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Preface

This textbook on the Theory of Relativity is a translation of my textbook ‘Geome-
trie der Raumzeit’ which was originally published by Vieweg-Verlag in 1999.
Since then, several editions have followed, most recently the sixth edition by
Springer in 2018. The Theory of Relativity was developed by Albert Einstein at
the beginning of the twentieth century. Still today, it is regarded to be a com-
plicated and difficult to understand area of theoretical physics. One approach to
understanding this complex theory is the application of mathematics and more
specifically the use of differential geometry on manifolds. This is what I set out
to do in my original work. Tensors are used for describing curvature. They are
introduced as multilinear forms. Rotating and non-rotating black holes are also
discussed. I wish to thank Prof. Amol Sasane for providing the initial translation.
I thank my grandson Tom Zierbock and his wife Lea for digitising and typesetting
the LaTex sources. Furthermore, I thank Angela Lahee, Chandra Sekaran Arjunan
and everyone at Springer for their constructive support of this project.

Jena, Germany
March 2022

Rainer Oloff
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Introduction

In Maxwell’s electrodynamics theory completed in 1860, it was concluded that
light is an electromagnetic wave. Since usually wave phenomena require a
medium, it was proposed that there is a fictitious medium called ether, which
carries the electric and magnetic field strengths. In a frame which is at rest relative
to this ether, the speed of light is expected the same in all directions. In a sec-
ond frame that is moving with respect to the first one, the direction of motion is
expected to influence the speed of light. However, scientists have failed to confirm
this experimentally and in all experiments done since 1881, the speed of light was
observed to be independent of the motion of the reference frame.

Newtonian mechanics is based on the basic law that force is mass times accel-
eration, in other words that force is the time derivative of momentum. This applies
to the particle path x(t), y(t), z(t) in inertial frames: coordinate systems in which
particles are either at rest or move in a straight line at constant velocity given no
forces are acting on them. A different coordinate system x ′, y′, z′ which is related
to x , y, z by the Galileo-Transformation x′ = x−vt , y′ = y, z′ = z is also inertial.
Also part of the Galileo-Transformation is the identity t′ = t which is self-evident
when considering the synchronisation of the clocks of both reference frames.

The validity of Newton’s laws of inertial systems gives rise to the Galilean rel-
ativity principle that velocity of intertial reference frames cannot be determined
by mechanical experiments. In his 1905 published special theory of relativity, Ein-
stein formulated his special relativity principal stating that all inertial reference
frames are equivalent, that is, in all inertial reference frames all physical laws are
the same. Together with the constancy of the speed of light c, he showed that in a
coordinate system x ′, y′, z′ in which the origin of an inertial frame x , y, z moves
with a velocity of (v, 0, 0), one has

x ′ = x − vt√
1 − (v/c)2

y′ = y

z′ = z

vii



viii Introduction

t ′ = t − vx/c2√
1 − (v/c)2

([R] page 49). This mapping of x, y, z, t to x ′, y′, z′, t ′ is called a Lorentz trans-
formation. It was derived by H. A. Lorentz in 1895 within another context. What
is remarkable about this transformation is that it mixes space and time. There are
two noteworthy conclusions we can draw from this ([Schr] pages 36, 38): Length

contraction (a rod along the x ′-axis of length l has a length of only l
√
1 − (v/c)2 in

the x-coordinate system) and time dilation (a time interval �t in one coordinate

system is measured as �t/
√
1 − (v/c)2 in the other one).

In Newtonian mechanics, the speeds in an unprimed coordinate system are
obtained by subtracting (v, 0, 0) from the speeds in the primed system. In spe-
cial relativity, this is only valid if v is negligible in comparison to c. A particle has
the velocity (vx , vy, vz) in the unprimed system, and the velocity (vx ′ , vy′ , vz′) in
the primed system, then

vx ′ = vx − v

1 − vvx/c2

vy′ = vy

√
1 − (v/c)2

1 − vvx/c2

vz′ = vz

√
1 − (v/c)2

1 − vvx/c2

([Schr] page 43).
While in Newtonian physics velocities are added as vectors, this needs to be

revised in relativity physics, since otherwise speeds larger than c are possible. We
now formulate the special relativity law by setting v = −v1 and (vx , vy, vz) =
(v2, 0, 0) in the above formulae. Then the x-component of the sum of (v1, 0, 0)
and (v2, 0, 0) is given by (v1 + v2)/(1 + v1v2/c2). The argument of this number
|vi | < c is again less than c since from

0 < (c − v1)(c − v2) = c(c + v1v2/c − (v1 + v2))

follows

v1 + v2 < c(1 + v1v2/c
2).
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The basic concepts of special relativity theory are expressed most simply in
Minkowski space R

4, equipped with the bilinear form

g((ξ0, ξ1, ξ2, ξ3), (η0, η1, η2, η3)) = c2ξ0η0 − ξ1η1 − ξ2η2 − ξ3η3,

The canonical basis

e0 = (1, 0, 0, 0)

e1 = (0, 1, 0, 0)

e2 = (0, 0, 1, 0)

e3 = (0, 0, 0, 1)

has the property g(e0, e0) = c2, g(ei , ei ) = −1 for i = 1, 2, 3 and g(e j , ek) = 0
for j �= k. Numerous other bases also have this property, and we call such as Basis
a Lorentz basis. In particular for every β, the vectors

e′
0 = e0 + βce1√

1 − β2

e′
1 = e1 + (β/c)e0√

1 − β2

e′
2 = e2

e′
3 = e3

formulate a Lorentz basis. The coordinates t ′, x ′, y′, z′ for the primed basis are
related to the coordinates t , x , y, z of the canonical basis by

t ′ = t − (β/c)x√
1 − β2

x ′ = x − βct√
1 − β2

y′ = y

z′ = z.
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This is the Lorentz transformation for v = βc. As suggested by the notation,
the 0th coordinate is interpreted as time, the other terms being spacial coordinates.

The 4-velocity of a particle, with speed (vx , vy, vz) in a given inertial frame,
is the following vector in Minkowski space, with respect to the corresponding
Lorentz basis:

(
c√

1 − β2
,

vx√
1 − β2

,
vy√
1 − β2

,
vz√

1 − β2

)

where β =
√

(vx )
2 + (vy)

2 + (vz)
2/c([R] page 106]). The 4-momentum ([R]

page 111) is

(p0, px , py, pz) =
(

cm0√
1 − β2

,
m0vx√
1 − β2

,
m0vy√
1 − β2

,
m0vz√
1 − β2

)

obtained by multiplying the 4-velocity by the number m0, interpreted as the rest
mass. The expression

m = m0√
1 − β2

is the relativistic mass and the triple

(px , py, pz) = (mvx ,mvy,mvz)

is the relativistic momentum. The 0th component p0 = mc is up to the factor c,
the Energy E, E = mc2 ([R] page 110).

The electromagnetic field in Maxwell’s electrodynamics is described by the
electric field (Ex , Ey, Ez) and the magnetic field (Bx , By, Bz). A particle with
charge e and velocity (vx , vy, vz) experiences the Lorentz force

e[(Ex , Ey, Ez) + (vx , vy, vz) × (Bx , By, Bz)].

In relativity theory, the components of the field strength are described by the
antisymmetric matrix

(Fik) =

⎛
⎜⎜⎝

0 1
c Ex

1
c Ey

1
c Ez

− 1
c Ex 0 −Bz By

− 1
c Ey Bz 0 −Bx

− 1
c Ez −By Bx 0

⎞
⎟⎟⎠
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([R] page 143). Applying this matrix to the 4-velocity of the particle gives the time
derivation of the 4-momentum. For conversion of the field strength components to
another frame of reference moving in the x-direction with a velocity v, one has
the following formulae ([R] page 144):

Ex ′ = Ex Bx ′ = Bx

Ey′ = Ey − vBz√
1−(v/c)2

By′ = By + (v/c2)Ez√
1−(v/c)2

Ez′ = Ez + vBy√
1−(v/c)2

Bz′ = Bz − (v/c2)Ey√
1−(v/c)2

.

Thus ends our brief discussion of the basic concepts of the special theory of
relativity, at least in general to those notions which will play a role in the following
chapters. For further motivations, more detailed explanations and applications, we
refer to [R] and [Sch]. Following on from here, no knowledge of the special theory
of relativity is assumed, and all necessary terms are systematically introduced from
a mathematical point of view.

In the general theory of relativity, published in summary in 1916, A. Einstein
gave the concept of gravitation a completely new content. The starting point of his
considerations were apparently the following two principles. One is the point of
view formulated by E. Mach in 1893 that a body in an otherwise empty universe
would have no inertial properties. Since motion can only ever be described in
relation to other masses, the notion of acceleration only makes sense with respect
to a certain distribution of matter, i.e., the distribution of matter determines the
geometry of space. The second principal is the equivalency principal, which is the
observation that the inertial mass is equal to the gravitational mass. This means
body B is twice as inertially massive as body A in terms of acceleration produced
for the same applied force on each of them, and the body B is also twice as
heavy as body A in a gravitational field (passive gravity), and also generates a
gravitational field twice as strong as body A in the sense of Newton’s laws of
gravitation (active gravity).

The fundamental message of the general theory of relativity is that the distribu-
tion of matter determines the curvature of spacetime and that particles and photons
move along geodesics. In other words [MTW]: Matter tells space how to curve,
and space tells matter how to move. The relationship between matter and curvature
is given in the famous Einstein field equations. The components of two symmetric,
doubly covariant tensors are equated up to a factor. On one side is the Einstein
tensor determined by the curvature, and on the other side the energy-momentum
tensor describing the distribution of matter.

A standard task within general relativity is to construct spacetime with its metric
for a given distribution of matter. For the simplest case of a non-rotating fixed star,
this was carried out as early as 1915 by K. Schwarzschild. By an application of
Einstein’s theory, he determined the line element as
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ds2 = (1 − 2Gμ

c2r
)c2dt2 − 1

1 − 2Gμ

c2r

dr2 − r2dϑ2 − r2sin2ϑdϕ2.

Here, μ is the mass of the fixed star, G is the gravitational constant and r , ϑ , ϕ

are the spherical coordinates.
The rotation of our Sun can be neglected. The solution to the geodesic problem

in Schwarzshild spacetime provides results that are in even better agreement with
astronomical data than classical Newtonian celestrial mechanics. As is well known,
according to Kepler’s laws, the planets move in elliptical orbits, with the Sun at one
focus. Since the planets also influence each other through gravitation, the nearest
point to the Sun along the ellipse (perihelion) can shift. It has been known since
the mid-nineteenth century that Mercury’s perihelion revolves around the Sun at
an angular velocity of 43 arc s per year. The theory of relativity exactly accounts
for this value. The perihelion rotation effect is of course also present in the other
planets far from the Sun, but it is not so pronounced there.

The theory of relativity received another brilliant confirmation by observing the
deflection of light. In the Schwarzschild spacetime, you can precisely calculate the
angle of deflection of a light beam that passes the fixed star. As is well known,
this effect is not included in classical radiation optics and was not initially noticed
by astronomers. In 1919, this phenomenon, predicted by A. Einstein, was tar-
geted and verified during a solar eclipse. It was actually found that stars that were
visible close to the edge of the darkened Sun disk were slightly shifted outwards
from their position on the fixed star sky. This result contributed significantly to
the recognition of the theory of relativity in the professional world. Nowadays,
astronomers can use powerful telescopes to convince themselves that distant star
systems act as gravitational lenses.

The (outer) Schwarzschild metric applies only to the area outside the fixed star,
and there the radial coordinate r is greater than its radius. The fact that the metric
coefficient rμ = 2Gμ/c2 becomes singular, and that particles and photons cannot
escape in the range 0 < r < rμ, initially received little attention, since in the
case of our Sun, this number rμ is just under 3km, while the radius of the Sun
is almost 696,000 km. A fixed star having a huge density so that its radius is
smaller than rμ was considered impossible for a long time. Finally in the 1960s,
the realisation prevailed that, under certain circumstances, stars can collapse into
practically a point at the end of their life. J. A. Wheeler coined the term black
hole for this. Today, it is believed that black holes are quite commonplace in the
universe. Further details on black holes and spectacular consequences described in
popular science language can be found in [L].

We now give a brief overview of the contents. The following chapters deal with
the mathematical treatment of relativity. The mathematical preliminaries are intro-
duced systematically. The spacetime model is formulated axiomatically, and the
most important relativistic effects are derived from it. In this regard, this textbook
is based on the following quote from A. Einstein: The greatest task of physicists
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is to seek out those most general laws from which the world view can be obtained by
pure deduction. There is no logical path to these elementary laws, only the intuition
based on experience ([Schr], p. 9). Of course, this textbook is only an exposition
of known things. The main tool is those areas of mathematics that are called new
differential-geometric methods in the table of contents of [SU] two decades ago
and were also several decades old at that time. The fact that local coordinates can
be used everywhere requires the concept of an n-dimensional manifold, introduced
systematically in Chap. 1. In Chap. 2, tangent vectors are introduced as functionals
on a function space. This gives one the n-dimensional tangent space at every point,
on which tensor algebra (Chap. 3) can then be developed which is also of interest
from the point of view of physical applications. Basically, tensors are multilinear
forms, which, depending on their type, operate on a certain number of linear forms
and vectors. The selection of a coordinate basis on the tangent spaces gives rise
to a basis in each tensor space. Accordingly, every change of the coordinate basis
induces a change of tensor components. One thus reaches the standpoint of classi-
cal theoretical physics where one understands a tensor as a system of components
with rules for their transformation under coordinate system changes.

In the theory of relativity, tensors are usually referred to as tensor fields
(Chap. 4). The metric tensor in particular is a doubly covariant symmetric ten-
sor field. It is important for the formulation of the special theory of relativity that
this bilinear form is indefinite at each point of the four-dimensional manifold; if
the component matrix is diagonal, then there must be one positive and three nega-
tive numbers in the diagonal (one negative and three positive numbers can also be
required, but this is a question of convention). At the end of Chap. 4, the concept
of spacetime is then clarified.

In Chap. 5, the most important concepts of special relativity are introduced.
The observer takes the place of the inertial system, according to the logic of hav-
ing a coordinate-free representation. Without using the Lorentz transformation,
how geometric-physical objects are transformed from one observer to another is
determined. In order to avoid index pulling as much as possible and to make the
formulae as simple as possible, momentum is interpreted as a linear form. Over
80 years ago, H. Weyl noted that the force should be better understood as a linear
form ([We], p. 34). Roughly speaking, the force linearly assigns the work to the
path. According to Newton’s law, force is the rate of change of momentum, and so
momentum is also a linear form.

A differential form is a skew-symmetric covariant tensor field. Differentiation
and integration also do not depend on a metric. Upon differentiating (Chap. 6) the
order increases by one. Integration (Chap. 13) only makes sense for a differential
form whose order is the dimension of the manifold. When the support of the
differential form is contained in a chart, one inserts its coordinate vector fields
into the differential form and calculates the integral of the resulting real-valued
function. If the support is not contained in a chart, the differential form must be
decomposed into appropriate summands. In no case the unpleasant but widespread
concept of tensor density is required.
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The covariant derivative of vector fields (Chap. 7) essentially depends on the
metric and is used decisively in the definition of the curvature tensor (Chap. 8).
Examples are dealt with in detail: the curved surface in three-dimensional space
(for methodological reasons) and the Schwarzschild spacetime (for later usage).
It turns out that the curvature scalar of a curved surface is twice the Gaussian
curvature. As a by-product, one obtains an elegant proof of the famous theorema
egregium of C. F. Gauss, which says that the Gaussian curvature (so-called today)
is bending-invariant.

In Chap. 9, Einstein’s field equation is formulated. The main difficulty is the
explanation of the relativistic energy-momentum tensor (stress-energy tensor) and
the comparison with the Newtonian concepts of energy density, energy current den-
sity, momentum density and momentum current density. The energy-momentum
tensor is determined for ideal flow (perfect fluid) and the electromagnetic field.

The axiomatic meaning of the concept of a geodesic (Chap. 10) has already
been mentioned. The relativistic effects in our solar system can now be recalculated
here. Covariant derivation and Lie derivation of tensor fields are deliberately dealt
with in later chapters (Chaps. 11 and 12). While the special cases of the covariant
derivation of vector fields and Lie brackets are used in important situations, the
more general concepts have no such fundamental meaning for a first understanding
of the theory of relativity and are also laboriously exhaustive to explain. Black
holes (Chap. 14) have already been mentioned. Fortunately, the effects discussed
in popular science media can be understood mathematically here. In Chap. 15,
the Robertson-Walker metric is derived from the cosmological principle and thus
cosmological models are constructed. In the middle of Chap. 16, the Kerr metric
is discussed, which describes the gravitation field of a collapsing rotating star.

In contrast to this introductory chapter, the main text uses relativistic (geo-
metric) units. These are those in which the speed of light c and the gravitational
constant G are equal to 1. The standard unit of length is 1m. Simultaneously, this
is also a unit of time, namely the time in which light covers this distance. As a
result, one second is the same as 299, 793 · 108m. The gravitational constant G, in
classical units, is 6, 673·10−11m3/(kgs2). When one converts seconds into meters,
one has

6, 673

(2, 99793)2
· 10−27 m

kg
= 7, 425 · 10−28 m/kg.

The requirement that G = 1 implies that 1 kg = 7, 425 · 10−28 m. For example,
our Sun has a mass of

1, 989 · 1030 kg = 1, 989 · 7, 425 · 102 m = 1, 477 · 103 m.

This text provides enough material for a one-semester course (with two double
hours plus one double hour of exercises per week). Even if less time is available,
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it is possible to skip Chaps. 6, 11, 12, 13 and Sects. 1.2, 1.3, 5.3, 7.4, 8.2, 9.2, 9.4,
9.5 and 9.8 to get to black holes.

This textbook is deliberately not titled Theory of Relativity for Mathematicians.
All that is needed is linear algebra and differential and integral calculus of func-
tions of several variables, and the required level of abstraction does not go beyond
this level. The reader who is only interested in physics can ignore the proofs, but
the basic mathematical concepts should still be understandable.
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1DifferentiableManifolds

1.1 Charts and Atlases

Surfaces in three-dimensional space are often described by a parametrisation. A
map ϕ assigns a pair of parameter values u and v to each point P of the surface M .
The map ϕ from M to the parameter set � ⊆ R

2 is bijective, i.e., it is invertible. A
parametrisation is usually specified by giving three real-valued functions which are
the three Cartesian coordinates x, y, z as functions of u and v for the inverse map
ϕ−1. Let us consider the usual parametrisation of a cylinder by the three equations
x = r cos u, y = r sin u, z = v for (u, v) ∈ � = (0, 2π) × R, and of a sphere by x =
r sin u cos v, y = r sin u sin v, z = r cos u for (u, v) ∈ � = (0, π) × (0, 2π)with the
geometric interpretations as shown in Fig. 1.1.

These two examples already illustrate the difficulties that occur with closed sur-
faces at the points that correspon to the edge of the parameter set. There the continuity
of ϕ is violated or the definition of ϕ is not meaningful, as ϕ−1 is not injective.

These difficulties can be avoided by using different parametrisations for different
parts of M , with at least one parametrisation possible in the neighborhood of each
point. Figure 1.2 shows two overlapping subsets U and V of M , where parametri-
sations ϕ and ψ are available. There is a natural bijection between the images of
the shaded intersectionU ∩ V which is often continuously differentiable. If we now
relax the fact that the parametrisations of our surfaces consist of two parameters, we
essentially arrive at the notion of an n-dimensional manifold.

The abovemotivation and discussion is now summarisedwith a precise definition.

Definition 1.1 Let M be a set, and n a natural number. An n-dimensional chart of
M is a pair (U ,ϕ), where U is a subset of M and ϕ is a bijection from U onto an
open subset of Rn . Let k we a natural number or ∞. A Ck-atlas A of M is a family
of charts (Ui , ϕi ) , (i ∈ I ) with the properties
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Fig. 1.1 Parametrisation of a cylinder and a sphere

ϕ ψ

ψ ϕ°
−1

ϕ ψ°
−1

U V

Fig. 1.2 Compatible charts (U ,ϕ) and (V ,ψ)

(MA1) M =
⋃

i∈I
Ui

(MA2) The charts are pairwise compatible in the following sense: For i, j ∈ I and
Ui ∩Uj �= ∅, ϕ j ◦ ϕ−1

i is a Ck-diffeomorphism, that is, it is bijective and in
both directions k-times continuously differentiable.

�

The first of the following examples reviews the surface considered at the outset.
Examples 2 and 3 are intended to illustrate that maps need not be compatible at all.
We will repeatedly refer to Example 4 because of its special importance in the theory
of relativity.

Example 1 For the sphere

M ={
(x, y, z) ∈ R

3 : x2 + y2 + z2 = 1
}
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Fig. 1.3 An atlas for the sphere

the atlas could consist of four charts (Ui , ϕi ), where the subsets Ui are sketched in
Fig. 1.3, and maps ϕi are depicted with arrows there. ϕ1 and ϕ2 are the orthogonal
projections of the two spherical capsU1 andU2 to the planes z = ±1.ϕ3 first projects
U3 horizontally from the z-axis to the cylindrical surface x2 + y2 = 1, which is then
cut open and rolled out on a flat surface. ϕ4 acts analogously on U4.

Example 2 For the curve

M ={
(x, y) ∈ R

2 : y = x3
}

the chart (M,ϕ) with ϕ(x, y) = y is an atlas (see Fig. 1.4).

Example 3 The same curve is now equipped with three charts (see Fig. 1.4). Let

U1 ={
(x, y) ∈ M : y > 1

}

with ϕ1(x, y) = y, and

U2 ={
(x, y) ∈ M : y < −1

}

with ϕ2(x, y) = y. As the third chart, take

U3 ={
(x, y) ∈ M : −2 < x < 2

}

and ϕ3(x, y) = x . The overlapping regions U1 ∩U3 and U2 ∩U3 give rise to
the bijections

(
ϕ3 ◦ ϕ−1

1

)
(y) = 3

√
y on the interval (1, 8) to the interval (1, 2) and
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xx

yy

Fig. 1.4 Two atlases for the cubic curve

(
ϕ3 ◦ ϕ−1

2

)
(y) = 3

√
y on the Intervall (−8, −1) to the interval (−2,−1). Both these

functions and their inverses are infinitely many times differentiable. However, the
map (U3, ϕ3) is not compatible with the chart (U , ϕ) from Example2, because the
bijection

(
ϕ3 ◦ ϕ−1

)
(y) = 3

√
y is not differentiable at y = 0.

Example 4 For a positive number μ consider the point set

M = R × (2μ,+∞) × S2 ,

the Cartesian product of the set of real numbers R, the open interval (2μ,+∞) and
the surface S2 which is the unit sphere in R

3. Each chart (Ui ,ϕi ) of and atlas for
S2 induces a chart (R × (2μ,+∞) ×Ui ,ψi ), where ψi sends a number t , a number
r > 2μ and a point P ∈ S2 to the quadruple (t, r , p, q)where (p, q) = ϕi (P). These
charts constitute an atlas for M .

Definition 1.2 Two Ck-atlases A and B of a set M are called equivalent whenever
A ∪ B is a Ck-atlas of M , i.e., every chart ofA is compatible with that of B and vice
versa. �

The atlases considered in Examples2 and 3 are not equivalent.

Definition 1.3 A Ck-atlas A is maximal if A contains every atlas compatible
with A. �

Clearly each atlas can be extended to a amaximal atlas by adding all conceivable
charts that are compatible with every chart of the atlas.

A manifold is understood to mean a set equipped with an atlas, with equivalent
atlases leading to the samemanifold. Since two atlases on the same set are equivalent
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if and only if they are contained in the samemaximal atlas, this prompts the following:
A Ck-manifold [M,A] is a set M together with a maximal Ck-atlas A.

But this is not yet a suitable definition, because we will later need the notion of
continuity of a real-valued function defined on a manifold.

1.2 Topologisation

As is well known, the continuity of a map can be characterised by the concept of
open sets. A map ϕ is continuous if and only if the preimage ϕ−1(G) is open for
each open subset G. A map ϕ on a manifold maps to R

n . There the usual notion of
distance defines what the open subsets are. In this section we will choose the open
subsets of a manifold so that the maps are continuous.

Definition 1.4 A topological space [M,G] is a set M together with a collection G
of open subsets of M such that
(G1)M,∅ ∈ G
(G2)For Gi ∈ G also

⋃
i Gi ∈ G

(G3)For G1, . . . ,Gm ∈ G also G1 ∩ · · · ∩ Gm ∈ G.
The collection G is called a topology, and its members are called open sets. �

As it is known, the concept of topology enables one to define the notion of con-
vergence: A sequence of elements P1, P2, . . . in a topological space M converges
to an element P ∈ M if for each G ∈ G such that P ∈ G, there exists an index m0
such that for every natural number m > m0 Pm ∈ G. The uniqueness of the limit is
enforced by a so-called separation axiom:

Definition 1.5 A topological space [M,G] is called a Hausdorff space if for
every two distinct P, Q ∈ M , there exist open sets G, H ∈ G such that P ∈ G and
Q ∈ H . �

For two different limiting values P and Q of the same sequence in a Hausdorff
space, we could choose disjoint open sets G and H with P ∈ G and Q ∈ H , and
then for large m, all Pm would have to lie in both G and H , a contradiction, since
G ∩ H = ∅.

An atlas creates a topology on the base set M with the goal of making the maps
homeomorphisms, that is, they must be continuous in both directions.

Definition 1.6 A subset G of a set M equipped with an atlas is called open if for
each chart (U ,ϕ), the subset

ϕ(U ∩ G) ={
ϕ(P) : P ∈ U ∧ P ∈ G

}

of Rn is open. �
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These distinguished sets form a topology in the sense of Definition1.4: the total
set M and the empty set ∅ obviously belong to it, and (G2) and (G3) follow from

ϕ

(
U ∩

⋃

i

Gi

)
=

⋃

i

ϕ(U ∩ Gi )

and

ϕ(U ∩ G1 ∩ · · · ∩ Gm) = ϕ(U ∩ G1) ∩ · · · ∩ ϕ(U ∩ Gm) .

In order to show the continuity of the map ϕ, we examine the preimage ϕ−1(H)

of an open subset H of Rn . For a (different) chart (V , ψ), we have

ψ
(
V ∩ ϕ−1(H)

) = (
ϕ ◦ ψ−1)−1

(H) .

The map ϕ ◦ ψ−1 from ψ(U ∩ V ) to ϕ(U ∩ V ) is k-times continuously differen-
tiable, and in particular continuous. Thus the preimage of the open set H under
ϕ ◦ ψ−1 is open, and so ϕ−1(H) is open in the sense of Definition1.6.

Unfortunately, it is not possible to prove the separation axiom formulated in
Definition1.5 for the topology on M introduced by Definition1.6. The following
counterexample shows that this topology does not actually have to be Hausdorff.

Let M be the set of real numbers without zero, but extended with the complex
numbers i and −i , so that M = (

R\{0}) ∪ {i} ∪ {−i}. This set is equipped with the
two charts

U1 = (
R/{0}) ∪ {i} , ϕ1(x) =

{
x for x ∈ R\{0}
0 for x = i

and

U2 = (
R/{0}) ∪ {−i} , ϕ2(x) =

{
x for x ∈ R\{0}
0 for x = −i

.

Every open set, in the sense of Definition1.6, which contains i , also contains a
punctured neighborhood (−ε, 0) ∪ (0, ε) of 0, and the same holds for one containing
−i . Thus such sets can never be disjoint.

Since the separation axiom is not automatically fulfilled, we require that the
topology generated by the maximal atlas makes M a Hausdorff space. Likewise, a
so-called second countability axiom must be demanded: There exists a sequence
of open subsets G1,G2, . . . of M , so that every open subset G of M can be written
as a union of a finite or infinite number of these Gi . We will only need this axiom
when integrating on manifolds, but it is usually already demanded in the definition
of a manifold.

The discussion so far motivates the following definition:

Definition 1.7 An n-dimensionalCk-manifold [M,A] is a second countableHaus-
dorff space M with a Ck-atlas A, consisting of charts (Ui , ϕi ), where the ϕi are
homeomorphisms of the open subsetUi of M onto open subsets of Rn . The number
n is called the dimension of the manifold. �
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1.3 Submanifolds ofRm

To further illustrate the concept of manifolds and to prepare for the axiomatic devel-
opment of the concept of tangent vectors, to be introduced in the next chapter, we
examine in this section manifolds that arise as the intersection of hypersurfaces in
R
m .
Suppose that f1, . . . , fl are l (l < m) continuously differentiable real-valued

functions on R
m . The independent variables are labelled ξ1, . . . , ξm . The Jacobian

matrix
⎛

⎜⎜⎜⎜⎝

∂ f1
∂ξ1

· · · ∂ f1
∂ξm

...
...

∂ fl
∂ξ1

· · · ∂ fl
∂ξm

⎞

⎟⎟⎟⎟⎠

is assumed to have rank l everywhere. If the functions were linear forms onRm , then
this would mean that the coefficient matrix of the corresponding linear system of
equations has rank l, and the solution set would be n-dimensional, with n = m − l.
In a certain sense, this is also valid in the general case. That is,

M = {
(ξ1, . . . , ξm) ∈ R

m : fi (ξ1, . . . , ξm) = 0, i = 1, . . . l
}

is an n-dimensional manifold. For the proof, we use the fact that the Jacobian matrix
has rank l on M . Let (ξ10, . . . , ξ

m
0 ) ∈ M . To avoid indices on indices, let us assume

for simplicity that the square matrix

⎛

⎜⎜⎜⎜⎝

∂ f1
∂ξ1

· · · ∂ f1
∂ξl

...
...

∂ fl
∂ξ1

· · · ∂ fl
∂ξl

⎞

⎟⎟⎟⎟⎠

is regular at the point (ξ10, . . . , ξ
m
0 ). As is known, the system of equations

fi (ξ1, . . . , ξl , ξl+1, . . . , ξm) = 0, i = 1, . . . , l

can then be solved locally for (ξ1, . . . , ξl), that is, for (ξl+1, . . . , ξm) from a neigh-
borhood of (ξl+1

0 , . . . , ξm0 ), there exists exactly one l-tuple (ξ1, . . . , ξl) from a neigh-
borhood of (ξ10, . . . , ξ

l
0), so that (ξ

1, . . . , ξm) ∈ M . Hence the projection

ϕ(ξ1, . . . , ξl , ξl+1, . . . , ξm) = (ξl+1, . . . , ξm) ,

restricted to a sufficiently small neighborhood of (ξ10, . . . , ξ
m
0 ) is invertible, and its

inverse is continuously differentiable at least as many times as the given functions
fi . The compatibility of these maps is beyond question, and the metric and thus a
Hausdorff topology is transferred from R

m to M .
With this discussion in mind, the following definition is well-motivated:
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γ γ ' ( )t0
t0

t0 + 1

Fig. 1.5 Curve and tangent vector

Definition 1.8 An n-dimensionalCk-submanifoldM inRm (n < m) is a nonempty
set of the form

M = {
(ξ1, . . . , ξm) ∈ R

m : fi (ξ1, . . . , ξm) = 0, i = 1, . . . ,m − n
}

where fi are k times continuously differentiable functions on R
m whose Jacobian

matrix on M has the rank m − n. �

For a smooth surface in R
3, what a tangent vector should be is geometrically

clear: the base point of such a vector lies at a point P on the surface, and the tip and
thus the entire arrow lies in the tangent plane to the surface at the point P . The aim
of the following discussion is the formulation of this term for submanifolds in R

m

and the preparation of the axiomatic approach for the general case of a manifold.

Definition 1.9 A Ck-curve in a Ck-submanifolds ofRm is a map γ from an interval
I to M , the components γi of which defined by

γ(t) = (
γ1(t), . . . , γm(t)

)
,

are k-times continuously differentiable. �

Thus a curve is described using a parametric representation. We take the viewpoint
that different parameter representations give rise to different curves. Tangent vectors
can be described as velocity vectors if we think of a curve as describing the trajectory
of a point mass (Fig. 1.5).

Definition 1.10 The vector

γ′(t) = lim
h→0

γ(t + h) − γ(t)

h

for a curve γ in the submanifold M is called the tangent vector at the point γ(t).
The set of all tangent vectors at a point P is denoted by MP and is called the tangent
space at P . �
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Theorem 1.1 Every tangent space of an n-dimensional submanifold in R
m is an

n-dimensional linear space.

Proof In order to obtain the whole tangent space MP , it is sufficient to consider
the derivatives of all curves γ with γ(0) = P . Suppose the given point P ∈ M lies
in the chart (U , ϕ). By composition with the map, a curve γ gives rise to k-times
continuously differentiable real-valued functions u1, . . . , un , defined by

(
u1(t), . . . , un(t)

) = ϕ
(
γ(t)

)
.

If we apply the chain rule to the composition γ = ϕ−1 ◦ (ϕ ◦ γ), then we get

γ′ =

⎛

⎜⎜⎜⎜⎝

∂ξ1

∂u1
· · · ∂ξ1

∂un
...

...
∂ξm

∂u1
· · · ∂ξm

∂un

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

du1

dt
...

dun

dt

⎞

⎟⎟⎟⎟⎠
.

Every curve γ with γ(0) = P creates a vector

(
du1

dt
, . . . ,

dun

dt

)

t=0

∈ R
n ,

and vice versa for each n-tuple v = (v1, . . . , vn), there exists a curve with γ(0) = P
and

duk

dt
(0) = vk ,

for example the curve u = vt lifted to the manifold using the map. Summarising,

we see that the tangent space is the image space of the matrix (
∂ξi

∂uk
), calculated at

the n-tuple (u1, . . . , um) = ϕ(P). This shows the linearity of MP , and it remains to
show that this matrix has rank n.

The tangent space and its dimension if of course independent of the choice of the
chart. So we can take ϕ to be a projection that assigns the m numbers ξ1, . . . , ξm n
amongst them. Possibly after a renumbering we may assume that these are the first

n. Thus uk = ξk for k = 1, . . . , n. The first n rows of the matrix (
∂ξi

∂uk
) are then the

rows of the identity matrix, and so the rank is n.
A tangent vector can be used as a directional derivative. It will be seen that the

tangent vector can be identified by the effect the directional derivative has on real-
valued functions.

Definition 1.11 For a C∞-submanifold M on R
m , let F(M) be the linear space of

all real-valued functions f on M , such that for every chart ϕ, the function f ◦ ϕ−1

is infinitely many times differentiable. �
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A function f ∈ F(M) will often interest us in its behavior on an open set con-
taining P (open neighborhood of P). Any function defined in an open neighborhood
of P for which f ◦ ϕ−1 is infinitely many times differentiable can be extended to all
of M while maintaining this property.

Definition 1.12 Let P ∈ M, x ∈ MP and f ∈ F(M). Thenumber x f = ( f ◦ γ)′(0)
with γ(0) = P and γ′(0) = x is called the directional derivative of f in the direc-
tion x at the point P . �

The fact that the directional derivative does not depend on the choice of the curve
is evident in the case when the partial derivatives of f can be formed using the
coordinates of Rm , using the equation

(
f ◦ γ

)′
(0) = grad f (P) · γ′(0).

If f is only defined on M , we must instead use a suitable mapϕ and factor f ◦ γ into
f ◦ γ = g ◦ u with g = f ◦ ϕ−1 and u = ϕ ◦ γ. By the chain rule, we then have

( f ◦ γ)′ = grad g
(
ϕ(P)

) · u′(0) .

Since

x = γ′(0) = (ϕ−1 ◦ u)′(0)

u′(0) is the preimage of x under the Jacobian matrix of ϕ−1. But this has rank n, and
so u′(0) is uniquely determined by x , and so

(
f ◦ γ

)′
(0) is also uniquely determined

by x .

Example. Let i be one of the number 1 to m, and fi be the function that assigns
to every point of a submanifold M of Rm its i th coordinate. For the tangent vector
y = (y1, . . . , ym) we have

y fi = grad f · y = yi .

By using a map ϕ, one gets the same result, as follows: The function g = fi ◦ ϕ−1

assigns the n-tuple (x1, . . . , xn) its i th coordinate. We have y fi = grad g · v where

v is the preimage of y under the matrix (
∂ξi

∂uk
). Since grad g is the i th row of this

matrix, the scalar product grad g · v is the i th component of the tangent vector y.
The following simple arithmetic rules follow immediately from the definition of

the directional derivative.

Theorem 1.2 For P ∈ M, x ∈ MP , f , g ∈ F(M) and real numbers λ and μ, the
following hold:
(L) x(λ f + μg) = λ(x f ) + μ(xg)

(P) x( f g) = (x f )g(P) + f (P)(xg)
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Theorem 1.3 If there are two tangent vectors x, y ∈ MP such that for all f ∈ F(M)

their directional derivatives x f and y f coincide, then x must be equal to y.

Proof For the functions fi discussed in the example above, we have by Definition
1.12 that x fi = xi . By the equality of the directional derivatives, it follows that
xi = yi for all i = 1, . . . ,m, and so x = y.



2TangentVectors

2.1 TheTangent Space

In this chapter, M is an n-dimensional C∞-manifold in the sense of Definition 1.7.
The function space F(M) introduced here is as in Definition 1.11. In Sect. 1.3,
we introduced the concept of n-dimensional submanifolds of Rm in the sense of
Definition 1.8, and the notion of tangent vectors was introduced. Definition 1.10
cannot be used directly in the general case, but Theorems 1.2 and 1.3 motivate the
following:

Definition 2.1 Let P ∈ M . A map x : F(M) −→ R such that
(L) x(λ f + μg) = λ(x f ) + μ(xg)

(P) x( f g) = (x f )g(P) + f (P)(xg)

is called a tangent vector at P (also tangential vector, vector or contravariant
vector). The set of all tangent vectors at a point P ∈ M is called the tangent space
MP . �

For an n-dimensional submanifold of Rm , each tangent vector in the sense of
Definition 1.10 is also a tangent vector in the sense of Definition 2.1. The converse
will become clear only in the next section.

Theorem 2.1 Every tangent space MP is a linear space.

Proof For x, y ∈ MP weneed to show that themapαx + βy : F(M) −→ Rdefined
by

(αx + βy) f = αx f + βy f

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
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satisfies linearity (L) and the product rule (P). We have

(αx + βy)(λ f + μg) = αx(λ f + μg) + βy(λ f + μg)

= αλx f + αμxg + βλy f + βμyg = λ(αx + βy) f + μ(αx + βy)g

and

(αx + βy)( f g) = αx( f g) + βy( f g)

= α(x f )g(P) + α f (P)(xg) + β(y f )g(P) + β f (P)(yg)

= (
(αx + βy) f

)
g(P) + f (P)(αx + βy)g .

In the following two theorems, properties of tangent vectors are given, which in
the special case of a submanifold of Rm , are obvious for the directional derivative.

Theorem 2.2 Let P ∈ M, x ∈ MP and f be a constant. Then x f = 0.

Proof Because of homogeneity, x(λ f ) = λx f , and so it is enough to consider the
case f = 1. We have

x1 = x(1 · 1) = (x1)1 + 1(x1) = 2x1

and so x1 = 0.

Theorem 2.3 Let f and g coincide in an open neighborhood of P. Then for all
x ∈ MP x f = xg.

Proof Let U be an open neighborhood of P where f and g coincide. We choose
a function h ∈ F(M) such that h(P) = 1 and h(Q) = 0 for Q /∈ U . That such a
function exists is entirely plausible, but a precise reason will be given in Sect. 13.2.
The product rule (P) gives in the present case that

x(h f ) = xh · f (P) + 1 · x f

and

x(hg) = xh · g(P) + 1 · xg .
Since h f = hg and f (P) = g(P), it follows that x f = xg.
This last theorem gives rise to the following concepts.

Definition 2.2 Two functions f , g ∈ F(M) are called P-equivalent, if they coin-
cide on an open neighborhood of P . �

P-equivalence is an equivalence relation, and thus creates a partition of F(M) into
equivalence classes.
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Definition 2.3 F(P) is the collection of all equivalence classes of P-equivalent
functions from F(M). �

The space F(P) can thus be written as the quotient space F(P) = F(M)/N (P).
Here N (P) is the subspace of all g ∈ F(M) for which there exists an open neigh-
borhood U of P such that g(Q) = 0 for Q ∈ U . Another description is as follows:
F(P) consists of all restrictions of C∞-functions defined on an open neighborhood
of P . For such a function f defined on an open set U , there exists a C∞-function
g defined on the whole of M which coincides with f on an open subset V of U
containing P (see Sect. 13.2). Conversely, one can select a representative from a
class of P-equivalent functions and restrict it to an open neighborhood of P . The
space F(P) is important in connection with tangent vectors, since by Theorem 2.3,
one has that in Definition 2.1, the function spaceF(M) can be replaced by the space
F(P).

2.2 Generation of TangentVectors

To define a curve in a manifold, we modify the wording of Definition 1.9.

Definition 2.4 AC∞-curve γ in an n-dimensionalC∞-manifoldM is a map γ from
an interval I to M , such that for every map ϕ, the map ϕ ◦ γ is infinitely many times
differentiable. �

In contrast to the earlier situation described in Sect. 1.3, the curve itself can no longer
be differentiated, but for everyC∞-function f , we have f ◦ γ = ( f ◦ ϕ−1) ◦ (ϕ ◦ γ)
is differentiable. With this in mind, each C∞-curve γ with γ(0) = P generated a
tangent vector x ∈ MP

f
x−→ ( f ◦ γ)′(0) ,

and then there holds

(
(λ f + μg) ◦ γ

)′
(0) = λ( f ◦ γ)′(0) + μ(g ◦ γ)′(0)

and

(
( f g) ◦ γ

)′
(0) = (

( f ◦ γ)(g ◦ γ)
)′
(0) = ( f ◦ γ)′(0)(g ◦ γ)(0) + ( f ◦ γ)(0)(g ◦ γ)′(0) .

Using a map, we can express the directional derivative as

x f = ( f ◦ γ)′(0) = (
( f ◦ ϕ−1) ◦ (ϕ ◦ γ)

)′
(0) =

n∑

i=1

∂( f ◦ ϕ−1)

∂ui
(ϕ(P))

dui

dt
(0) .

This formula shows that each tangent vector generated by a curve is a linear combi-
nation of the special tangent vectors introduced in the following definition.
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∂2

∂1

u c
1

=

u c
1

= + 1

u c
2

= ' + 1

u c
2

= '

Fig. 2.1 Coordinate induced tangent vectors

Definition 2.5 At a given point P of an n-dimensional C∞-manifold and a chart
map ϕ, let ∂

∂ui
(P) or even briefer ∂i denote the tangent vector, that assigns for a

function f ∈ F(P) the number

∂( f ◦ ϕ−1)

∂ui
(ϕ(P)).

�

Applying the tangent vector ∂i to f thus means to partially differentiate the chart
representative f ◦ ϕ−1, using the chart map ϕ, with respect to the i th coordinate. In
the case of an n-dimensional submanifold of Rm with the local representation

(ξ1, . . . , ξm) = ϕ−1(u1, . . . , un)

this procedure coincides with the procedure in the sense of Definition 1.12 with the
vector

∂i =
(

∂ξ1

∂ui
, . . . ,

∂ξm

∂ui

)
.

In Fig. 2.1, the special casewhenm = 3 and n = 2 is depicted. The rest of this section
is devoted to demonstrating that the tangent vectors ∂1, . . . , ∂n form a basis for the
tangent space MP .

Theorem 2.4 The tangent vectors
∂

∂u1
(P), . . . ,

∂

∂un
(P) are linearly independent.

Proof If
n∑

i=1

λi
∂

∂ui
(P) = 0 ,

then for f ∈ F(P) we have

n∑

i=1

λi
∂( f ◦ ϕ−1)

∂ui
(ϕ(P)) = 0 .
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Applied to the function fk , which maps the kth coordinate of the points in the
chart ϕ, we obtain λk = 0.

Theorem 2.5 Let B be an open ball with center 0 inRn, and let g be a C∞-function
defined on B. Then there exist C∞-functions g1, . . . , gn such that

gi (0) = ∂g

∂ui
(0) ,

so that for u ∈ B there holds

g(u) = g(0) +
n∑

i=1

gi (u)u
i .

Proof For u = (u1, . . . , un) ∈ B, we apply to the function h(t) = g(tu) the identity

h(1) = h(0) +
1∫

0

h′(t) dt

giving

g(u) = g(0) +
1∫

0

n∑

i=1

∂g

∂ui
(tu) · ui dt .

The sought functions are given by the integrals

gi (u) =
1∫

0

∂g

∂ui
(tu) dt .

Theorem 2.6 The tangent vectors
∂

∂u1
(P), . . . ,

∂

∂un
(P) form a basis for the tan-

gent space MP.

Proof We have to show that each tangent vector x ∈ MP is a linear combintation of
∂

∂ui
(P). We can assume that ϕ(P) = 0. Again, let fi be the function that assigns to

each point its i-th coordinate under the map ϕ. For f ∈ F(P), we will show that

x f =
n∑

i=1

x fi
∂( f ◦ ϕ−1)

∂ui
(0) ,
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that is, the directional derivatives x fi will be the sought coefficients in the linear
combination. To this end, we apply Theorem 2.5 to the function g = f ◦ ϕ−1 and
obtain

f
(
ϕ−1(u)

) = f
(
ϕ−1(0)

) +
n∑

i=1

gi (u)u
i ,

and so

f (Q) = f (P) +
n∑

i=1

(gi ◦ ϕ)(Q) fi (Q) .

Thus the function f acquires the form

f = f (P) +
n∑

i=1

(gi ◦ ϕ) fi .

Hence

x f =
n∑

i=1

x(gi ◦ ϕ) fi (P) +
n∑

i=1

(gi ◦ ϕ)(P)x fi .

By the definition of fi , we have fi (P) = 0, and thanks to the property possessed
by the gi stipulated in Theorem 2.5, we have

(gi ◦ ϕ)(P) = gi (0) = ∂g

∂ui
(0) = ∂( f ◦ ϕ−1)

∂ui
(0) .

This completes the proof of the theorem.

2.3 Vector Fields

Definition 2.6 A vector field X on aC∞-manifoldM is a map that for every P ∈ M
assigns a tangent vector X(P) ∈ MP . X is a C∞-vector field if for all f ∈ F(M),
the real-valued function X f , defined by X f (P) = X(P) f , is infinitely many times
differentiable. The linear space of all C∞-vector fields is denoted by X (M). X (P)
denotes the space X (M) quotiented by the subspace of all vector fields that are zero
in a neighborhood of P . �

Example. Let P be a point of an n-dimensional C∞-manifold. Each chart (U ,ϕ)
with P ∈ U gives rise to vector fields ∂

∂ui
∈ X (P), defined by

∂

∂ui
f (P) = ∂( f ◦ ϕ−1)

∂ui
(ϕ(P))
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Fig. 2.2 A vector field

(see Definition 2.5). These are the n coordinate vector fields induced by the chart
(U ,ϕ). As mentioned earlier, we will sometimes denote them by ∂i .

To further illustrate the concept of a vector field, we now consider curved surfaces
in R3. A tangent vector is then an arrow pinned at a point P in the tangential plane.
With this in mind, a vector field X attaches an arrow at each point P (Fig. 2.2), while
aC∞-vector field arranges for the arrows to differ only slightly if their base points are
slightly apart. This system of arrows can be interpreted as a flow, where the tangent
vector prescribes a velocity at each point on the surface. For a function f ∈ F(P),
the directional derivative X f (P) then describes the change in the function value of
f registered by an observer moving with the flow at the moment when it passes the
point P .

The n coordinate vector fields ∂
∂u1

, . . . , ∂
∂un , give for each point Q in the chart, the

tangent vectors ∂
∂ui

(Q), which form a basis for the tangent space MQ . However, the
converse is in general not true. If there are n vector fields X1, . . . , Xn , such that for
each point Q inU , the tangent vectors X1(Q), . . . , Xn(Q) are linearly independent,
there in general is no map ϕ on U , such that X1, . . . , Xn are the corresponding
coordinate vector fields. This is illustrated by the following counterexample.

Let M = R
2\(−∞, 0], equipped with the polar coordinates 	 and ϕ. Define the

vector fields X and Y by

X(P) = ∂

∂	
(P) and Y (P) = 1

	

∂

∂ϕ
(P) .

For every P , the vectors X(P) and Y (P) are orthogonal, and in particular, also
linearly independent. If X and Y were coordinate vector fields, then as with the polar
coordinates, concentric circles and rays from the originwould be the coordinate lines,
and ||Y (P)|| should be proportional to the distance from the origin. This contradicts
||Y (P)|| = 1.

The concept of the Lie bracket (named after the Norwegian mathematician
Sophus Lie 1842–1899) will be dealt with, among other things, in the next section,
in order to determine which vector fields are coordinate vector fields.

2.4 The Lie Bracket

A vector field X can be applied point by point to a scalar field f (i.e., to a real-valued
function), and thereby generate a number X(P) f at each point, hence giving a new
scalar field g = X f . If we now apply another vector field Y on g, we get a third scalar



20 2 Tangent Vectors

field h = Y X f . The map f −→ h(P) is linear, but it does not obey the product rule.
However, if the difference XY f − Y X f is formed, then the troublesome terms cancel
each other out.

Theorem 2.7 Let X and Y be two C∞-vector fields. The map, sending the C∞-
function f to the number (XY f )(P) − (Y X f )(P), is a tangent vector in MP.

Proof The needed linearity is satisfied by each of the summands. For the first one,

XY (λ f + μg)(P) = X(P)(λY f + μYg)

= λX(P)Y f + μX(P)Yg = λXY f (P) + μXYg(P)

and analogously for the second one:

Y X(λ f + μg)(P) = λY X f (P) + μY Xg(P) .

The product rule for vector fields gives

XY ( f g)(P) − Y X( f g)(P)

= X(P)
(
(Y f )g

) + X(P)
(
f (Yg)

) − Y (P)
(
(X f )g

) − Y (P)
(
f (Xg)

)
.

For the first summand, we have using the product rule for the vector field X :

X(P)
(
(Y f )g

) = X(P)(Y f )g(P) + (Y (P) f )(X(P)g) .

Adding and subtracting analogous results for the other three summands, we obtain

(
X(P)Y − Y (P)X

)
( f g) =

= (
(X(P)Y − Y (P)X) f

)
g(P) + f (P)

(
X(P)Y − Y (P)X

)
g .

Definition 2.7 TheLie bracket is the operation inX (M), that maps the vector fields
X and Y to the vector field [X , Y ], defined by

[X , Y ](P) f = XY f (P) − Y X f (P) .

�

Thus

[X , Y ] f = XY f − Y X f ,

and even more briefly,

[X , Y ] = XY − Y X .
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Theorem 2.8 The Lie bracket of any two coordinate vector fields is the zero vector
field.

Proof We have

[
∂

∂ui
,

∂

∂uk

]
f = ∂

∂ui
∂

∂uk
( f ◦ ϕ−1) − ∂

∂uk
∂

∂ui
( f ◦ ϕ−1) = 0 ,

because, as is well known, the order does not matter in partial differentiation.

From Definition 2.7, it can be seen immediately that the Lie bracket is a skew-
symmetric bilinear operation on X (M) or X (P). We have

[X , Y ] = −[Y , X ]
[X + Y , Z ] = [X , Z ] + [Y , Z ]
[X , Y + Z ] = [X , Y ] + [X , Z ]
[λX ,μY ] = λμ[X , Y ] .

This last equality does not always hold if the numbers λ and μ are replaced by
functions.

Theorem 2.9 For X , Y ∈ X (P) and f , g ∈ F(P), there holds

[ f X , gY ] = f g[X , Y ] + f (Xg)Y − g(Y f )X .

Proof The product rule for vector fields implies

[ f X , gY ]h = f X(gYh) − gY ( f Xh)

= f (Xg)(Yh) + f gXYh − g(Y f )(Xh) − g f Y Xh .

When a chart is chosen, vector fields can be represented using the n coordinate
vector fields ∂1, . . . , ∂n . The coefficients are then scalar fields.

Theorem 2.10 For X = ∑n
i=1 X

i∂i and Y = ∑n
k=1 Y

k∂k , there holds

[X , Y ] =
n∑

j=1

( n∑

i=1

(Xi∂i Y
j − Y i∂i X

j )

)
∂ j .

Proof By Theorem 2.9,

[X , Y ] =
n∑

i,k=1

[Xi∂i , Y
k∂k] =

n∑

i,k=1

Xi (∂i Y
k)∂k −

n∑

i,k=1

Y k(∂k X
i )∂i .
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Theorem 2.11 For vector fields X , Y , Z, there holds

[[X , Y ], Z ] + [[Y , Z ], X ] + [[Z , X ], Y ] = 0 .

Proof This so-called Jaboci identity follows from the fact that all twelve summands
cancel each other out in pairs.



3Tensors

3.1 Introduction

The representation of elements of a finite-dimensional space E , of linear forms on
E , and of linear maps on E , as n-tuples or as matrices, depends essentially on a
choice of basis in E . The concept of tensor introduced in the next section generalises
these objects, and thus facilitates, among other things, a unified theory of coordinate
transformation. In later applications, the underlying space E will always be the
tangent space of a manifold, but this fact will not play a role in this chapter. In this
respect, the present chapter is completely independent of the considerations of the
first two chapters.

In tensor algebra, there are always sums with often times several summation
indices. To simplify the notations, the following so-calledEinstein notation is com-
monly used: When an index occurs twice in one term, once as a subserscript and
once as a subscript, then a summation is implied over the range of this index. Thus
instead of writing

∑n
i=1 λi xi , we shorten this to λi xi . An equation of the form

ηk = ∑n
i=1 αk

i ξ
i is replaced by ηk = αk

i ξ
i . The summation index range is no longer

specified, but is usually clear from the context.
The use of the summation convention requires uniform regulations determining

which indices have to be at the top and which at the bottom. We will now index
vectors below when numbering them, and so the coefficients in linear combinations
of vectors must then of course be indexed above. Since the coordinates of a vector
in such a representation are coefficients, their running index must also be at the top.
Matrices, which are to represent linear maps, will be applied on coordinates, and
produce coordinates. Thus the column index is at the bottom and the row index is at
the top. If a matrix is to be used as the coefficient matrix of a bilinear form, then both
indices must occur below. Linear forms are indexed at the top, and their coordinates
at the bottom.
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To demonstrate the use of the summation convention, we will now discuss coor-
dinate transformations for vectors and linear maps, using the new notation. The basis
is always for the n-dimensional space E .

Let two bases x1, . . . , xn and y1, . . . , yn , related by yk = αi
k xi and xi = βk

i yk ,
be given. The representation z = ξi xi of a vector z ∈ E should be converted to the
other basis. To this end, we express the xi in terms of the other basis vectors using
the conversion formula given above, and obtain z = ξiβk

i yk . We can then read off
the coordinates as ηk = ξiβk

i .
The matrix (τ ik) describes a map A ∈ L(E, E) with respect to a basis x1, . . . , xn ,

that is, Axk = τ ik xi . The matrix (σ
j
k ) of A with respect to the other basis should be

determined. By using both conversion formulae, we obtain

Ayk = Aαi
k xi = αi

k Axi = αi
kτ

l
i xl = αi

kτ
l
i β

j
l y j

and so we read off that σ j
k = αi

kτ
l
i β

j
l .

3.2 Multilinear Forms

We are familiar with the notion of multilinear forms via our acquaintance with
determinants: the rows of a square matrix are assigned a number, and this assignment
is known to be linear with respect to each individual row (the others being kept fixed).

Let E be an n-dimensional vector space, and E∗ denote its dual space, consisting
of all linear forms a on E . We denote the action of a on an element x by 〈x, a〉.

Definition 3.1 Let p and q be nonnegative integers. A map f : E∗ p × Eq −→ R

such that

f (a1, . . . , ai−1,λa + μb, ai+1, . . . , a p, x1, . . . , xq)

= λ f (a1, . . . , a, . . . , a p, x1, . . . , xq) + μ f (a1, . . . , b, . . . , a p, x1, . . . , xq)

and

f (a1, . . . , a p, x1, . . . , xk−1,λx + μy, xk+1, . . . , xq)

= λ f (a1, . . . , a p, x1, . . . , x, . . . , xq) + μ f (a1, . . . , a p, x1, . . . , y, . . . , xq)

is called a p-fold contravariant and q-fold covariant tensor on E , or even more
briefly, a (p, q)-tensor.

Example 1 The function f definedon E∗ × E , given by f (a, x) = 〈x, a〉 is a (1, 1)-
tensor and is called the unit tensor.

Example 2 Let E = R
3. The function f on E∗ × E × E defined by f (a, x1, x2) =

〈x1 × x2, a〉 is a (1, 2)-tensor on R3.
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Example 3 For given vectors x1, . . . , xp ∈ E and linear forms a1, . . . , aq , the func-
tion f on E∗ p × Eq defined by

f (b1, . . . , bp, y1, . . . , yq) = 〈x1, b1〉 · · · 〈xp, bp〉〈y1, a1〉 · · · 〈yq , aq〉

is a (p, q)-tensor. This is denoted by

f = x1 ⊗ · · · ⊗ xp ⊗ a1 ⊗ · · · ⊗ aq .

Such tensors are called simple.

For a given real vector space E and non-negative integers p and q , the set of
p-fold contravariant and q-fold covariant tensors form a linear space with respect
to pointwise addition and pointwise multiplication. This is denoted by E p

q or by
E ⊗ · · · ⊗ E ⊗ E∗ ⊗ · · · ⊗ E∗. For example E1

2 or E ⊗ E∗ ⊗ E∗. By E0
0 we mean

of course R.
The following theorem gives a wealth of other examples and shows the great

generality of the concept of tensors.

Theorem 3.1 The following equalities hold in the sense of isomorphisms:

(1) E = E1
0

(2) E∗ = E0
1

(3) L(E, E) = E1
1

(4) L(E, L(E, E)) = E1
2

(5) L(L(E, E), L(E, E)) = E2
2

The isomorphisms do not depend on the choice of a basis.

Proof A vector x generates a real function J x on E∗ by setting (J x)(a) = 〈x, a〉.
The linearity of the mapping a −→ 〈x, a〉 follows from the definition of addition in
E∗, and the linearity of x −→ J x is exactly the linearity of linear forms. The map
J : E −→ E1

0 is injective, since it is known that if x1 and x2 are distinct vectors, then
there exists a linear form a which distinguished them, that is 〈x1, a〉 �= 〈x2, a〉. The
agreement of the dimensions of E and E1

0 , which we will show in a more general
context in the next section, finally ends the proof of (1). The equality (2) is trivial.
To prove the other equalities, we only give the isomorphisms. Given a linear map A
on E , we assign to it the bilinear form f (a, x) = 〈Ax, a〉. For T ∈ L(E, L(E, E))
we assign the trilinear form f (a, x1, x2) = 〈(T x1)x2, a〉, which is the corresponding
(1, 2)-tensor. T ∈ L(L(E, E), L(E, E)) is interpreted as the (2, 2)-tensor given by

f (a1, a2, x1, x2) = 〈(T (x1 ⊗ a1))x2, a
2〉 .
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In light of the identifications in (1) and (2), we call vectors as contravariant
vectors and linear forms as covariant vectors.

The following two recursion formulae generalise the equalities (3), (4) and (5)
of Theorem3.1, and allow the construction of tensors of arbitrary ‘heights’.

Theorem 3.2 Let E be afinite-dimensional space, and p, q, r , s, t, u be nonnegative
integers. Then in the sense of isomorphisms, we have

L(Er
s , E

u
t ) = Es+u

r+t

and in particular,

L(E, E p
q ) = E p

q+1 .

Proof As the isomorphism, we use the map J , which sends T ∈ L(Er
s , E

u
t ) to the

tensor

f (a1, . . . , as, as+1, . . . , as+u, x1, . . . , xr , xr+1, . . . , xr+t )

= (T (x1 ⊗ · · · ⊗ xr ⊗ a1 ⊗ · · · ⊗ as))(as+1, . . . , as+u, xr+1, . . . , xr+t ).

Obviously, f is multilinear and J is linear. If one already uses here that one can
form for Er

s a basis using simple tensors (Theorem3.3. in the next section), then one
also sees that f = 0 implies T = 0. Thus J is injective. As it will be shown that
both spaces have the same dimensions, J is also surjective. The second equality in
Theorem3.2 is the special case of the first one with r = 1, s = 0, t = q , u = p.

3.3 Components

Every basis x1, . . . , xn for a linear space is known to give rise to a basis a1, . . . , an

for the dual space E∗, defined by

〈λi xi , a
k〉 = λk .

This basis a1, . . . , an is called the dual basis to the given basis x1, . . . , xn .

Theorem 3.3 Let x1, . . . , xn be a basis for E and let a1, . . . , an be the dual basis
for E∗. The n p+q -tensors

xi1 ⊗ · · · ⊗ xi p ⊗ a j1 ⊗ · · · ⊗ a jq ,

where the indices i1, . . . , i p, j1, . . . , jq all belong to {1, ..n}, form a basis for E p
q .

Thus it follows that

dimE p
q = n p+q .
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Proof By the definition of simple tensors, and the dual basis,

xi1 ⊗ · · · ⊗ xi p ⊗ a j1 ⊗ · · · ⊗ a jq (ai
′
1 , . . . , ai

′
p , x j ′1 , . . . , x j ′q ) = 1

if and only if all the corresponding indices match in pairs, and otherwise the function
is zero. With this knowledge, linear independence is easily demonstrated. Let

λ
i1···i p
j1··· jq xi1 ⊗ · · · ⊗ xi p ⊗ a j1 ⊗ · · · ⊗ a jq = 0

(n p+q summations).

Applying this on ai
′
1 , . . . , ai

′
p , x j ′1 , . . . , x j ′q makes all the summands disappear

except for one, and we obtain

λ
i ′1···i ′p
j ′1··· j ′q = 0 ,

and as the indices i ′1, . . . , i ′q were chosen arbitrarily the linear independence follows.
It remains to show that these simple tensors span E p

q . Let

f = λ
i1···i p
j1··· jq xi1 ⊗ · · · ⊗ xi p ⊗ a j1 ⊗ · · · ⊗ a jq .

Applying this to the variables ai
′
1 , . . . , x j ′q gives

f (ai
′
1 , . . . , ai

′
p , x j ′1 , . . . , x j ′q ) = λ

i ′1···i ′p
j ′1··· j ′q .

