Z +t,Qd) is real if o; — j41 > 0 and
purely imaginary if a; — «;41 < 0. Moreover, since detY = 1, we also have that

§ = Tr(A).

REMARK 2.5. The jump matrix Jy (A;n,Z+t,&) = Jy (A) can be factorized as

(2.18) Jy (X) = exp(M)Jy (0) exp(—M)
with M = M(\;n, T + t, &) := diag(Mo, My, ..., My),
.k
i .
(2.19) M, = “EE ;wn(/\;t—i—xj), My = Mo+iv, (AN xe+1), £=1,... k.

Note that the matrix Jy (0) does not depend on Z,t or n.
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PROPOSITION 2.6. The unique solution Y of the Riemann—Hilbert problem 2.3]
is related to the Fredholm determinant F, (&; &) via the formula

(2.20) %lnFn(f—i-t,d') =1i(Y1)1,1-

PROOF. As we proved that F,,(Z+t, &) is the Fredholm determinant associated
to the integrable kernel L,, defined in ([Z4), the following general formula, proven
in [3l Theorem 3.2], relates F,,(Z + t, &) to the (unique) solution of the Riemann—
Hilbert problem 2.3}

0

(2.21) %IHF(:E—i-t,&) - /F ﬂ(Y1(A)Y’(A)§JY(A)JY1(A)) dX

2mi’

where the symbol ’ denotes the derivative w.r.t. the complex parameter A. Thanks
to the factorization of the jump matrix Jy (\) given in (ZI8)) and the nature of the
contour I' = T'y UT'_, the integral in the right hand side is computed as a formal
residue at infinity. Indeed, we start noticing that

/FWL e (Y:I(A)YL(A)%JY(A)J;I(A)> % -
/Fwt Tr (Y:l(x)yi(x) (%M(/\) - JY(A)%M(A)J;%A)» a

2mi

1 / 0 dX 1 , 3] dx
(2.22) /F+UF7 Tr (Y, (,\)Y,(,\)EM(,\O o /F+ur, Tr <y+ ()\)Y+(/\)EM()\)> o

+ 1 (7 I oM ) 52 =
rjur_ ot 2mi

RS
. 5 BN dx
— plim . Tr (Y Y (/\)EM()\)> o

In the last passage we used that the term denoted with (#) is zero (as we will see
in a moment) and we rewrote the two remaining terms by deforming the contour
', UT_ into a circle Cg centered in zero and of increasing radius R. Indeed, (#) is
zero because of the form of the jump matrix Jy and the fact that M ()) is diagonal
(we are computing the trace of a strictly lower/upper triangular matrix). Finally,
using the asymptotic expansion of Y at infinity combined with

oM _ A
ot k+1

diag(—k,1,...,1),
we explicitly compute

— lim Tr (Yl(/\)Y’(A)QM(/\)> dA =i(Y1)11.

R—+oc0 Cr

O

This result will be used in the last section to relate F), (Z+t, @) to a distinguished
solution of the vector—valued PII hierarchy, whose Lax pair is given in the following
section.
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3. A Lax pair associated to a vector valued PII hierarchy

We now introduce a new matrix U(\) = ¥(A\;n,Z + ¢, d) solving a Riemann-
Hilbert problem with constant jumps. More specifically, let

(3.1) TO(\;n, 7+ t) := diag (1, el¥nXimtt) ,ei’p"()‘;m’“ﬁ)) ,

(3.2) T@ (\;n, & +t) 1= e w1 Dym Ynizatty,

and T(\) = T(\;n, Z 4 t) :=TON\;yn, Z 4+ )T (\;n, Z +t). We define

(3.3) U(A\n,Z+t,d) =Y(\n, Z+t,a)T(\n, & +1t).

It is easy to prove that this latter satisfies the following Riemann—Hilbert problem.

RIEMANN-HILBERT PROBLEM 3.1. Find a sectionally-analytic function U :
C/T — GL(k + 1,C) such that

a) U has continuous boundary values Vo as A € T is approached from the
left () or right (—) side, and they are related by

1 -0 xr_())

(3.4) ) = O e o 1 ’

where © := O(\;n, T + t, &)= is the (column) vector

k

(3.5) 6= (Vaj —am1)

b) U has the following asymptotic behavior

Jj=1

(3.6) T(\) = (1 SV O()FZ))T(A), as A = co.

The properties of the function ¥(A) listed above are then used to prove the
following proposition.

PROPOSITION 3.2. There exist two matrices A(X\) = A(A;n, T+t, &) and B(\) =
B(A\;n, 2+ t, &), polynomial in X\, such that

(3.7
YO =BT
Moreover,
_ klf 1 i
(3.8) B(A) = i
iu 1
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and
2n ‘
(3.9) AN =D AN 4 Ay,
j=0
with
1
1 Ay = ——di -k, 1,...,1
(3 O) 0 ]{7+1 lag( s 4 5)7

. k
(3.11) Ag,, = ﬁdiag —kt — ij,t+ka:1 — Z$j7-~-7t+k$k - Zfﬁj
Jj=1 J#1 J#k

and @ as in 2TI7).

PROOF. For both equations the proof follows from applying Liouville theorem
and using straightforward computations. For the first equation, we define

9 -1
A = () ()
The matrix-valued function A(\) is analytic for every A € C\ I". Moreover, for
A € T' we have that AL (\) = A_()), thanks to the fact that ¥(\) has constant
jump condition along T'. Thus A()) is entire and behaves like a polynomial in A
of degree 2n at oco. By Liouville theorem, we conclude that A()) is a polynomial
of degree 2n in A. Using the asymptotic condition written in equation 2.I5]), we
can then compute explicitely the leading coefficient and the constant coefficient of
A(N) as in (BI0), BII). For the second equation, in an analogue way we define

0 -
B = 5 (M) (T(V) g
Using the same reasoning, we conclude that B(\) is a polynomial in A of degree 1
and we compute its coefficients as in (B.8). O

Now, we show that the system (B is the Lax pair for the vector-valued

Painlevé II hierarchy (LG). For any j = 0,...,2n, we will denote with a}!, a}?, a2

R B e
a?z the block-entries of A; (and the same for Ay,). Hence, ajl-l will be a scalar,
a}z, afl will be, respectively, a row and a column vector, and a?z a square matrix

of size k. We will now study the compatibility condition

(3.12) AMNB(A) — BOWA) = ‘g—f(x) - %(A).

The following two Lemmas are the analogue, for the vector—valued case, of Lemma
5.4 and 5.5 in [5] and the tecnique used in their proofs is inspired by the one used
in [I5]. The dependence of the variable @ and {aé—k} on n,t,r,a will not be made
explicit in the following formulas. We will denote with a dot the derivative with

respect to ¢, as this will be the only dynamical variable (the other variables will be
considered as parameters).

LEMMA 3.3. The compatibility condition of the Lax pair B.) is equivalent to
the system of equations

(3.13) al?=—ia", 2 =id,
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(3.14)
at' = —i(@Ta2 4 al?@), @ = —i(a}2, + i@ a2 —al'd")
L j=1,....2n—1
a?Q _ 1( 12 + a21 —'T), a?l _ ( ]+1 + a U _ a22u)
ay, = —i(d" a3, + abpd), ak;, = —i(d"a3) — ad @’ + i myz)
(3.15)
as;, =i(daly, +a3,a"), a3, = i(abhd — a3nd — imy z10),

where my z = diag(z + t1,..., 2 + ty).

PROOF. The proof follows by direct computation, exploiting the polynomiality
of the matrices A(X), B(A) in A. In particular, equation B3] corresponds to the
term associated to the monomial A" in the compatibility condition ([3.I2)). Then

system (B.14) corresponds, for every j = 1,...,2n — 1, to the monomial A>"~7 and,
finally, (3I5) corresponds to A°. O
From equations [BI3), (BI4), and the first two equations of (BIH) we can

derive some symmetries for the entries of A; for j = 1,...,2n. In particular,

0

5% Tr(a?Q) = Tr(d2.2) = iTr(da; 124 a21 i) = 1Tr(ua Bt Tr(a; ATy

1a u—i—@uTan —a}l.

Thus we conclude that
(3.16) ~Tr(a?) =aj', j=1...,2n,

up to constant of integration. This constant is actually zero. This can be proven
observing that lim;_, . an = lim;_, o a = 0. Indeed, both of them are polynomials
in the entries of the matrix elements of Y;,; + > 1, and Y; — 0 for t — +o0,
which is easily proven using the small norm theorem (see Section [ below and, in
particular, the proof of Proposition[£]). Moreover, we can also deduce the following
symmetries:

(3.17) a?l = (—l)j(ale)T, a?Q = (—l)j(aiz)T Vi=1,...,2n.

This is proved by induction over j using the equations appearing in the Lemma 331

LEMMA 3.4. For every £ =2,...,2n

~

—1 -1
(3.18) ajt = —i (allaF] + a12a§1J) and a3* =i g a22a§2] + azlaf])
1 j=1

J
PRrROOF. Thanks to equation ([B.I6]), we only need to prove the formula for a2
Consider the matrix

k2

~ k41)? 0

4n
C = AZ _ OT ]-k /\4n + Z Aélnficvz7
C(k+1)2 ¢=1
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where Cy = Y5 AjA,_jfor 0 =1,... 2n—1and Cy, = 37" AjAg,_j+ Ao Aoy +
AsnAg (these are the only coefficients we are going to use in the proof). We can
write Cy, for every value of £, in the usual block-form

and, in particular, each block-entry can be written in terms of the block entries of
the matrix A
(3.19)

11 L 11,11 12,21 1
¢ = ijo ajrags; +ajcag +2adtadl 6o on
_ Y 2112 22 22 22522 | ~22 9292
=m0 (@i a2y +aiagt ;) + (ag Gy, + 435,057 )0e,2n
12 _ ¢ 11, 2 12 22
¢t = ijo a; ;tajfag;
21\ 21,11 22 21
== \95 @y +ajtag
From the compatibility condition ([BI2]), we deduce the following equation for the
matrix C

oC 0B OB
(3.20) E()\) = BA\)C(A\) —C(N)B(\) + a()\)A()\) + A()\)a()\).
In particular, by looking at the coefficients of the powers A™ with m = 4n,...,2n

in equation ([B20), we obtain the following system of difference and differential
equations for the block entries of each coefficient Cy

&t = i@ e + i) + 2(ap') 0 2n, ¢

(C“_l_’_uT 22 %1,1—[1')

(3.21)
¢ =i(de)® + cta") + 2(af?)?de2n, G =i(cfiy +pld — FP0)

with £ =1,...,2n. Note that this is almost the same system satisfied by the matrix
elements of A, see (BI4). In particular, the equations giving the entries (1,2), (2,1)
in (3I4) and (B2I)) are exactly the same, while for the entries (2,2), (1,1) the two
sets of equations differ just for £ = 2n.

Now, by using the equations above, we first prove that the entries of Cy, for
£=1,...,2n are multiple of the ones of Ay, by induction over . Keeping in mind
that the coefficient Cy is explicitely written in the definition of the matrix C, we
start by computing C1:

0}2_.k+1ai2, C%IZikﬂ—la%l’ C}lzo:1k+la}1, %2:0’“:ilc+1a%2

We suppose now that the equation above holds for ¢ and we prove than it holds for
¢+ 1 too, by using the equations ([B.21]) together with equations (313)), (B.14). In

particular, from the third equation in the system (B2I)) we recover ¢;3, as
1-k
02Ty Mg = .12 7T 022 4+ T
(3.23) ity =16 — + ¢ =i I(1a£+1 w0 a;”+ag )I,

=a;3,

using the induction hypothesis and the equation for a;?, in (3I4). The same
procedure can be applied for the block entry C%}H, to get the analogue result. Now,
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for the diagonal entries, we use instead the first two equations in the system (B.21))
and obtain
1—k
(3.24) ¢ty =1(degdy + i) = i (Gag?, +aji a").
L ]

_ 22
=ari

Thus we conclude that c%il = ii;ﬁaﬁl (from the equation above, this is true up to

a constant of integration, that can be fixed to zero thanks to equations (319])). The
same can be done for c}}rl. Thus the proportionality relation between the block
entries of type (1,2) or (2,1) of Ay and of Cy is proved for £ =1...,2n — 1, while
for the diagonal block entries it holds for £ =1...,2n — 2. For £/ = 2n — 1 we have
for the diagonal block entries

) 11—k,
(3.25) cgi = 1k n 1a§i + 2(a32)2,
1

and an analogue relation for all. Now, by using the first two equations in the
system ([I9) for ¢7?, we deduce the following chain

(3.26)
11—k -1
L) 22 21,12 22 22 21 12 | 22 22 21,12 22 22
1k+1az =c = Z(aj ap”; +aj a@_j) +|a° ap” +ag ay” +ayay” +ap g’
J=1 —i 2 42
k+17¢
for £ = 1,...,2n — 1, from which the statement for a?? is directly obtained. For

the case £ = 2n the chain obtained by replacing the equation [BI9) for c32 is the
following one

L
1-k d
(8:27) ip—ad +20af)? = = o | D (o] i + aPai;) | +2(af?)?,

Jj=0

Thus, by simplifying both sides the term 2(a%2)2 and then integrating, the formula
for a2? is obtained as for the previous values of /. O

Combining the two lemmas[B.3land [3:4], we are able to express all the coefficients
of the Lax matrix A(\) in function of the vector @ and its derivatives.

PROPOSITION 3.5. The entries of the matriz A(X) are differential polynomials
on u, given recursively by the formulas

(3.28) a?' =i, a¥? =0,

(3.29)
j

21 : 21 11~ 22 = 22 : 22 22 21 12 -

a1 = —laj —aj; utajtu,  aji, :1§ (af’ai?, o+ai'ajt, ), j=1,....2n
=1

together with (B16) and BIT).

Moreover, using (8:29) together with (BI5) and the definition of the operators
21

Ci, we prove that the vectors aj°, j=1,...,2n satisfy the recursion
(3.30) a%}ﬂ = —Eia%}, a%} = —Eqia%fl, j=1,...,n—1,
while a3, satisfies the differential equation

3.31 —L%a2L = —im, 1.
( +%2n 5
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Hence, we proved recursively that #, as defined in (2.I7), satisfies the equation
(TE). Moreover, the entries of @ are real/purely imaginary depending on the sign
of (aj11 — ), as already observed in Remark 2.4l We are now left with the proofs

of the equations (3] and (7).

4. The logarithmic derivative of F, (¥, d)

In this last section we finish the proof of Theorem giving the relation be-
tween F, (Z, @) and a particular solution @ of the vector-valued Painlevé IT hierarchy.
The main ingredient is the first logarithmic derivative of the Fredholm determinant
F,(Z+t,&), computed at the end of Section 2

PROPOSITION 4.1. The distribution F,, defined in (L3) satisfies the equation

2
(4.1) % In F, (T +t,d) = — < (), @(t) >

and its integrated version

(4.2) Fo(Z,) = exp (— /0 T <, a) > dt) ,

where 4(t) = d(n, T+t, @) satisfies the following (vector-valued) ordinary differential
equation

(4.3) (LELTYd(t) = — diag(zy +t, ..., zx + )E(t)

and have the following behavior at +oo

44)  d@n,T+t,d) = < fa; — a1 Ain(t+2;) (1 + 0(1))>

j=1,...k

PRrROOF. We start computing the A~!'~term in the asymptotic expansion of
(0, W)W~ for A — oo, where W is the solution of the Riemann-Hilbert problem B.1]
with constant jump condition. The (1, 1)—entry of this term, which is equal to zero
because B(A) is polynomial in A, leads to
0

E(Yl)ll —i'd=0

and this equation, together with (220)), gives (.1]).

We describe now the boundary behavior of @ for t — +00. We start by proving
that the jump matrix Jy (\) of the Riemann-Hilbert problem 23] for ¢ — o0,
behaves like the identity matrix, so that the small norm theorem can be applied.
We consider a rescaled complex variable w defined through the equation A = wtﬁ,
so that the entries (1,5 + 1) and (§ + 1,1) of Jy () for j = 1,...,k are rewritten
respectively as
(4.5)

1

SO+, -A), X () = —v/a; —agrre ™t o (et Tu) (),
2n+1
e (

—1(OE +t,d,X), x+(\) = —/a; —ajpae’ ™"

Note that the quantity d; := 1+ ITJ is bounded in the regime ¢ — oo for any fixed

o
g O w)

XTIy (wt’%n) :

xj, as it converges to 1. Thus we can modify the curves I'_ and I'} into I_ and
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I'; (as done in [6] Section 3]) so that
(4.6)

w2n+1 ~
J +djw| <0, for wel_andJ
2n+1

In this way we obtain

2n-+1

2n+1

+djw)>0, for wely.

2n+1 ( w2n+1

(4.7) HJY(W%) - 1k+1Hoo = \/Qj — Q1 sup i +djw) — 0.

wEF;

for t — 400 and any fixed x; € R. Moreover, also ||Jy(wtﬁ) — 1’€+1H2 — 0 as

1 9 _Ctz’L;l
Jy(wtzn) =141+ O w2

for a suitable constant C' > 0 and uniformly on the contours. Thus, the rescaled
function X (w) := Y(wtﬁ), thanks to the Riemann-Hilbert problem [2.3] satisfies
the following conditions:
~ it is analytic on C\T_ UT;
— it admits continuous boundary values X while approaching from the left
or from the right of the curves T_ UT, and they are related through
X4 (w) = X_(w)Jy (wt%) for all w along the curves;
— for |w| = oo it behaves like the identity matrix, i.e. X(w) ~ 141 +
ST
Note that, in particular, X; = t~=mY; (we will use it in a moment). Moreover, by
applying the small norm theorem (see for instance Theorem 5.1.5 in [§]) we can
conclude that X(w) ~ 1y41 for ¢ — +o0o and fixed finite z; and, in particular,
Y; — 0 for t — +oo (we already used this result in Section 3).
On the other hand, because of its properties described above, X satisfies the
integral equation

B R

ub_ v—w

dv.

Expanding the right hand side for w — oo we find
(49) Xi= [ Xty et ),
f+Uf_

and thus we can conclude that, for ¢ — +oo and fixed z;,

L2n+1

RN 1 VO — O i E—— ;
uj(t;a:,a) _ (Yl)l,jJrl — ¢3% (Xl)l,jJrl N J27Ti Jj+1 / 6 ( InF1 +(t+x;)z) da
Ly
= Va; — a1 Ain(t + ;)

forany j = 1,..., k, where in the last two equalities we used the small norm theorem
and the integral representation of the n-th Airy function. Finally, the equation (4.2))
is obtained integrating twice (), and checking that one can set the integration
constants equal to zero because of the asymptotic behavior of @ as t — +o0. O
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A system of nonlinear difference equations for recurrence
relation coefficients of a modified Jacobi weight

Yang Chen, Galina Filipuk, and Maria das Neves Rebocho

ABSTRACT. In this paper we study one modification of the Jacobi weight. We
show that the coefficients in the three term recurrence relation for polynomials
orthogonal with respect to this weight satisfy a complicated system of nonlinear
difference equations.

1. Introduction

In recent years there has been a lot of interest to study various generalizatons
of classical weights and to find nonlinear difference equations for the recurrence
coeflicients. In some cases it was also possible to show the connection of the recur-
rence coefficients to the solutions of the Painlevé equations (see numerous references
in [VA2018]). In [CFR2019] the modifed Laguerre weight w(x) = x%e %e~5/%,
a > —1,s > 0,z > 0 was studied and a relation to the solutions of the third
Painlevé equation was established. In [MILC2018] another variation was studied:
w(z) = e /" on x € R, ¢t > 0. The Jacobi-type modifications of the weight
were recently studied in [MC2020,MC2021]. The weights were respectively
w(z) = (1—22)% " ze[-1,1],a>0,t> 0 and w(z) = (1 — 22)%et/1-2"),
x € [-1,1], @« > 0, t > 0. In this paper we study the weight (I2) and show
that the discrete system for the recurrence coefficients is very cumbersome. It is
quite unlikely that the theree-term recurrence coefficients have any connection to
the Painlevé equations. The number of variables in the discrete system is large
and an elimination of some of them would lead to even more complicated difference
equations.

It is well-known [C1978.[S1975| that a sequence {P,(x)},>0 of monic orthog-
onal polynomials of degree n in z satisfies a three-term recurrence relation. The
three-term recurrence relation is given by

(1.1) 2P, (z) = Poy1(x) + anPp(z) + BnPr-1(x), n=0,1,...
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with initial conditions Py(x) = 1, P_1(z) = 0. The recurrence coefficients of
{P.}n>0, o, and B, satisfy o, e R, n=0,1,...,and 3, >0, n=1,2,....

In recent years there has been a considerable interest to derive nonlinear dif-
ference equations for the recurrence coefficients of orthogonal polynomials (e.g.,
[CG12015,[CG22015] and the references therein). For certain weights (see, for
instance, [CC2015}[CI2010,[M1995]) the recurrence coeflicients are related to
the solutions of either discrete or differential Painlevé equation (as functions of a
parameter in the weight).

In this paper we derive a system of nonlinear difference equations satisfied by
the recurrence coefficients of a two parameter family of polynomials orthogonal
with respect to the weight

(1.2) w(z) = w(z; s, t) = e_s/x_t/”z(l —x)°,

where 0 < z < 1, a > 0, s,t > 0. The orthogonality relation with respect to the
weight function w(z;s,t) defined in (2 is given by

1
(1.3) / P ()P (x)w(z; s, t)de = hypdpmn, m=0,1,....
0

The polynomials P, and the constants h, depend on s,¢, but, to simplify the
notation, we omit this dependence for brevity.

Note that the weight ([Z) can be represented as w(z; s, t) = wq(z)e /== t/"
where wg(z) = (1 — z)® is a (particular case of) the Jacobi weight. Various de-
formations of the Jacobi weights have been extensively studied in, for example,
[BCE2010,/CD2010] (see other references therein).

For the purposes of the present paper we remark that (L2) is a member of
the so-called semi-classical class, as it satisfies a homogeneous differential equation
with polynomial coefficients [M1995]. In this case, we have Aw’ = Cw, where

(1.4) A(x) = 2*(x — 1), C(z) = az® + sz + (2t — s)x — 2t,

equivalently, we have the first order nonhomogeneous differential equation for the
corresponding Stieltjes function (see [M1991])

(1.5) AS"=CS+ D,

with D being a polynomial depending on A, C.

The main tools to be used rely on results within the theory of semi-classical
orthogonal polynomials, namely, differential systems [M1995|[M1991] for the poly-
nomials and the ladder operator approach [CI1997]. Let us emphasize that, in the
account of the results from [BPR2013|, the method for deriving the difference
equations for a.,, 8, can be extended to the more general class of orthogonal poly-
nomials whose Stieltjes function satisfies the Riccati equation of the form

(1.6) A(2)8'(z) = B(2)S(2)* + C(2)S() + D(z),

where A, B, C, D are polynomials of degrees 4,4, 3, 2, respectively, and D depends
on A, B and C. These are members of the so-called Laguerre-Hahn class two
[M1991].

The reminder of the paper is organized as follows. In Section [2] we show the
linear systems for orthogonal polynomials, to be used in the derivation of the differ-
ence equations for the recurrence coeflicients. In Section [3] we show the difference
equations involving a,, 8,, together with some comments on the extension to the
Laguerre-Hahn class.
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2. Linear systems for orthogonal polynomials and compatibility
conditions

In this section we briefly recall necessary formulas (see [FR2016|] and the
references therein). We shall use the notation ' = d/dz.

The sequence of monic associated polynomials of the first kind, denoted by
{P,Sl)}nzo, satisfies a three term recurrence relation similar to (LI)):

(2.1) PV (z) = (z — an)PT(Ll_)l(x) - BnP,(ll_)2(a:) , n=12,...

with P (z) =0, P{P(z) = 1.
The recurrence relations (1) and (21]) can be written in the matrix form

_ | T Can —Bn
7An_|: 1 0 :|7 n217

P Pr(zl)

(22) YV, =AY 1, Yo = |
p, P,

r—ayg —fo

with initial conditions Yy = [ 1 0

} The matrix A,, is known as the

transfer matrix.

THEOREM 2.1 (see [BPR2013|). Let S be a Stieltjes function, let {Y, }n>0 be
the corresponding sequence defined in ([Z2)), and let «y,, B, be the coefficients in the
recurrence relation. The following statements are equivalent:

(a) S satisfies the following Riccati equation with polynomial coefficients
AS'=BS?*+CS + D;

tem Y,, satisfies the matriz Sylvester equation

(2.3) AY! =B,Y,-Y,C, n>0,

where

B, — l CH c/2 -D }

n , C —
_@n—l//gn ln—l + (.13 - an)@n—l/ﬁn:| |: B _0/2
with 1, ©, polynomials of uniformly bounded degrees, satisfying the initial condi-
tions
(2.4)
©_1=D, 6= A+(:L‘—Oéo)(C/2—l0)+B, 1= 0/2, lo = —0/2— (LL'—Oéo)D;

(b) the transfer matriz A, = {x —1an _gn] satisfies the matriz Sylvester equa-

tion

(2.5) AA, =B, Ay — A By, n>1.
Furthermore, we have [BPR2013| Corollary 1]

(2.6) trB,=0, n>0,

(2.7) detBn—detBO—kA;@;kl, n>1,

with det By = D(A + B) — (C/2)2.
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From entries (1,1) and (1,2) of Eq. (23] we find two non-trivial equations,
respectively:

(2.8) A=(z—an)(lp—ln_1) +On — B ;)"—2 ,
n—1
(2.9) I+ (z — an)% =lpo+ (2 — an_1) (Z:j .

Note that, after some basic computations, (Z38) implies (Z7) and [29) implies ([2-6)).
One of the key ingredients in the sequel is the differential system (23]). This is
the matrix form of the so-called structure relations [Di1988]

I
(210) A (P,Q)) = DPpi1 + (I +C/2)PV +0,PY,, n>0,
(2.11) AP,y = (l, — C/2)Pyy1 — BP\Y +0,,P,, n>0.
3. Main results
We will use the following notation:
(3.1) P,(Ll)(:c) =" — " a4 us)x”*‘g 4+ Prgl)(O),

(3'2) Pn+1(x) ="t - (nn + OCO)JJn + (Vn + aofn — Bl)xn_1
+ un+1xn72 + -+ Pn+1(0) s

where
n n n
(3.3) M= 0k, Vo= 3  oa;—Y Bp, n>1.
k=1 1<i<j<n k=2

In the lemma that follows we deduce the data to be used in the more gen-
eral setting, the Laguerre-Hahn class two case. Such a data will then be applied,
in Theorem 3.2, to deduce the system of difference equations for the recurrence
coefficients of the orthogonal polynomials related to the weight (I2)).

LEMMA 3.1. Let S be a Stieltjes function satisfying AS' = BS? + CS + D, let

{P,.}n>0 be the corresponding sequence of monic orthogonal polynomials, satisfying
the recurrence relation (L),

Poii(z) = (x — an)Py(z) — nPpo1(z), n=0,1,2,....
Set

A(x) =2*(x — 1), B(x) = baz" +b3z® + bpa® + bia + by,
C(z) = c32® + coa® + crx + co, D(x) = dox® + dyz + dp .

Then, the polynomials l,,, 0, satisfy deg(l,,) = 3,deg(0,,) = 2. Using the notation

ln(x) = gn,Bxs + fn’2$2 + gn,lx + En,O ’ Gn(x) = 9n,2x2 + en,lx + en,O ’
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then we have

1
fn’g = 5(211 — C3 — 2d2),
1
fn’g = 5(27’]71 + 2dscg — 2d1 — ¢o — 2TL),

1
On,2 = 5 (2100 + 2d2By — 20p + 25 = dve — 1 = 2do — 2 1),
dy = —(1 + by + 63),
d1 =1- b3 — Co — 20[0 - 21)40[0 — C3Q,

do = 20[0 — bg —C1 — 2b304() — C20g — 304(2) — 3b4a8 — 6304(2) — 361 — 2b461 — 0351,

én,O = 5 (2b1 +co — 6,un+1 - 2b4ﬂn+1 + 2[)4#(1) + 2b20[0 - 2&3

n
+2b302 + 203 4 2bsad — 4By + 2b381 + 600 By + dbsag
+2b2mn—1 + C1Mn—1 — 2ln 1M1 — 200Mn—1 + 2b30 N1
+205 -1 + 2b405 -1 + 4B10n—1 + 2b4B17n—1 — 2b21y,
—c17n 4 2l 170 + 20070 — 2b3007n — 2087 — baag T,
+2810n — 20p—11n + 27)"7177,% — 20,1 + 4v, — 6oy,
—2bsoNn — 4Mp-1Vn — 20nn)

1
,M%l) = 1+ 2 05 (4ftng1 — b1 — co + 2bafint1 + C3pnt1 — 2b2ag
—ci1ag + Sa% - 3b3a3 - 62043 - 4ag — 4b4ag - 03ag + 351
—2b331 — c2f1 — 8B — 6bsagB1 — 2c30081 — 4P17n
—2b4B11n — 38100 + dagrn + 2bsovy + c3aoln)
1
gn,l e 5 (2b2 +c1 — 20[0 + 21)30[0 + 206(2) + 2b40[3 + 461 + 3b4[31 + 2/8n+1

+4(n + 1)Bpi1 + 4baBri1 + 2¢3Bn11 — 200 + 207 — dv)
On1 = —Pnt1(2bg +c2 — 1 —2(n+ 1) 4+ 2000 + 2bs0g + apy1
+2(n+ Daps1 + 2bgny1 + c3ni1 + Mo + Mny1)
On0 = —PBnt+1 (2b2 4+ c1 — 2a9 + 2b3a + 204(2) + 2b4ag — Q1
—2(n + Vg1 + 2bsay 41 + a1 + 200041
+2bscoant1 + a2y 4+ 2(n+ 1)aZ ; + 2bsal 4
tezag ) + 481 + 20481 + Buy1 +2(n + 1) B
+2b4Bn41 + 3Bnt1 + 3Bni2 +2(n + 1)Bnye
204812 + 3Bnt2 = M + Qng1nn + 75
M1+ O 11 sy — 20 — 2ng1)
PROOF. Substituting B31)) and 32) into @I0), (ZII), E3) and (Z8), we

collect the coefficients at the highest powers of x and successively determine (in the

order as in the statement) the coefficients of D and of other unknown polynomials.
We also use n, = apn + Np—1.-

O
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To obtain a system of difference equations for the recurrence coefficients of the
orthogonal polynomials related to the weight (L2) we will use equations (28] and
[28) with the polynomials I,,, ©,, defined in terms of the data (L4).

Collecting the coefficients in = we have several equations from which we can
successively determine fi,,+1, fn and p,—1. The formulas are cumbersome and we
omit them. By substituting these relations, we obtain one of the nonlinear difference
equations which involves ay,, 8., 7, and v,. The second equation can be obtained
by equating the quantities found before, for instance, u, and u,_1 with n replaced
by n+1. By substitutingb; =0,7=0,...,4,c3 =a, ca =8, ¢1 =2t—s, ¢y = —2t,
we get the following result.

THEOREM 3.2. The recurrence coefficients oy, B, and their combinations 1,
and vy, given by B3) for the weight [(L2)) satisfy the following system of nonlinear
difference equations:

A ((—a=2n+1)B + (@+2n4+5)Bpi1) — (a+2n+1)6% +a —a?
—an (Bn a0+ (@ +2n— Dap—1+ M2+ nmm-1—2n+s+1)—
Brt1 (20 + (@ +2n +4) a1 — Mot + Nnt1 — 20+ 5 — 4))
+Bnr1 (@420 4 5)Bnr1 + (@ +2n+5)B0 + (@ + 20+ 3)ap 4y
+ (-1 = 1) =1+ (g1 — 1) g1 — 4y
+ant1 (200 + M1 — 20 + M1 — 20+ 5 —3) — s
+2((ag — D ag +281 +1) — By ((a+2n— 1)By1 + (@ +2n — D)ol _y —4Bn41
+ M2 = D)Mo+ (-1 — 1) 0u1 — 20n 2 — 201
+on—1 20 + -2+ M1 —2n+s5+1) —s+2 (o — 1) g + 251 + 1)) =0,

=200y — 2nan—18p — aan—_18n + an—18n + 2008n12 + 2nani28n42
00128t + 5y ioBnio — (a4 2n — 2)ad + (a+2n + 6)ai+1 — Bnln_2
+Bntn—-1 = 2Bptn — Brs10n + Brt2tin + Brt1lint1 + Bry2iinsz + 2n6n — B
—2Bn11 — 2nBnio — 5Bnio + 04721 (=20 + 41 — 20y, +2n — s — 1)
+ap (200 +2nn —2n+ 5 — 5) — 5Bn + SBn2
+an (—2(a0 — 1) a0 — 481 — (a +2n) (265 + Bpt1)
—4ant1Mn—1— 2N — V) 0y + 41 + s — 2t)
Fant1 (2(ag—1)ag+481 + (a+2n+ 7)Bri1
+2a+4n+11)Bhri2+ 480 +2(np — 1) 0y —4dvp—1 — s+ 2t) = 0.
REMARK 3.3. For the Laguerre-Hahn class, we first use the following data in
(C39):

Az) =23(x — 1), B(z) = byx* + bsa® 4 box® + bz + bo ,

C(x) = c32® + cox® + c1o + co, D(x) = dox® + dyx + dp .
Nevertheless, the calculations can be repeated for a general polynomial A(z) of
degree four. For the weight ([2]) we have B(xz) = 0 and A and C as in ([4). We
gave the final result (the nonlinear difference system) only for the particular case

([C2). The general case is similar with more complicated formulas, which are long
enough to present in this paper.
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¢-Heun equation and initial-value space of ¢g-Painlevé
equation

Shoko Sasaki, Shun Takagi, and Kouichi Takemura

ABSTRACT. We show that the g-Heun equation and its variants appear in
the linear g¢-difference equations associated to some g-Painlevé equations by
considering the blow-up associated to their initial-value spaces. We obtain the
firstly degenerated Ruijsenaars-van Diejen operator from the linear g-difference
equation associated to the g-Painlevé equation of type Eg.