Given f ∈ E p
q , we show that

f = f (ai1 , . . . , aip , x j1 , . . . , x jq )xi1 ⊗ · · · ⊗ xi p ⊗ a j1 ⊗ · · · ⊗ a jq .

This equation is correct when the variables are taken from the basis of E and the
corresponding dual base. Due to multi-linearity it is also correct for the general case.
This also settles Theorem3.1 and 3.2, for which we had used Theorem3.3 in their
proofs.

From the above proof, we see that the coordinates of a tensor can be conveniently
calculated with respect to a basis.

Theorem 3.4 Let x1, . . . , xn be a basis for E. The coordinates of f ∈ E p
q with

respect to the basis of tensors xi1 ⊗ · · · ⊗ xi p ⊗ a j1 ⊗ · · · ⊗ a jq are given by

f
i1···i p
j1··· jq = f (ai1 , . . . , aip , x j1 , . . . , x jq ) .

The numbers are called the components of f with respect to the basis x1, . . . , xn.
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Example. A linear mapping T ∈ L(E, E) is given by a matrix (τ ik) with respect to
the basis x1, . . . , xn for E , that is,

T (ξk xk) = τ lkξ
k xl .

The linear form ai of the dual basis sends an element x ∈ E to its i-th coordinate
with respect to the given basis. The tensor f ∈ E1

1 corresponding to the mapping
T ∈ L(E, E) defined by f (a, x) = 〈T x, a〉 and has the components

f ij = f (ai , x j ) = 〈T x j , ai 〉 = 〈τ lj xl , ai 〉 = τ ij .

The elements of the matrix are thus the components of the tensor with respect to the
same basis.

Next we investigate the effect of a change of basis in E on the components of
a tensor f ∈ E p

q . In addition to a basis X = {x1, . . . , xn} for E , suppose there is
given another basis X = {x1, . . . , xn}. The two bases are related to each other by
the conversion formulae xi = α

j
i x j and x j = βi

j xi . Of course the two matrices (α j
i )

and (βi
j ) are inverses of each other. We now determine the relation between the dual

bases A = {a1, . . . , an} for X and the dual basis A = {a1, . . . , an} for X . We set
ak = γk

l a
l and apply this linear form on the basis elements x1, . . . , xn . Then as

〈x j , ak〉 = 〈βi
j xi , a

k〉 = βi
j 〈xi , ak〉 = βk

j

and

〈x j , γk
l a

l〉 = γk
l 〈x j , al〉 = γk

j

it follows that ak = βk
l a

l , and since (α j
i ) is the inverse of (β

i
j ), also a

l = αl
ka

k .

Now the components f
i1···i p
j1··· jq of a tensor f ∈ E p

q with respect to the basis X can

easily be related to the components f
i1···i p
j1··· jq , with respect to X . We have

f
i1···i p
j1··· jq = f (ai1 , . . . , aip , x j1 , . . . , x jq )

= f (βi1
l1
al1 , . . . ,β

i p
l p
, alp ,αk1

j1
xk1 , . . . ,α

kq
jq
xkq ) = βi1

l1
· · · βi p

l p
f
l1···l p
k1···kqα

k1
j1

· · ·αkq
jq
.

We summarise this in the following result.

Theorem 3.5 Suppose the bases X = {x1, . . . , xn} and X = {x1, . . . , xn} for E are
related by xi = α

j
i x j and x j = βi

j xi . Then the components of f ∈ E p
q with respect

to X and X are related by

f
i1···i p
j1··· jq = βi1

l1
· · · βi p

l p
f
l1···l p
k1···kqα

k1
j1

· · ·αkq
jq

.
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Example. Let f ∈ E1
1 be the tensor corresponding to the linear map T ∈ L(E, E)

with matrix (τ ik) with respect to the basis X for E . We had already seen that the
elements τ ik are the components f ik of the tensor f with respect to X . Wtih respect to

another basis X , the components are f
i
j = βi

l f
l
kα

k
j . We had already met this formula

at the end of Sect. 3.1.

3.4 Operations with Tensors

First of all E p
q is a vector space, and so two tensors f and g are of the same type

(also said to have the same index structure) can be added

( f + g)(a1, . . . , a p, x1, . . . , xq) = f (a1, . . . , a p, x1, . . . , xq)

+ g(a1, . . . , a p, x1, . . . , xq).

For components, one has then

( f + g)
i1···i p
j1··· jq = f

i1···i p
j1··· jq + g

i1···i p
j1··· jq .

The multiplication by scalars is given by

(λ f )(a1, . . . , a p, x1, . . . , xq) = λ f (a1, . . . , a p, x1, . . . , xq)

and for component one then has

(λ f )
i1···i p
j1··· jq = λ f

i1···i p
j1··· jq .

Definition 3.2 The tensor product f ⊗ g of two tensors f ∈ E p
q and g ∈ Er

s is a
tensor in E p+r

q+s defined by

f ⊗ g(a1, . . . , a p, a p+1, . . . , a p+r , x1, . . . , xq , xq+1, . . . , xq+s)

= f (a1, . . . , a p, x1, . . . , xq) g(a p+1, . . . , a p+r , xq+1, . . . , xq+s) .

�

The tensor product of two tensors can be formed whenever the same vector space
E is underlying both the tensors. The components of the tensor product are given in
terms of the components of the two factors by the relation

( f ⊗ g)
i1···i pi p+1···i p+r
j1··· jq jq+1··· jq+s

= f
i1···i p
j1··· jq g

i p+1···i p+r
jq+1··· jq+s

.
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The following calculation rules can be easily established:

( f ⊗ g) ⊗ h = f ⊗ (g ⊗ h)

( f + g) ⊗ h = ( f ⊗ h) + (g ⊗ h)

f ⊗ (g + h) = ( f ⊗ g) + ( f ⊗ h)

(λ f ) ⊗ g = λ( f ⊗ g) = f ⊗ (λg)

The notation for simple tensors established in Example3 of Sect. 3.2 is a special
case of the one for the more general tensor products. The simple tensor

x1 ⊗ · · · ⊗ xp ⊗ a1 ⊗ · · · ⊗ aq ∈ E p
q

is the tensor product of the tensors x1, . . . , xp, a1, . . . , aq of E1
0 and E0

1 .

Definition 3.3 For r ∈ {1, . . . , p}, s ∈ {1, . . . , q} and f ∈ E p
q , letCr

s f ∈ E p−1
q−1 be

the tensor defined by the sum (summation over k)

Cr
s f (a

1, . . . , ar−1, ar+1, . . . , a p, x1, . . . , xs−1, xs+1, . . . , xq)

= f (a1, . . . , ar−1, bk, ar+1, . . . , a p, x1, . . . , xs−1, yk, xs+1, . . . , xq) ,

where y1, . . . , yn is a basis for E and b1, . . . , bn is the dual basis for E∗. The
transition of the tensor f to the tensor Cr

s f is called contraction.

It needs to be clarified why the definition of Cr
s f is independent of the choice of the

basis y1, . . . , yn for E . So we consider a second basis zi = α
j
i y j with the dual basis

c1, . . . , cn . As we had found out earlier in the proof of Theorem 3.5, there holds
c j = β

j
i b

i , where (β j
i ) is the inverse of the matrix (α j

i ). Thus

f (a1, . . . , ck, . . . , a p, x1, . . . , zk, . . . , xq)

= f (a1, . . . ,βk
l b

l , . . . , a p, x1, . . . ,α
m
k ym, . . . , xq)

= βk
l α

m
k f (a1, . . . , bl , . . . , a p, x1, . . . , ym, . . . , xq)

= f (a1, . . . , bl , . . . , a p, x1, . . . , yl , . . . , xq) .

The determination of the components of the contracted tensor is much easier than
the abstract definition of contraction. Applying the definition of the contraction of a
tensor and of the components of a tensor, we see that

Cr
s f

i1···ir−1
j1··· js−1

ir+1···i p
js+1··· jq = f

i1···ir−1k ir+1···i p
j1··· js−1k js+1··· jq .

Example.A linear map T in E gives rise to a tensor f ∈ E1
1 . The elements τ ik of the

matrix of T with respect to a basis for E are the components f ik of the tensor f with
respect to that basis. The contracted tensor is the number f ii = τ ii . This is the trace
of the matrix.
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Definition 3.4 For f ∈ E p
q andg ∈ Er

s , leth ∈ E p+r−1
q+s−1 be the tensorh = Ct

q+u( f ⊗
g) where t ∈ {1, ..., p} and u ∈ {1, ..., s} or h = C p+t

u ( f ⊗ g) where t ∈ {1, ..., r}
and u ∈ {1, ..., q}. We call such an h as the contraction of a pair of tensors. �

Since the contraction of a pair of tensors involves the tensor product and taking a
contraction, it is independent of the selection of a basis y1, . . . , yn and its dual basis
b1, . . . , bn . The components of the tensor h are given by

h
i1···it−1it+1···i pi p+1···i p+r
j1··· jq jq+1··· jq+u−1 jq+u+1··· jq+s

= f
i1···it−1 k it+1···i p
j1··· jq · g

i p+1···i p+r
jq+1··· jq+u−1 k jq+u+1··· jq+s

respectively by

h
i1···i pi p+1···i p+t−1i p+t+1···i p+r
j1··· ju−1 ju+1··· jq jq+1··· jq+s

= f
i1···i p
j1··· ju−1 k ju+1··· jq · g

i p+1···i p+t−1 k i p+t+1···i p+r
jq+1··· jq+s

.

Example. A linear map T ∈ L(E, E) gives rise to a tensor f ∈ E1
1 and a vector

x ∈ E is a tensor g ∈ E1
0 . The only possible contraction of the pair F and g is a

tensor h ∈ E1
0 , defined using a basis x1, . . . , xn and its dual basis a1, . . . , an , as

h(a) = f (a, xk)g(a
k) = 〈T xk, a〉〈x, ak〉 = 〈〈x, ak〉T xk, a〉 = 〈T x, a〉 .

We used the fact that x = 〈x, ak〉xk in order to obtain the last equality. The above
shows that the contraction of the pair is the tensor corresponding to the vector T x
which is the image of x under T . The application of a linear map on a vector can thus
be viewed as the contraction of a pair of tensors. One can also see this in components

hi = f ik g
k = τ ikξ

k .

It can also be seen from the components of the contraction of a tensor with the
unit tensor (Example1 from Sect. 3.2) has no effect, since the components of the unit
tensor are given by the Kronecker symbol.

3.5 Tensors on Euclidean Spaces

An inner product is given on a finite dimensional vector space E , that is a positive
definite, symmetric bilinear form, i.e. a (0, 2)-tensor. We denote it by g and call it a
metric tensor. Instead of x · y, we now write g(x, y).

Since the inner product depends linearly on the second factor, one gets an iso-
morphism J : E −→ E∗, characterised by

〈y, J x〉 = g(x, y) for all x, y ∈ E .
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For each basis x1, . . . , xn ∈ E with its dual basis a1, . . . , an ∈ E∗, and a vector
x = ξk xk , one can express the components λi of the linear form J x = λi ai by

λi = 〈xi ,λ j a
j 〉 = 〈xi , J x〉 = g(x, xi ) = g(ξk xk, xi ) = ξkgki ,

so that

J x = ξkgki a
i ,

and in particular

J xi = gi j a
j .

If the basis x1, . . . , xn is orthonormal, then the components of g with respect to this
basis are given by the Kronecker symbol δi j :

gi j = δi j =
{
1 for i = j

0 for i �= j
.

The basis for E∗ that is dual to x1, . . . , xn is, in this case, J x1, . . . , J xn . From
x = ξk xk it follows that since J is linear,

J x = ξk J xk ,

that is, the linear form J x has the same components with respect to J x1, . . . , J xn
as the vector x with respect to x1, . . . , xn . However, J xk should have the index at
the top as a linear form and ξk should have the index at the bottom as the component
of a linear form. Thus the effect of J is called index pulling, in this case “from top
to bottom”, since the k become the indices of a basis for the space of linear forms.
More generally, the isomorphism J : E −→ E∗ generates by index pulling from a
(p, q)-tensor f with p ≥ 1, a (p−1, q+1)-tensor h, defined by

h(b2, . . . , bp, y0, y1, . . . , yq) = f (J y0, b2, . . . , bp, y1, . . . , yq)

for y0, . . . , yq ∈ E and b2, . . . , bq ∈ E∗. The components of the new tensor h with
respect to a not necessarily orthonormal basis x1, . . . , xn are given by

h
i2···i p
j0 j1··· jq = h(ai2 , . . . , aip , x j0 , x j1 , . . . , x jq ) = f (J x j0 , a

i2 , . . . , aip , x j1 , . . . , x jq )

= f (g j0i1a
i1 , ai2 , . . . , aip , x j1 , . . . , x jq ) = g j0i1 f

i1i2···i p
j1··· jq .

Thus index pulling (from top to bottom) is the contraction of the pair of tensors
consisting of the given tensor (with respect to its first contravariant argument) and
the metric tensor. One can also see this from the following

f (J y, b2, . . . , bp, y1, . . . , yq)

= ykg jk f (a
j , b2, . . . , bp, y1, . . . , yq) = g(y, x j ) f (a

j , b2, . . . , bp, y1, . . . , yq) .
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The inner product on a finite-dimensional Euclidean space E also gives rise to a
natural inner product on the dual space E∗. This (2, 0)-tensor is called a contravari-
ant metric tensor and is again denoted by g. It is defined by

g(a, b) = g(J−1a, J−1b) .

Which of the two tensors is meant by the symbol g can be deduced from the type
of arguments used. One can immediately see that the contravariant metric tensor is
also symmetric and positive definite.

By the contraction of the pair of tensors consisting of the contravariant met-
ric tensor with the metric tensor, i.e., by pulling index of the contravariant met-
ric tensor down, a (1, 1)-tensor (the unit tensor) is created, which corresponds to
the identity map in the sense of Theorem 3.1. This is confirmed by observing that
J x = ξkg jka j = g(x, x j )a j and so

g(x, x j ) g(a
j , a) = g(J x, a) = g(a, J x) = g(J−1a, x) = 〈x, a〉 .

Consequently, with respect to every basis in E , the component matrices (gik) and
(g jl) of the two metric tensors are inverses of each other.

Index pulling can also be done “from the bottom to the top”. Here a (p, q)-tensor
f with q ≥ 1 defines a (p+1, q−1)-tensor h by

h(b0, b1, . . . , bp, y2, . . . , yq) = f (b1, . . . , bp, J−1b0, y2, . . . , yq) .

Since J−1ai = gi j x j , in terms of components, we have

h
i0i1···i p
j2··· jq = f (ai1 , . . . , aip , J−1ai0 , x j2 , . . . , x jq ) = gi0, j1 f

i1···i p
j1 j2··· jq .

It is again a contradiction of a pair of tensors, but this time with the contravariant
metric tensor. Obviously, the two types of index pulling cancel each other out.

In Euclidean spaces, the use of orthonormal bases brings considerable computa-
tional advantages. Hence one often just performs the calculation of tensor compo-
nents only for orthonormal bases. To do this one needs the transformation formula
(Theorem 3.5) for the conversion of components with respect to one orthonormal
basis X = {x1, . . . , xn} to another orthonormal basis X̃ = {x̃1, . . . , x̃n}. The con-
version matrix (α

j
i ) of the relations x̃i = α

j
i x j is orthogonal, that is its inverse

matches its transpose. For the coefficients of the inverse relations x j = βi
j x̃i , thus

there holds βi
j = α

j
i . This isomorphism J : E −→ E∗ has the effect that the com-

ponents of a vector x with respect to an orthonormal basis X = {x1, . . . , xn} are the
same as the components of the image linear form J x with respect to the dual basis
J X = {J x1, . . . , J xn}. With this identification of E and E∗ by means of J , there is
no longer any reason to distinguish between vectors and linear forms, both of which
are only n-tuples depending on the choice of the orthonormal basis. The components
of a (p, q)-tensor f are generally indexed below, and so

fi1···i p j1··· jq = f (J xi1 , . . . , J xi p , x j1 , . . . , x jq ) .
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The transformation formula for tensor components with respect to orthonormal bases
then has the form

f̃i1···i p j1··· jq = αl1
i1

· · ·αl p
i p
fl1···l pk1···kqα

k1
j1

· · · αkq
jq
.

The difference between covariant and contravariant thus disappears. The number
p+q is called the rank of the tensor. The transformation formula for the components
of a rank r -tensor f on a finite-dimensional Euclidean space is then

f̃i1···ir = αk1
i1

· · ·αkr
ir
fk1···kr

when converting from one orthonormal basis x1, . . . , xn to another one with x̃i =
αk
i xk .

Example. If we rephrase the (1, 2)-tensor f on R3 treated in Example2 of Sect. 3.2
in the sense just described by equipping the Euclidean space R3 with its usual inner
product, then we obtain the rank 3-tensor

ε(y1, y2, y3) = f (J y1, y2, y3) = 〈y2 × y3, J y1〉 = y1 · (y2 × y3) ,

called the ε-tensor. With respect to the canonical basis, it has the components

ε123 = ε231 = ε312 = 1

and

ε321 = ε213 = ε132 = −1

and εi jk = 0 for the other 21 cases. The components with another orthonormal basis
{x1, x2, x3}with x3 = x1 × x2 are the same.One can see this both using the definition
of this tensor and by using the transformation formula

ε̃i jk = αs
i α

t
jα

u
kεstu

where (αs
i ) is a rotation matrix, and so by Sarrus’ rule

ε̃123 = ε̃231 = ε̃312 = det (αs
i ) = 1

and

ε̃321 = ε̃213 = ε̃132 = −det (αs
i ) = −1 ,

and for the remaining cases, the determinant of a matrix appears in which certain
rows coincide.

In the next chapter, we will deal with symmetric bilinear forms g also, but which
are not positive definite. We will see that the linear mapping J : E −→ E∗ defined
by 〈y, J x〉 = g(x, y) is also then bijective, if g is assumed only to be non-degenerate,
that is, the determinant of the components of g is non zero (regular). All the results
of this section apply in this more general case.
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4.1 Tensor Fields

Each tangent space MP of a C∞-manifold M is an n-dimensional vector space.
Thereby for nonnegative integers p and q , one obtains the tensor spaces (MP )

p
q . In

particular, one forms the dual space M∗
P = (MP )

0
1.

Definition 4.1 The dual space M∗
P = (MP )

0
1 to the tangent space MP is called the

cotangent space, and its elements are called cotangent vectors or covector or
covariant vectors. �

Definition 4.2 A covector field K on M is a map assigning to each P ∈ M a
covector K (P) ∈ (MP )

0
1. K is a C∞-covector field, if for every C∞-vector field

X on M , the real-valued function P −→ 〈X(P), K (P)〉 is inifinitely many times
differentiable. �

As iswell-known, a chart gives rise to n-coordinate vector fields ∂
∂ui

(i = 1, . . . , n).

For each point P ∈ U , the tangent vectors ∂
∂ui

(P) form a basis for MP .

Definition 4.3 The n covector fields du1, . . . , dun assign to each point P in the

chart with coordinate vector fields
∂

∂ui
the elements of the basis that is dual to the

basis
∂

∂u1
(P), . . . ,

∂

∂un
(P). �

Usually, the notation does not distinguish between the covector field and the linear
form it assumes at point P . Thus
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〈
∂

∂ui
(P) , duk

〉
=

{
1 for i = k

1 for i �= k
,

that is, duk assigns to the tangent vector xi∂i its k-th component xk .
One associates with the symbol duk a small change in the variable uk when

modelling a physical process. This point of view can be met in the interpretation of
the following situation: A particle moves along a curve and at time t0 has the velocity
x = xi∂i . How fast does the k-th coordinate of its position change? We have

duk

dt
= x uk = xi∂i u

k = xk ,

which is commonly written in the Physics literature as

duk = xkdt .

Definition 4.4 A (p, q)-tensor field T on M is a map that assigns to every P ∈ M
a tensor T (P) ∈ (MP )

p
q . T is a C∞-tensor field if for C∞-vector fields X1, . . . , Xq

and C∞-covector fields K 1, . . . , K p, the real-valued function is infinitely many
times differentiable. �

Definition 4.5 T p
q (M) denotes the vector space of allC∞-(p, q)-tensor fields onM .

K(M) = T 0
1 (M) is the vector space of all C∞-covector fields. For P ∈ M , T p

q (P)
denotes the quotient space of T p

q (M) with the subspace of tensor fields that are zeor
in a neighborhood of P . There also holds that K(P) = T 0

1 (P) (other interpretation
as in the discussion following Definition2.3). �

A (p, q)-tensor field assigns to a point P ∈ M , q vectors in MP and p linear forms
on MP , a number. By inserting q vector fields and p covector fields, we obtain a
scalar field. In particular a (0, 2)-tensor field gives a scalar field if we apply it to
two vector fields. More precisely, a (0, 2)-tensor field assigns a scalar field to two
vector fields in a bilinear manner. But not every bilinear map fromX (P) × X (P) to
F(P) is a (0, 2)-tensor field. For example, the Lie bracket [X , Y ](P) is clearly not
determined by X(P) and Y (P) alone, since the partial derivatives of the components
of X , Y are also relevant, i.e., the values of X and Y in a neigborhood of P are still
required.

Definition 4.6 A multilinear map

A : K(P) × · · · × K(P)︸ ︷︷ ︸
p-times

×X (P) × · · · × X (P)︸ ︷︷ ︸
q-times

−→ F(P)
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is calledF-homogeneous if for all covector fields K 1, . . . , K p ∈ K(P), vector fields
X1, . . . , Xq ∈ X (P) and scalar fields f1, . . . , f p, g1, . . . , gq ∈ F(P), we have

A( f1K
1, . . . , f pK

p, g1X1, . . . , g
q Xq ) = f1 · · · f pg1 · · · gq A(K 1, . . . , K p, X1, . . . , Xq ) .

�

Theorem 4.1 A multilinear map

A : K(P) × · · · × K(P) × X (P) × · · · × X (P) −→ F(P)

is a tensor field if and only if it is F-homogeneous.

Proof A (p, q)-tensor field T generates a multilinear map A via

A(K 1, . . . , K p, X1, . . . , Xq )(P) = T (P)(K 1(P), . . . , K p(P), X1(P), . . . , Xq (P)) ,

which is clearly F-homogeneous. Conversely, an F-homogeneous multilinear map
A generates a tensor field T as follows: If the linear forms a1, ..., a p ∈ M∗

P and
the vectors x1, . . . , xq ∈ MP continue to the covector fields K 1, . . . , K p and vector
fields X1, . . . , Xq , then we set

T (P)(a1, . . . , a p, x1, . . . , xq) = A(K 1, . . . , K p, X1, . . . , Xq)(P) .

It remains to be shown that this number on the left-hand side is independent of the
manner of the continuation. To this end we choose a chart and thereby coordinate
vector fields ∂1, . . . , ∂n and covector fields du1, . . . , dun . As A is multilinear and
F-homogeneous, there holds

A(K 1, . . . , K p, X1, . . . , Xq )(P) = A(K 1
i1
dui1 , . . . , K p

ip
dui p , Xk1

1 ∂k1 , . . . , X
kq
q ∂kq )(P)

= K 1
i1
(P) · · · K p

ip
(P) Xk1

1 (P) · · · Xkq
q (P) A(dui1 , . . . , dui p , ∂k1 , . . . , ∂kq )(P) ,

and this shows the independence from the continuation.

4.2 RiemannianManifolds

Definition 4.7 ARiemannianmanifold [M ,g] is afinite-dimensionalC∞-manifold
M on which a doubly covariant C∞-tensor field g is also defined, such that the bilin-
ear form g(P) on the tangent space MP is an inner product. A tensor field g is called
the fundamental tensor, metric tensor or metric for short. The associated con-
travariant tensor field (see Sect. 3.5) is called the contravariant metric tensor and
is also denoted by g. �
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Example. Ametric g is induced on a curved surface inR3 by restricting the canonical
scalar product to the tangent spaces. A chart (parametrisation) gives rise to two
coordinate vector fields ∂1 and ∂2. The corresponding components of g are denoted,
in the classical Gaussian notation, by

E = g11 = g (∂1, ∂1)

F = g12 = g (∂1, ∂2) .

G = g22 = g (∂2, ∂2)

The contravariant metric tensor has the component matrix

(
E F
F G

)−1

= 1

EG − F2

(
G −F

−F E

)
.

A metric gives rise to the notion of arc length s(γ) of a curve γ as the integral

s(γ) =
∫ t2

t1

√
g(γ′(t), γ′(t)) dt .

The fact that curves differing only in their parametrisation have the same arc length
follows from the substitution rule for Riemann integrals.

If we choose a chart with the coordinates u1, ..., un , then the tangent vector is
duk
dt ∂k , and the arc length becomes

s(γ) =
∫ t2

t1

√
gik

dui

dt

duk

dt
dt

and for its derivative

ds

dt
=

√
gik

dui

dt

duk

dt
.

In the Physics literature, one often expresses this last equation in the form

ds2 = gik du
i duk .

This is the so-called line element, and one reads off the metric components gik from
it. For example, the line element in R3 for the Cartesian coordinates is

ds2 = dx2 + dy2 + dz2

and for the spherical coordinates is

ds2 = dr2 + r2 dϑ2 + r2 sin2ϑ dϕ2 .
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4.3 Bilinear Forms

An inner product is a positive definite symmetric bilinear form. In the theory of
relativity, one is forced to drop the positive definiteness and replace it with another
requirement about symmetric bilinear forms.

The components gik = g(xi , xk) of a bilinear form g with respect to the basis
x1, . . . , xn can be converted to another basis x j = τ ij xi , according to Theorem 3.5,
by the formula

g jl = gikτ
i
jτ

k
l .

Inmatrix notation, one has B = T T AT with A = (gik), B = (gik) and T = (τ ik). The
following so-called Sylvester law of inertia gives the extent to which the component
matrix can be simplified by using a particularly suitable basis.

Theorem 4.2 Each symmetrical bilinear form g on an n-dimensional real vector
space E has a basis x1, . . . , xn, such that the component matrix of g with respect to
this basis has the form

The nonnegative integers p and q are independent of the choice of basis.

Proof We start with an arbitrary basis y1, . . . , yn in E , and let A be the symmetric
component matrix of g with respect to this basis. By the well-known spectral theo-
rem, there is an orthogonal matrix D, such that the product DT AD has the diagonal
form
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We may assume that

λi > 0 for i = 1, . . . , p

λi < 0 for i = p + 1, . . . , p + q .

λi = 0 for i = p + q + 1, . . . , n

We factorise the diagonal matrix as

where

γi =
{√|λi | for i = 1, . . . , p + q

1 otherwise

and get the desired result

with
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To prove the independence of the numbers p and q from the choice of basis, we
give the numbers p and p + q and interpretation that is independent of the basis
used. The number p + q is obviously the rank of the component matrix, and the fact
that all these matrices have the same rank follows from the general inequalities

rank (AB) ≤ rank (A) and rank (AB) ≤ rank (B) .

We now show that p is the maximum dimension of those subspaces M of E such
that for all nonzero x ∈ M , g(x, x) is positive. Let x1, . . . , xn be a basis as stated in
the theorem, so that

g(ξi xi , ξk xk) =
p∑

j=1

(ξ j )2 −
p+q∑

j=p+1

(ξ j )2 .

For nonzero elements x belonging to the linear span M0 of the basis vectors
x1, . . . , xp, we have g(x, x) > 0. We now show that for every subspace M with
the property that for all nonzero x ∈ M , g(x, x) > 0, we must have dimM ≤ p. To
this end, let us consider the linear map S, which sends every element

x =
n∑

i=1

ξi xi ∈ M

to its projection

Sx =
p∑

i=1

ξi xi ∈ M0 .

Then S is injective, since if Sx = 0, we have

x =
n∑

i=p+1

ξi xi

implying

g(x, x) = −
p+q∑

i=p+1

(ξi )2 ≤ 0 .

As x ∈ M and thanks to the assumed property of M , it follows that x = 0. For the
injection S : M −→ M0, we have

dim M ≤ dim M0 = p .

This proves the Sylvester law of inertia.
Because the component matrices A and B of bilinear symmetric forms in dif-

ferent bases are related by B = T T AT with an invertible T , the statement that the
determinant of the component matrix is different from zero, is independent of the
choice of basis.
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Definition 4.8 A symmetric bilinear form g is called nondegenerate if its compo-
nent matrix (gik) has a nonzero determinant. �

An inner product enables linear forms to be viewed as vectors, as described at the
beginning of Sect. 3.5. This also workds in the general case.

Theorem 4.3 For a nondegenerate symmetric bilinear form g on E, the linear map
J : E −→ E∗ defined by 〈y, J x〉 = g(x, y) is an isomorphism.

Proof We need to show that J is injective. Let J x = 0, i.e., g(x, y) = 0 for all
y ∈ E . In terms of components, we have

gik x
i yk = 0

for all n-tuples (y1, . . . , yn). So we obtain the homogeneous system of equations

gik x
i = 0 ,

and since det (gik) �= 0, this has the trivial solution xi = 0.

For every orthonormal basis x1, . . . , xn of a Euclidean space, the linear forms
J x1, . . . , J xn form the dual basis. If a nondegenerate symmetric bilinear form is
used instead of an inner product, this result holds in a slightly modified form.

Theorem 4.4 Let g be a nondegenerate symmetric bilinear form and x1, . . . , xn be
a basis such that

g(xi , xk) = 0 for i �= k

and

g(xi , xi ) = εi = ±1 .

Then the linear forms εi J xi form the dual basis to the basis x1, . . . , xn.

Proof This follows from

〈xi , εk J xk〉 = εkg(xi , xk) .

4.4 Orientation

Definition 4.9 Two bases x1, . . . , xn and y1, . . . , yn of a real vector space are said
to be co-oriented if the matrix (αi

k) such that yk = αi
k xi satisfies det (α

i
k) > 0. �

Co-orientation is an equivalence relation that partitions the set of all bases for the
vector space into two equivalence classes.
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Definition 4.10 An n-dimensional real vector space is said to be oriented if a choice
is made for one of the equivalence classes of co-oriented bases. The bases of the
chosen equivalence classes are said to lie in the orientation or to be positively
oriented. The dual basis for the dual space, which is dual to a positively oriented
basis, is also said to be positively oriented. �

Example 1 In the vector space Rn the canonical basis is usually given the positive
orientation. Then a basis of n-tuples (ξi1, . . . , ξ

i
n) lies in the orientation if and only

if det (ξik) > 0.

Example 2 Acurved surface inR3 is oriented if one of the two sides is distinguished.
In the case of a closed surface (here supposed to be the hot surface of a body), this is
usually the outside, and in the case of a surface given by z = f (x, y), the top side.

Sometimes it is not possible to distinguish a side. This situation occurs with the
Möbius strip and theKlein bottle (Fig. 4.1). The orientation of a surface means that
one of the two unit normal vectors is selected at each point. This normal vector n
orients the tangent space by the convention that a basis x1, x2 is positively oriented
if the triple product (x1 × x2) · n is positive. This is actually an orientation in the
sense of Definition4.10, since another basis of tangent vectors

y1 = α1
1x1 + α2

1x2 and y2 = α1
2x+α2

2x2

is positively oriented if it is co-oriented with x1, x2 in the sense of Definition4.9,
thanks to the fact that

(y1 × y2) · n =
[(

α1
1x1 + α2

1x2
)

×
(
α1
2x1 + α2

2x2
)]

· n =
(
α1
1α

2
2 − α2

1α
1
2

)
(x1 × x2) · n .

The notion of orientation of a surface can be extended to manifolds. First of all,
one demands that the manifold is connected in the sense that any two points can

Fig. 4.1 Möbius strip and Klein bottle
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always be connected by a path, i.e. for P and Q in M , there exists a continuous map
w : [0, 1] −→ M such that w(0) = P and w(1) = Q. Now one wants all tangent
spaces to be oriented and that these orientations have been selected in a way that
they are compatible with each other. The examples of the Möbius strip and the Klein
bottle show that this is not always possible.

Definition 4.11 Anatlas is said to beoriented if for all charts (U ,ϕ) and (V ,ψ)with
U ∩ V �= ∅ the Jacobi-determinant of the diffeomorphism ϕ ◦ ψ−1 is everywhere
positive. An oriented manifold is a manifold equipped with a maximal oriented
atlas. Each tangent space is then oriented by the convention that the basis ∂1, . . . , ∂n
is positively oriented. �

In the theory of relativity, the so-called Lorentzian manifolds are used instead of
Riemannian manifolds. The common generic term is semi-Riemannian manifold.

Definition 4.12 A semi-Riemannian manifold is a finite-dimensional
C∞-manifold with a symmetric doubly covariant C∞-tensor field g, such that the
bilinear form g(P) is everywhere nondegenerate. g is also called the fundamental
tensor, metric tensor or metric, and the associated contravariant version, also labelled
g, is again called a contravariant metric tensor. �

Definition 4.13 A Lorentzian manifold is a semi-Riemannian manifold in which
themetric has the property that everywhere its normal form (in the sense of Sylvesters
law of inertia, Theorem4.2) has one +1 and the rest −1. �

For Lorentzianmanifolds, there is yet another orientation concept, the so-called time-
orientation. To explain this, we must first examine the situation in tangent spaces.

Definition 4.14 An n-dimensional real vector space, equippedwith a nondegenerate
symmetric bilinear form g, for which there exists a basis x0, x1, . . . , xn−1 satisfying
g(xi , xk) = 0 for i �= k, g(x0, x0) = 1 and g(xi , xi ) = −1 for i = 1, . . . , n − 1, is
called a Lorentzian space, and such a basis is called a Lorentzian basis. �

The set of all vectors x in a Lorentzian spacewith g(x, x) > 0 consists of two disjoint
convex cones. A cone here means a subset closed under addition and multiplication
by positive scalars. When using a Lorentzian basis, the two cones are

K1 =
{
ξi xi : ξ0 >

√
(ξ1)2 + · · · + (ξn−1)2

}

and

K2 =
{
ξi xi : ξ0 < −

√
(ξ1)2 + · · · + (ξn−1)2

}
.
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Fig. 4.2 Indefinite metric on
a cylinder, that does not
admit a time-orientation

Each of these cones K j is convex, since if x, y ∈ K j and λ,μ > 0, then λx + μy
also belongs to K j . This follows for K1 by the Minkowski-inequality

λξ0 + μη0 > λ
√
(ξ1)2 + · · · + (ξn−1)2 + μ

√
(η1)2 + · · · + (ηn−1)2

≥
√
(λξ1 + μη1)2 + · · · + (λξn−1 + μηn−1)2

and analogously for K2 (Fig. 4.2).

Definition 4.15 A connected Lorentzian manifold is said to be time-oriented, if for
each tangent space, a choice is made of one of the two cones that make up the set
{x : g(x, x) > 0}, in such a way that the following holds for each C∞-vector field
X satisfying g(X , X) > 0 everywhere: If X(P) belongs to the chose cone in MP ,
then for every Q, X(Q) belongs to the chosen cone in MQ . �

A Lorentzian manifold may not be time-orientable. As a counterexample, consider a
cylinder on which a metric is defined in such a way that the cones, which are sectors
here, rotate by 180◦ in the course of traversing a circumference of the cylinder.

4.5 Spacetime

In the theory of relativity the world is understood as a spacetime.

Definition 4.16 A spacetime is a four-dimensional oriented and time-oriented
Lorentzian manifold. �

Definition 4.17 A tangent vector x belonging to a spacetime is
timelike, if g(x, x) > 0 ,
spacelike, if g(x, x) < 0 or x = 0 ,
lightlike, if g(x, x) = 0 and x �= 0.
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A timelike vector that belongs to the light cone chosen by the time-orientation, is
called future pointing. �

In light of the many demands placed for qualification as a spacetime, the question
arises whether these demands can be realised at all. A positive answer is given by
two examples, which are important standard models for the theory of relativity.

Example 3 We had already constructed an atlas for the set M = R × (2μ,+∞) ×
S2, where S2 is the unit sphere inR3, in Example4, Sect. 1.1. Equipped with a certain
metric, this is a spacetime, and is called the Schwarzschild spacetime. The charts
(R × (2μ,+∞) ×Ui ,ψi ) with ψi (t, r , Q) = (t, r ,ϕi (Q)) form an atlas for M ,
where (Ui ,ϕi ) are charts from an atlas for S2. The usual topologies ofR, (2μ,+∞)

and S2 can be used to equip M with the product topology. The required separation
axiom is fulfilled. M is also clearly connected. We introduce the metric g as a matrix
with respect to the following basis: Given numbers t ∈ R and r ∈ (2μ,+∞) and
given a point Q ∈ S2, the vectors x1 = ∂

∂t and x2 = ∂
∂r act on a function f ∈ F(M)

as follows

x1 f = ∂ f

∂t
(t, r , Q) and x2 f = ∂ f

∂r
(t, r , Q) .

The other two basis vectors x3 and x4 are induced from a chart for S2 and a positively
oriented basis y1 and y2 in (S2)Q . For f ∈ F(M), let g = f (t, r , . ), and x3 and x4
be defined by

x3 f = y1g and x4 f = y2g .

This basis x1, x2, x3, x4 is considered to be positively oriented. Then only those
charts that are compatible with this chart in the sense of Definition4.11 are used.
Then the resulting orientation on M is independent of the choice of the initial chart
on S2 used. The Lorentz metric g now based on this basis is given by the matrix

(gik) =

⎛
⎜⎜⎜⎜⎜⎝

1 − 2μ

r
0 0 0

0 −
(
1 − 2μ

r

)−1

0 0

0 0 −h11 −h12
0 0 −h21 −h22

⎞
⎟⎟⎟⎟⎟⎠

,

where the submatrix h describes r2 times the Euclidean metric on S2. Finally, the
time-orientation is given by setting timelike vectors with a positive ∂

∂t -component
to be future pointing.

Example 4 The Einstein-de Sitter spacetime is the set

M = (0,+∞) × R
3 = {(u0, u1, u2, u3) ∈ R

4 : u0 > 0} .
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With the identity map I , the pair (M, I ) is a chart, and in fact an atlas. With respect
to the positively oriented canonical basis ∂

∂u0
, ∂

∂u1
, ∂

∂u2
, ∂

∂u3
, the metric g is given by

the matrix

(gi,k) =

⎛
⎜⎜⎜⎜⎜⎝

1 0 0 0

0 −a(u0)
4
3 0 0

0 0 −a(u0)
4
3 0

0 0 0 −a(u0)
4
3

⎞
⎟⎟⎟⎟⎟⎠

for a positive number a. The vector ∂
∂u0

is defined to be future pointing.

Every tangent space of a spacetime is a Lorentzian space. The following two
theorems,which are formulated here in the context of Lorentzian spaces, are essential
for the spacetime model of special relativity. An element x of a Lorentzian space
is called timelike if g(x, x) > 0. In a time-oriented Lorentzian space, the vectors
belonging to the chosen cone are said to be future pointing. The dimension does
not matter here.

Theorem 4.5 For every timelike vector x of a Lorentzian space, the subspace

x⊥ = {y ∈ E : g(x, y) = 0} ,

equipped with the metric −g, is Euclidean.

Proof For y ∈ x⊥ with y �= 0, we must show that −g(y, y) > 0. We choose a
Lorentzian basis and express x and y in terms of their components as the n-tuples
(x0, x1, . . . , xn−1), respectively (y0, y1, . . . , yn−1). The fact that g(x, y) = 0means
that

x0y0 = x1y1 + · · · + xn−1yn−1

and this implies

|x0||y0| ≤
√
(x1)2 + · · · + (xn−1)2

√
(y1)2 + · · · + (yn−1)2 .

As g(x, x) > 0, it follows that

(x1)2 + · · · + (xn−1)2 < (x0)2 .

The components y1, . . . , yn−1 are not all zero, since otherwise g(x, y) = 0 gives
then y0 = 0 and so y = 0. These inequalities then give

|x0||y0| < |x0|
√
(y1)2 + · · · + (yn−1)2 ,
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and so

(y0)2 < (y1)2 + · · · + (yn−1)2

i.e., g(y, y) < 0.

Theorem 4.6 If x and z are two future pointing vectors in a Lorentzian space with
g(x, x) = g(z, z) = 1, then g(x, z) ≥ 1. All timelike vectors y satisifying g(x, y) > 0
are also future pointing.

Proof We choose an orthonormal basis e1, . . . , en−1 in the Euclidean space x⊥ and
represent z using the Lorentzian basis x, e1, . . . , en−1. Then it can be seen that

z = g(z, x)x − g(z, e1)e1 − · · · − g(z, en−1)en−1 .

Use unknown coefficients, and solve for them by applying g. It follows that

g(z, z) = (
g(z, x)

)2 − (
g(z, e1)

)2 − · · · − (
g(z, en−1)

)2
.

As g(z, z) = 1, we have (g(z, x))2 − 1, being the sum of squares, is nonnegative,
and so (

g(x, z)
)2 − 1 ≥ 0 .

Hence |g(x, z)| ≥ 1. If g(x, y) > 0, then g(x,−y) < 0, and so −y cannot be future
pointing, and so y muste be future pointing.

The notion of orthogonality in a Lorentzian space in the sense of g(x, y) = 0
depends of course essentially on the metric g, and in the case of R2 for example,

Fig. 4.3 Orthogonal lines η

ξ

g2

g1
α

α
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must not be confused with the geometric notion of orthogonality in a plane. In
Fig. 4.3, the plane R2 is equipped with the metric

g
(
(ξ1, η1), (ξ2, η2)

) = ξ1ξ2 − η1η2 .

Two straight lines passing through (0, 0) are orthogonal if and only if ξ = η is their
angle bisector.



5Theoryof Special Relativity

5.1 Kinematics

In Mechanics, one first investigates the motion of particles. In classical Newtonian
mechanics, a path is a map fromR toR3 which gives the position r̄(t) of the particle
at time t . A path is thus a parameter representation of a curve in R3. This is depicted
in Fig. 5.1, but one dimension is suppressed. In order to be able to compare this
Newtonian viewpoint with the relativistic one, we rephrase the above.We understand
theworld as aCartesian product,where thefirst component of its elements is time, and
the second is position, and instead of the path r̄(t), we use the map r̂ : R → R × R

3

given by r̂(t) = (t, r̄(t)). This creates a curve in R × R
3 (Fig. 5.2). The velocity

vector then has the form r̂ ′(t) = (1, r̄ ′(t)). This again lies in R × R
3, and so every

tangent space can also be identified with R × R
3. We introduce the metric

g((s1, v1), (s2, v2)) = s1s2 − v1v2 .

Then the vector r̂ ′(t) has the magnitude
√
1 − (r̄ ′(t))2, which is almost one for

small r̄ ′(t) (speed of light c = 1). At time t , the set {(t, v) : v ∈ R
3} plays the role

of the three-dimensional visual space. The vector r̂ ′(t) is almost orthogonal to this
hyperspace.

This is the Newtonian viewpoint on the motion of a particle (or observer) in a
somewhat unusual formulation. The relativistic point of view differs from this for
small speeds only very slightly. The role of the basic set R × R

3 is now played
by a spacetime M , i.e., a four-dimensional oriented and time-oriented Lorentzian
manifold.

Definition 5.1 An observer is a continously differentiable map γ from an interval
to M (i.e., a curve), where tangent vector γ′(t) ∈ Mγ(t) is future-pointing and is such
that g(γ′(t), γ′(t)) = 1. �

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
R. Oloff, The Geometry of Spacetime, Graduate Texts in Physics,
https://doi.org/10.1007/978-3-031-16139-1_5

51

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-16139-1_5&domain=pdf
https://doi.org/10.1007/978-3-031-16139-1_5


52 5 Theory of Special Relativity

Fig. 5.1 Curve in R3

t1

t2

t3

Fig. 5.2 Curve in R × R
3

Many considerations only relate to an instant. Thus, we also consider the motion of
an observer at an instant.

Definition 5.2 An instantaneous observer at a point P ∈ M is a future pointing
timelike tangent vector x ∈ MP such that g(x, x) = 1. �

The same definitions are also given for a particle. However, a particle is also subject
to laws of motion, where its mass and electric charge play a role.

Definition 5.3 Aparticle at a point P ∈ M is a future-pointing timelike tangent vec-
tor z ∈ MP , such that g(z, z) = 1, additionally equipped with a nonnegative number
m (rest mass) and a real number e (charge). �

In Newtonian physis, an instantaneous observer moving at a speed x perceives a
particle moving at speed z, to be moving at a relative speed v, defined via x + v = z.
This viewpoint is modified in the theory of relativity. For the instantaneous observer
x , the instantaneous action takes place in the Euclidean space x⊥ with the metric
−g.

Definition 5.4 An instantaneous observer x measures a particle z to have the speed
to be the spacelike tangent vector v ∈ x⊥, uniquely determined by z = λ(x + v)

with λ > 0. Then v is called the relative speed of z with respect to x . �
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Fig. 5.3 The relative speed v

of z for the observer x
η

ξ

x⊥

α

α x

v

z

If we replace the four-dimensional tangent space by a two-dimensional Lorentzian
space R2, with the metric

g
(
(ξ1, η1), (ξ2, η2)

) = ξ1ξ2 − η1η2 ,

then Fig. 5.3 gives a geometric illustration. The tips of all future-pointing timelike
vectors form the right branch of the hyperbola ξ2 − η2 = 1. The subspace x⊥ belongs
to the observer x . In order to construct the velocity vector v that x perceives the
particle z has, the straight line x⊥ has to be shifted parallel to itself so that it runs
through the tip of x . This shifted line is tangential to the branch of the hyperbola.
The velocity vector v then starts at the tip of x and ends at the intersection of the
shifted line with the straight line generated by z. In the three-dimensional case, the
branch of the hyperbola is replaced by one sheet of a double-sheeted hyperboloid,
and the shifted version of x⊥ is tangential to the hyperboloid sheet at the tip of x . The
velocity vector v again starts at the tip of x and ends at the point of intersection of the
straight line generated by z and the shifted plane. Unfortunately we can’t visualise
the four-dimensional case.

In applications, the following relative speed formula is more manageable than the
wording given in Definition5.4. It also clarifies the existence and uniqueness, which
was not immedtialy apparent earlier.

Theorem 5.1 For an observer x, a particle z has the relative speed

v = z

g(x, z)
− x .

Proof From z = λ(x + v), it follows that

g(z, x) = λ(g(x, x) + g(v, x)) = λ
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and so z = g(x, z)(x + v). Solving for v, we obtain the above formula. Conversely,
the v given by this formula satisfies the requirements placed in Definition5.4.

It is a fundamental postulate in special relativity that all occuring speeds are
smaller than the speed of light. Since the speed of light is normalised to 1, we must
have −g(v, v) < 1.

Theorem 5.2 For every relative speed v, there holds 0 ≥ g(v, v) > −1.

Proof For the relative speed v of z with respect to x , we have

g(v, v) = g

(
z

g(x, z)
− x,

z

g(x, z)
− x

)

= g(z, z)

(g(x, z))2
− 2

g(x, z)

g(x, z)
+ g(x, x) = 1

(g(x, z))2
− 1 > −1 .

The last inequality follows from Theorem4.6. The inequality 0 ≥ g(v, v) is a con-
sequence of Theorem 4.5.

Theorem 5.3 An observer x perceives the relative speed v as a particle

z = x + v√
1 + g(v, v)

.

Proof According to Definition5.4, the sum x + v should be normalised to unit
length, and this corresponds exactly to the given formula.

The focus of the special theory of relativity is the conversion of physical quantities
between different ’reference systems’. A reference system here means an observer x
with an orthonormal basis for the Euclidean space x⊥. A different observer cannot
use this basis because he is observing a different Euclidean space. How the bases
can be modified is given in the following theorem and sketched in Fig. 5.4 when
β = 2/3.

Fig. 5.4 Observers x and x ′,
normalised spacelike vectors
e ∈ x⊥ and e′ ∈ (x ′)⊥ η

ξβx
x

x'
e1

βe1

e1'
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Theorem 5.4 An observer x perceives another observer x ′ with the relative speed
βe1. Here e1 ∈ x⊥, g(e1, e1) = −1 and 0 < β < 1. Then for two vectors e2 and e3
such that x, e1, e2, e3 form a Lorentzian basis, we have that

x ′ = x + βe1√
1 − β2

, e′
1 = βx + e1√

1 − β2
, e′

2 = e2 , e′
3 = e3

also forms a Lorentzian basis.

Proof The formula for x ′ follows from Theorem5.3. Also, it can be easily seen that
e′
1, e

′
2, e

′
3 ∈ (x ′)⊥ and that they are orthogonal to each other.

The Lorentzian basis x, e1, e2, e3 in the tangent space MP induces a coordinate
system ξ0, ξ1, ξ2, ξ3. For transition to the other Lorentzian system, the new coor-
dinates η0, η1, η2, η3 are characterised by

η0
x + βe1√
1 − β2

+ η1
βx + e1√
1 − β2

+ η2e2 + η3e3 = ξ0x + ξ1e1 + ξ2e2 + ξ3e3 .

Equating coefficients, we obtain

1
√
1 − β2

η0 + β
√
1 − β2

η1 = ξ0

and
β

√
1 − β2

η0 + 1
√
1 − β2

η1 = ξ1 .

These give

η0 = ξ0 − βξ1
√
1 − β2

and

η1 = ξ1 − βξ0
√
1 − β2

.

Together with η2 = ξ2 and η3 = ξ3, this is the Lorentz transformation (see the Intro-
duction), since β is the e1-component of the relative speed of x ′ with respect to x .

For f ∈ F(P), an observer x at P perceives the number x f as the partial derivative
of f with respect to time. For the observer x ′ as seen by x having relative speed βe1,
Theorem5.4 gives

x ′ f = 1
√
1 − β2

x f + β
√
1 − β2

e1 f .

The prefactor 1/
√
1 − β2, as with the Lorentz transformation, can be interpreted as

time dilation (see also Sect. 10.1).
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Theorem 5.5 An observer x sees a particle with the relative speed having compo-
nents v1, v2, v3 with respect to the orthonormal basis e1, e2, e3 for x⊥ (orthonor-
mal with respect to −g) and another observer x ′ with the relative speed βe1.
Then x ′ sees the particle with the relative speed, with respect to the basis (βx +
e1)/

√
1 − β2, e2, e3 in (x ′)⊥, as having the components

(v′)1 = v1 − β

1 − βv1
, (v′)2 = v2

√
1 − β2

1 − βv1
, (v′)3 = v3

√
1 − β2

1 − βv1
.

Proof From Theorem5.3, x perceives the other observer

x ′ = x + βe1√
1 − β2

and the particle

z = x + vi ei√
1 − (v1)2 − (v2)2 − (v3)2

.

By Theorem5.1, the relative speed of z with respect to x ′ is

z

g(x ′, z)
− x ′ = x + vi ei

g

(
x + βe1√
1 − β2

, x + vi ei

) − x + βe1√
1 − β2

=
√
1 − β2

1 − βv1
(x + vi ei ) − x + βe1√

1 − β2
.

The coefficients (v′)2 and (v′)3 can now be read off and what remains is

√
1 − β2

1 − βv1
(x + v1e1) − x + βe1√

1 − β2
= v1 − β

1 − βv1
· βx + e1√

1 − β2
.

Thus

(1 − β2)(x + v1e1) − (1 − βv1)(x + βe1) = (v1 − β)(βx + e1) .

5.2 Dynamics

In Newtonian physics, the momentum of a particle is the product of mass times its
speed. This point of view is now modified as follows: The momentum of a particle
with mass m and velocity v is the linear form correspond to the vector mv, i.e.,
the linear form g(mv, · ) = mg(v, · ). In the relativistic point of view, this linear
form is created on the Euclidean space by restricting a linear form given on the
four-dimensional tangential space.
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Definition 5.5 The energy-momentum form p of a particle z ∈ MP with the rest
mass m is the linear form on MP given by

p = mg(z, · ) .

�
Definition 5.6 Themomentum measured by the observer x for the particle z is the
restriction of −p on x⊥, where p is the energy-momentum form. For the observer
x , the particle z has the relative mass

E = p(x) = mg(z, x) = mg

(
x + v√

1 + g(v, v)
, x

)
= m√

1 + g(v, v)
,

where v is the relative speed of z with respect to x . �

The notation E indicates the interpretation of the relative mass as energy. In fact, in
Newtonian mechanics, the kinetic energy approximates the difference between the
relative mass and the rest mass at low speeds. This is based on the Taylor expansion
of the function f (w) = 1/

√
1 − w2 up to the quadratic term, and since f ′(0) = 0

and f ′′(0) = 1, we obtain

1√
1 − w2

≈ 1 + 1

2
w2 ,

and for the relative mass, we thus have

E = m
√
1 − (√−g(v, v)

)2
≈ m + m

2

(√−g(v, v)
)2

.

With respect to an orthonormal basis, vector components correspond to the com-
ponents of the corresponding linear form. There is a very simple relationship between
the components of the relative speed and the momentum.

Theorem 5.6 Let e1, e2, e3 be an orthonormal basis for x⊥ where x is an observer.
A particle with rest mass m and relative velocity v = vi ei with respect to x has a
momentum with the components

−pi = mvi√
1 + g(v, v)

.

Proof The particle is

z = x + vi ei√
1 + g(v, v)

,
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and by inserting the basis vectors ei into the energy-momentum form p, we obtain

pi = p(ei ) = mg

(
x + vkek√
1 + g(v, v)

, ei

)
= − mvi√

1 + g(v, v)
.

Thus the relative mass has the same meaning in the relationship between the relative
speed and the measured momentum as the mass in Newtonian mechanics.

InNewtonian physics, the concept of energy is based on the calculation of thework
integral, defined as the line integral of the force acting on the particle in question.
According to Newton, the force is equal to the time rate of change of momentum it
causes. When moving from point P1 to point P2 along a path r(t), the work is given
by

P2∫

P1

(mr ′(t))′dr = m

t2∫

t1

r ′′(t)r ′(t) dt = m

2

t2∫

t1

(
(r ′(t))2

)′dt = m

2
(r ′(t2))2 − m

2
(r ′(t1))2 .

In the framework of the theory of relativity, the mass m is to be replaced by the
relative mass m/

√
1 − (r ′(t))2. That the relative mass is also called energy in the

theory of relativity can be motivated by the following consideration: In the work
integral, the relative mass takes place of the mass. As

⎛

⎝ r ′(t)
√
1 − (

r ′(t)
)2

⎞

⎠

′
= r ′′(t)

√
1 − (

r ′(t)
)2 3

and
⎛

⎝ 1
√
1 − (

r ′(t)
)2

⎞

⎠

′
= r ′(t)r ′′(t)

√
1 − (

r ′(t)
)2 3

it follows that

P2∫

P1

⎛

⎝ mr ′(t)
√
1 − (

r ′(t)
)2

⎞

⎠

′
dr = m

t2∫

t1

⎛

⎝ r ′(t)
√
1 − (

r ′(t)
)2

⎞

⎠

′
r ′(t) dt

= m

t2∫

t1

⎛

⎝ 1
√
1 − (

r ′(t)
)2

⎞

⎠

′
dt = m

√
1 − (

r ′(t2)
)2

− m
√
1 − (

r ′(t1)
)2

.
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Thus in the theory of relativity, the work done is the difference of the relative masses
after and before motion.

Theorem 5.7 Let e1, e2, e3 be an orthonormal basis for x⊥, where x is an observer.
The observer x sees another observer x ′ with a relative velocity βe1, and a particle
with a relative mass E and momentum components −p1,−p2,−p3. Then the other
observer measures the relative mass

E ′ = E − β(−p1)√
1 − β2

and the momentum components

−p′
1 = (−p1) − βE

√
1 − β2

, −p′
2 = −p2, −p′

3 = −p3

with respect to the basis (βx + e1)/
√
1 − β2, e2, e3 in (x ′)⊥.

Proof By inserting the vectors

x ′ = x + βe1√
1 − β2

and e′
1 = βx + e1√

1 − β2

in the energy-momentum form gives

E ′ = p(x ′) = p

(
x + βe1√
1 − β2

)

= p(x) + β p(e1)√
1 − β2

= E − β(−p1)√
1 − β2

and

−p′
1 = −p

(
βx + e1√
1 − β2

)

= −β p(x) − p(e1)√
1 − β2

= (−p1) − βE
√
1 − β2

.

Moreover, p′
2 = p(e2) = p2 and p′

3 = p(e3) = p3.

5.3 Electrodynamics

The orientation of a spacetime also induces an orientation on the space x⊥ for each
observer x .

Definition 5.7 Let x be an observer at a point P of a spacetime M . A basis e1, e2, e3
for x⊥ is said to be positively oriented if the basis x, e1, e2, e3 lies in the orientation
of the tangent space MP . �
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An electromagnetic field is described by a skew-symmetric (0, 2)-tensor field F on
spacetime, called the field strength tensor or Faraday tensor. Other properties of
F , which also describe the relationship with the charge distribution and correspond
to the classical Maxwell equations, will only be formulated later. Right now we just
clarify how the field strengths can be obtained from the field strength tensor.

Definition 5.8 An observer x at a point P measures from the field strength tensor
F the electric field strength E ∈ x⊥ defined by

F(y, x) = g(y, E) for y ∈ x⊥ ,

and themagnetic field strength B ∈ x⊥ defined by

F(y, z) = g(y × z, B) for y, z ∈ x⊥ .

�

Thus the electric field strength is the vector E ∈ MP which represents the restriction
of the linear form F( . , x) to the subspace x⊥. To understand the definition of the
magnetic field strength B, it should be pointed out that any skew-symmetric bilinear
form f on the oriented three-dimensional Euclidean space x⊥ can be generated by
a uniquely determined vector w by

f (y, z) = g(y × z, w) .

It is known from classical electrodynamics that the field strengths exert the force
e(E + v × B) on a particlemovingwith velocity v and having the charge e. It creates
a change in its momentum.With this momentum change inmind, it is therefore better
to understand the force as a linear form. In this terminology this means that the linear
form e(−g)(E + v × B, . ) describes the change in themomentum.What a temporal
change means for a linear form is only clarified later on in Chap.11. As preparation
and for the interpretation of F, E and B, the following result is already of interest.

Theorem 5.8 An observer x observes a particle z with relative velocity v in the field
F. Then the linear forms F(z, . ) and −g( . , E + v × B)/

√
1 + g(v, v) agree on

x⊥.

Proof For y ∈ x⊥, we have

F(z, y) = F

(
x + v√

1 + g(v, v)
, y

)
= F(x, y) + F(v, y)√

1 + g(v, v)
= −g(y, E) + g(v × y, B)√

1 + g(v, v)
.

The triple product (y, v, B) −→ g(y × v, B) is invariant under a cyclic permutation
of the variables, and so we obtain

F(z, y) = −g(y, E + v × B)√
1 + g(v, v)

.
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Theorem 5.9 The field strength tensor F has, with respect to a positively oriented
basis e0 = x, e1, e2, e3, the components

(Fik) =

⎛

⎜⎜⎜⎜
⎝

0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

⎞

⎟⎟⎟⎟
⎠

,

where the triples (E1, E2, E3) and (B1, B2, B3) are the components of E and B,
respectively, with respect to the orthonormal (in the sense of −g) basis e1, e2, e3.

Proof For k = 1, 2, 3, we have

F0k = F(e0, ek) = −F(ek, x) = −g(ek, E) = Ek .

Furthermore,

F12 = F(e1, e2) = g(e1 × e2, B) = g(e3, B) = −B3

and analogously F13 = B2 and F23 = −B1. The remaining matrix elements can be
obtained using the skew-symmetry of F .

Theorem 5.10 An observer measures the electric and magnetic field strength with
the components E1, E2, E3 and B1, B2, B3 with respect to a positively oriented
orthonormal basis e1, e2, e3, and sees another observer x̂ with relative velocity
βe1. Then the other observer, with respect to the basis (βx + e1)/

√
1 − β2, e2, e3,

measures the field strength component as

Ê1 = E1 B̂1 = B1

Ê2 = E2 − βB3
√
1 − β2

B̂2 = B2 + βE3
√
1 − β2

Ê3 = E3 + βB2
√
1 − β2

B̂3 = B3 − βE2
√
1 − β2

.

Proof We must insert the vectors

ê0 = x̂ = x + βe1√
1 − β2

, ê1 = βx + e1√
1 − β2

, ê2 = e2 and ê3 = e3
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in the field strength tensor. Then we obtain

Ê1 = F(x̂, ê1) = F(x + βe1,βx + e1)

1 − β2 = F(x, e1) + β2F(e1, x)

1 − β2 = F(x, e1) = E1

Ê2 = F(x̂, e2) = F(x + βe1, e2)√
1 − β2

= E2 − βB3
√
1 − β2

Ê3 = F(x̂, e3) = F(x + βe1, e3)√
1 − β2

= E3 + βB2
√
1 − β2

B̂1 = F(e3, e2) = B1

B̂2 = F(ê1, e3) = F(βx + e1, e3)√
1 − β2

= B2 + βE3
√
1 − β2

B̂3 = F(e2, ê1) = F(e2,βx + e1)√
1 − β2

= B3 − βE2
√
1 − β2

.
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6.1 p-forms

The discussion in Sects. 6.1 to 6.3 of this chapter refer to a finite-dimensional real
vector space E , which will later on be replaced by the tangent spaces of a manifold.

Definition 6.1 A p-form on E is a skew-symmetric (0, p)-tensor on E . �

The skew-symmetry for a (0, p)-tensor f naturally means

f (..., xi−1, xi , xi+1, ..., xk−1, xk , xk+1, ...) = − f (..., xi−1, xk , xi+1, ..., xk−1, xi , xk+1, ...) .

This property implies that

f (xP(1), . . . , xP(p)) = χ(P) f (x1, . . . , xp)

for every permutationP . Instead of “skew-symmetry” one also uses the term “alter-
nating”. Every linear form is a 1-form, and the 0-forms are the numbers.

Example. For linear forms a1, . . . , a p ∈ E∗, the tensor defined by

a1 ∧ · · · ∧ a p =
∑

P
χ(P)aP(1) ⊗ · · · ⊗ aP(p)

(summed over all permutationsP) defines a p-form. The proof of the skew-symmetry
mostly follows along the same lines of the proof that the determinant defined by
Leibniz’s fomula changes sings when two rows are swapped. With
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Pi,k =
(
1 · · · i · · · k · · · n
1 · · · k · · · i · · · n

)

and Q = P ◦ Pi,k , we have

a1 ∧ · · · ∧ a p(x1, . . . , xk, . . . , xi , . . . , xp)

=
∑

P
χ(P)〈x1, aP(1)〉 · · · 〈xk, aP(i)〉 · · · 〈xi , aP(k)〉 · · · 〈xp, aP(p)〉

=
∑

P
χ(P)

(
· · · 〈xk, aP◦Pi,k (k)〉 · · · 〈xi , aP◦Pi,k (i)〉 · · ·

)

=
∑

Q
(−χ(Q))〈x1, aQ(1)〉 · · · 〈xp, aQ(p)〉

= −a1 ∧ · · · ∧ a p(x1, . . . , xp) .

The set of all p-forms on E is obviously a subspace of E0
p = E∗ ⊗ · · · ⊗ E∗, and

is denoted by E∗ ∧ · · · ∧ E∗ or by ∧pE∗. As is well-known, the map that assigns
to n elements of Rn the determinant formed by them, is an n-form, and every other
n-form differs from it by only a factor. Thus the space ∧n(Rn) is one-dimensional.
The following result generalises this.

Theorem 6.1 Let x1, . . . , xn be a basis of E and a1, . . . , an be its dual basis for E∗.
The

(n
p

)
p-forms ai1 ∧ · · · ∧ aip with 1 ≤ i1 < . . . < i p ≤ n form a basis for ∧pE∗.

The coefficient of the p-form ai1 ∧ · · · ∧ aip in the representation of f ∈ ∧pE∗ is

fi1...i p = f (xi1 , . . . , xi p ) .

Each f ∈ ∧pE∗ can also be represented by

f = 1

p! fi1...i p a
i1 ∧ . . . ∧ aip

where all the indices run from 1 to n independently of each other, in the sense of the
summation convention.

Proof The linear independence of these
(n
p

)
p-forms follows from the observation

that application on basis vectors xk1 , . . . , xkp with 1 ≤ k1 < · · · < kp ≤ n is non-
zero only for the p-form ak1 ∧ · · · ∧ akp among these p-forms. We now express any
p-form f as a linear combination of the

(n
p

)
p-forms ai1 ∧ · · · ∧ aip with 1 ≤ i1 <

· · · < i p ≤ n. We have



6.2 TheWedge Product 65

f = f j1... jp a
j1 ⊗ · · · ⊗ a jp

=
∑

1≤i1<···<i p≤n

∑

P
fiP(1)...iP(p)a

iP(1) ⊗ · · · ⊗ aiP(p)

=
∑

1≤i1<···<i p≤n

∑

P
χ(P) fi1...i p a

iP(1) ⊗ · · · ⊗ aiP(p)

=
∑

1≤i1<···<i p≤n

fi1...i p a
i1 ∧ · · · ∧ aip .

Since for every permutation P

fiP(1)...iP(p)a
P(1) ∧ · · · ∧ aP(p) = fi1...i p a

i1 ∧ · · · ∧ aip

(no sum meant here), and because this applies to each permutation, we have

fi1...i p a
i1 ∧ · · · ∧ aip = 1

p!
∑

P
fiP(1)...iP(p)a

iP(1) ∧ · · · ∧ aiP(p) .

Setting jk = iP(k), we get the representation

f = 1

p!
∑

j1,..., jp
jk 
= jl

f j1... jp a
j1 ∧ · · · ∧ a jp ,

but the requirement that the indices j1, . . . , jp are pairwise distinct can also be
dropped, because the coefficients of the summands with nondistinct jk will be 0.
This also proves the second representation in the theorem.

6.2 TheWedge Product

The wedge product (also called the outer product) gives the theoretical background
for the expression “∧” already used by us in the previous section. The name comes
from the shape of this symbol. We will define the wedge product in two steps.

Definition 6.2 The alternatisation A assigns to each (0, p)-tensor f the p-form
A f given by

A f (x1, . . . , xp) = 1

p!
∑

P
χ(P) f (xP(1), . . . , xP(p)) .

�
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Of course, A f is multilinear and skew-symmetric (or alternating), which can be
shown as in the example considered in the previous section. Also, the map A is
clearly linear on E 0

p . As A leaves the p-forms invariant, we have A ◦ A = A.

Example. For linear forms a1, . . . , a p, we have

A(a1 ⊗ · · · ⊗ a p) = 1

p!a
1 ∧ · · · ∧ a p .

Definition 6.3 The wedge product f ∧ g of a p-form f and a q-form g is the
(p + q)-form

f ∧ g = (p + q)!
p!q! A( f ⊗ g) .

�

Example. The p-forms a1 ∧ · · · ∧ a p defined in the previous section can be regarded
as iterated wedge products. We will show

(a1 ∧ · · · ∧ a p) ∧ (a p+1 ∧ · · · ∧ a p+q) = a1 ∧ · · · ∧ a p ∧ a p+1 ∧ · · · ∧ a p+q ,

where the wedge between the two brackets on the left-hand side is meant in the sense
of Definition6.3, while the other wedges are meant in the sense of the Example after
Definition6.2. We have

(a1 ∧ · · · ∧ a p) ∧ (a p+1 ∧ · · · ∧ a p+q )

=
(∑

P
χ(P)aP(1) ⊗ · · · ⊗ aP(p)

)
∧

(∑

Q
χ(Q)aQ(p+1) ⊗ · · · ⊗ aQ(p+q)

)

= (p + q)!
p!q!

∑

P,Q
χ(P)χ(Q)A

(
aP(1) ⊗ · · · ⊗ aP(p) ⊗ aQ(p+1) ⊗ · · · ⊗ aQ(p+q)

)
,

where the summation is over all permutations P of {1, . . . , p} and Q of {p +
1, . . . , p + q}. The definition of A now gives

(a1 ∧ · · · ∧ a p) ∧ (a p+1 ∧ · · · ∧ a p+q)

= 1

p!q!
∑

P,Q,R
χ(P)χ(Q)χ(R)aR(P(1)) ⊗ · · · ⊗ aR(Q(p+q)) .

HereR runs over all permutations of {1, . . . , p + q}. For the modified permutations

P̃ =
(

1 · · · p p + 1 · · · p + q
P(1) · · · P(p) p + 1 · · · p + q

)
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and

Q̃ =
(
1 · · · p p + 1 · · · p + q
1 · · · p Q(p + 1) · · · Q(p + q)

)

we obviously have χ(P̃) = χ(P) and χ(Q̃) = χ(Q). So with S = R ◦ Q̃ ◦ P̃ , we
obtain

(a1 ∧ · · · ∧ a p) ∧ (a p+1 ∧ · · · ∧ a p+q ) = 1

p!q!
∑

P,Q,R
χ(S)aS(1) ⊗ · · · ⊗ aS(p+q) .

By running through all the p!q! possibilities for P and Q, S runs through all the
permutations of {1, . . . , p + q} when R runs through all the permutations, finally
proving the desired equality.

Theorem 6.2

(1) The wedge product is a bilinear map from (∧pE∗) × (∧q E∗) to ∧p+q E∗.
(2) The wedge product is associative.
(3) For f ∈ ∧pE∗ and g ∈ ∧q E∗, f ∧ g = (−1)pqg ∧ f .

Proof The bilinearity of the wedge product results from the tensor product and the
linearity of the alternatisation map. Thanks to the bilinearity, the associativity needs
to be checked only for the basis elements. However, in these special cases, it is
fulfilled, in light of the previous example. (3) only needs to be shown for the basis
elements. Let f and g be wedge products of linear forms. Then the swapping of f
and g can be done by swapping pq adjacent linear forms, with the sign changing
each time, accounting for the overall factor of (−1)pq .

6.3 The Hodge-Star Operator

In this section, E will be an oriented n-dimensional real vector space, which is
equipped with an unspecified symmetric bilinear form g. By the Sylvester law of
inertia (Theorem 4.2) there exists an orthogonal basis x1, . . . , xn with the property
that g(xi , xi ) = εi = ±1. We will call such a basis semi-orthonormal.

Theorem 6.3 For two positive oriented semi-orthonormal bases x1, . . . , xn and
y1, . . . , yn related by yi = λ

j
i x j , there holds det (λ

j
i ) = 1.

Proof With εi = g(xi , xi ) and ε′
i = g(yi , yi ), we have

ε′
i = g(λ j

i x j ,λ
k
i xk) =

n∑

j=1

(λ
j
i )

2ε j
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and for i 
= k

0 = g(yi , yk) = g(λ j
i x j , λ

l
k xl) =

n∑

j=1

λ
j
i λ

j
kε j .

In matrix notation this means
⎛

⎜⎜⎜⎜⎜⎝

ε′
1 0 0. . . .

. . . . . .

. . . . . . . . . .
0

ε′
n

.

.

.

.

0 0

0

. . . .
.
.
.
. . . . . . .

⎞

⎟⎟⎟⎟⎟⎠
=

⎛

⎜⎝
λ1
1 · · · λn

1
...

. . .
...

λ1
n · · · λn

n

⎞

⎟⎠

⎛

⎜⎜⎜⎜⎜⎝

ε1 0 0. . . .
. . . . . .

. . . . . . . . . .
0

εn

.

.

.

.

0 0

0

. . . .
.
.
.
. . . . . . .

⎞

⎟⎟⎟⎟⎟⎠

⎛

⎜⎝
λ1
1 · · · λ1

n
...

. . .
...

λn
1 · · · λn

n

⎞

⎟⎠

which implies (det (λ j
i ))

2 = 1. Since the bases are co-oriented, it follows that

det (λ j
i ) = 1.

Theorem 6.4 An n-form has the same value on all positively oriented
semi-orthonormal bases.

Proof Let x1, . . . , xn and y1, . . . , yn be such bases. Inserting yi = λ
j
i x j into the

n-form f , we obtain

f (y1, . . . , yn) = f (λ j1
1 x j1 , · · · ,λ

jn
n x jn ) = λ

j1
1 · · · λ jn

n f (x j1 , . . . , x jn )

=
∑

P
λP(1)
1 · · · λP(n)

n f (xP(1), . . . , xP(n))

=
∑

P
λP(1)
1 · · · λP(n)

n χ(P) f (x1, . . . , xn)

= f (x1, . . . , xn)det (λ
j
i ) = f (x1, . . . , xn) .

The vector space of all n-forms on the n-dimensional space E is one-dimensional
according to Theorem 6.1. Thus every n-form on E is a multiple of the n-formwhich
assumes the value 1 on every positive oriented semi-orthonormal basis.

Definition 6.4 The volume form V is the n-form which has the value 1 on every
positive oriented semi-orthonormal basis. �

For p = 0, 1, . . . , n, the spaces ∧pE∗ and ∧n−pE∗ have the equal dimensions
(n
p

)

(Theorem 6.1), and consequently, they are isomorphic to each other. The Hodge-star
operator is an isomorphism that does not depend on the choice of bases in the two
spaces, although a positive oriented semi-orthonormal basis x1, . . . , xn is used for the
definition. We recall that ε1 J x1, . . . , εn J xn is a dual basis, where εi = g(xi , xi ) and
J : E −→ E∗ is the isomorphism characterised by 〈y, J x〉 = g(x, y) (Theorems
4.3 and 4.4).
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Definition 6.5 Let x1, . . . , xn be a positive oriented semi-orthonormal basis for E .
TheHodge-star operator ∗maps the p-form J xi1 ∧ · · · ∧ J xi p (i1, . . . , i p pairwise
distinct) to the (n − p)-form

∗(J xi1 ∧ · · · ∧ J xi p ) = εi p+1 · · · εin J xi p+1 ∧ · · · ∧ J xin

where
(
1 · · · p p + 1 · · · n
i1 · · · i p i p+1 · · · in

)

is an even permutation. �

The order of the numbers i p+1, . . . , in is of course not uniquely determined by the
choice of i1, . . . , i p, but this ambiguity has no effect on the expression
J xi p+1 ∧ · · · ∧ J xin . For the extreme cases p = 0 and p = n, we have

∗1 = ε1 · · · εn J x1 ∧ · · · ∧ J xn

and

∗(J x1 ∧ · · · ∧ J xn) = 1 .

As ε1 J x1 ∧ · · · ∧ εn J xn is the volume form V , we have ∗1 = V and ∗V = ε1 · · · εn .
In general, the image of ∗ can also be characterised by the property

∗(J xP(1) ∧ · · · ∧ J xP(p)) = εP(p+1) · · · εP(n)χ(P)J xP(p+1) ∧ · · · ∧ J xP(n)

for every permutation P . From this it follows that, in particular,

∗(J xP(1) ∧ · · · ∧ J xP(p))(xP(p+1), . . . , xP(n)) = χ(P) .

We now show that the construction of the Hodge-star operator does not depend on
the choice of the basis x1, . . . , xn . Let this operator be defined on the basis elements
J xi1 ∧ · · · ∧ J xi p according to Definition6.5 and extended linearly to the space
∧pE∗. We show that the equation

∗(J yP(1) ∧ · · · ∧ J yP(p)) = ε′
P(p+1) · · · ε′

P(n)χ(P)J yP(p+1) ∧ · · · ∧ J yP(n)

holds also for every other positive oriented semi-orthonormal basis y1, . . . , yn with
ε′
i = g(yi , yi ) and for every permutation P . We check that

∗(J yP(1) ∧ · · · ∧ J yP(p))(yP(p+1), . . . , yP(n)) = χ(P)

and for indices i p+1, . . . , in with {P(1), . . . ,P(p)}∩{i p+1, . . . , in} 
= ∅

∗(J yP(1) ∧ · · · ∧ J yP(p))(yi p+1 , . . . , yin ) = 0 .
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By setting yi = λ
j
i x j we obtain

∗ (J yP(1) ∧ · · · ∧ J yP(p))(yP(p+1), . . . , yP(n))

= λ
j1
P(1) · · ·λ jp

P(p)λ
jp+1

P(p+1) · · · λ jn
P(n)

∗ (J x j1 ∧ · · · ∧ J x jp )(x jp+1 , . . . , x jn )

=
∑

Q
λ
Q(1)
P(1) · · ·λQ(n)

P(n)
χ(Q) = χ(P)det (λ j

i ) = χ(P)

by Theorem 6.3. For indices i p+1, . . . , in , one has a similar calculation

∗ (J yP(1) ∧ · · · ∧ J yP(p))(yi p+1 , . . . , yin )

= λ
j1
P(1) · · · λ jp

P(p)λ
jp+1
i p+1

· · · λ jn
in

∗ (J x j1 ∧ · · · ∧ J x jp )(x jp+1 , . . . , x jn )

=
∑

Q
λQ(1)
P(1) · · · λQ(p)

P(p)λ
Q(p+1)
i p+1

· · · λQ(n)
in

χ(Q) .

This is the determinant of a matrix with at least two identical columns, and so this
expression is zero.

Thus the Hodge-star operation is independent of the choice of basis. In Theorem
6.6, we will formulate a basis-independent characterisation. Linear forms on ∧pE∗
will be used for this. Such a linear form in particular also assigns a number to each
p-form J x1 ∧ · · · ∧ J x p in a linear manner and can thus itself be thought of as a
p-form.

Theorem 6.5 The linear map K : (∧pE∗)∗ −→ ∧pE∗, which maps every linear
form c on ∧pE∗ to the p-form

Kc(x1, . . . , xp) = 〈J x1 ∧ · · · ∧ J x p, c〉

is an isomorphism.

Proof Since the dimensions of the two spaces match, it is enough to show that K is
injective. Let Kc = 0. Then for all x1, . . . , xp ∈ E , we have

0 = Kc(x1, . . . , xp) = 〈J x1 ∧ · · · ∧ J x p, c〉 .

Since a basis for∧pE∗ can be formed by such p-forms, we conclude that 〈 f , c〉 = 0
for every p-form f , and so c = 0.

Example. Let x1, . . . , xn be an orthonormal basis in E with εi = g(xi , xi ). Let linear
forms c j1··· jp (1 ≤ j1 < · · · < jp ≤ n) in ∧pE∗, satisfy

〈εi1 J xi1 ∧ · · · ∧ εi p J xi p , c j1··· jn 〉 =
{
1 for ik = jk
0 for {i1, . . . , i p} 
= { j1, . . . , jp} .
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Then we have

Kci1···i p = J xi1 ∧ · · · ∧ J xi p

because

Kci1···i p (xi1 , . . . , xi p ) = 〈J xi1 ∧ · · · ∧ J xi p , ci1···i p 〉
= εi1 · · · εi p = J xi1 ∧ · · · ∧ J xi p (xi1 , . . . , xi p )

and

Kci1···i p (x j1 , . . . , x jp ) = 〈J x j1 ∧ · · · ∧ J x jp , ci1···i p 〉
= 0 = J xi1 ∧ · · · ∧ J xi p (x j1 , . . . , x jp )

for other index systems j1, . . . , jp.

Theorem 6.6 For f ∈ ∧pE∗ and c ∈ (∧pE∗)∗, and with the isomorphism K as in
Theorem 6.5 and the volume form V

Kc ∧ (∗ f ) = 〈 f , c〉V .

Proof Let x1, . . . , xn be a positive oriented semi-orthonormal basis in E . Since both
sides of the equation to be proven depend bilinearly on f and c, it is sufficient to
show this equation for p-forms εi1 J xi1 ∧ · · · ∧ εi p J xi p and the dual linear forms
c j1··· jp . We have

Kci1···i p ∧ (∗(εi1 J xi1 ∧ · · · ∧ εi p J xi p ))

= (J xi1 ∧ · · · ∧ J xi p ) ∧ εi1 · · · εi pεi p+1 · · · εin (J xi p+1 ∧ · · · ∧ J xin ) = V

and for other indices j1, . . . , jp

Kc j1··· jp ∧ (∗(εi1 J xi1 ∧ · · · ∧ εi p J xi p ))

= εi1 · · · εin J x j1 ∧ · · · ∧ J x jp ∧ J xi p+1 ∧ · · · ∧ J xin = 0 .

6.4 Outer Derivative

Definition 6.6 A differential form F of order p on an n-dimensional C∞-manifold
M is aC∞ − (0, p)-tensor field onM , such that for each point P , the p-fold covaraint
tensor field F(P) is skew-symmetric. �
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Such a differential form F thus assigns a p-form F(P) ∈ ∧pM∗
P at each point

P . Differentials forms can be added pointwise and mulitplied by a number. Thus
differential formsof order p formavector space,whichwedenote by�p . TheHodge-
star operation can also be done pointwise giving a map �p −→ �n−p defined by
∗F(P) = ∗(F(P)). The wedge product (F ∧ G)(P) = F(P) ∧ G(P) gives a map
�p × �q −→ �p+q . The main objective of this section, however, is to introduce
the linear map d : �p −→ �p+1 defined below, which initially refers to a chart, but
is shown to be independent of the choice of the chart subsequently. The covector
fields dui are as defined in Definition4.3.

Definition 6.7 The outer derivative of the differential form

F = 1

p! Fi1...i p du
i1 ∧ · · · ∧ duip

is the differential form

dF = 1

p!
∂

∂ui0
Fi1...i p du

i0 ∧ dui1 ∧ · · · ∧ duip .

�

This definition actually does not depend on the choice of the chart with the coordinate
vector fields ∂

∂ui
. Let us consider another chart with the coordinate vector fields ∂

∂vi

with corresponding covector fields dv1, . . . , dvn . Then we have

dF = 1

p!
∂

∂ui0
F

(
∂

∂ui1
, . . . ,

∂

∂ui p

)
dui0 ∧ dui1 ∧ · · · ∧ dui p

= 1

p!
∂vk0

∂ui0
∂

∂vk0
F

(
∂vk1

∂ui1
∂

∂vk1
, . . . ,

∂vkp

∂ui p
∂

∂vkp

)(
∂ui0

∂vl0
dvl0

)
∧ · · · ∧

(
∂ui p

∂vl p
dvl p

)
.

Thanks to themultilinearity of the wedge product and the differential form, and using
the product rule for partial derivatives, we obtain

dF = 1

p!
∂

∂vk0
F

(
∂

∂vk1
, . . . ,

∂

∂vkp

)
dvk0 ∧ · · · ∧ dvkp

+ 1

p!
p∑

r=1

∂uir

∂vlr

∂

∂vk0

∂vkr

∂uir
F

(
∂

∂vk1
, . . . ,

∂

∂vkp

)
dvk0 ∧ · · · ∧ dvlr ∧ · · · ∧ dvkp .

The last line is zero, since, first of all because of the product rule, we have

∂uir

∂vlr

∂

∂vk0

∂vkr

∂uir
= ∂

∂vk0

(
∂uir

∂vlr

∂vkr

∂uir

)
− ∂vkr

∂uir
∂2uir

∂vk0∂vlr
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and secondly the expression in brackets being either = or 1, is in any case a constant,
making that term 0, and thirdly

∂2uir

∂vk0∂vlr
dvk0 ∧ · · · ∧ dvkr−1 ∧ dvlr ∧ dvkr+1 ∧ · · · ∧ dvkp = 0

since the summands cancel in pairs. Thus

dF = 1

p!
∂

∂vk0
F

(
∂

∂vk1
, . . . ,

∂

∂vkp

)
dvk0 ∧ dvk1 ∧ · · · ∧ dvkp .

A differential form F of order 0 is a real valued function. In this case (p = 0),
Definition6.7 gives

dF = ∂F

∂ui
dui .

This differential form of first order is called the differential of F . Another example
(p = 2, n = 4) is explained in detail in the next section.

The map F −→ dF is clearly linear, and in particular for any two differential
forms F , G of the same order, we have d(F + G) = dF + dG.

Theorem 6.7 For any two differential forms F and G, we have

d(F ∧ G) = dF ∧ G + (−1)pF ∧ dG ,

where p is the order of F. In particular for a real function ϕ, we have the product
rule

d(ϕF) = dϕ ∧ F + ϕdF .

Proof The wedge product of

F = 1

p! Fi1...i p du
i1 ∧ · · · ∧ duip

and

G = 1

q!Gip+1...i p+q du
i p+1 ∧ · · · ∧ duip+q

is

F ∧ G = 1

p!q! Fi1...i pGip+1...i p+q du
i1 ∧ · · · ∧ duip+q ,

and its outer derivative is

d(F ∧ G) = 1

p!q!
∂

∂ui0
(Fi1...i pGip+1...i p+q )du

i0 ∧ dui1 ∧ · · · ∧ duip+q .
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Using the usual product rule for partial differentiation, and upon exchanging dui0

with dui1 ∧ · · · ∧ duip in the second expression, the sign changes p times, giving

d(F ∧ G) =

=
(

1

p!
∂

∂ui0
Fi1...i p du

i0 ∧ dui1 ∧ · · · ∧ dui p
)

∧
(
1

q!Gip+1...i p+q du
i p+1 ∧ · · · ∧ dui p+q

)

+(−1)p
(

1

p! Fi1...i p du
i1 ∧ · · · ∧ dui p

)
∧

(
1

q!
∂

∂ui0
Gip+1...i p+q du

i0 ∧ dui p+1 ∧ · · · ∧ dui p+q

)

= dF ∧ G + (−1)p F ∧ dG .

The following result is called the first Poincare-lemma.

Theorem 6.8 For every differential form F, we have d(dF) = 0.

Proof Applying the definition twice gives

ddF = 1

p!
∂

∂ui−1

(
∂

∂ui0
Fi1...i p

)
dui−1 ∧ dui0 ∧ dui1 ∧ · · · ∧ duip .

Since

∂2

∂ui0∂ui−1
= ∂2

∂ui−1∂ui0

and

dui0 ∧ dui−1 = −dui−1 ∧ dui0

the summands cancel in pairs.

Theorem 6.9 The components of the differential form dF are calculated from the
components of F via the formula

(dF)k0···kp = ∂

∂uk0
Fk1···kp − ∂

∂uk1
Fk0k2···kp

+ ∂

∂uk2
Fk0k1k3···kp − + · · · +(−1)p

∂

∂ukp
Fk0···kp−1 .
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Proof We have

(dF)k0···kp = dF

(
∂

∂uk0
, . . . ,

∂

∂ukp

)

= 1

p!
∑

i0,...,i p

∂

∂ui0
Fi1···i p

∑

Q−1

χ(Q−1)

〈
∂

∂uk0
, duiQ−1(0)

〉
· · ·

〈
∂

∂ukp
, duiQ−1(p)

〉

= 1

p!
∑

Q
χ(Q)

∑

i0,...,i p

∂

∂ui0
Fi1···i p

〈
∂

∂ukQ(0)
, dui0

〉
· · ·

〈
∂

∂ukQ(p)
, duip

〉

= 1

p!
∑

Q
χ(Q)

∂

∂ukQ(0)
FkQ(1)···kQ(p) .

The sum is over all permutations of the numbers 0 to p. We classify these permu-
tations according to the number Q(0). For r ∈ {0, 1, . . . , p} and Q with Q(0) = r ,
there exists exactly one permutation P of the numbers 1 to p such that

Q ◦
(
0 1 · · · p
0 P(1) · · · P(p)

)

=
(
0 1 · · · p
r Q(P(1)) · · · Q(P(p))

)
=

(
0 1 · · · r r + 1 · · · p
r 0 · · · r − 1 r + 1 · · · p

)
.

Clearly, we have χ(Q)χ(P) = (−1)r . By the skew-symmetry of F , we have

FkQ(1)···kQ(p) = χ(P)FkQ(P(1))···kQ(P(p)) = χ(P)Fk0···kr−1kr+1···kp ,

and we can continue the chain of equations above as

(dF)k0···kp = 1

p!
p∑

r=0

∑

Q(0)=r

χ(Q)χ(P)
∂

∂ukr
Fk0···kr−1kr+1···kp

=
p∑

r=0

(−1)r
∂

∂ukr
Fk0···kr−1kr+1···kp .

The (p + 1)-flag covaraint tensor field dF maps p + 1 vector fields to a scalar
field. By the previous theorem, the coordinate vector fields ∂k0 , . . . , ∂kp are mapped
to the scalar field

dF(∂k0 , . . . , ∂kp ) =
p∑

r=0

(−1)r∂kr F(∂k0 , . . . , ∂kr−1 , ∂kr+1 , . . . , ∂kp ) .

For other vector fields, the result is a little more complicated.
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Theorem 6.10 For a differential form of order p and C∞-vector fields X0, . . . , X p,
we have

dF(X0, X1, . . . , X p) =
p∑

r=0

(−1)r Xr F(X0, . . . , Xr−1, Xr+1, . . . , X p)

+
∑

0≤r<s≤p

(−1)r+s F([Xr , Xs ], X0, . . . , Xr−1, Xr+1, . . . , Xs−1, Xs+1, . . . , X p) .

Proof We will verify the claim in the neighborhood of an arbitrary chosen point
P . Both sides of the equality are clearly multilinear maps on X (P) × · · · × X (P)

to F(P). The left side is F-homogeneous because it is generated by a tensor field
(see Definition4.6). Both sides coincide for coordinate vector fields. If the right side
is also shown to be F-homogeneous, then it follows that the equality holds for all
vector fields. Let

G : X (P) × · · · × X (P) −→ F(P)

be the multilinear mapping on the right hand side. We wish to show that

G(X0, . . . , Xl−1,ϕXl , Xl+1, . . . , X p) = ϕG(. . . , Xl , . . .) .

Definition2.1 (P) and Theorem 2.9 imply

G(X0, . . . ,ϕXl , . . . , X p) = ϕG(X0, . . . , Xl , . . . , X p)

+
l−1∑

r=0

(−1)r (Xrϕ)F(· · · , Xr−1, Xr+1, · · · ) +
p∑

r=l+1

(−1)r (Xrϕ)F(· · · , Xr−1, Xr+1, · · · )

+
l−1∑

r=0

(−1)r+l F((Xrϕ)Xl , X0, . . . , Xr−1, Xr+1, . . . , Xl−1, Xl+1, . . . , X p)

+
p∑

r=l+1

(−1)l+r F(−(Xrϕ)Xl , X0, . . . , Xl−1, Xl+1, . . . , Xr−1, Xr+1, . . . , X p) .

Finally, the skew-symmetry of F causes the sums to cancel each other out.

Now that Theorem 6.10 has been proven in general, let us note in particular the
special cases p = 0, 1, 2. They are

dF(X) = X F ,

dF(X , Y ) = X F(Y ) − Y F(X) − F([X , Y ])
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and

dF(X , Y , Z)

= X F(Y , Z) − Y F(X , Z) + Z F(X , Y ) − F([X , Y ], Z) + F([X , Z ], Y ) − F([Y , Z ], X) .

The first Poincare-lemma (Theorem6.8) states the outer derivative of a differential
form, if it is derived again becomes zero. The question arises whether conversly,
every differential form, whose outer derivative is zero, is the outer derivative of some
differential form. We first try to find an answer in the special case when M = R

3

and p = 1. A first-order differential form F = Fidui on R
3 is the outer derivative

of a zero-order differential form G, if and only if the components Fi are the partial
derivatives of G. The outer derivative of F = Fidui is

dF = ∂Fk
∂u j

du j ∧ duk

=
(

∂F3
∂u2

− ∂F2
∂u3

)
du2 ∧ du3 +

(
∂F1
∂u3

− ∂F3
∂u1

)
du3 ∧ du1 +

(
∂F2
∂u1

− ∂F1
∂u2

)
du1 ∧ du2 .

Thus, in the language of vector calculus, the requirement that dF = 0 corresponds
to the vector field with components F1, F2, F3 being curl-free. As is well-known, a
curl-free vector field on R3 possesses a potential. However, if the vector field is only
present in a partial area M ofR3, and if no further demands are placed on M (such as
being star-shaped), then a potential may only exist locally. Hence, in general, for a
differential form F with dF = 0, the question of the existence of a differential form
G such that dG = F may therefore only be answered positive, if at all, in the local
sense. The concept of homotopy operator underlies the constructive proof.

Definition 6.8 Let M be an open ball inRn with center 0. The homotopy operator
of pth order Hp is the map which sends a pth order differential form F on M to
the (p − 1)st order differential form HpF given by

HpF(x)(x1, . . . , xp−1) =
∫ 1

0
t p−1F(t x)(x, x1, . . . , xp−1) dt .

�

Example. For a basis x1, . . . , xn inRn , let us calculate the image HpF of the p-form

F(x) = f (x) dxi1 ∧ · · · ∧ dxi p = f (x)
∑

P
χ(P) dxiP(1) ⊗ · · · ⊗ dxiP(p) .
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With x1, . . . , xn as the components of x with respect to the given basis, we have

HpF(x) =
p∑

k=1

∑

P(1)=k

χ(P)

∫ 1

0
t p−1 f (t x) dt xik dxiP(2) ⊗ · · · ⊗ dxiP(p)

=
∫ 1

0
t p−1 f (t x) dt

p∑

k=1

(−1)k−1xik dxi1 ∧ · · · ∧ dxik−1 ∧ dxik+1 ∧ · · · ∧ dxi p ,

since the numbers P(2), . . . ,P(p) in this arrangement contain k−1 fewer transpo-
sitions than the permutation P .

Theorem 6.11 For every differential form F on an open ball of Rn with center 0,
we have

dHpF + Hp+1dF = F .

Proof The map Hp : �p −→ �p−1 is clearly linear. So it is enough to show the
claimed equality for p-forms of the type

F(x) = f (x) dxi1 ∧ · · · ∧ dxi p .

From the expression just obtained for HpF , we have

dHpF(x) =

= ∂

∂xi0

∫ 1

0
t p−1 f (t x) dt

p∑

k=1

(−1)k−1xik dxi0 ∧ dxi1 ∧ · · · ∧ dxik−1 ∧ dxik+1 ∧ · · · ∧ dxi p

+
∫ 1

0
t p−1 f (t x) dt

p∑

k=1

(−1)k−1dxik ∧ dxi1 ∧ · · · ∧ dxik−1 ∧ dxik+1 ∧ · · · ∧ dxi p

=
∫ 1

0
t p

∂ f

∂xi0
(t x) dt

p∑

k=1

(−1)k−1xik dxi0 ∧ · · · ∧ dxik−1 ∧ dxik+1 ∧ · · · ∧ dxi p

+
∫ 1

0
t p−1 f (t x) dt p dxi1 ∧ · · · ∧ dxi p .

The corresponding expression for Hp+1 acting on

dF(x) = ∂ f

∂xi0
(x) dxi0 ∧ dxi1 ∧ · · · ∧ dxi p

gives

Hp+1dF(x) =
∫ 1

0
t p

∂ f

∂xi0
(t x) dt

p∑

k=0

(−1)k xik dxi0 ∧ · · · ∧ dxik−1 ∧ dxik+1 ∧ · · · ∧ dxi p .



6.5 The Maxwell Equations in Vacuum 79

Adding these, we obtain

dHpF(x) + Hp+1dF(x)

=
∫ 1

0

[
t p

∂ f

∂xi0
(t x)xi0 + pt p−1 f (t x)

]
dt dxi1 ∧ · · · ∧ dxi p = f (x) dxi1 ∧ · · · ∧ dxi p = F(x) .

Now we are ready to prove the aforementioned converse of Theorem 6.8, the
so-called second Poincare-lemma.

Theorem 6.12 For a differential form F with dF = 0, there exists a differential
form G in a neighborhoud of any point P with dG = F.

Proof We choose a chart γ with γ(P) = 0 and apply Theorem 6.11 to the restriction
F ′ of F ◦ γ−1 to a ball around 0. Since the bijection γ also induces isomorphisms
between the corresponding tangent spaces of M and Rn , F ′ is indeed again a differ-
ential form, and we have dF ′ = 0. With the homotopy operators Hp and Hp+1, we
have

F ′ = dHpF
′ + Hp+1dF

′ ,

and so the differential form G on M corresponding to the differential form HpF ′ on
R
n is the one which is sought, satisfying dG = F .

6.5 TheMaxwell Equations inVacuum

The electromagnetic field is described by the field strength tensor F (see Sect. 5.3).
If the Hodge-star operator is applied pointwise to this second order differential form,
then we get another second order differential form ∗F , which is called theMaxwell-
tensor. Since the Hodge-star operator is an isomorphism, the Maxwell-tensor also
contains full information about the electromagnetic field.

Theorem 6.13 The Maxwell-tensor ∗F has the following components with respect
to a positive oriented Lorentz basis

(∗Fik) =

⎛

⎜⎜⎝

0 −B1 −B2 −B3

B1 0 −E3 E2

B2 E3 0 −E1

B3 −E2 E1 0

⎞

⎟⎟⎠ .

Proof We choose a chart, whose coordinate vector fields ∂
∂ui

, i = 0, 1, 2, 3 point-
wise form a positive oriented Lorentz basis in the respective tangent spaces. From
Theorem 5.9, we have the representation

F = E1du0∧du1 + E2du0∧du2 + E3du0∧du3 − B1du2∧du3 + B2du1∧du3 − B3du1∧du2
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which can be read from the component matrix of the field strength tensor. To use
Definition6.5, we note that here ε0 = 1, J∂0 = du0 and εi = −1, J∂i = −dui

for i = 1, 2, 3. It follows that

∗(du0 ∧ du1) = (−1) ∗ (J∂0 ∧ J∂1) = (−1)3 J∂2 ∧ J∂3 = −du2 ∧ du3

and analogously

∗(du0 ∧ du2) = du1 ∧ du3

∗(du0 ∧ du3) =−du1 ∧ du2

∗(du1 ∧ du2) = du0 ∧ du3

∗(du1 ∧ du3) =−du0 ∧ du2

∗(du2 ∧ du3) = du0 ∧ du1 ,

so that

∗F = −E1du2 ∧ du3 + E2du1 ∧ du3 − E3du1 ∧ du2

−B1du0 ∧ du1 − B2du0 ∧ du2 − B3du0 ∧ du3 ,

from which we can read off the matric of components.

A comparison of the component matrices of F and ∗F shows that the vectors
−B and E play the same role in the Maxwell-tensor, as the vectors E and B in
the Faraday-tensor. If Definition5.8 is modified accordingly, then we arrive at the
following result.

Theorem 6.14 For an observer x measuring the field strengths as E and B, the
following hold:

∗F(y, z) = g(y × z, E) for y, z ∈ x⊥

and

∗F(x, y) = g(y, B) for y ∈ x⊥ .

In charge-free space, non-relativistic electrodynamics is basedon the fourMaxwell
equations

div E = 0, rot E = −∂B

∂t
, div B = 0, rot B = ∂E

∂t
.

These can now be formulated much more elegantly.

Theorem 6.15 The equations div B = 0 and rot E = −∂B
∂t are equivalent to

dF = 0, and the equations div E = 0 and rot B = ∂E
∂t are equivalent to d∗F = 0.



6.5 The Maxwell Equations in Vacuum 81

Proof From the representation of F given in the proof of Theorem 6.13, and the
results given after Definition6.7, we obtain

dF =
(

−∂B1

∂u1
− ∂B2

∂u2
− ∂B3

∂u3

)
du1∧du2∧du3

+
(

∂E2

∂u3
− ∂E3

∂u2
− ∂B1

∂u0

)
du0∧du2∧du3

+
(

∂E1

∂u3
− ∂E3

∂u1
+ ∂B2

∂u0

)
du0∧du1∧du3

+
(

∂E1

∂u2
− ∂E2

∂u1
− ∂B3

∂u0

)
du0∧du1∧du2 ,

from which we get the first claim of the theorem. The second claim is obtained
analogously.

The tangent vector ∂
∂u0

is the observer x , and so the application of x to the scalar

field Bi , is for the observer, the partial differentiation of Bi with respect to time,

giving ∂Bi

∂u0
= ∂Bi

∂t . The spacelike vectors ∂
∂ui

, i = 1, 2, 3 form a positive oriented

orthonormal basis for x⊥. The application of ∂
∂ui

is partial differentiationwith respect
to the i th spatial coordinate. If all four coefficients in the above representation are
zero, then this means, dF=0, that is, divB=0 and rotE = −∂B

∂t . Analogously, we

have d∗F=0, divE=0 and rot(−B)=−∂E
∂t .

The condition dF = 0 ensures, at least locally, the existence of a differential form
A of order one, satisfying d A = F , which is called the four-potential. However, it is
uniquely determined only up to the addition of a term dϕ. The following calculation
shows that the four-potential contains the non-relativistic concepts of electrostatic
potential and the vector potential. The outer derivative of A = Aidui is

d A = (∂0A1 − ∂1A0)du0 ∧ du1 + (∂0A2 − ∂2A0)du0 ∧ du2

+(∂0A3 − ∂3A0)du0 ∧ du3 + (∂1A2 − ∂2A1)du1 ∧ du2

+(∂1A3 − ∂3A1)du1 ∧ du3 + (∂2A3 − ∂3A2)du2 ∧ du3 .

By a comparison with the representation of F , we get Ei = ∂0Ai − ∂i A0 for i =
1, 2, 3 and

B1 = ∂3A2 − ∂2A3 , B2 = ∂1A3 − ∂3A1 , B3 = ∂2A1 − ∂1A2 ,

so that

E = − ∂

∂t
(−A1,−A2,−A3) − grad A0

and

B = rot (−A1, −A2, −A3) .



7TheCovariantDifferentiation
of Vector Fields

7.1 The Directional Derivative inR
n

The subject of this chapter is the description of the change in a vector field Y under a
small displacement of the point P . At the point P , we must get a vector in MP from
the vector field and a vector x ∈ MP describing the direction of differentiation. In
the specialcase of M = R

3, for a point P , avector x and a vector field Y , we define
the directional derivative

DxY = lim
h−→0

Y (γ(h)) − Y (γ(0))

h

whereγ is a curvewithγ(0) = P andγ′(0) = x . The curveγ given byγ(t) = P + t x
can be used (Fig. 7.1). If, on the other hand, M is a curved surface in R

3, then only
tangential vector fields are permissible as the vector field Y . A curve γ in M is
chosen for the tangent vector. The vectors Y (γ(h)) can be transported to the point
P = γ(0) in general, but cannot be guaranteed to be tangent vectors to M after
transportation. So the difference quotient would only be formable in the sense ofR3,
and the difference quotient would then be a vector in general, but is not guaranteed
to be tangential to the surface.

This method is not transferable to the general case of a manifold because it uses
concepts that are not available in the general case. Instead, we will take properties of
the directional derivative in R

n and axiomatically place them as defining properties
of the covariant derivative introduced in the next section. It will be shown later
that in the case of a curved surface in R

3, the covariant derivative is the orthogonal
projection of the directional derivative in the sense of R3 onto the tangential plane.

For P ∈ R
n , x ∈ R

n and Y ∈ X (Rn), let DxY be defined as in the special
case n = 3 mentioned above. For X ∈ X (Rn) instead of x ∈ R

n , we define

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
R. Oloff, The Geometry of Spacetime, Graduate Texts in Physics,
https://doi.org/10.1007/978-3-031-16139-1_7

83

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-16139-1_7&domain=pdf
https://doi.org/10.1007/978-3-031-16139-1_7


84 7 The Covariant Differentiation of Vector Fields

Fig. 7.1 Directional
derivative DxY of Y
in the direction x

γ(0)=P γ(1)

Y( (1))γY( (1))γY P( )

≈D YX

x

DXY ∈ X (Rn) by DXY (P) = DX(P)Y . Since the directional derivative is calcu-
lated componentwise, we have

DXY = Xi∂i Y
k∂k .

Using this representation, the following result can be shown.

Theorem 7.1 The operation (X , Y ) −→ DXY in X (Rn) has the following
properties:

(D1) D f X+gY Z = f DX Z + gDY Z
(D2) DX (λY + μZ) = λDXY + μDX Z
(D3) DX ( f Y ) = (X f )Y + f DXY
(D4) Z(X · Y ) = DZ X · Y + X · DZY
(D5) DXY − DY X = [X , Y ]

for X , Y , Z ∈ X (Rn), f , g ∈ F(Rn) and real λ and μ.

7.2 The Levi-Civita Connection

We will now generalise the concept of the directional derivative from R
n to a

manifold M .

Definition 7.1 An operation (X , Y ) −→ ∇XY with the properties

(D1) ∇ f X+gY Z = f ∇X Z + g∇Y Z
(D2) ∇X (λY + μZ) = λ∇XY + μ∇X Z
(D3) ∇X ( f Y ) = (X f )Y + f ∇XY

for f , g ∈ F(M) and numbers λ and μ, is called a connection. �

Such an operation induces an isomorphism between two tangential spaces MP and
MQ in the form of parallel displacement. So the individual tangent spaces are no
longer coexisting side by side in isolation, but are connected in this sense, hence
providing the rationale behind the name.

The properties (D4) and (D5) of the operation (X , Y ) −→ DXY in Rn hold with
the dot product inRn . So we now need a fundamental tensor on the manifold M as an
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additional structure. The following so-called fundamental theorem of Riemannian
geometry is the basis for the definition of the covariant derivative.

Theorem 7.2 On a semi-Riemannian manifold [M, g] there exists a unique connec-
tion ∇ with the additional properties

(D4) Zg(X , Y ) = g(∇Z X , Y ) + g(X ,∇ZY )

(D5) ∇XY − ∇Y X = [X , Y ] .

Proof For a connection ∇ possessing the properties (D4) and (D5), an explicit
expression for ∇XY can be obtained for vector fields X and Y as follows: In the
equation

Xg(Y , Z) = g(∇XY , Z) + g(Y ,∇X Z)

we use the equation

∇X Z = ∇Z X + [X , Z ] .

This yields

Xg(Y , Z) = g(∇XY , Z) + g(Y ,∇Z X) + g(Y , [X , Z ])
to which we add an analogous expression for Yg(Z , X) and subtract an analogous
expression for Zg(X , Y ). This results in the so-called Koszul formula (K)

2g(∇XY , Z) = Xg(Y , Z) + Yg(X , Z) − Zg(X , Y ) − g(X , [Y , Z ])
− g(Y , [X , Z ]) + g(Z , [X , Y ]) .

Given the vector fields X and Y , the right hand side depends linearly on the vector
field Z , and Z is in particularF-homogenous (see Definition 4.6) since the disruptive
additional summands cancel each other out. The value of the function on the right
hand side at the point P is determined by Z(P) uniquely, and so the vector ∇XY (P)

is uniquely determined by (K).

We now suppose that the vector field ∇XY has been defined by (K), and show
that (D1)–(D5) hold for the operation ∇. Since the right hand side of (K) is additive
with respect to X , we have

∇X+ZY = ∇XY + ∇ZY .

Furthermore, for Z ∈ X (M), we have, by (K), that

2g(∇ f XY , Z) = 2 f g(∇XY , Z) ,

since the disruptive additional summands cancel each other out, and from this it
follows that

∇ f XY = f ∇XY ,
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hence showing (D1). (D2) holds since the right hand side of (K) depends linearly on
Y . In order to prove the product rule (D3), we verify

2g(∇X ( f Y ), Z) = 2(X f )g(Y , Z) + 2 f g(∇XY , Z) ,

but this can be done using Theorem 2.9 and (K). The so-called Ricci identity (D4)
follows from (K) in the form

2g(∇Z X , Y ) + 2g(∇ZY , X) = 2Zg(X , Y ) ,

because all other summands cancel each other out in pairs. Analogously, we have

2g(∇XY , Z) − 2g(∇Y X , Z) = 2g([X , Y ], Z)

and so (D5) holds.

Definition 7.2 The operation ∇ on X (M) for a semi-Riemannian manifold [M, g]
with the properties (D1)–(D5) is called theLevi-Civita connection, and in the special
case of a Riemannian manifold, the Riemannian connection. For vector fields X
and Y , the vector field ∇XY is called the covariant derivative of Y with respect to
X . The covariant derivative of Y is the (1, 1)-tensor field ∇Y , which assigns to a
point P ∈ M and a tangent vector x ∈ MP , the tangent vector ∇XY (P), where X
satisfies X(P) = x . �

In the case of covariant derivation, the (1, 0)-tensor field Y becomes the (1, 1)-
tensor field ∇Y , and so the degree of covariance increases by 1, justifying the name.
In Chap. 11, we will also be able to covariantly differentiate general tensor fields, so
that a (p, q)-tensor field will then become a (p, q+1)-tensor field.

7.3 Christoffel Symbols

Definition 7.3 The representation

∇∂i∂k = �
j
ik∂ j

defines the real valued functions �
j
ik , called the Christoffel symbols. �

Theorem 7.3 The symmetry �
j
ik = �

j
ki holds for Christoffel symbols, and for vector

fields X = Xi∂i and Y = Y k∂k , the vector field ∇XY has the components

(∇XY ) j = Xi∂i Y
j + XiY k�

j
ik .
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Proof The symmetry follows from

(�
j
ik − �

j
ki )∂ j = ∇∂i∂k − ∇∂k∂i = [∂i , ∂k] = 0 .

From the calculational rules for the covariant derivative, we have

∇XY = ∇Xi∂i Y
k∂k = Xi (∂i Y

k∂k + Y k∇∂i∂k) = Xi (∂i Y
j + Y k�

j
ik)∂ j .

Theorem 7.4 The Christoffel symbols are calculated from the components of the
metric and the contravariant metric tensor using the formula

�r
i j = 1

2
gkr (∂ig jk + ∂ jgik − ∂kgi j ) .

Proof By (K) we have

2�l
i jglk = 2g(∇∂i∂ j,∂k) = ∂ig jk + ∂ jgik − ∂kgi j ,

and consequently,

(∂ig jk + ∂ jgik − ∂kgi j )g
kr = 2�l

i jglkg
kr = 2�r

i j .

The following transformation formula shows that the Christoffel symbols cannot
be interpreted as the components of a tensor field.

Theorem 7.5 Let two charts have coordinate vector fields ∂ j and ∂̄i related by

∂̄i = α
j
i ∂ j and ∂ j = βi

j ∂̄i . The Christoffel symbols calculated for these charts are

related by the formula ∂ j = βi
j ∂̄i durch die Formel

�̄r
i j = βr

t (α
l
iα

v
j�

t
lv + ∂̄iα

t
j ) .

Proof The formula can be read from

∇∂̄i
∂̄ j = ∇αl

i∂l
αv

j∂v = αl
i (α

v
j�

t
lv∂t + ∂lα

t
j∂t )

= αl
i (α

v
j�

t
lv + ∂lα

t
j )β

r
t ∂̄r = βr

t (α
l
iα

v
j�

t
lv + ∂̄iα

t
j )∂̄r .

As an example, we now calculate the Christoffel symbols of a curved surface.
Because of the symmetry mentioned in Theorem 7.3, there are six numbers. The
fundamental tensor is the usual scalar product, and has the components gik = ∂i · ∂k
(see also Fig. 2.1). By Theorem 7.4,

�1
11 = g11

2
∂1g11 + g12

2
(2∂1g12 − ∂2g11)
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or in the classical Gaussian notation (see the example following Definition 4.7)

�1
11 = GEu − 2FFu + FEv

2(EG − F2)

and analogously

�1
12 = GEv − FGu

2(EG − F2)
, �1

22 = 2GFv − GGu − FGv

2(EG − F2)
,

�2
11 = 2EFu − EEv − FEu

2(EG − F2)
, �2

12 = EGu − FEv

2(EG − F2)
, �2

22 = EGv − 2FFv + FGu

2(EG − F2)
.

The two parameters are denoted by u and v here. The index terms are the corre-
sponding partial derivatives.

Example. The parameters u and v for the surface of a sphere in R
3 with radius r

are taken as the spherical coordinates ϑ and ϕ. In this case, we obtain E = r2,G =
r2 sin2 ϑ and F = 0. The above formulae give the Christoffel symbols

�1
22 = − sin ϑ cosϑ and �2

12 = �2
21 = cot ϑ

and the others are zero. Thus for the coordinate vector fields ∂ϑ and ∂ϕ, we have

∇∂ϑ∂ϑ = 0 , ∇∂ϕ∂ϕ = − sin ϑ cosϑ ∂ϑ , ∇∂ϕ∂ϑ = ∇∂ϑ∂ϕ = cot ϑ ∂ϕ .

These formulae also appear in the corresponding statements about the covariant
derivatives in the Schwarzschild spacetime in the section following the next one.

7.4 The Covariant Derivative on Hypersurfaces

The aim of this section is to prove the assertion made earlier in Sect. 7.1, that the
covariant derivative of a vector field on a curved surface is the orthogonal projection
of the directional derivative in the sense of R3 onto the tangent plane (Fig. 7.2). We
examine the situation more generally for a hypersurface in R

n , since the considera-
tions there are also not complicated.

LetM be an (n−1)-dimensional submanifold ofRn . The choice of a chart induces
n−1 coordinate vector fields �∂n − 1. In addition to the covariant derivative ∇XY
along the tangent vector field X , also the derivative DXY is available.

Theorem 7.6 For tangent vector fields X and Y on an (n−1)-dimensional subman-
ifold M of Rn, the tangent vector field∇XY is the orthogonal projection of the vector
field DXY on the respective tangent space.
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D YX

∇XY

Fig. 7.2 Covariant derivative as a projection

Proof It is sufficient to prove the statement for coordinate vector fields X = ∂i and
Y = ∂ j . A normal vector field satisfying �n · �n = 1 can be introduced on M , at least
locally. This normal vector field completes the coordinate vector fields pointwise to
form a basis for Rn . The vector field D∂i ∂ j can thus be expressed as

D∂i ∂ j = λl
i j∂l + λi j �n .

The connection D on the Riemannian manifold R
n also satisfies the axioms

(D1)–(D5), and in particular, also the Koszul formula (K). As

2λl
i j∂l · ∂k = 2D∂i∂ j · ∂k ,

the triply-indexed coefficients λl
i j thus satisfy the characterising equation for the

Christoffel symbols,

2λl
i j∂l · ∂k = ∂i (∂ j · ∂k) + ∂ j (∂i · ∂k) − ∂k(∂i · ∂ j ) .

The above representation is thus

D∂i ∂ j = �l
i j∂l + λi j �n = ∇∂i ∂ j + λi j �n ,

and so the difference between the derivatives in question is a multiple of the normal
vector, which is actually orthogonal to the tangential hyperplane. In the special case
of n = 3, that is, for a curved surface, the three equations

D∂1∂1 = �1
11∂1 + �2

11∂2 + L �n
D∂1∂2 = �1

12∂1 + �2
12∂2 + M �n

D∂2∂2 = �1
22∂1 + �2

22∂2 + N �n

are called the Gauss equations. The notations L, M and N for the coefficients of
the normal vector field �n, just like E = ∂1 · ∂1,F = ∂1 · ∂2 and G = ∂2 · ∂2, are
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standard in the classical Gaussian differential geometry. If x, y, z are the Cartesian
coordinates inR3 and u, v are the variables used in the parametrisation, then we have

∂1 =
(

∂x

∂u
,
∂y

∂u
,

∂z

∂u

)
, ∂2 =

(
∂x

∂v
,
∂y

∂v
,
∂z

∂v

)

and consequently

D∂1∂1 =
(

∂2x

∂u2
,
∂2y

∂u2
,
∂2z

∂u2

)

D∂1∂2 =
(

∂2x

∂u∂v
,

∂2y

∂u∂v
,

∂2z

∂u∂v

)

D∂2∂2 =
(

∂2x

∂v2
,
∂2y

∂v2
,
∂2z

∂v2

)
.

The normal vector �n is the vector product

�n = ∂1 × ∂2√
EG − F2

,

and from this formula, we obtain the triple product

L = D∂1∂1 · �n = 1√
EG − F2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂u

∂y

∂u

∂z

∂u

∂x

∂v

∂y

∂v

∂z

∂v

∂2x

∂u2
∂2y

∂u2
∂2z

∂u2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

M = 1√
EG − F2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂u

∂y

∂u

∂z

∂u

∂x

∂v

∂y

∂v

∂z

∂v

∂2x

∂u ∂v

∂2y

∂u ∂v

∂2z

∂u ∂v

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

N = 1√
EG − F2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂x

∂u

∂y

∂u

∂z

∂u

∂x

∂v

∂y

∂v

∂z

∂v

∂2x

∂v2

∂2y

∂v2

∂2z

∂v2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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Fig. 7.3 D∂ϕ∂ϕ and ∇∂ϕ∂ϕ

for the sphere

x-y - Ebene

z - Achse

Tangentialebene

D∂ ∂
ϕ ϕ

ϑ
∇∂ ∂

ϕ ϕ

∇∂ ∂
ϕ ϕ

Example. On a spherical surface in R
3 with the radius r , we have the coordinate

vector fields ∂ϑ and ∂ϕ with the representations

∂ϑ = r cosϑ cosϕ∂x + r cosϑ sinϕ∂y − r sin ϑ ∂z

∂ϕ = −r sin ϑ sinϕ ∂x + r sin ϑ cosϕ ∂y

and upon partial differentiation,

D∂ϑ∂ϑ = −r sin ϑ cosϕ∂x − r sin ϑ sinϕ∂y − r cosϑ ∂z

D∂ϕ∂ϕ = −r sin ϑ cosϕ∂x − r sin ϑ sinϕ∂y

D∂ϑ∂ϕ = −r cosϑ cosϕ ∂x + r cosϑ cosϕ∂y = D∂ϕ∂ϑ .

The vector D∂ϑ∂ϑ joins the point to the center of the sphere, and is thus perpendic-
ular to the tangent plane. Thus, its orthogonal projection to the tangent plane, which
is the covariant derivative ∇∂ϑ∂ϑ, is zero. The vector D∂ϑ∂ϕ = D∂ϕ∂ϑ = cot ϑ ∂ϕ

lies in the tangent plane and so it coincides with its orthogonal projection onto
the tangent plane, giving ∇∂ϑ∂ϕ = ∇∂ϕ∂ϑ = cot ϑ ∂ϕ. The vector D∂ϕ∂ϕ lies in a
plane parallel to the x-y-plane (Fig. 7.3). Its tangential part ∇∂ϕ∂ϕ has the length
|r sin ϑ cosϑ|, is parallel to ∂ϑ, but points in the opposite direction. Therefore
∇∂ϕ∂ϕ = − sin ϑ cosϑ ∂ϑ. We had already obtained these results in the previous
section by calculating the Christoffel symbols.

7.5 The Covariant Derivative in the Schwarzschild Spacetime

The Schwarzschild spacetime is the set R × (2μ,∞) × S2 (see Example 1 in
Sect. 4.5). If the first two coordinates are t and r and the usual angular coordi-
nates ϑ and ϕ are used on the surface of the unit sphere S2, then the component
matrix of the metric g has the diagonal form
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(gik) =

⎛
⎜⎜⎜⎜⎜⎜⎝

h(r) 0 0 0

0 −1/h(r) 0 0

0 0 −r2 0

0 0 0 −r2 sin2 ϑ

⎞
⎟⎟⎟⎟⎟⎟⎠

where h(r) = 1 − 2μ/r , and its inverse give the component-matrix for the con-
travariant metric:

(gik) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

h(r)
0 0 0

0 −h(r) 0 0

0 0 − 1

r2
0

0 0 0 − 1

r2 sin2ϑ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The formulae for the Christoffel symbols given in Theorem 7.4 acquire the following
simplified form for orthogonal coordinates:

�i
i i = 1

2
gi i∂igi i

�k
ii = −1

2
gkk∂kgi i for i 	= k

�
j
i j = 1

2
g j j∂ig j j for i 	= j

�k
i j = 0 for pairwise distinct i, j, k .

For the covariant derivatives of the coordinate fields, one then obtains:

∇∂i ∂i = 1

2

⎛
⎝gi i∂igi i∂i −

∑
k 	=i

gkk∂kgi i∂k

⎞
⎠

and for i 	= j

∇∂i∂ j = 1

2
(gi i∂ jgi i∂i + g j j∂ig j j∂ j ) .
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For the Schwarzschild spacetime, the covariant derivatives of the coordinate vector
fields ∂t , ∂r , ∂θ, ∂ϕ are given by

∇∂t∂t = h(r)μ

r2
∂r , ∇∂r ∂r = − μ

r2h(r)
∂r , ∇∂ϑ∂ϑ = −rh(r) ∂r ,

∇∂ϕ∂ϕ = −rh(r) sin2ϑ ∂r − sin ϑ cosϑ ∂ϑ , ∇∂t∂r = μ

r2h(r)
∂t ,

∇∂t ∂ϑ = 0 = ∇∂t ∂ϕ , ∇∂r ∂ϑ = 1

r
∂ϑ , ∇∂r ∂ϕ = 1

r
∂ϕ , ∇∂ϑ

∂ϕ = cot ϑ∂ϕ .



8Curvature

8.1 The Curvature Tensor

Here we adopt an abstract approach, where initially nothing of what may be imag-
ined of a curved surface in R

3 is evident. We will use the concept of the covariant
derivative, and so we work with a semi-Riemannian manifold [M, g].

Definition 8.1 For Y , Z ∈ X (M), the curvature operator R(Y , Z) : X (M) −→
X (M) maps the vector field X to the vector field

R(Y , Z)X = ∇Y ∇Z X − ∇Z∇Y X − ∇[Y ,Z ] X .

�

Altogether, we take three vector fields to produce a fourthone in a trilinear manner.
One could equivalently say that one takes three vector fields X , Y , Z and one covector
field A to obtain the scalar field 〈R(Y , Z)X , A〉. This map is multilinear and clearly
F-homogeneous with respect to A. We now show that it is F-homogeneous also
with respect to the three vector fields X , Y , Z . According to Theorem 4.1, it is then
a (1, 3)-tensor field.

Theorem 8.1 The trilinear map

R(Y , Z)X = ∇Y ∇Z X − ∇Z∇Y X − ∇[Y ,Z ] X

from X (M) × X (M) × X (M) to X (M) is F-homogeneous.
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Proof For the first vector variable

∇Y ∇Z ( f X) = ∇Y ( f ∇Z X) + ∇Y ((Z f )X)

= f ∇Y ∇Z X + (Y f )∇Z X + (Z f )∇Y X + (Y (Z f ))X

∇Z∇Y ( f X) = f ∇Z∇Y X + (Z f )∇Y X + (Y f )∇Z X + (Z(Y f ))X

∇[Y ,Z ]( f X) = f ∇[Y ,Z ] X + ([Y , Z ] f )X

and so we obtain

R(Y , Z)( f X) = f R(Y , Z)X .

For the second variable, we have

R( f Y , Z)X = ∇ f Y ∇Z X − ∇Z∇ f Y X − ∇[ f Y ,Z ] X

= f ∇Y ∇Z X − f ∇Z∇Y X − (Z f )∇Y X − f ∇[Y ,Z ] X + ∇(Z f )Y X = f R(Y , Z)X

and for the third, analogously we have

R(Y , f Z)X = f R(Y , Z)X .

Definition 8.2 The Riemannian curvature tensor R is the (1, 3)-tensor field that
assigns to the point P ∈ M and the tangent vectors x, y, z ∈ MP , the tangent vector
R(Y , Z)X(P), where X(P) = x, Y (P) = y, Z(P) = z. �

Example. Let M = R
n . Then the covariant derivative is the usual directional deriva-

tive, theCartesian coordinate vector fields∂i are constant in this sense and thus also in
the sense of the covariant derivative. Application of∇∂i means partial differentiation
of the components along the i th variable. Since the order of partial differentiation can
be changed, ∇∂i and ∇∂ j commute. Consequently, the curvature operator R(∂i , ∂ j )

is zero, and more generally for vector fields Y and Z , R(Y , Z) = 0. So the curvature
tensor is 0.

Theorem 8.2 The Riemann curvature tensor R has the components

Rs
i jk = ∂ j�

s
ki − ∂k�

s
ji + �s

jr�
r
ki − �s

kr�
r
ji .

Proof We need to compute the sth component of the vector field

R(∂ j , ∂k)∂i = ∇∂ j ∇∂k ∂i − ∇∂k ∇∂ j ∂i = ∇∂ j (�
s
ki∂s) − ∇∂k (�

s
ji∂s)

= (∂ j�
s
ki )∂s + �r

ki∇∂ j ∂r − (∂k�
s
ji )∂s − �r

ji∇∂k ∂r .

The claim can now be read off from here.
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For a four-dimensional semi-Riemannian manifold, the curvature tensor has 44 =
256 components. Fortunately, there is redundancy owing to symmetry, and there is
no need to do as many calculations.

Theorem 8.3 For vector fields X , Y , Z, we have

(1) R(Y , Z)X = −R(Z , Y )X
(2) R(Y , Z)X + R(Z , X)Y + R(X , Y )Z = 0 (first Bianchi identity) .

For the components of the Riemann curvature tensor R, there holds

Rs
i jk = −Rs

ik j

and

Rs
i jk + Rs

jki + Rs
ki j = 0 .