1. Introduction

The Painlevé transcendent is a transcendental solution of one of the six Painlevé
equations and it is potentially a member of prospective special functions. The sixth
Painlevé equation is a non-linear generalization of the hypergeometric equation,
and the hypergeometric equation is a standard form of the second order Fuchsian
differential equation with three singularities {0, 1,00}. Heun’s differential equation
is a standard form of the second order Fuchsian differential equation with four
singularities {0, 1,¢, 00}, and it is written as

2
Py (1 L0 e ) dy , _abr—B
dx? x xz—1 x—t)de z(x—1)(z—1t)
under the condition v+ + € = o+ §+ 1. The parameter B, which is independent
from the local exponents, is called the accessory parameter. It is known that Heun’s
differential equation is related with the sixth Painlevé equation (see [2], [12] and
references therein).

A g-difference analogue of Heun’s differential equation was given by Hahn [3] as
the generic second-order linear g-difference equation whose coefficients are quadratic
polynomials, and we may write it as

(1.1) (z — hig™?)(z — hog* ) g(x/q) + Isla(x — g™ V?) (@ — log 1 /?)g(qz)
— {5 + L)z + Bz + (hlslslahyha) V2 (hY? + hy ) }g(z) = 0.

There is one accessory parameter F in the g-Heun equation. Note that the ¢g-Heun
equation was used to introduced the variants of the g-hypergeometric equation [4].
Several discrete Painlevé equations had been studied in the 1990’s. Sakai [10]
proposed a list of the second order discrete Painlevé equations. In Sakai’s list,

y=0,
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each member of the g-difference Painlevé equation was labelled by the affine root
system from the symmetry. A relationship between the g-Heun equation and the
g-Painlevé equation of type Dél) (q-P(Dél))) was pointed out in [13], and it was
called the g-Painlevé-Heun correspondence.

In this paper, we establish a further relationship between the g-Heun equation
and the g-Painlevé equation by using the initial-value space of the g-Painlevé equa-
tion. Namely we derive the ¢-Heun equation by considering the Lax pair and the
initial-value space.

Jimbo and Sakai [5] introduced a g-analogue of the sixth Painlevé equation
by considering the connection preserving deformation of certain g-linear difference
equations. It is essentially equivalent to a compatibility condition of a Lax pair,
and the Lax pair, which was reformulated by Kajiwara, Noumi and Yamada [6], is
written as

I, - {Z(ng —D(gra—1)  vivavsva(g —vs/ra)(g — Vﬁ/@)}

a9 fg
ez — qus)(z — quy) R (z — Kk1/v7) (2 — K1/V8) 1
a(af - 2) =T+ a(f - 2) (9 Tz)’
Ly = (1_£)T+Tz_ é

Here T, represents the transformation z — gz and T represents the time evolution.
The parameters are constrained by the relation k2x3 = quivs...v5. We use the
notation such as T(f) = f and T7'(g) = g. The time evolution of the parameters
is given by ®1 = k1/q, K2 = gra and U =y (t =1,2,...,8). It follows from
the compatibility condition for the Lax operators L; and Lo (see [6]) that the
parameters f and g satisfies

F — Dy (9 — vs/kK2)(g — v6/k2) _ U (f=m/vr)(f = K1/vs)
= oy g1 2 v G- =)

This is the ¢-Painlevé equation essentially introduced by Jimbo and Sakai [5], which

we denote by q—P(Dél)). The time evolution of the variable f is given by

(12) T = vavs (9 = vs/r2)(g = v6/K2)

flg—1/v1)(g — 1/v2)
and the value f is indefinite in the case (f, g) = (0, v5/k2) because of the form 0/0
in the right hand side of Eq. (ILZ). To resolve the indefiniteness, we consider the

blow-up at (f,g) = (0,v5/k2). Namely we set (f,g) = (f1, fig1 +v5/k2). Then the
point (f,g) = (0,v5/k2) corresponds to the line f; = 0, and we have

- vavagi (frgr + (vs — vg)/kK2)
~ (figr +vs/k2 — 1) (figy +vs /K2 — 1 /1)
Hence the indefiniteness is resolved. The indefiniteness may occur at the following
eight points;

P;:(00,1/vi)i=12, (Viy,00)i=34, (0,vi/kK2)i=5,6, (K1/Vi,0)i=7g.

The space of initial values of q—P(Dél)) is defined by blowing up eight points

Pl,...,Pg OfPl X]Pl.
We now consider the blow-up at Ps (0,v5/k2) jointly with the g-difference
equation Liy(z) = 0, where L; is one of the Lax pair. Note that the equation
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Liy(z) = 0 itself (see Eq. [2.10)) is different from the ¢-Heun equation in Eq. ([LI)).
We substitute (f,g) = (f1, fig1 + vs/k2) into the equation L1y(z) = 0 and set
f1 = 0. Then we have

(z —qu3)(z — qua)y(z/q) + L (Z - ﬂ) (Z - ﬂ)y(qZ)

140%] V7 Vg
1 1 v vs(vs + v Kiko(vr + v
- {(— + —)22 + {qg11/31/4<1 - —6) 1 5(vs + va) - 2(vr 8)}z
Vi V2 Vs K2 V1VaV5V7Vg

/2. 1/2
qki1Vs V4/

que 1/2 que\—1/2 B
+V11/2y21/2y71/2y81/2{(75) +<u_5) RECR

(see Eq. (Z4)). Thus we obtain the g-Heun equation with the accessory parameter
by considering the equation Liy(z) = 0 on the line f; = 0, which is an exceptional
curve with respect to the blow-up at the point P; on the ininial value space. We
can also obtain the ¢g-Heun equation by the blow-up at P; (i =1,...,8).

We establish similar results on the g-Painlevé equation of type Eél), Egl) and

Eél) in this paper. The corresponding linear g¢-difference equations for the cases
Eél) and E§1) are the variants of ¢g-Heun equation which were introduced in [14]
(see Egs. (23), 28)). Note that ¢-Heun equation and the variants are also obtained
by degenerations of Ruijsenaars-van Diejen system [9L[I3L[I5]. The corresponding
linear g-difference equations for the case Eél) is the firstly degenerated Ruijsenaars-
van Diejen operator. Note that Noumi, Ruijsenaars and Yamada [8] obtained
the non-degenerate Ruijsenaars-van Diejen system from the Lax formalism of the
elliptic Painlevé equation e—P(Eél)).

This paper is organized as follows. In section 2] we recall the ¢-Painlevé equa-
tions q—P(Dél))7 q—P(Eél)) and q—P(Eél)), their Lax pairs, and the corresponding
initial-value spaces by following the review by Kajiwara, Noumi and Yamada [6].
We consider restriction of the variables of initial-value spaces and obtain the g-Heun
equation and the variants. In section [B], we recall the ¢-Painlevé equation of type
Eél) by following Yamada [16], and obtain the firstly degenerated Ruijsenaars-van
Diejen operator by considering a suitable limit.

2. ¢-Painlevé equation, Lax pairs, initial-value space of g-Painlevé
equation and ¢g-Heun equation

Lax pairs and the initial-value spaces for discrete Painlevé equations were re-
viewed by Kajiwara, Noumi and Yamada in [6]. We recall them for the g-Painlevé
equations of type Dél), Eél) and E;l), and we apply the procedure of the blow-
up associated with the the initial-value spaces to the linear ¢-difference equation
related to the Lax pairs.

Throughout this section, we assume that the parameters ki, ko, 1, 0,...,U8
are non-zero and satisfy the relation k3x3 = quiva ... vs.

2.1. The case Dél). The g-Painlevé equation of type Dél) (q—P(Dél))) was
given as

(9 — vs/kK2)(g — v6/k2) L (f=m/vo)(f =+ /vs)

1] =vsi (g—1/r)(g—1/ra) ’ 9= 212 (f =v3)(f —1a)
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The space of initial condition for q—P(Dél)) was realized by blowing up eight points
Py, ..., P of P! x P!, where

P;:(00,1/v3)i=12, (¥3,00)i=34, (0,v3/K2)i=s6, (K1/V4,0)i=738

On the other hand, q—P(Dél)) was realized by the compatibility condition for the
Lax pair L1 and Lo, where

_qzlgn = 1)(gre = 1) vivarsva(g — vs/K2)(g — ve/K2)
Ly = { qg fg }
viva(z — qus)(z — qua)

q(qf —2)
Ly = (1—£)T+Tz_é

(z = K1 /ve) (2 = K /v) (1 -T.)

-1
=T+ q(f - 2)

We track the linear g-difference equation Liy(z) =0, i. e.

(2.1) {z(gul —1)(gra —1)  vivevsva(g — vs/k2)(g — vs/k2) }y(z)

o fg
+ Vlyz(zq_(qqug_) (zz)_ 8) (4y(2) - y(2/a)

(z = 1 /ve)(z = K1 /vs) (y(2) =
M a(f —2) ( g y(qz>) -

on the process of the blow-up of the point P; (i = 1,2,...,8) respectively, and we
investigate a relationship with the ¢-Heun equation

(2.2) (z — h1g"?)(z — haq"/?)g(2/q) + lsls(z — lig™/?) (2 — lag™/?)g(g2)
—{(Is + 13)2* + Ez + (Lilalslahho) 2 (h/* + hy /*)}g(z) = 0.

The parameter E is called the accessory parameter. Note that details of the calcu-
lation in this subsection were performed in [11].

The points Ps : (0,v5/k2) and Ps : (0, v5/k2)

We realize the blow-up at (f,g) = (0,v5/k2) by setting (f,g9) = (f1, fig1 +
vs/k2). Then the point Ps : (0,v5/k2) corresponds to the line f; = 0. By the
transformation (f, g) = (f1, fig1 + vs/K2), the operator L; is written as

L= (1vs — ko + figikovy)(vovs — ko + figikare)z
qra(fig1k2 +vs)
_ givivavsva(figike + vs — 1)
fi91k2 + Vs
n nve(z —qus)(z — qua)(figi1ke + vs — H2T;1)
qra2(qf1 — 2)

(vrz — k1) (vgz — K1) (ke — (fig1k2 + v5)T%)
q(frg1k2 + vs)vrvs(f1 — 2) '
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We set fi = 0 on the equation L1y(z) = 0. Then we have

(2.3)
K K
viva(z — qus)(z — qua)y(z/q) + (z - —1) (z - —l)y(qz)
1 %4 vy
1% V1V2aUs5(V3 + U Ki1ko (V7 + U
— [+ )2 + {qg1V1V2V3V4(1 - —6) - (s ¥ 14) - = 2(vr 8)}2
Vs K2 VsV7lg
21 Vs s gl k12K
+q 12345+ 1 2H z):O
%) 14348 %3}

It follows from the relation k2k3 = quivs . ..vg that Eq. [Z3) is written as

(24) (== )z = a)y(e/a) + (2= L) (s = L )y(a2)

vivg V7 vg
1 1 1% vs(vs3 + v, Kiko(V7 + v
- [(— + —>z2 + {qglugu4(1 - —6> 1 5(vs + va) - 2(vr + vs) }z
vy V3 Vs K2 V1VVsV7Vg

/2. 1/2
qK1V5 vt/

que\ 1/2 qug\ —1/2 B
+V11/2y21/2y71/2,/81/2{<75) +(y_5) Hy(z)*o'

We compare it with the ¢g-Heun equation given in Eq. (22). Then we obtain the
following correspondence

o= q"%vs, by = ¢ vy, hy = T8
Vs
_ q1/2ﬁ1 _ q1/2ﬁ1 _ 1 _ 1
h=—— b=—— lI=—, L=—
vy Vg 141 2]

We may regard the parameter ¢g; as an accessory parameter.

On the blow-up at the point Ps : (0,v6/k2), we obtain the ¢-Heun equation
where the parameters v5 and g4 are exchanged.

The points P7 : (k1/v7,0) and Ps : (k1/vs,0)

We realize the blow-up at (f,g) = (k1/v7,0) by setting (f,g9) = (fig1 +
k1/v7,g1). Then the point P; : (k1/v7,0) corresponds to the line g1 = 0. By
the transformation (f,g) = (f191 + k1/v7, 1), the operator L; is written as

(giv1 — 1)(give — 1)z vivevsva(gike — vs)(g1k2 — v6)vr

L= —
! q91 g1k2%(k1 + frg1v7)
n vivgvr(z — qus)(z — qua)(n = T7") | (vrz — ki) (vsz — k1) (1 — 1 T%)
q(qr1 + qfrg1v7 — v72) qqvs(ky + figive —vrz)

We consider the equation L1y(z) = 0. It follows from the relation £3x3 = q1vs ... vg
that divergence as g1 — 0 in L1y(z) = 0 was avoided and we have

nevr(z — qus)(z — qua) vgz — K1
- (g1 — 1m2) y(z/q) + qu(qZ)
{1/11/21/3V4V7(l/5 + vg) B k1(v1 +19)z B v1vav3vy (Vs + vg)vrz
Ko (K1 — v72) q(k1 —v72) Kika (k1 — v72)
fivez five?z (v1 + v)vr2?

}y(Z) =0

Q(’ﬂ - V7Z) - ql/s(ffl - V7Z) Q(ﬁl - 1/72)
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by setting g1 = 0. To obtain the g-Heun equation, we transform the dependent
variable y(z) by setting u(z) = y(2)/(v7z — k1). Then it follows that

2

K1 K1
z—qu3)(z —qu. zq—l——(z——)(z——)u z
(2 = avs)(z = amulz/) + 5 (2= ) (= - Ju(a2)
_ Ki + i)zz +{ qf1 (1 _ ﬂ) B @(i N i) B GPrsvavr(vs +1/6)}Z
11 120 1240 %) Vg vr 141 1% KR1Kk2

+ q3/2K/1V3/ V41/2 {(ﬁ)1/2+(@)71/2}:|u(z)_0
1/11/21/21/2V71/21/81/2 Vs s -

We compare it with the ¢-Heun equation given in Eq. (Z2]). Then we obtain the
following correspondence

Vg
h = q"?vs, hy=q" vy, hy=—
Vs
1/2
K1 q ' kK1 q q
11:1/—2, lo=——, l3=—, ly=—.
qr vy Vg 151 9]

We may regard f; as an accessory parameter.

On the blow-up at the point Ps : (k1/vs,0), we obtain the ¢g-Heun equation
where the parameters v7; and vg are exchanged.

The points P : (00, 1/v1) and Py : (00,1/vs)

We consider the blow-up at the point P; : (00,1/v1). Set (f,g9) = (1/f0,90)-
Then the point (f, g) = (o0, 1/v1) corresponds to the point (fo, go) = (0,1/v1). We
realize the blow-up at (fo,g0) = (0,1/v1) by setting (fo,90) = (f1, frg1 + 1/v1).
Then the point P; : (oo, %) corresponds to the line f; = 0. We substitute (f,g) =
(1/fo,90) and (fo,90) = (f1, fig1 + 1/v1) into the equation Liy(z) = 0. We set
f1 = 0. By applying the relation x3x3 = qu1vs ... vg, we obtain

(z—qus)(z — qua)y(z/q) + ﬁ (Z - IZ—;) (Z - Z—;)y(qZ)
— [(%—F ) {glq )——(V3+I/4)—Hy—12q(yi7+yig)}z

v3vak12\ 1/2 1/2 —1/2
o (T () () e =0
V127l
We compare it with the ¢-Heun equation given in Eq. (Z2]). Then we obtain the
following correspondence

hy = ¢ vy, hy=q" vy, hy = %
s
¢k ¢k 1 _q
h=—— b=—— I3=—, l4=—.
vy vg vy 2

We may regard ¢g; as an accessory parameter.

On the blow-up at the point P : (00,1/1v2), we obtain the ¢-Heun equation
where the parameters v and v are exchanged.

The points Ps : (v3,00) and Py : (v4,00)

We consider the blow-up at the point Ps : (v3,00). Set (f,g9) = (fo,1/g0). Then
the point (f, g) = (v3,00) corresponds to the point (fo, go) = (v3,0). We realize the
blow-up at (fo,90) = (v3,0) by setting (fo,90) = (f191 + v3,91). Then the point
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P5 : (v3,00) corresponds to the line g1 = 0. We substitute (f,g) = (fo,1/g0) and
(fo,90) = (f191 + v3,g1) into the equation Liy(z) = 0. Set g; = 0. Then we have
ez — quy) (v7z — k1) (vgz — K1)
——y(z/q) -
q qurvs(vs — 2)

1 [2
_— V1VoV3V4 (V5 + Vg) + Ko Vo(1l — vy /v
qu(qw—Z) q V1V2V3 4( 5 6) {Qfl 2V 2( 4/ 3)

y(qz)

— qrovs(v1 +va) — quivavy(vs + v6) 2 + Ka(v1 + V2)Z2j| y(z) = 0.

To obtain the ¢g-Heun equation, we set u(z) = y(z)/(z — qv3). Then
(= = 4%vs) (= — qua)u(=/q) + E( — o) (5= Jute
oG 5) e Al ) () - —< )
PR () () e o

We compare it with the ¢-Heun equation given in Eq. (Z2]). Then we obtain the
following correspondence

hl = q3/21/3a h'2 = q1/21/4; h3 = @5
Vs
! ! q g
h=—— b=—— I3=— Il4=—.
1% 143 1 V2

We may regard f; as an accessory parameter.

On the blow-up at the point Py : (v4,00), we obtain the g-Heun equation where
the parameters v3 and v4 are exchanged.

The other cases related to the ¢-Heun equation

We can obtain the ¢g-Heun equation by other restrictions of the parameters. We
substitute f = k1/v7 to the equation Liy(z) = 0. Then we have

(z — qus)(z — qua)y(z/q) + L(z - @) (z - E)y(rzz:) - [(i + i)zﬁ

1% 1% vy 141 1]

v3vr — K1) (a7 — K K 1 1 v3vav7 (Vs + U
+{(J(37 1) (vavy 1)g_ﬂ(_+_)_Q347(5 6)}2
V7K1 V7 \11 1) R1K2
q3/ ryvgl/? 1/2

,/11/2;1/2”71/”;”81/2 { (5_2)1/2 + (%)71/2}}y(z) =0.

Hence we obtain the ¢-Heun equation, and we may regard g as an accessory parame-
ter. We have a similar result by substituting f = k1 /vg to the equation Lyy(z) = 0.
We substitute f = v3 to the equation Lyy(z) = 0. Then we have

(= = w)(e — ama)y(e/a) + (o= ") (= = L) y(g2)

+

(SN2 v g
1 1 v3vr — K1) (v — k1) 1 v 1% 1Y% VAl
_{<_+_)22_<(37 1)(47 1)_+_3+_3+Q45+Q46>Z
n V2 a3y g " V2 K2 K2

N M{(@)W N (@)‘1/2}]@,@) — 0.

K2 Vs Vs
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Hence we obtain the g-Heun equation, and we may regard g as an accessory pa-
rameter. Note that this procedure was essentially considered in section 3.1 of [13].
We have a similar result by substituting f = v4 to the equation Liy(z) = 0.

2.2. The case Eél). The ¢-Painlevé equation of type Eél) (q—P(Eél))) in [6]
was given as

(fo-1(fg—-1) _(9-1/n)(g—1/we)(g —1/vs)(g — 1/va)
fr (9 —vs/K2)(g — ve/K2) ’
(fg—=D(fg=1) _ (f —v))(f —v)(f —vs)(f —va)
g9 (f = ka1 /ve)(f — K1/vs) .

The space of initial condition for q—P(Eél)) was realized by blowing up eight points
Py, ..., Py of P! x P!, where

1 .
P;: (VZ, ) (0, ﬁ) , ( 0) .
v;/i=1,2,3,4" Ko/ i=5,6 Vi i=7,8

On the other hand, q—P(Eé )) was obtained by the compatibility condition for the
Lax operators Ly and Lo, where

2(gv1 —1)(gve — 1)(gvs — D)(gra — 1) (gra/vs — 1)(gr2/vs — 1)K7

b= 9(fg—1)(9z—q) afgvivs
(1 —2/q)(va — 2/q)(vs — 2/q) (va — 2/q) g
- f—=z/q {1—gz/q T }
(k1/vr = 2)(k1/vs —2) (1 N
* q(f —2) {(g ) Tz}’

Lzz(l—g)Tﬁ-Tz—(é—z).

We track the linear g-difference equation Liy(z) = 0 on the process of the blow-up
of the point P; (i =1,2,...,8) respectively, and we investigate a relationship with
the variant of the g-Heun equation of degree 3;

(2.5) (z — h1g"?) (2 — haq"?) (2 — h3q"/?)g(2/q)
+ (2= hg V) (2 = lag V?) (2 — 1sg”?)g(qz)
{2+ ¢ V)2 4 (hy + hy + hg + 11 + 1y + 13)2?
— Bz + (lalshihohs) 2 (hy Y + hY*)g(2) = 0.

The variant of the ¢-Heun equation of degree 3 was introduced in [14], and it
has one accessory parameter E. The term hy + ho + hy + 11 + lo + I3 in the
coefficient of 2z2¢(z) is specified by the condition that the singularity z = 0 is
apparent, which is a fundamental condition of the variant of the g-Heun equation
of degree 3. The variant of the g-Heun equation of degree 3 is the eigenfunction of
the thirdly degenerated Ruijsenaars-van Diejen operator [13] with the eigenvalue E
which corresponds to the accessory parameter, while the g-Heun equation is related
to the fourthly degenerated Ruijsenaars-van Diejen operator. Note that details of
the calculation in this subsection were performed in [11].

The points Ps : (0,v5/k2) and Ps : (0, v6/k2)

We realize the blow-up at (f,g) = (0,v5/k2) by setting (f,9) = (fi91,91 +
vs/k2). Then the point Ps : (0, v5/k2) corresponds to the line g; = 0. We substitute
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(f,9) = (fi91,91 + v5/k2) into the equation Liy(z) = 0, and set g3 = 0. Then we
have

(2.6) (ﬂ _ Z) (ﬂ _ z)y(qz) + (qu1 — 2)(qua — 2)(qvs — z)(qua — z)y(z/q)

v Vg q?
. {_H%ﬁ%él@ - VG)z—I— (ﬂ B z) (ﬂ B z)z k(K1 /v7 — 2)(K1/vs — 2)
fivgvevrvs v7 Vg Vs
L vslan = 2)(qre — 2)(avs — 2)(qva — 2)
q(vsz — gk2)

_ (r1vs — ko) (vavs — ko) (v3vs — ko) (Vavs — Hz)q22 }y(z) —0
K3V (V52 — qka) '

To obtain a variant of the g-Heun equation, we apply gauge transformations. Set

oo

(ar39)e = [[(1 = ¢'aw) = (1 = aw)(1 — gaw)(1 ~ ¢*az) - --
i=0

PROPOSITION 2.1.
h(z) = z*y(x) satisfies a(z)g(x/q) + b(x)g(x) + c(x)g(q

(i) Ify(x) satisfies (1—ax)a(x)g(z/q)+b(z)g(z)+c(z)g
u(z) = (aqr; q)ooy(x) satisfies a(x)g(x/q) + b(x)g(x)

(i) Ify(x) satisfies g~ *a(z)g(x/q) + b(x)g(x) + ¢*c(x)g(qx
(qx

PROOF. If h(x) = 2*y(x), then y(qz) = ¢~z h(gr) and y(x/q) = ¢*z~*h(z/q).
Hence the equation ¢~*a(x)h(z/q) + b(z)g(x) + ¢*c(x)h(gxr) = 0 is rewritten as
a(x)y(z/q) + b(x)y(z) + c(x)y(gx) = 0 and we obtain (i).
We can obtain (ii) similarly, as shown in [7]. O

We apply a gauge transformation in Proposition 2] (ii) to Eq. (2.6]). Then we
obtain

Vg

Lo == 2) (5~ #)dten) + e = 2)lavs = 2)ava = 2)i(=/a)

2 2
1/2{_(1 ViVal3lVals  KiK2 T (qV1V2V3V5 + qU1V2Vals n qU1V3Vals
K2 VsV7lg K2 K2 K2
2 2 2,2 2,2
qUaV3V4 V5 qUi1VV3V4 Vg + K1KR2 + KR1R2 + 2% R1Ry KRRy )

2 2
K2 K5 vsvy - vsig  qvg  fiviverg  fivsielirig

1\ .
—(V1+I/2+I/3+I/4+—+ ) (1+—)z‘3}17(z):0.
< q
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By applying the relation x2k3 = quivs ... vg and a gauge transformation in Propo-
sition 2] (i), we have

(2.7)

(z — quo)(z — qu3)(z — qua)u(z/q) + (z — 11) (z - —) <z - ﬂ)u(qz)

v

. K K
+ {—(ql/2 + (]71/2)2‘3 + q1/2 (V1 +vo+v3+ s+ i + —1)22
v Vg
2

3/2 Vg 1 v vs /1 1 1 1
—q {V1V2V3V4(— —1) (—+—2) +u1u21/3y4—(—+—+_+_)
Us fi Ry Rg \l1 9] V3 V4

Ko (K K Y Va3 Vg k2N 1/2 s\ 1/2 s\ —1/2
(1 (i () ()
qVs \ V7 Vg 244% Vg Vg

In fact, if y(z) is a solution of Eq. ([6) and the parameter \ satisfies ¢* = ¢'/2 /v,
then the function u(z) = 2*(2/v1; q) o y(2) satisfies Eq. (7). We compare Eq. (2.7
with the variant of the ¢-Heun equation of degree 3 given in Eq. (2). Then we
obtain the following correspondence

qu
hl = q1/2y27 h2 = q1/2V37 h3 = q1/2U47 h4 = V—57
6
1/2 1/2
qg' K q 4K
l1:ql/2]/17 l2:—17 13: 1'
V7 143

We may regard fi as an accessory parameter.

On the blow-up at the point Py, we obtain the equation where the parameters
vs and vg are exchanged.

The points P; : (k1/v7,0) and Ps : (k1/vs,0)

We realize the blow-up at (f,g9) = (r1/v7,0) by setting (f,g9) = (fig1 +
k1/v7,91). Then the point P; : (k1/v7,0) corresponds to the line gy = 0. We
substitute (f,g) = (fig1 + k1/v7, g1) into the equation Liy(z) = 0, and set g; = 0.
Then we have

z— ki/vs (qv1 — 2)(qr2 — 2)(qvs — 2)(qva — 2)
Y y(gz) + T P y(z/q)
N |:I</12q{—f€2(y5 + vg) + vse(l — vs/v7)2}
qPvsvevrrg(z — K /vr)
n A fra(vr —vs) +vs2((g+ 1)z — g1 + va +v3 +14))}
CIQVB(Z - K1/V7)
N k12{k2q(vs + v6)v7 + vsve(—(qrr + v8)z + q(v1 + v2 + v3 + 14)18) }
QPvsverrvs(z — K1 /vr)

y(z) =0.
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By setting §(z2) = y(2)/(z — k1/v7), we have

(= — Kl/Vs)((IqZ - Hl/y7)gj(qz) n (qv1 — 2)(qv2 — Z;EQV3 —2)(qva — Z)g(z/q)
n [1112(1{—112@5 + 1) + vsve(1 — vg/vr)2}
qPUsverLy
L 2lhalvr —vs) +vsa((a + Dz — gl + oo +vs + 1))}
q*vg
N k12{kaq(vs + vg)vr + vsve(—(qur + v8)2 + q(v1 + o + v3 + v4) 1)} 3(2) = 0
qPUsverrUg .

Let A be the parameter such that ¢* = q3/2/1/1. Then the function u(z) =
Mz /v1;q)ool(2) satisfies

(z — qua)(z — qus)(z — qua)u(z/q) + (2 — V1)<z — :717> (z - ﬁ)u(qz)

K K
+ {—(ql/2 +q7 1?28 4 ¢4/? (ul tupt s s+ — + —1)22
qv7 g

K2 1% K K R Y
_ql/Q{(fl + _;) (_7 _ 1) 4 —1(V1+V2+V3+V4)+—1(—2 + —2)}2’
vy vy 1 %4 Vg \Us Vg

N e N S e )
V7l Vg Vg

We compare it with the variant of the g-Heun equation of degree 3 given in Eq. (Z.3]).
Then we obtain the following correspondence

1%
hi=q"%v1, hy=q"%vs, hy=q"Pvs, hy= V_S’
6
1/2
_1/2 k1 _ q ' K1
ll =49q v, 12 - q1/2V7’ 13 Vs .

We may regard f; as an accessory parameter.

On the blow-up at the point Pgs, we obtain the equation where the parameters
v7 and vg are exchanged.

The points P; : (v, 1/v;) (1 =1,2,3,4)

We realize the blow-up at (f,g) = (v1,1/v1) by setting (f,g) = (frg1 +v1,91 +
1/v1). Then the point P; : (v1,1/v1) corresponds to the line g3 = 0. We substitute
(f,9) = (fig1 +v1,91 + 1/v1) into the equation Liy(z) = 0, and set g; = 0. Then
we have

(z — Klq/(V;)_(zyl—) K1/vg) o (z — qua)(z —qug)(z — quy) y(2/0)
N {_fﬁ(l — ka/(1v5))(1 — Ko/ (v1v6)) n (z — k1/v7)(2 — K1 /vs)
qUrVs q
vi(va —vi)(vg —vr)(vg — 1)z _ q(ve — 2/q)(v3s — 2/q)(v4 — 2/q) 2) =
(i + )z — ) = —an ju) =0

qz) +

+
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Let A be the parameter such that ¢* = q1/2/1/1. Then the function u(z) =
ZA(Z/VU q)soy(2z) satisfies

(2 = am2) (= = @) (= = aa)u(z/a) + (= = qn) (= = 1) (2 = 77 Jula2)

K K
+ [_(q_l/z+q1/2)z3+q1/2(qV1+V2+V3+V4+V—1+V—1)Z2
7 3

_q3/2{V1(V2—Vl)(V3—I;1)(V4—V1)+V1(ﬂ+ﬁ)
fi+vi v Ug

1 1 1 1 Vs Vg
+V2V3V4(——+—+—+—+—+—)}z
v V2 V3 V4 K R2

) G () o -

We compare it with the variant of the g-Heun equation of degree 3 given in Eq. (2.5]).
Then we obtain the following correspondence

Vs
hi = q"?va, ho=q"?vs hy=q" vy, hy= o
6
1/2 1/2
q ' K1 q 'Rl
L=¢" v, lh=—2 I3= .
1 %4 vy

We may regard f; as an accessory parameter.
On the blow-up at the point P; (i = 2, 3, 4), we obtain the equation where the
parameters v and v; are exchanged.
The other cases related to the variant of the ¢-Heun equation of degree three
We substitute f = x1/v7 to the equation Liy(z) = 0. Then we have

(o= e = o = a2,

1 K K
—l—{(l-I-—) 3—(V1+V2+V3+V4+E+—1)z2
q vy 14

(z = qr1/v7)(z — k1 /vs)y(gz) +

N q{ (1 — v /k1)(1 — vovr /K1) (1 — vavr /Ky )(1 — vavr /K1) i ki
(9 — ve/k1)ve/k1 vivs
VY Vo Vs Vgl 1 1 1 I v Y v
+M( ________ +—5+—6+—7)+ >, ViVj}Z
K1 vy V3 V3 Va4 K K2 K1 1<i<j<4

- gl UL

VsVgl7lg

By applying a gauge transformation, we obtain the variant of the ¢-Heun equation
of degree 3, and we may regard g as an accessory parameter. We have a similar
result by substituting f = x1/vg to the equation Lyy(z) = 0.
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We substitute f = 11 to the equation L1y(z) = 0. Then we have

(z —=v1)(z — qu2)(z — qu3) (2 — qy4)y(z/q)

q(z — K1 /v7)(z — k1 /vs)y(gz) +

q
K K

+ @+ D2 = (n+ s+ g+ qra+ T2 2 22
7 8

+v1(ve +v3 + 14)

— (1 — K1/V7) (V1 — K1/ Vs
+q{ (1 = Kk1/v7) (1 — K1 /vs)
agri
2 2 2
K K K K V1V2V3V4 (Vs + 1
1, 1 (_2+_2)}Z_q 121314 (Vs 6)}}y(z):0.
Vs Vg K2

+
v7lg vivrlg

By applying a gauge transformation, we obtain the variant of the ¢-Heun equation
of degree 3, and we may regard g as an accessory parameter. We have similar
results by substituting f = v; (i = 2,3,4) to the equation Liy(z) = 0.