Proof As [Y , Z ] = −[Z , Y ], (1) follows. With axiom (D5) for the covariant deriva-
tive, (2) can be obtained using the Jacobi-identity:

R(Y , Z)X + R(Z , X)Y + R(X , Y )Z

= ∇X (∇Y Z − ∇Z Y ) + ∇Y (∇Z X − ∇X Z) + ∇Z (∇X Y − ∇Y X)

− ∇[Y ,Z ] X − ∇[Z ,X ]Y − ∇[X ,Y ]Z

= ∇X [Y , Z ] − ∇[Y ,Z ] X + ∇Y [Z , X ] − ∇[Z ,X ]Y + ∇Z [X , Y ] − ∇[X ,Y ]Z

=
[

X , [Y , Z ]
]

+
[
Y , [Z , X ]

]
+

[
Z , [X , Y ]

]
= 0 .

Further symmetries become apparent when the Riemann curvature tensor is modified
using index pulling (see Sect. 3.5). Besides the curvature operator and the Riemann
curvature tensor, we also denote the modified curvature tensor by R. It is always
clear from context which tensor is actually meant.

Definition 8.3 The covariant curvature tensor is the (0, 4)-tensor field R, charac-
terised by

R(V , X , Y , Z) = g(V , R(Y , Z)X)

for vector fields V , X , Y , Z . �

Theorem 8.4 The components of the covariant curvature tensor are calculated from
those of the Riemann curvature tensor by

Rri jk = grs Rs
i jk .
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Proof There holds

Rri jk = R(∂r , ∂i , ∂ j , ∂k) = g(∂r , R(∂ j , ∂k)∂i ) = g(∂r , Rs
i jk∂s) = g(∂r , ∂s)Rs

i jk .

Theorem 8.5 The covariant curvature tensor R has the symmetries

(1) R(V , X , Y , Z) = −R(V , X , Z , Y )

(2) R(V , X , Y , Z) + R(V , Y , Z , X) + R(V , Z , X , Y ) = 0
(3) R(V , X , Y , Z) = −R(X , V , Y , Z)

(4) R(V , X , Y , Z) = R(Y , Z , V , X)

and in terms of components

(1) Rri jk = −Rrik j

(2) Rri jk + Rr jki + Rrki j = 0
(3) Rri jk = −Rir jk

(4) Rri jk = R jkri .

Proof (1), (2) are simply new formulations of (1), (2) of Theorem 8.3. (3) says that
there is skew-symmetry with respect to the first two vector arguments, and in light
of

R(V + X , V + X , Y , Z) = R(V , V , Y , Z) + R(X , X , Y , Z)

+ R(V , X , Y , Z) + R(X , V , Y , Z)

it is enough to prove the special case that R(X , X , Y , Z) = 0. From the definition,

R(X , X , Y , Z) = g(X , R(Y , Z)X)

= g(X , ∇Y ∇Z X) − g(X , ∇Z∇Y X) − g(X ,∇[Y ,Z ] X) .

Using the axiom (D4) for the covariant derivative, we obtain

g(X , ∇Y ∇Z X) = Yg(X ,∇Z X) − g(∇Y X , ∇Z X)

and with an analogous conversion for g(X , ∇Z X), we get

g(X ,∇Z X) = 1

2
Zg(X , X) .

After further use of (D4), we finally arrive at

R(X , X , Y , Z) = Y
1

2
Zg(X , X) − Z

1

2
Yg(X , X) − 1

2
[Y , Z ]g(X , X) = 0 .

The proof of (4) is a combination of (1), (2), (3). Using (1) and (2),

R(V , X , Y , Z) = −R(V , X , Z , Y ) = R(V , Z , Y , X) + R(V , Y , X , Z) ,
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and by (3) and (2)

R(V , X , Y , Z) = −R(X , V , Y , Z) = R(X , Y , Z , V ) + R(X , Z , V , Y ) .

Adding these gives

2R(V , X , Y , Z) = R(V , Z , Y , X) + R(V , Y , X , Z)

+ R(X , Y , Z , V ) + R(X , Z , V , Y )

and by swapping the vector fields also

2R(Y , Z , V , X) = R(Y , X , V , Z) + R(Y , V , Z , X)

+ R(Z , V , X , Y ) + R(Z , X , Y , V ) .

By (1) and (3), the simultaneous swapping of the first two and the last two vectors
does not change the value of the covariant curvature tensor, and so it can be seen that
the four summands on the right hand side of the equation match pairwise with those
on the right hand side of the second to last equation.

8.2 TheWeingartenMap

In this section, we will learn about the Weingarten map to describe the curvature of
a surface. However, the fundamental considerations also apply more generally to the
case of a hypersurface, i.e., an (n−1)-dimensional submanifold of Rn .

For a flat surface, the normal vector changes only in the sense of parallel dis-
placement if the base point on the surface varies. In the case of a curved surface,
a change in the direction of the normal vector can also be expected when the base
point changes (Fig. 8.1). This effect can easily be quantified with the directional
derivative.

Theorem 8.6 Let M be an oriented (n−1)-dimensional submanifold of Rn with a
normal vector field �n. Then for every tangent vector x, Dx �n is also a tangent vector.

Proof Crucially, we will use �n · �n = 1. Differentiation using the tangent vector x
gives

Dx �n · �n + �n · Dx �n = 0 ,

and so Dx �n · �n = 0.

Definition 8.4 For M as above and P ∈ M , theWeingarten map W on MP sends
the tangent vector x to the tangent vector Dx �n, that is, W x = Dx �n. �
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γ(0)

γ(1)
γ

x

n(0)
n(1)

n(1)≈ D n = WX x

Fig. 8.1 Weingarten map W

The Weingarten map is obviously linear and therefore a (1, 1)-tensor at every
point, giving altogether a (1, 1)-tensor field. With W X = DX �n, the vector field X is
mapped to the vector field W X .

We had seen that the covariant derivative is the orthogonal projection of the
Euclidean directional derivative onto the tangential hyperplane (Theorem 7.6). The
difference can now be formulated using the Weingarten map.

Theorem 8.7 For vector fields X and Y on an oriented (n−1)-dimensional sub-
manifold of Rn,

∇X Y = DX Y + (W X · Y )�n .

Proof As the vector field ∇X Y is tangential, we have that the coefficient λ in the
decomposition DX Y = ∇X Y + λ�n, is given by

λ = DX Y · �n = DX (Y · �n) − Y · DX �n = −W X · Y .

Theorem 8.8 The curvature operator is given in terms of the Weingarten map by

R(Y , Z)X = (W Z · X)W Y − (W Y · X)W Z .

Proof We use the definition

R(Y , Z)X = ∇Y ∇Z X − ∇Z∇Y X − ∇[Y ,Z ] X

and replace the covariant derivatives using Theorem 8.7. For the first summand we
obtain

∇Y ∇Z X = ∇Y (DZ X + (W Z · X)�n) =
= DY (DZ X + (W Z · X)�n) + (W Y · (DZ X + (W Z · X)�n))�n
= DY DZ X + Y (W Z · X)�n + (W Z · X)W Y + (W Y · DZ X)�n ,
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and analogously for the second summand

∇Z∇Y X = DZ DY X + Z(W Y · X)�n + (W Y · X)W Z + (W Z · DY X)�n ,

for the third summand, we have

∇[Y ,Z ] X = D[Y ,Z ] X + (W [Y , Z ] · X)�n .

As

DY DZ X − DZ DY X − D[Y ,Z ] X = 0

(see the example following Definition8.2), it remains to show that

Y (W Z · X) + W Y · DZ X − Z(W Y · X) − W Z · DY X − W [Y , Z ] · X = 0 .

But this will follow from

DY (W Z) − DZ (W Y ) = W [Y , Z ] ,

which is

DY DZ �n − DZ DY �n = D[Y ,Z ] �n
and this is indeed true.

In classical differential geometry, the curvature of a surface is reduced to the
curvature of curves that are created by intersecting the surfacewith planes orthogonal
to the tangent plane. We now describe the curvature of such normal sections using
theWeingartenmap. A curve γ is said to be in its natural parameter representation
if the parameter s is the length of the arc from a fixed point on the curve to the point
γ(s), and then the tangent vector γ′(s) has length 1. The unit tangent vector γ′(s)
together with the second derivative γ′′(s) span the osculating plane. The osculating
circlewith radius of curvature R has as its tangent the unit tangent vector, and they
lie in this plane (Fig. 8.2). The number |γ′′(s)| is called the curvature and is the
reciprocal of the radius of curvature R. The vector γ′′(s) is orthogonal to the unit
tangent vector γ′(s) and points to the center of the osculating circle.

Theorem 8.9 Let P be a point on the oriented surface M with normal vector field �n,
x ∈ MP be such that |x | = 1 and γ be a normal section curve with γ(0) = P and
γ′(0) = x. The in the natural parameter representation

�n · γ′′(0) = −W x · x .

Proof �n(s) is the normal vector at the point γ(s). As �n(s) · γ′(s) = 0 it follows upon
differentiation that

�n(0)γ′′(0) = −�n′(0) · γ′(0) = −Dx �n · x = −W x · x .
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γ
γ ( )s

γ' ( )s ≈ γ'' ( )s

γ'' ( )s

γ' ( +1)s

γ ( +1)s

γ R

R

Fig. 8.2 The radius of curvature R and curvature |γ′′|

Given the definition of the curvature of a curve, Theorem 8.9 has the following
interpretation:

Theorem 8.10 The curvature of a curve, resulting from the intersection of a surface
with a plane orthogonal to the tangent plane, is given by W x · x, where x is one of
the two tangent vectors of length 1, which lie in the section plane. If W x · x < 0,
then the number −1/W x · x is the radius of curvature, and the normal vector �n of
the surface points to the center of the osculating circle. If W x · x > 0, then 1/W x · x
is the radius of curvature and −�n points to the center.

To calculate the expression W x · x for the vector x1∂1 + x2∂2, we extend x to a
vector field X with constant coefficients with respect to the coordinate vector fields
∂1 and ∂2. In the notation from Sect. 7.4, we then have

W x · x = Dx �n · x = −�n · Dx X = −�n ·
[
(x1)2D∂1∂1 + 2x1x2D∂1∂2 + (x2)2D∂2∂2

]

= − [
L(x1)2 + 2Mx1x2 + N (x2)2

]
.

If we divide W x · x by

x · x = E(x1)2 + 2Fx1x2 + G(x2)2 ,

then one can also drop the additional condition |x | = 1. This results in the following
theorem.

Theorem 8.11 The radius of curvature of the normal section, which contains the
vector x = x1∂1 + x2∂2, is given by
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1

R
= L(x1)2 + 2Mx1x2 + N (x2)2

E(x1)2 + 2Fx1x2 + G(x2)2
,

where a negative radius R means that −�n points to the center of the osculating circle.

In order to investigate the effect of the vector x on the curvature 1/R = −W x ·
x/(x · x) of the corresponding normal section, we consider the eigenvalue problem
for the Weingarten map. According to the following theorem, which is also valid in
higher dimensional cases, one can rely on the major axis transformation.

Theorem 8.12 The Weingarten map W is symmetric in the sense that W x · y =
x · W y for tangent vectors x and y.

Proof For tangent vector fields X and Y with X(P) = x and Y (P) = y, we have

W x · y = Dx �n · y = −�n · Dx Y

and

x · W y = x · Dy �n = −Dy X · �n ,

and for their difference we obtain

W x · y − x · W y = �n ·
(

DY X − DX Y
)
(P) = −�n · [X , Y ](P) = 0 ,

since the Lie-bracket is again tangential.

For a point P on a surface M , the Weingarten map has real eigenvalues λ1 ≤ λ2,
which can also be the same. If λ1 < λ2, then we can use orthogonal vectors as the
basis, and one can see that the expression (W x · x)/(x · x) is constrained by

λ1 ≤ W x · x

x · x
≤ λ2

and assumes all values of the closed interval [λ1,λ2]. For the curvature of normal
sections, this means that when the point is fixed, the curvatures lie between the
two extreme curvature 1/R1 and 1/R2 (signed), called the principal curvatures.
Their arithmetic mean H = 1

2 (1/R1 + 1/R2) is called the mean curvature, and
their product K = (1/R1) · (1/R2) is called the Gaussian curvature. These last
two numbers can easily be calculated from the Weingarten map.

Theorem 8.13 The Weingarten map has the matrix

W = −1

EG − F2

(
G −F

−F E

)(
L M

M N

)
.
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Proof In the representation

W =
(

w1
1 w1

2

w2
1 w2

2

)

the elements in the first column have the meaning

W∂1 = w1
1∂1 + w2

1∂2 .

Scalar multiplication with ∂1 gives

w1
1E + w2

1F = D∂1 �n · ∂1 = −�n · D∂1∂1 = −L

and with ∂2 yields

w1
1F + w2

1G = −M .

Analogously considering

W∂2 = w1
2∂1 + w2

2∂2

imply two more equations, which can be summarised with the previous ones in the
matrix equation

(
E F

F G

) (
w1
1 w1

2

w2
1 w2

2

)
=

( −L −M

−M −N

)

The assertion follows by premultiplying with the inverse of

(
E F
F G

)

Theorem 8.14 The mean curvature H and the Gaussian curvature K are given by

H = E N − 2F M + GL

2(EG − F2)

and

K = L N − M2

EG − F2 .

Proof The number −2H is the sum of the two eigenvalues of the matrix given in
Theorem 8.13, i.e., its trace. K is the product of the two eigenvalues of −W , i.e., the
determinant

det (−W ) = 1

(EG − F2)2

∣∣∣∣
G −F

−F E

∣∣∣∣
∣∣∣∣

L M
M N

∣∣∣∣ = L N − M2

EG − F2 .
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8.3 The Ricci Tensor

Definition 8.5 The Ricci tensor Ric is the contraction of the Riemann curvature
tensor with respect to the middle vector variable, i.e., it has the components

Ricik = R j
i jk . �

The vector R(Z , Y )X(P) depends trilinearly on X(P), Z(P), Y (P), and in par-
ticular, linearly on Z(P). By the example following Definition3.3, the number
Ric(X , Y )(P) is the trace of this linear map, and this trace depends linearly on
X(P) and Y (P).

Theorem 8.15 The Ricci tensor is symmetric.

Proof The Ricci tensor can be linked to the covariant curvature tensor, and its sym-
metry (4) from Theorem 8.5 can be used, to obtain

Ricik = R j
i jk = g jl Rli jk = g jl R jkli = Rl

kli = Ricki .

Definition 8.6 The mixed Ricci tensor, again denoted by Ric, is derived from the
Ricci tensor by pulling an index up, that is, it has the components

Ric j
i = g jkRicik . �

The mixed Ricci tensor can be interpreted pointwise as a linear map: The mixed
Ricci tensor assigns to the vector field X the unique vector field Z representing the
covector field Ric(X , ·), in the sense that for all Y g(Z , Y ) = Ric(X , Y ). Because

gik Z i Y k = Ric jk X j Y k

gives

gik Z i = Rick j X j ,

and the components of Z can be isolated as follows:

Zl = glkgki Z i = glkRick j X j = Ricl
j X j .

Definition 8.7 The scalar curvature S is the trace of the mixed Ricci tensor, i.e.,

S = Rici
i .

�
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Theorem 8.16 The scalar curvature of a surface is twice the Gaussian curvature,
that is, S = 2K .

Proof We use a chart for which the two coordinate vector fields ∂1 and ∂2 are
orthogonal at the point under consideration. The sum

S = gikRicik = gik R j
i jk

then gets reduced, since g12 = g21 = 0 and g11 = g22 = 1, to the four summands

S = R 1
111 + R 2

121 + R 1
212 + R 2

222 .

Owing to the skew-symmetry with respect to the second and third vector variables
(Theorem 8.3), we have R1

111 = R2
222 = 0, and so S = R2

121 + R1
212. The first sum-

mand is the second component of

R(∂2, ∂1)∂1 = (W∂1 · ∂1)W∂2 − (W∂2 · ∂1)W∂1

(Theorem 8.8), and so

R2
121 = (W∂1 · ∂1)(W∂2 · ∂2) − (W∂2 · ∂1)(W∂1 · ∂2) = det W .

Similarly

R1
212 = (W∂2 · ∂2)(W∂1 · ∂1) − (W∂1 · ∂2)(W∂2 · ∂1) = det W ,

so that altogether S = 2 det W . The Gaussian curvature K is the product of the two
eigenvalues of −W , and thus

K = det (−W ) = det W .

The previous theorem has far-reaching consequences. While the Weingarten map
describes the shape of the surface as a subset of space, other quantities, such as the
numbers E .F and G, and thus the length surrounding ambient space. Bending the
surface does not change the length of curves on the surface. All concepts that are
not influenced by bending belong to the inner intrinsic geometry of the surface.
This also includes the covariant derivative and thus also the curvature tensor, Ricci
tensor and scalar curvature. In contrast, the Weingarten map and also the principal
curvatures belong to the outer extrinsic geometry of the surface. In his famous
theorema egregium, Gauss formulated that the Gaussian curvature, which is the
product of the pricipal curvatures, is bending-invariant, by expressing K in terms
of E, F, G and their partial derivatives. The relationship K = 1

2 S in the theorem
above shows that K is bending-invariant since the scalar curvature S is intrinsic and
bending-invariant.

Theorem 8.17 The Gaussian curvature is bending-invariant.
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8.4 The Curvature of the Schwarzschild Spacetime

In Sect. 7.5, we had determined the covariant derivative for the coordinate vector
fields∂0=∂t , ∂1=∂r , ∂2=∂ϑ, ∂3=∂ϕ. Now, using these results,wewill compute
thematrices describing the curvature operators. Since the curvature operator depends
bilinearly and skew-symmetrically on the two vector fields, only the six matrices
(Rk

i01), (Rk
i02), (Rk

i03), (Rk
i12), (Rk

i13) and (Rk
i23) need to be determined. For ∂ j and

∂l the curvature operator R(∂ j , ∂l) is, according to Definition8.1, characterised by

R(∂ j , ∂l)∂i = ∇∂ j ∇∂l ∂i − ∇∂l ∇∂ j ∂i .

The four components of this vector build the i th column of the matrix (Rk
i jl)ki . The

0th column of (Rk
i01) consists of the components of the vector

∇∂0∇∂1∂0 − ∇∂1∇∂0∂0 = (∇∂t ∇∂r − ∇∂r ∇∂t )∂t

= ∇∂t

(
μ

r2h(r)
∂t

)
− ∇∂r

(
μh(r)

r2
∂r

)

= μ

r2h(r)
· μh(r)

r2
∂r −

(
6μ2

r4
− 2μ

r3

)
∂r − μh(r)

r2

(
− μ

r2h(r)

)
∂r = 2μh(r)

r3
∂r ,

which are the numbers 0, 2μh(r)/r3, 0, 0 . From

(∇∂t ∇∂r − ∇∂r ∇∂t )∂r = 2μ

r3h(r)
∂t

(∇∂t ∇∂r − ∇∂r ∇∂t )∂ϑ = 0

(∇∂t ∇∂r − ∇∂r ∇∂t )∂ϕ = 0

the other three columns are obtained. The matrix is

(Rk
i01) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
2μ

r3h(r)
0 0

2μh(r)

r3
0 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

= −(Rk
i10) .

The other five matrices are calculated in an analogous manner

(Rk
i02) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 −μ

r
0

0 0 0 0

−μh(r)

r3
0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
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(Rk
i03) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 −μ sin2ϑ

r

0 0 0 0

0 0 0 0

−μh(r)

r3
0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(Rk
i12) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 0 −μ

r
0

0
μ

r3h(r)
0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(Rk
i13) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 0 0 −μ sin2ϑ

r

0 0 0 0

0
μ

r3h(r)
0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(Rk
i23) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0

0 0 0 0

0 0 0
2μ sin2ϑ

r

0 0 −2μ

r
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

The calculation of the components of the Ricci tensor, according to Definition8.5,
results in the zero matrix.

8.5 Connection Forms and Curvature Forms

The calculation of the curvature tensor of an n-dimensional semi-Riemannian man-
ifold with its n4 components is formidable organisational problem. The so-called
Cartan-calculus of forms offers an alternative for effective and clear computation.

According to the definition of the Christoffel symbols (Definition7.3), we have

∇Xi ∂i
∂ j = Xi�k

i j∂k .
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The components of the vector field ∇X∂ j at the point P depend linearly on X and
so they are 1-forms.

Definition 8.8 The n2 1-forms

ωk
j (X) = Xi�k

i j

are called connection forms. �

Theorem 8.18 The curvature operator is determined by the connection forms via

R(Y , Z)X = Xk(dω
j
k (Y , Z) + ω

j
l ∧ ωl

k(Y , Z))∂ j .

Proof We have

R(Y , Z)X = ∇Y ∇Z X − ∇Z∇Y X − ∇[Y ,Z ] X

= ∇Y ((Z X j + Xkω
j
k (Z))∂ j ) − ∇Z ((Y X j + Xkω

j
k (Y ))∂ j )

− [Y , Z ]X j∂ j − Xkω
j
k ([Y , Z ])∂ j

= Y (Z X j + Xkω
j
k (Z))∂ j + (Z Xl + Xkωl

k(Z))ω
j
l (Y )∂ j

− Z(Y X j + Xkω
j
k (Y ))∂ j − (Y Xl + Xkωl

k(Y ))ω
j
l (Z)∂ j

− [Y , Z ]X j∂ j − Xkω
j
k ([Y , Z ])∂ j

= {(Y Z − ZY − [Y , Z ])X j + Xk(Yω
j
k (Z) − Zω

j
k (Y ) − ω

j
k ([Y , Z ]))

+ (Y Xk)ω
j
k (Z) − (Y Xl)ω

j
l (Z) − (Z Xk)ω

j
k (Y ) + (Z Xl)ω

j
l (Y )

+ Xk(ωl
k(Z)ω

j
l (Y ) − ωl

k(Y )ω
j
l (Z))}∂ j

= {Xkdω
j
k (Y , Z) + Xk(ω

j
l ∧ ωl

k(Y , Z))}∂ j .

Definition 8.9 The n2 2-forms

�
j
k = dω

j
k + ω

j
l ∧ ωl

k

are called curvature forms. �

Theorem 8.19 The curvature tensor R can be obtained from the curvature forms
�i

j via

R = ∂i ⊗ ω j ⊗ �i
j ,

where the forms ω1, . . . ,ωn are dual to the coordinate vector fields ∂1, . . . , ∂n.
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Proof For a covector field A and vector fields X , Y , Z , we have

∂i ⊗ ω j ⊗ �i
j (A, X , Y , Z) = Ai X j�i

j (Y , Z) ,

and by Theorem 8.18, we obtain for the curvature tensor that

R(A, X , Y , Z) = 〈R(Y , Z)X , A〉 = 〈X j�i
j (Y , Z)∂i , Alω

l〉 = X j�i
j (Y , Z)Ai .

We now illustrate this method doing calculations for the Einstein-de Sitter space-
time introduced in Example 4 of Sect. 4.5. On the set

M = (0,∞) × R
3 = {(u0, u1, u2, u3) ∈ R

4 : u0 > 0} ,

we have the metric g with the matrix of components given by

(gik) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 −c(u0)
4
3 0 0

0 0 −c(u0)
4
3 0

0 0 0 −c(u0)
4
3

⎞
⎟⎟⎟⎟⎟⎟⎠

with respect to the basis
∂

∂u0 ,
∂

∂u1 ,
∂

∂u2 ,
∂

∂u3 . The contravariant metric is given by

the matrix

(gik) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0

0 −c−1(u0)− 4
3 0 0

0 0 −c−1(u0)− 4
3 0

0 0 0 −c−1(u0)− 4
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

with respect to the dual basis ω0, ω1,ω2, ω3. Because of the diagonal structure of
these matrices, the formula for computing the Christoffel symbols is simplified, as
already mentioned in Sect. 7.5, given by

�
j
i j = 1

2
g j j∂ig j j and �k

ii = −1

2
gkk∂kgi i for i 
= k .

In particular, we obtain here, for j = 1, 2, 3, that

�
j
0 j = �

j
j0 = 2

3
· 1

u0
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and furthermore

�0
11 = �0

22 = �0
33 = 2

3
c(u0)

1
3 .

All other Christoffel symbols are zero. For the connection forms this implies, accord-
ing to their definition, that for j = 1, 2, 3

ω
j
0 (∂ j ) = ω

j
j (∂0) = 2

3u0 and ω0
j (∂ j ) = 2

3
c(u0)

1
3 ,

and the connection forms are zero on the other basis elements. It can be seen that
the seven connection forms ω0

0 and ωk
i with i, k 
= 0 and i 
= k are zero and the

remaining nine are multiples of the dual basis elements ω0,ω1, ω2,ω3. We have

ω
j
j = 2

3u0ω0 for j = 1, 2, 3

ωk
0 = 2

3u0ωk for k = 1, 2, 3

ω0
i = 2

3
c(u0)

1
3 ωi for i = 1, 2, 3 .

The outer derivatives are given by

dω
j
j = 0

dωk
0 = − 2

3(u0)2
ω0 ∧ ωk

dω0
i = 2c

9(u0)
2
3

ω0 ∧ ωi .

In accordace with Definition8.9, the curvature forms�
j
k can now be determined.We

have for j, k = 1, 2, 3

�0
0 = �k

k = 0

�
j
0 = dω

j
0 + ω

j
j ∧ ω

j
0 =

(
− 2

3(u0)2
+

(
2

3u0

)2
)

ω0 ∧ ω j = −2

9

1

(u0)2
ω0 ∧ ω j

�0
k = dω0

k + ω0
k ∧ ωk

k =
(

2c

9(u0)
2
3

− 2

3
c(u0)

1
3 · 2

3u0

)
ω0 ∧ ωk = −2

9

c

(u0)
2
3

ω0 ∧ ωk

and for j 
= k,

�
j
k = ω

j
0 ∧ ω0

k = 4

9

c

(u0)
2
3

ω j ∧ ωk = −�k
j .
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The curvature tensor R = ∂i ⊗ ω j ⊗ �i
j can now be calculated. We have

R = ∂0 ⊗ ω1 ⊗ �0
1 + ∂0 ⊗ ω2 ⊗ �0

2 + ∂0 ⊗ ω3 ⊗ �0
3

+ ∂1 ⊗ ω0 ⊗ �1
0 + ∂2 ⊗ ω0 ⊗ �2

0 + ∂3 ⊗ ω0 ⊗ �3
0

+ (∂1 ⊗ ω2 − ∂2 ⊗ ω1) ⊗ �1
2 + (∂1 ⊗ ω3 − ∂3 ⊗ ω1) ⊗ �1

3

+ (∂2 ⊗ ω3 − ∂3 ⊗ ω2) ⊗ �2
3

= −2

9

c

(u0)
2
3

A1 − 2

9

1

(u0)2
A2 + 4

9

c

(u0)
2
3

A3

where

A1 = ∂0 ⊗ ω1 ⊗ (ω0 ⊗ ω1 − ω1 ⊗ ω0)

+ ∂0 ⊗ ω2 ⊗ (ω0 ⊗ ω2 − ω2 ⊗ ω0)

+ ∂0 ⊗ ω3 ⊗ (ω0 ⊗ ω3 − ω3 ⊗ ω0)

A2 = ∂1 ⊗ ω0 ⊗ (ω0 ⊗ ω1 − ω1 ⊗ ω0)

+ ∂2 ⊗ ω0 ⊗ (ω0 ⊗ ω2 − ω2 ⊗ ω0)

+ ∂3 ⊗ ω0 ⊗ (ω0 ⊗ ω3 − ω3 ⊗ ω0)

A3 = (∂1 ⊗ ω2 − ∂2 ⊗ ω1) ⊗ (ω1 ⊗ ω2 − ω2 ⊗ ω1)

+ (∂1 ⊗ ω3 − ∂3 ⊗ ω1) ⊗ (ω1 ⊗ ω3 − ω3 ⊗ ω1)

+ (∂2 ⊗ ω3 − ∂3 ⊗ ω2) ⊗ (ω2 ⊗ ω3 − ω3 ⊗ ω2) .

The Ricci tensor is obtained by a contraction, and is given by

Ric = −2

9

c

(u0)
2
3

K1 − 2

9

1

(u0)2
K2 + 4

9

c

(u0)
2
3

K3

where

K1 = ω1 ⊗ ω1 + ω2 ⊗ ω2 + ω3 ⊗ ω3

K2 = −3ω0 ⊗ ω0

K3 = 2K1 ,

and so

Ric = 2

3

1

(u0)2
ω0 ⊗ ω0 + 2

3

c

(u0)
2
3

(
ω1 ⊗ ω1 + ω2 ⊗ ω2 + ω3 ⊗ ω3

)
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with the component matrix

(
Ricik

)
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2

3

1

(u0)2
0 0 0

0
2

3

c

(u0)
2
3

0 0

0 0
2

3

c

(u0)
2
3

0

0 0 0
2

3

c

(u0)
2
3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The mixed Ricci tensor has the component matrix

(
Rici

k

)
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

2

3

1

(u0)2
0 0 0

0 −2

3

1

(u0)2
0 0

0 0 −2

3

1

(u0)2
0

0 0 0 −2

3

1

(u0)2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

with the trace

S = −4

3

1

(u0)2
.

In the next chapter, we will introduce the Einstein tensor G = Ric − 1
2 Sg, in

order to formulate the Einstein field equations. For the Einstein-de Sitter spacetime
its component matrix is given by

(
Gik

)
=

⎛
⎜⎜⎜⎜⎜⎜⎝

4

3

1

(u0)2
0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The connection forms ωk
j in Definition8.8 refer to the coordinate vector fields

∂1, ..., ∂n and use the Christoffel symbols, which are sometimes cumbersome to
calculate. The concept can also be used more generally and then refers to vector
fields X1, ..., Xn , which form bases in the tangent spaces.
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Definition 8.10 Associated with a basis X1, ..., Xn , the connection forms ωk
j are

defined by

∇x X j (P) = 〈x, ωk
j (P)〉Xk(P) for x ∈ MP .

�

For a vector field X , we have

∇X X j = 〈X , ωk
j 〉Xk .

The question now is how to calculate the connection forms without Christoffel sym-
bols.Wewill see that this can be done quite comfortably for semi-orthonormal bases.

Definition 8.11 Vector fields X1, ..., Xn on an n-dimensional semi-Riemannian
manifold are said to form a semi-orthonormal basis, if

g(Xi , X j ) =
{

0 for i 
= j
εi = ±1 for i = j �

The basis dual to X1, ..., Xn consists of covector fields A1, ..., An with

〈Xi , Ak〉 =
{
0 for i 
= k
1 for i = k

and

g(Ai , A j ) =
{
0 for i 
= j
εi for i = j

.

Theorem 8.20 For the connection forms ωk
j generated by a semi-orthonormal basis

X1, ..., Xn with the dual basis A1, ..., An, there holds

(1) ωk
j = −ε jεkω

j
k

(2) d Ai = −ωi
k ∧ Ak

Proof For any vector field X , we have

0 = Xg(Xi , X j ) = g(∇X Xi , X j ) + g(Xi ,∇X X j )

= 〈X , ωk
i 〉g(Xk, X j ) + 〈X ,ωl

j 〉g(Xi , Xl) = 〈X , ω
j
i 〉ε j + 〈X , ωi

j 〉εi ,

which gives (1). We show (2) by verifying

d Ai (X j , Xl) = −ωi
k ∧ Ak(X j , Xl) .
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The left hand side is

d Ai (X j , Xl) = X j 〈Xl , Ai 〉 − Xl〈X j , Ai 〉 − 〈[X j , Xl ], Ai 〉 = 〈[Xl , X j ], Ai 〉
and the right hand side is also

− ωi
k ∧ Ak(X j , Xl) = −〈X j ,ω

i
k〉〈Xl , Ak〉 + 〈Xl , ω

i
k〉〈X j , Ak〉

= −〈X j , ω
i
l 〉 + 〈Xl , ω

i
j 〉 = −〈∇X j Xl , Ai 〉 + 〈∇Xl X j , Ai 〉 = 〈[Xl , X j ], Ai 〉 .

Theorem 8.21 The connection forms ωi
j associated with a semi-orthonormal basis

X1, ..., Xn with the dual basis A1, ..., An are calculated via

2〈Xl ,ω
i
j 〉 = d Ai (X j , Xl) + εiε j d A j (Xl , Xi ) + εiεld Al(X j , Xi )

= −〈[X j , Xl ], Ai 〉 − εiε j 〈[Xl , Xi ], A j 〉 − εiεl〈[X j , Xi ], Al〉 .

Proof According to Theorem 8.20(2), we have

d Ai (X j , Xl) = −〈X j ,ω
i
k〉〈Xl , Ak〉 + 〈Xl ,ω

i
k〉〈X j , Ak〉 = −〈X j ,ω

i
l 〉 + 〈Xl ,ω

i
j 〉 .

We exchange i, j, l cyclically and obtain by using Theorem 8.20(1) that

d A j (Xl , Xi ) = −〈Xl , ω
j
i 〉 + 〈Xi ,ω

j
l 〉 = εiε j 〈Xl , ω

i
j 〉 + 〈Xi ,ω

j
l 〉

and

d Al(Xi , X j ) = −〈Xi , ω
l
j 〉 + 〈X j ,ω

l
i 〉 = ε jεl〈Xi , ω

j
l 〉 − εiεl〈X j ,ω

i
l 〉 .

The linear combination of these three equations with the coefficients 1, εiε j , −εiεl

is the claimed equation. The alternative formulation is based on the calculation rules
for the outer derivative.

From the connection forms ωk
j , the curvature forms are given, in accordance with

Definition8.9 by

�k
j = dω

j
k + ω

j
l ∧ ωl

k .

The curvature tensor R can be described with reference to the semi-orthonormal
basis X1, ..., Xn and its dual basis A1, ..., An , by

R = Xi ⊗ A j ⊗ �i
j

with the components

Rl
i jk = 〈Xu, Al〉〈Xi , Av〉�u

v(X j , Xk) = �l
i (X j , Xk) .
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The Ricci tensor has the components

Ricik = �
j
i (X j , Xk) .

The computation of all the n2 curvature forms is not necessary, since it follows from
Theorem 8.20(1) that

�
j
i = −εiε j�

i
j .
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9.1 Mass

We now clarify how mass distribution in spacetime is described. Whether the mass
rests or flows depends on the observer. They register a flow velocity, which based
on the point of view formulated in Sect. 5.1, must be a future-pointing, time-like
tangent vector z with g(z, z)=1. There is such a vector at every point, i.e., it is a
vector field Z with g(Z , Z)=1 and such that Z(P) is future-pointing. An intensity
in the sense of density and an isotropic pressure, described by scalar fields � and p,
must also be taken into account. Since themass in particular depends on the observer,
this is also to be expected from the density. The number �(P) should be the density
that the observer moving in the flow Z registers as observer z= Z(P). However,
other interactions such as viscosity and temperature exchange should not play a role.
Overall, these considerations motivate why one thinks of the triple [Z , �, p] as an
ideal flow. One expects that there are further relationships between X , � and p,
analogous to the basic equations of hydrodynamics in Newtonian mechanics. We
can formulate such laws comfortably only in Sect. 11.5.

As already mentioned, the density being the quotient of mass by volume, depends
on the observer. How the mass is obtained has already been defined in Definition 5.6.
The volume is influenced by contraction in length (see the introduction). The volume
measurement in the tangent space, introduced below, takes this into account.

Definition 9.1 For an observer x , three space-like vectors v1, v2, v3 span a
parallelepiped having the volume V (x, v1, v2, v3), where V is the volume form
(Definition 6.4) and the vectors v1, v2, v3 are arranged to form a right-handed sys-
tem. �
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R. Oloff, The Geometry of Spacetime, Graduate Texts in Physics,
https://doi.org/10.1007/978-3-031-16139-1_9

117

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-031-16139-1_9&domain=pdf
https://doi.org/10.1007/978-3-031-16139-1_9


118 9 Matter

u u
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1 1 1
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=      +0 Δ
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2

2 Δ ∂u
1

1

u u
2 2

= 0

Fig. 9.1 Calculation of volume

If vi ∈ x⊥, then V (x, v1, v2, v3) is the Euclidean volume induced by the met-
ric −g, because both V (x, . , . , . ) and the Euclidean volume depend trilinearly
on the three edge vectors v1, v2, v3 and give the value 1 for an orthonormal
system.

In order to calculate the density of the flow to be measured by an observer x , the
three pairs of coordinate planes can be identified in the x⊥-space with the corre-
sponding parallelepiped in the tangent space. Figure9.1 shows the analogue in one
reduced dimension.

The observer x registers a flow velocity v, and so

x + v√
1 + g(v, v)

= z .

The linearly independent space-like vectors v1, v2, v3 ∈ x⊥ are arranged as a right-
handed system. For z the parallelepiped spanned by these vectors has the volume

V (z, v1, v2, v3) = V

(
x + v√

1 + g(v, v)
, v1, v2, v3

)
= V (x, v1, v2, v3)√

1 + g(v, v)
.

In there exists matter, which for z has the mass �V (z, v1, v2, v3). For the observer
x , the perceived mass, according to Definition 5.6, is given by

�V (z, v1, v2, v3)√
1 + g(v, v)

= �V (x, v1, v2, v3)

1 + g(v, v)
.

The observer x thus registers the density

�

1 + g(v, v)
= �(g(x, z))2 .
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9.2 Energy andMomentum of a Flow

In non-relativistic hydrodynamics, a flow is described by the position- and time-
dependent flow vector v=(v1, v2, v3). Here we use an orthonormal basis e1, e2, e3.
Also relevant is the pressure p, which also depends on the location and on time.
The density � is considered to be constant in the case of an incompressible liquid.
�v is then the so-called current density vector. Here we ignore friction, heat flow
and gravity.

In the general case of variable density, one has that in a region �

∫∫

∂�

�v d �o =
∫∫∫

�

div(�v) dx

and so the rate of change of mass content of � is given by

∫∫∫

�

(
−∂�

∂t

)
dx = − d

dt

∫∫∫

�

� dx =
∫∫∫

�

div(�v) dx .

This gives rise to the continuity equation

∂�

∂t
+ div(�v) = 0

and in particular for incompressible fluids, div v = 0 .
The force of a substance in a region � due to the pressure p is

−
∫∫

∂�

p d �o = −
⎛
⎜⎝

∫∫

∂�

pe1 d �o ,

∫∫

∂�

pe2 d �o ,

∫∫

∂�

pe3 d �o
⎞
⎟⎠

= −
⎛
⎜⎝

∫∫∫

�

∂ p

∂x1
dx ,

∫∫∫

�

∂ p

∂x2
dx ,

∫∫∫

�

∂ p

∂x3
dx

⎞
⎟⎠ = −

∫∫∫

�

grad p dx ,

which causes an acceleration determined by

∫∫∫

�

�
dv

dt
dx = −

∫∫∫

�

grad p dx .

Here the derivative dv
dt is understood in the sense

d

dt
v

(
t, x1(t), x2(t), x3(t)

) = ∂v

∂t
+ grad v · v
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with

grad v =
⎛
⎝ grad v1

grad v2

grad v3

⎞
⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

∂v1

∂x1
∂v1

∂x2
∂v1

∂x3

∂v2

∂x1
∂v2

∂x2
∂v2

∂x3

∂v3

∂x1
∂v3

∂x2
∂v3

∂x3

⎞
⎟⎟⎟⎟⎟⎟⎠

= ∂v

∂x
.

Equating the integrands yields the well-known Euler equation

∂v

∂t
+ ∂v

∂x
v + 1

�
grad p = 0 .

A flow has energy content, and is described by an energy density, which is com-
posed of two summands. One component is �|v|2/2, the kinetic energy of the flowing
substance, and the other summand ε� describes the internal energy, contained in the
molecular movements. Here ε is the internal energy per unit mass.

The part of the energy current density determined by the summand ε� is obviously
ε�v. The part s, corresponding to �|v|2/2, of the energy current density is determined
by the balance equation

− d

dt

∫∫∫

�

�|v|2
2

dx =
∫∫

∂�

s d �o

and so is characterised by

− ∂

∂t

�|v|2
2

= div s .

To calculate s, we put in

− ∂

∂t

�|v|2
2

= −�v · ∂v

∂t

in the Euler equation and use the identity

(
∂v

∂x

)T

v = grad
|v|2
2

,

resulting in the following representation in the case of an incompressible fluid

− ∂

∂t

�|v|2
2

= �v ·
(

∂v

∂x
v + 1

�
grad p

)
= �

(
∂v

∂x

)T

v · v + v · grad p

= �v · grad |v|2
2

+ div(pv) = div

((
�|v|2
2

+ p

)
v

)
.
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Thus we read off

s =
(

�|v|2
2

+ p

)
v .

All in all, the energy density (|v|2/2 + ε)� has resulted in the energy current
density (�|v|2/2 + p + ε�)v.

This is so far the Newtonian view of energy density and energy current density. In
the theory of relativity, mass is understood as energy (see Sect.5.2). Consequently,
the number � has to be added to the energy density. Accordingly, the summand �v

has to be added to the energy current density. Finally, for large speeds v, the change
in volume, as explained in the previous section, must also be taken into account. We
will come back to this in the following section.

Now we turn to the Newtonian concepts of momentum density and momentum
current density. Taking into account the contribution of each individual particle, the
flow in the region � has the momentum

∫∫∫

�

�v dx =
⎛
⎜⎝

∫∫∫

�

�v1 dx ,

∫∫∫

�

�v2 dx ,

∫∫∫

�

�v3 dx

⎞
⎟⎠ ,

and the momentum density is thus �v. Its rate of change with respect to time can
be formulated as the following, using the Euler equation

d

dt

∫∫∫

�

�v dx =
∫∫∫

�

�
∂v

∂t
dx = −

∫∫∫

�

�
∂v

∂x
v dx −

∫∫∫

�

grad p dx .

Using the Gauss integral theorem, this gives for the i th component that

d

dt

∫∫∫

�

�vi dx = −�

∫∫∫

�

v · grad vi dx −
∫∫∫

�

∂ p

∂xi
dx

= −�

∫∫∫

�

div(viv) dx −
∫∫∫

�

div(pei ) dx = −
∫∫

∂�

(�viv + pei ) d �o ,

and altogether, the balance equation gives

− d

dt

∫∫∫

�

�v dx =
⎛
⎜⎝

∫∫

∂�

P1kn
k do ,

∫∫

∂�

P2kn
k do ,

∫∫

∂�

P3kn
k do

⎞
⎟⎠
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with the outward normal vector nkek and the component matrix

(Pik) =
⎛
⎜⎝

�v1v1 + p �v1v2 �v1v3

�v2v1 �v2v2 + p �v2v3

�v3v1 �v3v2 �v3v3 + p

⎞
⎟⎠

of the so-calledmomentum current density tensor. If the momentum is interpreted
as a linear form, as should be done in this context too, the balance equation takes the
form

− d

dt

∫∫∫

�

�v dx · y =
∫∫

∂�

P(y, �n) do ,

and the momentum current density tensor P is seen to be twice covariant. From the
matrix, we also see that it is symmetric. P can be formulated in a coordinate-free
manner as

P(x, y) = � (v · x) (v · y) + p (x · y) .

The linear form P(x, . ) gives the momentum that flows per unit time and per unit
area through a surface with the normal unit vector x .

9.3 The Energy-MomentumTensor

The Newtonian concept of the momentum was combined with the energy via the
energy-momentum-form in Definitions 5.5 and 5.6. Similarly, we now combine the
momentum current density tensor, momentum density, energy current density and
energy density to form the energy momentum tensor T . Like the momentum current
density tensor P , T is symmetric and doubly covariant, but acts on the entire tangent
space at the point in question. The following considerations motivate Definition 9.2
below.

Just like the Newtonian concepts of energy and momentum, derived from the
momentum form, depend on the observer x specifies the aforementioned non-
relativistic concepts from the energy-momentum tensor T , with the subspace x⊥
again playing the role of the Euclidean space R3. Modelled on the momentum cur-
rent density tensor, for u ∈ x⊥, the linear form T (u, . ) is themomentum form,which
flows through a surface with the normal vector u per unit of time. In particular, the
restriction of −T (u, . ) to x⊥ is the (Newtonian) momentum that flows through this
surface, and T (u, x) is the energy that flows through this surface. The restriction of
T ( . , x) to x⊥ is thus the energy current density, simultaneously also the momentum
density, and T (x, x) is then the corresponding energy density.
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The flow vector z can itself be an observer. No energy flows for this observer,
the energy density is � and the momentum current density tensor is the p-fold dot
product of the two vectors involved. According to the above interpretations, we have

T (x, z) = 0 f"ur x ∈ z⊥

T (z, z) = �

T (x, y) = p(−g(x, y)) f"ur x, y ∈ z⊥ .

Theorem 9.1 Let T be a symmetric doubly covariant tensor on a Lorentz space, and
for the time-like vector z satisfies g(z, z) = 1. Then T is uniquely determined by the
relations

T (z, z) = �

T (x, z) = 0 f"ur x ∈ z⊥

T (x, y) = −pg(x, y) f"ur x, y ∈ z⊥

and has the representation

T (x, y) = (� + p)g(x, z)g(y, z) − pg(x, y) .

Proof Every vector x in the Lorentz space can be decomposed into the sum of a
multiple of z and an element of the orthogonal subspace z⊥. The decomposition
coefficients can be determined and we have

x = g(x, z)z + (x − g(x, z)z) .

Thus for the tensor T , we obtain

T (x, y) = T (g(x, z)z + (x − g(x, z)z) , g(y, z)z + (y − g(y, z)z)

= g(x, z)g(y, z)T (z, z) + T (x − g(x, z)z , y − g(y, z)z)

= g(x, z)g(y, z)� − pg(x − g(x, z)z , y − g(y, z)z)

= �g(x, z)g(y, z) − pg(x, y) + pg(x, z)g(y, z) .

Definition 9.2 The energy-momentum tensor T of an ideal flow [Z , �, p] is the
tensor field

T (P)(x, y) = (�(P) + p(P))g(x, Z(P))g(y, Z(P)) − p(P)g(x, y)

for x, y ∈ MP . For an observer x at point P , the flow has the energy density
T (P)(x, x). The energy current density andmomentumdensity are the restriction
of −T (P)(x, . ) to x⊥, and the restriction of the bilinear form T (P) to x⊥ is the
momentum current density. �
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An observer x ∈ MP , as already mentioned in Sect. 9.1, attributes to a flow the flow
velocity v, characterised by

x + v√
1 + g(v, v)

= Z(P) .

Consequently, he observes an energy density

T (x, x) = (� + p)

(
g

(
x ,

x + v√
1 + g(v, v)

))2

− pg(x, x)

= � + p

1 + g(v, v)
−p = �

1 + g(v, v)
− pg(v, v)

1 + g(v, v)
.

When considering the Newtonian limiting case of low speeds, the part containing the
pressure p is negligible. It should also be noted that the � used here is not the same �
from the previous section. If one substitutes � = (1 + ε)σ and by Taylor expanding,
one obtains

1√
1 + g(v, v)

= 1 − 1

2
g(v, v) + · · ·

which gives

�

1 + g(v, v)
≈ εσ

1 + g(v, v)
+ σ(1 − g(v, v)/2)√

1 + g(v, v)
= εσ

1 + g(v, v)
+ σ√

1 + g(v, v)
+ σv2/2√

1 + g(v, v)
,

and thus σ plays the role of � from the previous section, but where the volume is
converted for the observer x .

To characterise the restriction of −T (x, . ) to x⊥ is to represent the number
T (x, y) for y ∈ x⊥. We have

T (x, y) = (� + p) g

(
x ,

x + v√
1 + g(v, v)

)
g

(
y ,

x + v√
1 + g(v, v)

)
− pg(x, y)

= � + p√
1 + g(v, v)

g(y, v)√
1 + g(v, v)

= g

(
y ,

(� + p)v

1 + g(v, v)

)
.

For comparison with the Newtonian energy current density we substitute � =
(1 + ε)σ again, and read that the restriction of the linear form −T (x, . ) to x⊥
is represented by the scalar product −g with the vector

((1 + ε)σ + p)v

1 + g(v, v)
= σv

1 + g(v, v)
+ εσv + pv

1 + g(v, v)
≈

(
σ + σv2/2√
1 + g(v, v)

+ εσ + p

1 + g(v, v)

)
v .
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The momentum current density is the bilinear form restricted to x⊥ given by

T (y1, y2) = (� + p) g

(
y1 , x + v√

1 + g(v, v)

)
g

(
y2 , x + v√

1 + g(v, v)

)
− p g(y1, y2)

= � + p
1 + g(v, v)

g(y1, v) g(y2, v) − p g(y1, y2)

= �
g(y1, v) g(y2, v)

1 + g(v, v)
+ p g(y1, v) g(y2, v) − g(y1, y2) − g(y1, y2) g(v, v)

1 + g(v, v)

≈ � g(y1, v) g(y2, v) − p g(y1, y2)
1 + g(v, v)

,

and the last approximation essentially corresponds to the formula given in the pre-
vious section.

Finally, the component representation of the energy-momentum tensor should be
mentioned. From Definition 9.2 we have

Tik = (� + p)gi jgkl z
j zl − pgik .

For a Lorentz basis, we have

T00 = (� + p)z0z0 − p

T0k = Tk0 = −(� + p)z0zk for k = 1, 2, 3

Tkk = (� + p)zk zk + p for k = 1, 2, 3

Tik = (� + p)zi zk for i, k = 1, 2, 3, i �= k .

For an observer x , giving a Lorentz-basis x, e1, e2, e3, we have

z0 = g(x, z) = g

(
x ,

x + v√
1 + g(v, v)

)
= 1√

1 −
3∑

i=1
(vi )2

and

zk = g

(
ek ,

x + v√
1 + g(v, v)

)
= vk√

1 −
3∑

i=1
(vi )2

for k = 1, 2, 3 ,

where v1, v2, v3 are the components of the flow vector v as perceived by the
observer x .
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9.4 Charge

Definition 9.3 Electric current [J , σ] is a pointwise future directed vector field J
with g(J , J ) = 1 and a scalar field σ. The covector field S = −σg( . , J ) is called
the charge-current-form. For an observer x , L = −S(x) = σg(x, J ) is the charge
density and the vector I ∈ x⊥, which represents, with respect to g, the restriction of
S to x⊥, is the current density I . �

A comoving observer x= J registers a charge density L=−S(J )=σ. The scalar
field σ is thus to be interpreted as the rest charge density. Charge density L and
current density I depend on the observer and must be converted when changing to
another observer.

Theorem 9.2 An observer x registers a charge density L and a current density with
the components I 1, I 2, I 3 with respect to the orthonormal basis e1, e2, e3 ∈ x⊥.
Another observer x ′, whom the first observer sees at a relative velocity βe1, then
measures a charge density

L ′ = L − β I 1√
1 − β2

and a current density with the components

(I 1)′ = I 1 − βL√
1 − β2

, (I 2)′ = I 2, (I 3)′ = I 3

with respect to the basis (βx + e1)/
√
1 − β2, e2, e3 ∈ (x ′)⊥ .

Proof The observer x sees the other observer

x ′ = x + βe1√
1 − β2

.

The latter measures a charge density

L ′ = −S(x ′) = σg

(
x + βe1√
1 − β2

, J

)
= σ√

1 − β2
(g(x, J ) + βg(e1, J )) = L − β I 1√

1 − β2
.

The first component of the current density transforms as follows

(I 1)′ = g

(
βx + e1√
1 − β2

, I

)
= −σg

(
βx + e1√
1 − β2

, J

)

= −σβg(x, J ) − σg(e1, J )√
1 − β2

= −βL + g(e1, I )√
1 − β2

= I 1 − βL√
1 − β2

.

The calculation also chows that the other two components do not change.
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In Sect. 6.5 we formulated the classical Maxwell equations in vacuum using
differential forms. Now that we have clarified how to describe the charge, we can
now deal with the general case. The equations divB = 0 and rotE + ∂B

∂t = 0 also
apply in general and are summarised according to Theorem 6.15 as dF = 0. The
other two Maxwell equations are known to be divE = 4πL and rotB − ∂E

∂t = 4π I
with the charge density L and the current density I .

Theorem 9.3 The equations divE = 4πL and rotB − ∂E
∂t = 4π I are equivalent to

d∗F = ∗4πS.

Proof Aswith the proof of Theorem6.13, we again choose a chart, whose coordinate
vector fields ∂0, ∂1, ∂2, ∂3 form a pointwise positively oriented Lorentz-basis. The
observer ∂0 registers a charge density L = −S(∂0) = −S0 and a current density
I ∈ ∂⊥

0 , characterised by S(y) = g(y, I ) for y ∈ ∂⊥
0 . The components S1, S2, S3 of

S are thus calculated from the components of I as follows

Si = S(∂i ) = I i for i = 1, 2, 3 .

The charge-current-form S hence has the representation

S = −Ldu0 + I 1du1 + I 2du2 + I 3du3 .

When calculating the Hodge-star-operator in the sense of Definition 6.5, J∂0 = du0

and J∂i = −dui for i = 1, 2, 3 must be taken into account. We have

∗du0 = (−1)3(−du1) ∧ (−du2) ∧ (−du3)

∗(−du1) = −(−1)2du0 ∧ (−du2) ∧ (−du3)

∗(−du2) = (−1)2du0 ∧ (−du1) ∧ (−du3)

∗(−du3) = −(−1)2du0 ∧ (−du1) ∧ (−du2)

and altogether

∗S = −Ldu1 ∧ du2 ∧ du3 + I 1du0 ∧ du2 ∧ du3 − I 2du0 ∧ du1 ∧ du3 + I 3du0 ∧ du1 ∧ du2.

To represent the differential of the Maxwell tensor, we replace, in the representation
of dF given in the proof of Theorem 6.15, the electric field strength E by −B and
the magnetic field strength B by E , and obtain
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d∗F =
(

−∂E1

∂u1
− ∂E2

∂u2
− ∂E3

∂u3

)
du1 ∧ du2 ∧ du3

+
(

∂B3

∂u2
− ∂B2

∂u3
− ∂E1

∂u0

)
du0 ∧ du2 ∧ du3

+
(

∂B3

∂u1
− ∂B1

∂u3
+ ∂E2

∂u0

)
du0 ∧ du1 ∧ du3

+
(

∂B2

∂u1
− ∂B1

∂u2
− ∂E3

∂u0

)
du0 ∧ du1 ∧ du2 .

The equivalence to be shown can now be read off.

9.5 Energy andMomentum in the Electromagnetic Field

In addition to mass, the charge also makes a contribution to the energy-momentum
tensor. As preparation for its calculation, we first formulate and prove the energy
theorem (Theorem 9.4) and themomentum theorem (Theorem 9.5) from classical
electrodynamics.

Theorem 9.4 If the time-dependent vector fields E, B, I are coupled via rotE +
∂B
∂t = 0 and rotB = ∂E

∂t + 4π I , then for each integration domain �, there holds

∫∫∫

�

I · E dx + d

dt

∫∫∫

�

E · E + B · B
8π

dx +
∫∫

∂�

E × B

4π
d �o = 0 .

Proof From the given equations and the identity

div(E × B) = B · rotE − E · rotB

one obtains, using the Gauss integral theorem, that

d

dt

∫∫∫

�

E · E + B · B
8π

dx =
∫∫∫

�

E · ∂E
∂t + B · ∂B

∂t

4π
dx

=
∫∫∫

�

E · rotB − B · rotE
4π dx −

∫∫∫

�

I · E dx

= −
∫∫

∂�

E × B
4π d �o −

∫∫∫

�

I · E dx .
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Of course, the vector fields E , B and I in Theorem 9.4 are to be interpreted as
electrical andmagnetic field strength and current density, and the two given equations
are two of the for Maxwell equations. The first integral in the equation formulated in
the conclusion of the energy theorem is the change in the kinetic energy of the charge
in the region �. This can be justified as follows: A particle with charge e moving in
the field with velocity v experiences a change in its momentum p according to the
Lorentz-force

dp

dt
= e(E + v × B) .

This results in a change in its kinetic energy, determined by

d

dt

(
mv2

2

)
= mvv′ = vp′ = evE .

If there is an electric current with density I instead of the individual particle, ev is
to be replaced by I and integrated with the integrand I · E over the region �.

Given the equation formulated in the conclusion of the energy theorem, it makes
sense to think of the scalar field (E · E + B · B)/8π as the energy density and the
vector field (E × B)/4π, called the Pointing-vector, as the energy current density
of the field. Then the equation describes the conservation of energy. An increase in
the kinetic energy of the particles in the region �, an outflow of energy from the
region, and an increase in the amount of energy in the region determined by the field
strengths, all add up to zero in total.

The following momentum theorem uses volume integrals of vector-valued func-
tions and a surface integral of the first kind of a vector function or second kind of an
integrand that is linear-mapping valued.

Theorem 9.5 Under the same situation of Theorem 9.4, there holds

∫∫∫

�

(LE + I × B) dx + d

dt

∫∫∫

�

E × B

4π
dx +

∫∫

∂�

M d �o = 0 ,

where the linear mapping M, with respect to a positively oriented orthonormal basis,
has the matrix representation

Mii = E · E + B · B
8π

− Ei Ei + Bi Bi

4π

and

Mik = − Ei Ek + Bi Bk

4π
.
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Proof According to the assumed Maxwell equations

d

dt
(E × B) = dE

dt
× B + E × dB

dt
= rotB × B + rotE × E − 4π I × B .

In general, for vector fieldsU and V , there holds, with respect to a positively oriented
orthonormal basis, that

rotU × V =
⎛
⎜⎝

0 ∂2U 1 − ∂1U 2 ∂3U 1 − ∂1U 3

∂1U 2 − ∂2U 1 0 ∂3U 2 − ∂2U 3

∂1U 3 − ∂3U 1 ∂2U 3 − ∂3U 2 0

⎞
⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

v1

v2

v3

⎞
⎟⎟⎟⎟⎟⎠

=
⎛
⎜⎝

∂1U 1 ∂2U 1 ∂3U 1

∂1U 2 ∂2U 2 ∂3U 2

∂1U 3 ∂2U 3 ∂3U 3

⎞
⎟⎠

⎛
⎜⎝

v1

v2

v3

⎞
⎟⎠ −

⎛
⎜⎝

∂1U 1 ∂1U 2 ∂1U 3

∂2U 1 ∂2U 2 ∂2U 3

∂3U 1 ∂3U 2 ∂3U 3

⎞
⎟⎠

⎛
⎜⎝

v1

v2

v3

⎞
⎟⎠ ,

and so

(rotU × V )i = V gradUi − V∂iU .

In particular, thanks to the Maxwell equations,

(rot B × B)i = B · grad Bi − B · ∂i B = div(Bi B) − 1

2
∂i (B · B)

and analogously

(rotE × E)i = div(Ei E) − 4πLEi − 1

2
∂i (E · E) .

Upon integrating, we obtain

d

dt

∫∫∫

�

(E × B)i dx =
∫∫∫

�

div(Ei E + Bi B) dx

−4π
∫∫∫

�

(LE + I × B)i dx − 1

2

∫∫∫

�

∂i (E · E + B · B) dx

=
∫∫

∂�

(Ei E + Bi B − ei
2

(E · E + B · B)) d �o − 4π
∫∫∫

�

(LE + I × B)i dx .
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This is the i th component of the claimed equation. The matrix M can be read off.
The momentum theorem is interpreted in a similar manner to the energy theorem.

The momentum p of a particle with charge e changes due to the influence of an
electromagnetic field, according to the Lorentz force law

dp

dt
= e(E + v × B) .

The rate of change of the momentum of the charge contained in a region � with the
charge density L and current density I is thus given by∫∫∫

�

(LE + I × B) dx .

This is the first integral in the momentum theorem. The second integral describes
the change in the momentum inherent in the electromagnetic field and the third the
momentum flowing through the surface ∂�. So the Poynting vector (E × B)/4π
can be understood as a momentum density as well as an energy current density.
The matrix M then describes the momentum current density. If the momentum is
interpreted as a linear form, it is a symmetric bilinear form. ThemomentumM(d �o, .)
flows across a small planar surface with the normal vector d �o per unit of time.

Energy density, energy current density and momentum current density of the
electromagnetic field are now combined according to the format described in
Definition 9.2 to obtain the electromagnetic energy-momentum tensor.

Theorem 9.6 The components of the energy-momentum tensor T of the electro-
magnetic fields are calculated from the components of the Faraday tensor by the
formula

Tik = 1

4π

(
Fi j F

j
k + 1

4
gik Flm F

lm
)

.

Proof With respect to a Lorentz basis, the component matrix of the energy-
momentum tensor is given by

(Tik) = 1

4π

⎛
⎜⎜⎜⎜⎝

0 E1 E2 E3

−E1 0 −B3 B2

−E2 B3 0 −B1

−E3 −B2 B1 0

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

0 E1 E2 E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

⎞
⎟⎟⎟⎟⎠

+ B · B − E · E
8π

⎛
⎜⎜⎜⎜⎝

1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1

⎞
⎟⎟⎟⎟⎠ .
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So in the top left corner

E · E
4π

+ B · B − E · E
8π

= E · E + B · B
8π

is the energy density. In the remaining upper row and left column, we have the
Poynting vector (E × B)/4π, as wanted. In the diagonal (i, i) position, for i =
1, 2, 3, we have

−Ei Ei + (B · B − Bi Bi )

4π
− B · B − E · E

8π
= E · E + B · B

8π
− Ei Ei + Bi Bi

4π
,

and outside the diagonal, for (i, k), i, k = 1, 2, 3, i �= k, we have

−Ei Ek − Bk Bi

4π
.

The submatrix for the position (0, 0) is thus the matrix M formulated in
Theorem 9.5, describing the momentum current density.

Now that the matrix representation for the energy-momentum tensor has been
obtained for a basis, we only need to show that this representation transforms as a
doubly covariant tensor when changing to another basis. Let (αi

k) and (βi
k) be two

matrices that are inverses of each other, describing the coupling between two bases
(see Theorem 3.5). Then for the first expression we have

F̄i j F̄
j
k = αl

iα
r
j Flrα

s
k F

t
s β

j
t = αl

i Flrα
s
k F

r
s

and for the second one we have

ḡik F̄lm F̄
lm = αn

i α
p
k gnpα

q
l α

r
m Fqr F

stβl
sβ

m
t = αn

i α
p
k gnpFqr F

qr .

This is the required transformation behavior, and so the matrix representation is
verified for all bases.

9.6 The Einstein Field Equation

In Newtonian mechanics, gravitation means the fact that a point mass m is drawn
to another point mass M located at a distance r with a force of the magnitude
mM/r2. The fact that there is usually a factor (gravitational constant) in this formula
is due to the units of measurement commonly used. More generally it can be said in
Newtonian physics that a mass distribution, described by a mass density, determines
a gravitational field.
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In the general theory of relativity, this law of gravity is replaced by the following
point of view: Matter, described by the energy-momentum tensor T, generates a
curvature of spacetime via the Einstein field equation

Ric − 1
2 Sg = 8πT ,

and particles then move along geodesics. The next chapter explains in detail what
geodesics are and how the movement along geodesics implies Newton’s law of
gravitation results in the non-relativistic limiting case. Although Einstein’s field
equation is postulated as an axiom in general relativity and therefore requires no
proof, the considerations that led to its discovery are of interest. The starting point
was Einstein’s idea that matter bends spacetime. The equation that relates matter to
curvature must of course be of a tensorial nature. The energy-momentum tensor is
available to describe the matter. Since this is doubly covariant, a (0, 2)-tensor must
also be used to describe the curvature. The Ricci tensor is the first choice. However,
in contrast to the energy-momentum tensor, this is not divergence-free (see Sect.
11.5). This deficiency can be remedied by subtracting an appropriate multiple of
Sg. The Einstein tensor G = Ric − 1

2 Sg already introduced at the end of Chap. 8,
proves to be divergence-free and can be matched with the energy-momentum tensor.
This motivates the field equation G = μT . Finally, a comparison with Newtonian
mechanics results in μ = 8π (Example 2 in Sect. 10.4).

The tensor Ric − 1
2 Sg − �g is also divergence-free. In fact, for a long time,

Einstein favored the field equation

Ric − 1
2 Sg − �g = 8πT ,

with� a very small constant, called the cosmological constant, because the version
of thefield equationwith�=0 does not allow for staticworldmodels (seeSect. 15.3),
and a changing universe was considered absurd at the time. AfterHubble discovered
in 1929 that the galaxies move away from us at an escape velocity proportional to
their distance from us, Einstein dropped this more general field equation. Today one
is again inclined to believe that a field equation with a constant � applies. However,
� is so small that it only affects the calculations in cosmological orders ofmagnitude;
� can be neglected for the considerations in the solar system.

An energy-momentum tensor is generated by an ideal flow (Definition 9.2) or
by an electromagnetic field (Theorem 9.6) or by both. In the latter case, both parts
should be added. If the (total) energy-momentum tensor is known in a situation, then
the Ricci tensor can be calculated. The following version of Einstein’s field equation
is more suitable than the original one.

Theorem 9.7 The Einstein field equation Ric − 1
2 Sg = 8πT is equivalent to the

equation

Ric = 8π
(
T − 1

2CT g
)

where CT = gikTik .
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Proof From the component representation of the original field equation

Ricik − 1
2 Sgik = 8πTik

it follows, by index pulling and contraction, that

S − 1
2 S · 4 = 8πCT

and thus S = −8πCT . Inserting this into the original field equation, the new for-
mulation results. Analogously, the old formulation can be obtained from the new
formulation.

9.7 Spherically Symmetric Solutions

The spacetime that is generated by a single spherically symmetric celestial body
is obviously also spherically symmetric. Spherical symmetry of the celestial body
means in particular that the body does not rotate. In applying the consequences from
the spherically symmetric model to the Sun or the Earth, we neglect their rotation.

Thanks to the spherical symmetry, a two-parameter family of spherical surfaces
can be used as the basic set M for spacetime. Each of the spherical surfaces can be
identified with the surface S2 of the unit sphere and equipped with an atlas using the
usual spherical coordinates ϑ and ϕ. The metric g on the four-dimensional tangent
space then should be such that the restriction of−g to the two-dimensional subspaces
spanned by ∂ϑ and ∂ϕ is the one on the tangent spaces of spherical surfaces. Thus
there should hold that

g(∂ϑ, ∂ϑ) = −r2 , g(∂ϕ, ∂ϕ) = −r2 sin2ϑ , g(∂ϑ, ∂ϕ) = 0.

One of the other two parameters has already been mentioned: The positive parameter
r is called the Schwarzschild radius. Except for the sign, this is the same metric
as the one on a spherical surface in R

3, the radius of which is the Schwarzschild
radius. As the tangent spaces of the manifold to be constructed are four-dimensional,
another parameter t must be introduced, which can take any real value, and is
called the Schwarzschild time. It will be shown that, up to an additive constant,
the Schwarzschild time is the proper time of an infinitely distant observer at rest.

Thus we take the basic point set as the Cartesian product M = R × (0, ∞) × S2.
The fact that a chart Q → (ϑ, ϕ) on S2 gives rise to a chart ϕ(t, r , Q) = (t, r ,ϑ, ϕ)

on R × (0,∞) × S2 was already mention in Sect. 1.1 (Example 4). The coordi-
nate vector fields ∂t , ∂r , ∂ϑ, ∂ϕ are induced by this chart. The metric g has already
been specified on the two-dimensional subspaces spanned by ∂ϑ and ∂ϕ. Owing to
symmetry, a reorientation of the angles ϑ and ϕ ought not to alter the component
matrix of g. Thus g(∂t ,−∂ϑ) = g(∂t , ∂ϑ) and thus g(∂t , ∂ϑ) = 0 and analogously
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g(∂t , ∂ϕ) = g(∂r , ∂ϑ) = g(∂r , ∂ϕ) = 0. Furthermore, the remaining matrix element
must be independet of ϑ, ϕ and t . Hence the component matrix has the form

(gik) =

⎛
⎜⎜⎜⎜⎝

a(r) c(r) 0 0

c(r) b(r) 0 0

0 0 −r2 0

0 0 0 −r2 sin2ϑ

⎞
⎟⎟⎟⎟⎠ ,

whereby it itself and thus also the (2, 2)-submatrix formed by the functions a, b, c
must be indefinite. The matrix can be diagonalised by means of a coordinate trans-
formation of the form t̄ := t + α(r) with a suitable function α. The new chart is
then

ϕ̄(t, r , Q) := (t + α(r), r ,ϑ, ϕ) ,

and the induced coordinate vector fields are denoted by ∂̄t̄ , ∂̄r , ∂̄ϑ, ∂̄ϕ. For a C∞-
function f on M , we have

∂̄r f = ∂

∂r
( f ◦ ϕ̄−1)(t̄, r ,ϑ, ϕ) = ∂

∂r
( f ◦ ϕ−1)(t̄ − α(r), r ,ϑ, ϕ) = ∂r f − α′∂t f ,

and so ∂̄r = ∂r − α′∂t . The other coordinate vector fields are not affected by the
transformation, i.e., we have ∂̄t̄ =∂t , ∂̄ϑ =∂ϑ and ∂̄ϕ =∂ϕ . By choosing the function
α such that

0 = g(∂̄t̄ , ∂̄r ) = g(∂t , ∂r −α′∂t ) = c − α′a
α must be a primitive of c/a. The diagonal element g(∂r , ∂r ) is transformed to

g(∂̄r , ∂̄r ) = g(∂r , ∂r ) − 2α′g(∂t , ∂r ) + (α′)2g(∂t , ∂t ) = b − 2c2/a + c2/a = b − c2/a .

Since the original component matrix was indefinite, so is

g(∂̄t̄ , ∂̄t̄ )g(∂̄r , ∂̄r ) = ab − c2 < 0 .

According to the interpretion of t , respective t̄ as time, the vector ∂̄t̄ must be timelike.
Thus A := a and B := c2/a − b must be positive functions. Finally, we remove the
bars again and get the following result: Every point M corresponds to a real number
t , a positive number r and a point Q of S2 . If a suitable subset of M is used, and
the use is made of spherical coordinates on S2, then the point Q can be assigned the
angular coordinates ϑ and ϕ. With respect to this chart and the induced coordinate
vector fields ∂t , ∂r , ∂ϑ, ∂ϕ, the metric has the component matrix given by

(gik) = diag(A(r), −B(r), −r2, −r2 sin2ϑ)

with positive function A and B. This is the so-called standard metric on this man-
ifold M .
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In the special case A(r) = 1 − 2μ/r and B(r) = 1/A(r), we had already cal-
culated the covariant derivatives of the coordinate vector fields in Sect. 7.5. In the
general case, similarly one obtains

∇∂t∂t = A′

2B
∂r , ∇∂r ∂r = B ′

2B
∂r , ∇∂ϑ∂ϑ = − r

B
∂r ,

∇∂ϕ∂ϕ = −r sin2ϑ

B
∂r − sin ϑ cosϑ ∂ϑ , ∇∂t∂r = A′

2A
∂t ,

∇∂t ∂ϑ = 0 = ∇∂t ∂ϕ , ∇∂r ∂ϑ = 1

r
∂ϑ , ∇∂r ∂ϕ = 1

r
∂ϕ , ∇∂ϑ

∂ϕ = cot ϑ∂ϕ .

Correspondingly, the results from Sect. 8.5 are generalised to

R0
101 = 1

2A

(
A′B ′
2B − A′′ + A′A′

2A

)
= −R0

110

R1
001 = 1

2B

(
A′A′
2A − A′′ + A′B ′

2B

)
= −R1

010

R0
202 = − A′r

2AB = −R0
220

R2
002 = − A′

2Br = −R2
020

R0
303 = − A′r sin2ϑ

2AB = −R0
330

R3
003 = − A′

2Br = −R3
030

R1
212 = − B ′r

2B2 = −R1
221

R2
112 = − B ′

2Br = −R2
121

R1
313 = B ′r sin2ϑ

2B2 = −R1
331

R3
113 = − B ′

2Br = −R3
131

R2
323 =

(
1 − 1

B

)
sin2ϑ = −R2

332

R3
223 = 1

B − 1 = −R3
232 .

All other components of the curvature tensor are again zero. For the Ricci tensor, the
diagonal elements of the component matrix are
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Ric00 = A′′
2B − A′A′

4AB − A′B ′
4B2 + A′

Br

Ric11 = A′B ′
4AB − A′′

2A + A′A′
4A2 + B ′

Br

Ric22 = − A′r
2AB + B ′r

2B2 + 1 − 1
B

Ric33 = sin2ϑRic22

and the others are zero.

9.8 Outer and Inner Schwarzschild Metric

We now determine the spacetime generated by a single fixed spherically symmet-
ric star. Thus we need to determine the functions A and B occuring in the stan-
dard metric of the previous section. As there is no matter outside the fixed star, the
energy-momentum tensor is zero there, and the Einstein field equation in the version
described in Theorem 9.7 becomes Ric = 0 . From Ric00 = Ric11 = 0, it follows
that

0 = Ric00
A

+ Ric11
B

= A′

ABr
+ B ′

B2r
= 1

r B

(
A′

A
+ B ′

B

)
,

and so

0 = A′

A
+ B ′

B
= A′B + AB ′

AB
= (log(AB))′ .

Consequently, the product function AB must be a constant. It is physically plausible
that the metric must look like the Minkowski metric far away from the fixed star. In
particular,

lim
r→∞ A(r) = lim

r→∞ B(r) = 1

and so AB = 1, i.e., B = 1/A. In light of this, it follows from (Ric)22 = 0, that

− A′r
2

− A′r
2

+ 1 − A = 0 ,

which can be rewritten as (r A(r))′ = 1. Integrating this results in r A(r) = r − 2μ ,

with an appropriately designated constant, and so A(r) = 1 − 2μ/r . Hence the
sought-for metric is given by

(gik) = diag

(
1 − 2μ

r
,

(
1 − 2μ

r

)−1

, − r2, − r2 sin2ϑ

)
.

This is the Schwarzschild metric introduced in Sect. 4.5, more precisely the outer
Schwarzschildmetric. In most textbooks it is given as a Schwarzschild line element

ds2 = (1 − 2μ/r) dt2 − (1 − 2μ/r)−1dr2 − r2(dϑ2 + sin2ϕ dϕ2) .
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In the next chapter, after Theorem 10.6, we will explain why the positive number
μ is to be interpreted as the mass (in geometric units) of the fixed star. The outer
Schwarzschild metric can only be used for r > 2μ. It is only needed outside the fixed
star anyway, and its radius is usually much bigger than 2μ. For example for our sun,
2μ=2, 954 km and for the Earth, 8, 899mm. The radius can only be smaller than
2μ for stars with an unimaginably high density. Then this is a so-called black hole.

In contrast to the exterior of a fixed star, the relativistic effects in its interior are
not accessible to experimental observation. If we still want to determine the metric
inside, then we must do so using the energy-momentum tensor and Einstein’s field
equation. The starting point is again the standard metric, where the functions A(r)
and B(r) must be determined. The energy-momentum tensor has the components

Tik = (ρ + p)gi j Z
jgkl Z

l − pgik

based on a flow Z with Z1 = Z2 = Z3 = 0. Since

1 = g(Z , Z) = AZ0Z0 ,

we have Z0 = 1/
√
A . Inserting this gives the diagonal entries of the component

matrix as

T00 = (ρ + p)A · 1√
A

· A · 1√
A

− pA = ρA , T11 = pB , T22 = pr2 , T33 = pr2 sin2ϑ .

With the contraction CT = ρ − 3p the matrix arising on the right hand side of the
field equation is given by

8π diag
(
(ρ + 3p)A/2 , (ρ − p)B/2 , (ρ − p)r2/2 , (ρ − p)r2(sin ϑ)2/2

)
.

Comparing with the diagonal elements of the Ricci tensor given at the end of the
previous section, we arrive at the three equations

A′′

2B
− A′A′

4AB
− A′B ′

4B2 + A′

Br
= 4π(ρ + 3p)A

A′B ′

4AB
− A′′

2A
+ A′A′

4A2 + B ′

Br
= 4π(ρ − p)B

− A′r
2AB

+ B ′r
2B2 + 1 − 1

B
= 4π(ρ − p)r2 .

Their linear combinationwith the coefficients r2/(2A), r2/(2B) and 1, respectively
yields

B ′r
B2 + 1 − 1

B
= 8πρr2 ,
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which can be rewritten as

1 − 8πρr2 = B − B ′r
B2 = (r/B)′ .

Upon integrating, this gives

r

B(r)
=

r∫
0

(1 − 8πρ(s)s2)ds = r − 2μ(r)

with

μ(r) = 4π

r∫
0

ρ(s)s2ds .

Solving for B, we obtain

B(r) =
(
1 − 2μ(r)

r

)−1

.

According to the physical situation, the density function ρ can be continued beyond
the radius R of the fixed star to ρ(r) = 0 for r > R. This implies that for r >

R μ(r) = μ(R), which is the total mass μ, and thus B(r) for r > R is also the
corresponding coefficient in the outer Scharzschild metric, and in particular, there is
a continuous transition at r = R.

To determine A(r), we put in B(r) and

B ′(r) = B2(r)

(
8πρ(r)r − 2μ(r)

r2

)

into the third equation of the three equations obtained from the field equation, and
get

− A′(r)r
2A(r)

(
1 − 2μ(r)

r

)
+ 4πρ(r)r2 + μ(r)

r
= 4π(ρ(r) − p(r))r2

and so

A′(r)
A(r)

=
(
8π p(r)r + 2μ(r)

r2

) (
1 − 2μ(r)

r

)−1

.

As ln A is a primitive for the function on the left hand side, it is also a primitive for

f (r) =
(
8π p(r)r + 2μ(r)

r2

)(
1 − 2μ(r)

r

)−1

.
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Consequently, ln A can be determined up to an additive constant as follows: As
p(r) = 0 and μ(r) = μ for r > R, we have that f can be continued for r > R as

f (r) = 2μ

r2

(
1 − 2μ

r

)

. Hence f has a primitive for F(r) = ln(1 − 2μ/r), and so

ln A(r) = ln

(
1 − 2μ

r

)
.

For r > R, A(r) corresponds to the corresponding coefficient of the outer
Schwarzschild metric. The above primitive can be written as the improper integral

ln

(
1 − 2μ

r

)
= −

∞∫
r

2μ

s2

(
1 − 2μ

s

)−1

ds

.This formulation can also be used for r < R, and this results in

A(r) = exp

⎡
⎣−

∞∫
r

(
8π p(s)s + 2μ(s)

s

) (
1 − 2μ(s)

s

)−1

ds

⎤
⎦ .

Together with B(r) = (1 − 2μ(r)/r)−1, this describes the inner Schwarzschild
metric for r < R, and for r > R, they are the previously determined coefficients of
the outer Schwarzschild metric.

We now return to the outer Schwarzschild metric. We had derived it based on
the assumption of time-independence and isotropy. We will now show that isotropy
implies time-independence, so that the latter is not needed as an assumption. The
starting point is again the metric

(gik) = diag(A,−B, −r2,−r2 sin2ϑ),

where the coefficients A and B can now also depend on t in addition to r . Of the 10
formulas characterising the covariant derivative, three have to be generalised:

∇∂t∂t = 1

2A

∂A

∂t
∂t + 1

2B

∂A

∂r
∂r

∇∂r ∂r = 1

2A

∂B

∂t
∂t + 1

2B

∂B

∂r
∂r

∇∂t∂r = 1

2A

∂A

∂r
∂t + 1

2B

∂B

∂t
∂r ,
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while the others remain unchanged. The usual calculation steps lead to

Ric00 = A′′

2B
− A′

4B

(
A′

A
+ B ′

B

)
+ A′

Br
− B̈

2B
+ Ḃ

4B

(
Ȧ

A
+ Ḃ

B

)

Ric11 = B̈ − A′′

2A
+ (A′)2 − Ȧ Ḃ

4A2 + A′B ′ − (Ḃ)2

4AB
+ B ′

Br

Ric22 = r

2B

(
B ′

B
− A′

A

)
+ 1 − 1

B

Ric01 = Ḃ

Br
,

where ˙means partial differentiation with respect to t , and ′ means partial differen-
tiation with respect to r . From Ric01 = 0 follows the time-independence of B, and
the formulas for Rici i are reduced to their original form. So the previous calcula-
tion gives in particular the time-independence of A = 1/B . This again results in the
time-independent Schwarzschild metric.
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10.1 Time

It is a basic fact of the theory of relativity that the time calculation depends on
the respective observer. According to Definition 5.1, an observer in a spacetime
M is an M-valued function γ of the real variable t with g(γ′(t), γ′(t)) = 1 and
γ′(t) future-pointing. The variable t is the time given by a watch carried by the
observer γ, determined of course only up to an additive constant. The observer γ
sees the passage of time as a change in what is happening. Scala fields, vector fields,
and more generally, tensor fields, change their functional value. What the observer
registers at time t0 as a change ∂

∂t f of a scalar field f , or a change ∂
∂t X of a vector

field X , is the number γ′(t0) f , respectively the tangent vector ∇γ′(t0)X , that is, the
application of the tangent vector γ′(t0) to f or the covariant derivative with respect
to γ′(t0) of X .

The image points γ(t) of an observer γ form hisworld line.When constructing an
observer, it sometimes makes sense to initially ignore the requirement g(γ′, γ′) = 1.
For an M-valued function β of a real variable s with a future-pointing derivative
β′(s), an observer γ can be found by means of a variable transformation, the world
line of which is the range of β. To this end, we fix two numbers s0 and t0 and
determine the number t = τ (s) corresponding to the number s using the equation

t − t0 =
∫ s

s0

√
g (β′(σ) , β′(σ)) dσ .

This gives

τ ′(s) = √
g (β′(s) , β′(s)) .
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The sought-after observer is γ = β ◦ τ−1, since now, in contrast to β, there holds
that

g(γ′(t) , γ‘(t)) = g

(
β′(τ−1(t))

τ ′(τ−1(t))
,

β′(τ−1(t))

τ ′(τ−1(t))

)

= g

(
β′(s)√

g(β′(s), β′(s))
,

β′(s)√
g(β′(s), β′(s))

)
= 1 .

We record the formula for calculating the time.

Theorem 10.1 An observer, who moves along the world line described by β :
[s1, s2] −→ M, needs the time

∫ s2

s1

√
g(β′(σ) , β′(σ)) dσ

for this.

A consequence of this is a spectacular basic fact in the theory of relativity, known as
the twin paradox: One twin leaves the other at a constant speed, turns back after a
certain time, and moves back in the same way. When he meets the other twin again, it
turns out that they are no longer the same age. Less time has passed for the travelling
twin than for the one who stayed home.

To confirm and quantify this effect, we use the Minkowski space R4, equipped
with the Lorentz metric

g
(
(ξ0, ξ1, ξ2, ξ3) , (η0, η1, η2, η3)

)
= ξ0η0 − ξ1η1 − ξ2η2 − ξ3η3 .

This is permissible because a tangent space of a spacetime is always isometrically
isomorphic to this four-dimensional space, and with the problem at hand, we can
restrict ourselves to small periods of time, so that we can neglect the dependence of
the tangential spaces T (P) on the point P . The world lines

α(s) = (s, 0, 0, 0). 0 ≤ s ≤ 2T

and

β(s) =
{

(s, vs, 0, 0) for 0 ≤ s ≤ T
(s, 2vT−vs, 0, 0) for T ≤ s ≤ 2T

shown in Fig. 10.1 can be compared. While the time

∫ 2T

0

√
1 ds = 2T
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Fig. 10.1 Twin paradox

ξ1

ξ0

2T

T

vT

PeterPaul

elapses for the dormant twin until the reunion, for the travelling twin, the reunion
already takes place in time

∫ T

0

√
1 − v2 ds +

∫ 2T

T

√
1 − (−v)2 ds = 2T

√
1 − v2 .

Here v is the magnitude of the travelling twin’s speed as registered by the resting
twin. The ratio 1/

√
1 − v2 of the time perionds represents the time dilation (see

also the interpretation of Theorem 5.4).
In this particular case, we encounter a phenomenon that is postulated generally

in the theory of relativity: The world line γ of a force-free movement from P to Q is
characterised by the fact that the time integral

∫ s2

s1

√
g(β′(s) , β′(s)) ds

is maximal for γ among all world lines from P to Q that are close to γ. Such world
lines are called geodesics. The name comes from the classical extremal problem
on the surface of the Earth: What is the shortest curve joining two points that are
not too far apart? This is of course a so-called great circle, the intersection curve
of the surface of the sphere with a plane passing through the center of the sphere.
In the natural parameter representation, i.e., with |γ′(s)| = 1, a great circle can be
characterised by the fact that the „acceleration vector“ γ′′(s) is perpendicular to the
respective tangential plane. This criterion also applies in the case of a general curved
surface in R

3. The equivalent formulation ∇γ′(s)γ′(s) = 0 has the advantage that it
only makes use of the intrinsic geometry of the surface and is thus useful and valid in
a Riemannian manifold. We will show below that the condition ∇γ′(s)γ′(s) = 0 also
applies to a geodesic γ in spacetime with |γ′(s)| = 1. The fact that the minimum in
the case of a Riemannian manifold now corresponds to a maximum in the case of
spacetimes is due to the signature of the metric. The method developed below does
not anyway distinguish between maxima and minima and is equally applicable in
both scenarios.
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10.2 The Euler-Lagrange Equation

The following problem is considered in the calculus of variations: Given a twice con-
tinuously differentiable function L(t, x1, . . . , xn, y1, . . . , yn) of 2n + 1 variables,
numbers a < b and n-tuples (α1, . . . , αn), (β1, . . . ,βn) ∈ R

n , find all continously
differentiable real-valued functions x1, . . . , xn ∈ C2 [a, b] such that xi (a) = αi and
xi (b) = βi that minimise the integral

∫ b

a
L
(
t, x1(t), . . . , xn(t), x

′
1(t), . . . , x

′
n(t)

)
dt .

It is assumed that there exists a relative minimiser of the integral in the so-called
radial topology. Let C = C1([a, b],Rn) be the vector space of all continously dif-
ferentiable R

n-valued functions x on [a, b] and C0 be the subspace of functions
x ∈ C such that x(a) = x(b) = 0. If the functional

ϕ(x) =
∫ b

a
L(t, x(t), x ′(t)) dt

has a relative minimiser at x0 = (x01 , . . . , x
0
n ), then for every function z ∈ C0, the

real-valued function g(η) = ϕ(x0 + ηz) has a relative minimum at η = 0. This
implies

0 = g′(0) = d

dη
ϕ(x0 + ηz)

∣∣∣∣
η=0

=
∫ b

a

d

dη
L
(
t, x0(t) + ηz(t), x0

′
(t) + ηz′(t)

)∣∣∣∣
η=0

d t

=
∫ b

a

⎡
⎣ n∑
i=1

∂L

∂xi
(t, x0(t), x0

′
(t))zi (t) +

n∑
i=1

∂L

∂yi
(t, x0(t), x0

′
(t))z′i (t)

⎤
⎦ dt .

Using integration by parts on the second summand, we obtain

∫ b

a

n∑
i=1

∂L

∂yi
(t, x0(t), x0

′
(t))z′i (t) dt

=
n∑

i=1

∂L

∂yi
(t, x0(t), x0

′
(t))zi (t)

∣∣∣∣
b

a
−

∫ b

a

n∑
i=1

d

dt

∂L

∂yi
(t, x0(t), x0

′
(t))zi (t) dt .

Since z(a) = z(b) = 0, we obtain

n∑
i=1

∫ b

a

[
∂L

∂xi
(t, x0(t), x0

′
(t)) − d

dt

∂L

∂yi
(t, x0(t), x0

′
(t))

]
zi (t) dt = 0
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for all continously differentiable real-valued functions z1, . . . , zn satisfying zi (a) =
zi (b) = 0. That this fact implies

∂L

∂xi
(t, x0(t), x0

′
(t)) − d

dt

∂L

∂yi
(t, x0(t), x0

′
(t)) = 0

for a ≤ t ≤ b and i = 1, . . . , n, is the so-called fundamental lemma of the calculus
of variations. This can easily be shown by assuming the contrary, and constructing
appropriate functions zi that lead to a contradiction. So we have the following result:

Theorem 10.2 Suppose that the real-valued function L(t, x1, . . . , xn, y1, . . . , yn) is
twice continously differentiable. If the continously differentiableRn-valued function
x(t) is a local extremiser of the extremum problem

min

{∫ b

a
L(t, x(t), x ′(t)) dt : x(a) = α, x(b) = β

}
,

then it satisfies the Euler-Lagrange equations

∂L

∂xi
(t, x(t), x ′(t)) = d

dt

∂L

∂yi
(t, x(t), x ′(t)) , i = 1, . . . , n .

10.3 The Geodesic Equation

We now return to the extremisation problem of force-free movement as formulated
in Sect. 10.1. γ is a particle on which no forces act, and β is another parameterisation
of this world line with a future-pointing derivative β′(s). For points P and Q on this
world line, the integral

∫ b

a

√
g(β′(s), β′(s)) ds

is locally maximised among curves which assume points P and A at a and b. In
particular, this also applies to points P and Q that are close enough to lie in a
common chart ϕ. Then the problem becomes

max

{∫ b

a

√
gik(ξ(s)) (ξi )′(s) (ξk)′(s) ds, ξ(a) = α, ξ(b) = β

}
.

Theorem 10.3 For a particle γ let ξ = ϕ ◦ γ be the chart representation of the curve
in R

n. For ξ, the Euler-Lagrange equations of the geodesic problem are equivalent
to the geodesic equations

(ξ j )′′ + �
j
ik(ϕ

−1(ξ)) (ξi )′(ξk)′ = 0 , j = 1, . . . , n .
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Proof With

L(t, x1, . . . , xn, y1, . . . , yn) =
√

glk(x1, . . . , xn) yl yk

the Euler-Lagrange equations are given by

∂L

∂xi
(t, ξ(t), ξ′(t))

= ∂2 L

∂t∂yi
(t, ξ(t), ξ′(t)) + ∂2L

∂x j∂yi
(t, ξ(t), ξ′(t)) (ξ j )′(t) + ∂2L

∂y j∂yi
(t, ξ(t), ξ′(t)) (ξ j )′′(t) .

First, for variables t, x1, . . . , xn, y1, . . . , yn with

glk(x
1, . . . , xn) yl yk = 1

the needed partial derivatives must be calculated. We have

∂L

∂xi
= 1

2

(
∂

∂xi
glk

)
yl yk

∂2L

∂t∂yi
= ∂

∂yi
∂L

∂t
= 0

∂L

∂yi
= gik yk

∂2L

∂x j∂yi
=

(
∂

∂x j
gik

)
yk

∂2L

∂y j∂yi
= gi j .

The Euler-Lagrange equations in the present case are

1

2

(
∂

∂xi
g jk

)
(ξ j )′(ξk)′ =

(
∂

∂x j
gik

)
(ξ j )′(ξk)′ + gi j (ξ

j )′′ .

By symmetrising the coefficients of the first sum on the right hand side and rearrang-
ing, we obtain

gi j (ξ
j )′′ = 1

2

(
∂

∂xi
g jk − ∂

∂x j
gik − ∂

∂xk
gi j

)
(ξ j )′(ξk)′ .

By using the contravariant metric, these equations can be used to solve for the second
derivatives. On the one hand

gilgi j (ξ
j )′′ = (ξl)′′
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and on the other hand,

1

2
gil

(
∂

∂xi
g jk − ∂

∂x j
gik − ∂

∂xk
gi j

)
(ξ j )′(ξk)′ = −�l

jk(ξ
j )′(ξk)′ ,

and so

(ξl)′′ = −�l
jk(ξ

j )′(ξk)′ .

The idea of a geodesic on a curved surface is that it is as straight as possible.
With γ in natural parameter representation, that is, |γ′| = 1, this means that the
tangential component of the acceleration γ′′ formed in the ambient surrounding
space R3 vanishes. This can be expressed as ∇γ′γ′ = 0. In fact, in the general case,
this condition is equivalent to the geodesic equations formulated in Theorem 10.3,
just as in Rn .

Theorem 10.4 For every particle (observer), there holds

∇γ′γ′ = 0 .

Proof After the conversion to ξ = ϕ ◦ γ using a map ϕ, the tangent vector γ′ has
the representation

γ′ = (ξi )′∂i
and can be applied on the real-valued functions (ξk)′ in the sense

γ′(ξk)′ = (ξk)′′.

The following holds for the covariant derivative to be determined

∇γ′γ′ = ∇(ξi )′∂i (ξ
k)′∂k = (ξk)′′∂k + (ξi )′(ξk)′� j

ik∂ j .

Thus the geodesic equations say that all the components of ∇γ′γ′ are zero.

In Newtonian mechanics, the motion of a particle in a gravitational field is clearly
determined by the initial position and initial speed. So it can be expected that this also
holds in spacetime. In fact, when the geodesic problem is expressed by using a chart,
then Theorem 10.3 amounts to a system of differential equations for the functions
ξ1, . . . , ξn, (ξ1)′, . . . , (ξn)′, and from the structure of the system, it can be concluded
that the corresponding initial value problem is (locally) clearly solvable. For P ∈
M and a future-pointing tangent vector x ∈ MP with g(x, x) = 1, there exists an
interval I with 0 ∈ I and a geodesic γ : I → M with γ(0) = P and γ′(0) = x.

We now write the geodesic equations for the important case of Schwarzschild
spacetime. The Christoffel symbols are given at the end of Sect. 7.5 and serve as
coefficients in these equations. The additional condition g(γ′, γ′) = 1 must also be
noted.
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Theorem 10.5 In the (outer) Schwarzschild spacetime, for a particle under the con-
straint

h(r)(t ′)2 − 1

h(r)
(r ′)2 − r2(ϑ′)2 − r2 sin2ϑ (ϕ′)2 = 1

the following geodesic equations hold:

t ′′ = − 2μ
r2h(r)

t ′r ′

r ′′ = −h(r)μ
r2

(t ′)2 + μ
r2h(r)

(r ′)2 + rh(r)(ϑ′)2 + rh(r) sin2ϑ (ϕ′)2

ϑ′′ = sin ϑ cosϑ (ϕ′)2 − 2
r r

′ϑ′

ϕ′′ = −2
r r

′ϕ′ − 2 cot ϑ ϑ′ϕ′

with h(r) = 1 − 2μ
r .

Of particular interest is the description of radially moving particles. To do this, the
equations given in Theorem 10.5 must be specialised for the case of constant angular
coordinates ϑ and ϕ.

Theorem 10.6 For a particle γ(τ ) = (t(τ ), r(τ ), Q) in the Schwarzschild space-
time, there holds,

r ′′ = − μ

r2
.

Proof In the equation

r ′′ = − μ

r2

(
h(r)(t ′)2 − 1

h(r)
(r ′)2

)

we use the constraint equation

h(r)(t ′)2 − 1

h(r)
(r ′)2 = 1

to obtain the desired conclusion.

In Newtonian physics, a point mass moving radially from a celestial body of
massμ experiences a radial acceleration r ′′ = −Gμ/r2. The fact that the grvitational
constant G does not appear as a factor, or is one, in Theorem 10.6, is a consequence
of having set the speed of light to one (geometric units). By comparison, the constant
μ from the Schwarzschild spacetime metric, which occurred when it was motivated
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in Sect. 9.7 for purely mathematical reasons, is identified as the mass of the celestial
body that generates spacetime. When interpreting the formula in Theorem 10.6, it
should be noted that r ′′ describes the radial acceleration only approximately for
small speeds r ′ and large distances r . For the stationary observer ∂t/

√
1 − 2μ/r , the

tangent vector γ′ = t ′∂t + r ′∂r has the relative speed

v = t ′∂t + r ′∂r

g

(
∂t/

√
1 − 2μ

r , t ′∂t + r ′∂r
) − ∂t√

1 − 2μ
r

= r ′

t ′
√
1 − 2μ

r

∂r

with the absolute value (speed)

√−g(v, v) = r ′

t ′(1 − 2μ
r )

.

The derivative of this expression would be associated with the observed acceleration.
For r 	 2μ, r ′ 
 1 and therefore t ′ ≈ 1 that would mean

⎛
⎝ r ′

t ′
(
1 − 2μ

r

)
⎞
⎠

′
≈ r ′′ .

10.4 The Geodesic Deviation

If two geodesics γ1 and γ2 inRn intersect at a point P = γ1(0) = γ2(0), then the dis-
tance between the points γ1(t) and γ2(t) increases in proportion to the parameter t . If
this is not the case for geodesics on a semi-Riemannianmanifold, then this is a symp-
tom of the curvature. To clarify this fact for a spacetime, we consider a chart ϕ with
the following property: The coordinate vector fields ∂1, ∂2, ∂3 are space-like, and for
each assignment of coordinates u1, u2, u3, the curve γ(t) = ϕ−1(t, u1, u2, u3) is a
geodesic with the future-pointing vector ∂0 = γ′ and g(∂0, ∂0) =1. Such coordinates
are called geodesic coordinates. From the physical point of view, it is plausible, at
least in the case of the two examples discussed below, that such charts exist.

The distance between the points ϕ−1(t, u1, u2, u3) and ϕ−1(t, u1+�u, u2, u3)
is given approximately by the length

√−g(�u ∂1,�u ∂1) of the vector �u ∂1. The
vector ∂1 at the position ϕ−1(t, u1, u2, u3) describes, roughly speaking, for the dis-
placement of ϕ−1(t, u1, u2, u3) to ϕ−1(t, u1 + 1, u2, u3). The covariant derivative
∇∂0∂1 describes the change in this displacement vector with increasing parameter
t , and would be constant in flat space. The double covariant derivative ∇∂0∇∂0∂1,
which would be zero in flat space, is called the geodesic deviation with respect
to the coordinate u1. The geodesic deviation with respect to u2 and u3 are defined
analogously.
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Theorem 10.7 The geodesic deviation with respect to ui is described in terms of the
curvature operator via the formula

∇∂0∇∂0∂i = R(∂0, ∂i )∂0 .

Proof According to Definition 8.1, Theorems 7.2 (D5) and 10.4, we have

R(∂0, ∂i )∂0 = ∇∂0∇∂i∂0 − ∇∂i∇∂0∂0 = ∇∂0∇∂0∂i .

Example 1. We approximately determine the components of the curvature tensor of
the Schwarzschild spacetime by calculating the geodesic deviations with respect to
the coordinates r ,ϑ, ϕwhile neglecting relativistic effects. A particle that starts with
the intial velocity zero, and falls towards the center due to gravity, obeys the equation
r ′′(t) = −μ/(r(t))2. Let d be a positive number, which should be interpreted to be
relatively small.While a particle starting at a point P0 with the coordinates r0, ϑ0, ϕ0
has the initial acceleration−μ/r20 , a particle starting at point P1 with the coordinates
r0 + d, ϑ0, ϕ0 (see Fig. 10.2) starts with the initial acceleration

− μ

(r0 + d)2
= −μ

(
1

r20
+ −2

r30
d + · · ·

)
.

Hence, the displacement vector from the particle starting at P0 to the particle start-
ing at P1 has the second derivative with respect to time given approximately by
d(2μ/r30 )∂r . It can be seen that the geodesic deviation with respect to the coordinate
r at the point P0 is approximately (2μ/r30 )∂r . By Theorem 10.7, (2μ/r30 )∂r is an
approximation of the tangent vector

R(∂t , ∂r )∂t = R0
001∂t + R1

001∂r + R2
001∂ϑ + R3

001∂ϕ ,

and a comparison of coefficients results, in particular,

R1
001 ≈ 2μ/r30 , R2

001 ≈ 0 , R3
001 ≈ 0 .

A particle starting at point P2 with the coordinates r0,ϑ0+d,ϕ0 also moves
towards the center again with the acceleration −μ/r20 (see Fig. 10.2 again). The
displacement vector from the particle starting at P0 to the particle starting at P2 has
a second derivative approximately equal to

(tan d)

(
− μ

r20

)
∂ϑ

r0
≈ d

(
− μ

r30

)
∂ϑ .

The geodesic deviation with respect to ϑ is thus approximately −(μ/r30 )∂ϑ , and this
vector approximates R(∂t , ∂ϑ)∂t , implying that

R1
002 ≈ 0, R2

002 ≈ −μ/r30 , R3
002 ≈ 0 .
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Fig. 10.2 Radially falling
particles, starting at P0, P1,
and P2

d∂ϑ

P1

P0

r0r0

P2

d

d

μ
r0

2μ
r0

2

∂r

∂r

μ
(r d0 + )

2 ∂r

Analogously, a comparison of a particle starting at point P3 with the coordinates
r0, ϑ0,ϕ0+d with the particle starting at P0 results in the geodesic deviation with
respect to ϕ being given approximately by −(μ/r30 )∂ϕ, and this implies for the
corresponding components of the curvature tensor that

R1
003 ≈ 0 , R2

003 ≈ 0 , R3
003 ≈ −μ/r30 .

Summarising, at the point with the coordinates t, r ,ϑ, ϕ, we have

⎛
⎜⎜⎜⎝

R1
001 R2

001 R3
001

R1
002 R2

002 R3
002

R1
003 R2

003 R3
003

⎞
⎟⎟⎟⎠ ≈

⎛
⎜⎜⎜⎜⎝

2μ
r3

0 0

0 − μ
r3

0

0 0 − μ
r3

⎞
⎟⎟⎟⎟⎠ .

In comparison, the precise result can be read from the matrices given in Sect. 8.5 for
the curvature operators:

⎛
⎜⎜⎜⎝

R1
001 R2

001 R3
001

R1
002 R2

002 R3
002

R1
003 R2

003 R3
003

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

2μ
r3

(
1 − 2μ

r

)
0 0

0 − μ
r3

(
1 − 2μ

r

)
0

0 0 − μ
r3

(
1 − 2μ

r

)

⎞
⎟⎟⎟⎟⎠ .

Example 2. We now calculate curvature components inside a spherically symmetric
homogenous celestial body of constant density ρ. We imagine that a straight shaft
is drilled through the celestial body, which runs through the center (Fig. 10.3). If a
point mass m is located in a shaft at a distance r from the center, then a gravitational
force of magnitude m(4/3)πρr3/r2 acts on it, giving the particle an acceleration
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Fig. 10.3 Free fall in radial
tubes

z

z0

xd

r ′′ = −(4/3)πρr . The resulting motion is periodic, which is described when the ini-
tial speed is zero by r(t) = r0 cos(2

√
πρ/3 t) (here r is supposed to be signed). We

can now use Cartesian coordinates with the z-axis along the shaft and the coordi-
nate origin at the center. The particle dropped from z0 at time instant t = 0 moves
according to z(t) = z0 cos(2

√
πρ/3t). This displacement vector from this particle

to a particle starting at z0+d has the second derivative −(4/3)πρd∂z . The geodesic
deviation with respect to the coordinate z is therefore

R(∂t , ∂z)∂t = −(4/3)πρ ∂z ,

and this implies R1
030 = R2

030 = 0 und R3
030 = (4/3)πρ . A particle is dropped

through another drilled shaft from the position with the Cartesian coordinates
(d, 0, z0); see Fig. 10.3. For the geodesic deviation with respect to x , we clearly
have

R(∂t , ∂x ) = −(4/3)πρ∂x .

The geodesic deviation with respect to y can be calculated analogously. Altogether,
we have ⎛

⎜⎜⎜⎝
R1
010 R2

010 R3
010

R1
020 R2

020 R3
020

R1
030 R2

030 R3
030

⎞
⎟⎟⎟⎠ = 4πρ

3

⎛
⎜⎜⎜⎝
1 0 0

0 1 0

0 0 1

⎞
⎟⎟⎟⎠ .

The second example is of fundamental importance because it provides the moti-
vation of one of the constants in Einstein’s field equation. An equation

Ric − (1/2)Sg = μT

with an unknown constant μ is equivalent to

Ric = μ(T − (1/2)CT g)
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(see Theorem 9.7). In the present case, we take approximately

(gik) = diag(1, −1, −1, −1)

and also neglect the pressure. The energy-momentum tensor T then has T00 = ρ in
the top left corner, and zeros elsewhere. On the right hand side of the modified field
equation, we have

μ(T − (1/2)CT g) = μ diag(ρ/2 , ρ/2 , ρ/2 , ρ/2) .

On the other hand, the calculation of the geodesic deviations resulted in the curvature
components Ri

0i0 = (4/3)πρ for i = 1, 2, 3. Together with R0
000 = 0 this gives the

number 4πρ in the top left corner of the matrix for Ric. Finally, the equation 4πρ =
μρ/2 identifies the unknown constant μ as μ = 8π.

According to classicalNewtonianmechanics, different forces act on the individual
mass points of an extended solid body that is in an inhomogeneous gravitational
field, which lead to tensions in this body. In the theory of relativity, this phenomenon
is explained by the fact that the mass points follow different geodesics, and this
effect can be quantified using the concept of geodesic deviation. In the situation
described at the beginning of this section, the geodesic deviation ∇∂0∇∂0∂1 stands
for the acceleration that a mass point at the point with coordinates t, u1+1, u2, u3

experiences relative to the observer at the point with the coordinates t, u1, u2, u3.
For the observer, what happens is perceived as if a force is acting in the neighboring
point, and this is the so-called tidal force. For the points along the ui -coordinate
line, this tidal force per distance is ∇∂0∇∂0∂i . According to Theorem 10.7, this is
the tangent vector R(∂0, ∂i )∂0 .

Definition 10.1 For an observer z ∈ MP , the tidal force Fz in z⊥ is defined by

Fzx = R(z, x)z .

�

The linearity of Fz is clear. That Fzx ∈ z⊥ follows from

g(z, Fzx) = g(z, R(z, x)z) = R(z, z, z, x) = 0

wherewe have used the skew-symmetry of the covariant curvature tensorwith respect
to the first two vector variables (see Theorem 8.5).

Theorem 10.8 The tidal force operator Fz in the Euclidean space z⊥, with the scalar
product −g, is self-adjoint and has the trace

trFz = Ric(z, z) .
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Proof By Theorem 8.5,

g(Fzx, y) = g(R(z, x)z, y) = R(y, z, z, x) = R(z, x, y, z) = R(x, z, z, y) = g(x, Fz y) .

With an orthonormal basis e1, e2, e3 in z⊥ and the corresponding linear forms ai =
−g(ei , . ), we obtain

〈Fzei , ai 〉 = 〈R(z, ei )z, a
i 〉 = −R(ai , z, z, ei ) = R(ai , z, ei , z) = Ric(z, z) .

Example. We calculate the matrix of the tidal force operator in the Schwarzschild
spacetime for the observer z = (1/

√
h(r)) ∂t with respect to the orthonormal basis

e1 = √
h(r) ∂r , e2 = (1/r) ∂ϑ and e3 = (1/(r sin ϑ)) ∂ϕ . From the matrices given

in Sect. 8.4, we can conclude that

Fze1 = R

(
1√
h(r)

∂t ,
√
h(r)∂r

)
1√
h(r)

∂t = 1√
h(r)

2μh(r)

r3
∂r = 2μ

r3
e1

and analogously

Fze2 = − μ

r3
e2 und Fze3 = − μ

r3
e3 .

Consequently, the matrix of Fz with respect to this basis is given by

((Fz)
k
i ) = diag

(
2μ

r3
, − μ

r3
,− μ

r3

)

and has zero trace.

10.5 Perihelion Precession

Among other things, Kepler’s laws state that the planets move on elliptical orbits,
with the Sun at one of the focal points. Since the planets also influence each other
through gravity, the point (perihelion) of the ellipse closest to the Sun can shift over
time. However, decades of systematic observations of Mercury have shown that its
perihelion, minus the influence of the other planets, also rotates the Sun at an angular
velocity of 43, 1 ± 0, 5 arc s per century. This effect could only be explained with
the general theory of relativity.

In order to be able to compare the relativistic result with the classical one, we
first recapitulate the considerations that led to the formulation of the corresponding
Kepler’s law. The situation is taking place in a plane equipped with polar coordinates
r and ϕ, where the Sun is placed at the origin. The motion of the planet is described
by

x(t) = r(t) cosϕ(t)

y(t) = r(t) sinϕ(t) .
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Its acceleration

ẍ = (r̈ − r ϕ̇2) cosϕ − (2ṙ ϕ̇ + r ϕ̈) sinϕ

ÿ = (r̈ − r ϕ̇2) sinϕ + (2ṙ ϕ̇ + r ϕ̈) cosϕ

has a radial component r̈ − r ϕ̇2 and a tangential component 2ṙ ϕ̇ + r ϕ̈. Since the
Sun’s attraction is only radial, we have

2ṙ ϕ̇ + r ϕ̈ = 0 .

As

(r2ϕ̇)· = 2rṙ ϕ̇ + r2ϕ̈ = 0

the quantity r2ϕ̇ is constant (conservation of angular momentum), say L . According
to Newton’s law of gravitation, we have for the radial acceleration, that

r̈ − r ϕ̇2 = − μ

r2
.

We want to represent r as a function of ϕ. However, it turns out to be easier to
formulate the reciprocal value u = 1

r in terms of ϕ. We have

ṙ = d

dt

1

u
= − 1

u2
du

dϕ
ϕ̇ = −(r2ϕ̇)

du

dϕ
= −L

du

dϕ

and

r̈ = −L
d2u

dϕ2 ϕ̇ = −L u2 (r2ϕ̇)
d2u

dϕ2 = −L2 u2
d2u

dϕ2 .

Inserting the above for radial acceleration into the equation from earlier yields

− μ

r2
= r̈ − r ϕ̇2 = −L2u2

d2u

dϕ2 − L2u3 .

This is the Binet differential equation

d2u

dϕ2 + u = μ

L2

having the general solution

u(ϕ) = λ cos(ϕ − ϕ0) + μ/L2 .

Since the coordinate system can be rotated if necessary, we can assume that ϕ0 = π.
This results in the representation

r(ϕ) = 1

μ/L2 − λ cosϕ
= L2/μ

1 − (λ L2/μ) cosϕ
.
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b
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Fig. 10.4 Polar representation of the ellipse

One can see that for |λ L2/μ| < 1, this is an ellipse: We consider an ellipse with the
focal points at (0, 0) and (2c, 0). Let a be the major axis and b be the minor axis.
For a point (x, y) on the ellipse, let r1 be the distance to (0, 0) and r2 be the distance
to (2c, 0) (see Fig. 10.4). Then

r1 + r2 = 2a

and

(r1 + r2)(r1 − r2) = r21 − r22 = x2 + y2 − [(x − 2c)2 + y2] = 4cx − 4c2 ,

so that

r1 − r2 = 2
c

a
x − 2

c2

a
.

Adding these, we obtain

r = r1 = c

a
x − c2

a
+ a = c

a
r cosϕ + b2

a

and finally the polar representation

r = b2/a

1 − ε cosϕ
with the eccentricity ε = c/a .

A comparison shows that the planetary orbits in Newtonian physics are actually
ellipses.
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We will now work on determining the planetary orbit from the relativistic point
of view. In the geodesic equations of the Schwarzschild spacetime, we set ϑ = π

2 .
Then the geodesic equation gives

ϕ′′ = −2

r
r ′ϕ′

and so

(r2ϕ′)′ = r2ϕ′′ + 2rr ′ϕ′ = 0

showing that r2ϕ′ =L is a constant. From the geodesic equation

r ′′ = − μ

r2

(
h(r)(t ′)2 − 1

h(r)
(r ′)2

)
+ rh(r)(ϕ′)2

and the constraint

h(r)(t ′)2 − 1

h(r)
(r ′)2 − r2(ϕ′)2 = 1

it follows that

r ′′ = − μ

r2
(1 + r2(ϕ′)2) + rh(r)(ϕ′)2 = − μ

r2
+ (r − 3μ)(ϕ′)2 .

For u = 1/r , we have u′ = −r ′/r2 and

u′′ = −r ′′r2 − 2r(r ′)2

r4
= 2

(r ′)2

r3
− r ′′

r2
.

If u is thought of as a function of ϕ, then we have du
dϕ = u′/ϕ′ and

d2u

dϕ2 =
(
u′

ϕ′

)′ 1

ϕ′ = u′′ϕ′ − u′ϕ′′

(ϕ′)3
= 2

(r ′)2

r3(ϕ′)2
− r ′′

r2(ϕ′)2
+ r ′ϕ′′

r2(ϕ′)3

= 2
(r ′)2

r3(ϕ′)2
+ μ

r4(ϕ′)2
− r − 3μ

r2
− 2(r ′)2

r3(ϕ′)2
= μ

L2 − u + 3μu2 .

Theorem 10.9 A particle moved is Schwarzschild spacetime with ϑ = π
2 . The func-

tion ϕ → u = 1/r satisfies the differential equation

d2u

dϕ2 + u = μ

L2 + 3μu2

with L = r2ϕ′ .
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Because of the additional summand 3μu2 in contrast to Binet’s differential equa-
tion, the differential equation in Theorem 10.9 can no longer be solved in an ele-
mentary manner. But since r is very large in comparison to μ, μu2 is therefore very
small, whichmeans that the additional summand has little influence, and the classical
Keplerian solution

u = μ

L2 (1 + ε cosϕ)

(with perihelion at ϕ = 0) to the Binet equation, can be considered as a first approxi-
mation. This by itself does not make much progress compared to the classical result,
but at least motivates one to solve the differential equation

d2u

dϕ2 + u = μ

L2 + 3μ
( μ

L2

)2
(1 + ε cosϕ)2 = μ

L2 + 3μ3

L4

(
1 + ε2

2
+ 2ε cosϕ + ε2

2
cos 2ϕ

)

instead of the differential equation given in Theorem 10.9, in order to get an even
better approximation. This is again a second order linear differential equation. Using
the method of undetermined coefficients, the particular solution

μ

L2 + 3μ3

L4 + 3μ3ε2

2L4 + 3μ3ε

L4 ϕ sinϕ − μ3ε2

2L4 cos 2ϕ

can be determined. So the function

u(ϕ) = μ

L2 (1 + ε cosϕ) + 3μ3

L4

(
1 + ε2

2
− ε2

6
cos 2ϕ + εϕ sinϕ

)

is also a solution. There holds for it that u′(0) = 0 and u(0) ≈ (μ/L2)(1 + ε). This
function is considered to be a better approximation of the solution to the differential
equation from Theorem 10.9, and it is now used for further arguments. A perihelion
is a local maximum of the function u(ϕ). The derivative expression

u′(ϕ) = −με

L2 sinϕ + 3μ3ε

L4

(ε

3
sin 2ϕ + sinϕ + ϕ cosϕ

)

shows that the perihelion at ϕ = 0 is followed by the next perihelion at 2π+δ for a
small positive number δ, which satisfies approximately that

0 ≈ −με

L2 sin δ + 3μ3ε

L4 (2π + δ) cos δ ,

and so

δ ≈ tan δ ≈ 3μ2

L2 (2π + δ) ≈ 6πμ2

L2 .

For the planet Mercury, this is a value that causes the perihelion to rotate about 43
arc s over the course of a century (Fig. 10.5).
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Fig. 10.5 Perihelion rotation
of a planetary orbit

10.6 Light Deflection

In Newtonian physics, one takes as a fact that light travels in a straight line. In the
theory of relativity it is obvious to expect to replace the straight line by geodesics.
Light rays are geodesics whose tangent vectors are light-like, i.e., geodesics γ for
which g(γ′, γ′) = 0. The term geodesic here of course is not meant as one which has
extremal arc length, but that ∇γ′γ′ = 0. One also says that the curve γ describes a
photon.

The relativistic point of view has the consequence that a light beam that passes
close to a fixed star is slightly deflected (Fig. 10.6). To prove and quantify this effect,
we can once again use the geodesic equations of the Schwarzschild spacetime from
Theorem 10.5, but constraint is now

h(r)(t ′)2 − 1

h(r)
(r ′)2 − r2(ϑ′)2 − r2 sin2 ϑ(ϕ′)2 = 0 .

If we modify the calculation done in Theorem 10.9 appropriatly, then we obtain the
following result.

Theorem 10.10 For a light beam γ(τ ) = (t(τ ), r(τ ), Q(τ )), where Q(τ ) has the
angular coordinates π/2 and ϕ(τ ), the function ϕ → u = 1/r satisifies the differ-

Fig. 10.6 Deflection of a
beam of light

ϕ∞
δ

Fixstern
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ential equation

d2u

dϕ2 + u = 3μu2 .

This nonlinear differential equation can only be solved approximately. The first
rough approximation is the solution ũ(ϕ)=(1/r0) cosϕ of the differential equation
ũ′′+ũ=0 with the initial conditions ũ(0) = 1/r0 and ũ′(0) = 0. A much better
approximation is then the solution of the inhomogeneous linear differential equation

u′′ + u = 3μ

(
1

r0
cosϕ

)2

= 3μ

2r20
(1 + cos 2ϕ)

with u(0) = 1/r0 and u′(0) = 0, too. Using themethod of undetermined coefficients,
one can find the particular solution

ϕ → 3μ

2r20
− μ

2r20
cos 2ϕ .

Using the intial conditions then gives the function

u(ϕ) = μ

2r20
(3 − cos 2ϕ) + r0 − μ

r20
cosϕ ,

and this serves as a useful approximation to the solution of the differential equation
given in Theorem 10.10 with the present initial conditions. The angle ϕ∞ marked in
Fig. 10.6 is a zero of this solution function. From

0 = u(ϕ∞) = μ

r20
(2 − cos2 ϕ∞) + r0 − μ

r20
cosϕ∞

we obtain the quadratic equation

(cosϕ∞)2 +
(
1 − r0

μ

)
cosϕ∞ − 2 = 0

with the solution

cosϕ∞ = r0
2μ

− 1

2
−

√(
r0
2μ

− 1

2

)2

+ 2 .



10.7 Red Shift 163

The assumption that r0 	 2μ leads to the approximation

cosϕ∞ ≈ r0
2μ − 1

2 −

⎛
⎜⎜⎝

√(
r0
2μ − 1

2

)2 + 2 1/2√(
r0
2μ − 1

2

)2

⎞
⎟⎟⎠

= −1
r0
2μ − 1

2
= − 2μ

r0 − μ ≈ −2μ/r0.

This results in the deflection angle

δ = 2
(
ϕ∞ − π

2

)
≈ 2 sin

(
ϕ∞ − π

2

)
= −2 cosϕ∞ ≈ 4μ/r0 .

For our Sun, with μ ≈ 1, 477 km and with the solar radius r0 = 6, 96 · 105 km, the
deflection angle becomes δ = 8, 489 · 10−6, that is, 1.751 arc s. In principle, this
effect can be observed during a solar eclipse. However, the measurement errors are
still considerable with the current state of art, and so the observation result is an
interval of approximately 1.5–2 arc s.

10.7 Red Shift

In addition to perihelion rotation and light deflection, the red shift is one of the
classic tests of general relativity. What is meant here is the gravitational red shift,
the cosmological red shift will be discussed only in Chap. 15.

The gravitational red shift means the effect that the light emitted from the surface
of a star is received by a distant observer at a reduced frequency. The spectral lines
shift towards the red end of the spectrum. This phenomenon is explained by the
following two facts. First, for the function t(r), which described the trajectory of a
photon emitted radially outwards in the r−t-plane (r being the Schwarzschild radius
and t the Schwarzschild time), we have, thanks to

h(r)(t ′)2 − 1

h(r)
(r ′) = 0

the differential equation

dt

dr
= t ′

r ′ = 1

h(r)
.

The right hand side depends only on r , and so two photons emitted one after the
other in the Schwarzschild-time-distance �t keep this distance in the sense of
Schwarzschild time. Secondly, the Schwarzschild time is not the proper time of
an observer resting at a point with a Schwarzschild radius r , and the scale of this
proper time depends on r .
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Theorem 10.11 Radial light signals that are emitted outwards from the
Schwarzschild radius r1 with the frequency ν1, only have the frequency

ν2 =
√(

1 − 2μ

r1

) / (
1 − 2μ

r1

)
ν1

at r =r2.

Proof At the point r =r1, N signals (or N wave crests) are sent radially outwards
at regular intervals in periods �t in Schwarzschild time. This process takes proper
time there equal to

∫ t+�t

t

√
g(∂t , ∂t ) dτ = √

h(r1) �t .

Consequently, the frequency for the transmitter is ν1 = N/(
√
h(r1) �t) . The

Schwarzschild time�t also passes for the receiver, but the proper time is
√
h(r2)�t

there, and hence the frequency

ν2 = N√
h(r2) �t

=
√
1 − 2μ/r1
1 − 2μ/r2

ν1 .



11CovariantDifferentiationofTensor
Fields

11.1 Parallel Transport of Vectors

For a semi-Riemannian manifold, the concept of covariant differentiation of vector
fields enables the construction of isomorphism between tangent spaces via parallel
transport. This then results in a characterisation of the covariant derivative of vector
fields, which can be generalised to a definition of the covariant derivative of tensor
fields.

Definition 11.1 A vector field X on a semi-Riemannian manifold M is said to be
parallel along the curve γ, if for all t , ∇γ′(t)X = 0 . �

Examples are depicted in Figs. 11.1 and 11.2. If M is a plane, the vector field X is
parallel along an arbitrary chosen curve if and only if the image vectors X(γ(t))
are identical except for the usual parallel translation in linear space. The situation
is more complicated on curved surfaces. If the curve is a geodesic, then the angle
between the vectors X(γ(t)) and γ′(t) must stay constant.

The covariant derivative mentioned in Definition 11.1 can be calculated in a chart
ϕ via the formula

∇γ′(t)X =(ϕi ◦ γ)′(t)
(

∂(Xk ◦ ϕ−1)

∂xi
(ϕ(γ(t))) ∂k + Xk(γ(t)) �

j
ik(γ(t)) ∂ j

)

=
(
(X j ◦ γ)′(t) + �

j
ik(γ(t)) (ϕi ◦ γ)′(t) (Xk ◦ γ)(t)

)
∂ j .

The covariant derivative is therefore the zero vector if and only if for j = 1, . . . , n,
we have

(X j ◦ γ)′(t) = −�
j
ik(γ(t)) (ϕi ◦ γ)′(t) (Xk ◦ γ)(t) .
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Fig. 11.1 Parallel translation
in the plane

Fig. 11.2 Parallel translation
along the equator

This is a homogeneous system of linear differential equations for the real functions
X j ◦ γ. As is well-known the initial value problem for such a system can be solved
uniquely. This establishes the following uniqueness theorem.

Theorem 11.1 If the vector fields X and Y are parallel along the curve γ and
coincide at the point γ(t0), then for all t , X(γ(t)) = Y (γ(t)) .

This theorem gives rise to isomorphisms between the tangent spaces Mγ(t).

Definition 11.2 For two real numbers s and t from the defining interval of the curve
γ, the linear map τs,t from Mγ(t) to Mγ(s) that sends the tangent vector x ∈ Mγ(t)
to the tangent vector X(t) ∈ Mγ(s), where X is the vector field parallel along γ with
X(s) = x , is called parallel transport along γ. �

The maps τs,t are obviously linear and injective, and because of the equality of
the dimensions of the tangent space, they are thus surjective, that is they are overall
bijective. It is important to point out the influence of the curve γ on parallel transport.
Parallel transport along different curves generally results in different outcomes. An
illustrative counterexample is shown in Fig. 11.3. A vector is transported from the
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Fig. 11.3 Parallel transport
along various curves

γ1

γ2

γ3

point P on the equator along the great circle γ1 parallelly to the north pole N , and on
the other hand, for comparison, is first transported along a quarter γ2 of the equator to
Q and then along the great circle γ3 to N . The resulting vectors differ by a right angle.
This counterexample can also be rephrased as follows: The vector is rotated through
the angle π/2 by parallel transport along the closed curve (−γ1) ∪ γ2 ∪ γ3. This
example thus illustrates the following theorem of classical differential geometry,
closely related to the integral theorem of Gauss-Bonnet: The angle by which a
tangent vector is rotated by parallel transport along a simple closed curve is equal
to the integral over the enclosed surface of the Gaussian curvature.

For parallel transport on a curved surface, the lengths of the vector and the angles
which they form with each other remain unchanged. This also holds in general.

Theorem 11.2 For x, y ∈ Mγ(t) and for all parameter values s, g(τs,t x, τs,t y) =
g(x, y).

Proof We choose two vector fields X and Y that are parallel along γ with X(γ(t)) =
x and Y (γ(t)) = y. Then

d

ds
g(τs,t x, τs,t y) = d

ds
g
(
X

(
γ(s)

)
, Y

(
γ(s)

)) = γ′(s)g(X ,Y )

= g(∇γ′(s)X , Y ) + g(X , ∇γ′(s)Y ) = g(0, Y ) + g(X , 0) = 0 .

In Sect. 7.1, we had seen why it is initially not possible to introduce the covariant
derivative of a vector field as the limit of difference quotients. Using the parallel
transport of vectors, it is now possible to interpret the covariant derivative as the
limit of suitably formulated difference quotients.