2.3. The case E;l). The g-Painlevé equation of type Egl) (q—P(Eél))) in [6]
was given as

(fg— r1/k2)(fg — r1/(qr2)) (g —vs/k2)(g — ve/k2)(g — vr/K2)(g — vs/k2)

(fg—1)(fg—1) (9= 1m)(g—1/v2)(g —1/v3)(g — 1/va)
(fg = k1/K2)(fg — a1 /k2) _ (f = k1/vs)(f — b1/v6)(f — k1 /ve)(f — K1 /vs)
(fg—-D(fg—1) (f =vi)(f —v2)(f —v3)(f —1a) '

The space of initial condition for q-P(Eél)) was realized by blowing up eight points
Py,..., Py of P! x P!, where

1 K1 V;
PL': (Viv_). ) (_7_) .
V;/1=1,2,3,4 V; Kgo/1i=5,6,7,8

On the other hand, q—P(E§1)) was obtained by the compatibility condition for the
Lax operators L and Lo, where

q(k1 — K2)(gka — vs5)(gka — v6)(gra — v7)(gka — vg)

= g3 (Fgra — ) (graz — r)
_q(k1 — K2)(gr1 — 1)(gre — 1)(gvs — 1)(gva — 1)
9(fg — Drivvavsva(gz — q)
L (o = 2)(ave = 2)(qus = =) (qva = 2){(graz = r1g) = kal9z = T, '}

qrivavsva(fq — 2)z%(q — gz)
gk —vsz) (k1 — v62) (k1 — vrz) (k1 — vs2){ki(9z — 1) — (gKoz — k1)1 }
Ki(f = 2)2%(gkaz — K1) ’
Lo=(1—zgko/k1)T. — (1 — zg9) + z(z — f)gT .

We track the linear g-difference equation Liy(z) = 0 on the process of the blow-up
of the point P; (i =1,2,...,8) respectively, and we investigate a relationship with
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the variant of the ¢-Heun equation of degree 4;

(2.8)
(z = h1q"?)(z = haq"?) (2 — h3q"/?) (2 — haq/?)g(2/q)
+(z—hg )z =g ) (2 =l ?) (2 = g™ ?)g(qz)
+ =@ P+ (it ha+hs+ha+ 1+ 1o+ 15 +1a)2° + E2°
+ (hihohshalilolsly) 2 {(hyt + hat + byt + hi 1T+ + I+ 1Yz

— (@ +q )} g(z) = 0.

The variant of the ¢g-Heun equation of degree 4 was introduced in [14], and it has
one accessory parameter E. The terms in the coefficients of z3¢(z) and zg(z) are
specified by the condition that the singularities z = 0 and z = oo are apparent,
which is a fundamental condition of the variant of the ¢-Heun equation of degree
4. The variant of the g-Heun equation of degree 4 is the eigenfunction of the
secondly degenerated Ruijsenaars-van Diejen operator [13] with the eigenvalue F
which corresponds to the accessory parameter. Note that details of the calculation
in this subsection were performed in [11].

The points P; : (v, 1/v;) (1 =1,2,3,4)

We realize the blow-up at (f,g) = (v1,1/v1) by setting (f,g9) = (frg1 + 11,91 +
1/v1). Then the point P; : (v1,1/v1) corresponds to the line g3 = 0. We substitute
(f,9) = (fig1 +v1,91 + 1/v1) into the equation Liy(z) = 0, and set g; = 0. Then
we have

q(k1 —v52) (k1 — v62) (K1 — v72) (K1 — V82) y(g2)

ki — 2)22

vy — 2)(qus — 2)(quy — 2
(q 61)151q1/2 V3V4)Z(2q ) y(z/q)
N {_Q(fﬁ — K2) (11 — o) (11 — V) (V1 — 14)
k1(f1 + v vavsvy(qur — 2)
q(f€2 - 1/17/5)(52 - V11/6)(/<62 - V1V7)(/<62 - V1V8)
K1K3VE (K1 — Kaz)
(qva — 2)(qus — 2)(qua — 2)(qr1V1 — K2%)
K1quivavsvs(quy — 2)22
B q(k1 —v52) (k1 — v62) (K1 — v72) (K1 — Vs2) }y(z) _0.

K322 (K11 — Kaz)

+
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Let A be the parameter such that ¢* = ¢*/?ky/k;. Then the function u(z) =
Ay(2)/(quy — z) satisfies

(=) =) B0 )
+ (2 = 1) (= = qr2) (2 — avs)(= — qra)u(=/q)

K K K K
+{—(ql/z+q_1/2)z4+q1/2(q1/1+1/2+1/3+1/4+—1+—1+—1+—1)z3
Vs Vg vt Vg
K 3 k111 VU3V 1 1 1 1
—q3/2(—1 . +K2)z2+—q 23 4{q’”Q(—jL—jL—Jr—
ka(f1 +v7) K2 2 N Z R 1

+ﬁ—kﬁ—kﬁ+£>z—(q1/2+q71/2)”u(2) =0,

Ky =v1(k1 — ko)1 — v2)(r1 — v3) (11 — va),
—1 4+ v t+ur3+uy 1 1 1 1)

K2=:‘€1V1( +—+——+—+—

K2 Vs Ve V7 Vg

1 1 1 1 vs +vg + vr + v
+V2V3V4<——+—+—+—+ T T 8).
141 123 V3 V4 K2
Note that we used the relation Ii%ﬁ% = quiVs...U5.
We compare it with the variant of the ¢-Heun equation of degree 4 given in

Eq. (Z8). Then we obtain the following correspondence

b= ¢, ha=q"?ve, hy=q v, hy=q"?u,

q'/? 1/2 1/2 1/2

=11 =", 1
Vs Vg vy Vg
We may regard f; as an accessory parameter.

On the blow-up at the point P; (i = 2, 3, 4), we obtain the equation where the
parameters v; and v; are exchanged.

The points P; : (k1/vi,v;/k2) (i =5,6,7,8)

We realize the blow-up at (f,g) = (k1/vs,vs/k2) by setting (f,9) = (fig1 +
K1/Vs, g1+Vs/k2). Then the point Ps : (k1/vs,v5/K2) corresponds to the line g1 = 0.
We substitute (f, g) = (fi91 + k1/v5, g1 + V5 /k2) into the equation Liy(z) = 0, and
set g1 = 0. Then we have

¢ K1 K1 K1
ll — ) ) .

qus(k1 — ve2) (k1 — v72) (K1 — Vg2)

i y(qz)

vs(qv1 — 2)(qv2 — 2)(qvs — 2)(qva — 2)
5 y(z/q)
qUilolV3lsz (q/ﬁ - 1/52)
{ Q(fﬂ - Hz)(l/5 - Vﬁ)(lfs - V7)(V5 - 1/8)
+1- 2
k1(k1ke + f1vd) (k1 — vs2)
 ravs(qr — 2)(qve — 2)(qus — 2)(qva — 2)
QH1V1V2V3V422((J/“€2 - 1/52)
q(ko — 11V5) (Ko — vavs) (Ko — V315 (Ko — Vals)
H1/€2V1V2V3V41/5(q/€2 - V5Z)
3 qus(ko — v52) (k1 — v62) (k1 — v72) (K1 — 1/82)} (2) = 0.

K3k222(K1 — U52)

22

+

+
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Let A be the parameter such that ¢* = ¢*/?ky/k;. Then the function u(z) =
2y(2)/ (k1 — vsz) satisfies

(2 = qn1)(z — qua)(z — qus)(z — qra)u(z/q)

S Gt [ Gl I GO LR

K K K K

+ {—(q1/2+q_1/2)z4+q1/2(m +V2+V3+V4+—1+—1+—1+_1)23
qvs Ve v7 Vg

Ky

_ 1/2(
IQQI/5(f11/52 —|— 1%1%2)

1% 14 1% 1%
+q_5+_6_|__7+_8)Z_(q1/2+q—1/2)}}u(z) =0,

2
R1V1 V3V 1 1 1 1
M{q—l/Z(_+—+—+—
141 Vo v3 Vg

—%B@)22+

K2

Kl = qV1V2V3V4(K1 - '%2)(1/5 - Vﬁ)(VS - V7)(V5 - V8)7

Kikg (V1 + 1o+ U3+ 1y 1 1 1 1
k- 22 -2 )

+ -4+ —+ —

K2 Vs Vg V7 Vg
vs /1 1 1 1 —Vs + g+ vr + v

—|—qu11/21/31/4—5(——|———|——+—+ > 6 T 8).
R2 \V1 V2 V3 U4 K2

Vs

Note that we used the relation k2x3 = quivs ... vs.
We compare it with the variant of the ¢g-Heun equation of degree 4 given in
Eq. (Z8). Then we obtain the following correspondence

hi = ¢, ha=q"?ve,  hy=q"?us,  hy = ¢ vy,
Ky g2 RV 1/2

I = , b= lsg=——, l4:q
q1/2y5 Vg 44 g

K1 K1
, .

We may regard f; as an accessory parameter.

On the blow-up at the point P; (i = 6, 7, 8), we obtain the equation where the
parameters v5 and v; are exchanged.

The other cases related to the variant of the g-Heun equation of degree four

We substitute f = 14 to the equation Liy(z) = 0. Let A be the parameter such
that ¢* = ¢"/?ko/k1. Then the function u(z) = 2 y(z) satisfies

S L S [ G I G KR

+ (2= 1n)(z = qr2)(z — qus) (2 — qua)u(z/q)

1% K K K K
+f%&”+q*”p4+¢”(iwﬂg+uy+m+—i+—l+—l+;ﬂ£
q Vs Vg vy Vg

v1 — k1 /vs) (1 — k1 /ve) (V1 — k1 /v7) (v — k1 /vs) (K1 — K
_ql/g(( 1 — K1/vs) (1 — K1/ 62)( 1 — K1/v7)(v1 — K1 /vs) (K1 — K2) +K2)22
vi(grike — K1)

1 1 1 153 Vg 1% VS)
z

Ly B 5

2
q"R1V1VV3Vy4 [ _q/9
+ Y
11 120 Vs Vs K1 K1 K1 K1

— @+ fJutz) =0,

where K5 is a value which does not depend on z nor g. Hence we obtain the
variant of the g-Heun equation of degree 4, and we may regard g as an accessory
parameter. We have similar results by substituting f = v; (i = 2,3,4) to the
equation Liy(z) = 0.
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We substitute f = k1/v5 to the equation L1y(z) = 0. Let A be the parameter
such that ¢* = ¢*/?ky/k1. Then we have

(z —qui)(z — qu2)(z — qu3) (2 — qua)u(z/q)
S G n | Cterd | Ctnd | G K2

K K K K
n [—(ql/Q+q’1/2)z4—|—q1/2(yl—|—1/2—|—I/3+l/4+q—1+—1+—1+—1)23
Vs Ve V7 Vg

. qg/g((/ﬁ — K2)(k1 — 1vs) (k1 — vive) (k1 — vivr) (K1 — vivg)
Kikovs (Vs — K19)
3
K1V Va3V, 1 1 1 1 17 17 1% 1%
+q 11234{(1,1/2(_ 5 6 7 S)Z

t—+—+—F—+—F+—+—
K2 vy V2 6] Vg qk1 R1 K1 K1

@+ fJut) =0.

where K5 is a value which does not depend on z nor g. Hence we obtain the
variant of the ¢g-Heun equation of degree 4, and we may regard g as an accessory
parameter. We have similar results by substituting f = x1/v; (i = 6,7,8) to the
equation Liy(z) = 0.

+ K2)2:2

3. On associated linear ¢-difference equation related with q-P(Eél))

We review a Lax pair of the g-Painlevé equation of type Eél) (q—P(Eél))) by
following Yamada [16]. Let wuj,us,...,us, hy and he be the non-zero parameters
which satisfy the condition h2h3 = quius ... us. Set

8

U(z) = H(z —u;),

i=1

and define the quartic polynomials P, (z) and P;(z) by the condition

o0 ) - () ()
(=2 2) =02 - (2) o

Set

UnfroJ2i) = (= 9)(f2 = 9) = (% = ha) (= ha) -

ha
! agN(J2 g 1
1/’d(f17f279)—(h—1q—h—2)(h—1—h—2> (_1__>(h__ 2)h27
V(f1: f219) = qn(f1, f2:9)Pa(g) — hihsva(f1, f2:9)Pu(g),
F) =t " g =t "2 T =t M gy =y 22,

)=
oll.9) = (f - g)(hi—hﬁ) (s~ 1) (5~ 7).
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A Lax pair for the ¢g-Painlevé equation of type Eél) introduced in [16] is written as

¢°U(z/q) {Tfl 9= g(tﬂn/Z)}
(22 =hi®)(f = f(z/9)) L ® 9—9(2/q)
22U (h1/2) {T  9—g(2) }
M2 —h)(f=f2) L7 g—g(h/z)
(hy — he)22(2% — qh)V (f(2/q), f; 9)
qhth3ge(f, 9)(g — g(h1/2))(g — 9(2/q))’
Ly=(9—9(z/0)T; " = (9= glgh1/2)) + (f — f(z/@) (b1 /2 — 2/¢*)T - T, .

Here T, represents the transformation z — gz and T represents the time evolution.
The ¢-Painlevé equation of type Eél) (q—P(Eél))) for the variables f and g was
obtained by the compatibility condition for the operators L; and Lo in [16], and

the expression of q—P(Eél)) was also described there. It seems that the definitions

L, =

of the equation q—P(Eél)) and the Lax pair in [6] is less explicit than those in [6],
and we use the definition in [16].
We pick up the ¢-difference equation Liy(z) =0, i. e.

¢°U(2/q) _g9—glam/z)
(3:2) ey sy e L e ]
SU(h /2) o o—e)
hﬂ%—hnw—fu»b@” g—g(h/2)? )
(h1 — h2)22(2% — qh))V (f(2/q). f; 9) y(z) = 0
qhih3ge(f. 9){g — 9(h1/2)}{g — 9(z/q)} ’

and consider a limit with respect to the parameters f and g. Namely, set

_ _ hq -~ B ho
(3.3) f= flui+ect) = us +eci + wi tecr’ 9= g(u1+ecz) =ur+eca+ uL + ecy
and consider the limit € — 0 in Eq. (32). Then
- —h - —h
fogm) =BT o g = (BRIl g
Uz Uz

as € — 0. We set

8

Ur(z) = H(z —u;).
=2

Then we have U(z) = (z — u1)U7(z). On the coefficients of y(z/q) and y(¢z) in
Eq. 32), we have

°U(z/q) = qPuizUq(2/q) .
E D - D) @ = md)umz —gh) T O
zSU(hl/z) 28u1U7(h1/z) +0(e).

W2 =) ([~ f(2)  hi(z2 = ha)(z — ur)

The limit of the coefficient of y(z) is more complicated. By applying a gauge
transformation for y(z) and calculating the limit of Eq. (82]) as € — 0, we obtain
the following lemma.
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LEMMA 3.1. Set

(z — qui)(urz — hy)

(3.49) y(2) = -

y(2).

Write f and g as Eq. B3). Then Eq. B2) tends to

C2

(85  BT()i(z/9) + B*(2)iaz) + B°(2)ii(=) = (Co—"e + C)i(2)

€1 —C2
as € — 0, where
8

- — (z — q°u1)
B (2) = @?hy22(22 — th)(2’2 ) 1:[2(2 — quj)7

q(quiz — hi) :
B*(z) = = z—h
(2) h51322(z2 _ th)(zz _ hl) jzz(uyz 1)
- h1/2 — quy) 5 1/2
Bo(z) = q2(hy (h /2 _ uj)
2072 (2 — b/ (2 — qhl/?) ]1;[2 ' ’
1/2 8 3/2
qz(hy"” + quy) 1/2 q 1/2
+ (hy"" + uj) — =— (uruguzususugUurUs)
2hY2 (2 + Y2 (2 + qh/?) HQ ! T

8

o 0+ 2) G+ Dok~ 2+ )

2

8
ha — hy)
Co = 42 ) HU1—U3

h ul(hl —Ul h2 —Ul

and C{ is the constant which does not depend on z, ¢ and cs.

PROOF. As e — 0, we have

(h1 = ho)(hy — u3)(hg — uf)(c1 — ca)

o(f.9) =— T e+ 0(e%),
Un(f(2/0), f19) = (h — ha)(wr2 ; q}?)(hﬂ — ) | O(e),
qhauiz
ba(F(/0), f1g) = — P P21z - féf“hﬂ “hw) | o
and
(3.6)

Un(f(2/0), f19) _  Diho
va(f(z/a), fr9)  aui
h2hs { ho(hy —u?)(he +u?)(urz — hy) (2 — quq)
qui ui(hy — ha)(u1z — haq)(hoz — hyuy)

(e1 — e2) + 202}5 +O(2).
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Set u = u; + ce. Then g = u + ho/u and it follows from Eq. (8] that

V(f(z/q), f;9)
= qUn(f(2/9), f; 9) Pa(u+ ha/u) — hih3¢a(f(2/q), f; 9) Pu(ha,u+ ha/u)

= b (F(z/0), 1 9)" (uz —ud)U(ha/u)

hg/’u
u3u2 5 /U 3U(he/u
+qwn(7(2/Q),f;g)#h/) + hihova(f(2/q), f; 9)%
a0 _ 21, (7 ), 290 20

- qwn(f(z/Q)a f; g)

h / —h2/’u

We define the equivalence A(e) ~ B(g) by

lim Ale)

=1.
e—0 B(a)

Then U(u) = U(uy + ec2) =~ ecaUz(u1) and U(hz/u) ~ —(u1 — ha/u1)Uz(he/uy).
Hence

aon(f(2/9), f;9) v (uzu__uil%hQ/u)

~ —2quiUs (ha /ur)cathn (F(2/q), f1 9)e ~ 203 hihacaUsr (ho Jur)a(F(2/q), [ 9)e.

It follows from Eq. (38]) that

U3U2 u

0n(FCe/a) i)™ )

~ —pa(f(2/q), f:9)Ur(ha/u1)

, {hfhg(hl — i) (he +ui)(u1z — h)(z — qu1) (c1 —
(hl — hg)(ulz — hgq)(hgz — hlul) !

+ hihova(f(2/q), f;g)qi[i(im

o) + 2h3houicy }z—:.

Similarly, we have

- qwn(_(Z/q),f;g)W
};Zfﬂ (hQ/UI) 802%’(@1(7(2’/(]), f;g)

1
2 4562 U7(U1)
— by u? ug — hg/u
214 u U _
Mt Ehe/u) 0 yga(F/0), i g)es.

ul

u U3
kT 0 Sia)

=q

va(f(z/a), f:19)
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Thus

 _hih;

V(F(2/a), f:9) = == 52 (ha + ud)Ur(u1)$a(F(2/a), ; 9)co

1
- . u hih3(hy — u?)(ha 4 uf)(urz — ha) (2 — qua)
- 1Z)d(f(z/q)a fag)U7(h2/ 1) (hl — hz)(ulz — hzq)(hzz — hlUl)

-~ h%(hl — hg)(hg —+ u%)(ulz — qhg)(hgz — hlul)

(c1 — e2)e

- Uz (uy)coe
+ (el )z )G = 0] ) ey — )

On the other hand, we have

(hy — ho)22(2% — qhy) N —uf
ahih3ge(f,9)(g — g(ha/2))(g = 9(2/q)) — elcr = e2)hahi
24(22 — qhy)
(ho + u?)(hy — u?)(ha — u?)(h2z — hyu1)(z — qui)(u1z — h1)(u1z — haq)”

Therefore

(h1 — h9)2?(2* — qh1))V(f(2/9). f; 9)
ahih3ge(f,9)(g — 9(h1/2))(g9 — 9(z/q))
(h1 — h2)Uz(u1)23(2% — ghy)ca
ha(—u2 + ho)(—u? + h1)(z — qui)(u1z — hy)(c1 — c2)
_ uSUrz(ho/uy)z3(22 — qhy)
hih3(—u? + he)(hez — hqui)(u1z — haq)

~ _

By substituting it into Eq. [B3.2]), we have

—qPu12U7(2/q) Pu12U7(2/q) (hoz — ghyuy)
=)z - )" E ) G - gz — kg
ZS’U,lU7(h1/Z) ZS’U,lU7(h1/Z) hl(ulz — hg)

=) — a0’ ™ T = hy) Thar = hrun)(aaz — i) V)
B (h1 = ha)Ur(u1)2° (2> — ghi)eo )
T (i — ) (h —3) (2 — qui)(wrz — hn)(ex — 2)”
B uSUz(hafuq)23 (2% — qhy)
hih3(hy — ui)(hoz — hauy)(u1z — haq)

y(z) = 0.

Recall that the function §(z) was defined in Eq. (84) and it follows that y(z/q) =
2 q(z/q— qui)(wnz/q—h)j(z/q) and y(gz) = 2~ g~ (g2 — qua)(qurz — h)§(q2).
Then we obtain
—q73(z — ¢u) [T5—o (2 — quy) H2/a) — (quiz — ha) TT5—p(ujz — ha)
22 g =) T TR ) = )
(h1 — ha)ea 15—y (ur — uy)
urhy(hy —u?)(ha —ui)(c1 — c2)

(3.7)

4(qz)

+ H(2)y(2) y(z) =0,
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where

q°(haz — qhyuy)(u1z — h1)Uz(2/q)
h122(2%2 — qh1)(22 — ¢%2h1) (w12 — haq)
B 25(urz — ho)(z — qui)Uz(h1/2) B uSUz(ha/u1)(z — qui)(u1z — hy)
h3(22 — qh1)(22 — h1)(h2z — hiur)  hih3(ha — u?)(haz — hauy)(urz — ghs)’

H(z) =

Since it is shown that the poles z = +(qh1)'/?, hyuy/ha, qha/u; of the function
H(z) are cancelled, we have

2(hy? = qu)(h? = up) (h? = ug) - (y"* — us)
207 (2 — hy"*) (2 — qhy/?)
2(h® + qui)(hy? + up) (h? + ug) - (y* + us)
207 (= + h”2><z+qh”2>
+ hiho(q + 1)(2%/(gh1)? + 272) — (2/(qgh1) + 2~ ") ha(qus + uz
+uz + - +ug + hi/(qur) +h1/U2 +hi/us+ -+ hi/ug) + C,

(3.8) H(z) =

where C'is a constant which does not depend on the variable z and the parameter ¢;
and co. Recall that there is a relation h%h% = quU1UU3U4LU5UgUTUg. By substituting
Eq. B38) and hy = (quiususususucurug)'/?/hy into Eq. (B1), we obtain the lemma.

O

Set z = (qh1)Y?x, §(2) = u(x), uy = q_1h1/2v1, ug = hi/2’l)2, B e hi/Z’Ug
and E = Coca/(c1 — ¢2) + Cf in Eq. (BH). Then we have

8 — g'/2y. 8 2y p —

(=% (¢ v —1
(3.9) L . e

qr?(z?2 — 1)(22 — q) qr?(z? — 1)(qz? - 1)

+ B%(x)u(z) = Bu(z),

where
g2 8 12y 2

RO\ q q
B (I)_z(ar:—q‘l/2 (xz —q'/?) U 2@ +q¢7 1) (x+q'?) 1+vj

— (v102v3V4V5V6V7Vs) /2 [(q + 1)(952 + %) —q'? (I + i) Z(”ﬁ + vi)}
- j

Jj=1

We compare Eq. (39) with the firstly degenerated Ruijsenaars-van Diejen op-
erator A (h; z) discussed in [13,15]. We explain A1 (h; 2). Let exp(+ia_3.) be
the shift operator such that exp(:l:za 9.)f(z) = f(z+ia_). The firstly degenerated
Ruijsenaars-van Diejen operator A (h; z) is given by

(3.10) ANV (h;2) = VO (h; 2) exp(—ia_8.) + WP (h; 2) exp(ia_d,) + UM (h; 2),
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where
2miz 271'Zh —Ta_

VO (s 2) = [, (1—e” 4)

! 6727ra_e—47rzz(1 _ e—47rzz)(1 _ e—47r1,z6727ra_)’

8 L 7r'~n —Ta_

W(l)(h Z) N Hn:l(l _ 62 1262 ih e~ Ta )

) e—27ra,e47riz(1 _ e47riz)(1 _ e4‘n’ize—2ﬂ'a,)7

8 wih 8 wih

U (h; 2) = [[_i(e*™ — 1) [y (e*™ + 1)

2(1 _ eZﬂizeﬂ'a,)(l _ 67271'1-267'{'(17) 2(1 + 627riz67ra,)(1 + 6727rize7ra,)
8

8
e A H eﬂ'lh" . [(627rzz —27rzz § 27rzh" + e—27mh")
n=1

_ (eﬂ'a, + e—ﬂ'a,)(ellfriz 4 e—47riz)j| )

Set z = ¥™% g = =™~ and v,, = >, Then we have exp(Zia_3,)f(e?"*) =
f(e?mizHia)y — f(gFlz). Tt follows from a straightforward calculation that the
equation A1 (h;2)f(z) = Ef(z) is equivalent to Eq. 33). Therefore we obtain
the following theorem.

THEOREM 3.2. The q-difference equation in Eq. (39), which was obtained from

the associated linear equation of the q-Painlevé equation of type Eél), s equivalent
to the equation AV (h;2)f(z) = Ef(z), where A% (h;2) is the firstly degenerated
Ruijsenaars-van Diejen operator in Eq. (B10) and E is an arbitrary complex num-
ber.
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Differential transcendence of solutions for ¢-difference
equation of Ramanujan function

Hiroshi Ogawara

ABSTRACT. No non-trivial solution for the second-order linear g¢-difference
equation of the Ramanujan function, one of g-analogues of the Airy function,
satisfies any algebraic differential equation over the rational function field.
Our proof is based on a criterion for differential transcendence of solutions for
difference Riccati equations, which is constructed by S. Nishioka.

1. Introduction

In this paper, we consider the following linear ¢-difference equation

(1.1) qzy(q*z) — y(qz) + y(x) = 0.

The equation (II) has a solution A,(z) called the Ramanujan function,

7 n
5 Q)n (=)™

(1.2) Mo =30

The Ramanujan function A,(x) is introduced by S. Ramanujan and appeared in
the lost notebook [Ram88]. When z = —1, —¢, we have the g-series

n? +n

o] qn2 00 q
41 =61 nz:;) G, 0 =H@ nz:% (@ @)’
which appear in the Rogers-Ramanujan identities.

M. E. H. Ismail and C. Zhang found A,(x) is one of g-analogues of the Airy
function in a study of asymptotic behavior of the ¢g-Hermite polynomial [Ism05)
1Z07]. Another g-analogue of the Airy function is the g-Airy function, which was
found by K. Kajiwara, T. Masuda, M. Noumi, Y. Ohta and Y. Yamada as a special
solution of the ¢-Painlevé II equation of type Aél) or (A; + AN [KMNT04|
HKWO06]. In [Morl4], T. Morita constructed the connection formula of (LTI
between the fundamental system of solutions around x = 0 and that of solutions
around x = oo by using the ¢-Borel-Laplace resummation method. Morita also
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gave the connection formula between the Ramanujan function A,(x) and the ¢-
Airy function Aiy(z),

(1.3) A <_z—z) - m{oq (3) Aig(—a) + 9q<—§> Aiq(x)}.

In [Nis18|, S. Nishioka gave a criterion for differential transcendence of solu-
tions for difference Riccati equations and showed that no non-trivial solution for
the g-Airy equation satisfies any algebraic differential equation over the rational
function field. Although the Ramanujan function and the ¢-Airy equation have the
relation (I3), we cannot obtain directly differential transcendence of A,(x), for it
is not clear whether the sum of differentially transcendental functions is also dif-
ferentially transcendental. Thus we shall employ the criterion of Nishioka in order
to show differential transcendence of solutions for (LI]). First, we show transcen-
dence of solutions for iterated Riccati equations associated with (1) in a similar
method to the proof of transcendence of solutions for the g-Airy equation in [Nis17].
Then, according to the criterion of Nishioka, differential transcendence of solutions
for (1) is reduced to non-existence of rational solutions for the third-order linear
g-difference equation,

1
(1.4) —quh(q?’x) + q2(1 — qzx)h(qzx) — q(l — q%)h(qm) + qzh(z) + - = 0.
We show ([4)) has no rational solution and hence obtain the following theorem.

THEOREM 1.1. Let ¢ € C* be not a root of unity. Then no non-trivial solution
for (1) satisfies any algebraic differential equation over C(z).

In Section 2l we prepare notions of difference and differential fields. In order
to apply the criterion for differential transcendence of Nishioka, we shall trans-
form (L)) into the difference Riccati equation of Tietze’s normal form in Section[3l
In Section @] we show there exists no algebraic solution for iterated difference Ric-
cati equations associated with (II). Finally, we prove Theorem [[T] in Section
Furthermore, we show that the equation (III)) is unsolvable by using the transcen-
dence of solutions.

2. Preliminaries

Throughout this paper, any field is of characteristic 0 and ¢ € C* not a root
of unity. A pair K = (K, 7) is called a difference field if K is a field and 7 is an iso-
morphism of K into itself, namely an injective endomorphism. The endomorphism
7 is called the transforming operator and K the underlying field. When difference
fields K = (K, 7x) and £ = (L,7y) satisfy K C L and 7|k = 7k, we call L/K a
difference field extension. In this case, we say L is a difference overfield of K and
K is a difference subfield of L. For brevity, we often omit the subscripts L and K
from 7. We define a difference intermediate field in the proper way. Let K = (K, 1)
be a difference field and £ = (L, 7) a difference overfield of K. For a subset B C L,

the difference subfield (K (UiZO Ti(B)),T) of £ is denoted by K(B), or by K(B)

for brevity. For a difference field K = (K, 7), we define K*) = (K, 7F).

A triplet K = (K, D, 7) is called a DTC field if the pair (K, 7) is a difference
field and D is a derivation from K to itself, namely D(a + b) = D(a) + D(b) and
D(ab) = D(a)b+aD(b) for a,b € K. A DTC field £L = (L, Dy, 7r) is called a DTC
overfield of a DTC field K = (K, Dk, 7x) and K a DTC subfield of L if K C L,
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7Lk = 7k and Dyl = Dg. In this case, L/K denotes the DTC field extension.
Let £/K be a DTC field extension and B a subset of L. The minimum DTC subfield
of £ including K and B is denoted by IC(B) .. For a DTC field extension L/, we
say an element y € L is differentially algebraic over K if the transcendence degree
of K(y, Dy, D?y,...)/K is finite.

For the rational function field C(x)/C, the place containing the irreducible
linear polynomial z — ¢ is denoted by P.. The discrete valuation associated with
P, is denoted by v..

We prepare the following proposition (see [Hen97, Lemma 10] or [Nis10l
Lemma 8]) for use in a proof in Section @

PROPOSITION 2.1. Let C be an algebraically closed field and x a transcendental
element over C. Let g € C* be not a root of unity. Put the difference field K =
(C(x),7 : f(x) — f(gx)). Suppose that L = (L,7) is a difference overfield of K
and L/C(x) is finite. Then there exists z € L such that 2™ = x,L = C(z) and
7(2) = ¢'/"z, where n is the degree of the extension L/C(z) and ¢*/" € C* is
some n-th root of q.

3. Transformation into difference Riccati equation of Tietze’s normal
form

Let K = (K, 7) be a difference field. We consider a second-order linear difference
equation
(3.1) (y) + at(y) + by = 0, (a,b € K).
Putting z = 7(y)/y, we obtain the following difference Riccati equation
—az —b

(3.2) 7(2) = .

z
For a non-singular matrix A € GLa(K), we define a linear fractional transformation

as )
az + a b
A * 2 = m, A = <C d)
We also define

MORYO . . ,
Ai:(c@) dm):(T LAY (FRA) - (rA) A, (i=1,2,..0).

In this paper, Eq(A,)/K denotes the equation over I,
Ti(y) = A x y.

7(2) = (‘1“ ‘Ob) iz

If a difference Riccati equation is expressed as

= () en

we say the equation is of Tietze’s normal form. Any difference Riccati equation
associated with (BI)) is transformed into either one of Tietze’s normal form or
the difference equation 72(y) = y by linear fractional transformations (see [Nis18],
Proposition 4]).

Then ([B2)) is expressed as
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For the linear g-difference equation of the Ramanujan function (LII), we set
g = 7(y)/y, where T is the ¢-shift operator 7 : f(x) — f(qz). Then we have the
following g-difference Riccati equation,

(3.3) r(g)=Axg, A= (1/” _1/qx>.

1 0
We put
1 -1
(3.4) P_<1 0>, f=Pxg.
Then we have
1 /1 —gx
_ -1 -1 _ * q
(3.5) 7(f) =7T(P)AP™ " % f, T(P)AP™" = ” (1 0 )

Therefore the equation (L)) is transformed into the g-difference Riccati equation
of Tietze’s normal form,

(3.6) r(f)=B*f, B= G _g””>
For the matrix B, we define

@ g . ,
(3.7) B; = (:@ ?@)) = (r"'B)(r"*B)---(B)B, (i=1,2,...,).