Theorem 11.3 The covariant derivative of the vector field Y with respect to the
tangent vector γ′(t) of a curve γ can be expressed as

∇γ′(t)Y = lim
h−→0

1

h

(
τt,t+hY (t + h) − Y (t)

)
= v′(t)
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with

v(s) = τt,sY
(
γ(s)

)
.

Proof Using a chart ϕ, the covariant derivative becomes

∇γ′(t)Y (γ(t)) = ∇(ϕi◦γ)′(t) ∂i (γ(t))Y
k(γ(t)) ∂k(γ(t))

= (ϕi ◦ γ)′(t)∂(Yk ◦ ϕ−1)

∂ui
(ϕ(γ(t))) ∂k(γ(t)) + (ϕi ◦ γ)′(t) Yk(γ(t)) �

j
ik(γ(t)) ∂ j (γ(t)) .

The coefficient of ∂k can be simplified even further, because the classical Chain Rule
applies, giving

(Y k ◦ γ)′(t) = ((Y k ◦ ϕ−1) ◦ (ϕ ◦ γ))′(t) = ∂(Y k ◦ ϕ−1)

∂ui
(ϕ(γ(t))) (ϕi ◦ γ)′(t) .

Altogether, the covariant derivative is given by

∇γ′(t)Y (γ(t)) =
[
(Y j ◦ γ)′(t) + (ϕi ◦ γ)′(t) Y k(γ(t)) �

j
ik(γ(t))

]
∂ j (γ(t)) .

We now calculate v′(t). The equation

Y (γ(s)) = τs,tv(s)

means, in terms of components, that

Y k(γ(s)) = (τs,t )
k
i v

i (s) .

By differentiation with respect to the parameters, we obtain

(Y k ◦ γ)′(s) = ∂

∂s
(τs,t )

k
i v

i (s) + (τs,t )
k
i (v

i )′(s) .

Since for any tangent vector w = wi∂i ∈ Mγ(t), the vector function

τs,tw = (τs,t )
k
i w

i∂k

is parallel along γ, the following equation holds for its kth component:

∂

∂s
(τs,t )

k
i w

i = −�k
lr (γ(s)) (ϕl ◦ γ)′(s) (τs,t )

r
i w

i ,

and in particular for w = v(s). So we obtain

(Y k ◦ γ)′(s) = −�k
lr (γ(s)) (ϕl ◦ γ)′(s) (τs,t )

r
i v

i (s) + (τs,t )
k
i (v

i )′(s) .
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For s = t , this gives

(vk)′(t) = (Y k ◦ γ)′(t) + �k
lr (γ(t)) (ϕl ◦ γ)′(t) Yr (γ(t)) .

This is the kth component of ∇γ′(t)Y (γ(t)).
In order to use the just proven relationship for the covariant differentiation of

vector fields as an access point towards the covariant differentiation of tensor fields,
we must first generalise the concept of parallel transport to also apply to tensors.

11.2 Parallel Transport of Tensors

So far we have formulated parallel transport τs,t along a curve γ as a map from Mγ(t)

to Mγ(s). The associated dual map τ∗
s,t maps M∗

γ(s) to M∗
γ(t). In order to obtain a map

from M∗
γ(t) to M∗

γ(s), again denoted by τs,t , one could use (τ−1
s,t )∗ = τ∗

t,s .

Definition 11.3 For a ∈ M∗
γ(t), τs,t a ∈ M∗

γ(s) is defined by

〈y, τs,t a〉 = 〈τt,s y, a〉 for y ∈ Mγ(s) .

The thus defined linear map τs,t fromM∗
γ(t) toM

∗
γ(s) is also called parallel transport

along γ. �

The parallel transport τs,t of covectors is thus the dual map τ∗
t,s of parallel trans-

port τt,s of vectors. Hence every parallel transport of covectors is an isomorphism.
Although the same notation is used, it will be clear from context whether parallel
transport of vectors or foe covectors is meant. This also applies to parallel transport
of general tensors.

Definition 11.4 For T ∈ (Mγ(t))
p
q , τs,t T ∈ (Mγ(s))

p
q is defined by

τs,t T (b1, . . . , bp, y1, . . . , yq) = T (τt,sb1, . . . , τt,sbp, τt,s y1, . . . , τt,s yq)

for b1, . . . , bp ∈ M∗
γ(s) and y1, . . . , yq ∈ Mγ(s). �

Definition 11.4 generalises Definitions 11.2 and 11.3, because when p=0 and q=1,
Definition 11.4 means the same as Definition 11.3. Parallel transport of a vector x
is the same as parallel transport of the one-fold contravariant tensor x , because
according to Definitions 11.4 and 11.3, we have

τs,t x(b) = x(τt,sb) = 〈x, τt,sb〉 = 〈τs,t x, b〉 ,

and so the parallely transported (1, 0)-tensor τs,t x can be represented by the vector
τs,t x .
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The characterisation of parallel transport in the form

τs,t T (τs,t a1, . . . , τs,t a p, τs,t x1, . . . , τs,t xq) = T (a1, . . . , a p, x1, . . . , xq)

is sometimes useful. In particular,

〈τs,t x, τs,t a〉 = 〈x, a〉 .

Furthermore, obviously

τs,t (S ⊗ T ) = (τs,t S) ⊗ (τs,t T ) .

However, the fact that parallel transport commutes with every contraction needs a
mathematical proof.

Theorem 11.4 For u ∈ {1, . . . , p} , v ∈ {1, . . . , q} and T ∈ (Mγ(t))
q
p, we have

Cu
v τs,t T = τs,tC

u
v T .

Proof Let x1, . . . , xn be a basis for Mγ(t) and a1, . . . , an be the corresponding dual
basis. Since the parallel transport of vectors is an isomorphism, the vectors τs,t xi
form again a basis for Mγ(s), and because

〈τs,t xi , τs,t ak〉 = 〈xi , ak〉

the covectors τs,t ak are the corresponding dual vectors. For y1, . . . , yv−1,

yv+1, . . . , yq ∈ Mγ(s) and b1, . . . , bu−1, bu+1, . . . , bp ∈ M∗
γ(s), we have

Cu
v τs,t T

(
. . . , bu−1, bu+1, . . . , yv−1, yv+1, . . .

)

= τs,t T
(

. . . , bu−1τs,t a
i , bu+1, . . . , yv−1, τs,t xi , yv+1, . . .

)

= T
(

. . . , τt,sb
u−1, ai , τt,sb

u+1, . . . , τt,s yv−1, xi , τt,s yv+1, . . .
)

as well as

τs,tC
u
v T

(
. . . , bu−1, bu+1, . . . , yv−1, yv+1, . . .

)

= Cu
v T

(
. . . , τt,sb

u−1, τt,sb
u+1, . . . , τt,s yv−1, τt,s yv+1, . . .

)

= T
(

. . . , τt,sb
u−1, ai , τt,sb

u+1, . . . , τt,s yv−1, xi , τt,s yv+1, . . .
)

.

Asmentioned earlier, now analogous to Theorem 11.3, we introduce the covariant
differentation of tensor fields.
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Definition 11.5 The covariant derivative of the tensor field S with respect to the
tangent vector γ′(t) generated by a curve γ is defined by

∇γ′(t)S = lim
h−→0

1

h

(
τt,t+h S(t + h) − S(t)

)
= v′(t)

with

v(s) = τt,s S(γ(s)) .

�

The covariant differentiation with respect to a vector x ∈MP turns a tensor field
S∈T p

q (P) to a tensor ∇x S ∈ (MP )
p
q . Of course, a vector field can also be used for

the derivation instead of a single vector. Then a vector field X ∈ X (P) and a tensor
field S ∈ T p

q (P) combine to form the tensor field ∇X S ∈ T p
q (P), defined by

∇X S(P) = ∇X(P)S = ∇γ′(0)S

with γ(0) = P and γ′(0) = X(P).

11.3 Calculation Rules and Component Representation

Theorem 11.5 For any vector field X and tensor fields S and T , we have

∇X (S ⊗ T ) = ∇X S ⊗ T + S ⊗ ∇XT .

Proof As with the proof of the classical product rule for differentiating a product of
two functions of a real variable, we split the difference quotient into two summands
and obtain

∇γ′(0)(S ⊗ T )

= lim
h−→0

τ0,h

(
S
(
γ(h)

) ⊗ T
(
γ(h)

)) − S
(
γ(0)

) ⊗ T
(
γ(0)

)
h

= lim
h−→0

τ0,h S
(
γ(h)

) ⊗ τ0,hT
(
γ(h)

) − S
(
γ(0)

) ⊗ T
(
γ(0)

)
h

= lim
h−→0

τ0,h S
(
γ(h)

) − S
(
γ(0)

)
h

⊗ τ0,hT
(
γ(h)

)+
+ lim

h−→0
S
(
γ(0)

) ⊗ τ0,hT
(
γ(h)

) − T
(
γ(0)

)
h

= ∇γ′(0)S ⊗ T
(
γ(0)

) + S
(
γ(0)

) ⊗ ∇γ′(0)T .
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Theorem 11.6 For any vector field X, and tensor field S and any contraction C, we
have

∇XCS = C∇X S .

Proof By Theorem 11.4, we have

∇γ′(0)CS

= lim
h−→0

τ0,hCS(γ(h)) − CS(γ(0))

h

= lim
h−→0

C
τ0,h S(γ(h)) − S(γ(0))

h
= C∇γ′(0)S .

A covector field is primarily intended to be applied to a vector field. With this in
mind, the question arises as to what effect the covector field ∇X A has on a vector
field Y . The following Theorem 11.7 gives in the special case p=0 and q=1 a
characterisation of the scalar field 〈Y , ∇X A〉. Arranged somewhatmore suggestively,
the equation is

X〈Y , A〉 = 〈∇XY , A〉 + 〈Y , ∇X A〉 ,

and his follows directly from Theorem 11.5 giving

∇X (Y ⊗ A) = ∇XY ⊗ A + Y ⊗ ∇X A

via contraction.

Theorem 11.7 For any (p, q)-tensor field S, vector fields X , Y1, . . . , Yq and cov-
ector fields A1, . . . , Ap, there holds

(∇X S)(A1, . . . , Yq)

= X(S(A1, . . . , Yq)) − S(∇X A
1, A2, . . . , Yq) − · · · − S(A1, . . . , Yq−1,∇XYq) .

Proof We first determine the “complete” contraction of a (p, q)-tensor s with a
(q, p)-tensor of the form x1 ⊗ · · · ⊗ xq ⊗ a1 ⊗ · · · ⊗ a p, where the corresponding
inputs are offset in pairs. With y1, . . . , yn a basis for the underlying space and the
associated dual basis b1, . . . , bn , we have

(s ⊗ x1 ⊗ ... ⊗ xq ⊗ a1 ⊗ ... ⊗ a p)(bi1 , . . . , bi p , bi p+1 , . . . , bi p+q , yi p+1 , . . . , yi p+q , yi1 , . . . , yi p )

= s(bi1 , . . . , bip , yi p+1, . . . , yi p+q )〈x1, bip+1〉 · · · 〈xq , bip+q 〉〈yi1 , a1〉 · · · 〈yi p , a p〉

= s(. . . , 〈yi p , a p〉bip , 〈x1, bip+1〉yi p+1, . . .) = s(a1, . . . , a p, x1, . . . , xq) .
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Contraction of the tensor swith the simple tensor is thus the insertion of its component
parts into s. This result naturally also applies to (p, q)-tensor fields, vector fields and
covector fields. By Theorem 11.5, we obtain

∇X (S ⊗ Y1 ⊗ · · · ⊗ Yq ⊗ A1 ⊗ · · · ⊗ Ap)

= (∇X S) ⊗ Y1 ⊗ · · · ⊗ Ap + S ⊗ (∇XY1) ⊗ · · · ⊗ Ap + . . . + S ⊗ Y1 ⊗ · · · ⊗ (∇X Ap) .

Complete contraction provides, by the calculation rule that has just been proven, that

X(S(A1, . . . , Ap, Y1, . . . , Yq))
= (∇X S)(A1, . . . , Yq) + S(∇X A1, . . . , Yq) + · · · + S(A1, . . . ,∇XYq) .

According to Definition 11.5, the covariant derivative ∇X S(P) of the tensor field
S with the vector field X at the point P uses from the vector field just its value X(P),
and the tensor ∇X S(P) depends on this vector in a linear manner.

Definition 11.6 The covariant derivative of the (p, q)-tensor field S is the (p, q+1)
tensor field ∇S, which at P maps the tangent vector x ∈ MP to the (p, q)-tensor
∇x S. �

In other words, at the point P , the covectors a1, . . . , a p ∈ M∗
P and the vectors

x0, x1, . . . , xq ∈ MP are multilinearly mapped to the number

(∇S)(P)(a1, . . . , a p, x0, x1, . . . , xq) = ∇x0 S(a1, . . . , a p, x1, . . . , xq) .

Example The covariant derivative of the metric g is zero, because of the property
(D4) in Theorem 7.2:

(∇Xg)(Y , Z) = Xg(Y , Z) − g(∇XY , Z) − g(Y , ∇X Z) = 0 .

We now investigate how the components of the covariant derivative ∇S of a
(p, q)-tensor field S are calculated from its components in a chart. In the special
case p=1 and q=0, Theorem 7.3 says

(∇Y )ij = ∂ j Y
i + �i

jkY
k .

As a generalisation, we obtain the following result.

Theorem 11.8 The components of the covariant derivative ∇S of the (p, q)-tensor
field S are calculated from its components as follows:

(∇S)
i1···i p
j0 j1··· jq = ∂ j0 S

i1···i p
j1··· jq+

+ �
i1
j0k1

S
k1i2···i p
j1··· jq + · · · + �

i p
j0kp

S
i1···i p−1kp
j1··· jq − �

l1
j0 j1

S
i1···i p
l1 j2··· jq − · · · − �

lq
j0 jq

S
i1···i p
j1··· jq−1lq

.
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Proof The coordinate vector fields ∂1, . . . , ∂n and the dual covector fields
du1, . . . , dun are to be inserted in the expression for ∇∂ j0

S given in Theorem 11.7.
This results in components of the form

∂ j0

(
S(dui1 , . . . , duip , ∂ j1 , . . . , ∂ jq )

)
= ∂ j0 S

i1···i p
j1··· jq

and

−S(dui1 , . . . , duip , ∂ j1 , . . . , ∇∂ j0
∂ jr , . . . , ∂ jq ) = −�

lr
j0 jr

S
i1···i p
j1···lr ··· jq .

The calculation rule

〈Z , ∇X A〉 = X〈Z , A〉 − 〈∇X Z , A〉
should be used to calculate the derivatives of covector fields. In particular,

〈∂ks , ∇∂ j0
duis 〉 = −〈∇∂ j0

∂ks , du
is 〉 = −�

is
j0ks

,

and so

∇∂ j0
duis = −�

is
j0ks

duks .

This leads to the remaining components

−S(dui1 , . . . ,∇∂ j0
duis , . . . , duip , ∂ j1 , . . . , ∂ jq ) = �

is
j0ks

S
i1···ks ···i p
j1··· jq .

Finally, we mention the notation widely used in the physics literature,

S
i1···i p
j1··· jq , j = ∂ j S

i1···i p
j1··· jq

and

S
i1···i p
j1··· jq ; j = (∇∂ j

S)
i1···i p
j1··· jq .

11.4 The Second Bianchi Identity

While the first Bianchi identity (Theorem 8.3(2)) describes a cyclic property of
the curvature tensor, the second Bianchi identity (Theorem 11.9) deals with such a
property of the covariant derivative of the curvature tensor. The curvature tensor was
originally introduced as a trilinear mapping (Definition 8.2). In the sense of a basis-
independent isomorphism, this corresponds to a mapping that assigns a number to a
linear formand three vectors quarti-linearly. The curvature tensor as a tensor field thus
assigns a scalar field to a covector field and three vector fields quarti-linearly andF-
homogeneously. Its covariant derivative in the sense of Definition 11.6 and Theorem
11.7 is a multilinear mapping from K(M) × X (M) × X (M) × X (M) × X (M) to
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F(M), which can ultimately also be understood as a quarti-linear map ∇R, which
assigns to four vector fields X , Y , Z , V a vector field (∇V R)(Y , Z)X , such that for
each covector field A, there holds

〈(∇V R)(Y , Z)X , A)〉 = (∇V R)(A, X , Y , Z)

= V R(A, X , Y , Z) − R(∇V A, X , Y , Z) − R(A,∇V X , Y , Z)−
− R(A, X , ∇V , Y , Z) − R(A, X , Y , ∇V Z)

= V 〈R(Y , Z)X , A〉 − 〈R(Y , Z)X , ∇V A〉−
− 〈R(Y , Z)∇V X + R(∇V Y , Z)X + R(Y , ∇V Z)X , A〉

= 〈∇V (R(Y , Z)X) − R(Y , Z)∇V X − R(∇V Y , Z)X − R(Y , ∇V Z)X , A〉 .

The covariant derivative∇R of the curvature tensor R is therefore also characterised
by

(∇V R)(Y , Z)X = ∇V (R(Y , Z)X) − R(Y , Z)∇V X − R(∇V Y , Z)X − R(Y , ∇V Z)X .

Theorem 11.9 The covariant derivative ∇R of the curvature tensor R of a semi-
Riemannian manifold fulfills the second Bianchi identity

(∇Z R)(X , Y ) + (∇X R)(Y , Z) + (∇Y R)(Z , X) = 0

for vector fields X , Y , Z. In terms of components of the curvature tensor, we have

Rs
i jk;l + Rs

ikl; j + Rs
il j;k = 0 .

Proof We need to show

(∇Z R)(X , Y )V + (∇X R)(Y , Z)V + (∇Y R)(Z , X)V = 0

for an additional vector field V . To do this, we use the representation formula for
∇R, established just before Theorem 11.9, the skew-symmetry Theorem 8.3(1),
the multilinearity of R, the axiom (D5) for the Levi-Civita connection, and finally
Definition 8.1. The result is a sum in which the summands cancel each other out in
pairs, except for

−∇[[X ,Z ],Y ]V − ∇[[Y ,X ],Z ]V − ∇[[Z ,Y ],X ]V = ∇[[Z ,X ],Y ]+[[X ,Y ],Z+[[Y ,Z ],X ]V = ∇0V = 0

(Jacobi-identity, Theorem 2.11). The formula in terms of the components of the
curvature tensor describes the sth component of

(∇∂l R)(∂ j , ∂k)∂i + (∇∂ j R)(∂k, ∂l)∂i + (∇∂k R)(∂l , ∂ j )∂i = 0 .
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11.5 Divergence

Definition 11.7 The divergence of a symmetric (0, q)-tensor field T is the (0, q−
1)-tensor field divT , determined as follows: Index pulling is applied to the covariant
derivative ∇T with respect to the new vector variable and the resulting (1, q)-tensor
field is contracted. �

In components, this is expressed as follows: The components of divT are calculated
from the components of T by

(divT )i1···iq−1 = g j iq Ti1···iq ; j .

In the case of q=1 and M=R
n , the above definition corresponds to the classical

notation of divergence. Here we are particularly interested in the case of q=2 .

ExampleThe divergence of themetric is zero. This is due to the fact that the covariant
derivative of the metric is already zero (see example following Definition 11.6). The
following theorem gives one more example.

Theorem 11.10 In any semi-Riemannian manifold, divRic = 1
2dS.

Proof Using the second Bianchi identity and the skew-symmetry properties of the
curvature tensor, the components of the outer derivative of the curvature scalar S can
be expressed in terms of the components of the divergence of the Ricci tensor. We
have

S;i = (g jk(Ric) jk);i = g jk(Ric) jk;i = g jk Rr
jrk;i = g jk

(
Rr
jri;k − Rr

jki;r
)

= g jk(Ric) j i;k − g jkgsr Rs jki;r = (divRic)i + gsr Rk
ski;r = 2(divRic)i .

The mapping div from the subspace of symmetric members of T 0
q (M) to T 0

q−1(M)

is clearly linear, that is, for symmetric covariant tensor fields S and T and numbers
λ and μ, we have

div(λS + μT ) = λ divS + μ divT .

If there are scalar fields instead of numbers, then things are a bit more complicated.
We are only interested in the equation div(Sg) = dS, for the metric g and the cur-
vature scalar S, which is easily verifiable by comparing components. Together with
Theorem 11.10, this gives for the Einstein tensor G = Ric − 1

2 Sg that divG = 0 .

This motivates the coefficient 1
2 in the Einstein field equation, since the energy-

momentum tensor must be divergence-free on physical grounds. To clarify this, the
following two concepts are useful at least as abbreviations.

Definition 11.8 The divergence of a vector field is the contraction of its covariant
derivative, i.e., divX = Xi

;i . �
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Definition 11.9 The gradient of a scalar field f is the vector field grad f , charac-
terised by

g(grad f , X) = d f (X) = X f

for every vector field X , i.e., (grad f )i = gi j∂ j f . �

Theorem 11.11 For the energy-momentum tensor of an ideal flow [Z , ρ, p], the
statement divT = 0 is equivalent to the energy equation (E) Zρ = −(ρ + p)divZ
and the force equation (K) (ρ + p)∇Z Z = grad⊥ p , where grad⊥ p is the part of
grad p orthogonal to Z.

Proof In terms of components of T , the statement g jkTik; j = 0 is, thanks to the
invertibility fo the matrix (gil), equivalent to

0 = gilg jkTik; j = (gilg jkTik); j = ((ρ + p)Zl Z j − pgl j ); j

= (∂ jρ + ∂ j p)Z
l Z j + (ρ + p)(Zl

; j Z
j + Zl Z j

; j ) = ∂ j pg
l j

that is

0 = Z(ρ + p)Z + (ρ + p)∇Z Z + (ρ + p)(divZ)Z − gradp .

Since g(Z , Z) = 1,∇Z Z is orthogonal to Z . The part of the right hand side of the last
vectorial equation that is orthogonal to Z is thus given by (ρ + p)∇Z Z − grad⊥ p .

This proves (K). (E) results from inserting the right hand side in g(Z , . ). Conversely,
(E) and (K) obviously also yield gilg jkTik; j = 0 and thus divT = 0.

The equations (E) and (K) are reasonable from a physical point of view, and
therefore divT = 0 should also apply to an ideal flow. This is the requirement which
was announced in Sect. 9.1.
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12.1 The Flow and Its Tangents

As already mentioned in Sect. 2.3, a vector field is to be interpreted as a flow. It is
then natural to investigate where this flow transports a particle over a certain period
of time (Fig. 12.1). A particle subject to the flow drifts along an integral curve γ,
which is characterised by γ′(t) = X(γ(t)), that is,

( f ◦ γ)′(t) = X(γ(t)) f for f ∈ F(M) .

By employing a chart ϕ, and with the notation

ϕ(γ(t)) = (γ1(t), . . . , γn(t))

the left hand side becomes

( f ◦ γ)′(t) = ( f ◦ ϕ−1 ◦ ϕ ◦ γ)(t) = ∂( f ◦ ϕ−1)

∂uk
(ϕ(γ(t))

dγk

dt
(t)

and for the right hand side we obtain

X(γ(t)) f = Xk(γ(t)) ∂k f = (Xk ◦ ϕ−1)(ϕ(γ(t))
∂( f ◦ ϕ−1)

∂uk
(ϕ(γ(t))) .

Comparing coefficients, we arrive at the differential equation system

d

dt
γk(t) = (Xk ◦ ϕ−1)(γ1(t), . . . , γn(t))

for the coefficient functions γ1, . . . , γn , characterising the curve γ. The right hand
side of the system can be differentiated as often as required, which is why the initial
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µ4( )P

P

Fig. 12.1 The flow of a vector field

value problem is clearly solvable, i.e., the curve γ is uniquely determined locally by
the initial position γ(0).

Definition 12.1 For a vector field X and a real number t , let μt (P) = γ(t) with
γ′ = X ◦ γ and γ(0) = P . The family of maps μt is called the flow of X . �

As the solution of a system of differential equations with a right hand side that is
infinitely many times differentiable depends in aC∞ manner on the initial condition,
it follows that the maps μt are C∞ in every chart. Obviously there also holds μs ◦
μt = μs+t , and in particular, μ−t = μ−1

t . Thus the maps are also bijective, making
them C∞-diffeomorphisms.

Every C∞-diffeomorphism μ on M sends a tangent vector x ∈ MP to a tangent
vector y ∈ Mμ(P) via

yg = x(g ◦ μ) for g ∈ F(μ(P)) .

The map y : g −→ x(g ◦ μ) indeed has the properties of a tangent vector. For num-
bers α and β and f , g ∈ F(μ(P))

y(α f + βg) = x((α f + βg) ◦ μ) = αx( f ◦ μ) + βx(g ◦ μ) = αy f + βyg

and

y( f · g) = x(( f · g) ◦ μ) = x(( f ◦ μ) · (g ◦ μ))

= x( f ◦ μ) (g ◦ μ)(P) + ( f ◦ μ)(P) x(g ◦ μ) = y f g(μ(P)) + f (μ(P)) yg .

Definition 12.2 The map Tμ, which maps the tangent vector x ∈ MP to the tangent
vector Tμx ∈ Mμ(P) via

Tμx g = x(g ◦ μ) for g ∈ F(μ(P))

is called the tangent of μ. �
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Example For a tangent vector γ′(t0) generated by a curve γ, Tμγ′(t0) is the vector
(μ ◦ γ)′(t0) generated by the image curve μ ◦ γ, since for all f ∈ F , we have

(μ ◦ γ)′(t0) f = ( f ◦ μ ◦ γ)′(t0) = γ′(t0)( f ◦ μ) = Tμγ′(t0) f .

Theorem 12.1 The tangent Tμ of the diffeomorphism μ maps every tangent space
MP bijectively to Mμ(P). For diffeomorphisms μ and ν, there holds Tμ◦ν = Tμ ◦ Tν .

Proof For a linear combination αx + βy ∈ MP , one has

Tμ(αx + βy) g = (αx + βy)(g ◦ μ) = αx(g ◦ μ) + βy(g ◦ μ)

= αTμx g + βTμy g = (αTμx + βTμy) g ,

and so the restriction of Tμ to MP is also linear. The tangent of μ ◦ ν satisfies

Tμ◦νx h = x(h ◦ (μ ◦ ν)) = x((h ◦ μ) ◦ ν) = (Tνx)(h ◦ μ) = (Tμ(Tνx)) h

and so Tμ◦ν = Tμ ◦ Tν . In particular, we have Tμ ◦ Tμ−1 = I , and so Tμ−1 is the
inverse of Tμ, therefore showing that Tμ : MP −→ Mμ(P) is bijective.

12.2 Pull-Back and Push-Forward

A bijective linear map between finite-dimensional vector spaces induces linear maps
between the corresponding tensor spaces. In addition to the linear mapping itself,
this generalises the concept of the dual mapping.

Definition 12.3 Let T be an invertible linear mapping from the finite-dimensional
vector space E to the vector space F . The dual map T ∗ is defined as follows: for
g ∈ F p

q , T ∗g ∈ E p
q is given by

T ∗g(a1, . . . , a p, x1, . . . , xq) = g((T ∗)−1a1, . . . , (T ∗)−1a p, T x1, . . . , T xq)

for x1, . . . , xq ∈ E and a1, . . . , a p ∈ E∗. For f ∈ E p
q , T∗ f ∈ F p

q is defined by

T∗ f (b1, . . . , bp, y1, . . . , yq) = f (T ∗b1, . . . , T ∗bp, T−1y1, . . . , T−1yq)

for y1, . . . , yq ∈ F and b1, . . . , bp ∈ F∗. �



182 12 The Lie Derivative

Themaps T ∗ from F p
q to E p

q and T∗ from E p
q to F p

q are clearly linear. For a covariant
tensor g, in the definition of T ∗g, one of course does not require the invertibility of
T , and the same applies for the definition of T∗ f in case of a contravariant tensor f .

Example 1 For a linear form b ∈ F∗, Definition 12.3 says

T ∗b(x) = b(T x) = 〈T x, b〉 = 〈x, T ∗b〉 = T ∗b(x) ,

where at the end T ∗ means the dual mapping of T . For linear forms, thus the name
for the new concept is compatible with the original connotation of T ∗.

Example 2Avector x ∈ E is a one-fold contravariant tensor.According toDefinition
12.3, we have

T∗x(b) = x(T ∗b) = 〈x, T ∗b〉 = 〈T x, b〉 = T x(b) ,

and so T∗x = T x .

Example 3 For y ∈ F , we have

T ∗y(a) = y((T ∗)−1a) = y((T−1)∗a) = 〈y, (T−1)∗a〉 = 〈T−1y, a〉 = T−1y(a) ,

and so T ∗y = T−1y .

Theorem 12.2

(1) For T from E to F, the maps T ∗ from F p
q to E p

q and T∗ from E p
q to F p

q are
inverses of each other.

(2) For T from E to F and tensors f ∈ F p
q and g ∈ Fr

s , we have

T ∗( f ⊗ g) = T ∗ f ⊗ T ∗g ,

and for f ∈ E p
q and g ∈ Er

s we have

T∗( f ⊗ g) = T∗ f ⊗ T∗g .

(3) For T from E to F and S from F to G, we have

(S ◦ T )∗ = T ∗ ◦ S∗

and

(S ◦ T )∗ = S∗ ◦ T∗ .
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Proof (1) and (2) can be seen directly from Definition 12.3. (3) is based on the
corresponding rules for the dual mapping and the inverse mapping. We have

(S ◦ T )∗g(a1, . . . , xq ) = g(((S ◦ T )∗)−1a1, . . . , (S ◦ T )xq )

= g((S∗)−1((T ∗)−1a1), . . . , S(T xq )) = S∗g((T ∗)−1a1, . . . , T xq ) = T ∗(S∗g)(a1, . . . , xq )

and

(S ◦ T )∗ f (b1, . . . yq ) = f ((S ◦ T )∗b1, . . . , (S ◦ T )−1yq )

= f (T ∗(S∗b1), . . . , T−1(S−1yq )) = T∗ f (S∗b1, . . . , S−1yq ) = S∗(T∗ f )(b1, . . . , yq ) .

A real-valued function f of a real variable canwithout any difficulties be shifted to
g(x) = f (x+a). More generally, a new function g arises from a real-valued function
f on a set M if one has a map μ via g(x) = f (μ(x)). This is not so simple for a
tensor field S on a manifold, because S(P)must be a tensor on the tangent space MP

and therefore cannot be used as the function value at some other location Q. For the
necessary conversion of the function values, the maps formulated in Definition 12.3
can be used.

Definition 12.4 For a C∞-diffeomorphism μ on the manifold M , the map μ∗ in
T p
q (M), defined by

μ∗S = (Tμ)
∗ ◦ S ◦ μ for S ∈ T p

q (M) ,

is called the pull-back, and the map μ∗, defined by

μ∗S = (Tμ)∗ ◦ S ◦ μ−1 ,

the push-forward. �

For x1, . . . , xq ∈ MP and a1, . . . , a p ∈ M∗
P , we therefore have

μ∗S(P)(a1, . . . , xq) = S(μ(P))(((Tμ)
∗)−1a1, . . . , Tμxq)

and

μ∗S(P)(a1, . . . , xq) = S(μ−1(P))((Tμ)
∗a1, . . . , (Tμ)

−1xq) .

According to Example 3 for Definition 12.3, (Tμ)
∗ on a vector is the inverse

mapping T−1
μ = Tμ−1 , and the pull-back of a vector field is therefore

μ∗X = Tμ−1 ◦ X ◦ μ ,
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and according to Example 2, (Tμ)∗ for a vector is the map Tμ itself, and thus the
push-forward of a vector field is given by

μ∗X = Tμ ◦ X ◦ μ−1 .

With a scalar field f there is no reason to convert the function values; the pull-back
is

μ∗ f = f ◦ μ

and the push-forward is

μ∗ f = f ◦ μ−1 .

This is inbuilt in Definition 12.4, if one views (Tμ)
∗ and (Tμ)∗ as a number repre-

senting the identity map.
For fixed numbers p and q , the maps μ∗ and μ∗ in T p

q (M) are clearly linear.
Further properties are summarised in the following result.

Theorem 12.3

(1) For a C∞-diffeomorphism μ on M, the maps μ∗ and μ∗ in T p
q (M) are inverses

of each other.
(2) There holds

μ∗(S ⊗ T ) = μ∗S ⊗ μ∗T
and

μ∗(S ⊗ T ) = μ∗S ⊗ μ∗T .

(3) For C∞-diffeomorphisms μ and ν on M, we have

(μ ◦ ν)∗ = ν∗ ◦ μ∗

and

(μ ◦ ν)∗ = μ∗ ◦ ν∗ .

Proof We have

μ∗(μ∗S) = (Tμ)
∗ ◦ ((Tμ)∗ ◦ S ◦ μ−1) ◦ μ = S

and analogously μ∗(μ∗S) = S, showing (1). (2) is obvious. (3) is essentially based
on Tμ◦ν = Tμ ◦ Tν (Theorem 12.1). We have

(μ ◦ ν)∗S = (Tμ◦ν)
∗ ◦ S ◦ (μ ◦ ν) = (Tν)

∗ ◦ (Tμ)
∗ ◦ S ◦ μ ◦ ν = ν∗(μ∗S)

and

(μ ◦ ν)∗S = (Tμ◦ν)∗ ◦ S ◦ (μ ◦ ν)−1 = (Tμ)∗ ◦ (Tν)∗ ◦ S ◦ ν−1 ◦ μ−1 = μ∗(ν∗S) .
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Finally, we determine the scalar field that is created by inserting vector fields and
covector fields into a tensor field that is subject to pull-back or push-forward. We
have

(μ∗S)(B1, . . . , Yq) = μ∗(S(μ∗B1, . . . ,μ∗Yq))
and

(μ∗S)(B1, . . . , Yq) = μ∗(S(μ∗B1, . . . ,μ∗Yq)) ,
in particular

〈Y ,μ∗A〉 = μ∗〈μ∗Y , A〉
and

〈Y ,μ∗A〉 = μ∗〈μ∗Y , A〉 .
The more visually memorable versions are

μ∗〈X , A〉 = 〈μ∗X ,μ∗A〉

and

μ∗〈X , A〉 = 〈μ∗X ,μ∗A〉 .
We also prove the general case in a modified form.

Theorem 12.4 For a diffeomorphism μ on M, a tensor field S on M, vector fields
X1, . . . , Xq ∈ X (M) and covector fields A1, . . . , Ap ∈ K(M), there holds

μ∗(S(A1, . . . , Xq)) = (μ∗S)(μ∗A1, . . . ,μ∗Xq)

and

μ∗(S(A1, . . . , Xq)) = (μ∗S)(μ∗A1, . . . ,μ∗Xq) .

Proof According to the Definitions 12.4 and 12.3, we have

(μ∗S)(μ∗A1, . . . ,μ∗Xq)

= ((Tμ)
∗ ◦ S ◦ μ)((Tμ)

∗ ◦ A1 ◦ μ, . . . , (T−1
μ ◦ Xq ◦ μ)

= (S ◦ μ)(A1 ◦ μ, . . . , Xq ◦ μ) = μ∗(S(A1, . . . , Xq))

and

(μ∗S)(μ∗A1, . . . ,μ∗Xq)

= ((Tμ)∗ ◦ S ◦ μ−1)((T ∗
μ )

−1 ◦ A1 ◦ μ−1, . . . , Tμ ◦ Xq ◦ μ−1)

= (S ◦ μ−1)(A1 ◦ μ−1, . . . , Xq ◦ μ−1) = μ∗(S(A1, . . . , Xq)) .
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Theorem 12.5 For a diffeomorphism μ, a vector field X and a scalar field f , there
holds

μ∗(X f ) = (μ∗X)(μ∗ f ) .

Proof We calculate the scalar fields on both sides. On the left we have

μ∗(X f )(P) = (X f )(μ(P)) = X(μ(P)) f

and on the right

(μ∗X)(μ∗ f )(P) = (Tμ−1 ◦ X ◦ μ)( f ◦ μ)(P) = Tμ−1 (X(μ(P)))( f ◦ μ) = X(μ(P)) f .

12.3 Axiomatic Set Up

The Lie derivative of a field with respect to a vector field X at a point P is intended
to quantify how the function value of the field to be derived changes for an observer
who is currently at P and is moving along the flow X . For a scalar field f , this
is the derivative of the function g(t) = ( f ◦ μt )(P) for t = 0, where (μt )t∈R is the
flow of X . According to Definition 12.1, this is g′(0) = X(P) f . This motivates the
following definition.

Definition 12.5 The Lie derivative of the scalar field f with respect to the vector
field X is the scalar field

LX f = X f .

�

The Lie derivative for vector fields, covector fields and general tensor fields, the
results from the similar calculation rules postulated as for the covariant derivative.
The calculation rule

LX (Y f ) = (LXY ) f + Y LX f

is equivalent to

(LXY ) f = XY f − Y X f .

The Lie derivative of a vector field is thus given as follows.

Definition 12.6 The Lie derivative of a vector field Y with respect to the vector
field X is the Lie bracket of X and Y ,

LXY = [X , Y ] .

�
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The calculational rules

LX 〈Y , A〉 = 〈LXY , A〉 + 〈Y ,ŁX A〉
and

LX (S(A
1, . . . , Xq )) = (LX S)(A

1, . . . , Xq )

+
p∑

i=1

S(A1, . . . , LX A
i , . . . , Ap, X1, . . . , Xq ) +

q∑

j=1

S(A1, . . . , Ap, X1, . . . , LX X j , . . . , Xq )

are enforced by the following two definitions.

Definition 12.7 TheLie derivative of the covector field Awith respect to the vector
field X is the covector field LX A, characterised by

〈Y , LX A〉 = X〈Y , A〉 − 〈[X , Y ], A〉 .

�

Definition 12.8 The Lie derivative of the tensor field S with respect to the vector
field X is

(LX S)(A
1, . . . , Xq ) = X(S(A1, . . . , Xq ))

−
p∑

i=1

S(A1, . . . , LX A
i , . . . , Ap, X1, . . . , Xq ) −

q∑

j=1

S(A1, . . . , Ap, X1, . . . , [X , X j ], . . . , Xq ) .

�

It still remains to be checked that the expressions for LX A and LX S actually define
a covector field and a tensor field respectively, that is, the number

〈Y , LX A〉(P) = X(P)〈Y , A〉 − 〈[X , Y ](P), A(P)〉

for the vector field Y only uses the vector field Y (P) and that the number specified
for (LX S)(A1, . . . , Xq)(P) except for X and S depends only on the linear forms
A1(P), . . . , Ap(P) and the vectors X1(P), . . . , Xq(P). According to Theorem 4.1,
the F-homogeneity of the corresponding expressions must be shown. We have

X〈 f Y , A〉 − 〈[X , f Y ], A〉
= X f 〈Y , A〉 + f X〈Y , A〉 − f 〈[X , Y ], A〉 − 〈(X f )Y , A〉 = f (X〈Y , A〉 − 〈[X , Y ], A〉)

and after an analogous calculation

(LX S)( f
1A1, . . . , gq Xq) = f 1 · · · f pg1 · · · gq(LX S)(A

1, . . . , Xq) ,
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where in addition to

[X , g j X j ] = g j [X , X j ] + (Xg j )X j

the following calculation rule, easily derivable from Definition 12.7,

LX ( f A) = f L X A + (X f )A

is used.

12.4 The Derivative Formula

At the beginning of the previous section, an interpretation of the Lie derivative was
postulated, which in the case of a scalar field is expressed as

LX f = d

dt

∣∣∣∣
t=0

( f ◦ μt ) = d

dt

∣∣∣∣
t=0

(μ∗
t f )

where μt is the flow of X . The subject of this section is the following theorem, which
interprets the Lie derivative at t=0 of a tensor field as

LX S = d

dt

∣∣∣∣
t=0

(μ∗
t S) .

Theorem 12.6 For a tensor field S and a vector field X with flow μt , the following
derivation formula holds

d

dt
μ∗
t S = μ∗

t L X S .

Proof Because of

μ∗
s+t = (μt ◦ μs)

∗ = μ∗
s ◦ μ∗

t

the derivation formula to be proven obviously implies the exchange rule

μ∗
t L X S = LX (μ

∗
t S) .

We verify the derivation formula one after the other for scalar fields, vector fields,
covector fields and general tensor fields. When proving the formula for the next
object, we can use the derivation formula and the exchange rule for the objects
processed up to that point.
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For a scalar field f , we have, by the definitions of the pull-back and the flow, that

d

dt
(μ∗

t f ) = d

dt
( f ◦ μt ) = (X f ) ◦ μt = μ∗

t (X f ) = μ∗
t L X f .

For the proof of the formula for a vector field Y , we differentiate the equation from
Theorem 12.5

(μ∗
t Y ) f = μ∗

t (Y (μ
∗−t f )) .

For the left side of the derivation formula, applied on f , we then get with an obvious
product rule for differentiation

d

d t
(μ∗

t Y ) f = d

d t
(μ∗

t (Y (μ
∗−t f ))) = μ∗

t L X (Y (μ
∗−t f )) − μ∗

t (Y (μ
∗−t L X f ))

= μ∗
t (X(Y (μ

∗−t f ))) − μ∗
t (Y (X(μ

∗−t f ))) = μ∗
t ([X , Y ](μ∗−t f )) = (μ∗

t [X , Y ]) f .

The right hand side, applied to f , also gives

(μ∗
t L XY ) f = (μ∗

t [X , Y ]) f .

In order to prove the derivation formula for a covector field A, the equation

d

dt
〈Y , μ∗

t A〉 = 〈Y , μ∗
t L X A〉

must be shown for vector field Y . The left hand side is, thanks to the derivation
formula for scalar and vector fields,

d

dt
〈Y , μ∗

t A〉 = d

dt
(μ∗

t 〈μ∗−t Y , A〉) = μ∗
t L X 〈μ∗−t Y , A〉 − μ∗

t 〈μ∗−t L XY , A〉 ,

and the right hand side is, according to the calculation rules for the Lie derivative,

〈Y , μ∗
t L X A〉 = μ∗

t 〈μ∗−t Y , LX A〉 = μ∗
t (LX 〈μ∗−t Y , A〉) − μ∗

t 〈LX (μ
∗−t Y ), A〉 ,

which is the same according to the exchange rule for vector fields.
Finally, we prove the derivation formula for a (p, q)-tensor field T by verifying

the equation

d

dt
(μ∗

t T )(A
1, . . . , Xq) = (μ∗

t L X T )(A
1, . . . , Xq)
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for covector fields A1, . . . , Ap and vector fields X1, . . . , Xq . The left hand side is
given by the following, because of the derivation formula for scalar fields

d

dt

[
μ∗
t {T (μ∗−t A

1, . . . ,μ∗−t Xq)}
]

= μ∗
t L X {T (μ∗−t A

1, . . . ,μ∗−t Xq)}

+
p∑

i=1

μ∗
t

{
T (μ∗−t A

1, . . . ,
d

dt
μ∗−t A

i , . . . ,μ∗−t Xq)

}

+
q∑

j=1

μ∗
t

{
T (μ∗−t A

1, . . . ,
d

dt
μ∗−t X j , . . . , Xq)

}
.

Because of the derivation formula and exchange rule for covector and vector fields

d

dt
μ∗−t A

i = −μ∗−t L X A
i = −LX (μ

∗−t A
i )

and
d

dt
μ∗−t X j = −μ∗−t L X X j = −LX (μ

∗−t X j ) .

Inserting these in the left hand side of the formula to be proven gives

d

dt
(μ∗

t T )(A
1, . . . , Xq)

= μ∗
t L X {T (μ∗−t A

1, . . . ,μ∗−t Xq)}

−
p∑

i=1

μ∗
t {T (μ∗−t A

1, . . . , LX (μ
∗−t A

i ), . . . ,μ∗−t Xq)}

−
q∑

j=1

μ∗
t {T (μ∗−t A

1, . . . , LX (μ
∗−t X j ), . . . ,μ

∗−t Xq)} .

According to Definition 12.8, this is also the result on the right hand side

(μ∗
t L X T )(A

1, . . . , Xq) = μ∗
t [(LXT )(μ

∗−t A
1, . . . ,μ∗−t Xq)] .

12.5 Component Representation

The Lie derivative of the scalar field f with respect to the vector field X = Xi∂i is
the scalar field X f = Xi∂i f . The Lie derivative LXY of the vector field Y = Y k∂k
is the vector field [X , Y ] having the components Xi∂i Y k − Y i∂i Xk . According to
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Definition 12.7, the components of the Lie derivative LX A of the covector field
A = A jdu j are the scalars

〈∂k, LXi∂i (A jdu
j )〉 = Xi∂i 〈∂k, A jdu

j 〉 − 〈[Xi∂i , ∂k], A jdu
j 〉

= Xi∂i Ak + 〈∂k Xi∂i , A jdu
j 〉 = Xi∂i Ak + ∂k X

i Ai .

Theorem 12.7 The components of the Lie derivative LX S are computed from the
components of the tensor field S via

(LX S)
i1···i p
k1···kq =Xl∂l S

i1···i p
k1···kq

− ∂l1X
i1 S

l1i2···i p
k1···kq − · · · − ∂l p X

i p S
i1···i p−1l p
k1···kq

+ ∂k1X
r1 S

i1···i p
r1k2···kq + · · · + ∂kq X

rq S
i1···i p
k1···kq−1rq

.

Proof For vector fields and covector fields, this representation has already been
proven, and can now be used. For the (p, q)-tensor field S, we have

(LX S)
i1···i p
k1···kq = LXi∂i S(du

i1 , . . . , duip , ∂k1 , . . . , ∂kq )

= Xi∂i S(du
i1 , . . . , duip , ∂k1 , . . . , ∂kq )

− S(LXi∂i du
i1 , . . . , ∂kq ) − · · · − S(. . . , LXi∂i du

i p , . . . , ∂kq )

− S(dui1 , . . . , LXi∂i∂k1 , . . . , ∂kq ) − · · · − S(dui1 , . . . , LXi∂i∂kq ) .

With

LXi∂i du
i p = ∂ j X

i pdu j

and

LXi∂i∂kp = [Xi∂i , ∂kq ] = −∂kq X
i∂i

and this results in the desired representation.

12.6 KillingVectors

If μ is an isometric mapping (or simply isometry), then we expect the arc length of
the image curve μ ◦ γ to be identical to the arc length of the original curve γ. The
equality of the integrals

∫ t2

t1

√
g(μ(γ(t)))(Tμγ′(t), Tμγ′(t)) dt
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and
∫ t2

t1

√
g(γ(t))(γ′(t), γ′(t)) dt

can be enforced by the agreement of the integrands.

Definition 12.9 A C∞-diffeomorphism μ on a semi-Riemannian manifold [M, g]
is an isometry, if for its tangent Tμ satisfies

g(μ(P))(Tμx, Tμy) = g(P)(x, y)

for P ∈ M and x, y ∈ MP , that is μ∗g = g . �

Definition 12.10 A vector field X on a semi-Riemannian manifold [M, g] with the
property that LXg = 0 is called Killing vector field. �
Theorem 12.8 A vector field is a Killing vector field if and only if its flow consists
of isometries.

Proof If all the diffeomorphisms μt of the flow of X are isometries, then it fol-
lows that μ∗

t g − g = 0 and so the derivative formula (Theorem 12.6) implies that
LXg = 0 . Conversely, suppose that LXg = 0 . Then for x, y ∈ MP , by the deriva-
tive formula, the real-valued function f (t) = μ∗

t g(x, y) has derivative zero for all
t , i.e., it is a constant, and so μ∗

t g = g .

If a coordinate vector field is a Killing vector field, then this expresses a sym-
metry of the metric, and adding a constant to this coordinate is an isometry. In
the Schwarzschild spacetime, ∂t and ∂ϕ are obviously Killing vector fields, but ∂r
and ∂ϑ are not. To verify this systematically, we use the component representation
established in Theorem 12.7,

(LXg)ik = X j∂ jgik + ∂i X
jg jk + ∂k X

jgi j .

For a coordinate vector field X = ∂l , the condition LXg = 0 is reduced to
∂lgik = 0 . While some metric components gik depend on r , respectively ϑ, they
are all independent of t and ϕ.

We will now show that each Killing vector field produces a conservation theorem.
The following characterisation is useful for this.

Theorem 12.9 A vector field X is Killing if and only if for each pair of vector fields
Y and Z, there holds g(∇Y X , Z) = −g(∇Z X , Y ) .

Proof According to Definition 12.8,

LXg(Y , Z) = Xg(Y , Z) − g([X , Y ], Z) − g(Y , [X , Z ])
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and according to the calculation rules for the covariant derivative,

Xg(Y , Z) = g(∇Y X + [X , Y ], Z) + g(Y ,∇Z X + [X , Z ]) ,

giving finally, in light of the above that

LXg(Y , Z) = g(∇Y X , Z) + g(∇Z X , Y ) .

Theorem 12.10 For a Killing vector field X, the expression g(X , γ′) along a
geodesic γ is constant.

Proof The derivative with respect to the curve parameter s is

d

ds
g(X(γ(s)), γ′(γ(s))) = γ′g(X , γ′) = g(∇γ′ X , γ′) + g(X ,∇γ′γ′) .

The last summand is zero because γ is a geodesic, while the penultimate one is zero
because of Theorem 12.9.

In the Schwarzschild spacetime, the Killing vector fields ∂t and ∂ϕ lead to the
conserved quantities

g(∂t , γ
′) = g(∂t , t

′∂t ) = t ′h(r) = E

(see also Theorem 14.2) and

g(∂ϕ, γ
′) = g(∂ϕ,ϕ

′∂ϕ) = ϕ′r2 = −L

(see Sect. 10.5).

12.7 The Lie Derivative of Differential Forms

A differential form is a tensor field, and so a vector field can be used to find its
Lie derivative. On the other hand, one also has the outer derivative for differential
forms. It turns out that the Lie derivative can be traced back to the outer derivative.
Incidentally, it follows from here that the Lie derivative of a differential form is again
a differential form.

Definition 12.11 For a vector field X and a differential form F of order (p + 1),
the pth-order differential form

iX F(X1, . . . , X p) = F(X , X1, . . . , X p)

is called the inner product of X and F . �



194 12 The Lie Derivative

Theorem 12.11 For a vector field X and a differential form F, there holds

LX F = iXdF + d iX F

Proof Let the order of F be p. For vector fields X1, . . . , X p and with X0 = X , we
have

(iX dF)(X1, . . . , X p) = dF(X0, X1, . . . , X p)

=
p∑

i=0

(−1)i Xi F(X0, . . . , Xi−1, Xi+1, . . . , X p)

+
∑

0≤i< j≤p

(−1)i+ j F([Xi , X j ], X0, . . . , Xi−1, Xi+1, . . . , X j−1, X j+1, . . . , X p)

and

d(iX F)(X1, . . . , X p)

=
p∑

i=1

(−1)i−1Xi ((iX F)(X1, . . . , Xi−1, Xi+1, . . . , X p))

+
∑

1≤i< j≤p

(−1)i+ j (iX F)([Xi , X j ], X1, . . . , Xi−1, Xi+1, . . . , X j−1, X j+1, . . . , X p)

=
p∑

i=1

(−1)i−1Xi F(X0, X1, . . . , Xi−1, Xi+1, . . . , X p)

+
∑

1≤i< j≤p

(−1)i+ j F(X0, [Xi , X j ], X1, . . . , Xi−1, Xi+1, . . . , X j−1, X j+1, . . . , X p) .

The sum is

(iXdF)(X1, . . . , X p) + d(iX F)(X1, . . . , X p)

= X0F(X1, . . . , X p) +
p∑

j=1

(−1) j F([X0, X j ], X1, . . . , X j−1, X j+1, . . . , X p)

= LX (F(X1, . . . , X p)) −
p∑

j=1

F(X1, . . . , X j−1, LX X j , X j+1, . . . , X p)

= (LX F)(X1, . . . , X p) .
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13.1 Introduction

The concept of a manifold encompasses curves and surfaces in three-dimensional
Euclidean space. Thus the concept of an integral on manifolds must generalise the
notion of curve and surface integrals.

As we know, an integral of the first kind of a real-valued integrand f along a
curve K is calculated using a parametric representation γ : [a, b] → K via

∫

K
f ds =

b∫

a

f (γ(t))
√

γ′(t) · γ′(t) dt .

The surface integral of the first kind, with a parameter representation (u, v) →
(x, y, z) on the parameter domain � for the surface F is given by

∫∫

F
f do =

∫∫

�

f (x(u, v), y(u, v), z(u, v))
√

(∂u · ∂u)(∂v · ∂v) − (∂u · ∂v)2 dudv ,

where the vectors ∂u and ∂v have the components ∂x
∂u ,

∂y
∂u , ∂z

∂u , respectively
∂x
∂v

,
∂y
∂v

, ∂z
∂v

with respect to the Cartesian coordinates. These rules for the cal-
culation of curve and surface integrals of the first kind can be described in a unified
manner as follows: Choose a chart ϕ and calculate the n-fold integral

∫
. . .

ϕ(M)

∫
f (ϕ−1(u1, . . . , un))

√|g| du1 . . . dun
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with

g = det(∂i · ∂k) = det(g(∂i , ∂k)) .

For n = 1, this reduces to a curve integral and for n = 2, it is a surface integral.
This general recipe requires a scalar product on the tangent spaces, and thus only
makes sense in the case of a semi-Riemannian manifold if it can be described within
a single chart, or at least on the support of f .

Curve and surface integrals of the second kind also use the dot product. However,
this can be avoided if the integrands are interpreted appropriately. A curve integral of
the second kind of a vector field F where the curve has a paramteric representation
γ is given by

∫

K
F dr =

b∫

a

F(γ(t)) · γ′(t) dt .

If one uses the (location dependent) linear form α : v → F · v as the integrand
instead of the vector function F , we obtain the formula

∫

K
α =

b∫

a

α(γ′(t)) dt .

The situation is similar for the surface integrals of the second kind. In the formula

∫∫

F
F d �o =

∫∫

�

F(x(u, v), y(u, v), z(u, v)) · (∂u × ∂v) dudv

the vector F is used as a factor in the triple product F · (∂u × ∂v). When the first
factor is inserted, the triple product is a skew-symmetric, doubly covariant tensor.
Thus the vector field F generates a 2-form ω, whose integral

∫
ω should be the

integral
∫∫

F d �o. Hence we have
∫

F
ω =

∫∫

�

ω(x(u, v), y(u, v), z(u, v))(∂u, ∂v) dudv .

Summarising, the curve and surface integrals of the second kind are encompassed
in the following notion of integration: To calculate the integral

∫
ω of an n-form

ω on an oriented n-dimensional manifold M , choose a positively oriented chart ϕ
that contains the support of ω (if possible; if not, then use a partition of unity in the
manner described in the following section), and calculate the n-fold integral

∫

M

ω =
∫

ϕ(M)

ω(ϕ−1(u1, . . . , un))(∂1, · · · , ∂n) du
1 · · · dun .
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The classical integral theorems will turn out to be special cases of the equation∫
∂M

ω = ∫
M
dω (Theorem 13.4). Here ω is an (n−1)-form on an n-dimensional ori-

ented manifold with boundary ∂M (Sect. 13.4).

13.2 Partition of Unity

The previous section explained how to calculate integrals on a manifold covered by
a single chart. Usually, however, no chart (U ,ϕ) can be found such that the support

suppω := {P ∈ M : ω(P) �= 0}

is completely contained in U . The integrand ω must be broken down into several
components, each of which is contained in a chart. This is done with the help of a
so-called partition of unity.

Definition 13.1 Let U = (Uα)α∈A be an open cover of the manifold M , i.e., the set
Uα are open and M = ∪

α∈AUα. A partition of unity with respect to U is a family

(τβ)β∈B of non-negative C∞-functions τβ with the following properties: �

(Z1) At every point P ∈ M there exists an open setV with P ∈ V and suppτβ ∩ V =
∅ for all but finitely many of the β ∈ B .

(Z2) For every point P ∈ M , ∑
β∈B

τβ(P) = 1 .

(Z3) For every β ∈ B, there exists an α ∈ A such that suppτβ ⊆ Uα.

We know that a subset of K of a topological space is called compact if every open
cover of K has a finite subcover, that is if (Vγ)γ∈C is such that the Vγ are open and
K ⊆ ∪ Vγ , then there exists γ1, . . . , γm such that K ⊆ Vγ1 ∪ . . . ∪ Vγm . The well-
known Heine-Borel theorem states that compact subsets of Rn are precisely those
that are both closed and bounded.

To construct a partition of unity, one needs the axiom of second countability which
was already mentioned in Sect. 1.2, and was included in the definition of a manifold.
A collection of open sets G1,G2, . . . with the property that each open set in M is
a union of sets from Gi is called a basis of the topology. The second countability
axiom says that the topology has a countable basis. The Euclidean space Rn fulfills
this axiom, since the open balls with a rational radius and centers all of whose
coordinates are rational obviously form a basis. If the topology on a manifold can
be generated using countably many charts, then the second countability axiom also
applies to the manifold, since the open subsets ofRn that generate the topology ofRn

are mapped to open subsets of M by Def.1.6, which then also generate the topology
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of M . The closures of the above mentioned basis elements in R
n are compact, and

this is also true for the corresponding basis elements of the manifold.

Theorem 13.1 For every open cover U of a manifold M, there exists a partition of
unity with respect to U .

Proof Let G1,G2, . . . be a basis for the topology of M , where the closures of these
open sets are compact. We first construct successice compact subsets K1, K2, . . . of
M , such that

∞∪
i=1

Ki = M

and the property that Ki is contained in the interior
◦
Ki+1 of Ki+1, comprising all

the inner points of Ki+1. Since the compact set K1 is covered by the open sets Gi ,
we can find a natural number n1 such that

K1 ⊆ G1 ∪ . . . ∪ Gn1 .

Also the compact set

K2 := G1 ∪ . . . ∪ Gn1

can be covered by open sets Gi , and thus there exists a natural number n2 such that

K2 ⊆ G1 ∪ . . . ∪ Gn1 ∪ . . . ∪ Gn2 .

The set

K3 := G1 ∪ . . . ∪ Gn2

is compact and can be covered by

K3 ⊆ G1 ∪ . . . ∪ Gn2 ∪ . . . ∪ Gn3 ,

and so on. From

Km := G1 ∪ . . . ∪ Gnm−1

with the cover

Km ⊆ G1 ∪ . . . ∪ Gnm

we construct

Km+1 := G1 ∪ . . . ∪ Gnm .

The sequence of compact sets Ki is constructed according to this principle. Clearly
there holds that

◦
Ki+1= G1 ∪ . . . ∪ Gni ,

and so this sequence has the desired properties.
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P2

P3

P1

∂Ki+1

K Ki i+1 -2\

∂Ki∂Ki-1∂Ki-2

°

Fig. 13.1 Construction of a partition of unity

For a fixed index i , we choose for every point P ∈ Ki\
◦
Ki−1 an open set UP

from the given open cover U with P ∈ UP and construct a non-negative C∞-
function λP with λP (P) > 0, whose support suppλP is contained in the open set( ◦
Ki+1 \Ki−2

)
∩UP . In the following we will proof that such a function always

exists. The compact set Ki\
◦
Ki−1 is covered by the open sets λ−1

P ((0,∞)) for which
a finite number of sets λ−1

Pk
((0,∞)), k = 1, . . . , ri is sufficient. This is illustrated

in Fig. 13.1. With the notation λi
k := λPk , k = 1, . . . , ri , we have

ri∑
k=1

λi
k(Q) > 0

for all Q ∈ Ki\
◦
Ki−1. This construction is carried out for all indices i . This cre-

ates a countable system of non-negative C∞-functions λi
k , which already have the

properties (Z1) and (Z3). In particular the sum

λ(P) :=
∞∑
i=1

ri∑
k=1

λi
k(P)

can be formed. The property (Z2) is now also enforced by the normalisation

τ ik(P) := λi
k(P)/λ(P) .

Finally, it has to be shown that for P ∈ M and an open set U with P ∈ U , there
actually exists a non-negative C∞-function λ on M with λ(P) > 0 and suppλ ⊂ U .
With a chart, the problem can be converted from M over to R

n , and solved there
with the function
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λ(u1, . . . , un) :=
{
exp

(
− 1

1−cr2

)
for r < 1/

√
c

0 otherwise

with

r =
√∑

(uk − uk0)
2

and a sufficiently large positive constant c.
With a given function λ, a previously made assertion from Sect. 2.1 can be now

proven: For a C∞-function f given on an open set U containing a point P , there
exists a function g ∈ F(M) which matches with f on a suitably chosen open set V
containing P . It is enough to consider this problem only on M = R

n and for P = 0.
We choose a positive ε such that

Uε := {u = (u1, . . . , un) : |u| < ε} ⊂ U ε ⊂ U

and construct a C∞-function h such that

h(u) =
{
1 for |u| ≤ ε

2
0 for |u| ≥ ε

.

To do this, we enforce the equation

∫
. . .

∫

|v|≤ ε
4

λa(v
1, . . . , vn) dv1 . . . dvn = 1

for the function

λa(v
1, . . . , vn) :=

⎧⎪⎨
⎪⎩
a exp

(
−1

1 − 16
ε2

|v|2
)
for|v| < ε

4

0 otherwise

by a suitable choice of the positive constant a and set

h(u1, . . . , un) :=
∫

. . .

∫

|v−u|≤ 3
4 ε

λa(v
1, . . . , vn) dv1 . . . dvn .

For |u| ≤ ε/2 the support of λa lies entirely in the integration region, and conse-
quently there holds that h(u) = 1. For |u| ≥ ε the support and the integration region
are disjoint, and so h(u) = 0. The function g = f h is differentiable arbitrarily many
times and matches with f on Uε/2.
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13.3 Integrals

In Sect. 13.1, we already saw that in the case of an integral over an oriented n-
dimensional manifold, the integrand could be an n-form. The precise formulation of
the concept of the integral depends on the smoothness properties of the permitted
integrands. Here we will suppose that the integrand can be differentiated arbitrarily
many times, and in particular that it is continuous, so that when wemove the calcula-
tion over to a chart, we can use the notion of the Riemann integral in Rn . In order to
avoid infinite integrals, we also assume that the integrand support is compact. This
can then be covered by finitely many positively oriented charts.