When i = 1,2, we have
e )0 )
07 0 1 0
B, = (ag ﬂ@)) = (1 — _qx>.
o 52 1 —qx
The definition of B; implies B; = (7B;_1)B = (1'"'B)B;_;. Then we obtain

al=D) 4 7(86-D)  —gar(ali-D
(TBi—1)B = (:((,y(ing +TE5(“1))) _gx:E:(il)§>’

. (i—1) _ i (i—1) (i—1) _ i (i—1)
i a q‘zy B q‘xd
(r""'B)Bi_1 = ( ali=1) li=1) )

Hence we find the recurrence relations
a® = o= — glgy =1 = o071 _ iz (i=2) (i > 3),
B = —gr(ali-V),
A0 = =)
5 — _qm(y(ifl)) — g(ifl).

For brevity, we employ an equivalent relation of power series for their orders.
For a,b € Cz] and n € Z>q, we define a =b mod 2" as a — b € 2"C[z]. When
a;; = b;; mod x™ for each entry a; ; of a matrix (a;;);; € M, (C[z]), we define
(ai’j)i’j = (bi,j mod ,Tm*j)i’j.

PROPOSITION 3.1. For each i € Z>o,

(3.8) a® gl _ (1 modz —qz mod z2
' A® 5@ ] =1 modz —qgr moda?)
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PROOF. The assertion holds true when ¢ = 2. By induction on ¢, we have
o) Y _ (0l — giay) —gzr(ali=D)
fy(i) NON ali—1) 5(1‘71)

_ (1 modz —qz mod z?
~\1l modz —gxr modz?)

4. Transcendence of solutions

In this section, let 7 be the ¢-shift operator f(z) — f(qx) and K = (C(z), 7).
We consider the k-th iterated ¢-difference Riccati equations,

(4.1) Eq(B,k)/K: 1F(f) = By = f, (k=1,2,...).
First, we shall show there exists no rational solution for Eq(B,1)/K.
PRrROPOSITION 4.1. Eq(B,1)/K has no solution in C(z).

PROOF. Assume that f € C(z) is a solution for Eq(B,1)/K, that is,

fr(f)=f—qx.

We take relatively prime polynomials P, @ € C[z] such that f = P/Q. Then we
have

(4.2) P7(P) = P7(Q) — qzQ7(Q).

Since 7(P) and 7(Q) are relatively prime, we find P | qz7(Q) and 7(Q) | P. This
means deg, @) < deg, P < deg, Q + 1. Putting n = deg, ), we have deg, P =
n,n + 1. Tt follows from (2] that

e if deg, P = n, then 2n = max {2n,2n + 1} = 2n + 1,
o ifdeg, P=n+1, then 2n+2 <max{2n+1,2n+ 1} = 2n + L.

This is a contradiction. O

We extend the ¢-shift operator 7 to the field of formal Laurent series C((x))
defined as 7(3°, ¢;a’) = 3, cig'a’.
PROPOSITION 4.2. Let f") € C((x)) be a solution for Eq(B,n)/K. Then
vo(f™) is equal to either 0 or 1. Moreover, for eachn € Zs1,
e Eq(B,n)/K has a unique solution f™ in C((x)) satisfying vo(f™) =0,
e Eq(B,n)/K has a unique solution f in C((x)) satisfying vo(f™) = 1.
If UO(f(l)) = UO(f(Q)) == Uo(f(n))~--, then fM) = f@ = ... = f00) = ...
holds.

PROOF. Suppose that f = > f;z’is a solution for Eq(B, n)/K with f, # 0.
First, we show r is equal to either 0 or 1. The equation Eq(B,n)/K is written as

(4.3) () f+6) =™ f 4 M.
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By Proposition B.1] we have
T (N +6M)

ni i 0 (n=1)
(Zf’ )( ??f”+{—qw+ <n>2>}>’
o™ f 48 = (1 4. <Zf >—qm+---

In the case r < 0, by comparing the coefficients of 2", we have ¢"" f?> = 0. Hence
fr must vanish, a contradiction. In the case r > 1, by comparing the coefficients of
x, we have 0 = —¢, a contradiction. Hence r must be equal to either 0 or 1.

(Uniqueness and existence in the case r = 1) Suppose that vo(f) = 1. Com-
paring the coefficients of = in ([3]), we obtain fi; = g. For ¢ € Z>,, each coefficient
fi is uniquely determined by fi, ..., fi_1. Therefore we conclude f is a unique
solution satisfying vo(f) = 1.

(Uniqueness and existence in the case r = 0) Suppose that vy(f) = 0. Com-
paring the coefficients of the constant terms in ([&3]), we obtain f& = fj, and hence
fo = 1. For i € Z>1, each coefficient f; is uniquely determined by fo, ..., fi—1.
Therefore we conclude f is a unique solution satisfying vo(f) = 0.

(Identity) Suppose that the values vo(f(™)) are same. Let f(™ be a solution for
Eq(B,n)/K. Then fM) is also a solution to Eq(B,n)/K for each n € Z>;. From
the uniqueness, we obtain f(® = f(1), |

THEOREM 4.3. For each k € Z>1, Eq(By,1)/K*) has no algebraic solution
over C(z).

PROOF. Assume that there exists k € Z>; such that Eq(By,1)/K® has an
algebraic solution f over C(x). Let £ = (L, 1) be the difference overfield generated
by f and K®*), that is, £ = K®) (f). Then f satisfies

k) f 4 pk)
a
Tk(f) = NOFIOE C(z, f),
which implies the underlying field L is generated by only f, that is, L = C(x, f).
Since L/K is finite, it follows from Proposition 2.1l that there exists z € L such that
L =C(2), 2" = =, 7(2) = pz, where r = [L : C(z)] and p € C* satisfies p" = ¢*.
Regarding f as a rational function of z, we can take relatively prime polynomials
P,Q € Clz]* such that f = P/Q. Then we have

Te(P) B a®p 5('@)@

(@) WP +MQ

Note that each entry of By is a polynomial in C[z"]. Since 74(P) and 74(Q) are
relatively prime, there exists R € C[z]* such that

o)) _ (B g0\ (P
%(Q)) — \Ay* W J Q)
Here, we compute the determinant of By,

det By = (7" ' det B) (r"?det B) - - - (r det B) det B
— gFEED/2k )
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Then we obtain

P\ _ ke B (00 —BEN (7 (P)
(4.4) <Q> =4 2k —yB) k) (@)
Let w, be the discrete valuation of C(z)/C associated with the place P containing

z —c. We find R has no zeros except z = 0. Indeed, if there exists ¢ € C* such
that w.(R) > 0, then it follows

we(P)
we(Q)

we(R) + we (M m,(P) — BM7,(Q)) > 0,
we(R) + we(—yM 7 (P) + o 7,(Q)) > 0,

a contradiction. Hence R is written as the form R = cz! for ¢ € C*,1 > 0. Then
the exponent [ is not greater than rk. Indeed, if [ > rk, then we have

’LU()(P) = wy (%) + UJQ((S(k)Tk(P) — 5(k)7k(Q)) > 0,
(@ = w5 ) + w1 PP + V(@) > 0,

a contradiction. We rewrite (@A) as

et (P _  weanyy2 0% BRI (7(P)
(4.5) z <Q =cq INING Q)
Since P and @ are relatively prime, wo(P) =0 or wo(Q) = 0.
Expanding f € C(z) as a Laurent series, we put f = > 2  f;2* € C((2)) with
fm # 0. We shall show f € C((x)) by contradiction. It is obvious in the case r = 1.

Assume that r > 2 and f ¢ C((«)). Then there exists an integer i such that f; # 0
and r{i. For £ =) 2 &2z' € C(2)\C((z)), we define div,(£) as

div,(§) =min{i € Z>,, | & #0, r{i}.

Let us consider the two cases, [ = rk and | < rk.
[Case | = rk] From Proposition B and (&35, we obtain wg(P) > 0 and
wp(Q) = 0. Then we have

wo(P) = wo(6¥) 74 (P) — M 14(Q)) = wo(BF7(Q)) = r.

Hence wo(f) = wo(P/Q) = r holds. The Taylor expansion of f is written as
f =305, fiz' with f. # 0. By Proposition Bl we put

a(k) =14+ ZT‘d(k)(ZT)7 B(k) — _qzr +22T3(k)(zT),

() = 1 4 2r 40 () s 0 (k=1)
= ¥4 zZ ), = a )
Y Y g+ ZQT(S(k)(ZT) (k>2)

where &%) (27), BF) (z7),45) (27, §%*) (27) € C[2"]. By assumption, we put

(4.6) div,.(f) = r+p
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for 0 < <7 and A > 1. Then we have
(4.7) a(k)f + 8% = (1+ Zrd(k)(zr))(frzr B f)\erz/\H_H 4o
+ (—qz" + 22 BB (27),
(4.8)
T(H) Y +06W) = (fog"2" + o 4 far @™+ frrpup A 4

<(1+2T7(k( N2+ 4 P2+ P24

0 (k=1)
+ { — g+ Z2r(§(k)(zr) (k> 2)})

The equation (@) implies div,(a® f + f*)) = A\r 4+ u. On the other hand, the
equation ([@8) implies div,(7.(f)(y* f + §®)) > M+ p +r. Hence, \r + p >
Ar + p + r, namely 0 > r, a contradiction.

[Case | < rk] It follows from (@H) that

H1Q = g HED/2 (00 (P) + 0B (@),
By Proposition Bl we have
= —71(P) + 7%(Q) mod z.

Hence we find the constant terms of both P and () are the same value. Since P and
@ are relatively prime, the constant terms are non-zero, that is, wo(P) = wo(Q) =
0. Then we write f for the form f = >"7°, f;2" with fo = 1. Here, we shall show
fi=0fori=1,2,...,r—1 by induction. We have

a®f gk =14 f2 mod 22,

(AP f+68) = 1+ fip2)(1 + f12)  mod 22

Comparing the coefficients of z, we obtain f; = f1 + fip, which implies f; = 0. Let
h be an integer with 0 < h < r and suppose f; = fo = -+ = fr_1 = 0. Then we
have

a®f 40 =14 f,20 mod "1,
()P f+68) = (1+ fup"2") (1 + fu2")  mod 21

Comparing the coefficients of 2", we obtain f, = fj, + frp", which implies f; = 0.
By induction, we find f; = fa=--- = f,_1 =0.

By assumption, we put div,.(f) = Ar+p for 0 < g < 7 and A > 1. In particular,
it follows fxr4, 7# 0. Then we have

a®f+ 88 = (14276 @)L+ frz" 4+ 4 2™+ fargpn? )
+(—qz" + z”ﬁ"“)( "),
TP F +00) = (L4 frg" ="+ 4+ frrd™ T + frrgpup™ AT )

( (L4 2 AW EN A+ Frz” 4 oot Frr2 o Frrgu2 )
+{

0 (k=1)
— g2 + 226 () (k>2)}>'
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Comparing the coefficients of 2"+, we obtain frip = frrtu+ Pt T, which
implies fyr4+, = 0, a contradiction.

Therefore f € C((x)) holds true. It follows that C((2")) N C(z) = C(z") = C(z),
so we have f € C(x). Since the order of f at & = 0 is equal to either 1 or 0,
it follows from Proposition that f is a rational solution for Eq(B,1)/K. This
contradicts Proposition .1l O

5. Differential transcendence of solutions

In order to show differential transcendence of solutions for ([II]), we apply the
following criterion of Nishioka to Eq(B,1)/K.

THEOREM 5.1 (|[Nis18| Theorem 9]). Let F = (F, Dy, 70) be a DTC field with
Doty = s19Dq for a certain s € F* and F/K an algebraic function field of one
variable. Let

(5.1) A= G 8) € My(F), (r#0,Dor #0).

Suppose that there exists a place P of F/K such that vp(tér) > 0 for all i € Z>y.
Additionally, suppose that for any i € Z>1, BEq(A,i)/(F,m0) : 74(y) = A; *y has
no algebraic solution over F. Let U = (U,D,T) be a DTC overfield of F with
Dt = s7D. If there exists a solution f € U of Eq(A,1)/(F,70) : To(y) = Axy
which is differentially algebraic over F', then there exists g € F' such that

(5.2)

Psn)r(s)s7 )+ (7(0) + D7(e)s(0) = (70) + Dsr(a) = rg 7 (2170 ) =0,

Putting F' = C(z),Dy = d/dx,19 : f(z) — f(qz),s = ¢, K = C in Theo-
rem [5.1] we obtain immediately the following corollary of g-difference Riccati equa-
tions of Tietze’s normal form.

COROLLARY 5.2. Let
(5.3) A= G g) € My(C(z)), (rgC).

Suppose that there exists a place P of the rational function field C(x)/C such that
vp(r(¢iz)) > 0 for all i € Zso. Additionally, suppose that for any i € Z>1,
Eq(A,i)/(C(x),70) : y(¢'z) = A; x y(z) has no algebraic solution over C(z). Let
U = (U,D,t) be a DTC overfield of F = (C(x),d/dx,19) with Dt = qrD. If
there exists a solution f € U of Eq(A,1)/(C(x),10) : y(gz) = A * y(x) which is
differentially algebraic over C(x), then there exists g € C(x) such that

(5.4)
qgr(qzx)g(q‘gaz) —|—q2(r(qx) + 1)g(q2$) _q(r(qiﬂ) + 1)g(q33) —T(«I)Q(I) +q7;((;1§)) =0

THEOREM 5.3. Let 7 be the g-shift operator and F = (C(z),d/ dx , ). Consider
the q-difference Riccati equation,

(5.5) r(f)=Bxf,  B= G _gx)

Let U = (U,D, 1) be a DTC overfield of F with Dt = qrD. Then (B3] has no
non-trivial differentially algebraic solution in U over C(x).
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PRrROOF. Let vy be the discrete valuation of C(z)/C at x = 0. Obviously, we
have vo (7' (—qx)) = vo(—q'T1z) > 0 for each i € Z>. Recall that Eq(B,i)/(C(z),T)
has no algebraic solution over C(z) for each i € Z>; by Theorem 3] Assume that
there exists a solution in U to (&I which is differentially algebraic over C(z).
Corollary implies that there exists h € C(z) such that

(5.6)  —¢°zh(g’x) +¢° (1 - ¢°z)h(g’x) — q(1 — ¢*x) h(gz) + qzh(z) + i —0.

We write the rational function h as a Laurent series at = 0,
(o]
h= hia', (hi € C hy#0).
1=m

If m # —1, comparing the coefficients of ™ yields
q2+2mhm o q1+mhm _ 0

Since ¢ is not a root of unity, h,, must vanish, a contradiction. Hence m = —1
holds. Comparing the coefficients of 2~ yields

h_1—h_1+1=0,
which implies a contradiction. O

PrROOF OF THEOREM [[L1l Assume that there exists a non-trivial solution y for
(L) satistying an algebraic differential equation over C(z). Let A and P be the
matrices defined by B3] and ([B.4), respectively. Putting g(z) = y(qx)/y(x), we see
that g satisfies g(qz) = Axg and g is differentially algebraic over C(z). Putting f =
P x g, we find f is a solution for (55). Since f is a linear fractional transformation
of g, we find f is differentially algebraic over C(x). This is a contradiction by
Theorem 53] O

In addition, Theorem (3] suggests unsolvability of (Il) with respect to ¢-
difference equations. In order to explain unsolvability of difference equations, we
quote generalized Liouvillian extensions from [Nis16], which are originated with
C. H. Franke [Fra63|[Fra66].

DEFINITION 5.4 (|Nis16l Definition 10]). Let N/K be a difference field exten-
sion of inversive difference fields and 7 a transforming operator of A//K. We call
N /K a generalized Liouvillian extension if there exists a chain of inversive difference
fields,

IC:’C()CIClC"'C’Cn:N,
such that for each i = 1, 2, ..., n, K; is the inversive closure of lCi,1<e(i)>, where
e satisfies one of the following,
(i) e® is algebraic over K;_1,
(ii) 7(e®) = e 4 B for some B € K;_1,
(iii) 7(e®) = ae® for some o € K; ;.
For p € Z>1, we say N'/K is a pLE if N®) /K() is a generalized Liouvillian ex-

tension. We say a difference equation is unsolvable over K if no non-trivial solution
is contained in any pLE N/K.

THEOREM 5.5. Let ¢ € C* be not a root of unity and K = (C(z), 7 : f(z) —
f(qz)). Then (LI is unsolvable over IKC. Moreover, for each non-trivial solution
y(x) to (L), y(z) and y(qx) are algebraic independent over any pLE N /K.
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PROOF. The assertion is straightforwardly proved by Theorem [£3]and [Nis16],

Corollary 15]. O
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On the positive powers of ¢g-analogs of Euler series

Changgui Zhang

ABSTRACT. The most simple and famous divergent power series coming from
ODE may be the so-called Euler series 3, < o(—1)" nlz"+1, that, as well as all
its positive powers, is Borel-summable in any direction excepted the negative
real half-axis (see [2] or [7]). By considering a family of linear ¢-difference oper-
ators associated with a given first order non-homogenous g¢-difference equation,
it will be shown that the summability order of g-analoguous counterparties of
Euler series depends upon of the degree of power under consideration.

1. Introduction

It is well-known that, given any direction starting from the origin of the complex
plane, the set of all Borel-summable series in this direction forms a differential
algebra; see [7), Proposition 1.3.4.2] or [2] Theorem 36]. This is not the same for
the summability with respect to the power series solutions of g-difference equations.
Indeed, if ¢ > 1 and

(1.1) Ey(x) = (~1)"q"" D2,
n>0

the divergent power series E,(x) is Gg-summable of only one level but its square
E,(x)? is Gg-summable of two levels; see [I1, §4.3.8] and [8, Théoréme 2.2.1].
The first purpose of this paper is to obtain a linear g-difference equation for every
positive power of the power series E’q(x). This will allow one to see the different
level of summability for each of these corresponding power series.

In what follows, let ¢ be a given nonzero complex number, and let o, be the
associated g-difference operator defined by o, f(z) = f(¢z). By direct computation,
one finds the series defined by (L) satisfies term by term the following linear g-
difference equation:

(1.2) (xog+1)y=1.

Now, write (I2)) into the form zoyy = 1 — y and then square both sides. As
(04y)? = o4(y?), one obtains that z%0,(y?) — y*> = 1 — 2y. By using again (L2,
one gets the following equation:

(zog + 1)@2‘7(1 D) =z+1- 2(xoq + 1)y,
2020 Mathematics Subject Classification. Primary 39B32, 40G10, 30E15.
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what implies that
(1.3) (zoy + 1) (220, — 1)Ey(z)? =2 — 1.

We shall explain how to obtain a linear ¢-difference equation for Eq(x)”. For
doing that, we shall start by recalling some non-commutative rings of ¢-difference
operators and then arrive at a n-th order such operator associated with any given n-
th power of a power series solution of some first order non-homogenous ¢-difference
equation. See Theorem [Z1lin §[2 and its generalisation stated in Theorem [3]in §[El
Section [3 is reserved to the proofs of Theorem 2] and two related Lemmas. In the
last section, we shall apply, respectively, both Theorems 2.1] and [£.3] to the above-
mentioned power series E’q(x) and another g-analog F (2;q) of the classic Euler
series. At the end of the paper will be outlined some results about the summability
of both E,(z) and E(z;q) when ¢ > 1; see Theorem [5.3}

Throughout the present paper, we shall limit ourself to the g-summation method
studied in our previous works [11] and [8], by means of a g-Laplace integral involv-
ing the multivalued function elog” ©/2Ina There exists another summation, using a
Jacobi theta function; see [10]. Comparing both summations can be seen as part
of Stokes analysis, and this would be interesting to find identities on the associated
special functions.

2. Notation and statements

As usual, we will denote by C{x} or C|[[z]] the integral domain constituting of
the germs of holomorphic functions at z = 0 in the complex plane or that of the
power series of indeterminate x, respectively. Their respective corresponding field
of fractions will be denoted by C[z~!]{x} or C[z~!][[z]]. One has C{z} C C][[z]], as
well as Clz71|{z} C C[z~][[z]], in a natural way via the classic Taylor or Laurent
series.

Let R be one of the above-mentioned C-vector spaces C{z}, C[[z]], C[z~]{z}
and C[z~!][[z]]. By replacing z with gz, the g-difference operator o, acts as an
automorphism over R. Let 0’; = o4+ for any integer k; in particular, 0’2 is simply
the identity map on R. We will denote by R[o,] the set of the (linear) g-difference
operators whose coefficients belong to R, i.e. L € R[og] if L =Y, _;axol, where
ar € R. By identifying each element of R with the corresponding multiplication
map in R, the set R[o,] constitutes itself a non-commutative ring for the composi-
tion of operators. Given Ly, Ly € R[o,], we will write L1 Ly in stead of Ly o Ls.

Furthermore, we will denote by vo(f) € Z U {0} the valuation of any given
element f of the field C[x~1][[z]] “at = 0”. This means that (i) vo(f) = oo iff f is
the identically vanishing series, and (ii) vo(f) = v € Z iff f = ca¥ mod z¥* C[[z]]
for some nonzero complex number c.

Throughout the whole section, P will be some given nonzero power series belon-
ging to the field Clz~!][[z]]. Define the associated family of power series {P, },>0
as follows: Py =0, P, = P, and

i
L

(2.1) P, =) (—z0,)"P for n>2.
0

~
Il
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By noticing that (—z0,)*P = (—x)* g*k=1)/2 ok P, it follows from (ZT)) that, for
any pair (n,f) € Z>q X Zxq,
n+f—1
Pn+£ _ Pn — Z (—l')k qk(kfl)/Q UZ;P

k=n
= (_1)ncqnu+n(n—l)/2xu+n mod xl/+n+1 (C[[(EH ,

where ¢ # 0 and v = v9(P) € Z. This implies that
(2.2) P, # P, if m % n.

Given any positive integer n > 1, let {Lik}lﬁkén C (ClzY[[z]]) [o4] be the
associated family of g-difference operators defined in the following manner:

1 n n 1 n n

23) L) = 5 "0y = (1)) = 5 ("0 = (-1)");
b
Pyyq

Specifically, letting k = n, one gets the following form of the n-th order g-difference
operator LY e (Clz=Y[[z]) [og):

(2.4) Lh g = (2" Fog— (-1)"F) LE,, 1<k<n.

1 1 1, n
(25) L57n:P—n($Uq+1)K($2O'q—l)Fl(l' Uq—(—].) ) .
THEOREM 2.1. Let n be an integer > 1, let P, f € Clz~][[x]] with P # 0, and
suppose that the following q-difference equation is satisfied:

(2.6) o f +f=P.

Then:

(2.7) LE (") = (~1)n0r2,
where Lfﬁn is the q-difference operator defined by (2.5]).

Theorem [Z.1] will be proved with the help of the following lemmas.

LEMMA 2.2. Let (n, k) € Z?2 such that 1 < k < n, and let P, f be as in Theorem
211 For 0 <j <k, define Ay,; € Cla—'][[z]] by

(2.8) A= [ -Po).
1]
0<e<k
One has:
k
mn n— 1 n

(2.9) LIy (") = (=) k+1)/2z—k -(f=Pp)" .

j=0 5]

LEMMA 2.3. Let n be a nonnegative integer, € an extension field of C, and
let (g, 1,...,an) € €T such that oj # ay for j # . Define the (n + 1)-tuple
(ag,a,...,a,) € €L as follows:

aj= [[ (@ —a)

(4
0<t<n
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(ap =1 if n =0). The following identity holds in the ring €[T| of the polynomial
functions over €:

n

1 n n
(2.10) Z;(T—aj) = (-1)".
j=0 "7
3. Proofs

PrROOF OF LEMMA To simplify the presentation, we will write L, j in-
stead of LY, and set €, = (—1)*@"=*F1/2 One has:
(3.1) enr1 = (—1)" Fen g
Let us proceed by induction on k. For k = 1, since P, = P, one has:
en1=(—1)" Ao=-P, A1=P
Thus, (Z3]) implies that

Lua(f") = 5 ("og(7") = (<1 7).

At the same time, by considering (2.6, one gets that
a"oq(f") = (xog f)" = (P — f)"

In this way, it follows that
en "
Lna(f") = 5 ((F = P)" = "),

that is exactly what wanted in (29 for k=1
Now, suppose that equality (Z9) holds for some integer k between 1 and n — 1.
By using relation (2.4)), one can express L, x+1(f") as follows:

(3.2) L1 (f Pk+1 ;} nkig = Cnkij)
where
1 n
(3.3) By =" "oy | =— (f = F))
Ay
and
-1 n—k n
(3.4) Cois = (- B
k;j

In view of (2.I)), one finds that xoyP; = P — Pj41, hence:

zog(f — Pj) = zoqf —xogPj = (P — f) — (P — Pjy1) = —=(f — Pj11).
Thus, it follows that

(o (f = Pj)" _ (="
Bk = = —P._.\"
Jksg kaqu;j kaqu;j (f H—l)

By using the expression of Ay.; given in (Z8]), one has:

kaqu;j = H (woq(P; — Pp)) = (_1)k H (Pj+1— Pey1).
L#£] l#£7
0<itn 0<ils



ON THE POSITIVE POWERS OF ¢-ANALOGS OF EULER SERIES 159

This is to say that

K (=D*
T 0q Ak = 5 Akt1i+1-
j+1
So, one can write (B3] as follows:
—1)n—kp.
(3-5) Bk = (A)J(f — Pi)".
k413541

Rewrite ([32)) into the following form:

k—1
€n
(3.6) Ly (f) = Pkfl E (Bnk;j — Cnkjt1) + Bk — Croko
j=0

Let j < k; one has:
Apt1j01 = (Piy1 — Pry1) Ak jr1-
Replace j by j + 1 in ([34), and make use of ([BH). One gets that

_1\n—k
M(]ﬂ — P,

Akt155+1
Furthermore, one sees that Ayy1,0 = —Pr41 Ago. By letting j = kand j =0 in
B3) and BA) respectively, one has:

B ki — Cnksjrr =

-1 nka
Bk = (}1)4’““(]0 — Pey1)”
k+13k+1
and .
—1)""F P
(Lukﬂ::‘_E__gr___kil(f-—fﬁ)n.
k+1;0
Thus, in view of [BI]), equality (B.6) implies that
LA
n,k+1(f ) €n,k+1 jzz:o AkJrl;j (f j) )
which corresponds to ([2.9]) in which k& was replaced by k + 1. a

PROOF OF LEMMA [Z3] We give here two proofs.

PROOF BY INDUCTION. If n = 0, as ap = 1, equality (ZI0) becomes evident.
Suppose that (2I0) holds for some index n > 0, and consider an (n + 2)-uplet

(v, ..., any1) where, as before, a; # oy if j # £. Set
n+1 1
PT) =) — (T~ a)™ay = [ (e —a.
j=0 "7 (]
0<£<n+1

Let k be an integer such that 0 < k < n + 1. If one writes

a; = |] (o5—a0),

Lk, LF ]
0<£<n+1

one has ay.,; = a;/(o; — o) for j # k, what implies that

(37) ’P(ak) = - Z L (ak - Oéj)n.

: Ak j
itk R
0<j<n+1
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By applying the induction hypothesis to the (n + 1)-uplet («ao,. .. ,Qk—1, i1, -
alphan11) appeared in the right hand side of ([B7)), one obtains that P(ay) =
(—=1)"*1. As P is a polynomial with degP < n+ 1, one finds that P(T) = (—1)"*!
identically.

PROOF BY LAGRANGE POLYNOMIALS. [ Let K = €(T') be the field of the ra-
tional functions over €. Let X be a new indeterminate, and set

F(X)=(T-X)", AX)= J] X-a).

(£
0<t<n

By noticing that F'(X) € K[X] be such that deg FF = n < n + 1, the Lagrange
interpolation formula [3, Chap. IV, §2, p. 26] implies that

a
j=0 Y

And now one compares the coefficients of X™ for both sides of the above equality.
As that of A; is equal to 1, one finds that

n n

(_1)n — Z Fio‘]) _ Z (T _af)‘j)n7

=0 J =0 J

which is exactly the expected identity (2.10]). O

END OF THE PROOF OF THEOREM 2] In view of Lemma [Z2] letting k = n
in (29) yields that

n

LPn (fn) — n(n+1)/ Z

n,j

where

Ani= [ B-P).
0]
0<t<n

By (22), one knows that P; # P, for j # ¢. Thus, by applying Lemma 2.3] with
€ =Clz7Y)[[z]], X = f and a; = P}, one gets that

n

- Pt ==

This permits to finish the proof of Theorem 211 |

4. One generalisation of Theorem [2.7]

Instead of (2.0, let us consider the following slightly more general g-difference
equation:

(4.1) aoy+y=74,

1We would like to thank our friend and collaborator J. Sauloy for this elegant proof.
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where both o and 3 are nonzero power series belonging to the field C[z~!][[z]]. In
the same spirit as in (1), define the sequence {8, },>0 in C[z~][[z]] as follows:

n—1

(4.2) Bo = 0; 5n::§:(—a00k6, n>1.

k=0
PROPOSITION 4.1. For any given positive integer n, the following conditions
are equivalent.
(1) Bj # 0 for any positive integer j such that 0 < j <n.
(2) Bj # Be for any couple of integers (j,£) such that 0 < £ < j <n.

PrOOF. Indeed, by @2, it follows that

j—1

(4.3) By Be=3 (~ao) B =(~ao,)'B e

k=t

As a # 0, l'operator (—a g,) is an automorphism on the C-vector space Clz~!][[]].

So, this is the same for its ¢-th power or iteration (—« O'q)e. This implies the

equivalence between the conditions stated in Proposition E11 (I

Given a nonzero f € C[z~!][[z]], one remembers that vo(f) denotes the valua-
tion of f at z = 0, that is the lowest degree of the terms of f. By using ([@2]), one
obtains that, for n > 0:

[ w(B) if vo(a) > 0;
vo(Bn) = { (SL — Dg(a) + vo(B) if V?)(O‘) <0.

This gives the following statement for a, 8 € Clz—1][[z]] \ {0}.

REMARK 4.2. Both conditions considered in Proposition 1] are necessarily
fulfilled if vo(ar) # 0.

THEOREM 4.3. Let n € Z~o, and let o, B and f € Clz~][[x]]. Suppose that f
satisfies the q-difference equation in 1)) and that B; # 0 for any positive integer
j such that 0 < j <mn. One has:

(4.4) Ly P (f7) = (=12,

where LEP is the n-th order q-difference operator defined by

1 1 1
(45) Lg’ﬂ = ﬂ_ (Oé Oq —+ 1) ﬁ (a2 Oq — ].) cee E (a" Oq — (-1)”) .

PRrROOF. Replace (k, P) with (n, ) in (Z8), and define:
Anj= [ Bi=8), 0<j<n.
L#]

0<e<

By taking into account Proposition 1] it follows that A, ; # 0. Thus, one might
proceed in the same way as for the proof of Theorem [Z.Il We omit the details. [
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5. About the summability of the powers of ¢g-Euler series

Let us come back to the power series E,(x) defined by (), which satisfies
the g-difference equation stated in ([2). Letting P = 1, Theorem [ZT] implies
immediately the following result.

REMARK 5.1. Given any integer n > 2, the n-th power Eq(x)” satisifies the
following identity:

(5.1) (zog+1)

o (a0, = 1) . ("0 — (1)) Eyfa)" = ()" VP,
where P, =1 —a + - + ¢F=DE=2) (g)k=1 for 1 < k < n.
In particular, when n = 2, as P, = 1 — z, (&.1]) takes the form of ([L3)).

Furthermore, it might be interesting to notice that, if ¢ = 1, one has F(z) =
S +:c and, in this case, the above identity in (5.1)) is simply equlvalent to the following
elementary relation:

n k _ -1 k
1 EmE — capenz gy
k=1 22j=0 (—z)]
This observation related with the specific case of ¢ = 1 may be also made for The-
orem F3] by assuming, for example, both o and 3 to belong to the field C[z~!|{z}
of the germs of meromorphic functions at z = 0 in C or to the sub-field C(x) of the
rational functions over C.
Our next remark goes to another g-analog of the following so-called Euler series:

(5.2) E(z) =) (-1)"nla"*.
n>0

This power series is divergent for all z € C\ {0} but Borel-summable in every
direction excepted R™. It satisfies the following first order ODE:

d
(5.3) (rd+1l)y==x, 0=ux0, =z

Letting Y = E(z)2, one can check that
(5.4) (x0+1—z) (x5 +2)Y =222

Indeed, if y = E(x), one deduces from (53) that 26(y%) = 2z ydy = 2y(z —y) =
2xy — 2y°. This means that (xé +2)(y?) = 22 y. Thus, applying again (5.3) yields
that (x¢ —|— 1) (0 +2)y? = x. In this way, one gets (5.4), using the identity
(z6+1) o = o (:r 0+1—2x) in the non-commutative ring C(x)[d] of the differential

operators over C(z).
(1=q)--(1=¢")

Besides, the correspondances n <> 11__qq and n! < suggest one to

(1-q)™
consider the following g-analog of the Euler series:
n(l— 1—q"
(5.5) (x;9) —I+Z a)--(1=g ):L""H.
n>1 =qr

This can be written in term of a basic hypergeometric series as follows:
. T 1 - — €z
B(w:q) = 7201(4,¢:0:0, ~7 ) = w260(¢ Lahme oo 1)

See [6, (1.2.22), p. 4] for the general definition of ,¢s(...;...;¢,2).
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Let 64 = [;‘fll =2 Ay, where A, is defined in [T}, p. 488, (10.2.3)]. By observing
that n = ‘;””—: and 117an = 642 , a direct computation shows that E(x;q) satisfies
q x

the g-analog of (5.3)) as follows: (zd, + 1)y = x. If one writes

x
5.6 =
(5:6) « g—1—2x’

it follows from the above that

(5.7) (@og +1) Blz;q) = 5.
REMARK 5.2. Let a be as in (56). The following identity holds in the field
Cla™[[=]):

(5.8) (aéq + ¥> (a Sy — é + é) E(z;q)? = a(o,a —1).

q—1—=x q—1—x
Moreover, when ¢ — 1, (58)) is reduced into the following equivalent form of (54):

(5.9) (5 + i) (5 + %) E(x)?=2.