Definition 13.2 Let ω be an n-form which is infinitely often differentiable, with
a compact support on the oriented n-dimensional manifold M . Let the positively
oriented charts (Uk, ϕk), k=1, . . . ,m form a cover of the support, and τ1, . . . , τm
be a partition of unity with respect to this cover. The the integral

∫
M

ω is defined by

∫

M

ω =
m∑

k=1

∫
. . .

∫

u∈ϕk (Uk )

τkω du1 . . . dun

where

τkω(u) = τk(ϕ
−1
k (u)) ω(ϕ−1

k u)

(
∂

∂u1
, . . . ,

∂

∂un

)
.

�

It must of course now be shown that the expression formulataed in the definition is
independent of the cover and the partition of unity. Let (Vl , ψl),

l = 1, . . . , r be another cover with positively oriented charts, and let σ1, . . . , σr
be a partition of unity. Then we have

m∑
k=1

∫
. . .

∫

ϕk (Uk )

τkω du1 . . . dun

=
m∑

k=1

∫
. . .

∫

ϕk (Uk )

(τk ◦ ϕ−1
k )

(
r∑

l=1

σl ◦ ϕ−1
k

)
(ω ◦ ϕ−1

k )

(
∂

∂u1
, . . . ,

∂

∂un

)
du1 . . . dun

=
∑
k,l

∫
. . .

∫

ϕk (Uk∩Vl )

(
(σlτk) ◦ ϕ−1

k

)
(ω ◦ ϕ−1

k )

(
∂

∂u1
, . . . ,

∂

∂un

)
du1 . . . dun
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and analogously

r∑
l=1

∫
. . .

∫

ψl (Vl )

σlω dv1 . . . dvn

=
∑
k,l

∫
. . .

∫

ψl (Uk∩Vl )
((σlτk) ◦ ψ−1

l )(ω ◦ ψ−1
l )

(
∂

∂v1
, . . . ,

∂

∂vn

)
dv1 . . . dvn .

This reduces the problem to verifying the equation

∫
. . .

∫

ϕ(W )

ω(ϕ−1(u))
(

∂
∂u1

, . . . , ∂
∂un

)
du1 . . . dun

=
∫

. . .

∫

ψ(W )

ω(ψ−1(v))
(

∂
∂v1

, . . . , ∂
∂vn

)
dv1 . . . dvn .

The right hand side integrand can be converted to the new coordinate vector fields
as follows:

ω(ϕ−1 (u))
(

∂
∂u1

, . . . , ∂
∂un

)

= ω(ϕ−1(u))

(
∂vk1

∂u1
∂

∂vk1
, . . . , ∂vkn

∂un
∂

∂vkn

)

= ∂vk1

∂u1
. . . ∂vkn

∂un ω(ϕ−1(u))
(

∂
∂vk1

, . . . , ∂
∂vkn

)

=
∑
P

∂vP(1)

∂u1
. . .

∂vP(n)

∂un
ω(ϕ−1(u))

(
∂

∂v1
, . . . ,

∂

∂vn

)
χ(P)

= ω(ϕ−1(u))
(

∂
∂v1

, . . . , ∂
∂vn

)
det

(
∂vk

∂ui

)
.

Since the determinant is positive, the equation to be proven follows from this with
the usual transformation formula for Riemann integrals in Rn .

The following properties of the integral can be seen directly from its definition.

Theorem 13.2(1) For n-forms ω and ν on M and numbers a and b,

∫

M

(aω + bν) = a
∫

M

ω + b
∫

M

ν .
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(2) The oriented manifold which arises from the oriented manifold M by changing
its orientation, is denoted by −M. Then

∫

−M

ω = −
∫

M

ω .

(3) Let μ be an orientation-preserving diffeomorphism from M1 to M2. Then

∫

M2

μ∗ω =
∫

M1

ω .

The notion of the integral introduced in Definition 13.2 generalises, as already
explained in Sect. 13.1, curve and surface integrals of the second kind. The gener-
alisation of the curve and surface integrals of the first kind requires a metric. Then
the volume form V (Def.6.4) is also available with the fundamental tensor g. For a
smooth, real-valued function f with a compact support, the product f V is suitable
as an integrand.

Theorem 13.3 Let f be a real-valued, arbitrarily many times differentiable
function, having a compact support on an oriented n-dimensional semi-Riemannian
manifold [M, g] with a volume form V . Let the positively oriented charts (Uk,ϕk),

k = 1 . . . ,m cover the support, and let τ1, . . . , τm be a partition of unity with respect
to this covering. Then

∫

M

f V =
m∑

k=1

∫
. . .

∫

u∈ϕk (Uk )

τk f w du1 . . . dun

with

τk f w(u) = τk(ϕ
−1
k (u)) f (ϕ−1

k (u))

√∣∣∣∣det
(

g

(
∂

∂ui
,

∂

∂u j

))∣∣∣∣ .

Proof. We want to show

V (∂1, . . . , ∂n) =
√∣∣det (g (

∂i , ∂ j
))∣∣ .

Let e1, . . . , en be a positively oriented orthogonal basis forMP with g(ei , ei ) = εi =
±1. We have for the left hand side that
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V (∂1, . . . , ∂n) = V

⎛
⎝∑

k1

g(∂1, εk1ek1)ek1 , . . . ,
∑
kn

g(∂n, εkn ekn )ekn

⎞
⎠

=
∑

k1,...,kn

g(∂1, εk1ek1) · · · g(∂n, εkn ekn )V (ek1 , . . . , ekn )

=
∑
Q

χ(Q)g(∂1, εQ(1)eQ(1)) · · · g(∂n, εQ(n)eQ(n)) = detG

where G is the matrix G = (g(∂i , ε j e j )). From

g(∂i , ∂ j ) = g

(∑
l

g(∂i , εl el)el ,
∑
k

g(∂ j , εkek)ek

)
=

∑
l,k

g(∂i , εl el)g(el , ek)g(εkek , ∂ j )

we see that the matrix (g(∂i , ∂ j )) is the product of the matrices G, diag(ε1, . . . , εn)
and GT . Hence it follows that

|det(g(∂i , ∂ j ))| = (detG)2 .

Since the bases e1, . . . , en and∂1, . . . , ∂n have the same orientation, detG is positive.
This shows that the right hand side of the equality we had to prove is

√
|det(g(∂i , ∂ j ))| = detG

as well.

13.4 Manifolds with Boundary

For us, the standard example of a manifold has been a curved surface. It could be
a closed surface like the surface of a sphere, an unbounded surface like a cylinder,
or a subset of such a surface. In the latter case, we did not allow the subset to have,
what is colloquially referred to as a ’border’. In this section, we rectify this, and
include the boundary in our considerations. It will be shown that this border is itself
a manifold with a dimension reduced by one. In particular, we can form integrals on
the boundary as well, and in the next section we will learn about the abstract version
of the well-known classical integral theorems of differential and integral calculus.

If we want to cover a surface including its (smooth) boundary with charts (U ,ϕ),
we will have to allow image sets ϕ(U ) which may not always be open in R

2, but
can be sets G which are the intersection of an open set G∗ with a closed half-plane
(Fig. 13.2). To be precise, and also to include higher dimensions, let

R
n− = {(u1, . . . , un) ∈ R

n : u1 ≤ 0} ,
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Fig. 13.2 The boundary ∂G
of set G open in R

n−
G*

u1

u2

G

∂G

and call a set G of the form G = G∗ ∩ R
n− where G∗ is an open subset of Rn , open

inR
n−. Although this is not so common in topology, in the context of manifolds with

boundary, given an open set G in Rn , we call the set

∂G := {(u1, . . . , un) ∈ G : u1 = 0}
as the boundary of G. At such boundary points, we introduce a concept of dif-
ferentiability with the agreement that a function given on an open set G in R

n− is
differentiable if it can be extended to a differentiable function on an open set con-
taining G.

From the atlas of amanifold with boundary M , one demands that the transition
maps ϕ ◦ ψ−1 arising from a change of charts are C∞-diffeomorphisms between
open sets in R

n−. The points P ∈ M for which, in a chart (U ,ϕ) with P ∈ U , there
holds thatϕ(P) ∈ ∂(ϕ(U )), form the boundary ∂M of the manifold M with bound-
ary. This property of a point is clearly independent of the choice of a chart.

Every chart (U ,ϕ) of M with U ∩ ∂M �= ∅ creates a chart of ∂M by restricting
ϕ to U ∩ ∂M . Altogether, we obtain an atlas for the boundary ∂M of a manifold M
with boundary arises from an atlas for M , and we see that the boundary ∂M is itself
an (n−1)-dimensional manifold.

An orientation for a manifold M with boundary can also be transferred to its
boundary ∂M as follows: Let (U , ϕ) be an admissible chart in the given orientation
of M and suppose that P ∈ U ∩ ∂M . The the basis ∂2, . . . , ∂n is in the orientation
of (∂M)P . Clearly, this means that the tangent vectors x1, . . . , xn−1 ∈ (∂M)P form
a positively oriented basis if and only if for every outwardly directed tangent vector
y ∈ MP , the basis y, x1, . . . , xn−1 is positively oriented with respect to M .

13.5 Integral Theorems

The classical integral theorem by Stokes states that for a vector field X = Xi∂i on a
surface F with a boundary curve K, there holds

∫

K
X dr =

∫

F

∫
rotX d �o
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where

rotX = (∂2X
3 − ∂3X

2)∂1 + (∂3X
1 − ∂1X

3)∂2 + (∂1X
2 − ∂2X

1)∂3 ,

and the coordinate vector fields ∂i refer to the Cartesian coordinates in R
3. The

curve integral can be written using the 1-form ω with the components ωi = Xi in
the terminology of differential forms as the integral

∫
ω over the boundary curve.

By Theorem 6.9, the outer derivative of ω is the 2-form dω with the components

(dω)23 = ∂2X3 − ∂3X2

(dω)13 = ∂1X3 − ∂3X1

(dω)12 = ∂1X2 − ∂2X1 .

By inserting two vector fields Y and Z , we obtain the scalar field

dω(Y , Z) = dω(Y i∂i , Zk∂k)

= (∂2X3 − ∂3X2)Y 2Z3 + (∂1X3 − ∂3X1)Y 1Z3 + (∂1X2 − ∂2X1)Y 1Z2

= rotX · (Y × Z) .

Consequently, the flux integral
∫∫

rotX d �o can be understood as the integral
∫
dω

over the surface. Hence, the classical integral theorem of Stokes, in the language of
differential forms, is ∫

∂F
ω =

∫

F
dω .

This equation also holds in general on manifolds with boundaries. This is stated in
the following theorem, which is also called the Stokes Integral Theorem.

Theorem 13.4 For a differential formω of order n−1 on an n-dimensional oriented
manifold M with boundary, there holds

∫

∂M

ω =
∫

M

dω .

Proof Without loss of generality, we may assume that the support of the integrand
ω can be covered by a single chart, since otherwise the compact support can be
covered with a finite number of charts and using a corresponding partition of unity
τ1 + . . . + τm = 1, the differential form can then be decomposed into the sum ω =
τ1ω + . . . + τmω, and we can then apply the following considerations to τkω. Let
(U ,ϕ) be a chart with suppω ⊆ U , andϕ(U ) open inRn−. According to the definition
of the integral and Theorem 6.10, we have
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∫

M

dω =
∫

· · ·
∫

(−∞,0]×R
n−1

(dω ◦ ϕ−1)(∂1, . . . , ∂n) du1 . . . dun

=
n∑

l=1
(−1)l−1

∫
· · ·

∫

(−∞,0]×R
n−1

∂
∂ul

(ω ◦ ϕ−1)(. . . , ∂l−1, ∂l+1, . . .) du1 . . . dun .

Since supp(ω ◦ ϕ−1) is contained in an open set in Rn−, we have

0∫

−∞

∂

∂u1
(ω ◦ ϕ−1)(∂2, . . . , ∂n) du

1 = (ω ◦ ϕ−1)(∂2, . . . , ∂n)

∣∣∣∣∣∣
u1=0

and
+∞∫

−∞

∂

∂ul
(ω ◦ ϕ−1)(. . . , ∂l−1, ∂l+1, . . .) du

l = 0

for l �= 1 and thus altogether

∫

M

dω =
∫

· · ·
∫

R
n−1

(ω ◦ ϕ−1)(∂2, . . . , ∂n)

∣∣∣∣∣∣∣
u1=0

du2 . . . dun =
∫

∂M

ω .

Theorem 13.4 also contains the classical integral theorem of Gauss. Given a
bounded domain G with a smooth surface ∂G and a vector field

f = f 1∂1 + f 2∂2 + f 3∂3

therein, there holds

∫∫

∂G
f d �o =

∫

∂G
∗J f =

∫

G
d ∗ J f =

∫∫∫

G
(∗d ∗ J f ) dx1dx2dx3

with

∗d ∗ J f = ∗d ∗ ( f 1dx1 + f 2dx2 + f 3dx3) = ∗d( f 1dx2∧dx3 + f 2dx3∧dx1

+ f 3dx1∧dx2)

= ∗((∂1 f
1 + ∂2 f

2 + ∂3 f
3)dx1 ∧ dx2 ∧ dx3) = ∂1 f

1 + ∂2 f
2 + ∂3 f

3 = div f .



208 13 Integration on Manifolds

13.6 Extremal Principles

It is known that important equations in Physics can be derived from extremal prin-
ciples. This also applies to the theory of relativity. We will show in the following
that the Euler-Lagrange euqation for the integral of the curvature scalar contain the
Einstein field equation for empty space.

According to the definitions in Sect. 8.3 and Theorems8.2 and 7.4, the curvature
scalar S is a function of the metric coefficients and their first and second partial
derivatives. However, if we want to apply the classical variational calculation to
these variables, then we need to formulate partial derivatives of S with respect to
gab, gab,c and gab,cd , which is extremely tedious. The partial derivatives with respect
to gab, �c

ab and �c
ab,d are much easier to determine. Therefore, we consider S as a

function

S = gikRicik = gik(�l
ki,l − �l

li,k + �r
ki�

l
lr − �r

li�
l
kr )

of these variables and adopt the viewpoint that the integral

∫
SV =

∫

G
S(gab(u) , �c

ab(u) , �c
ab,d(u))

√−g du

where g = det(gik) is stationary. This is an integral of the form

∫

G
L

(
fi (u) ,

∂ fi
∂uk

(u)

)
du , i = 1, ...,m , k = 1, ..., n ,

where G is an integration domain in R
n (in our case R

4) and L is a formula with
m + nm inputs.

We now summarise the arguments that lead to the Euler-Lagrange equations in
the context of the classical calculus of variations. If the integral is extremal for the
functions f1, . . . , fm , then for every system of functions f̂1, . . . , f̂m that vanish on
the boundary ∂G of the domain, the function

F(ε) =
∫

G
L

(
( fi + ε f̂i )(u) ,

∂

∂uk
( fi + ε f̂i )(u)

)
du

is extremal at ε = 0. Therefore we have

0 = F ′(0) =
∫

G

(
m∑
i=1

∂L

∂ fi
· f̂i +

n∑
k=1

m∑
i=1

∂L

∂ fi,k
· f̂i,k

)
du

and since

∂L

∂ fi,k
· ∂ f̂i
∂uk

= ∂

∂uk

(
∂L

∂ fi,k
· f̂i

)
−

(
∂

∂uk
∂L

∂ fi,k

)
· f̂i
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finally

0 =
m∑
i=1

∫

G

(
∂L

∂ fi
−

n∑
k=1

∂

∂uk

(
∂L

∂ fi,k

))
· f̂i du +

m∑
i=1

∫

G

n∑
k=1

∂

∂uk

(
∂L

∂ fi,k
· f̂i

)
du .

By the classical Gauss integral theorem, the integrals in the second summand are
surface integrals of vector integrands which vanish on the boundary ∂G. Therefore
only the first summand remains, and as the functions f̂i were chosen arbitrarily, we
obtain the Euler-Lagrange euqations

∂L

∂ fi
=

n∑
k=1

∂

∂uk
∂L

∂ fi,k

In our case, they are

(EL1)
∂

∂gab
(
√−g gikRicik) = 0

and

(EL2)
√−g gik

∂Ricik
∂�c

ab
=

3∑
j=0

∂ j

(
√−g gik

∂Ricik
∂�c

ab, j

)
.

To solve the equation (EL1) we have to determine the partial derivatives of g =
det(gik) with respect to gab. By expanding along a column we have

1

g
= det(gik) =

3∑
i=0

gikGik

where the Gik are the minors, and so it follows that

∂(1/g)

∂gab
= Gab .

Since (gik) is the inverse of (gik), we have

gba = 1

1/g
Gab ,

and so altogether

∂

∂gab

(
1

g

)
= 1

g
gba .

As

0 = ∂

∂gab

(
g · 1

g

)
= 1

g

∂g

∂gab
+ g

∂(1/g)

∂gab
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it follows that
∂g

∂gab
= −g gba

and

∂
√−g

∂gab
= −1

2
√−g

∂g

∂gab
= −1

2

√−g gba .

Therefore the Euler-Lagrange equations (EL1) become

0 = ∂

∂gab
(
√−g gikRicik ) = − 1

2
√−g gbagikRicik + √−g Ricba = √−g

(
Ricba − 1

2 Sgba

)

and hence

Ricba − 1
2 Sgba = 0 .

These are the Einstein field equation in components.
It remains to be shown that the variables �r

i j assume the values of the Christoffel
symbols

�r
i j = 1

2g
kr (∂ig jk + ∂ jgik − ∂kgi j )

if the Euler-Lagrange equations are fulfilled. For a fixed point P we can choose a
chart around P , such that at the point P all the Christoffel symbols are zero and the
matrix of the metric components is diagonal, i.e.,

(gik) = diag(g0, g1, g2, g3)

and

(gik) = diag(g0, g1, g2, g3) with g = 1/gi .

We will show that such a coordinate system exists only at the end of this section.
Now we must verify the equations

1
2g

kr (∂ig jk + ∂ jg
ik − ∂kgi j ) = 0

at the point P . We will show that ∂ig jk = 0.
The Euler-Lagrange equations (EL2) reduce to

3∑
j=1

∂ j

(
√−g gik

∂Ricik
∂�c

ab, j

)
= 0

at the point P . The formula for Ricik shows that

0 =
3∑
j=0

∂ j

(
√−g gik

∂Ricik
∂�a

ab, j

)
= ∂a(

√−g gba) −
3∑
j=0

∂ j (
√−g gbj ) = −

∑
j �=a

∂ j (
√−g gbj )
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and for a �= c

0 =
3∑
j=0

∂ j

(
√−g gik

∂Ricik
∂�c

ab, j

)
= ∂c(

√−g gba) .

The formula

∂gi j

∂grs
= −girgs j

is useful in future calculations, and can be justified as follows: From the constancy
of the expressions gik gkl , it follows that

∂

∂grs
(gik gkl) = 0

and thus

∂gik

∂grs
gkl =

{−gir for l = s

0 otherwise
.

This can be resolved to yield

∂gi j

∂grs
= ∂gik

∂grs
gkl g

l j = −gir gs j .

With the formula

∂
√−g

∂gab
= −1

2
gba

already used in the evaluation of (EL1), we continue to work on the Euler-Lagrange
equations (EL2). For a �= c we obtain

0 = ∂c(
√−g gba) = gba

∂
√−g

∂gi j
∂gi j

∂grs
∂cgrs + √−g

∂gba

∂grs
∂cgrs

= √−g ( 12gba g j i g
irgs j − gbr gsa)∂cgrs = √−g

(
1
2gba

∑
k

gk ∂cgkk − gb ga ∂cgba

)
.

For a �= b, this is

0 = −√−g gb ga ∂cgaa .

This shows that for j �= k and arbitrarily i ∂ig jk = 0. For a = b, we obtain

1

2

∑
k

gk ∂cgkk = ga ∂cgaa .



212 13 Integration on Manifolds

For c = 0 these are three equations that can be written in the form

⎛
⎜⎜⎜⎝

−1 1 1

1 −1 1

1 1 −1

⎞
⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

g1 ∂0g11

g2 ∂0g22

g3 ∂0g33

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝
0

0

0

⎞
⎟⎟⎟⎠ .

From this is follows that ga ∂0gaa = 0 for a = 1, 2, 3 . Analogous considerations
also apply for c = 1, 2, 3 . Altogether, this results in ∂ig j j = 0 for i �= j .

We now have the equations (EL2) with a = c available. For a �= b they deliver

0 = −
∑
j �=a

∂ j (
√−g gbj ) = −√−g

∑
j �=a

(
1

2
gbj gvu gur gsv − gbr gs j

)
∂ jgrs

−√−g

(
1

2
gb

∑
r

gr ∂bgrr − gb gb ∂bgbb

)
= 1

2

√−g gb gb ∂bgbb

and thus also ∂igi i = 0 .

Finally, as already announced earlier, and already used, we have to construct a
chart around a given point P , at which the Christoffel symbolds are zero and at
which the component matrix (gik) is diagonal. We do this in the context of an n-
dimensional semi-Riemannian manifold. Let a chart be given with the coordinates
u1, . . . , un . The point P has coordinates u1o, . . . , u

n
o . We try to introduce new coor-

dinates ū1, . . . , ūn by requiring

uk = uko + ūk − 1
2�

k
i j (P)ūi ū j .

The C∞-map, which maps the independent variables ūk to the dependent uk , maps
the null vector to (u10, . . . , u

n
0). At this point, the functional matrix (∂uk/∂ūl) is the

identity matrix, and so this map has a local inverse, so that one can (locally) solve
for the independent variables. In the domain of definition for the new chart, we have

∂uk

∂ūl
= δkl − �k

l j (P)ū j

and

∂2uk

∂ūr∂ūl
= −�k

lr (P) .

The coordinate vector fields ∂̄l of the new coordinates are represented in terms of
the old ones as ∂̄l = (∂uk/∂ūl)∂k . By the chain rule, we have

∂̄l
∂ut

∂ūs
= ∂uk

∂ūl
∂k

∂ut

∂ūs
= ∂uk

∂ūl
∂2ut

∂ūr∂ūs
∂ūr

∂uk
= − ∂uk

∂ūl
∂ūr

∂uk
�t
sr (P) .
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At point P this means

∂̄l(P)
∂ut

∂ūs
= − ∂uk

∂ūl
(0, . . . , 0)

∂ūr

∂uk
(u10, . . . , u

n
0) �t

sr (P) = −�t
sl(P) = −�t

ls(P)

= − ∂ui

∂ūl
(0, . . . , 0)

∂uk

∂ūs
(0, . . . , 0)�t

ik(P) ,

and from the transformation formula given in Theorem 7.5 it can be seen that the
Christoffel symbols for the coordinates ū1, . . . , ūn at P are zero.

To diagonalise the matrix (gik(P)), a second transformation from the coordinates
ūk to the final coordinates ûl = βl

k ū
k is now necessary. For the constant coefficients

βl
k , we have ∂̄k = βl

k ∂̂l and ∂̂l = αk
l ∂̄k , where the matrix (αk

l ) is the inverse to (βl
k).

These coefficients should be chosen so that the matrix

(g(P)(∂̂i , ∂̂k)) = (g(P)(αr
i ∂̄r , α

s
k ∂̄s)) = (αr

i g(P)(∂̄r , ∂̄s) αs
k)

is diagonal. This is obviously possible. Since the coefficients αk
l are constants, it can

be seen from the formula in Theorem 7.5 that the Christoffel symbols with respect to
the coordinates ûk at the point P are also again zero. So this chart has all the required
properties.
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14.1 The Schwarzschild Half Plane

Already in Chap. 10 we examined geodesics in the Schwarzschild spacetime. In
this chapter we adopt the viewpoint that the total mass of the non-rotating fixed
star that generates the spacetime is concentrated at r = 0. Thus the region when the
Schwarzschild radius r is near the critical value 2μ and below becomes the focus
of interest. This number 2μ is often called the Schwarzschild radius (of the fixed
star). Since we have already reserved this name for the radial coordinate, we call this
number the Schwarzschild horizon.

For r > 2μ, we have the Schwarzschild metric available on the manifold R ×
(2μ, ∞) × S2. Its validity is basedon theplausibility considerations given inSect. 9.7
within the framework of the Einstein field equation and also experimental confirma-
tion for large values of r . The formula for the Schwarzschild metric are also for-
mally meaningful on the manifold R × (0, 2μ) × S2. We adopt the viewpoint that
they are also valid there. At first this seems speculative, especially since the spaces
R × (2μ, ∞) × S2 and R × (0, 2μ) × S2 are not connected. However, at the end of
this section, it will become clear that the difficulties at the points r = 2μ are largely
due to the coordinate system used.

To describe a radially moving particle or photon, you only need the functions
t(τ ) and r(τ ) in addition to specifying a point on S2. Since knowledge of the point
from S2 is unnecessary on the grounds of symmetry, in a fundamental investigation
of such motion, the essential information about a world line of a radial particle is
contained in a curve in the r−t-plane. The Schwarzschild spacetimeR × ((0, 2μ) ∪
(2μ, ∞)) × S2 in this case is thus reduced to the so-calledSchwarzschild half plane
R × ((0, 2μ) ∪ (2μ,∞)), equipped with the indefinite metric g, which is defined
by
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Fig. 14.1 Future cones in
the Schwarzschild half plane

r

t

2μ

g(∂t , ∂t ) = 1 − 2μ/r

g(∂r , ∂r ) = −(1 − 2μ/r)−1

g(∂t , ∂r ) = 0

.

Tangent vectors a∂t + b∂r are timelike if and only if

(1 − 2μ/r)a2 > (1 − 2μ/r)−1b2 .

For r > 2μ, this means

|b/a| < 1 − 2μ/r

and for 0 < r < 2μ,

|b/a| > 2μ/r − 1 .

The time-orientation of the outer Schwarzschild spacetime implies that for r > 2μ
the timelike vectors a∂t + b∂r with a > 0 are future-directed. For 0 < r < 2μ, we
declare that the timelike vectors with b < 0 are future-directed. This decision has the
consequence that particles and photons can no longer leave the region 0 < r < 2μ.
The future cones are marked in Fig. 14.1.

The geodesic equations can be read from Theorem 10.5 with the specialisation
ϑ ′ = ϕ′ = 0. We have

t ′′ = 2μ

r(2μ − r)
t ′r ′

and

r ′′ = (2μ − r)μ

r3
(t ′)2 + μ

r(r − 2μ)
(r ′)2
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under the constraint

(r − 2μ)(t ′)2 + r2

2μ − r
(r ′)2 = r

for particles and

(r − 2μ)2(t ′)2 = r2(r ′)2

for light rays.

Theorem 14.1 The light rays in the Schwarzschild half plane are the graphs of the
functions

t(r) = ±(r + 2μ log |r − 2μ| + c) .

Proof For the derivative dt/dr we must have

dt

dr
= t ′

r ′ = ± r

r − 2μ
= ±

(
1 + 2μ

r − 2μ

)
,

and the functions t(r) result upon integration.

These functions are sketched in Fig. 14.2. For r > 2μ, the function

t = r + 2μ log(r − 2μ) + c

describes an outward light ray.Near 2μ the differential quotient dr/dt is only slightly
above 0, and for r → ∞, it converges to 1. The other sign variant

t = −r − 2μ log(r − 2μ) + c

describes an incoming light ray. Both from the formula and from Fig. 14.2, it can
be seen that for r → 2μ the Schwarzschild time t tends to ∞, and the light beam
does not reach the Schwarzschild horizon in finite time, at least not in the sense
of a resting observer. The effect is even clearer for an incoming particle. As its
speed γ ′ must lie inside the light cone, the t-coordinate grows even faster with
decreasing r along the incident trajectory. We imagine that the particle sends light
signals to the observer 1/

√
1 − 2μ/r0∂t located at r = r0, called the Schwarzschild

observer. The t-coordinate of the intersection of the outgoing light ray with the
perpendicular r = r0, is larger than the t-coordinate of the position of the particle
and converges even faster to ∞ (Fig. 14.2). This is the observers proper time except
for the factor

√
1 − 2μ/r0. So he has the impression that the particle does not reach

the Schwarzschild horizon, but slows down the closer it gets to this horizon. Because
of the gravitational red shift, the signals get weaker and the picture gets darker and
darker.

An observer accompanying the particle experiences a completely different sce-
nario. We will show that the particle reaches not only the horizon r = 2μ but even
the central singularity r = 0 in finite proper time.
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Fig. 14.2 Light rays in the
Schwarzschild half plane

r

t

2μ

Theorem 14.2

(1) For particles and photons, h(r)t ′ = (1 − 2μ/r)t ′ is constant.
(2) With the constant E = h(r)t ′, we have for radial particles

E2 − 1 = (r ′)2 − 2μ/r

and for radial photons

E2 = (r ′)2 .

Proof The derivative

(h(r)t ′)′ = 2μ

r2
r ′t ′ +

(
1 − 2μ

r

)
t ′′

is zero according to the geodesic equation t ′′ = −2μ/(r2h(r))t ′r ′. From the con-
straint

1 = g(γ ′, γ ′) = h(r)(t ′)2 − 1

h(r)
(r ′)2

for particles, it follows that

(h(r)t ′)2 − (r ′)2 = h(r) ,

and thus

E2 − (r ′)2 = 1 − 2μ/r .

For photons, this results in E2 − (r ′)2 = 0.



14.1 The Schwarzschild Half Plane 219

The number E = h(r)t ′ is positive for each particle γ , because both h(r) and t ′
are positive in the case r > 2μ. For 0 < r < 2μ, h(r) is negative. As E is positive,
t ′ must be negative there. In Fig. 14.2, the curves satisfying the equation

t(r) = −r − 2μ log(2μ − r) + c

represent incoming photons in the black hole. For a particle that has entered the black
hole, the Schwarzschild time runs backwards. Apparently, this concept of time is not
very suitable for describing the processes in the black hole.

The number E can be interpreted as energy per rest mass, measured by a
Schwarzschild observer with a very large radial coordinate r , because for
(1/

√
1 − 2μ/r) ∂t , the particle γ ′ = t ′∂t + r ′∂r has the rest mass m and the energy

mg

(
γ ′ , 1√

1 − 2μ/r
∂t

)
= mt ′

√
1 − 2μ/r = mE√

1 − 2μ/r
,

and this expression converges to mE as r → ∞.
Another interpretation of the number E of a particle follows from Theorem

14.2(2). In case E ≥ 1, the particle can assume any Schwarzschild radius r . In the
limit case E = 1, r ′ must become 0 for r → ∞, and one could say that the incident
particle started at ∞ with r ′ = 0. For E < 1, the inequality E2 − 1 ≥ −2μ/r is
exactly fulfilled for r such that r ≤ 2μ/(1 − E2), so that the Schwarzschild radius r
is bounded above. This is the case when the particle started at r = 2μ/(1 − E2)

with r ′ = 0. Since the relative velocity of the radial particle t ′∂t + r ′∂r is v =
(r ′/(t ′

√
1 − 2μ/r)) ∂r for the observer (1/

√
1 − 2μ/r) ∂t according to Theorem

5.1, this means that the particle started at the specified value of r with the relative
velocity zero.

We now show that a radially incident particle reaches the singularity r = 0 in
finite proper time from any point. For a particle with E = 1 it is very easy to repre-
sent the proper time τ as a function of the Schwarzschild radius r . It follows from
Theorem 14.2(2) that (dτ/dr)2 = r/(2μ). Since τ increases with decreasing r for
the incoming particle, the negative root of r/(2μ) must be chosen. The primitive
functions are

τ(r) = − 2/3√
2μ

r3/2 + c .

Thus the particle that started at r = ∞ with relative velocity zero needs the proper
time

τ(0) − τ(r0) = 1

3

√
2/μ r3/20

for the path from the position r = r0 to the singularity r = 0. For a radial particle
that starts at r0 with the relative velocity zero, the proper time cannot be expressed
so elementarily in terms of the Schwarzschild radius. However, the graph of the
function τ(r) can be interpreted surprisingly simply geometrically. According to the
following theorem, this graph is a cycloid except for a distortion factor (Fig. 14.3).
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Fig. 14.3 Schwarzschild
radius r and proper time τ

for a radially falling particle

rr0

τ

r0

r0

2μ
π
2

Theorem 14.3 For 0 < r < r0, let τ(r) denote the proper time needed for a particle
starting at r0 with the relative velocity zero along the path up to the Schwarzschild
radius r . Then

r(η) = 1

2
r0(1 + cos η)

and

τ(η) = 1

2
r0

√
r0/(2μ) (η + sin η)

for 0 < η < π give a parametric representation of the graph of the function τ(r).

Proof We show that the expression given for the parameter representation gives
dr/dτ and this actually satisfies the differential equation arising from Theorem
14.2(2). The left-hand side there is

E2 − 1 = −2μ/r0 .

With
dr

dτ
= dr/dη

dτ/dη
= − sin η√

r0/(2μ) (1 + cos η)

we obtain that the right-hand side matches the left-hand side value, since

(
dr

dτ

)2

− 2μ

r
= 2μ

r0

sin2η

(1 + cos η)2
− 4μ

r0(1 + cos η)
= 2μ

r0
· sin

2η − 2(1 + cos η)

1 + 2 cos η + cos2η
= −2μ

r0
.

14.2 Optics of Black Holes

A black hole appears as a black disc to an observer outside. The angular radius will
now be shown to depend on the mass μ and the distance of the observer. Simultane-
ously, we also determine the angular radius of a fixed star, which of course differs
only slightly from the Euclidean viewpoint.
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The starting point are the geodesic equations of the Schwarzschild spacetime with
ϑ = π/2. The equation

t ′′ = − 2μ

r2 h(r)
t ′r ′

is equivalent to h(r)t ′ = E, by Theorem 14.2, and ϕ′′ = −(2/r)r ′ϕ′ is equivalent
to r2ϕ′ = L (see the proof of Theorem 10.9). The constraint

h2(r)(t ′)2 = (r ′)2 + h(r)r2(ϕ′)2

for light rays is rewritten with the constants E and L as

(r ′)2 = E2 − L2h(r)/r2 .

In contrast to a particle, the numbers E and L have no physical meaning for a
photon, because they are not uniquely determined by the light ray, and with γ , also
γ̄ (σ ) = γ (cσ) fulfills the geodesic equations, together with the constraint

g(γ̄ ′, γ̄ ′) = g(cγ ′, cγ ′) = c2g(γ ′, γ ′) = 0 .

However, the quotient L/E is uniquely determined, and this also plays a role in the
following theorems.

Theorem 14.4 The function r(ϕ), whichmay be determined locally, which describes
the path of a photon in the plane ϑ = π/2, satisfies the differential equation

(
dr

dϕ

)2

= E2

L2 r
4 − h(r)r2 .

Proof The above representation of (r ′)2 and ϕ′ = L/r2 should be used in (dr/dϕ)2

= (r ′)2/(ϕ′)2.
Since the right-hand side of the differential equation must not become negative,

only the region where
√
h(r)/r ≤ E/|L| is accessible to the photon. The function√

h(r)/r , which is sketched in Fig. 14.4, also plays a role in the next theorem. It
expresses the sine of the angle α indicated in Fig. 14.5 in terms of L/E and r .

Theorem 14.5 Let γ ′ = t ′∂t + r ′∂r + ϕ′∂ϕ be a photon in the equatorial plane ϑ =
π/2 . Then in the region r > 2μ, the angle α between r ′∂r + ϕ′∂ϕ and −∂r in the
sense of the Euclidean space ∂⊥

t satisfies

sin α = |L|
E

·
√
h(r)

r
.
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r

f r( )

3μ2μ
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1

Fig. 14.4 The function f (r) = √
1 − 2μ/r/r

Fig. 14.5 The angle α

between r ′∂r + ϕ′∂ϕ and ∂r

r

r∂ϕ

r' '∂ + ϕ ∂r ϕ

∂r

α

1 /   1-2 /μ r

Lichtstrahl

Proof We have

sin α = |ϕ′∂ϕ |
|r ′∂r + ϕ′∂ϕ | = |ϕ′| r√

(r ′)2/h(r) + (ϕ′)2r2
= |ϕ′| r√

h(r) t ′ = |L|/r
E/

√
h(r)

= |L|
E

√
h(r)

r
.

In the sense of Euclidean geometry, a fixed star with radius R whose center is at
a distance r0 from an observer, has an angular radius β, with sin β = R/r0 . In the
theory of relativity, in the normal case when R 
 2μ, this has a slightly larger value.

Theorem 14.6 Let r0 > R > 3μ. The fixed star with the mass μ and the radius R
has for an observer at r = r0 the angular radius β with

sin β = R

r0
·
√
h(r0)

h(R)
.

Proof We determine the quotient |L|/E for a photon tangential to the fixed star,
and then calculate sin β by Theorem 14.5. It makes sense to set the derivative dr/dϕ

to zero in the equation in Theorem 14.4 and to solve for |L|/E from the resulting
equation with r = R , giving |L|/E = R/

√
h(R) . In fact a photon with |L|/E >

R/
√
h(R) does not reach the region with r ≤ R , and so it misses the fixed star.
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rr0

β

Fig. 14.6 The angular radius β of a fixed star of a black hole

In the other case |L|/E < R/
√
h(R) , a positive number ε can be found such that

E2/L2 > h(R)/R2 + ε2 . By Theorem 14.4, for r ≥ R , we have

(
dr

dϕ

)2

= r4
(
E2

L2 − h(r)

r2

)
> R4

(
h(R)

R2 + ε2 − h(r)

r2

)
≥ R4ε2 .

Thus |dr/dϕ| can be estimated from below up to a positive constant. Therefore, the
photon from r = r0 must reach the region r ≤ R. This proves |L|/E = R/

√
h(R)

for the boundary case of a tangential photon, and the formula for sin β follows, as
already mentioned.

Finally, we now deal with the appearance of a black hole. It will be seen that for
an observer with r0 > 3μ, it looks like a black sphere with radius 3μ. Around this
sphere, the starry sky behind is of course altered more or less due to the deflection
of the light rays.

We first examine if there are circular rays of light. The assumption r = r0, ϑ =
π/2, ϕ = τ , using the constraint, leads to t ′ = r0/

√
h(r0) . The r ′′ geodesic equation

then gives μ = r0h(r0), and so r0 = 3μ. A photon, that starts at r0 = 3μ with the
angleπ/2, remains on the circular path r = 3μ. An observer at r0 = 3μ, who looks in
the directionwith the angleπ/2, sees the back of his ownhead (of course dramatically
distorted). For this circular path, we have

L

E
= (3μ)2

3μ
√
h(3μ)

= 3
√
3μ .

According to Theorem 14.5, for a photon starting at r0 = 3μ with a slightly smaller
angle than π/2, L/E is also somewhat smaller than 3

√
3μ. Again from Theorem

14.5 and the graph sketched in Fig. 14.4, it can now be seen that the angle α continues
to fall along the trajectory of the photon, at least not grow again. So the photon falls
into the black hole. An observer, who at r0 = 3μ looks in a direction with an angle
smaller than π/2, sees darkness (more precisely, one would have to say that the
observer does not encounter photons from these directions). For analogous reasons,
an initial angle larger than π/2 at 3μ will continue to increase along the path, so
that the photon flies past the black hole, and an observer who looks in this direction
sees the starry sky. Summarising, the observer at 3μ sees the black hole as if he was
standing directly in front of a huge black wall.
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Every photon with (L/E)/(3
√
3μ) < 1, which starts at r0 > 3μ with an angle

smaller than π/2, falls into the black hole, because according to Theorem 14.5,
the angle along its trajectory is bounded by an angle smaller than π/2. In case
(L/E)/(3

√
3μ) > 1 , it should be noted that the radial coordinate r can only assume

values with (L/E)
√
h(r)/r ≤ 1. As a result, r is bounded by a number larger than

3μ, and the photon flies past the black hole. The boundary case L/E = 3
√
3μ

inserted into the equation in Theorem14.5 gives

sin β = 3
√
3μ

√
h(r0)/r0

for the angular radius β of the black hole. Analogously, this formula can also be
shown for r0 between 2μ and 3μ. Summarising, we have the following theorem.

Theorem 14.7 For the angular radius β of the black hole with mass μ, which an
observer sees at r > 2μ, satisfies

sin β = 3μ
√
3h(r)/r ,

and for r > 3μ, β is smaller than π/2, and for r < 3μ, β is larger than π/2.

In the vicinity of the singularity r = 0, there are enormous tidal forces that finally
tear apart every extensive body, including its atoms. In the example after Theorem
10.8, we had calculated the tidal force operator for the Schwarzschild metric. With
respect to the basis e1, e2, e3 obtained from ∂r , ∂ϑ , ∂ϕ by normalisation, it had the
matrix

(Fk
i ) = diag

(
2μ

r3
, − μ

r3
,− μ

r3

)
.

The signs of the diagonal elements are to be interpreted to mean that an expansive
stress occurs in the direction of the singularity and a compressive stress transversally
to it. For r → 0, the tidal forces tend to ∞. They depend continuously on r , and for
falling r , they grow monotonously. Nothing unusual happens at μ = r , and so the
tidal force actually has nothing to do with the black hole phenomenon. The larger
the mass μ, the lower are the tidal forces when entering the black hole.

14.3 The Kruskal Plane

The components of the fundamental tensor of the Schwarzschild half plane are sin-
gular at r = 2μ. In Sect. 14.1, we found that a particle does not reach this singularity
in finite Schwarzschild time. However, we also showed there that the particle crosses
this mark in finite proper time and even reaches the central singularity r = 0. This
discrepancy now suggests that a singularity occurs at r = 2μ in the Schwarzschild
half plane only because the Schwarzschild coordinate system is not suitable there.

We will now stepwise construct another chart that covers both the external region
r > 2μ and the internal region 0 < r < 2μ. The results of the transformations in
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the individual steps are shown in Fig. 14.7. We first describe the transformation in
the outer region. In the first step, we keep the Schwarzschild time t , but replace the
Schwarzschild radius r with the new coordinate

r∗ := r + 2μ log(r − 2μ).

The half plane r > 2μ becomes the entire r∗−t-plane. In the r∗−t-plane, the outgo-
ing null geodesics are the straight lines t = r∗ + c, and the straight lines t + r∗ = c
perpendicular to these represent the incoming null geodesics. In the second step, we
introduce the new coordinates U = t − r∗ and V = t + r∗. Except for the factor√
2, this is a rotation composed with a reflection. In the third step, the coordinates

U and V are transformed separately into ũ = −e−U/4μ and ṽ = eV /4μ. This is a
bijective map of the entireU−V -plane onto the second quadrant of the ũ−ṽ-plane.
The outgoing and the incoming null geodesics are then still parallel to the second and
to the first coordinate axes, respectively, but now they are only half-lines. The fourth
and last transformation delivers the coordinates u = 1

2 (ṽ − ũ), v = 1
2 (ṽ + ũ). This

is again essentially a rotation composed with a reflection. From the second quadrant
of the ũ−ṽ-plane, the region we get in the u−v-plane is |u| > |v|, u > 0. When
used together, we obtain

u = 1

2

(
e
t+r∗
4μ + e

−t+r∗
4μ

)
= cosh

t

4μ
e

r
4μ e

1
2 log(r−2μ) = √

r − 2μ e
r
4μ cosh

t

4μ

and analogously

v = √
r − 2μ e

r
4μ sinh

t

4μ
.

The outgoing light rays are half-lines v = u − c, and the incoming ones are given
by u + v = c, each with a positive constant c. The straight line r = c with c > 2μ
becomes the right branch of the hyperbola

u2 − v2 = (c − 2μ)ec/2μ .

The half-line t = c in the u−v-plane corresponds to a beam starting from the origin
with the slope tanh(c/4μ).

From the partial derivatives

∂u

∂t
= v

4μ
,

∂v

∂t
= u

4μ
,

∂u

∂r
= u

4μ
+ u

2r − 4μ
= u

4μh(r)
,

∂v

∂r
= v

4μh(r)

it follows, by using the chain rule for functions of two variables, that

∂t = v

4μ
∂u + u

4μ
∂v and ∂r = u

4μh(r)
∂u + v

4μh(r)
∂v .
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Fig. 14.7 From Schwarzschild to Kruskal
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For ∂u and ∂v , we obtain

∂u = 4μ

rer/2μ

(
u∂r − v

h(r)
∂t

)

and

∂v = 4μ

rer/2μ

(
u

h(r)
∂t − v∂r

)
.

The components of the metric with respect to this chart are given by

g(∂u , ∂u) = 16μ2

r2er/μ
g

(
u∂r − v

h(r)
∂t , u∂r − v

h(r)
∂t

)
= 16μ2

r2er/μ
· v2 − u2

h(r)
= − 16μ2

rer/2μ
,

and analogously,

g(∂v, ∂v) = 16μ2

rer/2μ

and also g(∂u, ∂v) = 0. The tangent vectors a∂u + b∂v are timelike if |b| > |a|. If
one follows the transformation of the future cone from the Schwarzschild spacetime
through all the sub-steps to the Kruskal plane, then one can see that the timelike
vector ∂v is future-pointing and thus also all timelike vectors a∂u + b∂v with b > 0.

The transformation of the interior of the Schwarzschild spacetime again happens
in four steps. First r is replaced by r∗ := r + 2μ log(2μ − r), and then the coordi-
natesU = t − r∗ andV = t + r∗ are introduced. In the third step there is a difference
compared to the corresponding transformation used to handle the outer region, since
for the new variables ũ and ṽ, we now have ũ = e−U/4μ and ṽ = eV /4μ. Finally,
the final variables u and v are introduced by u = 1

2 (ṽ − ũ) and v = 1
2 (ṽ + ũ). The

entire transformation is given by

u = √
2μ − r e

r
4μ sinh

t

4μ

and

v = √
2μ − r e

r
4μ cosh

t

4μ
.

The region 0 < r < 2μ corresponds to the region with |u| < v <
√
u2 + 2μ in the

u−v-plane. The formulae for the metric components are the same as in the previous
case. In Sect. 14.1, we interpreted the equations t = −r∗ + c as incoming photos in
the interior region 0 < r < 2μ. In the u−v-plane, these are the lines u + v = c with
a positive constant c. This fits the point of view in the previous case. Overall, one
can say that an incident radial photon moves in the u−v-plane along the straight
line u + v = c > 0 in the direction with increasing coordinate v. The photon easily
crosses the line u = v, which corresponds to the mark r = 2μ, and finally reaches
the singularity r = 0. In the interior region 0 < r < 2μ, there are also the outer null
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Fig. 14.8 Black and white hole in the Kruskal plane

geodesics t = r∗ + c, which are given by v = u + c with c > 0 in the u−v-plane.
There is initially no interpretation for this.

The facts described here lead to a radical but speculative generalisation. In the
u − v-plane, the region v2 < u2 + 2μ (see Fig. 14.8) is equipped with the metric

g(∂v, ∂v) = 16μ2

rer/2μ
= −g(∂u, ∂u)

and g(∂u, ∂v) = 0, where the positive number r is characterised by

(r − 2μ)er/2μ = u2 − v2 for |u| ≥ |v|

and

(2μ − r)er/2μ = v2 − u2 for |u| ≤ |v| .

Null geodesics are the parallel line families v = u + c and u + v = c. The future
cones consist of the tangent vectors a∂u + b∂v with b > |a|. Particles and photons
must leave the region v < −|u|, and no particle or photon can ever enter this region.
This region thus represents a so-called white hole. In addition to the outer region
u > |v|, there is another outer region u < −|v|. This can also be used to interpret
the null geodesic v = u + c in the black hole, they are photons that have fallen into
the black hole from the second outer region. No photon or particle can get into the
outer region from one outer region.
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15.1 Spaces of Constant Curvature

The Gaussian curvature of a surface can be generalised to the so-called sectional
curvatures for higher-dimensional manifolds. If these sectional curvatures are con-
stant, then the curvature tensor has a fairly simple form.We restrict ourselves here to
Riemannian manifolds, as we need the concepts for the manifold R3 equipped with
a suitable Riemannian metric.

Theorem 15.1 Let R be the covariant curvature tensor of a Riemannian manifold
M, and let E be a two-dimensional subspace of a tangent space MP. Then for every
basis x1, x2 in E, the expression

KE = R(x1, x2, x1, x2)

g(x1, x1)g(x2, x2) − (g(x1, x2))2

has the same value.

Proof If we use a different basis yi = λ1
i x1 + λ2

i x2, i = 1, 2, and use the skew-
symmetry of R with respect to the last two and first two arguments of R (Theorem
8.5), then we get for the numerator

R(y1, y2, y1, y2) = (λ1
1λ

2
2 − λ2

1λ
1
2)R(x1, x2, y1, y2) = (λ1

1λ
2
2 − λ2

1λ
1
2)

2R(x1, x2, x1, x2)

and for the denominator

g(y1, y1)g(y2, y2) − (g(y1, y2))
2 =

∣
∣
∣
∣

g(y1, y1) g(y1, y2)
g(y2, y1) g(y2, y2)

∣
∣
∣
∣
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=
∣
∣
∣
∣

λ1
1 λ2

1
λ1
2 λ2

2

∣
∣
∣
∣
·
∣
∣
∣
∣

g(x1, x1) g(x1, x2)
g(x2, x1) g(x2, x2)

∣
∣
∣
∣
·
∣
∣
∣
∣

λ1
1 λ1

2
λ2
1 λ2

2

∣
∣
∣
∣

= (λ1
1λ

2
2 − λ2

1λ
1
2)

2(g(x1, x1)g(x2, x2) − (g(x1, x2))
2) .

Thus the quotient is the same number as for the basis x1, x2.
The number KE , depending only on the subspace E , is called the sectional cur-

vature for E . In the case of a curved surface, using coordinate vector fields ∂1 and
∂2, which are orthonormal at point P , in light of the considerations in the proof of
Theorem 8.16,

KMP = R1212 = R1
212 = detW = K .

If all sectional curvatures KE coincide at a point P (andwith K denoting the common
value), then for all tangent vectors x, y ∈ MP

R(x, y, x, y) = K (g(x, x)g(y, y) − (g(x, y))2) .

It turns out that the covariant curvature tensor at this point can then be reconstructed
from the number K .

Theorem 15.2 If at a point P of a Riemannian manifold M, all the sectional cur-
vatures KE are equal to K , then for all tangent vectors x, y, z, v ∈ MP

R(x, y, z, v) = K (g(x, z)g(y, v) − g(x, v)g(y, z)) .

Proof The fourfold covariant tensor

S(x, y, z, v) = g(x, z)g(y, v) − g(x, v)g(y, z)

has the properties

S(y, x, z, v) = −S(x, y, z, v)

S(x, y, v, z) = −S(x, y, z, v)

S(z, v, x, y) = S(x, y, z, v)

S(x, y, z, v) + S(x, v, y, z) + S(x, z, v, y) = 0 ,

which are also possessed by R (Theorem 8.5). Hence these properties are also trans-
ferred to the combination T = R − K S. By the hypothesis of the theorem, we know
that T (x, y, x, y) = 0 for all x, y ∈ MP , and we wish to show T = 0. From

0 = T (x+z, y, x+z, y) = T (x, y, x, y) + T (z, y, z, y) + T (x, y, z, y) + T (z, y, x, y) = 2T (x, y, z, y)

it follows that T (x, y, z, y) = 0. Since

0 = T (x, y + v, z, y + v) = T (x, y, z, v) + T (x, v, z, y)
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we obtain

T (x, y, z, v) = T (x, v, y, z) = T (x, z, v, y)

and 3T (x, y, z, v) = 0. Thus T = 0.

If the sectional curvatures match in each of the tangent spaces MP , then one could
still expect the common value of these sectional curvatures of the two-dimensional
subspaces of MP to depend on P . Surprisingly, this is not the case.

Theorem 15.3 Let M be a connected N-dimensional (n>2) Riemannian manifold.
For P ∈ M, let K (P) be the sectional curvature for all two-dimensional subspaces
of MP. Then the scalar field K ( . ) is constant on M.

Proof We will show that ∂i K = 0 for any chart with ∂i denoting the coordinate
vector fields. By Theorem 15.2,

Ri jkl = K (gikg jl − gil g jk) .

Using ∇g = 0, we get by covariant differentiation that

Ri jkl;m = (∂mK )(gikg jl − gil g jk) .

If the analogous expressions for Ri jlm;k and Ri jmk;l are added, then one obtains,
using the second Bianchi identity (Theorem 11.9) that

0 = (∂mK )(gikg jl − gil g jk) + (∂k K )(gil g jm − gimg jl ) + (∂l K )(gimg jk − gikg jm) .

We now multiply by gikg jl (pull up two indices and twice contract). Using the
identities

(gikgik)(g jl g jl) = n2

(gil gikg jk)g jl = g jl g jl = n

gil gikg jmg jl = g jmg jk

gimgik(g jl g jl) = gimgikn

gimgikg jkg jl = gimgil

(gikgik)g jmg jl = ng jmg jl

we obtain

0 = ∂mK (n2 − n) + ∂k K (g jmg jk − gimgikn) + ∂l K (gimgil − ng jmg jl )

= n(n − 1)∂mK + (1 − n)∂mK + (1 − n)∂mK = (n − 2)(n − 1)∂mK .
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Definition 15.1 A connected Riemannian manifold M is said to have a constant
curvature K , if for the covariant tensor R at every point P ∈ M and for arbitrary
tangent vectors x, y, z, v ∈ MP , we have

R(x, y, z, v) = K (g(x, z)g(y, v) − g(x, v)g(y, z)) .

�

Theorem 15.4 For an n-dimensional Riemannian manifold with a constant curva-
ture K , the Ricci tensor is given by

Ric = (n − 1)Kg .

Proof We have

Ricik = R j
i jk = g jl Rli jk = K (gl j gik − glkgi j )g

jl = K (ngik − gik) = K (n − 1)gik .

Example 1 We determine a metric g for R3, such that it creates a Riemannian
manifold of constant curvature, where we start with the assumption that

(gik) = diag(a(r), r2, r2 sin2ϑ)

with respect to the spherical coordinate chart r ,ϑ, ϕ. To determine the covariant
derivative, we refer to the formulae from Sect. 9.7 and obtain

∇∂r ∂r = a′(r)
2a(r) ∂r , ∇∂ϑ∂ϑ = − r

a(r) ∂r ,

∇∂ϕ∂ϕ = − r
a(r) sin

2ϑ ∂r − sin ϑ cosϑ ∂ϑ ,

∇∂r ∂ϑ = 1
r ∂ϑ , ∇∂r ∂ϕ = 1

r ∂ϕ , ∇∂ϑ∂ϕ = cot ϑ ∂ϕ .

The matrices of the three relevant curvature operators R(∂r , ∂ϑ), R(∂r , ∂ϕ) and
R(∂ϑ, ∂ϕ) are then given by

(Rk
i12) =

⎛

⎜
⎜
⎜
⎜
⎝

0 ra′(r)
2a2(r)

0

− a′(r)
2ra(r) 0 0

0 0 0

⎞

⎟
⎟
⎟
⎟
⎠

(Rk
i13) =

⎛

⎜
⎜
⎜
⎜
⎝

0 0 ra′(r)
2a2(r)

sin2ϑ

0 0 0

− a′(r)
2ra(r) 0 0

⎞

⎟
⎟
⎟
⎟
⎠
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(Rk
i23) =

⎛

⎜
⎜
⎜
⎜
⎜
⎝

0 0 0

0 0
(

1 − 1
a(r)

)

sin2ϑ

0 1
a(r) − 1 0

⎞

⎟
⎟
⎟
⎟
⎟
⎠

.

Thus the Ricci tensor is given by

(Ricik) = diag

(
a′(r)
ra(r)

,
ra′(r)
2a2(r)

+ 1 − 1

a(r)
,

(
ra′(r)
2a2(r)

+ 1 − 1

a(r)

)

sin2ϑ

)

.

The following two equations follow from Theorem 15.4:

a′(r)
ra(r)

= 2Ka(r)

and

ra′(r)
2a2(r)

+ 1 − 1

a(r)
= 2Kr2 .

The first inserted into the second gives

a(r) = 1

1 − Kr2
.

Conversely, suppose a(r) is chosen to be this value. The components Ri jkl = gis Rs
jkl

can essentially be read off from the given matrices of the curvature operators, and
the constant curvature can therefore be actually confirmed. Summarising, we can
conclude that R3 with the metric given by

(gik) = diag

(
1

1 − Kr2
, r2 , r2 sin2ϑ

)

in this chart is a manifold of constant curvature K . The radial coordinate r can
of course no longer be interpreted as the distance to the origin, since the curve
r = s, 0 ≤ s ≤ r0, ϑ and ϕ being held constant, has the arc length

r0∫

0

√

g(∂r , ∂r ) ds =
r0∫

0

1/
√

1 − Ks2 ds =

⎧

⎪⎨

⎪⎩

1√
K

arcsin(
√
K r0) f"ur K > 0

1√−K
arcsinh(

√−K r0) f"ur K < 0
.
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Example 2 We anticipate that the surface of a sphere in R
4, is equipped with the

Euclidean metric, has a constant curvature. The generalised spherical coordinates

ξ1 = R0 sinχ sin ϑ sinϕ

ξ2 = R0 sinχ sin ϑ cosϕ

ξ3 = R0 sinχ cosϑ

ξ4 = R0 cosχ

provide a chart with the coordinates r := R0 sinχ, ϑ and ϕ. We have

∂r = sin ϑ sinϕ∂ξ1 + sin ϑ cosϕ∂ξ2 + cosϑ ∂ξ3 − r√

R2
0 − r2

∂ξ4

∂ϑ = r cosϑ sinϕ∂ξ1 + r cosϑ cosϕ ∂ξ2 − r sin ϑ ∂ξ3

∂ϕ = r sin ϑ cosϕ∂ξ1 − r sin ϑ sinϕ∂ξ2

and obtain ∂r · ∂ϑ = ∂r · ∂ϕ = ∂ϑ · ∂ϕ = 0

∂r · ∂r = 1 + r2

R2
0 − r2

= R2
0

R2
0 − r2

= 1
1 − (1/R2

0)r
2

∂ϑ · ∂ϑ = r2

∂ϕ · ∂ϕ = r2 sin2ϑ .

Hence this manifold has the constant curvature K = 1/R2
0 . This is the same result

as for the surface of a sphere in R3.

15.2 The Robertson-Walker Metric

In space, matter is concentrated in star systems with the sun, planets and moons,
in galaxies, in galaxy clusters, etc. However, astronomical observations show that
when averaged over orders of magnitudes of 108 to 109 light years, matter is evenly
distributed again to a certain degree of accuracy. This is the starting point for the so-
called cosmological principle. It says that density and pressure are spatially constant
(homogeneous) and that all directions are therefore equally important from every
point (isotropic). Relative speeds, such as the rotation of planets around a fixed star
or themovement of a fixed star in a galaxy, are neglected.Matter is viewed as an ideal
flow whose particles fall freely along geodesics that do not cross. With the so-called
‘comoving coordinates’ ξ0, ξ1, ξ2, ξ3, the flowvector has the components (1, 0, 0, 0)
and the subspace ∂⊥

0 orthogonal to the observer ∂0 is spanned by ∂1, ∂2, ∂3. Owing
to the isotropy, ∂⊥

0 , with the metric −g, must be a space with a constant curvature.
The manifold given in the following definition has all these properties.
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Definition 15.2 Let M = R × R
3. With respect to the chart (t, Q) → (t, r ,ϑ, ϕ),

where r , ϑ,ϕ denote the spherical coordinates, the Robertson-Walker metric g is
defined by

(gik) = diag

(

1 ,
−S2(t)

1 − Kr2
, − S2(t) r2 , − S2(t)r2 sin2ϑ

)

.

The positive number S(t), dependent on t , is called the scale factor. �

By calculating the Christoffel symbols with the formulae mentioned in Sect. 7.5 for
the Robertson-Walker metric, we obtain

∇∂t∂t = 0

∇∂r ∂r = S(t)S′(t)
1 − Kr2

∂t + Kr
1 − Kr2

∂r

∇∂ϑ∂ϑ = S(t)S′(t)r2∂t − (1 − Kr2)r ∂r

∇∂ϕ∂ϕ = S(t)S′(t)r2 sin2ϑ ∂t − (1 − Kr2)r sin2ϑ ∂r − sin ϑ cosϑ ∂ϑ

∇∂t∂r = S′(t)
S(t) ∂r

∇∂t∂ϑ = S′(t)
S(t) ∂ϑ

∇∂t∂ϕ = S′(t)
S(t) ∂ϕ

∇∂r ∂ϑ = 1
r ∂ϑ

∇∂r ∂ϕ = 1
r ∂ϕ

∇∂ϑ∂ϕ = cot ϑ ∂ϕ .

To determine the curvature tensor, the matrices of six curvature operators must be
calculated in accordancewithDefinition8.1. The following components are non-zero

R1
001 = R2

002 = R3
003 = S′′(t)/S(t)

R0
101 = S′′(t)S(t)/(1 − Kr2)

R0
202 = S′′(t)S(t)r2

R0
303 = S′′(t)S(t)r2 sin2ϑ

R1
212 = ((S′(t))2 + K )r2 = −R3

223

R2
112 = R3

113 = −((S′(t))2 + K )/(1 − Kr2)

R1
313 = R2

323 = ((S′(t))2 + K )r2 sin2ϑ .
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Another twelve components arise from the skew-symmetry Rl
i jk = −Rl

ik j , and all
others are zero. The Ricci tensor has the matrix representation

(Ricik) = diag

(

−3S′′(t)
S(t)

,
a(t)

1 − Kr2
, a(t)r2 , a(t)r2 sin2ϑ

)

where

a(t) = S′′(t)S(t) + 2(S′(t))2 + 2K .

For fixed coordinates r , ϑ,ϕ, the curve γ, which assigns to the number t the point
with the coordinates t, r , ϑ,ϕ, is a geodesic, since

∇γ′(t)γ
′(t) = ∇∂t∂t = 0 .

The tangent vector ∂t represents a particle or an observer, which is at rest relative to
the fixed stars surrounding it. The time t which passes for him is called cosmic time.

For the observer ∂t , the universe at time t is the Riemannian manifoldR3 (at least
locally, as long as the expression 1 − Kr2 stays positive), the metric being deter-
mined by the Robertson-Walker metric g as follows: Each tangent space to R

3 is
a three-dimensional subspace of the corresponding tangent space of the Robertson-
Walker spacetime, and −g with t = t0 is restricted to this subspace. As a result,
R
3 becomes a space with the constant curvature K/S2(t0), which can be justified

as follows: Without the prefactor S2(t0), the constant curvature would be K . The
prefactor does not influence the Christoffel symbols, and therefore not the compo-
nents of the Riemannian curvature tensor (see Theorem 8.2). By pulling the index,
the factor S2(t0) appears in the covariant curvature tensor. Clearly the equation in
Definition15.1 then holds with K/S2(t0) instead of K .