To obtain (B8], one can apply (£2) for n = 1 and n = 2, where « and S are
defined by (G6). This gives that

Br=(@-1Da, Ba=p-aof=(q-1)a(l-04).

Thus, it follows from applying Theorem to (B1) that E(x;q)2 satisfies the
following g-difference equation:

(5.10) L (E(m, q)2> =a(oga—1),
where
(5.11) L:ﬁ (vog+1) (aaq—é> .

By replacing o, with (¢ — 1)d, + 1 in (EII]), one gets that

1+a a? -1
L= <oz<5q—|——q_1> (a5q+7(q—1)a>'

Asa+1 = qj;ix and o? — 1 = %, one deduces immediately (B.8])
from (BI0). The limit equation form given in (59) can be obtained from (E.8) by
noticing both limits « — —1 and d, — 6 for ¢ — 1.

In the rest of this paper, we will suppose that ¢ > 1 even if, in most cases, the
hypothesis |¢| > 1 may be really enough; see [9] and [10]. Let us recall some results
about the summability of power series solutions of g-difference equations. Given

any linear g-difference operator L of the following form:

L= Za]ﬂ'é GC{JJ}[U{]], apa, # 0,

J=0

one definies its associated Newton polygon NP(L) as being the convex hull of the
set {(4,m) : m > 1y(a;)} in the strip [0, n] x [0, 4+00). By following [8] (3.1.2)] and
[11] Proposition 5.14], one knows that, if NP(L) admits only integer slopes, saying
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k1 < kg < -+ < Ky, then there exist v € Z, (hy,ha,...,h,) € (1+2C{z})" and
(co,c1,.. . en) € (C\{0})"" such that

(5.12) L=cyz"hy (x™0og+c1) he (x™0q+c2)...hy (204 + ¢p) -
Furthermore, let K™ =Z>oN{k;: 1 <j <n}, and define k as follows:

- [0 if Kt=10
(5.13) k_{ (k1y-ooykm) if KT ={k:1<{l<m}and k1 <- - <kp

By considering [8], § 3.3.5], it follows that any power series fe C[[z]] such that
L(f) € C{z} remains convergent or is Gg-summable of order k = (ki,..., k) €
27, depending on whether k = () or not.

THEOREM 5.3. Given any integer n > 2, the n-th power Eq(x)" is Gq-summable
of order (1,2,...,n). And this is the same for E(x;q)"

Proor. This follows from taking into account (B.I)) or applying Theorem [£3]
to (&) with the help of Remark O

Applying [2] Theorem 36] or [7, Proposition 1.3.4.2] implies that every power
E(z)" of the Euler series is Borel-summable at the same level, contrarily to what
happens in the case of their respective g-analog E (z;q)"; see Theorem (3l Fur-
thermore, thanks to [4, Theorem 3.15], one knows that the Gg-sum of E (z; q) tends
toward the Borel-sum of E(z) when ¢ — 17. In our coming work [5], it would be
shown that, given one generic direction d and two power series f1 and f2 such that

L;(f;) € C{x} for some L; € C{x}[o,], where j = 1 or 2, the Gg-sum of f; fo along
d is equal to the product of the Gg-sum of f1 along d with that of fg In this way,
one would obtain that the Gg-sum of E,(z)" or E(x;q)" can be really expressed
as the n-th power of that of Eq(x) or E(x, q), respectively.
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Summability of formal solutions for a family of linear
moment integro-differential equations

Maria Suwinska

ABSTRACT. A general family of linear moment integro-differential equations
with coefficients depending only on one variable is taken into consideration.
The results presented in this paper concern the summability of formal solutions
of such equations. Usual tools of the summability theory are utilized. The main
result is a direct generalization of existing conclusions in regards to standard
linear integro-differential equations.

1. Introduction

The main focus of this paper is to analyze the summability properties of a
family of generalized moment integro-differential equations given by

Pi
L= > aig(2)05) 105, . | ult,2) = f(t,2),
1€K q=0

where K C {1,2,...,x} is a nonempty, finite subset of indices, p; > 0 for all i € K,
the inhomogeneity f is a formal power series in the variable (¢, z) and all coefficients
a;q(2) are holomorphic on a certain neighborhood of the origin. The differentiation
and integration are given by moment operators.

Moment differentiation given by the formula

o0 o0
u Unp+1
) § : LI E n+ n
ot = m(n) = m(n)

with (m(n)),>0 being a sequence of positive real numbers corresponding to a pair
of kernel functions, was first considered in [3] by W. Balser and M. Yoshino.
The family of operators created in this manner is very broad and includes, but
is by no means limited to, the standard differentiation of convergent power series
when (m(n))n>0 = (n!),>0 and Caputo fractional derivative 3t1 /¥ for the sequence
(m(n))nz0 = (D(1+ 2)) 0.

This more general approach to differentiation caused an emergence of stud-
ies concerning the so called moment differential equations. In [8HI0] S. Michalik
studied solutions of general Cauchy problems with constant coefficients and their
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summability. Additionally, results on the Gevrey order of formal solutions of mo-
ment partial differential equations, an issue connected to the problem of summa-
bility, have been published in [111[16].

An even more general approach on moment differentiation and the problems
mentioned above deals with the framework of strongly regular sequences, at the
same time further broadening the family of considered operators and the definition
of summability. For more information on this approach see [5H7].

Please note that the results presented in Section [b] are in fact a particular case
of the ones presented in [7]. In this paper we depart from the notion of the strongly
regular sequences for the sake of simplicity. It is nevertheless worth mentioning
that working in the framework of strongly regular sequences requires additional
assumptions regarding behavior of the anti-derivative. Very similar results con-
cerning standard partial differential equations also exist. The k-summability of the
formal solution of the heat equation has been studied by W. Balser and M. Loday-
Richaud in [2]. More general families of linear integro-differential equations have
been considered by P. Remy in [12H14].

2. Notation

By N we denote the set of all positive integers. Then Ny stands for the set
Nu{0}.

R stands for the Riemann surface of the logarithm.

For any r > 0 we denote by D, an open disc of radius r and center at 0, i.e.,
D, ={z € C: |z| < r}. Similarly, a closed disc of radius r and center at 0 is
denoted by D, and defined as {z € C: |z| <r}.

For fixed d € R, a > 0 and R > 0 an open sector of direction d, opening o and
radius R is defined as

Sd(a,R):{zeR: 0 < |z| < R, d—%<argz<d+%}.

For a sector with an infinite radius we simply write Sq(«). If furthermore the
opening is not specified, we use notation Sy.

Analogously

Sd(a,R):{ZGR: 0 < |z| <R, d—%gargz§d+%}.

defines a closed sector and we use notation Sy(a) whenever the radius is not given.
Please note that in this case the radius cannot be infinite. Moreover, a closed sector
is not a closed subset of C, as it never contains the origin. It is however a closed
subset of R.

An open and connected set G C R is a sectorial region if G C Sg(«) for certain
d € R and o > 0 and for every 0 < 3 < « there exists 7 > 0 such that Sy(3,7) C G.
As is the case with sectors, we call « the opening of G and d its direction. We also
use notation Gg4(«) to specify these two parameters.

For any fixed complex Banach space (E, || - ||g) we denote by O(U,E) the set of
all functions with values in [E that are holomorphic on an open set U. For E = C we
use a simplified notation O(U). The set of all formal power series with coefficients
in E will be denoted by E[[z]].

For any sector Sq(a), f € O(S4(a),E) and k > 0 we will say that f(z) is of an
exponential growth no greater than k& on Sy(a) for z — oo if for every 0 < f < «
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there exist constants Cy, Cy > 0 such that || f(2)||g < CreC2l2" for every z € Sa(B).
The set of all such functions will be denoted by O*(S;(a),E).

Forf(z) = ool o fnz" € E[[2]] we call a series with non-negative real coefficients
G(z) = 307 o gnz" a majorant of f if ||f,||g < gn for every n > 0. We denote this
relation by f(z) < §(z).

3. Moment functions and moment operators
3.1. Kernel functions and moment functions.

DEFINITION 3.1. We call a pair of functions e, E kernel functions of order
k> % if the following conditions are met:
(1) e € O(So(%)), e(x) € Ry for € Ry and for every e > 0 there exist
constants A, B > 0 such that |e(z)| < Ae=(=/B)" for z € 8, (% —e).
(2) There exists o > 0 such that for every direction 6 € (—%, Q’T—k) there exist
C,r > 0 satisfying
(3.1) le(2)| < C|z| for every z € Sy C So (

T
E) Lz <
(3) E € OF(C) and there exists 8 > 0 such that for every direction 0 €
(Q’T—k, 2m — Q’T—k) there exist constants K, R > 0 satisfying
(3.2) |E(2)| < K|2|77 for every z € Sy C Sy (277 - %) , |z| > R.
(4) Functions e and E are connected by a corresponding moment function m
of order s = % given by the formula

m(u) == /0Oo ' te(xr) dx

for all u satisfying fu > 0. Then the kernel function E can be represented
[e%e] i

as a power series of the form: E(z) =) " gy for z € C.
(5) Additionally we assume that m(0) = 1.

The aforementioned characterization of kernel functions is based for the most
part on the classic definition from [I]. However, more general conditions of inte-
grability at zero have been replaced with [B]) and (8:2) as seen in [4], where the
authors use the term strong kernel functions. Moreover, let us note that, as seen
in [I], kernel functions of orders k& < 1 can also be defined. For the sake of brevity

2
these definitions will be omitted. For more details on the subject see [1].

DEFINITION 3.2. Let e(z), E(z) be a pair of kernel functions of order k and let
m(u) be their corresponding moment function of order s = ;. Then we call the

sequence (m(n))p>0 a moment sequence of order s.

The example below presents kernel functions and their corresponding moment
function that are used in the classical theory of summability.

EXAMPLE 3.3.
o c(2) = kzke ="
o m(u) =T(1+ %),

e E(z) = Z;io F(lz—j_%) = Ey/i(2), where E,/; denotes the Mittag-Leffler

function of index %



170 MARIA SUWINSKA

As shown in [1], the set of all moment functions of positive orders is closed
with respect to multiplication.

LEMMA 3.4. Let m1 and my be two moment functions of positive orders s1 and
sa, respectively. Then mq - mo is a moment function of order s1 + so. If moreover
we have s1 > So then % is a moment function of order sy — So.

Further ahead we will rely on a property of moment sequences that connects all
of the moment sequences of the same positive order s with a sequence (I's(n))n>0 =
(T'(1 4 sn))n>0, where I'(z) denotes the Gamma function. For any given moment
sequence of order s > 0 there exist constants a, A > 0 such that

(3.3) a"Ts(n) <m(n) < A"T';(n) for every n € Ny.

For the proof of this fact please see Section 5.5 in [1].
We are also going to consider a class of moment sequences that was first defined
n [13]. It was later used in [16] and [7] as well.

DEFINITION 3.5. For any given s > 0 we will say that (m(n)),>o is a reqular
moment sequence of order s if it is a moment sequence of order s and moreover
there exist constants a, A > 0 satisfying
m(n+1)

m(n)

We will denote the set of all regular moment sequences of order s by M.

(3.4) aln+1)° < < A(n+1)° for every n € Ny.

LEMMA 3.6. Regular moment sequences have the following properties:
(1) Let my € My, ma € Ms,. Then my - mo € Mg, 4s,. If we moreover
assume that s; > so then Z—; € Mg, s,
(2) For any s > 0 the sequence I's € M.

3.2. Moment operators. Let us now recall the definitions of m-Borel and m-
Laplace operators and their formal analogues as well as a definition of m-differential
operator and its inverse. To this end first suppose that e(z), FE(z) are kernel
functions of order £ > % and m(u) is their corresponding moment function.

DEFINITION 3.7. Let S = S;(a) and f € OF(S,E). For any direction  satis-
fying |d — 0] < § we call an operator L. 4 given by a formula

(35) (£eaf)c) = | Ty s

z u

a m-Laplace transform in direction d.

From the fact that (B3] is absolutely and locally uniformly convergent it follows
that we can integrate along an arbitrary direction 6 so long as it is sufficiently close
to d.

Let us now consider a sectorial region G4(c).

a o a o
Ge(d—— T ———)
2 + 2k + 2 2k

and €, r > 0 in such a way that Sg(=t%,r) C G4(a). Then we denote a negatively

oriented path that is the border of Sp(55%,r) by 7%(0).
Now we can move on to the definition of m-Borel transform:

‘We choose
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DEFINITION 3.8. For any f € O(G,E) continuous at zero and u € Sy (%) we
call an operator of the form

(36) Beol)) =~ [ B(3)56)

Vi z

dz
z

a m-Borel transform in direction 6.

If we consider a family of operators {B. g }s such that 2|0 —d| < a — k™' then
this family defines a function B, 4f holomorphic in the sector Sq(a — k~17) such
that Be 4f(2) € OF(Sa(a — k~17),E).

For more details on the second part of the definition please consult Section 5.2
and Theorem 24 from [I].

THEOREM 3.9. Suppose that d € R, 8 > 0 and k > 0. Moreover, let f €
OF(S4(0),E). Let us define g(z) = Le af(2) for z € G(d,0+k~ 7). Then f = Be ag-

Please consult [I, Theorem 30] for a detailed proof of this fact. For a more
general version of the theorem above see [7, Theorem 1].

We can also easily define moment analogues of formal Laplace and Borel trans-
forms.

DEFINITION 3.10. Let f(u) = Yoo o fau™ be a formal power series. Then we
define a formal m-Laplace transform as follows:

ConeD) = fum(m)=".
n=0

DEFINITION 3.11. A formal m-Borel transform is an operator B, .: E[[z]] —
E[[z]] given by:

Bmz Oounz” = -~ _Un z".
(S) = S

Let us now recall the definition of m-derivative and its inverse.

DEFINITION 3.12. Let (m(n)),>o denote a moment sequence. We define a
m-differential operator Oy, .: E[[z]] — E[[z]] by the formula:

- Un n| ._ - Un+1
8m7z< z )Zm(n)z .

n=0 m(n) n=0

DEFINITION 3.13. Let (m(n)),>o denote a moment sequence. Then we define
a m-integral operator 8;17115: E[[z]] — E[[z]] by a formula:

—1 = Un O — Un—1 o
O (Z m(n) ) =2

n=0 n=1

To describe a m-differential operator we can use integration of kernel functions.
This way we receive a formula that can be treated as an analogue of the standard
Cauchy Formula.

LEMMA 3.14. Let f € O(D,,E) for a certain r > 0 and suppose that e(z), E(z)
are kernel functions of order k with m(u) denoting their corresponding moment
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function of order % Then for every |z| < e <r andn € Ny we get

(3.7) i) = = /a fw) /0 T B0 ) g dw

27i w(
with 0 € (— argw — g, —argw + Q’T—k)
PROOF. Since f(z) is holomorphic on D, it can be expanded into a power

series as seen below: 4
=00
S IR ke U}

=0 =0 :

Moreover, notice that

0o f(j‘#»n) (0) m(] + n)

0naA(2) = Y I

Jj=0

£9(0)

for every n € N, which means that 373;%2]0(0) =

this fact and the Cauchy Formula we get

, j il

m(j) for every j € Ny. Using

Let us now recall that

(o)
m(j) = / 277 e(z) dx for any j € N.
0

mzf( )= ! f(w) /Ooolee(:l:) dz dw,

2mi ap, witt

Hence,

which after the change of variable z = w( gives us

ol L[ )
| ¢ () dC du

iargw

1 € ce(w()
- J—=—=2 d(¢ dw.
i o, fo0 [ O e
Instead of # = —argw we can use any given # from (— argw — g, —argw + %)
Then for z € D, we receive
i 8%12 . 1 e'fo0 e(w() ©
=5 f w / CJ p
Z 2w aD. (w) 0 wg ;} m(j)
Seeing as E(z) = Z;)o 0 m( v, the formula takes the form
1 % efug)
10 =gz [ S0 [ B dcan

It is now enough to notice that 9y, . F(2(¢) = ("FE(2(), which gives us

o, f(z)= = /8 fw) / o ("‘f)cw &) dc duw.

21
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REMARK 3.15. Similarly to Theorem 3 from [6], Lemma B.14] can be applied
in a more general case when f € OF(S4(a) U D,., E) for any given k > 0, a € R and
r > 0. More precisely, if f € OF(S (a) U D,,,IE) then for a certain 0 < 7 < r and
any 0 < 8 < a,n € Ny and z € S4(8) U Ds it follows that

(3.5 021 = 5 [ S / ¢ 5:0" 2 dgaw,

where 6 € (— argw — g, —argw + ﬁ) and v denotes the border of a set Sy(fp) U
D, for certain f < Sy < aand 7 < e <.

Using both Lemma 314 and Remark we can formulate a theorem charac-
terizing functions of exponential growth no greater than k. It is a special case of
a more general result given in [6] in Theorem 3 and the proof leans heavily on the
one that was presented there.

THEOREM 3.16. Let us consider a pair of kernel functions e(z), E(z) and their
corresponding moment function m(w). Let (m(n))n>0 be a moment sequence and
suppose that d € R and a, k, v > 0 are given. Consider a function f € OF(Sy(a)U
D, ,E). Then there exists 0 < 7 < r such that for any 0 < g < «, z € S4(8) U Dr
and n € Ny there exist A, B, C > 0 satisfying

(3.9) 0% f(2)|e < AB"m(n)e”"  for neNo, z € Sq(8)U Dy
PROOF. From Remark [3 it follows that

10 B s@) =g [ s / B0 " g o

for a certain 6 € (— argw — gy, —argw + ﬁ) and a path v that depends on the
choice of z. Let us now consider an integral

% e €00
| ereot i

where 6 is as given above, z belongs to a certain neighborhood of the origin and
w satisfies |w| = e for € > 0 that depends on z. After using a change of variable
¢ = se' with s € (0, +00) we receive

6

R e(w() L i0 it
/0 ¢ E(z{)w—cdg‘ < g/o sV E(zse' )e(wse' )| ds

< 21 / s"Lexp <Cgsk|z|k - i) ds
€ Jo

for certain constants Cy, Cy, C3, Cy > 0.

Let now |z| <7 = m Then exp (C2$k|z\k - %) < exp (—;2;) and
0
o ( C) 0103/ 1 Eksk
"E " ——]d
| om0 i a < A5 [t (<35 ) d
C1C325CR [ .
(3.11) = %/ £+ texp (=€) d¢
0

ety ()
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FIGURE 1. Path ~(2).

From (33) it follows that
16

(3.12) /Oe OOC”E(,ZC) (f) d¢| < AgBym(n)

and moreover

(3.13) 105, ()& < sup [|f(w)]leAoBym(n) < AgBym(n)eol="

|w|=e

for z € Ds.

In the case when z ¢ Dy let us consider 0 < 8 < a and a sector Sq(/3). Then
the integration path ~ takes a shape as seen on Figure [I}

Let 3o be such that 0 < 3 < fy < o and let R(z) = C4(2C3)*|z|. We consider
a positively oriented path v(z) = y(R) = v1 + 7v2(R) + 73(R) + 74(R), where

e 1 is an arc connecting sei(‘”%l) and aei(d*&’}),
o 72(R) is a segment from ee’(4—%) to Reild—3),
e v3(R) is an arc connecting points Re' @) and Rei(d“‘&zl),
e v4(R) is a segment from Rei(@+3) o geild+ ),

On every part of v(R) we are going to compute a separate estimate of the integral

S B () 429 e,

For w € 7; notice that

(_ arg(w) - %’ —arg(w) + ﬁ) N (_ arg(z) + %, —arg(z) + 2w — %) #0
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and we can choose a direction # from this set. After applying substitution ¢ = se*?

and using a procedure similar to the one used before we can write
oo _ i0 En _ i0
/ Sn71|E(25619)||6(’LU56 )|d82/ 5n71|E(25619)‘|6(wse )|d8+
0 € 0 €

[e%s) 20
+/ 3"71|E(zsei9)|4‘e(wz6 )|ds

M

I=1
for a certain fixed M > 0. Then
M . M
% _ 0 % k k
/ s”fl\E(zsewﬂM ds < sup |E(y)le™'C3 s" Lexp (—€—i> ds.
0 € yED 0 Cy

Like in the previous case, we can bound the last integral using A;Bim(n).
Moreover from Definition Bl it follows that

0 ) 16 0 K i60
/ s”fl\E(zseze)He(wse )|d5§/ Sn71 |6(’U)S€ )| ds

u 5 o (s]z])? €
K i ;
< 207 | s e(wse'))| ds.

B
The last integral can be bounded from above by AsBYm(n)exp(Cz|z|*). Hence,
0
1 AR e(w¢
[ s [ epeo ™ aca
Y1 0 wC

— < A, Bm(n)eC1l#l"
21 < A1 Bym(n)

E

(3.14)

for certain constants Al, Bl, C~’1 > 0.

For w € ~2(R) we can choose 6 from the same set of directions. We use
substitution [e, R] 3 p + pet(d—
to arrive at

/ <"E<z<)e(w<o dc
0

w

) and the parametrization from the previous case

i(0+d7%0))|
ds.

o0
S / Sn71|E(2’56i9)||6(p86
0 P

Analogously to the previous case, this integral can be bounded from above by
e(wq)

AzBEm(n). Then we receive
1 ewoo
P fw/ ("E(2()—=d¢ dw
211 ‘[Y2(R) ( ) 0 ( ) wC E

1 . N
< — swp | f(w)|eAsBym(n)R < Ay Bym(n)e?ll
2T wers(R)

(3.15)

for certain positive constants Ag, Eg, C'g. For ~4(R) identical reasoning can be
followed to arrive at

1 S ey S
/M(R)f(m/() B0 d

< A Bn é3‘2|k
2 < AgBym(n)e

E

(3.16)

for Ag, Bg, ég > 0.
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For w € 73(R) we use the previous parametrization as well as substitution
[d— %, d+ %} > t — Re™. The direction § € (—arg(w) — 77, —arg(w) + 77)

can be chosen arbitrarily. Then

/0 T B0 A g

le(Bse )]
wt

_/0 s"TH E(zse") 7

1 [~ , .
= —/ " E(zs5e)e(Rse’ ") | ds.
R Jo

Notice that |w| = R(z) and so a condition analogous to ([B.IT) is met. Hence,

1 o elw)
AS(R)f(w) /0 "B A ddu

~ = SR
. -7 < AyB7m(n)eC*?!
21 w = 4P (n)

E

(3.17)

for certain positive Ay, By, Cy.

Combining results from (3.14), (3.13)), B.16]) and [BI7) concludes the proof. O

The following lemma describes the connection between m-derivative and m-
moment transform.

LEMMA 3.17. Let my, mo be moment sequences. Then operators Bm%t, Oy it
satisfy

Bm2 ,taml U = 8m1 mo ,thQ ,t'&

for every formal power series .

PROOF. Let a(t) = > 0o, unt™. Then

. R . Uy pima(n + 1) >\ Upyprmi(n+1)
B :0m t) =B, — = "= —_ ",
2,t 1,tu( ) 27tnzzo ml(n) HZZO ml(n)mg(n)
On the other hand,
. . = U > Uppim(n +1)
O tBrms (1) = Omim th = —_ ",
1ma,t 2,t ( ) 1 27757;) mg(n) 7;) ml(n)mg(n)

4. The problem of k-summability

The main focus of this section is the concept of k-summability in the framework
of moment sequences and operators. To this end basic facts and definitions related
to the topic will be presented.

DEFINITION 4.1. Suppose that G is a sectorial region and s > 0. Let fe
O(G,E). We call a formal power series f(2) = >.° fn2™ € E[[2]] an asymptotic

expansion of order s > 0 of f on G if for every closed sector S C G there exist
constants C, K > 0 such that

|z| 7V < CKNT,(N) for every NN, z€ S.

E

N-1
n=0

This relation will be denoted by f =, f .
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DEFINITION 4.2. Let f be a formal power series with coefficients from a given
Banach space E. Moreover, assume that £ > 0 and d € R. Then we say that f is
k-summable in the direction d if there exist @ > T, a sectorial region G = G4()
and a function f € O(G,E) such that f is an asymptotic expansion of Gevrey
order % of f on G. We call f the k-sum of f in direction d and denote this fact by
f(z) = (Skaf)(2)-

The set of all series k-summable in direction d will be denoted by E{z} 4.

Note that from Watson’s Lemma it follows that the k-sum of any power series
in a given direction d, if it exists, is uniquely determined. For more details on
Watson’s Lemma and its proof see Section 4.7 of [1].

DEFINITION 4.3. Let (m(n)),>0 be a moment sequence of order s > 0. A formal
power series f(z) € E[[z]] is said to be of a Gevrey order s if there exists r > 0 such
that Bm,z f € O(D,,E). The set of all such formal power series will be denoted by
E[[z]]s-

THEOREM 4.4. Let f(z) € E[[z]]1/x and suppose that §(z) = By f(2) for a
certain moment sequence (m(n))n>o of order +. Let g(z) denote its sum. Then
f(2) is k-summable in direction d € R if and only if there exists a sector Sy(e),
with sufficiently small € > 0, such that g(z) can be continued analytically to Sq(e)
and its continuation there is of exponential growth no greater than k.

The theorem above is a direct consequence of the properties of the Laplace
transform. More details can be found in [I], in Section 6.1 and Chapter 5.

Analogously to the way it has been done in Definition 13 from [7], we can define
m-~derivative of a sum of a formal power series.

DEFINITION 4.5. Let E be an arbitrary Banach space and let us consider a mo-
ment sequence (m(n)),>o of order  as well as a formal power series f(z) € E{z}r.q
for some direction d € R. Moreover let f(z) denote a k-sum of f(z). Then we define

the m-derivative of f(z) as O, . f(2) = g(2), where g(z) = Sk 4 (8mzf(z))

THEOREM 4.6. For fited k > 0 and d € R the set E{z},q is a differential
algebra closed under the operator O, .

The result above is a conclusion from [I5] Proposition 6.20.] and [6, Corollary
1]. A more general formulation can be found in [7, Proposition 1].

LEMMA 4.7. Let k, s > 0 and (m(n)),>0 be a moment sequence of order s.
If f(2) € Ey {2z} and its k-sum is denoted by f(z) then the formal power series
Bgl}zf(z) is also k-summable in direction d and its k-sum F(z) satisfies:
Om,=F(2) = f(2).
ProOF. To execute the proof of this lemma we use the Caputo fractional de-
rivative. Assume for the moment that (m(n)))n>0 = (I'(1 + sn))n>0. The m-

differential operator Oy, . is connected to the aforementioned fractional derivative
0; as follows:

(O, f)(2°) = 05 (f(=*)).

(14 sn)
P(1+sn+s)

Hence,

8z—szsn — an+s.
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As mentioned in [7, Proposition 5], the same property holds for the Riemann-
Liouville fractional integral given by

I3, = /f )5t dt.

Let us fix a sector S C G. We aim to find a boundary for

(41) ﬁ/ozf(ts)(z_ s 1dt fn 1 55T )

I‘1+sn

for any sector S C G and integer N > 2. To this end first let us note that
z
2"B (s, sn—s+1) = / (z — )15 dt,
0

where B (s, sn —s+1) = % denotes the Beta function. From this it
follows that ([I]) takes form:

s s s N— o — sn—s
i s D

(4.2)
E

We know that f(z) =

tfsNJrs <f(ts) _

Jn—1 _ No1 N—-1
__Jn=l  ysn—s <COKN-p(14+ 1=
I(1+sn—s) =€ + k

for certain positive constants C, K. Moreover, after the change of variable t = z¢
we receive

n=1 E

z 1
/ ts(N—l) (Z _ t)s—l dt = ZSN/ fS(N_l)(l _ 5)5_1 dé-
0 0

The last integral defines the Beta function B (s,1+ sN — s) = %

From this and the properties of the Gamma function the formula (£2) can be
bounded from above by

B N-1 IF(s)M(1+sN—s)  ~- N
KNI (14 —— ) |2V <CEKNT (14 =) |2]*N.
¢ ( T >|Z| e 5 )

To show that the thesis holds for any moment sequence of order s, it suffices
to define a moment sequence of order 0 with terms given by m(n) = F(IJ(FS”) for
every n > 0. Then, if f(z) = Yoo mf(’;l) 2™, it is enough to consider a formal power

series By, . f(z) instead. O

We can now proceed to define an anti-derivative for a sum of a formal power
series.

DEFINITION 4.8. Let us consider a Banach space E and a moment sequence
(m(n))n>o of order § as well as a formal power series f(2) € E{z}4.q for some
direction d € R. Suppose that f(z) denotes the k-sum of f(z). Then we define the
m-anti-derivative of f(z) as 8%, f(z) = g(z), where g(z) = S’hd(awj’lzf(z)).
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It is worth mentioning that the definition given above is correct due to Lemma
A7 Please note that it does not need to be correct in a more general framework
of strongly regular sequences. See [7] for more details on the issue. In the cited
paper thesis of Lemma 7] is referred to as Assumption (A) and does not need to
be satisfied in some cases.

LEMMA 4.9. Let f(z) € E{z}ka for certain k > 0, d € R and let f(z) =

Sk.a(f(z)) on a sectorial region Gq(a), where o > 7. Then for every closed sector
S C Gy4(a) there exist positive constants A, B such that

107 . ()|l < AB™m(n)T (1 n %) for any z € S, n € N.

PROOF. From the definition of k-summability and Lemma [B.17 we receive

8&,2‘](‘(’2) = £€7d(ér1/k,za?n,zf(z)) = [’Qd(afnl"l/k,ZBFUmeA(Z))'

for any n € Ny and certain kernel function e(z) of order k. Moreover, function
Br, .- f(%) is of an exponential growth no greater than k on S4(0) U D, for certain
d, 7 > 0. Therefore, we can apply Theorem [3.I6] to this function and the moment
sequence (m(n)F (1 + %))n>0. For any closed sector S C G we receive
A~ ~ n C k
101, 2Brs e f (e < ALBim(n)T (14 7 ) €1

for certain fixed constants Ay, By, C; > 0 and for every z € S.
Let g(2) = Br, ,,.-f(2). Then 9y, ,f(2) = L a9(2). To reach the conclusion it

u

is enough to find a boundary of the integral foewoo e (%) g(u)%“ for any direction 7
sufficiently close to d, which can be done in a way analogous to the one presented

in proof of Theorem O

5. Summability of formal solutions for linear moment
integro-differential equation

5.1. Banach spaces of holomorphic functions. Let 0 < 7 < r. By
(E,[| - [[e) we are henceforth going to denote the space of all functions holomor-
phic on a disc D = D,. C C with the norm defined as

o0 o0
anz" = Z Iful |2]", z€D,|z|=7.
n=0 7 n=0

LEMMA 5.1. Suppose that f, g €E, f(z) =Y o0 faz™ and g(z) =Y .0 gn2".
Then

1£(2)9(2)l7 < 11 (2)lIzllg(2)ll for z € D, |2| =7 <r.

PrOOF. For any fixed 7 < r it is enough to notice that

(oo} n
1F g r <D0 | fegn-sllzl* = 1£(2)7llg(2)ll5-
n=0 k=0
|
We will call (a,)n>0 a logarithmically convexr sequence if inequality a2 <
Gp—10n+1 holds for every n € N.
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LEMMA 5.2. Let m be a moment function such that the moment sequence
(m(n))n>o is logarithmically convex. Moreover suppose that f € O (D) If there
ezxist C < oo and n € Ny satisfying

(5.1) If ()7 < C?”Jj(|n) for every z € D, |z| =7
then we have
n+k _
(5.2) ||3;fzf(z)||,: < Cm for every k € Ng and z € D, |z| =T.

PROOF. Let us note that from (G.I)) it follows that f = O(z"). Hence, we
can write f(z) = Z;‘;n f;27 for every z € D. Let us define a function g(z) =

dico | fi+n|m(n)z?. Using (5.1)) we conclude that

nmmf—@ﬁhﬂmfga

E

Moreover, f(z) < ;759(2). Hence we get

—k o~ m(j—k) i 2R Sm(j 4 n)m(n + k) g
am,zf(z) - j:;_k m(j) f]*kzj = m(n T k) par m(] Tt k) fj+nz'7.

We can use an equivalent definition of logarithmic convexity to write that
m(n) m(n—1)
m(n+1) = m(n)

for every n > 1.

In particular, after using the inequality above j times we receive
m4n) _ mitn=1) _ mG+n=2) _ __mn)
mG+n+k) " m@+n+k—-1) " m@G+n+k-2) " " mn+k)
Hence, it follows that

m(j+n)m(n+k)
m(j+n+ k)
Using this inequality and the connection between f and g, we arrive at

8719 ZnJrk 0 i Zn+k:
e f(2) < mn k) ;m(n)|fj+n|z = m(n—+k:)g(z)'
Hence,
n+k n+k
—k < L - < L
which concludes the proof. O

It is easy to see that Lemma[5.2] can be expanded to a finite sum of holomorphic
functions.

LEMMA 5.3. Suppose that f(z) = fi(2) +...+ f,(2) with f; € O(D) for j =1,
.., p and that
2™
m(n;)

Ilfi())lz < C; forevery z€ D, |z| =7, j=1,...,p.
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Moreover, assume that {m(n)},>0 is a logarithmically conver moment sequence.
Then we receive

’I’LJ-'r]i} B
1055, f(2) |7 < ZC Z|—+k) for every k € Ng, 2 € D, |z| = 7.

5.2. The Newton polygon. The Newton polygon, introduced in [18], has
been used to estimate the Gevrey order of formal solutions for standard partial dif-
ferential equations. Since then it has been utilized, sometimes in a slightly modified
form, as a tool for geometric representation of various types of partial differential
equations (see for example [17]). The standard definition of a Newton polygon was
then further generalized for use in the case of moment partial differential equations
with constant coefficients in [8] and with variable coefficients in [11] and [16].

Let us now recall a general definition of the Newton polygon.

Consider moment functions mj,mo of orders si, ss, respectively, ¢ € C and
z € CN and a linear moment differential operator defined by the formula:

(5.3) P (t,2,0m, .ty Omy.z) = > o ja(2)700, O, .,
(0,j,0)EEXTXA

where J C Ng, A C N} are finite and ¥ C Ny. Then for the operator (5.3) the

Newton polygon is defined as follows:

DEFINITION 5.4. The Newton polygon for an operator P given by (5.3) as a set

(5.4) N (P) = conv U A (517 + saa, 0 — j)
(0,j,0) EEXJIXA

with A(a, b) = {(z,y) € R? |z < a, y > b} and convF denoting a convex hull of a
given set F'.

5.3. The main problem. As mentioned before, the following section contains
a special case of results presented in [7]. We are restricting ourselves to operators
defined in Section 2] whereas in the aforementioned paper more general moment
differentiation is considered.

Let us consider a moment integro-differential operator of the form:

(5.5) (1 - Z Zzaiq(z o tafm Z) u(t, 2) = f(t, 2),

i€k g=0
where K C {1,...,k} C N for a certain integer k > 1, K # 0, p; > 0 for every i € K
and m1, mso are regular moment sequences of positive orders s1, So, respectively. We
moreover assume that ms is logarithmically convex. Furthermore, let us suppose
that all a;4(2) and m are holomorphic for all z € D,., r < 1.
We further assume that the Newton polygon for

Py ity Omy.z) =1 — ZZ aiq(2)0," 0%, .
i€ q=0
contains exactly one non-horizontal segment, as seen in Figure[2l The slope of this
segment, denoted by k, is given by the formula

1 o — B
(5.6) 1_ sapw—sikh_ sope

k K K
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FI1GURE 2. The Newton polygon for operator P.

REMARK 5.5. Notice that for any fixed i € K we have ¢ < p; < p,, and moreover
pi = px if and only if i = k. Furthermore, inequality & < = holds for every i € K.

PROOF. The first part of the thesis follows directly from the definition of the
operator P. To prove the last inequality, first let us fix : € K. Then
S2Pi — 16 _ 2Pk — S1K

) K

Hence, sokp; — s1kt < S9ip,; — 1K1, from which it follows that xkp; < ips. |
LEMMA 5.6. Equation (B.3) admits a unique formal solution u(t, z).

PROOF. Let f(t,2) = Y200 fu(t)2™ and ajy(z) = Y200 aig.n2" for every i €
K, 0 < q < p;. Moreover, let f,(t) € CJ[t]] for every n € Ny. Fix a(t,2) =
> un(t)#zn) such that u,(t) € C[[t] for every n € Ny. After substituting @, f
and a;q in (B.3), we receive:

S 3)3) STt L)

i€K q=0 p=0 p

(5.7)

Let us introduce the following notation:
«=10,1,...,p,—1} and @Q;={0,1,...,p;} fori<k.
From (&) it follows that

n

—K —K ma(n
e 00t (8) = tn(8) — Fou (O (m) — 3 g O iy (B)— 22

p—l ma(n — p)

- Z Z Zazq,p mi, t“n p+q(t)m;nLT_l)

€K ¢€Qi p=0 (n—p)



SUMMABILITY OF LINEAR MOMENT INTEGRO-DIFFERENTIAL EQUATIONS 183

for every n > 0. Note that, since axp,. .0 # 0, the formula above describes every
coefficient u, (t) uniquely as long as ug(t), u1(t), ..., up,—1(t) are known. O

Under all the assumptions introduced at the beginning of this section, the
following theorem holds true:

THEOREM 5.7. Let us consider equation (B0 and let k be given by (B0).
Moreover, suppose that f(t,z) € El[t]] and 0, ,u(t,0) for 0 < q¢ < ps — 1 are

k-summable in direction d € R. Then the formal solution u(t,z) of (BH) is also
k-summable in direction d.

Note that it is enough to assume the k-summability of 9y, _a(t,0) for every
0 < g < p,—1in light of Lemma[£7 It is however worth mentioning that it is not
so if we consider more general cases with moment sequences derived from strongly
regular sequences like in [61[7].

Consider z € D, for a certain sufficiently small > 0. For d(t, z) = 0k, _a(t, z)
we receive the following formula:

pr—1

a(t,z) = Z Un (1) 2" + 0,5, 0(L, 2).

n=0

Next let us substitute ¢ with (¢, z) = 9y, ,4(t, z) for a certain w(t, z). Then (5.5
takes form

1 - bﬁpn( ) my, t mg z + Z Z blq aﬁmlltagmpzm ’lb(t, Z) = g(ta Z)

€K qeQ;
for
1 for i=k,q=0p
_ App, (2) ’ r
biq(2) = { a“’(f)) otherwise
and
1 pn_l Pi Pr—
o) = o (Z YN w0 027 - f<t,z>> ,
FPr n=0 i€K q=0 n=0

which is k-summable under the assumptions from Theorem 5.7 Let g(t, z) denote
the k-sum of §(¢, z) in direction d holomorphic for ¢ from a certain sectorial region
G = Gg4(a), with @ > ¥, and z € D,. Note that assumptions concerning a;q(2)
guarantee the holomorphy of all b;,(2).

Notation B = max; , maxj<;, ||biq(2)||~ will be used alongside the symbols in-
troduced in Lemma in the following calculations for the sake of clarity.

We can now use the classical fixed point method that has been utilized many
times previously, for example in [2] and [I2]. To this end first let us write @ (¢, z) =
> ps0 Wp(t, 2) with wo(t, 2) = g(t, 2) and all the other coefficients given by a recur-
sive formula:

Wpr1(t,2) = { brp, (2)0, Ol + > > big(2)0, 08 P | 1y (t, 2) for p > 0.
€K qEQ;
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Analogously we define w(t,z) = > -, wp(t, 2) with wo(t,z) = g(, 2) and the sub-
sequent coeflicients given by B

wpi1(t2) = [ b (0, 057 + 5737 big ()05 4087 | w8, 2) for p = 0.
1€ geQ;

Seeing as wo(t, z) € O(G x D,.), observe that also w,(t,2) € O(G x D,) for every
p > 1. Moreover, wW,(t, z) is an asymptotic expansion of w,(t, z) with respect to ¢
for every p > 0. Hence, wy(t, ) is a k-sum of w,(t, z) for every p > 0.

Let us also notice that for every p > 1 functions w,(t, z) can be bounded from
above using Lemma 5.3l Indeed, wi (¢, z) can be described as a sum of holomorphic
functions of the form b;, (z)@ﬁ;ft@?,;?; wo(t, z). More precisely, using the recursive
formula we arrive at

01(112) = g, (205, Drtwo(t,2) — 3 D bR wolt, =)
i€ e

It is now possible to bound the norm of any m-derivative of wq(¢, z) with respect
to t as follows:

0
105, swo(t, 2)]|z < CK™my(n)D (1 + 9) A o n e, z€D, |4 =, tec

k mo (O)
From this fact and Lemma we conclude that

(200508 ()], < BO'K™my (e - (14 ) L
iq mi,tYma,z ’ 7= 1 k mQ(pH - Q)7

for |z] =7 and t € G.

Hence,

lor(t2)lls < D0 Y lbig(2)0, 08 r wolt, 2)ll7

1€KU{0} q€Q;

. —q Ps—4q
< Z Z Bc/K/ﬁf'Lml(K/ _ Z)F (1 + K - Z) |Z|

i€KU{0} g€Q; ma(px — q)

and

1oz, ot )ls < S ST BOK™ " imy(n+k —i)r (1 + %)
1€KU{0} q€Q;
|Z‘pnfq
ma (pn - Q) '

Analogous procedure can be repeated for every p > 2.
To conclude the proof of Theorem [5.7two more technical Lemmas are required.
Please note that they are modified versions of properties described at length in [13].

LEMMA 5.8. Let z € D (0,r), where r < 1. Then there exist positive constants
C,K, B’ such that

n -+ Kp

(5.8) 107, cw0p(t,2)|[ < BPCK™ " ma(n + p)T (1 + > By(l2))
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for every n € No, 7 = |z|. By P,(z) we denote a polynomial

Po(Z) = 1
s P)!"2 —
Ppia(2) = [0nbs + Siexr Syeqq v elliss vz | Pyl2) for p = 0.
PROOF. Inequality (58] holds true for p = 0. Let us then suppose that it holds

true for a fixed p > 0. Let Qo = {0}. Using this notation we can write
Ha;zl’twp+1(t7 Z) H,’: < BIPCKH+I€P+I€B

i . n+k—1t+ kp
Y S ktmbw i r (14 S g ),
ieKU{0} q€Q;

Notice that T" (1 + %) is a regular moment function of order +
certain constants 0 < a, A < oo we have

%> and so for
LT (1428
aln+ 1)k < ——k 2 < A(n+ 1)¥ for every n € Ny.
L(1+%)
Using this fact we arrive at

mi(n+k—1i+kp)l (14—%)

—i_—i
< ai‘a

7 (n—i—m—i—ﬁp)l’(l—i—w).
Hz 1(7’L+I€—Z+I€p+l)

k
Hence, for K > E7 we receive

(5.9) |05, qwps(t, z)H7z < BPCK"™™PT5Bmy(n + k + kp)T (1 +

DY 1 o OB (P (21,
i€KU{0} 9€Q; Hl (R —itrp+l)
Moreover, let us note that
A 52Pk
H(?’L-}-Ii—l—l—ﬁp-ﬁ-l pK>H np-i—l - {M}
ey (rp)!

We can proceed to further bound the rlght—hand side of (B9) as follows

n—+ K+ Kp
k

08, cttpsa (8.2} < BPOK™ B+ w4+ )T (14 L)
52%’»{
S S [ e
ma,z p
1€KU{0} ¢€Q; mp T Z

={ieK: p; >1}. Then

Let us introduce notation X’

52Pk

> 3 [ty

1€KU{0} ¢€Q;

S52Pk

A+m)IEs + >0 {ﬁpﬂ ]

1€K'’ geQ;

IA

S2Pk

(L+8) Ot + > > L;pﬂ ] K'

1€K'’ geQ;

IA
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Moreover, after applying Remark we receive

()% up+ 0! eptp) - pep 1) ()" TIL (wp+ 22
(kp + 0" (pwp)! (/@p—l—i)p: .(kp+1) (/@p—I—z’)pTﬁ ...(mp—i—l)
pe\Pi (kp + k)" Pe\Pi (kp+ k)"
<) o= =) rom

K
_ Pi
<(%)" (o) =
K 1

Using the estimations above, we arrive at:

(5.10)

Pr
K

||8,’,‘ll7twp+1(t,z)”7: < BPCK"™PT5B(1+k)my(n+k+kp)T (1 +

n-—+ K-+ Kp
k

(psp)! e
b, + Z Z psm o pm—i—p I oL P 1 (Py) (|2]).
€K geQ);

Hence, it is enough to put B’ > B(1 + &) to finish the proof. O
LEMMA 5.9. Let 0 < r < 1. There exists F' > 0 such that

» 2P
(5.11) Pl < F7

for every z € D,. and p € Ny.

PRrROOF. Inequality (BI1) is of course true for p = 0. Let us then fix p € N.
Then P,(z) takes the form

O+ D ps2p~ (Prp — Pre)!* 9P

155 Oma,
i€K’ q€Q; (PP — P + pi)!*

O+ D D p%p 5 Otz | (Po) (2).

1€K' qEQ;

We can simplify the formula above to arrive at

p
() = Ol + Z Z Z Z p:‘”p"

=11l <lp < <L <p (i1, ) EKT iy €Qiy 5ee1Gi €Q4

. ﬁ ( (pn(ls - 1))!52 8Qi1+"'+Qij —PrP PQ(Z)

-1 pr(ls — 1) + p;, )1s2 ma,z
We further estimate P,(|z|) as follows:

By(l2l) < Z > > > P

J=1 1<l <o < <GP (i1,00085) EKT iy €Qiy 50,04 EQiy

ﬁ p“ (s —1>>'52

S:1 +pzs)'52 ma (p/-cp (qil et qij)) '

|Z‘p~p—(qil+-»-+qij)
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From Remark it follows that p; < p, for i < k. Hence,
e — (G, + -+ a,) 2pep— (pis +-+-+pi;) =pep— (P — 1) p=1p.

Seeing as |z| < r < 1, we further receive:

YEIEEED DD > >

J=1 1Sl <le<-<Uy<p (i1,...,35) €K Gig €Qiy »e-1qi; €Qiy

ﬁ pnl —1))'3"‘ ma (pup) I
1) +pi)*2 mo (pep — (@i + -+ a;,)) ) ma(psp)

Let us also note that by (B3] there exists a constant Ay satisfying

ma (pnp) < Aqﬁ +"'+q77j (p!'ip)!s2
_ . . . — 72 _ . . . |s2
ma (pep — (¢, + -+ @) (pep — (25, + -+ a;,))!
< ApP (pp)!*2

(e (0= 3)+ (P — @iy) + -+ (Pr — @;;))1*>
After applying a notation

1 for iy = Kk
Qg = .
Pe —pi, forig <k
with s =1, 2, ..., j, we receive
(psp)!*?
(e (0= 3) + (s — i) + -+ + (P — ai,))!*2

pnp"“ : 1
lszHH a1+ +a51+0—)2'

s=1lo=1

~ (ps (
At the same time we also have

J

pﬁl_l !
Hpnl—l +p )2 H

521 s=1lo=
7 DPig ;
1 1
< = )
> 51;[10:1 (pN(S - 1) + 0—) Sa (p j)'sz 81;[1 s
where
B = ! for iy =k
s = Hgsl(pﬁ(s—l)_i_pis_’_o_)sz for Z's<,‘<;.

Using both properties listed above, we arrive at

ﬁ (p(ls — 1))!% ms (Pxp)

(Pels = 1) + i) ma (pep — (4 + -+ 3,))

s=1

(pep)t*2 A5 ﬁ B ﬁ 1
T (e (=) (i)l 1A T A (o +0)7
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For is = k inequality

1 1
BSlI 53 - < 1.
021(061+...+045—1+U)2 (o1 + ... +as_1+1)%

holds. For iy, < k we have

5] ! _f eelsm Dt o)
8 (1 +...+as 1 +0)™ dhle e +0)%

o=1
:ﬁ(Oll+...+asfl+pﬁ(8—1)+pis+U—a1—...—a571)52
(Oél+~-~+06571+0)52 ’
Hence
B la—[ 1 :ﬁ<1+p,§(5—1)—|—pis—al—...—as_l)sz
Sa:1 (oz1+...—|—Ozs—1+U)S2 i ar+...+ag_1+0
Qg s
< (1+IE) T < (14 py) PR
s
o=1

Using the estimations above, we finally arrive at

ﬁ (pr(ls — 1)1%2 my (prp)
(pe(ls = 1) +pi)1*2 mo (pep — (05, + -+ a1,))

s=1

s2 J
< pAp<p [ PrP ” 1 s2(pr—piy)
< A} T +pe) :

PrJ s=1
and so
p .
Blah) < {1430 > > > AR
J=1 1<l <o < <L EPp (i1,004,85) €KY Qiy €Qiys-o10i; EQi
. . 1 +p KT Pig = S
pei) " ms(Psp)
p .
e SR S S S

J=1 1S <lp < <SP (i1,..0,55) €K iy €Qiy 5e1i; €Qiy

. 952PxP (1 + pK)S’z(Pnj*Pn = =pij) ) |Z‘p <
m2(pfip) o

< (pm g (s Y
—= K
Ly |
DD > > op)
. . . : K.
J=L1Sh <Up < <UGEP (1,008 ) EKT qig €Qiy 530 ; €EQiy
All that remains is to find an upper bound for

1+Zp: > > > 1.

J=1 1Sl <la < <SP (i1,00485) €K qig €Qiy 50455 €EQij
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To this end first let us notice that || < k7 and |Q;| < p,, for every i € K’. Thus
we conclude that

4y Y X S

J=11Sh <la <+ <UG<p (G108 ) €K qig €Quy 500,05 €Qu
p
p . .
<1+ Z (j>njp{€ =1+ ’ipn)p-
j=1

From the last inequality it follows that
P 2P

P 2 S (pSQZD»;Ap~2S2PK 1_|_p 32(;0;@—1) 1_|_K:p ) .
(D) < (s a2 (14 )0 (1 p)) L

It is now possible to conduct the proof of Theorem [5.7

Proor or THEOREM .7 Using previously proven lemmas we arrive at

n+ Iip) b |z|P

6n
H k ma (pmp)

m

1,twp(ta Z)Hf < B/pCKnJerml(n + #p)T <1 +
for every p € Ny, n € Ny, 7 = |z|. Hence,

S0, wnt ), < CEMmir (14 7) 30 B R
p=>0 p>0

o+ )T (14 2552
my(n)I (1 + %) ma(pep)

FP|z|P.

To find a boundary for
mi(n+ kp)l (1 4 2EE2)
mi(n)L (L + ) ma(pep)

let us note that
mi(n + kp)D (1 4 2222) (n + kp)! 5" _ <n+ﬁp) e

52 $2Pr  — n

mi(n)L (L4 ) ma(pep)  n!7%° (kp)! ™5
Hence, there exists a constant A > 0 satisfying

mi(n+ kp)T (1 + %)

5.12 < Antrp,
(5:12) mi(n)T (14 %) ma(pep) ~
Thus,
n n An n 117K AR p
(5.13) pzz% Hamlytwp(t,z)H; < CK"A"my(n)T (1 + E) pzz;) (B K"A F|z|) .

Let us take p = min {T, (B'K"A”F)_l}. Then for every z € D, the last sum on

the right-hand side of (5.13)) is finite. Moreover, there exists a constant L > 0 such
that )

Z (B’K”A”F|z|) < L for |z] < p.

p=>0
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Hence, we receive

S o, cwp(t,2)|. < CLE™ Ammy(n)T (1 n %) for z € D,, |2| = F.

p=>0

If we now put C = CL and K = KA then for every n € Ny it follows that
(5.14) |05, jw(t,2)|. < CE™mi(n)T (1 + %) for z € D,, |2| = 7.

To conclude the proof of Theorem [B7] it remains to show that w(t,z) is the
k-sum of w(t, z) in direction d. To this end let us fix a kernel function e(z) of order
k and its corresponding moment function me(u). Seeing as for any p > 0 we have
wy(t,2) = Le.gBm. 10yt 2), we conclude that w(t,z) = > p>0 Le aBum, 1i0p(t, 2).
From (5.I4), for n = 0, it follows that w(t, 2) is holomorphic for ¢t € G and z € D,,.
Moreover, the limit limgs¢o )y, sw(t, 2) exists for every z € D, so a Taylor
series at tg = 0 exists for w(t, z) for every such z. As reference, see for example,
[2] or [I2]. Using this observation, Definitions B8 and B2] and Theorem 4], we
further conclude that B qw(t,z) € O(G x D,) and it moreover is of exponential
growth no greater than k on G (see Theorem B.9]). Furthermore, from (5.14) and
the previous observations about individual w,(t, z)’s we conclude that Bmc’tﬁ)p(t, z)
are uniformly convergent power series for all p > 0. Hence, we may write

Beqw(t,z) = Be g Z LeaBm, 1yt 2) = Be.gLle Z B, 10 (t, 2) = By, 0(t, 2).
p=>0 p>0

Seeing as w(t, z) is of exponential growth no greater than k, we conclude that w(t, z)
is k-summable in direction d with w(t, z) being its k-sum. k-summability of 4 (¢, z)
follows from the fact that
pr—1
u(t,z) = Z Un (t)2" + 0,00, (1, 2).
n=0
O

It is easy to prove the converse theorem as well, which leads to the main result
of this paper. It is an analogue of the results presented in [2] and [13] for standard
partial differential equations. A more general case is touched on in [7].

THEOREM 5.10. Let us consider equation (B0 with all previous assumptions.
Then the following conditions are equivalent:
(1) f(t,2) € E[[t]] and u,(t) € C[[t] for 0 < n < px — 1 are k-summable in
direction d € R.
(2) The formal solution u(t, z) € E[[t]] of &3] is k-summable in direction d
and its k-sum u(t, z) is an analytic solution of [5.5) with f(t,z) substituted
with its k-sum f(t,z).

PrOOF. Implication () = (] is obvious.
The second implication for the most part has been proven with Theorem [B.7
To conclude the proof, let us consider a mapping

t = u(t, 2) ZZalq 2)0, 08 u(t,z) — f(t,2).

1€ q=0
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The asymptotic expansion of such a mapping in a sectorial region G = G4(a),
where o > 7, is given by a null series. From Watson’s Lemma it follows that this
mapping has to be constant and equal to 0. (Il

6. Possible generalizations and open problems

As seen in [6] and [7], the problem described in this paper can be further gener-
alized to include a broader scope of differential operators. To this end it suffices to
utilize the theory of strongly regular sequences. In this case some results demand
the additional assumptions about the m-differential operator and its inverse.

As for now, it remains to be seen whether the results from [I3] for linear
integro-differential equations with coefficients dependent on both ¢ and z variables
can be extended to similar moment differential equations. The main issue is the
fact that we don’t have an analogue of the Leibniz product rule for moment dif-
ferential operators. Because of this fact the reasoning from [I3] cannot be directly
generalized.

Many other problems concerning moment differential equations still remain
open. It is as of yet unknown, whether the classical results concerning multisumma-
bility seen for example in [10] and [17] can be further generalized. We similarly lack
results in regards to behavior of solutions of nonlinear moment partial differential
equations.
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Uniqueness of the solution of some nonlinear singular partial
differential equations of the second order

Hidetoshi Tahara

ABSTRACT. In this paper, we consider a nonlinear singular second order partial
differential equation of the form

(30 = (n {050) (52) o)

in the complex domain. If F'(¢,z, 2) (with 2 = {2j a }i4|a|<2,i<2) is a holomor-
phic function satisfying F'(0,x,0) = 0 and (0F/0z;,4)(0,z,0) =0 (if || > 0),
then this equation is called a nonlinear Fuchsian type partial differential equa-
tion in ¢. Under a very weak assumption, we show the uniqueness of the
solution. The result is applied to the problem of analytic continuation of local
holomorphic solutions of this equation.

1. Introduction

To study the uniqueness of the solution is one of the most fundamental problems
in the theory of partial differential equations. In this paper, we consider the case
of nonlinear singular partial differential equations (L)) given below.

Let m € N* (={1,2,...}). Let (¢t,z) = (t,z1,...,2,) € Ct x C¥ be a complex
variable and let z = {zi o }it|a|<m,icm € C™ be also a complex variable, where
we used the notations: ¢ € N (= {0,1,2,...}), @ = (aq,...,ap) € N, |a| =
o1+ -+ ay, and N = #{(i,a) € NxN"; i+ |a|] < m,i < m}. We write
(0/0x)* = (8/0x1)** - -+ (0/Oxy)*™.

Let F(t,z,z) be a function in a neighborhood A of the origin of C; x C? x C¥ .
Set Ag = AN{t =0,z = 0}. In this paper, we consider a nonlinear singular partial
differential equation

() (13" = 2 { () (32) i)

(in the germ sense at (0,0) € C; x CI') under the following assumptions:
Ay) F(t,z,z) is a holomorphic function in A.
Ag) F(O,x,O) =0in Ao.
A3) (0F/0%4)(0,2,0) =0 in Ay, if |a] > 0.

2020 Mathematics Subject Classification. Primary 35A02; Secondary 35G20, 35B60.
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Then, (1)) is called a nonlinear Fuchsian type partial differential equation with
respect to t, and the roots Aj(x), ..., Ay (x) of

A" =3 (OF/92i0)(0,2,0)0X" =0
i<m
are called the characteristic exponents of (LI]).

Equations of this type were first studied by Gérard-Tahara [3[4], and then by
Tahara-Yamazawa [7]. The most fundamental result on (L) is:

THEOREM 1 (Gérard-Tahara [3]). Suppose that A\;(0) & N* holds for i = 1,
.., m. Then, the equation (L)) has a unique holomorphic solution ug(t,z) in a

neighborhood of (0,0) € C; x C? satisfying ug(0,x) = 0.

In this paper, we consider the uniqueness of the solution of (I under the
assumption

(1.2) ReMi(0) <0, i=1,...,m.

We denote by R(C; \ {0}) the universal covering space of C;\ {0}. For a nonempty
open interval I = (61, 63) and r > 0 we write S; = {t € R(C\{0}); 61 < argt < 62}
and Sy(r) = {t € Sr; 0 < |t| < r}. For R > 0 we write D = {x € C"; |z| < R},
where |z| = maxi<j<p |z;].

We know:

(1) (Gérard-Tahara [3]). If ([L2) is satisfied, and if u(t,z) is a holomorphic
solution of (II)) on S;(ro) x Dg, (for some nonempty open interval I, ro > 0 and
Ry > 0) satisfying

(1.3) sup |u(t,z)|=O(|t|*) (as Syt —0)

z€DR,

for some a > 0, we have u(t,z) = ug(t,z) on S;(r) x Dg for some r > 0 and R > 0.
(2) In Tahara [5], this condition (I3]) was weakened to the following one: there
is an € > 0 such that

1
sup |u(t,z)|=0—= as Syt —0).
w2, M (IlogtF) (o 51 )

(3) After that, the author has been trying to prove the following conjecture as
a working hypothesis.

CONJECTURE. Suppose ([L2). If u(t,z) is a holomorphic solution of (L)) on
S1(ro) X Dg, (for some nonempty open interval I, ro >0 and Ry > 0) satisfying

sup |u(t,z)|=o0(1) (as Sy>t—0),
z€DRg,

we have u(t,x) = ug(t,z) on Si(r) x Dg for some r >0 and R > 0.

The purpose of this paper is to show that the above conjecture is true in the
case m = 2. The case m = 1 has already been proved in Tahara [6] by a method
similar to the Cauchy’s characteristics method. In this paper, we will modify its
argument so that it works also in the case m = 2. Since the argument here works
only in the case m = 2, the above conjecture is still open in the case m > 3.



UNIQUENESS OF THE SOLUTION OF NONLINEAR SINGULAR PDES 195

2. Main result

From now, we consider the case m = 2. Our equation is

(2.1) (t%)zu ~ F(ta, {(t%)i(%)au}ma&m).

Let A1(x), A2(x) be the characteristic exponents of ([27I)). We suppose the conditions
Al), AQ), Ag) and

(2.2) ReX;(0) <0, i=1,2.
The following result is the main theorem of this paper.
THEOREM 2. Let u(t,z) be a holomorphic solution of 21 on Sr(ro) X Dg,

for some nonempty open interval I, ro > 0 and Ry > 0. If u(t,z) satisfies

=— [ 1
23 i, (g, )] = o

we have u(t,x) = ug(t,x) on Sr(o) x Ds for some o > 0 and § > 0, where uy(t, )
is the unique holomorphic solution in Theorem [II

If

(2.4) sup |u(t,z)| =o0(1), (asSr>t—0)
x€DR

holds for some R > 0 we have (23], and so we have

COROLLARY 1. Ifu(t,x) satisfies [24]), we have u(t,z) = ug(t,z) on S;(c)xDs
for some o >0 and § > 0.

This proves the conjecture posed in §Ilin the case m = 2.

REMARK. (1) If Re A1(0) > 0 or Re A2(0) > 0 holds, we have many solu-
tions satisfying (24]) and so the uniqueness of the solution is not valid. See [3L[7].

(2) In the case ReA1(0) = 0 or ReA2(0) = 0, we have the following counter
example: the equation

0\2 0 ou\2 0*u\2
(rg0) v=—Cg)r (52) +(5)
has a trivial solution u(¢,z) = 0 and a nontrivial solution
2
u(t, z)

-
~ 4logt
which satisfies (24). In this case, the characteristic exponents are 0 and —1.
(3) The following example shows that the condition (Z3]) will be reasonable:

the equation ,
2 2
(1) =3t g)u 20+ (533)

has a trivial solution u(¢,z) = 0 and a nontrivial solution u = z*/72. We note that
for u = 2* /72 we have

— [ 1 1
i (g s, 1) = 25

In this case, the characteristic exponents are —1 and —2.
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3. Some preparatory discussion

Before the proof of Theorem [2] let us present some preparatory discussion. Let
u(t,r) be a holomorphic solution of (ZI)) on S;(og) x Dg; (for some nonempty
open interval I, of > 0 and R§ > 0) satisfying the condition ([2.3). For simplicity,
we set

A={(i,a) e NxN"; i+ |a| <2,i<2},
N = #A (the cardinal of A),
z=A{zia},0)en and 2" ={20a}ja|=2
For v = {v; o }(i,a)en € NV we write
lv| = Z Vi, 2= H (zi,0)70.
(i, a)EA (i, a)EA

Suppose the conditions A1), As), As): then F(¢,x, 2) is a holomorphic function in
a neighborhood of the origin of C; x C? x CY¥ having the expansion of the form

F(t,z,z) = a(x)t + B (x)z0.0 + 51 (x) 210 + R(t, z, 2)
with

R(t,x,z) = Z W;V(x)tiz”.

i+|v|>2

STEP 1. We set w(t, z) = u(t, z) — ug(t, z). Then, we have

1
1 |: i (_ ) )i| =Y
(31 AL (R g, oy, o)) = 0

and w(t, z) is a holomorphic solution of the equation

2 (1) o =10 { (1) (5) )

on Sr(og) x Dgy, where
H(t,x,z) :F(t,x,z + {Uo i a(t 1’)}(z O()EA)
— F(t, 2, {uoia(t, )} a)er)

under the notation ug ; o (¢, z) = (t0/0t)"(0/0x)uo(t,x) ((i,a) € A). It is easy to
see that H(¢,x,z) can be expressed in the form

H(t,z, z) =65(x)z00 + 87 (z)21,0 + t Z ot 2, 2) 200
(i,a)EA
+ Z b o (7, 2)2i 0 + Z ")20,020,8
(i,a)€A,|a|<1 la|=|8]=2

for some holomorphic functions 5} (x) (i = 0,1), a} ,(t, %, 2) ((i,a) € A), b} ,(z,2)
((i,a) € A, |a] < 1), and ¢}, 5(z,2") (la] = | | = ) in a common neighborhood of
(0,0,0) € C; x Cp x CY satisfying b ,(x,0) = 0 ((i,) € A, |a| < 1). In addition,
we see that the roots of A2 — 35 (x)\ — BO( ) = 0 are just the same as A;(x), A2 ().

From now, we consider the equation ([32). Our purpose is to show that
w(t,z) = 0 holds on Sr(o) x Ds for some o > 0 and 6 > 0.
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STEP 2. We set ©g = 1 and
0
0, = (t& - /\1(0)>,

o 0
0, = (t& - /\2(O)> (% - Al(O)).
We write Dw = {D; qw} (i a)er and D'w = { Do qw}|q|=2 With

D, qw = @i(%)aw, (i,a) € A.

Then, ([B2]) is expressed in the form

o\«
(33) Ow = ﬂo(x)w =+ [31 (x)@lw +1 (Z)EA ai,a(ta z, Dw)gl (%) w

+ Z bi,a(:b,Dw)@i(a%)aw

(i,0) €A, | <1

3 casmrw)(g) ] < (7))

lor|=]8]=2

for some holomorphic functions 5;(x) (¢ = 0,1), a;.o(t,x,2) ((i,a) € A), bio(x,2)
((i,) € A, |a] < 1) and cqp(x,2") (Ja| = || = 2) in a common neighborhood
of (0,0,0) € C; x C? x CY satisfying $;(0) = 0 (i = 0,1) and b; o(z,0) = 0
((1,0) € A, o] <1).