The curve t = t0, r = s for 0 ≤ s ≤ r0, ϑ = ϑ0, ϕ = ϕ0, has, with respect to
−g, the arc length S(t0)I , where

I =
r0∫

0

ds√
1 − Ks2

.

In R3, with the metric agreed upon here, we have

∇∂r ∂r = Kr

1 − Kr2
∂r

and so for the unit tangent vector (
√
1 − Kr2/S(t)) ∂r (

√
1 − Kr2/S(t)) ∂r

∇
(
√
1−Kr2/S(t)) ∂r

(
√
1 − Kr2/S(t)) ∂r

=
√
1 − Kr2
S(t)

(

∂r

√
1 − Kr2
S(t) ∂r +

√
1 − Kr2
S(t) ∇∂r ∂r

)

= 0 .



15.2 The Robertson-Walker Metric 237

The abovementioned curve is, as expected a geodesic, and the arc length S(t0)I is the
distance that a fixed star located at the point with the coordinates r0, ϑ0,ϕ0 has from
the observer at the origin at time t0. The time derivative of this distance is S′(t0)I ,
based on the size of the distance, this is S′(t0)/S(t0). This is the so-called Hubble
constant H(t0). The Hubble law is a consequence of the above: The ’recessional
velocity’ of a fixed star at a time instant t is H(t) times the position vector of the
location of the fixed star. Of course, this only applies if certain individual motion,
e.g. within a galaxy, can be ignored. So it applies to very distant fixed stars, or better
galaxies. The term ’recessional velocity’ suggests that the currently observed Hubble
parameter is positive. Astronomical measurements show that its reciprocal 1/H(t)
in the epoch we observe is (18 ± 2) × 109 years. Roughly speaking, this means that
an object located at a distance of 1, 8 · 1010 km recedes one kilometer per year.

In the context of nonrelativistic physics, the recessional velocity of distant galaxies
would result in a reduced speed of light emitted by such galaxies and thus a red
shift of the spectrum at the receiver by the Doppler effect. This phenomenon, the
cosmological red shift, actually occurs. The remainder of this section is devoted to
explaining this red shift within the realm of general relativity.

According to the cosmological principle, we may assume that the receiver has the
position r =0 and that the transmitter emits the light signal from a position r =r1
radially towards r =0. The null geodesic is characterised by ϕ′ =0 , ϑ′ =0 and

(t ′)2 − S2(t)

1 − Kr2
(r ′)2 = 0 .

For the function t(r) describing the photons, this gives the differential equation

dt

dr
= − S(t)√

1 − Kr2
.

This can be solved by separating the variables. The function t(r) can thus be inter-
preted in the manner described below.

A photon that has been emitted at r1 at time t1, and received at r =0 at time t3, is
characterised by

t3∫

t1

dt

S(t)
=

r1∫

0

dr√
1 − Kr2

.

A photon emitted there at a slightly later time t2 > t1 reaches the origin r =0 at time
t4 > t3, and again

t4∫

t2

dt

S(t)
=

r1∫

0

dr√
1 − Kr2

.
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The integrals on the left-hand side are thus the same, giving

t2∫

t1

dt

S(t)
=

t4∫

t3

dt

S(t)
.

So there exists t12 ∈ (t1, t2) and t34 ∈ (t3, t4) such that

t2 − t1
S(t12)

= t4 − t3
S(t34)

.

It should be that t2 is close to t1 and therefore t4 is close to t3. Then the last equation
yields for the frequency ν of light that

ν(t1)

ν(t3)
= S(t3)

S(t1)
.

As S(t1) < S(t3), the light received at r =0 thus has a lower frequency than the
frequency at its emission.

This effect can also be quantified in termsof the distance D between the transmitter
and the receiver. We assume that r1 and t3 − t1 are not too large and approximate

S(t3)

S(t1)
≈ S(t3)

S(t3) + (t1 − t3)S′(t3)
≈ 1 + (t3 − t1)S

′(t3)/S(t3) ≈ 1 + S′(t3)
t3∫

t1

dt

S(t)

= 1 + S′(t3)
r1∫

0

dr
√

1 − Kr2
≈ 1 + S′(t3)r1 = 1 + S′(t3)

S(t3)
S(t3)r1 ≈ 1 + H(t3)D .

Summarising: An observer receives light, which is emitted from a galaxy at a
distance D with the frequency at emission ν, with the frequency ν0 at reception.
Then if H0 is the Hubble parameter, we have the approximation

ν/ν0 ≈ 1 + H0D .

15.3 Universe Models

In the Robertson-Walker metric given in the previous section, the scale factor S(t)
and the number K are still undetermined. The Einstein field equation now gives
rise to requirements to be satisfied. For the sake of simplicity, here we assume that
the cosmological constant is zero, and so we will use the Einstein equation having
the form G = 8πT. The starting point is the already calculated diagonal matrix
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of the Ricci tensor with respect to the comoving coordinates t, r , ϑ,ϕ. From the
components

Ric00 = −3S′′(t)/S(t)

and

Ric11 = Ric22 = Ric33 = −a(t)/S2(t)

of the mixed Ricci tensor, the curvature scalar −3(S′′/S + a/S2) can be read off.
The Einstein tensor is given by

(Gik) = diag

(

3
(S′(t))2 + K

S2(t)
,

b(t)

1 − Kr2
, b(t)r2 , b(t)r2 sin2ϑ

)

where

b(t) = −2S′′(t)S(t) − (S′(t))2 − K .

As already mentioned, matter is regarded as an ideal flow (see Sect. 9.1) with
the density � and the pressure p, both depending only on the cosmic time t by
the cosmological principle, and having the vector field Z , which, with respect to
the comoving coordinates, has the 4-tuple of components (1, 0, 0, 0). The energy-
momentum tensor T with respect to these coordinates is the diagonal matrix

(Tik) = diag

(

�(t) ,
p(t)S2(t)

1 − Kr2
, p(t)S2(t)r2 , p(t)S2(t)r2 sin2ϑ

)

.

The equation Gik = 8πTik for components implies for (i, k) = (0, 0) that

3

S2(t)
((S′(t))2 + K ) = 8π�(t)

and for (1, 1), (2, 2) and (3, 3) that

2S′′(t)S(t) + (S′(t))2 + K = −8πS2(t)p(t) .

Owing to the presence of (S′)2, we call the first equation the energy equation, and
as the second equation contains S′′, we call it the equation of motion.

Henceforth we restrict ourselves to the special case when p=0. Physically, this
means that the matter generating spacetime is incoherent, there is no interaction
between the particles, and the particles behave like dust. This point of view largely
corresponds to the real situation, and the pressure is actually negligible compared to
the density.

Theorem 15.5 In the special case p=0, the product �(t)S3(t) is constant for the
Robertson-Walker spacetime, and with the constant C=�S3, we have the Fried-
mann differential equation

(S′(t))2 + K = 8

3
πC/S(t) .
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Proof The energy equation can be written in the form

(S′(t))2 + K = 8

3
πS3(t)�(t)/S(t) ,

and so only the constancy of the product S3(t)�(t) is to be shown. By differentiating
the energy equation in the form

(S′)2 + K = 8

3
πS2�

and upon multiplying the result by S, we obtain

2SS′S′′ = 8

3
π(2S2S′� + S3�′) .

Byusing the equation ofmotion in the left-hand side, and also the energy equation,we
obtain

2SS′S′′ = −S′((S′)2 + K ) = −8

3
πS′S2� ,

and so this gives

0 = 8

3
π(3S2S′� + S3�′) .

Thus

0 = 3S2S′� + S3�′ = (S3�)′ .

In the solution of Friedmann’s differential equation, we must distinguish the three
cases K = 0, K 
 0 or K � 0. In each case, the so-called big bang occurs: The
scalar factor S is zero for a certain value, which is the origin of the timemeasurement.

In the case K =0, the differential equation can be separated, and for the initial
condition S(0)=0, it gives the solution

S(t) = t
2
3

3
√
6πC

(See Fig. 15.1). The energy equation gives the density

�(t) = 3

8π
(S′(t))2

/

S2(t) = 1

6πt2
.

The Robertson-Walker metric with this scale factor has the following component
matrix with respect to the previously used coordinates

(gik) = diag(1, −ct
4
3 , −ct

4
3 r2, −ct

4
3 r2 sin2ϑ)
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Fig. 15.1 Solutions S(t) of
the Friedmann differential
equation

t

S

K > 0

K = 0

K < 0

where c = (6πC)
2
3 . If we use Cartesian coordinates in the subspace ∂⊥

t instead of
spherical coordinates, then we obtain the component matrix

(gik) = diag(1, −ct
4
3 , −ct

4
3 ,−ct

4
3 ) .

This is the Einstein-de Sitter spacetime, which was already mentioned as an example
in Sect. 4.5. The matrix of the associated Einstein tensor was then calculated in Sect.
8.5:

(Gik) = diag

(
4

3

1

t2
, 0, 0, 0

)

.

The representation for G given here gives the same result, because we have for the
scale factor S that

3(S′(t))2
/

S2(t) = 4

3
· 1

t2

and

−2S′′(t)S(t) − (S′(t))2 = 0 .

The Hubble function is

H(t) = S′(t)
/

S(t) = 2

3
· 1
t

.

With the value of H given in the previous section, this model results in the age of the
current cosmos of approximately 12 billion years (One currently assumes the age of
current cosmos of 15–18 billion years. Thus the model with �=0 and K =0 seems
to be an incomplete description of reality.).
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For positive K, one can easily check that the curve with the parametric represen-
tation

S(τ ) = 4

3
π
C

K
(1 − cos τ )

and

t(τ ) = 4

3
π

C

K
√
K

(τ − sin τ ) ,

is a solution to the Friedmann differential equation. Apart from the factor
√
K , this

describes a cycloid (see Fig. 15.1). The time calculation begins with the big bang
at t=0, and the scale factor S grows to the maximum value 8

3π
C
K and then starts

to decrease again. When the time 8
3π

2 C
K

√
K

has elapsed, the cosmos has collapsed
again, similar to a big bang, but in reverse order.

For negative K , the solution curve is given in parametric form as

S(τ ) = 4

3
π

C

−K
(cosh τ − 1)

and

t(τ ) = 4

3
π

C

(−K )
3
2

(sinh τ − τ ) .

This behave qualitatively in the same manner as the K =0 case, but the expansion
happens faster.
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16.1 The Kerr Metric

The gravitational field generated by a non-rotating fixed star with the mass μ and
the radius R in the exterior region r > R is described by the (outer) Schwarzschild
metric with the parameter μ. If this fixed star collapses into a black hole, nothing
changes in the formula for this metric, but the restriction r > R is relaxed to r > 0,
apart from the difficulty with r = 2μ. A (relativistic) characterisation of a rotating
fixed star is not yet known. However, the metric that describes a black hole that is the
result of the collapse of a rotating fixed star with mass μ and angular momentum J
is known. This is the Kerr metric (R.Kerr 1963) with the parameters μ and a = J/μ,
which is the focus of this chapter. The derivation of this metric is lengthy and goes
beyond the scope of this book, but we refer the interested reader to [Ch] §§52–55.

Definition 16.1 The Kerr metric in the Boyer-Lindquist coordinates t, r ,ϑ, ϕ has
the component matrix

⎛
⎜⎜⎜⎜⎜⎜⎝

gt t 0 0 gtϕ

0 grr 0 0

0 0 gϑϑ 0

gtϕ 0 0 gϕϕ

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − 2μr
ρ2

0 0 2μras2

ρ2

0 − ρ2

�
0 0

0 0 −ρ2 0

2μras2

ρ2
0 0 −(r2 + a2 + 2μra2s2

ρ2
)s2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

where

s = sin ϑ , c = cosϑ , ρ2 = r2 + a2c2
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and

� = r2 − 2μr + a2 = (r − μ)2 + a2 − μ2 .

�

We have

∣∣∣∣
gt t gtϕ
gtϕ gϕϕ

∣∣∣∣ = −(r2 + a2 + 2μra2s2

ρ2
)s2 + 2μr(r2 + a2)s2

ρ2

= −(r2 + a2)s2 + 2μr

ρ2
(r2 + a2c2)s2 = −�s2 .

Thus these coordinates fail on the axis of rotation s = 0 and when � = 0. There
are three cases for the zeros of �. In general, we can limit ourselves to a �= 0, for
otherwise it is a non-rotating black hole (Chap.14). When |a| < μ (slowly rotating)
there are two zeros

r+ = μ +
√

μ2 − a2 and r− = μ −
√

μ2 − a2

with 0 < r− < μ < r+ < 2μ. In the case |a| > μ (rapidly rotating),� has no zeros,
and in the borderline case |a| = μ, � has only one zero, at μ. We will focus on
the most interesting case, when |a| < μ, here. Then there are no metric difficulties
with r = 0 except when ϑ = π/2, and negative values of r are also allowed for the
Kerr spacetime. With this in mind, the Kerr spacetime, insofar as it can be described
with the Boyer-Lindquist coordinates, consist of threeBoyer-Lindquist blocks,R ×
(r+, ∞) × S2 (Region I), R × (r−, r+) × S2 (Region II) and R × (−∞, r−) × S2
(Region III). For the geometric illustration for a fixed t , we transform the radial
coordinate r into er and use er ,ϑ, ϕ as the spherical coordinates. The two event
horizons at r = r± are spherical surfaces with the radius er+ , respectively er− , and
the ring singularity r = 0 and ϑ = π/2 is the equator of the spherical surface with
the radius e0 = 1 (Fig. 16.1).

The Kerr metric has the required signature, because in regions I and III, the
submatrix formed by the matrix elements gt t , gϕϕ, gtϕ is indefinite and the other
two diagonal elements grr and gϑϑ are negative. In the region II, this submatrix is
negative definite and grr is positive while gϑϑ is negative.

The matrix element gt t is not only negative in the region II. Clearly gt t > 0 if
and only if |r − μ| >

√
μ2 − a2c2 (Fig. 16.2). This means that the coordinate vector

field ∂t loses the property of being timelike if r decreases before the event horizon
r = r+ is reached. The part of the region I where

r+ = μ +
√

μ2 − a2 < r < μ +
√

μ2 − a2c2

is called the ergosphere.
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Fig. 16.1 Section with t and ϕ constant

The matrix element gϕϕ is negative for r ≥ 0 and outside the axis of rotation.
Also for r ≤ −μ, we have gϕϕ < 0, because then we have

(r2 + a2c2)(r2 + a2) > 2μ(−r)a2s2

thanks to

2μ(−r)a2s2 ≤ 2(−r)2a2 = 2a2r2
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Fig. 16.2 Sign behavior of gt t

and

(r2 + a2c2)(r2 + a2) = r4 + r2a2(1 + c2) + a4c2 > a2r2 + r2a2 = 2a2r2 .

Between −μ and 0, gϕϕ can assume positive values (Fig. 16.3), i.e., we have

(r2 + a2)(r2 + a2c2) < 2μ(−r)a2s2 .

The left side f (r) is a symmetric and convex parabola with apex at height a4c2 and
the right side g(r) is a decreasing linear function passing through the origin.Whether
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Fig. 16.3 Sign behavior of
gϕϕ

Ringsingularität

gϕϕ > 0−μ

0
r−

ϑ = π
2

the straight line intersects, touches or misses the parabola depends on the angular
coordinate ϑ (Fig. 16.3). In any case, it is indisputable, and only that will be used in
the next section, that there are negative values of r , and for some such r and ϑ = π/2
gϕϕ is positive, because there holds

lim
r→0− gϕϕ(r ,π/2) = lim

r→0−[−(r2 + a2 + 2μa2/r)] = +∞ .

16.2 Other Representations of the Kerr Metric

The failure of the Boyer-Lindquist coordinates on the axis of rotation when sin ϑ = 0
is only due to the usage of spherical coordinates r , ϑ,ϕ. To describe the metric on
the axis of rotation, we can use Cartesian coordinates

x = r sin ϑ cosϕ
y = r sin ϑ sinϕ
z = r cosϑ

and obtain

∂r = sin ϑ cosϕ ∂x + sin ϑ sinϕ ∂y + cosϑ ∂z

∂ϑ = r cosϑ cosϕ∂x + r cosϑ sinϕ∂y − r sin ϑ ∂z

∂ϕ = −r sin ϑ sinϕ ∂x + r sin ϑ cosϕ ∂y .

The coefficient matrix
⎛
⎜⎜⎝
1 0 0

0 r 0

0 0 r sin ϑ

⎞
⎟⎟⎠

⎛
⎜⎜⎝

sin ϑ cosϕ sin ϑ sinϕ cosϑ

cosϑ cosϕ cosϑ sinϕ − sin ϑ

− sinϕ cosϕ

⎞
⎟⎟⎠



248 16 Rotating Black Holes

can easily be inverted, and this inverse gives the following representation

∂x = sin ϑ cosϕ ∂r + 1
r cosϑ cosϕ∂ϑ − sinϕ

r sin ϑ ∂ϕ

∂y = sin ϑ sinϕ∂r + 1
r cosϑ sinϕ ∂ϑ + cosϕ

r sin ϑ ∂ϕ

∂z = cosϑ ∂r − 1
r sin ϑ ∂ϑ .

Inserting this into the metric gives the component matrix (gik), which has the fol-
lowing form on the axis of rotation sin ϑ = 0:

(gik) = diag

(
�

r2 + a2
,−r2 + a2

r2
,−r2 + a2

r2
,−r2 + a2

�

)

This coordinate system only fails when r = 0 and � = 0.
When we last discussed the Kruskal plane, it was apparent that the singularities

of the metric components of the Schwarzschild spacetime are only caused by the
Schwarzschild coordinates. So it should not come as a surprise that the difficulties at
the event horizons r+ and r− can be avoided by using other coordinates. These new
coordinates we will use are called the Kerr-star coordinates t∗, r , ϑ,ϕ∗. We will
now introduce them, and they will be used in the next section.

We choose functions T and F of r with

dT

dr
= r2 + a2

�
and

dF

dr
= a

�

and set

t∗(t, r) = t + T (r) and ϕ∗(ϕ, r) = ϕ + F(r) .

By the chain rule, the Kerr-star coordinate vector fields ∂∗
t∗ , ∂

∗
r , ∂∗

ϑ, ∂∗
ϕ∗ are related

to the Boyer-Lindquist coordinate vector fields ∂t , ∂r , ∂ϑ, ∂ϕ by

(
∂t ∂r ∂ϑ ∂ϕ

) = (
∂∗
t∗ ∂∗

r ∂∗
ϑ ∂∗

ϕ∗
)
⎛
⎜⎜⎜⎝

1 r2+a2
�

0 0

0 1 0 0

0 0 1 0

0 a
�

0 1

⎞
⎟⎟⎟⎠ .

The coordinate vector fields

∂∗
t∗ = ∂t , ∂∗

ϑ = ∂ϑ , ∂∗
ϕ∗ = ∂ϕ , ∂∗

r = ∂r − r2 + a2

�
∂t − a

�
∂ϕ = ∂r − 1

�
V
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(where V is as in Definition 16.2) are to be used in the metric. Taking into account
the calculation rules in Theorem 16.1, the component matrix

(g∗
ik) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − 2μr
ρ2

−1 0 2μras2

ρ2

−1 0 0 as2

0 0 −ρ2 0

2μras2

ρ2
as2 0 −

(
r2 + a2 + 2μra2s2

ρ2

)
s2

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

is obtained, and this does not have singularities at r = r± any longer.
In Sect. 16.4 we will calculate the curvature of the Kerr spacetime with the con-

nection forms and curvature forms. It is then advantageous to use the following to
vector fields instead of the Boyer-Lindquist coordinate vector fields ∂t and ∂ϕ.

Definition 16.2 The canonical vector fields V and W are defined by

V = (r2 + a2)∂t + a∂ϕ and W = ∂ϕ + as2∂t .

�

The following rules of calculation can be read from the representation of the metric.

Theorem 16.1 The following hold for the metric components in the Boyer-Lindquist
coordinates:

(1) g(W , ∂ϕ) = gϕϕ + as2gtϕ = −(r2 + a2)s2

(2) g(W , ∂t ) = gtϕ + as2gt t = as2

(3) g(V , ∂ϕ) = agϕϕ + (r2 + a2)gtϕ = −�as2

(4) g(V , ∂t ) = agtϕ + (r2 + a2)gt t = � .

From these formulae, we read off g(V ,W ) = 0 , g(V , V ) = �ρ2 , g(W ,W ) =
−s2ρ2. Using an approach with unknown coefficients, one also obtains

∂t = 1

ρ2
V − a

ρ2
W and ∂ϕ = −as2

ρ2
V + r2 + a2

ρ2
W .

Theorem 16.2 The vector fields E0 = V /(ρ
√|�|) , E1 = (

√|�|/ρ)∂r , E2 =
(1/ρ)∂ϑ ,

E3 = W/(ρs) form a semi-orthonormal basis with respect to

(gik) = diag (sgn�,−sgn�,−1, −1) .
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16.3 Causal Structure

Future-pointing vectors are to be determined among the timelike vectors. Far outside
the rotating black hole, the vectors of the form

α∂t + β∂r + γ

r
∂ϑ + δ

rs
∂ϕ

with

0 <

(
1 − 2μr

ρ2

)
α2 − ρ2

�
β2 − ρ2

r2
γ2 −

(
1 + a2

r2
+ 2μa2s2

ρ2r

)
δ2 + 4μas

ρ2
αδ

≈ α2 − β2 − γ2 − δ2

are timelike, and they are future-pointing if and only ifα is positive. In the ergosphere,
∂t is no longer timelike, but there too, each future-pointing vector has a positive ∂t -
coefficient α, because otherwise, there would then exist a future-pointing vector

v = β∂r + γ

r
∂ϑ + δ

rs
∂ϕ

somewhere in the region I (r > r+), which would contradict the inequality g(v, v) ≤
0. The fact that for all future-pointing vectors in region I, the coefficientα is positive,
has the interpretation that the t coordinate is growing monotonicaly for each particle
(observer), which is not surprising.

It is however surprising that the angular coordinate ϕ is monotonic for a particle
in the ergosphere. To avoid repeated case distinction, we now assume a > 0. By the
above inequality, αδ must be positive in the ergosphere. Together with α > 0 this
means δ > 0, and so ϕ must grow monotonously.

In region II (r− < r < r+), ∂r is timelike. Analogous to the Schwarzschild space-
time −∂r is to be seen as future-pointing. This also results from the way regions I
and II are joined together by introducing the Kerr-star coordinates. If one transfers
the adjective ’future-pointing’ to light-like vectors v �= 0 that can be approximated
by future-pointing timelike vectors, then −∂∗

r∗ is region I is future-pointing, because

g(−∂∗
r∗ , ∂t ) = −g(∂r − V

�
, ∂t ) = 1

�
g(V , ∂t ) = 1

is positive. On grounds of constant transition, −∂∗
r∗ should also be future-pointing

in regions II and III. In region II, −∂r is also future-pointing, because

g(−∂∗
r∗ ,−∂r ) = g(∂r , ∂r ) = −ρ2

�

is positive there.
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Since−∂r is future-pointing in region II, every particle there must have a negative
∂r -component, so the r -coordinate is monotonically decreasing. In particular, this
means that a transition from region II to region I or from region III to region II is
impossible.

The light-like vector −∂∗
r∗ should also be future-pointing in region III. Because

of

g(−∂∗
r∗ , V ) = g

(
−∂r + V

�
, V

)
= 1

�
g(V , V ) = ρ2 > 0

the timelike vector V is also future-pointing. It now turns out that the time-orientation
thus determined in region III is so pathological that it contains an effect that is called
a time machine in the science fiction literature.

Theorem 16.3 In region III one can get from any point to any other point along a
curve γ with future-pointing timelike tangent vectors γ′.

Proof We choose a negative number r̄ , so that gϕϕ is positive on the circu-
lar path r = r̄ and ϑ = π/2. The time machine is based on the fact that we
can turn back the ‘time’ t by revolving along the circular path. The sought-
after curve γ from (t0 , r0 , ϑ0 , ϕ0) to (t1 , r1 , ϑ1 , ϕ1) consists of three sections
γ1, γ2, γ3. γ1 runs from (t0 , r0 , ϑ0 , ϕ0) to (t̂ , r̄ , π/2 , ϕ̂), γ2 follows the circu-
lar path from (t̂ , r̄ , π/2 , ϕ̂) to (ť , r̄ , π/2 , ϕ̌) and γ3 finally leads to the endpoint
(t1 , r1 , ϑ1 , ϕ1). In detail, the curves γi are constructed as follows:

For γ1, on [0,1], we choose smooth functions, r1(.) with r1(0) = r0 and r1(1) =
r̄ , ϑ1(.) with ϑ1(0) = ϑ0 and ϑ1(1) = π/2, and τ1(.) with τ1(0) = 0 and τ ′

1(s) =
r12(s) + a2. Then, with a positive constant c1, let

γ1(s) = (t0 + c1τ1(s) , r1(s) , ϑ1(s) , ϕ0 + c1as) .

From

γ′
1 = c1τ

′
1∂t + r ′

1∂r + ϑ′
1∂ϑ + c1a∂ϕ = c1V + r ′

1∂r + ϑ′
1∂ϑ

it follows that

g(γ′
1, γ

′
1) = c21�ρ2 + (r ′

1)
2(−ρ2/�) + (ϑ′

1)
2(−ρ2) .

Since the negative summands are bounded below on [0,1], g(γ′
1, γ

′
1) > 0 can be

guaranteed by choosing c1 large enough. Then γ′
1 is timelike, and because of

g(γ′
1, V ) = c1�ρ2 > 0

also future-pointing. The curve γ1 ends at the point γ1(1) = (t̂, r̄ ,π/2, ϕ̂) with

t̂ = t0 + c1τ1(1) > t0 and ϕ̂ = ϕ0 + c1a > ϕ0 .
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Analogously, γ3 is defined with functions r3(.), ϑ3(.) and τ3(.), for which there
holds r3(0) = r̄ , r3(1) = r1 , ϑ3(0) = π/2 , ϑ3(1) = ϑ1 , τ3(0) = 0 and τ ′

3(s) =
r32(s) + a2 . The constant c3 is again chosen to be large enough to ensure time-
likeness, and γ3 is then

γ3(s) = (ť + c3τ3(s) , r3(s) , ϑ3(s) , ϕ̌ + c3a) ,

where ť and ϕ̌ are chosen such that

ť + c3τ3(1) = t1 and ϕ̌ + c3a = ϕ1

hold.

The middle section γ2 is taken as

γ2(s) = (t̂ + s(ť − t̂) , r̄ , π/2 , ϕ̂ − c2s) .

Then we have

γ′
2 = (ť − t̂)∂t − c2∂ϕ

and thus

g(γ′
2, γ

′
2) = (ť − t̂)2gt t − 2(ť − t̂)c2gtϕ + c2

2gϕϕ

and

g(γ′
2, V ) = (ť − t̂)g(∂t , V ) − c2g(∂ϕ, V ) = (ť − t̂)� + c2�a .

So if we choose the constant c2 large enough, γ′
2 is actually future-pointing timelike.

Finally, we have to make sure that the ϕ-coordinate ϕ̂ − c2 of the endpoint of γ2
differs from theϕ-coordinate ϕ̌ of the starting point of γ3 only by an integer multiple
of 2π.

Since there is no way from region III back to region I, the practical importance
of this time machine is limited. However, it is interesting that the laws of general
relativity do not rule out such a mixture of future and past in a global sense. Locally,
i.e., in the individual tangent space, however, the future and the past are strictly
separated, a point of viewwhich is already anchored in the special theory of relativity.

16.4 Covariant Derivative and Curvature

With some effort the Christoffel symbols can be calculated from the metric com-
ponents with respect to the Boyer-Lindquist coordinates. This then describes the
covariant differentiation of vector fields.
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Theorem 16.4 The following hold for the coordinate vector fields of the Boyer-
Lindquist coordinates:

∇∂t ∂t = �μ(2r2 − ρ2)

ρ6
∂r − 2μra2sc

ρ6
∂ϑ

∇∂r ∂r =
(

r

ρ2
− r − μ

�

)
∂r + a2sc

�ρ2
∂ϑ

∇∂ϑ∂ϑ = −�r

ρ2
∂r − a2sc

ρ2
∂ϑ

∇∂ϕ∂ϕ = �s2

ρ2

(
μa2s2(2r2 − ρ2)

ρ4
− r

)
∂r − sc

ρ2

(
r2 + a2 + 2μra2s2(2ρ2 + a2s2)

ρ4

)
∂ϑ

∇∂t ∂r = μ(2r2 − ρ2)(r2 + a2)

�ρ4
∂t + μa(2r2 − ρ2)

�ρ4
∂ϕ

∇∂t ∂ϑ = −2μra2sc

ρ4
∂t + 2μrac

ρ4s
∂ϕ

∇∂t ∂ϕ = �μas2(ρ2 − 2r2)

ρ6
∂r + 2μrasc(r2 + a2)

ρ6
∂ϑ

∇∂r ∂ϑ = −a2sc

ρ2
∂r + r

ρ2
∂ϑ

∇∂r ∂ϕ = μas2

�ρ4
[(r2 + a2)(ρ2 − 2r2) − 2r2ρ2]∂t + rρ4 + μa2s2ρ2 − 2μr2(r2 + a2)

�ρ4
∂ϕ

∇∂ϑ∂ϕ = 2μra3s3c

ρ4
∂t +

+ c

�ρ4s
[(r2 + a2)ρ4 + 2μr(a4s2 + (2a2s2 − r2 − a2)ρ2) − 4μ2r2a2s2]∂ϕ .

The Christoffel symbols are captured in the given equations for the covariant
derivatives. With their knowledge, the four geodesic equations can also be written
down. However, these are far too complicated for the determination of explicit solu-
tions. In the next section we will describe other tools that are useful for determining
geodesics. The Christoffel symbols are also not recommended for the calculation of
the curvature tensor. Instead, we will determine the connection forms and curvature
forms for the semi-orthonormal basis E0, E1, E2, E3 given in Theorem 16.2.

By Theorem 8.21, the connection forms are calculated from the exterior deriva-
tives of the dual basis, and their calculation require knowledge of the Lie brackets
of the basis elements.
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Theorem 16.5 For the vector fields E0, E1, E2, E3, there holds

[E0, E1] =
(

−2r
√|�|
ρ3

− |�| ∂

∂r

1

ρ
√|�|

)
E0 + 2ras

ρ3
E3

[E0, E2] = −a2sc

ρ3
E0

[E0, E3] = 0

[E1, E2] = −a2sc

ρ3
E1 − r

√|�|
ρ3

E2

[E1, E3] = −r
√|�|
ρ3

E3

[E2, E3] = 2ac
√|�|
ρ3

E0 − (r2 + a2)c

ρ3s
E3 .

Proof We verify the first equation as an example. We have

[E0, E1] =
[
r2 + a2

ρ
√|�| ∂t + a

ρ
√|�|∂ϕ,

√|�|
ρ

∂r

]
= −

√|�|
ρ

∂r

(
r2 + a2

ρ
√|�| ∂t + a

ρ
√|�|∂ϕ

)

= −2r

ρ2
∂t −

√|�|
ρ

∂

∂r

1

ρ
√|�|V = −2r

ρ4
(V − aW ) −

√|�|
ρ

∂

∂r

1

ρ
√|�|V

= −2r
√|�|
ρ3

E0 + 2ras

ρ3
E3 − |�| ∂

∂r

1

ρ
√|�| E0 .

By Theorem 8.21, the Lie brackets [Ei , E j ] are used to determine the values of
the connection forms on the basis elements and thus these forms themselves. Finally,
the covariant derivatives ∇Ei E j can thereby be written down. We demonstrate this
for i = j = 0. To calculate ∇E0E0 we need the values of the forms ω0

k on E0. Note
that

(ε0, ε1, ε2, ε3) = (ε,−ε,−1, −1)

where

ε = sgn� .

By Theorem 8.21(1), ω0
0 disappears. We have

〈E0,ω0
1〉 = −1

2

(
ε1ε0〈[E0, E1], A0〉 + ε1ε0〈[E0, E1], A0〉) = 〈[E0, E1], A0〉

and analogously

〈E0, ω0
2〉 = ε〈[E0, E2], A0〉 and 〈E0, ω0

3〉 = ε〈[E0, E3], A0〉 ,
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and altogether

∇E0E0 =
(

−2r
√|�|
ρ3

− |�| ∂

∂r

1

ρ
√|�|

)
E1 − εa2sc

ρ3
E2 .

Theorem 16.6 The covariant differentiation in the Kerr spacetime is characterised
by

∇E0E0 =
(

−2r
√|�|
ρ3

− |�| ∂

∂r

1

ρ
√|�|

)
E1 − εa2sc

ρ3
E2 , ∇E1E1 = εa2sc

ρ3
E2 ,

∇E2E2 = −εr
√|�|
ρ3

E1 , ∇E3E3 = −εr
√|�|
ρ3

E1 − (r2 + a2)c

sρ3
E2 ,

∇E0E1 =
(

−2r
√|�|
ρ3

− |�| ∂

∂r

1

ρ
√|�|

)
E0 + ars

ρ3
E3 , ∇E1E0 = −ars

ρ3
E3 ,

∇E0E2 = −a2sc

ρ3
E0 + εac

√|�|
ρ3

E3 , ∇E2E0 = εac
√|�|
ρ3

E3 ,

∇E0E3 = −εars

ρ3
E1 − εac

√|�|
ρ3

E2 = ∇E3E0 ,

∇E1E2 = −a2sc

ρ3
E1 , ∇E2E1 = r

√|�|
ρ3

E2 ,

∇E1E3 = −εars

ρ3
E0 , ∇E3E1 = −εars

ρ3
E0 + r

√|�|
ρ3

E3 ,

∇E2E3 = ac
√|�|
ρ3

E0 , ∇E3E2 = −ac
√|�|
ρ3

E0 + (r2 + a2)c

sρ3
E3 .

That the Kerr spacetime describes a rotating black hole was stipulated without proof
at the beginning of this chapter. Also, for this to be true, a vacuum must be present,
making this spacetime Ricci flat.

Theorem 16.7 In the Kerr spacetime, Ric = 0.
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Proof The connection forms can be read from the formulae given in Theorem 16.6.
We have

ω0
1 =

(
−2r

√|�|
ρ3

− |�| ∂
∂r

1
ρ
√|�|

)
A0 + εras

ρ3
A3 = ω1

0

ω0
2 = −εa2sc

ρ3
A0 − εac

√|�|
ρ3

A3 = εω2
0

ω0
3 = −ars

ρ3
A1 + εac

√|�|
ρ3

A2 = εω3
0

ω1
2 = εa2sc

ρ3
A1 + r

√|�|
ρ3

A2 = −εω2
1

ω1
3 = ars

ρ3
A0 + r

√|�|
ρ3

A3 = −εω3
1

ω2
3 = εac

√|�|
ρ3

A0 + (r2 + a2)c
sρ3

A3 = −ω3
2 .

A lengthy calculation according to Definition 8.9 gives the curvature forms as

�0
1 = 2εgA0 ∧ A1 − 2εhA2 ∧ A3

�0
2 = −gA0 ∧ A2 + εhA3 ∧ A1

�0
3 = −gA0 ∧ A3 − εhA1 ∧ A2

�2
3 = 2hA0 ∧ A1 + 2gA2 ∧ A3

�3
1 = −hA0 ∧ A2 − εgA3 ∧ A1

�1
2 = −εhA0 ∧ A3 − gA1 ∧ A2

where

g(r ,ϑ) = μr

ρ6
(r2 − 3a2c2) and h(r ,ϑ) = μac

ρ6
(3r2 − a2c2) .

From this, for every index pair i and k,

Ricik = �
j
i (E j , Ek) = 0

can be read off.
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16.5 Conservation Theorems

There are quantities that do not change for a photon or a freely falling particle γ
in Kerr spacetime. A first such conserved quantity is obviously Q = g(γ′, γ′), and
we use this notation throughout. Two further conserved quantities are generated
by the Killing vector fields ∂t and ∂ϕ. As a generalisation of the situation in the
Schwarzschild spacetime, we also have here

E = g(∂t , γ
′) = gt t t

′ + gtϕϕ′

and

L = −g(∂ϕ, γ′) = −gtϕt
′ − gϕϕϕ′ .

The aim of the following study is to formulate and justify a fourth conserved quantity.
For a geodesic γ in Kerr spacetime, we have the functions

R(r) = g(V , γ′) = g((r2 + a2)∂t + a∂ϕ, γ′) = (r2 + a2)E − aL

and

D(ϑ) = −g(W , γ′) = −g(∂ϕ + as2∂t , γ
′) = L − as2E .

Obviously, we have

R + aD = ρ2E .

The functions R and D can be expressed in terms of t ′ and ϕ′.

Theorem 16.8 For a geodesic γ, we have

−at ′ + (r2 + a2)ϕ′ = D/s2 and t ′ − as2ϕ′ = R/� .

Proof By Theorem 16.1, we have

R = g(V , t ′∂t + ϕ′∂ϕ) = �t ′ − �as2ϕ′

and

D = −g(W , t ′∂t + ϕ′∂ϕ) = −as2t ′ + (r2 + a2)s2ϕ′ .

Since the coefficientmatrix determinant isρ2 �= 0, the two equations can be solved
for t ′ and ϕ′.

Theorem 16.9 For a geodesic γ we have

ρ2ϕ′ = D/s2 + aR/� and ρ2t ′ = aD + (r2 + a2)R/� .
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Theorem 16.10 For a geodesic γ, we have

Q = −ρ2

�
(r ′)2 − ρ2(ϑ′)2 + R2

�ρ2
− D2

s2ρ2
.

Proof The vector

γ′ = t ′∂t + r ′∂r + ϑ′∂ϑ + ϕ′∂ϕ

can be written as

γ′ = r ′∂r + ϑ′∂ϑ + g(γ′, V )

g(V , V )
V + g(γ′,W )

g(W ,W )
W

with the orthonormal system ∂r , ∂ϑ, V ,W . Thus

Q = g(γ′, γ′) = (r ′)2g(∂r , ∂r ) + (ϑ′)2g(∂ϑ, ∂ϑ) + (g(γ′, V ))2

g(V , V )
+ (g(γ′,W ))2

g(W ,W )

= −ρ2

�
(r ′)2 − ρ2(ϑ′)2 + R2

�ρ2
− D2

s2ρ2
.

The next theorem has the most cumbersome proof.

Theorem 16.11 For the geodesic γ, we have

ρ2(ρ2ϑ′)′ = − 1

2ϑ′

(
D2

s2

)′
+ a2scQ .

Proof In the proof of Theorem 10.3, we had determined the Euler-Lagrange equa-
tions for the geodesic problem. In the notation used at the time, the Euler equations
were

1

2

(
∂

∂xi
g jk

)
(ξ j )′(ξk)′ =

(
∂

∂x j
gik

)
(ξ j )′(ξk)′ + gi j (ξ

j )′′ .

The ϑ-Euler equation is

1

2
∂ϑgt t (t

′)2 + 1

2
∂ϑgrr (r

′)2 + 1

2
∂ϑgϑϑ(ϑ′)2 + 1

2
∂ϑgϕϕ(ϕ′)2 + ∂ϑgtϕt

′ϕ′

= (∂tgϑϑt
′ + ∂rgϑϑr

′ + ∂ϑgϑϑϑ′ + ∂ϕgϑϑϕ′ϑ′ + gϑϑϑ′′ = (gϑϑϑ′)′ ,

and so

−(ρ2ϑ′)′ = A + B
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where

A = 1

2
(∂ϑgrr (r

′)2 + ∂ϑgϑϑ(ϑ′)2) = 1

2

(
2a2sc

�
(r ′)2 + 2a2sc(ϑ′)2

)

= a2sc

(
(r ′)2

�
+ (ϑ′)2

)
= a2sc

ρ4

(
R2

�
− D2

s2
− ρ2Q

)

(Theorem 16.10) and

B = 1

2
(∂ϑgt t t

′ + ∂ϑgtϕϕ′)t ′ + 1

2
(∂ϑgtϕt

′ + ∂ϑgϕϕϕ′)ϕ′

= 1

2

(
∂ϑgt t t

′ + ∂ϑ

(
−a2 + r2

a
gt t

)
ϕ′

)
t ′ + 1

2

(
∂ϑgtϕt

′ + ∂ϑ

(
−a2 + r2

a
gtϕ − �s2

)
ϕ′

)
ϕ′

= 1

2a
∂ϑgt t (at

′ − (a2 + r2)ϕ′)t ′ + 1

2a
∂ϑgtϕ(at ′ − (a2 + r2)ϕ′)ϕ′ − �sc(ϕ′)2

= 1

2a
(at ′ − (a2 + r2)ϕ′)(∂ϑgt t t

′ + ∂ϑgtϕϕ′) − �sc(ϕ′)2

= − D

2as2
C − �sc

ρ4

(
D

s2
+ aR

�

)2

(Theorem 16.1(4) and (3), Theorems 16.8 and 16.9) with

C = ∂ϑgt t t
′ + ∂ϑgtϕϕ′

= 1

ρ2
∂ϑgt t (aD + (a2 + r2)R/�) + 1

ρ2
∂ϑgtϕ(D/s2 + aR/�)

= D

s2ρ2
(as2∂ϑgt t + ∂ϑgtϕ) + R

�ρ2
∂ϑ(agtϕ + (a2 + r2)gt t )

= 2acD

sρ2
(1 − gt t ) + R

�ρ2
∂ϑ�

= 4acμr D

sρ4

(Theorem 16.9 and Theorem 16.1(2) and (4)). As an interim result, we have

−(ρ2ϑ′)′ = a2sc

ρ4

(
R2

�
− D2

s2
− ρ2Q

)
− 2μrcD2

s3ρ4
− �sc

ρ4

(
D

s2
+ aR

�

)2

.
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By expanding the last square and sorting terms by powers of D, we get

(ρ2ϑ′)′ = cD2

s3ρ4
(2μr + � + a2s2) + 2acDR

sρ4
+ a2scQ

ρ2

and then

(ρ2ϑ′)′ = cD

s3ρ2
(D + 2as2E) + a2scQ

ρ2

(Definition of � and R = ρ2E − aD). Using the definition of D, this finally yields

ρ2(ρ2ϑ′)′ = 1

s4
(scD2 − s2D∂ϑD) + a2scQ = − 1

2ϑ′

(
D2

s2

)′
+ a2scQ .

Theorem 16.12 Both sides of the equation

ρ4(ϑ′)2 + a2c2Q + D2

s2
= −ρ4

�
(r ′)2 − Qr2 + R2

�

are constant along a geodesic γ.

Proof The equation corresponds to Theorem 16.10. We verify the constancy of the
left-hand side. By Theorem 16.11, we have

(
ρ4(ϑ′)2 + a2c2Q + D2

s2

)′
= 2ρ2ϑ′(ρ2ϑ′)′ + ∂ϑ(a2c2Q)ϑ′ +

(
D2

s2

)′

= 2ϑ′
(

− 1

2ϑ′

(
D2

s2

)′
+ a2scQ

)
− 2a2scQϑ′ +

(
D2

s2

)′
= 0 .

Definition 16.3 The Carter constant K is the conserved quantity

K = ρ4(ϑ′)2 + a2c2Q + D2

s2
= −ρ4

�
(r ′)2 − Qr2 + R2

�
.

�

The importance of this fourth conserved quantity is that we can now write down a
system of differentials equations for the geodesic γ. It consists of the two equations
from Theorem 16.9 and the two differential equations for K .
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Theorem 16.13 The four coordinate functions of the geodesic γ satisfy the following
system of differential equations:

ρ2t ′ = aD + (r2 + a2)R/�

ρ2ϕ′ = D/s2 + aR/�

ρ4(r ′)2 = −�(Qr2 + K ) + R2

ρ4(ϑ′)2 = K − a2c2Q − D2/s2 .

The geodesic can be determined from the given initial values of t,ϕ, r ,ϑ and the
signs of r ’ and ϑ’.

We now restrict ourselves to motion in the equatorial plane ϑ = π/2. Then the
fourth equation is omitted, and the Carter constant is reduced to

K = D2 = (L − aE)2

and the equations for t ′, r ′,ϕ′ can be traced back to the physically interpretable
quantities E (energy) and L (angular momentum). Elementary calculations give

t ′ = 1

�

[(
r2 + a2 + 2μa2

r

)
E − 2μa

r
L

]

ϕ′ = 1

�

[
2μa

r
E +

(
1 − 2μ

r

)
L

]

r2(r ′)2 = −� + 2μ

r
(L − aE)2 + (r2 + a2)E2 − L2 .

We finally study this system of differential equations for a particle that starts from
rest state r ′ = ϕ′ = ϑ′ = 0 at r = ∞ in the equatorial plane. From these initial
conditions, it follows that E = 1 and L = 0. The equations are then given by

t ′ = (r2 + a2 + 2μa2/r)/�

ϕ′ = (2μa/r)/�

r ′ = −√
2μ(r2 + a2)/r3 .

To interpret these equations, it should first be recalled that the independent variable
with respect to which the derivative dash is taken, is the proper time of the particle
(of the comoving observer). As the particle falls towards the black hole, the proper
time increases, r decreases and ϕ increases. The right-hand side of the equations for
ϕ′ shows that the angular velocity ϕ′ depends very much on r , and for r ↘ r+ it
tends to ∞. Since the expression for � has a pole at r = r+, the improper integral
of ϕ′ from r+ to some upper limit diverges. This means that the particle performs an
infinite number of revolutions until the event horizon r+ is reached. And because of
the continuity of the expression for r ′, this happens in finite proper time.
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17.1 QuantumTheoryVersus Relativity Theory

It has always been a dream of physicists to describe all physical phenomena in
the universe via a single, all-encompassing theory. Then all physical phenomena
should be deductively derived from this theory. Unfortunately, general relativity is
not suitable for this, as shown by the following explanations.

A central result of quantum theory, aimed at the microworld, is the Heisenberg
uncertainty principle. This is the inequality

�x�p ≥ ah.

In the context of an experiment, �x is the maximum possible distance between two
measured positions of a particle, �p the corresponding quantity with respect to the
momentum of the particle, h the Planck quantum of action, and a a fixed positive
number. In particular, this means that the measurement results �x = 0 and �p = 0
are not possible. Such precise measurements of the position and momentum of a
particle would not contradict the theory of relativity. So the Heisenberg uncertainty
principle cannot be derived from the theory of relativity. The theory of relativity is
therefore not a theory describing all physical phenomena.

A promising attempt to remedy this deficiency is to break away from the idea that
elementary particles are point-like.

17.2 Elementary Particles as Strings

In classical physics, an elementary particle at time t is regarded as a point in three-
dimensional space R

3. In contrast, in string theory, an elementary particle at time
t is an (extremely tiny) string in R

d . Each type of elementary particle (Leptons,
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hadrons, quarks,...) has a specific form. The three-dimensional spaceR3 is too small
to accommodate all of them. The natural number d > 3 is different in different
versions of string theory. In the standard version, d = 9, and in M-theory, d = 10.

In the theory of relativity, a point particle moves along a curve in spacetime M ,
described by a function γ : R → M . At any point t of time, this has a future-pointing,
time-like tangent vector γ′(t) with

g(γ′(t), γ′(t)) = 1,

and which maps a differentiable function f to the number

γ′(t) f = ( f ◦ γ)′(t) .

In string theory, the particle is a string of length sl , that moves in spacetime M .
The M-valued function γ describing this motion therefore depends on two variables,
and in addition to the time t ∈ R, we have also a variable s ∈ [0, sl ], which describes
the position of the string at time T , in the form of a parametric representation. This
gives, in addition to the tangent vector γ′, characterised by

γ′ f = ∂

∂s
( f ◦ γ) ,

the spatial tangent vector γ̇, characterised by

γ̇ f = ∂

∂t
( f ◦ γ) .

In the time interval t1 ≤ t ≤ t2, the string sweeps an (extremely small) surface in
spacetime with the parametric representation γ(s, t) with t ∈ [t1, t2] and s ∈ [0, sl ].
We are now interested in the size of this area.

In classical analysis, we know how to calculate the are of a curved smooth surface
in space R

3 in Cartesian coordinates x, y, z, given by a parametric representation
x(s, t), y(s, t), z(s, t): The function

√
EG − F2 has to be integrated on the param-

eter domain. E is the square of the length of the vector (∂x
∂s ,

∂y
∂s ,

∂z
∂s ), G is the square

of the length of the vector (∂x
∂t ,

∂y
∂t ,

∂z
∂t ) and F is the dot product of these two vectors.

If we formulated the length of the vectors and the scalar product with the tensor g,
then the integrand in our context would amount to the square root of the expression

g(γ)(γ̇, γ̇)g(γ)(γ′, γ′) − (g(γ)(γ̇, γ′))2 .

However, it should be noted here that spacetime is not a Euclidean space, and vectors
can also have a negative length, expressed via the tensor g. In fact, the expression
formulated above is negative for all s and t . This can be justified as follows: For each
pair (s, t) of numbers, the graph of the function on R given by

h(λ) = g(γ)(γ′ + λγ̇, γ′ + λγ̇) = g(γ)(γ′, γ′) + 2λg(γ)(γ′, γ̇) + λ2g(γ)(γ̇, γ̇)
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thanks to g(γ)(γ̇, γ̇) < 0, is a parabola opening downwards. Since

h(0) = g(γ)(γ′, γ′) > 0

the function h then has two distinct zeros. The solution formula for the quadratic
equation

0 = h(λ)

g(γ)(γ̇, γ̇)
= λ2 + 2

g(γ)(γ′, γ̇)

g(γ)(γ̇, γ̇)
λ + g(γ)(γ′, γ′)

g(γ)(γ̇, γ̇)

implies the inequality

(
g(γ)(γ′, γ̇)

g(γ)(γ̇, γ̇)

)2

− g(γ)(γ′, γ′)
g(γ)(γ̇, γ̇)

> 0,

and so

(g(γ)(γ′, γ̇))2 − g(γ)(γ′, γ′)g(γ)(γ̇, γ̇) > 0.

17.3 The Extremal Principle

In Sect. 10.1, we postulated that the integral

∫ t2

t1

√
g(γ(t))(γ′(t), γ′(t)) dt

is maximal for γ : [t1, t2] → M with γ(t1) = P and γ(t2) = Q, describing the force-
free motion of a (point) particle in spacetime M from point P to point Q. String
theory postulates that for the force-free motion of a particle described by γ : [0, sl ] ×
[t1, t2] → M , the area

∫ t2

t1

∫ sl

0

√
(g(γ)(γ̇, γ′))2 − g(γ)(γ̇, γ̇)g(γ)(γ′, γ′) dsdt

that the string sweeps is minimal. In order to derive the properties of motion-
describing function γ from this extremum principle, we have to apply the calculus
of variations technique to the integral

∫ t2

t1

∫ sl

0
L(s, t)dsdt

with the integrand

L(s, t) =
√

(g(γ)(γ̇, γ′))2 − g(γ)(γ̇, γ̇)g(γ)(γ′, γ′) .
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For an arbitrary function

η : [0, sl ] × [t1, t2] → M

we define the function

h(ε) =
∫ t2

t1

∫ sl

0

√
(a(s, t, ε))2 − b(s, t, ε)c(s, t, ε) dsdt

with

a(s, t, ε) = g(γ + εη)(γ̇ + εη̇, γ′ + εη′)
b(s, t, ε) = g(γ + εη)(γ̇ + εη̇, γ̇ + εη̇)

c(s, t, ε) = g(γ + εη)(γ′ + εη′, γ′ + εη′).

The extremum principle implies dh
dε (0) = 0. To obtain dh

dε (0), we need the partial
derivative of a2 − bc with respect to ε at ε = 0. Thanks to the bilinearity of the
metric g, we have

a = g(γ̇, γ′) + εg(γ̇, η′) + εg(γ′, η̇) + ε2g(η̇, η′)
b = g(γ̇, γ̇) + 2εg(γ̇, η̇) + ε2g(η̇, η̇)

c = g(γ′, γ′) + 2εg(γ′, η′) + ε2g(η′, η′),

and altogether

a2 − bc = (g(γ̇, γ′))2 − g(γ̇, γ̇)g(γ′, γ′) + 2εg(γ̇, γ′)g(γ̇, η′)
+ 2εg(γ̇, γ′)g(γ′, η̇) − 2εg(γ̇, γ̇)g(γ′, η′) − 2εg(γ′, γ′)g(γ̇, η̇)

+ 2ε2 g(γ̇, γ′)g(η̇, η′) + 2ε2g(γ̇, η′)g(γ′, η̇)

− ε2g(γ̇, γ̇)g(η′, η′) − 4ε2g(γ̇, η̇)g(γ′, η′) − ε2g(γ′, γ′)g(η′, η̇)

+ 2ε3g(γ̇, η′)g(η̇, η′) + 2ε3g(γ′, η̇)g(η̇, η′) − 2ε3g(γ̇, η̇)g(η′, η′)
− 2ε3g(η′, η′)g(η̇, η̇) + ε4(g(η̇, η′))2 − ε4g(η̇, η̇)g(η′, η′).

Fortunately, when calculating d
dε (a

2 − bc) at ε = 0, we need to consider the first
six summands in the above expression for a2 − bc, since the derivatives of the other
summands become zero after insertion of ε = 0. For the first summand

(g(γ̇, γ′))2 =
⎡
⎣∑

i,k

gik(γ + εη)(γ̇)i (γ′)k
⎤
⎦
2

we have

∂

∂ε

(
g(γ̇, γ′)

)2∣∣∣∣
ε=0

= 2g(γ̇, γ′)
∑
i, j,k

∂gik

∂x j
(γ)(γ̇)i (γ′)kη j
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and for the second summand

g(γ̇, γ̇)g(γ′, γ′) =
⎡
⎣∑

i,k

gik(γ + εη)(γ̇)i (γ̇)k

⎤
⎦

⎡
⎣∑

i,k

gik(γ + εη)(γ′)i (γ′)k
⎤
⎦

which gives

∂

∂ε
g(γ̇, γ̇)g(γ′, γ′)

∣∣∣∣
ε=0

= g(γ)(γ̇, γ̇)
∑
i, j,k

∂gik

∂x j
(γ)(γ′)i (γ′)kη j

+ g(γ)(γ′, γ′)
∑
i, j,k

∂gik

∂x j
(γ)(γ̇)i (γ̇)kη j .

For the summand number three to six, we have

∂

∂ε
εg(γ̇, γ′)g(γ̇, η′)

∣∣∣∣
ε=0

= g(γ̇, γ′)g(γ̇, η′)

∂

∂ε
εg(γ̇, γ′)g(γ′, η̇)

∣∣∣∣
ε=0

= g(γ̇, γ′)g(γ′, η̇)

∂

∂ε
εg(γ̇, γ̇)g(γ′, η′)

∣∣∣∣
ε=0

= g(γ̇, γ̇)g(γ′, η′)

∂

∂ε
εg(γ′, γ′)g(γ̇, η̇)

∣∣∣∣
ε=0

= g(γ′, γ′)g(γ̇, η̇).

Summarising

∂

∂ε
(a2 − bc)

∣∣∣∣
ε=0

= 2g(γ̇, γ′)
∑
i, j,k

∂gik

∂x j
(γ)(γ̇)i (γ′)kη j

− g(γ)(γ̇, γ̇)
∑
i, j,k

∂gik

∂x j
(γ)(γ′)i (γ′)kη j

− g(γ)(γ′, γ′)
∑
i, j,k

∂gik

∂x j
(γ)(γ̇)i (γ̇)kη j

+ 2g(γ)(γ̇, γ′)g(γ)(γ̇, η′)
+ 2g(γ)(γ̇, γ′)g(γ)(γ′, η̇)

− 2g(γ)(γ̇, γ̇)g(γ)(γ′, η′)
− 2g(γ)(γ′, γ′)g(γ)(γ̇, η̇).
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We can now adopt the viewpoint that for the metric coefficients we have gik = 0
for i 	= k, g00 = 1 and gi i = −1 for i > 0. Then in particular the partial derivatives
of gik are zero. With that we obtain

0 = dh

dε
(0) =

∫ t2

t1

∫ sl

0

∂

∂ε

√
a2 − bc

∣∣∣∣
ε=0

dsdt =
∫ t2

t1

∫ sl

0

1
2

∂
∂ε (a2 − bc)√
a2 − bc

∣∣∣∣∣
ε=0

dsdt

=
∫ t2

t1

∫ sl

0

g(γ̇, γ′)g(γ̇, η′) + g(γ̇, γ′)g(γ′, η̇) − g(γ̇, γ̇)g(γ′, η′) − g(γ′, γ′)g(γ̇, η̇)√
a2 − bc

dsdt .

This applies to all M-valued piecewise differentiable functions η on [t1, t2] ×
[0, sl ], in particular for those that have only an mth-component ηm and for which
ηm(t1) = 0 = ηm(t2). For such η, we have

0 =
∫ t2

t1

∫ sl

0

g(γ̇, γ′)(γm)· − g(γ̇, γ̇)(γm)′√
a2 − bc

(ηm)′dsdt

+
∫ sl

0

∫ t2

t1

g(γ̇, γ′)(γm)′ − g(γ′, γ′)(γm)·√
a2 − bc

(ηm)·dtds.

The integrals inside can be transformed by partial integration into
∫ sl

0

g(γ̇, γ′)(γm)· − g(γ̇, γ̇)(γm)′√
a2 − bc

(ηm)′ds =

−
∫ sl

0

∂

∂s

g(γ̇, γ′)(γm)′ − g(γ̇, γ̇)(γm)′√
a2 − bc

ηmds

and ∫ t2

t1

g(γ̇, γ′)(γm)′ − g(γ′, γ′)(γm)·√
a2 − bc

(ηm)·dt =

−
∫ t2

t1

∂

∂t

g(γ̇, γ′)(γm)′ − g(γ′, γ′)(γm)·√
a2 − bc

ηmdt .

Thus we obtain the equation
∫ t2

t1

∫ sl

0

(
∂

∂t

g(γ̇, γ′)(γm)′ − g(γ′, γ′)(γm)·√
a2 − bc

+ ∂

∂s

g(γ̇, γ′)(γm)· − g(γ̇, γ̇)(γm)′√
a2 − bc

)
ηmdsdt = 0.

Since this equation holds for all η chosen as described above, we conclude that in
fact the integrand must be identically zero, that is

∂

∂t

g(γ̇, γ′)(γm)′ − g(γ′, γ′)(γm)·√
(g(γ̇, γ′))2 − g(γ̇.γ̇)g(γ′, γ′)

+ ∂

∂s

g(γ̇, γ′)(γm)· − g(γ̇, γ̇)(γm)′√
(g(γ̇, γ′))2 − g(γ̇, γ̇)g(γ′, γ′)

= 0.

The solution γ to the extremum problem formulated above satisfies these equations,
the equations of force-free motion of a string.
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on hypersurfaces, 89
Covariant differentiation
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sectional, 230
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D
Deflection of light, xii
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Derivation formula, 188
Differential, 35, 73
Differential form, 71, 73
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Divergence
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Doppler effect, 237
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E
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Equation of motion, 239
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F
F-homogeneous, 37
Field strength, 60, 127
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Four
potential, 81

4-momentum, x
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Friedmann differential equation, 239
Fundamental lemma of the calculus of

variations, 147
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85
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Future pointing, 46

G
Galileo-Transformation, vii
Gauss equations, 89
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Geodesic deviation, 152
Geodesic equations, 147, 149
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Gravitation, xi, 132
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J
Jacobi identity, 22

K
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L
Law of gravitation, 150
Length contraction, viii
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Lie derivative
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of a scalar field, 186
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of a vector field, 186

Light deflection of the Sun, 163
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Schwarzschild, xii, 137
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Lorentz force, x, 60, 129, 131
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Lorentzian space, 44
Lorentz transformation, viii, 55

M
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Riemannian, 37
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Mass, 118
Maxwell equations, 80, 129, 130
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Kerr, xiv, 243
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Momentum, 57
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Momentum theorem, 129

N
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O
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Outer derivative, 72
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P
Parallel along a curve, 165
Parallel transport
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of tensors, 169
of vectors, 166

Particle, 52, 147, 149, 150, 215, 218
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Perihelion, 156, 160
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p-form, 63
Photon, 161, 215, 218
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Radius of curvature of a curve, 101
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Ring singularity, 244

S
Scalar curvature, 105, 176
Scale factor, 235
Schwarzschild half plane, 215, 224
Schwarzschild horizon, 215
Schwarzschild metric
inner, 140
outer, 137

Schwarzschild observer, 217
Schwarzschild radius, 134, 215
Schwarzschild time, 134, 219
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Semi-orthonormal basis, 67, 114
Set
open, 5
open in Rn−, 205

Solar mass, xiv
Solar radius, xii
Space
compact, 197
Hausdorff, 5
Minkowski, ix, 144
topological, 5

Spacelike, 45
Spacetime, 45
Einstein-de Sitter, 46
Kerr, 244
Robertson-Walker, 239
Schwarzschild, 46, 215

Speed of light, vii, xiv
Standard metric, 135
Submanifold, 8
Surface integral
of the first kind, 195

of the second kind, 196
Sylvester law of inertia, 39
Symmetry
of the Ricci tensor, 105

T
Tangent of a diffeomorphism, 180
Tangent space, 8, 13
Tangent vector, 8, 13
Tensor
contravariant, 24
contravariant metric, 33, 37
covariant, 24
covariant curvature, 97, 229
Einstein, xi, 133, 239
energy-momentum, xi, 123, 131, 133, 239
Faraday, 60
field strength, x, 60, 61, 79
fundamental, 37
Maxwell, 79
metric, 31, 37
mixed Ricci, 105
momentum current density, 122
Ricci, 105, 133, 136, 232, 233, 236, 239, 255
Riemannian curvature, 96, 175
simple, 25
unit, 24

Tensor product, 29
Theorema egregium, 106
Tidal force, 155
Tidal force operator, 224
Time, 144
Time dilation, viii, 145
Timelike, 45
Time machine, 251
Time-oriented, 45
Twin paradox, 144

U
Unit tangent vector of a curve, 101

V
Vector
contravariant, 26
covariant, 26

Vector field, 18
Velocity conversion, viii
Volume form, 68, 71, 117, 203

W
Wedge product, 65, 73
Weingarten map, 99
White hole, 228
World line, 143
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