STEP 3. By a rotation, we may suppose that 0 € I holds: then we have
(0,05) C Si(0f). From now, we consider the equation (3.3]) only on (0,05) x Dg:.
By 31) and Nagumo type lemma in a sector (for example, see Lemma 4.2 in [1])
we have the condition

(t%)iw(t,x)’ﬂ —0, i=0,1,2.

For a formal power series f(t,z) = 37,5 fa(t)z® in z with coefficients in
C°((0,7)) we write

(34) RILH}FO |:o'li>n-ﬁl-0 (ﬁ (0,(sr]u><pDR

1@l = 3 Uall 2o

|
lee|>0
(which is a formal power series in p with coefficients in C°((0,T))). When || f(t)]|,
converges, we regard it as a function in (¢, p). We can easily see:
1F@g®ll, < NF@pllg@)llo,
10/0x;)f ), < O/Op)fD)lp, F=1,...,n.

where 37,5 aip’ < ;50 bip’ means that |a;| < b; holds for all i > 0. For a
holomorphic function f(t,z,2) =3, |,50 fiv(2)t'z" we write

£t 2) = D Nfiwllot'z".

i+]v|>0

By (B4) we have
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LEMMA 1. Under the above situation, for i = 0,1,2 we have

(3.5) lim (( sup H(t%)iw(t)’

o—=+0 \(0,6]x[0,R]

) = o(RY) (as R —s +0).

STEP 4. Set J = {(i,7) € N?; i+ j < 2,i < 2}: actually, we have

J ={(0,0),(1,0),(0,1),(1,1),(0,2)}.
For (i,7) € J we set

t r\—ReA(0) dr
snatto) = [(5) Il
0 T

t
t 7\ —ReAa(0) dr
ouotto) = [ (F) lewur,

0

¢0,1(ta p) = 8_p¢0,0(t5 P)7
0

b1,1(t,p) = a—p(bl,o(t,f)%

0 0\2
$o,2(t,p) = a—p(bo,l(t,l)) = (B_p) ¢0,0(t, p).

By making 0§ > 0 and R§ > 0 smaller if necessary, we may suppose that ¢; ;(¢, p)
((i,7) € J) are convergent on (0,04] x [0, Rj]. By (B3] we have

LEMMA 2. (1) For any (3,j) € J we have

lim sup @i ;(t, p = o(R*J as R — +40).
Jim, (s 9ui(t.p)) = o(R) )

(2) For any e > 0 we can find 0 > 0 and R > 0 such that |¢; ;(t, p)| < € holds
on (0,0] x [0, R] for any (i,5) € J.

STEP 5. By (2.2) we can take an i > 0 such that
ReX;(0) < —2h, i=1,2.

LEMMA 3. (1) For any (i,o) € A we have

1Dsaw®ll, = 01 (52) 0 )| < busatsr) o0 0,031

(2) We set @ = (¢;1a((t,p); (i,) € A) and " = (o ja|(t, p); |a] = 2): we
have

0

(t& + 2h) Bo,0(t, p) < d1,0(t, p),

0
(t& + 2h) ¢1,0(t7 p)
< Bollooo(t: p) + 1B1llpd10(t p) +t Y laiallp(t, @) 1 (£ p)

(i,a)EA
+ Y biallo(®)dija o)+ D Hlcasllo(®)(do2(tp)
(t,a) €A, || <1 la|=[B]=2

on (0,03].
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3) By taking Ry > 0 a smaller one if necessary, we may assume that ||;
- (3) By g Bj >« ssary, y P
(7’ =0, 1)7 ||ai,a||P(tvz) ((Zva) € A)7 ”bi,a”p(z) ((Zaa) €A, |O‘| < 1) and HCQ,BHP('Z/)
are convergent on (0,08] x [0, R§] x Dy, (where Dy, = {z € CV; |2; 4| < L ((i,a) €
M)}) for some L > 0. In addition, we have

||51||P < Hlp on [0’ Ré]ﬂ 1= 07 13

1bi,allp(2) < Bialz| on[0,R5] x D, (i,a) € A, |a| <1

for some constants H; > 0 (i = 0,1) and B; o > 0 ((i,a) € A,|a| < 1), where
2] = Z(i7a)e,/\ |2i,al-
(4) For any (i,a) € A with |a| <1 we have
9|bi,allp(®)

lim su ———— ) =0o(R as R — +0).
o—+0 ((070] XI[)O,R] 8p ) ( ) ( )

PROOF. Let us show (1). Since
0
(t— - /\i+1(0))®iw = (0 w)(t,x), i=0,1
ot
hold, by integrating this we have

t N\ —Ai1(0) dr
ot = [ (5) @) T
0 T

and so by taking the norm
t —ReXi11(0) d

T +1 T )
e, < [ (5) 1©:1w()l, - = dioltp), i=0,1.
0 T

Hence, for any (i,) € A we have
O\ 0\ el 0\ e
loi(5z) v, < (5,) Mm@l < (5,) 6iolt.p) = dusat: )
Let us show (2). We have
0 0
(ta + 2h) bo,0(t, p) < (fg + Re )\1(0))%,0(157 p)
= [©1w(7)ll, < ¢1,0(t,p) on (0,0].
This proves the first inequality of (2). Since
0 0
(t5; +2h)dro(t.p) < (t5; +ReXa(0) ) dr.o(t,p) = [|©20(7)]
by applying [B.3) and by using (1) we can easily see the second inequality of (2).
The condition (3) is clear. Since [|bj.o[|,(®) < Bja|®| ((4, ) € A) hold, by (1) of
Lemma 2 we have

lim sup bi oll,(®)) = o(R? as R — +0).
Jimg, (| su  [ial(®) = o) )

This leads us to the condition (4). O
STEP 6. Let €90 > 0,e10=1, €01 >0,€1,1 >0and 0 <k <1. We set
q(t, p) =€0,000,0(t; p) + d1,0(t, p) + " ¢0,2(t, p)
+e0100.1(t,p) +e1,1011(t p) + (do2(t, p))>/>.
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LEMMA 4. We have the following inequality:
0 0
3.6 t— +2h)qg < A(t B(t,p)=—
(36) (15 +20)a < AC.p)a+ Bt o
on (0,04] x [0, R§], where

1
Alt.p) = 00 + (= l15oll, + 131l,)

o2

X tlaiallp(t, @)+ D 7 lao,all,(t, )

(i,a)en,jal<1 bl lal=2
1
+ > = % llbiallp(®) + > llcasllo (@) (go2)'?
(ia)eh Jaj<1 “Bled lal=18]=2
€0,1 (Laﬂﬂoﬂp 3||61||p)
+H+51,1 e €00 Op dp

€ 8a,a t,®
pen (Ul 181y 5 Dlsallat,9)
0,1

€ g 0
L1 7 Gayen faj<t “hlel p

Ilao.all,(t, P 8 bi o
teis Z lr llao,all,( )+ Z €1,1 1630l (®)

lal=2 Op (i,0) €N, |a|<1 5“‘1' Op
0||cq, P’
ten Z I 7SHP( )(¢0,2)1/27
ol =[8l=2 P

K

t €1,1
B(tap) =—+ Z P X1 Hai,lXHP(ta (b)

&
LI G ayenlaj<t “Hle

r €1,1
e O P aoal, (@) + D = X [biallo(®)

= (Lo)enlaj<t hle
de1 / 1/2 3 1/2
+5" > leaslo(@) (o) + 5o (Po2) 7.
jal=15]=2 b
PROOF. By the definition of ¢(t, p) we have
1 .
(37) 6 < —aq (7=0.1), do2<q”?, 602 <q
ZJ

on (0,08] x [0, R§]. Since

0 0 0
G_pq 0,0 8_p¢070 + 8—p¢1,0 + t”8—p¢072
0
+¢€o0,1 a—p¢0,1 + e, 15, <Z51 1+ - (¢o 2)1/2—050 2
we have also
0 1 0 ..
a_qsi,j < — 5.9 (%J = 07 1)7
p €z‘j dp
(3:8) 2 0 . 0 0
(¢0,2) /2—%2 < 38pq’ ¢02 < 8—pq

on (0,08] x [0, R§]. By using these inequality, let us do a calculation.
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1) About €g,0¢0,0(t, p), by (2) of Lemma [l and (B.7) we have

0
(ta + 2h) (€0,000,0) < €0,001,0 < €0,04-
2) About ¢1 9, by (2) of Lemma Bl and (B17) we have

(t% + 2h) d10

< Bollpdo.o + 1Billpdro +t D laialo(t, )i

(i,a)EA
+ Y bialp(®bijar+ D leasllo(@)(02)

(ia)eh,|a|<1 lee|=B]=2

< (o 1ol + 1811, )
2

tlaiallo(t, ®) g+ > llaoally(t )

(ia)en,lal<1 ~olel lal=2
+ ) Biall, (@) g+ Y lcasllo(@)(bo2)"?q.
(i,0)em Jal<1 Fhle la|=]B|=2

3) Let us consider "¢ 2(t, p). Since (9/0p)p11 < (1/€1,1)(0/0p)q holds, we
have

(t% +2h)¢0,2 = (%) (fg +2h)¢00 < ( ) $1,0 = ap¢1,1 < %gpq

and so
K

P i "y i "o
(t§ +2h)t Bo2 =1t (t& +2h)¢o,2+m G02 < goat e

4) About €0.1¢0,1(t, p), we have

0

(tg +2h) (€0,100,1) = 50138 ( ot

5 +2h)¢00

€0,1
< gg,1 8—p¢1,0 =¢0,1011 < s

)

5) About €1.1¢1,1(, p), by (2) of Lemma Bl we have

(t% + 2h) (e11011) = €1 188 ( gt + 2h)¢1 0

<erip [||/so|p¢oo+||m||p¢1o+t S lNasallo(t )i

(i,a)EA

FY bl @b+ Y |ca,5||p<<1>'><¢o,2>2]

(i,a)EA,|a|<1 loe|=18]=2
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By calculating the right side of the above formula and then by using ([3.7) and (3.8)
we have

@%+&@@M¢g

1 0 0
< 5171(_ 180l n ||51||p)q+€171(\|/30“p n ||51||p)q
€00 Op Op €1 €11

" Z €1,1 <t a”az a” (t (I))

E,
(ia)en aj<1 ol

€ 0
+ ) . t\laz‘,allp(t,@)a—pq

(ia)€eh,fal<1 - ol

ke 0||ao,alp(t, @ ke 0
peart 3 A0l oo 5 ot 2) g

|| =2 |a|=2
g 0 bia (0] (9
ooy o Ael®, s < bl (@) 5
_ €i)al dp , Eilal o’
(i, @) €A, |a|<1 (i, @) €A, |a|<1
Ica,pllp(®") 1/2
ten Y 8—p(¢0,2) q
lal=]8]|=2
4e 0
+ == Y llcapllo(®)(02)?5q.
3 dp
la|=|8]=2
6) Let us consider (¢g2)%/2. Since
0 9/, 0 1 0
(ta+2h)¢02 ( at-i-2h)<2501<<—<l511_aa—pq

we have
0
(t5; +2h) (902)? = 2<¢o,2>1/2t—¢02+2h<¢oz>3/2
3
< —
-2

0 0
1/2 (t— 2h) 129
(¢o,1) 5 T2h) P02 = 25171 -—(d0,2) 25!
7) Thus, by taking the summation from 1) to 6) we have the result (3:6). O
STEP 7. Let us estimate A(t, p) and B(¢,p). We have

LEMMA 5. By taking cgo > 0, 91 > 0, €11 >0, 0 < kK < 1/2, 09 > 0 and
Ry > 0 suitably, we have
(3.9) A(t,p) < h,
(3.10) B(t, p) < Cit" + Caq + C3¢*/® + Cyq*/?
on (0,00] x [0, Ro] for some C; >0 (i = 1,2,3,4).

PROOF. 1) First, we take €90 so that 0 < ego < h/4.

2) Since e is a fixed constant, by taking €11 > 0 sufficiently small we have
the condition

. (La\lﬁo\lp 1Bl
b €00 Op dp

)g% on (0, 03] x [0, 2.

3) Thirdly, we take x > 0 and €g1 > 0 so that kK +¢¢1/e11 < h/4.
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4) Now, € o] > 0 ((i,a) € A, |a] < 1) are fixed. Since |3, < Hip (i = 0,1)
and ||b;o|l,(®) < Bio|®| ((i,a) € A, |a] < 1) are known (by (3) of Lemma ), by
the conditions (2) of Lemma [2land (4) of Lemma Bl we can take op > 0 and Ry > 0
suitably sufficiently small so that the condition (B3 is valid on (0, o¢] x [0, Ro].

5) Since 0 < k < 1/2 is supposed, we have t = O(t*) and t!=* = O(¢"). Hence,
by the condition ||b; o||,(®) < B; o|®| we have

B(t,p) < K1t" + K»|®| + K5(¢o,2)"/?
for some K; > 0 (i = 1,2,3). By applying (37) to this estimate we have the

condition (BI0). O
4. Proof of Theorem 2
In order to prove Theorem [Z it is enough to show

PROPOSITION 1. Under the situation in section Bl there are o > 0 and § > 0
such that q(t, p) = 0 holds on (0,0] x [0,9).

PROOF. Let us show this, step by step.
STEP 1. By Lemmas (] and [l we have

(4.1) (t% +h)q < B(Lp)a%q,
(4.2) B(t, p) < O1t" + Oaq + C3¢*/% + Cuq'/?
on (0,00] x [0, Rg]. For 0 > 0 and R > 0 we set

re ol a(t, p).

By (1) of Lemma 2l and the definition of (¢, p) we have
lim r = o(R?®) (as R — 40).

o—+0
This shows
LEMMA 6. By taking o > 0 and R > 0 sufficiently small, we have the condition
%U” + %7‘ + 32—%7"2/3 + 3}%1"1/3 < g on (0,0] x [0, R].

STEP 2. Let ¢ > 0 and R > 0 be as in Lemma [6l Take any ¢y, € (0,0] and
¢ € (0, R); for a while we fix them.

Let us consider the equation
(2—? = —B(?p)> p(to) = ¢
in the region (0, to] x (0, R). Since B(t, p)/t is a continuous function on (0, tg] x (0, R)
we have a local solution (not necessarily unique). We take a maximally extended
solution p(t) and we denote by (t¢,?o] the interval of existence of this maximally
extended solution. Set

(4.3)

q"(t) = q(t,p(t), te <t <to.

LEMMA 7. Under the above situation, we have the following inequality for any
(t1,7) satisfying te <t1 <1 <tp:

(14) @< () ).
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Proor. By (1) we have

(t% + h)q*(t) - (t% + h)q(t,p)’p:p(t) + g_z(t’ p(t)) x td’(;(tt)
< [B(t,p)g—z + g—Z(—B(t,p))} ‘p:p(t) =0,

that is,

d .
(% +R)g" (1) 0 on (te,to].

Since this is equivalent to

d
E(thq*(t)) <0 on (t,to],

by integrating this from #; to 7 we have 7"¢*(7) < t;"¢*(t1). This proves @&4). O
STEP 3. By ([£2) and Lemma[7 we have

LEMMA 8. Under the above situation, we have the following inequalities for any
t1 satisfying te < t1 < to:
C Cs 3Cs 4 3Cy
4.5 <p(t) < E+ —(to" — ") + —2r + ==2p2/3 4 213,
(4.5) ffﬂ(l)ff‘km(o 1)+h7"+2h7" T

PROOF. Let te < t1 < tg. By ([@3) we have

pt) =€+ [ Blram) T

t1 T

Since B(t, p) > 0 we have p(t1) > €. Since (7, p(7)) = ¢*(7), by [@2) and (L) we
have

B(r, p(7))
K * * 2/3 * 1/3
< C17" + O™ (1) + C3(q"(1))*° + Calq* (7))
t1\" t1\2h/3 £\ h/3
S ClTK—FOQ(—l) q*(tl) +03(—1) q*(t1)2/3—|—04(—1) q*(t1)1/3
T T T
. ti\ P t1 2h/3 2/3 th h/3 1/3
< ClT +CQ(?) 7"+CS(?) r +C4(?> r

for t;1 < 7 < tp, and so
(4.6) p(t1) <&+ /tlto (ClTH + Cz(t?l)h’r‘
+Cy (%)2h/3r2/3 +Cy (%)h/srl/i‘") ar

-
/to(t1)ad7_1(1 t1a><1
o \NT/ T Ca o/ T a

holds for any a > 0, by applying this to (£6]) we have (LI). a

Since

COROLLARY 2. If & € (0, R/2) we have t¢ = 0.
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PrROOF. Let £ € (0,R/2). Let us show that the condition ¢¢ > 0 leads us to a
contradiction.

Suppose that t¢ > 0 holds. Then, by Lemmas 6 and 8 we have

0<&<p(t) §€+%U“+%r+%r2/3+%rl/3zlﬁ <R

for any ¢, satisfying t¢ < t; < to. Since K = {p € (0,R); £ < p < Ry} is a compact
subset of (0, R) and since p(t1) € K holds for any ¢, € (t¢, to], by a general theory of
ordinary differential equations (for example, by Theorem 4.1 in [2]) we can extend
p(t) to (te — 0,to] for some & > 0. This contradicts the assumption that (¢, to] is
the interval of existence of a maximally extended solution p(t). ]

STEP 4. Since t¢ = 0, by (4] with 7 =ty we have
0 <¢"(to) < (t—l)hq*(h) < (t—l)hr
to to
for any 0 < t; < tg. Since r > 0 is independent of ¢1, by letting t; — 0 we have
q*(to) = 0. Since ¢*(to) = q(to,§) we have q(to,p) = 0 for any p € (0, R/2). By
the continuity we have ¢(tg,p) = 0 for any p € [0, R/2). Since ty € (0,0] is taken
arbitrarily we have ¢(t,p) = 0 on (0,0] x [0, R/2).
This completes the proof of Proposition [I} O

5. Application
As an application of Theorem 2] we have

THEOREM 3 (Analytic continuation). Let u(t,z) be a holomorphic solution of
@) on Si(ro) x Dr, for some nonempty open interval I, ro > 0 and Ry > 0. If
u(t, x) satisfies 23), u(t, z) can be continued holomorphically up to a neighborhood
of (0,0) € C; x CI.
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Solution with movable singular points of some Hamiltonian
system

Masafumi Yoshino

ABSTRACT. This paper studies the movable singular points of a solution of the
Hamiltonian system with the Hamiltonian H := Hy + H;. Here Hp is inte-
grable and the Hamiltonian system of Hp has a singular solution v, while H;
is a perturbation. A singular solution for H is given as F'(v) for some trans-
formation F' being defined in the domain of the phase space which contains
the orbit of v tending to the infinity. The map F' is given by the homology
equation via the global Borel summability.

1. Introduction

Let (g2, p2) be the variable in C2. Let Hy be a polynomial of go and ps. Let
H; be an entire function of g and ps analytic in ¢g; in the domain U; C C. Define
H := Ho(q2,p2) + H1(q1, g2, p2). Consider the Hamiltonian system
o dp _OH dp __OH

' dgn Op2’ dgi Og2
By the movable singular point of ([II]) we mean the singular point of a solution of
the initial value problem of (ILI)) which does not appear in (1) and that depends
on an initial value. (cf. [FH]). This paper studies the movable singular points of a
solution of (I.I)).

Assume that the Hamiltonian system for Hj has a solution v with a movable
singular point. To construct a singular solution of (III) we transform the Hamilton-
ian vector field of Hy to that of H. The transformation is given by the first order
system of partial differential equations, a homology equation. We construct the
transformation as a formal power series in a certain variable. Then, by taking the
global Borel sum, we obtain a diffeomorphism on some domain of the phase space
containing the orbit of v about the singular point. (cf. [KT] for a Painlevé equa-
tion). The transformation is closely related with the symplectic transformation.

(cf. Remark B.7).
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This paper is organized as follows. In §2] we state the main result. In §3] we
show the solvability of the homology equation via the global Borel summability. In
4] we consider the reduced Hamiltonian system. In §8] we prove the main theorem.
In 6 we give examples related to the generalized Emden-Fowler equation. In 1l we
show the solvability of the reduced homology equation via the Borel summability.
In the appendix we state the properties of the global Borel summability of a formal
series solution of the reduced system of the homology equation in the domain of a
phase space.

2. Statement of result

Let (g,p) be the variable in C*". Set ¢ = (q1,...,qn) and p = (q1,...,pn). Let
H = H(q,p) be an entire function of ¢ and p. Consider the Hamiltonian system
de - oOH dpj OH

2.1 —t = = = —— ) =1,2,...,n.
(2.1) dz dp;’ dz dgq;’ J Sl

Let a function F' be given. Define the Hamiltonian vector field x by

(2.2) =3 (8F 0 a—Fi_) |

p Opj Og;  Ogj Op;

The Poisson bracket of functions F' and G is defined by {F, G} := xrG. We say that
a function I is the first integral of xp if xgF = 0. We say that the Hamiltonian
system is integrable if there exist n first integrals ¢; in involution, {¢;,¢;} = 0
such that ¢;’s are almost everywhere functionally independent.

In what follows we consider Hamiltonian systems with n = 2. Let ¢ > j > 1 be
integers. Define

(2.3) Ho = Agop2 + 45p3,

where A = 0 is a constant. Let H; = Hy(q1, g2, p2) be an entire function of ¢, and

po analytic in g; € )5 for some domain {25 C C containing the origin. Assume that

the Taylor expansion of H; at the origin g = 0, po = 0 vanishes up to order 1.

Define H by H := Hy + H;. Let Ko > 0, ¢g > 0 and 79 > 0 be constants. Define

ZO by

(2.4) Yo :={(g2,p2)| 5" = ar,ps = Br, |a| < e, |B] < €0,
0<r<ro,|g!| < Ko, |p2| < Ko}

‘We assume
0*°H
(2.5) a—pg((thlz,Pz) #0, Vg € Q, Y(q2,p2) € Xo.
2
Set v =i — j. Consider
OH
(2.6) s — (v1,us,uq) =0,
OH
(27) 6—u3(’01,U3,’UJ4) =0.
‘We assume

(A.1) The domain € contains the segment [0, 2], (6] and (Z7) have a solution
(uz,uq) = (wo(v1), Wo(v1)) holomorphic in vy € Ny and wy Z 0, Wy Z 0.
(A.2) wo(0) = wo(3E) =0, wo(0) = wo(3%) = 0.
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Then we have

THEOREM 2.1. Assume that the conditions 28], (A.1) and (A.2) are satisfied.
Moreover, suppose that 7 = 1 in [Z3). Then there exist o9 > 0, K1 > 0 and a

neighborhood Q1 (C Q2) of [0, 3] such that, if

(2.8) sup (Jwo(q1)| + [wWolqu)| + [Hi(q1, g2, p2)]) < do,
q1€Q2,|q2|<K1,|p2| <K

then ([Tl has a solution (gz, p2) having at least two movable singular points in €.

3. Homology equation

Let « = (G1,P1,q2,p2) and y = (q1,p1,¢2,p2) be the variables. Write x =
(1,...,24) and y = (y1,-..,ys), for simplicity. Let Hy be given by (Z3]). Let Hy
be given in Theorem [ZIl Consider p; + H(q1, g2, p2), where H = Hy + H;. We

transform x,, +#, t0 Xp,+8 by = u(y), v = (u1,...,us).
For ¢ = ¢(q1, g2, p2), define
0
(31) XO = Xp1+Ag2p2 Y = Xo = Zuj@
; j
J

The component vector of Xy with respect to the basis 9/9q1, 9/9p1, 0/0q2, 0/0p2
is given by (1,0, Ag2, —Ap2) =: A(y). Set

(3.2) f(x) == H(q1,q2,P2) — AG2P2,
(f is independent of 25 = p;) and define
(33) R := X7 S = Xq%p%'

Let r(x) and s(y) be the component vectors of R and .S, respectively. The first and
the second components of s(y) vanish. The term r(z) = A(u(y))) is independent of
ro. We have

LEMMA 3.1. Let u = u(y) satisfy
(3.4) Al)Vu+ s(y)Vu = r(u) + Alu),

such that (Vu)~! ewists. Then, x = u(y) transforms (A(y) + s(y))a% to (A(z) +
r(:c))a%. Here Vu is the nambla of u with respect to (y1,...,ya) and Alu) =
(1, 0, )\’11,37 —)\’U,4).

REMARK 3.2. ([34) is referred as a homology equation.

PRrROOF.

(o) + () g7 = (Alu) + 7)) (Tu) 5L = (M) + 5() 5

Deduction of the homology equation. Consider the third row of ([B). Set
w=ug, u= (ug, - ,uq). By A(y) = (1,0, Ag2, —Ap2) we have
ow ,  Qw . i 0w
3.5 4w —ig P — + gl T = — A —R =0
(3.5) og, oW T Pag - idpy G A (u) =0,

where § = )\(qga%z — pQ%) and R(u) = (0f/0p2)(u).



210 MASAFUMI YOSHINO

We consider the first order terms of the left-hand side of ([B.3) except for the
first term. They are given by the Hamiltonian vector field of Hy. By taking t as
the time variable we write it as the system of ordinary differential equations

(3.6) G2 = A2 + jgsph ", P2 = —Ap2 —iphay .
Set v = ¢ — j. By the change of the unknown functions

(3.7) g2 =1/r, pa2=r0,

we have

(3.8) 0= —vr ", = —X\r— i lrlTY,

Because Agaps + ¢hp’ is the first integral of (6], there exists a constant ¢; such
that Agape +¢bp} = c1. Then, by [B.7) we have Av+v? /r¥ = ¢;. By ([B.8) we obtain
U — Avv + ¢ = 0, from which we have

(3.9) v=c A+ e,

where ¢y is a constant.

By B3) and © — Avv + ¢yv = 0 we write (B3] in the form
0 0 ; 0
(3.10) a—z + v — cl)% —(Ar +jvJ*1T17V)a_1: — Aw — R3(u) =0,
where R3(u) is the third component of R(u).

Consider the curve (q1,v(g1)) in the (¢1,v)- space, where v(qy) is given by (B9)).
Then the vector field aiql +v(Av—cq) % is written as the vector filed Biq] with respect
to the new time variable ¢; given by the curve. If there is no fear of confusion we
write the new time variable by ¢; instead of ¢; and write the corresponding vector
field by aiql. Then, by inserting the relation into (BI0) and by multiplying the

equation with ¥~ we obtain

ow 1 0w
v—17" v 797 bt A i oy =

(3.11) T 90 (A" + ju )37“ 7 (Aw + Ra(u)) = 0.
Define
(3.12) h=—juvi~t
Set cg = h™'. Then we have

_1 Ou; o o0u e
(3.13) h (r” 1c08—q;13 + (1 = Acor )a—:) — 7" (Aug + Ra(u)) =0,
where u = (u1,0, us, uq). Similarly, w = uy satisfies

ou ou

(3.14) h (r”_lcoa—q; +(1- )\cor”)a—:) + 77 (g — Ra(u)) =0,

where R4 (u) is the fourth component of R(u).
We consider the solvability of the reduced homology equation. Consider the
equation of u;. We have

LEMMA 3.3. uy is given by

2 1
(3.15) up = —uy — v log(1 — Acor”), uy = %1 + D log(vAv — c1v).
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PRrROOF. Because the first component of r(u) vanishes, we replace Aw + R(u)
in (BI3) with 1. Then the first coumn of ([B4]) gives the equation of u; =: w

15} 15}
r”_lcoa—;i +(1- )\cor”)a—i} — " lep =0,
from which the assertion follows. O

In u; we set —c;v = 1. Then we have 41 = ¢;/2 when v = 0. Insert u; into
R3(u) and R4(u), respectively. We assume
(A1) 1= Xeor” # 0 for every r € Uy. Uy is a bounded set in the universal covering
space of the logarithm, log(1 — Acor”).
Let Iy := [0, 3%]. Then the solvability of (BI3)-(3I4) follows from the next theo-
rem.

THEOREM 3.4. Assume that the conditions (A.1)’, (A.1) and (A.2) are satis-
fied. Then there exist 6g > 0, Lo > 0, K1 >0, hg > 0, 0 < hy < hg, a neighborhood
Q4 of Iy, a neighborhood Uy of v(Ip) and a sector Sy in h-variable with vertex at the
origin such that, if the conditions hy < |h| < hg, h € Sy and [2.8) hold, then [B.I3)-
BI4) has an analytic solution, (ug,us) when (q1,v,7) € Q1 x Uy X (UgN{r||cor| <
Lo}).

Theorem B4 follows from Theorem [Tl which follows.

REMARK 3.5. We can choose hg in Theorem [3.4] arbitrarily large.

Consider the solvability of ([8.4]). Note that ug is given by the integration of the
second equation of ([B.4) if we know us and uy. By the analytic change of variables
and the reduction argument it is sufficient to consider the solvability of the reduced

homology equation (BI3)) - (3:14). By Theorem B4 we have

THEOREM 3.6. Let pgo) € C be given. Assume that the conditions (A.1)’, (A.1)
and (A.2) are satisfied. Then there exist 69 > 0, Ly > 0, K1 > 0, 61 > 0, hg > 0,
0 < hy1 < hg, a neighborhood Q1 of Iy, a neighborhood Uy of v(ly) and a sector Sy
in h-variable with vertex at the origin such that, if the conditions hy < |h| < ho,
h € Sy, |co + 1] < 0g and [Z8)) are satisfied, then BA) has an analytic solution, u
when (q1,v,7) € Q1 x Uy x (Up N {r||cor| < Lo}), |p1 — p\”| < 61.

We note that, in the application, we use Theorem when ¢y = b~ = —1.
Since we can take hg sufficiently large, h also satisfies |h| < ho.

REMARK 3.7. Let uw = (u1,...,u4) be the solution of the homology equation
B4). We show that (ug, us) is the pull-back of a certain symplectic transformation
if ([Z35) holds. Especially, this implies that (Vu)~! exists. In order to see this,
divide (B:I3) with s*~!. Consider the characteristic equation corresponding to the
resultant equation
dpn cos? " tds
11— Ags” '

Let t be the independent variable of the solution of (BI6]). Then we have
duz  dqy Ouz  dsduz  Ouz 1 — Acgs” Qus

dt — dt 0g; ' dt 9s  Oq cos’~ 1 Os

Multiply (BI3) with s'~% and substitute .IT7). Make the same calculation as
for uy with BI3) replaced by BI4). The reduced system of equations is the

(3.16)

(3.17)
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Hamiltonian system with the Hamiltonian Agaps + f = H. Let (us,us) be the
solution with the initial value (us,us) = (§,n) at t = 0. By Hamilton-Jacobi’s
theory the map (£,m) — (us,us) is symplectic if the non degeneracy condition
(Ous/On)(t,&,n) # 0 holds. Changing the coordinate from (¢,&,7) to (q1, g2, p2), u3
and uy give the transformation in Lemma 31}

By (23] we choose s € Qq, [¢] < Ko, |n| < Ko such that (0R3/0u4)(s,&,n) =
0?H/dp3 # 0. Then we verify (Qus/0n)(s,&,n) # 0. Since (us,uy) is the solution
of the Hamiltonian system, it holds that us = £ + 43, iz = O(t) and ug = 7 + g,
iy = O(t) as t — 0. Here £ (resp. n) is the initial value of uz (resp. ug). On the
other hand, since they are equal to the Borel sum (cf. Theorems [71] and [34] which
follow) we have

(3.18) uz = ugo) +vs, v3 =O0(h), ug = uflo) + vy, vg = O(h),
for h in (BI2]). ugo) and uflo) are the analytic solution of the equation (cf. (Z8]))
(3.19) 2l + Ry(ur, uf”, ul®) = 0.
Differentiating (8:I9) with respect to n we have
oy  ORy ou) R o)
200y 2O © 093 P RN ON DS
( ) 877 + a’ll{), (u17u3 ) Uy ) 877 + 8“4 (u17u3 » Uy ) 67’]

We have that ‘ugo) —¢&| and |u§10) — 7| are arbitrarily small if & is sufficiently small.
Then we have (8R3/8u4)(u1,ué0),u510)) # 0 by assumption. Since OR3/0us is
small, it follows from (B20) that 8u§0) /0n # 0. To show the assertion by BIJ]) we
prove that (Jvs/0n) is sufficiently small. Indeed, the smallness follows ([2.8)).

4. Study of reduced equation

Let Hy be given by (2.3). Consider the Hamiltonian system with Hamiltonian
p1 + Hp given by [B.6). Set v = i — j. By the change of unknown functions (B.7),
we obtain ([B.8)). Then we have

LEMMA 4.1. The solution of [B0) is given by B20), BA) and r = (—ij/ij)l/y.
The solution (q2,p2) of B8) has infinitely many movable poles (resp. branch
points) at the point given by v = ctA\"! + et = 0 if v = 1 (resp. v > 2).
As t tends to the singular point from some sector, qs tends to infinity while po
tends to zero.

5. Proof of Theorem [2.7]
PROOF. The proof consists of three steps.

STEP 1. Consider xp,+#,. By Lemma [A.T] the Hamiltonian system of Hy has
a solution (gz,p2) given by

(51) q2 = 1/Ir7 P2 =TV, V= ’U(t) = cl/)\ + 026>\Vt7 r= (_I//Uj//[))l/y7

where 0 = dv/dt and ¢t = ¢;. By Lemma ] ¢ is singular at the point ¢y such that
v(to) = 0. Hence tq is given by

(5.2) M = —¢1 /(Aea), to = (W) Llog(—c1/(c2N)), 0(to) = —vey.

Let ¢; # 0 and ¢y # 0 such that —c;/(ceA) is in a small neighborhood of 1. Fix
the branch of the logarithm such that tg is in a sufficiently small neighborhood of
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the origin. Then ¢z has the singular points ¢y and ty + 2mi(Av) ™! =: ¢; in some
neighborhoods of the origin and 27i(\v)~!, respectively. Let ey > 0 be a small
constant. Define the path Cy by Cy = {t| Avt = Avtg+ib, g < 0 < 2m—€p}. Then
(E1) is analytically continued in some neighborhood of Cy. By replacing ©; with
a smaller one, if necessary, we assume that (B.I)) is analytically continued in ;.

STEP 2. Suppose that the conditions of Theorem are satisfied. Then the
homology equation (34 is solvable. By Lemma Bl [2.1) and Remark B.7, xp, +5
is the pull back of xp,+m,. Hence we have a solution of the Hamiltonian system of
H in Q. By (A.2) the diffeomorphism preserves the infinity at the points ¢ = 0
and ¢; = 2mi/(Av). Since the flow of x,, + 1, goes to infinity at the singular points,
the solution of the Hamiltonian system of p; + H has the singular points in some
neighborhood of ¢; = 0 and ¢; = 2mi/(\v), respectively. Hence, we verify the
conditions |co + 1| < &g, |cor| < Lo, € Uy, h1 < |h| < hg and h € Sy in
Theorem

STEP 3. We set j =1 and v = 1. By (5.1)) we have

v 1 c1
5.3 = = - 1).
(5:3) "7 e ()\CQ@At * )

Since ¢;/Acs is close to —1 and ¢ = ¢; moves on the bounded set, there exists K
such that |Ar| < Kj. Hence, by (B3] we have

(5.4) lv| < \)\||626)‘t\|r\ < K1|026>‘t| < Kilei| Ko,

for some constant K5 independent of t. Hence |v| is uniformly bounded in ¢. If we
make the symplectic transformation gz — €g2, pa — € 'py for small € > 0, then we
see that r is replaced by er, while v is unchanged. Hence we may assume that ¢, !
and py are sufficiently small.

In view of Step [l we see that ¢ ! and p, are given by r and rv, respectively. By
(G the orbit (¢5 ', p2) = (r,7v) of Xy, +m, stays in X for ¢ in some neighborhood
of the path of analytic continuation. Let h be in some small neighborhood of —1.
Then we have |cor| < Lo and r € Uy since Uy contains some neighborhood of the
origin. In order to show h € Sy we choose the bisecting direction of Sy such that
—1 € Sp. The condition |h| < hq follows from Remark since hg can be chosen
arbitrarily large. (Il

6. Example
EXAMPLE 6.1. Consider the generalized Emden-Fowler equation

d*v A dv

(6.1) AT+

where A(t) is given by

(6.2) A(t) = % +t.

Set v = wu with w = exp(—2~" [* A(x)dz. Then u satisfies

d*u (A2 424" 1/ 5
(6.3) 2 g e (—5/ A)u =0.
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Set ¢ := u and p := u;, and write (63]) in the Hamiltonian system with Hamil-
tonian

(6.4) H:= % (p2 — %cﬁ) + exp (—2—1 /t A) ?
By a simple calculation we have
(A2 1 2
4 42 4 ’
Let tg € C, tg # 0. Write

1 1t 11
6.5 S (e (L N ) ) L A P
(6:5) 2<p +<4t3 4 )q> 2(4tg 1)1

1 1 t 2 —1/2 2 ¢
+§ (E — Z) q°+t eXp(—t /4)3

We take the linear change of variables (q,p) — (go, p2) such that
1 IR 7

(6.6) 5 (p2 + (P - 1) q2) = A\g2p2, q=ci1q2 + capa,
0

t
_2*1/ A =t"Y2exp(—t?/4).

for some nonzero constants A, ¢; and co. By (65) we have

+ 3
(6.7) H = Agopa + Bi(t)(c12 + c2p2)” + B2@)M,
where
1/1 s 1 9 172 )
0

Set g2 = ug, p2 = uq and ¢t = v1. Then (Z0) and ([27) are given, respectively,
by

(6.8) Aug + By (v1)2¢a(crus + caua) + Ba(vi)ca(crus + coug)® = 0,
(6.9) Aug + By (v1)2¢1(crus + caug) + Ba(vi)er(crus + coug)® = 0.

By subtraction we have cjus = coug. Eliminate ug from (68]). Since uz # 0 we
obtain

(610) A+4dcicoBy (7)1) + 46%0232 (Ul)U3 =0.

Hence ug is holomorphic if v; # 0. As for the zero of uz, we consider A +
4cicoBi(vy) = 0. It is the algebraic equation of v? of degree 2. Choose a pair
of zero points in the vi-plane which are not symmetric about the origin. By a
suitable translation and a linear change of variables in ¢t we may assume that they
are given by 0 and 27i/(A\v). Hence ug is holomorphic in some small neighborhood
of the segment joining 0 and 27i/(Av), which proves (A.1) and (A.2).

The condition ([Z3) holds if Bi(t) # 0 and (go,p2) is sufficiently small. The
above argument is applicable to the equation

dPw N
(6.11) T3 = ;bn(z)w ,

where N > 2 is an integer and b, (z)’s are analytic in some domain € C C.
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7. Borel summability

7.1. Definition. Let 4, Uy and U; be the domain in C. Consider the formal
power series of h

o0
(7.1) v(q1,v,7,h) ZU” q1,0,7)

where v,,(q1,v,r) is holomorphic in the domain (gi,v,r) € Dy = Q1 x Uy x Up.
Define the formal Borel transform B by

= QIaUT —
(7.2) Bw)(q1,v,7,y) Z =1 Yy

where y is a dual variable of h.
Denote the set of nonnegative real numbers by R, . Let dist(z,Rye') be the
distance from z to R e®. For § > 0 and a real number &, define

(7.3) E(£,0) == {z € C|dist(z,Re’) <2710 } .

Define the sector with the bisecting direction £ € R and the opening 6 > 0 by
{z€ C\O| |argz — £] < 0/2}.

We say that v(q1,v, 7, h) is (fine) Borel summable in the direction £ if there
exists § > 0 such that B(v)(q1,v,r,y) converges when (g1,v,r) € Dy and y is
in some neighborhood of y = 0, and B(v)(q1,v,r,y) is analytically continued to
Dy x E(&,0) with exponential type of order 1 in y € E(&,0) for (g1,v,r) € Dy.
Namely, there exist Ky > 0 and K5 > 0 such that

|B(v)(q1,v,m,y)| < Koe®2W  y € B(€,0), (q1,v,7) € Dy.

For simplicity, we denote the analytic continuation with the same notation. The
Borel sum of v(q1,v,7,h), V(q1,v,r, h) is given by the Laplace transform

ocoett
(7.4) V(qr,v,7m, k) == / e_yhle(v) (q1,v,7,y)dy.
0

7.2. Construction of formal solution. We assume (A.1)” and (A.1). Let
q1 € Q1 and v € Uy. Let Ly > 0 be given. Let r satisfy |cor| < Lo. Substitute u;

into BI3) and BI4). Construct a formal solution of BI3) - BI4), (us,us) in

the form
(7.5) an (q1,v,7)h", u4—an q1,v,7)h

Here wy and wq are determlned7 respectively, by
(76) Awg +R3(u1,w0,u~10) =0, Mg —R4(U1,’U}0,U~)0) =0.

wo (resp. wo) is a holomorphic funtion of (¢i,v,r) € Dy by assumption. Then we
determine w,, and ,, inductively. Note that there is a division by 7*~! in each
step when we determine w,,.

We prove that w,’s (n > 1) are holomorphic functions of r” at the origin.
Consider wy. Multiply BI3]) with r. We calculate wy by dividing the next quantity
with r¥
8w0

1 — Aeor? ) r——
+ ( cOT)r@r’

(911)0

(7.7) r Coa—q~1
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and by inverting the bounded quantity appearing from A + VR3 (resp. A — VRy).
We note that (7)) is equal to r” times some holomorphic function. Indeed, since
wp is analytic in uy, BI5) implies that raw‘) is divisable by r¥. It follows that w;
is analytic in ¥

Next, we consmier wy. Similarly, we investigate 2%, Since r-2- Br O (1—Acor”)~tis

(’9’11)1

divisable by r”, has the same property. Hence w2 is analytlc in r”. Inductively,
we see that w,’s are analytic in r¥

Concerning the estimate of w,,, we can easily show that there exist constants
K; > 0 and p > 0 independent of n such that |w,| < K;p™n! by Nagumo’s lemma.

7.3. Summability. We have

THEOREM 7.1. Assume that the conditions (A.1)’, (A.1) and (A.2) are satis-
fied. Then there exist 69 > 0, a neighborhood of Iy, 21 C Qa, a neighborhood Uy of
v(Ip), K1 >0, and Lo > 0 such that, if 2.8) holds, then (CH) of BI3) - BI4) is

Borel summable in the direction 0 for (q1,v,7) € Q1 x Uy x (Ug N {r]|cor| < Lo}).

Theorem [(T]is proved by the same argument as in [Y2]. We give the sketch of
the proof in the appendix.

Appendix A. Global Borel summability

A.1. Basic properties. Convolution. For 0 < 6 < m, set Q := E(m,0).
Define H () as the set of holomorphic functions in . For ¢ > 0, define H.(Q2) as
the set of h € H(Q) such that there exists K > 0 for which

(A1) |h(z)| < KedlBezl(1 4 |2[)72 for all z € Q.

Clearly, H.(€) is the Banach space with the norm ||h|lq. = supzeﬂ \h( )\( +
|z])2e~ e 2| Define the convolution f g of f,g € H.(Q) by (f*g)(z =y f(
— 7 (Dg(= — o).

Let D be a domain in (gqi,v,7) € C* and let § > 0. Set Q := F(0,0). Let
H(D, Q) be the set of all holomorphic functions in (¢1,v,r) € D, y € Q. For ¢ >0
let H.(D, Q) denote the set of those f = f(q1,7,y) € H(D, ) such that there exists
K > 0 satisfying

(A.2) sup [ f(qr,v,m,y)] < Ke®¥(1+]y))>  forall yeQ.
(q1,v,7)ED

Define us =: wg + v3, ug =: Wy + vy, where v = O(h) and vy = O(h). Set
vy = v (resp. v4 = 0) and w = wo + v (resp. W = Wy + ). Let 0 := B(v)(q1,v,7,9)
be the formal Borel transform of v, where y is the dual variable of h. Substitute
uz = wo + v3 and uy = Wy + vy into BI3)) and cancel the constant term, hO = 1.
Divide the equation with h and apply the formal Borel transform to both sides of
the equation. Define

ow wo 8’[1)0

Rz = Ra(u1,us, us) — Ra(ur, wo, o) — b [ commr +7177(1 = Acgr”) —— | -
8 q1 8r

Because the Borel transform maps the multiplication h~! to /9y, we have
o

o0 0 (.. = A
(A.3) r”_lcoa—(jl +(1- )\COTU)E — r”_la—y ()\v + R?,(uhug,m)) =0.
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Here 7§,§ is given by replacing the product in Rs with the convolution product.
Similarly, if @ = w4, then we have the equation of v, for some R},
dv ov

0 0 (.2 =, L
(1- )\cor”)8r + r”fla—y ()\v — R4(u17u3,u4)) =0.

There exists a neighborhood y = 0, W such that B(v) and B(?¢) are analytic
in (q1,v,7,y) € Q1 x Uy x Qo x W and that they give the unique analytic solution

of the system (A3) - (A4). Assume qgo) = 0, for simplicity. Theorem [T] follows
from the next theorem.

A4 vy —
(A.4) r Coaq~1+

THEOREM A.l. Assume that the conditions (A.1)°, (A.1) and (A.2) are sat-
isfied. Let ¢ > 0. Then, for every Ly > 0 there exist a neighborhood of Iy,
Q1 C Qa, a neighborhood of v(ly), K1 > 0, E(0,0) =: Q and &y such that, if
(Z8) holds, then (A3) - (A4) has a solution (is,1s) in He(D,Q) x Ho(D,Q),
where D = Q1 x Uy x (o N {r||cor| < Lo}).

A.2. Preparation of lemmas. Define R := (R3,R4). Let VR be the Jacobi
matrix with respect to (ug,us). Denote by diag(A, —\) the diagonal matrix with
diagonal components given, respectively, by A, —\. Let A(u1) and A(u1) be the
first and second element of diagonal part of diag(\, —\) + VR (u1,wp(0), we(0)),
respectively. Consider

ou ou o
(A.5) L= r”flcoa—;fjl +(1- ACOTU)&TT: - r”flx\(ul)a—j =r""1g,
where § € H.(D, Q). Similarly, we define £ by replacing A(u1) with A(u;) in (AF).

We consider the case ¢; = g1, for the sake of simplicity. In order to solve (AJH))

we use the method of characteristics. Consider
d d d
(A.6) n_ ! = Y

rv=leg 1 —Aeor?  —r*~I\(uy)’

By integrating (A6) we have ¢; = q%o) — (M) tlog (1 — Acor”), where q%o) is a

constant. Substitute ¢; into (A.6) and solve (A.6]) with respect to y. We have
1

1 g
(A7) y=yo—@(r), &O(r):=— / A(s — qgo))ds7 o= log(1 — Acor”),
Co Jo AV

where yo = y(0) € Q is the initial value of y = y(r) at r = 0. We have

LEMMA A.2. Suppose that o satisfies 1 — Acory # 0. Assume that A(uqy) is

analytic at u; = _qgo). Then there exists a curve 7y, on C passing through ro such

that Tm @ is constant on 7y, where ® is given by (AT).
(0)

LEMMA A.3. Assume that A(u1) is analytic at uy = —qy '. Suppose that ro
satisfies 1 — Aeory # 0. Let ., be given by Lemma [A2l For r € ~,,, define
. " s/ ! R
(A8 Po= [ (s - ) sds §e D),
0 — ACpS

where the integral is taken along ~y.,. Then Pg§ satisfies (AB). FEspecially, Pg is
analytic in v in some neighborhood of the origin r = 0.

LEMMA A.4. Assume that A(uy) is analytic at uy = _qgo)' Suppose that g

satisfies 1 — Acory # 0. Let vy, be given by Lemma[A2l Let ry satisfy 1 — Acory =
0. Assume that there exist a neighborhood Wy, of r1 and M; > 0 such that, if
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Yrg C Wiy, then M < |ry — s||ry — t|=' < My for every s,t € ~y,,. Then, there
exists a constant c¢1 > 0 such that, for every g € H(D, Q) we have

I .
8—y(Pg) ) <ecil|glle-

Lemmas [A2] [A.3] and [A4] are proved in [Y2]. Then the remaing argument of
the proof of Theorem [Tl is a standard iteration. The argument is similar to the
one in [Y2].

(A.9) 1Pl < eillglle,
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Some notes on moment partial differential equations.
Application to fractional functional equations

Alberto Lastra, Stawomir Michalik, and Maria Suwinska

ABSTRACT. The present work provides a brief description on the state of the
art regarding the theory of moment differential equations in the complex do-
main, and its applications to the study of fractional differential equations. All
results are stated without any proof, giving appropriate references where the
details can be found. We also describe how the theory can be particularized
to fractional differential equations and the scope of the results achieved.

1. Introduction

The present work provides a brief description on the state of the art regarding
the theory of moment differential equations in the complex domain, and its applica-
tions to the study of fractional differential equations. All results are stated without
any proof, giving appropriate references where the details can be found.

The study of formal solutions of moment functional equations, their summabil-
ity properties, and related results was firstly considered by W. Balser and M. Yoshino
in 2010, in [BY]. In that work the authors define the formal moment differential
operators on formal power series, generalizing the classical concept of formal dif-
ferentiation of power series. In the last years several results have been achieved in
the study of such functional equations, which are summarized and discussed in the
present work.

2. Recent results on the study of moment partial differential equations

2.1. Gevrey case. As mentioned above, the study of formal solutions of mo-
ment functional equations, their summability properties and related results were
firstly considered by W. Balser and M. Yoshino in 2010, in [BY]. In that work
the authors define the formal moment differential operators on formal power series,
generalizing the classical concept of formal differentiation of power series.
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This concept is applied to study the formal series solutions of moment partial
differential equations, in the form of an inhomogeneous moment partial differential
equation with constant coefficients. The existence of a formal solution (Proposition
2, [BY]) and Gevrey estimates for their coefficients (Theorem 1, [BY]) give a first
step in this theory.

Given a sequence of positive numbers m = (m(p))p>0, the operator of moment
differentiation 0, , is defined for every element in C[[z]] by

ap  » _ ap+1 4
O | 2™ | = 2 i)™

p>0 p>0

This previous definition can be naturally extended to functions defined on a neigh-
borhood of the origin by means of their representation in the form of an infinite
series. However, this formal differentiation does not preserve convergence unless
some regularity property is assumed for the sequence m. Usually, the sequence m
is assumed to be a sequence of moments, i.e., a sequence defined by

(2.1) m(p) = /Ooo tP~Le(t)dt,

for some kernel function for summability e. Here, the kernel function e of order k
(k > 1/2) is a holomorphic function on the infinity sector in the direction 0 and
opening 7/k, such that e is exponentially flat of order k in this sector, e(z)/z is
integrable at the origin and e(x) > 0 for > 0. The general moment summability
described by W. Balser in Chapter 6.5 [B] generalizes the classical Borel-Laplace
method by considering more general kernel functions and sequences than expo-
nentials and Gevrey sequences to provide the sum of a formal power series. As
W. Balser mentions in his book, such moment methods turn out to be equivalent
to the classical ones in the sense that they sum the same formal power series to the
same analytic functions.

As mentioned above, the first approach to the study of moment differential
equations is that by W. Balser and M. Yoshino in [BY]. This first approach is based
on the construction linked to a pair of kernel functions to summability, generalizing
the classical Borel and Laplace operators which are associated with sequences m =
(m(p))p>0 which are equivalent to some Gevrey sequence. To be precise, there exist
a > 0and C1,Cy, Ay, As > 0 such that

C1 AP < m(p) < CoAbp!™

for every p € {0,1,...}. We refer to such sequences as sequences of moments of
Gevrey order a.

Let m; and mo be two sequences of moments of Gevrey order k1 > 0 and
ky > 0, resp. Let p(t,z) € C[t,z] and f(t,z) € C[[t,z]]. In Section 3 of [BY], the
authors consider the following moment partial differential equation

(2.2) P(aml,tu amz,z)ﬁ(t> Z) = f(t> Z)v

and study the set of formal solutions (¢, z) to ([2:2) via a parametrization of the set
of solutions (see Proposition 2, [BY]). The notion of formal solutions to a moment
partial differential equation of the form (Z2) was clear. However, the study of
analyticity of solutions on domains such as polysectors in C2 with (0,0), when f is
a holomorphic function on the same domain was quite unclear, and some light was
put on it by considering Toeplitz operators which preserve summability properties
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and commute with products (see Section 4 in [BY]). Given a formal solution @ (¢, z)
of [22), Gevrey estimates of a formal solution of ([22) is characterized in terms of
the Gevrey order of f (Theorem 1, [BY]).

In 2013, S. Michalik gives an answer to the problem of analyticity when consid-
ering problems of the form (2:2]), where constant coefficients are being considered, in
the work [M]. More precisely, S. Michalik considers the Cauchy problem consisting
of a moment partial differential equation (2.2]) and initial data given by

(2.3) Oy 4u(0,2) = 9(2),  G=0,...,n—1,

with n being the degree of P with respect to its first variable, and ¢; are assumed
to be holomorphic functions on some disc at the origin. The main results in this
work state the relationship between analytic continuation of the initial data and
convergence and analytic continuation of the formal solution. More precisely, mul-
tisummability of the formal solution of the main equation is characterized regarding
the growth properties of the analytic continuation of ¢;, for 0 < j <n—1. In a
first step, S. Michalik considers an equation with f = 0, and splits the polynomial
P in terms of the roots of the characteristic equation P(\,§) = 0 with respect to
its first variable. The formal solution can be written in terms of the formal solution
of Cauchy problems associated with equations of the form

(2.4) (Omrt = Aa(Oms,2)) a5 = 0,

for some a and 8 > 1, and where (A — \,(€))? divides the characteristic equation.
After stating the Gevrey order of the formal solution of the main equation (see
Theorem 2, [M]), and the conditions for its convergence near the origin, he is able
in this latter case to characterize the exponential growth of the analytic solutions
(with respect to t) of (Z4]) on infinite sectors with appropriate bisecting direction,
in terms of the exponential growth of the initial conditions (Theorem 3). Also, in
the case that the formal solutions of (2.4 are not convergent, a characterization to
summability along well-chosen directions of the formal solutions is provided in terms
of the exponential growth of the initial conditions (Theorem 4). The final results
(Theorem 5 and Theorem 6) put all the previous information together regarding
equation (24) in order to state multisummability of the formal solution to ([22)),
[23) along appropriate directions, provided exponential growth of the initial data.
The inhomogeneous case ( f # 0) is also considered. The form of the formal solution
(Theorem 7) together with the Gevrey estimates of the formal solution (Theorem
8) are stated. In this latter case, the Gevrey order of the solution is modified with
respect to the homogeneous framework whenever the Gevrey order of f is large
enough. We also refer to [M2] for further study in the homogeneous situation,
while dropping the condition of the convergence of the initial data.

Further knowledge on the solutions to moment partial differential equations
with constant coefficients is provided in [MT], where the authors study multi-
summable normalized formal solutions to ([22)), (Z3]) and describe Stokes and anti-
Stokes lines, jumps across Stokes lines and a maximal family of solutions. This
is possible by taking into account the jumps across the Stokes lines in terms of
hyperfunctions (see [K] for the details on this concept).

2.2. Some generalities. The construction of more general kernels via flat
functions in Carleman ultraholomorphic classes which admit a nonzero proximate
order is due to J. Sanz [S]. This novel development greatly enlarges the class of
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sequences m which can be considered as moments related to the kernel function
e in (Z7)). The sequences considered in the previous bounds satisfy certain condi-
tions related to appropriate properties of the associated functional spaces, initially
studied in the real setting: closeness under product and composition is guaranteed
if the sequence is logarithmically convex (Ic); the existence of functions within this
class and with a prescribed Taylor expansion at the origin is characterized via the
strong non-quasianalyticity condition (snc); it is also usual to consider sequences
under the moderate growth condition (mg). Some more details on properties of
the sequences and related spaces can be found in [KMRIR]. In these notes we will
assume that the initial sequence is strongly regular, i.e., satisfies (Ic), (snc) and
(mg), starting from one. This concept was put forward by V. Thilliez [T]. Strongly
regular sequences appear in the structure of the formal and analytic solutions of
certain families of functional equations: Gevrey sequence of some positive order «,
(T(1 4 ap))p>o is strongly related to fractional differentiation (see Section [B)); 1+
level related to difference equations (see [ILI2], among others), etc.

It is worth mentioning that a branch of research is currently being performed
in the direct study of classes of holomorphic functions defined in a sector of the
Riemann surface of the logarithm whose derivatives satisfy certain bounds in terms
of a given sequence, the so-called Carleman ultraholomorphic classes of functions.
For more details on that topic we refer to the studies [JSJSS|JSS2/JSS3] and
the references therein. Also, a detailed introduction on the topic of summability
analysis of formal power series can be found in [S2].

2.3. One example. As a motivating example, we illustrate the summability
procedure of the generalization of Euler equation (see Example 1.1.4, [L]) in the
context of moment differential equations, which resembles the classical procedure of
summability of Gevrey formal power series solutions to ordinary differential equa-
tions. Let us consider a sequence of moments m = (m(p)),>o0, which is associated
with a kernel function for summability e. We consider the moment differential
equation

(2.5) 20m,2(2y(2)) + y(2) = .

Observe that in the special case, when we take the corresponding sequence of mo-
ments (m(p))p>0 = (I'(1 4 p))p>0 and the kernel function e(z) = ze™?, we get the
classical Euler equation 20, (zy(z)) + y(z) = z.

It is straightforward to check that the formal power series

1

9(z) = (1)

Y (=1Pmp+1)2"H

p=>0

is a formal solution to (ZH]). A generalized Borel-Laplace procedure for summability
of formal power series can be applied. Indeed, one has that the generalized formal
Borel operator B,,, defined for any formal power series by dividing each coefficient
by the corresponding moment, can be applied to ¢ to arrive at

oo

A -1 el 1 z
Bmy(Z)ZW;(—Z) - S 1+s
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The properties of the kernel function e (see [S], for example) allow to define a
Laplace-like transformation leading to a function

1 old) du
W) = [ e/

valid for every direction d # w. The function y turns out to be a holomorphic
function defined on some sector of opening depending on m. The formal power series
7 represents y asymptotically. Moreover, the opening of the sector in which this
representation occurs guarantees uniqueness of the function y under this property
(from a generalization of Watson’s Lemma, see Corollary 4.12 in [S]). In addition
to this, y is an analytic solution of (Z.1).

2.4. Some remarks on moment integro-differential equations. The
broader concept of generalized summability dealing with kernel functions associated
with strongly regular sequences was applied in Section 7 [S2], where the previous
techniques are adapted to study the growth properties of the solutions to (24 (The-
orem 7.11, [S2]) and summability of the formal solutions to (2.2]) along appropriate
directions (Theorem 7.15). See also Section 5 in [LMS] for further details. In this
direction, further results have been achieved on the development of a generalized
multisummability theory of formal power series concerning different (comparable
and nonequivalent) levels associated with ultraholomorphic classes in [JKLS].

We also remark on the existence of recent results regarding the appearance of
functions in ultraholomorphic classes in the framework of the study of singularly
perturbed linear partial differential equations in the complex domain of the form

L(t,z,0, 0, €)u(t, z,e) = 0,

where L is a linear differential operator, polynomial in all its variables but in (z, €),
where € is assumed to be a small complex perturbation parameter. The coeflicients
of L regarding such variables are assumed to be holomorphic functions near the ori-
gin in z, with coefficients being the sums of formal power series in the perturbation
parameter €, which are related to the generalized summability procedure described
in [LMS], based on the construction of flat functions for generalized summability
previously developed in [S].

The knowledge of the behavior of the solutions to linear moment partial differ-
ential equations with constant coefficients was enlarged in [M3], where sufficient
conditions for the convergence, analytic continuation, and also for the summability
of the formal solution are determined in terms of f(t,z) in (Z2). Summability is
performed with respect to each of the variables and also in both variables. In [MS],
a step forward is taken by considering moment partial differential equations of the
form

(2.6) P(t, Oy b, Omy,2)0(t, 2) = f(t, 2),

under initial data ([23]), where P is a polynomial in its second and third variables,
with coefficients being holomorphic functions on some neighborhood of the origin
(or formal power series of some Gevrey order). Newton polygon and formal norm
techniques are applied in order to provide with Gevrey estimates for the formal so-
lution of the problem which depend on the divergence of the coefficients, the forcing
term f , and/or the initial data. The results are described in terms of the general-
ized summability developed in [B], whereas in [LMSu| the generalized kernels for
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summability developed in [S] are being considered, after the choice of adequate mo-
ment formal norms and formal power series adapted to the problem. In this work,
both the coefficients and the forcing term satisfy general bounds associated with
strongly regular sequences, leading to a formal solution in powers of ¢ with coeffi-
cients being holomorphic functions on a common polydisc, and satisfying bounds
determined by the first positive slope of the Newton polygon associated with the
equation, and also to the previous strongly regular sequence. The result is stated in
terms of a finite number of variables z, and the two-dimensional case, i.e., z stand-
ing for just one component, allows to weaken the conditions of the strongly regular
sequence. On the other hand, the multidimensional case, under the assumption
of constant coefficients and certain technical restrictions on the sequence involved,
allows to get to an analogous result as before. The estimates of formal solutions to
moment partial differential equations with variable coefficients of the form

(27) P(tvzaam1,tvam2,z)ﬁ(tvz) = f(tvz)v

is successfully studied in [Su] in the case of moment differentiation in the sense
considered by Balser and Yoshino explained above. Regarding the problem (2.6]),
M. Suwinska is able to deal with coefficients not only depending on ¢ variable, but
also on the spatial variables z under certain assumption on the Newton polygon
associated with the equation, and the Gevrey order of the formal solution to ([27).
The main tool in this generalization is the use of Nagumo-type norms in order to ob-
tain Gevrey bounds for the formal solution in the shape of the previous works listed
above (Theorem 1, [Sul). The work [Re] considers partial differential equations of
a similar nature as those described above.

After the achievement of Gevrey and more general estimates for the formal
solutions to the moment partial differential equations under consideration, it is
a natural question to consider whether such formal solutions can be summed up
following a summability technique such as a Borel-Laplace like procedure. More
precisely, the next step taken in the theory was to determine summability prop-
erties for the equations in ([2:6). For this purpose a deeper knowledge of the mo-
ment differential operator is needed, broadening the spaces of functions to which
it can be applied successfully. An integral representation of moment differentiation
(Theorem 3, [LMSu2]) is provided, determining exponential-like bounds for the
subsequent moment derivatives of functions in ultraholomorphic classes. As a di-
rect consequence, the space of summable formal power series along a direction with
respect to some strongly regular sequence admitting a nonzero proximate order
turns out to be closed under moment differentiation. Therefore, the definition of
moment derivatives of the generalized sum of a formal power series can be defined
as the generalized sum along that same direction of the formal moment derivative
of the initial formal power series. As an application of this result, the summability
properties of the formal solutions to the moment partial differential equation

(O, — a(2)0h,, ult,2) = f(t, 2),
under holomorphic Cauchy data near the origin are studied. Here a(z) is also
holomorphic on some neighborhood of the origin. A second result in that work
(Theorem 4) states that summability of the formal solution with respect to ¢ variable
along certain direction is equivalent to summability of f (with respect to t) and
the summability of the first terms of the formal solutions, written in powers of z.
Further results making use of the previous property have been achieved in [LMSu3]
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when dealing with moment integro-differential equations of the form

(1= aig(2)0,! 0%, ult, 2) = f(t, 2),
1,9

with a finite sum, and holomorphic coefficients near the origin. The initial condi-
tions associated with this moment functional equations are assumed to be holomor-
phic functions on some neighborhood of the origin. The natural definition of the
operator 0.1 is determined by its action on formal power series by

m,z
a a
-1 p_p| _ p P+l
e | 2 o > mp+1)°

=0 mp) >0

The consideration of appropriate norms defined on holomorphic functions near the
origin, together with Newton polygon techniques, under certain properties linking
the moment sequences m; and mo and under one slope in the Newton polygon one
has that (Theorem 4.1, [LMSu3]) the formal solution is summable with respect
to some positive sequence along certain direction d € R whenever f and the first
terms in the formal solution with respect to z are summable with respect to the
same sequence along that same direction. The converse is only true (Theorem 4.2)
under further assumptions on the sequence, which apply in the examples appearing
in applications to fractional differential equations. The work is developed in terms
of the approach in [S]. In this same proceedings volume an interested reader will find
the version of this result in the framework of the kernel functions considered in [B].
We also refer to the work by P. Remy |[Re2] in the study of integro-differential
equations of a similar nature as those considered.

3. A focus on the fractional differential equations

The main application of moment functional equations might be that particular-

ized to fractional differential equations and fractional integro-differential equations.

The moment sequence is then given by Gamma function m = (I'(1 4+ £)),>0

for some fixed £ > 0. The kernel functions associated with this sequence are given
1 1 P .

by e(z) = L2 exp(—z7) and E(z) = > p>0 Titas With a = 1/k. Here, moment

differentiation is quite related to Caputo 1/k—fractional derivative 3;/ ¥ as follows.
For every a € Q4 the fractional derivative of order « is defined on formal power
series in 2z by

(3.1) o) p or | = _dpt1 2P

2 ZF(l—Fap)Z ZF(I—I—ap)

p>0 p>0

Recently, Caputo derivatives [G], asymptotic periodic solutions of evolution
equations [RWFJ, or stability properties [A], or numerical studies [Bhl[F] have been
done regarding these kind of derivation operators. We also refer to the book [Bal.

This operator coincides with the classical derivative for « = 1. If « = 1/k, then
the operator is known as Caputo fractional derivative for 1/k—analytic functions
(see [KST]). The aforementioned relation of the previous operator with moment
differentiation is given by the equality

(O f)(21F) = O (F(1F)),
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with m being the moment sequence m = (I'(1 4+ £)),>0. The formal a-integral
operator, naturally defined from (B coincides with Riemann-Liouville fractional
integral

o _ L7 f)dt

(3.2) I§, f(2) := e /0 Gt

We refer to [GLLKIi,Ki2l[O] for further details on fractional calculus. In this case,
the assumptions made on the sequences considered are satisfied and the equivalence
mentioned in the last paragraph of the previous section holds. The equivalence
result for summability regarding integro-differential equations holds in both, the
Gevrey moment settings (see the contribution by M. Suwiriska in this same volume)
and also in the strongly regular settings. All the previous results mentioned in that
section can be particularized in this situation.
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